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Kef�laio 1Eisagwg 
SÔntomh parous�ash th
 ergas�a
1. H ènnoia tou Bana
h-Mazur 
ompa
tum parèqei èna fusiologikì pla�sio giathn posotik  melèth twn q¸rwn peperasmènh
 di�stash
 me nìrma, sto opo�o hdi�stash pa�zei polÔ shmantikì rìlo.'Opw
 ja doÔme sto Kef�laio 2, k�je n-di�stato
 pragmatikì
 dianusmati-kì
 q¸ro
 me nìrma e�nai isometrik� isìmorfo
 me ton Rn an ton efodi�soume mekat�llhlh nìrma k � k. Gi� autìn to lìgo, o tupikì
 q¸ro
 me nìrma pou mele-t�me se aut n thn ergas�a, e�nai th
 morf 
 X = (Rn ; k � k). H monadia�a mp�laBX = fx 2 Rn : kxk � 1g tou X e�nai èna summetrikì kurtì s¸ma. Ant�strofa, anK e�nai èna summetrikì kurtì s¸ma ston Rn , tìte to K ep�gei ston Rn th nìrmakxkK = minf� � 0 : x 2 �Kg, kai o q¸ro
 (Rn ; k � kK) èqei to K san monadia�amp�la tou. Me autìn ton trìpo g�netai safè
 ìti h melèth twn q¸rwn peperasmè-nh
 di�stash
 me nìrma anaptÔssetai par�llhla me aut n twn summetrik¸n kurt¸nswm�twn.Upojètoume ìti h Eukle�deia dom  ston Rn or�zetai apì èna eswterikì ginìmenoh�; �i. Tìte, o duðkì
 q¸ro
X� touX èqei nìrma thn kyk� = maxfjhx; yij : x 2 BXg.H monadia�a mp�la BX� tou X� e�nai to polikì s¸ma th
 BX .'Estw X kai Y dÔo n-di�statoi q¸roi me nìrma. K�je antistrèyimo
 grammikì
metasqhmatismì
 T : X ! Y e�nai isomorfismì
 twn X kai Y . H apìstashBana
h-Mazur d(X;Y ) twn X kai Y or�zetai apì thnd(X;Y ) = minfjjT jj � jjT�1jj �� T : X ! Y; ��o�o������o&g;kai metr�ei pìso {kal� isìmorfoi} e�nai oi X kai Y . H gewmetrik  ermhne�a au-toÔ tou orismoÔ e�nai h ex 
: h d(X;Y ) e�nai o mikrìtero
 d � 1 gia ton opo�oup�rqei isomorfismì
 T : X ! Y me thn idiìthta BY � T (BX) � dBY . Den e�nai7



8dÔskolo na doÔme ìti: gia k�je X kai Y , d(X;Y ) = d(Y;X) (h d e�nai summetri-k ), d(X;Y ) = 1 an kai mìno an o X e�nai isometrik� isìmorfo
 me ton Y , kaid(X�; Y �) = d(X;Y ) ìpou X�; Y � e�nai oi duðko� q¸roi twn X;Y ant�stoiqa.2. Sto Kef�laio 3, or�zoume to sÔnolo Bn ìlwn twn kl�sewn isodunam�a
 n-di�statwn q¸rwn me nìrma, ìpou oX jewre�tai isodÔnamo
 me tonX 0 an kai mìno anoi X kai X 0 e�nai isometrik� isìmorfoi. ApodeiknÔoume ìti to Bn g�netai sumpag 
metrikì
 q¸ro
, me metrik  thn log d: h trigwnik  anisìthta e�nai sunèpeia th
d(X;Y ) � d(X;Z) d(Z; Y );h opo�a epalhjeÔetai eÔkola gia k�je tri�da X;Y; Z 2 Bn. O metrikì
 q¸ro
(Bn; log d) e�nai to n-di�stato Bana
h-Mazur 
ompa
tum. Sun jw
, ant� gia thnlog d, qrhsimopoioÔme thn d san m�a {pollaplasiastik } apìstash ston Bn.To Bana
h-Mazur 
ompa
tum den èqei melethje� pl rw
. An exairèsoume meri-k� jemeli¸dh apotelèsmata, ta perissìtera erwt mata pou èqoun teje� se sqèsh meth dom  tou, paramènoun anap�nthta. Gia perissìtere
 plhrofor�e
, parapèmpoumeton anagn¸sth sta bibl�a twn Milman kai S
he
htman [MS℄, Pisier [Pi1℄, [Pi2℄, kaiTom
zak-Jaegermann [TJ℄, kaj¸
 kai sta �rjra episkìphsh
 [Gl2℄, [LM℄, [Pel℄, kai[Sz2℄.3. To pr¸to klasikì apotèlesma gia th gewmetr�a tou Bn e�nai to Je¸rhma touJohn [J℄ gia th mègisth dunat  apìstash enì
 n-di�statou q¸rou me nìrma apìton Eukle�deio q¸ro `n2 . Xekin¸nta
 apì ènan n-di�stato q¸ro X = (Rn ; k � k), oJohn je¸rhse ton grammikì metasqhmatismì T 2 GL(n) gia ton opo�o h Eukle�deiamonadia�a mp�la Bn2 e�nai to elleiyoeidè
 mègistou ìgkou pou perièqetai sto K =T (BX). 'Opw
 ja doÔme sto Kef�laio 4, qrhsimopoi¸nta
 aut n thn {megistik idiìthta} th
 Bn2 , mporoÔme na p�roume pollè
 plhrofor�e
 gia to K:(a) Up�rqoun shme�a epaf 
 x1; : : : ; xm twn K kai Bn2 (dhlad , kxikK = jxij =1), kai �1; : : : ; �m > 0 tètoia ¸ste na isqÔei h akìloujh anapar�stash th
 tauto-tik 
 apeikìnish
: gia k�je x 2 Rn ,x = mXi=1 �ihx; xiixi:(b) Bn2 � K � pnBn2 .Eidikìtera, h (b) d�nei èna �nw fr�gma gia thn d(X; `n2 ):Je¸rhma tou John: d(X; `n2 ) � pn gia k�je X 2 Bn.H ekt�mhsh pou m�
 d�nei to Je¸rhma tou John e�nai apolÔtw
 akrib 
. Apo-deiknÔetai ìti d(`n1; `n2 ) = d(`n1 ; `n2 ) = pn. Me �mesh efarmog  th
 pollaplasia-stik 
 trigwnik 
 anisìthta
 gia thn d, pa�rnoume �nw fr�gma gia thn di�metrotou Bn: diam(Bn) := maxfd(X;Y ) : X;Y 2 Bng � n:



94. Se pollè
 shmantikè
 peript¸sei
, h apìstash Bana
h-Mazur d(X;Y ) e�naipolÔ mikrìterh apì n. Sto Kef�laio 5, melet�me thn per�ptwsh pou oi X kai Ye�nai q¸roi `np , 1 � p � 1. Oi Gurarii, Kade
 kai Ma
aev [GKM℄ upolìgisan thswst  t�xh megèjou
 th
 d(`np ; `nq ):(a) An 1 � p � q � 2   2 � p � q �1, tìte d(`np ; `nq ) = n1=p�1=q .(b) An 1 � p < 2 < q �1, tìte 
1n� � d(`np ; `nq ) � 
2n�, ìpou 
1 > 0 apìluthstajer�, 
2 > 0 stajer� pou exart�tai apì ta p kai q, kai � = maxf1=p�1=2; 1=2�1=qg.H apìdeixh tou (b) apaite� thn qr sh twn pin�kwn Walsh, kai to Je¸rhmaKurtìthta
 tou M. Riesz, to opo�o parousi�zoume analutik�.5. To basikìtero �sw
 prìblhma pou prokÔptei apì to Je¸rhma tou John, e�naio prosdiorismì
 th
 diam(Bn). H akrib 
 tim  aut 
 th
 posìthta
 e�nai gnwst mìno sthn per�ptwsh n = 2. Tìte, gnwr�zoume ìti diam(B2) = 3=2, apì apotelè-smata twn Asplund [As℄ kai Stromquist [Str℄. To {ligìtero filìdoxo} prìblhmatou prosdiorismoÔ th
 swst 
 t�xh
 megèjou
 th
 diam(Bn) kaj¸
 to n te�nei sto�peiro, parèmeine anoiktì gia poll� qrìnia. H ap�nthsh dìjhke apì ton Gluskin[Gl1℄ to 1981:Je¸rhma tou Gluskin: Up�rqei apìluth stajer� 
 > 0 tètoia ¸stediam(Bn) � 
ngia k�je n.Epomènw
, h di�metro
 tou Bana
h-Mazur 
ompa
tum e�nai th
 t�xh
 tou n.Sth lÔsh pou èdwse gia to prìblhma, o Gluskin den èdwse akrib  perigraf  enì
zeugarioÔ q¸rwn X;Y 2 Bn me apìstash d(X;Y ) � 
n (gia thn akr�beia, akìma kaisti
 mère
 ma
 den up�rqei sugkekrimèno par�deigma q¸rwn pou na èqoun apìstashousiastik� megalÔterh apì Cpn).H Ôparxh zeugarioÔ q¸rwn me apìstash th
 t�xh
 tou n exasfal�zetai me pi-janojewrhtik� epiqeir mata. O Gluskin [Gl2℄ perigr�fei thn idèa tou w
 ex 
. A
jewr soume to zeug�ri X = Y = `n1 , kai a
 p�roume san T ènan tuqa�o p�nakapou oi suntetagmène
 tou e�nai anex�rthte
 standard Gaussian tuqa�e
 metablhtè
.Den e�nai dÔskolo na doÔme ìti h anisìthta kTk kT�1k � 
n isqÔei me meg�lhpijanìthta gia p�nake
 T aut 
 th
 morf 
. Autì m�
 d�nei thn idèa ìti, {peir�-zonta
} l�go ton q¸ro `n1 mpore� na petÔqoume èna zeug�ri q¸rwn X kai Y giatou
 opo�ou
 ja isqÔei kTk kT�1k � 
n gia k�je T 2 GL(n). Autì e�nai pr�gmatiefiktì.H apìdeixh tou Jewr mato
 d�netai sto Kef�laio 6. OGluskin je¸rhse q¸rou
pou h monadia�a tou
 mp�la e�nai èna summetrikì kurtì s¸ma th
 morf 
 K =
of�ei;�xj ; 1 � j � 2ng, ìpou feigi�n e�nai h sun jh
 orjokanonik  b�sh touRn , kai ta xj ; j � 2n, e�nai 2n tuqa�a shme�a pou epilègontai anex�rthta sthnEukle�deia monadia�a sfa�ra Sn�1, thn opo�a èqoume efodi�sei me to anallo�wto



10w
 pro
 orjog¸niou
 metasqhmatismoÔ
 mètro pijanìthta
 �. An (Xn; Yn) e�naièna zeug�ri anex�rthtwn {q¸rwn Gluskin}, mporoÔme na de�xoume ìti h pijanìthtaProbf(Xn; Yn) : kTkXn!YnkT�1kYn!Xn � 
nge�nai ekjetik� mikr , omoiìmorfa w
 pro
 T 2 SL(n). Sundu�zonta
 autì todedomèno me akribe�
 ektim sei
 gia ton plhj�rijmo "-diktÔwn se kat�llhlou
 q¸-rou
 telest¸n, blèpoume ìti gia ta {perissìtera} zeug�ria (Xn; Yn), h anisìthtakTkXn!YnkT�1kYn!Xn � 
n isqÔei gia èna arket� leptì d�ktuo sthn SL(n). 'Enatupikì epiqe�rhma, to opo�o ìmw
 kaj�statai dunatì q�rh sthn akr�beia twn parap�-nw ektim sewn, m�
 epitrèpei na per�soume apì to d�ktuo ston tuqìnta T 2 SL(n),k�ti pou de�qnei ìti d(Xn; Yn) � 
0n me 
0 = 
=2.Ektì
 apì thn ap�nthsh pou èdwse sto prìblhma th
 diamètrou tou Bn, hmèjodo
 tou Gluskin apode�qjhke qr simh se pl jo
 �llwn problhm�twn. Oi {tu-qa�oi q¸roi} pare�qan to kat�llhlo pla�sio gia na dojoÔn parade�gmata {pajo-logik 
 sumperifor�
}, kai bo jhsan sthn ep�lush poll¸n anoikt¸n problhm�twnth
 asumptwtik 
 jewr�a
 q¸rwn peperasmènh
 di�stash
. 'Ena par�deigma e�naito ex 
 je¸rhma tou Szarek [Sz3℄: Up�rqoun n-di�statoi q¸roi me nìrma, pouèqoun stajer� b�sh
 th
 t�xh
 th
 pn. To apotèlesma autì e�nai h {peperasmènhèkdosh} tou fhmismènou jewr mato
 tou En
o [En℄ gia thn Ôparxh diaqwr�simouq¸rou Bana
h pou den èqei b�sh S
hauder.6. 'Estw X 2 Bn. Sumbol�zoume me Rn(X) thn {akt�na} tou Bana
h-Mazur
ompa
tum Bn w
 pro
 X :Rn(X) = maxfd(X;Y ) : Y 2 Bng:Me aut n thn orolog�a, to je¸rhma tou John m�
 lèei ìti Rn(`n2 ) = n1=2. E�nai fu-siologikì na zht soume an�loga apotelèsmata, b�zonta
 sth jèsh tou `n2 �llou
qarakthristikoÔ
 n-di�statou
 q¸rou
. Se aut n thn kateÔjunsh, o Pel
zynski[Pel℄ èjese èna prìblhma me profan  gewmetrik  shmas�a: poi� e�nai h t�xh me-gèjou
 th
 mègisth
 dunat 
 {apìstash
 Bana
h-Mazur apì ton kÔbo} Rn(`n1)?Mèqri prìsfata, to mìno pou  tan gnwstì  tan ìti n1=2 � Rn(`n1) � n, apl sunèpeia tou jewr mato
 tou John.Oi Bourgain kai Szarek [BS℄ apèdeixan ìti Rn(`n1) = o(n). Sthn prosp�jei�tou
 aut , melèthsan bajÔtera th sqèsh enì
 summetrikoÔ kurtoÔ s¸mato
 K meto elleiyoeidè
 el�qistou ìgkou pou to perièqei. Me thn upìjesh ìti h Bn2 e�naito elleiyoeidè
 el�qistou ìgkou tou K, apèdeixan ìti gia k�je Æ 2 (0; 1) mporoÔmena epilèxoume x1; : : : ; xm, m � (1� Æ)n metaxÔ twn shme�wn epaf 
 twn K kai Bn2 ,ètsi ¸ste, gia k�je epilog  pragmatik¸n arijm¸n (ti)i�m,f(Æ)pn mXi=1 jtij � j mXi=1 tixij � k mXi=1 tixikK � mXi=1 jtij:To shmantikì mèro
 aut 
 th
 seir�
 anisot twn e�nai bèbaia to pr¸to. Oi Dvo-retzky kai Rogers [DR℄ e�qan apode�xei ant�stoiqh anisìthta mìno gia m � pn.



11Aut  th stigm  e�nai gnwstì (blèpe [ST℄, [Gi℄) ìti mporoÔme na p�roume f(Æ) = 
Æ,kai, ìpw
 ja doÔme sto Kef�laio 7, autì m�
 odhge� se èna �nw fr�gma gia thnRn(`n1), to opo�o den moi�zei na e�nai bèltisto:Apìstash Bana
h-Mazur apì ton kÔbo ([Sz2℄, [Gi℄): Up�rqoun apìlute
stajerè
 
1; 
2 > 0 tètoie
 ¸ste
1n1=2 logn � Rn(`n1) = Rn(`n1 ) � 
2n5=6:To k�tw fr�gma Rn(`n1) � 
1n1=2 logn ofe�letai ston Szarek. O q¸ro
 pouèqei apìstash t�xh
 n1=2 logn apì ton `n1, e�nai duðkì
 {q¸rou Gluskin}.
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Kef�laio 2Apìstash Bana
h-Mazur
2.1 Summetrik� kurt� s¸mata kai q¸roi me nìrma(a) Orismo�DouleÔoume ston Rn , ton opo�o èqoume efodi�sei me m�a Eukle�deia dom  pouor�zetai apì to eswterikì ginìmeno h�; �i. H sun jh
 orjokanonik  b�sh sumbol�ze-tai me fe1; : : : ; eng. H Eukle�deia nìrma phx; xi sumbol�zetai me j � j, h Eukle�deiamonadia�a mp�la me Bn2 , kaiD(x; r) = fy 2 Rn : jy � xj � rg;gia k�je x 2 Rn kai k�je r > 0.Kurtì s¸ma ston Rn e�nai èna mh kenì, kurtì kai sumpagè
 uposÔnoloK touRn , pou èqei mh kenì eswterikì. Ja lème ìti to kurtì s¸ma K e�nai summetrikìme kèntro summetr�a
 to o, an gia k�je x 2 K èqoume kai �x 2 K.Me ton ìro stoiqei¸de
 sÔnolo anaferìmaste se m�a peperasmènh ènwshorjogwn�wn pou èqoun ti
 akmè
 tou
 par�llhle
 prì
 tou
 �xone
 suntetagmènwn(ti
 dieujÔnsei
 twn orjokanonik¸n dianusm�twn ej), kai èqoun xèna eswterik�.Sumbol�zoume me I thn kl�sh ìlwn twn stoiqeiwd¸n sunìlwn.An I e�nai èna tètoio orjog¸nio, me m kh akm¸n a1; : : : ; an > 0, tìte or�zoumeton ìgko tou na isoÔtai me jI j = a1 : : : an:An J = [mk=1Ik e�nai èna stoiqei¸de
 sÔnolo, tìte or�zoumejJ j = mXk=1 jIkj:13



14'Estw t¸ra A èna mh kenì, fragmèno uposÔnolo tou Rn . Or�zoume ton eswterikììgko tou A mèsw th
 jAj = supfjJ j : J � A; J 2 Ig;kai ton exwterikì ìgko tou A mèsw th
jAj = inffjJ j : A � J; J 2 Ig:Ja lème ìti to A èqei ìgko (e�nai Jordan metr simo), kai ja ton sumbol�zoumeme jAj, an jAj = jAj. Mpore� kane�
 na de�xei ìti:K�je kurtì s¸ma ston Rn èqei ìgko.Oi idiìthte
 tou ìgkou pou qrhsimopoioÔme suqn� sth sunèqeia e�nai tele�w
 fu-siologikè
:(a) O ìgko
 paramènei anallo�wto
 w
 pro
 strofè
 kai metaforè
.(b) An T e�nai èna
 antistrèyimo
 grammikì
 metasqhmatismì
 tou Rn , tìte gi�k�je sumpagè
 uposÔnolo tou Rn isqÔeijT (K)j = jdetT jjKj:Gr�foume L(Rn ) gia to sÔnolo ìlwn twn grammik¸n metasqhmatism¸n tou Rn ,GL(n) gia to sÔnolo twn antistrèyimwn grammik¸n metasqhmatism¸n T 2 L(Rn ),kai SL(n) gia to sÔnolo twn T 2 GL(n) me or�zousa detT = �1. An T 2 L(Rn ),o suzug 
 T � tou T or�zetai apì thnhTx; yi = hx; T �yi; x; y 2 Rn :(b) Summetrik� kurt� s¸mataJewroÔme m�a nìrma k � k ston Rn . Tìte, h monadia�a mp�la BX = fx 2 Rn :kxk � 1g tou q¸rou me nìrma X = (Rn ; k � k) e�nai èna summetrikì kurtì s¸maston Rn . To gegonì
 ìti h BX e�nai sumpagè
 sÔnolo kai èqei mh kenì eswterikì,ofe�letai sto ìti h k�k e�nai isodÔnamh me thn Eukle�deia nìrma. Dhlad , up�rqouna; b > 0 tètoioi ¸ste ajxj � kxk � bjxj; x 2 Rn :IsodÔnama, (1=b)Bn2 � BX � (1=a)Bn2 ;to opo�o de�qnei ìti h BX e�nai fragmèno sÔnolo kai perièqei m�a anoikt  mp�la mekèntro to o. H BX e�nai kleistì sÔnolo, giat� e�nai kleist  w
 pro
 thn k � k, kai,apì thn isodunam�a twn norm¸n, k�je kleistì sÔnolo w
 pro
 thn k �k e�nai kleistìw
 pro
 thn Eukle�deia metrik . Tèlo
, h kurtìthta kai h summetr�a th
 BX e�naiaplè
 sunèpeie
 twn idiot twn th
 nìrma
: h k � k e�nai �rtia, jetik� omogen 
sun�rthsh, kai ikanopoie� thn trigwnik  anisìthta.



15Ant�strofa, a
 upojèsoume ìti K e�nai èna summetrikì kurtì s¸ma ston Rn .O Minkowski ìrise thn sun�rthshkxkK = minf� � 0 : x 2 �Kg;kai apèdeixe ìti e�nai nìrma, gia thn opo�a isqÔei kxkK � 1 an kai mìno an x 2 K.H Ôparxh tou legìmenou sunarthsoeidoÔ
 tou Minkowski de�qnei ìti, me m�aènnoia, h melèth twn summetrik¸n kurt¸n swm�twn ston Rn e�nai isodÔnamh me thmelèth twn norm¸n p�nw ston Rn :Prìtash 2.1.1 'Estw K � Rn èna summetrikì kurtì s¸ma. Tìte, to sunarth-soeidè
 tou Minkowski kxkK = minf� � 0 : x 2 �Kge�nai nìrma, kai K = fx 2 Rn : kxkK � 1g:Apìdeixh: To K perièqei m�a mp�la me kèntro to o. Pr�gmati, afoÔ to K èqeimh kenì eswterikì, up�rqoun x 2 K kai r > 0 tètoia ¸ste D(x; r) � K. Lìgwsummetr�a
 èqoume D(�x; r) � K, kai lìgw kurtìthta
, D(o; r) = [D(x; r) +D(�x; r)℄=2 � K.'Estw x 2 Rn . Up�rqei � > 0 arket� meg�lo, ¸ste (1=�)x 2 D(o; r) � K, �ra,x 2 �K. Autì de�qnei ìti, gia k�je x 2 Rn , to sÔnolo f� � 0 : x 2 �Kg e�nai mhkenì, �ra or�zetai to inff� � 0 : x 2 �Kg:JewroÔme m�a gnhs�w
 fj�nousa akolouj�a �s ! �. Up�rqoun ys 2 K tètoia ¸stex = �sys, kai lìgw th
 sump�geia
 touK mporoÔme na upojèsoume ìti ys ! y 2 K.Tìte, x = �y 2 K. 'Ara to in�mum e�nai minimum, kai h kxkK e�nai kal� orismènh.Ep�sh
, e�nai t¸ra fanerì ìti kxkK � 0 gia k�je x 2 Rn , kai kxkK = 0 an kaimìno an x = o.Apì th summetr�a touK w
 pro
 to o, èqoume x 2 �K an kai mìno an �x 2 �K.Autì apodeiknÔei ìtik � xkK = minf� � 0 : �x 2 �Kg = minf� � 0 : x 2 �Kg = kxkK :Ep�sh
, an t > 0, tìtektxkK = minf� � 0 : tx 2 �Kg = minf� � 0 : x 2 (�=t)Kg= minft� : � � 0; x 2 �Kg = tminf� � 0 : x 2 �Kg= tkxkK :Oi dÔo prohgoÔmene
 sqèsei
 apodeiknÔoun ìti ktxkK = jtj � kxkK , gia k�je t 2 Rkai k�je x 2 Rn .Gia thn trigwnik  anisìthta, parathroÔme ìti x 2 kxkKK kai y 2 kykKK,opìte h kurtìthta tou K m�
 exasfal�zei ìti x+ y 2 (kxkK + kykK)K, dhlad kx+ ykK � kxkK + kykK; x; y 2 Rn :Tèlo
, x 2 K an kai mìno an minf� � 0 : x 2 �Kg � 1, dhlad  kxkK � 1. 2



16(g) Isomorfismo� kai isometr�e
1. 'Estw X kai Y q¸roi me nìrma. 'Ena
 grammikì
 telest 
 T : X ! Ylègetai fragmèno
 an up�rqei stajer� 
 > 0 tètoia ¸ste(�) kTxk � 
kxkgia k�je x 2 X .An o T e�nai fragmèno
, or�zoume th nìrma kTk tou T san th mikrìterhstajer� 
 gia thn opo�a h (�) isqÔei gia k�je x 2 X . Tìte,kTk = supx 6=0 kTxkkxk = supx2BX kTxk = supkxk=1 kTxk:'Estw B(X;Y ) to sÔnolo twn fragmènwn telest¸n T : X ! Y . To B(X;Y )e�nai grammikì
 q¸ro
, kai h k � k : B(X;Y )! R me T 7! kTk e�nai nìrma.O duðkì
 q¸ro
 touX e�nai o grammikì
 q¸ro
X� twn fragmènwn grammik¸nsunarthsoeid¸n x� : X ! R. Dhlad , X� = B(X;R).3. O T : X ! Y lègetai isomorfismì
 an e�nai grammikì
, èna pro
 èna kaiep� telest 
, kai oi T : X ! Y , T�1 : Y ! X e�nai fragmènoi telestè
.O T : X ! Y lègetai isometrikì
 isomorfismì
 an e�nai isomorfismì
kai, epiplèon, gia k�je x 2 X isqÔei kTxk = kxk.DÔo q¸roiX kai Y me nìrma lègontai isometrik� isìmorfoi an up�rqei iso-metrikì
 isomorfismì
 T : X ! Y . Apì th skopi� th
 Sunarthsiak 
 An�lush
,dÔo tètoioi q¸roi taut�zontai: èqoun thn �dia grammik  kai metrik  dom , afoÔta shme�a tou
 br�skontai se èna pro
 èna antistoiq�a pou diathre� ti
 apost�sei
kai th grammik  dom  tou q¸rou.Prìtash 2.1.2 'EstwX èna
 n-di�stato
 q¸ro
 me nìrma. MporoÔme na or�soumenìrma k �k0 ston Rn , ètsi ¸ste o X na e�nai isometrik� isìmorfo
 me ton (Rn ; k �k0).Apìdeixh: 'Estw k � k h nìrma tou X , kai fx1; : : : ; xng m�a b�sh tou. Or�zoumeT : X ! Rn , me T (t1x1 + : : :+ tnxn) = t1e1 + : : :+ tnen;ìpou fe1; : : : ; eng h sun jh
 b�sh tou Rn . O T e�nai grammikì
 isomorfismì
.Or�zoume k � k0 ston Rn , jètonta
kt1e1 + : : :+ tnenk0 = kt1x1 + : : :+ tnxnk:H k � k0 e�nai nìrma ston Rn , kaikxk0 = kT�1(x)k; x 2 Rn :'Ara, o T e�nai isometrikì
 isomorfismì
 metaxÔ twn X kai (Rn ; k � k0). 2MporoÔme loipìn p�nta na taut�zoume ènan n-di�stato q¸ro me nìrma, me ènanq¸ro th
 morf 
 X = (Rn ; k � k).



17(d) To polikì s¸ma enì
 summetrikoÔ kurtoÔ s¸mato
'Estw K èna summetrikì kurtì s¸ma ston Rn . To polikì s¸ma tou K e�naito KÆ = fy 2 Rn : 8x 2 K; jhx; yij � 1g:JewroÔme to q¸ro X = (Rn ; k � kK), kai to duðkì tou q¸ro X�. Ta grammik�sunarthsoeid  f : X ! R anapar�stantai apì yf 2 Rn : gia k�je f 2 X� up�rqeimonadikì yf 2 Rn tètoio ¸stef(x) = hyf ; xi; x 2 Rn ;kai ant�strofa, k�je y 2 Rn or�zei fy 2 X� me ton �dio trìpo. MporoÔme loipìnna taut�soume (w
 grammikì q¸ro) ton X� me ton Rn . Metafèroume th nìrma touX� ston Rn , or�zonta
kyk� = kfykX� = maxx2BX jfy(x)j = maxfjhy; xij : x 2 Kg:Tìte, h monadia�a mp�la tou (Rn ; k � k�) e�nai akrib¸
 to KÆ. Pr�gmati,KÆ = fy 2 Rn : maxx2K jhy; xij � 1g = fy 2 Rn : kyk� � 1g:'Eqoume loipìn apode�xei to ex 
:Prìtash 2.1.3 'Estw K summetrikì kurtì s¸ma ston Rn , kai X = (Rn ; k � kK).Tìte, to KÆ e�nai h monadia�a mp�la tou duðkoÔ q¸rou tou X . 2Apì ton orismì tou polikoÔ s¸mato
, kai apì ton qarakthrismì tou pou m�
 d�-nei h prohgoÔmenh Prìtash, mporoÔme eÔkola na apode�xoume ti
 parak�tw basikè
idiìthtè
 tou:Prìtash 2.1.4 'Estw K;K1 summetrik� kurt� s¸mata ston Rn . Tìte,(a) An K � K1, tìte KÆ1 � KÆ.(b) (KÆ)Æ = K.(g) An T 2 GL(n), tìte (TK)Æ = T��KÆ.(d) jKjjKÆj = jTKjj(TK)Æj.Apìdeixh: (a) An y 2 KÆ1 , tìte gia k�je x 2 K1 èqoume jhx; yij � 1, kai afoÔK � K1 èpetai ìti gia k�je x 2 K ja e�nai jhx; yij � 1, dhlad  y 2 KÆ.(b) O X = (Rn ; k � kK) e�nai autopaj 
, �ra to K e�nai h monadia�a mp�la touX�� = (Rn ; k � kKÆ)�. Dhlad , to K e�nai to polikì s¸ma tou KÆ.(g) 'Eqoume y 2 (TK)Æ an kai mìno an gia k�je x 2 TK isqÔei jhx; yij � 1,dhlad  an, gia k�je z 2 K isqÔei jhTz; yij = jhz; T �yij � 1, dhlad , an T �y 2 KÆ.'Ara, (TK)Æ = (T �)�1(KÆ).



18 (d) 'Eqoume jTKj = j detT j � jKj kai j(TK)Æj = j(T �)�1(KÆ)j = j detT j�1jKÆj.'Ara, jTKj � j(TK)Æj = j detT j � jKj � j detT j�1jKÆj = jKj � jKÆj: 2(e) Klasiko� q¸roi - ìgko
Ston Rn , jewroÔme ti
 nìrme
: kxk1 = max1�k�n jxk j, kaikxkp =  nXk=1 jxkjp!1=p ; 1 � p <1:An 1 � p < r �1, tìte gia k�je x 2 Rn isqÔeikxkr � kxkp � n 1p� 1r kxkr:Sumbol�zoume ton ant�stoiqo q¸ro (Rn ; k � kp) me `np . H monadia�a mp�la tou `npsumbol�zetai me Bnp , kai èqei ìgko �so mejBnp j = [2�(1 + 1p )℄n�(1 + np ) :Eidikìtera, !n := jBn2 j = �n=2�(n2 + 1) :An K e�nai èna summetrikì kurtì s¸ma ston Rn , h aktinik  tou sun�rthsh �Kor�zetai sthn Eukle�deia monadia�a sfa�ra Sn�1 apì thn�K(�) = 1k�kK = maxf� > 0 : �� 2 Kg:O ìgko
 tou K se polikè
 suntetagmène
, upolog�zetai apì thnjKj = ZSn�1 Z �K(�)0 rn�1drd� = jBn2 j ZSn�1 �nK(�)�(d�) = !n ZSn�1 k�k�nK �(d�);ìpou � to anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
 mètro pijanìthta
sthn Sn�1.2.2 Apìstash Bana
h-MazurDÔo q¸roi X kai Y pou èqoun thn �dia peperasmènh di�stash e�nai isìmorfoi. Anìmw
 jel soume na exet�soume piì prosektik� ti
 metrikè
 idiìthtè
 tou
, tìte tobasikì prìblhma e�nai to ex 
: pìso {kont�} br�sketai oX sto na e�nai isometrik�isìmorfo
 me ton Y ?



19(a) Orismì
 kai idiìthte
H ènnoia th
 apìstash
 Bana
h-Mazur emfan�zetai sto bibl�o tou Bana
h{Th�eorie des op�erations lin�eaires} (1932). 'Estw X;Y dÔo q¸roi me nìrma, �peirh
endeqomènw
 di�stash
, kai a
 upojèsoume ìti o X e�nai isìmorfo
 me ton Y (gr�-foume X � Y ). Up�rqei dhlad  toul�qiston èna
 fragmèno
 telest 
 T : X ! Ypou e�nai isomorfismì
 dianusmatik¸n q¸rwn kai tètoio
 ¸ste o T�1 na e�nai ep�-sh
 fragmèno
 telest 
. Or�zoume thn apìstash Bana
h-Mazur twn X kai Yw
 ex 
: d(X;Y ) = inffjjT jj � jjT�1jj �� T : X ! Y; ��o�o������o&gAn oi X kai Y den e�nai isìmorfoi (X 6� Y ), jètoume d(X;Y ) = +1.Idiìthte
 th
 apìstash
 Bana
h-Mazur: 'Estw X;Y; Z q¸roi me nìrma. Tì-te, (a) d(X;Y ) � 1.(b) d(X;Y ) = d(Y;X).(g) d(X;Y ) � d(X;Z) d(Z; Y ).(d) An oi X kai Y e�nai autopaje�
, tìte d(X�; Y �) = d(X;Y ).Apìdeixh: (a) 'Estw IX : X ! X o tautotikì
 telest 
. Gia k�je isomorfismìT : X ! Y isqÔei 1 = kIXk = kT�1Tk � kT�1k kTk;epomènw
, 1 � d(X;Y ):(b) E�nai profanè
 ìti o T : X ! Y e�nai isomorfismì
 an kai mìno an oT�1 : Y ! X e�nai isomorfismì
, kai (T�1)�1 = T . 'Epetai ìti d(X;Y ) = d(Y;X).(g) 'Estw T 0 : X ! Z kai T 00 : Z ! Y isomorfismo�. Tìte, o T = T 00 Æ T 0 :X ! Y e�nai isomorfismì
, �rad(X;Y ) � kTk kT�1k = kT 00 Æ T 0k k(T 0)�1 Æ (T 00)�1k� kT 00k k(T 00)�1k kT 0k k(T 0)�1kkai afoÔ autì isqÔei gia k�je T 0; T 00 èpetai ìtid(X;Y ) � d(X;Z) d(Z; Y ):(d) 'Estw p�li T : X ! Y isomorfismì
. Tìte, o suzug 
 telest 
 T � :Y � ! X� tou T , pou or�zetai apì thn T �(y�) = y� Æ T gia k�je y� 2 Y �, e�naiisomorfismì
 kai ikanopoie� ti
 kT �k = kTk, kai (T �)�1 = (T�1)�. 'Ara,kTk kT�1k = kT �k k(T �)�1k � d(X�; Y �);kai afoÔ o T  tan tuq¸n, ja isqÔeid(X;Y ) � d(X�; Y �):



20A
 upojèsoume t¸ra ìti oi X kai Y e�nai autopaje�
. Apì to prohgoÔmeno kom-m�ti th
 apìdeixh
 èqoume d(X�; Y �) � d(X��; Y ��). 'Omw
, o X e�nai isometrik�isìmorfo
 me ton X��, dhlad  d(X;X��) = 1. 'Omoia, d(Y; Y ��) = 1. 'Epetai ìtid(X;Y ) � d(X;X��)d(X��; Y ��)d(Y ��; Y ) = d(X��; Y ��) � d(X�; Y �);kai sundu�zonta
 me thn prohgoÔmenh anisìthta, blèpoume ìtid(X;Y ) = d(X�; Y �): 2(b) Gewmetrik  ermhne�aEndiafèron parousi�zei h gewmetrik  ermhne�a th
 apìstash
 Bana
h-Mazur:Prìtash 2.2.1 'Estw X kai Y isìmorfoi q¸roi me nìrma. Tìte,d(X;Y ) = inffd > 0 : ��9T : X ! Y ��o�o������o& : BY � T (BX) � dBY g:Apìdeixh: A
 upojèsoume ìti d(X;Y ) < d < +1. Apì ton orismì th
 apìstash
,up�rqei isomorfismì
 T : X ! Y me kTk kT�1k < d. Apì ton orismì th
 nìrma
telest , èqoume:(a) Gia k�je x 2 BX , kTxkY � kTk kxkX � kTk, �raT (BX) � kTkBY :(b) Gia k�je y 2 BY , kT�1ykX � kT�1k kykY � kT�1k, �raT�1(BY ) � kT�1kBX ; , isodÔnama, BY � kT�1kT (BX):An jèsoume S = kT�1kT , tìte, apì thn (a), S(BX) � kTk kT�1kBY , kai apìthn (b), BY � S(BX). Dhlad , up�rqei S : X ! Y tètoio
 ¸steBY � S(BX) � dBY :Ant�strofa, an BY � S(BX) � dBY gia k�poion S : X ! Y , tìte d(X;Y ) �kSk kS�1k � d. 2Apì ta parap�nw g�netai fanerì ìti h apìstash Bana
h-Mazur dÔo q¸rwnX; Y e�nai mikr  an up�rqei grammikì
 metasqhmatismì
 th
 monadia�a
 mp�la
tou X pou {moi�zei} me th monadia�a mp�la tou Y (perièqei thn BY kai perièqetaise {mikrì} pollapl�sio th
 BY ).(g) H apìstash Bana
h-Mazur se q¸rou
 peperasmènh
 di�stash
'Estw X kai Y isìmorfoi q¸roi me nìrma. Den e�nai genik� swstì ìti up�rqeiisomorfismì
 T : X ! Y tètoio
 ¸sted(X;Y ) = kTk kT�1k:



21Gia to antipar�deigma pou ja d¸soume, ja qreiastoÔme ènan orismì.Orismì
 'Ena
 q¸ro
 me nìrma (X; k � k) lègetai gn sia kurtì
, an gia k�jex 6= y 2 X me kxk = kyk = 1 èpetai ìti kx+y2 k < 1.JewroÔme t¸ra ton dianusmatikì q¸ro 
0 twn mhdenik¸n pragmatik¸n akolou-ji¸n kai or�zoume ti
 nìrme
kxk0 = supn jxnj+ � 1Xn=1 jxnj222n �1=2; kxk1 = supn jxnj+ � 1Xn=1 jxn+1j222n �1=2:Jètoume X0 = (
0; k � k0) kai X1 = (
0; k � k1). EÔkola blèpoume ìti o X0 e�naign sia kurtì
, afoÔ an x; y 2 X0 me x 6= y kai kxk0 = kyk0 = 1, tìte kx+y2 k0 = 1an kai mìno an isqÔei isìthta sti
supn jxn + ynj � supn jxnj+ supn jynjkai � 1Xn=1 jxn + ynj222n �1=2 � � 1Xn=1 jxnj222n �1=2 + � 1Xn=1 jynj222n �1=2;dhlad , an x = ay gia k�poio a 2 R+ , to opo�o d�nei x = y giat� ta x; y èqoun nìrma�sh me 1.'Omw
 o X1 den e�nai gn sia kurtì
: an p�roume x = e1, y = 34e1 + 12e2, tìtekxk1 = 1 kai kyk1 = 34 + 14 = 1, all� x+ y = 74e1 + 12e2, opìtekx+ yk1 = 74 + 14 = 2;kai x 6= y.Oi isometriko� isomorfismo� diathroÔn ìle
 ti
 metrikè
 idiìthte
 twn nor-m¸n, �ra o X0 kai o X1 den e�nai isometrik� isìmorfoi. Ja de�xoume ìmw
 ìtid(X0; X1) = 1.Gia k�je n 2 N, or�zoume Tn : X0 ! X1 meTn(x1; x2; : : : ; xn; : : :) = (xn; x1; x2; : : : ; xn�1; xn+1; : : :);kai elègqoume eÔkola ìti o T�1n : Y ! X or�zetai apì thnT�1n (x1; x2; : : : ; xn; : : :) = (x2; : : : ; xn; x1; xn+1; : : :):Ektim�me pr¸ta thn kTnk. Gia k�je x 2 
0,kTn(x)k1 = supm jxmj+ � jx1j222 + � � �+ jxn�1j222(n�1) + jxn+1j222n + Xm>n+1 jxmj222(m�1)�1=2� supm jxmj+ �n�1Xm=1 jxmj222m �1=2 + � 1Xm=n+1 jxmj222(m�1)�1=2� kxk0 + supm jxmj� 1Xm=n+1 122(m�1)�1=2� kxk0(1 + an);



22ìpou an ! 0. Tele�w
 an�loga,kT�1n (x)k0 = k(x2; : : : ; xn; x1; xn+1; : : :)k0= supm jxmj+ �n�1Xm=1 jxm+1j222m + jx1j222n + 1Xm=n+1 jxmj222m �1=2� supm jxmj+ �n�1Xm=1 jxm+1j222m �1=2 + jx1j2n + supm jxmj� 1Xm=n+1 122m�1=2� kxk1(1 + �n);ìpou �n ! 0. 'Epetai ìti d(X0; X1) � infn(1 + an)(1 + �n) = 1: 2Upojètoume t¸ra ìti dimX = dimY = n. Xèroume ìti o X e�nai isìmorfo
 meton Y . Se aut n thn per�ptwsh, h apìstash Bana
h-Mazur twn X kai Y {pi�netai}gia k�poion isomorfismì T : X ! Y :Prìtash 2.2.2 An dimX = dimY = n, tìted(X;Y ) = minfkTk kT�1k��T : X ! Y ��o�o������o&gApìdeixh: Apì ton orismì tou inf , up�rqei akolouj�a Sn : X ! Y tètoia ¸stekSnk kS�1n k ! d(X;Y ):JewroÔme thn akolouj�a Tn = kS�1n kSn. Tìte, kT�1n k = 1 kaikTnk = kTnk kT�1n k = kSnk kS�1n k ! d(X;Y ):Lìgw th
 sump�geia
 th
 monadia�a
 mp�la
 tou B(Y;X), mporoÔme na broÔmeupoakolouj�a T�1kn jj�jj�! S, gia k�poion S 2 B(Y;X) me kSk = 1. H fkTknkg e�naifragmènh, �ra up�rqei upakolouj�a T�kn jj�jj�! T , ìpou T 2 B(X;Y ). Ep�sh
,IY = T�kn Æ T�1�kn ! T Æ Skai IX = T�1�kn ÆT�kn ! S ÆT , �ra oi S, T e�nai isomorfismo� kai S = T�1. Tèlo
,kTk kSk = lim jjT�kn jj jjT�1�kn jj = d(X;Y ):Dhlad , kTk kT�1k = d(X;Y ): 2Pìrisma 2.2.1 An dimX = dim Y = n tìte, d(X;Y ) = 1 an kai mìno an o Xe�nai isometrik� isìmorfo
 me ton Y .Apìdeixh: 'Estw ìti d(X;Y ) = 1. Tìte, sÔmfwna me thn prohgoÔmenh prìtash,up�rqei isomorfismì
 T : X ! Y tètoio
 ¸ste kTk kT�1k = d(X;Y ) = 1. 'Ara,kTk = 1=kT�1k.



23'Estw x 2 X . Tìte,kxk = kT�1 Txk � kT�1k kTxk = 1kTkkTxk� 1jjT jj jjT jj jjxjj = jjxjj:'Ara, o T 0 = T=kTk : X ! Y e�nai isometrikì
 isomorfismì
. To ant�strofo e�naiprofanè
: an T : X ! Y e�nai isometrikì
 isomorfismì
, tìte 1 � d(X;Y ) �kTk kT�1k = 1: 2
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Kef�laio 3To Bana
h-Mazur
ompa
tum
3.1 To L mma tou Auerba
hOrismì
 'Estw X q¸ro
 me nìrma. 'Ena diorjog¸nio sÔsthma ston X e�naim�a akolouj�a zeugari¸n (xi; x�i )i2I � X �X� tètoia ¸ste x�i (xj) = Æij ; i; j 2 I .An kxikX = kx�i kX� = 1; i 2 I , tìte to sÔsthma lègetai normarismèno.To l mma tou Auerba
h exasfal�zei thn Ôparxh {pl rou
} normarismènou dior-jog¸niou sust mato
 se k�je n-di�stato q¸ro me nìrma:L mma 3.1.1 'Estw X q¸ro
 me nìrma di�stash
 n. MporoÔme na broÔme dianÔ-smata x1; x2; : : : ; xn 2 X kai x�1; x�2; : : : ; x�n 2 X�, me kxik = 1 kai kx�i k = 1, tètoia¸ste x�i (xj) = Æij .Apìdeixh: 'Estw e1; e2; : : : ; en mia b�sh tou X . Tìte k�je y 2 X gr�fetai mono-s manta sth morf  y =Pni=1 yiei. Gia k�je epilog  n dianusm�twn y1; : : : ; yn 2 X ,gr�foume yk = nXi=1 ykiei; k = 1; : : : ; n:Tìte, ta y1; : : : ; yn e�nai grammik� anex�rthta an kai mìno anj det(yki)ni;k=1j > 0:JewroÔme th monadia�a sfa�ra SX = fx 2 X : kxk = 1g, kai or�zoume f : SX �� � � � SX ! R me f(y1; y2; : : : ; yn) = det(yki):25



26H sun�rthsh aut  e�nai suneq 
: An y(m)k 2 SX , kai y(m)k ! yk, tìtek nXi=1(yki � y(m)ki )eik � 
 nXi=1 jyki � y(m)ki jgia k�poia stajer� 
 > 0 pou exart�tai mìno apì ta ei, �ra y(m)ki ! yki gia k�jei; k � n. Tìte,f(y(m)1 ; : : : ; y(m)n ) = det(y(m)ki )! det(yki) = f(y1; : : : ; ym);dhlad  h f e�nai suneq 
. AfoÔ h f or�zetai sto sumpagè
 SX�� � ��SX , èpetai ìtipa�rnei mègisth tim  se k�poia n-�da (x1; : : : ; xn) 2 SX�� � ��SX . H f e�nai peritt w
 pro
 k�je yk, kai profan¸
 up�rqoun grammik� anex�rthte
 n-�de
 (y1; : : : ; yn)sto ped�o orismoÔ th
. 'Ara, sto shme�o meg�stou èqoumef(x1; : : : ; xn) > 0:Tìte, or�zoumex�i (x) = f(x1; : : : ; xi�1; x; xi+1; : : : ; xn)f(x1; : : : ; xn) ; i = 1; : : : ; n:ParathroÔme ìti o paronomast 
 e�nai stajerì
 kai di�foro
 tou mhdenì
, en¸ oarijmht 
 e�nai or�zousa th
 opo�a
 metab�letai mìno h st lh tou x. Ep�sh
,(a) x�i (xj) = Æij , �ra kx�i k � x�i (xi) = 1, kai(b) An kxk = 1, tìtejx�i (x)j = jf(x1; : : : ; xi�1; x; xi+1; : : : ; xn)jjf(x1; : : : ; xn)j � 1;�ra kx�i k � 1.Ta (a) kai (b) d�noun to zhtoÔmeno. 2Parat rhsh To l mma tou Auerba
h èqei mia polÔ endiafèrousa gewmetrik  er-mhne�a. A
 upojèsoume ìti o X e�nai n-di�stato
 q¸ro
 me nìrma, kai x1; : : : ; xne�nai ta monadia�a dianÔsmata pou ma
 d�nei to l mma tou Auerba
h: dhlad , up�r-qoun x�i 2 X� me kx�i k = 1, tètoia ¸ste x�i (xj) = Æij , i = 1; : : : ; n: Ta xi e�nai b�shtou X , mporoÔme loipìn na or�soume {`1 kai `1 nìrma} ston X , jètonta
kXi�n �ixik1 =Xi�n j�ij ; kXi�n �ixik1 = maxi�n j�ij:Oi ant�stoiqe
 monadia�e
 mp�le
 e�nai: h kurt  j kh B1 = 
of�x1; : : : ;�xng twn�xi, kai to parallhlep�pedo B1 me korufè
 ta Pi�n "ixi; "i 2 f�1;+1g.An x 2 B1, tìte x = P�ixi ìpou P j�ij � 1, kai afoÔ kxik = 1; i � n,profan¸
 kxk = kXi�n �ixik �Xi�n j�ijkxik =Xi�n j�ij � 1;



27�ra, x 2 BX . Dhlad , B1 � BX .An p�li, x = Pi�n �ixi 2 BX , tìte jx�(x)j � 1 gia k�je x� 2 BX� , �ra kaigia x� = x�i , i = 1; : : : ; n. Dhlad ,1 � maxj�n jx�j (x)j = maxj�n jXi�n �ix�j (xi)j = maxj�n j�j j = kxk1:'Ara, x 2 B1. Dhlad , BX � B1. 'Epetai ìtiB1 � BX � B1 � nB1:3.2 To Bana
h-Mazur 
ompa
tumMe th bo jeia tou L mmato
 tou Auerba
h, mporoÔme na d¸soume m�a pr¸th ekt�-mhsh gia thn apìstash metaxÔ enì
 q¸rou X di�stash
 n kai tou `n1 .Prìtash 3.2.1 An X e�nai èna
 q¸ro
 di�stash
 n me nìrma, tìte d(X; `n1 ) � n.Apìdeixh: 'Eqoume de� ìti k�je n-di�stato
 q¸ro
 me nìrma e�nai isometrik�isìmorfo
 me q¸ro th
 morf 
 (Rn ; k � k), mporoÔme loipìn na upojèsoume ìtiX = (Rn ; k � k).Apì to L mma tou Auerba
h, up�rqoun x1; x2; : : : ; xn 2 X kai x�1; x�2; : : : ; x�n 2X� me kxik = 1 kai kx�i k = 1, tètoia ¸ste x�i (xj) = Æij . Tìte, ìpw
 e�dame sthnprohgoÔmenh par�grafo, ta x1; : : : ; xn sqhmat�zoun b�sh tou Rn , kai, gia k�jet1; : : : ; tn 2 R èqoume1n nXi=1 jtij � maxi�n jtij � k nXi=1 tixik � nXi=1 jtij:Or�zoume T : `n1 ! X me T (ei) = xi. Tìte, an y =Pni=1 tiei 2 `n1 ,kT (y)k = k nXi=1 tixik � nXi=1 jtij = kyk`n1kai kT (y)k = k nXi=1 tixik � 1n nXi=1 jtij = 1nkyk`n1 :Dhlad , gia k�je y 2 `n1 èqoume1nkyk`n1 � kTyk � kyk`n1 :Apì thn pr¸th anisìthta pa�rnoume ìti kT�1k � n, kai apì th deÔterh ìti kTk � 1.Autì apodeiknÔei to zhtoÔmeno. 2Apì thn prohgoÔmenh prìtash kai thn pollaplasiastik  trigwnik  anisìthtagia thn apìstash Bana
h-Mazur, pa�rnoume èna �nw fr�gma gia th di�metro touBana
h-Mazur 
ompa
tum:



28Pìrisma 3.2.1 An X kai Y e�nai n-di�statoi q¸roi me nìrma, tìte d(X;Y ) � n2.Apìdeixh: 'Eqoume d(X;Y ) � d(X; `n1 ) � d(`n1 ; Y ) � n � n = n2: 2To gegonì
 ìti o log�rijmo
 th
 apìstash
 Bana
h-Mazur moi�zei polÔ memetrik , odhge� sthn idèa na or�soume ton {metrikì q¸ro twn n-di�statwn q¸rwn}.Aut  h idèa g�netai pragmatikìthta parak�tw.'Estw n 2 N kai Bn h kl�sh ìlwn twn n-di�statwn q¸rwn me nìrma. Or�zoumem�a sqèsh isodunam�a
 sthn Bn, jètonta
X � Y () d(X;Y ) = 1;dhlad  an o X e�nai isometrik� isìmorfo
 me ton Y . Sumbol�zoume p�li me Bn tosÔnolo twn kl�sewn isodunam�a
 w
 pro
 thn �, kai or�zoume th metrik  � pouep�getai apì thn log d sto Bn � Bn: An [X ℄; [Y ℄ e�nai oi kl�sei
 isodunam�a
 twnX kai Y , jètoume �([X ℄; [Y ℄) = log d(X;Y ):H � e�nai kal� orismènh kai ikanopoie� ta axi¸mata th
 metrik 
. O metrikì
 q¸-ro
 (Bn; �) onom�zetai Bana
h-Mazur 
ompa
tum. Sth sunèqeia taut�zoumethn [X ℄ me ton X , giat� se ìla ta probl mata ta opo�a ja m�
 apasqol soun, iso-metrik� isìmorfoi q¸roi ousiastik� sump�ptoun. O ìro
 
ompa
tum dikaiologe�taiapì thn epìmenh prìtash:Prìtash 3.2.2 To Bana
h-Mazur 
ompa
tum (Bn; �) e�nai sumpag 
 metrikì
q¸ro
.Apìdeixh: Apì thn apìdeixh th
 Prìtash
 3.2.1 blèpoume ìti, gia k�je [X ℄ 2 Bnup�rqei X = (Rn ; k � k) 2 [X ℄ tètoio
 ¸ste:1nkxk`n1 � kxk � kxk`n1 ; x 2 Rn :Sth sunèqeia or�zoume �n to sÔnolo ìlwn twn norm¸n ston Rn pou ikanopoioÔnthn parap�nw anisìthta, kaiAn = ff : S`n1 ! Rj f 2 �ng;to sÔnolo twn periorism¸n twn f 2 �n sthn S`n1 . Se k�je f 2 An, antistoiqe� èna
q¸ro
 (Rn ; f) pou an kei se k�poia kl�sh [X ℄f 2 Bn.JewroÔme to An san uposÔnolo tou C(S`n1 ) me th sun jh metrik  kf�gk1. Jade�xoume ìti to An e�nai isosuneqè
, omoiìmorfa fragmèno kai kleistì uposÔnolotou C(Sln1 ).(a) To An e�nai isosuneqè
: 'Estw " > 0. Pa�rnoume Æ = ". An x; y 2 S`n1 mekx� yk`n1 < Æ kai f 2 An, tìte f = k � k jS`n1 gia k�poia k � k 2 �n. 'Ara,jf(x) � f(y)j = ���kxk � kyk��� � kx� yk � kx� yk`n1 < Æ = ":



29(b) To An e�nai omoiìmorfa fragmèno: 'Estw f 2 An. Tìte, up�rqei nìrmak � k � k � k`n1 tètoia ¸ste f = k � k, �ramaxx2S`n1 jf(x)j = maxx2S`n1 kxk � maxx2S`n1 kxk`n1 = 1:EÔkola elègqoume ìti to An e�nai kleistì, �ra to Je¸rhma As
oli - Arzel�a m�
exasfal�zei ìti to An e�nai sumpagè
.Or�zoume t¸ra m�a apeikìnish � : An ! Bn w
 ex 
: an f 2 An, tìte up�rqeik � kf ston Rn tètoia ¸ste k � kf jS`n1 = f kai 1nk � k`n1 � k � kf � k � k`n1 . Jètoume�(f) = [Xf ℄, ìpou Xf = (Rn ; k � kf ). ParathroÔme ìti h � e�nai ep�. AfoÔ to Ane�nai sumpag 
 metrikì
 q¸ro
, an de�xoume ìti h � e�nai suneq 
, ja sumper�noumeìti o �(An) = Bn e�nai sumpag 
 metrikì
 q¸ro
.Gia to skopì autì, upojètoume ìti fm; f 2 An, kai ìti fm ! f omoiìmorfasthn S`n1 . Jèloume na de�xoume ìti Xfm ! Xf w
 pro
 thn apìstash Bana
h-Mazur.JewroÔme ton tautotikì telest  Im : (Rn ; k � km)! (Rn ; k � k) kai tuqìn " > 0.AfoÔ h k � km sugkl�nei omoiìmorfa sthn k � k sthn S`n1 , up�rqei m0(") 2 N tètoio¸ste, gia k�je m � m0 kai k�je x 2 S`n1 , ���kxkm � kxk��� < ". 'Ara,kxk � kxkm + " � kxkm + "nkxkm = (1 + "n)kxkmkai kxkm � kxk+ " � (1 + "n)kxk:An x 2 Rn , tìte xkxk`n1 2 S`n1 , opìte gia k�je m � m0 èqoume


 xkxk`n1 


 � (1 + "n)


 xkxk`n1 


m ) kxk � (1 + "n)kxkm:Dhlad , kImk � 1 + "n. 'Omoia, kxkm � (1 + "n)kxk, �rakI�1m k � (1 + "n):'Epetai ìti d(k � km; k � k) � kImk � kI�1m k � (1 + "n)2gia k�je m � m0. 'Ara, d(k � km; k � k) m!1�! 1;to opo�o oloklhr¸nei thn apìdeixh. 23.3 To Je¸rhma twn As
oli-Arzel�aSe aut n thn par�grafo ja apode�xoume to je¸rhma twn As
oli-Arzel�a, to opo�oqrhsimopoi same sthn prohgoÔmenh par�grafo gia na or�soume to Bana
h-Mazur
ompa
tum.



30Orismo� (a) 'Estw (K; �) èna
 sumpag 
 metrikì
 q¸ro
. 'Ena uposÔnolo S touC(K) onom�zetai isosuneqè
 an gia k�je " > 0 up�rqei Æ > 0 tètoio ¸ste an�(x; y) < Æ tìte jf(x)� f(y)j < " gia k�je f 2 S.(b) An S � C(K), to S lègetai olik� fragmèno an gia k�je " > 0 up�rqounn 2 N kai f1; f2; : : : ; fn 2 S, ¸ste S � Snk=1D(fk; ").(g) To S lègetai sqetik� sumpagè
 ston C(K) an h kleist  j kh S tou Se�nai sumpagè
 uposÔnolo tou C(K).Je¸rhma 3.3.1 (As
oli-Arzel�a) 'Estw K èna
 sumpag 
 metrikì
 q¸ro
. 'EnaS � C(K) e�nai sqetik� sumpagè
 an kai mìno an e�nai omoiìmorfa fragmèno kaiisosuneqè
.Apìdeixh: 'Estw ìti to S e�nai sqetik� sumpagè
. Tìte e�nai kai (olik�) fragmènouposÔnolo tou C(K). 'Estw " > 0. To S perièqei èna peperasmèno "-d�ktuoN = ff1; : : : ; fng. Dhlad , gia k�je f 2 S up�rqei i � n tètoio ¸ste kf � fik < ".Tìte, gia k�je f 2 S èqoume kfk < "+max kfik;�ra to S e�nai omoiìmorfa fragmèno.Epiplèon, k�je fi e�nai suneq 
, �ra omoiìmorfa suneq 
 sto K. Dhlad ,gia to �dio " > 0, up�rqei Æi > 0 ¸ste gia k�je x; y me d(x; y) < Æi na isqÔeijfi(x) � fi(y)j < ". Pa�rnoume Æ = mini Æi > 0. An f 2 S kai i � n tètoio ¸stekf � fik < ", tìte gia k�je x; y me d(x; y) < Æ èqoumejf(x)� f(y)j � jf(x)� fi(x)j + jfi(x) � fi(y)j+ jfi(y)� f(y)j< "+ "+ " = 3";kai, epeid  to " > 0  tan tuqìn, èpetai ìti to S e�nai isosuneqè
.Ant�strofa t¸ra, gia na de�xoume ìti to S e�nai sqetik� sumpagè
 prèpei giatuqìn " > 0, na kataskeu�soume peperasmèno "-d�ktuo tou S. JewroÔme to sÔnoloB(K;R) ìlwn twn fragmènwn h : K ! R me apìstash thnkh� gk = supx2K jh(x)� g(x)j:O B(K;R) e�nai pl rh
 metrikì
 q¸ro
, kaiB(K;R) � C(K) � S:Ja broÔme h1; : : : ; hm 2 B(K;R) tètoie
 ¸ste S � Smi=1D(hi; 2"). To S e�naiisosuneqè
, �ra up�rqei Æ > 0 tètoio ¸ste gia k�je f 2 S kai gia k�je x; y 2 Kme d(x; y) < Æ na èqoume jf(x) � f(y)j < ". Ep�sh
 o K e�nai sumpag 
 metrikì
q¸ro
, �ra olik� fragmèno
. Epomènw
, up�rqoun x1; : : : ; xs 2 K tètoia ¸steK = Si�sD(xi; Æ=2). Or�zoumeU1 = D(x1; Æ=2)



31U2 = D(x2; Æ=2) nD(x1; Æ=2)� � �Ui = D(xi; Æ=2) n[j<iD(xj ; Æ=2)� � �To S e�nai omoiìmorfa fragmèno, �ra up�rqei di�sthma I = [a; b℄ � R tètoio ¸stef(x) 2 I gia k�je x 2 K kai k�je f 2 S. Or�zoume diamèrish a = y1 < y2 <: : : < yl = b tou [a; b℄, me yi � yi�1 < ", kai jewroÔme ìle
 ti
 h : K ! R pou e�naistajerè
 se k�je Ui kai pa�rnoun timè
 sto fy1; y2; : : : ; ylg. Oi h e�nai peperasmène
to pl jo
.'Estw f 2 S. Gia k�je i � s up�rqei j(i) � l tètoio ¸ste jf(xi) � yj(i)j < ".Tìte, jewroÔme thn h : K ! R pou pa�rnei tim  yj(i) sto Ui. An x 2 K, up�rqeii � s tètoio ¸ste x 2 Ui. Tìte,jf(x)� h(x)j � jf(x)� f(xi)j+ jf(xi)� yj(i)j < "+ " = 2":'Ara, S � N[i=1D(hi; 2"):Tèlo
, pa�rnoume fh 2 S me fh 2 D(h; 2"). 'An f 2 S, up�rqei h tètoia ¸stekf � hk < 2" kai kfh � hk < 2". Apì thn trigwnik  anisìthta, kf � fhk < 4",dhlad  S � ShD(fh; 4"). AfoÔ to " > 0  tan tuqìn, h apìdeixh e�nai pl rh
. 2



32



Kef�laio 4To je¸rhma tou John: �nwfr�gma gia th di�metro
4.1 Elleiyoeidè
 mègistou ìgkou enì
 kurtoÔ s¸-mato
Elleiyoeidè
 ston Rn e�nai èna kurtì s¸ma th
 morf 
(�) E = (x 2 Rn : nXi=1 hx; vii2�2i � 1) ;ìpou fvigi�n e�nai orjokanonik  b�sh tou Rn , kai �1; : : : ; �n e�nai jetiko� pragma-tiko� arijmo� (oi dieujÔnsei
 kai ta m kh twn hmiaxìnwn tou E ant�stoiqa).Prìtash 4.1.1 To E � Rn e�nai elleiyoeidè
 an kai mìno an up�rqei T 2 GL(n)tètoio
 ¸ste E = T (Bn2 ).Apìdeixh: Upojètoume pr¸ta ìti to E e�nai elleiyoeidè
, or�zetai dhlad  apì thn(�) gia k�poia orjokanonik  b�sh fv1; : : : ; vng tou Rn , kai k�poiou
 �1; : : : ; �n > 0.'Estw T o grammikì
 metasqhmatismì
 tou Rn pou or�zetai apì ti
 T (vi) = �ivi,i = 1; : : : ; n. O T e�nai profan¸
 antistrèyimo
, kai x 2 T (Bn2 ) an kai mìno anup�rqei y =Pnj=1 tjvj 2 Bn2 me x = Ty. Tìte ìmw
, h isìthtanXi=1 hx; vii2�2i = nXi=1 hPnj=1 tj�jvj ; vii2�2i = nXi=1 t2ide�qnei ìti x 2 T (Bn2 ) an kai mìno an x 2 E, dhlad  E = T (Bn2 ).33



34Ant�strofa, èstw T 2 GL(n) kai E = T (Bn2 ). Gr�foume S = T�1, kai èqoumekxk2E = kxk2S�1(Bn2 ) = jSxj2 = hSx; Sxi = hS�Sx; xi:O S�S e�nai summetrikì
 kai jetik� orismèno
, �ra gr�fetai sth morf  U�DUìpou D diag¸nio
 p�naka
 me jetik� diag¸nia stoiqe�a ��21 ; : : : ; ��2n , kai o U e�naiorjog¸nio
 p�naka
. JewroÔme ton diag¸nio p�naka D1 = pD me diag¸nia stoiqe�ata ��11 ; : : : ; ��1n . AfoÔ o U e�nai orjog¸nio
, èqoume S�S = A2, ìpou A = U�D1U .Dhlad ,kxk2E = hA2x; xi = jAxj2 = jD1Uxj2 = nXi=1 hUx; eii2�2i = nXi=1 hx; vii2�2i ;ìpou ta vi = U�ei apoteloÔn orjokanonik  b�sh tou Rn . 'Epetai ìti x 2 E ankai mìno an ikanopoie�tai h (�) gia ta sugkekrimèna vi kai �i, dhlad  to E e�naielleiyoeidè
. 2Parat rhsh Apì thn apìdeixh e�nai fanerì ìti o ìgko
 tou E isoÔtai mejEj = jBn2 j nYi=1�i:JewroÔme t¸ra èna summetrikì kurtì s¸ma K ston Rn kai thn oikogèneiaE(K) ìlwn twn elleiyoeid¸n pou perièqontai sto K. O F. John (1948) èdeixe ìtiup�rqei monadikì elleiyoeidè
 E pou perièqetai sto K kai èqei ton mègisto dunatììgko. Ja lème ìti to E e�nai to elleiyoeidè
 mègistou ìgkou tou K. Gia thnapìdeixh, blèpoume tautìqrona ìti up�rqei monadikì elleiyoeidè
 E pou perièqeito K kai èqei el�qisto ìgko:Prìtash 4.1.2 Estw K summetrikì kurtì s¸ma ston Rn . Up�rqei monadikìelleiyoeidè
 E � K me el�qisto ìgko.Apìdeixh: JewroÔme thn oikogèneia E 0(K) ìlwn twn elleiyoeid¸n pou perièqounto K, kai ton arijmì V = inffjEj : E 2 E 0(K)g > 0:Up�rqei akolouj�a Tm 2 GL(n) ètsi ¸ste Em = T�1m (Bn2 ) � K kaijEmj = jBn2 jjdet(Tm)j ! V:AfoÔ kTm : XK ! `n2k � 1, m 2 N, mporoÔme na broÔme upakolouj�a fTkmg kaiS 2 L(Rn ) me Tkm ! S. Tìte,jdet(S)j = jBn2 j=V > 0;



35epomènw
, S 2 GL(n). Or�zoume E = S�1(Bn2 ). 'EqoumekS : XK ! `n2k = lim kTkm : XK ! `n2k � 1;�ra E � K. AfoÔ jEj = V , to E e�nai èna elleiyoeidè
 pou perièqei to K, me tonel�qisto dunatì ìgko.De�qnoume t¸ra ìti up�rqei èna mìno elleiyoeidè
 me aut n thn idiìthta. 'Estwìti ta E1 kai E2 perièqoun to K kai èqoun el�qisto ìgko. Qwr�
 periorismì th
genikìthta
 mporoÔme na upojèsoume ìti E1 = Bn2 e�nai h Eukle�deia monadia�amp�la, kai E2 = (x 2 Rn : nXi=1hx; vii2=�2i � 1) :JewroÔme èna tr�to elleiyoeidè
, ton {mèso ìro} tou
F = (x 2 Rn : nXi=1 12(1 + ��2i )hx; vii2 � 1) :E�nai fanerì ìti F � E1 \E2 � K, epomènw
(�) jF j � jE1j = jE2j:AfoÔ E1 = Bn2 , h (�) pa�rnei th morf 1 =  nYi=1�i!2 � nYi=1 21 + ��2i= nYi=1 2�2i1 + �2i= nYi=1 2�i1 + �2i ;opìte, 2�i = 1 + �2i gia k�je i = 1; : : : ; n. Tìte ìmw
, �i = 1, i = 1; : : : ; n. 'Ara,E1 = E2. 2H Prìtash 4.1.2 m�
 d�nei thn Ôparxh kai thn monadikìthta tou elleiyoeidoÔ
mègistou ìgkou tou K:Je¸rhma 4.1.1 'Estw K summetrikì kurtì s¸ma ston Rn . Up�rqei monadikìelleiyoeidè
 E 2 E(K) me mègisto ìgko.Apìdeixh: E�dame ìti up�rqei monadikì elleiyoeidè
 F el�qistou ìgkou tou KÆ.JewroÔme to E = F Æ. Tìte E � K, kai an E1 e�nai èna �llo elleiyoeidè
 me



36E1 � K, tìte EÆ1 � KÆ, �ra jEÆ1 j � jF j. Epomènw
, qrhsimopoi¸nta
 kai thnPrìtash 2.1.4, pa�rnoume jE1j = jBn2 j2jEÆ1 j � jBn2 j2jF j = jEj:Isìthta mpore� na isqÔei mìno an EÆ1 = F , dhlad  E1 = E. 'Ara, to E e�nai tomonadikì elleiyoeidè
 mègistou ìgkou tou K. 24.2 To je¸rhma tou John: stoiqei¸dh
 apìdeixhO F. John [J℄ èdeixe ìti an h Bn2 e�nai to elleiyoeidè
 el�qistou ìgkou pou perièqeito summetrikì kurtì s¸ma K ston Rn , tìte Bn2 � pnK. 'Amesh sunèpeia autoÔtou isqurismoÔ e�nai èna �nw fr�gma gia thn apìstash Bana
h-Mazur tuqìnto
n-di�statou q¸rou me nìrma apì ton `n2 .Je¸rhma 4.2.1 Gia k�je n-di�stato q¸ro me nìrma X èqoume d(X; `n2 ) � pn.Apìdeixh: MporoÔme na upojèsoume ìti X = (Rn ; k � k). JewroÔme th monadia�amp�la BX tou X , kai to elleiyoeidè
 el�qistou ìgkou E th
 BX . An deqtoÔme toje¸rhma tou John, isqÔei 1pnE � BX � E:'Omw
 to E e�nai elleiyoeidè
, �ra up�rqei T 2 GL(n) tètoio
 ¸ste E = T�1(Bn2 ).'Ara, 1pnBn2 � T (BX) � Bn2 :'Epetai ìtid(X; `n2 ) � kT : X ! `n2k � kT�1 : `n2 ! Xk � 1 � pn = pn: 2To Je¸rhma 4.2.1 kai h pollaplasiastik  trigwnik  anisìthta gia thn d m�
d�noun èna �nw fr�gma gia th di�metro tou Bana
h-Mazur 
ompa
tum.Je¸rhma 4.2.2 An X kai Y e�nai dÔo n-di�statoi q¸roi me nìrma, tìted(X;Y ) � n: 2Dhlad , h di�metro
 diam(Bn) tou n-ostoÔ Bana
h-Mazur 
ompa
tum e�nai mikrì-terh   �sh tou n.D�noume t¸ra m�a stoiqei¸dh apìdeixh tou Jewr mato
 tou John:



37Je¸rhma 4.2.3 'Estw K summetrikì kurtì s¸ma ston Rn . Upojètoume ìti hEukle�deia monadia�a mp�la Bn2 e�nai to elleiyoeidè
 el�qistou ìgkou pou perièqeito K. Tìte, Bn2 � pnK:Apìdeixh: Upojètoume ìti to sumpèrasma den isqÔei. Tìte, up�rqei x sto sÔnorotou K to opo�o e�nai eswterikì shme�o th
 (1=pn)Bn2 . All�zonta
 suntetagmène
an qreiaste�, mporoÔme na upojèsoume ìti to efaptìmeno uperep�pedo tou K stox e�nai par�llhlo me to fx : x1 = 0g. Dhlad ,K � P = �x 2 Rn : jx1j � 1
	;ìpou 
 > pn. Gia k�je a; b > 0 or�zoume to elleiyoeidè
Ea;b = �x 2 Rn : a2x21 + b2 nXi=2 x2i � 1	:Isqurismì
. An a2�b2
2 + b2 � 1, tìte K � Ea;b.[Pr�gmati: an y 2 K, tìte y 2 P \ Bn2 . 'Ara,jy1j � 1
 ; nXi=1 y2i � 1:'Epetai ìti a2y21 + b2 nXi=2 y2i = (a2 � b2)y21 + b2 nXi=1 y2i� a2 � b2
2 + b2� 1:Dhlad , y 2 Ea;b.℄Apì thn �llh pleur�, o ìgko
 tou Ea;b isoÔtai me jEa;bj = jBn2 j=(abn�1). Anloipìn abn�1 > 1, tìte jEa;bj < jBn2 j. Me thn upìjesh ìti 
 > pn, ja de�xoume ìtiup�rqoun a; b > 0 pou ikanopoioÔn tautìqrona ti
abn�1 > 1 ; a2 � b2
2 + b2 � 1:Autì e�nai �topo, giat� ja èqoume bre� elleiyoeidè
 pou perièqei to K kai èqei ìgkogn sia mikrìtero apì ton ìgko th
 Bn2 .Gia k�je " 2 (0; 1=2), jètoume b" = 1� " kai a" = (1 + "+ 2"2)n�1. Tìte,a"bn�1" = [(1� ")(1 + "+ 2"2)℄n�1 = (1 + "2 � 2"3)n�1 > 1:



38Ep�sh
,a2" � b2"
2 + b2" = (1 + "+ 2"2)2(n�1)
2 +�1� 1
2� (1� ")2= 1
2 [1 + 2(n� 1)"+O("2)℄ +�1� 1
2� (1� 2"+ "2)= 1 + 2"� n
2 � 1�+O("2):AfoÔ (n=
2)� 1 < 0, e�nai fanerì ìti h posìthta aut  g�netai mikrìterh apì 1 anaf soume to "! 0+. Gia mikrì loipìn " > 0, to elleiyoeidè
 Ea";b" m�
 odhge� se�topo. 2Sthn par�grafo pou akolouje� ja doÔme thn pl rh morf  tou Jewr mato
 touJohn, san pìrisma tou opo�ou ja p�roume kai to Je¸rhma 4.2.3. H leptomerèsterhan�lush pou ja k�noume, ja qrhsimopoihje� sto Kef�laio 7.4.3 Shme�a epaf 
 kai h anapar�stash th
 tauto-tik 
 apeikìnish
Upojètoume ìti to elleiyoeidè
 mègistou ìgkou tou K e�nai h Bn2 . To u 2 Rnlègetai shme�o epaf 
 twn K kai Bn2 an juj = kukK = 1, dhlad  an an keisthn tom  twn sunìrwn tou
. To je¸rhma tou John perigr�fei thn katanom  twnshme�wn epaf 
 p�nw sth monadia�a sfa�ra Sn�1:Je¸rhma 4.3.1 An h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K, tìte up�r-qoun shme�a epaf 
 u1; : : : ; um twn K kai Bn2 , kai jetiko� pragmatiko� arijmo��1; : : : ; �m tètoioi ¸ste x = mXj=1 �jhx; ujiujgia k�je x 2 Rn .Parathr sei
 To Je¸rhma 4.3.1 m�
 lèei ìti h tautotik  apeikìnish I tou Rnanapar�statai sth morf  I = mXj=1 �juj 
 uj ;ìpou uj 
 uj e�nai h probol  sthn dieÔjunsh tou uj : (uj 
 uj)(x) = hx; ujiuj .ParathroÔme ìti, gia k�je x 2 Rnjxj2 = hx; xi = mXj=1 �jhx; uji2:



39Ep�sh
, pa�rnonta
 x = ei, i = 1; : : : ; n, ìpou feig h sun jh
 orjokanonik  b�shtou Rn , èqoume n = nXi=1 jeij2 = nXi=1 mXj=1 �jhei; uji2= mXj=1 �j nXi=1hei; uji2 = mXj=1 �j juj j2= mXj=1 �j :Apìdeixh tou Jewr mato
: Apì ti
 parathr sei
 pou prohg jhkan, an up�rqeih zhtoÔmenh anapar�stash ja prèpei na isqÔei P(�j=n) = 1. Autì loipìn pouqrei�zetai na de�xoume e�nai ìti h I=n gr�fetai san kurtì
 sunduasmì
 pin�kwnth
 morf 
 u
 u, ìpou u shme�o epaf 
 twn K kai Bn2 . Or�zoume dhlad W = fu
 u : juj = kukK = 1g;kai de�qnoume ìti I=n 2 
o(W ). ParathroÔme ìti to 
o(W ) e�nai kleistì uposÔnolotou Rn2 , kai ìtiW 6= ;: an h Bn2 den akoumpoÔse to sÔnoro tou K, ja mporoÔsamena broÔme rBn2 � K me to r l�go megalÔtero apì 1, opìte h Bn2 den ja  tan toelleiyoeidè
 mègistou ìgkou tou K.Upojètoume ìti I=n =2 
o(W ). Apì diaqwristikì je¸rhma, mporÔme na broÔme� 2 Rn2 kai r 2 R tètoia ¸steh�; I=ni < r � h�;Aigia k�je A 2 
o(W ). Eidikìtera, gia k�je shme�o epaf 
 u twn K kai Bn2 èqoumeh�; I=ni < r � h�; u
 ui:Oi p�nake
 I=n kai u 
 u e�nai summetriko�, opìte pa�rnonta
 ton  = (� + ��)=2ant� tou � èqoume ìti o  e�nai summetrikì
 kai exakolouje� na ikanopoie� thnh ; I=ni < r � h ; u
 uigia k�je u
u 2 W . 'Estw � = tr( )=n. AfoÔ tr(I=n) = 1 kai tr(u
u) =Pu2i =1, blèpoume ìti h � �I; I=ni = h ; I=ni � �= 0 < r � �� h � �I; u
 uigia k�je u
 u 2W . Pa�rnonta
 B =  � �I , èqoume:



40L mma 4.3.1 An I=n =2 
o(W ), tìte up�rqoun s > 0 kai B summetrikì
 metr(B) = 0 ètsi ¸ste hB; u
 ui � sgia k�je u
 u 2W . 2Gia Æ > 0 arket� mikrì, jewroÔme to elleiyoeidè
EÆ = fx 2 Rn : h(I + ÆB)x; xi � 1g:[An M = maxfjhBx; yij : jxj = jyj = 1g kai 0 < Æ < 1=M , tìte o I + ÆB e�naisummetrikì
 kai jetik� orismèno
, �ra èqei summetrik  jetik  tetragwnik  r�zaSÆ , kai EÆ = S�1Æ (Bn2 ).℄Ja de�xoume ìti EÆ � K an to Æ e�nai mikrì, de�qnonta
 ìti �EÆ (v) � �K(v) giak�je v 2 Sn�1:1h Per�ptwsh: 'Estw U to sÔnolo twn shme�wn epaf 
 twn K;Bn2 . An u 2 Ukai v 2 Sn�1 me ju� vj < s=2M , tìte apì to L mma 4.3.1,h(I + ÆB)u; ui � 1 + Æs;en¸ jhv + ÆBv; vi � hu+ ÆBu; uij = ÆjhBv; vi � hBu; uij� ÆjhBv; v � uij+ ÆjhBu; u� vij� 2MÆju� vj < Æs:'Ara, an to v 2 Sn�1 apèqei apìstash mikrìterh th
 s=2M apì to U , tìteh(I + ÆB)v; vi > 1 + Æs� Æs = 1;dhlad  v =2 EÆ. 'Omw
, v 2 Bn2 � K gia k�je v 2 Sn�1. 'Ara, se aut n thnper�ptwsh isqÔei ìti �EÆ (v) < 1 � �K(v):2h Per�ptwsh: 'Estw V to sÔnolo twn v 2 Sn�1 pou apèqoun toul�qiston s=2Mapì to U . Tìte, to V e�nai sumpagè
 kai r = maxfkvk : v 2 V g < 1. Jètoume� = minfhBv; vi : v 2 V g. Parathr ste ìti ta r; � den exart¸ntai apì to Æ(exart¸ntai mìno apì ton B kai to U). An 0 < Æ < (1� r2)=j�j, tìteh(I + ÆB)(v=kvk); v=kvki = 1 + ÆhBv; vikvk2� 1 + Æ�r2 > 1;dhlad  v=kvk =2 EÆ . Autì shma�nei ìti �EÆ (v) � �K(v).Sundu�zonta
 ta parap�nw katal goume sto ex 
:



41L mma 4.3.2 Up�rqei Æ0 > 0 tètoio ¸ste EÆ � K gia k�je 0 < Æ < Æ0. 2MporoÔme t¸ra na katal xoume se �topo: Pa�rnoume Æ > 0 arket� mikrì ¸steo I+ÆB na e�nai jetik� orismèno
 kai to elleiyoeidè
 EÆ na perièqetai stoK. AfoÔh Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K, èqoume jEÆj � jBn2 j. 'Omw
,jEÆ j = jS�1Æ (Bn2 )j = jBn2 j=pdet(I + ÆB):'Ara, det(I + ÆB) � 1. Apì thn �llh pleur�, h anisìthta arijmhtikoÔ-gewmetrikoÔmèsou m�
 d�nei [det(I + ÆB)℄ 1n � tr(I + ÆB)n = 1 + Æ tr(B)n = 1;giat� tr(B) = 0. Gia na isqÔoun ta parap�nw, prèpei na èqoume isìthta sthnanisìthta arijmhtikoÔ-gewmetrikoÔ mèsou. Tìte ìmw
, ìle
 oi idiotimè
 tou I+ÆBe�nai �se
, dhlad  I + ÆB = �I . 'Epetai ìti o B e�nai pollapl�sio tou tautotikoÔp�naka, kai afoÔ tr(B) = 0 pa�rnoume B = 0.Autì e�nai �topo, giat� apì to L mma 4.3.1 èqoume hBu; ui � s > 0, u 2 U .Epomènw
 I=n 2 
o(W ), kai h apìdeixh e�nai pl rh
. 2H anapar�stash th
 tautotik 
 apeikìnish
 pou m�
 d�nei to Je¸rhma 4.3.1,qarakthr�zei to elleiyoeidè
 mègistou ìgkou me thn ex 
 ènnoia:Je¸rhma 4.3.2 'Estw K summetrikì kurtì s¸ma ston Rn , pou perièqei thn Eu-kle�deia monadia�a mp�la Bn2 . Upojètoume ìti up�rqoun shme�a epaf 
 u1; : : : ; umtwn K kai Bn2 kai jetiko� pragmatiko� arijmo� �1; : : : ; �m tètoioi ¸steI = mXj=1 �juj 
 uj :Tìte, h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K.Apìdeixh: Or�zoumeL = fy 2 Rn : jhuj ; yij � 1; j = 1; : : : ;mg:Tìte K � L, opìte arke� na apode�xoume ìti h Bn2 e�nai to elleiyoeidè
 mègistouìgkou tou L. 'Estw E = fy 2 Rn : nXi=1 ��2i hy; vii2 � 1g;ìpou fvig e�nai orjokanonik  b�sh tou Rn kai �i > 0. Upojètoume ìti E � L. Giak�je j = 1; : : : ;m èqoumey(uj) =  nXi=1 �2i huj ; vii2!�1=2 nXi=1 �2i huj ; viivi 2 E � L;



42opìte h jhuj ; y(uj)ij � 1 d�nei(�) nXi=1 �2i huj ; vii2 � 1 ; j = 1; : : : ;m:Pollaplasi�zonta
 me �j kai prosjètonta
, blèpoume ìtimXj=1 �j  nXi=1 �2i huj ; vii2!1=2 � mXj=1 �j = n:AfoÔ jxj2 = P�jhx; uji2 gia k�je x 2 Rn , kai ta vi sqhmat�zoun orjokanonik b�sh, qrhsimopoi¸nta
 thn (�) pa�rnoumenXi=1 �i = nXi=1 mXj=1 �i�jhvi; uji2= mXj=1 �j  nXi=1 �ihvi; uji2!� mXj=1 �j  nXi=1 �2i hvi; uji2!1=2 nXi=1hvi; uji2!1=2= mXj=1 �j  nXi=1 �2i hvi; uji2!1=2 � n:Apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou (Q�i)1=n �P�i=n � 1, epo-mènw
 jEj � jBn2 j. Dhlad , h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K.2MporoÔme t¸ra na d¸soume m�a deÔterh apìdeixh gia to je¸rhma tou John:Prìtash 4.3.1 An Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K, tìte K �pnBn2 .Apìdeixh: JewroÔme thn anapar�stash th
 tautotik 
 apeikìnish
x = mXj=1 �jhx; ujiujtou Jewr mato
 4.3.1. AfoÔ uj 2 Sn�1, èqoume1 = huj ; uji � kujkKkujkKÆ = kujkKÆ ; j = 1; : : : ;m:Apì thn �llh pleur�, se k�je uj taK kai Bn2 èqoun to �dio efaptìmeno uperep�pedome k�jeto di�nusma to uj (gia th mp�la, to efaptìmeno uperep�pedo se k�je shme�o



43u 2 Sn�1 èqei k�jeto di�nusma to u). Epomènw
, gia k�je x 2 K èqoume hx; uji �1, kai lìgw summetr�a
 tou K,(�) jhx; ujij � 1:Autì shma�nei ìti kujkK = kujkKÆ = juj j = 1; j = 1; : : : ;m:'Estw t¸ra x 2 K. Tìte, apì thn (�)jxj2 = mXj=1 �jhx; uji2� mXj=1 �j = n:Dhlad , jxj � pn. Ara, Bn2 � K � pnBn2 . 2Oloklhr¸noume autì to Kef�laio me m�a akìma parat rhsh. An h Bn2 e�naito elleiyoeidè
 mègistou ìgkou tou K, tìte h Bn2 e�nai to elleiyoeidè
 el�qistouìgkou tou KÆ. Ep�sh
, k�je shme�o epaf 
 twn K kai Bn2 e�nai, ìpw
 e�dame sthnapìdeixh th
 Prìtash
 4.3.1, shme�o epaf 
 twn KÆ kai Bn2 . 'Ara, all�zonta
 tou
rìlou
 twn K kai KÆ, blèpoume ìti h anapar�stash th
 tautotik 
 apeikìnish
 mè-sw shme�wn epaf 
 exasfal�zetai kai sthn per�ptwsh tou elleiyoeidoÔ
 el�qistouìgkou:Je¸rhma 4.3.3 An h Bn2 e�nai to elleiyoeidè
 el�qistou ìgkou tou summetrikoÔkurtoÔ s¸mato
 K, tìte up�rqoun shme�a epaf 
 u1; : : : ; um twn K kai Bn2 , kaijetiko� pragmatiko� arijmo� �1; : : : ; �m tètoioi ¸stex = mXj=1 �jhx; ujiujgia k�je x 2 Rn .To Je¸rhma tou John se aut  th morf , ja qrhsimopoihje� sto Kef�laio 7.
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Kef�laio 5H apìstash tou `np apì ton `nq
Se pollè
 shmantikè
 peript¸sei
, h apìstash Bana
h-Mazur d(X;Y ) dÔo q¸rwnme nìrmaX kai Y di�stash
 n, e�nai polÔ mikrìterh apì n. Se autì to Kef�laio, jamelet soume analutik� thn per�ptwsh pou oi X kai Y e�nai q¸roi `np , 1 � p � 1.Oi Gurarii, Kade
 kai Ma
aev [GKM℄ upolìgisan th swst  t�xh megèjou
 th
d(`np ; `nq ):(a) An 1 � p � q � 2   2 � p � q �1, tìte d(`np ; `nq ) = n1=p�1=q .(b) An 1 � p < 2 < q �1, tìte 
1n� � d(`np ; `nq ) � 
2n�, ìpou 
1 > 0 apìluthstajer�, 
2 > 0 stajer� pou exart�tai apì ta p kai q, kai � = maxf1=p�1=2; 1=2�1=qg.Ja d¸soume pl rh apìdeixh aut¸n twn ektim sewn. H apìdeixh tou (b) apai-te� thn qr sh twn pin�kwn Walsh, thn anisìthta tou Khint
hine, kai to Je¸rhmaKurtìthta
 tou M. Riesz, ta opo�a anaptÔssoume se xeqwristè
 paragr�fou
.5.1 Ta p kai q e�nai apì thn �dia pleur� tou 2H kat�stash ed¸ e�nai apl . O {qeirìtero
} isomorfismì
 an�mesa stou
 `np kai`nq e�nai h tautotik  apeikìnish. Exet�zoume pr¸ta thn per�ptwsh 2 = p < q.Je¸rhma 5.1.1 An q > 2, tìte d(`n2 ; `nq ) = n 12� 1q .Apìdeixh: Gia k�je x 2 Rn isqÔoun oi anisìthte
kxkq � kxk2 � n 12� 1q kxkq:Dhlad , kId : `n2 ! `nq k � 1; kId : `nq ! `n2k � n 12� 1q ;45



46ap� ìpou pa�rnoumed(`n2 ; `nq ) � kId : `n2 ! `nq k � kId : `nq ! `n2k � n 12� 1q :'Estw t¸ra T : `nq ! `n2 isomorfismì
, me kT : `nq ! `n2k = 1. An fejgj�n e�nai hkanonik  b�sh tou Rn , tìte èqoume1 = kejkq = kT�1(Tej)kq � kT�1 : `n2 ! `nq k kTejk2; j = 1; : : : ; n:'Omw
, apì ton kanìna tou parallhlogr�mmou,nXj=1 kTejk22 = Ave"j=�1

 nXj=1 "jTej

22 = Ave"j=�1

T ( nXj=1 "jej)

22� Ave"j=�1

 nXj=1 "jej

2q = n2=q;giat� kPnj=1 "jejkq = n1=q gia k�je epilog  pros mwn "j = �1. 'Ara, up�rqeik 2 f1; : : : ; ng gia to opo�o nkTekk22 � n2=q, dhlad kTekk2 � n 1q� 12 :'Epetai ìti kT�1 : `n2 ! `nq k � kTekk�12 � n 12� 1q :'Ara kT : `nq ! `n2k � kT�1 : `n2 ! `nq k � n 12� 1q ;kai afoÔ o T  tan tuq¸n, d(`n2 ; `nq ) � n 12� 1q : 2Me polÔ l�go kìpo mporoÔme t¸ra na kalÔyoume kai ti
 upìloipe
 peript¸sei
:Je¸rhma 5.1.2 An 1 � p < q � 2   2 � p < q � +1, tìte d(`np ; `nq ) = n 1p� 1q .Apìdeixh: A
 upojèsoume pr¸ta ìti 2 � p < q � +1. Apì thn pollaplasiastik trigwnik  anisìthta, d(`nq ; `n2 ) � d(`nq ; `np )d(`np ; `n2 );kai apì to Je¸rhma 5.1.1, d(`nq ; `n2 ) = n 12� 1q kai d(`np ; `n2 ) = n 12� 1p . 'Epetai ìtid(`np ; `nq ) � n 1p� 1q :H ant�strofh anisìthta e�nai �mesh sunèpeia th
kxkq � kxkp � kxkqn 1p� 1q ; x 2 Rn ;



47ap� ìpou pa�rnoumed(`np ; `nq ) � kId : `np ! `nq k � kId : `nq ! `npk � n 1p� 1q :Tèlo
, an 1 � p < q � 2, tìte oi suzuge�
 ekjète
 q0; p0 ikanopoioÔn thn 2 � q0 <p0 � +1, �ra, apì duðsmì pa�rnoumed(`np ; `nq ) = d(`np0 ; `nq0) = n 1q0 � 1p0 = n 1p� 1q : 25.2 Ta p kai q br�skontai ekatèrwjen tou 2Exet�zoume t¸ra thn per�ptwsh 1 � p < 2 < q � +1. Ja de�xoume ìti up�rqeistajer� 
(p; q) > 0 gia thn opo�a1p2n� � d(`np ; `nq ) � 
(p; q)n�; n 2 Nìpou � = max�1p � 12 ; 12 � 1q�:'Opw
 ja doÔme sth sunèqeia, sthn per�ptwsh n = 2k, k 2 N, mpore� kane�
 naantikatast sei th stajer� 
(p; q) me 1.(a) Melet�me pr¸ta to �nw fr�gma, k�nonta
 ti
 epiplèon upojèsei
 n = 2kkai � = 12 � 1q . Ja qreiastoÔme tou
 p�nake
 Walsh. Auto� e�nai orjog¸nioi 2k�2kp�nake
, pou or�zontai epagwgik� w
 ex 
: Jètoume W0 = [1℄, kaiWk = 1p2 �Wk�1 Wk�1Wk�1 �Wk�1 � ; k � 1:Epagwgik� apodeiknÔoume ìti k�je Wk e�nai orjog¸nio
 p�naka
. An loipìn T :Rn ! Rn e�nai o telest 
 pou antistoiqe� ston Wk, n = 2k, èqoumekT : `n2 ! `n2k = 1:Apì thn �llh pleur�, ìle
 oi suntetagmène
 tou Wk e�nai �1=pn, �ra kTejk1 =1=pn, j = 1; : : : ; n. AfoÔ k�je x 2 Bn1 e�nai kurtì
 sunduasmì
 twn �ej , sumpe-ra�noume ìti kT : `n1 ! `n1k = 1pn:Efarmìzoume to Je¸rhma kurtìthta
 tou M. Riesz (blèpe Par�grafo 4). 'Eqoume1p = 1� �1 + �2 ;



48ìpou � = 2� (2=p). Epomènw
,kT : `np ! `np0k � � 1pn�1�� � 1� = n 12� 1p :'Eqoume upojèsei ìti 12 � 1q � 1p � 12 , �ra q � p0. Epomènw
,kT : `np ! `nq k � kT : `np ! `np0k � kId : `np0 ! `nq k � n 12� 1p :Ep�sh
,kT�1 : `nq ! `npk � kId : `nq ! `n2k � kT�1 : `n2 ! `n2k � kId : `n2 ! `npk= n 12� 1q � 1 � n 1p� 12 ;�ra kT : `np ! `nq k � kT�1 : `nq ! `npk � n 12� 1q ;ap� ìpou sumpera�noume ìti d(`np ; `nq ) � n 12� 1q = n�:(b) Ja de�xoume me epagwg  ìti d(`np ; `nq ) � 
(p; q)n� gia k�je n 2 N, sthnper�ptwsh � = (1=2)� (1=q). H Ôparxh kai h epilog  th
 stajer�
 
(p; q) ja g�neisaf 
 apì to epagwgikì b ma.Upojètoume loipìn ìti d(`mp ; `mq ) � 
(p; q)m� an 1 � m � 2k. 'Estw n = 2k+m,ìpou 1 � m < 2k. Gr�foume `np = �`2kp � `mp �p ;kai, sÔmfwna me to b ma (a) kai thn epagwgik  upìjesh, br�skoume T1 : `2kp ! `2kqkai T2 : `mp ! `mq pou ikanopoioÔn ti
kT1k = kT�11 k � 2k�=2kai kT2k = kT�12 k �p
(p; q)m�=2:JewroÔme ton T = T1 + T2 : `np ! `nq . An x = x1 + x2 2 `np = �`2kp � `mp �p, tìtekTxkq = kT1x1 + T2x2kq � kT1x1kq + kT2x2kq� 2k�=2kx1kp +p
(p; q)m�=2kx2kp� �kx1kpp + kx2kpp�1=p �2kq�=2 + 
(p; q)q=2mq�=2�1=q= kxkp �2kq�=2 + 
(p; q)q=2mq�=2�1=q� kxkp �2k�=2 +p
(p; q)m�=2� :



49An p�roume 
(p; q) = (2�=2 � 1)�2, elègqoume eÔkola ìti2k�=2 +p
(p; q)m�=2 �p
(p; q)(2k +m)�=2; k = 0; 1; 2; : : : ; 1 � m < 2k:'Ara, kTxkq �p
(p; q)n�=2kxkp;dhlad , kTk � p
(p; q)n�=2. 'Omoia, afoÔ T�1 = T�11 + T�12 , de�qnoume ìtikT�1k �p
(p; q)n�=2. 'Ara,d(`np ; `nq ) � 
(p; q)n�; n 2 N:(g) An 1p � 12 � 12 � 1q , tìte 1 � q0 < 2 < p0 � +1. 'Omw
 t¸ra,12 � 1p0 = 1p � 12 � 12 � 1q = 1q0 � 12 :MporoÔme loipìn na efarmìsoume to b ma (b) gia tou
 p0; q0:d(`nq0 ; `np0) � 
(p0; q0)n 12� 1p0 = 
(p0; q0)n 1p� 12 = 
(p; q)n�:Parathr¸nta
 ìti 
(p0; q0) = (2�=2 � 1)�2 = 
(p; q) kai qrhsimopoi¸nta
 duðsmì,sumpera�noume ìtid(`np ; `nq ) = d((`np )�; (`nq )�) = d(`nq0 ; `np0) � 
(p; q)n�:Sundu�zonta
 ta (a)-(g), èqoume apode�xei to ex 
:Je¸rhma 5.2.1 'Estw 1 � p < 2 < q � +1. Up�rqei stajer� 
(p; q) > 0 giathn opo�a d(`np ; `nq ) � 
(p; q)n� gia k�je n 2 N, ìpou� = maxf(1=p)� (1=2); (1=2)� (1=q)g:Gia to k�tw fr�gma ja qreiastoÔme thn ènnoia tou suntÔpou-2 (gia n dianÔsmata):Orismì
 'Estw X n-di�stato
 q¸ro
 me nìrma. H stajer� suntÔpou-2 tou X gian dianÔsmata, e�nai h mikrìterh jetik  stajer� C pou ikanopoie� to ex 
: Gia k�jeepilog  dianusm�twn x1; : : : ; xn 2 X ,nXj=1 kxjk2 � C2Ave"j=�1k nXj=1 "jxjk2:L mma 5.2.1 H stajer� suntÔpou-2 tou `np , 1 � p � 2, e�nai fragmènh apì m�astajer� C > 0 (anex�rthth twn n kai p).



50Apìdeixh: 'Estw x1; : : : ; xn 2 `np , me xj = (xj1; : : : ; xjn). Tìte,0�Ave"j=�1k nXj=1 "jxjk2p1Ap=2 � Ave"j=�1k nXj=1 "jxjkpp= Ave"j=�1 nXi=1�� nXj=1 "jxji��p= nXi=1 Ave"j=�1�� nXj=1 "jxji��p� nXi=10�Ave"j=�1�� nXj=1 "jxji��1Ap :Apì thn anisìthta tou Khint
hine (blèpe Par�grafo 3),0�Ave"j=�1�� nXj=1 "jxji��1Ap � Ap10� nXj=1 jxjij21Ap=2gia k�je i = 1; : : : ; n. Dhlad ,0�Ave"j=�1k nXj=1 "jxjk2p1Ap=2 � Ap1 nXi=10� nXj=1 jxjij21Ap=2 :Apì thn anisìthta touMinkowski, h teleuta�a posìthta e�nai megalÔterh   �sh apìAp1 24 nXj=1 nXi=1 jxjijp!2=p35p=2 = Ap10� nXj=1 kxjk2p1Ap=2 :'Ara, nXj=1 kxjk2p � A�21 Ave"j=�1k nXj=1 "jxjk2p: 2Je¸rhma 5.2.2 An 1 � p < 2 < q � +1, tìte d(`np ; `nq ) � 1p2n� gia k�je n 2 N,ìpou � = maxf(1=p)� (1=2); (1=2)� (1=q)g:Apìdeixh: 'Estw T : `np ! `nq isomorfismì
. Tìte,Ave"j=�1k nXj=1 "jT�1(ej)k2p � kT�1k2Ave"j=�1k nXj=1 "jejk2q = kT�1k2n2=q :



51Apì thn �llh pleur�, an or�soume xj = T�1(ej) 2 `np , apì to L mma 5.2.1 pa�rnoumeAve"j=�1k nXj=1 "jT�1(ej)k2p � A21 nXj=1 kT�1(ej)k2p � A21Pnj=1 kejk2qkTk2 = A21nkTk2 :Sundu�zonta
 ti
 dÔo anisìthte
, blèpoume ìtikTk � kT�1k � A1n 12� 1q :Autì de�qnei ìti d(`np ; `nq ) � A1n� an (1=2) � (1=q) � (1=p) � (1=2). Se ant�jethper�ptwsh, jewroÔme tou
 duðkoÔ
 q¸rou
, ìpw
 k�name kai gia to �nw fr�gma.E�nai gnwstì ìti h kalÔterh dunat  tim  th
 A1 e�nai A1 = 1=p2, opìte h apìdeixhe�nai pl rh
. 25.3 H anisìthta tou Khint
hineJewroÔme ton En2 = f�1; 1gn san q¸ro pijanìthta
, or�zonta
 �(A) = jAj=2n. Oisunart sei
 Radema
her ri : En2 ! f�1; 1g pou or�zontai apì ti
ri(") = ri("1; : : : ; "n) = "i; i = 1; : : : ; n;e�nai anex�rthte
 tuqa�e
 metablhtè
 ston (En2 ; �): An i1; : : : ; ik 2 f1; : : : ; ng kaiÆi1 ; : : : ; Æik 2 f�1; 1g, tìteP ("i1 = Æi1 ; : : : ; "ik = Æik ) = P ("i1 = Æi1) : : : P ("ik = Æik) = 12k :Sthn apìdeixh tou k�tw fr�gmato
 gia thn d(`np ; `nq ), qrhsimopoi same thn ani-sìthta tou Khint
hine, h opo�a mpore� na diatupwje� san m�a anisìthta gia ti
sunart sei
 Radema
her:Je¸rhma 5.3.1 Gia k�je 1 � p <1 up�rqoun jetikè
 stajerè
 Ap kai Bp tètoie
¸ste: gia k�je n kai k�je epilog  pragmatik¸n arijm¸n a1; : : : ; an,Ap nXi=1 ja2i j!1=2 �  ZEn2 j nXi=1 airi(")jpd"!1=p � Bp nXi=1 ja2i j!1=2 :Apìdeixh: H anisìthta e�nai omogen 
 me bajmì 1, epomènw
 mporoÔme na upo-jèsoume ìti Pni=1 a2i = 1. De�qnoume thn dexi� anisìthta, pr¸ta gia p = k 2 N:Or�zoume f(") =Pni=1 airi("). Tìte,jf(")jk � k!ejf(")j � k!�ef(") + e�f(")� :



52Apì thn anexarths�a twn ri, pa�rnoumeZEn2 ef(")d" = ZEn2 nYi=1 exp(airi("))d" = nYi=1 ZEn2 exp(airi("))d"= nYi=1 
osh(ai):Pa�rnonta
 anaptÔgmata Taylor elègqoume thn anisìthta 
osh(x) � exp(x2=2),opìte sumpera�noume ìtiZEn2 ef(")d" � nYi=1 exp(a2i =2) = pe:Lìgw summetr�a
 isqÔei kai h R e�f(")d" � pe. Dhlad , ZEn2 j nXi=1 airi(")jkd"!1=k � �2pek!�1=k nXi=1 a2i!1=2 ;pou e�nai h dexi� anisìthta gia p = k, me Bk ' k. 'Estw p � 2. Jewr¸nta
 tonfusikì arijmì k = [p℄ + 1 kai thn anisìthta tou H�older blèpoume ìti ZEn2 j nXi=1 airi(")jpd"!1=p �  ZEn2 j nXi=1 airi(")jkd"!1=k� 
k nXi=1 a2i!1=2� 2
p nXi=1 a2i!1=2 :Autì shma�nei ìti Bp � 
p. Sumplhr¸noume thn apìdeixh de�qnonta
 thn arister anisìthta sthn per�ptwsh 1 � p < 2. Br�skoume � 2 (0; 1) tètoio ¸ste 2 =p� + 4(1� �), dhlad  � = 2=(4� p). Tìte, apì thn anisìthta tou H�older,ZEn2 jf(")j2d" = ZEn2 jf(")jp�jf(")j4(1��)d"�  ZEn2 jf(")jpd"!�  ZEn2 jf(")j4d"!1�� :Apì thn dexi� anisìthta (afoÔ B4 � (48pe)1=4 � 3),ZEn2 jf(")j2d" �  ZEn2 jf(")jpd"!� 31�� ZEn2 jf(")j2d"!2(1��) ;



53to opo�o ma
 d�nei3 12� 1p  ZEn2 jf(")j2d"!1=2 �  ZEn2 jf(")jpd"!1=p :'Ara, Ap � 3 12� 1p . 25.4 To je¸rhma kurtìthta
 tou M. Riesz'Estw T : Rn ! Rn grammikì
 telest 
. Sumbol�zoume me T kai ton p�naka(aij)i;j�n tou metasqhmatismoÔ, kaj¸
 kai th digrammik  morf  pou or�zetai apìautìn. Dhlad ,T (x; y) = hTx; yi = nXi;j=1 aijxiyj ; x = (xi); y = (yj) 2 Rn :Gr�foume akìma Xj = nXi=1 aijxi; Yi = nXj=1 aijyj ;opìte,(1) T (x; y) = nXj=1Xjyj = nXi=1 xiYi:Apì thn (1) kai thn anisìthta tou H�older sumpera�noume ìti(2) jT (x; y)j � kXkqkykq0 ; jT (x; y)j � kxkpkY kp0 ;ìpou X = (X1; : : : ; Xn) kai Y = (Y1; : : : ; Yn).Gia k�je 1 � p; q � 1, jètoume � = 1p kai � = 1q (sumfwnoÔme ìti 1=1 = 0).Or�zoume M(�; �) = maxfjT (x; y)j : kxkp � 1; kykq0 � 1g;ìpou q0 o suzug 
 ekjèth
 tou q (ki ed¸ sumfwnoÔme ìti oi 1 kai 1 e�nai suzuge�
ekjète
). Parathr ste ìti M(�; �) e�nai h mikrìterh stajer� gia thn opo�a(3) jT (x; y)j �M(�; �)kxkpkykq0gia k�je x; y 2 Rn .Me autìn to sumbolismì, to Je¸rhma kurtìthta
 tou M. Riesz diatup¸netai w
ex 
:



54Je¸rhma 5.4.1 H sun�rthsh M(�; �) e�nai logarijmik� kurt  sto tr�gwno � =f(�; �) : 0 � � � � � 1g.Me ton ìro {logarijmik� kurt } ennooÔme ìti: an (�1; �1) kai (�2; �2) e�nai dÔoshme�a tou �, kai an � 2 (0; 1), tìteM(��1 + (1� �)�2; ��1 + (1� �)�2) � [M(�1; �1)℄�[M(�2; �2)℄1��:Dhlad , h sun�rthsh logM e�nai kurt  sto �.Gia thn apìdeixh ja qrhsimopoi soume dÔo l mmata:L mma 5.4.1 H stajer� M =M(�; �) isoÔtai me(4) M = maxkxkp�1 kXkq = maxkykq0�1 kY kp0 :Epiplèon, an kxkp � 1, kykq0 � 1, kai jT (x; y)j =M , tìte, gia k�je i; j 2 f1; : : : ; ng,(5) jXj j =M jyj jq0�1; jYij =M jxijp�1Apìdeixh: Jètoume N = maxfkXkq : kxkp � 1g. Apì thn (2), an kxkp � 1 kaikykq0 � 1, èqoume jT (x; y)j � kXkq � N;�ra, M � N . Ant�strofa, an m�
 d¸soun x 2 Rn me kxkp � 1, mporoÔme nabroÔme y 2 Rn me kykq0 � 1 gia to opo�oT (x; y) = nXj=1Xjyj = kXkq:'Ara kXkq � M , kai afoÔ to x  tan tuqìn, N � M . Apode�xame ètsi thn pr¸thisìthta sthn (4), en¸ h deÔterh apodeiknÔetai me ton �dio akrib¸
 trìpo.Tèlo
, an jT (x; y)j =M , prèpei na isqÔei kxkp = kykq0 = 1 kai, tautìqrona,nXj=1Xjyj = kXkqkykq0 ; nXi=1 xiYi = kxkpkY kp0 :Gia na èqoume ìmw
 isìthta sthn anisìthta tou H�older, prèpei na up�rqoun 
; dtètoia ¸ste jXj jq = 
jyj jq0 ; j = 1; : : : ; nkai jxijp = djYijp0 ; i = 1; : : : ; n:Antikajist¸nta
 autè
 ti
 timè
 sti
 (4), kai qrhsimopoi¸nta
 to gegonì
 ìtikxkp = kykq0 = 1, blèpoume ìti 
 = M q kai d = M�p0 , ap� ìpou èpontai oi(5). 2



55L mma 5.4.2 M�a suneq 
 sun�rthsh f e�nai kurt  se èna di�sthma J = [a; b℄ ankai mìno an gia k�je upodi�sthma [w; z℄ tou J up�rqei toul�qiston èna � 2 (0; 1)gia to opo�o f(�w + (1� �)z) � �f(w) + (1� �)f(z):Apìdeixh: An h f e�nai kurt  sto J tìte gia k�je upodi�sthma [w; z℄ tou J kaigia k�je � 2 (0; 1), èqoumef(�w + (1� �)z) � �f(w) + (1� �)f(z):Ant�strofa t¸ra upojètoume ìti h f den e�nai kurt . Tìte, up�rqoun �0 2 (0; 1)kai a1; b1 2 J; a1 < b1, tètoia ¸stef(�0a1 + (1� �0)b1) > �0f(a1) + (1� �0)f(b1):Jètoume x0 = �0a1+(1� �0)b1. H f e�nai suneq 
 sto J , �ra up�rqei Æ > 0 tètoio¸ste gia k�je � 2 (�0 � Æ; �0 + Æ) na isqÔei(�) f(�a1 + (1� �)b1)) > �f(a1) + (1� �)f(b1):Or�zoume w = inffx = �a1 + (1� �)b1 : f(x) > �f(a1) + (1� �)f(b1)g;kai z = supfx = �a1 + (1� �)b1 : f(x) > �f(a1) + (1� �)f(b1)g:Tìte, a1 � w < z � b1 apì thn (�), an w = �0a1+(1��0)b1 kai z = �00a1+(1��00)b1èqoume f(w) = �0f(a1) + (1� �0)f(b1); f(z) = �00f(a1) + (1� �00)f(b1);kai gia k�je y = �a1 + (1� �)b1 2 [w; z℄ isqÔeif(y) > �f(a1) + (1� �)f(b1):Apì thn upìjesh ìmw
, up�rqei y = �w + (1� �)z = (��0 + (1� �)�00)a1 + (�(1��0) + (1� �)(1� �00))b1 2 [w; z℄ tètoio ¸stef(y) � �f(w)+(1��)f(z) = (��0+(1��)�00)f(a1)+(�(1��0)+(1��)(1��00))f(b1);to opo�o e�nai �topo. 2Apìdeixh tou jewr mato
: Pa�rnoume tuqìnta shme�a (�1; �1) kai (�2; �2) tou�, gr�foume M1 := M(�1; �1) kai M2 = M(�2; �2), kai (sÔmfwna me to L mma5.4.2), prospajoÔme na broÔme k�poio � 2 (0; 1) tètoio ¸ste, an jèsoume� = ��1 + (1� �)�2; � = ��1 + (1� �)�2; M =M(�; �);



56na isqÔei(6) M �M�1M1��2 :Gia to tuqìn � 2 (0; 1) (to opo�o telik� ja epilege� kat�llhla), br�skoume x; y 2 Rnme kxkp = kykq0 = 1, gia ta opo�a jT (x; y)j = M . An pi = 1=�i kai qi = 1=�i(i = 1; 2), to L mma 5.4.1 m�
 d�neiM  Xi jxij(p�1)p01!1=p01 =  Xi jYijp01!1=p01 �M10�Xj jyj jq011A1=q01 ;kai M 0�Xj jyj j(q0�1)q21A1=q2 = 0�Xj jXj jq21A1=q2 �M2 Xi jxijp2!1=p2 :Uy¸noume thn pr¸th anisìthta sth dÔnamh 1 � �, th deÔterh sth dÔnamh �, kaipollaplasi�zoume. 'Etsi, katal goume sthn(7) M  Xi jxij(p�1)p01!(1��)=p01 0�Xj jyj j(q0�1)q21A�=q2
�M1��1 M�2  Xi jxijp2!�=p2 0�Xj jyj jq011A(1��)=q01 :Gia na p�roume thn (6) apì thn (7), ja jèlame na apale�youme ta xi kai yj apì thn(7). Gia to skopì autì prospajoÔme na broÔme �; � 2 [0; 1℄ gia ta opo�ap2 = �(p� 1)p01 + (1� �)p; q01 = �(q0 � 1)q2 + (1� �)q0;ìpou p = 1=� kai q = 1=�. Oi exis¸sei
 autè
 èqoun lÔsh thn(8) � = �1� �� � p2p01 ; � = � �1� �� q01q2 ;den èqoume ìmw
 akìma epalhjeÔsei ìti aut� ta �; � br�skontai sto [0; 1℄. An to de-qtoÔme pro
 stigm , efarmìzonta
 thn anisìthta tou H�older, kai qrhsimopoi¸nta
to gegonì
 ìti kxkp = kykq0 = 1, pa�rnoumeXi jxijp2 �  Xi jxij(p�1)p01!� Xi jxijp!1�� =  Xi jxij(p�1)p01!� ;kai Xj jyj jq01 � 0�Xj jyj j(q0�1)q21A�0�Xj jyj jq01A1�� = 0�Xj jyj j(q0�1)q21A� :



57Qrhsimopoi¸nta
 autè
 ti
 ektim sei
, kaj¸
 kai ton orismì twn �; � sthn (8), apìthn (7) pa�rnoume thn (6).Ta �; � e�nai s�goura mh arnhtik�. Ja epilèxoume loipìn t¸ra to �, ètsi ¸stena mhn xepernoÔn to 1. Apì thn (8), h �; � � 1 e�nai isodÔnamh me thn(9) q01q2 � 1� �� � p01p2 :'Omw
 ta (�i; �i) an koun sto �, kai autì shma�nei ìti p1 � q1 (�ra, q01 � p01) kaip2 � q2. Epomènw
, q01q2 � p01p2 ;kai afoÔ to kl�sma (1� �)=� pa�rnei opoiad pote jetik  tim  kaj¸
 to � metab�l-letai sto (0; 1), up�rqei tim  tou � gia thn opo�a isqÔei h (9). Gi� aut n thn tim tou �, isqÔei h (6): M �M1��1 M�2 :H arqik  ma
 parat rhsh de�qnei ìti h logM e�nai kurt  sto �, kai h apìdeixh e�naipl rh
. 2'Opw
 parathr same sthn arq , M(�; �) e�nai h mikrìterh stajer� gia thnopo�a jT (x; y)j �M(�; �)kxkpkykq0 ;dhlad , sth gl¸sa twn telest¸n,M(�; �) = kT : `np ! `nq k;an qrhsimopoi soume to duðsmì metaxÔ twn `nq kai `nq0 . To je¸rhma tou M. Rieszèqei loipìn thn ex 
 eidik  morf .Je¸rhma 5.4.2 'Estw T : Rn ! Rn grammikì
 telest 
. Gia k�je 1 � p � 2or�zoume Mp = kT : `np ! `np0k. Tìte, an 1 � p1; p2 � 2 kai1p = 1� �p1 + �p2 ;èqoume Mp �M1��p1 M�p2 :Apìdeixh: AfoÔ 1 � p1; p2 � 2, èqoume p1 � p01 kai p2 � p02. Ep�sh
, o duðsmì
d�nei 1p0 = 1� �p01 + �p02 :MporoÔme loipìn na efarmìsoume to Je¸rhma 5.4.1. 2Gia thn ekt�mhsh th
 apìstash
 Bana
h-Mazur twn `np kai `nq sthn par�grafo5.2, qrhsimopoi same thn eidik  per�ptwshp1 = 1; p2 = 2; p 2 [1; 2℄tou Jewr mato
 5.4.2.
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Kef�laio 6To je¸rhma tou Gluskin: k�twfr�gma gia th di�metro
6.1 To Je¸rhma tou GluskinH ekt�mhsh diam(Bn) � n pou d�nei to Je¸rhma tou John moi�zei polÔ {eÔkolh} giana e�nai akrib 
. Ta parade�gmata pou e�dame sto prohgoÔmeno Kef�laio de�qnounìti gia {polÔ diaforetikoÔ
} q¸rou
 X kai Y (ìpw
 o `n1 kai o `n1), h apìstashd(X;Y ) den xepern�ei thn t�xh th
 pn kaj¸
 to n te�nei sto �peiro.'Omw
, o E.D. Gluskin [Gl1℄ apèdeixe ìti h swst  t�xh megèjou
 th
 diam(Bn)kaj¸
 to n te�nei sto �peiro, e�nai n. H akrib 
 diatÔpwsh tou Jewr mato
 touGluskin (to opo�o prok�lese meg�lh entÔpwsh), e�nai h ex 
:Je¸rhma 6.1.1 (Gluskin, 1981) Up�rqei apìluth stajer� 
 > 0 me thn ex 
idiìthta: Gia k�je n 2 N, up�rqoun q¸roi me nìrma E1; E2 di�stash
 n tètoioi¸ste gia k�je T 2 SL(n) na isqÔeikT : E1 ! E2k � 
pn ; kT�1 : E2 ! E1k � 
pn:'Ara, d(E1; E2) � 
2n.Autì pou prok�lese akìma megalÔterh entÔpwsh, e�nai h mèjodo
 apìdeixh
tou jewr mato
, h opo�a e�nai pijanojewrhtik : h Ôparxh twn E1; E2 exasfal�-zetai me jetik  pijanìthta mèsa apì m�a kl�sh zeugari¸n {tuqa�wn q¸rwn}. OGluskin je¸rhse q¸rou
 pou h monadia�a tou
 mp�la e�nai èna summetrikì kurtìs¸ma th
 morf 
 K = 
of�ei;�xj ; 1 � j � 2ng, ìpou feigi�n e�nai h sun jh
 or-jokanonik  b�sh tou Rn , kai ta xj ; j � 2n, e�nai 2n tuqa�a shme�a pou epilègontaianex�rthta sthn Eukle�deia monadia�a sfa�ra Sn�1, thn opo�a èqoume efodi�sei meto anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
 mètro pijanìthta
 �. Sthn59



60par�grafo 6.2 perigr�foume aut n thn kl�sh, kai ti
 gewmetrikè
 idiìthte
 th
monadia�a
 mp�la
 aut¸n twn q¸rwn.An (Xn; Yn) e�nai èna zeug�ri anex�rthtwn {q¸rwn Gluskin}, mporoÔme na de�-xoume ìti h pijanìthtaProbf(Xn; Yn) : kTkXn!YnkT�1kYn!Xn � 
nge�nai ekjetik� mikr , omoiìmorfa w
 pro
 T 2 SL(n). Sundu�zonta
 autì todedomèno me akribe�
 ektim sei
 gia ton plhj�rijmo "-diktÔwn se kat�llhlou
 q¸-rou
 telest¸n, blèpoume ìti gia ta {perissìtera} zeug�ria (Xn; Yn), h anisìthtakTkXn!YnkT�1kYn!Xn � 
n isqÔei gia èna arket� leptì d�ktuo sthn SL(n). 'Enatupikì epiqe�rhma, to opo�o ìmw
 kaj�statai dunatì q�rh sthn akr�beia twn parap�-nw ektim sewn, m�
 epitrèpei na per�soume apì to d�ktuo ston tuqìnta T 2 SL(n),k�ti pou de�qnei ìti d(Xn; Yn) � 
0n me 
0 = 
=2. H akrib 
 diatÔpwsh kai apìdeixhtwn parap�nw d�netai sti
 paragr�fou
 6.3 kai 6.4.6.2 Tuqa�oi q¸roiStajeropoioÔme m�a orjokanonik  b�sh fe1; : : : ; eng tou Rn . Me Sn�1 sumbol�zou-me thn Eukle�deia monadia�a sfa�ra, kai me � to anallo�wto w
 pro
 orjog¸niou
metasqhmatismoÔ
 mètro pijanìthta
 sthn Sn�1.Gia k�je m 2 N jètoumeAm = Sn�1 � : : :� Sn�1 = f(x1; : : : ; xm) : xi 2 Sn�1g;to sÔnolo twn m-�dwn apì monadia�a dianÔsmata. An x = (x1; : : : ; xm) 2 Am,or�zoume ènan q¸ro me nìrma Ex = (Rn ; k � kx), pa�rnonta
 san monadia�a toump�la to summetrikì kurtì s¸maKx = 
o f�ei;�xj : 1 � i � n; 1 � j � mg :Parathr ste ìti to Kx èqei mh kenì eswterikì giat� perièqei th monadia�a mp�la
of�ei : 1 � i � ng tou `n1 . Piì sugkekrimèna, h anisìthta(�) kxk1 � pnjxj; x 2 Rnexasfal�zei to ex 
:L mma 6.2.1 Gia k�je x 2 Am, isqÔei Kx � 1pnBn2 .Apìdeixh: Apì thn (�) èpetai ìti1pnBn2 � Bn1 = 
of�e1; : : : ;�eng � Kx: 2



61To Kx perièqei th mp�la akt�na
 1=pn, kai èqei korufè
 polÔ apomakrusmè-ne
 apì aut n: ta �ei;�xj e�nai se apìstash �sh me 1 apì to o. Oi korufè
dhmiourgoÔn {ak�de
}: autè
 pou antistoiqoÔn sta ei e�nai summetrik� topojeth-mène
, autè
 ìmw
 pou antistoiqoÔn sthn tuqa�a epilog  twn xj e�nai akat�statadiaskorpismène
 ston Rn . Ja doÔme ìti an to m den e�nai meg�lo, tìte o ìgko
tou Kx den e�nai polÔ megalÔtero
 apì autìn th
 1pnBn2 . Gia thn apìdeixh aut 
th
 ekt�mhsh
 qreiazìmaste to Je¸rhma tou Karajeodwr :L mma 6.2.2 An A � Rn kai x 2 
o(A), tìte to x e�nai kurtì
 sundiasmì
 gram-mik� anex�rthtwn shme�wn tou A. Eidikìtera, to x e�nai kurtì
 sundiasmì
 to polÔn+ 1 shme�wn tou A.Apìdeixh: To shme�o x 2 
o(A) gr�fetaix = kXi=1 �ixi; xi 2 A; �i > 0; kXi=1 �i = 1gia k�poio k 2 N, pou e�nai to mikrìtero dunatì. Upojètoume ìti ta x1; : : : ; xke�nai aÆnely exarthmèna. Tìte up�rqoun a1; : : : ; ak 2 Rn , ìqi ìla mhdèn, mekXi=1 aixi = o ��� kXi=1 ai = 0:Dialègoume m ton el�qisto fusikì gia ton opo�o to �m=am e�nai jetikì (parath-r ste ìti ta �i e�nai jetik� kai toul�qiston èna apì ta ai e�nai jetikì). Tìte, sthnkurt  anapar�stash x = kXi=1 ��i � �mam ai�xiìloi oi suntelestè
 e�nai mh arnhtiko� kai toul�qiston èna
 apì autoÔ
 e�nai mhdèn.Autì èrqetai se ant�jesh me to ìti to k e�nai to mikrìtero dunatì. 'Ara ta x1; : : : ; xke�nai aÆnely anex�rthta, ap� ìpou èpetai ìti k � n+ 1. 2L mma 6.2.3 Gia k�je x 2 Am, isqÔeijKxj � �2e2m+ nn2 �n :Apìdeixh: 'Estw x 2 Am, kai B(x) = f�ei;�xjg. Gia k�je fy1; : : : ; yng � B(x),jewroÔme to simplex S(y1; : : : ; yn) = 
ofo; y1; : : : ; yng:Tìte,(1) Kx �W :=[S(y1; : : : ; yn):



62Gia thn apìdeixh th
 (1) skeftìmaste w
 ex 
: An z 2 Kx, jewroÔme thn hmieuje�-a pou xekin�ei apì to o kai pern�ei apì to z (mporoÔme bèbaia na upojèsoume ìtiz 6= o). Aut  tèmnei to sÔnoro tou Kx se k�poio shme�o b(z). To b(z) an kei se k�-poia èdra F (Kx; z) tou Kx, kai oi korufè
 th
 F (Kx; z) e�nai stoiqe�a tou B(x). HF (Kx; z) e�nai (n�1)-di�stath, opìte to Je¸rhma tou Karajeodwr  m�
 exasfal�-zei ìti to b(z) e�nai kurtì
 sunduasmì
 k�poiwn y1(z); : : : ; yn(z) 2 B(x)\F (Kx; z).To z e�nai kurtì
 sunduasmì
 twn o kai b(z), �ra z 2 S(y1(z); : : : ; yn(z)) �W .Apì thn (1) sumpera�noume ìti(2) jKxj �X jS(y1; : : : ; yn)j;ìpou to �jroisma e�nai p�nw apì ìla ta dunat� fy1; : : : ; yng � B(x). K�je sim-plex S(y1; : : : ; yn) e�nai grammik  eikìna tou {kanonikoÔ} simplex S(e1; : : : ; en) =
ofo; e1; : : : ; eng mèsw tou T : Rn ! Rn pou or�zetai apì ti
 T (ei) = yi, i =1; : : : ; n. Epomènw
,(3) jS(y1; : : : ; yn)j = jdetT j � jS(e1; : : : ; en)j:Me epagwg  w
 pro
 th di�stash, eÔkola blèpoume ìti(4) jS(e1; : : : ; en)j = 1n! ;en¸ h anisìthta tou Hadamard m�
 exasfal�zei ìti(5) jdetT j = jdet(y1; : : : ; yn)j � nYi=1 jyij = 1:[H jdet(y1; : : : yn)j d�nei ton ìgko enì
 parallhlepipèdou me akmè
 jyij, h megalÔterhloipìn tim  pou mpore� na p�rei e�nai ìtan to parallhlep�pedo e�nai orjog¸nio,dhlad  ìtan ta yi e�nai orjog¸nia, opìte e�nai �sh me to ginìmeno twn akm¸n jyij.℄Tèlo
, to pl jo
 twn fy1; : : : ; yng � B(x) e�nai �so me �2(m+n)n �, kai o tÔpo
tou Stirling de�qnei ìti(6) �2(m+ n)n � � [2(m+ n)℄2(m+n)nn(2m+ n)2m+n = �2(m+ n)n �n�1 + n2m+ n�2m+n� �2e(m+ n)n �n :Epistrèfonta
 sthn (2), kai sundu�zonta
 ti
 (3)-(6), blèpoume ìtijKxj � �2e(m+ n)n �n 1n! � �2e2(m+ n)n2 �n : 2Qrhsimopoi¸nta
 ta dÔo l mmata kai to gegonì
 ìti o ìgko
 th
 Bn2 isoÔtaime jBn2 j = �n=2�(n2 + 1) � � 
pn�nìpou 
 > 0 apìluth stajer�, katal goume sthn ex 
 perigraf  twn swm�twn Kx:



63Je¸rhma 6.2.1 Up�rqei apìluth stajer� C > 0 me thn idiìthta: Gia k�jem 2 Nkai k�je x 2 Am, èqoume Kx � 1pnBn2 kai jKxjj 1pnBn2 j!1=n � Cmaxfm;ngn :Apìdeixh: O egkleismì
 apode�qjhke sto L mma 6.2.1. Apì to L mma 6.2.3 èpetaiìti jKxjj 1pnBn2 j � nn=2�pn
 �n�2e2(m+ n)n2 �n� �4e2maxfm;ng
n �n ;ap� ìpou èpetai to zhtoÔmeno, me C = 4e2=
. [H tim  th
 
 e�nai asumptwtik� (w
pro
 n) �sh me (2e�)1=2, opìte, gia meg�la n mporoÔme na p�roume C � 10℄. 26.3 Stajerì
 Ey kai tuqa�o
 ExStajeropoioÔme pr¸ta y 2 Am kai T 2 SL(n). ProspajoÔme na ektim soume thnkT : Ex ! Eyk kaj¸
 to x diatrèqei to Am. Ja doÔme ìti {me meg�lh pijanìthta},h nìrma tou T e�nai meg�lh.L mma 6.3.1 An � = (3e3=�)1=2, tìte gia k�je 0 < � < 1 èqoumeProb�x 2 Am : kT : Ex ! Eyk � � n3=2�(m+ n)� � �mn:Apìdeixh: Jètoume r = �n3=2�(m+n) . H kT : Ex ! Eyk � r e�nai isodÔnamh me thnT (Kx) � rKy, kai afoÔ xj 2 Kx, j = 1; : : : ;m, sumpera�noume ìtiProb�x 2 Am : kT : Ex ! Eyk � r� � Prob�x 2 Am : T (xj) 2 rKy; j � m�:'Omw
 ta xj epilègontai anex�rthta apì thn Sn�1. 'Ara,Prob�x 2 Am : kT : Ex ! Eyk � r� � �Prob �x 2 Sn�1 : kTxkEy � r��m= ��(rT�1(Ky) \ Sn�1)�m:To T�1(rKy) e�nai summetrikì kurtì s¸ma. Eidikìtera, to o e�nai eswterikì toushme�o. An jèsoumeW = fw = rz : 0 � r � 1; z 2 Sn�1 \ T�1(rKy)g;



64tìte �(rT�1(Ky) \ Sn�1) = jW jjBn2 j � jT�1(rKy)jjBn2 j ;afoÔ, lìgw kurtìthta
, W � T�1(rKy). 'Eqoume jdetT j = 1, epomènw
 to L mma6.2.3 kai h epilog  tou � m�
 exasfal�zoun ìtijT�1(rKy)jjBn2 j = rn jKyjjBn2 j� rn �2e2m+ nn2 �n �(n2 + 1)�n=2� �n:Sundu�zonta
 ta parap�nw, blèpoume ìtiProb�x 2 Am : kT : Ex ! Eyk � � n3=2�(m+ n)� � �mn: 2Skopì
 ma
 e�nai na broÔme q¸rou
 Ex kai Ey me thn idiìthta:{Gia k�je T 2 SL(n), kT : Ex ! Eyk � 
pn.}Krat�me ton Ey stajerì. AfoÔ ei 2 Kx, i = 1; : : : ; n gia k�je x 2 Am, èqoumekT : Ex ! Eyk � maxi�n kTeikEy ;dhlad , o skopì
 ma
 exuphrete�tai (gia k�je x 2 Am) apì k�je telest  T : Rn !Rn gi� ton opo�o maxi�n kTeikEy > pn:M�
 endiafèrei loipìn to mègejo
 tou {kakoÔ} sunìlouMy = �T 2 SL(n) : kTeikEy � pn; i = 1; : : : ; n�:Orismì
 An " > 0 kai K e�nai èna uposÔnolo enì
 q¸rou me nìrma X , tìte toL � K lègetai "-d�ktuo gia to K an gia k�je x 2 K up�rqei y 2 L me thn idiìthtakx� yk < ".Sto epìmeno l mma, d�noume ekt�mhsh gia ton plhj�rijmo enì
 "-diktÔou giato My w
 pro
 th nìrma k� : `n2 ! `n2k.L mma 6.3.2 'Estw y 2 Am, kai to sÔnoloMy pou or�sthke parap�nw. Gia k�je" > 0 up�rqei "-d�ktuo Ny(") � My tou My w
 pro
 thn k� : `n2 ! `n2k, meplhj�rijmo jNy(")j � �
m+ nn" �n2 ;ìpou 
 > 0 apìluth stajer�.



65Apìdeixh: Taut�zoume ton T : Rn ! Rn me thn akolouj�a (xi)i�n 2 (Rn )n, ìpouxi = Tei. Tìte,My � �(xi) 2 (Rn )n : jdet(x1; : : : ; xn)j = 1; xi 2 pnKy; i = 1; : : : ; n�:Sumbol�zoume me k � k1 th nìrma pou ep�getai ston (Rn )n apì thn k� : `n2 ! `n2k,kai me U1 thn ant�stoiqh monadia�a mp�la.Isqurismì
: IsqÔei o egkleismì
U1 � �(xi) 2 (Rn )n : xi 2 pnKy; i = 1; : : : ; n	 = (pnKy)n:Apìdeixh: 'Eqoume Ky � Bn1 � 1pnBn2 , �rakwkEy � pnjwjgia k�je w 2 Rn . 'Estw (xi) 2 U1, dhlad  k(xi)k1 � 1. Up�rqei T : Rn ! Rn mekT : `n2 ! `n2k � 1, gia ton opo�o xi = Tei, i = 1; : : : ; n. Tìte,kxikEy = kTeikEy � pnjTeij � pnkT : `n2 ! `n2k jeij � pn;gia k�je i = 1; : : : ; n. Dhlad , xi 2 pnKy, i = 1; : : : ; n. 2'Estw " > 0. JewroÔme Ny(") � My megistikì w
 pro
 thn idiìthta: An w 6= w0sto Ny("), tìte kw�w0k1 � ".AfoÔ to Ny(") e�nai megistikì w
 pro
 aut n thn idiìthta, to Ny(") e�nai "-d�ktuo. Dhlad , My � [w2Ny(")(w + U1):Ep�sh
, apì ton trìpo orismoÔ tou, to Ny(") èqei ti
 ex 
 dÔo idiìthte
:(a) Ta w + "2U1 èqoun xèna eswterik�, giat� kw�w0k1 � " an w 6= w0.(b) Ta w+ "2U1 perièqontai sto (1+ "2 )(pnKy)n. Pr�gmati, afoÔ ta U1 kaiMy perièqontai sto (pnKy)n, gia k�je w 2 Ny(") èqoumew + "2U1 �My + "2U1 � (1 + "2)(pnKy)n:Jètoume N = 
ard(Ny(")). Apì to (b) èqoume����[w (w + "2U1)����n2 � �����1 + "2� (pnKy)n����n2 ;kai qrhsimopoi¸nta
 to (a) blèpoume ìtiN �"2�n2 jU1jn2 � �1 + "2�n2 jpnKyjnn:



66Apì to L mma 6.2.3, jKyjn � �2e2m+ nn2 �n ;opìte, an upojèsoume epiplèon ìti " < 1, pa�rnoumeN � 1jU1jn2 �1 + 2"�n2 �2e2m+ nn3=2 �n2 � 1jU1jn2 �6e2m+ nn3=2" �n2 :Sto L mma pou akolouje�, ja de�xoume ìtijU1jn2 � � 
1pn�n2ìpou 
1 > 0 apìluth stajer�, ap� ìpou èpetai to zhtoÔmeno. 2L mma 6.3.3 Up�rqei apìluth stajer� 
1 > 0 tètoia ¸stejU1jn2 � � 
1pn�n2 :Apìdeixh: JewroÔme thn Eukle�deia monadia�a mp�la U2 tou Rn2 , th monadia�asfa�ra S, kai to anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
 mètro pija-nìthta
 � sthn S. E�nai gnwstì ìtijU2jn2 = �n2=2�(n22 + 1) ;kai an gr�youme ton ìgko th
 U1 se polikè
 suntetagmène
, katal goume sthnjU1jn2 = jU2jn2 ZS k(xi)k�n21 �(d(xi)):Apì thn anisìthta tou H�older,1 = ZS k(xi)k1k(xi)k�11 d� � �ZS k(xi)k21d��1=2�ZS k(xi)k�21 d��1=2� �ZS k(xi)k21d��1=2 �ZS k(xi)k�n21 d��1=n2 :'Ara, jU1j1=n2n2 � jU2j1=n2n2�RS k(xi)k21d��1=2 � 
n �RS k(xi)k21d��1=2 :



67Isqurismì
: IsqÔei h anisìthta�ZS k(xi)k21d��1=2 � 
2pn:Apìdeixh: JewroÔme m�a akolouj�a fgijg apì anex�rthte
 standard Gaussiantuqa�e
 metablhtè
 se ènan q¸ro pijanìthta
 
. Tìte, jètonta
 m = n2 kaipa�rnonta
 polikè
 suntetagmène
, èqoumeZ
 k(gij(!))k21d! = 1(2�)m=2 ZRm k(xi)k21e�k(xi)k21=2�(d(xi))= mjBm2 j(2�)m=2 ZS Z 10 rm�1k(rxi)k21e�r2=2dr�(d(xi))= m ZS k(xi)k21�(d(xi)):Arke� loipìn na de�xoume ìtiZ
 k(gij(!))k21d! � 
22n:ParathroÔme pr¸ta ìti gia k�je T : `n2 ! `n2 up�rqei y 2 Rn me jyj = 1, tètoio¸ste: gia k�je x 2 Rn , jhy; xij � kTk � jTxj:Pr�gmati, up�rqei z 2 Rn me jzj = 1 gia to opo�o jT �zj = kT �k = kTk. Tìte, anp�roume y = T �z=kTk, èqoume jyj = 1 kaijhy; xij � kTk = jhT �z; xij = jhz; Txij � jTxjgia k�je x 2 Rn .Gia k�je ! 2 
, jewroÔme ton T! : `n2 ! `n2 me T!ej = (gij(!)), kai me b�shthn prohgoÔmenh parat rhsh epilègoume y! tètoio ¸stejhy!; xij � kT!k � jT!xjgia k�je x 2 Rn . Tìte,Z
 ZSn�1 exp �ajT!xj2��(dx)d! � Z
 ZSn�1 exp �ahy!; xi2kT!k2��(dx)d!= Z
 ZSn�1 exp �ahe1; xi2kT!k2��(dx)d!� � �x : he1; xi2 � 1=2�Z
 exp�a2kT!k2� d!� 4�n Z
 exp�a2kT!k2� d!� 4�n exp�Z
 a2kT!k2d!� :



68Qrhsimopoi same kat� seir� to gegonì
 ìti to � e�nai anallo�wto w
 pro
 orjo-g¸niou
 metasqhmatismoÔ
 (epomènw
 mporoÔme na antikatast soume to y! me toe1 sthn olokl rwsh p�nw sthn Sn�1), to gegonì
 ìti �(x : he1; xi2 � 1=2) � 4�n,kai thn kurtìthta th
 ekjetik 
 sun�rthsh
 (anisìthta tou Jensen). Telik�,(�) exp�Z
 a2kT!k2d!� � 4n Z
 ZSn�1 exp �ajT!xj2��(dx)d!:Apì thn �llh pleur�, an upojèsoume ìti 0 < a < 1=2, tìteZ
 ZSn�1 exp �ajT!xj2��(dx)d! = Z
 ZSn�1 exp0�aXi (Xj gij(!)xj)21A�(dx)d!= ZSn�10�Z
 exp0�aXi (Xj gij(!)xj)21A d!1A�(dx);kai afoÔ hPj gijxj akolouje� thn �dia katanom  me thn gii gia k�je x 2 Sn�1, kaioi gii e�nai anex�rthte
, to teleuta�o olokl rwma isoÔtai meZSn�1 Z
 exp aXi g2ii(!)! d!�(dx) = Z
 exp aXi g2ii(!)! d!= �Z
 exp(ag211(!))d!�n= � 1p1� 2a�n :Dhlad ,(��) Z
 ZSn�1 exp �ajT!xj2��(dx)d! = � 1p1� 2a�n :Sundu�zonta
 ti
 (�) kai (��) pa�rnoumeexp�Z
 a2k(gij(!))k21d!� � � 4p1� 2a�n ;ap� ìpou èpetai ìtiZ
 k(gij(!))k21 � �2a log 4p1� 2a�n =: 
22n:Autì apodeiknÔei ton isqurismì. 2E�nai t¸ra fanerì ìtijU1j1=n2n2 � 
n �RS k(xi)k21d��1=2 � 
=n
2=pn = 
1pn;kai h apìdeixh tou l mmato
 e�nai pl rh
. 2



696.4 K�tw fr�gma gia th di�metroE�maste t¸ra se jèsh na d¸soume thn akrib  diatÔpwsh kai thn apìdeixh touJewr mato
 tou Gluskin:Je¸rhma 6.4.1 Anm = 2n, tìte me meg�lh pijanìthta w
 pro
 (x;y) 2 Am�AmisqÔei to ex 
: Gia k�je T 2 SL(n),kT : Ex ! Eyk � 
pn; kT : Ey ! Exk � 
pnìpou 
 > 0 apìluth stajer�.Apìdeixh: JewroÔme r; " > 0 ta opo�a ja epilegoÔn kat�llhla, stajeropoioÔmey 2 A2n, kai or�zoumeLy = �x 2 A2n j 9T 2 SL(n) : kT : Ex ! Eyk < (r � ")pn�:Apì to L mma 6.3.2, an 0 < " < 1, up�rqei "-d�ktuo Ny(") = fT1; : : : ; TNg touMyme N � �3
" �n2 ;ìpou 
 > 0 apìluth stajer�. 'Estw x 2 Ly. Up�rqei T 2 SL(n) gia ton opo�okT : Ex ! Eyk < (r � ")pn:An r � " � 1, tìte T 2 My, epomènw
 up�rqei k 2 f1; : : : ; Ng tètoio
 ¸stekTk � T : `n2 ! `n2k � ":'Omw
, gia k�je S 2 L(Rn ),kSwkEy � pnjSwj � pnkS : `n2 ! `n2k jwj� pnkS : `n2 ! `n2k kwkExgia k�je x;y 2 A2n kai w 2 Rn . 'Ara, jètonta
 S = Tk � T , pa�rnoumekTk � T : Ex ! Eyk � "pn;kai, apì thn trigwnik  anisìthta,kTk : Ex ! Eyk � rpn:Dhlad , isqÔei to ex 
:L mma 6.4.1 An x 2 Ly, tìte up�rqei k 2 f1; : : : ; Ng gia to opo�okTk : Ex ! Eyk � rpn: 2



70'Amesh sunèpeia tou L mmato
 e�nai ìtiProb(Ly) � NXk=1Prob(x 2 A2n : kTk : Ex ! Eyk � rpn):Erqìmaste t¸ra sto L mma 6.3.1, kai or�zoume to r apì thn�pn3� = rpn;dhlad  r = �=3�. 'Opoio ki an e�nai to � 2 (0; 1), èqoumeProb(Ly) � N�2n2 � �3
�2" �n2 :Epilègoume t¸ra to � ètsi ¸ster � " = �3� � " � 1kai 3
�2" < 12 :Oi dÔo autè
 anisìthte
 sumbib�zontai an " = �=6� kai to � e�nai arket� mikrì.Giat� tìte r � " = �6� � 1 (jumhje�te ìti � = (3e3=�)1=2 > 1), kai me aut n thnepilog  tou ", 3
�2" = 18
��, to opo�o mpore� na g�nei mikrìtero apì 1=2 an to �e�nai mikrì (oi 
 kai � e�nai apìlute
 jetikè
 stajerè
). 'Eqoume loipìn apode�xeito ex 
:L mma 6.4.2 Up�rqei 
 > 0 apìluth stajer�, me thn idiìthta: Gia k�je y 2 Ly,Prob(Ly) � �12�n2 ;ìpou Ly = �x 2 A2n j 9T 2 SL(n) : kT : Ex ! Eyk < 
pn�: 2JewroÔme t¸ra ton q¸ro pijanìthta
 A2n �A2n, kai to endeqìmenoG = �(x;y) : x 2 Ly	 [ f(x;y) : y 2 Lxg:E�nai fanerì ìti Prob(G) = ZA2n ZA2n �G(x; y)dxdy� 2 ZA2n Prob(Ly)d(y)< 2�12�n2 :



71'Ara up�rqoun (me meg�lh m�lista pijanìthta) x;y 2 A2n me thn idiìthta: Giak�je T 2 SL(n),kT : Ex ! Eyk � 
pn; kT : Ey ! Exk � 
pn:H apìdeixh tou Jewr mato
 e�nai pl rh
. 2'Amesh sunèpeia tou Jewr mato
 e�nai to ìti h di�metro
 tou Bana
h-Mazur
ompa
tum e�nai megalÔterh   �sh tou 
2n:Je¸rhma 6.4.2 Up�rqei 
 > 0 apìluth stajer� me thn ex 
 idiìthta: Gia k�jen 2 N mporoÔme na broÔme n-di�statou
 q¸rou
 me nìrma E1 kai E2 tètoiou
 ¸sted(E1; E2) � 
2n:Apìdeixh: JewroÔme x;y 2 A2n ìpw
 sto Je¸rhma 6.4.1, kai or�zoume E1 = Ex,E2 = Ey. An T 2 SL(n), tìte kai o T�1 2 SL(n). 'Ara,kT : E1 ! E2k � kT�1 : E2 ! E1k � [
pn℄2 = 
2n;ìpou 
 > 0 h stajer� tou Jewr mato
 6.4.1. 2H ekt�mhsh tou Gluskin kai to Je¸rhma tou John d�noun oristik  ap�nthshsto prìblhm� ma
. H di�metro
 tou Bana
h-Mazur 
ompa
tum e�nai th
 t�xh
 toun: 
2n � max�d(X;Y ) : dimX = dimY = n	 � n:
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Kef�laio 7Apìstash Bana
h-Mazur apìton kÔbo
7.1 To prìblhmaTo prìblhma pou ja m�
 apasqol sei se autì to Kef�laio paramènei anoiktì kaiafor� thn t�xh megèjou
 th
 megalÔterh
 dunat 
 apìstash
 Bana
h-Mazur apìton `n1. Or�zoume Rn1 = maxfd(X; `n1) : dimX = ng:Apì to Je¸rhma tou John kai thn pollaplasiastik  trigwnik  anisìthta gia thnd blèpoume ìti Rn1 � n, en¸ sto Kef�laio 5 e�dame ìti d(`n1; `n2 ) = pn. 'Ara,pn � Rn1 � n. To er¸thma na prosdioriste� h asumptwtik  sumperifor� th
 Rn1,kaj¸
 to n te�nei sto �peiro, tèjhke apì ton A. Pel
zynski [P℄.O S.J. Szarek [Sz.1℄, qrhsimopoi¸nta
 tuqa�ou
 q¸rou
 parìmoiou
 me tou
q¸rou
 tou Gluskin pou suzht same sto Kef�laio 6, èdeixe ìti Rn1 � 
pn logn.Dhlad , h Rn1 èqei t�xh megèjou
 gn sia megalÔterh apì pn (o `n1 den e�nai{asumptwtikì kèntro} tou Bana
h{Mazur 
ompa
tum).Apì thn �llh pleur�, oi J. Bourgain kai S.J. Szarek [BS℄ apèdeixan ìti Rn1 =o(n), kai argìtera, oi S.J. Szarek kai M. Talagrand [ST℄ èdwsan to kalÔtero �nwfr�gma Rn1 � 
n7=8. Skopì
 ma
 e�nai na d¸soume pl rh apìdeixh tou ex 
 apo-telèsmato
:Je¸rhma [Gi℄ Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste: gia k�je n 2 N,Rn1 � 
n5=6:Merikè
 parathr sei
 prin thn apìdeixh. Lìgw duðsmoÔ, an or�soume Rn1 =maxfd(X; `n1 ) : dimX = ng, isqÔei Rn1 = Rn1 :73



74Ja prospaj soume loipìn na fr�xoume thn d(X; `n1 ), ìpou X tuq¸n n-di�stato
q¸ro
 me nìrma. Apì ton orismì th
 apìstash
 Bana
h-Mazur, mporoÔme sth jèshtou X na p�roume opoiond pote q¸ro Y pou e�nai isometrik� isìmorfo
 me ton X .Ja upojèsoume loipìn, qwr�
 periorismì th
 genikìthta
, ìti X = (Rn ; k � k), kaiìti to elleiyoeidè
 el�qistou ìgkou pou perièqei th monadia�a mp�la BX tou Xe�nai h Eukle�deia monadia�a mp�la Bn2 .Skopì
 ma
 e�nai na broÔme n dianÔsmata u1; : : : ; un 2 Rn tètoia ¸ste: giak�je t1; : : : ; tn 2 R, 1
n5=6 nXi=1 jtij � 

 nXi=1 tiui

 � nXi=1 jtij:Giat� tìte, an or�soume T : `n1 ! X me Tei = ui ìpou ei h sun jh
 orjokanonik b�sh tou Rn , èqoume kTk � 1 kai kT�1k � 
n5=6, dhlad d(X; `n1 ) � kTk � kT�1k � 
n5=6:Ta basik� ergale�a pou ja odhg soun sthn apìdeixh tou jewr mato
 e�nai: ènaL mma tÔpou Dvoretzky-Rogers gia thn katanom  twn shme�wn epaf 
 th
 BX kaith
 Bn2 pou ofe�letai stou
 Szarek kai Talagrand, kai èna sunduastikì L mma twnSauer kai Shelah. Ta dÔo aut� apotelèsmata anaptÔssontai sti
 epìmene
 dÔo pa-ragr�fou
, en¸ to basikì epiqe�rhma pou ja m�
 d¸sei to Je¸rhma parousi�zetaisthn Par�grafo 7.4.7.2 To l mma twn Szarek kai TalagrandAfethr�a ma
 e�nai to je¸rhma tou John gia thn anapar�stash th
 tautotik 
apeikìnish
 mèsw shme�wn epaf 
 enì
 summetrikoÔ kurtoÔ s¸mato
 pou èqei thnEukle�deia monadia�a mp�la Bn2 san elleiyoeidè
 el�qistou ìgkou.Je¸rhma 7.2.1 An h Bn2 e�nai to elleiyoeidè
 el�qistou   mègistou ìgkou tou K,tìte up�rqoun shme�a epaf 
 u1; : : : ; um twn K kai Bn2 , kai jetiko� pragmatiko�arijmo� �1; : : : ; �m tètoioi ¸ste x = mXj=1 �jhx; ujiujgia k�je x 2 Rn .Parathr sei
 Sto Kef�laio 4 e�dame ìti apì to Je¸rhma 7.2.1 èpetai to ex 
:Gia k�je x 2 Rn , jxj2 = hx; xi = mXj=1 �jhx; uji2:



75To Je¸rhma 7.2.1 ma
 lèei me m�a ènnoia ìti up�rqoun poll� shme�a epaf 
an�mesa se èna summetrikì kurtì s¸ma kai to elleiyoeidè
 el�qistou ìgkou tou.Ena
 trìpo
 posotik 
 perigraf 
 autoÔ tou isqurismoÔ e�nai o ex 
:Prìtash 7.2.1 An h Bn2 e�nai to elleiyoeidè
 el�qistou   mègistou ìgkou tou K,tìte gia k�je T 2 L(Rn ;Rn ) up�rqei shme�o epaf 
 twn K kai Bn2 me thn idiìthta:hu; Tui � trTn :Apìdeixh: Apì to Je¸rhma 7.2.1, an T 2 L(Rn ;Rn ) tìtetrT = hT; Ii = mXj=1 �jhT; uj 
 uji:Pa�rnonta
 up� ìyin kai thn P�j = n, sumpera�noume ìti up�rqei u an�mesa stauj me thn idiìthta hu; Tui = hT; u
 ui � trTn : 2Oi Dvoretzky kai Rogers èdeixan akrib  apotelèsmata gi� thn katanom  twnshme�wn epaf 
 sthn epif�neia tou elleiyoeidoÔ
 mègistou ìgkou. Ola tou
 ekfr�-zoun me ton èna   ton �llo trìpo thn arq  ìti, an kai oi nìrme
 j � j kai k � k mpore�na diafèroun w
 kai pn gi� k�poia x, up�rqoun pollè
 kai {arket� orjog¸nie
}dieujÔnsei
 sti
 opo�e
 oi dÔo nìrme
 sugkr�nontai kal�:Prìtash 7.2.2 An Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K, up�rqei orjo-kanonik  akolouj�a y1; : : : ; yn ston Rn tètoia ¸ste�n� i+ 1n �1=2 � kyikK � jyij = 1 ; i = 1; : : : ; n:Apìdeixh: Or�zoume ta yi epagwgik�. San y1 mporoÔme na p�roume opoiod poteshme�o epaf 
 twn K kai Bn2 . A
 upojèsoume ìti èqoun epilege� ta y1; : : : ; yi�1.Jètoume Fi = spanfy1; : : : ; yi�1g. Tìte, tr(PF?i ) = n� i+1, kai apì thn Prìtash7.2.1 up�rqei shme�o epaf 
 ui tètoio ¸stejPF?i uij2 = hui; PF?i uii � n� i+ 1n :Epetai ìti kPFiuikK � jPFiuij � p(i� 1)=n. Or�zoume yi = PF?i ui=jPF?i uij.Tìte, 1 = jyij � kyikK � jhui; yiij = jPF?i uij � �n� i+ 1n �1=2 : 2



76Pìrisma 7.2.1 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K.An k = [n=2℄ + 1, mporoÔme na broÔme orjokanonik� dianÔsmata y1; : : : ; yk tètoia¸ste 12 � kyjk � 1 ; j = 1; : : : ; k: 2Oi Szarek kai Talagrand [ST℄ qrhsimopo�hsan thn anapar�stash th
 tautotik 
apeikìnish
 me diaforetikì trìpo, kai apèdeixan èna �llo {L mma tÔpou Dvoretzky-Rogers}:Prìtash 7.2.3 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 el�qistou ìgkou tou K.Gia k�je " 2 (0; 1), mporoÔme na broÔme k � (1� ")n kai shme�a epaf 
 y1; : : : ; yktwn K kai Bn2 , me thn ex 
 idiìthta: An j 2 f1; : : : ; kg kai Fj = spanfyi : i 6= jg,tìte jPF?j (yj)j � p"; j = 1; : : : ; k:Apìdeixh: 'Estw k � n. Apì to Je¸rhma 7.2.1, mporoÔme na broÔme shme�aepaf 
 x1; : : : ; xm twn K kai Bn2 , kai �1; : : : ; �m > 0, tètoia ¸stex = mXj=1 �jhx; xjixj ; x 2 Rn :Apì ìle
 ti
 k-�de
 pou mporoÔme na epilèxoume mèsa apì to fx1; : : : ; xmg, epi-lègoume eke�na ta y1; : : : ; yk gia ta opo�a megistopoie�tai o k-di�stato
 ìgko
j
of�y1; : : : ;�ykgj. Tìte, an Fj = spanfyi : i 6= jg, èqoumejPF?j (yj)j � jPF?j (xi)j; j = 1; : : : ; k; i = 1; : : : ;m:Autì isqÔei giat�: èqoumej
of�y1; : : : ;�ykgj = j
of�yi : i 6= jgj � jPF?j (yj)j;opìte, an up rqe shme�o epaf 
 xi twn K kai Bn2 me thn idiìthta jPF?j (yj)j �jPF?j (xi)j, tìte h 
of�xi;�y1; : : : ;�yj�1;�yj+1; : : : ;�ykg ja e�qe megalÔtero ìg-ko apì thn 
of�y1; : : : ;�ykg.Apì thn Prìtash 7.2.1, up�rqei xi gia to opo�ojPF?j (xi)j2 = hxi; PF?j (xi)i � tr(PF?j )n = n� k + 1n :Pa�rnonta
 k = [(1� ")n℄ + 1, blèpoume ìtijPF?j (yj)j = maxi�m jPF?j (xi)j �rn� k + 1n � p"; j = 1; : : : ; k: 2To L mma twn Szarek kai Talagrand maz� me to L mma twn Sauer kai She-lah, pou ja apode�xoume sthn epìmenh par�grafo, e�nai ta basik� sustatik� th
ekt�mhs 
 ma
 gia thn Rn1.



777.3 To l mma twn Sauer kai ShelahOi Sauer kai Shelah (blèpe [S℄, [Sh℄) apèdeixan, o èna
 anex�rthta apì ton �llon,èna sunduastikì l mma pou ja pa�xei basikì rìlo sthn ekt�mhsh pou ja d¸soumegia thn Rn1. To l mma diatup¸netai me polloÔ
 diaforetikoÔ
 trìpou
. Gia todikì ma
 skopì, jewroÔme to sÔnolo En2 = f�1; 1gn ìlwn twn n-�dwn ("1; : : : ; "n)me "j = �1, kai gia k�je � � f1; : : : ; ng jewroÔme th sun�rthsh periorismoÔsuntetagmènwn P� : En2 = f�1; 1gn ! f�1; 1g� me ("1; : : : ; "n) 7! ("j)j2� . TìteisqÔei to ex 
:Je¸rhma 7.3.1 'Estw A � En2 = f�1; 1gn me plhj�rijmo jAj > �n0�+ �n1�+ : : :+�nk�. Up�rqei � � f1; : : : ; ng me j�j > k, tètoio ¸ste h apeikìnish P� na e�nai ep�.Dhlad , P�(A) = f�1; 1g�:Apìdeixh: K�noume epagwg  w
 pro
 k kai n� k.An k = 0 kai jAj > �n0� = 1, tìte sto A mporoÔme na broÔme "; "0 me " 6= "0.Up�rqei loipìn j 2 f1; : : : ; ng tètoio ¸ste "j = 1 kai "0j = �1   "j = �1 kai"0j = 1. Se k�je per�ptwsh, or�zonta
 � = fjg, èqoume j�j = 1 > 0 = k, kaiP�(A) = f�1; 1g�.An p�li n�k = 1, dhlad  k = n�1, kai jAj > �n0�+ �n1�+ : : :+ � nn�1� = 2n�1,tìte jAj = 2n, dhlad  A = En2 . Se aut n thn per�ptwsh pa�rnoume � = f1; : : : ; ng,opìte j�j = n > k, kai P�(A) = P�(En2 ) = En2 .A
 upojèsoume ìti to l mma èqei apodeiqje� gia ton En2 an k � m � 1, 1 �n� k � m [o prohgoÔmeno
 sullogismì
 de�qnei ìti autì e�nai swstì gia m = 1℄.Ja de�xoume ìti to l mma isqÔei gia k � m, 1 � n� k � m+ 1.Epagwgikì b ma: Upojètoume ìti A � En2 , kai jAj > �n0�+ : : :+ �nk�, kai k � m,1 � n � k � m + 1. JewroÔme to sÔnolo A1 � En�12 pou sqhmat�zetai an apìk�je stoiqe�o tou A afairèsoume th n-ost  suntetagmènh tou. Diakr�noume dÔopeript¸sei
:An jA1j > �n�10 � + : : : + �n�1k � tìte n � 1 � k < m. MporoÔme loipìn naefarmìsoume thn epagwgik  upìjesh (gia ton En�12 sth jèsh tou En2 ), kai nabroÔme �1 � f1; : : : ; n � 1g me j�1j > k, gia to opo�o P�1(A1) = f�1; 1g�1 . 'Omw
P�1(A) = P�1(A1), �ra to zhtoÔmeno isqÔei me � = �1.An p�li jA1j � �n�10 �+ : : :+ �nk�, tìte apì to tr�gwno tou Pas
al èqoumejAj � jA1j > kXi=0 �ni�� kXi=0 �n� 1i � = k�1Xi=0 �n� 1i �:Tìte, jewroÔme ta sÔnolaB1 = fx 2 A1 : (x; 1) 2 Ag; B2 = fx 2 A1 : (x;�1) 2 Ag;



78kai thn tom  tou
 C = fx 2 A1 : (x; 1) 2 A; (x;�1) 2 Ag:'Eqoume jB1j+ jB2j = jAj kai jA1j = jB1j+ jB2j � jB1 \ B2j, �rajCj = jB1 \B2j = jAj � jA1j > k�1Xi=0 �n� 1i �:AfoÔ k�1 < m, mporoÔme na efarmìsoume thn epagwgik  upìjesh (gia ton En�12sth jèsh tou En2 ), kai na broÔme �1 � f1; : : : ; n� 1g me j�1j > k � 1, tètoio ¸steP�1 (C) = f�1; 1g�1 .'Omw
, C � f1g [ C � f�1g � A. An loipìn jèsoume � = �1 [ fng, èqoumej�j > k kai P�(A) � P�(C � f1g [ C � f�1g) = f�1; 1g�: 2E�nai qr simo na skeftìmaste ta stoiqe�a tou En2 san ti
 korufè
 tou kÔbouQn = [�1; 1℄n ston Rn . H sun�rthsh periorismoÔ suntetagmènwn P� den e�nait�pote �llo apì thn orjog¸nia probol  ston upìqwro suntetagmènwn R� . Tìte,to l mma twn Sauer kai Shelah m�
 lèei ìti:An A � f�1; 1gn � Rn , kai jAj > Pki=0 �ni�, tìte up�rqei � � f1; : : : ; ng mej�j > k gia to opo�o: h orjog¸nia probol  P�(
o(A)) th
 kurt 
 j kh
 twn shme�wntou A ston R� e�nai olìklhro
 o monadia�o
 kÔbo
 tou R� :P�(
o(A)) = Q� := [�1; 1℄�:Se aut  tou th morf , to Je¸rhma 7.3.1 èqei safè
 gewmetrikì perieqìmeno(kai aut  th morf  tou ja qrhsimopoi soume).7.4 'Anw fr�gma gia thn Rn1To pr¸to ma
 L mma e�nai m�a eidik  per�ptwsh tou L mmato
 twn Sauer kai Shelah:L mma 7.4.1 An M e�nai èna uposÔnolo tou f�L;Lgm, L > 0, me plhj�rijmojM j � 2m�1, tìte mporoÔme na broÔme � � f1; : : : ;mg, j�j � m2 , tètoio ¸ste hsun�rthsh periorismoÔ suntetagmènwnP� : (Æj)j�m 7! (Æj)j2�na apeikon�zei to M ep� tou f�L;Lg�. 2Qrhsimopoi¸nta
 to L mma 7.4.1 kai èna epagwgikì epiqe�rhma pa�rnoume:



79L mma 7.4.2 'Estw u1; : : : ; us 2 Rn , juij � 1. JewroÔme to summetrikì kurtìsÔnolo E = f(Æj)j�s 2 Rs : j sXj=1 Æjuj j2 � 2sg:Tìte, gia k�je " 2 (0; 1) up�rqei � � f1; : : : ; sg me plhj�rijmo j�j � (1�")s, tètoio¸ste P�(E) � 
p" [�1; 1℄�;ìpou 
 > 0 e�nai apìluth stajer�, kai P� h orjog¸nia probol  ep� tou R� .Sumbolismì
: Sthn apìdeixh jètoume S = f1; : : : ; sg, Q = [�1; 1℄s, Q� = [�1; 1℄�gia k�je � � S, kai �k = k�1Xr=0 2r=2; �k = k�1Xr=0 2r; k = 1; 2; : : :Apìdeixh: JewroÔme ìla ta shme�a th
 morf 
 (Æ(1)j )j�s 2 Rs , me Æ(1)j = �1. Apìton kanìna tou parallhlogr�mmou,AveÆ(1)j =�1�� sXj=1 Æ(1)j uj��2 = sXj=1 juj j2 � s:Qrhsimopoi¸nta
 thn anisìthta tou Markov, br�skoume M1 � f�1; 1gs me plhj�-rijmo jM1j � 2s�1, tètoio ¸ste, gia k�je (Æ(1)j ) 2M1,�� sXj=1 Æ(1)j uj��2 � 2s:Apì to L mma 7.4.1 mporoÔme na broÔme �1 � S, me plhj�rijmo j�1j � s2 , giato opo�o P�1(M1) = f�1; 1g�1 . AfoÔ M1 � E \ Q kai to teleuta�o sÔnolo e�naikurtì, sumpera�noume ìti Q�1 � P�1(E \Q):Ja apode�xoume me epagwg  w
 pro
 k to ex 
:Isqurismì
 Gia k = 1; 2; : : :, mporoÔme na broÔme �k � S me plhj�rijmo j�k j �(1� 12k )s, tètoio ¸ste Q�k � P�k (�kE \ �kQ):An k = 1, o isqurismì
 èpetai apì to pr¸to b ma th
 apìdeixh
 kai ton orismì twn�1; �1.



80Epagwgikì b ma: JewroÔme ìla ta shme�a th
 morf 
 Æ(k+1)j , j � s, ìpouÆ(k+1)j = 0 an j 2 �k kai Æ(k+1)j = �2k=2 an j =2 �k. Tìte, apì ton kanìna touparallhlogr�mou pa�rnoumeAve(Æ(k+1)j )j�s �� sXj=1 Æ(k+1)j uj��2 = Xj =2�k 2kjuj j2 � s:Parathr ste ìti o plhj�rijmo
 tou sunìlou twn (Æ(k+1)j )j�s e�nai 2s�j�kj. Qrh-simopoi¸nta
 thn anisìthta tou Markov, mporoÔme na broÔme Mk+1 � [0�k �f�2k=2; 2k=2gSn�k ℄ \ E me jMk+1j � 2s�j�kj�1. Tìte, to L mma 7.4.1 m�
 exasfa-l�zei ��k+1 � Sn�k, me plhj�rijmo j��k+1j � 12 (s� j�kj), tètoio ¸steP�k[��k+1(Mk+1) = 0�k � f�2k=2; 2k=2g��k+1 :AfoÔ Mk+1 � E \ 2k=2Q kai to teleuta�o sÔnolo e�nai kurtì, èpetai ìti0�k � 2kQ��k+1 � P�k[��k+1(2k=2E \ 2kQ):A
 upojèsoume ìti a 2 Q�k kai b 2 Q��k+1 . Apì thn epagwgik  ma
 upìjesh,mporoÔme na broÔme wa 2 �kQ��k+1 gia to opo�o(a; wa) 2 P�k[��k+1(�kE \ �kQ):Or�zoume va;b = b� wa. E�nai fanerì ìti va;b 2 (�k + 1)Q��k+1 = 2kQ��k+1 , �ra(0�k ; va;b) 2 P�k[��k+1(2k=2E \ 2kQ):'Omw
 tìte,(a; b) = (a; wa) + (0�k ; va;b)2 P�k[��k+1(�kE \ �kQ) + P�k[��k+1(2k=2E \ 2kQ)� P�k[��k+1(�k+1E \ �k+1Q):'Eqoume loipìn de�xei ìtiQ�k[��k+1 � P�k[��k+1(�k+1E \ �k+1Q):Jètoume �k+1 = �k [ ��k+1. EÔkola elègqoume ìti j�k+1j � (1 � 12k+1 )s, kai autìoloklhr¸nei to epagwgikì b ma th
 apìdeixh
 tou isqurismoÔ.Eidikìtera, o isqurismì
 m�
 d�nei ìti gia k�je k = 1; 2; : : :, up�rqei �k � S mej�k j � (1� 12k )s, tètoio ¸ste[�1; 1℄�k � P�k ( 2k=2p2� 1E):



81'Ara, P�k (E) � 
r 12k [�1; 1℄�k ;ìpou 
 = p2�1. H {suneq 
 èkdosh} tou L mmato
 èpetai �mesa, me l�go qeirìterhtim  th
 stajer�
 
. 2Par�deigma Pa�rnoume n = s+1 kai ui = 1p2 (ei+ en), i = 1; : : : ; s, ìpou feigi�ne�nai h kanonik  orjokanonik  b�sh tou Rn . Tìte,�� sXj=1 Æjuj��2 = 12 24 sXj=1 Æ2j + ( sXj=1 Æj)235 ;epomènw
 anagka�e
 sunj ke
 ¸ste to (Æj)j�s na an kei sto E e�nai oisXj=1 Æ2j � 4s ; j sXj=1 Æj j � 2ps:'Estw " 2 (0; 1), kai � tuqìn uposÔnolo tou f1; : : : ; sg me j�j = m � (1�")s. Tìte,èna shme�o (t; t; : : : ; t) an kei sthn P�(E) mìno an up�rqei (Æj)j =2� gia to opo�oikanopoioÔntai oi mt2 +Xj =2� Æ2j � 4s ; jmt+Xj =2� Æj j � 2ps;kai, qrhsimopoi¸nta
 thn anisìthta Cau
hy-S
hwarz, mporoÔme na doÔme ìti autìe�nai dunatì mìno an jtj � 
p".To par�deigma autì de�qnei ìti to L mma 7.4.2 e�nai bèltisto.Prìtash 7.4.1 JewroÔme ton q¸ro me nìrma X = (Rn ; k � k), kai èna " 2 (0; 1).Upojètoume ìti to elleiyoeidè
 el�qistou ìgkou pou perièqei th monadia�a mp�la BXtouX e�nai h Eukle�deia monadia�a mp�la Bn2 . Tìte, mporoÔme na broÔme dianÔsmataz1; : : : ; zm ston X me kzik = jzij = 1 kai m � (1 � ")n, pou ikanopoioÔn to ex 
:gia k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tm, isqÔeij mXi=1 tizij � 
 "pn mXi=1 jtij;ìpou 
 > 0 apìluth stajer�.Apìdeixh: SÔmfwna me to L mma twn Szarek kai Talagrand, mporoÔme na epilè-xoume x1; : : : ; xs 2 BX me s � (1� "2 )n, tètoia ¸stedist (xi; spanfxj ; j 6= ig) �r"2 ; i; j = 1; : : : ; s:



82'Omw
 tìte, up�rqoun vi ? spanfxj ; j 6= ig pou sqhmat�zoun diorjog¸nio sÔsthmame ta xj (dhlad , hxi; vii = 1) kai èqoun m ko
 jvij � q 2" . Dhlad , up�rqounv1; : : : ; vs 2 Rn gia ta opo�ajvij �r2" ; hxi; vji = Æij ; i; j = 1; : : : ; s:Or�zoume ui = p "2 vi, kai efarmìzonta
 to L mma 7.4.2 br�skoume � � f1; : : : ; sgme j�j � (1� "2 )s, gia to opo�oP�(E) � 
p" [�1; 1℄�:E�nai fanerì ìti j�j � (1 � ")n. An (ti)i2� e�nai tuqoÔsa epilog  pragmatik¸narijm¸n, èqoume Xi2� jtij = hXi2� tixi;Xj2� sign(tj)vj i:AfoÔ (
p" sign(tj))j2� 2 P�(E), mporoÔme na broÔme (Æj)j�s sto E, tètoia ¸steÆj = 
p" sign(tj) an j 2 �. ParathroÔme ìti an i 2 � kai j =2 � tìte hxi; vji = 0,epomènw
 hXi2� tixi;Xj2� sign(tj)vj i = 1
p" hXi2� tixi; sXj=1 Æjvj i� 1
p" jXi2� tixijr2" j sXj=1 Æjuj j� 2ps
" jXi2� tixij� pn
0" jXi2� tixij:Epilègoume san zi, i = 1; : : : ; j�j = m, eke�na ta xj gia ta opo�a j 2 �, kai hapìdeixh e�nai pl rh
. 2MporoÔme t¸ra na apode�xoume to �nw fr�gma gia thn Rn1:Je¸rhma 7.4.1 Rn1 � 
n5=6, ìpou 
 > 0 apìluth stajer�.Apìdeixh: JewroÔme tuqìnta q¸ro me nìrma X = (Rn ; k�k) kai, qwr�
 periorismìth
 genikìthta
, upojètoume ìti to elleiyoeidè
 el�qistou ìgkou pou perièqei thmonadia�a mp�la BX tou X e�nai h Eukle�deia monadia�a mp�la Bn2 . JewroÔmeta z1; : : : ; zm th
 Prìtash
 7.4.1: m � (1 � ")n, ìpou to " 2 (0; 1) ja epilege�kat�llhla. Or�zoume F = hz1; : : : ; zmi, kai pa�rnoume tuqoÔsa orjokanonik  b�shy1; : : : ; yn�m tou F?. Apì to Je¸rhma tou John, gia k�je j = 1; : : : ; n�m isqÔeijyj j � kyjk � pnjyj j = pn:



83'Ara, an jèsoume wj = yj=kyjk, èqoume kwjk = 1 kai jwj j � 1=pn, j = 1; : : : ; n�m.JewroÔme ta n dianÔsmata z1; : : : ; zm; w1; : : : ; wn�m. Parathr ste ìti n�m �"n. 'Estw t1; : : : ; tm; s1; : : : ; sn�m 2 R. Tìte,�� mXi=1 tizi + n�mXj=1 sjwj �� � 

 mXi=1 tizi + n�mXj=1 sjwj

� mXi=1 jtij+ n�mXj=1 jsj j;ìpou qrhsimopoi same thnK � Bn2 , thn trigwnik  anisìthta, kai ti
 kzik = kwjk =1. Apì thn �llh pleur�, ta Pi tizi kai Pj sjwj e�nai k�jeta. 'Ara,�� mXi=1 tizi + n�mXj=1 sjwj �� = 0��� mXi=1 tizi��2 + ��n�mXj=1 sjwj ��21A1=2� 1p2 0��� mXi=1 tizi��+ ��n�mXj=1 sjwj��1A= 1p2 0B��� mXi=1 tizi��+0�n�mXj=1 s2j jzj j21A1=21CA� 1p2 0� 
"pn mXi=1 jtij+ 1pn 1pn�m n�mXj=1 jsj j1A� 1p2 min� 
"pn ; 1p"n�0� mXi=1 jtij+ n�mXj=1 jsj j1A :Dhlad , d(X; `n1 ) � p2max�pn=
";p"n	gia k�je " 2 (0; 1). To bèltisto " ikanopoie� thnpn = 
"3=2n =) " = 1=
2=3n1=3:Gi� aut n thn tim  tou ", pa�rnoumed(X; `n1 ) � p2
1=3n5=6:AfoÔ o X  tan tuq¸n, sumpera�noume ìtiRn1 = Rn1 � 
n5=6;



84ìpou 
 = p2=
1=3 jetik  apìluth stajer�. An kane�
 prosèxei ti
 timè
 twn sta-jer¸n sta b mata th
 apìdeixh
, blèpei ìti sto telikì apotèlesma mporoÔme nap�roume 
 � 3. 2
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