Extremal problems and isotropic positions
of convex bodies
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Abstract

Let K be a convex body in R” and let W;(K), i =1,...,n—1 be its quer-
massintegrals. We study minimization problems of the form min{W;(TK) :
T € SL,} and show that bodies which appear as solutions of such prob-
lems satisty isotropic conditions or even admit an isotropic characterization
for appropriate measures. This shows that several well known positions of
convex bodies which play an important role in the local theory may be de-
scribed in terms of classical convexity as isotropic ones. We provide new
applications of this point of view for the minimal mean width position.

1 Introduction

Given a convex body K in R™ we consider the family {TK | T € SL,} of its
positions. One of the main problems in the asymptotic theory of finite dimensional
normed spaces is introducing the right position of the unit ball Kx of a space X.
There exist many well-known positions which have been introduced and used for
different purposes in this theory: John’s position, the ¢-position, M-positions are
among them (see [MSchl], [Pi2] and [TJ] for a description and important applica-
tions). Because of the isomorphic nature of the results of the asymptotic theory,
an isomorphic point of view dominates the study of these special positions as well.
Even the definition of some of them (the M-position is such an example) is done
in isomorphic form.

The purpose of this paper is to discuss the possibility of an isometric approach
to these questions. The standard isotropic position of a convex body provides a
good example for our point of view:

*The second named author was supported in part by the Israel Science Foundation
founded by the Academy of Sciences and Humanities. Part of this work was done while
both authors were visiting the Erwin Schroedinger International Institute for Mathemat-
ical Physics in Vienna.



Let K be a convex body in R™ with centroid at the origin and volume equal to
one. We say that K is in ésotropic position if

/ (z,0)dr = L3
K

for every 8 € S"~1. It is not hard to see that every body K of volume one has a
position which is isotropic. Moreover, this position is uniquely determined up to
an orthogonal transformation. Therefore, Lk is an affine invariant which is called
the isotropic constant of K.

The isotropic position is well studied and has several connections with classical
convexity problems (see [MP1]). In particular, the question if Lx < ¢ for some
absolute positive constant and every body K is a major open problem. The starting
point of our present discussion is the following remark:

Fact I A body K is isotropic if and only if [, |x|*dz < [, |z|*dx for every
T € SLy, where | -| is the standard Euclidean norm.

The proof of the “if” part is given by a simple variational argument: If T' €
L(R*,R") and ¢ > 0 is small enough, then (I + £T)/[det(I + T)]'/" is volume
preserving, therefore

(1) / |z + eTz*dx > [det(I+sT)]2/”/ |z|*dz.
K K

Writting |z + eT'z|? = |z]? + 2¢(z, Tx) + O(e?) and [det( +eT)]*/" = 1+ 2L 4
O(g?), and letting € — 0" we get

trl
(2) /(:c,Tx)de r_/ |22 dz,
K n Jk

and replacing T' by —T we see that there must be equality in (2) for every T €
L(R™,R™). This in turn implies that K is isotropic.

Starting with the functional T — f(TK) = [, |z[*dz on SL,, we saw that
its minimum is achieved on some isotropic position (for the Lebesgue measure on
K). In this paper we show that this is a general scheme which produces isometric
descriptions for many classical positions of the theory.

As a second example, we mention the minimal surface area position: Let K be
a convex body, and write O(K) for its surface area. We say that K has minimal
surface area if O(K) < O(TK) for every T' € SL,,.

A characterization of the minimal surface area position was given by Petty
([Pe], see also [GP]):

Fact IT A convex body K has minimal surface area if and only if

(k)

n

3) /3 (w00 (du) =

for every § € S"!, where o is the area measure of K.



Recall that the area measure ox of K is defined on S™! by
4) ok (A) =v({z € bd(K) : the outer normal to K at x isin A}),

where v is the (n — 1)-dimensional surface measure on K. The key point for the
proof of the fact is the observation that

6 Ty K) = [ [Talox(n).

Then, we employ a variational argument identical to the one used for Fact I. One
can also check that the minimal surface position is unique up to orthogonal trans-
formations (see [GP] for the details).

In view of the above result we give the following definition:

Definition A Borel measure pu on S™ ! will be called isotropic if

©) [ ey = 5

n

for every 8 € S*L,

In this terminology, a body K has minimal surface area if and only if its area
measure is isotropic: The minimum of the functional T'— (T K),T € SL,, is again
achieved on an isotropic position (for the appropriate measure on the sphere).

Surface area is one of the quermassintegrals W;(K) of the body K (see Section
2 for notation and definitions). We consider the minimization problems

(7) min{W;(TK) |T € SL,} , i=1,...,n—1.

In every case, a necessary condition for the minimal position is that the corre-
sponding mixed area measure S,_;(K,-) should be isotropic (see Section 4). In
particular, in Section 3 we find a necessary and sufficient condition for the minimal
mean width position: a body K has minimal mean width if and only if

/ e () (u, 6) 20 ()
gn—1

does not depend on # € S"~1, where hx is the support function of K and ¢ is the
rotationally invariant probability measure on the sphere. In the symmetric case,
using a classical estimate of Pisier [Pil] (after work of Lewis [L] and Figiel and
Tomczak-Jaegermann [FT]) we see that isotropicity of the measure hxdo implies
the inequality

|](|>1/n

(8) [ o) < clog (X, ) <|Dn|

In Section 5 we see the maximal volume ellipsoid position (John’s position) as
a solution of the problem

(9) min{||T : ¢§ - Xk|| | T € SL,}.



Using the same general method we give a simple proof of John’s theorem in its
full strength. In our present setting, John’s representation of the identity may be
interpreted as an isotropic condition: a symmetric body K is in John’s position if
and only if there is an isotropic measure supported by its contact points with the
inscribed ball.

Finally, in Section 6 we show that A -position may also be described in an
isometric way. If |K| = |D,|, we study the problem

(10) min{|TK + D,||T € SL,}

and show that if K is a solution, then K + D,, must have minimal surface area. In
view of Petty’s result, this opens the possibility of an isotropic M-position.

K. Ball [Bal,2,3] realized that John’s representation of the identity could be
combined with the Brascamp-Lieb inequality. This led him to sharp bounds for
the volume ratio, the volume of the central sections of the cube, and an exact
reverse isoperimetric inequality. The reverse Brascamp-Lieb inequality [Bar] has
been recently applied for an estimate of the volume of the central sections of the
difference body of a non-symmetric body [Ru]. Petty’s isotropic description of
the minimal surface area position (combined with the Brascamp-Lieb inequality)
leads to sharp inequalities for the volume of the projection body and its polar
in terms of the minimal surface parameter [GP]. All these results show that the
general isotropic point of view we propose in this paper might help towards a new
understanding of several isomorphic results of the theory.

2 Definitions and preliminaries

We first recall some facts about mixed volumes and mixed area measures. For
detailed proofs we refer the reader to [Sch].

2.1. Let K, denote the set of all non-empty, compact convex subsets of R”. We
may view K, as a convex cone under Minkowski addition and multiplication by
nonnegative real numbers. Minkowski’s theorem (and the definition of the mized
volumes) asserts that if Ky,..., K,, € K,,,m € N, then the volume of t:; K; + ...+
t K, is a homogeneous polynomial of degree n in ¢; > 0. That is,

(1) K+t K = Y V(K Kty -ty

1<i1,eeyin<m

where the coefficients V(K;,, ..., K;, ) are chosen to be invariant under permuta-
tions of their arguments. The coefficient V (K7, ..., K},) is called the mixed volume
Ole,...,Kn.

2.2. Steiner’s formula may be seen as a special case of Minkowski’s theorem. The
volume of K +tD,,, t > 0, can be expanded as a polynomial in ¢:

n

2) K +tDy = (?) Wi(K)t,

=0
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where W;(K) = V(K;n —i,Dp;t) is the i-th quermassintegral of K. Here and
elsewhere we use the notation L;j for L,... L j-times. The quermassintegrals
inherit properties of mixed volumes: they are monotone, continuous with respect
to the Hausdorff metric, and homogeneous of degree n — i.

2.3. The mized area measures were introduced by Alexandrov [All,2] and may
be viewed as a local generalization of the mixed volumes. For any (n — 1)-tuple
C=Ki,...,K,_1 € K,, the Riesz representation theorem guarantees the existence
of a Borel measure S(C,-) on the unit sphere S™~! such that

1
(3) V@K Ko) = 3 [ hu@ds©w
Sn—l
for every L € K,,, where hy is the support function of L. The local analogue of
Minkowski’s theorem is

m
(4) Sn_l(Zt,-Ki,w) = Z S(Ki17"'7Kin—17w)ti1 "'tin—l
i=1

1<iy,eoyin<m

for all Borel w C S™ ! t; > 0,K; € K,, m € N (see below for the definition of
Sn—1)-
The j-th area measure of K is defined by S;(kK,-) = S(K;4,Dn;n—j —1,-),

j=0,1,...,n — 1. It follows that the quermassintegrals of K can be represented
by
1
6 Wil = [ hedS, (K, =011
Sn—l

or, alternatively,

1

(6) Wi(K):—/ S i(K.u) . i=1,....n.
n Jgn-1

2.4. Let K; € K, and assume for simplicity that hg, is twice continuously
differentiable. Then, the mixed area measure of Ki,...,K,_; has a continu-
ous density s(Ki,...,K, 1,-) with respect to the Lebesgue measure on S™ 1,
the mixed discriminant of the second differentials of hg,. We write s;(K,u) for
s(K;j,Dyp;n—j —1,u). It follows that

(7) / hic, (u)s(Ko, Ks, ., Koy, u)du = / hic, ()5 (Ko, Ks, . K, ),
Sn—1 Sn—1
In particular, for i =1,...,n — 1 we have

1

(8) Wi(K) = %/Sn_l Sn—i(K,u)du = - /Sn_1 hi(u)sp—i—1(K,u)du.



2.5. Let f be a real function on R"\{o}. We write f for the restriction of f to
Sn=1If F is defined on S™~!, the radial extension f of F' to R"\{o} is given by
f(x) = F(z/|z]). If F is a twice differentiable function on S"~1, we define

(9) A F = (Af) and V,F = (Vf),

where f is the radial extension of F'. The operator A, is usually called the Laplace-
Beltrami operator, while V, is referred to as the gradient. As a consequence of
Green’s formula we have

(10) / aG= [ GaF=-— / (V,F) - (V,G).
S’nfl Snfl Snfl

For more details we refer the reader to [Gr].

2.6. If K is an origin symmetric convex body in R", then K induces a norm
|| - |k on R" in a natural way. We shall write Xg for the normed space with
unit ball K, and Kx for the unit ball of X. The polar body of K is defined by
||| ke = maxyek |{z,y)| = hx(x), and will be denoted by K°.

We consider the average

) M) = [ lellotdn)

of the norm || - ||k on S™~!, and define M*(K) = M(K°).
If K and L are bodies in R", their multiplicative distance d(K, L) is defined by
(12) d(K,L) =inf{ab:a,b > 0,K CbL,L C aK}.
The Banach-Mazur distance between X and Xy, is
(13) d(Xk,Xr)=inf{d(K,TL) |T € GL,}.

Whenever we write (1/a)|z| < ||z||x < b|z|, we assume that a,b are the smallest
positive numbers for which this inequality holds true for every z € R™. In particular,
we then have d(K, D,,) = ab.

Finally, we denote by G, ; the Grassmannian of all k-dimensional subspaces of
R"™, equipped with the Haar probability measure v, ;. We write |K| for the volume
of K, and w, for the volume of the Euclidean unit ball. The letters ¢, c’, C etc. are
reserved for absolute positive constants.

3 Minimal mean width

Let K be a convex body in R" (without loss of generality we may assume that
o € intK). The mean width w(K) of K is the quantity

(1) w(K) = 2/5 hac (w)or (du).
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This is equal to 2M*(K) in the symmetric case. From 2.3 we see that

(2) Wh_1(K) = 1 /S"_1 hi(u)du = wn/ hi (u)o(du),

n Sn—1

We say that K has minimal mean width if w(K) < w(TK) for every T € SL,,. This
notion was heavily used in the literature under a different name: K has minimal
mean width if and only if the f-ellipsoid of K° is a multiple of D,, [F'T]. Our purpose
is to find necessary and sufficient conditions for a body K to have minimal mean
width. We assume for simplicity that hx is twice continuously differentiable (we
then say that K is smooth enough).

Theorem 3.1 A smooth enough convex body K in R™ has minimal mean width if
and only if

4) 2/Sn_1(VhK(u),Tu>a(du) = %w(K)

for every T € L(R™,R"™). Moreover, this minimal mean width position is unique up
to an orthogonal transformation.

Proof: Assume first that K has minimal mean width. Let T' € L(R™,R"™) and
g > 0 be small enough. Then (I +¢T')*/[det(I +&eT)]'/™ is volume preserving, and
this means that

(5) / hic(u + eTu)o(du) > [det(I + eT)]H™ / hac (w)or (du).

Sn—1 Sn—1
Since hx(u + Tu) = hg(u) + (Vhg(u), Tu) + O(?) and [det(I + T)]'/™ =
1+ % + O(e?), letting € — 07 we obtain

(6) 2/Sn_1(VhK(u),Tu>a(du) > Tw(K)

Replacing T by —T in (6) we see that there must be equality in (4) for every
T € L(R*,R"™).

Conversely, assume that (4) is satisfied and let T' € SL,. Up to an orthogonal
transformation we may assume that 7* is symmetric positive-definite. Then,

) w(TK) =2 [

- hri(u)o(du) = 2/ hi(T*u)o(du).

Sn—1

It is a known fact that Vhg (u) is the unique point on the boundary of K at which
u is the outer normal to K (see [Sch], pp.40). In particular, Vhg (u) € K, which
implies

(8) (Vhi(u), 2) < hi(z)



for every z € R™. Therefore, by (7),(8) and (4) we get

“Z*w(z() > w(K).

) w(TK) > 2 / (Vhic (w), T*uo (du) =
Snfl
This shows that K has minimal mean width. Moreover, we can have equality in

(9) only if T is the identity. This proves uniqueness of the minimal mean width
position up to U € O(n). O

Consider the measure vx on S™ ! with density hx with respect to o. We shall
prove that a smooth enough convex body K has minimal mean width if and only
if v is isotropic.

Lemma 3.2 Let K be a smooth enough convex body in R™. We define

(10) Ix(6) = /Sn_l(VhK(u)ﬁ)(u,G)a(du) , Besnl,
Then,
(1) S I = 4 1) [ b8P ()

for every § € S"1.

Proof: Let §# € S, and consider the function f(z) = (z,6)?/2. A direct com-
putation shows that

(12) (Vof)(w) = (u,0)0 — (u,6)*u
and
(13) (Aof) () = 1 = nlu, 6)”.

Since hx is positively homogeneous of degree 1, we have (Vohk)(u) = Vhg (u) —
hx (u)u and hx (u) = (Vhg(u),u), u € S*~L. Taking into account (12) we obtain

(14) (Vo f) (), (Vohi)(u)) = (Vhi (u),0)(u,0) — hc(u)(u,6)”.
Integrating on the sphere and using Green’s formula (see 2.5), we have
19 1xO) = [ b ool == [ hx(@ o)

which is equal to
_wiK) +n/ ha (u) (u, 8)%0 (du)
2 -

by (13). This proves (11). m|



Theorem 3.3 A smooth enough convexr body K has minimal mean width if and
only if
w(K)

2n

(16) [ 0o =

for every 6 € S" ! (equivalently, if vy is isotropic).

Proof: It is not hard to check that (4) is true for every T' € L(R™,R") if and only
if

(17) Ix(6) =

for every 8 € S" 1. The result now follows from Theorem 3.1 and Lemma 3.2. O

Remark. The smoothness assumption in Theorem 3.3 is not really needed. Assume
for example that K is any convex body for which vg is isotropic. Given € > 0,
we may approximate K by a smooth body K. so that Ix_(f) is up to € constant
on S"~!. If T.(K.) has minimal mean width for some symmetric and positive
T. € SL,, we easily check from (9) that tr7 < (1 + O(e))n, and the stability of
the arithmetic-geometric means inequality implies that 7. is close to the identity.
Passing to the limit as ¢ — 07 and taking into account the fact that 7.(K.) has
minimal mean width, we see that K has the same property. The other direction
can be treated in a similar way.

The fact that (4) and (16) are linear in K has the following immediate conse-
quence:

Corollary 3.4 Let K; and K5 be smooth enough convex bodies in R™.

(i) If K1 and K2 have minimal mean width, then their Minkowski sum K; + Ko
has also minimal mean width.

(ii) If Ky and Ky + K5 have minimal mean width, then K, has also minimal
mean width.

Proof: Obvious from Theorem 3.1 or 3.3, since hg,+k, = hi, + hg, and w(K; +
Kg) :w(K1)+w(K2). O

In the symmetric case, it is a well-known fact [L], [FT], [Pil] that if W has
minimal mean width then M (W)M*(W) < clogd(Xw,¢%). As an application of
this estimate and of Corollary 3.4 we obtain:

Theorem 3.5 Let || - || be a norm on R™ and assume that its unit ball K has the
property M(K) < M(TK) for every T € SLy,. Then, for every A € (0,1), there
exists a [(1 — A)n]-dimensional section K N E of K such that

b 2b
18 UK NE,D,NE) < c——log [ —>_),
(19 ( )< et tos (20 )

where ¢ > 0 is an absolute constant.



Proof: Without loss of generality we may assume that M (K) = 1 and A < 1/2.
Let o be the smallest integer ¢ for which log® (bM*(K)) < 2 (where log® denotes
the t-th iterated logarithm). The Low M *-estimate [M1], [PT], [Go] implies that,
for some absolute constant § > 0,

)\/2||
M*(K)

for all z € Ey or x € Ey, where Ey is in a subset Lo of G,, J[(1—2-tox)n) Of mea-
sure greater than p(A\,n,tp) = 1 — ¢ exp(—c227°An), and c1,c > 0 are absolute
constants.

Consider the orthogonal transformation U = U(Ey) = Pg, — Pgt, Eo € Lo.
Then,

el + Uzl 63/ATZ®
(20) g2 Al

for all # € R". Define a new body K, = K;(Ey) by K{ = &4V K" Then, by
Corollary 3.4, K7 has minimal mean width equal to M (K;) = 1. It follows that

\/2t0+1M*(K)b>

(19) ]l >

VA

Observe that ||z||x = [|2]|k,(&,) on Eo, for every Ey € Lo.
We now iterate this step: assume that L; C G, [(1—2-to+izyn)s Ei € Li, and
Kit1(Eo,...,E;),i=0,...,5 — 1 have been defined and satisfy the following:

(i) (Ki41)° has minimal mean width, and M (K;4;) = 1.
(i) M*(Kiy1) < clog(vV/2to—+1M*(K;)b/6V/N).
(111) ||£E|Ki+1 = = ||£L'||,fOI' alz e F;,=FEyN...NE;.

We apply the Low M*-estimate to K, and find Ls C G, [(1_2-to+s )] With
measure p(A,n,ty — s) such that

(21) M*(Ky) = M(K,)M*(K,) < clog (

0/ /2 —S| |

(22) b|$ Z Ks = M*( )

on E, and on Ef, for every E, € L. If E; € Ly, we define Kyy1 by K2, | =

K +U™(Es)K?

f- Then,

23 bla| > SyA2e

(23) lz| > (||| kpyr > . ||
V2M*(K,)

on R", and

(24) | r,yn = =...= ||zl
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for every z € F;, = EgN...N Es;. This means that

(25) d(K N F,, D, N Fy) < 6y/200 s+ XbM*(K,).

We stop the procedure when s = tg. Note that if (Ep, Ey,...,E,) is a sequence
as above, we have dimF;, > (1 — A)n. Also, since each (K,)° has minimal mean
width, exactly as in (21) we get

(26) M (Kousy) < clog (WM*(KS)I)> |

VA

and this implies that M*(Ky,) < Clog (%) By (25), we have

b b
d(KNF;,,D,NF;) <c—1 .
( N L, N to)_c\/x Og<>\>

Theorem 3.5 should be compared to an analogous result for the M-position: In
[MSch2] it is proved that if K is in M-position of order @ > 1/2, and if there exist
t orthogonal transformations Uy, ..., U; such that % 22:1 U;K° is c-equivalent to
a ball, then for every A € (0,1) there exists a subspace F' € Gy, (1), such that
d(KNF,D,NF) < C(tAc). We can now show that the same is true for the
minimal mean width position:

Corollary 3.6 Let || - || be a norm on R"™ and assume that its unit ball K has the
property M(K) < M(TK) for every T € SL,. Assume further that for some t
orthogonal transformations Uy, ..., U and for some 0 < r,C < 00,

t
1
(27) rlz] < 5 ; Usz|| < Crlz|

for all x € R*. Then, for every A € (0,1), there exists a [(1 — \)n]-dimensional
section K NE of K such that

()

28 dKNE,D,NE)<cC—log|——].
29) ( ) < e0Ylog (5 X
Proof: Lemma 2.1 from [MSch2] and (27) imply that
(29) b(K) = max ||z|| < Crvt.

zeSn—1
Since M (K) > r, we have

b(K)

< .

(30) MR < OVt
The result is now a consequence of Theorem 3.5. O
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An inspection of the argument we used for Theorem 3.5 shows that the state-
ment holds true for a random [(1 — A)n]-dimensional section of K. This allows a
“global” reformulation of Corollary 3.6:

Corollary 3.7 With the same hypotheses as in Corollary 3.6, there exists one
orthogonal transformation U such that, for some r' >0,

(31) |z < el + [|Uz]| < ' CVElog(20V1) x|
for all x € R™. O

The example of X = ¢7/'% & ¢2/* from [MSch2] shows that such a statement
cannot hold in general.

Let t(K) be the smallest integer ¢ for which there exist orthogonal transforma-
tions Uy, ..., U; such that

M(K) 1
5 Il = ;;HUMH < 2M(K)|z]

for all z € R*. In [MSch2] it is shown that t(K) ~ (b/M(K))?. We will prove
below an “isomorphic” version of this fact for bodies in /-position. We fix s €
{2,...,t(K)} and ask how close to Euclidean can a norm ||z||, = 137 | ||Uz]],
U; € O(n) be. More precisely, let gk (s) be the smallest A > 0 for which there exist
r>0,m<s,and Uy,...,Upy € O(n) satisfying

1 m
rla] < — YUzl < rAlz| , zeR".

i=1

From Lemma 2.1 in [MSch2] (see also the proof of Corollary 3.6), we must have
b(K) <rAy/m < M(K)Ay/s. This shows that

(32) g (5) > ey/HE) .
We shall show that if K° has minimal mean width (if K has minimal M), then this
estimate is sharp:

Theorem 3.8 Let || || be a norm on R™ such that its unit ball K satisfies M(K) <
M(TK),T € SL,,. Then,

(33) \/7 <cz\/710g<2t )

where c1,co > 0 are absolute constants.

Proof: Let s € {2,...,t(K)}, and set b = b(K), M = M(K). Following the proof
of Theorem 2 in [BLM], one can check that there exist sy = [s/2] and Uy, ..., U, €
O(n) such that

1 & b
34 T = — Uizl < e—lz| < ¢ T
(34) ll|5, 31;” izl < \/§| | < \fl |
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for all z € R™. Let K; be the unit ball of || - ||s, and set by = b(Ky), M1 = M(K3).
Since My = M, (34) implies that

(35) t(K1) < "t(K)/s.

Observe that K; has minimal M, therefore we can apply Corollary 3.7 with C' =4
and t = t(K1) to find r > 0 and V € O(n) such that

(36) rlz| < llzlls, + [IValls, < "rv/i(EKy) log(2t(K1))|z|
for all x € R™. Setting Us,+; = U;V,i=1,...,5s1, and taking into account (35) we
conclude the proof. O

Remark. Let k(K) be the largest integer k for which a random k-dimensional
central section of K is 4-equivalent to Euclidean. In [Msch2] it is proved that %n <
t(K)k(K) < Cn, where C > 0 is an absolute constant. Having this duality in mind,
one may view Theorem 3.8 as a global analogue (for bodies with minimal M) of
the isomorphic version of Dvoretzky’s theorem proved in [MSch3] (see also [GGM]):
There exists a constant ¢ > 0 such that, for every k > clogn every n-dimensional
space K has a k-dimensional subspace F with d(F, (5) < c¢\/k/log(n/k).

Let us also mention the following common property of the M-position and
the minimal mean width position: If both a/M* and b/M are bounded by some
constant C, then the space is f(C')-isomorphic to £%. This is proved in [MSch2] for
the M-position, and follows from Pisier’s inequality

(37) MM* < clog(ab) < clog(C*MM*)
for the minimal mean width position. The space X = E?/ 2 & £%/? shows that the
position of the unit ball is crucial for this statement as well.

We close this section with a variation of the minimal mean width position:
Consider a symmetric convex body K in R™, and the problem of minimizing
M(TK)M*(TK) over all T € SL,. Repeating the procedure of Theorems 3.1
and 3.3 we obtain the following condition for the minimum position:

Theorem 3.9 Let K be a symmetric convex body in R™, and assume that M (K)M*(K) <
M(TK)M*(TK) for every T € SL,,. Then,

69 g7 [ Meldot = g [ et 0) o),

for every 8 € S*L,

Proof: Without loss of generality we may assume that K is smooth enough. Let
R € L(R*,R*) and ¢ > 0 be small enough, and write 7! = I + eR. Then,
T* = (I +eR*)™' =T+ ;2 (—1)*e*(RF)*, and our assumption about K takes
the form

(39) M(K)M*(K) < /

[t + = Rul o (du) /
Snfl

Sn

» lu — eR*ul|goo(du) + O(e?),
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which implies
(40)

MM* < (M +5/5n71<vm@ (u),Ru)) (M* _ a/snl(VhK(u),R*u>> +0@2).

Letting € — 0T and replacing R by —R, we have

1

(41) i Sn_1<VhKO (u), Ru)o(du) (Vhg(u), R*u)o(du)

oM gn—1

for every R € GL,,. Using (40) with Ry(z) = (z,0)0, § € S" !, we get

1 1
42) + (Vhie (u),0)(u,0)0(du) = — (Vhi(u),0)(u,0)o(du)
M Jgn M* Jgn
for every 6 € S" 1. Taking into account Lemma, 3.2, we conclude the proof. a

We do not know if (38) implies the minimality condition of Theorem 3.9 (nev-
ertheless, we find (38) quite appealing, since it demonstrates once again the deep
relation between a body and its polar).

4 Quermassintegrals and volume preserving trans-
formations

We say that a convex body K minimizes W; if W;(K) < W;(TK) for every volume
preserving linear transformation T'. Since nW;(K) = 9(K), a body K minimizes
Wi if and only if it has minimal surface area. Also, since 2W,,_1(K) = w,w(K), a
body K minimizes W,,_; if and only if it has minimal mean width.

Our purpose is to find necessary and sufficient conditions for a convex body K
to minimize W;, i =1,...,n — 1. We first show that such a body is a solution of a
much more general problem:

Proposition 4.1 Leti = 1,...,n—1, and assume that the conver body K minimizes
W;. Then,
(1) V(TlKaaTn—lKaDn)l) ZWl(K)

for any T,...,T,,_; € SL,.

Proof: We have W;(T;K) > W;(K), j = 1,...,n —i. As a consequence of the
Alexandrov-Fenchel inequality we see that

(2) V(TVK, ..., Ty iK, Dy;i) > Wi(Ty K)o ... Wi(Tp_ i K) 77,

and this proves our claim. O
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The arguments we used for the surface area and the mean width apply to every
quermassintegral and provide necessary conditions for the minimal position:

Proposition 4.2 Assume that K is smooth enough and minimizes W;. Then,
(3) / 1(VhK(u),Ru)dSn,i,1(K, u) = [trR|W;(K)
gn—

for any R € L(R™*,R").

Proof: Let T € L(R™,R") and £ > 0 be small enough. Then, (I + &T)/[det(I +
eT)]*/™ is volume preserving. Therefore,

(4) [det(I + eT)]"* Wi(K) < V((I +eT)K;n — i, D3 ).
Since (I +eT)K C K +eTK, using the monotonicity of the mixed volumes we get
(5) [det(I +eT)]"> Wi(K) < V(K +eTK;n — i, Dy;i).

We have [det(I + z—:T)]? = 1+ e2ttrT + O(g?), and linearity of the mixed
volumes with respect to its arguments shows that V(K + eT'K;n — i,D,;i) =
Wi(K) + (n—i)eV(TK,K;n —i—1,Dp;i) + O(e?). Letting e — 0% we see that

T 1
(6) %Wi(K) <V(TK,Kin—i—1,Dy;i) = E/ i (W)dS, i1 (K, u).
Sn—l

Now, let R € L(R",R") and set T* = I + e¢R where ¢ > 0. Since hrg(u) =
hix(T*u) = hig(u+ eRu), we get

(7 Wi(K) + E%Wi(K) < % / hi(u+eRu)dS,,—i—1 (K, u).
Sn—l

But, hi (u+eRu) = hi (u) +e(Vhg(u), Ru) + O(g?), so letting e — 01 and using
(2.5), we have

(8) bR k) < 1 / (Vhic (u), Ru)dSy_s1 (K, ).
n n Sn—1

Replacing R by —R we get the reverse inequality, therefore
) [t R]W (K) = / (i (), RS, 1 (K, )
gn—

for every R € L(R",R"). |

Proposition 4.3 Let i = 1,...,n — 1. If a conver body K in R* minimizes W;,
then Sp—;(K,-) is isotropic.

Proof: Assume that K minimizes W;. For every U € SL,, we have

(10) Wi(UK) = V(K;n—i,U""Dp3i) > Wi(K).
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Let T € L(R",R") and € > 0 be small enough. Then, U~! = (I + £T)/[det(I +
eT)]'/™ is volume preserving, therefore

(11) V(K;n —i,Dy 4T D,;i) > [det(I + T))/"W;i(K).

Observe that the right hand side is W;(K) + Z2LW;(K) 4+ O(e?), while the left
hand side is W;(K) + ieV(K;n — i, Dy;i — 1,TD,,) + O(g?). Letting e — 0% and
taking into account (2.3) we get

1 tr’l”

(12) . /S  hr, (@dSy-i(K,w) > S Wi(K)

for every T' € L(R",R"). Let R € L(R",R") and set T* = I + ¢R. We have
hrp, (u) = |T*u| = |u + eRu| = 1 + e(u, Ru) + O(g?), so (12) becomes

(13) / {1+ &(u, Ru) + O(£*)}dS,—; (K, u) > nW;(K) + e[trR]|W;(K).
Sn—1
Letting € — 07, using (2.6) and replacing R by —R we conclude that
(14) / (w, Ru)dS,_i(K,u) = [trR]W(K)
gn—1

for every R € L(R™,R"™). This shows that S,,_; ([, -) is isotropic. i

In order to proceed we need to introduce some terminology and notation. If A
is a selfadjoint linear transformation of R™, we denote by s;(A) the j-th elementary
symmetric function s;j(A1,...,A,) of the eigenvalues A1,..., A, of A:

(15) s;(A) = > PRI VIS

1<k1<...<kj<n
The j-th Newton operator of A is defined by
(16) Tj(A) = s;(A) —s; 1 (A)A+ ...+ (=1) A7

We set so(A) =1 and To(A) = I. We also agree that T;(4) =0if j < 0.

Some known properties of s;(A) and T;(A) are listed in the Proposition below
(see e.g. Reilly [Re]):

Proposition 4.4 Let A € L(R",R") be selfadjoint, and assume that it has matrix
(akt) with respect to some basis of R*. Then, T;(A) is selfadjoint and

1) Sj (A) = % Z (5;611:] aklll . ak].l]..
i) [T ( D]k = 5 200 -,
i o A) = (j + 1)sj11(A).
iv) Tj(A) = s;(A)] — T;_1(A) o A.
= (n — j)s;(A).
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Here, we denote by 6{?_'_3?, 1 < 5 <n, the Kronecker symbol which has the value +1
(respectively, —1) if k1,...,k; are distinct and (I1,...,l;) is an even (respectively,
odd) permutation of (k1,...,k;). If not, then the symbol takes the value 0. O

We will also use the following consequence of Green’s formula (see [Fi]):

Proposition 4.5 Let f : R*\{o} - R and F : R"\{o} — R" be homogeneous
functions of degree p and q respectively. Assume that Vf and divF are continuous.
Then,

(17) /5 Fu)divF(w)o(du) = (p+q+n — 1) /SH (F(w)F (), u)o(du)

- [ V@ Pl o
Note that Lemma 3.2 is a special case of Proposition 4.5: choose f(x) = hx(x)
and F(z) = (x,0)6.

Let K be a convex body in R, and assume that hx is a C3-function. For
every € R"\{o} the Hessian H, := (07,hk) of hx defines a selfadjoint linear
transformation of R". If u € S™!, then s;(H,) = s;(K,u) (for simplicity we will
write s;(u)). In this context, one has the following additional properties of the
Newton operator T;(#,) (see [BH]):

Proposition 4.6 Assume that hg has continuous partial derivatives of order three
in R"\{o}. Then,

(1) (G +Vsjpa(e) = div[(Ti(He)) (Vhe ()], §=0,...,n=2.
(i) Ho(z) =0, (T3(H.))(z) = sj(@)z. O
Combining the above results we obtain the following:

Theorem 4.7 Let K be a convex body in R®, whose support function hx is C.
Then, for every j =0,1,...,n —2 and any 6 € S* 1, we have

A9 [ = s ) = G+ Dy ()0 ()

=2 [ (@0 (Fhac (), ) o )
S’".—l
Proof: Let f(z) = (z,6)?. By Proposition 4.6(i),

19) [ G+ Dayat)ed)o(dn) = [ F)dvl(T () (Vhic(w)o ).

n—1

Since f and T} are homogeneous of degree 2 and —j respectively, Proposition 4.5
shows that this last integral is equal to
(20)

(1) [ (T (). 0P ol <2 [ (T (i) 0) . O)o ().
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To complete the proof, observe that since T} is selfadjoint by Proposition 4.6(ii) we
have

(T;(Vhi (u),u) = (Vhi (u), Tj(u)) = 5 (u)(Vhi (u),u) = sj(u)hi(u). O

Note first that Theorem 3.3 is a consequence of Theorem 4.7: When j = 0, (18)
takes the form

(21) (n+1) /Sn_1 hyc (w)(u, 0)? o (du)

_ / (u, 0)2dS1 (K, u) + 2 / (Vhic (u), 6)(u, 0)o(du).
gn—1

Sn—1
By Theorem 3.1 and Proposition 4.3, the last two integrals are independent of
0 € S, hence vk = hido is isotropic.

We now consider the case 7 = 1, which corresponds to the quermassintegral
VVﬁ,QZ

Theorem 4.8 Let K be a conver body in R™, whose support function hg is C®. If K
minimizes Wp_o, then the measures sa(u)o(du) and [hx (u)s1(u)+|Vhk (u)|*]o(du)
are isotropic.

Proof: We have T} (H,,)(Vhk (u)) = s1(u)Vhg (u) —Hy(Vhi(w)). Then, Theorem
4.7 implies that for every § € S7~1,

(22) n/sn_l hi (w)sy (uw)(u, 0)?o(du) + 2/5 (Hu(Vhi(u)),0)(u,8)o(du)

n—1

= 2/Sn71<u,0>2d52(1(,u) +2/STH<VhK(u)’0><u’0>dsl(K’u)'

Assume that K minimizes W,,_s. By Propositions 4.2 and 4.3, the expression on
the right handside of (22) does not depend on #. On the other hand, it is easy to
check that

(23) 2H, (Vhi(u)) = V (|Vhi (u)]?) .

Applying Proposition 4.5 with F(z) = (x,0)0 and f(x) = |[Vhi(z)|?, we get

(24) /5 Ve () o (du) :n/ Ve (), 020 (du)

Sn—1

9 / (Ha(Vhic(w)), 6)(u, 0)o(du).
Sn*l

Inserting this into (22) we see that
/ [s1 (W)l (w) + [Vhic (u)*)(u, 0)* o (du)
Snfl
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does not depend on 6. This completes the proof. O

Using the same tools one can obtain analogous necessary isotropic conditions for
the position which minimizes each quermassintegral. It is an interesting question
to determine a set of necessary and sufficient isotropic conditions for the position
minimizing W;, 1 =2,...,n — 2.

5 John’s theorem

A classical result of F. John [Jo] states that d(X,£%) < y/n for every n-dimensional
normed space X, where 3 is Euclidean space, and d stands for the Banach-Mazur
distance. One comes up with this estimate while studying the following extremal
problem:

Let K be a symmetric convez body in R™. Maximize |detT| over all T : £} —
X = Xg with ||T|| = 1.

If Tp is a solution of this problem, then TyD,, is the ellipsoid of maximal volume
which is inscribed in K. One can easily establish existence and uniqueness of such
an ellipsoid. In the spirit of our discussion, we may equivalently formulate the
problem as follows:

Let K be a symmetric convex body in R™. Minimize ||T : €5 — Xkl over all
volume preserving transformations T'.

We shall see that our standard variational argument provides all the available
information about this “maximal volume ellipsoid position”. In particular, one
may naturally interpret the well-known John’s representation of the identity as an
isotropic condition.

To this end, assume that the identity map I is a solution of the problem, and
normalize so that

(1) I1I:05 = Xk|| =1=min{||T : €5 - Xk : |detT| = 1}.
This means that the Euclidean unit ball D,, is the maximal volume ellipsoid of K.
Our first result provides a necessary “trace condition” on K:

Theorem 5.1 Let K be a smooth enough symmetric convex body in R” and assume
that D,, is the mazimal volume ellipsoid of K. Then, for every T € L(R™,R"™) we
can find a contact point x of K and D,, such that

tr’l

@ (2, T} > =

Proof: Let S € L(R™,R"). We shall first show that there exists a contact point
of K and D,, such that

trS
> —,
® ISl 2> =
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Let € > 0 be small enough. From (1) we have

(4) 1T +eS: 00 — Xkl > [det(I +e8)]Y/" =1 +e% +0(e2).

Choose any x. € S"~! such that ||z. + eSz.||x = || +&S]|- Since D, C K, we
have ||z.||k < 1. Therefore, combining (4) with the triangle inequality for || - ||k
we see that

trS
(5) ISz llx > ==+ 0(e).

By compactness, we may find z € S" ! and a sequence &, — 0 such that z., — z.
By (5) we obviously have ||Sz||x > % On the other hand,

(6) lz||k = lm ||z-,, +emSze, ||k = lim ||I +¢€,5]| = ||| =1.
m—0o0o m—0o0

This shows that z is a contact point of K and D,,, which proves (3).
Now, let T' € L(R™,R") and write S = I +&T, ¢ > 0. We can find z. such that
-l = 2] = 1 and

tr’l’

(7 lze +eTa ||k > =1l+e¢

tr(f +eT)
n

We write ||z. + eTz:||xk = 1+ e(V|z||k,Tz:) + O(?), and from (7) we get

(Vllz-|lx, Tz:) > =L+ O(e). Choosing again &,, — 0T such that z. , — x € S"1,

we see that z is a contact point of K and D,, which satisfies

T
(8) (Ve T2) > =

Moreover, since V||z||x is the point on the boundary of K° at which the outer
unit normal is parallel to £ and = is a contact point of K and D,,, we must have
V||z||k = x. This proves the theorem. O

From Theorem 5.1 we can easily recover all the well-known properties of the
maximal volume ellipsoid:

Theorem 5.2 Let D,, be the maximal volume ellipsoid of K. Then, K C \/nD,,.

Proof: Let x € R" and consider the map Ty = (y, z)z. By Theorem 5.1, we can
find a contact point z of K and D,, such that

trT  |z|?
9 Tzy > — = —.
o) (1 > 2L _
But,
(10) (2,T2) = (2,2)” < |lzllice llellic = [l

Therefore, |z| < y/n||z||x. This is equivalent to the assertion of the theorem. O
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Theorem 5.2 provides the estimate d(X,¢%) < y/n for the Banach-Mazur dis-
tance from an arbitrary n-dimensional normed space to £5. From Theorem 5.1 we
can also deduce the Dvoretzky-Rogers lemma:

Theorem 5.3 Let D,, be the mazimal volume ellipsoid of K. There ezist pairwise
orthogonal vectors yi1, - ..,yn in R® such that

n—i+1\"’ _
(=) <l <=1, i=1.m

Proof: We define the y;’s inductively. The first vector y; can be any of the
contact points of K and D,. Assume that yi,...,y;—1 have been defined. Let
F; = span{y1,...,yi—1}. Then, tr(Pp.) = n —i+ 1, and by Theorem 5.1 there
exists a contact point x; such that '
n—i+1

- .

It follows that ||Ppx;|| < |Prxzi| < /(i —1)/n. We set y; = Ppra;/|Pprz;|.
Then,

(11) |Ppoai|? = (i, Ppa;) >

. 1/2
n z+1> o
n

2 U=l 2l > (i) = Pral >

Note that the argument shows that for every k-dimensional subspace F' there
exists a contact point z of K and D,, such that |Prz|* = (z, Prz) > k/n.

Finally, a separation argument and Theorem 5.1 give us John’s representation
of the identity:

Theorem 5.4 Let D,, be the mazimal volume ellipsoid of K. There exist contact
points T1, ..., T, of K and D, and positive real numbers A1, ..., Ay such that

m
I = Z AT ® ;.
i=1

Proof: Consider the convex hull C of all operators x ® x, where z is a contact point
of K and D,,. One can easily see that the assertion of the theorem is equivalent to
I/n € C. If this is not true, there exists T € L(R",R") such that

(13) (T, I/n) > (z@,T)

for every contact point z. But, (T, I/n) = trT/n and (z ® z,T) = (x,Tz). There-
fore, (13) would contradict Theorem 5.1. i

Theorem 5.4 implies that

(14) > Aifwi, 0)* =1



for every # € S"!. In our terminology, the measure p on S™ ! that gives mass
A; to the point z;, ¢ = 1,...,m, is isotropic. In this sense, John’s position is an
isotropic position. Conversely, following [Ba4] we have:

Proposition 5.5 Let K be a symmetric convex body in R™ which contains the
Euclidean unit ball D,,. Assume that there exists an isotropic Borel measure
on S™ 1 which is supported by the contact points of K and D,,. Then, D, is the
mazimal volume ellipsoid of K.

Proof: Let ||u]] = p(S™ ') and A C S"! be the support of u. Define
(15) L={y € B :|(,y)| < Lz € A}

Since K C L, it clearly suffices to prove that D,, is the maximal volume ellipsoid
of L. Let

(16) E={yeR":3 ar>(y,0)? <1},
j=1

where {v;} is an orthonormal basis of R® and «; > 0. Assume that £ C L. For
every € A we have

—1/2
(17) y(z) = Za§<$;vj>2 ZO&j(iU,Ujﬁ)j eECL,
Jj=1 j=1
hence, |(z,y(z))] <1 gives
(18) > a¥(z,v)? <1, zEA
j=1

Our hypotheses imply that

(19) >0 =Ygy [ Gautn)

S
= — aj(x,vj)°p(de).
Tl Jsos 2

Using (18) and the Cauchy-Schwarz inequality we see that

1/2 1/2

(20) Z%’(fﬂavj)z < Za?@avj)Z > (,05)° <1

j=1

for every & € A. Then, (19) becomes

(21) Zaj <n.



By the arithmetic-geometric means inequality we get [ a; < 1. That is |E| < |D,,|.
Moreover, we can have equality only if all a;’s are equal to 1, which shows that D,
is the unique maximal volume ellipsoid of L. |

Theorem 5.4 and Proposition 5.5 provide the following characterization of John’s
position:

“Let K be a symmetric conver body in R™ which contains the Fuclidean unit
ball D,,. Then, D,, is the mazimal volume ellipsoid of K if and only if there exists
an isotropic measure p supported by the contact points of K and D,,.”

Let us discuss one more problem of the same nature: Let K be a symmetric
convex body in R" and || - || be the corresponding norm. Assume that (1/a)|z| <
||| < b|x| for every & € R™. It is clear that M (K)a(K) > 1, and we are interested
in

(22) min{M(TK) |T € GL,,a(TK) = 1}.
The condition a(T'K) = 1 means that TK C D,, but there exist contact points of
TK and D,,. We then have the following condition for the minimum position:

Theorem 5.6 Let K be a symmetric convex body in R" satisfying a(K) = 1 and
M(K) < M(TK) for every T € GL,, with a(T'K) = 1. Then, for every § € S"~!
we can find contact points x1,x2 of K and D, such that

n+1

2 1 T ———
(23) oo < [

||| & (u, 020 (du) < 1+ (2o,0)>.

Proof: Let T' € L(R",R") and € > 0 be small enough. Then T} := (mingn-1 ||z +
eTz||)(I +eT) ! satisfies a(T1K) = 1. Therefore,

(24) / u+ eTullo(du) > M(K) min | + Tz,
Sgn—1 zesSn—1

If we write ||u + eTul| = ||u|| + e(Vhke(u), Tu) + O(g?), we see that

mingn-1 ||z +eTz| — 1

(25) /5  (Vhie (w), Tuyo(du) + O(e) = M(K) -

Let z. be a point on S” ! at which the minimum is attained. If z is a contact point
of K and D,,, we must have 1 +¢||T'|| > ||z + eTz|| > ||ze +eTx|| > ||z:|| — el|T|],
where ||T|| ;= ||T : €% — Xk||. It follows that

(26) 1 < lae|| <1+ 2¢||T7|.
Since z. € S" 1 and || - || > ||, (25) takes the form

|ze + eTxe| —1

(27) /S  (Vhie (), Tu)o(du) + O(e) > M(K) d
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= M(K)[(z:, Tz) + O(e)].

Now, we can find a sequence &, — 0 and a point z € S™! such that z.  — z.
Letting m — oo in (27), we obtain

(28) /Sn_l(VhKo(u),Tma(du) > M(K)(z,Tx).

Also, z € S™~! and using (26) we see that ||z|| = lim,, ||z., || = 1. That is, z is a
contact point of K and D,,. Replacing T" by —T we find another contact point z’
of K and D,, such that

(29) /Sn_1<VhK° (u), Tu)o(du) < M(K){(z',Tx").

Choosing Ty(z) = (x,0)8, § € S*~!, and applying Lemma 3.2, we obtain (23). O

The condition of the Theorem shows in a sense that the minimum position of
the problem is rich in contact points with the circumscribed ball. The dual problem
of maximizing M under the condition b = 1 has exactly the same answer.

6 Minimal surface area and M-position

If K and L are convex bodies in R", we write N (K, L) for the covering number of
K by L (that is, the minimum number of translates of L whose union covers K).
If |K| = |Dy|, we say that K is in M-position (with parameter ¢ > 0) if

M N(K, D) < exp(dn).
One can then prove (see [MP2] for the non-symmetric case) that
(2) N(K,D,) -N(D,,K) - N(K°,Dy,) -N(D,,K°) <exp(dn),

where 6; = ¢d, and ¢ > 0 is an absolute constant. Moreover, condition (1) is
equivalent to

(3) |K + Dy |t/ < ¢|Dy|M™.

This isomorphically defined position is the best representative of the affine class
of a body in volume computations: this is mainly due to the fact that reverse
Brunn-Minkowski inequalities hold for bodies in M-position [M2].

We define a function f : [0,+00) — R by

(4) f(t) = min{|TK +tD,| | T € SL,}.

For every t > 0 there exists a volume preserving T; such that [T K + tD,,| = f(t).
It is clear that UT; has the same property for every U € O(n). By (3) we see
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that 71 K is in M-position. This suggests that M -position can be described as the
solution of a minimum problem similar to the ones we discussed in the previous
sections.

We start with the following observation:

Lemma 6.1 Let K be a convex body in R™. Then,
(5) |K +tAi1Dyp+ sAsDy| > min{|K + (t + s)A1Dy|, |[K + (t + s)A2D,|}

for every Ay, Ay € GL, and t,s > 0.

Proof: It is an immediate consequence of the Brunn-Minkowski inequality, since
(6) .
S
K +tA1Dy +5sAsDp O —— (K + (t+s)A1Dyp) + —— (K + (t +s)42D,). O
t+s t+s
Theorem 6.2 Let K be a convex body in R™. Assume that
(7 |K +tD,| = f(t)

for somet > 0. Then, K 4+ tD,, has minimal surface area.

Proof: Let T € SL,,. From Steiner’s formula we see that
(8) |T(K + (t —e)Dy) +eDyp| — |T(K + (t —€)Dy)|

=neW(T(K + (t —e)D,,) + O(¢?).
By the continuity of Wi with respect to the Hausdorff metric,

9)  O(T(K +1tDy)) = nWi(T(K +1tD,)) =n lim Wy(T(K + (t = £)Dy)

T + (t=€)Da) + Dl = [T(K + (t =)D

e—=0t £

. |K+(t—¢e)D,+eT'D,| - |K + (t —¢)D,|

= lim .
e—0+ 5

Since |K + tD,| = f(t), Lemma 6.1 implies that |K + (t — ¢)D,, + €T 'D,,| >
|K +¢D,,|. Hence,

(10)  O(T(K +1tDy) > lim KT Pal 21K+ (=)D

= O(K +tD,,).

e—0t £
This shows that K + tD,, has minimal surface area. O

Remark. It is not hard to show that

(11) f'(t) = (1K +tD,,)
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for every t > 0. It follows that for every ¢t > s > 0 we have
t t

(12) / (T, K + xDy)dx > / O(TyK + zDy,)dz,
s s

with equality if s = 0.

In the planar case, a convex body K has minimal perimeter (surface area) if
and only if it has minimal mean width. Since |T;K + tD,| = f(t), Theorem 6.2
shows that T3 K + tD,, has minimal mean width and, using Corollary 3.4(ii) we see
that T; K has minimal mean width. Moreover, T; is constant up to an orthogonal
transformation. That is, the solution of Problem (4) is the minimal mean width
position, independently of ¢ > 0:

Corollary 6.3 A conver body K in R? satisfies |K +tD,| < |TK +tD,| for every
T € SL,, and every t > 0 if and only if it has minimal mean width.

It would be interesting to see if the minimal surface area position is an M-
position in higher dimensions. This would provide an isometric description of the
M-position. Observe that, by Theorem 6.2, the limit of T;K as t — 0% is the
minimal surface position and, by Steiner’s formula, the limit of T; K as t — 400 is
the minimal mean width position.
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