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Ke:q)o'c)\ou.o 1

Ev GOLY(;)YY']

‘Eow (2, A, P) yopoc mdavétnrog, xow X = (X¢)rer Uta otxoyévela mporyua-
TRV Tuyaiwy YetaBAnTtdy, omou (T, d) évac uetpinds yweos. O teleutaiog 6pog
yenotuomotelton yohopd: amd TNy andotach d anoutoOUe UdVo TN cLUUETPla Mo
™y Terywvixd aviedtnta d(t,s) < d(t,u) + d(u,s) | oxdua xou v acevéotepn
d(t,s) < c(d(t,u) + d(u, s)) yia xdde ¢, s,u € T, bnou ¢ > 1 xdmota otadepd. Aéue
ot n avéhEn X = (X¢)ier elvon umoxavovixy av

(1.1) EX, =0

yioo xdde t € T, xon 1 andotaon d ocuvdéeton Ue T uetoforéc e X wg e€hc: T
x&e t,s € T xou xdde u > 0,

(1.2) P(IX, — Xi| > u) < 2exp <— dZ?s t)> .

H uéon tun g sup;eq Xy oplletan and tn oyéon

(1.3) Esup X; := sup {Esup X FCT,|F| < —f—oo}.
ter teF
To Yéua authc e epyactag elvon 1 oyéon g Esup,cqp X ue m yewuetplo tou
(T,d). Ta mpodta anoteréopota oautod UL Eldoug amodelydnxoy oty eldxh| ne-
plntwon twv avelifewv tou Gauss and touc Sudakov xou Dudley. H uelétn tou
TEOBAAUATOS GTNY UTOXAVOVLXT| TERITTWOT ONOXATEOUNXE UE TO «UEWPNUA TWV XL-
pLopyoLVTWY wétpwyy tou Talagrand, to onolo mapovotdlovue avahuTixd.

Y10 Kepdhowo 2 nopouctdlovue tar xhaoixd anotehéopato yiar Ty Teplntwaon
Twv avehiZewv tou Gauss. ‘Eotww (2, A, P) ydpoc mdavétnrac xou Z = (Zy)ier (ot
OLXOYEVELX TTROYULATIXWY TUY WY UETABANTOY, 6mou T éva urn xevo cOVOAO SEXT®Y.
H avénin Z Myeton avélln tou Gauss av xdle nenepaouévog ypauuixde cuvduo-
oubc a1 Zy, + - -+ amZy,, v Z; elvar xovovixy| tuyalo UeToBAnth we uéon T 0.
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Mrnopotue va Bhérouue Ty Z oav utochvoro tou L?(Q, A, P). Tedgouue B yio tny
avouxth povadialar undha tou L2 (2, A, P) xou yia x84 € > 0 optlovyue tov e-optdud
eviponiog g £ amd T oyéon

N
(14) N:(Z) = min {N | umdpyouv ty,...,tn €T :Z2C U (Zs; +€B) }

Av 1o tehevtaio oOvoho elvon xevd, Yétovue N (Z) = oo.
H anéotaon ||Z: — Zs||a twv Zt, Zs otov L*(Q, A, P) endye. Ue QUOLOAOYLXO
TEOTO ULa anb6oTacT oTo cUVOAO dewtwy T'. ' xdle ¢, 5 € T opllovue

(1.5) d(t,s) =112¢ = Zs||2-

O e-apuduol evtporniag e Z avtiatoyoby €l otoug e-aptdiuole xdhung tou (T, d):
€Y OLUE

(1.6) N:.(Z2)=N(T,d,e),

6ToL

(1.7) N(T,d,e) :=min {N | vrdpyouwv t1,...,ty €T : T CUN B(t;, )}

xaw B(t,e) = {s €T :d(t,s) <e}.

Ta xhaowd pedyuata twv Sudakov xou Dudley cuvdéouv tnyv Esup,cr Z; pe
uetpwer| eviponio tou (T, d) xou cuvodilovion oto eZhc Oedpnua.

Ocwpnua 1 T'rndpyovr atdlutes otalepés ci,ca > 0 e tnr e€ris 10i6tnta: ya kdde
avéhén wov Gauss Z = (Zi)ier,

(1.8) ¢ sup (a log N (T, d, a)) <Esup 7, < cQ/ Vg N(T,d,e)de. O
te 0

e>0

To xdtw @edyua elvon 1 avioétntar Tou Sudakov xow T0 dvw @Edyua elvon 1
aviootnta Tou Dudley. H anddedn twv 0o avicotitwy divetan otny napdypago 2.4.
Boaotleton oto Afuua tou Slepian, to onolo napouvcdlovue otny Tapdypapo 2.3.

Yto Kegdharo 3 pehetdue tnv uroxavovuxn nepintworn. Trodétovue étun X =
(X¢)ter wavomoel Tic (1.1) xan (1.2). Lo xdde Borel pétpo mdavdtnrac p otov
(T, d) opllovue

(1.9) Y (T, d, p) = ilélg/ \/log )>ds,

xon Yétovyue

(1.10) Y2 (T, d) = inf{y> (T, d, 1) : p Borel uétpo miavétnrac otov (T,d)}.

To enduevo Yewpnua e&nyel tov dpo «xupLapyolvTaL UETEy.



Ocdenua 2 Yrdpyer otalepd K > 0 pe wnr eijs wistnra: av (T,d) elvar évag
petpikds xopos kat X = (Xi)ter pia vrokavoviki) avéhén, tére

(1.11) Esup X; < K -%»(T,d). O
ter

Térolou elBoug gpdyuarta anodelydnxay yior Tpdtn @opd and toug Preston (oe
ediréc mepntddoel) xan Fernique. H noapousiach uwoc otic ntopaypedpous 3.1 xou 3.2
axohoulel tov Talagrand.

Yy mapdrypopo 3.3 emotpépovue 610 TAACL Twy aveAlZewy Tou Gauss. ‘Eotw
Z = (Zy)rer o avéNZn tou Gauss xou €6tw d 1 andotoon tov endyer n Z oto 1.
To Yewpnua tou Talagrand yia to xupLapyolvTa Uétpa Selyvel 6TL To dvw PpdyUd
oL Oewpruatog 2 elvar BéATioTo o AUTAY TNV TEpinTWoT.

Ocdenua 3 Yrdpyel andlven oralepd K > 0 pe tny e€ng iidenea: av Z = (Zt)ier
elvar yua avéaén tov Gauss kar av o (T, d) éxel menepaopérn diduetpo, drov d elvar
n anéotaocn nwov endyetal and tny Z oo T, tote

1
(Tad) < ]ESllp X < K- 72(T7d) o

1.11 —
( ) K 72 s 4

Y10 Kegpdhowo 4 e€etdloupe avalutixd tny nepintwon mov to pdho tou (T, d)
nailel éva elherpoedéc E otov fa: mo ouyxexpluéva, to E neprypdpeton and ty

(1.12) E={t=(t)n €| t2/a} <1}

n>1
yio xdmotar pdivouca axoroudio TpayUaTiX®y apducy a, > 0 ue
(1.13) > ak < o

n>1
Mehetdue avahutixd tnv avéhln tov Gauss X = (X¢)iep UE
(1.14) Xe =) tagn,
n>1

60U (gn)n lvon uta axohoudio aveZdpntwy N (0, 1) tuyoiwy uetaBAnTdy. Aev elvor
dVoxoho va dellel xavelc 6Tt

1/2

(1.15) Esup X; ~ a’

Auto buwe mou uoc evdiapépet €36 elvon vor cUYXEIVOLUE TaL XAAUOLXEL PEAYULTA TWY
Sudakov xar Dudley ue to Yedpnua tou Talagrand yuo to xupLopyolvta uétea (6mwe
avapépet o (dog o Talagrand, autd axpBng 1o nopddetya tov Bordnoe va avamtdet
TS TEYVIXES TIoL OdHyNoaY oTo Oebdpnua 3).
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Oedpnua 4 Trdpye pOivovoa axodovdia (ay), Octikdy mpaypatikdy aplpudv, té-
T0l10 HOTE

(1.16) > ak < 400

Kai ’

(1.17) /0 " /g N(E,)de = +oc,

dnov E to eArewpoeidés aov €y mov opiletar and tny (1.12). i

To Oedpnua 4 delyver 6Tt t0 pedyua tou Dudley dev eivar ndvta axpBéc. Xen-
OLUOTIOLOVTAS OUws TNV TeXVixT| Tou Kegahalou 3 unopolue va dei€ovue 1o e€nc.

Oedpnua 5 Eotw E to eAewpoeidés atov Uy nov opiletar and tny (1.12). Tdre,

o0
(1.18) / elog N(E,e)de ~ Zai. O
0 n>1

Av vy, 8 > 0 oploovue

= sra, "
(1.19) Rap(E) = (/ e (log N(E,¢)) da) ,
0
t6te o Oewpriuata 4 xou 5 delyvouv dtL yia xdde E éyovue
(120) Esup Xt ~ R272(E)7
teE

eved undpyouy opadelyuata eMeloeddy E yio o onolor Ry 1 (E) = oo.
[Mepvddvtag and ) petpuny| eviponio oTa xUELAEYOUVTH UETEA, Yo xdde UETELXO
xoeo (T, d) xou xdde o, B > 0 opiloupe

1/8

00 . 1 B/a
(1.21) Ya,3(T, d, p) := 51611[3 (/0 ef <log m) da) ,

pidedn
(1.22) Ya5(T,d) := inf 70 (T’ d, ),

6mou to infimum malpvetar Tévew an’ dho ta Borel uétpa nidavétntac otov (T, d). Me
0 ouufolioud touv Kegahaiou 3, 21 (T, d) = v2(T, d). To Yedpnua touv Talagrand
yia ta eAheroedn etvon to e€RC.

Oedpnua 6 Eotw E 1o elleupoerdés otov £y mov opiletar and tny (1.12). Tére, yua
kdOe a > 0,

(1.23) Ya,2(E) =~ sup (s[logN(E,z—:)]l/“) < sup (an -nl/“),

>0 n>1
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émov ot oradepés aUykplons e€aptddvtal puévo and to a. a

Yy mapdypapo 4.3 divouue ula e@apuoy Tou Oewpriuatog 6 oe éva TEOBAN-
Mot Yo Tor EUTELpLd UéTpar 0To Wovadialo TeTpdywvo. BOewpolue tuyalo onuEel-

a Xi,...,Xp, mov emhéyovron aveldptntar xou odoloUoppa and To Uovadiafo Te-
tedywvo [0,1]%.  Oéhouue va exXTUWACOLUE TNV OMOXALOT TOU EUTELPLXOD UETPOU

_ 1 ’ 4 L 2 s , ’
Ox = 3 2i<n0x, an6 10 oupotduopgo uEtpo tou [0,1]% T 0 oxomd autd opi-

Couue v tuyaia wetoBAnT

’

(1.24) Cp = sup
fec

> (X B

i<n

émou L elvar 1 xAdon twv 1-Lipschitz cuvapthoewy oto [0,1]% xou Ef elvon 1 péon
TR e f oto [0,1]%. H tuyeio uetafinth C, divel to BértioTto dvew @pdyuo yio
TO «OPANUUY TOU XEVOULUE OTAY YENOULOTOWVUE To dx YLt Vo UTONOYIGOUUE TO
ohoxAfpwia utag 1-Lipschitz cuvdptnong oto wovadiato tetpdywvo. Iopouoidlovue
v anodeln tou Talagrand yia to axdrouvdo Jewpnua twv Ajtai-Komlos-Tusnady.

Ocwpnua 7 Trdpyer oradepd K > 0 térowa dote, ya kdfe n > 2,

I
(1.25) EC, < K\/-2" o
n

Téhog, oto Kegpdhato 5 mopovotdlovue Uio epopuoyn tou Oewpuotos 3 ot
Yewpla Twy XUPTOY cwudtwy, divovtag dlo arodeln e extiunone tou Bourgain
Yo 10 YVwot6 mpdfBinua tne otadepds wotponiog. ‘Eva xvpté oodua K otov R®
Aéyetan tootpomuxd av €xel oyxo |[K| = 1, xévtpo Bdpouc to 0, xau xavomotel tny
lootpomix, cLYIRXN

(1.26) /K gy de = Ly

vy xdde y € R*. H otadepd Lix Aéyetan otodepd wwotponiog tou K. Avouyt
TopaUEVEL 1) €ENg ewcaato

Trdpyer andhutn otadepd C > 0 o dote L < C yio xdde woo-
Tpomxd xLET6 cwua K.

To xoA0TEPO YVWOTO YEVIXS dve pedyua Yo Ty Li €yel Sodel and tov Bourgain:

Ocwpnua 8 Ia kdle wotpomkd kuptd odua K otov R*, wyve n aviodtnta
(1.27) L < c¥/nlogn,

omov ¢ > 0 andAven otalepd. O
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Ke:cpo’c)\ou.o 2

Avelilerc Tou (Gauss

2.1 Koavovixég tuyaleg peta3Anteg

H twnua xavovin) xatavour; otov R* etvon to Borel uétpo mbavértnrog v, mou
optleton and tny

@2.11) 10(B) = Gy | esp(-leli)aa.

vt x&de Borel unoclvoro B tou R?, 6mou || - ||2 elvor i Evxkeldeiar vépuo. M
Tuyodor UeTaBANTA NV @ @ — R™ Aéyeton Tumxr xovovir Tuyala wetoBAnty otov R"
av P(N € B) = v,(B) yw xdde Borel unocivolo B tou R™.

‘Eow (2, A, P) évag ydpog mdavétnrag. Mia tuyaia yetointh X : @ — R
Aéyetan xovovixd xotaveunuévn oto R av X = o N 4+ m yio xdmotar TUTLXY xovovixt
tuyolor wetoBAnT N oto R xou xdmowoug o > 0 xou m € R, I'pdpovue p yior tny
xartavoun dist (X)) tne X (dnhadn, to uétpo mdavétntac oto R nou optleton and tny
u(B) = P(X € B)). Téte woylbouv 1o e€nic:

Ilpétaon 2.1.1 Eotw X = oN + m e kavovikn t.u. kai éotw p = dist(X).
Téte, n péon nun kar n dwaonopd tng X odivovral and tig

(2.1.2) EX =m xat V(X) =%

H yapaktnpionixn ovvdptnon s X elvai n

(2.1.3) A(—t) = E(eY) = emi=3°t

yia kdOe t € R. O

13
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Aéue 61 n X e Ipdraone 2.1.1 elvon wtar N(m,0?) tuyoda yetoBAnth. Av
o =0 161€ 1t = 0, (n onuetaxs udla oo M), evéd av o > 0 éyouue

(2.1.4) dp(z) = ﬁ exp (-%) de,

an’ 6mou BAénouuEe OTL

1 o 2 2
2.1.5 E(f(X)) = — —(e=m)*/207 g
(215 (1) = —= [ (e .

v xde f € Li(u) i f : R — [0, 00) Borel uetpriowun.

IIpétaon 2.1.2 Eoww X = (X1,...,X,) : @ = R"® éva tuyaio Gudvvopa. Ta e&ig
elvar 1w0o0dVvaua:

(o) Yrdpyouvr n x n wivakag A kar Sidvvopa m € R térowa dote

(2.1.6) dist(X) = dist(AN + m),

émov N tumikry kavoviki) tuyala puetapAnt.

(B) Ia kd¥e emAoyr} mpaypatikdy apidudr t1, ..., t, € R, n tuyaia petafAnen

n

(2.1.7) vy =30,

i=1
elvar kavovikd kataveunuévn oto R.

(v) Yrdpyouvr a € R kat Jetikd nuopiouévn tetpaywvikr) poper Q otov R térowa
woTe

(2.1.8) E(e’¥ X)) = i) —3Q(y)
ya kdle y € R”. |

‘Eotw 61 oL 1oodlvaues cuvidfixes (a)-(y) toybouv yio to Tuyaio ddvuouo X =
(X1,...,Xn). Oewpolue tov mivoxa I' = (7;5) twv cuvdlaxvudvoewy

(2.1.9) vi; = E([X; —EX;] - [X; —EXj]), i,j=1,...,n.
Tote, ye to ouyPohoud g [pdtaong 2.1.2, wybouy ta e€he:

1. m =EX.
2. E(Y) = (t,m), 6mou t = (t1,...,t,).
3. V(Y) = |47
4. AA* =T.
5

. a=m.
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6. Q(y) = (Ty,y) = V({y, X)) v xd&de y € R".

Ocwpnua AVTLOTROPNG YL To RETACYNUATLoOWO Fourier. Ay £, f € LY(R™),
TéTe

1 i i(y,z
(2.1.10) 1) = g [ F)e v lay

oxedoy navrov orov R™. EmnAéov, n (2.1.10) wyve oe kdOe z € R™ oto onolo n f
elvar ovveyig. |

Trodétouvue 6L t0 TUYato Stdvuoua X = (Xi,...,X,) elvon xovovind xortave-
unuévo atov R”, xan 6t E(X;) = 0,4 =1,...,n. Av o nlvaxoc cuvdoxuudvoewy T
elvar avtiotpédruog, tdte and to Yewpenua aviiotpo@ric talpvouue to e€ng:

Ilpétaom 2.1.3 Av dist(X) = dist(AN), tdre to X éyxer nukrdnra mov diverar and
(291%

(2.1.11) o(2) = (2m)" / exp(i(y, 2) — (Ty,v)/2)dy,

n

omov I' = AA* o nivaxag ovrdakvpdroecwr v X;. |

2.2 Avelilerc tou Gauss

‘Eotww (2, A, P) ydpoc mdavétnrog, xou 2 = (Z;)ier LU0 OLXOYEVELA TROYUATIXOV
Tuylwy UETAUBANTOY U delxteg and éva cOvoho T'. Aéue 61l 1y Z elvan avéAgm Tou
Gauss av xde TENEPACUEVOS YPOUUIXOS CUVVAOWUOS a1 Z¢, + -+ - + amZy,, TV Zy
elvon xovovixd| Tuyalo uetoBAnTy ue péon Ty 0.

IMopadeiypato. (o) Eoww g1,...,9n aveldptnies tuyalec UeTaBANTéC UE g; ~
N(0,1). H Z = {g1,-..,9n} elvar avéM&n tou Gauss, agol yio xdde enthoyy
TEAYUATIX®Y optdU®Y aq, - . . ,an LoYVEL

algl+"'+aNgNNN(07(0/§+"'+G?V)1/2)_

(B) Eow g1,...,9n aveZdptnres tuyoles petaBintéc we ¢; ~ N(0,1) xou éotw
T C RY. YuuBohiZouue e {ei,...,en} T cuvAdn opdoxavovix Bdon tou RY.
o xdde t € T opllovpe v tuyalo wetoBAnT) Z; we e€hc:

N N
(2.2.1) Zy=(t,> giei) = > _tigi-
i=1 i=1

7

Kdde Z; elvor xavovixr tuyato uetaBAntd ue uéorn tuun 0, xou edxola eEAEyyouUE 6TL

(222) athl +--t athk = Za1t1+"'+ﬂktk
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vy xdde k € N xou xdde aq,...,a € R, t1,...,t, € T. Apa, n Z elvon avéNErn tou
Gauss.

Av Z = (Zy)ier elvan pia avéMEn tou Gauss, Umopolue vo BAémovue Ty 2
oav utoclvoho tou L2(Q, A, P). Tpdgouue B yia Ty oot uovodiato undho Tou
L*(2, A, P) xou v xdde € > 0 opllouue tov e-aprduéd eviponiog tng Z and
oxéon

=

(2.2.3) N.(2) :min{N | urdpyouv ty,...,tn €T : 2 C | J(Z, —|—sB)}.

-
I
-

Av 1o tehevtaio oOvoho glvan xevd, Fétovue N.(Z) = oo.
H andotaon ||Z: — Zs||2 twv Zt, Zs otov L*(Q, A, P) endyer ue guolohoyixd
TEOTO ULa anboTacT 0To cUVOAO dewtwy T'. T xdle ¢, 5 € T opllovue

(2.2.4) d(t,s) =12t — Zs2-

Or e-oprduol eviporiog Tng £ avtiotoyoly €16l oToug e-apLdols xdAuvdng Tou
(T, d): éyovue

(2.2.5) N.(Z2) =N(T,d,e),
6ToU
N
(2.2.6) N(T,d,e) := min {N | urdpyouv ty,...,txn €T :T C U B(ti,z—:)}
i=1
xaw B(t,e) = {s €T :d(t,s) <e}.
Oprouds. 'Eotw Z = (Z;)ier avéNZn tov Gauss. To Baowxd npbBinuo authc tne

epyaoiag etvar va 3000y o3| gedyuota yior T EST TLUANA TNG SUDseT Z;

(2.2.7) Esup Z; := sup {]Esup Zy:FCT,|F| < +oo}
teT teF

uéow tne yewuetplac tou (T, d).
Ye avtd 1o Kegdharo Yo anodel€ovue o xhaoixd @pdyuoata twy Sudakov xou
Dudley, ta onolo cuvodilovton oo e€nc Oedpnua.

Ocwpnua 2.2.1 Trdpyovr anélvtes otalepés ¢y, co > 0 pe tny e€ng 16iétnea: ya
kdOe avéaén tov Gauss Z = (Zt)er,

o0
(2.2.8) €1 sup (z—: log NE(Z)) < Esug Zy < cz/ V1og N.(2)de.
te 0

e>0

To xdtw @pdyua eivon 1 aviodtntar tou Sudakov xon T0 dvw @pdryua elvor 1
aviootnta tou Dudley. H anddeién twv 800 avicotitwy Baciletow oto Afuua tou
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Slepian, to onofo Yo TUPOUGLAGOVUE GTNY EMOUEVY UTOTIHEAYPAPO, XAL OTO TEWTO
and 1o Booixd pog mapadelyuota, T0 onolo avanTtdCCOUUE AETTOUEPKS OTT CUVEYELIL.

Ac Yewpricovue v avéNin tov Gauss Z = {g1,...,9~n} Tou Iapadelypoatog
(o). H aveZaptnola twv g; xou évag amhde unohoytoude delyvouy ot

llg: — 9,15 = Elg: — g;)* = Bg} + Eg; — 2Eg; - Eg; =2

av i # j, dpa
1 ,ave> \/5
N:(2) =
N ,av0<e<v2
Apa,
(2.2.9) sup (sx/logNE(Z)) =Vv2y/logN :/ V1og N.(Z)de.
>0 0

H Ilpétacn mou axohouvdel Seiyver 6t o Oedpnua 2.2.1 woylel o authv Ty nERi-
TTwo, xou 1 wotnta (2.2.9) delyver bt ta dVo pediypota elvon xatd xdmotov TpbéTo
Béhtota: o tpelg mocdTNTES 0Ty (2.2.8) elvon loeg av ayvoriloovue andhuteg Vetixée
otadepéc.

Ilpétaom 2.2.1 Eotww g1, ...,g9n avekdptntes tuyaies petafantés pe g; ~ N(0,1).
Tore,

(2.2.10) c1v/log N §E1n<a]§gi < eay/log N,
s

omov ¢y, ¢y > 0 andlures otalepés.

Anodedn: 'Eotww g > 1. Ao v aviobétnta tou Holder,

1/q
E < E 1 <E |4
maxg: < Emaxlgl < (;Vlgzl)
Z_

(Z IE3|gi|q>1/q-

i<N

IN

H ponr) t8&nc ¢ tne g unohoyiletor axpLBde:

2 > 2
— 2le " 2dy
\/27r/0
2 o a=1 _
= 5 /0 (2y) = e Ydy
PN
= 7 5 .

Elg|?



Apa,
242 /g +1\\"" L
2. < ([ N=—=T(| —= < /e,
(2.2.11) ]Erglsalircgl_ (N\/EI( 5 )) < ey/gN
Av eminé€ouue ¢ ~ log N, Brénouue 6T
(2.2.12) Erga]%( gi < c2v/log N,
IS

omou ¢z > 0 elvon ytar amdAutn otadepd.

Lo Ty avtiotpogn avicdtnra delyvouue mpdta 6Tt UTdpyEL (apXeTd Utxpt) and-
Aty otadepd o > 0 xon undpyel puoxds apLiuds ny dote: av g ~ N(0,1) xou
N > ny, to1€

1

(2.2.13) P(g > ay/logN) > N
Mpdryuate,

1 *° .

P(g > ay/logN) = — e dx
27 Ja/logN
20+/Tog N
> [T g

av, yla Topddetyua, o = 1/2 xou 10 ng emAeyel xatdhnha. Téte, yio xdde N > ng
€Y OLUE

N 1\V 1
(2.2.14) P <Ig%<g,- < a«/logN) = [P(g < ay/log N)} < (1 - N) <,
1< e
dpat, and Ty aviodtnta Tou Markov malpvouue
(2.2.15) E > L ogn . p > L oen) > (121 g
-4 Iingalif( 9i 2 2 0g I%%ng <3 0g =9 e 0g

av N > ng. Elvar tdpo govepd 6t av emAé€ouue xatdAAnAn andiutn otodepd
c1 > 0, metuyalvouue TNy

(2.2.16) a1/ IogN < ]Em<ali’< Ji
/L_

v xde N € N. |
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2.3 To Afuua tou Slepian

To Arupa tou Slepian diver éva xpLthiplo GUYXELONG Yol N-GDES XAVOVIXDY TUY WY
HETOBANTOY.

Ocdenua 2.3.1 Eoww (2, A, P) xdpos mbavdtnrag kat éotw X = (X1,...,Xn),
Y = (Y3,...,Y,) 6U0 n-dbes kavovikdy tuyalnv petaPAntdy mnov opilovtar otov €2
kar éyovv péon niun 0. T'moBérovue dnt

[ xtan = [ v2au
Q Q
/ XiXjdp > / YY;dp
Q Q

yia kdOe¢ it,j =1,...,n. Tdre,

(2.3.1) /maxX,-du < [ maxYidp.
Q i<n Q i<n

Anéderdn: Onwc eldapue otny HMapdypago 2.1, av Z = {Z1,. .., Z,} elvow yto n-8da
xovovixwy tuyalwy UeTaBAntdv ue uéon tiun 0, t6te 0 mivaxag cLVSLAXUUAVOEWY
I = (y45), 6mov vi; = [ Z;Z;dP, etvon évac 9eTixd nutopLopévoc nivaxac: Snhady,
(Tz,z) > 0 yio xdde x € R*. Avtlotpoga, xdde Jetind nULOpLOUEVOS OpLEUEVOS
nivaxog T opilel ua n-dda Z = {Z1, ..., Z,} mou éyel tov I' ooy nivoxa cuvdioxu-
pdvoewy. H muxvotnta tou tuyalou Staviouatog Z diveton amd tnv

(2.3.2) g(z1,..s2n | T) = (2m) /% (det T) Y2 exp (— (I '2,2)/2),
XOUL 1) YOEAXTNELOTLXH CLVSPTNOY Tou Z elvon 1)
(2:3.3) i) = exp (= (Ty,9)/2).

Ané 10 Yedpnua avtiotpophc, ExouUE

@34)  glr i 1) =0 [ e (02 - Cy0)/2)dy
v xdde z = (z1,...,2n) € R*. Hopaywyiloviag we mpog v;; Todpvoule Ty TowTo-
™o
0 0?
(2.3.5) J J

6%3' - 8z16z]
yiaoxde i # 4,4, =1,...,n.

TradeponotoVye ti, ..., t, € R xou Jewpobue ) ocuvdptnon G(I | t,...,t,) :=
G() ue

(23.6) G() == P (M {we Q| Z;(w) < ;) Z[ /7 (o1 2 | T)dz
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oav auvdptnon tou I' (nopodelnovue ta ty, . . ., t, Yo euxolio oo cuuBolioud). And
v (2.3.5) BAénovue btu

t1 tn 2
2.3. oz |T
(2.3.7) a%] / ez | D)

vy xde ¢ # j, 4,7 = 1,...,n. To ohoxifpwua oo Se€ld uélog Loobtan Ue €va
ohoxMjpwUa TN g WS TTPog TS (m — 2)-uetofAnTtéc 2k, k # i,j. Tio napddetyua,

ts tn

(238) 8’)/12 / / tl,tg, Z3,---,%n | F)dZn
Apa,

oG (T
(2.3.9) (@) >0

ij
viaoxdde i #j,i,j=1,...,n

[opatnerote enlong ot
— N, N
Er?gzc Zy = /Q (rlnsa;c Z,) du /Q (Izngari( Z,) du

o0 o0
/OP(%a;cZi>t)dt—/0 P(I?Sa;cZi<—t)dt

/0 [1—P(maxZ < t)]dt — / P(m<axZ < —t)dt

_ /000(1—6'(1“|t,. dt—/ G| ~t,...,—~t)dt

Ocwpolue topa Tic n-8dec X = (X1,...,Xp) xu Y = (Y7,...,Y},) tou Oewphiuatoc,
xon yedpouue Iy xou I'y yio toug avtiototyoug nivaxeg cuvdlouudvoewy. Xwplg
nepLoploud g yevixotntac, unodétovue 6t ot 'y xou 'y elvar detind opiouévol
(o>, mpooeyyilovpe e X xou Y ue n-ddec X, xou Yz mou éyouv authv tny
WBLoTnTaL, xou UETE TEPVAUE 0TO 6pLo).

Lo xdde 0 € [0, 1] Yétouue

(2.3.10) I(6) =6Cx + (1 —O)Ty.

Me avtév tov oploud éxovue I'(0) = I'y xou I'(1) = I'x. Kdde I'(0) elvor Yetind
oplopévog mivaxag. Av oploovue

(2.3.11) T(0) = G(I(0)),
t61€
ro < % sy

ij=1
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> 9GO (E(X; X;) — E(Y;Yj))

ij=1 97ij
= > 6Ga(r.(.9)‘) - (E(XG X) — E(Y;Y5))
iz OV

yott EX? = EY;? vy xdde i = 1,...,n. And tny (2.3.9) xou tn deltepn unddeon
Hoc, Eneton 0Tt

(2.3.12) T'(6) >0,
dipat
(2.3.13) G(Tx) = G(T(1)) > G(T(0)) = G(T'y).
I var ohoxhnpdoouue Ty omodellrn TapatneolUe 6Tt
Em<axXi = / (1—G(FX|t,...,t))dt—/ GTx | —t,...,—t)dt
sn 0 0

IN

/ (1-G(Ty | t,...,t))dt—/ Gy | —t,...,—t)dt
0 0
= Emaxy;.
i<n
Auté mpoxidmter dueca, av Yewphoovue t > 0 xou epapudcovue Ty (2.3.13) yio Tie

n-ddeg (t,...,t) xou (—=t,...,—t). [ v axpiBetar, n (2.3.13) dlvel moAl Loyupbdtepn
TAnpogopia yior TN xatavour twv X xou Y. a

Oa ypetaotolue eniong v e€hg mapakhayr tou Afuuatog tou Slepian.
Oceopnua 2.3.2 Eotw (2, A, u) ydpos mbavdtnrag kar éotw X = (Xq,...,Xp),

Y = (Y3,...,Y,) 600 n-ddes kavovikdy tuyalwv petaPAntdy nov opilovtar otov €2
kat éovy péon nun 0. YroOérovpe dn

(2.3.14) 1= Xl < 1Y — Yills

yia kdOe i,j =1,...,n. Tdre,

(2.3.15) Emax X; < 2Emax Y;.
i<n i<n

Anéderdn: Av Yéoovue X! = X;— X xou Y] =Y; -1, téte n (2.3.14) e€axorouviel
vou Loy VgL, xou

(2.3.16) Emax X] = Emax X; , EmaxY; = EmaxY;.

i<n

Mrnopolue Aowndv vo xdvouue tnyv emnhéov unddeorn 6t Xy = Y, = 0. Tote, and
™y (2.3.14) nalpvouue

(2.3.17) 1 X2 < [IYill2
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vy xdde i = 1,...,n. Oewpolue wtor TuTXT xavovuxr Tuyalo UETHBANTY g, aveldp-
Ty and i Xy, Yi, otov Q, xon Vétouue

C = max|Yil
i<n
Xi = X;+C-g
~ . . o\ 1/2
Vi = Vit (C— VB4 X0 P g =Yi+bi-g.

Hopoatnefiote 6Tt C2 — ||Y;]13 + || X:]|13 > 0, dpat 0 b; optleton xohd. And tny (2.3.17)
gneTan OTL

(2.3.18) b < C.

Ané tov 1péno oplouol v X; xan Y; éyouue

(2.3.19) 1X: = Xl = 1Xi — X2

now

(2.3.20)

1V = Yillo = 1Y = Y5) + g(bs = b)lle = (I1¥; = Y113 + bs = b;[%) " > ¥ = ]2,
dipot

(2.3.21) 1K — Xjll2 < IIY; = Y2

vy xdde i,j = 1,...,n. Enlong,

(2.3.22) 1X:lI3 = 1013 + C* = [|Yill + b7 = [|Yill5-
An6 g (2.3.21) xou (2.3.22) elvon gavepd 6Tl oL n-ddeg X = (X1,...,X,) %o
Y = (Y1,...,Y,) wavonowly Tic utodécelc tou Oewphiuatos 2.3.1. Apa,
(2.3.23) Emax X; < Emax Y;.
i<n i<n

opatneodue 6Tt
(2.3.24) Emax X; = E (maXXi +C- g) = Emax X;
i<n i<n i<n
xa, Noyw e (2.3.18),
EmaxY; < Emax(Y;+b;-g")
i<n i<n

< EmaxY;+ C-Egt.
i<n

‘Ouoc, anhbc vroloyoude delyver 6T EYZ»"' =||Yil]2 - EgT, dpa

C ||Y|| EY;+ EmaxKn Y;-+ EmaxKnYi
= ma i||2 = ma = = =
ion iz = B g = Eg+ Eg+




yiorl max;<, Yi+ = maX;<n ¥; agoV Yy = 0. Apa,
C-Eg" <EmaxY;,
i<n
dnhadn

(2.3.25) EmaxY; < 2Emax Y;.

i<n i<n

Ané e (2.3.23), (2.3.24) xou (2.3.25) éneTon TO GUUTERACUAL.
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24 H owLo(')'c'q'coc tou Sudakov xow 7 ow(.cé'cv]'coc TOL

Dudley

H avioétnta tou Sudakov efvon 1 apiotepr aviobdtnta Tou Ocwpriuatog 2.2.1.

Ocwpnua 2.4.1 Trdpye anédvin oralepd ¢ > 0 pe tny €€ng 0idtnra: ya kdde

avéén tov Gauss Z = (Zy)er,

(2.4.1) €1 sup (s logNE(Z)) < Esup Z;.
e>0 teT

H oanédeiln Yo Baciotel oty apioteph aviodtnta Tov enduevou Afuuatos (n
de&id aviobtnta Yo ypnovytonomnlel yia Ty anddelin tne aviobétntoc tou Dudley).

Adppa 2.4.1 Eotw Z = (Z1,...,2Z,) ma avéhién tov Gauss. Oétouvue

(2.4.2) A =min||Z; — Zj||2 xat B=max||Z; — Zj||2-
i#] i#]
Tore,
(2.4.3) QC—JEA\/logn < Emax Z; < 2v2B/logn,
i<n

omov ¢y, ¢y ot otalepés tng Ilpéraong 2.2.1.

Anodedn: Ocwpolue aveldptnteg TUTXES Xavovixég Tuyaieg uetaBAnTtéc gi, . . .

(aveZdptnteg and v Z) xow Yétovue

9i . Agi
2.44 X;=——F=min||Z; — Z;||- =
( ) % \/5 it || % ]”Z \/5
pigei

gi Bg;
2.4.5 Y, = —max||Z; — Z;||: = —=.
( ) i \/§ it || % ]“Z \/g
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Téte, yia xdde @ # j €yovue
(2.4.6) 1Xi = Xjll2 = min [|Z; — Zjl|> < max||Z; — Zjl2 = [|Y = Yjl|..
i#j i#]
Ané 1o Oedpnua 2.3.2,
1
(2.4.7) —Emax X; < Emax Z; < 2Emax Y;.
2 i<n i<n i<n
Ané tny Hpdtaon 2.2.1,

—Er?gch = 2\/_m1n||Z Zjll2 - Emaxgz

Y%
2
NN
a
o
S

WO
2E X 2 |Zi — Zj|l2-E
max X; = —maxl||Z; — Z;l||>-Emaxg;
i<n i \/§ it i Jl2 i<n gi
< V2By/logn,
an’ 6TIOL EMETOL TO CLUTEQPAUCUAL. O

Anoden tou Oewprurartog 2.4.1: Ytadeponoolue € > 0 xou Yewpolue uTOcD-
voho {Z1,...,Zy} tou Z 10 omolo elvon LEYLOTUXS WS RO THY amalTnon

(2.4.8) 1Zi — Zjllz > €

av i # . (Onwc Ya povel and tny anddelln, av dev undpyel TéTol0 GUVONO TOTE Ta
300 uéhn e aviobtnrac anepllovton). Téte,

(2.4.9) ZC O(Z,- +eB),

i=1

dpot N (Z) < n. And ty (2.4.8) xou and 10 Afuua 2.4.1,

(2.4.10) —Ex/logn < Emax Z; < Esup Z,
2V2 teT
dipot
(2.4.11) eV/Iog N.(Z) < —Er?a%( Zy
€
vy xdde € > 0. |

Fewpetpuxy e@approyr - aprdpol xdhudng xvptod copatog: Eotw T éva
%xUpT6 adua otov R™. Ov apuduol xdhune N(T,eB3) wou T opilovion and tny

(2.4.12) N(T,eBY) :=min{N | undpyow t1,...,txn €T :T C UN (8 + eBY)},
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onou B elvon 1 avowth Euxkeldelo wovadiata undha. ‘Oneg etdaue oto Hapdderyua
B), av g1, .., gn aveZdptntes Tuyaies uetoBintéc ue g; ~ N(0,1) xar av {e1,...,en}
elvow 1 ouviding opBoxavovix| Bdon tou R, téte n 2 = {Z; |t € T} ue

n n
(2.4.13) Zy = <tazgiei> = Ztigi
=1 i=1

elvar avéMEn tou Gauss, xow

(2.4.14) N(T,eBy) = N.(Z).
Ané v avicétnta Tou Sudakov éneton 6T
n
c
(2.4.15) log N(T,eB}) < 6—2]Est1€1¥(t, > gies).

i=1
H tehevtalo uéomn tur €xet mohd cuYXeEXPUIEVT YEWUETEWXY Epunvela: opllouue To

nAdtog tou T' ot dievduvon tou povadialov dtaviouatog § uéow tng

(2.4.16) w(T,0) = Itneajz((t, 0)

xou To wé€oo mAdtog tou T’ and 1 oyéon

(2.4.17) w(T) = /SH w(T, 8)o (df)

61ou o glval 0 avalholwto we TEoc 0pdoYMOVLOUS UETACY NUATIOUO0C UETRO Tiave-
o oty Buxdetdeta povadiala ogalpa S™~1. Téte, woylet o efhc.

Afupa 2.4.2 Ia kdOe kupté odua T otov R?,
(2.4.18) Esup (¢, Z giei) = caw(T),
LteT i=1
émov ¢, otadepd mov efaprdrar and wn Sidotaon n, e ¢, >~ \/n.

Anoédergn: Iopatnpodue ot

- 1 2
Esup(t, i€) = —— max(t, zYe 11" 2dy
teIT)< ;g ) (27)"/2 Jpn tET< )
B} e 2
= n|B; | / max(t, 0)u"e~""/2duc(db)
(2m)"/2 Jgun Jy t€T
— n OO n —u2/2d / <
= — u"e w - max(t, 0)o(df)
2n/20 (2 4+ 1) /0 gno1 teT
o (ntl
N G ) S
ET D)

= cuw(T),
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XENOUOTOLOVTAC TOAXES OUVTETOYUEVES XL TO YEYovée 6Tt |BY| = /2 /T (2 +1).
a

‘Aueon ouvéneta Tou Adupartog 2.4.2 xou g (2.4.15) elvon 1 aviodtnta Tou Su-
dakov vyl Toug aprduols xdhudng evog xupTob cOUATOC.

Ocwpnua 2.4.2 Trdpyer andven ovallepd C > 0 pe tnr e€ng widtnra: av T elvar
éva kupto odpa otov R, tdte

(2.4.19) N(K,eBy) < exp <Cm;722m>

yia kdOe € > 0. |

H ovicémnta tou Dudley etvou 1 8e€ud aviodtnta tou Oewpriuatog 2.2.1.

Ocwpnua 2.4.3 Trdpyer anéAvin otalepd c; > 0 pe tny e€ng 10i6tnra: ya kdde
avéhén tov Gauss Z = (Zi)ier,

(2.4.20) Esup Z; < cz/ V1og N.(Z)de.
0

teT
Ano6dergn: 'Eow F nenepaocuévo unochvolo tou T xou éotw 6 > 1. Optlovue

(2.4.21) D = max||Z; — Zj],

%o, Yo x&e n > 0, Yétovue

D
(2.4.22) En = 62—n xar Np = N, (Zp),
ornov Zp ={Z; |t € F}.
Ané tov oploud touv N, unopobue va Bpolue F,, C F e |F,| = N,, ttow
WoTe
(2.4.23) 2r € |J (Ze+enB).
ter,

Ewwdtepa, unopolue va ndpouue Fo = {to} yia tuydv ty € F.
‘Eotww s € F. T xdde n > 0 undpyet t,(s) € Fp:

(2.4.24) 1Zs = Zt,,(s)ll2 < en-
Téte, yia xdde s € F xow xdde n > 1 éyovue

(24.25)  Zt,(5) = Ztaos(s)ll2 S N Z2o(s) = Zsllz + 1Zs — Zt,_y(9)ll2 < 28n-1,
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xou, agol to F elvon nemepacuévo,
(2.4.26) Zy="Zg+ > (Zio(s) = Ztn_s(s)-
n=1

(Hupatnpriote 6L 10 Tedeutado dipotoua elvar nenepaouévo: TeAxd, Zy, () = Zs).
‘Ereton 611

o0

(2.4.27) Isneal?ﬂ(Z < Zy, +n 1I811€3§((Zt nl(s) = Ztn_l(s)),

dipot

(2.4.28) E (maxZ ) ZIE <max Zy(s) — Ztn_l(s))> :

Ané n de€id aviodtnTar Tou Afjuuatog 2.4.1 talpvouvue
(2.4.29)

E <I;1€3£,((Ztn(s) - Ztnl(s))> < 4\/§C2En—1 log(NyNp—1) < Ceny V1og Ny,

otq)ou 1 (Ny) elvor abouoa, xan 10 60voro { Zy, (5)=Zy,_,(s) | 8 € F'} éxer n)\m‘)apu‘)yo
Uxpedtepo 1 (60 tou |Fy| - |[Fr—1| = NpNp—1 xou SLaustpo (otov L*(Q)) gparyuévn
and 4ep—1, Noyw tne (2.4.25).

Emotpégoviac otny (2.4.28), nalpvouue

EI?GB,FXZS < C'Zé‘n 1\/log N, (Z)
402/ \/log;NTF)ds

=1 7€n+1

< 40/ log N.(Z .)de
Y F

Xpnowonotfioaue t0 yeyovos 6t e — N (ZF) elvon pdlvovoa, xou TNy ep—1 =
4(6n — 5n+1)-

Lo var ohoxAnpwoouue Ty anddelln), napatnpolue ot yia xdde € > 0 xou yia
xdde F' C T, woybel n aviootnta

IN

(2.4.30) No(Zr) < Nopp(2).
Mpdyuam, av Z C Uj.vzl(th + (¢/2)B), Yewpolue o
(2.4.31) Ap = {j < N|[Z, + (/2)B]N Zp £ 0},

v xde j € Ap emhéyouue tuyov s; € F ue ||Zs; — Zy,ll2 < €/2, xou, ypnouwo-
TOLOVTAC TNV Tptywvied aviobtTe, eAEyyouue evxora 6Tt Zr C Ujca, (Zs; +eB).
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Ané v (2.4.30) cuunepaivouue 6t

(2.4.32) Emél}( Zs < 40/ \/10g N2 (2)de = 80/ V1og N.(2)de,
s 0 0

xaw 1 anddeln tou Oswpruartog elvon TAHENS, Bdoel Tou optouol tng Esup,cr Z;. O

Avagopég: I tig Baotxég WLOTNTES TwV XoVoVIX®Y TUYALWY UETIBANTOY TopaméU-
TOVUE TOV vy Voot oto BBMo tou Stromberg [Str]. Ou aviodtntee wwv Sudakov
xar Dudley amodetytnxoay yOpw ota 1970: Biéne [Du 1,2] xou [Su]. To Afuua tou
Slepian [Sle] etvar mpoyevéotepo. Xt mapaypdpous 2.2-2.4 axohoudolUE oe YEVIXES
yoouués to Bihio tou Pisier ([Pi], Kepdhowo 5).



Ke:cpo’c)\ou.o 3

Kup!. ocpxox')vroc pé‘cpoc

3.1 TYmroxavovixég aveliels: Stadoyixég npooeyyi-
OELG

‘Eow (T,d) évac petpude ywpos. Aéue 6t n avéhin X' = (Xy)er elvor umoxa-
vovux av 1 andotaot d gpdooel Tig Yetoforéc e X we e€nc: T xdde ¢,s € T
xow xéde u > 0,

(3.1.1) P(|X, — X¢| > u) < 2exp <—%> .

Trodétovue enlong ot
(3.1.2) EX; =0, teT.
‘Onwe oto Kegdharo 2, evdiopepduaoTe yia T WEOT TLUh TG Sup;cr X¢, 1) omola

optleton and tn oyéon

(3.1.3) Esup X; := sup {Esup X::FCT,|F| < +oo}.
teT teF

Ytadeponowoue tg € T %o, yio xde nenepacuévo vTochvolo F tou T' mou mepléyel
0 tg, opilovue Yr = sup,cp (X — Xyy). Tote Yir > 0 xar, Aoyw tne (3.1.2), €xouvue

(3.1.4) Esup X; = Esup(X; — Xy,) = EYp.
teF teF
Ago0 Y > 0, unopolue va ypdpovue
oo
(315) EYF = / P(YF Z u) du,
0

29
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dpar ypetaldUaoTE PedyaTa Yiot TavOTNTES TNG UOPPHC

(3.1.6) P <sup(Xt — X)) > u) . u>0.
teF

H npdtn npétacn nov Yo anodeifouue diver €va TOAD YeVxd oo «Stadoynnc
Tpooéyyoney twv Xy and o otoyela ylog axohouvdiag utocuvébiwy tou {X; 1 t €
F}. Auth n uéa eugaviotnre 700 oty anddelZn e avicdtnroc tou Dudley yio tig
avehiZec Touv Gauss.

Ocvpnua 3.1.1 Eotw F renepaouévo vroovvolo tov T kar tg € F. Eotw r > 2
Kat i o peyalltepog axépaiog ya tov omofo diam(F) < 2r—t. Optlovue I; = {to}
kai vroOéroupe ot undpyovv un kevd Il; C F, j > i kair ovvaptioes wj : F' — 11;
mou tkavorololy ta €€ng:

1. Ia kdOe t € F vrdpyer jo = jo(t) > i térowog dote: ya kdbe j > jo,
(%) mi(t) = t.

2. Ia kdOe t € F xar ya kdOe j > 1,

(+5) d(m; (1), 71 (1) < 20,
Tdre,
3.1.7 Esup X; < K(r r~9y/log |I;],
(3.1.7) sup X¢ < (); \/log |11

omov K (r) Oetikrj otadepd mov efaprdtar pdvo and to r.

Arnédeldn: Avit € T xou e > 0, ue B(t,e) ouuPorilovue Ty avouxth undha Ue
%évtpo t xau axtiva €. T x&de j > i opllovue

(3.1.8) Mj = {(mj(®), 751 () | t € F'}.

Hopoatneriote 6t 1 (k) eCaopoaliler 1o eZhc:
«Av (s1, 82) € Mj t6t€ d(s1,52) < 2r Ity

'Eotw (a)j>; oxohoudia detxdv mporyuatindy aptduy tous onotoug Yo emhéZoupe
apyotepa. O¢touue

(3.1.9) S=>aj

Jj>i

Xpnowonotdvtac v (3.1.1), v xdde u > 0 nodpvouyue

P <Sup(Xﬂj(t> —Xn ) 2 Wj) = P U{Xn 0 = Xn, 1) 2 ey}
ter teF
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= P U {Xsl _XS2 > UOéj}

(81,82)€MJ‘
< Z P({Xsl - Xy, 2 uaj})
(s1,82)€EM;
<

Oé?UQ

Ané v (%) xou v unddeon 6 II; = {to}, unopolue vo ypddouue
(3.1.10) X=Xt = (Xnj0) = Xny_a(t)
Jj>i

vy xdde t € F. Xty nporyuotixdtnTa, To ddpotcuc autod elvar TEnEpacuévo: €yovue
Xojt) = Xaj_1 0y = 0 av j > jo(t). And v (3.1.9) xou v (3.1.10) €xouue

P (sup(Xt - Xi,) > uS> < P U{sup(X,r].(t) = Xr,_1(1)) = uay}
teF iSi teF

IN

ZP (sup(X,Tj(t) — X,r]._l(t)) > uaj> .

J>i ter

Anhadn, éyouvue dellet 6T

a2u?
(3.1.11) P (sup(Xt - X)) > uS> <> 2|M;|exp <—47> .

—it1)2
teF =i (2r )

Emuéyouue topa tar aj: vy x&de § > i opilouvue

(3.1.12) a; = 2r7T+ (log(27 M) 7.

Mopatnpriote 6t 1 emhoy? Twv a; elvon ave&dptntn and o u > 0 xou étL t0 dekLd
péhoc tne (3.1.11) elvar tdpat (oo ue

.. 2
(3.1.13) A=) 2 My|(27 M)
i>i
Otav u > 1, €youue

a2 2 1 2
(3.1.14) A<) 2 =2 oy <42
j>i

Yuvodilovtag, BAénovue 6T Yo xde u > 1 woyler i aviooTn T

(3.1.15) P <sup(Xt — X)) > uS> <4.27%
teF
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Tddpa, lvon ebxolo va Solue 6Tt

Esup X; = Esup(X;— Xy,)
teF teF

= S/ (sup X — Xy,) 2u5> du
teF

= S/ <sup (Xt — Xy) ZuS) du
teF

—|—S/ (sup (Xt — X)) > uS) du
teF

< S+4S/ 27 dy
1
= ¢S,

6mou ¢ > 0 andhutn otadepd. Enotpépouue otov oploud tou St EextvidvTag and tny
(3.1.12), xon ypnowwonotdvtac ™y vVa + b < v/a + Vb v a,b > 0, éyouue

S = Y2 (log(@ | - )

i>i
< ZQT*]'“ (x/j —iy/log2 + \/log IIL;| + \/10g|Hj_1|>
j>i
< Ki(r) r_i+2r_j\/log|ﬂj|

jzi
[ vo xatodhigouue oty (3.1.7), apxel vor anodel&ouvue bt

(3.1.16) < Ko (r)rm 72 /log T4 |

Hopoatneriote 6t || > 2: Av Aoy I3 = {s}, and v (%) Yo elyope

5) < j;g d(m; (1), mj 1 (£)) < j;g opi+l = ﬁrm <rit
dInhody
(3.1.17) diam(F) < 2r~1,
70 onolo €pyETon GE AVTiPAOY UE TOV 0ploUd Tou i. Apa,
r 0 log [Wivs] > (Viog2r *)r " =: (1/Ka(r))r ™,
70 onolo anodewxviel Ty (3.1.16). Eneton 6Tt

(3.1.18) S<K(r)) riy/log |,

jzi
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xa o Oewpnua €xel amodetyVetl. ad

Mua eapuoyh tou Oewpruatog 3.1.1 efvon o gedyua Tou Dudley ylo utoxavo-
vuéc aveli€eg. To xdde F' C T xou yia xdde € > 0 opllovue tov apudud xdiudng

N
(3.1.19) N(F,d,¢) :min{N EN|3ty,..tneF:FC|] B(ti,a)}.

i=1
(av t0 olvoho oty (3.1.19) elvon xevo, opllovue N (F,d,e) = +00). Hopotnpolue
oL
(3.1.20) N(F,d,2e) < N(T,d,e)
vy xdde F' C T xon e > 0: npdyuortt, av T C UjV:1 B(tj,e), Yewpolue 1o Ap = {j <
N | B(tj,e)NF # 0}, emhéyouue tuydv s; € B(tj,e), j € Ap %o, YpNoLLOTOLOYTAS
™Y TeLyevied aviobtTe, eNEyyouue evxoha 6t 1 C U4, B(sj, 2¢).

To @pdyua tou Dudley ypenowonotel toug aprduoie xdhudne N(T',d, €) we uétpo
vty Esupgeqr Xi:

Ocdenua 3.1.2 Eotww X = (Xi)ier vrokavovikn avéén pe EXy = 0, ¢t € T.

Tore,
(oo}
Esup X; < K/ V0og N(T,d,e) de,
0

teT

omov K > 0 andAven ovalepd.

Anddelln: Ttodeponowolue tg € T o YewpolUE TUYOV TENEPACUEVO UTOCUVOANO
F wouTpuety € F. BEotw r > 2 xa i 0 ueyohdtepog axépatog Yo tov onolo
diam(F) < 2r—%. Optlouue II; = {to} xou yiat x89e j > i ewpolue II; C F ue
N; :=|II;| = N(F,d,r~7) tétow0 wote

(3.1.21) Fc | B(s,r ).
sell;

Torte, yio xdde §j > 4 xou xdde t € F undpye m;(t) € II; térolo dote
(3.1.22) d(t,m;(t)) <r 7.

Optlouye étol ouvapthoes mj : F' — II;, j > 4. Ané tny (3.1.22) ehéyyovue ebxola
6TL xavomoolvTaL oL utodéoelg Tov Bewpriuatog 3.1.1. Apa,

(3.1.23) Esup X; < K(r)Zr_j\/logN(F, d,r=7).

teF >

IMopatnpwvtag 61t

i
(3.1.24) r=i\/Iog N(F,d,r—7) < — / V1og N(F, d,¢)de
r—i-1

r—1
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yio x8e j > i xou ypnotuonotwvias tny (3.1.20), BAérovyue 61t

Esup X; < K(r)/ V0og N(F,d,e)de
0

teF

< K(r)/ V0eg N(T,d,e/2)de
0
= 2K(r)/ V0og N(T,d,e)de
0
Ané tov oploud tng Esup;cq Xy énetan to {nroluevo. g

Y ouvvéyewa unodétovue ot T oUvoha II; xou ov amewovicews m; opllovton
UE MO CLUCTNUATLXG TPOTo: TEAElWS Yovipxd, {ntdue and dVo onuelo tou F mou
«mpooeyyilovtay and to Do onuelo tou I, vo npoceyyilovton and 1o (Bio onuelo
Tou IT;_q (BAéme Tic ouviixes 3 xan 4 ToEaxdTw).

Ocwpnua 3.1.3 Eow F nenepaouévo vnoovvoko tov T ue ty € F. Eoww r > 2
Kat i o peyalltepog axépaiog ya tov omofo diam(F) < 2r—t. Optlovue I; = {to}
kat vrodérovue ot vndpyovy un kevd I; C F, j > i kat ovvaptioes j : ' — 11;
Tov tkavorowoly ta €€ng:

1. Ia kde t € F vrdpye jo = jo(t) > i térowog dote: ya kdbe j > jo,
(1) m;(t) = t.
2. Ia kdOe t € F kar yua kdOe j > i,
(2) d(m;(t), mj-1 (1) < 2r 7F
3. Ia kdOe v € 11 ka1 ya kdOe j > ¢,
(3) mji(v) = v.
4. Ia kdOe s,t € F ka1 yia kdOe j > i,
(4) mj(t) = mi(s) = mj-1(t) = mj-1(s).

Tére, ya kdOe pérpo mbavdtnrag p orov (F,d) wyve n aviodinta

(3.1.25) Esup X; < Ksupz:r_jﬂ\/log <m>

teF teF i>i

drov K > 0 andlutn otadepd, kat a/0 := oo.
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IMopatneoerg: (o) Av undpyet t € F tétowo dote p({t}) = 0, 161 10 Oedpnua
Loy Vel 00Twe Y dAwS: cuugwvhoaue 6T 1/0 = co. Mropolue hotndv vo urnodécovue
ot u({t}) >0 yia xdde t € F.

(B) Ané ™ ouvdixn (3), v x&de t € F xou yio xdde j > i éyovue m;(t) =
mj(m;(t)). Apar, ) ouVIAxN (4) uoc diver

(3126) 7Tj_1(t) :Wj_l(ﬂj(t)).
Tote, and ™ ouvdrxn (2) BAérovue 6Tl
(3.127) (), 71 (75 (8))) < 2091

v xde t € F xow x&e j > i. Kdde v € II; ypdpetar otn popeh m;(t) (ue t = ol),
onéte 1 (3.1.27) éyel oav ouvénela o e€Ag:

Ioyveiomog: Ia kde j > i kat yia kdle v € 11,

2

(3.1.28) d(v, mj-1(0)) < —5=-

Anéderdn tou Oewphpatog 3.1.3: T xdde j > i opllovue a; : II; — [0, +00)
ue

(3.1.29) aj(v) = rji—l\/log <%>

xou YETOLUE

(3.1.30) S:=sup > a;(m(t)).

ter J>i

Ané ™ ouvdixn (1), v (3.1.26) xou v undleon ot II; = {to}, unopolue vo
Yedpouus

(3.1.31) Xi =Xty =Y Xy = Xnyoa(0) = DXy () = Xy _a(ms00))

J>i i>i
v x&de t € F. Apa,
Plsup(X; —Xy)>uS| = P|su Xo) — Xoi i (ns
(teg( = Xip) > > (tegg( 50 = Xy iy )
> supuZaj(nj(s))>
seF sy

D (Xy0) = Xy 1))

INA
N
7N
nC
—
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> Zuamj(t))})

Jj>i

< U U {Xn00 = Xy umy) = (1)) }
J>iteF
< P U {x—Xay i) 2 ue;(0)}
i>i ’UEHj
< Z Z p (X” —Xri(v) 2 uaj(v))
j>i velly
u?a?(v)
S 2exp 7j
;g; ( d? (v, mj— 1(“)))
2 2
< Z Z 2 exp a %SJ)
§>i vell; 2r—7th)?

6mov, 6To teleutaio Briua, ypnotdonotfiooue Ty (3.1.28).
Ané tov tpbémo oplopod tou a;(v), Yo xdde u > 1 éyouvue

w’as(v) a3 (v) v
2eXp< (2r—J+1)2> - 2[eXp <_(2r—j+1)2>]
(o) \"
2 (555)

-2 p{v})
2

IN

Tuvdudovtag Tor Topamdve, xan malpvoviag urogw Y 3, ey, #({v}) < 1, ouume-
palvouue 6T

1— uzl‘l‘ {’U}
P (st - 2 us) < 3y il
j>i vell;
SE D SE =D DTI(%)
Jj>i vell;
1—u? 1
< 27) 5
j>i
— 21—u2

ya xdde u > 1. Todpa, dnwe xon otny anddeén tou Oewpnuoartog 3.1.1, ypdpouue

Esup X; = Esup(X;— Xy,)
teF teF
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= S/ (sup X — X4,) ZuS) du
teF

= S/ <sup Xt — Xy) 2u5’> du

ter

+5'/ <sup Xt — Xy,) > uS) du

teF
< S+2S/ 27 dy
1
= ¢S,

6mou ¢ > 0 anéhutny otodepd. And v (3.1.30) xou tv Va+b < va + Vb yu
a,b >0, éxouvue

Esup X; < c-supZaj mj(t

teF teF 35
\/— 2
< c-sup log 2 + i log
2V Z (o)
1 1 2
< K|t ot (emm)

omov Ki > 0 andhutn otadepd. And v m;(t) = to xon v p({te}) < 1, éxouyue

(3.1.32) ri{l S K2ri1*1 log <u({2to})>7

onou Ky > 1 andélutn otodepd. Luvendg,

(3.1.33) %+Z% log<u({ : ><K22 (W)

j>t j>i

an’ 6mov TolpvouUE TNV

(3.1.34) Esup X; < Ksup Y r /! \/log (W) O
J

teF teF >i

Ot cuvapthoels 5 Tou TpoNyYolUEVOL Jewphuatos 0pllouy PUGLONOYIXES SLae-
ploewc Aj tou F. Av oploovue A, = {t € F : m;(t) = v}, t6te n Aj = (Av)vem;
elvar dwoéplon tou F. O8nyoluacte étol otn Statinwon tou €€ Yewpiuatog.

Ocwpnua 3.1.4 Eotw F nenepacuévo vnootvoro tov T ue to € F. Eotw r > 2
Kati o peyaliTepos aképatog yia tov omolo diam(F) < 2r—*. Tmodévovpe 6t (A;)j>i
elvar pua avéovoa (pe Ty évvowa tns ekAénturong) akolovlia dapepioewy tou F e
TS €€ng TnTeS:
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1. A; ={F}.
2. Ia xd0e j > i kat yia kdle A € Aj,

diam(A) < 2r77.
Téve, ya kdOe pérpo mbavétnrag p owo F,

(3.1.35) Esup X; < K(r supz log (ﬁ):

teF teF

ornov K (r) > 0 oralepd mov ekaprdrar pévo and tor, kar A;(t) elvar exefvo to A € A;
To onolo mepiéyel to t.

Anddeidn: Do xdde j > @ xou yia xdde A € A; emhéyovue z4 € A. Opllovue
(3.1.36) O ={za: A€ Aj},

xou ;0 F'— 11 ue

(3.1.37) mi(t) = w4,

XpnoylomolwvTag TNy

(3.1.38) SO 2 uA) =Y 27T Y Ay <Y it =,

j>i ACA; Jj>i A€A; j>i

umopolUE va opicovue uétpo miavotntag ¥ 6to F e v Wotnto: yia xdde § > 4
xou x&de A € Aj,

(3.1.39) v({za}) >

Mpdryuat, av ¥écouue

(3.1.40) pm{x}) = Y 274

J>i {A€Ajw=x 2}

> = p(A).

vz € F, 1 (3.1.38) deiyver 6t py (T') < 1, ondte molamhootdlovtas UE XATEIAANNAO
p > 1 nalpvoupe o v.

Yxondg yag elvon vor epapudécovue 10 Oewpnua 3.1.3, ondte eEAEYYOUUE TPWTA
OTL OL CUVUPTACELS T LXAVOTIOLOUY TLC UTOYECELS TOU:

(o) Eoww t € F. Trdpyet jo = jo(t) tétoloc dote: yia xdde j > jo,
2
(3.1.41) 5 < min{d(t,s) : s € F\{t}}.

Eotw j > jo(t). Aol diam(4;(t)) < 2r~J, éyovue A;(t) = {t}. 'Enetu 6
T, 1) = t, Snhad” m;(t) = t.
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(B) A6 tov oploudb v mj, i xdde t € F xon yia xdde j > i éyouue

2

ri—t’

(3.1.42) d(mj(t), mj-1(t) = d(z a; (1), Ta;_y (1)) < diam(4;-1(2)) <

(v) Av v € II;, téte v = x4 o xdnow A € A;. Tote, Aj(v) = A dpa
(3.1.43) (V) = Tp;0) = Ta = 0.
(d) Eow t,s € F ue wj(t) = m;(s). Tote, undpyer A € A; tétoo @ote t,s € A.

Agol n A;j elvan exdéntuvon g A1, undpyer A’ € A;_ oo wote t,s € A’
Yuvenwe,

(3144) 7Tj_1(t) = 7Tj_1(8) = TAr-

Egapudlovtog to Oewpnua 3.1.3 yia 10 v, Tolpvouue

1 2
Esp X, < K-supd r/* \/10g<'/({7rj(t)})>

j>i

= K-sup) r 7t [log ( )
ter ; {za;m})
9j—i+1
< K-supd r7t/lo <7>
FZ * ;@)

1 1 1
K(r) rl+sup2r it 10g<u(Tj(t))> )

ter J>i

IN

6ToU 1 TEAELTALA AVLGOTNTOL TPOXUTTEL ATO TLG

(3.1.45) 10g< 2(JAM > < Vig2yj—i+1 +\/m

o)

T .
i

(3.1.46) PR ” _“L WZ rk = !

j>i k=1

[ var ohoxknpdoouue Ty omddeln apxel va det€ouue 6Tt

1 u A _
(3140 7 S K sup ) 17 s ()

Mopatnpodue 6t | Air1] > 2. Awdte, av | Aip1] = 1, tote daelyoue Ai = A = {T'}
xow 1 ouvdxn (2) Yo édve diam(T') < 2/rtt, 1o onolo elvon dromo and Tov oploud
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0L i. Aol howdy |Aip1] > 2, undpyer A € Aip1 e p(A4) < 1/2. Av emhéZoupe
Tyoy t,. € A, totE

@ r—i\/ log <m>

. 1
u pitL — .
2> \/log<u(Aj(t))>

Me authv v mapathenon, £xovue o {ntoluEvo. o

IN

IN

3.2 KupLapyolvia UETPA YL UTOXAYOVLXEG AVEAL-
geLg

‘Eoww (T,d) évag uetpudc ywpoc xow X = (Xy¢)ier Uta umoxavovix avénln. An-
Nod¥),

(3.2.1) EX; =0

vy xdde t € T, xoun

(3.2.2) P(IX, — Xi| > u) < 2exp <— dZ?s t)>

v xdde t,s € T xou xéde u > 0. T xdde Borel uétpo mbavétnrac p otov (T, d)
optlovue

00 1
(3.2.3) Yo (T, d, u) = ig;)/o \/log (m>ds.

Télog, YéTouue

(3.2.4) Y (T, d) := inf{y> (T, d, n) : p Borel uétpo miavétnrac otov (T,d)}.

To endueva 800 Afuuarta dlvouy xdmotes Baowée (xon yprowes) WibTnies Tne mo-
obétnrac v2(T, d).

Appa 3.2.1 Eorw (T,d) kar (F, p) 600 perpikol xipor. Yrodérovpe 6n vndpyet
ovotoln} g mov anewcoviter vov (T',d) ent Tov (F, p). Tdre,

(325) 72(F7 p) < 72(T7 d)
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Anédegn: Eotw p éva Borel uétpo mbavétnag otov (T, d). Oewpolue to uétpo
ndavétnrac o otov (F, p) mou opiletan and tny

(3.2.6) o(4) = ulg~ (4)).

Agol 1 g elvon cucTON, Yo xdde ¢ € T xow € > 0 éyouvue B(t,e) C g~ (B(g(t),e)).
"Apa,

(3.2.7) u(B(t.)) < u(g™' (B(g(t),e)) = a(B(g(t),e)).

XpnoLuomoLmyTag ot 10 YEYOVOS OTL 1) g lvon eml, ypdipouue

Yo (F,p,0) = fgg/ooo \/log <m)ds
= s [\ o (e )
< i‘;?/ow \/1°g (W)‘k

= 2 (T7 d7 //4);
dipat
(3.2.8) 12(F,p) < 72(Fp,0) < 7(T'd, ).
Agob o p fitay Tuydy, nalpvouue o {ntoduEvo. a

Adppa 3.2.2 Eoto (T,d) petpixds xapos kar F un kevé vrootvolo tov T'. Torte,
(3.2.9) Y2(F,d) < 27 (T, d).

Anodedn: ‘Eow 0 > 1. Mnopobue va oploouvue Borel uetpriown ocuvdptnon
g:T — F éto. ©ote

(3.2.10) d(t,g(t)) < dinf{d(t,s) | s € F'}.
‘Eotww p éva Borel uétpo mdavétnrac otov (T, d). Oewpolue to Borel uétpo mbo-
votnrag o otov (F,d) mou optleton and v o(A) = u(g—1(4)).

‘Eow z € F xou t € B(x,e). Tore, d(t, F) < d(t,z), dpa d(t,g(t)) < dd(t,x).
Enouévwe, d(z, g(t)) < d(z,t) +d(t,g(t)) < (1+8)d(z,t) < (1 + )e. Anhady,

(3.2.11) Br(z,e) C g (Br(x, (14 6)e)).

(3212)  p(Br(z,o) < g™ (Be(x, (1 +)e)) = o(Br(z, (1 +0)e)).
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Tore,
Y2(F,d,o) = Sup/ og >da
zel U ZL“ 6))
< su / lo L )ds
s
= Ler g u(Br(x,e/(1+5))
< (1+49) sup/ og )d{-:
zeT ))
= (1+0)(T,d,p).
Yuvenwe,
Agol o p xar To § > 1 fTay tuydvia, Talpvouue to {nToduEvo. |

To Boaowd anotélecuo authc TN Topoypdeou elvar to ERg.

Oewpnua 3.2.1 Yrdpyea otadepd K > 0 ue tnr e&ig ibidenra: av (T, d) elvar évag
petpikds xyapos kat X = (Xi)er pa vrnokavorikr avéhén, téte

(3.2.14) Esup Xy < K - (T, d).
teT

Ané tov opioud tov 2 (T, d), yro v anddeln tov Oewpruatog 3.2.1 apxel vor Sel-
Eovue 6L

teT teT

(3.2.15) Esup X; < K - sup/ \/log )>d5

yia x8de Borel uétpo mdavomroc p otov (T, d).

IIpétaom 3.2.1 Eotw p Borel pétpo mavitnzas ovov (T, d). Yrodérouue dnl

(3.2.16) S = ?1611[3 /000 \/log <m>d5 < 400,

Oewpotpe r > 8 kar optlovpe pj : T — RY ya kdOe j € Z, pe

(3.2.17)  ;(t) =sup {/OT \/log (m)da u €T, d(tu) < 2ri} .

Télog, opilovue

(3.2.18) f(n) = 12 v/logn.
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Téve, yra kdOe s € T, j € Z kain € N, 1oyVet n €€njs ovvenaywyn: av ta ty,. .., t, €
B(s,r™7) éovr tr 10idtnta

(3.2.19) Vp,q < n pep # qoyved(t,,t,) > r~I7t
ToTEe
(3:2.20) o3(s) = rI0(m) + min 05421,

AnédelEn: Eotw ty,...,t, € B(s,r 9) mou wavonowoly v (3.2.19). T xdde
I < n Yewpolue Tuydv s; € B(t,2r=7=2). Tére,

(3.2.21) d(s,s;) < d(s,t;) +d(ty,s) <r ™I +2r7972 <2977
xou av [ £ 1', téte
(3.2.22)  d(sy, sp) > d(ty, tr) — d(ty, s;) — d(ty,sp) > rITh g2 s g2

"Apa, oL umdhec B(sy, 2r=772) elvor Zévec avd 80o. Agol to p elvor uétpo mdavdtny-
To¢, uTdpyel m < n TETOLOC WOTE

(3.2.23) (B (sm,2r97%)) < 1/n.
Ané wy (3.2.21) éyouue s, € B(s,2r 7). Xpnowonowwvrog xor Ty (3.2.23) nodp-
VOUUE
; > 1
Pj (S) = / \/Og sm7€))>d6
2r 972
> / log de -I—/ log de
m;g Sm76))
> / \/log ))>d5 +7r 772 /logn.

Agob 10 85, € Bty 2r772) frav tuyéy, cuurepaivouue 6T
(3.2.24) i(s) 2 7772 logn + @jia(tm) 2 7 70(n) + min ;4o (1),

and Tov oploud ng 6. i
Iopatnpodue 61, yia g ¢ tng pdtaong 3.2.1,
(3.2.25) S = supsup p;(t).

teT jEZ
"Apa, n Hpdraon 3.2.1 yac eZaopanilel bt av (T, d) elvon évag UETPXOS XDPOS Xow
p etvon éva Borel uétpo mudavomroc otov (T',d) mou weavornotel tny (3.2.16), téte
yio T > 8 undpyouy cuvapthoe ¢ T — RT ue

(3.2.26) S 1= supsup p;(t) < 400
teT jez
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xou f: N — Rt ue

(3.2.27) ngrilooﬁ(n) = +o00,
oL Lavorotoly to eEfc: Av s €T, j € Z xou ty,...,tn € B(s,r™7) ue p # ¢ =
d(tp,ty) > r=71 16t

(3.2.28) p;j(s) > r770(n) + min p;2(t),

(ue B = 1). Xt ouvvéyela Ya €youvue ato LLAAS wag Tic @; xar 0 tne Ipdtaong
3.2.1. Auté duwc mou Yo ypnouronotioovue (we éva onuelo) elvar amhide 1 Orapén
OLVOPTACEWY p; xaL B ToL Wavorololy Tie (3.2.26)-(3.2.28) ya xdmowov 3 > 0.
Ilpértaom 3.2.2 Eotw (T, d) petpixds xdpos pe nenepaopévn didpetpo karr > 2,
B> 0. Eotw i o peyalitepos axépaiog yra tov orolo diam(T) < 2r—t. Ymodéroupe
dn vndpyowr ovvaptijoes ¢; : T — Rt pe S := sup,cp supjez ¢j(t) < +oo kat
0 :N— RT pelim, o 0(n) = +00, mov tkavorowdr to €éris: Avs €T, j € Z kar
tiy...,tn € B(s,r™9) pep #q = d(tp,t,) > r=7=1, tére

pj(s) > r=70(n) + min ;5 (t).

Tére, pumopodue va Ppodue avéovoa axodovlia Sapepivewr (Aj)j>; tov T kar amer-
koviceis £ : A;j — N, mov ikavorowoty ta e&rjs:

1. Avj >i ket A€ Aj, tdte
(3.2.29) diam(A) < 2r77,

2. Av j > i ka1t A, B elvar ovowela tng drapépions Ajq1 ta omoia mepiéyovrar oo
6w ororyelo tng oapépons Aj, téte

(3.2.30) lip1(A) # i1 (B).

3. Ia kdGe t €T,

(3.2.31) Do 0 (A41(1))) < 48,
Jj>i

omov Aji1(t) elvar To ororyeio tng Ajp1 oTo omolo avijke o t.

Anddern: Mall ue xdde obvoro A € Aj, j > i, Ya oploovue xou éva Saxexpluévo
onuelo u;(A) € A ue Ty WAoo Yo xdde t € A,

(3.2.32) d(t,uj(A)) <r .

Ané v (3.2.32) Yo uxavoroteiton mpogavae 1 (3.2.29), ondte Yo uével va e€aopo-
Moovue uévo tic (3.2.30) xou (3.2.31). H xataoxevh Yo yiver emaywyixd we npog
j =i
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T j =i Yétovue A; = {T'}, £;(T) = 1 xon emhéyouue ui(T) € T tétowo wote

S
(3.2.33) Pitz(ui(T)) > sup Pita(t) — 5.

2
T rodétouue bt €youy oplotel 1 drauépton Aj, ou puowol £;(A) xou to onueio u;(A),
A e Aj, étol dote va uxavorowodvton ot (3.2.30)-(3.2.32).
Lo var opiooupe ™y Ajir, apxel va oploovue xatdhhnhn Swauéplon xdde otol-
yetou A tng A;j. Autéd Ja yiver uéow evde emyelpruoatos «eEdvTAnoney:
‘Eow A € Aj;. Y10 npwto Briua, emhéyouue t1 € A tétol0 Wote

1S
(3.2.34) @jr2(t1) = sup ja(t) — == 7
teA 2-7 v 2

Oewpolue cav Te)To xoupdT Tou A 0 Dy = AN B(ty,r771) xou Yétouue

uj1(D1) = t1, £j1(D1) = 1.

Katémy, enavohauBdvouue ty (S Stadixaota, avtuxadotodviag o A pe o
A\ D xon ouveyilouue ue tov (Slo tpdmo uéypet va eZavtifoouvue to A. AxpiBéotepa:
ac unodécovue 6Tt €youue ETAEEEL XUTIMNA t1, ..., tp—1 € A (xon ta avtioTolya
Dy, ujy1(D;), Liv1(D;)). Bploxovue t, € A\ U,., B(ts,r™77!) tétot0 dote

s<p

iy 18

(3.2.35) pira(ty) > sup {pjpa(t) it € A\ |J Blts,r 7))} = 5= g
s<p

xou YETOLUE

(3.2.36) Dy = (A\ U B(ts,r‘j‘1)> N B(ty,rh).

s<p
Téhog, opllouue
(3.2.37) uj+1(Dp) =tp xou Ljt1(Dp) = p.

Iapatienon: Aut nxaTaoxeLY| oTHUATIEL UETE and tenepaoiévo TArdog Brudtwy
(eZavthelton o A). Ilpdyuart, ac unodécouue bt yio xdmoo A € Aj éyouv yivel m
Bruota. T xdde p # g oto {1,...,m} égouue d(t,,t,) > 1771, dpu

(3.2.38) 0;(ui(A)) > r~70(m) + min @ir2(t),

an’ 6Tou €neton OTL

(3.2.39) 0(m) < P, (us(A)).

Aol limy,_, o 8(n) = +00, 10 m TEENEL Vo UéVEL PpayUEvo (amd xdmolo TocbTnTY
mou eZapTdron amd 1o uj(A) xou o F). O

Ané tov tpéTo xataoxeunc, T obvoha D) elvon Zéva xan txavoroteitar 1 (3.2.30).
Oa del€ouue 6t wxavomotelton xou 1 (3.2.31): mopaTnEolUE, dtwe xaL TpLY, 6TL YL
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x&de p éxovue d(uj(A),t,) <17 xou 6L av s # g oto {1,...,p} t6t€ d(ts,t,) >
r=I71 Apa,

(3.2.40) pj(ui(A) > r0(p) + min ;. ().
Eniong,
(3.2.41) tp € A\|J B(t,,r 7).

I<p

Xpnowwonowvrag Ty (3.2.35) xou v A\U,,, Btr,7777") € A\U,i o, B(t,77771),
[ < p, matpvouue

S
(3.2.42) piv2(t) 2 @it2(ty) = 5755
yio xéde | < p. And tny (3.2.40) éneton 6t
_8j S
(3.2.43) Pj (UJ(A)) >r B]Q(p) t Pj+2 (tp) T oj—ig"

[ o twyodv t € D, éxovue A = Aj(t), Dp = Aja(t) xu L1 (441(t) =
liy1(Dyp) = p. Apa, 1 (3.2.43) ypdpetar otn LopYH

(3.2.44) ©i(ui (A;(0)) 2 17 70(C31 (A1 (D)) + @j2(ty) —

[Mopatnpolue entong ot
ujra(Aj12(t) € Ajia(t) C Ajia(t) = D, C AN\ | Blti,r 771),
I<p

onbte,

(3.2.45) Piva(tp) = @jva(ujra(A;2(t)) —
Ané g (3.2.44) xou (3.2.45) Brénovyue btu

(3.246)  ;(uj(4;(1))) > @jra(ujra(Aj2(t) +r 0L (A1 (1)) — st_i-

Adpollovtag tic aviobtnteg (3.2.46) Yo j > i ouunepalvouue ot yia xdde t € T,

Dm0l (Aja (1) <28 + @i(ui(Ai(t))) + ip (wipr (Aiga (1))
j2i
< 45,
ool S = supyeq Supjez, ¢j(t). Eyxovue downdy Seller v (3.2.31). O
Mo tood0vaun Statinwon g pdtaong 3.2.2 etvan 1 e€nc.
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Ilpétaom 3.2.3 Eoww (T, d) petpikds xdpos pe memepaopérn didpetpo karr > 2,
B> 0. Eotw i o peyalitepos axépaiog yra tov orofo diam(T) < 2r—t. Ymodéroupue
du vrdpyowr ouwvaptijoas ;T — RY pe S := SUP;er SUDjez @;(t) < +oo kat
6:N — Rt pelim, o 0(n) = +o0, mov tkavorowir to €€ns: Avs €T, j € Z kat

tiy.. oty € B(s,r7) pep #q=d(tp,t;) > r=771, tére
(3.2.47) max Yiva(ty) > r7P90(n) + 4 (s).

Téte, 1wxVer To ovunépaopa tng Hpdraong 3.2.2.

Amnédergn: Egoapudlovue ty Mpdtaon 3.2.2 v tic ¢;(t) = S — ¢;(1). O

H enoéuevn Ilpbdtaon cuoyetilel 1o ouunépacua tne Ilpdtaone 3.2.2 ue ta xupLap-
YOOVTOL UETPAL.

Ilpétaom 3.2.4 Eoww (T,d) petpikds xdpos pe memepaopévn Oduetpo kal éotw
r>2kat o, > 0. Eotw i o peyadltepos axépaiog ya tov orofo diam(T) < 2r .
YroOéroupe dut (Aj)j>i elvar n avéovoa axolovdia Sapepioewy tov T mov blver n
Ipéraon 3.2.2. Eibicdrepa, diam(A) < 2r77 av A € Aj, ka1 o€ kdde A € Aj,
J > i, avnorowel évag apiiuds £;(A) € N érvor dove: av ta A,B € Aj41 ne A#B
repLéyovtal oo (0o ororyelo tng Aj, tote

(3.2.48) liy1(A) # Lj1a(B).

Téte, vndpyer pétpo mbavétnrag v otov (T, d) tétowo dote

(3.2.49)
1 1

sup = (log o s) Y < K, 6,0) (r 7 sup 3 (og (45 (1)) 1),
Aj

teT Jj>t teT Jj>i
émov K (a, B,7) > 0 otadepd mov ekaprdrar and ta a, B karr.

Amnéderdn: Ou dwoovue Ty anddeln wévo otny nepintwon mou o (T, d) elvan me-
nepaouévos. Opilovue enaynywd apriuotc wj(A) yia xdde j > i xow A € A;. Tw
Jj =i ¥étovue wi(T) = 1.

Trodétouue 6Tl €xouv oplotel oL aprduol wj_1 (A), A € Aj_1. Taxdde B € Aj,
YéTouue

1

(3.2.50) w;(B) = TR

wj-1(4),
6mou A elvar 10 otouyelo e Aj_1 To onolo nepéyel to B. Adpollovtac Tic (3.2.50)
ot yenouonoldvTos Tny (3.2.48) xou Ty Yo 7z < 2, PAémouue 6T

wj—1(A)
(3.2.51) > wi(B)< —

BeA;, BCA
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Ané n oyxéon auth, ye enaywyr wg tpog j, delyvouue 6Tt

(3.2.52) > wji(4) < L

A€EA;

[Mapatnerote bt

Su@= Y Y wd<y Y wad) <5 sy =5

A€A; A€A;_1 BEA;,BCA A€A;_

N | =

oV TPOYWPTOOVUE UE EmaywYT.] Atd ty (3.2.52) éneton Ot

(3.2.53) o> wiA)=a<1.

j>i AEA;

Tuvenwe, vndpyer uétpo mdavotntog v otov (T, d) ue v e€hc Widtnta: yor xdde
J > @ o xde A € Aj,

(3.2.54) v(A) > w;(A4).
Av A € Ujs; Aj xou k elvan o uixpérepog Belxtng yia tov onolo A € Ay, opllouue
1
(3.2.55) v(4) =~ S>> wiB).
j>k {BEA;:BCA}

BOcwpolue Twpa Tuydy t € T. And ¢ (3.2.50) éxovue bt

(3.2.56) wi(450) = 5 TT 6Ae®),
i<k<j
dipot
(3.2.57)
1 1 .
log (m) < log <m> <log4-(j —1i)+ 2i<zkéj log (€ (Ax(t))).

Av a > 1, ypnowonowbdviag ™y (z + y)t/* < z'/* + y'/* nafpvouue

# He _Zl/a 1/a o 1/
(3.2.38) (10g<y(Aj(t))>> <SK(j—i)/* 2% Y7 (log (Le(Ar(1))) .

i<k<j
Yuvenwe,

1/a
Zr‘ﬁj log 1 < KZ’F j 1/“
~ v(A4;(t)) -
>t i>i

@3 S 7 (log (€A (1)) °

>t i<k<j
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_ KZT . l/a

j>i
@) S {38 (log (r(Ar(e))
k>i >k
< KrBt Zr—ﬂnnl/a
n>1
@) 3" r ST Y (log (6u(Ak(8)))) 0
k>i n>0
< K(ra)(r % +sup > (log 4;(4; (1))
teT 5
yia xdmoto, otodepd K (r,a) > 0.
1/a

Av 0 < a < 1, n ouvdptnon = — /% elvar xupTy, ondte Yo xdde emhoyy
TEAYUATIXGY opLUdY Yk, ar > 0 ue Y ap = 1 éyouue

(3.2.59) (Z akyk)l/a < Zaky,i/a

Maipvovtac aj, = rBkF- J)O‘/Z/E rBlel2 o Bétovtac xp, = log(L(Ak (1)), Yk =
zy [ak, BAémovuE 6Tl

1/«

(3.2.60) > < N g Vome

i<k<j i<k<j

Me anhéc npdieic, and v (3.2.57) naipvouue

(3.2.61)
1 a . \1/a i a
(log A—)” < K(a,8,0) [ =)V + 3 rPU P2 (log (e (Ar(1))) ).
v(4;0) R
Katoémy, Sovukebouue 6mwe otny meplntwon a > 1. |

Enuelwon: e Ohec tc epapuoyés, unopel xavelc va unodéoer 6t o (T',d) elvon
nenepaouévoc. o 1o Aéyo autd axorouvdolue tny mapoucioor tou Talagrand oto
[T2]. H andderln tne Mpbdtaone 3.2.4 tov déUnxe napandve Soulelel 6Ty tepintwon
nou 1 andotaot d wavorotel Ty d(t, s) < max{d(t,u),d(u,s)} yioa x&de t,u,s € T
- 6t Mue 6u o (T,d) elvon «ultrametricy. H Boowr Biétntar wwy ultrametric
Ywpwv elvar 6Tt 800 undheg ue v Blo axtivar cuumintouy 1 elvon Eéveg. e auth
v meplntwon, 1 axolovdia Swauepioewy (A;) tne Mpbdtaong 3.2.2 anotekelton and
E€vec Undheg Twv omolwy ot dduetpot Telvouy oo 0 xadde j — co. Toéte, t0 uétpo v
nou oplotnxe and v (3.2.55) oty dhvefpa U5, Aj, emextelvetan ywpls mpdBinua
otV Borel g-dhyeBpa tou (T,d). H yevxh| meplntwon xahinteton oto BPhio twy
Ledoux xou Talagrand.
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Ocedpnua 3.2.2 Eoww (T,d) petpikds xapos pe nenepaopérvn diduetpo, kal €0tw
r > 2. Eotw i o peyalitepos axépatos yia tov omofo diam(T') < 2r—t. Trmodéroupe
éu vndpyovr ovvaptioas @ T — RY pe S = sup,eqsupjey j(t) < +oo mov
tkavorooty to eéng: Av s € T, j € 7 xat ty,...,t, € B(s,r™9) puep # ¢ =
d(tp,ty) > r=71, tére

pj(s) >r=I72\/logn + min ;2 ().
<n

Téte, umopolue va Bpovpe avéovoa axodovila dapeplocwr (Aj)j>; tov T e T
widtna diam(A4) < 2r77 av A € A;, kar uérpo mavétnras v ovov (T,d), térowa
woTe

(3.2.62) ?253;’“ J\/10g< (4t ())> < K(r)-S,

drnov K (r) > 0 otalepd mov ebaptdrar pudvo and o r, kar A;(t) to ogroyelo tng A;
oto omofo avnkel o t.

Anédeldn: Ocwpolue v axohoudia Sioueploewy (A;) xou Ttic anewxovicelg ¢ :
A; — N mou uog diver n Ilpdtaon 3.2.2. Tore,

(3.2.63) sup "9 /log (€41 (Aj41 (1)) < 4S.

teT J>i

Eniong, ot £; wavonotoby tny (3.2.48), ondte epapuoloviac v Hpdraon 3.2.4 uno-
poluEe va Beovue uétpo mavotntoc v otov (T, d) tétowo dote

(3.2.64)
igg'z:r*j’/log (71/(141@))) < K(r) +§E¥ZT 7y /log (£;(A;(t)))
>t Jj>i

Yuvdudlovtag Tig Tapandve aviedTNTeES TolPVOUUE

f‘é?;r J”log( (A())) < K(r) +§E¥Z \/log (£j+1(Aj41(2)))

Kl(T)'(T +S)

IN

Méver va detfoupe 6t r=t < Ka(r)S. And Tov opioud Tou i, undpyouy t # s oTov
T uet € B(s,r™") xou d(s,t) > r~ 1. Ané tnv unddeon tou OewpRuatog, éyouvue

(3.2.65) S > pi(s) > r~%/log?2,

dnrad”y to Intoduevo. O

Mnopotue tépa va del€ouvue 10 Oedpnua 3.2.1 otny nepintwon tov o (T, d) elvan
TETEPAUOUEVOS ETEXOC YDPOC.
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Ocdenua 3.2.3 Yrdpyet otalepd K > 0 ue wny e&rjs ibidenea: av (T, d) elvar évag
Tenepaoiéros petpikds xadpos kat X = (Xi)er pia vnokavovikr avéhién, tére

(3.2.66) Esup X; < K - »(T, d).
teT

Anédergn: Eotww p pétpo mdavotntoc otov (T, d), ue

(3.2.67) S:= ilelg /000 \/log <m>ds < 400.

Ytadeporotolue 7 > 8 xan opilovue p; 1 T — RY vy xdde j € Z, e

(3.2.68)  p;(t) =sup {/OT \/log <m)ds cu €T, d(t,u) < 2r—j} .

IMopatnerote 6T

(3.2.69) supsup ¢;(t) = S.
teT jeL

Av 0(n) = L/logn, n Hpétaon 3.2.1 Belyver 6L ixavomotolvTan oL UTOVECELS TOU
Ocewpruatog 3.2.2. Apa, unopolue va Beolue adfovoa axohouvdio diauepioewy
(Aj)j>i Tou T mou wavornowel Tig utodéoelg Tov Oewphuatog 3.1.4, xou UETPo TL-
Yavomrac v otov (T, d), tétola ote

(3.2.70) igg;r J”log( e ))> < K(r)-S,

omou K (r) > 0 otadepd mou egaptdton wévo and to r, xou A;(t) to otowyelo g A;
oto onolo avixel o t. And to Oewpnua 3.1.4 Eyovue

1
3.2.71 Esup X; < Ki(r) - sup log <7>
(321 b o= 1o TZ (4;)

Yuvdudlovtac tic (3.2.70) xou (3.2.71) nalpvovue

(3.2.72) Esup X; < Ka(r) - S,
teF
xat 1 (3.2.67) ohoxhnpddvel tnv anddelln. O

Anodedn tov Oewphpartog 3.2.1: And 1o Auua 3.2.2, yua xdde nenepocuévo
vnoolvoho F tou T,

(3.2.73) Yo(F,d) < 27,(T, d).
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Ané 1o Oedpnua 3.2.3, yio xdde nenepacuévo F C T,

(3.2.74) Esup X; < K - y2(F,d) < 2K -v(T,d),
ter

omov K > 0 andiutn otadepd. Xuvenog,

(3.2.75)  Esup X; := sup {Esup X::FCT,|F| < +oo} <2K -y (T,d). O
teT teF

3.3  Avehi&eig tou Gauss: T0 %xATL PEAYUX

Ye auth Ty Topdypapo ETLOTEEPOLE 0TO TAXlCLo Twv avekifewy tou Gauss. Eotw
(T, d) petpde xopos, xau €0t X = (Xy)rer Uta avéNEn Tou Gauss pe Ty WiéTnTa

(3.3.1) 1 X — Xsll2 = d(2, 5)

v xdde t,s € T. To Oedpnua tou Talagrand yiar to xupLapyolvta Uétpa elvon To
enc.

Oewpnua 3.3.1 Trdpyer anéhvtn otalepd K > 0 pe tnr €&ng ibidenra: av (T, d)
elvar évag petpLkos xdpos e memepaouévn oiduetpo, kat av X = (Xi)ier €lvar Jua
avéén tov Gauss nov tkavorotel tny (3.3.1), tdre

1
(3.3.2) — - %(T,d) <Esup X; < K -y (T, d).
K teT

H 3e&id avioétnra elvan ewduxr] nepintwon tou Oewpruatog 3.2.1 yia Tig uno-
xavovixég aveli€ewg. Ta tnv aptotepy| aviootnta, apxel vo delfouue TNy mapaxdtw
ITpbtaon,.

IMpétaon 3.3.1 Eotw r > 2 kai é0tw i 0 ueyalitepos aképalos yia tov omolo
diam(T) < 2r=%. Av o r elvar apketd peydlos, téte oo ovvaptioes j : T — RY,
J 21, pe

(3.3.3) 0;(t) :== Esup{X, | u € B(t,2r )}

wkavorowlv Ty axddovdn ovviien: av ti,...,tn € B(s,r7™) kai t, # t, =
d(tp,ty) >r971, tdre

_; 1 .
(3.3.4) pji(s) >r ]mv logn + min pj+2(t),

dmov K (r) > 0 oralepd nov e&aptdrar puévo and o r.
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Lo tnv anddelln e Mpdtaong 3.3.1, Yo yperaotobue xdmotar Afuuata. To
TpwTo elvor 1) aviootnTa Tou Sudakov.

Adppa 3.3.1 Av ta ty,...,t, € T wkavorowoty tnv I £ 1! = d(t;,ty) > «, tdte

1
(3.3.5) Esup Xy, > Fa\/logn,
1

I<n

omov Ky > 0 andAven otalepd.

Amnéderdn: ‘Aueco, and 1o Auua 2.4.1 xou v (3.3.1). O

To devtepo Afuua elvor Uta TOAD ONUAYTIXY] GUVETELS TNG LOOTEPUIETELXAG OIVL-
coTNTAC 070 YWeo Tou Gauss.

Adppa 3.3.2 Eotw Z = (Zi)ies pia nenepaopévn avéén touv Gauss. Opilovue

(3.3.6) o = sup || Zt||2-
tesS

Tére, yia kdOe u > 0 éyovpe
(3.3.7) P <| sup Z; — Esup Zt| > K20u> < 267”2,

tes tes
omov Ky > 0 andAven ovalepd.
Anode&n: Mnopolue va unodéoouue 6Tt S = {1,...,n}. Ocwpodue t0 TULYOL-
o 8udvuoua G = (Zy,...,2Z,) otov R*. Trdpyer n X n wivoxac A tétol0¢ OOTE

dist(G) = dist(AN), 6mov N tumuxi xavovixr tuyada uetoBintr otov R™. Opilovue
F:R*" = Rue

(3.3.8) F(z) = mggc(Ax, €,

(3

omou {e1, ..., e} n ovvhidng opdoxavovixn Bdon tov R*. Tore,
(3.3.9) P <m<ax Z; € B) =P <m<aX(AN)i € B) =v{z: F(z) € B}).

Av z,y € R*, t61e

|F(z) - F(y)] < max|[(A(z —y),e;)l
i<n
n
< (s — s
S I},E’fzmm (:I"j y])|
St
1/2
n
2
< Iglgag Z;aij llz — yll2
]:

1/2
= max (BZ7) " lle -yl

= o[z =yl
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dnAad®), n F' elvan Lipschitz cuveyrc ue otodepd 0. And tnv oomepuuetpLxn aviodtnta
oto Ywpo tou Gauss, yla x&de u > 0 éyovue

2
(3.3.10) Tn (az | |F(z) — /F| > K20u> < 27V,
onov Ky > 0 andiutn otadepd. And v (3.3.9) éneton 10 cuuTEpAOUAL. i
Appa 3.3.3 Eotw o > 0 kat ty,...,t, € T. TroOérouue du av I,I' < n kar

I #1U', tére d(tr,tp) > a. Ta kdOe | < n Yewpolpe tuxdr otvoro A; C B(t;,0), kat
Oérouue

(3.3.11) A=A
<n
Tdre,
(3.3.12) Esup X; > &\/logn — o K3+/logn + min E sup X,
teA K, I<n teq,

omov Ky, K3 > 0 andlvtes otadepés.
Andderdn: o xdde | < n Yewpolue tny tuyala uetaBAnTi

(3.3.13) Y, = sup (X — Xy,) = sup Xy — Xy, > 0.
teA; teEA;

Xpnowonotdvtac 1o Afuua 3.3.2 yia Ty (X — Xy, )t a,, €YOVUE

(3.3.14) P <| sup (Xt — Xy,) — E sup (X — th)| > K20u> < 267“2,
teA; teA;

yia xéde u > 0, Snhoady

2

(3.3.15) P (|Yi —EY;| > Kyou) < 2e7*

ya xéde u > 0. Av oploouvue

(3.3.16) h := max|Y; — EYj|,
<n
t61E
(3.3.17) P(h > Kyou) =P <rln<ax |Y; — EY| > K20u> < 2ne

H (3.3.17) xou anhéc npdlewc Selyvouy 6tu

o0
(3.3.18) Eh = / P(h > s)ds < Kso+/logn,
0
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6mou K3 > 0 anéiutn otadepd.
[ xdde I < n éyovue h > |Y; — EY;|, dpa

(3.3.19) Y, >EY, —h > IZIETILIEYZ —h,
onoTE,

(3.3.20) tseu};)l Xe =Xy, +YV1 > Xy, + Ilrélrrll EY, — h.
‘Enetor 61U

(3.3.21) fgg X > maXXt, + mln]EYl h,

an’ 6mou Talpvouue

Esup X; > Emax Xz, —l—minE(sup X; —th> —Eh

teA Isn \tea,
= Emax X, + mlnIE sup X; — Eh.
ISn ¢cq,
To {nroduevo éneton and to Afuua 3.3.1 xou tnv (3.3.18). O

Anoédelln tng Ilpbétaong 3.3.1: 'Eow s €T, j € Z,n €N, xou éotw t1,...,t, €
B(s,r77) mou wavomoloby v t # ty = d(tl,tl/) >pr it

Do xdde | < n Yewpolue o cOvoho 4; = B(t;,2r—72). Hopoatnefiote 6t
(3.3.22) A= J A€ B(s,2r™).
<n

Egopudlovtog o ua 3.3.3 ue a = r7=1 o 0 = 2r=7 72 nofpvouue

Ay
E sup X; > EsuplX;
teB(s,2r=7) teA

—j—1 o
r Viogn — 2r 72 Ksy/logn + min E sup X,
K, ISn teB(t; 2r—i-2)

dnhadn,

1 2K. ;
(3.3.23) wj(s) > <— - —3> r~7y/logn + Ilréin Yjt2(tr).

Kir r2

Avr > 4K3 - Ky, n (3.3.23) naipver tn popen

(3.3.24) w;(s) > 2K \/logn+m1n<pj+2 (t1),

dInhadn éyoupe 1o cuvunépaoua g Hpdraone, ue K(r) = 2K;r. O
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Anddelgn tou Oswpuatog 3.3.1: 'Eotw ¢ o ueyakitepog axépatog yio tov onolo
diam(7T') < 2r—%. Hopoatnpolue 6t

(3.3.25) Esup X; = S := sup sup p; (1),
teT JEZ tET

61OV

(3.3.26) @i (t) :=Esup{X, |u € B(t,2r7)}.

Av S < oo, n Ilpdtoaon 3.3.1 pog e€acaiiler 6t xavonolobvton oL UTOYETELS TOU
Ocewpruatoc 3.2.2. Apa, undpyer uétpo mavétntac p otov 1" xow undpyet adZovoa
axoroudiar (A;);>i Saueploewy tou T ue diam(A) < 2r 7 yio x&de j > i xou
A e Aj, étol dote

(3.3.27) 51617[3;7" j”log( A ())> < K(r)-S,

6mou A;(t) 1o otoryelo e A; to omolo meptéyet to t. O, yior xdde t € T xou
J >t éyouvue

(3.3.28) Aj(t) C B(t,2r77),

dipot

(3.3.29) flel?;r ’\/1°g< B (t12r =7 > flel?;r ]\/log<(—f4())>

xan amhry oOyxeLoT ohoxAnpwuatoc-adpolcuatog delyvel dto

(3.3.30) / \/log > de< ]\/l°g< B(t12r J)))

j>i

Ané ta mapandvew cuunepaivouue 6Tt

(3.3.31) Ks(r) - v (T,d,u) < S =Esup Xy,
teT
dipot
(3332) KQ(T) "}/Q(T, d) < S =Esup X;. |
teT

Ta Oswpripoata 3.2.1 xo 3.3.1 ouvdudlovton we e€fc: Eotw Z = (Z;)ier W
avéhEn touv Gauss otov (2, A, P). Oewpolue v andotoon

(3.3.33) d(t,s) = |1Zs — Zsl2-
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otov T xou unodétouue 6t o (T',d) €yel nenepoouévn diduetpo. Av unodécovue 61t
(X¢)ter elvon uia debtepn avéNEn ae xdmotov dAho ywpo mdavotntoc (Q1, A1, Pr),
7 omola elvon uToXavVOVLXH WS TEoC TNV d, TOTE

(3.3.34) Esup X; < K7 - (T, d)
teT

and to Ocdpnua 3.2.3, xou

(3.3.35) Y (T,d) < K - Esup Z;

teT
and 1o Oewpnua 3.3.1, 6mov K1, Ky > 0 andélutes otadepés. ‘Eyouue howndy 1o e€rg
Yewpnua obyxpLomg.

Ocdenua 3.3.2 Eoww (T,d) petpikds xdpos pe memepaouévn Ouduetpo. Av n
(Xt)ter €lvar vrokavoriky ws mpos tny d kar 0 (Zi)ier €lvar avéaén tov Gauss
«ovupiBaoctny e tnr d, téve

(3.3.36) Esup X; < K - Esup Z,
teT teT
omov K > 0 efvar yua andélven ovalepd. a

Avagpopés: Lo Kegpdhono avtd axohovdolue tny epyaoia [T2] tou Talagrand. To
Octpnua 3.2.1 éyel cav agetnplo Tou Tig epyaotes [Pr 1,2] xou ovotactixd anodel-
ytnxe anéd tov Fernique [Fer]. H napouciaon edo elvan dtopopetnry: o Talagrand
anédetle to Oewpruata 3.3.1 xo 3.3.2 oto [T1], xou avéntuie te)VIXéc TOU EQUpP-
polovton xou 6NV TEPITTWOT TV LTOXAVOVIXKDY aveMEewy. Me autov tov tpdmo, 1
anddelln v Oewpenudtwy 3.2.1 xou 3.3.1 yiveton eviata.

Lo v LoomeptueteLx) aviodtnta aTo Yweo tou Gauss xou tny avioétnta (3.3.10)
napanéunovue oto BBAa twv Ledoux [Led] xou Ledoux-Talagrand [LT].
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Kscpo’c)\ou.o 4

Kup!. ochOOV‘coc pé‘cpoc OE
e)\)\suc[)ost. 61']

4.1 To OswpNua TOVY XVELAEYOLVTOY UETRPWY YL EA-
AerdoeLdy]

‘Eotww (a,) uto @divouca axohouvdio YeTixmdy Tparylatixey optdumy Uue
(4.1.1) > ak < o
n>1
Oewpolue 10 eMelpoedéc E oTov fo ToL TEpLYpdpeETAL OO TNV
(4.1.2) E = {t =(ta)n €L | > _th/a) < 1}
n>1

Yxondg wog oe autod o Kegpdhowo efvon vor ueetoouue avaAuTtixd tny avéMEY Tou
Gauss X = (X¢)iep ue

(413) Xt = Ztngna

n>1

6oL (g )n elvan ptar oxohoudo aveEdotntwy N (0, 1) tuyainy yetoBAnTtdy.
O vrohoyioude g Esup, ¢ p X dev napouoidler Suoxohies.

Ilpotaon 4.1.1 Av E elvar to eAerpoadés tns (4.1.2) kat Xy = Y o  tugn, t € E,
(7373 -

1/2
(4.1.4) Esup X; ~ (Z a%) .

teE 1

99
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Anéderdn: Eow (e,)n n ouvidng opdoxavovixr Bdomn tou £y, Houpotnpolue 61t

1/2
(4.1.5) sup Xy = sup( Z(tn/an)en, Z angnen> = Z aigi
tek teE i3] et et
Ané v aviedtnta Cauchy-Schwarz,
1/2 1/2 1/2
(4.1.6) B\ aign| <|E(X )| =|Xa
n>1 n>1 n>1

Ané v &N Theupd, 1 (4.1.5) delyvel 6t

N 1/2
(4.1.7) sup X; > (Z aigi)
n=1

ter

vy xdde N € N, ondTe YpnoLUOTOLOVTIG TOV Xavova ToU Topalknhoypduuou tole-
YOUUE

N 1/2
E (Avesn=:|:1 | Z Z‘:nangn|2>

Esup X; >
teE n=1
N
Z E (AVegn:j:l | Z Enangn|>
n=1

N 1/2
n=1
N 2)1/2 i

agol 7 ZnN:1 Enangn ExeL Ty Bl xatovour pe my (X, ; a2
emAOY A TpooHUWY £, = £1. Edxoha unohoyilovue 6t E|g| = /2/7, xaw aprivovtog
10 N — 00 nolpyvouue

lg| yia xdde

1/2

2 .
(4.1.8) Esup X; > \/; > al .o

teE et

‘Onwe delyver n Ipdtaon 4.1.1, o unoroyouds g Esup,cp X¢ elvon gdxolog.
Auto Suwe Tou Yélovue va culnthcouvue elvor 1) axpiBelal Twv SLapopnwy PpoyUdTwY
oL cu{NThoaue ota dVo Tponyolueva Kepdhata. Oa Eextvicouue and Ty aviedtnio
tou Dudley.

‘Ectww E to eMewfoedéc e (4.1.2). T xdde k € Z opllovue

(4.1.9) I, :={neN:27% <q, <277}
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xou

(4.1.10) Jp={neN:27%<q,} = U I.
1<k

Téhog, YéTouue

(4.1.11) ng = [I] xow my =|Jg| = an
1<k

Ané v unbdeon €xovue a,, — 0, dpa ng, my < co. Me N(E,t) cvuBoiilovue tov
apLdd xdhudne tou B and undheg tou £y axtivag ¢ > 0.

Aqupa 4.1.1 Ta kdOe k € Z,
(4.1.12) N(E,27F=1) > gmx

Anéderdn: Ocwpolue 1o Ywpo Hy twv oaxohouhodV (tn)nes, UE TNV La-voua, xou
v mpofor) P : {y — Hy, ue

(4.1.13) P((tn)nZI) = (tn)’I’LGJk'
Av ECUY, B(#,27 % 1), t6te npogavie P(E) C N, B(P(#),27 % 1). Apa,
(4.1.14) N(E, 271 > N(P(E),27%1).

Erlong, av ouufolicovue ue B tnv Euxdeldeio pyovadiator undha tov Hy, mapotn-
poluE 6T

(4.1.15) 2=*B C P(E).

[Mpdrypott: ov 8 = (8p)nes, € 277 B, unopolue va 0ploouue t = (t,)n>1 UE ty = Sp
avn € Jy xaw tp, =0 av n ¢ Ji,. Tére,

(4.1.16) > i—% =Y 2—% <203y 52 <1,

n>1 neJy neJdy

dnhadh t € E, xou P(t) = s.]
Ané v (4.1.15) naipvouue

(4.1.17) N(P(E),27* Y)Y > N@2*B,27% 1) = N(B,1/2).

Av N = N(B,1/2), undpyouv t',...,tN € Hy ue B C U, n(t' + (1/2)B). Apa,
|B| < N -|(1/2)B|. 'Enetos 61t -

(4.1.18) N > 2lJrl = gms

Ané tc (4.1.14), (4.1.17) xon (4.1.18) éyoupe to Lnroduevo. i
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Ané o Afuua 4.1.1, yio xdde k € Z éyouue

(4119) 275 /log N(B,2-k=1) > flog2- 27 /my > \/log2- 27 ¥ /s,

Apa,
o0
(41200 > 27Fy/mp <Y 27F\log N(B,27k1) < c2/ V1og N(E,¢)de.
kEZ kEZ 0

Ané v &N mhevpd,
(4.1.21) > oar <> @Y =4 270y

n>1 kEZ n>1

O1 300 autég aviodtnieg Uag umodewxvbouy TNy axdlouvdn Ilpdtaon.

Ilpértaom 4.1.2 Trdpyer akodovlia (ay), Uetikdy mpayupatikdy apidudv, térow
woTe

(4.1.22) > ap < 400
n

Kal
o0
(4.1.23) / Vieg N(E,e)de = +0o0,
0

dnov E to eArewpoeidés atov €y mou opiletar and tny (4.1.2).

Andderdn: Apxel va emhégovue ny € N, k € Z, tétoloug wote

(4.1.24) D27 <400 xon Y 27F /g = +oo,

kEZ kez
xat v 0ploouue Toug a,, > 0 étol dote 1 (4.1.21) va yiver «todmroy (Yo xdde k
ratpvouue ny, b6pouc e (an), toouc ue 27F). O

BAémouue Aowndy 6t to edyuo tou Dudley dev elvor oxpiBée (axdpor xu av
TEPLOPLOTOVUE GTNY TOAD PUGLOAOYIXY| XNAOT TOEADELYUATWY OV UENETAUE €3¢)).
Oa ddoovue éva dhho gpdyua «tomou Dudley» mou divel mdvto tnv oxpBr) Tdén
ueyédoug e Esup,cp X;.

Aqupa 4.1.2 Ia kdOe k € Z,

(4.1.25) log N(E,2 ¥ < ¢ (k- 1+ 3)n.
1<k
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Anodedn: o to oy t = (ty,), € E éyouue
4.1.26 tr = 2ln o2k b 9ot
ww)  Ya-yaebory b

Av howndy oploovue

th
(4.1.27) E' = {t=(tn)nes, € He | 5 < 1},
neJ, "
t6tE
(4.1.28) N(E, 27" < N(E',27F).

[Mpdypart: éotw t,...,tN € Hy, ye E' C Uiil B(t',27%). Tw xdde t € E Yew-
poVuE TNy pofolry P(t) tou ¢ otov Hy,. Téte P(t) € E’, dpa undpyer @ = i(t) < N
tétotoc wote ||P(t) — ti|s < 27F. Anb v (4.1.26),

(4.1.29) It =tz < It = P(@O)ll2 + | P() = t']|ls < 27% 4278 = 275+,

Shadf, B C UYL, B(t!, 2751 ]
T vo extiuioouue tov N(E',27%), ewpolue Z C E' ueytotind we Tpog Ty

(4.1.30) t#s€Z=|s—tl]>27"
Tore,
(4.1.31) N(E',27F) < 2]

Eniong, ou undhec B(t,27F71), t € Z éyouv Zéva ecwtepind o mepLéyovToL 6To
E'+ 2771 B, émouv B n Euxheldeto wovadioio undha tou Hy. Tuveraoe,

(4.1.32) |Z|- 127 % 'B| < |E'+27%'B|.
Mopatneodue 61 2 ¥B C E': av (X ,c. t%)l/2 <27k téte
2 1/2 1/2
(4.1.33) (Z a—’;) < 2ok (Z ti) <1,
neJy " neJdy

dpot t = (tn)neJ, € E'. Encton 61
(4.1.34) |Z| - |B| < 2k+Dme . 2p!| = 2k+2me | B

Téhoc, napatneolue 6t E' = T'(B) 6nov T : Hy, — Hy o Swaydviog Teheotic UE
T(en) = anen, n € Ji. ‘Apa,

(4.1.35) B = |B|- ] an<IB|-[] 20
neJy 1<k
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Tuvdudlovtag tic (4.1.34) xou (4.1.35) xotahfyovue oTnv

(4.1.36) 2] < 2(t2ime TT ol=t0m = TT 2(k=t3m,
1<k 1<k
Ané g (4.1.28) xou (4.1.31) €xouue T0 GUUTERACUAL. O

Oewpnua 4.1.1 FEotw E to el ewpoeidés otov €y mov opiletar and tnv (4.1.2). Tdre,

(4.1.37) / elog N(E,e)de ~ Z az.
0 n>1

Anodergn: Edxola delyvouue 6Tt undpyouy andhuteg otadepéc Ky, Ko > 0 tétoleg
wote

(4.1.38)
K1Y 2 *logN(E,2 ¥ 1) < / elog N(E,e)de < K> » 2 **log N(E,2 7).
keZ 0 keZ

Ané 1o Afuuo 4.1.2,

Z272klogN(E,2*k) < CZ Z 27 (k= 1+ 4)ny

keZ keZ1<k+1
= ) <Z22’“(k—l+4)>
leZ k>1
(oo}
_ iy s+4
LEZ s=1
< ay 27
lEZ
< 032112.
n>1

Ané 1o Afuua 4.1.1,

Z 27 log N(E,27% 1) > ¢ Z 27 my, = ¢y Z Z 2 %kn,
keZ kEZ keZ 1<k
RS 3] bt ETS e
1€Z \ k>l IEZ
> ¢ Z ai.
n>1

Tuvdudlovtac autés tic Vo avioétntes ue v (4.1.38) naipvouue v (4.1.37). O
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Hopathenon: I'a o, 8 > 0 opllovue

00 1/8
(4.1.39) Ros(E) = (/ sﬂl(logN(E,s))B/“ds>

Mopatnerote 6T

(4.1.40) Ry (E) = /00 \1og N(E,¢e)de

1/2

(4.1.41) Ry »(E) = </000510gN(E,5)d5>

Me auté t0 cuUBoAloud, T ATOTEAEGUATA AUTHS TNG TOEAYPAPOL Selyvouy 6Tt Yia
xdde E €youue

(4.1.42) Esup X; ~ Ry (E),
teFE

eved undpyouy mopadelyuata eEMeLPoeddY E yio ta omolo Ry 1(E) = oo.

4.2 To Oewpenua Tov eAieLdoeLdoig

‘Eow (T, d) uetpwéde yodpos. T xdde a, f > 0 opiloupe

. 1 B/ 1/B
4.2.1 o,3(T,d, 1) := sup / gf1 <lo 7> de ,
2D Tepddp) teT< . 8 WB(.2)

%ol
(4.2.2) Ya,8(T,d) := iI;f Ya,3(T, d, 1),

6mou To infimum maipvetor mhvew an’ dha ta Borel pétpa mbavétnroc otov (T, d).
Hopatnpriote 6tt, Ue 0 cuUPBoiioud tou Tporyoluevou Kegpohatou,

(4.2.3) Y2,1(T,d) =72 (T,d).

Ou napaxdtes WOTTES ™ Ya,3(T, d) TpoxGTTOLY EUXOAX 0TS TOV 0PLGUO.
Adppa 4.2.1 Eoww (T,d) perpikds yopos kar o, 3 > 0. Tore,

(4.2.4) diam(T) < K(«, 8)Ya,3(T,d),

émov K (o, ) > 0 otalepd mov ebaprdrar and ta a, f5.
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Anédeldn: Oérovue D := diam(T') xou Yewpolue u,v € T ue d(u,v) > 2D/3.
Téte, o undhes B(u, D/3) xouw B(v,D/3) eivar Eévec. Av p elvon éva Borel uétpo
mdavétnrac otov (T, d), éxouue

(4.2.5) min{u(B(u, D/3)), n(B(v, D/3))} < 1/2,

dnhadh undpyer w € T' (xdmowo and o w, v) TETOLO DOTE

1
(4.2.6) log W(Bw.o) > log2
yia xéde € € [0,D/3]. 'Enetar 6
o N AN D3 1/8
ilelg (/0 gh-t <log m) dz—:) > (/0 7= (log 2)’8/“ds>
= (10?;2)1/%_1/3%
xa apol To p Atay TUY6Y, Tadpvouue Ty (4.2.4). O

AMppa 4.2.2 Eoww (11,dy), (Tz,ds) petpuxol xdpor kat o, f > 0. YrmoOérouue
ot vrdpyovv M > 0 ka1 ¢ : Th — T» Borel petpriowun kar eni ovvdptnon pe tnv
widTnTa

(4.2.7) d2(¢(2), ¢(y)) < Mdi(z,y)
yia kdOe x,y € 1. Tdre,

(4:28) 'YQ’B(T27d2) S M - ’YQ,B(T:l)dl)'

Anddeln: I'odgouue B; v Tnv avolyth undia we meog di, ¢ = 1,2. And tny
(4.2.7) éyouvue

(4.2.9) Bi(z,e/M) C ¢™ (Ba(¢(2),¢))

yio x&de € T xow € > 0. Av howndy oploovue 1o uétpo ¢(u) otov (Is,ds) e
d(p)(A) = u(p1(A)), o ¢(u) etvor Borel uétpo mdavétnroc o

(4.2.10) u(Bi(z,e/M)) < ¢(n)((B2(g(z),€)))

v xdde © € Th xou € > 0. Xpnowonowwdvtoag ™y (4.2.10) xow to yeyovég 6t n ¢
elva entl Tou Ty, eX€yyovuE ebxOAAL OTL

(4.2.11) Ya,3(T2,da, (1)) < M - vo,58(T1,dy, 1),

%o auTé amodetxviel To Afjuua. O
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Adppa 4.2.3 Eoro (T,d) petpikds xapos kar F un kevé vrootvolo tov T'. Tore,
(4.2.12) Yo,8(F,d) < 270,5(T, d).

Anodedn: Eotw 6 > 1. Mnopolue va Bpodue Borel uetpriowun cuvdptnon g : T —
F ¢toL wote

(4.2.13) d(t,g(t)) < dinf{d(t,s) | s € F'}.

‘Eotww p éva Borel uétpo mdavétnrag otov (T, d). Oewpolue 10 uétpo mdavotntog
o otov (F,d) rou oplletar and v o(A) = u(g—1(A)).
Eow z € F xu t € B(z,e). Térte, d(t,F) < d(t,z), dpa d(t,g(t)) < dd(t,x).

Enouévwe, d(z, g(t)) < d(z,t) +d(t,g(t)) < (1 +_5)d($,t) < (14 0)e. Anhadn,
(

(4.2.14) Br(z,6) C g (Br(z, (14 6)e))
Apa,
(4.2.15) u(Br(w,¢)) < plg™ (Br(z, (1 +0)e))) = o(Br(w, (1 + d)e)).-
Tore,
5 1 /o \ P
Tealfidhe) = (/0 (s ) ‘k)
< sup (/Oo gh-1 <log L >3/°‘ ds) "
= e \Jo p(Br(z,e/(1+19)))
< (146)sup </oo gf-t <log ;)WQ d5> "
- zeT \Jo #(Br(z,¢))
= (140701, d; p).
YUveEnHe,
(4:2.16) Yo (Fyd) < 70 (F,d,0) < (14 0)70,4(T, d, ).
Ago0l to p xar t0 § > 1 fray Tuydva, Talpvouue 1o {nroduevo. O

Ahppa 4.2.4 Eoro (T}, di))le axodovlia petpikdy xopwr. Ocwpolue To HeTPL-
k6 xpo T' = ®i<T; kar g aroordoeg

. 1/2
(4.2.17) d(z,y) = (Z d%(fﬂi,yi)>
k
(4.2.18) é(z,y) = Zdi(fﬂz‘,yi),
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onov x = (x;), y = (y;). Tta kdOe i < k Oewpolpe éva Borel pétpo mbavétnras p;
otov (T3,d;), kar optlovpe p = Qu; to pétpo ywiuevo ovov (T,d). Av a, f > 0 Kkat
B > a, tite

k 1/241/a
(4.2.19) Ve, B(T d p, (Z Ya, B T“d“uz)2a/(a+2)>
i=1
Kat
k 1+1/a
(4.2.20) ’yag(T 5 ,u (Z Yo, 8 T“dz i )a/(aJrl))
i=1
evdd av B < a, tlte
1/241/8
(4.2.21) Ya,58(T, d, ) (Z%tﬂ (T, ds, i )2B/(5+2)>
Kat
k 1+1/p
(4.2.22) Ya,8(T', 6, 1) (Z Ya,B Tz:dz:lh)ﬁ/(ﬂ+l)> -
i=1

Anédeln: Eoww x; € Ty xouw . = (x1,...,2,) € T. Oewpodue Jetxole nporyuott-
%00¢ aprdUolS i, . .. Mk UE 15 + -+ + 0 = 1. Tw x&de & > 0 woyVer to e€hc: av
yi € T; ue di(z;, y;) < mie xow oy Yéoovue y = (y1, ..., Yk), TOTE

. 1/2 . 1/2
(4.2.23) d(z,y) = (Z df(mi,yi)> < (Z 7}?82> =e.

Enopévac,

(4.2.24) ®i<kBi(wi,mie) C B, e).
‘Ereton 6L

(4.2.25) log < Zlog

:cz,m )) ‘

TroYétovue mpdta 6L f/a > 1. And v avisdtnta tou Minkowski nofpvouue

(4.2.26) (/OOO ght <log m) o d5>

= Z </0005ﬂ () d5>

a/B

a/B
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Kdvovtoc xotddhhnieg odharyée petafSAntic oto 3e€lé puéhoc ol malpvovtog supre-
mum w¢ npog ; € T, BAénovue 6Tt

k
(4.2.27) Yo (Tody ) <Y 07 * Yo 8(Ti, diy 1)
=1

Eloytotonotvrog 1o 3e8t6 uéhog xdtw amd tn cuviixn i + - - - +ni = 1 nodpvouue
v (4.2.19).

Eotw thpa 61 B/a < 1. Xpnowonotdvrog Ty (s1 +- - - +55)%/% < s’f/a +---+
7/ omé v (4.2.25) mofpvouue
(4.2.28)

o0 51 1 B/Oé k o0 51 1 B/Oé
e’ | log ———— de < / e’ (10 7> de.
/o ( gll(B(fUaf))> ; 0 & u(Bilwime)

Kdvovtoc xotdhhnieg odharyée petafSAntic oto 3e€lé puéhoc ol molpvovtog supre-
mum g npo¢ z; € T;, BAénovue ot

k
(4.2.29) Ya.5(T, d, 1)? Z B yes (Tiy diy )P

Ehaytotonowdvtac to 8e€té uéhog xdtw améd ) ouvdfxn ni + - - -+ ni = 1 nalpvouue
v (4.2.21).
[ty anddelln v (4.2.20) xou (4.2.22) nopatnpolue 6t av ta & = (;) xou
, . k .
y = (yi) wavonotoly 1 di(z4,yi) < nie Y xdmooug n; > 0 ue » - n; = 1, téte
k k
S(w,y) = dilwi,yi) <D _mie =e.

i=1 i=1

Katémy, Souiebouye énwe otny meplntwon tng d xou eEAoyLoTOTOL00UE Tal YAyt
MAC WS TPOC 1. a

Ilépiopa 4.2.1 Eoww H ydpos Hilbert kar Ty, ..., T, C H,i=1,...,k. Oérovue
(4.2.30) Y= ZT {zy+ -+ 2 € T}

Tore,

k 1/p
(4.2.31) Ya,8(X) < (Z'Ya,B(Ti)p> ,

érov p = max{ 57, %}
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Andden: H anewovion A @ (T,9) = @T; — X ye A(zy,...,25) =21+ - + o
elvon 1-Lipschitz xou ent. And to Afuuarto 4.2.2 xon 4.2.4,

k 1/p
(4.2.32) Ya3(8) < Ya,8(T,0) < (Z va,g(Ti,ui)p>

i=1
v xdde emhovt| Borel uétpwyv mavétnrag p; otov T;, ¢ = 1,..., k. Ilofpvovtag
infimum w¢ npoc p; oo deZid wéhog, nadpvouue Ty (4.2.31). O

Oa dDoOLUE PEAYHOTA YLOL TNV TOGOTNTA Ya,2(E, || - ||2), 6mou E 10 ehherdoeldéc
e (4.1.2). H pédodoc doulelel o éval xdnwe YEVIXOTERPO TAXCLO, QUTH TwV 2-
AUPTV VOPUOV.
Opromde: M vépua || - || otov X Aéyeton 2-xupth av undpyer otoadepd v > 0 mou

wavoroel to e€fc: av z,y € X xou ||z|], [|y]| < 1, téte

T+y
(4.2.33) M < 1=z —yl*.

[Mopatneriote oTL, av
1/2

(4.2.34) e =D ta/an|

n>1

t6te N || - || B elvan 2-xvpTh: amd Tov xavdva Tou TapaAnhoyeduuo, av (|t &, ||s||E <
1, tote

t — s|?
(4239l ol =2+ 20l e - sl <4 (1 L5708
dipot
t_ 2 1/2 1 .
(4.2.36) e+ slie <2 (1= 2B ) T cn (1= o).

Ocwpnua 4.2.1 Trobérovue éur T' elvar ) povadaia pndAa ya pa 2-kvpen vépua
|1l (1€ otadepd v) oo xdpo X . BAérnovpe to T oav petpikd xopo pe pa anéotaon
d mov endyetar and kdrnowa dAAn vépua || - ||1 otov X. Tére, yia kdde a > 0,

(4.2.37) Vo2 (T, d) < K(a,7) - sup (8[10g N(T,d, 8)]””‘) :

e>0
To Oedpnua 4.2.1 cuumhnpdveton and tny e€hc Ilpdtaon,.
Ilpértaom 4.2.1 Eotw (T,d) petpikds xopos kar a, f > 0. Tdre,

(4.2.38) sup (elog N(T,d,2)]/*) < K(B) - Y (T, d).
e>0
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Anédegn: Eotww p éva Borel pétpo mbdavétnroc otov (T',d). Oewpolue tuyody
n > 0xo {t1,...,tn} veEYIoOTWS LUTOGUVONO ToL T' e pog Ty d(t;, ts) > 2. Torte,

(4.2.39) N(T,d,2n) < N.

Eniong, o B(ts, n) elvon Zéveg, xou agol to p elvon uétpo miavdtnrag, undpyet ! < N
TETOL0 WOTE

1
240 W(Bl)
‘Eyouue
/Oo gf1 <log ;)B/a de > /n gft <log ;)B/a de
0 w(B(tr,¢€)) —Jo w(B(tr,m))
> (log N)#/ /Onz—:ﬁldz—:
> 553 (20 (og N(T. 4, 20))%/7.
Anhadn,
(4.2.41)
sup (/“’ < <IO%¥>M d5>1/6 = L(277)(10gN(T d, 2m))"/®.
ter \Jo p(B(t€)) ~2p/8 o
Ago0 o p xan 7 > 0 Htav tuyovTa, Eneton To {nTodUEvo. o

Loty anddet&n tov Oewpriuatog 4.2.1 Yo yenotuonotioouvue v Hpdtaon 3.2.3,
v onola uteviuuiloue:

Appa 4.2.5 (Ilpdtaon 3.2.3) Eoww (T, d) petpikds xdpos pe nenepaopuévn oidpe-
tpo karr > 2, 8> 0. Eotwwi o peyalitepos aképaiog yia tov omofo diam(T) < 2r .
Trotévovpe dur vndpyovr ovvaptijoes ¢j : T — RY pe S := sup,eq supjez ¥;(t) <
+o00 kat 6 : N = R pe lim,, 4o 6(n) = 400, mov tkavorowdr to e€ng: Av s € T,
JEZL karty,... ty € B(s,r77) pep# q = d(tp, ty) > =971, tére

(4.2.42) Max ;2 (t)) > r=78(n) +1;(s).

Téte, pmopodue va Bpotue avéovoa axolovdia dapeploecwr (Aj)j>; tov T kar amer-
koviceg £; : A;j — N, mov wkavoroioty ta e&rjs:

1. Avj >ikat A € Aj, tore
(4.2.43) diam(A) < 277,

2. Av j > i ka1 A, B elvar oroela tng dwapépions A1 ta omola mepiéyovtar oto
610 ororyelo tng owauépons A;, tére

(4.2.44) i1 (A) # Lj1(B).
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3. Ia kdOe t €T,

(4.2.45) D POl (A (1)) < 45,
jzi
omov Aj1(t) o oroeio s Ajq1 oo onolo aviiker to t. a

Ou ouvapthoes ¢ : T — RY mou Yo yprnowwonotfcoue yio to Oedpnua 4.2.1
optlovtar and Ty

(4:2.46) Uy(8) = inf{llo s € T o flo =ty < 279)}.
Hopoatneriote 6t ¥;(t) < ||t < 1y xdde j € Z xon t € T, dpa

(4.2.47) S :=supsupe;(t) <1< +o0.
teT jEZ
Oplowog: T xdde n > 2 Hé€tovue
(4.2.48)
Api={e>0: undpyowv t1,...,tn, €T 1. 1 <l <s<n=||t; —ts]|1 > ¢},

pree
(4.2.49) g(n) = sup A,.

To mopondtew €novtal dueca and Tov 0pLoud:
1. A, =(0,e(n)).

2. Av e < g(n)/2, t6te N(T,d,e) > n: undpyowy ti,...,t, € T mou avd d0o
anéyouy TEPLOGOTERD amd 2e. Av Jewproouvue uiar xdhudn touv T ue undheg
axtivag €, xdde undia nepl€yel To mohd €va and T t;.

3. Av e >e(n), t6te N(T,d,e) < n: o apdude xdhudne N(T,d, ) elvon pixpd-
Tepog and tov TAnUderduo evog maximal cuvolou onuelwy ty,. .., ty, UE TNV
Wotnta ||t — ts||1 > €, o onolog gpdooeton and n apold € > g(n).

To Baowd onuelo yio tny anddelln tou Oewpruatog 4.2.1 elvar va detovue 6T o
¥ mou oploaue txavorowoly TNy (4.2.42) yio xatdhAnin cuvdptnon 6(n).

Afupa 4.2.6 Trobérovue duir = 8. Ocwpolues €T, 5 € Z,n > 2 katty,...,t, €
B(s,r ) pep#q = d(t,,t,) >r 37t (6nov d(t,s) = ||t — s||1). Tére,

(4.2.50) tmax i atn) > | 7T

W + ;i (s).

Ano6dedn: Eotww u > maxj<p, ¥jy2(tr). Tote, yio xdde I < n unopolue va Bpolue
w; € uT tétoo WoTE

(4.2.51) d(wy, ty) < 2r 972,
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And v Tpiywvier aviedtna, av | < ¢ < n nalpvouue

(4.2.52) d(wy,wy) > d(ty,t,) —4r=72 > eIt _gp=Ii=2 = p=i=l /3
xolL
(4.2.53) d(s,wy) < d(s,t;) +d(t,w) <r 7 +2r 772 <2p77,

XpnouuomoLdvTaS ToV 0pLloUs TNG 2-XUPTAS VORUOG Yo ToL & = wi/u Xt Y = ws/u,
BAénovyue 6TL

|lwe + w,l Y
(4.2.54) o < (1 — L lhw - wq||2) .

Tpdpovue V' vt wovadiador undha e || - [l1. And v (4.2.53) éyouvue w; €
s+2r IV vy xdde I < n. Agol 1o V elvor xupté, éneton 6L (wi+w,)/2 € s+2r IV,
dnhadn

(4.2.55) d <s = ;wq> < 2r7,

dipat

(4.2.56) bils) < [T

O¢tovue R? := %(u — ¢;(s)). Ané v (4.2.54),

2sn) gl < 2 (= | 25)) < S i) = R

Optlovue 21 = (wy —w1)/R, I < n. Ané tny (4.2.57) éyovue x; € T, eved and
(4.2.52) €youue 6T
Wy — Wy d(wp,wg) _ r7I
= = >
)= e, = )

v xdde 1 <1 < ¢ < n. And tov oploud tou g(n) mpénetl vor txavonoleltal 1

r=i=1/(2R) < £(n). Anhodt,

(4.2.58) d(zy, x4

pi—1\ 2
(42.59) 1 (5) < wluvse)
yio 8de u > maxj<p Yi42(t). Sovenoe,
(1260)
v (5 ) < mareattn) (s ssato) = v3(6) ) < s yuatu) = b4(o),
oo maxj<, Yj2(t) < 1. O

"Aueor egopuoyh) wv Anuudtoy 4.2.5 xor 4.2.6 elvon 1) e€vc Hpdtoom,.
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IMpotaoy 4.2.2 Yrnolérovue éu T elvar n povadata pndda ya pna 2-kuvpen vépua
|1l (1€ otadepd v) oo xdpo X . BAénovpe to T oav petpikd xpo pe pa anéotaon
d mov endyetar and kdmowa dAAn vépua || - |1 otor X, vrnoOérouue dr o (T,d) éyer
Temepaouérn dduetpo, kar ouuPorilovpe ue i To pueyalitepo aképalo yia Tov omolo
diam(7T') < 2r=%, érnov r = 8. Tére, umopolue va Ppolue atéovoa arxolovdia Srajie-
ploewr (Aj)j>i tov T kar anaxovicag £; : A; — N, mov ikavorowody ng (4.2.43),
(4.2.44) ka1 Ty

r—2i 1672
4.2.61 <
(4260 2 O =

yia kdOet € T, érnov Aji1(t) o otowelo tng Ajy1 oto omolo avijker to t. a
Anddeln tov Oewpruatog 4.2.1: Oétouue

(4.2.62) M := sup (s[log N(T.d, 5)]1/“) :
e>0

Av M = +o0, 8ev éyovue tinota va delloupe. AN, and tov optoud tou (n)
€)(OVUE

(4.2.63) e < i;) = e(logn)'/® < ellog N(T,d,e)]/* < M,
dnhadn,
4M?
4.2.64 logn)?/® < :
(12.6) (og)*/* < S

Ané v Ilpbdtoon 4.2.2 unopolue vo Bpodue uta avouco axohoudio diaueploewy
(Aj)j>i Tou T xan amewoviceg € : A; — N, mou wavonowoly tig (4.2.43), (4.2.44)
xaL TNV

64M?r?

(4.2.65) > (log (¢ (A1 (1)) < .
j>i

v x&de t € T'. Anéd v Ilpdtaon 3.2.4 unopodue va Bpolue uétpo mdavétnrag v
otov (T, d) 11010 Wote

(4.2.66)
2/

2/«
sup» v (logm) < K(a) [ 7% +sup Y log(£;(45(t)))

teT]>z tGTJ>z

0 6poc r~2¢ anoppogdrar oo ddpoloua, xor 1 (4.2.65) dlve

2/
4.2.67 supy % <10 ) < K(a,v)M?2.
(4267 M Gy )

j>i
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Ané tov oploubd U Yu2(T,d,v), Yoo v ohoxhnpidoouue Ty anddelln apxel vo
TAUPATNEHOOVUE 6T, Yo xde ¢ € T,

K(Oé)/ooog<lOgV(B(11t,6))>2/ad8 = ;T <log (t12r ]))>2/a
' 1 2/a
< Tt (oegrgy) o

j2i
Yav népoua Tou Oewpruatog 4.2.1 talpvouvue to Yebdpnua Tou eEAeLPoEdOUC.

Ocopnua 4.2.2 Eow) a > 0 kat (ap) (pﬁwouoa axodovlia Uetikdv mpayuatikdy

apOucy pe 3,5, a; < oo. Av E={t=(tn) € lo: 3,5, 17 /a3, < 1}, tte
(4.2.68) Ya,2(E,d) < K(a) - sup (an -nl/“),
n>1

émou d ) petpikny tou Ly, kat K(a) > 0 otalepd nov efaprdrar pdvo and to a.

Anédergn: Xpnowonotoue 1o Oetpnua 4.2.1 ya ty 2-xupth vépua || - || = 1| - ||
Tou éyet povadiada undha o E, eved cav || - [|1 tadpvoupe ) vopua tou £y O€touue
(4.2.69) B = sup (an - nl/“),

n>1

omote, ya xde n > 1 éyouvue

(4.2.70) a, < Bn~/,
Eduétepa, yio xdde n € Iy éxouue 2% < a,, < B/n'/®, dpa
(4.2.71) 27% < B/(maxn/®) < B/n}/®,

nely
omouv ng = [Ix|. Anhadn,
(4.2.72) ni < 2°kBe
yia xde k. And 1o Afuua 4.1.2 éyouue

1/a
(4.2.73) (log N(E, 2—k+1))1/“ <c/ B> (k—1+3)2% < K(a)-2*B,
1<k

dipar, yiow xdde k,
(4.2.74) 2 Flog N(E,27F )Y < K(a) - B.
‘Eneton 611
(4.2.75) supe (log N(E,s))l/a < K(a) - B,

>0

xa o Oewpnuo 4.2.1 delyvel 6t
(4.2.76) Ya,2(E,d) < K(a) - B. O



76

4.3 Eunesipuxd uétpa 0To LovadLolo TETEAYwWVO

Eow Xi,...,X, tuyala onueilo tou emAéyovton aveEdoTtnta xou opoLouop@a and
0 povadiaio tetpdywvo [0,1]%. To npéBinua ue to onolo Yo aoyohndolue ot auth
v mopdypapo elvor N amdxhon Cy ToU EUTERXXOL UETPOL bx = + 3. bx, amb
70 ouoLduopgo Létpo Tou [0,1]% Ty omola opllovue we eEfc:

(4.3.1) Cn = sup Z f(x

z<n

omou L elvon n xhdom twv 1-Lipschitz cuvaptioewy oo [0,1]2 xou Ef elvar 1 uéon
Twh e f oto [0,1]%. H tuyoio uetafinth C,, Slver to BérTioTo dve gpdyua yio
TO «OQANUAY TOU XEVOUUE OTOY YENOULOTOOVUE TO dx YLot VoL UTOAOY{GOUUE TO
ohoxhfpwua uiag 1-Lipschitz cuvdptnong oto povadiato tetpdywvo. Xxomdg uog o
QUTHY TNV Tapdrypapo etvon va dwoovue Ty anddelén tou Talagrand yio to axdioudo
Oetpnua twv Ajtai-Komlos-Tusnady.

Ocswpnua 4.3.1 Trdpye otalepd K > 0 térowa dote, yia kdle n > 2,

(4.3.2) BC, < Ky/2%8"
n

Cio tyy anddetln tou Oswpriuatog 4.3.1 Yo ypnoyronoticovue 0 Oewpnua 4.2.2.
[opatnehote mpdta 6TL

1
(4.3.3) C,, = sup fX Ef‘ = sup |— fX
f€Lo ;L fFeLo | T ZSZ,L
610U
(4.3.4) Lo={fe€L:Ef =0}

[Apxel va mapatnpioouue 6Tt av f € £, téte f —Ef € Lo.]

BrAua 1: Oewpolue uior axohoudia (€;)i<n, aveldptniwy tuyalwy uetaBAntdy Ber-
noulli mou adpvouy e twée £1 pe mdavdtnra 1/2. Opilovue

n
ZE:EFKi.
i=1

(4.3.5) Dy, := sup
f€Lo

Afupa 4.3.1 Ioyva n aviodenea

2
(4.3.6) EC, < ~ED;.
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Anédeldn: Ocwpolue uia devtepn oxolovdo Xi,..., X, tuyolwyv onuelwv tou

emhéyovTon aveZdptnta xon ouoduopga and to [0,1]?, xou etvon avedptnta and to
X; xou tg g;. LuuPBohilovue pe B tn péon tun we tpoc X! (yia otodepd X, €;).
Iopatnerote 6T

(4.3.7) E/(f(X}) =Ef =0

yia xde f € Ly. Ipdpouvue

n

aup | S| = sup | S0 - JE’(f(X{)))‘
FeLol ;= FeLol ;=
< Eosup |y (f(X) - F(XD)),
feLlo i=1
an’ 6mou BAémouue 6T
1 n
(139 B0, < 1B sup | (06 - £(xD)
N feco D
Mopatnpodue thpa 61, yiar otadepr] ETLAOYH TROCHUWY N1, . . ., Mn, OAEC OL TUYALES
peToBAnTéS
sup mi(f(X3) = f(X] ‘
sup > m(F(X) = F(XD)

i=1

€youv TV Bta xartavour). ‘Apal, TalpVovTog TedTo UECT) TUUH S TTPOG €5 Xl UETH WS
mpog X;, X/, and v (4.3.8) éyoupe

n

1
(439) 0, < 28 sup | S u(70x) - 50D
n feLo =1
And v tprywviu avicdtnto énetan To {nToduevo. U

BrAua 2: Oewpolue tnv avéMin X = (Xf)rer,, 6mou

(4.3.10) Xp =) eif(Xy).
i=1
Ané 1o Brijua 1, pog evdiagépet xot’ apy iy VoL EXTUUNCOVUE TNV ToGHTNTA
1 1
(4.3.11) —E. sup |X¢| = —E. sup Xy,
o feLo o feLo

agod f € Lo & —f € Lo (ue E. ouuforilovue ) yéon tuh wg mpog €; - Yo
otodepd x;).
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Adupa 4.3.2 Eow ay,...,a, € R. I'a kdle u > 0,
n u2
(4.3.12) Ple=(e1,-.-,en): giail >u | <2exp| ————=—-——51-
" |; l l| 2Zi§na%

Ano6dergn: Avantboooviog oe SUVUUOGCELRES, €YOUUE

o0

1 \? 2
(4.3.13) Eexp(\e;) = 2 kzo < exp(A*/2)

yia xdde A € R (apxel va mopatnerioovue 6t (2n)! > 27n!). Apa,

(4.3.14) Eexp (Azn:aia,) HEexp (Aesa;) < exp ( Za ) .

i=1 i=1

Ané v aviedtnta tou Markov,
n 2 n
(4.3.15) P (Z €iG; > u) < e Mexp (% Z af)
i=1 i=1
v x&e A > 0. Elayotonowdvtog to de€id uéhog we npog A > 0, nadpvouue

n ’U,2
(4.3.16) P gia; >u| <exp| —=—"—=1-
; o QEignaf

%o 70 {NTolpEvo TpoxUTTEL AdYw ouuueTplog. |

Av Yewprioovue v tuyala andotaon dx otnv xAdon Lo, mov oplletar and Ty
Z (X:))%,

T6Te amd To Afjuuo 4.3.2 éyovue: yio otadepd X, ..., X, € [0,1]%,

(4.3.17) d%(f,q)

:I'—‘

u2
(4.3.18) Ple:|Xy — Xy 2 u) < 2exp <_m>

v %8 u > 0, Snhadh ov e = Y & f(X;), f € Lo oynuatilouy utoxavovu
avéhEn we pog Ny ndx .

Ilpétaom 4.3.1 Trdpyer tuyala petafAnti R = R(Xi,...,X,) pe ER < K,
tétowa dote: ya kdde f,g € Lo kar X = (X1,...,X,),

(4.3.19) dx(f,9) < R(X) - (IIf ~gll+ \/‘°§"> :

omov K > 0 andAven oralepd.
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Do Ty amddeén Yo ypetactodue éva Avjuua.

Adppa 4.3.3 Yrdpye tuyaia petapAnti R = R(Xy,...,Xy) pe ER < K, n onola
tkavorotel to €€ng: ya kdde opfoyidvio A C [0,1]* pe mAeupés mapdAAnies otoug
déoveg,

(4.3.20) [{i <n:X; € A} < R(X)n(]A] + (logn)/n).
Eibixdrepa, av |A| > logn/n, tdte

(4.3.21) {i <n:X; € AY < 2R(X)n|Al.

AnédeEn: ‘Eotw ly o ueyohltepog axépotog yia Tov omoto 2710 > (135—”)1/2. I
x&de | € Z ue —ly < 1 < ly, 9ewpolue v xavovxd Siauépion P tou [0,1]% oe
opYoyiwia ue axuée 27l 2l=lo,

Anb ) otoyeddn avicémta e <1+ (e — 1)z <1+ 2z, 0 <z <1, BAénovue
otLav Z elvon o tuyado petaBAntue 0 < Z < 1, tote
(4.3.22) E(exp Z) < 1+ 2EZ < exp(2EZ).
"Eotw A unoopdoydvio tou [0, 1], Av Yécovue Z; = xa(X;), 161
(4.3.23) E|exp|Y Z| | =]]Elexp Zi) < exp(2n|A]).

i<n i<n
Enouévoce, yio xdde t > 0 éyovue
(4.3.24) P> Zi>t] <exp(2n|4] 1),
i<n

dnhady, yioo xdde t > 0,
(4.3.25) P({i<n:X;€ A} >2n|A| +t) <e "

Kdéde Sroamépion Py amotehelton amd 220 opdoydwia, dpo éxouue (2l + 1)2%0 < Kn
opdoyovia oty Uy <, i Opllovue ™y tuyodor uetaBint

(4.3.26) Ri=max{|[{i<n:X; €A} : A€ P,y <I<lp}.
Arné my (4.3.25),

(4.3.27) P(Ry >2n27% +¢) < 2ne™".

Ané tov oploud tou ly éxoupe n2720 < clogn, ondte 1 (4.3.27) yoc diver

(4.3.28) ER; < Klogn.
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Eotw A éva vroopdoydvio tou [0,1]? ue mheupés a,b. Oewpolue 10 UxpdTEPO
[ > —lp yie tov omolo a < 27170, Tére, 271710 < 2a yio xdde | > —lo, dpa, o€ xS&de
tepintwon, 2717l < 24 + 2720, Mropolue vo xahOoupe 10 A yenouonothvTag
70 ToA0 2628710 + 4 opdoydwia tne Pr. Apa, to A mepLéyer o oAl Ry (22710 4 4)
onuetor X;. Aol b < 1, nodpvouue

R, (2b2il+l0 + 4) = R12l0 (2b27l7l0 +4. 272l0)
< Ri2%°(4ab+6-27200)
1
< gy, <|A| + 0g”> ,
logn n
aipvovtac R = KRy /logn éyovue tov toyuptoud tou Afuuatoc. O

Ano6dergn tng Ilpbdtaong 4.3.1: '‘Eotww h = f —g. Me 1o cuyfohioud tng anddet-
Znc tou Auuortoc 4.3.3, 9étouue P = Py. Kdde A € P repiéyel to moh) 2nR2 20
onueta X, dpa

n

(4.3.29) D h(X)? <2720 R > ||R|IZ, 4
=1 AeP

o6Tov

(4.3.30) [|A]loo,a = sup{|h(z)| : € A}.

Optlovue o ouvdptnon Fp : [0,1]> — R 9étovtoc
1

(4.3.31) Fr(u) = ma(h) = — / h(u)du
] /.

avu € A € P. Agpob n h elvon 2-Lipschitz xow xdde A € P éyel diduetpo 10 moAd
ton we 271, éyovue

(4.3.32) |h]lso,a < [ma(h)| + 2.

And v tpywvi) aviednTa,

n 1/2
(Z h(X»?)

IN

1/2
VERn (Z 2_2l°+1m?4(h)> +c27h

AeP

VERn (||Fplls +c27").

Hopatneolue 6t 270 < K(lo%)l/2 xau ||Fpll2 < [|hll2. Apa,
(4.3.33) dx(f,9) < CVR - (|If = gll2 + (logn/n)'/?),

6mou C' > 0 anéhuty otadepd. Agot E(CV R) < K, éyouue 10 {nroluevo. O



81

Ocwpnua 4.3.2 Trdpye oralepd K > 0 térowa dove, ya kdfe n > 2,

1 1
(4.3.34) “ED, < K/-28"
n n

Anodedn: Oewpolue éva LTocOVORo Z g Lo, UEYLOTXO WS TROC TNV

(4.3.35) fA9€7 =1~ glla > [ E".

Tote, yio xdde f € Lo undpyer g € Z we ||f — gll2 < Vlogn/n. Ané v Hpbdroon
4.3.1 éyovue

(4.3.36) dx(f,9) <2R(X)v/logn/n,

xa oo v aviootnta Cauchy-Schwarz,

1< 1
HPSEUESEFEO)I BENED SIESE¥en)
i=1 i=1
Lo 1/2
< (E z; |f(Xi) = Q(Xi)|2>
1=
= dX(fag)
< 2R(X)+/logn/n.
Enouévag,
1 - logn 1 -
4.3.37 — su e f(Xi)| <2R(X —su e f(X
(43.30) L sup |3 (0| < 2RO+ Lo | 3
Av howndy Setéovue ot yio xdde Xy, ..., Xy,
1 = 1
(4.3.38) SR osup | S eif(X)| < KiR(X)y/—82,
n fez im1 n
t61e nalpvovtag uéon Twun we npog Xi,..., X, xou € oty (4.3.37) xou yenotuo-
notovtog T (4.3.38) xaw ER < K da ndpouue
1 1 -
—ED, = ExE.= sup |> &f(X))
n N feLy im1
1 1 -
< 2ER(X)\/ 2L L Ex —E. sup > eif(Xi)
noorezlio
1 1
< 2K ogn KK ogn

oy Lo
n
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omov Ky = (2 + K1) K, dnhodn 1o Oedpnua 4.3.2.
Méver howndy var del&ouue v (4.3.38) yia xdmolor amdéiutn otodepd Ky > 0.

Eotww Xi,...,X, € [0,1]* xou éotw p éva yétpo mdovétntoc oto Z. I xdde
f € Loy opllovue
(4.3.39) I(f)—/oo log< L )ds

. 0 w(Bx(f,e)/)

6mov Bx(f,e) elvar n avouyt unddo (ue xévtpo f xou oxtiva €) wg mpog tny
Vndx. Ano tny Ipétaon 4.3.1 xou v (4.3.35), av f,g € Z éyovue /ndx (f,g) <
2Rv/n||f = gll2, dpa

(4.3.40) Bx(f,e)NZ 2 B(f,e/2Rvn) N Z,

omou 7 Seltepn undha elvan ue v L2-ambotao. Ialpvoviac unddy xon to yeyovds
6t diam(Lo) < 2v2 (av f, g € Lo, t6te 1 f — g eivor 2-Lipschitz xon undevileton oe
TOUAGLoTOV éval onuelo Tou wovadiatou tetpaywvou agol E(f — g) = 0), BAénouue

ot
/ \/log f,z—:/ZR\/_))>d6_2R\/_/ \/log 7,))>d5.

(4.3.41)
Optlovue an = y/logn/n. Ané v (4.3.35), av f € Z xou € < a, t61€ B(f,¢) =

{f}. Apa,

(4.3.42) 2;({/)5 < anm 4 / 3 \/log (W)ds.
Todepovyie

Gt = ()" (e (antr))

[opatneolue entong 6t

(o () )

v

o i) ()

gyn o8 <u({1f})>’

v

(4.3.43) I(f) < KsR(X)/nlognJ(f)
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6Tou

(43.4) 19= ([ o8 (i ) dg)”?

Aol ove = Y & f(Xy), f € Z oynuotilouy utoxavovih avéMEn »wg Teog Thy
Vndx , o Oedpnua 3.2.1 uog eaogohiler ot

(4.3.45) —]E,s sup < B s 10p).
n fez
Ané v (4.3.43) énetar 6L
(4.3.46) E1E sup Zz—:l F(X)| < KzR(X )\/i;? sup J(f).
‘Ouog,
(4.3.47) inf sup J(f) = v2.2(Z),

K fez

xat, opoL 1 (4.3.46) oylel yia xdde uétpo mdoavétnTog 1 6T0 Z, GUUTERAVOLUE 6L

(4.3.48) EE ;16112) Zszf )| < K7R(X) 1;%”.72,2(2).

Méver howndy va del€ouue 61t ¥2.2(Loy) < 0o (amd to Afjupo 4.2.3 €xyovue 12,2(Z) <
c2,2(Lo)). Ou del&ouue xdtt yevixdrepo:

IIpotaon 4.3.2 Eow M > 0 kat

”z <

(4.3.49) CM:{ F:00,17 = Rl flloo

w5l < o).

Tore,
(4350) ’)/272(CM) < K- M.

Anoden: Mnopolue vo vnodéoouue 61t M = 1: ebxola eAéyyovuEe 6Tt Y2.2(Car) =
M - 42.5(C1). Tpdgouue howndy C := C1 xou 9éhovue va delfouue 6Tt 72 2(C) < +00.
O anodelfouue 6Tt 10 C EpLEyeTar o xatdA Ao elkerpoetdée, yia o onofo umo-
poluE Vo egapuboouue 0 Oewpnua 4.2.2. T xédde ouvdpnon f € L*([0,1]%)
optlouue

(4.3.51) an,m(f) = /[0 . f(z,y) exp(2im(nz + my))dzdy.
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Tore,

(4.3.52) 1A3=> lanm(HI?

n,me7Z

Av Yewpricouue to uryadixd yopeo Hilbert H twv axohouhadV (an,m)n,mez UE VopUA
mv

1/2
(4.3.53) l(@nm)lle = (Z Ian7m|2>

xou v amewxovion S L2([0,1)%) = H ue S(f) = (@n,m(f))nmez, n (4.3.52)
Eavaypdgeton otn wopeh || fll2 = ||S()]la. And 1o Afuua 4.2.2 apxel va del€ovue
6L 72,2(S(C)) < +o00.

OewpOVUE TOUG UTIOY POV

Fi = {(an,m): anm = 0av dev toybouv ot |n| > 1,|n| > |m|}
Fy = {(an,m) : anm = 0 av dev wydet |m| > |n|}
F; = {(an,m):¥Y(n,m) # (0,0),anm = 0}.

Tore,

(4.3.54) S(C)C T+ Ty +Ts,

oTov

(4.3.55) T; = Pp,(S(C)), i=1,2,3

n mpoBoA tou S(C) otov Fy. Ané to Hébpioua 4.2.1, apxel vo anodel&ouue 6t
(4356) ’)/272(Ti) < +00, 1=1,2,3.

EZetdlouue npdtor v nepintwon tou T (yia to T Sovleboupe telelns avdloya).
O¢tovue

(4.3.57) A={(n,m)€ZXZ:|n|>1,|n|>|ml}.
Av (n,m) € A xa f € C, ue ohoxhfipwon xotd uépn ws Tpoc & BAEroLUE 6TL

tnm(f) = o / (F(L,y) — (0, 9)emmdy

2min

/ / :II y 2771 nac+my)d$dy
- 2min

1 | of
2mi <Ebm(g) T R <8:c>> ’
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émou g(y) = f(1,y) — £(0,y) o

1
(4.3.58) bm(9) = / g(y)e’™ ™ dy.
0
Enouévug,
1
4.3. TN C—(Ty+T:
(4.3.59) 1€ 5= (Ta + 1),
6ToL
1
(4360) T4 = {(Ebm(g))(n,m)EA : ||g||00 S 2}
peoss
1
(4361) T5 = {(Ean,m(h))(n m)eA ||h||2 < 1}

Ané 1o Afupo 4.2.2 xou 1o Hoépoua 4.2.1 apxel vo del€ouvue ot

(4362) ’)/2’2(Ti) < 400, 1 =4,5.

I to Ty: Yewpolue 10 eletoetdég

(4.3.63) E, = {(bm)mez* 2y mby, < 4}.
mezZ*

Ané o Jedpnua tou eMeLdoelolc €yovue

1
4.3.64 ,(Ey) < K - —
(4.3.64) Y2,2(E1) < Ky 222&@

omov K1, Ky > 0 andlutes otadepéc. Oewpolue tny amewdvion F @ €o(Z*) — lr(A)
e

(2m)/? < K,

(43.65) (b )mez- (ﬁbm) .
n (n,m)eA

Iopatnedvtag 61

(4.3.66) Z 22:427712% Z

(n, m=1 n=m

S|N

— K47

BAénouvyue 6T
(4.3.67) 1E((bm)) = F((b5)|l2 < Kal(br) = (B3)]l2
yio %8¢ (b)), (b),) € €2(Z%). And to AMuua 4.2.2,

(4368) ’)/272(F(E1)) S K4 - ’)/272(E1) S K5.
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O del&ovue 61
(4.3.69) T, C F(Ey).

pdypat, av ||gllee < 2 €xovue ||g]l2 < 2, ondte and v avicdtnta tou Bessel
€YOLUE

(4.3.70) > b9l < llgll3 < 4,
meZL*

70 orolo delyvel 61t (ﬁbm(g)) € Ey. Téte, yuuxdde (Lbm(g)) ca € T &youue

, (n,m)
(437D (200 (0) en = (0 T (@) myen = F(=bn(0)) € FED.

Ané tic (4.3.68), (4.3.69) xou to Afjupa 4.2.3, cuunepatvouvue bt
(4.3.72) ’)/272(T4) < +00.

[ to T5: Av ||h||2 < 1, t61€

(4.3.73) > lanm()? < IR]3 < 1,
(n,m)eA

dpa to T mepléyetar oTo EMNELPOELDES

(4.3.74) Ey = {(amm)(n’m)eA 2 nPanm|’ < 1}.
(n,m)€EA

Metpdue 1o midoc twv (n,m) € A yia to onola n < k. Elvow (oo ue

k n
(4.3.75) Y1

n=1

k
D o@n+1) < (k+1)” <4k,

n=1

Av lowndv mdpouue Toug cuvteheoTéc by, Touv Ey oe @iivouoa didtaln, €yovue by <

Ko/ Vk, Snhadt

(4.3.76) Yo,2(E2) < K7

and 1o Yewpnuo tou eAerdoedolc. And to Aduua 4.2.3 éneton Ot
(4.3.77) Y2,2(T5) < 2K+,

xaw and v (4.3.59),

(4378) ’)/272(T1) < +00.
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‘Ouota delyvovue 6t ¥2.2(Th) < 400. T 1o T mapatnpodue 6Tt elvol LOOUETPL-
x6 ue unooOvolo tou [—1,1] (av f € C, t6te |aoo(f)] < 1). Apa, v2,2(T3) <
292.2([-1,1]) < 400 (opxel var *XEVOUUE TOV UTOAOYIOUS YL TO XOVOVIXOTOUNUEVO
uétpo Lebesgue).

‘Eyouue howndy anodelZet ty (4.3.56), xat autd cuUTANe®VEL Ty amddelln. O

Avagopés: Xe auté 1o Kegpdhao axoroudolue e gpyaoies [T2] xou [T3] tou
Talagrand.
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Kscpo’c)\ou.o 5

To wpayua Tov Bourgain yio
TNV LGOTROTLXY GTaepd

5.1 IO'O'cpomxo'L xup'co'c co')puoc'coc

Ye auto 1o Kegpdharo Yo ddcouue uia eqapuoyt tou Oewpruatog 3.3.2 otn Yew-
pla TV xVPTWY cwUdTwY: To Qedyua tou Bourgain yi v wotpomxy] otadepd.
Oewpolue éva xuptd odua K otov R® mou €yel xévtpo Bdpoug to 0. Anhadn,

(5.1.1) / z;de =0,
K
yiaxde it =1,...,n. O ypouuwog teheotic M : R* — R"* nou opileton and tny
(5.1.2) M(y) :/ (z,y)zdz
K

elvor ouuuEeTped xon Vetind opouévoc. O mivaxoag M (K) ue
(513) [M(K)]” = <M€,‘,€j> = / :U,'J,'jdllf

K
mou avtiotolyel otov M Aéyetan mivoncag adpaveiag tou K. O M éyel tetparywvixy
ptlo: undipyeL ouuueTELOS Xou VeTid oplouévoc S Tétotog hote M = 52, Bewpolue
™ yeoixh exdva K = STH(K) tou K. To K éyel xévtpo Bdpouc 10 0, xon yio
xdde y € R €youye:

/(m,y)2dm = |det5|71/(571w,y)2d:ﬂ
K K

= |det5|_1/K(:U,S_1y)2d:U

89
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det| ([ (2,5 y)ada, 5 y)
K
= |detS|TH(MS 'y, S y) = |detS|yll3.

Optowds. ‘Eva xuptéd ooua K otov R” Aéyeton Lootpomixd av Exel éyxo |K| =1,
%x€vTpo PBdpoug To 0, xan eavomolel TNV Leotpomx cuVITXN

(5.14) | wds = Al
K
v xdde y € R™, 6mov A > 0 otodepd. Aueoec ouvéneies tne (5.1.4) elvan o
(5.1.5) / ridr = A, i=1,...,n
K
et
(5.1.6) / ||lz||5dx = nA.
K

‘Onoec etdopue, xdde xuptd oouo ue x€vipo Pdpoug To 0 ExEL YPoLULXH ELXOVOL TOU
elvar tootpomx]. Apxel va tdpouue 10 K OTws Tapamdive, XoL VoL XAVOVIXOTIOLGOVUE
T0V OYXO0 TOU.

Afupa 5.1.1 To K elvar wootpomikd e otalepd A av kat uévo av
(5.1.7) / (x, Txyde = A - (trT)
K

ya kd0e T € L(R™,R™).

Andden: Trnodétovue mpwta 61t T0 K elvan wwotpotund ue otoadepd A. Egap-
uélovtac v (5.1.4) mpdta pe 6 = e; xou uetd ue 0 = (e; + €;)/v/2, Brérouue
ot

(518) / a:i:vjda::A-(Sij 5 i,j: 1,...,n.
K
AvT = (t,'j), t61E
/ <:U,T£L“>d£L“ = Z tij/ :UiiL“jdiL“ = Z A-tijéij
K ij=1 K ij=1

i=1
Avtiotpoga, av utodécovue 6Tt oyVet 1 (5.1.7) xow Ty egoapubdoovue yia tov T'e =

(x,0)0, 0 € S, nalpvouue

(5.1.9) /K(az,0>2daz = /K(:U,Ta:>da: =A-(trT)=A-||f]3=4. O



91

To enduevo Oedpnua delyvel Ot p€oa 6T YU XAJOT) EVOS XUPTOD GWOUATOG
HE x€vTpo Bdpoug To 0 UTdEYEL OUCLAGTLXA £VOL LOOTPOTIXG CWOUA, TO OTOLO YAUEAUXTY-
plleton we Abom evée mpolBAfuatog ehayloTou.

Oceopnua 5.1.1 Eotw K xupté odua otor R" pe |K| = 1 ka1 kévzpo Pdpovs to
0. To K efvai wotpomkd av kai jévo av

(5.1.10) [ Nalido < [ ez
K TK

yia kd0e¢ T € SL(n). KdOe xupté odpa otov R* pe wévrpo Bdpous to 0 éyer
wotpomikr) ypaupiky eixéva. EmnAéor, n iwootponikn avtr eitkdva elvar povoorjuavta
opoérn av ekaipéoovpe opfoydvious petaoynuatiopols.

Anodeln: Trodétovue npdta 6T 1o K elvon tootpomtixd ue otadepd A. Eotw
T € SL(n). Tote,

/ | 3de
TK

/ ||Ta:||§da::/ (z, T*Tx)dx
K K

A-tr(T*T) ZnA:/ ||z||3dz,
K

OTIOU YPNOULOTIOLACUUE TNV AVLGOTHTA ApLIUNTLXOU-YEWUETEXOV UEGOL OTN UoPQN
(5.1.11) tr(T*T) > n[det(T*T)]*/"

(to {yvoc elvar to ddpoloua Ty WoTYWGY xou 1 0pllovoa TO YWOUEVS TOUS, XL o1
ouYxexpLUEYN Tepintwon ot Wiotée elvon Yetinol mporyuatixol aprduol). Iodtnta
umopel va oylet ubvo av T*T = I, dnhadh av T' € O(n).

AvtioTtpoga, ag unodécouue 6t o K elvon Abon tou mpoBifuatog ehaylotou
(tétoleg Nooelg undpyouv: xdde tootpouxt) Yéom touv K elvon dnewg eldoue o tétowa
Noon). ‘Eotww T € L(R™,R™). T uixpd € > 0, o I + T elvar avtiotpéduog, onote
o (I +eT)/[det(I +eT)]'/™ Satnpet toug byxous. Apa,

+eTx|2
5.1.12 200 < [ M telalls
o112 Jletite < |, s ey

Hopatnpolue ot ||z + eT'z||3 = ||z]|3 + 2e(x, Tz) + O(e?) xon
2/n tr’ 2
(5.1.13) [det(I +T))*" =1+ 287 + 0(e?)

xodig € = 07, Buverde, n (5.1.12) nadpver T HopgHh

tr’l’
e——

(5.1.14) -

[ Nelids <& [ (@, 700ds + O,
K K

xou madpvovTag 6pto xadde & — 01 xotohfyouue oty

u?

(5.1.15) /||w||§da:§/(m,Ta:>daz.
n Jk K
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Aol o T Arav Tuy®y, 1 TapAmdve avooTnTa WoyVel xou yia tov =17, xou Adyw
YooULXOTN TS TalpVOLUE

(5.1.16) ﬂ/ ||:U||§d:n:/(a:,T:U)d:U
n Jk K

v xéde T € L(R™,R*). Ané to Afuua 5.1.1, to K elvar wootponixd pe otadepd
A=1 fK |z||3dx.

“n
Téhoc, av éyouue dVo wotpomxéc Yéoewg K, K' tou (diou oduatocg, téte 1 ula
elvon oploymvia exdva e dMne. Lo v 1o Solue, mopatnpolue 6t av K' = TK,
ToTE Loy VEL LodTNTA OTNY

(5.1.17) [ lalBdo < [ el

K TK
dnhadh éxoupe wobtnra oy (5.1.11). Autéd onuaiver 6t T*T = I, Snhodi T € O(n).
a

To Oedpnua 5.1.1 (mo ocuvyxexpwéva, 1 LovadxoétTnta e wotpomxic Yéone ws
Tpoc opoyhvioug petaoynuatiowols) etaoparilel ot n otadepd

A 1 1 A
5.1.18 L% = —min{i/ zl|2dz | T € GL(n }
(5.1.18) o= qmin | g [ el | ()

elvor xohd optouévn xan e€optdton [ovo amd TN yeouuxh xhdon tou K. Eniong, av
0 K elvor Lootpomixd, 161 Yo xdde 6 € ST éyovue

(5.1.19) / (z,0)*dr = L.
K

H otodepd Lk ovoudletar otadepd ootporniog tne ypouuixig xhdong tou K.

H ouuneptpopd twv ypouuixody cuvaptnooeldey & — (x, 0) tdve oto K neplypdgpeto
and tnv enouevn lpdtaon.

IIpétaoy 5.1.1 Trdpye anddven oralepd ¢ > 0 pe Ty axddovdn idtnea: Av K
elvar éva kupté odua otov R e dyko |K| =1, kar av 8 € R™, tdre yud kdBe p > 1
wx Vet n avtiotpogn aviodtnra Holder

(5.1.20) </K |(w,0>|pd$> v < cp/K |{x,0)|dz.

Lo v andden ypetalduoacte to Afuuo tou Borell mou etvon e@apuoyh tng aviad-
wnrog Brunn-Minkowski:

Appa 5.1.2 Eotw K kuptd odua otov R e dyxo |K| = 1. Yrodérovue dnt A
elvar éva ouppetpicd kuptd olvodo otov R™ tétow dote |KNA| =0 > 1. Tére, yud
kdle t > 1 éxovue

%

(5.1.21) (R \ tA) N K| < 0 <¥>
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Anodedn: Eréyyovue mpodta 6t yid xde ¢ > 1
t—1

2
1.22 R'\AD (R \tA)+ 14,
(5 ) \ _t+1( \t )+t+1

[Av 6y, té1E UndpyEL a € A Tou YpdgeTon oTN LoPYY
2 t—1

5.1.23 = — —
(5.1.23) it
yid xdmotor ag € A xon y ¢ tA. Tote,

1 t+1 t—1
5.1.24 “y=—a+——
(5.1.24) A AT
and Ty xupToéTHTa Xow TN cuuueTpla tou A, Ouwe t6te y € tA, to onolo elvan
drtomo.]

(—al) S A,

Xpnowonowhvtag Ty (5.1.22) xar v xuptétnTa Tou K, BAénovue 6Tt
2 t—1
1.2 R'\NANKD —[R*\tA) NK]+ —(ANK).
(5.1.25) B\ A) MK D (R \tA) N K]+ 5 (ANK)
Ané v aviedétnto Brunn-Minkowski,
(5.1.26) |(]Rn\A)ﬁK|Z|(]Rn\tA)ﬁK|t+L1|AﬂK|%.

Ouowc [ANK| =60 xo |[(R*\ A)NK| =1-0, ar’ 61ov nalpvouue to Intoduevo. O
Anodedn tng Ilpdtaong 5.1.1: Oétouyue

(5.1.27) I= / \(z,0)]da,
K
xau opllovue
(5.1.28) A={zeR": [(z,0) <3I}.
To A elvon cuuueTpxd xow xVpTd Lochvolo Tou R™. And v aviedtnta tou Markov,
(5.1.29) |ANK|>2/3.
Mopatnpotue 6t {z € K : |(z,0)| >t} = KN (R™ \ (¢/31)A), xou ypdpovue
3I
[ lwras = [ petin @ @/zn
K 0

+/ ptPHE N (R \ (¢/31)A)|dt.

3

I

To mpyto ohoxhfpwua ppdooeTon amd

31
(5.1.30) / ptP~tdt = (3I)?,
0
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eV YL t0 Be0TERO XAVOLUE TNV aAAoyY) UETOBANTAC ¢ = 3I's xaL YeNoLYUIOTOLOVUE TO
Aruuo tou Borell:

/: ptP UK A (R \ (¢/30)A)|dt = (31) /100 psP K O (" \ s4)|ds

o0
< (31)”/ psP~1275/2ds.
1
Yuvdudlovtag ol Tapamdve Xol EXTULOVTOS TO TEAEUTAUO OMOXARPWUA, TalpVOUUE

(5.1.31) /K (e, )[Pde < (BT)P[L + (c1p)?]

v xdmotar andiutr otodepd ¢ > 0, an’omou €retan OTL

1/p
(5.1.32) (/ |(:U,9)|pd:n> <ecpl = cp/ [{z,0)|dz. O
K K
Mépiopa 5.1.1 Eotw K wotpomiké kupté odua. Ia kdde § € S* L karp > 1,
1/p
(5.1.33) < / |<x,e>|de> < eplx,
K
omov ¢ > 0 andAvrn otalepd. O

H avicémnta tne Hpdtaong 5.1.1 Swatundveton otny e€ig Loodivoun Uuop@r:

IMpétaon 5.1.2 Eoww K kupté odua dyxov 1. I'a kdde 0 € S~ woyvet
(5.1.34) / exp([(z,80)|/AI(K,0))dz < 2,
K

émov A > 0 arddven otadepd kar 1(K,0) = [, |(z,0)|dz.

Anddeldn: Avoantiocouue To ohoxhipwua xau ETAEYoUUE TN otodepd A oto Téhoc.
Ané v Hpdtaon 5.1.1 éyovue

/Kexp(|(x,9)|/AI(K,0))da: Zk,/ Ak[ K 9

RS (%)

IN

IN
—_
+
M8
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S
o
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av enthégouue A = 3ec. a

Optoués. 'Eow K xuptd owpa 6yxou 1 otov R™, xau éotw f : K — R pporyuévn
petpriowun ouvdptnon. H Orlicz vopua || fllpve, @ > 1 e f oplleton and vy

5135 Il =it (>0 | [ expl(@)l/N")de <2}

Me Tov mapandve opoud, autd nou woyvpelleton 1 Hpdtoon 5.1.2 elvon 6L

Trdpyet amohutn otodepd A > 0 tétowo dote Yo xde xuptd oduo K
oyxou 1 xou xdde 6 € S"1 1 ouvdptnon f(x) = (x,0)/I(K,0) oto K
éyer Orlicz vopua || fllpe: < A.

5.2 Avew gpdypa Yia tn otadepd LoOTEOTLAG

To mpbBAnua mou Yo uag araoyolfoel diatunwinxe arnd tov Bourgain:

Ewcacio: Trdpyer anéAven otalepd C' > 0 térowa dote Lg < C ya
kdOe xuptd odua K e kévtpo Bdpous o 0.

To xoA0tepo YVwot6 anotéleoua ogeileton otov Bourgain.

Ocodpnua 5.2.1 Ia kdle kuptd odua K otor R* ue kévgpo Pdpovs to 0, wyde n
aviodtnta

(5.2.1) Lk < cvy/nlogn,
émov ¢ > 0 andAvtn oralepd.
Baowd pého otny anddelén Yo notéet 1 aviodtnTar Tou Pisier.

Appa 5.2.1 Eoto K kuptd odua otov R ue |K| = 1. Yrdpyovr: opYokavovikry

Bdon {vi,...,vp} otov R” kat Ay,..., Ay > 0 pe AMyA2 -+ Ay = 1 térot01 dote
n
(5.2.2) E sup <a:, Z/\igivi> < cinlogn,
zeK i=1
omov ¢; > 0 andlven owalepd kat g, ..., gn aveEdpTnreg TUTLKES KavovikéS Tuyaleg
HETAPANTES. |

Inpeiwon: Xouewva pe to Afuuoa 2.4.2, 1 avicotnta tou Pisier woyvplleton 6t
urdpyet yoouuxh exéva TK tou K ue |[TK| = |K| =1 xou

(5.2.3) w(TK) < cjv/nlogn.

(apxel vo oploovue T = S* 6mouv S(e;) = Nwg, @ = 1,...,n). Avtiotpoga, av
undpyet T € SL(n) dote vo woydel 1 (5.2.3), unopobue va ypdpovue T = VDU,
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6rmov V,U € O(n) xou D = diag(Ay,...,An) we [[1; A = 1. Tore, av décovue
v; = U”e; €xouue

n n
E sup <:C,Z)\igivi> = Esup <:C,U*D(Zg,-e,-)>
i=1

zeK reK i=1

= Esup (DUz, Y ge;
f§,§< w;gzeﬁ

n

= Esup <Ta:, V( ng»

zeEK i—1

n

= E sup (z, i€
zGTI;(< ;gl l>

~ /nw(TK) < cinlogn.

Andédegn tov Oswpnuatog 5.2.1: Eotw K 0otpomind xuptd ooua. Oewpolue
VlyenoyUp XL AL, ., Ap > 0 HE A2 -+ Ay = 1, nwe oto Afuua 5.2.1. Agod

(5.2.4) / 2l 2de = nL2,
K
av oploovue
(5.2.5) K,={zr €K :|z| <rvnLg},
n avieotnTa Tou Markov delyver ot
(5.2.6) |K, | >1—7r72.

T xdde 6 € S™L éyouue

/1(1‘(x,0)2dx = /K(:v,0>2d:c—/K\Kr(x,0)2dx

1/2
> Lo- B\E? ([ @)
K
> L3 —r'(4¢)’L3,

omou ¢ > 0 1 otodepd tne Hpdroone 5.1.1. Av emhéZouue r = 32¢2, éyovue

L2
(5.2.7) / (z,0) de > =K
K, 2

v xde 6 € S"L Aol |K,| > 1—r72 undpyer 1 < p™ < (1 —r2)~! tétowoc
dote: yoto W = pK, va éyovue |IW| =1 xou
Li

(5.2.8) / (z,0)?dx = pn+2/ (z,0) de > =&
w K. 2
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yio xéde @ € S™ L,

Ocwpolue tov D € L(R™,R") ue Dv; = A\jv;, xou optlovue
(5.2.9)
n

I::/ sup <y,2)\i(:v,vi)v,->d$:/ sup(y,D:c)dx:/ sup (y, z)dz.
w w w

yeK i—1 yeK yeDK

T xdde @ € W éyovue ¢/p € K, dpa

(5.2.10) [>1/( Dz)d 1/ zn:,\( )2 d>L§(zn:)\>nL%‘
2. - z, Dx)dr = — iz, v; T > — g >
“plw plw \& 20 =717 2p
Iopatneodue 6Tt

(5.2.11) [{y, z)| < prv/nLi|lyll>

v x&de y € R* xou x € W. Enlorng,
(5.2.12) I(W,0) :/ |(z,0)|dz < p" Tt Li
w

v xdde 6 € S™L. And v (5.2.11) xou v Hpédtaon 5.1.2, undpyer andhutn
otadepd A > 0 tétolx dote

(v, 2)? > [ (. 2)
5.2.13 / exp < - 5 | dz < exp| ——— | dx <2
R e ¥ e AN T A I w P\ TP Ll

via xdde y € R*. Eneton 6Tt

2
(5.2.14) {z € W [(y, )] 2 BY/nLict}] < 2exp (‘n;uZ)
2

vy x&de y € R*, 6mov B = /Ap?rtlr.  Av Jewprioovue v avélin X =
(Xy)yenr, Xy : W = R ue

(y, )
2.1 X, (z) = —22L
(5.2.15) y(7) BUiLe
T07€E, Yo xdde v,z € DK o t > 0,
(5.2.16)
t2
PUX, = X1 20 < o € W ly = 2,0 2 BYALit < 2exp (~ s )
- 2

dnhadh n X elvon uoxavovixs (we tpog Ty Euxdeldeia andotaon oto DK - 1 otorde-
pd 2 otny (5.2.14) dev emnpedlet ta anoteréopota oL AnodelZoe OTA TEONYOUUEVY
Kepdhouar).

Ocwpolue ™ cuvAdN avéMEn touv Gauss Z = (Zy)yepk UE

(5.2.17) Zy(w) = <y,Zgi(w)vi>.
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Ou & xau Z wxavorotody Tic unodéoels tou Oewpruatog 3.3.2. Apa,

I

B{*/ﬁLK-/ sup X, (z)dx

W yeDK

n
KB¥/nLk -E sup (y,> _ givi)
yeDK T

IN

KB{/nLg -E sup <:c, Z )\,-g,-vi>.
eeK o

Xpnowonowdvtog xow 1o Afuua 5.2.1, nalpvouue
(5.2.18) I < KB+v/nLk -nlogn.

Téhog, n (5.2.10) pog divet

(5.2.19) nL% < (2c1pKB)n®*logn - Li,

dnhadn

(5.2.20) Lk < cy/nlogn,

6mou ¢ = 2¢1pK B = 2¢1pK \/Ap?" 11 Yetix| omébhutn otadepd., g

Avoapopég: Ytny mapdypago 5.1 divouue Ubvo exelveg TL IBLOTNTES TWV LOOTPOTLXWY
XVPTWV CWUATWY TOU AmoLTolvToL Yo Thy anddelén tou Oewpruatog 5.2.1. T'a me-
PLOGOTEPES TANPOPOPLES TUPATEUTOVUE TOV avary Voo Th oo dpdpo entoxdmnong [MP].
H anéden tne aviobétnroc tou Pisier (Afuuo 5.2.1) Beloxetar, yio mopddetyuo, oto
Kegpdhawo 2 tou BMou tou Pisier [Pi]. H anédeién mou divouue yia to Oedpnua 5.2.1
axohouldel Ty apyxh anddelin tou Bourgain oto [Bou]. H yprion tou Oewphiuotos
3.3.2 Tou Talagrand amlonotel To emuyelpnua xou BeAtidver Tnv TeEA extiunon xotd
éva Aoyaprduxd wg tpog T didotaon rapdyovta. Enlong, dev amouteiton n ouppetel-
oL TOL LEOTPOTUXOU oWUTOS K 0¢ Tpog TNy apy ) Twv a&dvwy (apxel vo utodécouue
6TL éxeL xévtpo Bdpous o 0).
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