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Kef�laio 1Eisagwg 
H didaktorik  aut  diatrib  ent�ssetai sti
 perioqè
 th
 kurt 
 gewmetr�a
kai th
 topik 
 jewr�a
 twn q¸rwn Bana
h. Tele�w
 sqhmatik�, antimetwp�zoumedÔo kl�sei
 problhm�twn:� Probl mata ektim sewn gewmetrik¸n paramètrwn (ìpw
 o lìgo
 ìgkwn, tomèso pl�to
, h apìstash Bana
h-Mazur).� Probl mata th
 diakrit 
 stoqastik 
 gewmetr�a
: dhlad , probl mata pouprokÔptoun apì th melèth tuqa�a paragìmenwn gewmetrik¸n antikeimènwn(n-di�statwn q¸rwn pou or�zontai apì tuqa�a 0-1 polÔtopa me dosmèno pl -jo
 koruf¸n, polutìpwn pou oi korufè
 tou
 epilègontai tuqa�a apì k�poiokurtì s¸ma).Basikì zhtoÔmeno twn ektim se¸n ma
 e�nai h akrib 
 ex�rthsh apì th di�stash(sthn pr¸th per�ptwsh)   apì th di�stash kai to pl jo
 twn koruf¸n (sth deÔterhper�ptwsh).Oi teqnikè
 pou qrhsimopoioÔme e�nai pijanojewrhtikè
. Sta probl mata th
deÔterh
 om�da
 autì e�nai anagka�o, apì thn �dia tou
 th fÔsh. Sta probl matath
 pr¸th
 om�da
, h pijanojewrhtik  mèjodo
 leitourge� me polÔ pio èmmesotrìpo.Se autì to Kef�laio eis�goume to basikì sumbolismì (x1.1), anafèroume k�-poia klasik� ergale�a th
 jewr�a
 twn kurt¸n swm�twn (x1.2), kai d�noume miapr¸th perigraf  twn apotelesm�twn th
 diatrib 
 (x1.3). Kajèna apì ta epìmenaKef�laia anaptÔssetai autìnoma: sthn arq  k�je Paragr�fou parousi�zontai taprobl mata, h istor�a tou
, kai ta basik� apotelèsmata.1



21.1 Basikè
 ènnoie
 - sumbolismì
DouleÔoume ston Rn , ton opo�o jewroÔme efodiasmèno me mia Eukle�deia dom h�; �i. Sumbol�zoume me k � k2 thn ant�stoiqh Eukle�deia nìrma, kai gr�foume Bn2gia thn Eukle�deia monadia�a mp�la, kai Sn�1 gia th monadia�a sfa�ra. O ìgko
(n-di�stato mètro Lebesgue) sumbol�zetai me j � j. Se aut  thn ergas�a, kurtìs¸ma lème èna sumpagè
 kurtì uposÔnolo K tou Rn me 0 2 int(K). H aktinik sun�rthsh �K : Rnnf0g ! R+ tou K or�zetai apì thn(1:1:1) �K(x) = maxf� > 0 : �x 2 Kg:H sun�rthsh st rixh
 hK : Rn ! R tou K or�zetai apì thn(1:1:2) hK(x) = maxfhx; yi : y 2 Kg:Parathr ste ìti, gi� dosmènh dieÔjunsh � 2 Sn�1, èqoume �K(�) � hK(�).Gr�foume Kn gia thn kl�sh ìlwn twn mh ken¸n kurt¸n sumpag¸n uposunìlwntou Rn . H Kn e�nai kurtì
 k¸no
 w
 pro
 thn prìsjesh kat� Minkowski kaiton pollaplasiasmì me mh arnhtikoÔ
 pragmatikoÔ
 arijmoÔ
. To Je¸rhma touMinkowski (pou e�nai tautìqrona kai o orismì
 twn meikt¸n ìgkwn) ma
 lèei ìti:an K1; : : : ;Km 2 Kn, m 2 N, tìte o ìgko
 tou t1K1 + � � �+ tmKm e�nai omogenè
polu¸numo bajmoÔ n w
 pro
 ta ti � 0. Dhlad ,(1:1:3) jt1K1 + � � �+ tmKmj = X1�i1;:::;in�mV (Ki1 ; : : : ;Kin)ti1 : : : tin ;ìpou oi suntelestè
 V (Ki1 ; : : : ;Kin) epilègontai na e�nai anex�rthtoi apì metajè-sei
 twn Kij . O suntelest 
 V (K1; : : : ;Kn) e�nai o meiktì
 ìgko
 twn K1; : : : ;Kn.To polikì s¸ma KÆ tou K e�nai to(1:1:4) KÆ := fy 2 Rn : hx; yi � 1 gia k�je x 2 Kg:Oi basikè
 idiìthte
 tou polikoÔ s¸mato
 e�nai oi ex 
:1. Gia k�je � 2 Sn�1, �KÆ(�) = 1=hK(�).2. An K � L, tìte LÆ � KÆ.3. An T 2 GL(n), tìte (TK)Æ = (T�1)�(KÆ).4. (KÆ)Æ = K.5. jTKj � j(TK)Æj = jKj � jKÆj.'Estw K summetrikì (w
 pro
 thn arq  twn axìnwn) kurtì s¸ma ston Rn . Hapeikìnish kxkK = minf� � 0 : x 2 �Kg e�nai nìrma ston Rn . O Rn efodiasmèno
me thn nìrma k � kK ja sumbol�zetai me XK . Ant�strofa, an X = (Rn ; k � k) e�nai



3èna
 q¸ro
 me nìrma, tìte h monadia�a tou mp�la KX = fx 2 Rn : kxk � 1g e�naisummetrikì kurtì s¸ma ston Rn .H duðk  nìrma k � k� th
 k � k or�zetai apì thn(1:1:5) kyk� = maxfjhx; yij : kxk � 1g:Apì ton orismì e�nai fanerì ìti jhx; yij � kyk�kxk gi� k�je x; y 2 Rn . An X� =(Rn ; k � k�) e�nai o duðkì
 q¸ro
 tou X , tìte KX� = KÆX . Ja gr�foume k � kKÆ  k � k�, kai k � kK   k � k qwr�
 autì na dhmiourge� sÔgqush.An K kai T e�nai dÔo summetrik� kurt� s¸mata ston Rn , h gewmetrik  tou
apìstash d(K;T ) d�netai apì thn(1:1:6) d(K;T ) = inffab : a; b > 0;K � bT; T � aKg:H fusiologik  apìstash twn n-di�statwn q¸rwn XK kai XT e�nai h apìstashBana
h-Mazur(1:1:7) d(XK ; XT ) = infu2GL(n) ku : XK ! XT k � ku�1 : XT ! XKk:Apì ton orismì th
 gewmetrik 
 apìstash
 èpetai ìti(1:1:8) d(XK ; XT ) = inffd(K;uT ) : u 2 GL(n)g:Me �lla lìgia, h d(XK ; XT ) e�nai o mikrìtero
 jetikì
 arijmì
 d gia ton opo�omporoÔme na broÔme u 2 GL(n) tètoion ¸ste K � u(T ) � dK. E�nai fanerì ìtid(XK ; XT ) � 1 me isìthta an kai mìno an oi XK kai XT e�nai isometrik� isìmorfoi.Shmei¸noume thn pollaplasiastik  trigwnik  anisìthta d(X;Z) � d(X;Y )d(Y; Z)pou isqÔei gia k�je tri�da n-di�statwn q¸rwn.Gia ti
 apode�xei
 twn parap�nw isqurism¸n parapèmpoume ton anagn¸sth sta bi-bl�a twn Milman-S
he
htman [11℄, kai S
hneider [15℄.1.2 Isotropikè
 jèsei
 kurt¸n swm�twn'Estw K èna kurtì s¸ma ston Rn me 0 2 int(K). Me ton ìro jèsh tou KennooÔme k�je grammik  eikìna T (K), T 2 GL(n). Se aut n thn par�grafo pe-rigr�foume trei
 eidikè
 jèsei
 pou pa�zoun shmantikì rìlo se aut n thn ergas�a(kai, genikìtera, sthn asumptwtik  jewr�a twn kurt¸n swm�twn).1.2.1. H jèsh tou John. 'EstwK èna summetrikì kurtì s¸ma ston Rn . JewroÔ-me thn kl�sh E(K) ìlwn twn elleiyoeid¸n pou perièqontai sto K. ApodeiknÔetaiìti up�rqei monadikì EK 2 E(K) pou èqei mègisto ìgko: to EK lègetai ellei-yoeidè
 mègistou ìgkou tou K. Pa�rnonta
 kat�llhlh grammik  eikìna ~K tou K,mporoÔme na upojèsoume ìti E ~K = Bn2 . Lème ìti to ~K e�nai h jèsh John tou K.H orolog�a proèrqetai apì to ex 
 klasikì je¸rhma tou John [8℄.



4Je¸rhma 1.2.1 'Estw K èna summetrikì kurtì s¸ma ston Rn me Bn2 � K. Tì-te, h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K an kai mìno an up�rqounu1; : : : ; um 2 bd(K)\Sn�1 kai jetiko� pragmatiko� arijmo� �1; : : : ; �m tètoioi ¸ste(1:2:1) I = mXj=1 �juj 
 uj ;ìpou (uj 
 uj)(y) = huj ; yiuj e�nai h probol  sth dieÔjunsh tou uj . 2Apì to Je¸rhma 1.2.1 prokÔptei eÔkola ìti(1:2:2) d(X; `n2 ) � pngia k�je n-di�stato q¸ro me nìrma X = (Rn ; k � k), ìpou `n2 = (Rn ; k � k2) e�nai oEukle�deio
 q¸ro
.Orismì
: 'Ena mètro Borel � sthn Sn�1 lègetai isotropikì an(1:2:3) ZSn�1hx; �i2d�(x) = �(Sn�1)ngia k�je � 2 Sn�1. Apì to Je¸rhma 1.2.1 èpetai ìti(1:2:4) mXj=1 �jhuj ; �i2 = 1gia k�je � 2 Sn�1. Dhlad , an jewr soume to mètro � sthn Sn�1 pou d�nei m�za�j sto shme�o uj , j = 1; : : : ;m, tìte to � e�nai isotropikì. Me aut  thn ènnoia, hjèsh tou John e�nai mia isotropik  jèsh.1.2.2. Isotropik  jèsh kai h eikas�a tou uperepipèdou. 'Estw K èna kurtìs¸ma ston Rn me kèntro b�rou
 to 0. Up�rqei elleiyoeidè
 EL(K) pou ikanopoie�thn(1:2:5) ZEL(K)hx; yi2dx = ZKhx; yi2dxgia k�je y 2 Rn , dhlad  èqei ti
 �die
 ropè
 adrane�a
 me to K (to EL(K) lègetaielleiyoeidè
 Legendre tou K). Lème ìti to K br�sketai sthn isotropik  jèsh anjKj = 1 kai to EL(K) e�nai pollapl�sio th
 Bn2 . Autì shma�nei ìti up�rqei stajer�LK me thn idiìthta(1:2:6) ZKhx; �i2dx = L2Kgia k�je � 2 Sn�1: to K èqei thn �dia rop  se k�je dieÔjunsh �. Den e�nai dÔsko-lo na elègxei kane�
 ìti k�je kurtì s¸ma K èqei mia jèsh pou e�nai isotropik .



5Epiplèon, h jèsh aut  e�nai monos manta orismènh an exairèsoume orjog¸niou
 me-tasqhmatismoÔ
. 'Ara, h isotropik  stajer� LK touK e�nai monos manta orismènhgia thn kl�sh fT (K) : T 2 GL(n)g. H isotropik  jèsh tou K qarakthr�zetai w
jèsh elaq�stou me thn ex 
 ènnoia (blèpe [10℄).Je¸rhma 1.2.2 'Estw K èna kurtì s¸ma ston Rn me jKj = 1 kai kèntro b�rou
to 0. To K e�nai isotropikì an kai mìno an(1:2:7) ZK kxk22dx � ZT (K) kxk22dxgia k�je T 2 SL(n). 2ApodeiknÔetai eÔkola ìti LK � LBn2 � 
 > 0 gia k�je kurtì s¸ma K ston Rn ,ìpou 
 > 0 e�nai mia apìluth stajer�. Anoiktì paramènei to ex 
 prìblhma (pouprwtoemfan�sthke sthn [3℄):E�nai swstì ìti up�rqei apìluth stajer� C > 0 tètoia ¸ste LK � Cgia k�je kurtì s¸ma K me kèntro b�rou
 to 0?E�nai gnwstì ìti h LK e�nai omoiìmorfa fragmènh gia k�poie
 kl�sei
 sum-metrik¸n kurt¸n swm�twn: ti
 monadia�e
 mp�le
 q¸rwn me 1-un
onditional b�sh,ta zwnoeid  kai ta polik� tou
, klp. To kalÔtero genikì �nw fr�gma ofe�letaiston Bourgain [4℄ (blèpe [12℄ gia th mh summetrik  per�ptwsh): LK � 
 4pn logngia k�je kurtì s¸ma K ston Rn .Mia endiafèrousa idiìthta th
 isotropik 
 jèsh
 e�nai ìti an to K e�nai isotro-pikì tìte ìle
 oi tomè
 K \ �?, � 2 Sn�1 èqoun per�pou ton �dio (n� 1)-di�statoìgko. Autì èpetai apì thn(1:2:8) ZKhx; �i2dx ' 1jK \ �?j2 ; � 2 Sn�1pou isqÔei gia k�je kurtì s¸ma K me ìgko 1 kai kèntro b�rou
 to 0, kai k�je� 2 Sn�1. 'Ara, h anisìthta LK � C e�nai isodÔnamh me thn jK \ �?j � 
 sthnper�ptwsh twn isotropik¸n swm�twn. Me b�sh aut  thn parat rhsh apodeiknÔe-tai ìti h katafatik  ap�nthsh sto prìblhma e�nai isodÔnamh me thn {eikas�a touuperepipèdou}:Up�rqei 
 > 0 tètoia ¸ste max�2Sn�1 jK \ �?j � 
 gia k�je kurtìs¸ma K ston Rn me jKj = 1 kai kèntro b�rou
 to 0.1.2.3. Jèsh el�qistou mèsou pl�tou
. 'Estw K èna kurtì s¸ma ston Rn me0 2 int(K). To mèso pl�to
 tou K or�zetai apì thn(1:2:9) w(K) = ZSn�1 hK(u)�(du);



6ìpou � e�nai to anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
 mètro pijanì-thta
 sthn Sn�1. Lème ìti to K br�sketai sth jèsh el�qistou mèsou pl�tou
 anjKj = 1 kai w(K) � w(TK) gia k�je T 2 SL(n). H jèsh aut  qarakthr�zetai apìto epìmeno je¸rhma (blèpe [7℄).Je¸rhma 1.2.3 'Ena kurtì s¸ma K ston Rn br�sketai sth jèsh el�qistou mèsoupl�tou
 an kai mìno an jKj = 1 kai(1:2:10) ZSn�1hu; �i2hK(u)�(du) = w(K)ngia k�je � 2 Sn�1. Epiplèon, h jèsh aut  e�nai monos manta orismènh an exairè-soume orjog¸niou
 metasqhmatismoÔ
. 2An jewr soume to mètro wK sthn Sn�1 me puknìthta hK w
 pro
 to �, tìteto Je¸rhma 1.2.3 de�qnei ìti to K br�sketai sth jèsh el�qistou mèsou pl�tou
 ankai mìno an to wK e�nai isotropikì.'Ena fusiologikì er¸thma e�nai na doje� �nw fr�gma gia to el�qisto mèsopl�to
. E�nai gnwstì ìti k�je summetrikì kurtì s¸ma K ston Rn èqei grammik eikìna ~K ìgkou 1 me(1:2:11) w( ~K) � 
pn log(2d(XK ; `n2 )) � 
1pn log(2n);ìpou 
; 
1 > 0 e�nai apìlute
 stajerè
. H (1.2.11) prokÔptei apì mia anisìthtatou Pisier [13℄ pou sundu�zetai me progenèsterh doulei� twn Lewis [9℄, Figiel kaiTom
zak-Jaegermann [6℄. To �dio �nw fr�gma isqÔei kai sth mh summetrik  per�-ptwsh (perissìtere
 leptomèreie
 d�nontai sto Kef�laio 2, blèpe ep�sh
 ta bibl�atwn Pisier [14℄ kai Tom
zak-Jaegermann [16℄).1.2.4. H anisìthta twn Bras
amp-Lieb kai h ant�strof  th
. Kle�noumeaut  thn par�grafo me ti
 anisìthte
 twn Bras
amp-Lieb kai Barthe (blèpe [1℄, [2℄kai [5℄).Upojètoume ìti ta u1; : : : ; um 2 Sn�1 kai �1; : : : ; �m > 0 ikanopoioÔn thn{isotropik  sunj kh}(1:2:12) mXj=1 �jhuj ; �i2 = 1gia k�je � 2 Sn�1.Anisìthta twn Bras
amp-Lieb. 'Estw fj : R ! [0;+1) oloklhr¸sime
 su-nart sei
, j = 1; : : : ;m. Tìte,(1:2:13) ZRn mYj=1 f�jj (hx; uji)dx � mYj=1�ZR fj(t)dt��j :



7Anisìthta tou Barthe. 'Estw hj : R ! [0;+1) oloklhr¸sime
 sunart sei
,j = 1; : : : ;m. Tìte,(1:2:14)ZRn sup8<: mYj=1h�jj (�j) : �j 2 R kai mXj=1 �j�juj = x9=; dx � mYj=1�ZRhj(t)dt��j :Oi anisìthte
 autè
 èqoun shmantikè
 efarmogè
 sthn kurt  gewmetr�a (gia par�-deigma, odhgoÔn se akribe�
 ektim sei
 ìgkwn). Basikì tou
 qarakthristikì e�naiìti sundu�zontai {idanik�} me ti
 isotropikè
 sunj ke
 pou qarakthr�zoun eidi-kè
 jèsei
 ìpw
 autè
 pou perigr�yame pio p�nw. Autì
 e�nai o lìgo
 pou ti
sumperilamb�noume s� aut  thn eisagwg : oi mèjodoi pou qrhsimopoioÔme e�naipijanojewrhtikè
, endèqetai ìmw
 k�poia apì ta probl mata pou suzht�me na an-timetwp�zontai diaforetik� (gia par�deigma, blèpe x2.1 gia to prìblhma tou lìgouìgkwn).1.3 Sunoptik  perigraf  th
 ergas�a
QrhsimopoioÔme pijanojewrhtikè
 mejìdou
 gia na antimetwp�soume ta parak�twprobl mata.Lìgo
 ìgkwn: Sto Kef�laio 2 melet�me to lìgo ìgkwn dÔo kurt¸n swm�twn Kkai L ston Rn . O lìgo
 ìgkwn vr(K;L) twn K kai L or�zetai apì thnvr(K;L) = inf � jKjjT (L)j�1=n ;ìpou to in�mum pa�rnetai p�nw apì ìlou
 tou
 affinikoÔ
 metasqhmatismoÔ
 Ttou Rn gia tou
 opo�ou
 T (L) � K. ApodeiknÔoume to ex 
:Je¸rhma A. 'Estw K kai L dÔo kurt� s¸mata ston Rn . Tìte,(1:3:1) vr(K;L) � Cpn lognìpou C > 0 e�nai mia apìluth stajer�.H ekt�mhsh pou d�nei to Je¸rhma A e�nai bèltisth an exairèsoume to loga-rijmikì par�gonta. H apìdeixh pou ja parousi�soume qrhsimopoie� th mèjodotwn tuqa�wn orjog¸niwn paragontopoi sewn, h opo�a bas�zetai se mia anisìth-ta th
 Chevet apì th jewr�a twn anel�xewn tou Gauss. De�qnoume ìti, an tasummetrik� kurt� s¸mata K kai L epilegoÔn sth jèsh tou el�qistou mèsou pl�-tou
, tìte tuqa�o
 orjog¸nio
 metasqhmatismì
 U ikanopoie� ti
 U(L) � �K kai�j�Kj=jU(L)j�1=n = O(pn log2 n). Gia na apale�youme ton èna logarijmikì (w




8pro
 n) par�gonta, xekin�me apì mia {meikt } jèsh twn K kai L, h opo�a sundu�-zei idiìthte
 th
 jèsh
 el�qistou mèsou pl�tou
 me idiìthte
 th
 jèsh
 gia thnopo�a elaqistopoie�tai h gewmetrik  apìstash apì thn Bn2 . To pèrasma sth mhsummetrik  per�ptwsh den parousi�zei duskol�e
.Sto deÔtero mèro
 autoÔ tou Kefala�ou suzht�me th di�stash twn Eukle�deiwntom¸n enì
 summetrikoÔ kurtoÔ s¸mato
 K ston Rn pou èqei {fragmèno lìgoìgkwn} A = vr(K;Bn2 ). O Szarek èqei apode�xei ìti, se aut  thn per�ptwsh, to Kèqei tomè
 di�stash
 k an�logh
 tou n pou èqoun fragmènh gewmetrik  apìstashapì thn Bk2 . H akrib 
 diatÔpwsh e�nai h ex 
.Je¸rhma B. Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou th
 mona-dia�a
 mp�la
 K tou X = (Rn ; k � k). Gia k�je k � n up�rqei upìqwro
 H tou Rndi�stash
 k, tètoio
 ¸ste(1:3:2) kxk � kxk2 � f(A; �) � kxkgia k�je x 2 H , ìpou � = k=n.D�noume dÔo nèe
 apode�xei
 tou Jewr mato
 B, oi opo�e
 odhgoÔn sthn �diaper�pou ex�rthsh apì ta A kai �:(1:3:3) f(A; �) = [
1A℄
2=(1��);ìpou 
1; 
2 > 0 apìlute
 stajerè
. Oi apode�xei
 bas�zontai sthnM�-anisìthta touMilman kai se di�fore
 morfè
 tou Jewr mato
 tou Dvoretzky. 'Ena endiafèronshme�o th
 prosèggis 
 ma
 sthn x2.2.1 e�nai ìti: to na petÔqei kane�
 kalÔterhekt�mhsh gia thn f(A; �) sto Je¸rhma B (gia par�deigma, f(A; �) = O (A=(1� �))qgia k�poion q � 1) e�nai isodÔnamo me mia upìjesh kanonikìthta
 gia tou
 arijmoÔ
k�luyh
 tou K apì mp�le
 akt�na
 t sth jèsh tou John (thn opo�a den èqoumekatorj¸sei na apode�xoume): ja prèpei na up�rqoun p > 0 kai q � 1 tètoioi ¸ste(1:3:4) N(K;AqtBn2 ) � exp(
n=tp)gia k�je t � 1.Tuqa�oi q¸roi pou par�gontai apì 0-1 polÔtopa: Sto Kef�laio 3 mele-t�me (apì th skopi� th
 topik 
 jewr�a
 twn q¸rwn Bana
h) thn kl�sh BN twntuqa�wn q¸rwn pou prokÔptoun apì ta 0 � 1 polÔtopa me N korufè
: JewroÔmeto diakritì kÔbo En2 = f�1; 1gn ston Rn . Gia k�je N � n jewroÔme thn kl�shtwn summetrik¸n kurt¸n swm�twn KN = 
of�x1; : : : ;�xNg pou par�gontai apìN tuqa�a shme�a x1; : : : ; xN pou epilègontai anex�rthta kai omoiìmorfa apì tonEn2 . Lème ìti to tuqa�o KN èqei thn idiìthta (P ) an(1:3:5) Prob�(x1; : : : ; xN ) j to KN èqei thn (P )� � 1� exp(�n):



9ApaitoÔme dhlad  to k�tw fr�gma na te�nei sto 1 {ekjetik�} ìtan h di�stash nte�nei sto �peiro.Ta epìmena jewr mata d�noun akrib  perigraf  tou tuqa�ou KN :Je¸rhma G. Up�rqei �0 > 1 me thn ex 
 idiìthta: an N � �0n, tìte me {meg�lhpijanìthta}(1:3:6) KN � 
1Bn2 ;ìpou Bn2 e�nai h Eukle�deia monadia�a mp�la kai 
1 > 0 e�nai mia apìluth stajer�.Gia thn apìdeixh tou Jewr mato
 G qrhsimopoioÔme ton ex 
 isqurismì: An Æ 2(0; 1) kai N � 
 log(Æ�1)n, tìte N shme�a x1; : : : ; xN pou epilègontai omoiìmorfakai anex�rthta apì ton En2 ikanopoioÔn me pijanìthta megalÔterh apì 1 � Æ thnanisìthta(1:3:7) 
1kyk2 � 1N NXi=1 jhy; xiij � 
2kyk2gia k�je y 2 Rn , ìpou 
; 
1; 
2 > 0 e�nai apìlute
 stajerè
. W
 sun jw
, arke� naexasfal�soume thn (1.3.7) gia ìla ta shme�a y enì
 1=10-diktÔou th
 Sn�1, k�tipou g�netai me fusiologik� epiqeir mata {sugkèntrwsh
 tou mètrou}.Je¸rhma D. Up�rqoun n0 2 N kai apìluth stajer� 
 > 0 me thn akìloujh idiìth-ta: An n � n0 kai N > n(log n)2, tìte N tuqa�a shme�a x1; : : : ; xN pou epilègontaianex�rthta kai omoiìmorfa apì ton En2 ikanopoioÔn me pijanìthta megalÔterh apì1� e�n thn(1:3:8) KN � 
�plog (N=n)Bn2 \Qn� ;ìpou Qn = [�1; 1℄n e�nai o monadia�o
 kÔbo
 ston Rn .Basikì rìlo sthn apìdeixh tou Jewr mato
 D pa�zei to ex 
 apotèlesma touMontgomery-Smith: up�rqei stajer� r � 1 tètoia ¸ste, gia k�je � > 0 kai k�jey 2 Rn ,(1:3:9) P ��x 2 En2 : hx; yi � r�1 infz2Rnfkzk1 + �ky � zk2g	� � r�1 exp(�r�2):Je¸rhma E. An N � n(logn)2, tìte to KN èqei me pijanìthta megalÔterh apì1� e�n ti
 ex 
 idiìthte
:1. jKN j1=n 'plog(N=n)=pn kai jKÆN j1=n ' 1=pn log(N=n).2. w(KN )w(KÆN ) � 
(")plogn an N � n1+" (kai 
(") = O(1=p") kaj¸
 to"! 0+).



10 Ta apotelèsmata aut� de�qnoun ìti an n � n0 kai N � n(logn)2, tìte, giato tuqa�o KN , h eggegrammènh akt�na, o ìgko
, to mèso pl�to
 kai h akm  toumègistou eggegrammènou kÔbou prosdior�zontai me akr�beia (w
 pro
 ti
 paramè-trou
 n kai N). QrhsimopoioÔme aut  th gewmetrik  perigraf  tou KN gia nap�roume akribe�
 ektim sei
 gia di�fore
 asumptwtikè
 paramètrou
 tou ant�stoi-qou n-di�statou q¸rou me nìrma XN :(a) An N � 
(Æ)n, tìte o tuqa�o
 XN 2 BN ikanopoie� thnd(XN ;Un) � 
pnplog(2N=n) :me pijanìthta megalÔterh apì 1�Æ, ìpou Un h kl�sh twn q¸rwn me 1-un
onditionalb�sh.(b) Gia k�je N � n kai gia tuqa�o XN ,d(XN ; X�N ) � 
pn logn:(g) An N � n(logn)2, tìte LKÆN � 
:gia to tuqa�o KÆN .(d) An N � n(logn)2, tìte LKN � 
minflogN;pngplog(N=n)gia to tuqa�o KN .Tuqa�a polÔtopa mèsa se èna kurtì s¸ma: Sto Kef�laio 4 asqoloÔmasteme èna klasikì prìblhma twn gewmetrik¸n pijanot twn: 'Estw K èna kurtì s¸maston Rn me ìgko jKj = 1. Epilègoume N � n + 1 tuqa�a shme�a x1; : : : ; xNanex�rthta kai omoiìmorfa apì to K, kai gr�foume C(x1; : : : ; xN ) gia thn kurt tou
 j kh. H rop  p-t�xh
 tou ìgkou tou tuqa�ou polutìpou C(x1; : : : ; xN ) e�nai hposìthta(1:3:10) Ep (K;N) = ZK : : : ZK jC(x1; : : : ; xN )jpdxN : : : dx1:'Ena apì ta klasik� probl mata twn gewmetrik¸n pijanot twn e�nai, gia dosmènap > 0 kai N � n + 1, na brejoÔn eke�ne
 oi affinikè
 kl�sei
 kurt¸n swm�twn Kgia ti
 opo�e
 elaqistopoie�tai (ant�stoiqa, megistopoie�tai) h posìthta Ep (K;N).O Groemer apèdeixe ìti, gia p � 1, h Ep (K;N) elaqistopoie�tai an kai mìno an toK e�nai elleiyoeidè
 (h per�ptwsh n = 2, N = 3 e�qe melethje� apì ton Blas
hke).Ta epìmena dÔo apotelèsmata (se sunergas�a me ton G. PaoÔrh) genikeÔoun toJe¸rhma tou Groemer.



11Je¸rhma ST. 'Estw f : [0;+1)! [0;+1) suneq 
 kai gnhs�w
 aÔxousa sun�r-thsh. Gia k�je n � 2, N � n+ 1 kai 0 � i � n� 1, or�zoume(1:3:11) E(K;N; f ÆWi) = ZK : : : ZK f [Wi(C(x1; : : : ; xN ))℄dxN : : : dx1:Tìte,(1:3:12) E(K;N; f ÆWi) � E(B;N; f ÆWi);gia k�je kurtì s¸ma K ìgkou 1 ston Rn , ìpou B e�nai h mp�la ìgkou 1.H apìdeixh tou Jewr mato
 ST bas�zetai sth mèjodo th
 Steiner summetri-kopo�hsh
. Basikì rìlo pa�zei o oloklhrwtikì
 tÔpo
 tou Kubota o opo�o
 ma
epitrèpei na ekfr�soume ta quermassintegrals tou tuqa�ou polutìpouC(x1; : : : ; xN )w
 oloklhr¸mata twn ìgkwn twn probol¸n tou. An i � 1 kai an h f e�nai kurt  kaignhs�w
 aÔxousa tìte h mp�la B ìgkou 1 (kai oi metaforè
 th
) e�nai to monadikìkurtì s¸ma gia to opo�o h E(K;N; f ÆWi) pa�rnei el�qisth tim :Je¸rhma Z. 'Estw K kurtì s¸ma ìgkou 1 ston Rn . An upojèsoume ìti to K dene�nai mp�la, tìte up�rqei � 2 Sn�1 me thn akìloujh idiìthta: gia k�je N � n+1,gia k�je i 2 f1; : : : ; n � 1g kai gia k�je gnhs�w
 aÔxousa kurt  sun�rthsh f :[0;+1)! [0;+1) èqoume(1:3:13) E(S(K; �); N; f ÆWi) < E(K;N; f ÆWi);ìpou S(K; �) e�nai h Steiner summetrikopo�hsh tou K sth dieÔjunsh tou �.Sto deÔtero mèro
 autoÔ tou Kefala�ou d�noume akribe�
 ektim sei
 gia thnposìthta(1:3:14) F(K;N) = ZK : : : ZK jC(x1; : : : ; xN )j1=ndxN : : : dx1sthn per�ptwsh twn 1-un
onditional swm�twn.Je¸rhma H. Up�rqoun apìlute
 stajerè
 
; 
1; 
2 > 0 tètoie
 ¸ste: an to K e�nai1-un
onditional kurtì s¸ma ìgkou 1 ston Rn kai an n(logn)2 � N � exp(
n), tìte(1:3:15) 
1plog(N=n)pn � F(K;N) � 
2plog(N=n)pn :Gia thn apìdeixh autoÔ tou Jewr mato
 qrhsimopoioÔme prìsfata isqur� apo-telèsmata twn Bobkov kai Nazarov gia thn { 2-sumperifor�} twn grammik¸n su-narthsoeid¸n se 1-un
onditional isotropik� kurt� s¸mata.Tèlo
, se èna sÔntomo par�rthma (Kef�laio 5), d�noume ektim sei
 gia to mè-so pl�to
 isotropik¸n swm�twn kai thn asumptwtik  sumperifor� th
 apìstash
Bana
h-Mazur d(`np ; `nq ) sthn per�ptwsh 1 � p < 2 < q � 1.



12Je¸rhma J. 'Estw K èna isotropikì kurtì s¸ma ston Rn . Tìte,(1:3:16) w(K) � 
n3=4LK ;ìpou 
 > 0 e�nai mia apìluth stajer�.H anisìthta tou Jewr mato
 J bas�zetai se mia nèa teqnik  gia thn ekt�mhshtwn arijm¸n k�luyh
 N(K; tBn2 ) mèsw th
 paramètrou M(K;Bn2 ) = RK kxk2dx,kai sthn anisìthta tou Dudley gia th mèsh tim  tou supremum upokanonik¸n ane-l�xewn.Je¸rhma I. An 1 � p < 2 < q � +1, tìte(1:3:17) 1p2 � lim infn!1 d(`np ; `nq )n� � lim supn!1 d(`np ; `nq )n� � 1;ìpou � = maxf1=p� 1=2; 1=2� 1=qg.H apìdeixh tou �nw fr�gmato
 qrhsimopoie� thn {puknìthta} twn arijm¸nHadamard sto N kai thn parat rhsh ìti, an o n e�nai arijmì
 Hadamard, tìted(`np ; `nq ) � n�. Gia to k�tw fr�gma apaite�tai h gn¸sh th
 kalÔterh
 stajer�
sthn klasik  anisìthta tou Khint
hine (Szarek).Shme�wsh. Arket� apì ta apotelèsmata aut 
 th
 ergas�a
 èqoun  dh dhmosieu-te�. Pio sugkekrimèna:(a) Ta apotelèsmata th
 Paragr�fou 2.1 e�nai to antike�meno th
 ergas�a
A. Giannopoulos and M. Hartzoulaki: On the volume ratio of two
onvex bodies, Bull. London Math. So
. 34 (2002), 703-707.(b) Ta apotelèsmata tou Kefala�ou 3 e�nai to antike�meno th
 ergas�a
A. Giannopoulos and M. Hartzoulaki: Random spa
es generated byverti
es of the 
ube, Dis
rete Comput. Geom. 28 (2002), 255-273.(g) Ta apotelèsmata th
 Paragr�fou 4.1 e�nai to antike�meno th
 ergas�a
M. Hartzoulaki and G. Paouris: Quermassintegrals of a random poly-tope in a 
onvex body,h opo�a prìkeitai na emfaniste� sto Ar
hiv der Mathematik.
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Kef�laio 2Lìgo
 ìgkwn
2.1 Lìgo
 ìgkwn dÔo kurt¸n swm�twn2.1.1 Eisagwg 'Estw K kai L dÔo kurt� s¸mata ston Rn . O lìgo
 ìgkwn twn K kai L e�nai hposìthta(2:1:1) vr(K;L) := inf � jKjjT (L)j�1=n ;ìpou to in�mum upolog�zetai p�nw apì ìlou
 tou
 affinikoÔ
 metasqhmatismoÔ
T tou Rn gia tou
 opo�ou
 T (L) � K. Aplè
 parathr sei
 p�nw ston orismì e�naioi ex 
:1. O lìgo
 ìgkwn e�nai affinik� anallo�wth posìthta: an K1, L1 e�nai mhekfulismène
 affinikè
 eikìne
 twn K, L, tìte vr(K1; L1) = vr(K;L).2. To in�mum e�nai minimum: up�rqei affinik  eikìna tou L pou perièqetaisto K kai èqei to mègisto dunatì ìgko.3. An ta K kai L e�nai summetrik� kurt� s¸mata tìte, prokeimènou na or�sou-me ton vr(K;L), mporoÔme na perioristoÔme stou
 grammikoÔ
 metasqhma-tismoÔ
 T tou Rn .4. O lìgo
 ìgkwn ikanopoie� thn pollaplasiastik  trigwnik  anisìthtavr(K;L) � vr(K;M) � vr(M;L):15



16Gr�foume Bn2 gia thn Eukle�deia monadia�a mp�la ston Rn . Qrhsimopoi¸nta
 thnanisìthta twn Bras
amp-Lieb, o Ball [1℄ ap�nthse pl rw
 sto prìblhma th
 megi-stopo�hsh
 tou lìgou ìgkwn vr(K;Bn2 ).Je¸rhma 1. 'Estw Qn = [�1; 1℄n kai Sn tuqìn simplex ston Rn . An K e�nai ènakurtì s¸ma ston Rn , tìte(2:1:2) vr(K;Bn2 ) � vr(Sn; Bn2 ):An to K e�nai summetrikì, tìte(2:1:3) vr(K;Bn2 ) � vr(Qn; Bn2 ):H apìdeixh qrhsimopoie� thn anapar�stash tou John gia thn tautotik  apei-kìnish. A
 upojèsoume gia aplìthta ìti to K e�nai summetrikì. MporoÔme naupojèsoume ìti to elleiyoeidè
 mègistou ìgkou pou perièqetai sto K e�nai h Bn2 .Arke� na de�xoume ìti jKj � jQnj = 2n. Apì to Je¸rhma tou John [12℄ up�rqounjetiko� pragmatiko� arijmo� �1; : : : ; �m kai shme�a epaf 
 u1; : : : ; um twn K kaiBn2 tètoia ¸ste(2:1:4) I = mXj=1 �juj 
 uj :ParathroÔme ìti K �M := fx : jhx; ujij � 1; j = 1; : : : ;mg. 'Ara,jKj � jM j = ZRn mYj=1�[�1;1℄(hx; uji)dx� mYj=1�ZR�[�1;1℄(t)dt��j = 2Pmj=1 �j = 2n;apì thn anisìthta twn Bras
amp-Lieb kai thn parat rhsh ìti Pmj=1 �j = n, poue�nai apl  sunèpeia th
 anapar�stash
 (2.1.4). 2Mia sunèpeia th
 ant�strofh
 anisìthta
 Bras
amp-Lieb tou Barthe [2℄ e�naiìti o vr(Bn2 ; L) megistopoie�tai ki autì
 ìtan L = Sn (ant�stoiqa, ìtan L = Bn1sth summetrik  per�ptwsh).Je¸rhma 2. 'Estw Bn1 h monadia�a mp�la tou `n1 kai Sn tuqìn simplex ston Rn .An L e�nai èna kurtì s¸ma ston Rn , tìte(2:1:5) vr(Bn2 ; L) � vr(Bn2 ; Sn):An to L e�nai summetrikì, tìte(2:1:6) vr(Bn2 ; L) � vr(Bn2 ; Bn1 ):



17Parathr sei
: (a) EÔkola elègqoume ìti oi posìthte
 vr(Sn; Bn2 ), vr(Qn; Bn2 ),vr(Bn2 ; Bn1 ) kai vr(Bn2 ; Sn) e�nai ìle
 (asumptwtik�) th
 t�xh
 th
 pn.(b) Apì ta Jewr mata 1 kai 2 èpetai ìti(2:1:7) vr(K;L) � vr(K;Bn2 ) � vr(Bn2 ; L) � vr(Sn; Bn2 ) � vr(Bn2 ; Sn) = ngia k�je zeug�ri kurt¸n swm�twn K kai L ston Rn . Mia �mesh apìdeixh aut 
 th
ekt�mhsh
 d�netai sthn [11℄, ìpou melet�tai h {jèsh mègistou ìgkou} tou L mèsasto K.(g) Apì ti
 prohgoÔmene
 parathr sei
 blèpoume ìti up�rqei apìluth stajer� 
1 >0 tètoia ¸ste(2:1:8) 
1pn � maxK;L vr(K;L) � n:Skopì
 ma
 se aut n thn par�grafo e�nai na de�xoume ìti to k�tw fr�gma th
(2.1.8) d�nei thn pragmatik  t�xh megèjou
 th
 posìthta
 maxK;L vr(K;L):Je¸rhma 3. 'Estw K kai L dÔo kurt� s¸mata ston Rn . Tìte,(2:1:9) vr(K;L) � Cpn lognìpou C > 0 e�nai mia apìluth stajer�.H ekt�mhsh pou d�nei to Je¸rhma 3 e�nai bèltisth an exairèsoume to loga-rijmikì par�gonta. H apìdeixh pou ja parousi�soume bas�zetai sth mèjodo twntuqa�wn orjog¸niwn paragontopoi sewn: �mesh efarmog  aut 
 th
 mejìdou d�neithn ekt�mhsh vr(K;L) = O(pn log2 n). MporoÔme na apale�youme ton èna loga-rijmikì par�gonta basizìmenoi se mia idèa tou Rudelson [19℄ o opo�o
 xek�nhse methn �dia mèjodo gia thn apìdeixh th
 ekt�mhsh
 O(n4=3(logn)9) gia thn apìstashBana
h-Mazur dÔo (ìqi anagkastik� summetrik¸n) kurt¸n swm�twn K kai L stonRn .2.1.2 H `-nìrma: bohjhtik� l mmataOrismo� - sumbolismì
: JewroÔme ton Rn efodiasmèno me thn Eukle�deia do-m  h�; �i kai sumbol�zoume thn ant�stoiqh Eukle�deia nìrma me k � k2. H Eukle�deiamonadia�a mp�la sumbol�zetai me Bn2 , kai Sn�1 e�nai h monadia�a sfa�ra. Ja gr�-foume ep�sh
 j � j gia ton ìgko (mètro Lebesgue) ston Rn , � gia to anallo�wtow
 pro
 ti
 strofè
 mètro pijanìthta
 sthn Sn�1, kai � gia to mètro pijanìthta
Haar p�nw sthn om�da twn orjog¸niwn metasqhmatism¸n O(n). O ìgko
 th
 Bn2sumbol�zetai me !n. 'Ena
 aplì
 upologismì
 de�qnei ìti !n = �n=2=�(n=2 + 1).Ta gr�mmata 
; 
1; 
2 ktl. ja dhl¸noun apìlute
 jetikè
 stajerè
 oi opo�e
den ja e�nai apara�thta suneq¸
 oi �die
.



18 'Estw M èna summetrikì kurtì s¸ma ston Rn . Tìte, h sun�rthsh(2:1:10) kxkM = inff� � 0 : x 2 �Mge�nai nìrma ston Rn , kaiM e�nai h monadia�a mp�la tou q¸rou me nìrma (Rn ; k�kM ).Ja gr�foume `n2 gia ton Eukle�deio q¸ro (Rn ; k � k2).To polikì s¸ma MÆ tou M or�zetai apì th sqèsh(2:1:11) MÆ = fy 2 Rn : jhx; yij � 1 gia k�je x 2Mg:Me �lla lìgia,(2:1:12) kykMÆ = maxx2M jhx; yij:ParathroÔme ìti XMÆ = X�M , dhlad  toMÆ e�nai h monadia�a mp�la tou duðkoÔ q¸-rou touXM . Apì ton orismì tou polikoÔ s¸mato
 èpetai ìti (TM)Æ = (T�1)�(MÆ)gia k�je T 2 GL(n).An XM1 kai XM2 e�nai dÔo n-di�statoi q¸roi me nìrma ìpw
 parap�nw, hapìstash Bana
h-Mazur d(XM1 ; XM2) or�zetai apì th sqèsh(2:1:13) d(XM1 ; XM2) = infT2GL(n) kT : XM1 ! XM2k � kT�1 : XM2 ! XM1k:Ja gr�foume dM gia thn apìstash Bana
h-Mazur d(XM ; `n2 ).Gia k�je summetrikì kurtì s¸ma M ston Rn or�zoume to mèso pl�to
 w(M)tou M apì th sqèsh(2:1:14) w(M) = ZSn�1 maxy2M jh�; yij�(d�) = ZSn�1 k�kMÆ�(d�):Tìte, h anisìthta tou Urysohn (blèpe [18℄, sel. 6) ma
 lèei ìti(2:1:15) � jM jjBn2 j�1=n � w(M)me isìthta an kai mìno an to M e�nai mp�la.An A : Rn ! Rn e�nai èna
 grammikì
 telest 
, tìte o A�A e�nai p�nta je-tikì
 (dhlad , h(A�A)x; xi � 0 gia k�je x 2 Rn ) kai èqei monadik  jetik  te-tragwnik  r�za, thn opo�a sumbol�zoume me jAj. Oi idiotimè
 sj(A) tou jAj ono-m�zontai idi�zouse
 timè
 tou A, kai ja jewroÔntai diatetagmène
 se fj�nousadi�taxh: s1(A) � : : : � sn(A) � 0. Sunèpeia tou fasmatikoÔ jewr mato
 e�nai han�lush tou A sth morf  A = UDV , ìpou U; V 2 O(n) kai D o diag¸nio
 p�-naka
 D = diag(s1(A); : : : ; sn(A)). Apì aut n thn an�lush blèpoume eÔkola ìtikA : `n2 ! `n2k = s1(A).



19H `-nìrma: Sumbol�zoume me L(`n2 ; XM ) to q¸ro ìlwn twn grammik¸n telest¸nT : `n2 ! XM . H `-nìrma enì
 telest  T 2 L(`n2 ; XM ) or�zetai w
 ex 
:(2:1:16) `(T ) = �ZRn kT (x)k2M
n(dx)�1=2 ;ìpou 
n e�nai to mètro pijanìthta
 tou Gauss ston Rn pou èqei puknìthta thn(2�)�n=2 exp(�kxk22=2).Oi basikè
 idiìthte
 th
 `-nìrma
 perigr�fontai sto epìmeno l mma:L mma 2.1.1 'Estw X kai Y dÔo n-di�statoi q¸roi me nìrma, kai èstw T 2L(`n2 ; X). IsqÔoun ta ex 
:1. An U : `n2 ! `n2 isometr�a, tìte `(TU) = `(T ).2. An S 2 L(X;Y ), tìte `(ST ) � kSk � `(T ).3. An W 2 L(`n2 ; `n2 ), tìte `(TW ) � kWk � `(T ).Apìdeixh: (1) Aplì, an qrhsimopoi soume to gegonì
 ìti to mètro tou Gausse�nai anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
.(2) Profanè
 apì ton orismì kai thn kS(Tx)k � kSk � kTxk.(3) Gr�foume B gia th monadia�a mp�la tou L(`n2 ; `n2 ). H apeikìnish W 7! `(TW )e�nai suneq 
 kai kurt  sun�rthsh sto B, �ra pa�rnei mègisth tim  se k�poio apì taakra�a shme�a tou B. Ja apode�xoume ìti ta akra�a shme�a tou sunìlou B e�nai or-jog¸nioi metasqhmatismo�. Apì to fasmatikì je¸rhma, k�jeW 2 B analÔetai sthmorf  W = UDV , ìpou oi U; V e�nai orjog¸nioi kai D = diag(s1(W ); : : : ; sn(W )).An W =2 O(n), tìte o D sthn parap�nw an�lush tou W den e�nai o tautotikì
.Epiplèon, afoÔW 2 B, ta diag¸nia stoiqe�a tou D e�nai mikrìtera   �sa th
 mon�-da
, me gn sia anisìthta se toul�qiston m�a jèsh. MporoÔme loipìn na gr�youmeD = (D1 +D2)=2, ìpou D1 6= D2 diag¸nioi me thn �dia idiìthta. An jewr soumetou
Wi = UDiV , tìte W = (W1+W2)=2 kai oi W1;W2 e�nai diaforetik� stoiqe�atou B, dhlad  o W den e�nai akra�o shme�o tou B. Dhlad , ta akra�a shme�a touB e�nai orjog¸nioi metasqhmatismo�.Qrhsimopoi¸nta
 kai thn (1) blèpoume ìti an W 2 L(`n2 ; `n2 ), W 6= 0, up�rqeiU 2 O(n) tètoio
 ¸ste `�T � WkWk� � `(TU) = `(T );dhlad  `(TW ) � kWk � `(T ). 2Shme�wsh: Qrhsimopoi¸nta
 thn {an�lush W = UDV } mporoÔme na doÔme ìti,ant�strofa, k�je U 2 O(n) e�nai akra�o shme�o tou B.



20 H `-nìrma or�sthke apì tou
 Figiel kai Tom
zak-Jaegermann [7℄, oi opo�oi,qrhsimopoi¸nta
 èna genikì apotèlesma tou Lewis [14℄ sqetikì me nìrme
 telest¸nduðkè
 w
 pro
 to �qno
, apèdeixan ìti gia k�je M up�rqei T 2 L(`n2 ; XM ) tètoio
¸ste(2:1:17) `(T )`((T�1)�) � nK(XM );ìpou K(XM ) e�nai h stajer� K-kurtìthta
 tou XM (blèpe [18, sel. 20℄). Apì thn�llh pleur�, mia shmantik  anisìthta tou Pisier [17℄ (blèpe ep�sh
 [18, Kef�laio2℄) de�qnei ìti(2:1:18) K(XM ) � 
1 log(dM + 1)gia k�je M , ìpou 
1 > 0 e�nai mia apìluth stajer�.Apì ton orismì th
 nìrma
 k � kM èqoume kT (x)kM = kxkT�1M gia k�je T 2GL(n). 'Ara,(2:1:19) `(T ) = �ZRn kT (x)k2M
n(dx)�1=2 = �ZRn kxk2T�1M
n(dx)�1=2 :Gia to lìgo autì, ja gr�foume(2:1:20) `(T�1(M)) := `(T : `n2 ! XM ):Me autì to sumbolismì, ta apotelèsmata twn Lewis, Figiel-Tom
zak kai Pisiersundu�zontai sto ex 
:L mma 2.1.2 'EstwM èna summetrikì kurtì s¸ma ston Rn . Up�rqei T 2 GL(n)tètoio
 ¸ste(2:1:21) `(TM)`((TM)Æ) � 
1n log(dM + 1);ìpou 
1 > 0 e�nai mia apìluth stajer�. 2Ektì
 apì th jemeli¸dh anisìthta tou L mmato
 2.1.2, ja qrhsimopoi soume k�-poie
 aplè
 idiìthte
 tou {`-sunarthsoeidoÔ
} M 7! `(M).L mma 2.1.3 'Estw M èna summetrikì kurtì s¸ma ston Rn . Tìte,(2:1:22) 
2pnw(M) � `(MÆ) � 
3pnw(M);ìpou 
2; 
3 > 0 apìlute
 stajerè
.



21Apìdeixh: 'Estw g1; : : : ; gn anex�rthte
 tupikè
 kanonikè
 tuqa�e
 metablhtè
 sek�poio q¸ro pijanìthta
. ParathroÔme ìti`(MÆ) = �ZRn kxk2MÆ
n(dx)�1=2 =  Ek nXi=1 gieik2MÆ!1=2' Ek nXi=1 gieikMÆ = ZRn kxkMÆ
n(dx)apì thn anisìthta Kahane-Khint
hine (blèpe [22, x4℄), kai upolog�zoume to teleu-ta�o olokl rwma se polikè
 suntetagmène
:`(MÆ) ' n!n(2�)n=2 ZSn�1 Z 10 rn�1kr�kMÆe�r2=2dr�(d�)= w(M) � n!n(2�)n=2 Z 10 rne�r2=2dr ' pnw(M): 2L mma 2.1.4 'Estw M èna summetrikì kurtì s¸ma ston Rn . Tìte,(2:1:23) `((I + S)(M)) � `(M)gia k�je jetikì grammikì telest  S tou Rn .Apìdeixh: Apì to L mma 2.1.1 èqoume(2:1:24) `((I + S)(M)) � k(I + S)�1 : `n2 ! `n2k � `(M):Qrhsimopoi¸nta
 to gegonì
 ìti o S e�nai jetikì
 telest 
 elègqoume eÔkola ìtisn(I + S) � 1, ap� ìpou èpetai ìti k(I + S)�1 : `n2 ! `n2k � 1. 2L mma 2.1.5 An M1 kai M2 e�nai dÔo summetrik� kurt� s¸mata ston Rn , tìte(2:1:25) `�(M1 +M2)Æ) � `(MÆ1 ) + `(MÆ2 ):Apìdeixh: 'Eqoume kxk(M1+M2)Æ = kxkMÆ1 +kxkMÆ2 . Qrhsimopoi¸nta
 ton orismìth
 `-nìrma
 kai thn anisìthta tou Minkowski pa�rnoume`�(M1 +M2)Æ) = �ZRn kxk2(M1+M2)Æ
n(dx)�1=2= �ZRn �kxkMÆ1 + kxkMÆ2 �2
n(dx)�1=2� �ZRn kxk2MÆ1 
n(dx)�1=2 +�ZRn kxk2MÆ2 
n(dx)�1=2= `(MÆ1 ) + `(MÆ2 );dhlad , thn (2.1.25). 2



222.1.3 To l mma tou Slepian kai h anisìthta th
 ChevetH mèjodo
 twn tuqa�wn orjog¸niwn paragontopoi sewn qrhsimopoi jhke gia pr¸-th for� sthn ergas�a th
 Tom
zak-Jaegermann [23℄, kai argìtera anaptÔqjhkeapì tou
 Benyamini kai Gordon [3℄ gia thn ekt�mhsh apost�sewn Bana
h-MazurmetaxÔ dÔo n-di�statwn q¸rwn me nìrma. Bas�zetai se mia eidik  per�ptwsh th
anisìthta
 th
 Chevet (blèpe [22, x43℄) apì th jewr�a twn anel�xewn tou Gauss.Prìtash 2.1.1 'Estw K kai L summetrik� kurt� s¸mata ston Rn , kai (gij)ni;j=1anex�rthte
 tupikè
 kanonikè
 tuqa�e
 metablhtè
 se ènan q¸ro pijanìthta
 (
; �).Gia k�je ! 2 
 jewroÔme ton telest  G! : XL ! XK , pou or�zetai apì thnG! = nXi;j=1 gij(!)ei 
 ejìpou fe1; : : : ; eng tuqoÔsa orjokanonik  b�sh tou Rn . Tìte,(2:1:26) Z
 kG! : XL ! XKkd� � diam(L) � `(K) + diam(KÆ) � `(LÆ):H apìdeixh th
 Prìtash
 2.1.1 qrhsimopoie� to l mma tou Slepian (blèpe [22, x43℄).L mma 2.1.6 'Estw (
; �) q¸ro
 pijanìthta
 kai Xi; Yi, i � m, kanonikè
 tuqa�e
metablhtè
 ston 
 me mèsh tim  0, tètoie
 ¸ste gia k�je i; j � m na isqÔoun oiZ
X2i d� = Z
 Y 2i d�Z
 YiYjd� � Z
XiXjd�:Tìte, Z
maxi�m Xi d� � Z
maxi�m Yi d�: 2Apìdeixh th
 Prìtash
 2.1.1: 'Estw g, (gi)ni=1, (hj)nj=1 anex�rthte
 tupikè
kanonikè
 tuqa�e
 metablhtè
 ston (
; �), anex�rthte
 apì ti
 (gij)ni;j=1.'Estw D(L) kai D(KÆ) arijm sima pukn� uposÔnola twn L kai KÆ ant�stoiqa.Gia k�je x 2 D(L) kai y 2 D(KÆ) jewroÔme ti
 tuqa�e
 metablhtè
Xx;y = nXi;j=1 xiyjgij + kxk2 � kyk2 � gYx;y = kxk2 � nXj=1 yjhj + kyk2 � nXi=1 xigi:



23Jewr¸nta
 ar�jmhsh tou sunìlou twn zeugari¸n (x; y) 2 D(L) � D(KÆ) èqoumemia ar�jmhsh twn Xx;y kai Yx;y. EÔkola elègqoume ìti oi pr¸te
 m (w
 pro
thn ar�jmhsh) tuqa�e
 metablhtè
 Xx;y kai Yx;y ikanopoioÔn ti
 pro�pojèsei
 touL mmato
 tou Slepian. Efarmìzonta
 to L mma gia k�je m kai pern¸nta
 stoìrio, pa�rnoume(2:1:27) Z
 supy2KÆ supx2LXx;y d� � Z
 supy2KÆ supx2LYx;y d�:ParathroÔme ìti(2:1:28) Z
 supy2KÆ supx2L� nXi;j=1 xiyjgi;j(!)�d�(!) = Z
 supx2L supy2KÆhG!x; yid�(!):'Omw
,(2:1:29) supx2L supy2KÆhG!x; yi = supx2L kG!(x)kK = kG! : XL ! XKk:Qrhsimopoi¸nta
 kai th summetr�a th
 g, blèpoume ìtiZ
 kG! : XL ! XKkd�(!) = Z
 supy2KÆ supx2L� nXi;j=1 xiyjgi;j(!)�d�(!)� Z
 supy2KÆ supx2L� nXi;j=1 xiyjgi;j + kxk2 � kyk2 � g�d�+ Z
 supy2KÆ supx2L� nXi;j=1 xiyjgi;j � kxk2 � kyk2 � g�d�= 2 Z
 supy2KÆ supx2LXx;yd�:To dexiì mèlo
 th
 (2.1.27) gr�fetai sth morf Z
 supy2KÆ supx2LYx;yd� = Z
 supx2L supy2KÆ�kxk2 nXj=1 yjhj + kyk2 nXi=1 xigi�d�� supx2L kxk2 Z
 supy2KÆ0� nXj=1 yjhj1A d�+ supy2KÆ kyk2 Z
 supx2L nXi=1 xigi! d�= diam(L)2 Z
 k nXj=1 hjejkKd�



24 +diam(KÆ)2 Z
 k nXi=1 gieikLÆd�� diam(L)2 � `(K) + diam(KÆ)2 � `(LÆ);ìpou qrhsimopoi same thn(2:1:30) E 



 nXi=1 giei



M �  E 



 nXi=1 giei



2M!1=2 = `(M)gia ta K kai LÆ. Sundu�zonta
 ta parap�nw katal goume sthn (2.1.26). 2To epìmeno l mma (blèpe [22, x43℄) ma
 epitrèpei na per�soume apì tuqa�ou
p�nake
 me tupikè
 kanonikè
 suntetagmène
 se orjog¸niou
 p�nake
.L mma 2.1.7 (Mar
us-Pisier) IsqÔei h anisìthta(2:1:31) ZO(n) kU : XL ! XKkd� � 
4pn Z
 kG! : XL ! XKkd�(!);ìpou 
4 > 0 apìluth stajer�. 2Sundu�zonta
 thn Prìtash 2.1.1 me thn anisìthta twnMar
us-Pisier pa�rnoumeekt�mhsh gia th mèsh tim  th
 nìrma
 enì
 orjog¸niou telest  U : XL ! XK mèswgewmetrik¸n paramètrwn twn K kai L.Je¸rhma 2.1.1 'Estw K kai L dÔo summetrik� kurt� s¸mata ston Rn . Tìte,(2:1:32) ZO(n) kU : XL ! XKk �(dU) � 
4pn�diam(L)`(K) + diam(KÆ)`(LÆ)�;ìpou 
4 > 0 h stajer� tou L mmato
 2.1.7. 22.1.4 Ekt�mhsh tou lìgou ìgkwnJewroÔme pr¸ta th summetrik  per�ptwsh. To Je¸rhma pou akolouje� de�qnei ìtio lìgo
 ìgkwn vr(K;L) e�nai ousiastik� {grammik  sun�rthsh} tou maxfdK ; dLg.Je¸rhma 2.1.2 'Estw K kai L dÔo summetrik� kurt� s¸mata ston Rn . Tìte,(2:1:33) vr(K;L) � C1�dL log(dK + 1) + dK log(dL + 1)�ìpou C1 > 0 e�nai mia apìluth stajer�.H apìdeixh ja basiste� sto Je¸rhma 2.1.1 kai sto ex 
 L mma.



25L mma 2.1.8 'Estw M summetrikì kurtì s¸ma ston Rn . Up�rqei grammik  ei-kìna M1 tou M me ti
 ex 
 idiìthte
:1. `(M1) � pn2. `(MÆ1 ) � 
5pn log(dM + 1)3. diam(MÆ1 ) = 2kI : `n2 ! XM1k � 2dM= log(dM + 1)ìpou 
5 > 0 apìluth stajer�.Apìdeixh: Apì to L mma 2.1.2 mporoÔme na upojèsoume ìti to M ikanopoie� ti
(2:1:34) `(M) � pn kai `(MÆ) � 
1pn log(dM + 1):JewroÔme èna elleiyoeidè
 EM pou ulopoie� thn apìstash dM apì to M : dhlad ,EM �M � dMEM . Up�rqei jetikì
 grammikì
 telest 
 S 2 GL(n) tètoio
 ¸steS(EM ) = Bn2 . Tìte, Bn2 � S(M) � dMBn2 , �ra(2:1:35) w(SM) � dM kai w((SM)Æ) � 1:Apì to L mma 2.1.3, pa�rnoume(2:1:36) `(SM) � 
3pn kai `((SM)Æ) � 
3pndM :E�n jèsoume T = I + �S ìpou � = log(dM + 1)=dM , èqoumekI : `n2 ! XTMk = k(I + �S)�1 : `n2 ! XMk� k((�S)�1 + I)�1 : `n2 ! `n2k � k(�S)�1 : `n2 ! XMk� k(�S)�1 : `n2 ! XMk= kI : `n2 ! X�(SM)k� 1=� = dM= log(dM + 1)To L mma 2.1.4 ma
 exasfal�zei ìti(2:1:37) `(TM) � `(M) � pn:Tèlo
, afoÔ (I + �S)(M) �M + �(SM), apì to L mma 2.1.5 èqoume`((TM)Æ) � `(MÆ) + � � `((SM)Æ)� 
1pn log(dM + 1) + 
3�pndM� (
1 + 
3)pn log(dM + 1)apì ton trìpo epilog 
 tou �. Apì ta parap�nw e�nai fanerì ìti to sumpèrasmatou L mmato
 ikanopoie�tai apì to M1 := TM . 2Apìdeixh tou Jewr mato
 2.1.2: Qrhsimopoi¸nta
 to L mma 2.1.8 br�skoumegrammikè
 eikìne
 K1 kai L1 twn K kai L ant�stoiqa, ètsi ¸ste na ikanopoioÔntaita ex 
:



26 1. `(K1) � pn kai `(LÆ1) � pn.2. `(KÆ1 ) � 
5pn log(dK + 1) kai `(L1) � 
5pn log(dL + 1).3. diam(KÆ1 ) � 2dK= log(dK + 1) kai diam(L1) � 2dL= log(dL + 1).(gia thn akr�beia, efarmìzoume to L mma 2.1.8 gia ta K kai LÆ - parathr ste ìtidL = dLÆ). Apì to Je¸rhma 2.1.1,ZO(n) kU : XL1 ! XK1k�(dU) � 
4pn�diam(L1)`(K1) + diam(KÆ1 )`(LÆ1)�� 2
4� dKlog(dK + 1) + dLlog(dL + 1)� :'Ara, up�rqei U0 2 O(n) tètoio
 ¸ste(2:1:38) U0(L1) � 2
4� dKlog(dK + 1) + dLlog(dL + 1)�K1:'Epetai ìti(2:1:39)vr(K;L) � 2
4� dKlog(dK + 1) + dLlog(dL + 1)�� jK1jjBn2 j�1=n� jBn2 jjU0(L1)j�1=n :Apì thn anisìthta tou Urysohn (2.1.15) pa�rnoume(2:1:40) � jK1jjBn2 j�1=n � w(K1) � `(KÆ1 )
2pn � 
5
2 log(dK + 1):Tèlo
, apl  efarmog  th
 anisìthta
 tou H�older de�qnei ìti� jBn2 jjU0(L1)j�1=n = � jBn2 jjL1j �1=n = �ZSn�1 kxk�nL1 �(dx)��1=n� w(LÆ1) � `(L1)
2pn� 
5
2 log(dL + 1):Sundu�zonta
 ta parap�nw sumpera�noume ìti(2:1:41) vr(K;L) � 2
4
25
22 �dL log(dK + 1) + dK log(dL + 1)�;dhlad  to Je¸rhma isqÔei me C1 = 2
4
25=
22. 2Pìrisma 2.1.1 'Estw K kai L dÔo summetrik� kurt� s¸mata ston Rn . Tìte,(2:1:42) vr(K;L) � C2pn lognìpou C2 > 0 e�nai mia apìluth stajer�.



27Apìdeixh: SÔmfwna me to je¸rhma tou John [12℄, maxfdK ; dLg � pn. 2Apì to Pìrisma 2.1.1 mporoÔme eÔkola na per�soume sth genik  per�ptwsh: olìgo
 e�nai ìti k�je kurtì s¸ma M perièqei èna summetrikì kurtì s¸ma M1 kaiperièqetai se èna summetrikì kurtì s¸ma M2 gia ta opo�ajM j1=n ' jM1j1=n ' jM2j1=n:Je¸rhma 2.1.3 'Estw K kai L dÔo kurt� s¸mata ston Rn . Tìte,vr(K;L) � Cpn lognìpou C > 0 e�nai mia apìluth stajer�.Apìdeixh: 'Estw K kai L dÔo kurt� s¸mata ston Rn . MporoÔme na upojèsoumeìti to kèntro b�rou
 tou
 e�nai sthn arq  twn axìnwn. To s¸ma diafor¸n L�L touL e�nai summetrikì, perièqei to L, kai apì thn anisìthta twn Rogers kai Shephard[20℄,(2:1:43) jL� Lj1=n � 4jLj1=n:Apì thn �llh pleur�, to K \ (�K) e�nai summetrikì, perièqetai sto K, kai oiMilman kai Pajor [15℄ èqoun de�xei ìti(2:1:44) jKj1=n � 2jK \ (�K)j1=n:Apì to Pìrisma 2.1.1, up�rqei T 2 GL(n) tètoio
 ¸ste T (L�L) � K \ (�K) kai(2:1:45) jK \ (�K)j1=n � C2pn lognjT (L� L)j1=n:EÔkola elègqoume ìti T (L) � K, �ravr(K;L) � � jKjjK \ (�K)j jK \ (�K)jjT (L� L)j jT (L� L)jjT (L)j �1=n� 8C2pn logn: 22.2 Lìgo
 ìgkwn kai Eukle�deie
 tomè
H ènnoia tou lìgou ìgkwn vr(K;Bn2 ) gia summetrik� kurt� s¸mata ston Rn prw-toemfan�sthke sthn ergas�a [13℄ tou Kashin, o opo�o
 èdeixe ìti tuqa�oi [n=2℄-di�statoi upìqwroi tou `n1 èqoun omoiìmorfa fragmènh apìstash Bana
h-Mazurapì ton `[n=2℄2 . Pr¸to
 o Szarek [21℄ kat�labe ìti autì e�nai sunèpeia tou gegonìto
ìti vr(Bn1 ; Bn2 ) � C ìpou C > 0 apìluth stajer� (kai Bn1 h monadia�a mp�la tou`n1 ). O Szarek eis gage thn ènnoia tou lìgou ìgkwn vr(K;Bn2 ) kai apèdeixe k�tipolÔ genikìtero.



28Je¸rhma 2.2.1 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou th
monadia�a
 mp�la
 K tou X = (Rn ; k � k). An(2:2:1) A = � jKjjBn2 j�1=n ;tìte gia k�je k � n up�rqei upìqwro
 H tou Rn di�stash
 k, tètoio
 ¸ste(2:2:2) kxk � kxk2 � (4�A) nn�k kxkgia k�je x 2 H . Epiplèon, to sÔnolo H twn H 2 Gn;k pou ikanopoioÔn thn (2:2:2)èqei mètro Haar �n;k(H) � 1� 2�n. 2Skopì
 ma
 se aut n thn par�grafo e�nai na d¸soume dÔo diaforetikè
 apode�-xei
 autoÔ tou Jewr mato
. O lìgo
 gi� autì e�nai ìti h ekt�mhsh pou d�nei h (2.2.1)e�nai polÔ kak  ìtan k = [�n℄ me � ! 1�. 'Opw
 de�qnei h prosèggis  ma
, miakalÔterh ekt�mhsh ja  tan dunat  an e�qame sth di�jes  ma
 isqurè
 ektim sei
gia tou
 arijmoÔ
 k�luyh
 tou K apì pollapl�sia th
 Bn2 .2.2.1 H mèjodo
 twn tuqa�wn strof¸nUpojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K. JewroÔme thsun�rthsh g : [0;+1)! [0;+1) me(2:2:3) g(r) = w(K \ rBn2 ):EÔkola elègqoume ìti h g e�nai aÔxousa kai ko�lh sun�rthsh. Sto [0; 1℄ èqoumeg(r) = 2r en¸, apì to Je¸rhma tou John [12℄, sto [pn;+1) èqoume g(r) = w(K).'Epetai ìti, gia k�je �; " 2 (0; 1) up�rqei r = r(�) > 0 me thn idiìthta(2:2:4) g(r) = w(K \ rBn2 ) = 2(1� ")p1� �r:Sto shme�o autì qrhsimopoioÔme thn {M�-anisìthta} tou Milman, sth bèltisthmorf  th
 (blèpe [9℄).Je¸rhma 2.2.2 'Estw T èna summetrikì kurtì s¸ma ston Rn . Gia k�je �; " 2(0; 1), èqoume(2:2:5) diam(T \H) � 2w(T )(1� "=2)p1� � ;gia ìlou
 tou
 H se èna uposÔnolo H th
 Gn;k me mètro megalÔtero apì 1 �
 exp(�
0"2(1� �)n), ìpou k = [�n℄ kai 
; 
0 > 0 e�nai apìlute
 stajerè
. 2



29Efarmìzoume to Je¸rhma 2.2.2 gia to s¸ma T = K \ rBn2 : apì thn (2.2.4),gia k�je H 2 H èqoume(2:2:6) diam(K \ rBn2 \H) < 2r;ap� ìpou èpetai eÔkola ìti diam(K \H) < 2r. Dhlad , gia k�je x 2 H èqoume(2:2:7) kxk � kxk2 � rkxk:Mènei na ektim soume to r = r(�). Gia to skopì autì ja qrhsimopoi soume thn{olik  morf } tou Jewr mato
 tou Dvoretzky [5℄:Je¸rhma 2.2.3 Up�rqei apìluth stajer� C > 0 me thn idiìthta: gia k�je sum-metrikì kurtì s¸ma T ston Rn mporoÔme na broÔme fusikì arijmì(2:2:8) s � C�diam(T )=w(T )�2kai orjog¸niou
 metasqhmatismoÔ
 u1; : : : ; us tètoiou
 ¸ste(2:2:9) w(T )4 Bn2 � 1s�u1(T ) + � � �+ us(T )� � w(T )Bn2 : 2Efarmìzoume to Je¸rhma 2.2.3 gia to s¸ma T = K \ rBn2 . AfoÔ T � rBn2 ,apì thn (2.2.4) mporoÔme na broÔme(2:2:10) s � C(")=(1� �)kai u1; : : : ; us 2 O(n) ¸ste na ikanopoie�tai h (2.2.9). Dhlad ,2(1� ")p1� �r � jBn2 j1=n = w(T ) � jBn2 j1=n� 4s ju1(T ) + � � �+ us(T )j1=n� 4s ju1(K) + � � �+ us(K)j1=n:Autì pou qreiazìmaste e�nai èna �nw fr�gma gia ton ìgko tou u1(K)+ � � �+us(K).Jumhje�te ìti o arijmì
 k�luyh
 N(K; tBn2 ) e�nai o mikrìtero
 arijmì
 apìmp�le
 akt�na
 t pou h ènws  tou
 kalÔptei to K. Apì ton orismì twn arijm¸nk�luyh
, elègqetai �mesa to ex 
:L mma 2.2.1 An T1; : : : ; Ts e�nai summetrik� kurt� s¸mata ston Rn , tìte(2:2:11) N(T1 + � � �+ Ts; (t1 + � � �+ ts)Bn2 ) � sYi=1N(Ti; tiBn2 ):gia k�je t1; : : : ; ts > 0. 2



30Apì to L mma 2.2.1, gia k�je t � 1 èqoumeju1(K) + � � �+ us(K)j � N(u1(K) + � � �+ us(K); AtsBn2 ) � jAtsBn2 j� sYi=1N(ui(K); AtBn2 ) � (ts)njKj:Sunep¸
,(2:2:12) 2(1� ")p1� �r � 4At � [N(K;AtBn2 )℄s=n:'Ena
 aplì
 trìpo
 gia na ektim soume tonN(K; �Bn2 ) e�nai o ex 
: an fx1; : : : ; xNge�nai èna uposÔnolo tou K megistikì w
 pro
 thn kxi � xjk2 � �, tìte K �Si�N (xi + �Bn2 ) kai ta xi + (�=2)Bn2 èqoun xèna eswterik�, ap� ìpou blèpoumeeÔkola ìti(2:2:13) N � j(�=2)Bn2 j � jK + (�=2)Bn2 j:An epiplèon upojèsoume ìti Bn2 � K, tìte jK + (�=2)Bn2 j � (1 + (�=2))njKj, �ra(2:2:14) N(K; �Bn2 ) � [1 + 2=�℄n jKjjBn2 j :Me ti
 upojèsei
 tou Jewr mato
 2.2.1, epilègonta
 �=2 = A katal goume stoex 
 L mma.L mma 2.2.2 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K.An(2:2:15) A = � jKjjBn2 j�1=n ;tìte(2:2:16) N(K; 2ABn2 ) � [1 +A℄n:Apì to L mma 2.2.2 kai thn (2.2.12) me t = 2, sumpera�noume ìti(2:2:17) 2(1� ")p1� �r � 8A � [1 +A℄C(")=(1��):Qrhsimopoi¸nta
 kai thn (2.2.7) pa�rnoume mia �llh apìdeixh tou Jewr mato
 touSzarek (me parìmoia ekjetik  ex�rthsh apì to �).Je¸rhma 2.2.4 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou th
monadia�a
 mp�la
 K tou X = (Rn ; k � k). Gia k�je k � n up�rqei upìqwro
 H touRn di�stash
 k, tètoio
 ¸ste(2:2:19) kxk � kxk2 � f(A; �) � kxkgia k�je x 2 H , ìpou � = k=n kai f(A; �) = 8A � [1 +A℄C=(1��)=p1� �. 2



31Parat rhsh: 'Estw ìti oi arijmo� k�luyh
 N(K; �Bn2 ) fj�noun me {kanonikìtrìpo} kaj¸
 to � megal¸nei:Upìjesh: Up�rqoun 
; p > 0 kai q � 1 tètoioi ¸ste(�) N(K;AqtBn2 ) � exp(
n=tp)gia k�je t � 1.An h upìjesh aut  ikanopoie�tai, tìte h (2.2.12) pa�rnei th morf (2:2:20) (1� ")p1� �r � 2Aqt � exp(
s=tp)gia k�je t � 1. Epilègonta
 t = s1=p, blèpoume ìti(2:2:21) r � C(")Aq 1(1� �)1=2+1=p :Den èqoume katorj¸sei na de�xoume ìti sth jèsh tou John h upìjesh ikanopoie�taigia k�poia p > 0 kai q � 1, ìmw
 h (2.2.21) de�qnei ìti me to epiqe�rhma pouparousi�same ja e�qame saf  belt�wsh tou Jewr mato
 2.2.1 gia �! 1�.2.2.2 H mèjodo
 twn probol¸nUpojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou tou K, kai jewroÔme�; " 2 (0; 1). 'Opw
 kai sthn prohgoÔmenh par�grafo, epilègoume r = r(�; ") pouikanopoie� thn(2:2:22) g(r) = w(K \ rBn2 ) = 2(1� ")p1� �r:Ja efarmìsoume to Je¸rhma tou Dvoretzky sth morf  pou p re apì tou
 Figiel,Lindenstrauss kai Milman [8℄:Je¸rhma 2.2.5 'Estw k�k mia nìrma ston Rn , kai T h ant�stoiqh monadia�a mp�la.An b e�nai o mikrìtero
 jetikì
 arijmì
 gia ton opo�o(2:2:23) kxk � bkxk2gia k�je x 2 Rn , kai an(2:2:24) M = ZSn�1 kxk�(dx);tìte gia k�je m � 
n(M=b)2 up�rqei H � Gn;m me �n;m(H) � 1=2 tètoio ¸ste:gia k�je H 2 H na isqÔei h(2:2:25) 12MBn2 \H � T \H � 2MBn2 \H:(
 > 0 e�nai mia apìluth stajer�). 2



32 Efarmìzoume to Je¸rhma 2.2.5 gia to T = (K \ rBn2 )Æ. 'Eqoume b � r kai(2:2:26) M = ZSn�1 kxk(K\rBn2 )Æ�(dx) = w(K \ rBn2 ) = (1� ")p1� �r:Sunep¸
, an jèsoume m = [
(")(1 � �)n℄ èqoume to ex 
: up�rqei H � Gn;m me�n;m(H) � 1=2 tètoio ¸ste: gia k�je H 2 H na isqÔei h(2:2:27) (4
(")p1� �r)�1Bn2 \H � (K \ rBn2 )Æ \H � (
(")p1� �r)�1Bn2 \H; , isodÔnama,(2:2:28) (
(")p1� �r)Bn2 \H � PH(K \ rBn2 ) � (4
(")p1� �r)Bn2 \H;ìpou PH(T ) e�nai h orjog¸nia probol  tou T ston H .Sto shme�o autì ja qrhsimopoi soume ton oloklhrwtikì tÔpo tou Kubota: to(n�m)-stì quermassintegral Wn�m(T ) = V (T ;m;Bn2 ;n�m) ikanopoie� thn(2:2:29) Wn�m(T ) = jBn2 jjBm2 j ZGn;m jPH(T )j �n;m(dH):Apì th monoton�a twn meikt¸n ìgkwn kai thn Bn2 � K, èqoume(2:2:30) Wn�m(K \ rBn2 ) = V (K \ rBn2 ;m;Bn2 ;n�m) � V (K; : : : ;K) = jKj:Apì ti
 (2.2.28) kai (2.2.29) èpetai ìti(2:2:31) jBn2 j � (
(")p1� �r)m � jKj;dhlad ,(2:2:32) r � 
1(")An=mp1� � :Dhlad , èqoume to Je¸rhma 2.2.1 sthn ex 
 morf .Je¸rhma 2.2.6 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou th
monadia�a
 mp�la
 K tou X = (Rn ; k � k). Gia k�je k � n up�rqei upìqwro
 H touRn di�stash
 k, tètoio
 ¸ste(2:2:33) kxk � kxk2 � f(A; �) � kxkgia k�je x 2 H , ìpou � = k=n kai f(A; �) = 
A1=
(1��)=p1� �. 2Shme�wsh: O anagn¸sth
 ja èqei parathr sei ìti to asjenè
 shme�o sto parap�nwepiqe�rhma e�nai h anisìthta V (K \ rBn2 ; : : : ;K \ rBn2 ; Bn2 ; : : : ; Bn2 ) � jKj.



332.2.3 Parathr sei
Sthn arq  aut 
 th
 paragr�fou d�noume dÔo parade�gmata kl�sewn swm�twn giati
 opo�e
 to Je¸rhma 2.2.1 epidèqetai belt�wsh.A. Q¸roi me fragmènh stajer� suntÔpou-2'Estw X = (Rn ; k � k) èna
 n-di�stato
 q¸ro
 me nìrma. H stajer� suntÔpou-2C2(X) tou X e�nai o mikrìtero
 C > 0 pou ikanopoie� to ex 
: gia k�je m 2 N kaik�je x1; : : : ; xm 2 X ,(2:2:34) mXi=1 kxik2 � C2E



 mXi=1 gixi



2:Oi Bourgain kai Milman [4℄ èqoun de�xei ìti(2:2:35) vr(K;Bn2 ) � 
 � C2(X) log[C2(X) + 1℄;dhlad , oi q¸roi me {fragmènh C2(X)} d�noun mia upokl�sh twn q¸rwn me {frag-mèno lìgo ìgkwn}.Je¸rhma 2.2.7 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou th
monadia�a
 mp�la
 K tou X = (Rn ; k � k). Gia k�je k � n up�rqei upìqwro
 H touRn di�stash
 k, tètoio
 ¸ste(2:2:36) kxk � kxk2 � 
 C2(X)p1� � log� C2(X)p1� �� kxkgia k�je x 2 H , ìpou � = k=n.Gia thn apìdeixh, jewroÔme p�li th lÔsh r(�) th
 ex�swsh
 w(K \ rBn2 ) =2p1� �r. O q¸ro
 Xr me monadia�a mp�la to K \ rBn2 èqei stajer� suntÔpou-2C2(Xr) � 2C2(X), kai apì gnwst� apotelèsmata twn Davis, Milman kai Tom
zak-Jaegermann [6℄, Pisier [16℄ èpetai ìti(2:2:37) w(K \ rBn2 ) � 
C2(Xr)K(Xr):Qrhsimopoi¸nta
 thn anisìthta (2.1.18) tou Pisier, sumpera�noume ìti(2:2:38) 2p1� �r � 
0C2(X) log(2r);ap� ìpou pa�rnoume to zhtoÔmeno. 2



34B. Q¸roi me 1-summetrik  nìrmaLème ìti èna
 n-di�stato
 q¸ro
 me nìrma X èqei 1-summetrik  b�sh, an up�rqeib�sh fu1; : : : ; ung tou X me thn idiìthta(2:2:39) 

 nXi=1 tiui

 = 

 nXi=1 "itiu�(i)

gia k�je met�jesh � tou f1; : : : ; ng kai k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tnkai pros mwn "i = �1.An o X èqei 1-summetrik  b�sh, tìte h jèsh tou John th
 monadia�a
 toump�la
 K e�nai tautìqrona h jèsh pou elaqistopoie� thn posìthta(2:2:40) M =M(K) = ZSn�1 kxk�(dx):Dhlad , M(K) � M(TK) gia k�je T 2 SL(n). Efarmìzetai tìte to ex 
 apotè-lesma th
 [10℄:Je¸rhma 2.2.8 'Estw K èna summetrikì kurtì s¸ma ston Rn pou ikanopoie� thnM(K) � M(TK) gia k�je T 2 SL(n). Tìte, gia k�je � 2 (0; 1), up�rqei [�n℄-di�stath tom  K \H tou K tètoia ¸ste(2:2:41) d(K \H;Bn2 \H) � 
 bMp1� � log� 2bMp1� �� ;ìpou 
 > 0 mia apìluth stajer�, kai b e�nai o mikrìtero
 jetikì
 arijmì
 gia tonopo�o h anisìthta kxk � bkxk2 isqÔei gia k�je x 2 Rn . 2An loipìn upojèsoume ìti to K br�sketai sth jèsh tou John, èqoume b = 1 kai(2:2:42) 1M � �ZSn�1 kxk�n�(dx)�1=n = � jKjjBn2 j�1=n = A;ap� ìpou èpetai to ex 
:Je¸rhma 2.2.9 Upojètoume ìti o X èqei 1-summetrik  b�sh kai ìti h Bn2 e�nai toelleiyoeidè
 mègistou ìgkou th
 monadia�a
 tou mp�la
 K. Gia k�je k � n up�rqeiupìqwro
 H tou Rn di�stash
 k, tètoio
 ¸ste(2:2:43) kxk � kxk2 � 
 Ap1� � log� Ap1� �� kxkgia k�je x 2 H , ìpou � = k=n kai A = vr(K;Bn2 ). 2



35Up�rqoun loipìn kl�sei
 q¸rwn gia ti
 opo�e
 mporoÔme na p�roume ekt�mhsh th
morf 
 O �A=p1� ��qsto Je¸rhma 2.2.1, gia k�je � 2 (0; 1) kai k�poio q > 1. Ja de�xoume ìti autoÔ toutÔpou h ekt�mhsh e�nai ousiastik� isodÔnamh me thn {upìjesh (�)} th
 Paragr�fou2.2.1 gia tou
 arijmoÔ
 k�luyh
 sth jèsh John.Qreiazìmaste k�poiou
 orismoÔ
: 'Estw X;Y n-di�statoi q¸roi me nìrma kaiT : X ! Y grammikì
 telest 
. Oi arijmo� Gelfand tou T or�zontai gia k�jek � n apì thn(2:2:44) 
k(T ) = inffkT jSk : S � X ; 
odim(S) < kg:Oi arijmo� entrop�a
 tou T or�zontai gia k�je k � n apì thn(2:2:45) ek(T ) = infft > 0 : N(T (KX); tKY ) � 2k�1g:Oi arijmo� Gelfand kai oi arijmo� entrop�a
 tou T sundèontai mèsw th
 akìloujh
prìtash
 (blèpe [18℄, Kef�laio 5).Prìtash 2.2.1 Gia k�je � > 0 up�rqei stajer� �� tètoia ¸ste: gia k�je T :X ! Y ,(2:2:46) supk�n k�ek(T ) � �� supk�n k�
k(T ):Je¸rhma 2.2.10 Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 mègistou ìgkou th
monadia�a
 mp�la
 K tou X = (Rn ; k � k). An gia k�je k < n up�rqei upìqwro
 Htou Rn sundi�stash
 k, tètoio
 ¸ste gia k�je x 2 H(2:2:47) kxk � kxk2 � 
� Ap��q kxk;ìpou � = k=n kai A = vr(K;Bn2 ), tìte(2:2:48) N(K;AqtBn2 ) � exp(
n=t2=q)gia k�je t � 1.Apìdeixh: H upìjesh e�nai isodÔnamh me thn(2:2:49) 
k(I : X ! `n2 ) � 
�Apnpk �qgia k�je k � n. Efarmìzoume thn Prìtash 2.2.1 me � = q=2. Gia k�je k � nèqoume(2:2:50) kq=2ek(I : X ! `n2 ) � �q=2Aqnq=2:



36Gia dosmèno t � 1 br�skoume k � n tètoion ¸ste(2:2:51) Aqt = Aqnq=2=kq=2 () k = n=t2=q:Tìte ek(I : `n2 ! X) � Aqt, dhlad (2:2:52) N(K;AqtBn2 ) � exp(
n=t2=q):gia k�poia apìluth stajer� 
 > 0. 2
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Kef�laio 3Tuqa�oi q¸roi pou par�gontaiapì 0-1 polÔtopa
3.1 Eisagwg Oi tuqa�oi q¸roi qrhsimopoi jhkan sthn asumptwtik  jewr�a twn q¸rwn pepera-smènh
 di�stash
 me nìrma gia thn apìdeixh th
 Ôparxh
 q¸rwn   telest¸n mepajologikè
 idiìthte
. Sth dekaet�a tou 80, arket� shmantik� probl mata th
jewr�a
 lÔjhkan me autì ton trìpo. Endeiktik� anafèroume ta ex 
 apotelèsmata:1. Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste, gia k�je n up�rqoun n-di�statoiq¸roi me nìrmaXn, Yn me apìstash Bana
h-Mazur d(Xn; Yn) � 
n (Gluskin,[17℄).2. Up�rqei n-di�stato
 q¸ro
 me nìrmaXn o opo�o
 èqei stajer� un
onditionalb�sh
 ( , akìma isqurìtera, stajer� b�sh
) th
 t�xh
 th
 pn (blèpe [15℄kai [39℄, [18℄ ant�stoiqa).3. Up�rqei n-di�stato
 q¸ro
 me nìrma Xn o opo�o
 èqei apìstash Bana
h-Mazur apì ton `n1 megalÔterh apì 
pn logn (Szarek, [40℄).'Ola aut� ta jewr mata exasfal�zoun thn Ôparxh k�poiwn q¸rwn me akra�a sumpe-rifor�. H kataskeu  tètoiwn paradeigm�twn moi�zei anèfikth, h pijanojewrhtik ìmw
 mèjodo
 epitugq�nei: or�zetai kat�llhlo
 q¸ro
 pijanìthta
 apoteloÔmeno
apì n-di�statou
 q¸rou
 me nìrma kai apodeiknÔetai ìti, me meg�lh pijanìthta,prokÔptoun antike�mena - oi {tuqa�oi q¸roi} - me ti
 epijumhtè
 idiìthte
.Tupikì par�deigma kl�sh
 tuqa�wn q¸rwn e�nai oi n-di�statoi upìqwroi tou`N1 me N = �n, � > 1 (o q¸ro
 pijanìthta
 e�nai h pollaplìthta Grassmann GN;n39



40twn n-di�statwn upoq¸rwn tou RN , efodiasmènh me to mètro Haar - oi monadia�e
mp�le
 e�nai tuqa�e
 n-di�state
 kentrikè
 tomè
 tou kÔbou QN ). Oi q¸roi pouprokÔptoun e�nai pajologiko� ìson afor� di�fore
 asumptwtikè
 paramètrou
 th
jewr�a
. Autì
 o trìpo
 skèyh
 sunant�tai arqik� sti
 ergas�e
 [24℄ kai [16℄(blèpe ep�sh
 [38℄, [41℄, [13℄ kai ti
 ergas�e
 pou anafèrontai parap�nw).Se autì to Kef�laio ja melet soume thn apìluth kurt  j kh tuqa�ou upo-sunìlou tou sunìlou twn koruf¸n tou kÔbou me stajerì mègejo
, kai thn kl�shtwn tuqa�wn q¸rwn pou prokÔptei me autìn ton trìpo. Prokeimènou na or�soumeakrib¸
 to q¸ro pijanìthta
 ston opo�o ja doulèyoume, jewroÔme to diakritì kÔ-bo En2 = f�1; 1gn ston Rn efodiasmèno me to omoiìmorfo mètro pijanìthta
, kaistajeropoioÔme N � n. Sth sunèqeia jewroÔme N tuqa�a shme�a x1; : : : ; xN pouepilègontai anex�rthta kai e�nai omoiìmorfa katanemhmèna ston En2 , kai gia k�jeepilog  shme�wn fx1; : : : ; xNg gr�foume MN gia thn kurt  j kh(3:1:1) MN :=M(x1; : : : ; xN ) = 
ofx1; : : : ; xNgkai KN gia thn apìluth kurt  j kh(3:1:2) KN := K(x1; : : : ; xN ) = 
of�x1; : : : ;�xNg:To summetrikì kurtì s¸maKN (an e�nai mh ekfulismèno) or�zei mia nìrma ston Rn .Ja gr�foume XN gia to q¸ro me nìrma pou èqei san monadia�a mp�la to KN . Meautì ton trìpo, gia k�je N � n pa�rnoume mia kl�sh tuqa�wn n-di�statwn q¸rwn,thn opo�a ja sumbol�zoume me BN . O duðkì
 q¸ro
 tou XN ja sumbol�zetai meX�N kai h kl�sh twn duðk¸n q¸rwn me B�N . Skopì
 ma
 e�nai h (asumptwtik  w
pro
 n) melèth twn kl�sewn BN kai B�N kai th
 ex�rthsh
 twn idiot twn tou
 apìthn par�metro N .H melèth th
 gewmetr�a
 tou tuqa�ou KN g�netai sthn x3.2. Gia na xekajar�-soume ti ennooÔme me ton ìro {tuqa�o KN}, sumfwnoÔme ìti to tuqa�o KN èqeithn idiìthta (P ) an(3:1:3) Prob�(x1; : : : ; xN ) j to KN èqei thn (P )� � 1� exp(�n):ApaitoÔme dhlad  to k�tw fr�gma na te�nei sto 1 {ekjetik�} ìtan h di�stash nte�nei sto �peiro.'Eqoume trei
 basikè
 phgè
 plhrofori¸n gia to tuqa�oKN . 'Opw
 ja doÔme, topl jo
 N twn koruf¸n prèpei na e�nai megalÔtero apì n(logn)2 gia na ti
 èqoumeìle
 sth di�jes  ma
.Arqik� ja apode�xoume ìti up�rqei stajer� �0 > 1 me thn ex 
 idiìthta: anN � �0n, tìte (me meg�lh pijanìthta) to KN perièqei mia mp�la th
 opo�a
 hakt�na e�nai anex�rthth apì ta n kai N .



41Je¸rhma 3.1.1 An N � �0n, tìte me meg�lh pijanìthta(3:1:4) KN � 
1Bn2 ;ìpou Bn2 e�nai h Eukle�deia monadia�a mp�la kai �0 > 1, 
1 > 0 e�nai apìlute
stajerè
.Apì ton orismì tou, k�je KN perièqetai sto monadia�o kÔbo Qn := [�1; 1℄n,o opo�o
 èqei eggegrammènh akt�na �sh me 1. Sunep¸
, h ekt�mhsh pou d�nei toJe¸rhma 3.1.1 e�nai bèltisth. Autì pou parousi�zei endiafèron e�nai to eÔro
 twntim¸n th
 paramètrou N gia ti
 opo�e
 isqÔei h (3.1.4): to sumpèrasma e�nai swstìgia to tuqa�o KN akìma ki ìtan to N e�nai arket� mikrì, th
 t�xh
 tou n.H apìdeixh tou Jewr mato
 3.1.1 e�nai sunèpeia th
 parat rhsh
 ìti èna tuqa�o{mikrì} sÔnolo apì korufè
 tou kÔbou e�nai  dh arketì gia na antikatast sei tonEn2 sthn klasik  anisìthta tou Khint
hine: an m � �0n kai an A e�nai èna tuqa�ouposÔnolo tou En2 plhjikìthta
 jAj = m, tìte gia k�je epilog  pragmatik¸narijm¸n a1; : : : ; an èqoume(3:1:5) 1jAjX"2A��"1a1 + : : :+ "nan�� ' (a21 + : : :+ a2n)1=2;Sth sunèqeia apodeiknÔoume ìti an N � n(logn)2, tìte to KN perièqei (memeg�lh pijanìthta) ènan kentrarismèno kÔbo tou opo�ou oi akmè
 èqoun m ko
 th
t�xh
 tou plog(N=n)=pn.Je¸rhma 3.1.2 Up�rqei n0 2 N me thn akìloujh idiìthta: An n � n0 kai N �n(logn)2, tìte(3:1:6) KN � �
2plog(N=n)=pn�Qnme pijanìthta megalÔterh apì 1� e�n, ìpou 
2 > 0 e�nai mia apìluth stajer�.Sthn x3.2.2 ja d¸soume trei
 apode�xei
 autoÔ tou apotelèsmato
. H pr¸th e�-nai stoiqei¸dh
 kai autìnomh, all� d�nei to apotèlesma gia poluwnumikè
 timè
 touN (N � na, ìpou a stajer�). H deÔterh apìdeixh bas�zetai sth mèjodo twn Dyer,F�uredi kai M
Diarmid [11℄ kai emfan�zetai se èna prìsfato �rjro twn B�ar�any kaiP�or [4℄. To jèma tou
 e�nai h Ôparxh 0-1 polutìpwn me uperekjetikì pl jo
 edr¸n,kai èna ousi¸de
 b ma sto epiqe�rhm� tou
 e�nai èna apotèlesma {isqurìtero} apìto Je¸rhma 3.1.2 (L mma 4.3 sto [4℄) to opo�o apodeiknÔetai me prosektikìterhefarmog  twn mejìdwn th
 [11℄ gia to eÔro
 tim¸n N � exp((logn)2): tìte, mepijanìthta megalÔterh apì 1� e�n isqÔei o egkleismì
(3:1:7) MN := 
ofx1; : : : ; xNg � 
�plog (N=n)Bn2 \Qn� :



42H tr�th ma
 apìdeixh sundu�zei thn pr¸th prosèggish me èna je¸rhma tou Mont-gomery - Smith [34℄ kai d�nei thn (3.1.7) gia N > n(logn)2.To Je¸rhma 3.1.2 parousi�zei analog�e
 me to akìloujo apotèlesma apì thn[20℄: 'Estw K èna kurtì s¸ma ston Rn me kèntro b�rou
 to 0. Gia k�je Æ 2 (0; 1)up�rqei 
(Æ) > 0 tètoia ¸ste N � 
(Æ)na shme�a x1; : : : ; xN pou epilègontai omoiì-morfa kai anex�rthta mèsa apì to K na ikanopoioÔn me pijanìthta megalÔterhapì 1� Æ th sqèsh(3:1:8) K �MN = 
ofx1; : : : ; xNg � 
 logNn K;ìpou 
; a > 0 e�nai apìlute
 stajerè
. To epiqe�rhma sthn [20℄ qrhsimopoie� kat�ousiastikì trìpo thn anisìthta Brunn-Minkowski. To Je¸rhma 3.1.2 mpore� najewrhje� san mia diakrit  ekdoq  th
 per�ptwsh
 K = Qn sto parap�nw apotèle-sma. E�nai axioshme�wto ìti h ex�rthsh apì to N e�nai kalÔterh.Sundu�zonta
 to Je¸rhma 3.1.2 me gnwstè
 ektim sei
 ìgkwn apì ta [19℄, [10℄mporoÔme na prosdior�soume ti
 niostè
 r�ze
 twn ìgkwn twn tuqa�wn KN kai KÆN .Je¸rhma 3.1.3 (a) An N � n(logn)2, tìte gia to tuqa�o KN èqoumejKN j1=n 'plog(N=n)=pn kai jKÆN j1=n ' 1=pn log(N=n):(b) An N � n1+", tìte gia to tuqa�o KN èqoumew(KN )w(KÆN ) � 
(")plogn;ìpou w(�) e�nai to mèso pl�to
 kai 
(") = O(1=p") kaj¸
 to "! 0+.Ta tr�a aut� sumper�smata d�noun akrib  perigraf  th
 monadia�a
 mp�la
 touXN . To tuqa�o KN an kei se mia m�llon periorismènh kl�sh kurt¸n swm�twn giata opo�a pollè
 asumptwtikè
 par�metroi mporoÔn na ektimhjoÔn me akr�beia sansun�rthsh twnN kai n. Parade�gmata d�nontai sthn x3.3: to pr¸to ma
 apotèlesmaafor� thn apìstash Bana
h-Mazur tou tuqa�ou XN apì thn kl�sh Un twn q¸rwnme 1-un
onditional b�sh.Je¸rhma 3.1.4 Gia k�je Æ 2 (0; 1) mporoÔme na broÔme 
(Æ) = O(log(Æ�1)) tètoia¸ste: An N � 
(Æ)n, tìte o tuqa�o
 XN 2 BN ikanopoie� thn(3:1:9) d(XN ;Un) � 
4pnplog(2N=n)me pijanìthta megalÔterh apì 1� Æ, ìpou 
4 > 0 e�nai mia apìluth stajer�.



43Sundu�zonta
 ta Jewr mata 3.1.2 kai 3.1.4 blèpoume ìti, ìtan N � n(logn)2,h d(XN ;Un) epitugq�netai ston `n1 kai èqei akrib¸
 thn t�xh pou d�netai apì thn(3.1.9). Ep�sh
, gia kat�llhlo N ' n, to Je¸rhma 3.1.4 èqei san sunèpeia thnÔparxh enì
 q¸rou tou opo�ou h apìstash apì thn Un èqei th megalÔterh dunat t�xh: pn (autì e�nai èna gnwstì apotèlesma, blèpe [15℄).Ta Jewr mata 3.1.1 kai 3.1.3(b) de�qnoun ìti h Eukle�deia mp�la e�nai {isodÔ-namh} tìso me to elleiyoeidè
 pou ulopoie� thn apìstash apì ton `n2 ìso kai meto `-elleiyoeidè
 tou KN . 'Etsi, parìlo pou h stajer� un
onditional b�sh
 touXN e�nai meg�lh, mporoÔme na efarmìsoume th mèjodo twn orjog¸niwn paragon-topoi sewn gia na p�roume �nw ektim sei
 gia thn apìstash Bana
h-Mazur toutuqa�ou XN apì eidikè
 kl�sei
 q¸rwn. Me thn �dia mèjodo apodeiknÔoume to ex 
.Je¸rhma 3.1.5 Gia k�je N � n kai gia tuqa�o XN ,(3:1:10) d(XN ; X�N ) � Cpn logn;ìpou C > 0 e�nai mia apìluth stajer�.E�nai gnwstì ìti d(X;X�) � 
n5=6 gia k�je n-di�stato q¸ro me nìrmaX . Autìpou parousi�zei endiafèron sto Je¸rhma 3.1.5 e�nai ìti h ekt�mhsh O(pn logn)isqÔei gia olìklhro to eÔro
 th
 paramètrou N . Autì apotele� èndeixh gia to ìtiant�stoiqh ekt�mhsh mpore� na isqÔei se pl rh genikìthta.Tèlo
, d�noume ektim sei
 gia th stajer� isotrop�a
 twn q¸rwn twn kl�sewnBN kai B�N . Gia to tuqa�o KÆN , an N � n(logn)2, h stajer� isotrop�a
 e�naifragmènh apì apìluth stajer�.Je¸rhma 3.1.6 Up�rqoun apìlute
 stajerè
 
; C > 0 me thn akìloujh idiìthta:(a) An n � N � n(logn)2, tìte(3:1:11) LKÆN � 
plog(2N=n) � Cplog logngia to tuqa�o KÆN .(b) An N � n(logn)2, tìte(3:1:12) LKÆN � Cgia to tuqa�o KÆN .D�noume ep�sh
 k�poie
 ektim sei
 gia th stajer� isotrop�a
 tou tuqa�ou KN .H ap�nthsh ed¸ den e�nai ikanopoihtik , afoÔ den kalÔptei ti
 {mesa�e
 timè
} th
paramètrou N . To prìblhma th
 stajer�
 isotrop�a
 apaite� akìma akribèstere
ektim sei
 ìgkwn apì autè
 pou d�nei to Je¸rhma 3.1.3.



44Je¸rhma 3.1.7 'Estw N � n(logn)2. Gia to tuqa�o KN isqÔei h anisìthta(3:1:13) LKN � CminflogN;pngplog(N=n) ;ìpou C > 0 e�nai mia apìluth stajer�.3.2 Gewmetr�a th
 monadia�a
 mp�la
'Opw
 anafèrame sthn eisagwg , ja lème ìti {to tuqa�o KN èqei k�poia idiìthta(P )} an(3:2:1) Prob�(x1; : : : ; xN ) 2 En2 � : : :�En2 : h (P ) isqÔei gia to KN� � 1� e�n;ìpou KN = 
o(�x1; : : : ;�xN ). Se aut n thn par�grafo ja de�xoume ìti an N �n(logn)2, tìte h monadia�a mp�la KN tou tuqa�ou q¸rou apì thn kl�sh BN èqeiti
 ex 
 idiìthte
:1. KN � 
1Bn2 .2. KN � �
2plog(N=n)=pn�Qn.3. jKN j1=n 'plog(N=n)=pn kai jKÆN j1=n ' 1=pn log(N=n).4. w(KN )w(KÆN ) � 
(")plogn an N � n1+" (kai 
(") = O(1=p")).Ta parap�nw isqÔoun an n � n0 (ìpou n0 k�poio
 fusikì
 pou upolog�zetai apìti
 apode�xei
). Oi 
1 kai 
2 e�nai apìlute
 jetikè
 stajerè
. Oi apode�xei
 parou-si�zontai sti
 epìmene
 upoparagr�fou
.3.2.1 H akt�na th
 eggegrammènh
 mp�la
 tou KNJa de�xoume arqik� ìti an to N xepern� k�poia mikr  dÔnamh tou n, tìte to tuqa�oKN perièqei Eukle�deia mp�la akt�na
 anex�rthth
 apì ta n kai N .Upenjum�zoume thn klasik  anisìthta tou Khint
hine: Gia k�je 1 � p < 1up�rqoun jetikè
 stajerè
 Ap kai Bp tètoie
 ¸ste gia k�je n kai k�je epilog pragmatik¸n arijm¸n a1; : : : ; an isqÔei h anisìthtaAp nXi=1 jaij2!1=2 �  E�� nXi=1 "iai��p!1=p � Bp nXi=1 jaij2!1=2 :Oi bèltiste
 timè
 twn stajer¸n Ap kai Bp e�nai gnwstè
. Apì thn anisìthta touH�older blèpoume ìti Ap = 1 an p � 2 kai Bp = 1 an p � 2. Epiplèon, Bp ' pp giameg�le
 timè
 tou p.



45To kÔrio ergale�o ma
 ja e�nai to gegonì
 ìti, me meg�lh pijanìthta, l�ge
korufè
 tou kÔbou anaparistoÔn ton En2 sthn parap�nw anisìthta - blèpe (3.1.5).Autì
 o isqurismì
 apode�qjhke gia pr¸th for� sthn [33℄ (blèpe ep�sh
 [20℄ gia thmorf  me thn opo�a qrhsimopoie�tai ed¸).Orismì
. 'Estw f mia fragmènh metr simh sun�rthsh orismènh se èna q¸ropijanìthta
 (
; �) kai èstw � � 1. H  �-Orli
z nìrma th
 f or�zetai apì th sqèsh(3:2:2) kfk � = infn� � 0 : Z
 exp� jf(x)j��� � d� � 2o:L mma 3.2.1 Up�rqei stajer� 
 > 0 tètoia ¸ste gia k�je y 2 Sn�1 na isqÔei ìti(3:2:3) kh�; yik 2 � 
:Apìdeixh: Apì thn anisìthta tou Khint
hine (blèpe [27℄, [29℄), gia k�je p � 2èqoume(3:2:4) (E jhx; yijp )1=p � 
1pp � �E jhx; yij2�1=2 = 
1pp;ìpou 
1 > 0 apìluth stajer�. An epilèxoume kat�llhla th stajer� 
 > 0 kaiefarmìsoume ti
 anisìthte
 (3.2.4) sto an�ptugma(3:2:5) E exp � hx; yi2
2 � = 1 + 1Xk=1 1k!
2k E jhx; yij2k ;pa�rnoume to zhtoÔmeno. 2To epìmeno L mma e�nai mia anisìthta {tÔpou Bernstein} - blèpe [8℄.L mma 3.2.2 'Estw (fj)j�N anex�rthte
 tuqa�e
 metablhtè
 me mèsh tim  0, ori-smène
 sto q¸ro pijanìthta
 (
; �). An kfjk 2 � A gia k�je j = 1; :::; N , tìte giak�je " > 0 èqoume(3:2:6) P 0����� NXj=1 fj ����� "N1A � 2 exp��"2N8A2 � : 2Prìtash 3.2.1 'Estw Æ 2 (0; 1). An N � 
 log(Æ�1)n, tìte N shme�a x1; : : : ; xNpou epilègontai omoiìmorfa kai anex�rthta ston En2 ikanopoioÔn me pijanìthta me-galÔterh apì 1� Æ thn anisìthta(3:2:7) 
1kyk2 � 1N NXi=1 jhy; xiij � 
2kyk2gia k�je y 2 Rn , ìpou 
; 
1; 
2 > 0 e�nai apìlute
 stajerè
.



46Apìdeixh: 'Estw � 2 (0; 1) to opo�o ja prosdioriste� argìtera, kai èstw N èna�-d�ktuo th
 Sn�1, me plhjikìthta jN j � (1 + 2=�)n � (3=�)n (blèpe [29℄, sel. 7).StajeropoioÔme y 2 N kai jewroÔme th sun�rthsh � : En2 ! R me �(x) = jhx; yij.En suneqe�a, gia dosmèno m 2 N or�zoume ti
 sunart sei
 �j : (En2 )m ! R w
ex 
:(3:2:8) �j(x1; : : : ; xm) = �(xj )� E�:Oi �j e�nai anex�rthte
 tuqa�e
 metablhtè
 me mèsh tim  0. Apì thn anisìthta touKhint
hine (blèpe [37℄ gia th bèltisth stajer�),(3:2:9) 1p2 � E� � 1:Eidikìtera, apì to L mma 3.2.1 èqoume(3:2:10) k�jk 2 � k�k 2 + E� � 
+ 1;opìte oi �j ikanopoioÔn ti
 upojèsei
 tou L mmato
 3.2.2 me A = 
+1. 'Epetai ìti(3:2:11) P 0��� mXj=1 �j(x1; :::; xm) ��� "m1A � 2 exp�� "2m8(
+ 1)2�gia k�je " > 0. Dhlad ,(3:2:12) P 0��� 1m mXj=1 �(xj)� E� ��� "1A � 2 exp�� "2m8(
+ 1)2� :An m � Cmaxflog(1=Æ); log(3=�)"�2ng, tìte, me pijanìthta megalÔterh apì 1�Æ,gia k�je y 2 N isqÔei(3:2:13) �� 1m mXj=1 jhxj ; yij � E� ��< ":An epilèxoume " = 1=10 kai qrhsimopoi soume thn (3.2.9), apì thn (3.2.13) pa�r-noume(3:2:14) 12 � 1m mXj=1 jhxj ; yij � 32gia k�je y 2 N . Gia na apode�xoume thn an�logh sqèsh gia k�je y 2 Sn�1efarmìzoume èna epiqe�rhma diadoqik 
 prosèggish
: k�je y 2 Sn�1 gr�fetai sth



47morf  y =P1k=0 �kyk ìpou yk 2 N (blèpe [16℄), opìte apì thn (3.2.14) pa�rnoume12 � 3�2(1� �) = 12 � 32 1Xk=1 �k� 1m mXj=1 jhxj ; y0ij � 1Xk=1 �k 1m mXj=1 jhxj ; ykij� 1m mXj=1 jhxj ; yij� 1Xk=0 �k 1m mXj=1 jhxj ; ykij� 32(1� �) :Epilègonta
 to � > 0 arket� mikrì (gia par�deigma, � = 1=10), oloklhr¸noumethn apìdeixh. 2Je¸rhma 3.2.1 Up�rqei �0 > 1 me thn ex 
 idiìthta: An N � �0n, tìte me{meg�lh pijanìthta}(3:2:15) KN � 
1Bn2 ;ìpou Bn2 e�nai h Eukle�deia monadia�a mp�la kai 
1 > 0 e�nai mia apìluth stajer�.Apìdeixh: StajeropoioÔme Æ 2 (0; 1) - to opo�o prosdior�zei thn ènnoia th
 {me-g�lh
 pijanìthta
} - kai jètoume �0 = 
 log(Æ�1). An N � �0n, tìte me pijanìthtamegalÔterh apì 1�Æ h Prìtash 3.2.1 isqÔei gia ti
 korufè
 �x1; : : : ;�xN touKN .Jumhje�te ìti an M1;M2 e�nai kurt� s¸mata ston Rn , tìte M1 � M2 an kaimìno an hM1 � hM2 . Apì thn Prìtash 3.2.1 èqoumehKN (y) = maxj�N jhxj ; yij � 1N NXj=1 jhxj ; yij� 
1kyk2 = 
1hBn2 (y)gia k�je y 2 Rn , to opo�o de�qnei ìti KN � 
1Bn2 . 2Eidikìtera, h Prìtash 3.2.1 isqÔei gia Æ = e�n, arke� na p�roume N � 
n2.Prìtash 3.2.2 Up�rqei apìluth stajer� 
3 > 0 tètoia ¸ste an N � 
3n2 tìte totuqa�o KN perièqei thn 
1Bn2 . 2



483.2.2 KÔboi pou eggr�fontai sto KNStìqo
 ma
 e�nai na de�xoume ìti an to N xepern� k�poia sun�rthsh tou n, tìteto KN perièqei (me meg�lh pijanìthta) ènan kentrarismèno kÔbo P tètoion ¸stejKN j1=n ' jP j1=n. Ja doÔme trei
 apode�xei
 autoÔ tou apotelèsmato
. H akm tou eggegrammènou kÔbou e�nai bèltisth kai sti
 trei
 peript¸sei
:(3:2:16) KN � �
2plog(N=n)=pn�Qn:Autì ìmw
 pou èqei shmas�a e�nai h mikrìterh tim  tou N gia thn opo�a to tuqa�oKN èqei aut n thn idiìthta.A. H stoiqei¸dh
 mèjodo
.H idèa e�nai, ìpw
 kai sthn apìdeixh tou Jewr mato
 3.2.1, na de�xoume ìti: giaarket� meg�lo N , tuqa�a epilog  shme�wn x1; : : : ; xN 2 En2 ikanopoie� th sqèsh(3:2:17) hMN (�) � 
2plog(N=n)pn hQn(�)gia k�je � 2 Sn�1. H akrib 
 diatÔpwsh tou apotelèsmato
 èqei w
 ex 
:Je¸rhma 3.2.2 Up�rqei apìluth stajer� � > 1 me thn ex 
 idiìthta: AnN � n�,tìte to tuqa�o MN ikanopoie� thnMN := 
ofx1; : : : ; xNg � �
plogN=pn�Qnìpou 
 > 0 e�nai m�a apìluth stajer�, kai Qn = [�1; 1℄n e�nai o monadia�o
 kÔbo
ston Rn .Apìdeixh: Ja gr�foume ton N sth morf  N = 2
n, ìpou 
 2 (0; 1). Tìte, toJe¸rhma 3.2.2 e�nai o akìloujo
 isqurismì
:An (log 2)
 � � logn=n, tìteMN � 
p
Qn me pijanìthta megalÔterhapì 1� e�n.Arke� na de�xoume ìti tuqa�a epilog  shme�wn x1; : : : ; xN 2 En2 ikanopoie� th sqèsh(3:2:18) hMN (�) � 
p
hQn(�)gia k�je � 2 Sn�1. Apì ti
 hMN (�) = maxj�N hxj ; �i kai hQn(�) = k�k1 blèpoumeìti h (3.2.18) e�nai isodÔnamh me thn(3:2:19) maxj�N hxj ; �i � 
p
k�k1:



49Prìtash 3.2.3 Up�rqoun apìlute
 stajerè
 A; 
 > 0 me thn ex 
 idiìthta: An� 2 Sn�1, N � n kai Aplogn=n � � < 1=12, tìte(3:2:20) Prob (hMN (�) � �k�k1) � exp�� N(2
)k0 exp(�2
�2n)� ;ìpou k0 e�nai o mikrìtero
 jetikì
 akèraio
 gia ton opo�o 2k0 � 2n=�.Apìdeixh: Ta x1; : : : ; xN epilègontai anex�rthta ston En2 , sunep¸
 isqÔei h sqèsh(3:2:21) Prob�maxj�N hxj ; �i < �k�k1� = �P (fx 2 En2 : hx; �i < �k�k1g)�N :Lìgw summetr�a
, gia na ektim soume thn teleuta�a pijanìthta, mporoÔme na upo-jèsoume ìti � = (�1; : : : ; �n), ìpou �1 � �2 � : : : � �n � 0 kai �21 + � � � + �2n = 1.Jètoume k0 to mikrìtero jetikì akèraio gia ton opo�o 2k0 � 2n=� kai, gia k�jek = 0; 1; : : : ; k0 � 1, or�zoume(3:2:22) Bk = fi � n : 2�k�1 < �i � 2�kg:An B = Sk<k0 Bk kai C = f1; : : : ; ngnB, tìte(3:2:23) fx 2 En2 : hx; �i � �k�k1g � �x 2 En2 :Xi2B xi�i � 3�Xi2B �i�:Autì isqÔei, giat� Xi2C �i � n2k0 � �2 � �2 k�k1;kai ètsi, an Pi2B xi�i � 3�Pi2B �i, èqoume ìtinXi=1 xi�i � Xi2B xi�i �Xi2C �i � 3�Xi2B �i �Xi2C �i� 3�k�k1 � 4Xi2C �i � �k�k1:T¸ra, parathroÔme ìti(3:2:24)�x 2 En2 :Xi2B xi�i � 3�Xi2B �i� � k0�1\k=0 (x 2 En2 : Xi2Bk xi�i � 3� Xi2Bk �i) ;kai, dedomènou ìti ta xi e�nai anex�rthta kai ta Bk e�nai xèna, arke� na ektim soumethn(3:2:25) P�x 2 Esk2 : skXi=1 xi�i � 3� skXi=1 �i�



50gia k�je mh kenì Bk, ìpou sk = jBkj kai 2�k�1 < �i � 2�k, i = 1; : : : ; sk. Qrhsi-mopoi¸nta
 thn arq  th
 sustol 
 (blèpe [23℄, [27, sel�da 95℄), èqoumeP�x : skXi=1 xi�i � 3� skXi=1 �i� � P�x : skXi=1 xi�i � 3�sk2�k�� (1=2)P�x : skXi=1 2�k�1xi � 3�sk2�k�= (1=2)P�x : skXi=1 xi � 6�sk�:H teleuta�a pijanìthta mpore� na ektimhje� me b�sh to parak�tw l mma:L mma 3.2.3 Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste: gia k�je � 2 (0; 1=2)kai s 2 N,(3:2:26) P  sXi=1 xi > �s! � 
�1 exp(�
(�2s+ �ps)):Apìdeixh: QrhsimopoioÔme thn teqnik  twn meg�lwn apokl�sewn, ìpw
 aut  pe-rigr�fetai sto [36, Di�lexh 16℄. Estw F h koin  sun�rthsh katanom 
 twn anex�r-thtwn tuqa�wn metablht¸n Xi, i = 1; : : : ; s, ìpou P (Xi = 1) = P (Xi = �1) = 1=2.Tìte,(3:2:27) P  sXi=1 xi > �s! = Z : : : Z �fx1+:::+xs>�sgdF (x1) : : : dF (xs)� Z : : : Z �f�s+ps>x1+:::+xs>�sgdF (x1) : : : dF (xs):Or�zoume R(�) = Ee�Xi = (e� + e��)=2, kai br�skoume �0 > 0 tètoio ¸steR0(�0)=R(�0) = �: dhlad , �0 = log( 1+�1�� )=2. 'Estw G h sun�rthsh katanom 
pou ikanopoie� th sqèsh(3:2:28) dG(x) = e�0xR(�0)dF (x);kai èstw Y1; : : : ; Ys akolouj�a anex�rthtwn tuqa�wn metablht¸n, oi opo�e
 èqounkoin  sun�rthsh katanom 
 th G. EÔkola elègqoume ìti EYi = �, VarYi = 1� �2kai E jY1 j3 = 1. Etsi, h (3.2.27) pa�rnei th morf P ( sXi=1 xi > �s) � [R(�0)℄se��0(�s+ps) �� Z : : : Z �f�s+ps>x1+:::+xs>�sg e�0(x1+:::+xs)[R(�0)℄s dF (x1) : : : dF (xs)



51� e��0(�s+ps) Z : : : Z �f�s+ps>x1+:::+xs>�sgdG(x1) : : : dG(xs)= e��0(�s+ps)P (0 < Y1 + : : :+ Ys � sEY1 < ps):H teleuta�a pijanìthta e�nai �sh me(3:2:29) D := P  0 < Y1 + : : :+ Ys � sEY1ps(1� �2) < 1p1� �2! ;kai apì to je¸rhma Berry-Esseen (blèpe [35℄), èqoume(3:2:30) ���� D � 1p2� Z 1=p1��20 e�z2=2dz���� � 2E jY1 j3(VarY1)3ps = 2(1� �2)3=2ps :Ara, up�rqei s0 2 N tètoio
 ¸ste, gia k�je s � s0 kai � 2 (0; 1=2),(3:2:31) D � 12p2� Z 1=p1��20 e�z2=2dz � 
�1 > 0:Sunep¸
,(3:2:32) P  sXi=1 xi > �s! � 
�1e��0(�s+ps);kai afoÔ �0 = 12 log( 1+�1�� ) � 
0� sto (0; 1=2), h apìdeixh e�nai pl rh
. 2Sundu�zonta
 ti
 (3.2.21), (3.2.23), (3.2.24) kai to L mma 3.2.3 me to 6� sto rìlotou �, èqoume ìtiP (x 2 En2 : hx; �i � �k�k1) � 1(2
)k0 exp(�
(�2 Xk�k0 sk + � Xk�k0psk))� 1(2
)k0 exp(�
�2n) exp(�
�pnpk0)� 1(2
)k0 exp(�2
�2n);giat� �pn � pk0 an epilèxoume th stajer� A arket� meg�lh kai jumhjoÔme tonorismì tou k0. Lamb�nonta
 upìyin ma
 thn (3.2.19), sumpera�noume ìtiP (hM (�) � �k�k1) � �1� 1(2
)k0 exp(�2
�2n)�N� exp�� N(2
)k0 exp(�2
�2n)� :Autì oloklhr¸nei thn apìdeixh th
 Prìtash
 3.2.3. 2Epilègoume t¸ra èna �-d�ktuoN th
 Sn�1, me plhjikìthta jN j � (1+(2=�))n �exp(2n=�). Tìte, apì to L mma 3.2.3 èqoume �mesa to akìloujo:



52L mma 3.2.4 'Estw N � n kai �; Æ 2 (0; 1). An(3:2:33) exp�2n� � N(2
)k0 exp(�2
�2n)� � Æ;tìte, N tuqa�a shme�a x1; : : : ; xN pou epilègontai anex�rthta ston En2 , ikanopoioÔnme pijanìthta megalÔterh apì 1� Æ thn(3:2:34) maxj�N hxj ; �i � �k�k1;gia k�je � 2 N . 2Apìdeixh tou Jewr mato
 3.2.2: JètoumeN = 2
n kai efarmìzoume to L mma3.2.4: An Aplogn=n � � < 1=12 kai an ikanopoie�tai h (3.2.33), tìte to KNikanopoie� me pijanìthta megalÔterh apì 1� Æ th sqèshhKN (�) � �k�k1gia k�je � pou an kei se èna �-d�ktuo th
 Sn�1. 'Estw u 2 Sn�1. Up�rqei � 2 Ntètoio ¸ste ku� �k2 < �. 'Epetai loipìn ìtihKN (u) � hKN (�)� hKN (� � u) � �k�k1 � k� � uk1� �kuk1 � (�+ 1)k� � uk1 � �kuk1 � 2pn�� (�� 2pn�)kuk1 � �2 kuk1;an epilèxoume � = �=(4pn). An jèsoume Æ = e�n kai p�roume upìyin ma
 thnupìjesh 
 � � logn=n, mporoÔme na elègxoume ìti h (3.2.33) ikanopoie�tai gia � 'p
, arke� o � na e�nai arket� meg�lh apìluth stajer�. ParathroÔme ìti h sunj kh� � Aplogn=n ikanopoie�tai ep�sh
 an to � e�nai arket� meg�lo. Sunep¸
,hKN (u) � 
p
kuk1gia k�je u 2 Sn�1, to opo�o sunep�getai ìti KN � 
p
 Qn me pijanìthta mega-lÔterh apì 1� e�n. 2B. H mèjodo
 twn Dyer, F�uredi kai M
Diarmid.Ja perigr�youme t¸ra th mèjodo twn Dyer, F�uredi kai M
Diarmid gia th melèthtou MN . Gia k�je y 2 Qn or�zoume(3:2:35) q(y) = inf �Probfx 2 En2 : x 2 Hg j H hm�qwro
 ; y 2 H	;kai gia k�je � > 0 jètoume(3:2:36) Q� = fy 2 Qn j q(y) � exp(��n)g:



53Or�zoume f : (�1; 1)! R me(3:2:37) f(t) = 12(1 + t) log(1 + t) + 12(1� t) log(1� t);(parathr ste ìti limt!�1 f(t) = log 2) kai, an y = (y1; : : : ; yn) 2 Qn, jètoume(3:2:38) F (y) = 1n nXi=1 f(yi):Tèlo
, gia k�je � > 0 or�zoume(3:2:39) F � = fy 2 Qn j F (y) � �g:H basik  sqèsh an�mesa sti
 sunart sei
 q kai F d�netai apì to ex 
 L mma (blèpe[11℄ kai [4℄).L mma 3.2.5 Gia k�je y 2 Qn isqÔei h anisìthta q(y) � exp(�nF (y)). 2Upojètoume ìti h par�metro
 N ikanopoie� ti
(3:2:40) exp �
1(logn)2� � N � exp �
2n= logn�;ìpou 
1; 
2 > 0 apìlute
 stajerè
, kai gr�foume N = exp(
n), dhlad  
 =logN=n. Sumbol�zoume me " posìthte
 th
 morf 
 
p
=pn = 
plogN=n ìpou
 ' 1, dhlad  posìthte
 pou èqoun mikrìterh t�xh megèjou
 apì aut n tou 
.Apì to L mma 3.2.5 e�nai fanerì ìti(3:2:41) Q
 � F 
gia k�je 
 > 0. Oi Dyer, F�uredi kai M
Diarmid apèdeixan ìti ta Q
 kai F 
br�skontai to èna kont� sto �llo (me thn ènnoia tou perièqesjai) kai prosegg�zounto tuqa�oMN ìlo kai kalÔtera an N = exp(
n) me to 
 stajerì kai to n na te�neisto �peiro. Sthn [11℄ apodeiknÔetai to ex 
:Prìtash 3.2.4 'Estw 
; Æ 2 (0; 1). An n � n0(Æ) kai N = exp(
n), tìte up�rqei" 'p
=n tètoio ¸ste(3:2:42) Prob(Q
�" �MN ) > 1� Æ: 2'Ena apì ta basik� apotelèsmata sthn ergas�a twn B�ar�any kai P�or [4℄ de�qnei ìtiisqÔei egkleismì
 ant�strofo
 apì autìn th
 (3.2.41):Prìtash 3.2.5 'Estw 
 2 (0; 1). An n � n0 kai N = exp(
n), tìte up�rqoun"1; "2 'p
=n tètoia ¸ste(3:2:43) F 
�"2 \ (1=10)Qn � Q
+"1 : 2



54Sundu�zonta
 ti
 Prot�sei
 3.2.4 kai 3.2.5 blèpoume ìti to tuqa�o MN ikanopoie�thn(3:2:44) MN � F 
�" \ (1=10)Qn:H akrib 
 posotik  an�lush twn apode�xewn de�qnei ìti o parap�nw egkleismì
isqÔei an ta 
, n kai N ikanopoioÔn thn (3.2.40). Prèpei dhlad  na upojèsoume ìtitoN èqei t�xh megalÔterh th
 poluwnumik 
 w
 pro
 th di�stash n. Parathr¸nta
ìti(3:2:45) F (y) = 1n nXi=1 f(yi) ' kyk22n ;èqoume(3:2:46) F � �p�nBn2 :Sunep¸
, h (3.2.44) mpore� na diatupwje� w
 ex 
.Je¸rhma 3.2.3 Up�rqoun n0 2 N kai apìlute
 stajerè
 
; 
1 > 0 me thn akìloujhidiìthta: An n � n0 kai N � exp �
1(logn)2�, tìte N tuqa�a shme�a x1; : : : ; xNpou epilègontai anex�rthta kai omoiìmorfa apì ton En2 ikanopoioÔn me {meg�lhpijanìthta} thn(3:2:47) MN := 
ofx1; : : : ; xNg � 
�plogNBn2 \Qn�ìpou Qn = [�1; 1℄n e�nai o monadia�o
 kÔbo
 ston Rn . 2Dedomènou ìti plogNBn2 � plogN=nQn, to sumpèrasma tou Jewr mato
3.2.3 e�nai isqurìtero apì autì tou Jewr mato
 3.2.2. Parousi�zei ìmw
 ta ex 
meionekt mata:1. IsqÔei gia N � exp �
1(logn)2�, en¸ to Je¸rhma 3.2.2 isqÔei gia N � na,ìpou a > 0 apìluth stajer� (poluwnumikì pl jo
 koruf¸n).2. Den e�nai safè
 an h (3.2.47) isqÔei gia to {tuqa�o MN} me ton orismì pouèqoume d¸sei (prèpei kane�
 na analÔsei prosektik� thn epirro  twn diafìrwnparamètrwn sto oÔtw
   �llw
 teqnikì epiqe�rhma twn [4℄, [11℄).'Opw
 ja doÔme sthn epìmenh upopar�grafo, o sunduasmì
 th
 pr¸th
 mejìdoume èna apotèlesma parembol 
 tou Montgomery-Smith d�nei pl rh ap�nthsh stoprìblhma, belti¸nonta
 tìso to Je¸rhma 3.2.2 ìso kai to Je¸rhma 3.2.3 (ìpoukajèna apì ta dÔo epidèqetai belt�wsh).



55G. H mèjodo
 th
 parembol 
.H tr�th apìdeixh pou ja d¸soume sthr�zetai se èna je¸rhma tou Montgomery-Smith [34℄. Gia k�je t > 0 jewroÔme th nìrma K1;2(�; t) ston Rn pou or�zetai apìthn(3:2:48) K1;2(y; t) = inf fkzk1 + tky � zk2 : z 2 Rng :Aut  h nìrma e�nai gnwst  sth jewr�a parembol 
. Gia mikr� t > 0 èqoumeK1;2(y; t) ' tkyk2, en¸ gia megalÔtera t èqoume K1;2(y; t) ' kyk1. H K1;2(�; t)mpore� ep�sh
 na perigrafe� mèsw th
 fj�nousa
 anadi�taxh
 (y�i ) th
 (jyij). OHolmstedt èqei de�xei ìti up�rqei apìluth stajer� 
 > 0 me thn idiìthta(3:2:49) 1
K1;2(y; t) � [t2℄Xi=1 y�i + t0� nXi=[t2℄+1(y�i )21A1=2 � K1;2(y; t)gia k�je y 2 Rn . To basikì apotèlesma tou Montgomery-Smith e�nai to ex 
.Prìtash 3.2.6 Up�rqei apìluth stajer� r � 1 tètoia ¸ste(3:2:50) P (fx 2 En2 : hx; yi > K1;2(y; t)g) � exp(�t2=2)kai(3:2:51) P (fx 2 En2 : hx; yi > r�1K1;2(y; t)g) � r�1 exp(�rt2)gia k�je y 2 Rn kai k�je t > 0.Apìdeixh: Gia lìgou
 plhrìthta
 ja skiagraf soume thn apìdeixh th
 (3.2.51).Basikì rìlo pa�zei mia parallag  th
 anisìthta
 tou Holmstedt: Gia k�je t 2 Nor�zoume th nìrma(3:2:52) kykP (t) = sup� tXm=1 Xi2Bm y2i!1=2�;ìpou to sup pa�rnetai p�nw apì ìle
 ti
 diamer�sei
 (B1; : : : ; Bt) tou f1; : : : ; ng.Tìte, isqÔei to ex 
 (blèpe [34℄).L mma 3.2.6 'Estw y 2 Rn . Tìte,(3:2:53) kykP (t2) � K1;2(y; t) � p2kykP (t2)gia k�je t > 0 me t2 2 N. 2



56Qreiazìmaste ep�sh
 mia stoiqei¸dh anisìthta twn Paley kai Zygmund (blèpe [23,Kef�laio 3℄:L mma 3.2.7 'Estw y 2 Rn . Tìte,(3:2:54) P (fx 2 En2 : hx; yi > �kyk2g) � 13(1� �2)2gia k�je � 2 (0; 1). 2JewroÔme y 2 Rn kai t > 0 me t2 2 N. Apì to L mma 3.2.6, gia k�je Æ > 0mporoÔme na broÔme diamèrish (B1; : : : ; Bt2) tou f1; : : : ; ng tètoia ¸ste(3:2:55) kykP (t2) � (1 + Æ) t2Xm=1 Xi2Bm y2i!1=2 :Tìte, qrhsimopoi¸nta
 to L mma 3.2.7 pa�rnoumeP �x 2 En2 : hx; yi > 12K1;2(y; t)� � P �x 2 En2 : hx; yi > 1p2kykP (t2)�� P 0�x 2 En2 : t2Xm=1 Xi2Bm xiyi � 1p2(1 + Æ) t2Xm=1 Xi2Bm y2i!1=21A� t2Ym=1P 0�Xi2Bm xiyi � 1p2(1 + Æ) Xi2Bm y2i!1=21A� �13�1� 12(1 + Æ)2)2�t2 :Af nonta
 to Æ ! 0, sumpera�noume ìti(3:2:56) P �x 2 En2 : hx; yi > 12K1;2(y; t)� � exp(�(log 12)t2):Autì e�nai to zhtoÔmeno sthn per�ptwsh pou t2 2 N. Gia to tuqìn t � 1 parathroÔmeìti K1;2(y; t) � K1;2(y; [t℄ + 1) kai ([t℄ + 1)2 � 4t2, opìte to sumpèrasma prokÔpteieÔkola apì thn (3.2.56) me 
 = 4 log 12. Tèlo
, an t < 1 h ekt�mhsh prokÔpteiapì thn anisìthta tou Holmstedt me apl  efarmog  th
 anisìthta
 twn Paley kaiZygmund. 2Sundu�zonta
 thn pr¸th ma
 mèjodo me to k�tw fr�gma (3.2.51) th
 Prìtash
3.2.6, ja de�xoume to ex 
.



57Je¸rhma 3.2.4 Up�rqoun n0 2 N kai apìluth stajer� 
 > 0 me thn akìloujhidiìthta: An n � n0 kai N > n(log n)2, tìte N tuqa�a shme�a x1; : : : ; xN pouepilègontai anex�rthta kai omoiìmorfa apì ton En2 ikanopoioÔn me pijanìthta me-galÔterh apì 1� e�n thn(3:2:57) MN := 
ofx1; : : : ; xNg � 
�plog (N=n)Bn2 \Qn� ;ìpou Qn = [�1; 1℄n e�nai o monadia�o
 kÔbo
 ston Rn .Ja basistoÔme sth gewmetrik  ermhne�a th
K1;2(�; �): An stajeropoi soume � > 0kai jewr soume to summetrikì kurtì s¸ma(3:2:58) C(�) = r�1(�Bn2 \Qn);tìte eÔkola elègqoume ìti h sun�rthsh st rixh
 tou C(�) ikanopoie� thn(3:2:59) hC(�)(y) = r�1 inf fkzk1 + �ky � zk2 : z 2 Rng = r�1K1;2(y; �):Apìdeixh th
 (3.2.59): ParathroÔme arqik� ìti h sun�rthsh g(y) = inffkzk1 +�ky� zk2 : z 2 Rng e�nai nìrma, opìte or�zei èna summetrikì kurtì s¸ma ston Rn ,to polikì tou opo�ou sumbol�zoume me L.'Estw y 2 Rn . Epilègonta
 z = y kai z = 0, apì ton orismì th
 g blèpoume ìtig(y) � minfkyk1; �kyk2g, dhlad  L � Qn \ �Bn2 = rC(�). Sunep¸
,g(y) = hL(y) � hrC(�)(y):A
 upojèsoume ìti to L e�nai gn sio uposÔnolo tou rC(�). Tìte up�rqei x0 2rC(�) nL, kai apì diaqwristikì je¸rhma, mporoÔme na broÔme y 2 Rn tètoio ¸steg(y) = hL(y) < hx0; yi. Apì ton orismì th
 g, up�rqei z 2 Rn tètoio ¸ste�hx0; zi � kzk1�+ �hx0; y � zi � �ky � zk2� > 0:'Ara, k�poio
 apì tou
 dÔo ìrou
 e�nai gn sia jetikì
. 'Omw
, an hx0; zi > kzk1tìte x0 =2 Qn kai an hx0; y � zi > �ky � zk2 tìte x0 =2 �Bn2 . Se k�je per�ptwshèqoume x0 =2 rC(�), to opo�o e�nai �topo.'Ara, L = rC(�) ki autì de�qnei ìti g(y) = hrC(�)(y) gia k�je y 2 Rn . 2Me dedomènh thn (3.2.59), h (3.2.51) pa�rnei thn akìloujh morf .L mma 3.2.8 'Estw � > 0. Gia k�je � 2 Sn�1,(3:2:60) P (fx 2 En2 : hx; �i � hC(�)(�)g) � r�1 exp(�r�2): 2



58'Estw x1; : : : ; xN tuqa�a shme�a tou En2 , kai èstw MN := M(x1; : : : ; xN ) h kurt tou
 j kh. AfoÔ hMN (�) = maxj�N hxj ; �i, èqoumeP �hMN (�) � hC(�)(�)� = �P (fx 2 En2 : hx; �i < hC(�)(�)g)�N� �1� r�1 exp(�r�2)�N� exp��Nr exp(�r�2)�gia k�je � 2 Sn�1.Estw Æ 2 (0; 1) kai N èna �-d�ktuo th
 Sn�1 me plhjikìthta jN j � (1+(2=�))n.Tìte, h parap�nw ekt�mhsh apodeiknÔei to ex 
.L mma 3.2.9 'Estw N � n kai �; Æ 2 (0; 1), � > 0. An(3:2:61) �1 + 2��n � Æ exp�Nr exp(�r�2)� ;tìte, me pijanìthta megalÔterh apì 1� Æ, N tuqa�a shme�a x1; : : : ; xN pou epilè-gontai omoiìmorfa kai anex�rthta ston En2 ikanopoioÔn thn(3:2:62) hMN (�) � hC(�)(�)gia k�je � 2 N . 2Apìdeixh tou Jewr mato
 3.2.4: 'Estw N � n(logn)2. Jètoume� = 12prplog(N=n)kai efarmìzoume to L mma 3.2.9 me Æ = e�n: An(3:2:63) 1 + log�1 + 2�� � Nrn exp��14 log(N=n)� = 1r �Nn �3=4 ;tìte, me pijanìthta megalÔterh apì 1 � e�n, h kurt  j kh MN twn x1; : : : ; xNikanopoie� thn hMN (�) � hC(�)(�)gia k�je � pou an kei se èna �-d�ktuo th
 Sn�1. 'Estw u 2 Sn�1. Up�rqei � 2 Ntètoio ¸ste ku� �k2 < �. Tìte,hMN (u) � hMN (�)� hMN (� � u) � hC(�)(�) � hMN (� � u)� hC(�)(u)� [hC(�)(� � u) + k� � uk1℄:Gia arket� meg�la n (n � n0 ìpou to n0 exart�tai apì to r) èqoume � � 1. Epetaiìti 1rBn2 � C(�) � �r Bn2



59kai ètsi hC(�)(� � u) + k� � uk1 � ��r +pn� � � 2rpn�hC(�)(u):Sunep¸
,(3:2:64) hMN (u) � hC(�)(u)2an epilèxoume � = 1=(4rpn). Me aut n thn epilog  twn � kai �, apomènei na elèg-xoume ìti h (3.2.63) ikanopoie�tai gia arket� meg�la n. H sunj kh e�nai isodÔnamhme thn(3:2:65) 
(r) logn � �Nn �3=4kai, lìgw th
 upìjesh
 ìti N > n(logn)2, aut  ikanopoie�tai an (logn)1=2 > 
(r)to opo�o isqÔei gia n � n0 = exp(
2(r)). To je¸rhma èpetai me 
 = 1=(4r3=2). 2AfoÔ Qn � Bn2 , to Je¸rhma 3.2.4 perièqei to Je¸rhma 3.2.1 sthn per�ptwshpou N � n(logn)2. Ep�sh
, afoÔ pnBn2 � Qn, pa�rnoume to Je¸rhma 3.2.2 giaN � n(logn)2:Je¸rhma 3.2.5 Up�rqoun n0 2 N kai apìluth stajer� 
 > 0 me thn akìloujhidiìthta: An n � n0 kai N � n(logn)2, tìte N tuqa�a shme�a x1; : : : ; xN pou epilè-gontai omoiìmorfa kai anex�rthta ston En2 ikanopoioÔn me pijanìthta megalÔterhapì 1� e�n thn KN � 
plog (N=n)pn Qn: 23.2.3 'Ogko
 kai mèso pl�to
To Je¸rhma 3.2.5 e�nai arketì gia na prosdior�soume thn {akt�na ìgkou} twntuqa�wn KN kai KÆN . ParathroÔme ìti to polikì s¸ma tou KN perigr�fetai apìthn(3:2:66) KÆN = fy 2 Rn : jhy; xiij � 1; i = 1; : : : ; Ng:dhlad , e�nai tom  summetrik¸n lwr�dwn pl�tou
pn afoÔ kxik2 = pn gia k�je i =1; : : : ; N . To prìblhma th
 ekt�mhsh
 tou ìgkou tètoiwn swm�twn èqei melethje�kai up�rqoun polÔ akrib  k�tw fr�gmata (de
 [19℄, [10℄ kai [3℄, [7℄, [8℄ gia sqetik�apotelèsmata):



60L mma 3.2.10 Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste, gia k�je N � n(3:2:67) jKÆN j1=n � 
pn log(2N=n) : 2Sundu�zonta
 aut n thn ekt�mhsh me thn anisìthta jKN j � jKÆN j � jBn2 j2 twnBlas
hke-Santal�o,   qrhsimopoi¸nta
 duðk� apotelèsmata gia ton ìgko th
 kurt 
j kh
 N shme�wn sthn pnSn�1, blèpoume ìti(3:2:68) jKN j1=n � 
0plog(2N=n)pn :Apì thn �llh pleur�, to Je¸rhma 3.2.5 de�qnei ìti an N � n(log n)2 tìte to tuqa�oKN perièqei kÔbo akm 
 'plog(N=n)=pn, �ra(3:2:69) jKN j1=n � 
00plog(2N=n)pn :To gegonì
 autì de�qnei ìti to Je¸rhma 3.2.5 e�nai bèltisto me m�a polÔ isqur ènnoia: to tuqa�oKN èqei to mègisto dunatì ìgko. Ep�sh
 prosdior�zei ti
 {akt�ne
ìgkou} twn KN kai KÆN :Je¸rhma 3.2.6 An N � n(logn)2, tìte gia to tuqa�o KN èqoume(3:2:70) jKN j1=n ' plog(N=n)pn kai jKÆN j1=n ' 1pn log(N=n) : 2Mia �llh �mesh sunèpeia twn parap�nw e�nai ìti o lìgo
 ìgkwn vr(KN ; Qn)e�nai omoiìmorfa fragmèno
.Prìtash 3.2.7 An N � n(logn)2, tìte to tuqa�o KN perièqei ènan kÔbo P mekèntro to mhdèn, tètoion ¸ste(3:2:71) � jKN jjP j �1=n � C;ìpou C > 0 e�nai mia apìluth stajer�. 2MporoÔme ep�sh
 na prosdior�soume to mèso pl�to
 tou tuqa�ou KN   KÆN .Arq�zoume me to KN :Je¸rhma 3.2.7 An n � n0 kai N � n(logn)2, tìte to tuqa�o KN ikanopoie� ti
(3:2:72) 
1plog(N=n) � w(KN ) � 
2plogNìpou 
1; 
2 > 0 apìlute
 stajerè
.



61Apìdeixh: An gr�youme xj = pnuj ìpou uj 2 Sn�1, j � N , tìte(3:2:73) w(KN ) = ZSn�1 maxj�N jhxj ; �ij�(d�) = pn ZSn�1 maxj�N jhuj ; �ij�(d�):Gia k�je A > 0 gr�foumeZSn�1 maxj�N jhuj ; �ij�(d�) = Z 10 ��� 2 Sn�1 : maxj�N jhuj ; �ij � t�dt� A+ Z 1A ��� 2 Sn�1 : maxj�N jhuj ; �ij � t�dt:Apì th sfairik  isoperimetrik  anisìthta (blèpe [29℄) èqoume(3:2:74)��� 2 Sn�1 : maxj�N jhuj ; �ij � t� � NXj=1 ��� 2 Sn�1 : jhuj ; �ij � t� � Ne�
t2n:Opìte, ZSn�1 maxj�N jhuj ; �ij�(d�) � A+ Z 1A Ne�
t2ndt:Epilègonta
 A = 
q logNn kai qrhsimopoi¸nta
 thnZ 1A e�
t2ndt � Cpne�
0A2npa�rnoume(3:2:75) ZSn�1 maxj�N jhuj ; �ij�(d�) � 
00plogNpn :'Ara,(3:2:76) w(KN ) � 
2plogN:ParathroÔme t¸ra ìti, apì thn anisìthta tou Urysohn kai apì thn ekt�mhsh ìgkoutou Jewr mato
 3.2.6,(3:2:77) w(KN ) � � jKN jjBn2 j �1=n � 
1plog(N=n)gia to tuqa�o KN . Autì oloklhr¸nei thn apìdeixh. 2Oi ektim sei
 autè
 de�qnoun ìti to tuqa�o KN èqei to el�qisto dunatì mèsopl�to
, me thn ènnoia ìti h anisìthta tou Urysohn isqÔei per�pou san isìthta (anexairèsoume ti
 {polÔ mikrè
} timè
 th
 paramètrou N). To �dio isqÔei kai gia toKÆN :



62Je¸rhma 3.2.8 An n � n0 kai N � n(logn)2, tìte to tuqa�o KÆN ikanopoie� ti
(3:2:78) 
3plog(N=n) � w(KÆN ) � 
4plognplog(N=n) ;ìpou 
3; 
4 > 0 apìlute
 stajerè
.Apìdeixh: AfoÔ KN � �
plog(N=n)=pn�Qn, isqÔei ìti(3:2:79) hKÆN (�) = k�kKN � 
pnplog(N=n)k�k1;gia k�je � 2 Sn�1. 'Ara,(3:2:80) w(KÆN ) � 
pnplog(N=n) ZSn�1 maxi�n j�ij �(d�) ' plognplog(N=n) :To k�tw fr�gma e�nai apl  sunèpeia th
 anisìthta
 tou Urysohn kai tou Jewr -mato
 3.2.6. 2Jumhje�te ìti, apì thn anisìthta tou Pisier (L mmata 2.1.2 kai 2.1.3), k�jesummetrikì kurtì s¸ma M ston Rn èqei grammik  eikìna ~M (to ~M lègetai `-jèshtou M) tètoia ¸ste(3:2:81) w( ~M ) � w( ~MÆ) � 
dM � 
0 logn:Sunèpeia twn Jewrhm�twn 3.2.7 kai 3.2.8 e�nai ìti gia k�jeN � n(logn)2 to tuqa�oKN ikanopoie� thn(3:2:82) w(KN )w(KÆN ) � 
 plogNplog(N=n)plogn;dhlad  to KN {br�sketai sthn `-jèsh}. Aut  h parat rhsh ja qrhsimopoihje� giaektim sei
 apost�sewn Bana
h-Mazur, se sunduasmì me th mèjodo twn tuqa�wnorjog¸niwn paragontopoi sewn.3.3 Asumptwtikè
 idiìthte
 tou XN'Opw
 e�dame sthn x3.2, an N � n(logn)2, tìte h monadia�a mp�la KN tou tuqa�ouq¸rou XN th
 kl�sh
 BN èqei ti
 ex 
 idiìthte
:1. KN � 
1Bn2 .2. KN � �
2plog(N=n)=pn�Qn.



633. jKN j1=n 'plog(N=n)=pn kai jKÆN j1=n ' 1=pn log(N=n).4. w(KN )w(KÆN ) � 
(")plogn an N � n1+" (kai 
(") = O(1=p") kaj¸
 to"! 0+).Ta tuqa�a KN kai KÆN an koun se mia m�llon periorismènh kl�sh summetrik¸nkurt¸n swm�twn, kai autì ma
 epitrèpei na prosdior�soume pollè
 apì ti
 asum-ptwtikè
 idiìthte
 twn ant�stoiqwn q¸rwn.3.3.1 Stajer� un
onditional b�sh
 tou XNArqik� ja de�xoume ìti h stajer� un
onditional b�sh
 tou XN èqei th qeirìterhdunat  t�xh an h par�metro
 N e�nai th
 t�xh
 tou n. To gegonì
 autì e�nai ana-menìmeno lìgw twn gnwst¸n apotelesm�twn twn [13℄ kai [1℄, pou aforoÔn tuqa�e
tomè
 tou `m1 di�stash
 n an�logh
 tou m, pou emfan�zoun thn �dia pajolog�a. Hphg  twn ektim sewn ma
 e�nai to Je¸rhma 3.2.1, to opo�o e�nai to an�logo toujewr mato
 tou Kashin [24℄ sto pla�siì ma
. Oi plhrofor�e
 ìmw
 pou èqoume giato tuqa�o KN , ja ma
 epitrèyoun na d¸soume ant�stoiqe
 ektim sei
 gia olìklhroto eÔro
 tim¸n th
 paramètrou N .Gia na de�xoume ton trìpo me ton opo�o qrhsimopoie�tai to Je¸rhma 3.2.1,d�noume pr¸ta k�poie
 ektim sei
 th
 apìstash
 Bana
h-Mazur tou tuqa�ou XNapì tou
 `np , 1 � p �1.Je¸rhma 3.3.1 An N � �0n, tìte o XN 2 BN ikanopoie� me meg�lh pijanìthtathn min1�p�1 d(XN ; `np ) � 
 pnplog(2N=n) ;ìpou 
 > 0 apìluth stajer�.Apìdeixh: Apì to Je¸rhma 3.2.1, an N � �0n tìte to KN = 
of�x1; : : : ;�xNgikanopoie� me meg�lh pijanìthta thn(3:3:1) 
1kyk2 � 1N NXi=1 jhy; xiij � 
2kyk2gia k�je y 2 Rn (an m�lista N � n2, to parap�nw isqÔei gia to tuqa�o KN ).Upojètoume loipìn ìti o XN 2 BN ikanopoie� thn (3.3.1). Qrhsimopoi¸nta
thn anisìthta tou H�older blèpoume ìti(3:3:2) 
p1kykp2 � 1N NXi=1 jhy; xiijpgia k�je p 2 [1;1) kai gia k�je y 2 Rn .



64L mma 3.3.1 An T 2 SL(n) kai p 2 [1;1℄, tìte(3:3:3) kT : XN ! `npk � 
n1=p:Apìdeixh: Upojètoume pr¸ta ìti 1 � p < 1. Jètoume A = kT : XN ! `npk.Tìte, gia k�je i � N èqoume kTxikp � A. 'Ara,Ap � 1N NXi=1 kTxikpp = 1N NXi=1 nXj=1 jhTxi; ejijp= nXj=1 1N NXi=1 jhxi; T �ejijp � 
p1 nXj=1 kT �ejkp2:'Omw
 j det(T �)j = j detT j = 1, �ra h anisìthta arijmhtikoÔ-gewmetrikoÔ mèsoukai h anisìthta tou Hadamard ma
 d�noun(3:3:4) nXj=1 kT �ejkp2 � n nYj=1 kT �ejkp=n2 � nj det(T �)jp=n = n:'Epetai ìti(3:3:5) kT : XN ! `npk = A � 
1n1=p:Lìgw sunèqeia
, pa�rnoume kai thn kT : XN ! `n1k � 
1. 2Gia na d¸soume k�tw fr�gma gia thn kT : `np ! XNk qrhsimopoioÔme èna aplìepiqe�rhma ìgkou.L mma 3.3.2 An T 2 SL(n) kai p 2 [1;1℄, tìtekT : `np ! XNk � 
1n1=2�1=pplog(N=n) ;ìpou 
1 > 0 apìluth stajer�.Apìdeixh: An A = kT : `np ! XNk, tìte T (Bnp ) � AKN , �ra(3:3:6) jBnp j = jT (Bnp )j � AnjKN j �  
Aplog(N=n)pn !n ;ap� ìpou pa�rnoume(3:3:7) 2��1 + 1p�[��np + 1�℄1=n � 
Aplog(N=n)pn :



65'Epetai ìti(3:3:8) kT : `np ! XNk = A � 
1n1=2�1=pplog(N=n)p1=p��1p + 1�;kai afoÔ h sun�rthsh p1=p�� 1p + 1� e�nai fragmènh makri� apì to 0 sto [1;1), hapìdeixh e�nai pl rh
. 2Sundu�zonta
 ta dÔo L mmata pa�rnoumed(XN ; `np ) = minT2SL(n) kT : XN ! `npk � kT�1 : `np ! XNk� 
 pnplog(N=n) ;gia k�je p 2 [1;1℄. Parathr ste ìti gia N ' �0n pa�rnoume par�deigma q¸rou Xme thn idiìthta min1�p�1 d(X; `np ) � 
pn. 2Orismì
. 'Ena
 n-di�stato
 q¸ro
 me nìrma Y lègetai 1-un
onditional an up�rqeib�sh fu1; : : : ; ung tou Y me thn idiìthta(3:3:9) 

 nXi=1 tiui

Y = 

 nXi=1 jtijui

Ygia k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tn. Sumbol�zoume me Un thn kl�shtwn n-di�statwn 1-un
onditional q¸rwn. Genikìtera, gia k�je n-di�stato q¸ro menìrma Y or�zoume:1. Th stajer� un
onditional b�sh
 u
(Y ) na e�nai o mikrìtero
 A > 0 gia tonopo�o up�rqei b�sh fu1; : : : ; ung tou Y me thn idiìthta

 nXi=1 "itiui

 � A

 nXi=1 tiui

gia k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tn kai k�je epilog  pros mwn"1; : : : ; "n.2. Thn tuqa�a stajer� un
onditional b�sh
 ru
(Y ) na e�nai o mikrìtero
 A > 0gia ton opo�o up�rqei b�sh fu1; : : : ; ung tou Y me thn idiìthta ZEn2 

 nXi=1 "itiui

2d"!1=2 � A

 nXi=1 tiui

gia k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tn.Aplè
 idiìthte
 pou prokÔptoun apì ton orismì e�nai oi parak�tw:



66L mma 3.3.3 'Estw X kai Y dÔo n-di�statoi q¸roi me nìrma. Tìte,(3:3:10) ru
(Y ) � u
(Y );kai(3:3:11) ru
(Y ) � u
(X) � d(X;Y ):Eidikìtera, ru
(Y ) � d(Y; `n2 ) � pn. 2An Y e�nai èna
 n-di�stato
 q¸ro
 me nìrma, gr�foume PY gia thn kl�sh ìlwntwn summetrik¸n parallhlepipèdwn pou perièqontai sth monadia�a mp�la BY touY .Prìtash 3.3.1 (Ball, [4℄) 'Estw Y èna
 n-di�stato
 q¸ro
 me nìrma. Tìte,(3:3:12) infP2PY � jBY jjP j �1=n � 
 � ru
(Y �);ìpou 
 > 0 apìluth stajer�.Apìdeixh (skiagr�fhsh): Jètoume r = ru
(Y �) kai, qwr�
 periorismì th
 genikì-thta
, upojètoume ìti h sun jh
 b�sh fe1; : : : ; eng tou Rn ikanopoie� thn(3:3:13)  ZEn2 

 nXi=1 "itiei

2Y �d"!1=2 � r

 nXi=1 tiei

Y �gia k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tn. Or�zoume mia nèa nìrma k � krston Rn , jètonta
(3:3:14) 

 nXi=1 tiei

r = 1r  ZEn2 

 nXi=1 "itiei

2Y �d"!1=2 :O Z := (Rn ; k � kr) e�nai 1-un
onditional, kai BY � � BZ apì thn (3.3.13). Ep�sh
,jBZ j1=n = !n ZSn�1 

 nXi=1 �iei

�nZ �(d�)!1=n= r!n0�ZSn�1  ZEn2 

 nXi=1 "i�iei

2Y �d"!�n=2 �(d�)1A1=n� r!n ZSn�1 ZEn2 

 nXi=1 "i�iei

�nY � d" �(d�)!1=n= r!n ZSn�1 

 nXi=1 �iei

�nY ��(d�)!1=n= rjBY � j1=n:



67Apì èna je¸rhma tou Losanovskii [25℄, gia k�je 1-un
onditional q¸ro X up�rqeiparallhlep�pedo Q me Q � BX kai �jBX j=jQj�1=n � n=(n!)1=n � 
0. 'Ara, up�rqeiparallhlep�pedo Q � BZ� me �jBZ� j=jQj�1=n � 
0.Tìte, Q � BY kai apì thn anisìthta Santal�o kai thn ant�strof  th
 gia 1-un
onditional s¸mata pa�rnoume� jBY jjQj �1=n � � jBY jjBZ� j�1=n� jBZ� jjQj �1=n� 
0 !2=nn4=(n!)1=n � jBZ jjBY � j�1=n� 
 � r:Autì apodeiknÔei thn (3.3.12). 2Orismì
. 'Estw p > 0. An X kai Y e�nai dÔo n-di�statoi q¸roi me nìrma kai anT : X ! Y e�nai èna
 grammikì
 telest 
, h p-ajro�zousa nìrma �p(T ) tou T e�naih mikrìterh stajer� A > 0 pou ikanopoie� to ex 
: gia k�je m 2 N kai gia k�jeepilog  dianusm�twn x1; : : : ; xm 2 X ,(3:3:15) mXj=1 kTxjkpY � Ap � supy2BX� mXj=1 jhy; xjijp:Apì to je¸rhma paragontopo�hsh
 tou Piet
h [32℄, h �p(T ) e�nai h mikrìterh sta-jer� A > 0 gia thn opo�a up�rqei mètro pijanìthta
 � sthn BX� me thn idiìthta(3:3:16) kTxkpY � Ap ZBX� jhy; xijpd�(y)gia k�je x 2 X .L mma 3.3.4 'Estw ìti ta x1; : : : ; xN ikanopoioÔn to sumpèrasma th
 Prìtash
3.2.1. Tìte, �1(I : X�N ! `n2 ) ' 1.Apìdeixh: 'Estw m 2 N kai z1; : : : ; zm 2 X�N . Qrhsimopoi¸nta
 thn (3.3.1),èqoume(3:3:17) mXj=1 kzjk2 � 1
1 � 1N NXi=1 mXj=1 jhxi; zjij � 1
1 � supy2KN mXj=1 jhy; zjij;sunep¸
, �1(I) � 
�11 . Apì thn �llh pleur�, apì ton orismì th
 �1(I) èqoumeep�sh
(3:3:18) 1N NXj=1 kxjk2 � �1(I) supy2KN 1N NXj=1 jhy; xjij:



68Qrhsimopoi¸nta
 thn �nw ekt�mhsh sthn (3.3.1) pa�rnoume(3:3:19) supy2KN 1N NXj=1 jhy; xjij � 
2 supy2KN kyk2:AfoÔ KN � Qn � pnBn2 kai kxjk2 = pn gia k�je j = 1; : : : ; N , sumpera�noumeìti pn � 
2�1(I)pn, to opo�o sumplhr¸nei thn apìdeixh. 2L mma 3.3.5 'Estw Q èna parallhlep�pedo pou perièqetai sto KÆN . Tìte,(3:3:20) jQj1=n � 2�1(I : X�N ! `n2 )n :Apìdeixh: To gegonì
 autì parathr jhke apo ton Ball [1℄. Parajètoume èna (k�-pw
 diaforetikì) epiqe�rhma gia lìgou
 plhrìthta
. A
 jewr soume th grammik apeikìnish S : Rn ! Rn h opo�a apeikon�zei thn Bn1 ston Q. Efarmìzonta
 thnanisìthta tou Hadamard, thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou kai tonorismì th
 �1(I : X�N ! `n2 ), èqoumejQj1=n = 2j detSj1=n � 2 nYi=1 kSeik2!1=n � 2n nXi=1 kSeik2� 2�1(S : `n1 ! `n2 ) � 1n supy2Bn1 nXi=1 jhy; eiij= 2�1(S : `n1 ! `n2 )=n:Apo ti
 �1(S : `n1 ! `n2 ) � kS : `n1 ! X�Nk � �1(I : X�N ! `n2 ) kai kS : `n1 !X�Nk � 1 èpetai to zhtoÔmeno. 2Je¸rhma 3.3.2 An N � 
 log(Æ�1)n, tìte o XN 2 BN èqei tuqa�a stajer� un
on-ditional b�sh
(3:3:21) ru
(XN ) � 
 pnplog (2N=n)me pijanìthta megalÔterh apì 1� Æ.Apìdeixh: Upojètoume ìti o XN ikanopoie� thn (3.3.1). Apì to Je¸rhma 3.2.1,autì sumba�nei me pijanìthta megalÔterh apì 1 � Æ. Apì ta L mmata 3.3.4 kai3.3.5, gia k�je parallhlep�pedo Q � KÆN èqoume jQj1=n � 
=n, �ra(3:3:22) infP2PX�N � jKÆN jjP j �1=n � n
 jKÆN j1=n � 
0 pnplog(2N=n) :



69H apìdeixh th
 (3.3.21) e�nai t¸ra �mesh, apì thn Prìtash 3.3.1. 2'Estw N � n(logn)2. To Je¸rhma 3.2.5 de�qnei ìti(3:3:23) d(XN ; `n1) � 
pn=plog(2N=n)gia ton tuqa�o XN . Sundu�zonta
 autì to gegonì
 me to Je¸rhma 3.3.2 kai toL mma 3.3.3, blèpoume ìti o `n1 e�nai {o 1-un
onditional q¸ro
 pou br�sketai piokont� ston XN}.Je¸rhma 3.3.3 An N � n(logn)2, tìte gia ton tuqa�o XN èqoume(3:3:24) d(XN ;Un) ' d(XN ; `n1) ' pnplog(2N=n) ;ìpou Un e�nai h kl�sh twn n-di�statwn q¸rwn me 1-un
onditional b�sh. 2Shme�wsh: To Je¸rhma 3.3.2 kai kat�llhlh epilog  stajer�
 � > 1 de�qnounthn Ôparxh enì
 q¸rou XN me N = �n gia ton opo�o isqÔoun oi anisìthte
(3:3:25) d(XN ; Y ) � ru
(XN ) � 
pngia k�je q¸ro Y me 1-un
onditional b�sh.3.3.2 Ektim sei
 apost�sewn Bana
h-MazurTa Jewr mata 3.2.1 kai 3.2.7 upodeiknÔoun ìti h gewmetrik  apìstash twn KN kaiBn2 kai to mèso pl�to
 tou KN elègqontai tautìqrona gia ton tuqa�o XN . Autìma
 epitrèpei na qrhsimopoi soume th mèjodo twn tuqa�wn orjog¸niwn paragon-topoi sewn (h opo�a qrhsimopoi jhke gia pr¸th for� sthn ergas�a th
 Tom
zak-Jaegermann [42℄, kai argìtera anaptÔqjhke sti
 [5℄, [12℄) me skopì na d¸soume�nw ektim sei
 th
 apìstash
 Bana
h-Mazur tou tuqa�ouXN apì di�fore
 kl�sei
q¸rwn.O sunhjismèno
 trìpo
 efarmog 
 th
 parap�nw mejìdou e�nai mèsa apì toakìloujo l mma, to opo�o qrhmopoie� thn anisìthta th
 Chevet [9℄ (blèpe kai toKef�laio 2).L mma 3.3.6 'Estw X kai Y dÔo n-di�statoi q¸roi me nìrma. Tìte,d(X;Y ) � 
n�kI : X ! `n2k`(I : `n2 ! Y ) + kI : `n2 ! Y k`(I : `n2 ! X�)���kI : Y ! `n2k`(I : `n2 ! X) + kI : `n2 ! Xk`(I : `n2 ! Y �)�;ìpou 
 > 0 e�nai mia apìluth stajer�. 2



70 Ja efarmìsoume aut  th mèjodo gia na ektim soume thn apìstash d(XN ; X�N ).H kalÔterh gnwst  genik  ekt�mhsh ofe�letai stou
 Bourgain kai Milman [6℄ oiopo�oi apèdeixan ìti(3:3:26) d(X;X�) � 
n5=6 log� ngia k�je n-di�stato q¸ro me nìrma X . H apìdeixh th
 (3.3.26) bas�zetai kiaut  sth mèjodo twn tuqa�wn orjog¸niwn paragontopoi sewn. An o X èqei 1-un
onditional b�sh   arketè
 summetr�e
, tìte d�nei èna arket� kalÔtero fr�gmath
 t�xh
 pn log� n.Opw
 ja doÔme, par� thn èlleiyh summetri¸n pou parousi�zei to KN (blèpex3.3.1), èqoume fr�gmata aut 
 th
 t�xh
 gia thn d(XN ; X�N).Je¸rhma 3.3.4 Up�rqei apìluth stajer� C > 0 tètoia ¸ste(3:3:27) d(XN ; X�N ) � Cpn logngia k�je N � n kai gia ton tuqa�o XN .Apìdeixh: Efarmìzoume to L mma 3.3.6 me X = XN kai Y = X�N . Lamb�nonta
upìyin ma
 thn `(I : `n2 ! X) � 
pnw(KÆ), pa�rnoume(3:3:28) d(XN ; X�N) � 
kI : XN ! `n2k � kI : `n2 ! XNk � w(KN )w(KÆN ):Arqik� jewroÔme thn per�ptwsh N � n2. Apì ta Jewr mata 3.2.7 kai 3.2.8, giato tuqa�o KN èqoume(3:3:29) w(KN ) � 
2plogN kai w(KÆN ) � 
3plogn=plogN:Dedomènou ìti KN � Qn � pnBn2 , èqoume(3:3:30) kI : XN ! `n2k = maxx2KN kxk2 � pn;kai, apì to Je¸rhma 3.2.1 èqoume ìti 
Bn2 � KN gia to tuqa�o KN , sunep¸
(3:3:31) kI : `n2 ! XNk = maxx2Bn2 kxkKN � 
�1:Sundu�zonta
 ta parap�nw, pa�rnoume(3:3:32) d(XN ; X�N ) � Cpn logngia ton tuqa�o XN , N � n2.An N � n2, qrhsimopoioÔme mia gnwst  ekt�mhsh twn Figiel, Lindenstrauss kaiMilman [16℄: Epeid  toKN èqei n� korufè
 kai toKÆN èqei n� èdre
, me � = � � 2,isqÔei h anisìthta(3:3:33) d(XN ; X�N) � 
pn lognp�+ � � 
0pn logn:Telik�, up�rqei stajer� C > 0 tètoia ¸ste, anex�rthta apì to N , na isqÔeid(XN ; X�N ) � Cpn logn gi� ton tuqa�o XN . 2



713.3.3 Isotropikè
 stajerè
Upenjum�zoume ton orismì th
 isotropik 
 jèsh
 enì
 summetrikoÔ kurtoÔ s¸ma-to
 W ston Rn . Up�rqei T0 2 GL(n) tètoio
 ¸ste to s¸ma ~W = T0(W ) na èqeiìgko 1 kai na ikanopoie� thn isotropik  sunj kh(3:3:34) Z ~W hx; �i2dx = L2Wgia k�je � 2 Sn�1 (blèpe [28℄ gia perissìtere
 leptomèreie
). Aut  h jèsh e�naimonadik  an exairèsoume orjog¸niou
 metasqhmatismoÔ
, sunep¸
 h stajer� LWe�nai anallo�wth gia th grammik  kl�sh touW , kai onom�zetai isotropik  stajer�tou W . Mpore� kane�
 na elègxei ìti sthn isotropik  jèsh tou W elaqistopoie�taih posìthta(3:3:35) 1jT (W )j1+ 2n ZT (W ) kxk22dxp�nw apì ìlou
 tou
 T 2 GL(n). Eidikìtera,(3:3:36) nL2W � 1jW j1+ 2n ZW kxk22dx:Eik�zetai ìti up�rqei apìluth stajer� C > 0 tètoia ¸ste LW � C gia k�jen 2 N kai k�je summetrikì kurtì s¸maW ston Rn . H pio gnwst  genik  ekt�mhshofe�letai ston Bourgain [2℄ o opo�o
 apèdeixe ìti LW � 
 4pn logn. H eikas�asqet�zetai me to {prìblhma twn tom¸n}, to opo�o afor� thn Ôparxh mia
 apìluth
stajer�
 
 > 0 tètoia
 ¸ste k�je summetrikì kurtì s¸ma ìgkou 1 na èqei tom  meuperep�pedo, th
 opo�a
 o ìgko
 na xepern� to 
. H sÔndesh prokÔptei apì thn(3:3:37) LW � jW \ �?j ' 1h opo�a isqÔei gia k�je � 2 Sn�1 kai gia k�je isotropikì summetrikì kurtì s¸maW (blèpe [28℄).Skopì
 ma
 ed¸ e�nai na d¸soume �nw fr�gmata gia thn isotropik  stajer�twn KN kai KÆN . Ja qrhsimopoi soume to akìloujo l mma (blèpe [28℄).L mma 3.3.7 'Estw W èna summetrikì kurtì s¸ma ston Rn . Tìte,(3:3:38) LW � 
n � 1jW j1+ 1n ZW kxk1dx:Ep�sh
, LW � 
d(XW ; Y ) gia k�je Y 2 Un.



72Apìdeixh: E�nai gnwstì ìti isqÔei h ant�strofh anisìthta H�older(3:3:39) �ZW hx; yi2dx�1=2 � 
 1jW j1=2 ZW jhx; yijdxìpou 
 > 0 apìluth stajer�, gia k�je summetrikì kurtì s¸ma W kai k�je y 2Rn (blèpe [28℄). 'Estw T o grammikì
 metasqhmatismì
 pou fèrnei to W sthnisotropik  jèsh. Tìte, gia k�je � 2 Sn�1 èqoume L2W = RTW hx; �i2 kai 1=jW j =j detT j.Efarmìzonta
 thn (3.3.39) gia to (T�1)�ei, pa�rnoume(3:3:40) k(T�1)�eik2LW � 
 ZTW jhx; (T�1)�eiijdxgia k�je i � n. Ajro�zonta
 ti
 parap�nw anisìthte
, blèpoume ìti(3:3:41) LW nXi=1 k(T�1)�eik2 � 
 ZTW kT�1xk1dx:Efarmìzonta
 thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou katal goume sthn(3:3:42) nLW� nYi=1 k(T�1)�eik2� 1n � j detT j ZW kxk1dxTèlo
, apì thn anisìthta tou Hadamard kai thn j det T j = 1=jW j pa�rnoume tozhtoÔmeno.Gia na apode�xoume th deÔterh anisìthta, jewroÔme tuqìnta q¸ro Y me 1-un
onditional b�sh. Apì to Je¸rhma tou Lozanovskii [25℄, up�rqei èna
 grammikì
metasqhmatismì
 T tètoio
 ¸ste(3:3:43) T (BnY ) � Bn1 kai � jBn1 jT (BnY )�1=n � 
1:'Estw S grammikì
 metasqhmatismì
 tètoio
 ¸ste(3:3:44) 1d(XW ; Y )T (BnY ) � S(W ) � T (BnY ):Tìte, apì to pr¸to mèro
 tou L mmato
,(3:3:45) LW = LS(W ) � 
n 1jS(W )j1+ 1n ZS(W ) kxk1dx:Pa�rnonta
 upìyin kai ti
 S(W ) � T (BnY ) � Bn1 kai jBn1 j1=n � 1=n, sumpera�noumeìti LW � 
jBn1 j 1njS(W )j 1n � 
� jBn1 jjT (BnY )j� 1n� jT (BnY )jjS(W )j � 1n � 

1d(XW ; Y ): 2



73Je¸rhma 3.3.5 'Estw N � n(log n)2. Gia to tuqa�o KÆN isqÔei ìti LKÆN � C,ìpou C > 0 e�nai mia apìluth stajer�.Apìdeixh: Apì to Je¸rhma 3.2.5 èqoume KN � �
plog(N=n)=pn�Qn gia totuqa�o KN . 'Epetai ìti(3:3:46) kxk1 � 
1pnplog(N=n)kxkKÆNgia k�je x 2 Rn . Qrhsimopoi¸nta
 to L mma 3.3.7 èqoume ìti(3:3:47) LKÆN � 
pn log(N=n) 1jKÆN j1+ 1n ZKÆN kxkKÆNdx � 
pn log(N=n)jKÆN j1=n :Pa�rnonta
 upìyin ma
 kai to L mma 3.2.10, èqoume to zhtoÔmeno. 2Parat rhsh O Junge [22℄ èqei apode�xei ìti an X e�nai èna
 n-di�stato
 upìqwro
enì
 N -di�statou q¸rou me 1-un
onditional b�sh, tìte(3:3:48) LBX � 
plog(2N=n)gia k�poia apìluth stajer� 
 > 0. H ekt�mhsh aut  efarmìzetai gia k�je summe-trikì kurtì s¸ma me N èdre
. Qrhsimopoi¸nta
 autì to apotèlesma gia thn B�Nsthn per�ptwsh pou n � N � n(logn)2, sunoy�zoume w
 ex 
:Pìrisma 3.3.1 Up�rqoun apìlute
 stajerè
 
; C > 0 me thn akìloujh idiìthta:(a) An n � N � n(logn)2, tìte LKÆN � 
plog(2N=n) � Cplog logn.(b) An N � n(logn)2, tìte LKÆN � C gia èna tuqa�o KÆN . 2Parathr ste ìti èqoume mia plog logn ekt�mhsh gia to tuqa�o X�N 2 B�N , hopo�a isqÔei gia olìklhro to eÔro
 tim¸n tou N .Oloklhr¸noume me k�poie
 aplè
 ektim sei
 gia thn isotropik  stajer� touKN .Prìtash 3.3.2 'Estw N � n(logn)2. Gia to tuqa�o KN isqÔei ìti(3:3:49) LKN � CminflogN;pngplog(N=n) ;ìpou C > 0 e�nai mia apìluth stajer�.Apìdeixh: AfoÔ d(XN ; `n1) ' pn=plog(N=n) gia to tuqa�o XN , h ekt�mhsh(3:3:50) LKN � 
1pn=plog(N=n)



74e�nai �mesh sunèpeia tou L mmato
 3.3.7.An to N den e�nai meg�lo, tìte epiqeirhmatologoÔme diaforetik�: jewroÔmeton exwterikì lìgo ìgkwn(3:3:51) evr(W ) := inf � jEjjW j�1=ntou W , ìpou to in�mum e�nai p�nw apì ìla ta elleiyoeid  E pou perièqoun to W .Tìte, isqÔei to ex 
.L mma 3.3.8 'Estw z1; : : : ; zN 2 Rn . An W = 
of�z1; : : : ;�zNg, tìte(3:3:52) LW � 
 logN evr(W )pnìpou 
 > 0 e�nai mia apìluth stajer�.Apìdeixh: O isqurismì
 e�nai anallo�wto
 w
 pro
 grammikoÔ
 metasqhmati-smoÔ
, sunep¸
 mporoÔme na upojèsoume ìti to W e�nai isotropikì. 'Estw E toelleiyoeidè
 el�qistou ìgkou pou perièqei to W . Up�rqei summetrikì
 kai jetikì
T 2 GL(n) tètoio
 ¸ste T (E) = Bn2 . Tìte,(3:3:53) ZW hTx; xidx = [tr(T )℄L2W � nL2W j detT j1=n:H isìthta isqÔei lìgw th
 isotropik 
 sunj kh
 (3.3.34) kai h anisìthta lìgw th
anisìthta
 arijmhtikoÔ-gewmetrikoÔ mèsou gia ti
 idiotimè
 tou T . Apì thn �llhpleur�, ZW hTx; xidx � ZW maxy2W hTx; yidx= ZW kTxkWÆdx= ZW maxj�N jhzj ; Txijdx= ZW maxj�N jhTzj ; xijdx:E�nai gnwstì ìti(3:3:54) ZW exp� jhx; �ij
LW � dx � 2gia k�je � 2 Sn�1, ìpou 
 > 0 apìluth stajer� (blèpe [28℄). Apì thn anisìthtatou Markov, gia k�je t > 0 èqoume(3:3:55) ��fx 2W j jhx; �ij � 
LW tg�� � 2e�t:



75Qrhsimopoi¸nta
 thn (3.3.55) kai èna epiqe�rhma parìmoio me autì pou qrhsimo-poi jhke gia thn apìdeixh tou �nw fr�gmato
 sto Je¸rhma 3.2.7, blèpoume ìti(3:3:56) ZW maxj�N jhTzj ; xijdx � (
 logN)LW �maxj�N kTzjk2:Apì thn zj 2 E èpetai ìti kTzjk2 � 1, j = 1; : : : ; N . 'Ara,(3:3:57) nj detT j1=nLW � 
 logNkai to zhtoÔmeno prokÔptei apì th sqèsh j det T j�1=njBn2 j1=n = jEj1=n = evr(W ).2 MporoÔme t¸ra na de�xoume ìti LKN � 
2plog(N=n): parathr¸nta
 ìti KN �pnBn2 kai qrhsimopoi¸nta
 to gegonì
 ìti �
3plog(N=n)=pn�Qn � KN , blèpou-me ìti(3:3:58) evr(KN) � pn jBn2 j1=njKN j1=n � 
pnplog(N=n) :Tìte, to L mma 3.3.8 oloklhr¸nei thn apìdeixh. 2Parat rhsh To di�sthma n � N � n(logn)2 kalÔptetai w
 ex 
: o Junge [22℄èqei apode�xei ìti oi monadia�e
 mp�le
 twn probol¸n twn N -di�statwn q¸rwn 1-un
onditional b�sh èqoun isotropik  stajer� fragmènh apì 
 logN . Epeid  toKN e�nai h monadia�a mp�la probol 
 tou `N1 , blèpoume ìti LKN � 
 logn anN � n(logn)2.
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Kef�laio 4Tuqa�a polÔtopa mèsa se ènakurtì s¸ma
4.1 Quermassintegrals tuqa�wn polutìpwnJewroÔme èna kurtì s¸ma K ìgkou 1 ston Rn kai stajeropoioÔme N � n + 1.Epilègoume N tuqa�a shme�a x1; : : : ; xN anex�rthta kai omoiìmorfa apì to K kaigr�foume C(x1; : : : ; xN ) gia thn kurt  tou
 j kh. H rop  p-t�xh
 tou ìgkou toutuqa�ou polutìpou C(x1; : : : ; xN ) e�nai h posìthta(4:1:1) Ep (K;N) = ZK : : : ZK jC(x1; : : : ; xN )jpdxN : : : dx1:EÔkola elègqoume ìti Ep (T (K); N) = Ep (K;N) gia k�je affinikì metasqhmatismìT tou Rn pou diathre� ton ìgko. 'Ena apì ta klasik� probl mata twn gewmetrik¸npijanot twn (blèpe [23℄) e�nai to ex 
:Gia dosmèna p > 0 kai N � n + 1, na brejoÔn eke�ne
 oi affinikè
kl�sei
 kurt¸n swm�twn K gia ti
 opo�e
 elaqistopoie�tai (ant�stoiqa,megistopoie�tai) h posìthta Ep (K;N).O Groemer [12℄, [13℄ apèdeixe ìti, gia p � 1, h Ep (K;N) elaqistopoie�tai an kaimìno an to K e�nai elleiyoeidè
 (h per�ptwsh n = 2, N = 3 e�qe melethje� apì tonBlas
hke [1℄, [2℄).Je¸rhma (Groemer) 'Estw E elleiyoeidè
 ìgkou 1 ston Rn . Gia k�je kurtì s¸maK ìgkou 1 ston Rn , gia k�je p � 1 kai k�je N � n+ 1, isqÔeiEp (E;N) � Ep (K;N)81



82me isìthta an kai mìno an to K e�nai elleiyoeidè
. 2Af nonta
 to p ! 1, pa�rnoume èna progenèstero apotèlesma tou Ma
beath[17℄: An jKj = 1 kai N � n+ 1, tìte h posìthta(4:1:2) E1 (K;N) = maxfjC(x1; : : : ; xN )j : x1; : : : ; xN 2 Kg(o mègisto
 dunatì
 ìgko
 kurt 
 j kh
 N shme�wn apì to K) elaqistopoie�taiìtan to K e�nai elleiyoeidè
.PolÔ ligìtera e�nai gnwst� gia to mègisto th
 Ep (K;N). Sthn per�ptwsh touepipèdou, gia k�je N � 3 h posìthta E1 (K;N) megistopoie�tai an kai mìno anto K e�nai tr�gwno: sthn [10℄ apodeiknÔetai ìti h E1 (K;N) e�nai mègisth an toK e�nai tr�gwno, en¸ sthn [11℄ apodeiknÔetai ìti ta tr�gwna e�nai ta mìna {shme�ameg�stou}. To er¸thma e�nai tele�w
 anoiktì gia ìle
 ti
 diast�sei
 n � 3.Se aut n thn par�grafo genikeÔoume to je¸rhma tou Groemer pro
 dÔo ka-teujÔnsei
:1. Sth jèsh tou ìgkou jewroÔme tuqìn quermassintegralWi, i = 0; 1; : : : ; n�1tou tuqa�ou polutìpou C(x1; : : : ; xN ) (orismo� kai sumbolismì
 ja akolou-j soun parak�tw).2. Sth jèsh th
 sun�rthsh
 x 7! xp, p � 1, jewroÔme tuqoÔsa gnhs�w
 aÔxousakai suneq  sun�rthsh f : [0;+1)! [0;+1).H akrib 
 diatÔpwsh èqei w
 ex 
:Je¸rhma 4.1.1 'Estw f : [0;+1) ! [0;+1) suneq 
 kai gnhs�w
 aÔxousa su-n�rthsh. Gia k�je n � 2, N � n+ 1 kai 0 � i � n� 1, or�zoume(4:1:3) E(K;N; f ÆWi) = ZK : : : ZK f [Wi(C(x1; : : : ; xN ))℄dxN : : : dx1:Tìte,(4:1:4) E(K;N; f ÆWi) � E(B;N; f ÆWi);gia k�je kurtì s¸ma K ìgkou 1 ston Rn , ìpou B e�nai h mp�la ìgkou 1.H apìdeixh tou Jewr mato
 4.1.1 parousi�zetai sthn x4.1.1 kai bas�zetai sthmèjodo th
 summetrikopo�hsh
 Steiner: ja de�xoume ìti(4:1:5) E(K;N; f ÆWi) � E(S(K; �); N; f ÆWi)gia k�je � 2 Sn�1, ìpou S(K; �) e�nai h summetrikopo�hsh Steiner tou K sthdieÔjunsh tou �. Basikì rìlo ja pa�xei o oloklhrwtikì
 tÔpo
 tou Kubota oopo�o
 ma
 epitrèpei na ekfr�soume ta quermassintegrals tou tuqa�ou polutìpou



83C(x1; : : : ; xN ) w
 oloklhr¸mata twn ìgkwn twn probol¸n tou. Kat� autìn tontrìpo, to prìblhma {an�getai sthn per�ptwsh tou ìgkou}.A
 shmei¸soume ìti sthn per�ptwsh tou ìgkou, aut  h gen�keush tou jewr -mato
 tou Groemer e�qe g�nei apì ton S
h�opf [24℄ sthn per�ptwsh N = n+ 1 (kai,prìsfata, sthn [16℄ gia k�je N > n).Sthn x4.1.2 ja de�xoume ìti an i � 1 kai an h f e�nai kurt  kai gnhs�w
 aÔxousatìte h mp�la B ìgkou 1 (kai oi metaforè
 th
) e�nai to monadikì kurtì s¸ma gia toopo�o h E(K;N; f ÆWi) pa�rnei el�qisth tim . Akìma isqurìtera, apodeiknÔoumeto ex 
:Je¸rhma 4.1.2 'Estw K kurtì s¸ma ìgkou 1 ston Rn . A
 upojèsoume ìti toK den e�nai mp�la. Tìte, up�rqei � 2 Sn�1 me thn akìloujh idiìthta: gia k�jeN � n + 1, gia k�je i 2 f1; : : : ; n � 1g kai gia k�je gnhs�w
 aÔxousa kurt sun�rthsh f : [0;+1)! [0;+1) èqoume(4:1:6) E(S(K; �); N; f ÆWi) < E(K;N; f ÆWi);ìpou S(K; �) e�nai h summetrikopo�hsh Steiner tou K sth dieÔjunsh tou �.H idiìthta th
 mp�la
 pou epitrèpei autì to apotèlesma monadikìthta
 e�naignwst  (blèpe [3℄): 'Ena kurtì s¸ma K e�nai mp�la an kai mìno an to {sÔnolotwn mèswn} tou K w
 pro
 k�je euje�a (blèpe x4.1.2 gia ton orismì) perièqetai seuperep�pedo k�jeto pro
 aut  thn euje�a. An afairèsoume thn apa�thsh th
 {ka-jetìthta
}, tìte aut  h idiìthta qarakthr�zei ta elleiyoeid  kai qrhsimopoi jhkeapo ton Groemer gia thn apìdeixh th
 monadikìthta
 sto je¸rhm� tou (per�ptwshi = 0 kai p � 1).Orismo� kai sumbolismì
: Ja doulèyoume ston Rn , o opo�o
 e�nai efodiasmè-no
 me èna eswterikì ginìmeno h�; �i. H kl�sh ìlwn twn sumpag¸n kurt¸n uposu-nìlwn tou Rn sumbol�zetai me Kn. Ja gr�foume Bn2 kai Sn�1 gia th monadia�amp�la kai th monadia�a sfa�ra tou Rn ant�stoiqa. Ja sumbol�zoume me Gn;k thnpollaplìthta Grassmann ìlwn twn k-di�statwn upoq¸rwn tou Rn , efodiasmènhme to mètro pijanìthta
 Haar �n;k. Ja gr�foume jKj gia ton ìgko enì
 kurtoÔs¸mato
 K (h di�stash tou s¸mato
 ja e�nai p�nta saf 
) kai !n gia ton ìgkoth
 n-di�stath
 Eukle�deia
 monadia�a
 mp�la
.'Estw K èna kurtì s¸ma ston Rn . O tÔpo
 tou Steiner, o opo�o
 e�nai eidi-k  per�ptwsh tou klasikoÔ jewr mato
 tou Minkowski gia tou
 meiktoÔ
 ìgkou
,isqur�zetai ìti o ìgko
 tou K+ tBn2 , t > 0, mpore� na grafe� san polu¸numo tou t:jK + tBn2 j = nXi=0 �ni�Wi(K)ti:



84To i-ostì quermassintegral touK e�nai o meiktì
 ìgko
Wi(K) = V (K;n�i; Bn2 ; i)pou emfan�zetai s� autìn ton tÔpo (o anagn¸sth
 mpore� na anatrèxei sto bibl�o touS
hneider [22℄ gia th jewr�a twn meikt¸n ìgkwn). DÔo apì ta quermassintegrals,ta W1 kai Wn�1, e�nai idia�tera shmantik�: h epif�neia tou K isoÔtai me �(K) =nW1(K), en¸ to mèso pl�to
 w(K) tou K isoÔtai me w(K) = (2=!n)Wn�1(K).Ja qrhsimopoi soume k�poie
 basikè
 idiìthte
 twn quermassintegrals: e�naimonìtona, suneq  w
 pro
 th metrik  Hausdor�, kai omogen  bajmoÔ n � i. Jaqrhsimopoi soume ep�sh
 ton oloklhrwtikì tÔpo tou Kubota: gia k�je 1 � i �n� 1, èqoume(4:1:7) Wi(K) = !n!n�i ZGn;n�i jPE(K)j �n;n�i(dE):Ed¸, me PE(K) sumbol�zoume thn orjog¸nia probol  tou K ston E.4.1.1 Summetrikopo�hsh Steiner: to Je¸rhma 4.1.1Gia k�je mh mhdenikì � 2 Rn gr�foume H(�)   �? gia ton upìqwro fx : hx; �i = 0g.StajeropoioÔme mia N -�da Y = (y1; : : : ; yN) shme�wn ston H(�) kai jewroÔme thsun�rthsh FY : RN ! [0;+1) pou or�zetai w
 ex 
:(4:1:8) FY (t1; : : : ; tN ) = jC(y1 + t1�; : : : ; yN + tN�)j:To epiqe�rhma tou Groemer [13℄ bas�zetai sto akìloujo l mma:L mma 4.1.1 H FY e�nai kurt  sun�rthsh ston RN .Apìdeixh: 'Estw T = (t1; t2; : : : ; tN ) 2 RN . Dedomènou ìti ta y1; : : : ; yN 2 H(�)e�nai stajer�, sth di�rkeia aut 
 th
 apìdeixh
 ja gr�foume C(t1; : : : ; tN ) ant� giaC(y1 + t1�; : : : ; yN + tN�). Gia k�je y 2 PH(�)C(t1; : : : ; tN ) jewroÔme thn {k�tw}sun�rthsh tou C(t1; : : : ; tN )(4:1:9) fT (y) = minfr 2 R : y + r� 2 C(t1; : : : ; tN )gkai thn {�nw} sun�rthsh tou C(t1; : : : ; tN )(4:1:10) gT (y) = maxfr 2 R : y + r� 2 C(t1; : : : ; tN )g:EÔkola blèpoume ìti h fT e�nai kurt , h gT e�nai ko�lh, kai fT � gT . Epiplèon, giak�je T = (t1; : : : ; tN ); S = (s1; : : : ; sN ) 2 RN èqoume(4:1:11) PH(�)C(t1; : : : ; tN ) = PH(�)C(s1; : : : ; sN ) = C(0; : : : ; 0)kai gia k�je T 2 RN mporoÔme na gr�youme(4:1:12) C(t1; : : : ; tN ) = fy + r� : y 2 C(0; : : : ; 0); fT (y) � r � gT (y)g:
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 tou C(t1; : : : ; tN ) isoÔtai me(4:1:13) jC(t1; : : : ; tN)j = k�k2 ZC(0;:::;0) �gT (y)� fT (y)�dy:'Estw T; S 2 RN . JewroÔme ti
 sunart sei
f = fT + fS2 kai g = gT + gS2sto C(0; : : : ; 0). E�nai fanerì ìti h f e�nai kurt , h g e�nai ko�lh, kai f � g. Tèlo
,or�zoume to kurtì s¸ma(4:1:14) L = fy + r� : y 2 C(0; :::; 0) kai f(y) � r � g(y)g:EÔkola elègqoume ìti yi + ti+si2 � 2 L gia k�je i � N . AfoÔ to L e�nai kurtì, hkurt  j kh aut¸n twn shme�wn e�nai uposÔnolo tou L, dhlad (4:1:15) C � t1 + s12 ; : : : ; tN + sN2 � � L:'Epetai ìti FY �T + S2 � � jLj = k�k2 ZC(0;:::;0) �g(y)� f(y)�dy= k�k22 ZC(0;:::;0) �gT (y)� fT (y)�dy+k�k22 ZC(0;:::;0) �gS(y)� fS(y)�dy= FY (T ) + FY (S)2 :Autì apodeiknÔei ìti h FY e�nai kurt . 2'Estw E èna
 s-di�stato
 upìqwro
 tou Rn . Or�zoume mia deÔterh sun�rthshFE;Y : RN ! [0;+1) w
 ex 
:(4:1:16) FE;Y (t1; : : : ; tN ) = jPE(C(y1 + t1�; : : : ; yN + tN�))js;ìpou j � js sumbol�zei ton s-di�stato ìgko.L mma 4.1.2 H sun�rthsh FE;Y e�nai kurt  ston RN .Apìdeixh: Gr�foume u = PE(�) kai wi = PE(yi), i = 1; : : : ; N . Tìte,(4:1:17) PE(C(y1 + t1�; : : : ; yN + tN�)) = C(w1 + t1u; : : : ; wN + tNu):



86An u = 0, tìte FE;Y (t1; : : : ; tN ) = jC(w1; : : : ; wN )j gia k�je T = (t1; : : : ; tN ),epomènw
 h FE;Y e�nai (stajer ) kurt  sun�rthsh.A
 upojèsoume t¸ra ìti u 6= 0. Gia k�je i = 1; : : : ; N mporoÔme na gr�youmeto wi sth morf  wi = zi + siu, ìpou zi ? u kai si 2 R. Tìte,(4:1:18) FE;Y (t1; : : : ; tN ) = jC(z1 + (s1 + t1)u; : : : ; zN + (sN + tN )u)j;Efarmìzonta
 to L mma 4.1.1 ston E (me ta zi kai u na pa�zoun to rìlo twn yi kai� ant�stoiqa), sumpera�noume ìti h FE;Y e�nai kurt . 2L mma 4.1.3 'Estw � 6= 0 kai y1; : : : ; yN 2 H(�). Gia k�je i = 0; 1; : : : ; n � 1, hsun�rthsh(4:1:19) FY;i(t1; : : : ; tN ) =Wi(C(y1 + t1�; : : : ; yN + tN�))e�nai �rtia kai kurt .Apìdeixh: De�qnoume pr¸ta ìti h FY;i e�nai kurt . H per�ptwsh i = 0 kalÔptetaiapì to L mma 4.1.1. An i > 0, efarmìzoume ton oloklhrwtikì tÔpo tou KubotaWi(A) = !n!n�i ZGn;n�i jPE(A)j�n;n�i(dE)sta s¸mata C(y1 + t1�; : : : ; yN + tN�). 'EqoumeFY;i(t1; : : : ; tN ) = Wi(C(y1 + t1�; : : : ; yN + tN�))= !n!n�i ZGn;n�i jPE(C(y1 + t1�; : : : ; yN + tN�))j�n;n�i(dE)= !n!n�i ZGn;n�i FE;Y (t1; : : : ; tN )�n;n�i(dE);kai h kurtìthta th
 FY;i èpetai apì to L mma 4.1.2.Gia na de�xoume ìti h FY;i e�nai �rtia, parathroÔme ìti to C(fyj+ tj� : j � Ng)e�nai an�klash tou C(fyj � tj� : j � Ng) w
 pro
 to H(�) kai qrhsimopoioÔme togegonì
 ìti Wi(A) =Wi(U(A)) gia k�je U 2 O(n) kai k�je i = 0; 1; : : : ; n� 1. 2StajeropoioÔme jetikoÔ
 pragmatikoÔ
 arijmoÔ
 r1; : : : ; rN kai jewroÔme toparallhlep�pedo(4:1:20) Q = fS = (s1; : : : ; sN ) : jsj j � rj ; j = 1; : : : ; Ng:L mma 4.1.4 Gia k�je B 2 RN kai � > 0, or�zoume(4:1:21) Q(B;�) = fS 2 Q : FY;i(B + S) � �g:'Estw � 2 (0; 1). An B;B0 2 RN kai Q(B;�); Q(B0; �) 6= ;, tìte(4:1:22) jQ(�B + (1� �)B0; �)j1=n � �jQ(B;�)j1=n + (1� �)jQ(B0; �)j1=n:



87Apìdeixh: 'Estw S 2 Q(B;�) kai S0 2 Q(B0; �). Qrhsimopoi¸nta
 thn kurtìthtath
 FY;i blèpoume ìtiFY;i(�(B + S) + (1� �)(B0 + S0)) � �FY;i(B + S) + (1� �)FY;i(B0 + S0) � �:Sunep¸
,(4:1:23) Q(�B + (1� �)B0; �) � �Q(B;�) + (1� �)Q(B0; �)kai to apotèlesma èpetai apì thn anisìthta Brunn-Minkowski. 2L mma 4.1.5 'Estw 0 6= � 2 Rn kai y1; : : : ; yN 2 H(�). Gia k�je B 2 RN kai giak�je � > 0,(4:1:24) jQ(O;�)j � jQ(B;�)j;ìpou O e�nai h arq  twn axìnwn ston RN .Apìdeixh: An toQ(B;�) e�nai kenì, to sumpèrasma isqÔei kat� tetrimmèno trìpo.Diaforetik�, parathroÔme ìti Q(�B;�) = �Q(B;�) (epeid  h FY;i e�nai �rtia) kaiefarmìzoume to L mma 4.1.4 me B0 = �B kai � = 1=2. 2'Estw t¸ra K èna kurtì s¸ma ìgkou 1 ston Rn kai èstw � 2 Sn�1. Gr�foumeP�(K) gia thn orjog¸nia probol  tou K ston H(�). Gia k�je y 2 P�(K) jew-roÔme to (endeqomènw
 ekfulismèno) eujÔgrammo tm ma `(K; y) := K \ (y + R�).Gr�foume 2r(y) gia to m ko
 kai y + b(y)� gia to mèso tou `(K; y) ant�stoiqa.H summetrikopo�hsh Steiner S(K; �) tou K sth dieÔjunsh tou � e�nai to kurtìs¸ma pou or�zetai apì ti
 ex 
 sunj ke
:1. P�(S(K; �)) = P�(K) = P .2. Gia k�je y 2 P , to m ko
 kai to mèso tou `(S(K; �); y) e�nai 2r0(y) = 2r(y)kai y (dhlad , b0(y) = 0) ant�stoiqa.Gia k�je epilog  shme�wn y1; : : : ; yN 2 P�(K) jètoume(4:1:25)MK;�;fÆWi(y1; : : : ; yN) = Z`(K;y1) : : : Z`(K;yN ) f [Wi(C(x1; : : : ; xN ))℄dxN : : : dx1:Tìte,(4:1:26) E(K;N; f ÆWi) = ZP�(K) : : : ZP�(K)MK;�;fÆWi(y1; : : : ; yN)dyN : : : dy1:L mma 4.1.6 'Estw y1; : : : ; yN 2 P�(K). Tìte, gia k�je suneq  gnhs�w
 aÔxousasun�rthsh f : [0;+1)! [0;+1) kai k�je i = 0; 1; : : : ; n� 1,(4:1:27) MK;�;fÆWi(y1; : : : ; yN ) �MS(K;�);�;fÆWi(y1; : : : ; yN ):



88Apìdeixh: 'Estw Q = fS = (s1; : : : ; sN ) : jsj j � r(yj); j = 1; : : : ; Ng. Me tosumbolismì twn prohgoumènwn lhmm�twn, èqoume ìtiMK;�;fÆWi(y1; : : : ; yN) = ZQ f [FY;i(B + S)℄dS= Z 10 jfS 2 Q : FY;i(B + S) � f�1(t)gjdt= Z 10 �jQj � jQ(B; f�1(t))j� dt:Apì ton orismì tou S(K; �),MS(K;�);�;fÆWi(y1; : : : ; yN) = ZQ f [FY;i(S)℄dS = Z 10 �jQj � jQ(O; f�1(t))j� dt;kai to apotèlesma èpetai apì to L mma 4.1.5. 2To L mma 4.1.6 kai h sqèsh (4:1:26) de�qnoun ìti h posìthta E(K;N; f Æ Wi)mikra�nei me k�je summetrikopo�hsh Steiner.Je¸rhma 4.1.3 'Estw K kurtì s¸ma ìgkou 1 ston Rn kai èstw � 2 Sn�1. AnS(K; �) e�nai h summetrikopo�hsh Steiner tou K sth dieÔjunsh tou �, tìte(4:1:28) E(S(K; �); N; f ÆWi) � E(K;N; f ÆWi)gia k�je suneq  gnhs�w
 aÔxousa sun�rthsh f : [0;+1) ! [0;+1) kai k�jei = 0; 1; : : : ; n� 1. 2Gia k�je kurtì s¸ma K up�rqei akolouj�a diadoqik¸n summetrikopoi sewnSteiner tou K h opo�a sugkl�nei se mp�la w
 pro
 thn Hausdor� metrik . Sunep¸
,to Je¸rhma 4.1.3 de�qnei ìti h E(K;N; f ÆWi) elaqistopoie�tai sthn per�ptwsh th
mp�la
.Je¸rhma 4.1.4 'Estw K kurtì s¸ma ìgkou 1 kai èstw B h mp�la ìgkou 1 stonRn . Tìte,(4:1:29) E(K;N; f ÆWi) � E(B;N; f ÆWi)gia k�je suneq  gnhs�w
 aÔxousa sun�rthsh f : [0;+1) ! [0;+1) kai gia ìlata i = 0; 1; : : : ; n� 1. 2San efarmog  pa�rnoume th gen�keush enì
 apotelèsmato
 tou Ma
beath. A
upojèsoume ìti jKj = jBj = 1. An p�roume fp(x) = xp, p > 0 sto Je¸rhma 4.1.4,blèpoume ìti h �ZK : : : ZK [Wi(C(x1; : : : ; xN ))℄pdxN : : : dx1�1=pelaqistopoie�tai sthn B. Pern¸nta
 sto ìrio kaj¸
 p!1, èqoume to ex 
.



89Pìrisma 4.1.1 'Estw jKj = 1 kai 0 � i � n� 1. Gia k�je N > n h mègisth tim tou i-ostoÔ quermassintegral th
 kurt 
 j kh
 N shme�wn apì to K e�nai el�qisthìtan to K e�nai mp�la. 24.1.2 Monadikìthta: to Je¸rhma 4.1.2'Estw K kurtì s¸ma ston Rn kai èstw � 2 Sn�1. An mia euje�a L par�llhlhsto � tèmnei to K, tìte h tom  e�nai èna (endeqomènw
 ekfulismèno) eujÔgrammotm ma. Sumbol�zoume meM(K; �) to sÔnolo twn mèswn ìlwn aut¸n twn eujugr�m-mwn tmhm�twn. Tìte, isqÔei o akìloujo
 qarakthrismì
 twn elleiyoeid¸n (  th
mp�la
 ant�stoiqa, blèpe [3℄ - ep�sh
 [14℄):L mma 4.1.7 'Estw K kurtì s¸ma ston Rn . To K e�nai elleiyoeidè
 an kai mìnoan gi� k�je � 2 Sn�1 to sÔnolo twn {mèswn} M(K; �) perièqetai se uperep�pedo.ToK e�nai mp�la an kai mìno an gi� k�je � 2 Sn�1 to sÔnolo twn {mèswn}M(K; �)perièqetai se uperep�pedo to opo�o e�nai k�jeto sto �. 2Qrhsimopoi¸nta
 autì to qarakthrismì, ja de�xoume ìti an to K den e�naimp�la, tìte up�rqei kat�llhlh summetrikopo�hsh Steiner S(K; �) tou K me thnex 
 idiìthta: gia k�je kurt  gnhs�w
 aÔxousa f kai k�je i = 1; : : : ; n� 1,(4:1:30) E(S(K; �); N; f ÆWi) < E(K;N; f ÆWi):L mma 4.1.8 'Estw K kurtì s¸ma ìgkou 1 ston Rn . An to K den e�nai ellei-yoeidè
, mporoÔme na broÔme � 2 Sn�1 tètoio ¸ste: gia k�je N � n+ 1 up�rqouny1; : : : ; yN 2 P�(K) me(4:1:31) FY;i(0; : : : ; 0) < FY;i(b1; : : : ; bN )gia k�je i = 0; 1; : : : ; n�1, ìpou yj+bj� e�nai to mèso touK\(yj+R�). An toK dene�nai mp�la, mporoÔme na broÔme � 2 Sn�1 tètoio ¸ste: gia k�jeN � n+1 up�rqouny1; : : : ; yN 2 P�(K) tètoia ¸ste h (4:1:31) na isqÔei gia k�je i = 1; : : : ; n� 1.Apìdeixh: (a) An to K den e�nai elleiyoeidè
, up�rqei èna � 2 Sn�1 tètoio ¸stetoM(K; �) na mhn perièqetai se uperep�pedo. Autì shma�nei ìti gia k�je N � n+1mporoÔme na broÔme y1; : : : ; yN 2 P�(K) tètoia ¸ste(4:1:32) FY;0(b1; : : : ; bN) = jC(y1 + b1�; : : : ; yN + bN�)j > 0:StajeropoioÔme i 2 f0; 1; : : : ; n� 1g kai E 2 Gn;n�i. Apì to L mma 4.1.2, h FE;Ye�nai kurt  sun�rthsh ston RN . Sunep¸
,(4:1:33) 2FE;Y (0; : : : ; 0) � FE;Y (b1; : : : ; bN ) + FE;Y (�b1; : : : ;�bN):



90Epiplèon, an � 2 E èqoume gn sia anisìthta sthn (4.1.33): To dexiì mèlo
 th
parap�nw sqèsh
 e�nai gn sia jetikì giat� to C(y1 + b1�; : : : ; yN + bN�) èqei mhkenì eswterikì, en¸ to aristerì mèlo
 th
 mhden�zetai.Gia k�je A 2 Kn, h sun�rthsh E 7! PE(A) e�nai suneq 
 sthn Gn;n�i. Apìton tÔpo tou Kubota kai thn (4.1.33) blèpoume ìti2FY;i(0; : : : ; 0) = 2!n!n�i ZGn;n�i FE;Y (0; : : : ; 0)�n;n�i(dE)< !n!n�i ZGn;n�i FE;Y (b1; : : : ; bN)�n;n�i(dE)+ !n!n�i ZGn;n�i FE;Y (�b1; : : : ;�bN)�n;n�i(dE)= 2FY;i(b1; : : : ; bN);qrhsimopoi¸nta
 kai to gegonì
 ìti h FY;i e�nai �rtia.(b) Tèlo
, a
 upojèsoume ìti to K e�nai elleiyoeidè
 all� ìqi mp�la. MporoÔmena broÔme èna � 2 Sn�1 tètoio ¸ste to M(K; �) na perièqetai se èna uperep�pedome k�jeto di�nusma u 6= ��. Gia dosmèno N � n + 1, epilègoume y1; : : : ; yN 2P�(K) tètoia ¸ste h kurt  j kh twn mèswn yj + bj� na èqei di�stash n � 1. Ani 2 f1; : : : ; n� 1g kai an epilèxoume E 2 Gn;n�i ètsi ¸ste � 2 E all� u =2 E, tìte(4:1:34) FE;Y (0; : : : ; 0) = 0 < FE;Y (b1; : : : ; bN):Akolouj¸nta
 ta b mata tou (a) kai qrhsimopoi¸nta
 ti
 (4.1.33) kai (4.1.34)pa�rnoume thn (4.1.31). 2Je¸rhma 4.1.5 'Estw K kurtì s¸ma ìgkou 1 ston Rn . A
 upojèsoume ìti toK den e�nai mp�la. Tìte, up�rqei � 2 Sn�1 me thn akìloujh idiìthta: gia k�jeN � n + 1, gia k�je i 2 f1; : : : ; n � 1g kai gia k�je kurt  gnhs�w
 aÔxousasun�rthsh f : [0;+1)! [0;+1) èqoumeE(S(K; �); N; f ÆWi) < E(K;N; f ÆWi);ìpou S(K; �) e�nai h summetrikopo�hsh Steiner tou K sth dieÔjunsh tou �.Apìdeixh: A
 upojèsoume ìti ta N , i kai f e�nai dosmèna (mporoÔme na upojè-soume ìti f(0) = 0). Apì to Je¸rhma 4.1.3 èqoume(4:1:35) E(S(K; �); N; f ÆWi) � E(K;N; f ÆWi):A
 upojèsoume ìti isqÔei isìthta sthn (4.1.35). Tìte, apì to L mma 4.1.6 èqoume(4:1:36) MK;�;fÆWi(z1; : : : ; zN) =MS(K;�);�;fÆWi(z1; : : : ; zN)



91gia k�je epilog  shme�wn z1; : : : ; zN 2 P�(K). Epilègoume yj 2 P�(K) tètoia ¸stena isqÔei to L mma 4.1.8. Gr�foume(4:1:37) MK;�;fÆWi(y1; : : : ; yN ) = ZQ f [FY;i(B + S)℄dSìpou Q = fS = (s1; : : : ; sN ) : jsj j � r(yj); j = 1; : : : ; Ng. Efìson h FY;i e�naikurt  kai h f e�nai kurt  kai aÔxousa, èqoume(4:1:38) 2f [FY;i(S)℄ � f [FY;i(B + S)℄ + f [FY;i(�B + S)℄gia k�je S 2 Q, kai to L mma 4.1.8 dhl¸nei ìti isqÔei gn sia anisìthta ìtanS = O. Oloklhr¸nonta
 sto Q blèpoume ìti(4:1:39)2MS(K;�);�;fÆWi(y1; : : : ; yN) < MK;�;fÆWi(y1; : : : ; yN ) +M ~K;�;fÆWi(y1; : : : ; yN)ìpou ~K e�nai h an�klash tou K w
 pro
 ton �?. Apì thn (4.1.25) blèpoume eÔkolaìti(4:1:40) MK;�;fÆWi(y1; : : : ; yN ) =M ~K;�;fÆWi(y1; : : : ; yN)kai �ra,(4:1:41) MS(K;�);�;fÆWi(y1; : : : ; yN ) < MK;�;fÆWi(y1; : : : ; yN );to opo�o èrqetai se ant�fash me thn (4.1.36). 24.2 Ektim sei
 gia ton ìgko tuqa�ou polutìpou: hper�ptwsh twn 1-un
onditional swm�twn'Opw
 kai sthn prohgoÔmenh par�grafo, jewroÔme èna kurtì s¸ma K ìgkou 1 stonRn , stajeropoioÔme N � n+1, epilègoume N tuqa�a shme�a x1; : : : ; xN anex�rthtakai omoiìmorfa apì to K, kai gr�foume C(x1; : : : ; xN ) gia thn kurt  tou
 j kh.H mèsh tim  th
 {akt�na
 ìgkou} tou C(x1; : : : ; xN )(4:2:1) F(K;N) = ZK : : : ZK jC(x1; : : : ; xN )j1=ndxN : : : dx1melet jhke sthn [16℄:Je¸rhma 4.2.1 'Estw K kurtì s¸ma ìgkou 1 ston Rn . Gia k�je N � n+ 1,(4:2:2) F(K;N) � CLK log(2N=n)pn ;ìpou C > 0 e�nai mia apìluth stajer� kai LK e�nai h stajer� isotrop�a
 tou K. 2



92 Sthn prohgoÔmenh par�grafo (Je¸rhma 4.1.1, per�ptwsh p = 1=n, i = 0)e�dame ìti h posìthta F(K;N) elaqistopoie�tai ìtan to K e�nai elleiyoeidè
 (tosugkekrimèno apotèlesma e�qe apodeiqje� sthn [16℄). Dedomènou ìti h F(K;N) e�naianallo�wth w
 pro
 affinikoÔ
 metasqhmatismoÔ
 pou diathroÔn ton ìgko, ekti-m¸nta
 apì k�tw thn F(B;N) pa�rnoume èna genikì k�tw fr�gma gia thn F(K;N).Mia tètoia ekt�mhsh dìjhke sthn [16℄:Je¸rhma 4.2.2 'Estw B h mp�la ìgkou 1 ston Rn . An n(logn)2 � N � exp(
n),tìte(4:2:3) F(B;N) � 
plog(2N=n)pnìpou 
 > 0 e�nai mia apìluth stajer�. 2Orismì
 'Estw � 2 [1; 2℄. Lème ìti èna kurtì s¸ma K ìgkou 1 e�nai  �-s¸ma mestajer� b� sth dieÔjunsh tou y 6= 0, an(4:2:4) �ZK jhx; yijpdx�1=p � b�p1=� ZK jhx; yijdxgia k�je p � 1. Lème ìti to K e�nai  �-s¸ma me stajer� b�, an h (4.2.4) isqÔeigia k�je y 6= 0 kai k�je p � 1.Apì ton orismì e�nai fanerì ìti an to K e�nai  �-s¸ma, tìte to �dio isqÔei giato T (K), T 2 SL(n) (me thn �dia stajer� b�). Ep�sh
, to L mma tou Borell (blèpe[19, Par�rthma III℄) de�qnei ìti k�je kurtì s¸ma K e�nai  1-s¸ma me stajer�b1 � C, ìpou C > 0 apìluth stajer�. Parade�gmata  2-swm�twn me omoiìmorfafragmènh stajer� b2 d�noun oi monadia�e
 mp�le
 Bnq twn `nq , 2 � q � 1 (blèpe[6℄).H mèjodo
 apìdeixh
 tou Jewr mato
 4.2.1 de�qnei ìti an to K e�nai  2-s¸mame stajer� b2, tìte isqÔei h isqurìterh anisìthta(4:2:5) F(K;N) � 
b2LKplog(2N=n)pn ;ìpou 
 > 0 e�nai mia apìluth stajer�. Epiplèon, o Bourgain [4℄ èdeixe prìsfata ìti,se aut  thn per�ptwsh, LK � 
b2(log b2)5. Sundu�zonta
 ta parap�nw blèpoumeìti h {akt�na ìgkou} enì
 tuqa�ou polutìpou mèsa se èna  2-s¸ma prosdior�zetaipl rw
.Je¸rhma 4.2.3 'Estw K kurtì s¸ma ìgkou 1 ston Rn . Upojètoume ìti to K e�nai 2-s¸ma me stajer� b2. Tìte, an n(logn)2 � N � exp(
n) èqoume(4:2:6) 
plog(2N=n)pn � F(K;N) � Cb22(log b2)5plog(2N=n)pn ;ìpou 
; C > 0 e�nai apìlute
 stajerè
. 2



93Skopì
 ma
 se aut  thn par�grafo e�nai na apode�xoume ant�stoiqa apotelè-smata sthn per�ptwsh pou to K e�nai 1-un
onditional s¸ma   zwnoeidè
. H per�-ptwsh twn zwnoeid¸n e�nai, ìpw
 ja doÔme, apl : h kr�simh idiìtht� tou
 e�nai hex 
: k�je zwnoeidè
 Z ston Rn èqei grammik  eikìna ìgkou 1 pou èqei di�metroth
 t�xh
 th
 pn. Ta 1-un
onditional s¸mata den emp�ptoun se kamm�a apì autè
ti
 kathgor�e
: h monadia�a mp�la B1 tou `n1 (kanonikopoihmènh ¸ste na èqei ìgko1) èqei di�metro th
 t�xh
 tou n kai h { 2-stajer�} th
 e�nai th
 t�xh
 th
 pn.4.2.1 1-un
onditional s¸mata'Estw K 1-un
onditional s¸ma ìgkou 1 ston Rn . Efìson h F(K;N) e�nai anal-lo�wth w
 pro
 thn SL(n), mporoÔme na upojèsoume ìti h sun jh
 orjokanonik b�sh fe1; : : : ; eng tou Rn e�nai 1-un
onditional b�sh gia thn k � kK kai ìti to Ke�nai isotropikì, dhlad  ZKhx; �i2dx = L2Kgia k�je � 2 Sn�1. Epiplèon, e�nai gnwstì (blèpe [18℄) ìti LK � C, ìpou C > 0e�nai mia apìluth stajer�.Oi  2-idiìthte
 twn isotropik¸n 1-un
onditional swm�twn melet jhkan prì-sfata apì tou
 Bobkov kai Nazarov (blèpe [7℄ kai [8℄).L mma 4.2.1 [8℄ 'Estw K èna isotropikì 1-un
onditional s¸ma ston Rn . Gia k�jey 2 Rn kai k�je p � 1 isqÔei h anisìthta(4:2:7) �ZK jhx; yijpdx�1=p � Cpppnkyk1LK :Me �lla lìgia, h  2-stajer� tou K sth dieÔjunsh tou y ikanopoie� thn(4:2:8) b2(y) � 
pnkyk1kyk2ìpou 
 > 0 apìluth stajer�. 2Parathr ste ìti an y = (1; : : : ; 1) tìte b2(y) � 
, dhlad  h {diag¸nia} dieÔjun-sh e�nai  2. Ep�sh
, kat� mèso ìro to K èqei {logarijmik   2-stajer�}:ZSn�1 b2(�) �(d�) 'plogn:To gegonì
 autì ja qrhsimopoihje� gia thn ekt�mhsh th
 F(K;N) ìtan to N e�naiarket� meg�lo se sqèsh me th di�stash n (gia par�deigma, ìtan N � n2).



94L mma 4.2.2 [7℄ Up�rqoun apìlute
 stajerè
 t0 > 0 kai 
 > 0 tètoie
 ¸ste: giak�je isotropikì 1-un
onditional kurtì s¸ma K ston Rn kai k�je t � t0,(4:2:9) ���x 2 K : kxk2 � tpn	�� � exp ��
tpn� : 2To L mma autì de�qnei ìti an to N e�nai arket� mikrì se sqèsh me th di�stashn (gia par�deigma, ìtan N � n2) tìte N tuqa�a shme�a x1; : : : ; xN apì to Kbr�skontai se mia mp�la akt�na
 th
 t�xh
 th
 pn, k�ti pou exasfal�zei to swstìfr�gma gia thn F(K;N) kai s� aut  thn per�ptwsh.Ja qreiastoÔme ep�sh
 akribe�
 ektim sei
 gia ton ìgko th
 kurt 
 j kh
 Nshme�wn kai ton ìgko th
 tom 
 N summetrik¸n lwr�dwn. Oi B�ar�any kai F�uredi[5℄ èqoun de�xei èna �nw fr�gma gia ton ìgko tou C(x1; : : : ; xN ) = 
ofx1; : : : ; xNgsunart sei tou max kxik2:L mma 4.2.3 Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste: an N � n + 1 kaix1; : : : ; xN 2 Rn , tìte(4:2:10) jC(x1; : : : ; xN )j1=n � 
 �maxi�N kxik2 � plog(2N=n)n : 2Tèlo
, oi Ball kai Pajor [9℄ èqoun de�xei to ex 
 k�tw fr�gma gia ton ìgko th
tom 
 N summetrik¸n lwr�dwn:L mma 4.2.4 'Estw x1; : : : ; xN 2 Rn kai 1 � q < +1. An K(x1; : : : ; xN ) =
of�x1; : : : ;�xNg e�nai h apìluth kurt  j kh twn xi, tìte gia to polikì s¸ma(4:2:11) KÆ(x1; : : : ; xN ) = fz 2 Rn : jhz; xiij � 1 ; i = 1; : : : ; NgisqÔei h anisìthta(4:2:12) jKÆ(x1; : : : ; xN )j1=n � 20�n+ qn NXj=1 1jBnq j ZBnq jhz; xjijqdz1A�1=q : 2Parathr ste ìti, apì thn ant�strofh anisìthta Santal�o (blèpe [21℄),(4:2:13) jKÆ(x1; : : : ; xN )j1=n � 
n jK(x1; : : : ; xN )j�1=n � 
n jC(x1; : : : ; xN )j�1=n:Ja mporoÔse loipìn kane�
 na qrhsimopoi sei to L mma 4.2.3 gia na ektim sei tonjKÆ(x1; : : : ; xN )j apì k�tw. To L mma 4.2.4 e�nai ìmw
 akribèstero kai, ìpw
 jafane� parak�tw, h dunatìthta epilog 
 kat�llhlh
 tim 
 tou q ja pa�xei shmantikìrìlo.



95Je¸rhma 4.2.4 Up�rqoun apìlute
 stajerè
 
; 
1; 
2 > 0 tètoie
 ¸ste: an to Ke�nai 1-un
onditional kurtì s¸ma ìgkou 1 ston Rn kai an n(logn)2 � N � exp(
n),tìte(4:2:14) 
1plog(2N=n)pn � F(K;N) � 
2plog(2N=n)pn :Apìdeixh: MporoÔme na upojèsoume ìti to K e�nai isotropikì. Diakr�noume dÔopeript¸sei
 (mikrì kai meg�lo N):(a) N � n2: 'Estw t � t0, to opo�o ja epilèxoume kat�llhla. Apì to L mma 4.2.2,(4:2:15) Prob �(x1; : : : ; xN ) : 9i � N t.w. kxik2 � tpn� � N � exp ��
1tpn� :An A e�nai to endeqìmeno sthn (4.2.15), qrhsimopoi¸nta
 to L mma 4.2.3 kai togegonì
 ìti jKj = 1, gr�foumeF(K;N) = ZA jC(x1; : : : ; xN )j1=n + ZA
 jC(x1; : : : ; xN )j1=n� Prob(A) + Prob(A
) � 
2tpn � plog(2N=n)n� N � exp ��
1tpn�+ 
2t � plog(2N=n)pn :'Eqoume upojèsei ìti N � n2, opìte parathroÔme ìtiexp �
1tpn� � 
61t6n36! � n �N
2tplog 2an to t � t0 epilege� arket� meg�lo (anex�rthto apì ta n kai N). 'Epetai ìti(4:2:16) F(K;N) � (2
2t) � plog(2N=n)pn :(b) N � n2: Qrhsimopoi¸nta
 thn anisìthta Blas
hke-Santal�o (blèpe [21℄) gr�fou-me(4:2:17) F(K;N) � E jK(x1 ; : : : ; xN )j1=n � !2=nn � E jKÆ (x1; : : : ; xN )j�1=n:SÔmfwna me to L mma 4.2.4, èqoume(4:2:18) jKÆ(x1; : : : ; xN )j�1=n � 12 0�n+ qn NXj=1 1jBnq j ZBnq jhz; xjijqdz1A1=q



96gia k�je q � 1. Qrhsimopoi¸nta
 ti
 (4.2.17) kai (4.2.18), efarmìzonta
 thn ani-sìthta tou H�older kai all�zonta
 th seir� olokl rwsh
, pa�rnoumeF(K;N) � !2=nn ZK�����K 12 0�n+ qn NXj=1 1jBnq j ZBnq jhz; xjijqdz1A1=q dxN : : : dx1� !2=nn2 0�n+ qn NXj=1 1jBnq j ZBnq ZK�����K jhz; xjijqdxN : : : dx1 dz1A1=q= !2=nn2  N(n+ q)n 1jBnq j ZBnq ZK jhz; xijqdx dz!1=q :Apì to L mma 4.2.1 èqoume(4:2:19) ZK jhz; xijqdx � �Cpqpnkzk1LK�qgia k�je z 2 Bnq . 'Ara,(4:2:20) F(K;N) � !2=nn2 CpqpnLK � N(n+ q)n 1jBnq j ZBnq kzkq1dz!1=q :ParathroÔme ìti kzk1 � kzkq kaiZBnq kzkqqdz = Z 10 qtq�1jfz 2 Bnq : kzkq � tgjdt= Z 10 qtq�1jBnq ntBnq jdt= jBnq j Z 10 qtq�1(1� tn)dt= nn+ q jBnq j:'Ara,(4:2:21) 1jBnq j ZBnq kzkq1dz � 1jBnq j ZBnq kzkqqdz = nn+ q :Qrhsimopoi¸nta
 ti
 (4.2.20) kai (4.2.21), kai pa�rnonta
 upìyin ti
 !2=nn � 
=n kaiLK � C1, katal goume sthn(4:2:22) F(K;N) � C2pqpn �N1=q



97gia k�je q � 1. Epilègoume q = log(2N=n). AfoÔ N � n2, èqoume(4:2:23) N1=q = exp� logNlog(2N=n)� � exp� logNlog(2pN)� � e2:'Ara,(4:2:24) F(K;N) � C3plog(2N=n)pn :Sundu�zonta
 ta (a) kai (b) pa�rnoume th dexi� anisìthta tou Jewr mato
 gia k�jeN � n+1. H arister  anisìthta (maz� me tou
 periorismoÔ
 gia to N) proèrqetaiapì to Je¸rhma 4.2.2. 2Parathr sei
: (a) Den e�nai dÔskolo na de�xei kane�
 ìti h posìthta F(K;N)e�nai aÔxousa posìthta tou N . Ep�sh
, apì ènan klasikì tÔpo tou Blas
hke (blèpe[16℄) èpetai ìti(4:2:25) F(K;n + 1) ' LKpn � 
pnìpou 
 > 0 apìluth stajer�. Epomènw
, gia to eÔro
 tim¸n n+1 � N � n(logn)2èqoume thn anisìthta(4:2:26) F(K;N) � 
pn:Autì to k�tw fr�gma upole�petai tou {anamenìmenou} fr�gmato
 
plog(2N=n)pnkat� ènan ìro pou fr�ssetai apì plog logn sto di�sthma [n+ 1; n(logn)2℄.(b) O periorismì
 N � exp(
n) sto k�tw fr�gma tou Jewr mato
 4.2.2 e�naiapolÔtw
 fusiologikì
: Sthn [15℄ apodeiknÔetai ìti opoiod pote ekjetikì pl jo
tuqa�wn shma�wn mèsa apì to K dhmiourge� polÔtopo pou {anaparist�} to K methn ènnoia th
 gewmetrik 
 apìstash
. Pio sugkekrimèna, an stajeropoi soume
; Æ 2 (0; 1) kai an epilèxoume N = exp(
n) shme�a x1; : : : ; xN anex�rthta kaiomoiìmorfa apì èna kurtì s¸ma K ìgkou 1 pou èqei kèntro b�rou
 to 0, tìte mepijanìthta megalÔterh apì 1� Æ èqoume ton egkleismì(4:2:27) C(x1; : : : ; xm) � �(Æ)
Kìpou �(Æ) > 0 stajer� pou exart�tai mìno apì to Æ. Pa�rnonta
 
 = 
 kai Æ = 1=2,blèpoume ìti an N � exp(
n) tìte(4:2:28) 
�(1=2) � F(K;N) � 1:Dhlad , F(K;N) ' 1 ìtan N � exp(
n).



984.2.2 Zwnoeid Ta zwnoeid  e�nai ta ìria ajroism�twn Minkowski eujugr�mmwn tmhm�twn w
 pro
thn Hausdor� metrik . IsodÔnama, èna summetrikì kurtì s¸ma Z e�nai zwnoeidè
 ankai mìno an to polikì tou s¸ma e�nai h monadia�a mp�la enì
 n-di�statou upoq¸rouk�poiou L1 q¸rou. Dhlad , an up�rqei jetikì mètro (to mètro st rixh
 tou Z)sthn Sn�1 tètoio ¸ste(4:2:29) kxkZÆ = 12 ZSn�1 jhx; yij�(dy):'Opw
 ja doÔme, to prìblhma th
 ekt�mhsh
 th
 {akt�na
 ìgkou} tuqa�wn polu-tìpwn e�nai tetrimmèno gia ta zwnoeid . IsqÔei, ìpw
 kai sthn per�ptwsh twn1-un
onditional swm�twn, to ex 
.Je¸rhma 4.2.5 Up�rqoun apìlute
 stajerè
 
1; 
2 > 0 tètoie
 ¸ste: an to Ze�nai zwnoeidè
 ìgkou 1 ston Rn kai an n(logn)2 � N � exp(
n), tìte(4:2:30) 
1plog(2N=n)pn � F(Z;N) � 
2plog(2N=n)pn :Apìdeixh: An Z e�nai zwnoeidè
 ìgkou 1 ston Rn , up�rqei T 2 SL(n) tètoio
¸ste(4:2:31) T (Z) � pn2 Bn2 :Autì prokÔptei apì to gegonì
 ìti ta polik� s¸mata twn zwnoeid¸n èqoun fragmè-no lìgo ìgkwn. H akribèsterh ekt�mhsh pou d�nei h (4.2.31) isqÔei an jewr soumeto Z se kat�llhlh jèsh: gia par�deigma, an to elleiyoeidè
 el�qistou ìgkou touZ e�nai mp�la   an to Z èqei el�qisto mèso pl�to
 (blèpe [20℄).Gia ton upologismì th
 F(Z;N) mporoÔme na upojèsoume ìti to Z ikanopoie�thn (4.2.31). Tìte, gia k�je epilog  shme�wn x1; : : : ; xN sto Z, to L mma 4.2.3ma
 d�nei to �nw fr�gma(4:2:32) jC(x1; : : : ; xN )j1=n � 
 �maxi�N kxik2 � plog(2N=n)n � 
2plog(2N=n)pn :'Eqoume loipìn th dexi� anisìthta th
 (4.2.30) kai m�lista kat� shme�o. 2
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Kef�laio 5Par�rthma
5.1 Mèso pl�to
 isotropik¸n swm�twn'Estw K èna isotropikì (ìqi anagkastik� summetrikì) kurtì s¸ma ston Rn . Autìshma�nei ìti to K èqei ìgko jKj = 1, kèntro b�rou
 sthn arq  twn axìnwn, kaiup�rqei stajer� LK > 0 tètoia ¸ste(5:1:1) ZKhx; �i2dx = L2Kgia k�je � 2 Sn�1.Se aut n thn par�grafo d�noume èna �nw fr�gma gia to mèso pl�to
 w(K) touK. E�nai gnwstì (blèpe [5℄) ìti k�je isotropikì kurtì s¸ma K perièqetai sthn[(n+ 1)LK ℄Bn2 , epomènw
 mia pr¸th ekt�mhsh gia to w(K) e�nai h(5:1:2) w(K) � 2(n+ 1)LK :Ja de�xoume ìti mia kalÔterh ekt�mhsh e�nai p�nta dunat .Je¸rhma 5.1.1 'Estw K èna isotropikì kurtì s¸ma ston Rn . Tìte,(5:1:3) w(K) � 
n3=4LK ;ìpou 
 > 0 e�nai mia apìluth stajer�.H mèjodì
 ma
 bas�zetai se mia ekt�mhsh twn arijm¸n k�luyh
 N(K; tBn2 )sunart sei th
 posìthta
(5:1:4) M(K;Bn2 ) = ZK kxk2dx:101



102Upenjum�zoume ìti o arijmì
 k�luyh
 N(K; tBn2 ) e�nai o mikrìtero
 fusikì
 Ngia ton opo�o up�rqoun N metaforè
 th
 tBn2 pou h ènws  tou
 kalÔptei to K.Parathr ste ep�sh
 ìti(5:1:5) M(K;Bn2 ) � �ZK kxk22dx�1=2 = pnLK :H idèa na qrhsimopoi soume thn posìthtaM(K;Bn2 ) san par�metro gia ektim sei
entrop�a
 proèrqetai apì thn ergas�a [7℄. 'Eqei ep�sh
 qrhsimopoihje� sthn [6℄ giamia apìdeixh th
 {M�-anisìthta
} sthn per�ptwsh twn quasi-kurt¸n swm�twn.Prìtash 5.1.1 'Estw K èna isotropikì kurtì s¸ma ston Rn . Gia k�je t > 0èqoume(5:1:6) N(K; tBn2 ) � 2 exp�6n3=2LKt � :Apìdeixh: JewroÔme to sunarthsoeidè
 tou Minkowski pK(x) = inff� > 0 : x 2�Kg. E�nai fanerì ìti to pK e�nai upoprosjetikì kai jetik� omogenè
. Or�zoumeèna Borel mètro pijanìthta
 ston Rn jètonta
(5:1:7) �(A) = 1
K ZA e�pK(x)dx;ìpou 
K = RRn exp(�pK(x))dx.'Estw fx1; : : : ; xNg èna uposÔnolo tou K megistikì w
 pro
 th sunj kh(5:1:8) i 6= j =) kxi � xjk2 � t:Tìte, oi mp�le
 xi + (t=2)Bn2 èqoun xèna eswterik� kai K � Si�N (xi + tBn2 ).Sunep¸
, N(K; tBn2 ) � N .Epilègoume b > 0 ètsi ¸ste �(bBn2 ) � 1=2. An jèsoume yi = (2b=t)xi, tìte�(yi + bBn2 ) = 1
K ZbBn2 e�pK(x+yi)dx � 1
K ZbBn2 e�pK(x)e�pK(yi)dx= e�pK(yi) 1
K ZbBn2 e�pK(x)dx = e� 2bt pK (xi)�(bBn2 )� e�2b=t�(bBn2 );afoÔ pK(xi) � 1, i = 1; : : : ; N . Oi mp�le
 yi + bBn2 èqoun xèna eswterik�, �ra(5:1:9) Ne�2b=t�(bBn2 ) � NXi=1 �(yi + bBn2 ) = � N[i=1(yi + bBn2 )! � 1:



103'Epetai ìti(5:1:10) N(K; tBn2 ) � e2b=t(�(bBn2 ))�1 � 2e2b=t:Mènei na ektim soume to b. Pr¸ta upolog�zoume th stajer�
K = ZRn e�pK(x)dx = ZRn Z 1pK(x) e�sdsdx= Z 10 e�sjfx : pK(x) � sgjds = Z 10 sne�sds = n!:'Epetai ìti J := ZRn kxk2�(dx) = 1
K ZRn kxk2 Z 1pK (x) e�sdsdx= 1n! Z 10 sn+1e�sds � ZK kxk2dx = (n+ 1)M(K;Bn2 ):Apì thn anisìthta tou Markov, �(x 2 Rn : kxk2 > 2J) � 1=2, to opo�o de�qnei ìti�(2JBn2 ) � 1=2. An epilèxoume b = 2J , pa�rnoumeN(K; tBn2 ) � 2 exp(4J=t) � 2 exp(4(n+ 1)M(K;Bn2 )=t)� 2 exp(6n3=2LK=t): 2Ja qreiastoÔme ep�sh
 th di�spash Dudley-Fernique tou K:L mma 5.1.1 'Estw K � RBn2 èna kurtì s¸ma ston Rn , ìpou R > 0. Up�rqounpeperasmèna sÔnola Zj � (3R=2j)Bn2 , j 2 N me(5:1:11) log jZj j � 
n�2jw(K)R �2 ;pou ikanopoioÔn to ex 
: Gia k�je x 2 K kai k�je m 2 N mporoÔme na broÔmezj 2 Zj , j = 1; : : : ;m kai wm 2 (R=2m)Bn2 tètoia ¸ste(5:1:12) x = z1 + : : :+ zm + wm:Apìdeixh: 'EstwK�K to s¸ma diafor¸n touK. Apì thn anisìthta tou Sudakov[9℄ blèpoume ìtilogN(K; tBn2 ) � logN(K �K; tBn2 ) � 
n�w(K �K)t �2 = 4
n�w(K)t �2 :Gia k�je j 2 N br�skoume Nj � Rn me jNj j = N(K; (R=2j)Bn2 ) tètoio ¸ste K �Sy2Nj (y + (R=2j)Bn2 ), kai jètoume Zj = (Nj � Nj�1) \ (3R=2j)Bn2 , j � 1 (kai



104N0 = f0g). An x 2 K kai m 2 N, gia k�je j � m up�rqei yj 2 Nj tètoio ¸stekx� yjk2 � R=2j. Gr�foumex = y1 + (y2 � y1) + : : :+ (ym � ym�1) + (x� ym);kai jewr¸nta
 ta zj = yj � yj�1 kai wm = x� ym èqoume to zhtoÔmeno. 2Apìdeixh tou Jewr mato
 5.1.1: Apì to L mma 5.1.1, k�je x 2 K gr�fetaisth morf  x = z1 + : : :+ zm + wm;ìpou zj 2 Zj , wm 2 R2mBn2 , kai h plhjikìthta tou Zj ikanopoie� thn(5:1:13) log jZj j � logN(K; (R=2j)Bn2 ) + logN(K; (R=2j�1)Bn2 ):H Prìtash 5.1.1 de�qnei ìti(5:1:14) log jZj j � 
1n3=2LK2jR :Apì th di�spash, gia k�je � 2 Sn�1 èqoumemaxx2K jhx; �ij � mXj=1maxz2Zj jhz; �ij+ maxz2(R=2m)Bn2 jhz; �ij= mXj=1maxz2Zj jhz; �ij+ R2m� mXj=1maxz2Zj jhz; �ij+ 2;ìpou m e�nai o mikrìtero
 fusikì
 gia ton opo�o R � 2m+1.StajeropoioÔme j 2 f1; : : : ;mg, kai gr�foume ~z gia to monadia�o di�nusma sthdièujunsh tou z 2 Zj (mporoÔme na upojèsoume ìti k�je z 2 Zj e�nai mh mhdenikì).Gnwr�zoume ìti(5:1:15) ZSn�1 jhu; �ij�(d�) � �ZSn�1hu; �i2�(d�)�1=2 = 1pn ; u 2 Sn�1kai mia apl  ekt�mhsh gia thn p-nìrma th
 � 7! hu; �i de�qnei ìtikhu; �ikp � 
3ppkhu; �ik1;gia k�poia apìluth stajer� 
3 > 0, ap� ìpou èpetai ìti(5:1:16) ZSn�1 exp�njhu; �ij2
24 ��(d�) � 2:



105Apì thn anisìthta tou Markov blèpoume ìti(5:1:17) ��� 2 Sn�1 : maxz2Zj jh~z; �ij � t� � 2 exp��nt2
24 � jZj j:Gia k�je A > 0 mporoÔme na gr�youmeZSn�1 maxz2Zj jh~z; �ij�(d�) = Z 10 ��� 2 Sn�1 : maxz2Zj jh~z; �ij � t� dt� A+ Z 1A ��� 2 Sn�1 : maxz2Zj jh~z; �ij � t� dt� A+ Z 1A 2 exp��nt2
24 � jZj jdtEpilègonta
 A 'plog jZj j=pn, elègqoume eÔkola ìti(5:1:18) ZSn�1 maxz2Zj jh~z; �ij�(d�) � 
5plog jZj jpn :Sunep¸
,(5:1:19) ZSn�1 maxz2Zj jhz; �ij�(d�) � 
5 3R2j plog jZj jpn :MporoÔme t¸ra na fr�xoume to w(K) w
 ex 
:w(K)2 = ZSn�1 maxx2K jhx; �ij�(d�)� 2 + mXj=1 ZSn�1 maxz2Zj jhz; �ij�(d�)� 2 + mXj=1 
5 3R2j plog jZj jpn� 2 + mXj=1 
5 3R2j p
1n3=4pLK2j=2pRn� 2 + 
6 4pnpLKpR mXj=1 12j=2� 
7 4pnpLKpR:AfoÔ R � (n+ 1)LK , sumpera�noume ìtiw(K) � 
n3=4LK : 2



1065.2 Apìstash Bana
h-Mazur tou `np apì ton `nqOi Gurarii, Kade
 kai Ma
aev [4℄ upolìgisan th swst  t�xh megèjou
 th
 apìsta-sh
 Bana
h-Mazur d(`np ; `nq ):� An 1 � p � q � 2   2 � p � q � 1, tìte d(`np ; `nq ) = n1=p�1=q .� An 1 � p < 2 < q � 1, tìte 
1n� � d(`np ; `nq ) � 
2n�, ìpou 
1 > 0apìluth stajer�, 
2 > 0 stajer� pou exart�tai apì ta p kai q, kai � =maxf1=p� 1=2; 1=2� 1=qg.To er¸thma pou ja ma
 apasqol sei se aut  thn par�grafo e�nai kat� pìsonup�rqei to ìrio(5:2:1) limn!1 d(`np ; `nq )n�sth deÔterh per�ptwsh (1 � p < 2 < q �1). Sth sunèqeia, stajeropoioÔme ta p; q(kai �), kai jètoume An = d(`np ; `nq ).L mma 5.2.1 Up�rqei apìluth stajer� C > 0 tètoia ¸ste: an 1 < p < 2 < q <1, tìte An(p; q) � Cmaxfpq;pp0g � n�, ìpou p0 o suzug 
 ekjèth
 tou p.Apìdeixh: Ja qrhsimopoi soume th mèjodo twn tuqa�wn orjog¸niwn paragon-topoi sewn (blèpe Kef�laio 3). Qrhsimopoi¸nta
 ti
 anisìthte
 twn Chevet kaiMar
us-Pisier, oi Davis, Milman kai Tom
zak-Jaegermann [3℄ èdeixan to ex 
: AnX kai Y e�nai dÔo n-di�statoi q¸roi me nìrma, tìte(5:2:2) d(X;Y ) � 
 (d(X; `n2 )T2(Y �) + d(Y; `n2 )T2(X)) ;ìpou T2 h stajer� tÔpou-2 (blèpe [8℄, Kef�laio 9). E�nai gnwstì ìti o `nq , 2 �q <1 èqei stajer� tÔpou-2 fragmènh apì 
1pq (omoiìmorfa w
 pro
 n). 'Ara, angr�youme p0 gia to suzug  ekjèth tou p, pa�rnoumed(`np ; `nq ) � 
 �d(`nq ; `n2 )T2(`np0) + d(`np ; `n2 )T2(`nq )�� 
 � 
1maxfpq;pp0gmaxfd(`nq ; `n2 ); d(`np ; `n2 )g= 
 � 
1maxfpq;pp0gn�:Sunep¸
, An(p; q) � Cmaxfpq;pp0gn�, ìpou C = 
 � 
1. 2Orismì
: 'Ena
 fusikì
 arijmì
 n lègetai arijmì
 Hadamard an up�rqei orjo-g¸nio
 p�naka
 Tn = (aij) me jaij j = 1=pn gia k�je i; j = 1; : : : ; n. Klasikìpar�deigma arijm¸n Hadamard d�noun oi fusiko� n th
 morf 
 n = 2k. Se aut n



107thn per�ptwsh mporoÔme na jewr soume tou
 p�nake
Walsh: Auto� e�nai orjog¸nioi2k � 2k p�nake
, pou or�zontai epagwgik�. Jètoume W0 = [1℄, kai(5:2:3) Wk = 1p2 �Wk�1 Wk�1Wk�1 �Wk�1 � ; k � 1:E�nai gnwstì (blèpe [1℄) ìti: gia k�je " > 0 up�rqei n0(") 2 N tètoio
 ¸ste, giak�je m � n0 up�rqei arijmì
 Hadamard n pou ikanopoie� thn(5:2:4) m(1� ") � n � m:'Estw ìti o n e�nai arijmì
 Hadamard, kai èstw Tn = (aij) ìpw
 parap�nw. Tìte,apì thn Tn 2 O(n) èqoume(5:2:5) kTn : `n2 ! `n2k = 1;en¸ apì thn jaij j = 1=pn sumpera�noume ìti(5:2:6) kTn : `n1 ! `n1k = 1pn:Oi (5.2.5) kai (5.2.6) ma
 epitrèpoun na ektim soume thn kTn : `np ! `np0k (ìpoup0 o suzug 
 ekjèth
 tou p) gia k�je p 2 [1; 2℄. Autì e�nai �mesh sunèpeia touklasikoÔ jewr mato
 parembol 
 tou Riesz (blèpe [2℄):L mma 5.2.2 'Estw T : Rn ! Rn grammikì
 telest 
. Gia k�je 1 � p � 2or�zoume Mp = kT : `np ! `np0k. Tìte, an 1 � p1; p2 � 2 kai(5:2:7) 1p = 1� �p1 + �p2 ;èqoume(5:2:8) Mp �M1��p1 M�p2 : 2Prìtash 5.2.1 'Estw 1 � p < 2 < q � +1. An o n 2 N e�nai arijmì
 Hadamard,tìte(5:2:9) d(`np ; `nq ) � n�:Apìdeixh: Upojètoume pr¸ta ìti � = 1=2� 1=q, opìte q � p0. 'Estw Tn : Rn !Rn pou ikanopoie� ti
 (5.2.5) kai (5.2.6). Efarmìzoume to L mma 5.2.2: èqoume(5:2:10) 1p = 1� �1 + �2 ;



108ìpou � = 2� (2=p). Epomènw
,(5:2:11) kTn : `np ! `np0k � � 1pn�1�� � 1� = n1=2�1=p:AfoÔ q � p0, pa�rnoume(5:2:12) kTn : `np ! `nq k � kTn : `np ! `np0k � kI : `np0 ! `nq k � n1=2�1=pkai kT�1n : `nq ! `npk � kI : `nq ! `n2k � kT�1n : `n2 ! `n2k � kI : `n2 ! `npk= n1=2�1=q � 1 � n1=p�1=2:'Ara,(5:2:13) d(`np ; `nq ) � kTn : `np ! `nq k � kT�1n : `nq ! `npk � n1=2�1=q:An p�li � = 1=p � 1=2 = 1=2 � 1=p0, tìte to prohgoÔmeno epiqe�rhma de�qnei ìtid(`nq0 ; `np0) � n�, kai to zhtoÔmeno prokÔptei apì thnd(`np ; `nq ) = d((`np )�; (`nq )�) = d(`nq0 ; `np0): 2L mma 5.2.3 IsqÔei h anisìthta(5:2:14) Apq=(p+q)n+m � Apq=(p+q)n +Apq=(p+q)mgia k�je n kai m 2 N.Apìdeixh: JewroÔme Tn : `np ! `nq kai Tm : `mp ! `mq tètoiou
 ¸ste(5:2:15) An = kTnk � kT�1n k kai Am = kTmk � kT�1m k(parathr ste ìti to �dio isqÔei gia tou
 rTn, sTm gia k�je r; s > 0). JewroÔmeton Tn+m = Tn + Tm : `n+mp ! `n+mq . An x = x1 + x2 2 `n+mp = �`np � `mp �p, tìtekTn+m(x)kq = kTn(x1) + Tm(x2)kq � kTn(x1)kq + kTm(x2)kq� kTnk � kx1kp + kTmk � kx2kp� (kTnkq + kTmkq)1=q �kx1kpp + kx2kpp�1=p= (kTnkq + kTmkq)1=q kxkp;�ra(5:2:16) kTn+mk � (kTnkq + kTmkq)1=q :



109ParathroÔme ìti T�1m+n = T�1m + T�1n opìte, douleÔonta
 ìpw
 prin, blèpoume ìti(5:2:17) kT�1n+mk � �kT�1n kp + kT�1m kp�1=p :Apì ti
 (5.2.15), (5.2.16) kai (5.2.17) blèpoume ìti(5:2:18) An+m � minr;s>0((rq + sq)1=q ��Anr �p +�Ams �p�1=p) :Elaqistopoi¸nta
 th dexi� posìthta w
 pro
 r; s > 0 pa�rnoume thn (5.2.14). 2Prìtash 5.2.2 An 1 � p < 2 < q � +1, tìte(5:2:19) lim supn!1 d(`np ; `nq )n� � 1:Apìdeixh: Upojètoume pr¸ta ìti 1 < p < 2 < q < 1. 'Estw " > 0. Up�rqein0(") 2 N tètoio
 ¸ste k�je m � n0 na gr�fetai sth morf  m = n + k ìpoun arijmì
 Hadamard kai k � "m. Apì thn Prìtash 5.2.1 èqoume An � n�, en¸apì to L mma 5.2.1 blèpoume ìti Ak � Cp;qk�, ìpou Cp;q = C maxfpq;pp0g.Qrhsimopoi¸nta
 kai to L mma 5.2.3, pa�rnoumeAm � (Asn +Ask)1=s� �n�s + Csp;qk�s�1=s� �m�s + Csp;q"�sm�s�1=s= m� �1 + Csp;q"�s�1=s ;ìpou s = pq=(p+ q). 'Epetai ìti(5:2:20) lim supm!1 Amm� � �1 + Csp;q"�s�1=s ;kai, afoÔ to " > 0  tan tuqìn, pa�rnoume thn (5.2.19). Gia thn per�ptwsh poue�te p = 1   q = 1, qrhsimopoioÔme thn trigwnik  pollaplasiastik  anisìthta.Parathr ste gia par�deigma ìti an p > 1 kai to q = q(m) e�nai arket� meg�lo,tìte Am(p;1)pm � Am(p; q)m1=2�1=q � d(`mq ; `m1)m1=q� �1 + Csp;q"�s�1=s (1 + ");opìte mporoÔme na suneq�soume ìpw
 prin. 2To kalÔtero gnwstì k�tw fr�gma e�nai to ex 
:



110Prìtash 5.2.3 An 1 � p < 2 < q � +1, tìte d(`np ; `nq ) � n�=p2 gia k�je n 2 N.Apìdeixh: 'Estw T : `np ! `nq isomorfismì
. Tìte,Ave"j=�1k nXj=1 "jT�1(ej)k2p � kT�1k2Ave"j=�1k nXj=1 "jejk2q = kT�1k2n2=q :Apì thn �llh pleur�, an or�soume xj = T�1(ej) 2 `np , qrhsimopoi¸nta
 to gegonì
ìti h stajer� (Radema
her) suntÔpou-2 tou `np e�nai mikrìterh   �sh apì p2 (blèpe[8℄, Kef�laio 9), pa�rnoumeAve"j=�1k nXj=1 "jT�1(ej)k2p � 12 nXj=1 kT�1(ej)k2p� 12Pnj=1 kejk2qkTk2= n2kTk2 :Sundu�zonta
 ti
 dÔo anisìthte
, blèpoume ìti(5:2:21) kTk � kT�1k � n1=2�1=q=p2:Autì de�qnei ìti d(`np ; `nq ) � n�=p2 an 1=2�1=q � 1=p�1=2. Se ant�jeth per�ptwsh,jewroÔme tou
 duðkoÔ
 q¸rou
, ìpw
 k�name kai gia to �nw fr�gma. 2Oi Prot�sei
 5.2.2 kai 5.2.3 sunoy�zontai sto ex 
.Je¸rhma 5.2.1 An 1 � p < 2 < q � +1, tìte(5:2:22) 1p2 � lim infn!1 d(`np ; `nq )n� � lim supn!1 d(`np ; `nq )n� � 1;ìpou � = maxf1=2� 1=q; 1=p� 1=2g. 2
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ABSTRACTThe main theme of this Ph.D. Thesis is the use of probabilisti
 methods in thetheory of high-dimensional 
onvex bodies. We dis
uss the following aspe
ts of thetheory:1. Volume ratio. Let K and L be two 
onvex bodies in Rn . The volumeratio vr(K;L) of K and L is de�ned by vr(K;L) = inf(jKj=jT (L)j)1=n, where thein�mum is over all aÆne transformations T of Rn for whi
h T (L) � K. We showthat vr(K;L) � 
pn logn, where 
 > 0 is an absolute 
onstant. This is optimalup to the logarithmi
 term. We also dis
uss the dimension of spheri
al se
tions ofsymmetri
 
onvex bodies K in Rn with bounded volume ratio vr(K;Bn2 ) (possibleimprovements of Szarek's theorem).2. 0 � 1 polytopes. Let En2 = f�1; 1gn be the dis
rete 
ube in Rn . For everyN � n we 
onsider the 
lass of 
onvex bodies KN = 
of�x1; : : : ;�xNg whi
hare generated by N random points x1; : : : ; xN 
hosen independently and uniformlyfrom En2 . We show that if n � n0 and N � n(logn)2 then, for a random KN , theinradius, the volume radius, the mean width and the size of the maximal ins
ribed
ube 
an be determined up to an absolute 
onstant as fun
tions of n and N .This geometri
 des
ription of KN leads to sharp estimates for several asymptoti
parameters of the 
orresponding n-dimensional normed spa
e XN .3. Random polytopes in a 
onvex body. Let K be a 
onvex body in Rnwith volume jKj = 1. We 
hoose N � n+ 1 points x1; : : : ; xN independently anduniformly from K, and write C(x1; : : : ; xN ) for their 
onvex hull. Let f : R+ ! R+be a 
ontinuous stri
tly in
reasing fun
tion and 0 � i � n� 1. Then, the quantityE(K;N; f ÆWi) = ZK : : :ZK f [Wi(C(x1; : : : ; xN ))℄dxN : : : dx1is minimal if K is a ball (Wi is the i-th quermassintegral of a 
ompa
t 
onvex set).If f is 
onvex and stri
tly in
reasing and 1 � i � n � 1, then the ball is the onlyextremal body. These two fa
ts generalize a result of H. Groemer on moments ofthe volume of C(x1; : : : ; xN ).In the 
ase of a 1-un
onditional 
onvex body, using re
ent results of Bobkovand Nazarov, we show that the volume radiusF(K;N) = ZK : : : ZK jC(x1; : : : ; xN )j1=ndxN : : : dx1is of the order of plog(N=n)=pn for all n(logn)2 � N � exp(
n).


