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Kef�laio 1Eisagwg 
'Estw (
;A; P ) q¸ro
 pijanìthta
, kai X = (Xt)t2T mia oikogèneia pragma-tik¸n tuqa�wn metablht¸n, ìpou (T; d) èna
 metrikì
 q¸ro
. O teleuta�o
 ìro
qrhsimopoie�tai qalar�: apì thn apìstash d apaitoÔme mìno th summetr�a kaithn trigwnik  anisìthta d(t; s) � d(t; u) + d(u; s)   akìma kai thn asjenèsterhd(t; s) � 
�d(t; u) + d(u; s)� gia k�je t; s; u 2 T , ìpou 
 � 1 k�poia stajer�. Lèmeìti h anèlixh X = (Xt)t2T e�nai upokanonik  an(1:1) EXt = 0gia k�je t 2 T , kai h apìstash d sundèetai me ti
 metabolè
 th
 X w
 ex 
: Giak�je t; s 2 T kai k�je u > 0,(1:2) P (jXs �Xtj � u) � 2 exp�� u2d2(s; t)� :H mèsh tim  th
 supt2T Xt or�zetai apì th sqèsh(1:3) E supt2T Xt := sup�E supt2F Xt : F � T; jF j < +1�:To jèma aut 
 th
 ergas�a
 e�nai h sqèsh th
 E supt2T Xt me th gewmetr�a tou(T; d). Ta pr¸ta apotelèsmata autoÔ tou e�dou
 apode�qjhkan sthn eidik  pe-r�ptwsh twn anel�xewn tou Gauss apì tou
 Sudakov kai Dudley. H melèth touprobl mato
 sthn upokanonik  per�ptwsh oloklhr¸jhke me to {je¸rhma twn ku-riarqoÔntwn mètrwn} tou Talagrand, to opo�o parousi�zoume analutik�.Sto Kef�laio 2 parousi�zoume ta klasik� apotelèsmata gia thn per�ptwshtwn anel�xewn tou Gauss. 'Estw (
;A; P ) q¸ro
 pijanìthta
 kai Z = (Zt)t2T miaoikogèneia pragmatik¸n tuqa�wn metablht¸n, ìpou T èna mh kenì sÔnolo deikt¸n.H anèlixh Z lègetai anèlixh tou Gauss an k�je peperasmèno
 grammikì
 sundua-smì
 a1Zt1 + � � �+ amZtm twn Zt e�nai kanonik  tuqa�a metablht  me mèsh tim  0.7



8MporoÔme na blèpoume thn Z san uposÔnolo tou L2(
;A; P ). Gr�foume B gia thnanoikt  monadia�a mp�la tou L2(
;A; P ) kai gia k�je " > 0 or�zoume ton "-arijmìentrop�a
 th
 Z apì th sqèsh(1:4) N"(Z) = min�N j up�rqoun t1; : : : ; tN 2 T : Z � N[i=1(Zti + "B)�:An to teleuta�o sÔnolo e�nai kenì, jètoume N"(Z) =1.H apìstash kZt � Zsk2 twn Zt, Zs ston L2(
;A; P ) ep�gei me fusiologikìtrìpo mia apìstash sto sÔnolo deikt¸n T . Gia k�je t; s 2 T or�zoume(1:5) d(t; s) = kZt � Zsk2:Oi "-arijmo� entrop�a
 th
Z antistoiqoÔn ètsi stou
 "-arijmoÔ
 k�luyh
 tou (T; d):èqoume(1:6) N"(Z) = N(T; d; ");ìpou(1:7) N(T; d; ") := min�N j up�rqoun t1; : : : ; tN 2 T : T � [Ni=1B(ti; ")	kai B(t; ") = fs 2 T : d(t; s) < "g.Ta klasik� fr�gmata twn Sudakov kai Dudley sundèoun thn E supt2T Zt me thmetrik  entrop�a tou (T; d) kai sunoy�zontai sto ex 
 Je¸rhma.Je¸rhma 1 Up�rqoun apìlute
 stajerè
 
1; 
2 > 0 me thn ex 
 idiìthta: gia k�jeanèlixh tou Gauss Z = (Zt)t2T ,(1:8) 
1 sup">0 �"plogN(T; d; ")� � E supt2T Zt � 
2 Z 10 plogN(T; d; ")d": 2To k�tw fr�gma e�nai h anisìthta tou Sudakov kai to �nw fr�gma e�nai hanisìthta tou Dudley. H apìdeixh twn dÔo anisot twn d�netai sthn par�grafo 2.4.Bas�zetai sto L mma tou Slepian, to opo�o parousi�zoume sthn par�grafo 2.3.Sto Kef�laio 3 melet�me thn upokanonik  per�ptwsh. Upojètoume ìti h X =(Xt)t2T ikanopoie� ti
 (1.1) kai (1.2). Gia k�je Borel mètro pijanìthta
 � ston(T; d) or�zoume(1:9) 
2(T; d; �) = supt2T Z 10 slog� 1�(B(t; "))�d";kai jètoume(1:10) 
2(T; d) := inff
2(T; d; �) : � Borel mètro pijanìthta
 ston (T; d)g:To epìmeno je¸rhma exhge� ton ìro {kuriarqoÔnta mètra}.



9Je¸rhma 2 Up�rqei stajer� K > 0 me thn ex 
 idiìthta: an (T; d) e�nai èna
metrikì
 q¸ro
 kai X = (Xt)t2T mia upokanonik  anèlixh, tìte(1:11) E supt2T Xt � K � 
2(T; d): 2Tètoiou e�dou
 fr�gmata apode�qjhkan gia pr¸th for� apì tou
 Preston (seeidikè
 peript¸sei
) kai Fernique. H parous�as  ma
 sti
 paragr�fou
 3.1 kai 3.2akolouje� ton Talagrand.Sthn par�grafo 3.3 epistrèfoume sto pla�sio twn anel�xewn tou Gauss. 'EstwZ = (Zt)t2T mia anèlixh tou Gauss kai èstw d h apìstash pou ep�gei h Z sto T .To je¸rhma tou Talagrand gia ta kuriarqoÔnta mètra de�qnei ìti to �nw fr�gmatou Jewr mato
 2 e�nai bèltisto se aut n thn per�ptwsh.Je¸rhma 3 Up�rqei apìluth stajer�K > 0 me thn ex 
 idiìthta: an Z = (Zt)t2Te�nai mia anèlixh tou Gauss kai an o (T; d) èqei peperasmènh di�metro, ìpou d e�naih apìstash pou ep�getai apì thn Z sto T , tìte(1:11) 1K � 
2(T; d) � E supt2T Xt � K � 
2(T; d): 2Sto Kef�laio 4 exet�zoume analutik� thn per�ptwsh pou to rìlo tou (T; d)pa�zei èna elleiyoeidè
 E ston `2: pio sugkekrimèna, to E perigr�fetai apì thn(1:12) E = �t = (tn)n 2 `2 jXn�1 t2n=a2n � 1	gia k�poia fj�nousa akolouj�a pragmatik¸n arijm¸n an > 0 me(1:13) Xn�1 a2n <1:Melet�me analutik� thn anèlixh tou Gauss X = (Xt)t2E me(1:14) Xt =Xn�1 tngn;ìpou (gn)n e�nai mia akolouj�a anex�rthtwn N(0; 1) tuqa�wn metablht¸n. Den e�naidÔskolo na de�xei kane�
 ìti(1:15) E supt2EXt ' 0�Xn�1 a2n1A1=2 :Autì ìmw
 pou ma
 endiafèrei ed¸ e�nai na sugkr�noume ta klasik� fr�gmata twnSudakov kai Dudley me to je¸rhma tou Talagrand gia ta kuriarqoÔnta mètra (ìpw
anafèrei o �dio
 o Talagrand, autì akrib¸
 to par�deigma ton bo jhse na anaptÔxeiti
 teqnikè
 pou od ghsan sto Je¸rhma 3).



10Je¸rhma 4 Up�rqei fj�nousa akolouj�a (an)n jetik¸n pragmatik¸n arijm¸n, tè-toia ¸ste(1:16) Xn a2n < +1kai(1:17) Z 10 plogN(E; ")d" = +1;ìpou E to elleiyoeidè
 ston `2 pou or�zetai apì thn (1:12). 2To Je¸rhma 4 de�qnei ìti to fr�gma tou Dudley den e�nai p�nta akribè
. Qrh-simopoi¸nta
 ìmw
 thn teqnik  tou Kefala�ou 3 mporoÔme na de�xoume to ex 
.Je¸rhma 5 'Estw E to elleiyoeidè
 ston `2 pou or�zetai apì thn (1:12). Tìte,(1:18) Z 10 " logN(E; ")d" 'Xn�1 a2n: 2An gia �; � > 0 or�soume(1:19) R�;�(E) = �Z 10 "��1� logN(E; ")��=�d"�1=� ;tìte ta Jewr mata 4 kai 5 de�qnoun ìti gia k�je E èqoume(1:20) E supt2EXt ' R2;2(E);en¸ up�rqoun parade�gmata elleiyoeid¸n E gia ta opo�a R2;1(E) =1.Pern¸nta
 apì th metrik  entrop�a sta kuriarqoÔnta mètra, gia k�je metrikìq¸ro (T; d) kai k�je �; � > 0 or�zoume(1:21) 
�;�(T; d; �) := supt2T  Z 10 "��1�log 1�(B(t; "))��=� d"!1=� ;kai(1:22) 
�;�(T; d) := inf� 
�;�(T; d; �);ìpou to in�mum pa�rnetai p�nw ap� ìla ta Borel mètra pijanìthta
 ston (T; d). Meto sumbolismì tou Kefala�ou 3, 
2;1(T; d) = 
2(T; d). To je¸rhma tou Talagrandgia ta elleiyoeid  e�nai to ex 
.Je¸rhma 6 'Estw E to elleiyoeidè
 ston `2 pou or�zetai apì thn (1:12). Tìte, giak�je � > 0,(1:23) 
�;2(E) ' sup">0 �"[logN(E; ")℄1=�� � supn�1 �an � n1=��;



11ìpou oi stajerè
 sÔgkrish
 exart¸ntai mìno apì to �. 2Sthn par�grafo 4.3 d�noume mia efarmog  tou Jewr mato
 6 se èna prìblh-ma gia ta empeirik� mètra sto monadia�o tetr�gwno. JewroÔme tuqa�a shme�-a X1; : : : ; Xn pou epilègontai anex�rthta kai omoiìmorfa apì to monadia�o te-tr�gwno [0; 1℄2. Jèloume na ektim soume thn apìklish tou empeirikoÔ mètrouÆX = 1nPi�n ÆXi apì to omoiìmorfo mètro tou [0; 1℄2. Gia to skopì autì or�-zoume thn tuqa�a metablht (1:24) Cn = supf2L ���� 1nXi�n f(Xi)� Ef ����;ìpou L e�nai h kl�sh twn 1-Lips
hitz sunart sewn sto [0; 1℄2 kai Ef e�nai h mèshtim  th
 f sto [0; 1℄2. H tuqa�a metablht  Cn d�nei to bèltisto �nw fr�gma giato {sf�lma} pou k�noume ìtan qrhsimopoioÔme to ÆX gia na upolog�soume toolokl rwma mia
 1-Lips
hitz sun�rthsh
 sto monadia�o tetr�gwno. Parousi�zoumethn apìdeixh tou Talagrand gia to akìloujo je¸rhma twn Ajtai-Koml�os-Tusn�ady.Je¸rhma 7 Up�rqei stajer� K > 0 tètoia ¸ste, gia k�je n � 2,(1:25) ECn � Kr lognn : 2Tèlo
, sto Kef�laio 5 parousi�zoume mia efarmog  tou Jewr mato
 3 sthjewr�a twn kurt¸n swm�twn, d�nonta
 mia apìdeixh th
 ekt�mhsh
 tou Bourgaingia to gnwstì prìblhma th
 stajer�
 isotrop�a
. 'Ena kurtì s¸ma K ston Rnlègetai isotropikì an èqei ìgko jKj = 1, kèntro b�rou
 to 0, kai ikanopoie� thnisotropik  sunj kh(1:26) ZKhx; yi2dx = L2Kkyk22gia k�je y 2 Rn . H stajer� LK lègetai stajer� isotrop�a
 tou K. Anoiqt paramènei h ex 
 eikas�a:Up�rqei apìluth stajer� C > 0 tètoia ¸ste LK � C gia k�je iso-tropikì kurtì s¸ma K.To kalÔtero gnwstì genikì �nw fr�gma gia thn LK èqei doje� apì ton Bourgain:Je¸rhma 8 Gia k�je isotropikì kurtì s¸ma K ston Rn , isqÔei h anisìthta(1:27) LK � 
 4pn logn;ìpou 
 > 0 apìluth stajer�. 2
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Kef�laio 2Anel�xei
 tou Gauss
2.1 Kanonikè
 tuqa�e
 metablhtè
H tupik  kanonik  katanom  ston Rn e�nai to Borel mètro pijanìthta
 
n pouor�zetai apì thn(2:1:1) 
n(B) = 1(2�)n=2 ZB exp(�kxk22)dx;gia k�je Borel uposÔnolo B tou Rn , ìpou k � k2 e�nai h Eukle�deia nìrma. Miatuqa�a metablht  N : 
! Rn lègetai tupik  kanonik  tuqa�a metablht  ston Rnan P (N 2 B) = 
n(B) gia k�je Borel uposÔnolo B tou Rn .'Estw (
;A; P ) èna
 q¸ro
 pijanìthta
. Mia tuqa�a metablht  X : 
 ! Rlègetai kanonik� katanemhmènh sto R an X = �N +m gia k�poia tupik  kanonik tuqa�a metablht  N sto R kai k�poiou
 � � 0 kai m 2 R. Gr�foume � gia thnkatanom  dist(X) th
 X (dhlad , to mètro pijanìthta
 sto R pou or�zetai apì thn�(B) = P (X 2 B)). Tìte isqÔoun ta ex 
:Prìtash 2.1.1 'Estw X = �N + m mia kanonik  t.m. kai èstw � = dist(X).Tìte, h mèsh tim  kai h diaspor� th
 X d�nontai apì ti
(2:1:2) EX = m kai V(X) = �2:H qarakthristik  sun�rthsh th
 X e�nai h(2:1:3) �̂(�t) = E(eitX ) = eimt� 12�2t2gia k�je t 2 R. 213



14 Lème ìti h X th
 Prìtash
 2.1.1 e�nai mia N(m;�2) tuqa�a metablht . An� = 0 tìte � = Æm (h shmeiak  m�za sto m), en¸ an � > 0 èqoume(2:1:4) d�(x) = 1�p2� exp�� (x�m)22�2 � dx;ap� ìpou blèpoume ìti(2:1:5) E(f(X)) = 1�p2� Z 1�1 f(x)e�(x�m)2=2�2dxgia k�je f 2 L1(�)   f : R ! [0;1) Borel metr simh.Prìtash 2.1.2 'Estw X = (X1; : : : ; Xn) : 
! Rn èna tuqa�o di�nusma. Ta ex 
e�nai isodÔnama:(a) Up�rqoun n� n p�naka
 A kai di�nusma m 2 Rn tètoia ¸ste(2:1:6) dist(X) = dist(AN +m);ìpou N tupik  kanonik  tuqa�a metablht .(b) Gia k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tn 2 R, h tuqa�a metablht (2:1:7) Y = nXi=1 tiXie�nai kanonik� katanemhmènh sto R.(g) Up�rqoun a 2 Rn kai jetik� hmiorismènh tetragwnik  morf  Q ston Rn tètoia¸ste(2:1:8) E(eihy;Xi) = eiha;yi� 12Q(y)gia k�je y 2 Rn . 2'Estw ìti oi isodÔname
 sunj ke
 (a)-(g) isqÔoun gia to tuqa�o di�nusma X =(X1; : : : ; Xn). JewroÔme ton p�naka � = (
ij) twn sundiakum�nsewn(2:1:9) 
ij = E�[Xi � EXi ℄ � [Xj � EXj ℄�; i; j = 1; : : : ; n:Tìte, me to sumbolismì th
 Prìtash
 2.1.2, isqÔoun ta ex 
:1. m = EX .2. E(Y ) = ht;mi, ìpou t = (t1; : : : ; tn).3. V(Y ) = kA�tk22.4. AA� = �.5. a = m.



156. Q(y) = h�y; yi = V(hy;Xi) gia k�je y 2 Rn .Je¸rhma antistrof 
 gia to metasqhmatismì Fourier. An f; f̂ 2 L1(Rn ),tìte(2:1:10) f(z) = 1(2�)n ZRn f̂(y)eihy;zidysqedìn pantoÔ ston Rn . Epiplèon, h (2:1:10) isqÔei se k�je z 2 Rn sto opo�o h fe�nai suneq 
. 2Upojètoume ìti to tuqa�o di�nusma X = (X1; : : : ; Xn) e�nai kanonik� katane-mhmèno ston Rn , kai ìti E(Xi ) = 0, i = 1; : : : ; n. An o p�naka
 sundiakum�nsewn �e�nai antistrèyimo
, tìte apì to je¸rhma antistrof 
 pa�rnoume to ex 
:Prìtash 2.1.3 An dist(X) = dist(AN), tìte to X èqei puknìthta pou d�netai apìthn(2:1:11) g(z) = (2�)�n ZRn exp(ihy; zi � h�y; yi=2)dy;ìpou � = AA� o p�naka
 sundiakum�nsewn twn Xi. 22.2 Anel�xei
 tou Gauss'Estw (
;A; P ) q¸ro
 pijanìthta
, kai Z = (Zt)t2T mia oikogèneia pragmatik¸ntuqa�wn metablht¸n me de�kte
 apì èna sÔnolo T . Lème ìti h Z e�nai anèlixh touGauss an k�je peperasmèno
 grammikì
 sunduasmì
 a1Zt1 + � � �+ amZtm twn Zte�nai kanonik  tuqa�a metablht  me mèsh tim  0.Parade�gmata. (a) 'Estw g1; : : : ; gN anex�rthte
 tuqa�e
 metablhtè
 me gi �N(0; 1). H Z = fg1; : : : ; gNg e�nai anèlixh tou Gauss, afoÔ gia k�je epilog pragmatik¸n arijm¸n a1; : : : ; aN isqÔeia1g1 + � � �+ aNgN � N(0; (a21 + � � �+ a2N)1=2):(b) 'Estw g1; : : : ; gN anex�rthte
 tuqa�e
 metablhtè
 me gi � N(0; 1) kai èstwT � RN . Sumbol�zoume me fe1; : : : ; eNg th sun jh orjokanonik  b�sh tou RN .Gia k�je t 2 T or�zoume thn tuqa�a metablht  Zt w
 ex 
:(2:2:1) Zt = 
t; NXi=1 giei� = NXi=1 tigi:K�je Zt e�nai kanonik  tuqa�a metablht  me mèsh tim  0, kai eÔkola elègqoume ìti(2:2:2) a1Zt1 + � � �+ akZtk = Za1t1+���+aktk



16gia k�je k 2 N kai k�je a1; : : : ; ak 2 R, t1; : : : ; tk 2 T . 'Ara, h Z e�nai anèlixh touGauss.An Z = (Zt)t2T e�nai mia anèlixh tou Gauss, mporoÔme na blèpoume thn Zsan uposÔnolo tou L2(
;A; P ). Gr�foume B gia thn anoikt  monadia�a mp�la touL2(
;A; P ) kai gia k�je " > 0 or�zoume ton "-arijmì entrop�a
 th
 Z apì thsqèsh(2:2:3) N"(Z) = min�N j up�rqoun t1; : : : ; tN 2 T : Z � N[i=1(Zti + "B)�:An to teleuta�o sÔnolo e�nai kenì, jètoume N"(Z) =1.H apìstash kZt � Zsk2 twn Zt, Zs ston L2(
;A; P ) ep�gei me fusiologikìtrìpo mia apìstash sto sÔnolo deikt¸n T . Gia k�je t; s 2 T or�zoume(2:2:4) d(t; s) = kZt � Zsk2:Oi "-arijmo� entrop�a
 th
 Z antistoiqoÔn ètsi stou
 "-arijmoÔ
 k�luyh
 tou(T; d): èqoume(2:2:5) N"(Z) = N(T; d; ");ìpou(2:2:6) N(T; d; ") := min(N j up�rqoun t1; : : : ; tN 2 T : T � N[i=1B(ti; "))kai B(t; ") = fs 2 T : d(t; s) < "g.Orismì
. 'Estw Z = (Zt)t2T anèlixh tou Gauss. To basikì prìblhma aut 
 th
ergas�a
 e�nai na dojoÔn akrib  fr�gmata gia th mèsh tim  th
 supt2T Zt(2:2:7) E supt2T Zt := sup�E supt2F Zt : F � T; jF j < +1�mèsw th
 gewmetr�a
 tou (T; d).Se autì to Kef�laio ja apode�xoume ta klasik� fr�gmata twn Sudakov kaiDudley, ta opo�a sunoy�zontai sto ex 
 Je¸rhma.Je¸rhma 2.2.1 Up�rqoun apìlute
 stajerè
 
1; 
2 > 0 me thn ex 
 idiìthta: giak�je anèlixh tou Gauss Z = (Zt)t2T ,(2:2:8) 
1 sup">0 �"plogN"(Z)� � E supt2T Zt � 
2 Z 10 plogN"(Z)d":To k�tw fr�gma e�nai h anisìthta tou Sudakov kai to �nw fr�gma e�nai hanisìthta tou Dudley. H apìdeixh twn dÔo anisot twn bas�zetai sto L mma tou



17Slepian, to opo�o ja parousi�soume sthn epìmenh upopar�grafo, kai sto pr¸toapì ta basik� ma
 parade�gmata, to opo�o anaptÔssoume leptomer¸
 sth sunèqeia.A
 jewr soume thn anèlixh tou Gauss Z = fg1; : : : ; gNg tou Parade�gmato
(a). H anexarths�a twn gi kai èna
 aplì
 upologismì
 de�qnoun ìtikgi � gjk22 = E(gi � gj)2 = Eg2i + Eg2j � 2Egi � Egj = 2an i 6= j, �ra N"(Z) = 8<: 1 , an " > p2N , an 0 < " � p2.'Ara,(2:2:9) sup">0 �"plogN"(Z)� = p2plogN = Z 10 plogN"(Z)d":H Prìtash pou akolouje� de�qnei ìti to Je¸rhma 2.2.1 isqÔei se aut n thn per�-ptwsh, kai h isìthta (2.2.9) de�qnei ìti ta dÔo fr�gmata e�nai kat� k�poion trìpobèltista: oi trei
 posìthte
 sthn (2.2.8) e�nai �se
 an agno soume apìlute
 jetikè
stajerè
.Prìtash 2.2.1 'Estw g1; : : : ; gN anex�rthte
 tuqa�e
 metablhtè
 me gi � N(0; 1).Tìte,(2:2:10) 
1plogN � E maxi�N gi � 
2plogN;ìpou 
1; 
2 > 0 apìlute
 stajerè
.Apìdeixh: 'Estw q � 1. Apì thn anisìthta tou H�older,E maxi�N gi � E maxi�N jgij � E� Xi�N jgijq�1=q� �Xi�N E jgi jq�1=q :H rop  t�xh
 q th
 g upolog�zetai akrib¸
:E jgjq = 2p2� Z 10 xqe�x2=2dx= 2p2� Z 10 (2y) q�12 e�ydy= 2q=2p� ��q + 12 �:



18'Ara,(2:2:11) E maxi�N gi � �N 2q=2p� ��q + 12 ��1=q � 
pqN1=q:An epilèxoume q � logN , blèpoume ìti(2:2:12) E maxi�N gi � 
2plogN;ìpou 
2 > 0 e�nai mia apìluth stajer�.Gia thn ant�strofh anisìthta de�qnoume pr¸ta ìti up�rqei (arket� mikr ) apì-luth stajer� � > 0 kai up�rqei fusikì
 arijmì
 n0 ¸ste: an g � N(0; 1) kaiN � n0, tìte(2:2:13) P (g > �plogN) � 1N :Pr�gmati, P (g > �plogN) = 1p2� Z 1�plogN e�x2=2dx� 1p2� Z 2�plogN�plogN e�x2=2dx= �plogNp2� e�2�2 logN= �plogNp2� N�2�2 � 1Nan, gia par�deigma, � = 1=2 kai to n0 epilege� kat�llhla. Tìte, gia k�je N � n0èqoume(2:2:14) P �maxi�N gi � �plogN� = hP (g � �plogN)iN � �1� 1N �N � 1e ;�ra, apì thn anisìthta tou Markov pa�rnoume(2:2:15) E maxi�N gi � 12plogN � P �maxi�N gi � 12plogN� � 12 �1� 1e�plogNan N � n0. E�nai t¸ra fanerì ìti an epilèxoume kat�llhlh apìluth stajer�
1 > 0, petuqa�noume thn(2:2:16) 
1plogN � E maxi�N gigia k�je N 2 N. 2



192.3 To L mma tou SlepianTo L mma tou Slepian d�nei èna krit rio sÔgkrish
 gia n-�de
 kanonik¸n tuqa�wnmetablht¸n.Je¸rhma 2.3.1 'Estw (
;A; P ) q¸ro
 pijanìthta
 kai èstw X = (X1; : : : ; Xn),Y = (Y1; : : : ; Yn) dÔo n-�de
 kanonik¸n tuqa�wn metablht¸n pou or�zontai ston 
kai èqoun mèsh tim  0. Upojètoume ìtiZ
X2i d� = Z
 Y 2i d�Z
XiXjd� � Z
 YiYjd�gia k�je i; j = 1; : : : ; n. Tìte,(2:3:1) Z
maxi�n Xid� � Z
maxi�n Yid�:Apìdeixh: 'Opw
 e�dame sthn Par�grafo 2.1, an Z = fZ1; : : : ; Zng e�nai mia n-�dakanonik¸n tuqa�wn metablht¸n me mèsh tim  0, tìte o p�naka
 sundiakum�nsewn� = (
ij), ìpou 
ij = R ZiZjdP , e�nai èna
 jetik� hmiorismèno
 p�naka
: dhlad ,h�x; xi � 0 gia k�je x 2 Rn . Ant�strofa, k�je jetik� hmiorismèno
 orismèno
p�naka
 � or�zei mia n-�da Z = fZ1; : : : ; Zng pou èqei ton � san p�naka sundiaku-m�nsewn. H puknìthta tou tuqa�ou dianÔsmato
 Z d�netai apì thn(2:3:2) g(z1; : : : ; zn j �) = (2�)�n=2(det �)�1=2 exp �� h��1z; zi=2�;kai h qarakthristik  sun�rthsh tou Z e�nai h(2:3:3) ĝ(y) = exp �� h�y; yi=2�:Apì to je¸rhma antistrof 
, èqoume(2:3:4) g(z1; : : : ; zn j �) = (2�)�n ZRn exp �ihy; zi � h�y; yi=2�dygia k�je z = (z1; : : : ; zn) 2 Rn . Paragwg�zonta
 w
 pro
 
ij pa�rnoume thn tautì-thta(2:3:5) �g�
ij = �2g�zi�zjgia k�je i 6= j, i; j = 1; : : : ; n.StajeropoioÔme t1; : : : ; tn 2 R kai jewroÔme th sun�rthsh G(� j t1; : : : ; tn) :=G(�) me(2:3:6) G(�) := P �\nj=1f! 2 
 j Zj(!) < tjg� = Z t1�1 � � �Z tn�1 g(z1; : : : ; zn j �)dz



20san sun�rthsh tou � (parale�poume ta t1; : : : ; tn gia eukol�a sto sumbolismì). Apìthn (2.3.5) blèpoume ìti(2:3:7) �G(�)�
ij = Z t1�1 � � � Z tn�1 �2�zi�zj g(z1; : : : ; zn j �)dzgia k�je i 6= j, i; j = 1; : : : ; n. To olokl rwma sto dexiì mèlo
 isoÔtai me ènaolokl rwma th
 g w
 pro
 ti
 (m� 2)-metablhtè
 zk, k 6= i; j. Gia par�deigma,(2:3:8) �G(�)�
12 = Z t3�1 � � �Z tn�1 g(t1; t2; z3; : : : ; zn j �)dzn : : : dz3:'Ara,(2:3:9) �G(�)�
ij � 0gia k�je i 6= j, i; j = 1; : : : ; n.Parathr ste ep�sh
 ìtiE maxi�n Zi = Z
 �maxi�n Zi�+d�� Z
 �maxi�n Zi��d�= Z 10 P �maxi�n Zi > t�dt� Z 10 P �maxi�n Zi < �t�dt= Z 10 [1� P �maxi�n Zi < t�℄dt� Z 10 P �maxi�n Zi < �t�dt= Z 10 (1�G(� j t; : : : ; t))dt� Z 10 G(� j �t; : : : ;�t)dt:JewroÔme t¸ra ti
 n-�de
X = (X1; : : : ; Xn) kai Y = (Y1; : : : ; Yn) tou Jewr mato
,kai gr�foume �X kai �Y gia tou
 ant�stoiqou
 p�nake
 sundiakum�nsewn. Qwr�
periorismì th
 genikìthta
, upojètoume ìti oi �X kai �Y e�nai jetik� orismènoi(alli¸
, prosegg�zoume ti
 X kai Y me n-�de
 X" kai Y" pou èqoun aut n thnidiìthta, kai met� pern�me sto ìrio).Gia k�je � 2 [0; 1℄ jètoume(2:3:10) �(�) = ��X + (1� �)�Y :Me autìn ton orismì èqoume �(0) = �Y kai �(1) = �X . K�je �(�) e�nai jetik�orismèno
 p�naka
. An or�soume(2:3:11) T (�) = G(�(�));tìte T 0(�) = nXi;j=1 �G(�(�))�
ij � d
ij(�)d�



21= nXi;j=1 �G(�(�))�
ij � �E(XiXj)� E(YiYj)�= Xi 6=j �G(�(�))�
ij � �E(XiXj)� E(YiYj)�giat� EX2i = EY 2i gia k�je i = 1; : : : ; n. Apì thn (2.3.9) kai th deÔterh upìjes ma
, èpetai ìti(2:3:12) T 0(�) � 0;�ra(2:3:13) G(�X) = G(�(1)) � G(�(0)) = G(�Y ):Gia na oloklhr¸soume thn apìdeixh parathroÔme ìtiE maxi�n Xi = Z 10 (1�G(�X j t; : : : ; t))dt� Z 10 G(�X j �t; : : : ;�t)dt� Z 10 (1�G(�Y j t; : : : ; t))dt� Z 10 G(�Y j �t; : : : ;�t)dt= E maxi�n Yi:Autì prokÔptei �mesa, an jewr soume t � 0 kai efarmìsoume thn (2.3.13) gia ti
n-�de
 (t; : : : ; t) kai (�t; : : : ;�t). Gia thn akr�beia, h (2.3.13) d�nei polÔ isqurìterhplhrofor�a gia thn katanom  twn X kai Y . 2Ja qreiastoÔme ep�sh
 thn ex 
 parallag  tou L mmato
 tou Slepian.Je¸rhma 2.3.2 'Estw (
;A; �) q¸ro
 pijanìthta
 kai èstw X = (X1; : : : ; Xn),Y = (Y1; : : : ; Yn) dÔo n-�de
 kanonik¸n tuqa�wn metablht¸n pou or�zontai ston 
kai èqoun mèsh tim  0. Upojètoume ìti(2:3:14) kXi �Xjk2 � kYi � Yjk2gia k�je i; j = 1; : : : ; n. Tìte,(2:3:15) E maxi�n Xi � 2E maxi�n Yi:Apìdeixh: An jèsoume X 0i = Xi�X1 kai Y 0i = Yi�Y1, tìte h (2.3.14) exakolouje�na isqÔei, kai(2:3:16) E maxi�n X 0i = E maxi�n Xi ; E maxi�n Y 0i = E maxi�n Yi:MporoÔme loipìn na k�noume thn epiplèon upìjesh ìti X1 = Y1 = 0. Tìte, apìthn (2.3.14) pa�rnoume(2:3:17) kXik2 � kYik2



22gia k�je i = 1; : : : ; n. JewroÔme mia tupik  kanonik  tuqa�a metablht  g, anex�r-thth apì ti
 Xi, Yi, ston 
, kai jètoumeC = maxi�n kYik2~Xi = Xi + C � g~Yi = Yi + �C2 � kYik22 + kXik22�1=2 g = Yi + bi � g:Parathr ste ìti C2 �kYik22+ kXik22 � 0, �ra o bi or�zetai kal�. Apì thn (2.3.17)èpetai ìti(2:3:18) bi � C:Apì ton trìpo orismoÔ twn ~Xi kai ~Yi èqoume(2:3:19) k ~Xi � ~Xjk2 = kXi �Xjk2kai(2:3:20)k ~Yi � ~Yjk2 = k(Yi � Yj) + g(bi � bj)k2 = �kYi � Yjk22 + jbi � bj j2�1=2 � kYi � Yjk2;�ra(2:3:21) k ~Xi � ~Xjk2 � k ~Yi � ~Yjk2gia k�je i; j = 1; : : : ; n. Ep�sh
,(2:3:22) k ~Xik22 = kXik22 + C2 = kYik22 + b2i = k ~Yik22:Apì ti
 (2.3.21) kai (2.3.22) e�nai fanerì ìti oi n-�de
 ~X = ( ~X1; : : : ; ~Xn) kai~Y = ( ~Y1; : : : ; ~Yn) ikanopoioÔn ti
 upojèsei
 tou Jewr mato
 2.3.1. 'Ara,(2:3:23) E maxi�n ~Xi � E maxi�n ~Yi:ParathroÔme ìti(2:3:24) E maxi�n ~Xi = E �maxi�n Xi + C � g� = E maxi�n Xikai, lìgw th
 (2.3.18), E maxi�n ~Yi � E maxi�n (Yi + bi � g+)� E maxi�n Yi + C � Eg+ :'Omw
, aplì
 upologismì
 de�qnei ìti EY +i = kYik2 � Eg+ , �raC = maxi�n kYik2 = maxi�n EY +iEg+ � E maxi�n Y +iEg+ = E maxi�n YiEg+



23giat� maxi�n Y +i = maxi�n Yi afoÔ Y1 � 0. 'Ara,C � Eg+ � E maxi�n Yi;dhlad (2:3:25) E maxi�n ~Yi � 2E maxi�n Yi:Apì ti
 (2.3.23), (2.3.24) kai (2.3.25) èpetai to sumpèrasma. 22.4 H anisìthta tou Sudakov kai h anisìthta touDudleyH anisìthta tou Sudakov e�nai h arister  anisìthta tou Jewr mato
 2.2.1.Je¸rhma 2.4.1 Up�rqei apìluth stajer� 
1 > 0 me thn ex 
 idiìthta: gia k�jeanèlixh tou Gauss Z = (Zt)t2T ,(2:4:1) 
1 sup">0 �"plogN"(Z)� � E supt2T Zt:H apìdeixh ja basiste� sthn arister  anisìthta tou epìmenou L mmato
 (hdexi� anisìthta ja qrhsimopoihje� gia thn apìdeixh th
 anisìthta
 tou Dudley).L mma 2.4.1 'Estw Z = (Z1; : : : ; Zn) mia anèlixh tou Gauss. Jètoume(2:4:2) A = mini 6=j kZi � Zjk2 kai B = maxi 6=j kZi � Zjk2:Tìte,(2:4:3) 
12p2Aplogn � E maxi�n Zi � 
2p2Bplogn;ìpou 
1; 
2 oi stajerè
 th
 Prìtash
 2.2.1.Apìdeixh: JewroÔme anex�rthte
 tupikè
 kanonikè
 tuqa�e
 metablhtè
 g1; : : : ; gn(anex�rthte
 apì thn Z) kai jètoume(2:4:4) Xi = gip2 mini 6=j kZi � Zjk2 = Agip2kai(2:4:5) Yi = gip2 maxi 6=j kZi � Zjk2 = Bgip2 :



24Tìte, gia k�je i 6= j èqoume(2:4:6) kXi �Xjk2 = mini 6=j kZi � Zjk2 � maxi 6=j kZi � Zjk2 = kYi � Yjk2:Apì to Je¸rhma 2.3.2,(2:4:7) 12E maxi�n Xi � E maxi�n Zi � 2E maxi�n Yi:Apì thn Prìtash 2.2.1,12E maxi�n Xi = 12p2 mini 6=j kZi � Zjk2 � E maxi�n gi� 
1A2p2plognkai 2E maxi�n Xi = 2p2 maxi 6=j kZi � Zjk2 � E maxi�n gi� 
2p2Bplogn;ap� ìpou èpetai to sumpèrasma. 2Apìdeixh tou Jewr mato
 2.4.1: StajeropoioÔme " > 0 kai jewroÔme uposÔ-nolo fZ1; : : : ; Zng tou Z to opo�o e�nai megistikì w
 pro
 thn apa�thsh(2:4:8) kZi � Zjk2 � "an i 6= j. ('Opw
 ja fane� apì thn apìdeixh, an den up�rqei tètoio sÔnolo tìte tadÔo mèlh th
 anisìthta
 apeir�zontai). Tìte,(2:4:9) Z � n[i=1(Zi + "B);�ra N"(Z) � n. Apì thn (2.4.8) kai apì to L mma 2.4.1,(2:4:10) 
12p2"plogn � E maxi�n Zi � E supt2T Zt;�ra(2:4:11) "plogN"(Z) � 2p2
1 E maxt2T Ztgia k�je " > 0. 2Gewmetrik  efarmog  - arijmo� k�luyh
 kurtoÔ s¸mato
: 'Estw T ènakurtì s¸ma ston Rn . Oi arijmo� k�luyh
 N(T; "Bn2 ) tou T or�zontai apì thn(2:4:12) N(T; "Bn2 ) := min�N j up�rqoun t1; : : : ; tN 2 T : T � [Ni=1(ti + "Bn2 )	;



25ìpou Bn2 e�nai h anoikt  Eukle�deia monadia�a mp�la. 'Opw
 e�dame sto Par�deigma(b), an g1; : : : ; gn anex�rthte
 tuqa�e
 metablhtè
 me gi � N(0; 1) kai an fe1; : : : ; enge�nai h sun jh
 orjokanonik  b�sh tou Rn , tìte h Z = fZt j t 2 Tg me(2:4:13) Zt = 
t; nXi=1 giei� = nXi=1 tigie�nai anèlixh tou Gauss, kai(2:4:14) N(T; "Bn2 ) = N"(Z):Apì thn anisìthta tou Sudakov èpetai ìti(2:4:15) logN(T; "Bn2 ) � 
"2 E supt2T ht; nXi=1 gieii:H teleuta�a mèsh tim  èqei polÔ sugkekrimènh gewmetrik  ermhne�a: or�zoume topl�to
 tou T sth dieÔjunsh tou monadia�ou dianÔsmato
 � mèsw th
(2:4:16) w(T; �) = maxt2T ht; �ikai to mèso pl�to
 tou T apì th sqèsh(2:4:17) w(T ) = ZSn�1 w(T; �)�(d�)ìpou � e�nai to anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
 mètro pijanì-thta
 sthn Eukle�deia monadia�a sfa�ra Sn�1. Tìte, isqÔei to ex 
.L mma 2.4.2 Gia k�je kurtì s¸ma T ston Rn ,(2:4:18) E supt2T 
t; nXi=1 giei� = 
nw(T );ìpou 
n stajer� pou exart�tai apì th di�stash n, me 
n ' pn.Apìdeixh: ParathroÔme ìtiE supt2T ht; nXi=1 gieii = 1(2�)n=2 ZRnmaxt2T ht; xie�jxj2=2dx= njBn2 j(2�)n=2 ZSn�1 Z 10 maxt2T ht; �iune�u2=2du�(d�)= n2n=2��n2 + 1� Z 10 une�u2=2du � ZSn�1 maxt2T ht; �i�(d�)= p2��n+12 ���n2 + 1� � w(T )= 
nw(T );



26qrhsimopoi¸nta
 polikè
 suntetagmène
 kai to gegonì
 ìti jBn2 j = �n=2=��n2 +1�.2 'Amesh sunèpeia tou L mmato
 2.4.2 kai th
 (2.4.15) e�nai h anisìthta tou Su-dakov gia tou
 arijmoÔ
 k�luyh
 enì
 kurtoÔ s¸mato
.Je¸rhma 2.4.2 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: an T e�naièna kurtì s¸ma ston Rn , tìte(2:4:19) N(K; "Bn2 ) � exp�Cnw2(T )"2 �gia k�je " > 0. 2H anisìthta tou Dudley e�nai h dexi� anisìthta tou Jewr mato
 2.2.1.Je¸rhma 2.4.3 Up�rqei apìluth stajer� 
2 > 0 me thn ex 
 idiìthta: gia k�jeanèlixh tou Gauss Z = (Zt)t2T ,(2:4:20) E supt2T Zt � 
2 Z 10 plogN"(Z)d":Apìdeixh: 'Estw F peperasmèno uposÔnolo tou T kai èstw Æ > 1. Or�zoume(2:4:21) D = maxi;j2F kZi � Zjk2;kai, gia k�je n � 0, jètoume(2:4:22) "n = Æ D2n kai Nn = N"n(ZF );ìpou ZF = fZt j t 2 Fg.Apì ton orismì tou Nn, mporoÔme na broÔme Fn � F me jFnj = Nn, tètoia¸ste(2:4:23) ZF � [t2Fn(Zt + "nB):Eidikìtera, mporoÔme na p�roume F0 = ft0g gia tuqìn t0 2 F .'Estw s 2 F . Gia k�je n � 0 up�rqei tn(s) 2 Fn:(2:4:24) kZs � Ztn(s)k2 < "n:Tìte, gia k�je s 2 F kai k�je n � 1 èqoume(2:4:25) kZtn(s) � Ztn�1(s)k2 � kZtn(s) � Zsk2 + kZs � Ztn�1(s)k2 < 2"n�1;



27kai, afoÔ to F e�nai peperasmèno,(2:4:26) Zs = Zt0 + 1Xn=1(Ztn(s) � Ztn�1(s)):(Parathr ste ìti to teleuta�o �jroisma e�nai peperasmèno: telik�, Ztn(s) = Zs).'Epetai ìti(2:4:27) maxs2F Zs � Zt0 + 1Xn=1maxs2F (Ztn(s) � Ztn�1(s));�ra(2:4:28) E �maxs2F Zs� � 1Xn=1 E �maxs2F (Ztn(s) � Ztn�1(s))� :Apì th dexi� anisìthta tou L mmato
 2.4.1 pa�rnoume(2:4:29)E �maxs2F (Ztn(s) � Ztn�1(s))� � 4p2
2"n�1plog(NnNn�1) � C"n�1plogNn;afoÔ h (Nn) e�nai aÔxousa, kai to sÔnolo fZtn(s)�Ztn�1(s) j s 2 Fg èqei plhj�rijmomikrìtero   �so tou jFnj � jFn�1j = NnNn�1 kai di�metro (ston L2(
)) fragmènhapì 4"n�1, lìgw th
 (2.4.25).Epistrèfonta
 sthn (2.4.28), pa�rnoumeE maxs2F Zs � C 1Xn=1 "n�1qlogN"n(ZF )� 4C 1Xn=1 Z "n"n+1qlogN"(ZF )d"� 4C Z 10 qlogN"(ZF )d":Qrhsimopoi same to gegonì
 ìti h " 7! N"(ZF ) e�nai fj�nousa, kai thn "n�1 =4("n � "n+1).Gia na oloklhr¸soume thn apìdeixh, parathroÔme ìti: gia k�je " > 0 kai giak�je F � T , isqÔei h anisìthta(2:4:30) N"(ZF ) � N"=2(Z):Pr�gmati, an Z � SNj=1(Ztj + ("=2)B), jewroÔme to(2:4:31) AF = fj � N j [Ztj + ("=2)B℄ \ ZF 6= ;g;gia k�je j 2 AF epilègoume tuqìn sj 2 F me kZsj � Ztjk2 � "=2, kai, qrhsimo-poi¸nta
 thn trigwnik  anisìthta, elègqoume eÔkola ìti ZF � Sj2AF (Zsj + "B).



28 Apì thn (2.4.30) sumpera�noume ìti(2:4:32) E maxs2F Zs � 4C Z 10 qlogN"=2(Z)d" = 8C Z 10 plogN"(Z)d";kai h apìdeixh tou Jewr mato
 e�nai pl rh
, b�sei tou orismoÔ th
 E supt2T Zt. 2Anaforè
: Gia ti
 basikè
 idiìthte
 twn kanonik¸n tuqa�wn metablht¸n parapèm-poume ton anagn¸sth sto bibl�o tou Stromberg [Str℄. Oi anisìthte
 twn Sudakovkai Dudley apode�qthkan gÔrw sta 1970: blèpe [Du 1,2℄ kai [Su℄. To L mma touSlepian [Sle℄ e�nai progenèstero. Sti
 paragr�fou
 2.2-2.4 akoloujoÔme se genikè
grammè
 to bibl�o tou Pisier ([Pi℄, Kef�laio 5).



Kef�laio 3KuriarqoÔnta mètra
3.1 Upokanonikè
 anel�xei
: diadoqikè
 prosegg�-sei
'Estw (T; d) èna
 metrikì
 q¸ro
. Lème ìti h anèlixh X = (Xt)t2T e�nai upoka-nonik  an h apìstash d fr�ssei ti
 metabolè
 th
 X w
 ex 
: Gia k�je t; s 2 Tkai k�je u > 0,(3:1:1) P (jXs �Xtj � u) � 2 exp�� u2d2(s; t)� :Upojètoume ep�sh
 ìti(3:1:2) EXt = 0; t 2 T:'Opw
 sto Kef�laio 2, endiaferìmaste gia th mèsh tim  th
 supt2T Xt, h opo�aor�zetai apì th sqèsh(3:1:3) E supt2T Xt := sup�E supt2F Xt : F � T; jF j < +1�:StajeropoioÔme t0 2 T kai, gia k�je peperasmèno uposÔnolo F tou T pou perièqeito t0, or�zoume YF = supt2F (Xt�Xt0). Tìte YF � 0 kai, lìgw th
 (3.1.2), èqoume(3:1:4) E supt2F Xt = E supt2F (Xt �Xt0) = EYF :AfoÔ YF � 0, mporoÔme na gr�youme(3:1:5) EYF = Z 10 P (YF � u) du;29



30�ra qreiazìmaste fr�gmata gia pijanìthte
 th
 morf 
(3:1:6) P �supt2F (Xt �Xt0) � u� ; u > 0:H pr¸th prìtash pou ja apode�xoume d�nei èna polÔ genikì sq ma {diadoqik 
prosèggish
} twn Xt apì ta stoiqe�a mia
 akolouj�a
 uposunìlwn tou fXt : t 2Fg. Aut  h idèa emfan�sthke  dh sthn apìdeixh th
 anisìthta
 tou Dudley gia ti
anel�xei
 tou Gauss.Je¸rhma 3.1.1 'Estw F peperasmèno uposÔnolo tou T kai t0 2 F . 'Estw r � 2kai i o megalÔtero
 akèraio
 gia ton opo�o diam(F ) � 2r�i. Or�zoume �i = ft0gkai upojètoume ìti up�rqoun mh ken� �j � F , j � i kai sunart sei
 �j : F ! �jpou ikanopoioÔn ta ex 
:1. Gia k�je t 2 F up�rqei j0 = j0(t) � i tètoio
 ¸ste: gia k�je j � j0,(�) �j(t) = t:2. Gia k�je t 2 F kai gia k�je j > i,(��) d(�j(t); �j�1(t)) � 2r�j+1:Tìte,(3:1:7) E supt2F Xt � K(r)Xj�i r�jqlog j�j j;ìpou K(r) jetik  stajer� pou exart�tai mìno apì to r.Apìdeixh: An t 2 T kai " > 0, me B(t; ") sumbol�zoume thn anoikt  mp�la mekèntro t kai akt�na ". Gia k�je j > i or�zoume(3:1:8) Mj = f(�j(t); �j�1(t)) j t 2 Fg:Parathr ste ìti h (��) exasfal�zei to ex 
:{An (s1; s2) 2Mj tìte d(s1; s2) � 2r�j+1}.'Estw (�j)j>i akolouj�a jetik¸n pragmatik¸n arijm¸n tou
 opo�ou
 ja epilèxoumeargìtera. Jètoume(3:1:9) S =Xj>i �j :Qrhsimopoi¸nta
 thn (3.1.1), gia k�je u > 0 pa�rnoumeP �supt2F (X�j(t) �X�j�1(t)) � u�j� = P  [t2FfX�j(t) �X�j�1(t) � u�jg!



31= P 0� [(s1;s2)2MjfXs1 �Xs2 � u�jg1A� X(s1;s2)2Mj P (fXs1 �Xs2 � u�jg)� 2jMj j exp � �2ju2(2r�j+1)2! :Apì thn (�) kai thn upìjesh ìti �i = ft0g, mporoÔme na gr�youme(3:1:10) Xt �Xt0 =Xj>i(X�j(t) �X�j�1(t))gia k�je t 2 F . Sthn pragmatikìthta, to �jroisma autì e�nai peperasmèno: èqoumeX�j(t) �X�j�1(t) = 0 an j > j0(t). Apì thn (3.1.9) kai thn (3.1.10) èqoumeP �supt2F (Xt �Xt0) � uS� � P 0�[j>ifsupt2F (X�j(t) �X�j�1(t)) � u�jg1A� Xj>i P �supt2F (X�j(t) �X�j�1(t)) � u�j� :Dhlad , èqoume de�xei ìti(3:1:11) P �supt2F (Xt �Xt0) � uS� �Xj>i 2jMj j exp � �2ju2(2r�j+1)2! :Epilègoume t¸ra ta �j : gia k�je j > i or�zoume(3:1:12) �j := 2r�j+1�log(2j�ijMj j)�1=2:Parathr ste ìti h epilog  twn �j e�nai anex�rthth apì to u > 0 kai ìti to dexiìmèlo
 th
 (3.1.11) e�nai t¸ra �so me(3:1:13) � :=Xj>i 2jMj j(2j�ijMj j)�u2 :'Otan u � 1, èqoume(3:1:14) � �Xj>i 2(2j�i)�u2 = 2 � 2�u2 11� 2�u2 � 4 � 2�u2 :Sunoy�zonta
, blèpoume ìti gia k�je u � 1 isqÔei h anisìthta(3:1:15) P �supt2F (Xt �Xt0) � uS� � 4 � 2�u2 :



32T¸ra, e�nai eÔkolo na doÔme ìtiE supt2F Xt = E supt2F (Xt �Xt0)= S Z 10 P �supt2F (Xt �Xt0) � uS� du= S Z 10 P �supt2F (Xt �Xt0) � uS� du+S Z 11 P �supt2F (Xt �Xt0) � uS� du� S + 4S Z 11 2�u2du= 
 � S;ìpou 
 > 0 apìluth stajer�. Epistrèfoume ston orismì tou S: xekin¸nta
 apì thn(3.1.12), kai qrhsimopoi¸nta
 thn pa+ b � pa+pb gia a; b > 0, èqoumeS = Xj>i 2r�j+1�log(2j�ij�j j � j�j�1j)�1=2� Xj>i 2r�j+1 �pj � iplog 2 +qlog j�j j+qlog j�j�1j�� K1(r)0�r�i +Xj�i r�jqlog j�j j1A :Gia na katal xoume sthn (3.1.7), arke� na apode�xoume ìti(3:1:16) r�i � K2(r)r�i�2plog j�i+2j:Parathr ste ìti j�i+3j � 2: An  tan �i+3 = fsg, apì thn (��) ja e�qamed(t; s) � Xj>i+3 d(�j(t); �j�1(t)) � Xj>i+3 2r�j+1 = 2r � 1r�i�2 � r�i�1;dhlad (3:1:17) diam(F ) � 2r�i�1;to opo�o èrqetai se ant�fash me ton orismì tou i. 'Ara,r�i�3plog j�i+3j � (plog 2r�3)r�i =: (1=K2(r))r�i ;to opo�o apodeiknÔei thn (3.1.16). 'Epetai ìti(3:1:18) S � K(r)Xj�i r�jqlog j�j j;



33kai to Je¸rhma èqei apodeiqje�. 2Mia efarmog  tou Jewr mato
 3.1.1 e�nai to fr�gma tou Dudley gia upokano-nikè
 anel�xei
. Gia k�je F � T kai gia k�je " > 0 or�zoume ton arijmì k�luyh
(3:1:19) N(F; d; ") = min�N 2 N j 9t1; : : : ; tN 2 F : F � N[i=1B(ti; ")�:(an to sÔnolo sthn (3.1.19) e�nai kenì, or�zoume N(F; d; ") = +1). ParathroÔmeìti(3:1:20) N(F; d; 2") � N(T; d; ")gia k�je F � T kai " > 0: pr�gmati, an T � SNj=1 B(tj ; "), jewroÔme to AF = fj �N j B(tj ; ")\F 6= ;g, epilègoume tuqìn sj 2 B(tj ; "), j 2 AF kai, qrhsimopoi¸nta
thn trigwnik  anisìthta, elègqoume eÔkola ìti F � Sj2AF B(sj ; 2").To fr�gma tou Dudley qrhsimopoie� tou
 arijmoÔ
 k�luyh
N(T; d; ") w
 mètrogia thn E supt2T Xt:Je¸rhma 3.1.2 'Estw X = (Xt)t2T upokanonik  anèlixh me EXt = 0, t 2 T .Tìte, E supt2T Xt � K Z 10 plogN(T; d; ") d";ìpou K > 0 apìluth stajer�.Apìdeixh: StajeropoioÔme t0 2 T kai jewroÔme tuqìn peperasmèno uposÔnoloF tou T me t0 2 F . 'Estw r � 2 kai i o megalÔtero
 akèraio
 gia ton opo�odiam(F ) � 2r�i. Or�zoume �i = ft0g kai gia k�je j > i jewroÔme �j � F meNj := j�j j = N(F; d; r�j ) tètoio ¸ste(3:1:21) F � [s2�j B(s; r�j):Tìte, gia k�je j � i kai k�je t 2 F up�rqei �j(t) 2 �j tètoio ¸ste(3:1:22) d(t; �j(t)) � r�j :Or�zoume ètsi sunart sei
 �j : F ! �j , j > i. Apì thn (3.1.22) elègqoume eÔkolaìti ikanopoioÔntai oi upojèsei
 tou Jewr mato
 3.1.1. 'Ara,(3:1:23) E supt2F Xt � K(r)Xj�i r�jplogN(F; d; r�j):Parathr¸nta
 ìti(3:1:24) r�jplogN(F; d; r�j) � rr � 1 Z r�jr�j�1plogN(F; d; ")d"



34gia k�je j � i kai qrhsimopoi¸nta
 thn (3.1.20), blèpoume ìtiE supt2F Xt � K(r) Z 10 plogN(F; d; ")d"� K(r) Z 10 plogN(T; d; "=2)d"= 2K(r) Z 10 plogN(T; d; ")d"Apì ton orismì th
 E supt2T Xt èpetai to zhtoÔmeno. 2Sth sunèqeia upojètoume ìti ta sÔnola �j kai oi apeikon�sei
 �j or�zontaime pio susthmatikì trìpo: tele�w
 qontrik�, zht�me apì dÔo shme�a tou F pou{prosegg�zontai} apì to �dio shme�o tou �j , na prosegg�zontai apì to �dio shme�otou �j�1 (blèpe ti
 sunj ke
 3 kai 4 parak�tw).Je¸rhma 3.1.3 'Estw F peperasmèno uposÔnolo tou T me t0 2 F . 'Estw r � 2kai i o megalÔtero
 akèraio
 gia ton opo�o diam(F ) � 2r�i. Or�zoume �i = ft0gkai upojètoume ìti up�rqoun mh ken� �j � F , j � i kai sunart sei
 �j : F ! �jpou ikanopoioÔn ta ex 
:1. Gia k�je t 2 F up�rqei j0 = j0(t) � i tètoio
 ¸ste: gia k�je j � j0,(1) �j(t) = t:2. Gia k�je t 2 F kai gia k�je j > i,(2) d(�j(t); �j�1(t)) � 2r�j+1:3. Gia k�je v 2 �j kai gia k�je j � i,(3) �j(v) = v:4. Gia k�je s; t 2 F kai gia k�je j > i,(4) �j(t) = �j(s) =) �j�1(t) = �j�1(s):Tìte, gia k�je mètro pijanìthta
 � ston (F; d) isqÔei h anisìthta(3:1:25) E supt2F Xt � K supt2FXj�i r�j+1slog� 2�(f�j(t)g)�;ìpou K > 0 apìluth stajer�, kai a=0 :=1.



35Parathr sei
: (a) An up�rqei t 2 F tètoio ¸ste �(ftg) = 0, tìte to Je¸rhmaisqÔei oÔtw
   �llw
: sumfwn same ìti 1=0 =1. MporoÔme loipìn na upojèsoumeìti �(ftg) > 0 gia k�je t 2 F .(b) Apì th sunj kh (3), gia k�je t 2 F kai gia k�je j > i èqoume �j(t) =�j(�j(t)). 'Ara, h sunj kh (4) ma
 d�nei(3:1:26) �j�1(t) = �j�1(�j(t)):Tìte, apì th sunj kh (2) blèpoume ìti(3:1:27) d(�j(t); �j�1(�j(t))) � 2r�j+1gia k�je t 2 F kai k�je j > i. K�je v 2 �j gr�fetai sth morf  �j(t) (me t = v!),opìte h (3.1.27) èqei san sunèpeia to ex 
:Isqurismì
: Gia k�je j > i kai gia k�je v 2 �j ,(3:1:28) d(v; �j�1(v)) � 2rj�1 :Apìdeixh tou Jewr mato
 3.1.3: Gia k�je j � i or�zoume �j : �j ! [0;+1)me(3:1:29) �j(v) = 2rj�1slog� 2 � 2j�i�(f�j(t)g)�kai jètoume(3:1:30) S := supt2FXj>i �j(�j(t)):Apì th sunj kh (1), thn (3.1.26) kai thn upìjesh ìti �i = ft0g, mporoÔme nagr�youme(3:1:31) Xt �Xt0 =Xj>i(X�j(t) �X�j�1(t)) =Xj>i(X�j(t) �X�j�1(�j(t)))gia k�je t 2 F . 'Ara,P �supt2F (Xt �Xt0) � uS� = P supt2FXj>i �X�j(t) �X�j�1(�j(t))�� sups2F uXj>i �j(�j(s))!� P [t2F �Xj>i �X�j(t) �X�j�1(�j(t))�



36 �Xj>i u�j(�j(t))�!� P 0�[j>i [t2F �X�j(t) �X�j�1(�j(t)) � u�j(�j(t))	1A� Xj>i P 0� [v2�j �Xv �X�j�1(v) � u�j(v)	1A� Xj>i Xv2�j P �Xv �X�j�1(v) � u�j(v)�� Xj>i Xv2�j 2 exp � u2�2j (v)d2(v; �j�1(v))!� Xj>i Xv2�j 2 exp � u2�2j (v)(2r�j+1)2!ìpou, sto teleuta�o b ma, qrhsimopoi same thn (3.1.28).Apì ton trìpo orismoÔ tou �j(v), gia k�je u � 1 èqoume2 exp � u2�2j (v)(2r�j+1)2! = 2"exp � �2j (v)(2r�j+1)2!#u2= 2� �(fvg)2 � 2j�i�u2� 21�u2 �(fvg)2j�i :Sundu�zonta
 ta parap�nw, kai pa�rnonta
 upìyin thn Pv2�j �(fvg) � 1, sumpe-ra�noume ìtiP �supt2F (Xt �Xt0) � uS� � Xj>i Xv2�j 21�u2 �(fvg)2j�i= 21�u2Xj>i 12j�i Xv2�j �(fvg)� 21�u2Xj>i 12j�i= 21�u2gia k�je u � 1. T¸ra, ìpw
 kai sthn apìdeixh tou Jewr mato
 3.1.1, gr�foumeE supt2F Xt = E supt2F (Xt �Xt0)



37= S Z 10 P �supt2F (Xt �Xt0) � uS� du= S Z 10 P �supt2F (Xt �Xt0) � uS� du+S Z 11 P �supt2F (Xt �Xt0) � uS� du� S + 2S Z 11 2�u2du= 
 � S;ìpou 
 > 0 apìluth stajer�. Apì thn (3.1.30) kai thn pa+ b � pa + pb giaa; b > 0, èqoumeE supt2F Xt � 
 � supt2FXj>i �j(�j(t))� 
 � supt2F 0�Xj>iplog 2pj � irj�1 +Xj>i 1rj�1slog� 2�(f�j(t)g)�1A� K1 � supt2F 0� 1ri�1 +Xj>i 1rj�1slog� 2�(f�j(t)g)�1Aìpou K1 > 0 apìluth stajer�. Apì thn �i(t) = t0 kai thn �(ft0g) � 1, èqoume(3:1:32) 1ri�1 � K2 1ri�1slog� 2�(ft0g)�;ìpou K2 � 1 apìluth stajer�. Sunep¸
,(3:1:33) 1ri�1 +Xj>i 1rj�1slog� 2�(f�j(t)g)� � K2Xj�i 1rj�1slog� 2�(f�j(t)g)�ap� ìpou pa�rnoume thn(3:1:34) E supt2F Xt � K supt2FXj�i r�j+1slog� 2�(f�j(t)g)�: 2Oi sunart sei
 �j tou prohgoÔmenou jewr mato
 or�zoun fusiologikè
 diame-r�sei
 Aj tou F . An or�soume Av = ft 2 F : �j(t) = vg, tìte h Aj = (Av)v2�je�nai diamèrish tou F . OdhgoÔmaste ètsi sth diatÔpwsh tou ex 
 jewr mato
.Je¸rhma 3.1.4 'Estw F peperasmèno uposÔnolo tou T me t0 2 F . 'Estw r � 2kai i o megalÔtero
 akèraio
 gia ton opo�o diam(F ) � 2r�i. Upojètoume ìti (Aj)j>ie�nai mia aÔxousa (me thn ènnoia th
 eklèptunsh
) akolouj�a diamer�sewn tou F meti
 ex 
 idiìthte
:



38 1. Ai = fFg.2. Gia k�je j > i kai gia k�je A 2 Aj ,diam(A) � 2r�j :Tìte, gia k�je mètro pijanìthta
 � sto F ,(3:1:35) E supt2F Xt � K(r) � supt2FXj>i 1rjslog� 1�(Aj(t))�;ìpou K(r) > 0 stajer� pou exart�tai mìno apì to r, kai Aj(t) e�nai eke�no to A 2 Ajto opo�o perièqei to t.Apìdeixh: Gia k�je j > i kai gia k�je A 2 Aj epilègoume xA 2 A. Or�zoume(3:1:36) �j = fxA : A 2 Ajg;kai �j : F ! �j me(3:1:37) �j(t) = xAj(t):Qrhsimopoi¸nta
 thn(3:1:38) Xj>i XA2Aj 2�j+i�(A) =Xj>i 2�j+i XA2Aj �(A) �Xj>i 2�j+i = 1;mporoÔme na or�soume mètro pijanìthta
 � sto F me thn idiothta: gia k�je j > ikai k�je A 2 Aj ,(3:1:39) �(fxAg) � 12j�i �(A):Pr�gmati, an jèsoume(3:1:40) �1(fxg) =Xj>i XfA2Aj :x=xAg 2�j+i�(A)gia x 2 F , h (3.1.38) de�qnei ìti �1(T ) � 1, opìte pollaplasi�zonta
 me kat�llhlo� � 1 pa�rnoume to �.Skopì
 ma
 e�nai na efarmìsoume to Je¸rhma 3.1.3, opìte elègqoume pr¸taìti oi sunart sei
 �j ikanopoioÔn ti
 upojèsei
 tou:(a) 'Estw t 2 F . Up�rqei j0 = j0(t) tètoio
 ¸ste: gia k�je j � j0,(3:1:41) 2rj < minfd(t; s) : s 2 Fnftgg:'Estw j � j0(t). AfoÔ diam(Aj(t)) � 2r�j , èqoume Aj(t) = ftg. 'Epetai ìtixAj (t) = t, dhlad  �j(t) = t.



39(b) Apì ton orismì twn �j , gia k�je t 2 F kai gia k�je j > i èqoume(3:1:42) d(�j(t); �j�1(t)) = d(xAj (t); xAj�1(t)) � diam(Aj�1(t)) � 2rj�1 :(g) An v 2 �j , tìte v = xA gia k�poio A 2 Aj . Tìte, Aj(v) = A �ra(3:1:43) �j(v) = xAj(v) = xA = v:(d) 'Estw t; s 2 F me �j(t) = �j(s). Tìte, up�rqei A 2 Aj tètoio ¸ste t; s 2 A.AfoÔ h Aj e�nai eklèptunsh th
 Aj�1, up�rqei A0 2 Aj�1 tètoio ¸ste t; s 2 A0.Sunep¸
,(3:1:44) �j�1(t) = �j�1(s) = xA0 :Efarmìzonta
 to Je¸rhma 3.1.3 gia to �, pa�rnoumeE supt2F Xt � K � supt2FXj�i r�j+1slog� 2�(f�j(t)g)�= K � supt2FXj�i r�j+1slog� 2�(fxAj(t)g)�� K � supt2FXj�i r�j+1slog� 2j�i+1�(Aj(t))�� K(r)0� 1ri + supt2FXj�i r�j+1slog� 1�(Aj(t))�1A ;ìpou h teleuta�a anisìthta prokÔptei apì ti
(3:1:45) slog� 2j�i+1�(Aj(t))� �plog 2pj � i+ 1 +slog� 1�(Aj(t))�kai(3:1:46) Xj�i pj � i+ 1rj�1 = r�i+2 1Xk=1 pkrk = K(r) � 1ri :Gia na oloklhr¸soume thn apìdeixh arke� na de�xoume ìti(3:1:47) 1ri � K(r) � supt2FXj�i r�j+1slog� 1�(Aj(t))�:ParathroÔme ìti jAi+1j � 2. Diìti, an jAi+1j = 1, tìte ja e�qameAi+1 = Ai = fTgkai h sunj kh (2) ja èdine diam(T ) � 2=ri+1, to opo�o e�nai �topo apì ton orismì



40tou i. AfoÔ loipìn jAi+1j � 2, up�rqei A 2 Ai+1 me �(A) � 1=2. An epilèxoumetuqìn t� 2 A, tìteplog 2ri � r�islog� 1�(Ai+1(t�))�� Xj�i r�j+1slog� 1�(Aj(t�))�� supt2FXj�i r�j+1slog� 1�(Aj(t))�:Me aut n thn parat rhsh, èqoume to zhtoÔmeno. 23.2 KuriarqoÔnta mètra gia upokanonikè
 anel�-xei
'Estw (T; d) èna
 metrikì
 q¸ro
 kai X = (Xt)t2T mia upokanonik  anèlixh. Dh-lad ,(3:2:1) EXt = 0gia k�je t 2 T , kai(3:2:2) P (jXs �Xtj � u) � 2 exp�� u2d2(s; t)�gia k�je t; s 2 T kai k�je u > 0. Gia k�je Borel mètro pijanìthta
 � ston (T; d)or�zoume(3:2:3) 
2(T; d; �) = supt2T Z 10 slog� 1�(B(t; "))�d":Tèlo
, jètoume(3:2:4) 
2(T; d) := inff
2(T; d; �) : � Borel mètro pijanìthta
 ston (T; d)g:Ta epìmena dÔo L mmata d�noun k�poie
 basikè
 (kai qr sime
) idiìthte
 th
 po-sìthta
 
2(T; d).L mma 3.2.1 'Estw (T; d) kai (F; �) dÔo metriko� q¸roi. Upojètoume ìti up�rqeisustol  g pou apeikon�zei ton (T; d) ep� tou (F; �). Tìte,(3:2:5) 
2(F; �) � 
2(T; d):



41Apìdeixh: 'Estw � èna Borel mètro pijanìthta
 ston (T; d). JewroÔme to mètropijanìthta
 � ston (F; �) pou or�zetai apì thn(3:2:6) �(A) = �(g�1(A)):AfoÔ h g e�nai sustol , gia k�je t 2 T kai " > 0 èqoume B(t; ") � g�1(B(g(t); ")).'Ara,(3:2:7) �(B(t; ")) � �(g�1(B(g(t); ")) = �(B(g(t); ")):Qrhsimopoi¸nta
 kai to gegonì
 ìti h g e�nai ep�, gr�foume
2(F; �; �) = supt2F Z 10 slog� 1�(B(t; "))�d"= supt2T Z 10 slog� 1�(B(g(t); "))�d"� supt2T Z 10 slog� 1�(B(t; "))�d"= 
2(T; d; �);�ra(3:2:8) 
2(F; �) � 
2(F; �; �) � 
2(T; d; �):AfoÔ to �  tan tuqìn, pa�rnoume to zhtoÔmeno. 2L mma 3.2.2 'Estw (T; d) metrikì
 q¸ro
 kai F mh kenì uposÔnolo tou T . Tìte,(3:2:9) 
2(F; d) � 2
2(T; d):Apìdeixh: 'Estw Æ > 1. MporoÔme na or�soume Borel metr simh sun�rthshg : T ! F ètsi ¸ste(3:2:10) d(t; g(t)) � Æ inffd(t; s) j s 2 Fg:'Estw � èna Borel mètro pijanìthta
 ston (T; d). JewroÔme to Borel mètro pija-nìthta
 � ston (F; d) pou or�zetai apì thn �(A) = �(g�1(A)).'Estw x 2 F kai t 2 B(x; "). Tìte, d(t; F ) � d(t; x), �ra d(t; g(t)) � Æd(t; x).Epomènw
, d(x; g(t)) � d(x; t) + d(t; g(t)) � (1 + Æ)d(x; t) < (1 + Æ)". Dhlad ,(3:2:11) BT (x; ") � g�1(BF (x; (1 + Æ)")):'Ara,(3:2:12) �(BT (x; ")) � �(g�1(BF (x; (1 + Æ)"))) = �(BF (x; (1 + Æ)")):



42Tìte, 
2(F; d; �) = supx2F Z 10 slog� 1�(BF (x; "))�d"� supx2F Z 10 slog� 1�(BT (x; "=(1 + Æ)))�d"� (1 + Æ) supx2T Z 10 slog� 1�(BT (x; "))�d"= (1 + Æ)
2(T; d; �):Sunep¸
,(3:2:13) 
2(F; d) � 
2(F; d; �) � (1 + Æ)
2(T; d; �):AfoÔ to � kai to Æ > 1  tan tuqìnta, pa�rnoume to zhtoÔmeno. 2To basikì apotèlesma aut 
 th
 paragr�fou e�nai to ex 
.Je¸rhma 3.2.1 Up�rqei stajer� K > 0 me thn ex 
 idiìthta: an (T; d) e�nai èna
metrikì
 q¸ro
 kai X = (Xt)t2T mia upokanonik  anèlixh, tìte(3:2:14) E supt2T Xt � K � 
2(T; d):Apì ton orismì tou 
2(T; d), gia thn apìdeixh tou Jewr mato
 3.2.1 arke� na de�-xoume ìti(3:2:15) E supt2T Xt � K � supt2T Z 10 slog� 1�(B(t; "))�d"gia k�je Borel mètro pijanìthta
 � ston (T; d).Prìtash 3.2.1 'Estw � Borel mètro pijanìthta
 ston (T; d). Upojètoume ìti(3:2:16) S := supt2T Z 10 slog� 1�(B(t; "))�d" < +1;jewroÔme r > 8 kai or�zoume 'j : T ! R+ gia k�je j 2 Z, me(3:2:17) 'j(t) = sup(Z r�j0 slog� 1�(B(t; "))�d" : u 2 T; d(t; u) < 2r�j) :Tèlo
, or�zoume(3:2:18) �(n) = 1r2plogn:



43Tìte, gia k�je s 2 T , j 2 Z kai n 2 N, isqÔei h ex 
 sunepagwg : an ta t1; : : : ; tn 2B(s; r�j) èqoun thn idiìthta(3:2:19) 8p; q � n me p 6= q isqÔei d(tp; tq) � r�j�1;tìte(3:2:20) 'j(s) � r�j�(n) + minl�n 'j+2(tl):Apìdeixh: 'Estw t1; : : : ; tn 2 B(s; r�j) pou ikanopoioÔn thn (3.2.19). Gia k�jel � n jewroÔme tuqìn sl 2 B(tl; 2r�j�2). Tìte,(3:2:21) d(s; sl) � d(s; tl) + d(tl; sl) < r�j + 2r�j�2 < 2r�jkai an l 6= l0, tìte(3:2:22) d(sl; sl0) � d(tl; tl0)� d(tl; sl)� d(tl0 ; sl0) � r�j�1 � 4r�j�2 > 4r�j�2:'Ara, oi mp�le
 B(sl; 2r�j�2) e�nai xène
 an� dÔo. AfoÔ to � e�nai mètro pijanìth-ta
, up�rqei m � n tètoio
 ¸ste(3:2:23) �(B(sm; 2r�j�2)) � 1=n:Apì thn (3.2.21) èqoume sm 2 B(s; 2r�j). Qrhsimopoi¸nta
 kai thn (3.2.23) pa�r-noume'j(s) � Z r�j0 slog� 1�(B(sm; "))�d"� Z r�j�20 slog� 1�(B(sm; "))�d"+ Z 2r�j�2r�j�2 slog� 1�(B(sm; "))�d"� Z r�j�20 slog� 1�(B(sm; "))�d"+ r�j�2plogn:AfoÔ to sm 2 B(tm; 2r�j�2)  tan tuqìn, sumpera�noume ìti(3:2:24) 'j(s) � r�j�2plogn+ 'j+2(tm) � r�j�(n) + minl�n 'j+2(tl);apì ton orismì th
 �. 2ParathroÔme ìti, gia ti
 'j th
 Prìtash
 3.2.1,(3:2:25) S = supt2T supj2Z'j(t):'Ara, h Prìtash 3.2.1 ma
 exasfal�zei ìti: an (T; d) e�nai èna
 metrikì
 q¸ro
 kai� e�nai èna Borel mètro pijanìthta
 ston (T; d) pou ikanopoie� thn (3.2.16), tìtegia r > 8 up�rqoun sunart sei
 'j : T ! R+ me(3:2:26) S := supt2T supj2Z'j(t) < +1



44kai � : N ! R+ me(3:2:27) limn!+1 �(n) = +1;pou ikanopoioÔn to ex 
: An s 2 T , j 2 Z kai t1; : : : ; tn 2 B(s; r�j) me p 6= q =)d(tp; tq) � r�j�1, tìte(3:2:28) 'j(s) � r��j�(n) + minl�n 'j+2(tl);(me � = 1). Sth sunèqeia ja èqoume sto mualì ma
 ti
 'j kai � th
 Prìtash
3.2.1. Autì ìmw
 pou ja qrhsimopoi soume (w
 èna shme�o) e�nai apl¸
 h Ôparxhsunart sewn 'j kai � pou ikanopoioÔn ti
 (3.2.26)-(3.2.28) gia k�poion � > 0.Prìtash 3.2.2 'Estw (T; d) metrikì
 q¸ro
 me peperasmènh di�metro kai r � 2,� > 0. 'Estw i o megalÔtero
 akèraio
 gia ton opo�o diam(T ) � 2r�i. Upojètoumeìti up�rqoun sunart sei
 'j : T ! R+ me S := supt2T supj2Z'j(t) < +1 kai� : N ! R+ me limn!+1 �(n) = +1, pou ikanopoioÔn to ex 
: An s 2 T , j 2 Z kait1; : : : ; tn 2 B(s; r�j) me p 6= q =) d(tp; tq) � r�j�1, tìte'j(s) � r��j�(n) + minl�n 'j+2(tl):Tìte, mporoÔme na broÔme aÔxousa akolouj�a diamer�sewn (Aj)j�i tou T kai apei-kon�sei
 `j : Aj ! N, pou ikanopoioÔn ta ex 
:1. An j > i kai A 2 Aj , tìte(3:2:29) diam(A) � 2r�j :2. An j � i kai A;B e�nai stoiqe�a th
 diamèrish
 Aj+1 ta opo�a perièqontai sto�dio stoiqe�o th
 diamèrish
 Aj , tìte(3:2:30) `j+1(A) 6= `j+1(B):3. Gia k�je t 2 T ,(3:2:31) Xj�i r��j�(`j+1(Aj+1(t))) � 4S;ìpou Aj+1(t) e�nai to stoiqe�o th
 Aj+1 sto opo�o an kei to t.Apìdeixh: Maz� me k�je sÔnolo A 2 Aj , j > i, ja or�soume kai èna diakekrimènoshme�o uj(A) 2 A me thn idiìthta: gia k�je t 2 A,(3:2:32) d(t; uj(A)) � r�j :Apì thn (3.2.32) ja ikanopoie�tai profan¸
 h (3.2.29), opìte ja mènei na exasfa-l�soume mìno ti
 (3.2.30) kai (3.2.31). H kataskeu  ja g�nei epagwgik� w
 pro
j � i.



45Gia j = i jètoume Ai = fTg, `i(T ) = 1 kai epilègoume ui(T ) 2 T tètoio ¸ste(3:2:33) 'i+2(ui(T )) � supt2T 'i+2(t)� S2 :Upojètoume ìti èqoun oriste� h diamèrish Aj , oi fusiko� `j(A) kai ta shme�a uj(A),A 2 Aj , ètsi ¸ste na ikanopoioÔntai oi (3.2.30)-(3.2.32).Gia na or�soume thn Aj+1, arke� na or�soume kat�llhlh diamèrish k�je stoi-qe�ou A th
 Aj . Autì ja g�nei mèsw enì
 epiqeir mato
 {ex�ntlhsh
}:'Estw A 2 Aj . Sto pr¸to b ma, epilègoume t1 2 A tètoio ¸ste(3:2:34) 'j+2(t1) � supt2A 'j+2(t)� 12j�i S2 :JewroÔme san pr¸to komm�ti tou A to D1 := A \ B(t1; r�j�1) kai jètoumeuj+1(D1) = t1, `j+1(D1) = 1.Katìpin, epanalamb�noume thn �dia diadikas�a, antikajist¸nta
 to A me toAnD1 kai suneq�zoume me ton �dio trìpo mèqri na exantl soume to A. Akribèstera:a
 upojèsoume ìti èqoume epilèxei kat�llhla t1; : : : ; tp�1 2 A (kai ta ant�stoiqaDi, uj+1(Di), `j+1(Di)). Br�skoume tp 2 A nSs<p B(ts; r�j�1) tètoio ¸ste(3:2:35) 'j+2(tp) � sup�'j+2(t) : t 2 A n [s<pB(ts; r�j�1)	� 12j�i S2 ;kai jètoume(3:2:36) Dp =  A n [s<pB(ts; r�j�1)! \ B(tp; r�j�1):Tèlo
, or�zoume(3:2:37) uj+1(Dp) = tp kai `j+1(Dp) = p:Parat rhsh: Aut  h kataskeu  stamat�ei met� apì peperasmèno pl jo
 bhm�twn(exantle�tai to A). Pr�gmati, a
 upojèsoume ìti gia k�poio A 2 Aj èqoun g�nei mb mata. Gia k�je p 6= q sto f1; : : : ;mg èqoume d(tp; tq) � r�j�1, �ra(3:2:38) 'j(uj(A)) � r��j�(m) + minl�m 'j+2(tl);ap� ìpou èpetai ìti(3:2:39) �(m) � r�j'j(uj(A)):AfoÔ limn!1 �(n) = +1, to m prèpei na mènei fragmèno (apì k�poia posìthtapou exart�tai apì to uj(A) kai to �). 2Apì ton trìpo kataskeu 
, ta sÔnola Dp e�nai xèna kai ikanopoie�tai h (3.2.30).Ja de�xoume ìti ikanopoie�tai kai h (3.2.31): parathroÔme, ìpw
 kai prin, ìti gia



46k�je p èqoume d(uj(A); tp) � r�j kai ìti an s 6= q sto f1; : : : ; pg tìte d(ts; tq) �r�j�1. 'Ara,(3:2:40) 'j(uj(A)) � r��j�(p) + minl�p 'j+2(tl):Ep�sh
,(3:2:41) tp 2 A n[l<pB(tl; r�j�1):Qrhsimopoi¸nta
 thn (3.2.35) kai thn AnSl<pB(tl; r�j�1) � AnSl0<lB(tl0 ; r�j�1),l � p, pa�rnoume(3:2:42) 'j+2(tl) � 'j+2(tp)� 12j�i S2gia k�je l < p. Apì thn (3.2.40) èpetai ìti(3:2:43) 'j(uj(A)) � r��j�(p) + 'j+2(tp)� 12j�i S2 :Gia to tuqìn t 2 Dp èqoume A = Aj(t), Dp = Aj+1(t) kai `j+1(Aj+1(t)) =`j+1(Dp) = p. 'Ara, h (3.2.43) gr�fetai sth morf (3:2:44) 'j(uj(Aj(t)))) � r��j�(`j+1(Aj+1(t))) + 'j+2(tp)� 12j�i S2 :ParathroÔme ep�sh
 ìtiuj+2(Aj+2(t)) 2 Aj+2(t) � Aj+1(t) = Dp � A n[l<pB(tl; r�j�1);opìte,(3:2:45) 'j+2(tp) � 'j+2(uj+2(Aj+2(t))) � 12j�i S2 :Apì ti
 (3.2.44) kai (3.2.45) blèpoume ìti(3:2:46) 'j(uj(Aj(t)))) � 'j+2(uj+2(Aj+2(t))) + r��j�(`j+1(Aj+1(t))) � S2j�i :Ajro�zonta
 ti
 anisìthte
 (3.2.46) gia j � i sumpera�noume ìti: gia k�je t 2 T ,Xj�i r��j�(`j+1(Aj+1(t))) � 2S + 'i(ui(Ai(t))) + 'i+1(ui+1(Ai+1(t)))� 4S;afoÔ S = supt2T supj2Z'j(t). 'Eqoume loipìn de�xei thn (3.2.31). 2Mia isodÔnamh diatÔpwsh th
 Prìtash
 3.2.2 e�nai h ex 
.



47Prìtash 3.2.3 'Estw (T; d) metrikì
 q¸ro
 me peperasmènh di�metro kai r � 2,� > 0. 'Estw i o megalÔtero
 akèraio
 gia ton opo�o diam(T ) � 2r�i. Upojètoumeìti up�rqoun sunart sei
  j : T ! R+ me S := supt2T supj2Z'j(t) < +1 kai� : N ! R+ me limn!+1 �(n) = +1, pou ikanopoioÔn to ex 
: An s 2 T , j 2 Z kait1; : : : ; tn 2 B(s; r�j) me p 6= q =) d(tp; tq) � r�j�1, tìte(3:2:47) maxl�n  j+2(tl) � r��j�(n) +  j(s):Tìte, isqÔei to sumpèrasma th
 Prìtash
 3.2.2.Apìdeixh: Efarmìzoume thn Prìtash 3.2.2 gia ti
 'j(t) = S �  j(t). 2H epìmenh Prìtash susqet�zei to sumpèrasma th
 Prìtash
 3.2.2 me ta kuriar-qoÔnta mètra.Prìtash 3.2.4 'Estw (T; d) metrikì
 q¸ro
 me peperasmènh di�metro kai èstwr � 2 kai �; � > 0. 'Estw i o megalÔtero
 akèraio
 gia ton opo�o diam(T ) � 2r�i.Upojètoume ìti (Aj)j�i e�nai h aÔxousa akolouj�a diamer�sewn tou T pou d�nei hPrìtash 3.2.2. Eidikìtera, diam(A) � 2r�j an A 2 Aj , kai se k�je A 2 Aj ,j � i, antistoiqe� èna
 arijmì
 `j(A) 2 N ètsi ¸ste: an ta A;B 2 Aj+1 me A 6= Bperièqontai sto �dio stoiqe�o th
 Aj , tìte(3:2:48) `j+1(A) 6= `j+1(B):Tìte, up�rqei mètro pijanìthta
 � ston (T; d) tètoio ¸ste(3:2:49)supt2T Xj>i r��j� log 1�(Aj(t))�1=� � K(�; �; r)�r��i + supt2TXj>i r��j(log `j(Aj(t)))1=��;ìpou K(�; �; r) > 0 stajer� pou exart�tai apì ta �, � kai r.Apìdeixh: Ja d¸soume thn apìdeixh mìno sthn per�ptwsh pou o (T; d) e�nai pe-perasmèno
. Or�zoume epagwgik� arijmoÔ
 wj(A) gia k�je j � i kai A 2 Aj . Giaj = i jètoume wi(T ) = 1.Upojètoume ìti èqoun oriste� oi arijmo� wj�1(A), A 2 Aj�1. Gia k�je B 2 Aj ,jètoume(3:2:50) wj(B) = 14`j(B)2wj�1(A);ìpou A e�nai to stoiqe�o th
 Aj�1 to opo�o perièqei to B. Ajro�zonta
 ti
 (3.2.50)kai qrhsimopoi¸nta
 thn (3.2.48) kai thn Pk�1 1k2 � 2, blèpoume ìti(3:2:51) XB2Aj ;B�Awj(B) � wj�1(A)2 :



48Apì th sqèsh aut , me epagwg  w
 pro
 j, de�qnoume ìti(3:2:52) XA2Aj wj(A) � 12j�i :[Parathr ste ìtiXA2Aj wj(A) = XA2Aj�1 XB2Aj ;B�Awj(B) � 12 XA2Aj�1 wj�1(A) � 12 � 12j�i�1 = 12j�ian proqwr soume me epagwg .℄ Apì thn (3.2.52) èpetai ìti(3:2:53) Xj>i XA2Aj wj(A) = a � 1:Sunep¸
, up�rqei mètro pijanìthta
 � ston (T; d) me thn ex 
 idiìthta: gia k�jej > i kai k�je A 2 Aj ,(3:2:54) �(A) � wj(A):An A 2 Sj�iAj kai k e�nai o mikrìtero
 de�kth
 gia ton opo�o A 2 Ak, or�zoume(3:2:55) �(A) = 1aXj�k XfB2Aj :B�Agwj(B):JewroÔme t¸ra tuqìn t 2 T . Apì ti
 (3.2.50) èqoume ìti(3:2:56) wj(Aj(t)) = 14j�i Yi<k�j `k(Ak(t))�2;�ra(3:2:57)log� 1�(Aj(t))� � log� 1wj(Aj(t))� � log 4 � (j � i) + 2 Xi<k�j log �`k(Ak(t))�:An � � 1, qrhsimopoi¸nta
 thn (x+ y)1=� � x1=� + y1=� pa�rnoume(3:2:58) �log� 1�(Aj(t))��1=� � K(j � i)1=� + 21=� Xi<k�j �log �`k(Ak(t))��1=� :Sunep¸
,Xj>i r��j �log� 1�(Aj(t))��1=� � KXj>i r��j(j � i)1=�+K(�)Xj>i Xi<k�j r��j �log �`k(Ak(t))��1=�



49= KXj>i r��j(j � i)1=�+K(�)Xk>i �Xj�k r��j	 �log �`k(Ak(t))��1=�� Kr��i0�Xn�1 r��nn1=�1A+K(�)Xk>i r��k�Xn�0 r��n	 �log �`k(Ak(t))��1=�� K(r; �)�r��i + supt2T Xj>i r��j (log `j(Aj(t)))1=� �gia k�poia stajer� K(r; �) > 0.An 0 < � < 1, h sun�rthsh x 7! x1=� e�nai kurt , opìte gia k�je epilog pragmatik¸n arijm¸n yk; ak � 0 me Pak = 1 èqoume(3:2:59) �X akyk�1=� �X aky1=�k :Pa�rnonta
 ak = r�(k�j)�=2=Pl�1 r��l�=2 kai jètonta
 xk = log(`(Ak(t))), yk =xk=ak, blèpoume ìti(3:2:60) 0� Xi<k�j xk1A1=� � Xi<k�j a1�1=�k x1=�k :Me aplè
 pr�xei
, apì thn (3.2.57) pa�rnoume(3:2:61)� log 1�(Aj(t))�1=� � K(�; �; r)�(j � i)1=� + Xi<k�j r�(j�k)=2� log(`k(Ak(t)))�1=��:Katìpin, douleÔoume ìpw
 sthn per�ptwsh � � 1. 2Shme�wsh: Se ìle
 ti
 efarmogè
, mpore� kane�
 na upojèsei ìti o (T; d) e�naipeperasmèno
. Gia to lìgo autì akoloujoÔme thn parous�ash tou Talagrand sto[T2℄. H apìdeixh th
 Prìtash
 3.2.4 pou dìjhke parap�nw douleÔei sthn per�ptwshpou h apìstash d ikanopoie� thn d(t; s) � maxfd(t; u); d(u; s)g gia k�je t; u; s 2 T- tìte lème ìti o (T; d) e�nai {ultrametri
}. H basik  idiìthta twn ultrametri
q¸rwn e�nai ìti dÔo mp�le
 me thn �dia akt�na sump�ptoun   e�nai xène
. Se aut thn per�ptwsh, h akolouj�a diamer�sewn (Aj) th
 Prìtash
 3.2.2 apotele�tai apìxène
 mp�le
 twn opo�wn oi di�metroi te�noun sto 0 kaj¸
 j !1. Tìte, to mètro �pou or�sthke apì thn (3.2.55) sthn �lgebra Sj�iAj , epekte�netai qwr�
 prìblhmasthn Borel �-�lgebra tou (T; d). H genik  per�ptwsh kalÔptetai sto bibl�o twnLedoux kai Talagrand.



50Je¸rhma 3.2.2 'Estw (T; d) metrikì
 q¸ro
 me peperasmènh di�metro, kai èstwr � 2. 'Estw i o megalÔtero
 akèraio
 gia ton opo�o diam(T ) � 2r�i. Upojètoumeìti up�rqoun sunart sei
 'j : T ! R+ me S := supt2T supj2Z'j(t) < +1 pouikanopoioÔn to ex 
: An s 2 T , j 2 Z kai t1; : : : ; tn 2 B(s; r�j) me p 6= q =)d(tp; tq) � r�j�1, tìte 'j(s) � r�j�2plogn+minl�n 'j+2(tl):Tìte, mporoÔme na broÔme aÔxousa akolouj�a diamer�sewn (Aj)j�i tou T me thnidiìthta diam(A) � 2r�j an A 2 Aj , kai mètro pijanìthta
 � ston (T; d), tètoia¸ste(3:2:62) supt2T Xj>i r�jslog� 1�(Aj(t))� � K(r) � S;ìpou K(r) > 0 stajer� pou exart�tai mìno apì to r, kai Aj(t) to stoiqe�o th
 Ajsto opo�o an kei to t.Apìdeixh: JewroÔme thn akolouj�a diamer�sewn (Aj) kai ti
 apeikon�sei
 `j :Aj ! N pou ma
 d�nei h Prìtash 3.2.2. Tìte,(3:2:63) supt2TXj�i r�jqlog �`j+1(Aj+1(t))� � 4S:Ep�sh
, oi `j ikanopoioÔn thn (3.2.48), opìte efarmìzonta
 thn Prìtash 3.2.4 mpo-roÔme na broÔme mètro pijanìthta
 � ston (T; d) tètoio ¸ste(3:2:64)supt2T Xj>i r�jslog� 1�(Aj(t))� � K(r)0�r�i + supt2TXj>i r�jqlog �`j(Aj(t))�1A :Sundu�zonta
 ti
 parap�nw anisìthte
 pa�rnoumesupt2TXj>i r�jslog� 1�(Aj(t))� � K(r)0�r�i + supt2T Xj�i r�jr qlog �`j+1(Aj+1(t))�1A� K1(r) � (r�i + S):Mènei na de�xoume ìti r�i � K2(r)S. Apì ton orismì tou i, up�rqoun t 6= s stonT me t 2 B(s; r�i) kai d(s; t) � r�i�1. Apì thn upìjesh tou Jewr mato
, èqoume(3:2:65) S � 'i(s) � r�iplog 2;dhlad  to zhtoÔmeno. 2MporoÔme t¸ra na de�xoume to Je¸rhma 3.2.1 sthn per�ptwsh pou o (T; d) e�naipeperasmèno
 metrikì
 q¸ro
.



51Je¸rhma 3.2.3 Up�rqei stajer� K > 0 me thn ex 
 idiìthta: an (T; d) e�nai èna
peperasmèno
 metrikì
 q¸ro
 kai X = (Xt)t2T mia upokanonik  anèlixh, tìte(3:2:66) E supt2T Xt � K � 
2(T; d):Apìdeixh: 'Estw � mètro pijanìthta
 ston (T; d), me(3:2:67) S := supt2T Z 10 slog� 1�(B(t; "))�d" < +1:StajeropoioÔme r > 8 kai or�zoume 'j : T ! R+ gia k�je j 2 Z, me(3:2:68) 'j(t) = sup(Z r�j0 slog� 1�(B(t; "))�d" : u 2 T; d(t; u) � 2r�j) :Parathr ste ìti(3:2:69) supt2T supj2Z'j(t) = S:An �(n) = 1r2plogn, h Prìtash 3.2.1 de�qnei ìti ikanopoioÔntai oi upojèsei
 touJewr mato
 3.2.2. 'Ara, mporoÔme na broÔme aÔxousa akolouj�a diamer�sewn(Aj)j�i tou T pou ikanopoie� ti
 upojèsei
 tou Jewr mato
 3.1.4, kai mètro pi-janìthta
 � ston (T; d), tètoia ¸ste(3:2:70) supt2TXj>i r�jslog� 1�(Aj(t))� � K(r) � S;ìpou K(r) > 0 stajer� pou exart�tai mìno apì to r, kai Aj(t) to stoiqe�o th
 Ajsto opo�o an kei to t. Apì to Je¸rhma 3.1.4 èqoume(3:2:71) E supt2T Xt � K1(r) � supt2T Xj>i 1rjslog� 1�(Aj(t))�:Sundu�zonta
 ti
 (3.2.70) kai (3.2.71) pa�rnoume(3:2:72) E supt2F Xt � K2(r) � S;kai h (3.2.67) oloklhr¸nei thn apìdeixh. 2Apìdeixh tou Jewr mato
 3.2.1: Apì to L mma 3.2.2, gia k�je peperasmènouposÔnolo F tou T ,(3:2:73) 
2(F; d) � 2
2(T; d):



52Apì to Je¸rhma 3.2.3, gia k�je peperasmèno F � T ,(3:2:74) E supt2F Xt � K � 
2(F; d) � 2K � 
2(T; d);ìpou K > 0 apìluth stajer�. Sunep¸
,(3:2:75) E supt2T Xt := sup�E supt2F Xt : F � T; jF j < +1� � 2K � 
2(T; d): 2
3.3 Anel�xei
 tou Gauss: to k�tw fr�gmaSe aut  thn par�grafo epistrèfoume sto pla�sio twn anel�xewn tou Gauss. 'Estw(T; d) metrikì
 q¸ro
, kai èstw X = (Xt)t2T mia anèlixh tou Gauss me thn idiìthta(3:3:1) kXt �Xsk2 = d(t; s)gia k�je t; s 2 T . To Je¸rhma tou Talagrand gia ta kuriarqoÔnta mètra e�nai toex 
.Je¸rhma 3.3.1 Up�rqei apìluth stajer� K > 0 me thn ex 
 idiìthta: an (T; d)e�nai èna
 metrikì
 q¸ro
 me peperasmènh di�metro, kai an X = (Xt)t2T e�nai miaanèlixh tou Gauss pou ikanopoie� thn (3:3:1), tìte(3:3:2) 1K � 
2(T; d) � E supt2T Xt � K � 
2(T; d):H dexi� anisìthta e�nai eidik  per�ptwsh tou Jewr mato
 3.2.1 gia ti
 upo-kanonikè
 anel�xei
. Gia thn arister  anisìthta, arke� na de�xoume thn parak�twPrìtash.Prìtash 3.3.1 'Estw r > 2 kai èstw i o megalÔtero
 akèraio
 gia ton opo�odiam(T ) � 2r�i. An o r e�nai arket� meg�lo
, tìte oi sunart sei
 'j : T ! R+ ,j � i, me(3:3:3) 'j(t) := E supfXu j u 2 B(t; 2r�j)gikanopoioÔn thn akìloujh sunj kh: an t1; : : : ; tn 2 B(s; r�j) kai tp 6= tq =)d(tp; tq) � r�j�1, tìte(3:3:4) 'j(s) � r�j 1K(r)plogn+minl�n 'j+2(tl);ìpou K(r) > 0 stajer� pou exart�tai mìno apì to r.



53Gia thn apìdeixh th
 Prìtash
 3.3.1, ja qreiastoÔme k�poia L mmata. Topr¸to e�nai h anisìthta tou Sudakov.L mma 3.3.1 An ta t1; : : : ; tn 2 T ikanopoioÔn thn l 6= l0 =) d(tl; tl0) � �, tìte(3:3:5) E supl�nXtl � 1K1�plogn;ìpou K1 > 0 apìluth stajer�.Apìdeixh: 'Ameso, apì to L mma 2.4.1 kai thn (3.3.1). 2To deÔtero L mma e�nai mia polÔ shmantik  sunèpeia th
 isoperimetrik 
 ani-sìthta
 sto q¸ro tou Gauss.L mma 3.3.2 'Estw Z = (Zt)t2S mia peperasmènh anèlixh tou Gauss. Or�zoume(3:3:6) � := supt2S kZtk2:Tìte, gia k�je u > 0 èqoume(3:3:7) P ��� supt2S Zt � E supt2S Zt�� � K2�u� � 2e�u2 ;ìpou K2 > 0 apìluth stajer�.Apìdeixh: MporoÔme na upojèsoume ìti S = f1; : : : ; ng. JewroÔme to tuqa�-o di�nusma G = (Z1; : : : ; Zn) ston Rn . Up�rqei n � n p�naka
 A tètoio
 ¸stedist(G) = dist(AN), ìpou N tupik  kanonik  tuqa�a metablht  ston Rn . Or�zoumeF : Rn ! R me(3:3:8) F (x) = maxi�n hAx; eii;ìpou fe1; : : : ; eng h sun jh
 orjokanonik  b�sh tou Rn . Tìte,(3:3:9) P �maxi�n Zi 2 B� = P �maxi�n (AN)i 2 B� = 
n(fx : F (x) 2 Bg):An x; y 2 Rn , tìtejF (x)� F (y)j � maxi�n jhA(x � y); eiij� maxi�n nXj=1 jaij � (xj � yj)j� maxi�n 0� nXj=1 a2ij1A1=2 kx� yk2= maxi�n �EZ2i �1=2 kx� yk2= � � kx� yk2;



54dhlad , h F e�nai Lips
hitz suneq 
 me stajer� �. Apì thn isoperimetrik  anisìthtasto q¸ro tou Gauss, gia k�je u > 0 èqoume(3:3:10) 
n�x j ��F (x)� Z F �� � K2�u� � 2e�u2 ;ìpou K2 > 0 apìluth stajer�. Apì thn (3.3.9) èpetai to sumpèrasma. 2L mma 3.3.3 'Estw � > 0 kai t1; : : : ; tn 2 T . Upojètoume ìti an l; l0 � n kail 6= l0, tìte d(tl; tl0) � �. Gia k�je l � n jewroÔme tuqìn sÔnolo Al � B(tl; �), kaijètoume(3:3:11) A := [l�nAl:Tìte,(3:3:12) E supt2AXt � �K1plogn� �K3plogn+minl�n E supt2Al Xt;ìpou K1;K3 > 0 apìlute
 stajerè
.Apìdeixh: Gia k�je l � n jewroÔme thn tuqa�a metablht (3:3:13) Yl := supt2Al(Xt �Xtl) = supt2AlXt �Xtl � 0:Qrhsimopoi¸nta
 to L mma 3.3.2 gia thn (Xt �Xtl)t2Al , èqoume(3:3:14) P ��� supt2Al(Xt �Xtl)� E supt2Al(Xt �Xtl)�� � K2�u� � 2e�u2 ;gia k�je u > 0, dhlad (3:3:15) P ���Yl � EYl �� � K2�u� � 2e�u2gia k�je u > 0. An or�soume(3:3:16) h := maxl�n jYl � EYl j;tìte(3:3:17) P (h � K2�u) = P �maxl�n jYl � EYl j � K2�u� � 2ne�u2 :H (3.3.17) kai aplè
 pr�xei
 de�qnoun ìti(3:3:18) Eh = Z 10 P (h � s)ds � K3�plogn;



55ìpou K3 > 0 apìluth stajer�.Gia k�je l � n èqoume h � jYl � EYl j, �ra(3:3:19) Yl � EYl � h � minl�n EYl � h;opìte,(3:3:20) supt2AlXt = Xtl + Yl � Xtl +minl�n EYl � h:'Epetai ìti(3:3:21) supt2AXt � maxl�n Xtl +minl�n EYl � h;ap� ìpou pa�rnoumeE supt2AXt � E maxl�n Xtl +minl�n E � supt2AlXt �Xtl�� Eh= E maxl�n Xtl +minl�n E supt2Al Xt � Eh:To zhtoÔmeno èpetai apì to L mma 3.3.1 kai thn (3.3.18). 2Apìdeixh th
 Prìtash
 3.3.1: 'Estw s 2 T , j 2 Z, n 2 N, kai èstw t1; : : : ; tn 2B(s; r�j) pou ikanopoioÔn thn tl 6= tl0 =) d(tl; tl0) � r�j�1.Gia k�je l � n jewroÔme to sÔnolo Al = B(tl; 2r�j�2). Parathr ste ìti(3:3:22) A := [l�nAl � B(s; 2r�j):Efarmìzonta
 to L mma 3.3.3 me � = r�j�1 kai � = 2r�j�2, pa�rnoumeE supt2B(s;2r�j )Xt � E supt2AXt� r�j�1K1 plogn� 2r�j�2K3plogn+minl�n E supt2B(tl ;2r�j�2)Xt;dhlad ,(3:3:23) 'j(s) � � 1K1r � 2K3r2 � r�jplogn+minl�n 'j+2(tl):An r � 4K3 �K1, h (3.3.23) pa�rnei th morf (3:3:24) 'j(s) � 12K1r r�jplogn+minl�n 'j+2(tl);dhlad  èqoume to sumpèrasma th
 Prìtash
, me K(r) = 2K1r. 2



56Apìdeixh tou Jewr mato
 3.3.1: 'Estw i o megalÔtero
 akèraio
 gia ton opo�odiam(T ) � 2r�i. ParathroÔme ìti(3:3:25) E supt2T Xt = S := supj2Zsupt2T 'j(t);ìpou(3:3:26) 'j(t) := E supfXu j u 2 B(t; 2r�j)g:An S < 1, h Prìtash 3.3.1 ma
 exasfal�zei ìti ikanopoioÔntai oi upojèsei
 touJewr mato
 3.2.2. 'Ara, up�rqei mètro pijanìthta
 � ston T kai up�rqei aÔxousaakolouj�a (Aj)j�i diamer�sewn tou T me diam(A) � 2r�j gia k�je j � i kaiA 2 Aj , ètsi ¸ste(3:3:27) supt2T Xj>i r�jslog� 1�(Aj(t))� � K(r) � S;ìpou Aj(t) to stoiqe�o th
 Aj to opo�o perièqei to t. 'Omw
, gia k�je t 2 T kaij � i èqoume(3:3:28) Aj(t) � B(t; 2r�j);�ra(3:3:29) supt2T Xj>i r�jslog� 1�(B(t; 2r�j))� � supt2TXj>i r�jslog� 1�(Aj(t))�;kai apl  sÔgkrish oloklhr¸mato
-ajro�smato
 de�qnei ìto(3:3:30) K1(r) Z 10 slog� 1�(B(t; "))�d" �Xj>i r�jslog� 1�(B(t; 2r�j))�:Apì ta parap�nw sumpera�noume ìti(3:3:31) K2(r) � 
2(T; d; �) � S = E supt2T Xt;�ra(3:3:32) K2(r) � 
2(T; d) � S = E supt2T Xt: 2Ta Jewr mata 3.2.1 kai 3.3.1 sundu�zontai w
 ex 
: 'Estw Z = (Zt)t2T miaanèlixh tou Gauss ston (
;A; P ). JewroÔme thn apìstash(3:3:33) d(t; s) = kZt � Zsk2:



57ston T kai upojètoume ìti o (T; d) èqei peperasmènh di�metro. An upojèsoume ìti(Xt)t2T e�nai mia deÔterh anèlixh se k�poion �llo q¸ro pijanìthta
 (
1;A1; P1),h opo�a e�nai upokanonik  w
 pro
 thn d, tìte(3:3:34) E supt2T Xt � K1 � 
2(T; d)apì to Je¸rhma 3.2.3, kai(3:3:35) 
2(T; d) � K2 � E supt2T Ztapì to Je¸rhma 3.3.1, ìpouK1;K2 > 0 apìlute
 stajerè
. 'Eqoume loipìn to ex 
je¸rhma sÔgkrish
.Je¸rhma 3.3.2 'Estw (T; d) metrikì
 q¸ro
 me peperasmènh di�metro. An h(Xt)t2T e�nai upokanonik  w
 pro
 thn d kai h (Zt)t2T e�nai anèlixh tou Gauss{sumbibast } me thn d, tìte(3:3:36) E supt2T Xt � K � E supt2T Zt;ìpou K > 0 e�nai mia apìluth stajer�. 2Anaforè
: Sto Kef�laio autì akoloujoÔme thn ergas�a [T2℄ tou Talagrand. ToJe¸rhma 3.2.1 èqei san afethr�a tou ti
 ergas�e
 [Pr 1,2℄ kai ousiastik� apode�-qthke apì ton Fernique [Fer℄. H parous�ash ed¸ e�nai diaforetik : o Talagrandapèdeixe ta Jewr mata 3.3.1 kai 3.3.2 sto [T1℄, kai anèptuxe teqnikè
 pou efar-mìzontai kai sthn per�ptwsh twn upokanonik¸n anel�xewn. Me autìn ton trìpo, hapìdeixh twn Jewrhm�twn 3.2.1 kai 3.3.1 g�netai enia�a.Gia thn isoperimetrik  anisìthta sto q¸ro touGauss kai thn anisìthta (3.3.10)parapèmpoume sta bibl�a twn Ledoux [Led℄ kai Ledoux-Talagrand [LT℄.
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Kef�laio 4KuriarqoÔnta mètra seelleiyoeid 
4.1 To Je¸rhma twn kuriarqoÔntwn mètrwn gia el-leiyoeid 'Estw (an) mia fj�nousa akolouj�a jetik¸n pragmatik¸n arijm¸n me(4:1:1) Xn�1 a2n <1:JewroÔme to elleiyoeidè
 E ston `2 pou perigr�fetai apì thn(4:1:2) E = �t = (tn)n 2 `2 jXn�1 t2n=a2n � 1�Skopì
 ma
 se autì to Kef�laio e�nai na melet soume analutik� thn anèlixh touGauss X = (Xt)t2E me(4:1:3) Xt =Xn�1 tngn;ìpou (gn)n e�nai mia akolouj�a anex�rthtwn N(0; 1) tuqa�wn metablht¸n.O upologismì
 th
 E supt2EXt den parousi�zei duskol�e
.Prìtash 4.1.1 An E e�nai to elleiyoeidè
 th
 (4:1:2) kai Xt =Pn�1 tngn, t 2 E,tìte(4:1:4) E supt2EXt ' 0�Xn�1 a2n1A1=2 :59



60Apìdeixh: 'Estw (en)n h sun jh
 orjokanonik  b�sh tou `2. ParathroÔme ìti(4:1:5) supt2EXt = supt2E 
Xn�1(tn=an)en;Xn�1angnen� = 0�Xn�1 a2ng2n1A1=2 :Apì thn anisìthta Cau
hy-S
hwarz,(4:1:6) E 0�Xn�1 a2ng2n1A1=2 � 0�E�Xn�1 a2ng2n�1A1=2 = 0�Xn�1 a2n1A1=2 :Apì thn �llh pleur�, h (4.1.5) de�qnei ìti(4:1:7) supt2EXt �  NXn=1 a2ng2n!1=2gia k�je N 2 N, opìte qrhsimopoi¸nta
 ton kanìna tou parallhlogr�mmou pa�r-noume E supt2EXt � E  Ave"n=�1�� NXn=1 "nangn��2!1=2� E  Ave"n=�1�� NXn=1 "nangn��!=  NXn=1 a2n!1=2 � E jgj;afoÔ h PNn=1 "nangn èqei thn �dia katanom  me thn �PNn=1 a2n�1=2 � jgj gia k�jeepilog  pros mwn "n = �1. EÔkola upolog�zoume ìti E jgj =p2=�, kai af nonta
to N !1 pa�rnoume(4:1:8) E supt2EXt �r 2� �0�Xn�1 a2n1A1=2 : 2'Opw
 de�qnei h Prìtash 4.1.1, o upologismì
 th
 E supt2EXt e�nai eÔkolo
.Autì ìmw
 pou jèloume na suzht soume e�nai h akr�beia twn diafìrwn fragm�twnpou suzht same sta dÔo prohgoÔmena Kef�laia. Ja xekin soume apì thn anisìthtatou Dudley.'Estw E to elleiyoeidè
 th
 (4:1:2). Gia k�je k 2 Z or�zoume(4:1:9) Ik := fn 2 N : 2�k � an < 2�k+1g



61kai(4:1:10) Jk := fn 2 N : 2�k � ang = [l�k Ik :Tèlo
, jètoume(4:1:11) nk = jIk j kai mk = jJkj =Xl�k nk:Apì thn upìjesh èqoume an ! 0, �ra nk;mk <1. Me N(E; t) sumbol�zoume tonarijmì k�luyh
 tou E apì mp�le
 tou `2 akt�na
 t > 0.L mma 4.1.1 Gia k�je k 2 Z,(4:1:12) N(E; 2�k�1) � 2mk :Apìdeixh: JewroÔme to q¸ro Hk twn akolouji¸n (tn)n2Jk me thn `2-nìrma, kaithn probol  P : `2 ! Hk me(4:1:13) P ((tn)n�1) = (tn)n2Jk :An E � SNi=1B(ti; 2�k�1), tìte profan¸
 P (E) � SNi=1 B(P (ti); 2�k�1). 'Ara,(4:1:14) N(E; 2�k�1) � N(P (E); 2�k�1):Ep�sh
, an sumbol�soume me B thn Eukle�deia monadia�a mp�la tou Hk, parath-roÔme ìti(4:1:15) 2�kB � P (E):[Pr�gmati: an s = (sn)n2Jk 2 2�kB, mporoÔme na or�soume t = (tn)n�1 me tn = snan n 2 Jk kai tn = 0 an n =2 Jk. Tìte,(4:1:16) Xn�1 t2na2n = Xn2Jk t2na2n � 22k Xn2Jk s2n � 1;dhlad  t 2 E, kai P (t) = s.℄Apì thn (4.1.15) pa�rnoume(4:1:17) N(P (E); 2�k�1) � N(2�kB; 2�k�1) = N(B; 1=2):An N = N(B; 1=2), up�rqoun t1; : : : ; tN 2 Hk me B � Si�N (ti + (1=2)B). 'Ara,jBj � N � j(1=2)Bj. 'Epetai ìti(4:1:18) N � 2jJkj = 2mk :Apì ti
 (4.1.14), (4.1.17) kai (4.1.18) èqoume to zhtoÔmeno. 2



62 Apì to L mma 4.1.1, gia k�je k 2 Z èqoume(4:1:19) 2�kqlogN(E; 2�k�1) �plog 2 � 2�kpmk �plog 2 � 2�kpnk:'Ara,(4:1:20) Xk2Z2�kpnk � 
1Xk2Z2�kqlogN(E; 2�k�1) � 
2 Z 10 plogN(E; ")d":Apì thn �llh pleur�,(4:1:21) Xn�1 a2n �Xk2Z(2�k+1)2nk = 4Xn�1 2�2knk:Oi dÔo autè
 anisìthte
 ma
 upodeiknÔoun thn akìloujh Prìtash.Prìtash 4.1.2 Up�rqei akolouj�a (an)n jetik¸n pragmatik¸n arijm¸n, tètoia¸ste(4:1:22) Xn a2n < +1kai(4:1:23) Z 10 plogN(E; ")d" = +1;ìpou E to elleiyoeidè
 ston `2 pou or�zetai apì thn (4:1:2).Apìdeixh: Arke� na epilèxoume nk 2 N, k 2 Z, tètoiou
 ¸ste(4:1:24) Xk2Z2�2knk < +1 kai Xk2Z2�kpnk = +1;kai na or�soume tou
 an > 0 ètsi ¸ste h (4.1.21) na g�nei {isìthta} (gia k�je kpa�rnoume nk ìrou
 th
 (an)n �sou
 me 2�k). 2Blèpoume loipìn ìti to fr�gma tou Dudley den e�nai akribè
 (akìma ki anperioristoÔme sthn polÔ fusiologik  kl�sh paradeigm�twn pou melet�me ed¸).Ja d¸soume èna �llo fr�gma {tÔpou Dudley} pou d�nei p�nta thn akrib  t�xhmegèjou
 th
 E supt2E Xt.L mma 4.1.2 Gia k�je k 2 Z,(4:1:25) logN(E; 2�k+1) � 
Xl�k(k � l + 3)nl:



63Apìdeixh: Gia to tuqìn t = (tn)n 2 E èqoume(4:1:26) Xn=2Jk t2n = Xn=2Jk a2n t2na2n � 2�2k Xn=2Jk t2na2n � 2�2k:An loipìn or�soume(4:1:27) E0 = �t = (tn)n2Jk 2 Hk j Xn2Jk t2na2n � 1	;tìte(4:1:28) N(E; 2�k+1) � N(E0; 2�k):[Pr�gmati: èstw t1; : : : ; tN 2 Hk me E0 � SNi=1B(ti; 2�k). Gia k�je t 2 E jew-roÔme thn probol  P (t) tou t ston Hk. Tìte P (t) 2 E0, �ra up�rqei i = i(t) � Ntètoio
 ¸ste kP (t)� tik2 � 2�k. Apì thn (4.1.26),(4:1:29) kt� tik2 � kt� P (t)k2 + kP (t)� tik2 � 2�k + 2�k = 2�k+1;dhlad , E � SNi=1 B(ti; 2�k+1).℄Gia na ektim soume ton N(E0; 2�k), jewroÔme Z � E0 megistikì w
 pro
 thn(4:1:30) t 6= s 2 Z =) ks� tk2 � 2�k:Tìte,(4:1:31) N(E0; 2�k) � jZj:Ep�sh
, oi mp�le
 B(t; 2�k�1), t 2 Z èqoun xèna eswterik� kai perièqontai stoE0 + 2�k�1B, ìpou B h Eukle�deia monadia�a mp�la tou Hk. Sunep¸
,(4:1:32) jZj � j2�k�1Bj � jE0 + 2�k�1Bj:ParathroÔme ìti 2�kB � E0: an �Pn2Jk t2n�1=2 � 2�k, tìte(4:1:33)  Xn2Jk t2na2n!1=2 � 2k Xn2Jk t2n!1=2 � 1;�ra t = (tn)n2Jk 2 E0. 'Epetai ìti(4:1:34) jZj � jBj � 2(k+1)mk � j2E0j = 2(k+2)mk � jE0j:Tèlo
, parathroÔme ìti E0 = T (B) ìpou T : Hk ! Hk o diag¸nio
 telest 
 meT (en) = anen, n 2 Jk. 'Ara,(4:1:35) jE0j = jBj � Yn2Jk an � jBj �Yl�k 2(�l+1)nl :



64Sundu�zonta
 ti
 (4.1.34) kai (4.1.35) katal goume sthn(4:1:36) jZj � 2(k+2)mkYl�k 2(�l+1)nl =Yl�k 2(k�l+3)nl :Apì ti
 (4.1.28) kai (4.1.31) èqoume to sumpèrasma. 2Je¸rhma 4.1.1 'Estw E to elleiyoeidè
 ston `2 pou or�zetai apì thn (4:1:2). Tìte,(4:1:37) Z 10 " logN(E; ")d" 'Xn�1 a2n:Apìdeixh: EÔkola de�qnoume ìti up�rqoun apìlute
 stajerè
 K1;K2 > 0 tètoie
¸ste(4:1:38)K1Xk2Z2�2k logN(E; 2�k�1) � Z 10 " logN(E; ")d" � K2Xk2Z2�2k logN(E; 2�k):Apì to L mma 4.1.2,Xk2Z2�2k logN(E; 2�k) � 
Xk2Z Xl�k+1 2�2k(k � l + 4)nl= 
Xl2Znl Xk>l 2�2k(k � l + 4)!= 
Xl2Z2�2lnl 1Xs=1 s+ 422s !� 
1Xl2Z2�2lnl� 
3Xn�1a2n:Apì to L mma 4.1.1,Xk2Z2�2k logN(E; 2�k�1) � 
4Xk2Z2�2kmk = 
4Xk2ZXl�k 2�2knl= 
4Xl2Z0�Xk�l 2�2k1Anl � 
5Xl2Z2�2lnl� 
6Xn�1 a2n:Sundu�zonta
 autè
 ti
 dÔo anisìthte
 me thn (4.1.38) pa�rnoume thn (4.1.37). 2



65Parat rhsh: Gia �; � > 0 or�zoume(4:1:39) R�;�(E) = �Z 10 "��1� logN(E; ")��=�d"�1=� :Parathr ste ìti(4:1:40) R2;1(E) = Z 10 plogN(E; ")d"en¸(4:1:41) R2;2(E) = �Z 10 " logN(E; ")d"�1=2 :Me autì to sumbolismì, ta apotelèsmata aut 
 th
 paragr�fou de�qnoun ìti giak�je E èqoume(4:1:42) E supt2EXt ' R2;2(E);en¸ up�rqoun parade�gmata elleiyoeid¸n E gia ta opo�a R2;1(E) =1.4.2 To Je¸rhma tou elleiyoeidoÔ
'Estw (T; d) metrikì
 q¸ro
. Gia k�je �; � > 0 or�zoume(4:2:1) 
�;�(T; d; �) := supt2T  Z 10 "��1�log 1�(B(t; "))��=� d"!1=� ;kai(4:2:2) 
�;�(T; d) := inf� 
�;�(T; d; �);ìpou to in�mum pa�rnetai p�nw ap� ìla ta Borel mètra pijanìthta
 ston (T; d).Parathr ste ìti, me to sumbolismì tou prohgoÔmenou Kefala�ou,(4:2:3) 
2;1(T; d) = 
2(T; d):Oi parak�tw idiìthte
 th
 
�;�(T; d) prokÔptoun eÔkola apì ton orismì.L mma 4.2.1 'Estw (T; d) metrikì
 q¸ro
 kai �; � > 0. Tìte,(4:2:4) diam(T ) � K(�; �)
�;�(T; d);ìpou K(�; �) > 0 stajer� pou exart�tai apì ta �; �.



66Apìdeixh: Jètoume D := diam(T ) kai jewroÔme u; v 2 T me d(u; v) � 2D=3.Tìte, oi mp�le
 B(u;D=3) kai B(v;D=3) e�nai xène
. An � e�nai èna Borel mètropijanìthta
 ston (T; d), èqoume(4:2:5) minf�(B(u;D=3)); �(B(v;D=3))g � 1=2;dhlad  up�rqei w 2 T (k�poio apì ta u; v) tètoio ¸ste(4:2:6) log 1�(B(w; ")) � log 2gia k�je " 2 [0; D=3℄. 'Epetai ìtisupt2T  Z 10 "��1�log 1�(B(t; "))��=� d"!1=� �  Z D=30 "��1(log 2)�=�d"!1=�= (log 2)1=���1=�D3 ;kai afoÔ to �  tan tuqìn, pa�rnoume thn (4.2.4). 2L mma 4.2.2 'Estw (T1; d1), (T2; d2) metriko� q¸roi kai �; � > 0. Upojètoumeìti up�rqoun M > 0 kai � : T1 ! T2 Borel metr simh kai ep� sun�rthsh me thnidiìthta(4:2:7) d2(�(x); �(y)) �Md1(x; y)gia k�je x; y 2 T1. Tìte,(4:2:8) 
�;�(T2; d2) �M � 
�;�(T1; d1):Apìdeixh: Gr�foume Bi gia thn anoiqt  mp�la w
 pro
 di, i = 1; 2. Apì thn(4.2.7) èqoume(4:2:9) B1(x; "=M) � ��1(B2(�(x); "))gia k�je x 2 T1 kai " > 0. An loipìn or�soume to mètro �(�) ston (T2; d2) me�(�)(A) = �(��1(A)), to �(�) e�nai Borel mètro pijanìthta
 kai(4:2:10) ��B1(x; "=M)� � �(�)�(B2(�(x); ")))gia k�je x 2 T1 kai " > 0. Qrhsimopoi¸nta
 thn (4.2.10) kai to gegonì
 ìti h �e�nai ep� tou T2, elègqoume eÔkola ìti(4:2:11) 
�;�(T2; d2; �(�)) �M � 
�;�(T1; d1; �);kai autì apodeiknÔei to L mma. 2



67L mma 4.2.3 'Estw (T; d) metrikì
 q¸ro
 kai F mh kenì uposÔnolo tou T . Tìte,(4:2:12) 
�;�(F; d) � 2
�;�(T; d):Apìdeixh: 'Estw Æ > 1. MporoÔme na broÔme Borel metr simh sun�rthsh g : T !F ètsi ¸ste(4:2:13) d(t; g(t)) � Æ inffd(t; s) j s 2 Fg:'Estw � èna Borel mètro pijanìthta
 ston (T; d). JewroÔme to mètro pijanìthta
� ston (F; d) pou or�zetai apì thn �(A) = �(g�1(A)).'Estw x 2 F kai t 2 B(x; "). Tìte, d(t; F ) � d(t; x), �ra d(t; g(t)) � Æd(t; x).Epomènw
, d(x; g(t)) � d(x; t) + d(t; g(t)) � (1 + Æ)d(x; t) < (1 + Æ)". Dhlad ,(4:2:14) BT (x; ") � g�1(BF (x; (1 + Æ)")):'Ara,(4:2:15) �(BT (x; ")) � �(g�1(BF (x; (1 + Æ)"))) = �(BF (x; (1 + Æ)")):Tìte,
�;�(F; d; �) = supx2F  Z 10 "��1�log 1�(BF (x; "))��=� d"!1=�� supx2F  Z 10 "��1�log 1�(BT (x; "=(1 + Æ)))��=� d"!1=�� (1 + Æ) supx2T  Z 10 "��1�log 1�(BT (x; "))��=� d"!1=�= (1 + Æ)
�;�(T; d; �):Sunep¸
,(4:2:16) 
�;�(F; d) � 
�;�(F; d; �) � (1 + Æ)
�;�(T; d; �):AfoÔ to � kai to Æ > 1  tan tuqìnta, pa�rnoume to zhtoÔmeno. 2L mma 4.2.4 'Estw �(Ti; di)�ki=1 akolouj�a metrik¸n q¸rwn. JewroÔme to metri-kì q¸ro T = 
i�kTi kai ti
 apost�sei
(4:2:17) d(x; y) =  kXi=1 d2i (xi; yi)!1=2kai(4:2:18) Æ(x; y) = kXi=1 di(xi; yi);



68ìpou x = (xi), y = (yi). Gia k�je i � k jewroÔme èna Borel mètro pijanìthta
 �iston (Ti; di), kai or�zoume � = 
�i to mètro ginìmeno ston (T; d). An �; � > 0 kai� � �, tìte(4:2:19) 
�;�(T; d; �) �  kXi=1 
�;�(Ti; di; �i)2�=(�+2)!1=2+1=�kai(4:2:20) 
�;�(T; Æ; �) �  kXi=1 
�;�(Ti; di; �i)�=(�+1)!1+1=�en¸ an � � �, tìte(4:2:21) 
�;�(T; d; �) �  kXi=1 
�;�(Ti; di; �i)2�=(�+2)!1=2+1=�kai(4:2:22) 
�;�(T; Æ; �) �  kXi=1 
�;�(Ti; di; �i)�=(�+1)!1+1=� :Apìdeixh: 'Estw xi 2 Ti kai x = (x1; : : : ; xk) 2 T . JewroÔme jetikoÔ
 pragmati-koÔ
 arijmoÔ
 �1; : : : ; �k me �21 + � � � + �2k = 1. Gia k�je " > 0 isqÔei to ex 
: anyi 2 Ti me di(xi; yi) < �i" kai an jèsoume y = (y1; : : : ; yk), tìte(4:2:23) d(x; y) =  kXi=1 d2i (xi; yi)!1=2 <  kXi=1 �2i "2!1=2 = ":Epomènw
,(4:2:24) 
i�kBi(xi; �i") � B(x; "):'Epetai ìti(4:2:25) log 1�(B(x; ")) � kXi=1 log 1�i(Bi(xi; �i")) :Upojètoume pr¸ta ìti �=� � 1. Apì thn anisìthta tou Minkowski pa�rnoume(4:2:26)  Z 10 "��1�log 1�(B(x; "))��=� d"!�=�� kXi=1  Z 10 "��1�log 1�(Bi(xi; �i"))��=� d"!�=� :



69K�nonta
 kat�llhle
 allagè
 metablht 
 sto dexiì mèlo
 kai pa�rnonta
 supre-mum w
 pro
 xi 2 Ti, blèpoume ìti(4:2:27) 
�;�(T; d; �)� � kXi=1 ���i 
�;�(Ti; di; �i)�:Elaqistopoi¸nta
 to dexiì mèlo
 k�tw apì th sunj kh �21 + � � �+ �2k = 1 pa�rnoumethn (4.2.19).'Estw t¸ra ìti �=� � 1. Qrhsimopoi¸nta
 thn (s1+ � � �+sk)�=� � s�=�1 + � � �+s�=�k , apì thn (4.2.25) pa�rnoume(4:2:28)Z 10 "��1�log 1�(B(x; "))��=� d" � kXi=1 Z 10 "��1�log 1�(Bi(xi; �i"))��=� d":K�nonta
 kat�llhle
 allagè
 metablht 
 sto dexiì mèlo
 kai pa�rnonta
 supre-mum w
 pro
 xi 2 Ti, blèpoume ìti(4:2:29) 
�;�(T; d; �)� � kXi=1 ���i 
�;�(Ti; di; �i)� :Elaqistopoi¸nta
 to dexiì mèlo
 k�tw apì th sunj kh �21 + � � �+ �2k = 1 pa�rnoumethn (4.2.21).Gia thn apìdeixh twn (4.2.20) kai (4.2.22) parathroÔme ìti an ta x = (xi) kaiy = (yi) ikanopoioÔn ti
 di(xi; yi) < �i" gia k�poiou
 �i > 0 me Pki=1 �i = 1, tìteÆ(x; y) = kXi=1 di(xi; yi) < kXi=1 �i" = ":Katìpin, douleÔoume ìpw
 sthn per�ptwsh th
 d kai elaqistopoioÔme ta fr�gmat�ma
 w
 pro
 �i. 2Pìrisma 4.2.1 'Estw H q¸ro
 Hilbert kai T1; : : : ; Tk � H , i = 1; : : : ; k. Jètoume(4:2:30) � = kXi=1 Ti = fx1 + � � �+ xk : xi 2 Tig:Tìte,(4:2:31) 
�;�(�) �  kXi=1 
�;�(Ti)�!1=� ;ìpou � = maxf ��+1 ; ��+1g.



70Apìdeixh: H apeikìnish A : (T; Æ) = 
Ti ! � me A(x1; : : : ; xk) = x1 + � � � + xke�nai 1-Lips
hitz kai ep�. Apì ta L mmata 4.2.2 kai 4.2.4,(4:2:32) 
�;�(�) � 
�;�(T; Æ) �  kXi=1 
�;�(Ti; �i)�!1=�gia k�je epilog  Borel mètrwn pijanìthta
 �i ston Ti, i = 1; : : : ; k. Pa�rnonta
in�mum w
 pro
 �i sto dexiì mèlo
, pa�rnoume thn (4.2.31). 2Ja d¸soume fr�gmata gia thn posìthta 
�;2(E; k � k2), ìpou E to elleiyoeidè
th
 (4.1.2). H mèjodo
 douleÔei se èna k�pw
 genikìtero pla�sio, autì twn 2-kurt¸n norm¸n.Orismì
: Mia nìrma k � k ston X lègetai 2-kurt  an up�rqei stajer� 
 > 0 pouikanopoie� to ex 
: an x; y 2 X kai kxk; kyk � 1, tìte(4:2:33) kx+ yk2 � 1� 
kx� yk2:Parathr ste ìti, an(4:2:34) ktkE = 0�Xn�1 t2n=a2n1A1=2 ;tìte h k�kE e�nai 2-kurt : apì ton kanìna tou parallhlogr�mmou, an ktkE; kskE �1, tìte(4:2:35) kt+ sk2E = 2ktk2E + 2ksk2E � kt� sk2E � 4�1� kt� sk2E4 � ;�ra(4:2:36) kt+ skE � 2�1� kt� sk2E4 �1=2 � 2�1� 18kt� sk2E� :Je¸rhma 4.2.1 Upojètoume ìti T e�nai h monadia�a mp�la gia mia 2-kurt  nìrmak�k (me stajer� 
) sto q¸ro X . Blèpoume to T san metrikì q¸ro me mia apìstashd pou ep�getai apì k�poia �llh nìrma k � k1 ston X . Tìte, gia k�je � > 0,(4:2:37) 
�;2(T; d) � K(�; 
) � sup">0 �"[logN(T; d; ")℄1=�� :To Je¸rhma 4.2.1 sumplhr¸netai apì thn ex 
 Prìtash.Prìtash 4.2.1 'Estw (T; d) metrikì
 q¸ro
 kai �; � > 0. Tìte,(4:2:38) sup">0 �"[logN(T; d; ")℄1=�� � K(�) � 
�;�(T; d):



71Apìdeixh: 'Estw � èna Borel mètro pijanìthta
 ston (T; d). JewroÔme tuqìn� > 0 kai ft1; : : : ; tNg megistikì uposÔnolo tou T w
 pro
 thn d(tl; ts) � 2�. Tìte,(4:2:39) N(T; d; 2�) � N:Ep�sh
, oi B(ts; �) e�nai xène
, kai afoÔ to � e�nai mètro pijanìthta
, up�rqei l � Ntètoio ¸ste(4:2:40) 1�(B(tl; �)) � N:'EqoumeZ 10 "��1�log 1�(B(tl; "))��=� d" � Z �0 "��1�log 1�(B(tl; �))��=� d"� (logN)�=� Z �0 "��1d"� 1�2� (2�)�(logN(T; d; 2�))�=�:Dhlad ,(4:2:41)supt2T  Z 10 "��1�log 1�(B(t; "))��=� d"!1=� � 12�1=� (2�)(logN(T; d; 2�))1=�:AfoÔ ta � kai � > 0  tan tuqìnta, èpetai to zhtoÔmeno. 2Gia thn apìdeixh tou Jewr mato
 4.2.1 ja qrhsimopoi soume thn Prìtash 3.2.3,thn opo�a upenjum�zoume:L mma 4.2.5 (Prìtash 3.2.3) 'Estw (T; d) metrikì
 q¸ro
 me peperasmènh di�me-tro kai r � 2, � > 0. 'Estw i o megalÔtero
 akèraio
 gia ton opo�o diam(T ) � 2r�i.Upojètoume ìti up�rqoun sunart sei
  j : T ! R+ me S := supt2T supj2Z j(t) <+1 kai � : N ! R+ me limn!+1 �(n) = +1, pou ikanopoioÔn to ex 
: An s 2 T ,j 2 Z kai t1; : : : ; tn 2 B(s; r�j) me p 6= q =) d(tp; tq) � r�j�1, tìte(4:2:42) maxl�n  j+2(tl) � r��j�(n) +  j(s):Tìte, mporoÔme na broÔme aÔxousa akolouj�a diamer�sewn (Aj)j�i tou T kai apei-kon�sei
 `j : Aj ! N, pou ikanopoioÔn ta ex 
:1. An j > i kai A 2 Aj , tìte(4:2:43) diam(A) � 2r�j :2. An j � i kai A;B e�nai stoiqe�a th
 diamèrish
 Aj+1 ta opo�a perièqontai sto�dio stoiqe�o th
 diamèrish
 Aj , tìte(4:2:44) `j+1(A) 6= `j+1(B):



723. Gia k�je t 2 T ,(4:2:45) Xj�i r��j�(`j+1(Aj+1(t))) � 4S;ìpou Aj+1(t) to stoiqe�o th
 Aj+1 sto opo�o an kei to t. 2Oi sunart sei
  j : T ! R+ pou ja qrhsimopoi soume gia to Je¸rhma 4.2.1or�zontai apì thn(4:2:46)  j(t) := inffkvk : v 2 T kai kv � tk1 < 2r�j)g:Parathr ste ìti  j(t) � ktk � 1 gia k�je j 2 Z kai t 2 T , �ra(4:2:47) S := supt2T supj2Z j(t) � 1 < +1:Orismì
: Gia k�je n � 2 jètoume(4:2:48)An := f" > 0 : up�rqoun t1; : : : ; tn 2 T t.w. 1 � l < s � n =) ktl � tsk1 > "g;kai(4:2:49) "(n) = supAn:Ta parak�tw èpontai �mesa apì ton orismì:1. An = (0; "(n)).2. An " < "(n)=2, tìte N(T; d; ") � n: up�rqoun t1; : : : ; tn 2 T pou an� dÔoapèqoun perissìtero apì 2". An jewr soume mia k�luyh tou T me mp�le
akt�na
 ", k�je mp�la perièqei to polÔ èna apì ta ti.3. An " > "(n), tìte N(T; d; ") � n: o arijmì
 k�luyh
 N(T; d; ") e�nai mikrì-tero
 apì ton plhj�rijmo enì
 maximal sunìlou shme�wn t1; : : : ; tm me thnidiìthta ktl � tsk1 � ", o opo�o
 fr�ssetai apì n afoÔ " > "(n).To basikì shme�o gia thn apìdeixh tou Jewr mato
 4.2.1 e�nai na de�xoume ìti oi j pou or�same ikanopoioÔn thn (4.2.42) gia kat�llhlh sun�rthsh �(n).L mma 4.2.6 Upojètoume ìti r = 8. JewroÔme s 2 T , j 2 Z, n � 2 kai t1; : : : ; tn 2B(s; r�j) me p 6= q =) d(tp; tq) � r�j�1 (ìpou d(t; s) = kt� sk1). Tìte,(4:2:50) maxl�n  j+2(tl) � 
r�2j(2r"(n))2 +  j(s):Apìdeixh: 'Estw u > maxl�n  j+2(tl). Tìte, gia k�je l � n mporoÔme na broÔmewl 2 uT tètoio ¸ste(4:2:51) d(wl; tl) � 2r�j�2:



73Apì thn trigwnik  anisìthta, an l < q � n pa�rnoume(4:2:52) d(wl; wq) � d(tl; tq)� 4r�j�2 � r�j�1 � 4r�j�2 = r�j�1=2kai(4:2:53) d(s; wl) � d(s; tl) + d(tl; wl) � r�j + 2r�j�2 � 2r�j :Qrhsimopoi¸nta
 ton orismì th
 2-kurt 
 nìrma
 gia ta x = wl=u kai y = ws=u,blèpoume ìti(4:2:54) kwl + wqk2 � u�1� 
u2 kwl � wqk2� :Gr�foume V gia th monadia�a mp�la th
 k � k1. Apì thn (4.2.53) èqoume wl 2s+2r�jV gia k�je l � n. AfoÔ to V e�nai kurtì, èpetai ìti (wl+wq)=2 2 s+2r�jV ,dhlad (4:2:55) d�s; wl + wq2 � � 2r�j ;�ra(4:2:56)  j(s) � 

wl + wq2 

:Jètoume R2 := u
 (u�  j(s)). Apì thn (4.2.54),(4:2:57) kwl � wqk2 � u
 �u� 

wl + wq2 

� � u
 (u�  j(s)) = R2:Or�zoume xl = (wl � w1)=R, l � n. Apì thn (4.2.57) èqoume xl 2 T , en¸ apì thn(4.2.52) èqoume ìti(4:2:58) d(xl; xq) = 

wl � wqR 

1 = d(wl; wq)R � r�j2Rgia k�je 1 � l < q � n. Apì ton orismì tou "(n) prèpei na ikanopoie�tai hr�j�1=(2R) < "(n). Dhlad ,(4:2:59) 
�r�j�12"(n) �2 � u(u�  j(s))gia k�je u > maxl�n  j+2(tl). Sunep¸
,(4:2:60)
 �r�j�12"(n)�2 � maxl�n  j+2(tl)�maxl�n  j+2(tl)�  j(s)� � maxl�n  j+2(tl)�  j(s);afoÔ maxl�n  j+2(tl) � 1. 2'Amesh efarmog  twn Lhmm�twn 4.2.5 kai 4.2.6 e�nai h ex 
 Prìtash.



74Prìtash 4.2.2 Upojètoume ìti T e�nai h monadia�a mp�la gia mia 2-kurt  nìrmak�k (me stajer� 
) sto q¸ro X . Blèpoume to T san metrikì q¸ro me mia apìstashd pou ep�getai apì k�poia �llh nìrma k � k1 ston X , upojètoume ìti o (T; d) èqeipeperasmènh di�metro, kai sumbol�zoume me i to megalÔtero akèraio gia ton opo�odiam(T ) � 2r�i, ìpou r = 8. Tìte, mporoÔme na broÔme aÔxousa akolouj�a diame-r�sewn (Aj)j�i tou T kai apeikon�sei
 `j : Aj ! N, pou ikanopoioÔn ti
 (4:2:43),(4:2:44) kai thn(4:2:61) Xj�i r�2j"(`j+1(Aj+1(t)))2 � 16r2
gia k�je t 2 T , ìpou Aj+1(t) to stoiqe�o th
 Aj+1 sto opo�o an kei to t. 2Apìdeixh tou Jewr mato
 4.2.1: Jètoume(4:2:62) M := sup">0 �"[logN(T; d; ")℄1=�� :An M = +1, den èqoume t�pota na de�xoume. Alli¸
, apì ton orismì tou "(n)èqoume(4:2:63) " < "(n)2 =) "(logn)1=� � "[logN(T; d; ")℄1=� �M;dhlad ,(4:2:64) (logn)2=� � 4M2"2(n) :Apì thn Prìtash 4.2.2 mporoÔme na broÔme mia aÔxousa akolouj�a diamer�sewn(Aj)j�i tou T kai apeikon�sei
 `j : Aj ! N, pou ikanopoioÔn ti
 (4:2:43), (4:2:44)kai thn(4:2:65) Xj�i r�2j (log(`j+1(Aj+1(t))))2=� � 64M2r2
gia k�je t 2 T . Apì thn Prìtash 3.2.4 mporoÔme na broÔme mètro pijanìthta
 �ston (T; d) tètoio ¸ste(4:2:66)supt2TXj�i r�2j �log 1�(Aj(T ))�2=� � K(�)0�r�2i + supt2TXj�i r�2j log(`j(Aj(t)))1A2=� :O ìro
 r�2i aporrof�tai sto �jroisma, kai h (4.2.65) d�nei(4:2:67) supt2TXj�i r�2j �log 1�(Aj(t))�2=� � K(�; 
)M2:



75Apì ton orismì tou 
�;2(T; d; �), gia na oloklhr¸soume thn apìdeixh arke� naparathr soume ìti, gia k�je t 2 T ,K(�) Z 10 "�log 1�(B(t; "))�2=� d" � Xj�i r�2j �log 1�(B(t; 2r�j))�2=�� Xj�i r�2j �log 1�(Aj(t))�2=� : 2San pìrisma tou Jewr mato
 4.2.1 pa�rnoume to je¸rhma tou elleiyoeidoÔ
.Je¸rhma 4.2.2 'Estw � > 0 kai (an) fj�nousa akolouj�a jetik¸n pragmatik¸narijm¸n me Pn�1 a2n <1. An E = �t = (tn) 2 `2 :Pn�1 t2n=a2n � 1	, tìte(4:2:68) 
�;2(E; d) � K(�) � supn�1 �an � n1=��;ìpou d h metrik  tou `2, kai K(�) > 0 stajer� pou exart�tai mìno apì to �.Apìdeixh: QrhsimopoioÔme to Je¸rhma 4.2.1 gia thn 2-kurt  nìrma k � k = k � kEpou èqei monadia�a mp�la to E, en¸ san k � k1 pa�rnoume th nìrma tou `2. Jètoume(4:2:69) B = supn�1 �an � n1=��;ìpote, gia k�je n � 1 èqoume(4:2:70) an � Bn�1=�:Eidikìtera, gia k�je n 2 Ik èqoume 2�k � an � B=n1=�, �ra(4:2:71) 2�k � B=(maxn2Ik n1=�) � B=n1=�k ;ìpou nk = jIkj. Dhlad ,(4:2:72) nk � 2�kB�gia k�je k. Apì to L mma 4.1.2 èqoume(4:2:73) �logN(E; 2�k+1)�1=� � 
1=� � B0�Xl�k(k � l + 3)2�l1A1=� � K(�) � 2kB;�ra, gia k�je k,(4:2:74) 2�k logN(E; 2�k+1)1=� � K(�) �B:'Epetai ìti(4:2:75) sup">0 " (logN(E; "))1=� � K(�) �B;kai to Je¸rhma 4.2.1 de�qnei ìti(4:2:76) 
�;2(E; d) � K(�) �B: 2



764.3 Empeirik� mètra sto monadia�o tetr�gwno'Estw X1; : : : ; Xn tuqa�a shme�a pou epilègontai anex�rthta kai omoiìmorfa apìto monadia�o tetr�gwno [0; 1℄2. To prìblhma me to opo�o ja asqolhjoÔme se aut thn par�grafo e�nai h apìklish Cn tou empeirikoÔ mètrou ÆX = 1nPi�n ÆXi apìto omoiìmorfo mètro tou [0; 1℄2, thn opo�a or�zoume w
 ex 
:(4:3:1) Cn = supf2L ���� 1nXi�n f(Xi)� Ef ����;ìpou L e�nai h kl�sh twn 1-Lips
hitz sunart sewn sto [0; 1℄2 kai Ef e�nai h mèshtim  th
 f sto [0; 1℄2. H tuqa�a metablht  Cn d�nei to bèltisto �nw fr�gma giato {sf�lma} pou k�noume ìtan qrhsimopoioÔme to ÆX gia na upolog�soume toolokl rwma mia
 1-Lips
hitz sun�rthsh
 sto monadia�o tetr�gwno. Skopì
 ma
 seaut n thn par�grafo e�nai na d¸soume thn apìdeixh tou Talagrand gia to akìloujoJe¸rhma twn Ajtai-Koml�os-Tusn�ady.Je¸rhma 4.3.1 Up�rqei stajer� K > 0 tètoia ¸ste, gia k�je n � 2,(4:3:2) ECn � Kr lognnGia thn apìdeixh tou Jewr mato
 4.3.1 ja qrhsimopoi soume to Je¸rhma 4.2.2.Parathr ste pr¸ta ìti(4:3:3) Cn = supf2L0 ���� 1nXi�n f(Xi)� Ef ���� = supf2L0 ���� 1nXi�n f(Xi)����;ìpou(4:3:4) L0 = ff 2 L : Ef = 0g:[Arke� na parathr soume ìti an f 2 L, tìte f � Ef 2 L0.℄B ma 1: JewroÔme mia akolouj�a ("i)i�n anex�rthtwn tuqa�wn metablht¸n Ber-noulli pou pa�rnoun ti
 timè
 �1 me pijanìthta 1=2. Or�zoume(4:3:5) Dn := supf2L0 ���� nXi=1 "iXi����:L mma 4.3.1 IsqÔei h anisìthta(4:3:6) ECn � 2nEDn :



77Apìdeixh: JewroÔme mia deÔterh akolouj�a X 01; : : : ; X 0n tuqa�wn shme�wn pouepilègontai anex�rthta kai omoiìmorfa apì to [0; 1℄2, kai e�nai anex�rthta apì taXi kai ti
 "i. Sumbol�zoume me E 0 th mèsh tim  w
 pro
 X 0i (gia stajer� Xi, "i).Parathr ste ìti(4:3:7) E 0 (f(X 0i)) = Ef = 0gia k�je f 2 L0. Gr�foumesupf2L0 ���� nXi=1 f(Xi)���� = supf2L0 ���� nXi=1(f(Xi)� E 0 (f(X 0i)))����� E 0 supf2L0 ���� nXi=1(f(Xi)� f(X 0i))����;ap� ìpou blèpoume ìti(4:3:8) ECn � 1nE supf2L0 ���� nXi=1(f(Xi)� f(X 0i))����:ParathroÔme t¸ra ìti, gia stajer  epilog  pros mwn �1; : : : ; �n, ìle
 oi tuqa�e
metablhtè
 supf2L0 ���� nXi=1 �i(f(Xi)� f(X 0i))����èqoun thn �dia katanom . 'Ara, pa�rnonta
 pr¸ta mèsh tim  w
 pro
 "i kai met� w
pro
 Xi; X 0i , apì thn (4.3.8) èqoume(4:3:9) ECn � 1nE supf2L0 ���� nXi=1 "i(f(Xi)� f(X 0i))����:Apì thn trigwnik  anisìthta èpetai to zhtoÔmeno. 2B ma 2: JewroÔme thn anèlixh X = (Xf )f2L0 , ìpou(4:3:10) Xf = nXi=1 "if(Xi):Apì to B ma 1, ma
 endiafèrei kat� arq n na ektim soume thn posìthta(4:3:11) 1nE" supf2L0 jXf j = 1nE" supf2L0Xf ;afoÔ f 2 L0 , �f 2 L0 (me E" sumbol�zoume th mèsh tim  w
 pro
 "i - giastajer� xi).



78L mma 4.3.2 'Estw a1; : : : ; an 2 R. Gia k�je u > 0,(4:3:12) P  " = ("1; : : : ; "n) : �� nXi=1 "iai�� � u! � 2 exp � u22Pi�n a2i ! :Apìdeixh: AnaptÔssonta
 se dunamoseirè
, èqoume(4:3:13) E exp(�"i) = 12(e� + e��) = 1Xk=0 �2k(2k)! � exp(�2=2)gia k�je � 2 R (arke� na parathr soume ìti (2n)! � 2nn!). 'Ara,(4:3:14) E exp  � nXi=1 "iai! = nYi=1 E exp (�"iai) � exp �22 nXi=1 a2i! :Apì thn anisìthta tou Markov,(4:3:15) P  nXi=1 "iai � u! � e��u exp �22 nXi=1 a2i!gia k�je � > 0. Elaqistopoi¸nta
 to dexiì mèlo
 w
 pro
 � > 0, pa�rnoume(4:3:16) P  nXi=1 "iai � u! � exp � u22Pi�n a2i ! :kai to zhtoÔmeno prokÔptei lìgw summetr�a
. 2An jewr soume thn tuqa�a apìstash dX sthn kl�sh L0, pou or�zetai apì thn(4:3:17) d2X(f; g) = 1n nXi=1(f(Xi)� g(Xi))2;tìte apì to L mma 4.3.2 èqoume: gia stajer� X1; : : : ; Xn 2 [0; 1℄2,(4:3:18) P (" : jXf �Xgj � u) � 2 exp�� u22nd2X(f; g)�gia k�je u > 0, dhlad  oi " 7! Pni=1 "if(Xi), f 2 L0 sqhmat�zoun upokanonik anèlixh w
 pro
 thn pndX .Prìtash 4.3.1 Up�rqei tuqa�a metablht  R := R(X1; : : : ; Xn) me ER � K,tètoia ¸ste: gia k�je f; g 2 L0 kai X = (X1; : : : ; Xn),(4:3:19) dX(f; g) � R(X) � kf � gk2 +r lognn ! ;ìpou K > 0 apìluth stajer�.



79Gia thn apìdeixh ja qreiastoÔme èna L mma.L mma 4.3.3 Up�rqei tuqa�a metablht  R = R(X1; : : : ; Xn) me ER � K, h opo�aikanopoie� to ex 
: gia k�je orjog¸nio A � [0; 1℄2 me pleurè
 par�llhle
 stou
�xone
,(4:3:20) jfi � n : Xi 2 Agj � R(X)n�jAj+ (logn)=n�:Eidikìtera, an jAj � logn=n, tìte(4:3:21) jfi � n : Xi 2 Agj � 2R(X)njAj:Apìdeixh: 'Estw l0 o megalÔtero
 akèraio
 gia ton opo�o 2�l0 � � lognn �1=2. Giak�je l 2 Z me �l0 � l � l0, jewroÔme thn kanonik  diamèrish Pl tou [0; 1℄2 seorjog¸nia me akmè
 2�l�l0 ; 2l�l0 .Apì th stoiqei¸dh anisìthta ex � 1 + (e� 1)x � 1 + 2x, 0 � x � 1, blèpoumeìti an Z e�nai mia tuqa�a metablht  me 0 � Z � 1, tìte(4:3:22) E(exp Z) � 1 + 2EZ � exp(2EZ):'Estw A upoorjog¸nio tou [0; 1℄2. An jèsoume Zi = �A(Xi), tìte(4:3:23) E 0�exp0�Xi�nZi1A1A = Yi�n E(exp Zi) � exp(2njAj):Epomènw
, gia k�je t > 0 èqoume(4:3:24) P 0�Xi�nZi � t1A � exp(2njAj � t);dhlad , gia k�je t > 0,(4:3:25) P (jfi � n : Xi 2 Agj � 2njAj+ t) � e�t:K�je diamèrish Pl apotele�tai apì 22l0 orjog¸nia, �ra èqoume (2l0 + 1)22l0 � Knorjog¸nia sthn Sjlj�l0 Pl. Or�zoume thn tuqa�a metablht (4:3:26) R1 = maxfjfi � n : Xi 2 Agj : A 2 Pl;�l0 � l � l0g:Apì thn (4.3.25),(4:3:27) P (R1 � 2n2�2l0 + t) � 2ne�t:Apì ton orismì tou l0 èqoume n2�2l0 � 
 logn, opìte h (4.3.27) ma
 d�nei(4:3:28) ER1 � K logn:



80'Estw A èna upoorjog¸nio tou [0; 1℄2 me pleurè
 a; b. JewroÔme to mikrìterol � �l0 gia ton opo�o a � 2�l�l0 . Tìte, 2�l�l0 � 2a gia k�je l > �l0, �ra, se k�jeper�ptwsh, 2�l�l0 � 2a + 2�2l0 . MporoÔme na kalÔyoume to A qrhsimopoi¸nta
to polÔ 2b2l�l0 +4 orjog¸nia th
 Pl. 'Ara, to A perièqei to polÔ R1(2b2�l+l0 +4)shme�a Xi. AfoÔ b � 1, pa�rnoumeR1(2b2�l+l0 + 4) = R12l0(2b2�l�l0 + 4 � 2�2l0)� R122l0(4ab+ 6 � 2�2l0)� K R1lognn�jAj+ lognn � :Pa�rnonta
 R = KR1= logn èqoume ton isqurismì tou L mmato
. 2Apìdeixh th
 Prìtash
 4.3.1: 'Estw h = f � g. Me to sumbolismì th
 apìdei-xh
 tou L mmato
 4.3.3, jètoume P = P0. K�je A 2 P perièqei to polÔ 2nR2�2l0shme�a Xi, �ra(4:3:29) nXi=1 h(Xi)2 � 2�2l0+1RnXA2P khk21;A;ìpou(4:3:30) khk1;A = supfjh(x)j : x 2 Ag:Or�zoume mia sun�rthsh FP : [0; 1℄2 ! R jètonta
(4:3:31) FP (u) = mA(h) := 1jAj ZA h(u)duan u 2 A 2 P . AfoÔ h h e�nai 2-Lips
hitz kai k�je A 2 P èqei di�metro to polÔ�sh me 2�l0 , èqoume(4:3:32) khk1;A � jmA(h)j+ 
2l0 :Apì thn trigwnik  anisìthta, nXi=1 h(Xi)2!1=2 � pRn0� XA2P 2�2l0+1m2A(h)!1=2 + 
2�l01A= pRn �kFP k2 + 
2�l0� :ParathroÔme ìti 
2�l0 � K� log nn �1=2 kai kFP k2 � khk2. 'Ara,(4:3:33) dX(f; g) � CpR � �kf � gk2 + (log n=n)1=2�;ìpou C > 0 apìluth stajer�. AfoÔ E(CpR) � K, èqoume to zhtoÔmeno. 2



81Je¸rhma 4.3.2 Up�rqei stajer� K > 0 tètoia ¸ste, gia k�je n � 2,(4:3:34) 1nEDn � Kr lognn :Apìdeixh: JewroÔme èna uposÔnolo Z th
 L0, megistikì w
 pro
 thn(4:3:35) f 6= g 2 Z =) kf � gk2 �r lognn :Tìte, gia k�je f 2 L0 up�rqei g 2 Z me kf � gk2 � plogn=n. Apì thn Prìtash4.3.1 èqoume(4:3:36) dX (f; g) � 2R(X)plogn=n;kai apì thn anisìthta Cau
hy-S
hwarz,1n ���� nXi=1 "i(f(Xi)� g(Xi))���� � 1n nXi=1 jf(Xi)� g(Xi)j�  1n nXi=1 jf(Xi)� g(Xi)j2!1=2= dX(f; g)� 2R(X)plogn=n:Epomènw
,(4:3:37) 1n supf2L0 ���� nXi=1 "if(Xi)���� � 2R(X)r lognn + 1n supf2Z ���� nXi=1 "if(Xi)����:An loipìn de�xoume ìti, gia k�je X1; : : : ; Xn,(4:3:38) 1nE" supf2Z ���� nXi=1 "if(Xi)���� � K1R(X)r lognn ;tìte pa�rnonta
 mèsh tim  w
 pro
 X1; : : : ; Xn kai " sthn (4.3.37) kai qrhsimo-poi¸nta
 ti
 (4.3.38) kai ER � K ja p�roume1nEDn = EX E" 1n supf2L0 ���� nXi=1 "if(Xi)����� 2ER(X)r lognn + EX 1nE" supf2Z ���� nXi=1 "if(Xi)����� 2Kr lognn +K1Kr lognn= K2r lognn



82ìpou K2 = (2 +K1)K, dhlad  to Je¸rhma 4.3.2.Mènei loipìn na de�xoume thn (4.3.38) gia k�poia apìluth stajer� K1 > 0.'Estw X1; : : : ; Xn 2 [0; 1℄2 kai èstw � èna mètro pijanìthta
 sto Z. Gia k�jef 2 L0 or�zoume(4:3:39) I(f) = Z 10 slog� 1�(BX(f; "))�d";ìpou BX(f; ") e�nai h anoiqt  mp�la (me kèntro f kai akt�na ") w
 pro
 thnpndX . Apì thn Prìtash 4.3.1 kai thn (4.3.35), an f; g 2 Z èqoume pndX(f; g) �2Rpnkf � gk2, �ra(4:3:40) BX(f; ") \ Z � B(f; "=2Rpn) \ Z;ìpou h deÔterh mp�la e�nai me thn L2-apìstash. Pa�rnonta
 upìyin kai to gegonì
ìti diam(L0) � 2p2 (an f; g 2 L0, tìte h f � g e�nai 2-Lips
hitz kai mhden�zetai setoul�qiston èna shme�o tou monadia�ou tetrag¸nou afoÔ E(f � g) = 0), blèpoumeìti(4:3:41)I(f) � Z 10 slog� 1�(B(f; "=2Rpn))�d" = 2Rpn Z 30 slog� 1�(B(f; "))�d":Or�zoume an = plogn=n. Apì thn (4.3.35), an f 2 Z kai " < an tìte B(f; ") =ffg. 'Ara,(4:3:42) I(f)2Rpn � anslog� 1�ffg)�+ Z 3anslog� 1�(B(f; "))�d":Gr�foumeZ 3anslog� 1�(B(f; "))�d" � �Z 3an 1"d"�1=2�Z 10 " � log� 1�(B(f; "))� d"�1=2� K3plogn ��Z 10 " � log� 1�(B(f; "))� d"�1=2 :ParathroÔme ep�sh
 ìti�Z an0 " � log� 1�(B(f; "))� d"�1=2 � slog� 1�(ffg)��Z an0 "d"�1=2� 1K4 anslog� 1�(ffg)�;�ra(4:3:43) I(f) � K5R(X)pn lognJ(f);



83ìpou(4:3:44) J(f) = �Z 10 " � log� 1�(B(f; "))� d"�1=2 :AfoÔ oi " 7! Pni=1 "if(Xi), f 2 Z sqhmat�zoun upokanonik  anèlixh w
 pro
 thnpndX , to Je¸rhma 3.2.1 ma
 exasfal�zei ìti(4:3:45) 1nE" supf2Z ���� nXi=1 "if(Xi)���� � K6n supf2Z I(f):Apì thn (4.3.43) èpetai ìti(4:3:46) 1nE" supf2Z ���� nXi=1 "if(Xi)���� � K7R(X)plognpn � supf2Z J(f):'Omw
,(4:3:47) inf� supf2Z J(f) = 
2;2(Z);kai, afoÔ h (4.3.46) isqÔei gia k�je mètro pijanìthta
 � sto Z, sumpera�noume ìti(4:3:48) 1nE" supf2Z ���� nXi=1 "if(Xi)���� � K7R(X)plognpn � 
2;2(Z):Mènei loipìn na de�xoume ìti 
2;2(L0) <1 (apì to L mma 4.2.3 èqoume 
2;2(Z) �

2;2(L0)). Ja de�xoume k�ti genikìtero:Prìtash 4.3.2 'Estw M > 0 kai(4:3:49) CM = �f : [0; 1℄2 ! R : kfk1 �M; 

�f�x

2 �M; 

�f�y 

2 �M�:Tìte,(4:3:50) 
2;2(CM ) < K �M:Apìdeixh: MporoÔme na upojèsoume ìtiM = 1: eÔkola elègqoume ìti 
2;2(CM ) =M � 
2;2(C1). Gr�foume loipìn C := C1 kai jèloume na de�xoume ìti 
2;2(C) < +1.Ja apode�xoume ìti to C perièqetai se kat�llhlo elleiyoeidè
, gia to opo�o mpo-roÔme na efarmìsoume to Je¸rhma 4.2.2. Gia k�je sun�rthsh f 2 L2([0; 1℄2)or�zoume(4:3:51) an;m(f) = Z[0;1℄2 f(x; y) exp(2i�(nx+my))dxdy:



84Tìte,(4:3:52) kfk22 = Xn;m2Zjan;m(f)j2:An jewr soume to migadikì q¸ro Hilbert H twn akolouji¸n (an;m)n;m2Zme nìrmathn(4:3:53) k(an;m)kH =  Xn;m jan;mj2!1=2kai thn apeikìnish S : L2([0; 1℄2) ! H me S(f) = (an;m(f))n;m2Z, h (4.3.52)xanagr�fetai sth morf  kfk2 = kS(f)kH . Apì to L mma 4.2.2 arke� na de�xoumeìti 
2;2(S(C)) < +1.JewroÔme tou
 upoq¸rou
F1 = f(an;m) : an;m = 0 an den isqÔoun oi jnj � 1; jnj � jmjgF2 = f(an;m) : an;m = 0 an den isqÔei jmj > jnjgF3 = f(an;m) : 8(n;m) 6= (0; 0); an;m = 0g:Tìte,(4:3:54) S(C) � T1 + T2 + T3;ìpou(4:3:55) Ti = PFi(S(C)); i = 1; 2; 3h probol  tou S(C) ston Fi. Apì to Pìrisma 4.2.1, arke� na apode�xoume ìti(4:3:56) 
2;2(Ti) < +1; i = 1; 2; 3:Exet�zoume pr¸ta thn per�ptwsh tou T1 (gia to T2 douleÔoume tele�w
 an�loga).Jètoume(4:3:57) A = f(n;m) 2 Z�Z : jnj � 1; jnj � jmjg:An (n;m) 2 A kai f 2 C, me olokl rwsh kat� mèrh w
 pro
 x blèpoume ìtian;m(f) = 12�in Z 10 (f(1; y)� f(0; y))e2�imydy� 12�in Z 10 Z 10 �f�x (x; y)e2�i(nx+my)dxdy= 12�i � 1nbm(g)� 1nan;m��f�x�� ;



85ìpou g(y) = f(1; y)� f(0; y) kai(4:3:58) bm(g) = Z 10 g(y)e2�imydy:Epomènw
,(4:3:59) T1 � 12�i(T4 + T5);ìpou(4:3:60) T4 = �� 1nbm(g)�(n;m)2A : kgk1 � 2	kai(4:3:61) T5 = �� 1nan;m(h)�(n;m)2A : khk2 � 1	:Apì to L mma 4.2.2 kai to Pìrisma 4.2.1 arke� na de�xoume ìti(4:3:62) 
2;2(Ti) < +1; i = 4; 5:Gia to T4: jewroÔme to elleiyoeidè
(4:3:63) E1 = �(bm)m2Z� : Xm2Z�mb2m � 4�:Apì to je¸rhma tou elleiyoeidoÔ
 èqoume(4:3:64) 
2;2(E1) � K1 � supm2Z� 12pm (2m)1=2 � K2;ìpou K1;K2 > 0 apìlute
 stajerè
. JewroÔme thn apeikìnish F : `2(Z�)! `2(A)me(4:3:65) (bm)m2Z� 7! �pmn bm�(n;m)2A :Parathr¸nta
 ìti(4:3:66) X(n;m)2A mn2 = 4 1Xm=1m 1Xn=m 1n2 � 4 1Xm=1m � K3m = K4;blèpoume ìti(4:3:67) kF ((bm))� F ((b0m))k2 � K4k(bm)� (b0m)k2gia k�je (bm); (b0m) 2 `2(Z�). Apì to L mma 4.2.2,(4:3:68) 
2;2(F (E1)) � K4 � 
2;2(E1) � K5:



86Ja de�xoume ìti(4:3:69) T4 � F (E1):Pr�gmati, an kgk1 � 2 èqoume kgk2 � 2, opìte apì thn anisìthta tou Besselèqoume(4:3:70) Xm2Z� jbm(g)j2 � kgk22 � 4;to opo�o de�qnei ìti � 1pmbm(g)� 2 E1. Tìte, gia k�je � 1nbm(g)�(n;m)2A 2 T4 èqoumeìti(4:3:71) � 1nbm(g)�(n;m)2A = �pmn � 1pmbm(g)�(n;m)2A = F � 1pmbm(g)� 2 F (E1):Apì ti
 (4.3.68), (4.3.69) kai to L mma 4.2.3, sumpera�noume ìti(4:3:72) 
2;2(T4) < +1:Gia to T5: An khk2 � 1, tìte(4:3:73) X(n;m)2A jan;m(h)j2 � khk22 � 1;�ra to T5 perièqetai sto elleiyoeidè
(4:3:74) E2 := �(an;m)(n;m)2A : X(n;m)2An2jan;mj2 � 1�:Metr�me to pl jo
 twn (n;m) 2 A gia ta opo�a n � k. E�nai �so me(4:3:75) kXn=1 nX�n 1 = kXn=1(2n+ 1) < (k + 1)2 < 4k2:An loipìn p�roume tou
 suntelestè
 bk tou E2 se fj�nousa di�taxh, èqoume bk �K6=pk, dhlad (4:3:76) 
2;2(E2) � K7apì to je¸rhma tou elleiyoeidoÔ
. Apì to L mma 4.2.3 èpetai ìti(4:3:77) 
2;2(T5) � 2K7;kai apì thn (4.3.59),(4:3:78) 
2;2(T1) < +1:



87'Omoia de�qnoume ìti 
2;2(T2) < +1. Gia to T3 parathroÔme ìti e�nai isometri-kì me uposÔnolo tou [�1; 1℄ (an f 2 C, tìte ja0;0(f)j � 1). 'Ara, 
2;2(T3) �2
2;2([�1; 1℄) < +1 (arke� na k�noume ton upologismì gia to kanonikopoihmènomètro Lebesgue).'Eqoume loipìn apode�xei thn (4.3.56), kai autì sumplhr¸nei thn apìdeixh. 2Anaforè
: Se autì to Kef�laio akoloujoÔme ti
 ergas�e
 [T2℄ kai [T3℄ touTalagrand.
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Kef�laio 5To fr�gma tou Bourgain giathn isotropik  stajer�
5.1 Isotropik� kurt� s¸mataSe autì to Kef�laio ja d¸soume mia efarmog  tou Jewr mato
 3.3.2 sth jew-r�a twn kurt¸n swm�twn: to fr�gma tou Bourgain gia thn isotropik  stajer�.JewroÔme èna kurtì s¸ma K ston Rn pou èqei kèntro b�rou
 to 0. Dhlad ,(5:1:1) ZK xidx = 0;gia k�je i = 1; : : : ; n. O grammikì
 telest 
 M : Rn ! Rn pou or�zetai apì thn(5:1:2) M(y) = ZKhx; yixdxe�nai summetrikì
 kai jetik� orismèno
. O p�naka
 M(K) me(5:1:3) [M(K)℄ij = hMei; eji = ZK xixjdxpou antistoiqe� ston M lègetai p�naka
 adrane�a
 tou K. O M èqei tetragwnik r�za: up�rqei summetrikì
 kai jetik� orismèno
 S tètoio
 ¸steM = S2. JewroÔmeth grammik  eikìna ~K = S�1(K) tou K. To ~K èqei kèntro b�rou
 to 0, kai giak�je y 2 Rn èqoume:Z ~Khx; yi2dx = jdetSj�1 ZKhS�1x; yi2dx= jdetSj�1 ZKhx; S�1yi2dx89



90 = jdetSj�1hZKhx; S�1yixdx; S�1yi= jdetSj�1hMS�1y; S�1yi = jdetSj�1kyk22:Orismì
. 'Ena kurtì s¸ma K ston Rn lègetai isotropikì an èqei ìgko jKj = 1,kèntro b�rou
 to 0, kai ikanopoie� thn isotropik  sunj kh(5:1:4) ZKhx; yi2dx = Akyk22gia k�je y 2 Rn , ìpou A > 0 stajer�. 'Amese
 sunèpeie
 th
 (5.1.4) e�nai oi(5:1:5) ZK x2i dx = A; i = 1; : : : ; nkai(5:1:6) ZK kxk22dx = nA:'Opw
 e�dame, k�je kurtì s¸ma me kèntro b�rou
 to 0 èqei grammik  eikìna poue�nai isotropik . Arke� na p�roume to ~K ìpw
 parap�nw, kai na kanonikopoi soumeton ìgko tou.L mma 5.1.1 To K e�nai isotropikì me stajer� A an kai mìno an(5:1:7) ZKhx; Txidx = A � (trT )gia k�je T 2 L(Rn ;Rn ).Apìdeixh: Upojètoume pr¸ta ìti to K e�nai isotropikì me stajer� A. Efar-mìzonta
 thn (5:1:4) pr¸ta me � = ej kai met� me � = (ei + ej)=p2, blèpoumeìti(5:1:8) ZK xixjdx = A � Æij ; i; j = 1; : : : ; n:An T = (tij), tìteZKhx; Txidx = nXi;j=1 tij ZK xixjdx = nXi;j=1A � tijÆij= A � nXi=1 tii = A � (trT ):Ant�strofa, an upojèsoume ìti isqÔei h (5:1:7) kai thn efarmìsoume gia ton Tx =hx; �i�, � 2 Sn�1, pa�rnoume(5:1:9) ZKhx; �i2dx = ZKhx; Txidx = A � (trT ) = A � k�k22 = A: 2



91To epìmeno Je¸rhma de�qnei ìti mèsa sth grammik  kl�sh enì
 kurtoÔ s¸mato
me kèntro b�rou
 to 0 up�rqei ousiastik� èna isotropikì s¸ma, to opo�o qarakth-r�zetai w
 lÔsh enì
 probl mato
 elaq�stou.Je¸rhma 5.1.1 'Estw K kurtì s¸ma ston Rn me jKj = 1 kai kèntro b�rou
 to0. To K e�nai isotropikì an kai mìno an(5:1:10) ZK kxk22dx � ZTK kxk22dxgia k�je T 2 SL(n). K�je kurtì s¸ma ston Rn me kèntro b�rou
 to 0 èqeiisotropik  grammik  eikìna. Epiplèon, h isotropik  aut  eikìna e�nai monos mantaorismènh an exairèsoume orjog¸niou
 metasqhmatismoÔ
.Apìdeixh: Upojètoume pr¸ta ìti to K e�nai isotropikì me stajer� A. 'EstwT 2 SL(n). Tìte,ZTK kxk22dx = ZK kTxk22dx = ZKhx; T �Txidx= A � tr(T �T ) � nA = ZK kxk22dx;ìpou qrhsimopoi same thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou sth morf (5:1:11) tr(T �T ) � n[det(T �T )℄1=n(to �qno
 e�nai to �jroisma twn idiotim¸n kai h or�zousa to ginìmenì tou
, kai sthsugkekrimènh per�ptwsh oi idiotimè
 e�nai jetiko� pragmatiko� arijmo�). Isìthtampore� na isqÔei mìno an T �T = I , dhlad  an T 2 O(n).Ant�strofa, a
 upojèsoume ìti to K e�nai lÔsh tou probl mato
 elaq�stou(tètoie
 lÔsei
 up�rqoun: k�je isotropik  jèsh tou K e�nai ìpw
 e�dame mia tètoialÔsh). 'Estw T 2 L(Rn ;Rn ). Gia mikr� " > 0, o I + "T e�nai antistrèyimo
, opìteo (I + "T )=[det(I + "T )℄1=n diathre� tou
 ìgkou
. 'Ara,(5:1:12) ZK kxk22dx � ZK kx+ "Txk22[det(I + "T )℄2=n dx:ParathroÔme oti kx+ "Txk22 = kxk22 + 2"hx; Txi+O("2) kai(5:1:13) [det(I + "T )℄2=n = 1 + 2" trTn +O("2)kaj¸
 "! 0+. Sunep¸
, h (5:1:12) pa�rnei th morf (5:1:14) " trTn ZK kxk22dx � " ZKhx; Txidx+O("2);kai pa�rnonta
 ìrio kaj¸
 "! 0+ katal goume sthn(5:1:15) trTn ZK kxk22dx � ZKhx; Txidx:



92AfoÔ o T  tan tuq¸n, h parap�nw anisìthta isqÔei kai gia ton �T , kai lìgwgrammikìthta
 pa�rnoume(5:1:16) trTn ZK kxk22dx = ZKhx; Txidxgia k�je T 2 L(Rn ;Rn ). Apì to L mma 5.1.1, to K e�nai isotropikì me stajer�A = 1n RK kxk22dx.Tèlo
, an èqoume dÔo isotropikè
 jèsei
 K, K 0 tou �diou s¸mato
, tìte h m�ae�nai orjog¸nia eikìna th
 �llh
. Gia na to doÔme, parathroÔme ìti an K 0 = TK,tìte isqÔei isìthta sthn(5:1:17) ZK kxk22dx � ZTK kxk22dx;dhlad  èqoume isìthta sthn (5.1.11). Autì shma�nei ìti T �T = I , dhlad  T 2 O(n).2To Je¸rhma 5.1.1 (pio sugkekrimèna, h monadikìthta th
 isotropik 
 jèsh
 w
pro
 orjog¸niou
 metasqhmatismoÔ
) exasfal�zei oti h stajer�(5:1:18) L2K = 1n min� 1jTKj1+ 2n ZTK kxk22dx �� T 2 GL(n)�e�nai kal� orismènh kai exart�tai mìno apì th grammik  kl�sh tou K. Ep�sh
, anto K e�nai isotropikì, tìte gia k�je � 2 Sn�1 èqoume(5:1:19) ZKhx; �i2dx = L2K :H stajer� LK onom�zetai stajer� isotrop�a
 th
 grammik 
 kl�sh
 tou K.H sumperifor� twn grammik¸n sunarthsoeid¸n x 7! hx; �i p�nw stoK perigr�fetaiapì thn epìmenh Prìtash.Prìtash 5.1.1 Up�rqei apìluth stajer� 
 > 0 me thn akìloujh idiìthta: An Ke�nai èna kurtì s¸ma ston Rn me ìgko jKj = 1, kai an � 2 Rn , tìte gi� k�je p > 1isqÔei h ant�strofh anisìthta H�older(5:1:20) �ZK jhx; �ijpdx�1=p � 
p ZK jhx; �ijdx:Gia thn apìdeixh qreiazìmaste to L mma tou Borell pou e�nai efarmog  th
 anisì-thta
 Brunn-Minkowski:L mma 5.1.2 'Estw K kurtì s¸ma ston Rn me ìgko jKj = 1. Upojètoume ìti Ae�nai èna summetrikì kurtì sÔnolo ston Rn tètoio ¸ste jK \Aj = � > 12 . Tìte, gi�k�je t > 1 èqoume(5:1:21) j(Rn n tA) \Kj � ��1� �� � t+12 :



93Apìdeixh: Elègqoume pr¸ta ìti gi� k�je t > 1(5:1:22) Rn nA � 2t+ 1(Rn n tA) + t� 1t+ 1A:[An ìqi, tìte up�rqei a 2 A pou gr�fetai sth morf (5:1:23) a = 2t+ 1y + t� 1t+ 1a1gi� k�poia a1 2 A kai y =2 tA. Tìte,(5:1:24) 1t y = t+ 12t a+ t� 12t (�a1) 2 A;apì thn kurtìthta kai th summetr�a tou A. 'Omw
 tìte y 2 tA, to opo�o e�nai�topo.℄Qrhsimopoi¸nta
 thn (5.1.22) kai thn kurtìthta tou K, blèpoume ìti(5:1:25) (Rn nA) \K � 2t+ 1[(Rn n tA) \K℄ + t� 1t+ 1(A \K):Apì thn anisìthta Brunn-Minkowski,(5:1:26) j(Rn nA) \Kj � j(Rn n tA) \Kj 2t+1 jA \Kj t�1t+1 :'Omw
 jA\Kj = � kai j(Rn nA)\Kj = 1� �, ap� ìpou pa�rnoume to zhtoÔmeno. 2Apìdeixh th
 Prìtash
 5.1.1: Jètoume(5:1:27) I = ZK jhx; �ijdx;kai or�zoume(5:1:28) A = fx 2 Rn : jhx; �ij � 3Ig:To A e�nai summetrikì kai kurtì uposÔnolo tou Rn . Apì thn anisìthta touMarkov,(5:1:29) jA \Kj � 2=3:ParathroÔme ìti fx 2 K : jhx; �ij > tg = K \ (Rn n (t=3I)A), kai gr�foumeZK jhx; �ijpdx = Z 3I0 ptp�1jK \ (Rn n (t=3I)A)jdt+ Z 13I ptp�1jK \ (Rn n (t=3I)A)jdt:To pr¸to olokl rwma fr�ssetai apì(5:1:30) Z 3I0 ptp�1dt = (3I)p;



94en¸ gi� to deÔtero k�noume thn allag  metablht 
 t = 3Is kai qrhsimopoioÔme toL mma tou Borell:Z 13I ptp�1jK \ (Rn n (t=3I)A)jdt = (3I)p Z 11 psp�1jK \ (Rn n sA)jds� (3I)p Z 11 psp�12�s=2ds:Sundu�zonta
 ta parap�nw kai ektim¸nta
 to teleuta�o olokl rwma, pa�rnoume(5:1:31) ZK jhx; �ijpdx � (3I)p�1 + (
1p)p�gi� k�poia apìluth stajer� 
1 > 0, ap�opou èpetai ìti(5:1:32) �ZK jhx; �ijpdx�1=p � 
pI = 
p ZK jhx; �ijdx: 2Pìrisma 5.1.1 'Estw K isotropikì kurtì s¸ma. Gia k�je � 2 Sn�1 kai p > 1,(5:1:33) �ZK jhx; �ijpdx�1=p � 
pLK ;ìpou 
 > 0 apìluth stajer�. 2H anisìthta th
 Prìtash
 5.1.1 diatup¸netai sthn ex 
 isodÔnamh morf :Prìtash 5.1.2 'Estw K kurtì s¸ma ìgkou 1. Gia k�je � 2 Sn�1 isqÔei(5:1:34) ZK exp(jhx; �ij=AI(K; �))dx � 2;ìpou A > 0 apìluth stajer� kai I(K; �) = RK jhx; �ijdx.Apìdeixh: AnaptÔssoume to olokl rwma kai epilègoume th stajer� A sto tèlo
.Apì thn Prìtash 5.1.1 èqoumeZK exp(jhx; �ij=AI(K; �))dx = 1Xk=0 1k! ZK jhx; �ijkAkI(K; �)k dx� 1 + 1Xk=1 1k! � 
kI(K; �)AI(K; �) �k� 1 + 1Xk=1� 
kA(k!)1=k�k� 1 + 1Xk=1 12k � 2;



95an epilèxoume A = 3e
. 2Orismì
. 'Estw K kurtì s¸ma ìgkou 1 ston Rn , kai èstw f : K ! R fragmènhmetr simh sun�rthsh. H Orli
z nìrma kfkL � , � � 1 th
 f or�zetai apì thn(5:1:35) kfkL � = inff� > 0 �� ZK exp((jf(x)j=�)�)dx � 2g:Me ton parap�nw orismì, autì pou isqur�zetai h Prìtash 5.1.2 e�nai ìti:Up�rqei apìluth stajer� A > 0 tètoia ¸ste gia k�je kurtì s¸ma Kìgkou 1 kai k�je � 2 Sn�1 h sun�rthsh f(x) = hx; �i=I(K; �) sto Kèqei Orli
z nìrma kfkL 1 � A.5.2 'Anw fr�gma gia th stajer� isotrop�a
To prìblhma pou ja ma
 apasqol sei diatup¸jhke apì ton Bourgain:Eikas�a: Up�rqei apìluth stajer� C > 0 tètoia ¸ste LK � C giak�je kurtì s¸ma K me kèntro b�rou
 to 0.To kalÔtero gnwstì apotèlesma ofe�letai ston Bourgain.Je¸rhma 5.2.1 Gia k�je kurtì s¸ma K ston Rn me kèntro b�rou
 to 0, isqÔei hanisìthta(5:2:1) LK � 
 4pn logn;ìpou 
 > 0 apìluth stajer�.Basikì rìlo sthn apìdeixh ja pa�xei h anisìthta tou Pisier.L mma 5.2.1 'Estw K kurtì s¸ma ston Rn me jKj = 1. Up�rqoun: orjokanonik b�sh fv1; : : : ; vng ston Rn kai �1; : : : ; �n > 0 me �1�2 � � ��n = 1 tètoioi ¸ste(5:2:2) E supx2K 
x; nXi=1 �igivi� � 
1n logn;ìpou 
1 > 0 apìluth stajer� kai g1; : : : ; gn anex�rthte
 tupikè
 kanonikè
 tuqa�e
metablhtè
. 2Shme�wsh: SÔmfwna me to L mma 2.4.2, h anisìthta tou Pisier isqur�zetai ìtiup�rqei grammik  eikìna TK tou K me jTKj = jKj = 1 kai(5:2:3) w(TK) � 
01pn logn:(arke� na or�soume T = S� ìpou S(ei) = �ivi, i = 1; : : : ; n). Ant�strofa, anup�rqei T 2 SL(n) ¸ste na isqÔei h (5.2.3), mporoÔme na gr�youme T = V DU ,



96ìpou V; U 2 O(n) kai D = diag(�1; : : : ; �n) me Qni=1 �i = 1. Tìte, an jèsoumevi = U�ei èqoumeE supx2K 
x; nXi=1 �igivi� = E supx2K 
x; U�D� nXi=1 giei��= E supx2K 
DUx; nXi=1 giei�= E supx2K 
Tx; V � nXi=1 giei��= E supx2TK 
x; nXi=1 giei�' pnw(TK) � 
1n logn:Apìdeixh tou Jewr mato
 5.2.1: Estw K isotropikì kurtì s¸ma. JewroÔmev1; : : : ; vn kai �1; : : : ; �n > 0 me �1�2 � � ��n = 1, ìpw
 sto L mma 5.2.1. AfoÔ(5:2:4) ZK kxk22dx = nL2K ;an or�soume(5:2:5) Kr = fx 2 K : kxk2 � rpnLKg;h anisìthta tou Markov de�qnei ìti(5:2:6) jKrj � 1� r�2:Gia k�je � 2 Sn�1 èqoumeZKrhx; �i2dx = ZKhx; �i2dx� ZKnKrhx; �i2dx� L2K � jK nKrj1=2 �ZKhx; �i4dx�1=2� L2K � r�1(4
)2L2K ;ìpou 
 > 0 h stajer� th
 Prìtash
 5.1.1. An epilèxoume r = 32
2, èqoume(5:2:7) ZKr hx; �i2dx � L2K2gia k�je � 2 Sn�1. AfoÔ jKrj � 1 � r�2, up�rqei 1 � �n � (1 � r�2)�1 tètoio
¸ste: gia to W = �Kr na èqoume jW j = 1 kai(5:2:8) ZW hx; �i2dx = �n+2 ZKrhx; �i2dx � L2K2



97gia k�je � 2 Sn�1.JewroÔme ton D 2 L(Rn ;Rn ) me Dvi = �ivi, kai or�zoume(5:2:9)I := ZW supy2K 
y; nXi=1 �ihx; viivi�dx = ZW supy2Khy;Dxidx = ZW supy2DKhy; xidx:Gia k�je x 2W èqoume x=� 2 K, �ra(5:2:10) I � 1� ZW hx;Dxidx = 1� ZW  nXi=1 �ihx; vii2! dx � L2K2� nXi=1 �i � nL2K2� :ParathroÔme ìti(5:2:11) jhy; xij � �rpnLKkyk2gia k�je y 2 Rn kai x 2 W . Ep�sh
,(5:2:12) I(W; �) = ZW jhx; �ijdx � �n+1LKgia k�je � 2 Sn�1. Apì thn (5.2.11) kai thn Prìtash 5.1.2, up�rqei apìluthstajer� A > 0 tètoia ¸ste(5:2:13) ZW exp� hy; xi2A�2n+1rpnL2Kkyk22� dx � ZW exp� jhy; xijA�2nLKkyk2� dx � 2gia k�je y 2 Rn . 'Epetai ìti(5:2:14) jfx 2 W : jhy; xij � B 4pnLKtgj � 2 exp�� t2kyk22�gia k�je y 2 Rn , ìpou B = pA�2n+1r. An jewr soume thn anèlixh X =(Xy)y2DK , Xy :W ! R me(5:2:15) Xy(x) = hy; xiB 4pnLK ;tìte, gia k�je y; z 2 DK kai t > 0,(5:2:16)P (jXy �Xzj � t) � jfx 2 W : jhy � z; xij � B 4pnLKtgj � 2 exp�� t2ky � zk22� ;dhlad  h X e�nai upokanonik  (w
 pro
 thn Eukle�deia apìstash sto DK - h staje-r� 2 sthn (5.2.14) den ephre�zei ta apotelèsmata pou apode�xame sta prohgoÔmenaKef�laia).JewroÔme th sun jh anèlixh tou Gauss Z = (Zy)y2DK me(5:2:17) Zy(!) = 
y; nXi=1 gi(!)vi�:



98Oi X kai Z ikanopoioÔn ti
 upojèsei
 tou Jewr mato
 3.3.2. 'Ara,I = B 4pnLK � ZW supy2DKXy(x)dx� KB 4pnLK � E supy2DK 
y; nXi=1 givi�= KB 4pnLK � E supx2K 
x; nXi=1 �igivi�:Qrhsimopoi¸nta
 kai to L mma 5.2.1, pa�rnoume(5:2:18) I � 
1KB 4pnLK � n logn:Tèlo
, h (5.2.10) ma
 d�nei(5:2:19) nL2K � (2
1�KB)n5=4 logn � LK ;dhlad (5:2:20) LK � 
 4pn logn;ìpou 
 = 2
1�KB = 2
1�KpA�2n+1r jetik  apìluth stajer�. 2Anaforè
: Sthn par�grafo 5.1 d�noume mìno eke�ne
 ti
 idiìthte
 twn isotropik¸nkurt¸n swm�twn pou apaitoÔntai gia thn apìdeixh tou Jewr mato
 5.2.1. Gia pe-rissìtere
 plhrofor�e
 parapèmpoume ton anagn¸sth sto �rjro episkìphsh
 [MP℄.H apìdeixh th
 anisìthta
 tou Pisier (L mma 5.2.1) br�sketai, gia par�deigma, stoKef�laio 2 tou bibl�ou tou Pisier [Pi℄. H apìdeixh pou d�noume gia to Je¸rhma 5.2.1akolouje� thn arqik  apìdeixh tou Bourgain sto [Bou℄. H qr sh tou Jewr mato
3.3.2 tou Talagrand aplopoie� to epiqe�rhma kai belti¸nei thn telik  ekt�mhsh kat�èna logarijmikì w
 pro
 th di�stash par�gonta. Ep�sh
, den apaite�tai h summetr�-a tou isotropikoÔ s¸mato
 K w
 pro
 thn arq  twn axìnwn (arke� na upojèsoumeìti èqei kèntro b�rou
 to 0).
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