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Kegdhaio 1

Eiocaywyn

1.1  EuxAeidelog ywpog

To mhaicto oo onolo Va douvrédouye elvar 0 n-didotatoc Evxdeldetoc ywpoc. Oewpolye
OTL 0 vy Vot Elvar eoElUEVOS PE TN Ypauuxr dour tou R™ xot pe v évvowr
TOU PETPLXOU YWPoU (o GUYXEXEWEVA, PE TNV Tomohoylo mou emdyeton otov R™ amnd
v Euxdeldeta vépua). 1o ueyohltepo pépog auTAS NG TpodTNne Topaypdpou culntdue
Aentopepéatepa (Ywpelc Suwe auotnEdTnTa) TOV 0pLoud ToU N-dldoTATOL 6YXoU Tou Ya
YPNOWOTOACOUUE GE aUTd To Yddnua.

§81. H ypoppxn Sopn. O n-didotatoc Euxdeldeiog yopoc R™ anoteleiton amd dheg

T n-ddec & = (x1,...,T,) Tpaypotx®dv opdudy. Ta otoryela tou R™ Yo Aéyovto
daviouata (f mo ouyvd) onueia. Mnopolye vo tpociétoupe onuelo: av & = (1,...,Ty)
oty = (Y1,...,Yn) TOTE 0piloupe

(1.1.1) x4+y:=(x1+Y1, T+ Yn).

MrnopoUye eniong va toAlamhactdlouvue €vo onuelo ye évoy mpaydotixd apdud: av o =
(@1,...,2n) xot v a € R té1E 0pilouue
(1.1.2) az = (azxq,...,qLy,).
O R" ggodiacuévog pe autéc Ti¢ mpdéeic etvan évag ypouuxdg yopeoc. O Bactxéc évvoleg
and ) Fpopuwad ‘AhyeBpoa Jewpolvtar yvwotéc.

Av A xou B elvar 800 pn xevd unocbvola tou R™ téte 10 dlpowopa twv A ka1 B katd
Minkowski elvon to cvoho

(1.1.3) A+B={a+b:ac Abec B}.

Yy edu| nepintwon A = {z}, ypdgpouue x + B avtl tou {z} + B (10 x + B elvar n
petapopd tov B katd x). Enione, yio xd0e un xevéo A C R™ xau yior xdde ¢ > 0 opiloupe

(1.1.4) tA={ta: ac A
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§2. H Euxleideia véppa. Ocwpolye 10 olvniec eowtepxd ywouevo otov R™: av
= (21,...,Zn) xU Y= (Y1,...,Yn) T0T€ VETOUUE

(1.1.5) (T, y) =211 + - + TpYn.
Tpdgpouye {e1, .. ., en} Yo T ouvidn opdoxavovixn Bdon tov R™. Anhadh, e; = (1,0,0,. ..

s =(0,1,0,...,0), ..., en = (0,0,0,...,1).
Méow tou g6WTERUOY YvouEvou (-, ) opilovtat: 1 (Euxieildea) vdpua tov

(1.1.6) |zll2 = V{z,z) = \/2? + - + 22

xal 1 andotaon yetall dvo onuelvy T xo y:

(1.1.7) d(z,y) =z —yl2 = V(z1 —11)> + - + (@0 — yn)?.

Iopatnerote 6Tt

n

(1.1.8) lzll5 = (z,e5)%.

Jj=1
H «tonohoyiay tov Ewdeldeou ydpouv (R™, | - ||2) Yewpelton yvwots.

83. O opwowéc touv %xLETOL cuvorou. ‘Botww x xav y dVo onuela otov R™. To
evltypaupo tunua [x,y] ve dxpa to & xou Y elvar 10 cOVOAO GhwV TwY oNUelwY TS Lopenhg
x+tly—x)petel0,1]:

(1.1.9) [yl ={1 -tz +ty:0<t <1}

‘Eotww thpa A éva un xevo unoclvoro tou R™. Aéue 61 10 A elvan kyptd av yio xdde
x,y € A xou yo xdde t € [0, 1] éyouye

(1.1.10) (1—t)x+ty € A

Me dhha Aoya, éva oOvoho elvon xUpTé av «ylo xdde dVo onueion Tou TEPLEYEL XL TO
LYY POUUO TUAUO TTOU ToL GUVOEELY.

,0),

Kupté oodpa atov R™ elvon va xupté 1ol GUUTIOYEC GUVONO TIOU EYEL U XEVO ECWTERLXOS.

§4. O n—dudotatog 6yxoc. 'Eotww A éva un xevd, ppaypévo utocivoro tou R™. Oew-
poluE TN xapaktnplotikr) ovvdptnon x4 tou A tou opiletan otov R™ we e€hc: xa(z) =1
avz € Axou xa(z) =0avz ¢ A. Adue 6Tt 10 A éyer dyko av 1 x4 elvar ohoxAnpodoun
xatd Riemann. e auty| tnv nepintwon, o 6yxog tou A opiletar and tny

(1.1.11) |A| = /n xa(x)de.
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O oplopde autdc mpolnodétel T YVOOTN Tou oloxAnpwuatoc Riemann ywr ¢poypévec
ouvapthoeic f : X — R, 6mou X elvar évag x0Boc tne poperic [—M, M]™. 'Evac 10od0-
VOHOC TPOTIOC 0pLoUoU ToU OYxou elvar 0 e€RC. Zexivdue Ye v xAdon Z Ohwv TV op-
Yoywviwy Tou €YouV TS AXUEC TOUC TUPIAANAES TROC TOUC GEOVEC CUVTETAYUEVODVY (TLC
dieudivoelg v opdoxavovixdy dtavuoudtonv e;j). Anhadh, I € I av undpyouv a; < b;
ctoR (j=1,...,n) wote

(1112) I = [(117171] X oo X [an,bn].
Téte, 0 6yxog tou I elvon (€€ 0pLopol) TO YWVOUEVO TWV UNXOY TWV OXUWY TOL:
(1.1.13) |I| = (bl —al)---(bn —an).

Ovoudloupe tpa oToryewddes oUvoro xdde nenepaopévr évwon opdoywviwy Tou avixouy
oty xhdon I xau éyovv Eéva eowtepind (dev emxaldntoviar). TuuBolilouue Ty xAdon

’, 7 m 7. 2 AN ’, 7
TV OTOLEWWdWY cuvOwv ue F. Av F = |J,_, I elvou éva otoyeiddec olvolo, té1e
op{Coupe

(1.1.14) [F| =" |Ll.
k=1

Ipéner BéPonar var det€oupe 6Tt v xdle ototyewddec olvoro F o dyxoc |F| oplotnxe xahd,
Onhad” ot elvon aveZdptnToc and Tov TpoTo e Tov onolo ypddaue to F oo TEREpAOUEVN
Evoom un emxahuntéduevwy oploywviwy and ty I (doxnon).

‘Exovtag opicet Tov 6yx0 Yo TNV XAAGT TV GTOLYELWOOV GUVOAWY, TpocTadoUe Vo
TOV 0p{COUUE Yial YEVIXOTERA GUVOAA HE Hal Bladxaoiar Tpoceyylong and wéoa xat arn’ €€
(otn YAdooa tou ohoxhnpoduatoc Riemann, wildpe yior xdtw xat dvew adpolopota g xA).
‘Eotww A éva un xevd, gpayuévo urtocivoro tou R™. Opiloupe tov ecwtepikd dyko tou A
HEoW TNC
(1.1.15) |A| =sup{|F|: F C A F € F},

xal oV €Ewteptkd 6yko Tou A péow Tng

(1.1.16) |A] =inf{|F|: ACF,F € F}.

Aépe 61t 10 A éya dyro (etvar Jordan petpriowo) av [A] = JA]. Av auté ouyBaiver, o
6yxoc tou A opiletar and Ty

(1.1.17) |A| = |A| = |A].

Oewpnua 1.1.1. Kde xuptd odua ooy R™ éyet yko.

H anédei&n tou Oewpripatoc 1.1.1 elvon extevic ywplc va elvar d0oxohn (napaheitetor).
O wudtnTeg tou dyxou mou Yo YenowonooVUe oTr GUVEYELX elvon ATAEC GUVETELEC TOU
0pLGHOV.
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(o) O byxoc mapapéver avahholnToc we tpog petapopéc. Av to K éyel dyxo xoi av x € R™

(1.1.18) z + K| = |K]|.

(B) Av 10 K éyel byxo xou av t > 0 t61€

(1.1.19) [tK| =t"|K].

Fevixdtepa, yo xd0e avuotpédulo ypauuxd yetaoynuotond I tov R”,

(1.1.20) |T(K)| = |detT| - | K|.

Tpdgpouye Id v Ty towtotixd anexovion. Hapatneriote 6t tK = T(K) énov T =t - Id,
on6te 1 (1.1.19) elvon edix) mepintwon tne (1.1.20).

(v) Eoww r € N. Oewpolye 10 mAépua

mi s

1
(1.1.21) fznz{( ,...,—):ml,...,mnEZ}.
T T T

Av K elvou éva xupt6 omua otov R, opilloupe
1
(1.1.22) N, =-Z"NK.
T

Anhad), N, eivor 0 o0volo twv onpelwy Tou TAéypatog LZ" 1o onola avixouv oto K.

Oewpolye T0 Jepehiddes opboyivio Q. = [0, %)n Tou 17", xau TV éveon

(1.1.23) U G+aen.

z€N,

O byxoc e elvan {oog pe |N,.|/r™. Eivaw hNoyxd va utodécouye (xon propolue va arnodelZouye)
6T xoddc To r — 400, Talpvoude 6ho xat xahOTEPY MEOCEYYLON Tou Oyxou Tou K.
Anhadn, woydet to e€ie:

||
r—00 |K"r‘n -

(1.1.24)

1.2 H avicétnta Brunn—Minkowski

H ovicémnta Brunn-Minkowski cuvdéer tov dyxo ye v mpdén tne mpdodeone xatd
Minkowski.
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Oedpnpa 1.2.1 (avicoétnyta Brunn—Minkowski). Eotw A ka1 B un kevd ovunayn
vrooUroda tov R™. Toe,

(1.2.1) |A+ B|Y/™ > |A]Y"™ 4+ |B[Y™,

Oa ddoouye o anddelln Tou ypnotonotel T oToLELOd GUVORa Xt opelleTar GTOV
Lyusternik (1940). Xto Ioupdptnua auvtob touv Kegalalou meptypdpoule v anddeln
e «ouvopTnotic Yevixevoney tne avicdtntac Brunn-Minkowski (avicdtnta Prékopa—
Leindler). M tpitn anddeln, pe tn uédodo tne ouupetpixonoinong xotd Steiner, Yo
doel apyodTepa.

Arndoaén. E€etdlouue mpodta tny nepintwon mou ta A xat B eivar opdoydvio Ue TiC axuég
TOUC TAPAAANAES TpOC TOUC dEovec GUVTETAYUEVWY. TTOVETOVUE 6Tt ay, . . ., 4y > 0 elvon Ta
wpen Ty oxuoy tou A, xat by, ..., by > 0 elvan tar urp Ty axpdy tou B. Toéte, 1o A+ B
elvon xt auTod 0pYOYMVIO UE TIC OXUES TOU TOPIAATAES TPOC TOUC GEOVEC GUVTETAYUEVW®Y,
xan avtiotorya wixn ar + b1, ..., Gy + by Enouéveg, n avicdtnta talpvel T pope

(1.2.2) (a1 +b1) - (@ + b)) ™ > (a1 -~ an) ™ 4 (by - bp) /™.

Iood0voua, Intdue vo del€ouye 6t

1/n 1/n
ap an by bn,
1.2.3 <1.
( ) (a1+b1 an—i-bn) +<a1—|—b1 an—i—bn) -

Ané v aviodtnia apiuntixol-yewPeTELXo UEGOU, TO aploTERS PEAOG TNG TEAEUTALUG
aviootnrac elvon uixpdtepo 1 (oo and

1 a1 Qp, 1 bl bn
1.2.4 - - =1.
( ) n<a1+b1+ +an+bn>+n<a1+b1+ +an+bn

Anhadn, n avioétnra Brunn-Minkowski woyletl oe auth v ani neplntwon.

Trodétouue tdpa 6Tt T A, B elvon oTotyewwdn obvoha, xadéva dnhady and autd elvon
TEMEPACUEVT], €VROT 0pY0YWVIWY ToU €YoV EEva ECWTEPIXA Xt UXUEC TOPAAANAES TPOC
TOUC GEOVEC GUVTETAYUEVOV.

Ovoudloupe moAvmdoxdznta tou Leuyaplot (A, B) 1o cuvolxd mhdog twy opdoywviny
nou oynuatilouvy o A, B. Qo anodel€ouye v avioétnto Brunn-Minkowski ye enarywy?
e Tpog TNy ToAvmhoxdTa m tou (A, B). Otav m = 2, o A xou B eivou opdoymvio xat
7 avicoTnTo €xEL d1 amodery Vel

Trodétouue hotndy 61t m > 3 xan 6Tt 0 {nroluevo wylel yid (euydpla GTOLYEWWBWDY
oLVOAWY PE ToAuTmhoxdTTe < m — 1. Agob m > 3, xdnow and o A xou B (é0w
10 A) anoteheltow and touldytotov dVo opdoydvia. ‘Eotw I, Iz dbo and autd. Ta I
xan o €youv E€va €0WTEPIXY, GUVETKC UTOPOUPE Vo TaL dorywplooLUE Ue €va UTEPETTESOD
ToPEANA0 Tpog xdmolov x0pto undywpo tou R™ (doxnon). Xwelc BAEBN e yevixbdtntog
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UTOUETOUYE 6Tl aUTO To LTepeTinedo meptypdgetal and TNV T, = p Y& xdnmow p € R.
Opilouue

(1.2.5) Ai=An{zeR":z, >p} xuw As=ANn{zeR":z, <p}

Ta Ay xaw Ag elvar oToLyelddN oOVOR, €xouy E€va EcwTERXE xou xardéva Toug oynuatileTal
and Aybdtepa opdoyovia an’ 6t 10 A (To unepeninedo =, = p ot yepdTepn TepinTWON
ywpller xdie opdoydvio tou A oe dUo oployodvia, éva 6to Ay ut éva 6to Ay. Ouwe, t0
I mepiéyetan €€ ohoxhfpou oto A evéd 10 Iz 610 Ay - 1 10 avtideto). Ilepvdvrag thpa
oto B, Bpioxoupe unepeninedo z, = s této0 dote av By = BN {z € R" : 2, > s} xa
By =BnN{x eR":x, <s} va oyle
(1.2.6) Ay = @
1Al [BI

Ta By o By elvar otouyewddn obvola pe mAriog opdoywmviny tou dev Eenepvdet autd Tou
B. OvopdZouue X tov xowvé Aoyo byxwv otny (1.2.6). Hpogavee, 0 < A < 1.

Mapatneriote ot

(1.2.7) A+B= (A1 +B1)U (A1 + B2) U (Az + B1) U (A + Bs).

Ané my &N thevpd, agob Ay + By C{z:xy > p+ st xar Ag + Be C {x: 2, < p+ s},
twa Ay + B xou Az + By éyouv Eéva eowtepind. Enopévwe,

(1.2.8) |A+ B| > |A1 + Bi| + |As + Bs|.
Me Bdomn v xataoxevy) Tou xdvaye, epapudleton 1 enaywyixy unddeon oto deld péhog:
€YOLUE

AL+ By 2 A | B

o
|Ag + Bo|'/™ > |Ao|Y/™ + | Bo |/,

on6Te xdvovtag mpdieis, xau talpvovtac Ut ddv Ty (1.2.6) éxouue
A+ B = (AN + ABDY™) 4 (= VAN + (1 = M)|B)Y")
= [l B (= ) [JA] B
= [l 4B
an’ émou émeton OTL

(1.2.9) |A+ B|Y/™ > AV 4+ |B]Y™
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I'evixry Heptntwon. 'Botw A, B tuydvta un xevd cuunayr utoctvora tou R™. Trdpyouy
axohoudiec {A,,} xou {By,} otoryetndv cuvOwy Ue Tic WBLoTNTES

Téte, Ay + By € A+ B yid xd%e m € N xou
|A+B|1/” > limsup|Am+Bm|1/”

m—00

%

limsup (|Ap[Y™ + [Bp| /"

m—00

= AP B,
Trodéoope 61 ta A, B, A+ B €youv byxo: oe xdle nepintwon, deilape ot |A + B|1/" >

@1/n+@1/n‘ D

H avioétnta Brunn—-Minkowski cuyvd Statunddvetar xon we e€nc:

IIépiopa 1.2.2. Eoww A, B un kevd ovunayn vrootvola tov R™. I'd kdfe A € (0,1)
10 Vel

(1.2.10) IAMA 4+ (1 = A\)BJY™ > AAIY™ + (1 — \)|B]Y™.
Anddaln. Apxel va tapatnpfioete ot [NA|Y™ = M AV xau [(1-N)B|Y/™ = (1-\)|B|'/™.
a

Yuvéneta g avicdtnrag Brunn-Minkowski efvar ) axdhoudn aviedtnra (n onolo efvan
ave&dptnTn tns Sidotaorg).
IIépiopa 1.2.3. FEoww A, B un kevd ovunayr vrootvola tov R™. Id kdfe A € (0,1)
éxouvue
(1.2.11) IAA+ (1= X\)B| > |AP|B]*.
Anédaén. H ouvdptnon z +— log z elvar xolhn, xt autd €yeL ooy GUVETELL TNV
(1.2.12) My < dr+ (1= Ny
v xdde z,y > 0 xou A € (0,1). Ané v aviedtnta Brunn—Minkowski naipvouye

M+ (1=NB| > [NAP 4 - Be]
L4/ Bjo-2m]"

= AP

v x&%e A € (0,1). O

%

Iotopind, N tpdd N anddelln e aviodtntac Brunn-Minkowski (yio xvptd odpata) Basiotnxe
otny apxn tov Brunn.



8 - E1zATOrH

Oedpnpa 1.2.4 (apxh tov Brunn). Eotw K éva kuptd odua otor R™ kar éotw
0 € S"1 éva povadato Sdvvopa. Oérovue 6+ = {z € R™ : (x,0) = 0} ka1 opilovue
fo: R — R Oérovtag

(1.2.13) fo(t) = |K N (6+ +t0)].

Tére, n fel/(n_l) efvar koikn oto gopéa Tng.

O Brunn odnyndnxe oe autd 10 cuUTERAGUA EEXVOVTIC ATd TO AXOAOUYO ERETNUAL.
Eivar owoté 6t av tat < 7 < s aviixouv oto @opéa g fe téTE

(1.2.14) fo(r) > min{fp(t), fo(s)};

Iopatneriote 6tL 1 amdvinoy elvon xotagoatixy av deytolue To Oswenua 1.2.4. Ta xdde
xolhn ouvdptnon f : [a,b] — R o yia xdde t < r < s 070 [a, b] Ypdpoupe r = (1—A)t+As
%ol EYOUME

(1.2.15) f(r) =2 (L =X f(t) + Af(s) = min{f(2), f(s)}-
Egapuélovtac v (1.2.15) v v f = fel/(n_l) nadpvoupe Ty (1.2.14).

H anédeiln e (1.2.14) elvon anh otny nepintwon tou emmédou: ag utodécouye 6Tt
K efvor éva xuptd oopa 610 R? xan, yoplc neplopiond g yevxdTntog, ac utodécouue 6Tt
0 = ey. H npoPorfy P(K) tou K otn dievduvorn tou ey elvar o cOvolo

(1.2.16) PK)={zeR|3teR: (z,t) € K}.

Iapatneolue apyxd 6t 1o P(K) eivon xuptéd. Eoww z,y € P(K) xu éoww A € (0,1).
Trdpyouv mpaypatixol aprduol t xar s dote (x,t) € K xou (y,s) € K. Agol 10 K elvan
2VPTO, EYOUUE

(1.2.17) (T =X (z,t) + Ay, s) = (1 =Nz + Ay, (1 =Nt + As) € K,

ouven (1-A)z+Ay € P(K). To P(K) elvou xou ouunayég: av Jewphooude 0 auvdpetnon
P:R? - R ye P(z,t) = z, t6te | P elvon ouveyhic. Agol 1o K elvan cupnayée, 1o o
oyvel xat v To P(K). Eniong, and 1o yeyovoc 6t to K mepiéyer évav dloxo (€yer un
%evo ecwtepd) €netan 61t 10 P(K) mepiéyer xdmoto ddotnua. Tehwd, P(K) = [a,b] yia
xdmowouc a < b.

Opiloupe 0o ouvapthoe h,g : [a,b] — R pe

(1.2.18) h(z) =min{t e R: (z,t) € K} xou g(z) =max{t e R: (z,t) € K}.

Ané n ovundyew tou K éneton 61 or h xou g opllovton xald: to olvoro {t € R: (z,t) €
K} elvar xhetot6 ddotnua. Oa del€ouue bt n h elvon xvpth. Apxel va deloupe 6t yid
xdde x,y € [a,b] xau yia xdde A € (0,1) wydet h((1 — Nz + Ay) < (1 — A)h(z) + Mh(y).
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Ac unoYéoouue 6t h(z) =t xou h(y) = s. Tore, (z,t) € K xu (y,s) € K. Agol 10 K
elvon xVpT6, TMalpvoupe

(1.2.19) (T =X (z,t) + Ay, s) = (1 =Nz + Ay), (1 =Nt + Xs) € K.
Ané tov opioyd tne h énetar 6T
(1.2.20) h((1=XNz+Ay) < (1 —=XNt+ As=(1—=Nh(z)+ M\(y).

Me tov (8io tpéTo delyvouue 6t 1 g elvon xolhn. And tov opoud Twv h xou g urtopolue va
yedpouue to xVpTd oy K ot uopen

(1.2.21) K ={(z,t) : x € [a,b], h(z) <t < g(x)}.

ITapatnpodue 6t

(1.2.22) fo(z) = fe,(x) = g(x) — h(2)
v x&0e = € [a,b]. Aol n g elvar xolhn xat n h elvon xvpth, BAénouye opéowe 6Tt N
fo =g+ (—h) eivor xolhn. 0

Oa delfouye 6T 1) apyY) Tou Brunn eivar cuvéneia tng avicdétntag Brunn-Minkowski.

Anddeaén tov Oewpnripatos 1.2.4. Xwplc teploplond e yevixdtntag unoVétovue 6T § = ey,.
T x&e t oo gopéa e fo(t) = |K N {x, = t}| Yétouye

(1.2.23) Kt)={reR"': (2,t) € K}.

Ané v xuptéTTa Tou K émetan 6t av t, s avixouy ato gopéa tng fo xaw av A € (0, 1),
tote

(1.2.24) K+ (1= N)s) D AK(t) + (1 — N)E(s).

Ané 7o Mépopa 1.2.2 éyouyue

1

KM+ (1= N)s)|7T > [AK(t) + (1 - \)K(s)|7T
> MK + (1 - N)|K(s)|7.
Apo, Nt — |K(L‘)|ﬁ = "/ fo(t) elvar xolln oT0 Qopéa Tne. O

Iapazipnon. Avtiotpoga, 1 avicétnta Brunn-Minkowski yio xuptd odpota npoxintel
and 1o Oedpnua 1.2.4 wg e€hic: av K, T eivon 800 xuptd odpota otov R™, Yewpolue ta
oOvohaL

(1.2.25) Ki=Kx{0} xu Ty=Tx({1}
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otov R™1 xou opllouye 10 x0pTtd 6UVOho L Tou «Topdyouvy:
(1.2.26) L={MNz,00+(1-N(y,1):ze€ K,ye T}
T x&e t € [0, 1] Hétoupe

(1.2.27) L(t)={zx e R": (z,t) € L}.
Topatnerote 6Tt

(1.2.28) L) = |L 0 (et +tenss)

/

onéte 10 Oedprpa 1.2.4 Sebyver 61L 1) ouvdptnon t = |L(t)|*/™ eivan xoihn oto [0,1]. Arnd
oV optopd tou L Brénoupe 6t L(0) = K, L(1) =T xau L (3) = £4L. Suvenoc,

K+ T 1/n |K|1/n ‘T|1/n
| = 4 .
2 2 2
"Enetot 6t |K+T|1/" > |K|1/” 4 |T‘1/n_ 0

(1.2.29)

1.3 H toonepipetpixr] avicotnIo

Xenowonowvrog tny avioétnto. Brunn-Minkowski uropotue va ddcouye pior Moo yia To
loomERWETEXO TEOBANUA otov R™:

Avdyeoa o dha tor un xevd ouumay| unoabvola tou R™ mou éyouv dedouévo
6YXO @, 1) UTdAAL OYXOU v €YEL EAAYLOTY) ETLPAVELAL.

O opiopog g emigdvelag mou Yo yenotwonotiooude eivon autog tou Minkowski, o onofog
Baoiletoar oty évvola Tne t-mepioyris.

Ogiopoc 1.3.1 (t-neproy®)). Av A eivon éva un xevé ouunayéc unocvvoho tou R™ xan
av t > 0, n t-mepioyn) Tou A elvan 10 obvoro

(1.3.1) Ay ={x e R" : d(x, A) < t},

onou d(x, A) = inf{||x — al|l2 : a € A} elvor 1 andoraon Tou = and 10 clvoro A.
Hapatneriote otL, yioe xdde t > 0,

(1.3.2) Ay = A+1tBy.

Ogiopog 1.3.2 (emupdvei xotd Minkowski). Av A elvon évar un xevé oupmayéc un-
ooUvoho tou R™, 1 emgdraa 9(A) touv A opilletan and tnv

(1.3.3) d(A) = liminf M.

t—0+

Av 70 A eivon xvptd oddya, téte T0 liminf oto deid péhog eivar bpo.
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H andvtnomn oto wonepetpind mpdBinua yio tov Euxheldeto yopo divetar and o e€nic
Vewpnua.

Ocwpnua 1.3.3. Av A eivar un kevé ovunayés vroovvolo tov R™, tdte
(1.3.4) d(A) > n|A|=D/7 By |/,
IMpdrypatt, dueon cuvénelo tou Oewpruatog 1.3.3 eivon 10 e€nc.

Oewpnua 1.3.4. Eotw A un kevé ovurayés vroovrolo tov R™ kar r > 0 téroiog dote
|A| = |rBg|. Tére,

(1.3.5) 0(A) > 0(rB3).
Anébeidn. Aol |A| = wpr™, and 1o Oedpnua 1.3.3 éyouye
(1.3.6) A(A) > nw(nV/mpn=l 1t — gy =t

Ané v (1.3.2) éyouvue (rBY): = rBY +tBY = (r+t)BY. And tov oplopd e ETLQAVELC
gneton OTL

t B’n _ B’I’L n t n __ n n _
(1.3.7)  O(rBy) = lim [(r+ ) By - IrBy| = lim £ (r 0" = wnr = nw,r" L
t—0+ t t—0+
Apa, O(A) > I(rBY). O
AnéoeiEn tov Oewprjparos 1.3.3. Xpnotponoidvtog ty aviootryia Brunn—Minkowski ypdpouue
A=Al _ |A+tBy|—|A
t t
(A" +1¢B31™)" - |4
o t
|A] + nt| A" =D/ BRV 4+ O(t?) — |A]

t
= A"/ BRIV O(),

xou madpvovtag to 6plo xadoe t — 0T Bréroupe ot

A — 1A
(1.3.8) liminf M > n|A‘(n—1)/n|B£L|1/n.
t—0t t
Ané tov oproud tne emgdvetac éneton 1 (1.3.4). O

Hapatnerote 6Tt autd ov delloue elvar axodua woyvpdtepo: yia xdde t > 0, avdueca
oe GAaL Ta 4N XEVE GLUTAYT] LTOGUVOAA Tou BuxAeldelou ydpou mou €youv dedouévo éyxo,
7 UTGAa €YEL TN <UXEOTEPY T-EMEXTACT)Y.
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IIgétaon 1.3.5. Eotw B pua umdla otor R™. Av A elvar éva un kevdé ouumayés vn-
oovolo tou R™ e |A| = |B|, tdte |As| > |Bt| yia kdOe t > 0.

Anéoaén. ‘Eyouue

|A_|_tB|1/n > |A|1/n + |tB|1/n — |A‘1/n —|—t|B|1/n
(1+0)|B|Y" = |B+tB|'",

an’ émou érnetar To {nrolyevo. O

1.4 ’'Oyxog xot didotaoT

Ye auth Ty Topdypapo Yo UTOAOYICOUUE TOV 6YXO TwWV ATAOVGTEPWY (XUt TILO GTUAVTLXODY)
TEABELYHATOY XUPTOY cwudtev. Kevtpixd poho otn uerétn pog nailel Quololoyxd 7
povadaia EvkAeideia undia

(1.4.1) By ={x = (21,...,2,) ER": 2 + .-+ 22 < 1}.

Me Mo Aoy, © € BY av xou uévo av ||zfjz < 1. Av r > 0 téte rBY elvon 1 undho pe
%évtpo 1o 0 xar axtiva 7 (to oUvoho hwy Twv = € R™ e ||z]l2 < 7).
To amholotepo (owe Tapddetypa xVpToL owuatoc otov R” elvon o povadiaios kUBos

(1.4.2) Bl =[-1,1]" ={z = (z1,...,2,) € R" : |z;] <1}

o0
O éyxoc tou xOBou elvar (and Tov oploud Tou Gyxou!) (oo e
(1.4.3) |BL| = 2".

Iopatnerote 6Tt
BY C B C /nBY.

Mpdrypatt, av z € BY tote |x;| < ||z]l2 < 1y xde i = 1,...,n, dnhadi x € BL. Ané
TNV &N Thevpd, av @ € B téte ||z = 23+ +22 < ndnhadhz € v/nBY. Ouxopupéc
7oL xUPou elvor ta 2™ onuela e YopYhc (€1, .. .,&n) OmOUL &; = £1. Kdle tétowo onueio
Beloxetonw oe andotaon v/n and 10 0. Anhady, xadoe 1 SdoTaon LEYUADYEL, Ol XOPUYES
Tou xUPou «amopaxpVOVTOLY amd TN UTdAa, xot 0 xUBoc Yotdler «OhO o AyOTEROY UE
UTdAAL.

‘Aoxnorn: Muw evdagépovoa doxiuy| yioo T Stabodnon cug oyetixd ye autd ta 300 amAd
xVpTd ouata elvon 1 e€AC. yedidote 1o yovadiafo teTpdywvo oto eninedo. Topwa, pridite
TE00ERLC BlOXOUC UE XEVTPA TIC XOPUPEC TOL TETpAYdVOUL xou axtiva 1. Ou dloxot epdntovol
oTa UECH TWY OXUOY Tou TeETpay®vou. Troloylote v axtiva pa Tou yeyahlTegou Bioxou
pe xévtpo o 0 1 omola anhdc axouundel (xou dev téuver) touc téooeplc dloxouc. Ilowd
elvar 1 T Tou po;
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Tapa xdvte o (B0 6TOV N-dLdoTaTo YWEOo. OewphoTe undieg axtivac 1 pe x€vtpa TiC
2" xopupéc tou Bl . Autéc epdntovian méve oTic axuéc tou x0Bou. Ilowd elvar 1 axtiva
Pn TNC UEYUADTEPNC UTdAAC UE %EVvTEo TO 0 1 omola AmA®dE aXOLUTAEL TIC JAAES UTHAES;
Eivat owoto6 6t p, By C BLL;
O déyxoc e povadiaiog wndiac. I'edgouue wy, yia Tov dyxo tne By . Mnopolue va
UTOAOY{GOUYE TNV TWH TOU Wy, Yenotdonowwvtas Ty apyn tou Cavallieri. Av H(t) = {z €
R™ : z, =t} t61e vy x&0e xupt6 odua K otov R™ éyouue

(1.4.4) K| = /jo |K N H(t)| dt

6mov | K N H(t)| eivar o (n — 1)-ddotatoc dyxog tne touhc tou K e to «eninedoy H(1).
Yty mepintwon Tng undhac molpvouue

1
(1.4.5) o = / By A H(b)|dt.
-1
Mapatnedvtac 6t yio xdde t € [—1, 1] n toun tng BY pe to H(t) elvon pia (n—1)-didotorty

undha oxtivae r(t) = V1 — t2, éyouue

n—1

(1.4.6) |IBY N H(t)] = w1 (1 —1%)72 .
Koatahfiyouue Aotndv otny avadpouixy| oyéon
1
(1.4.7) Wy, = 2wn_1/ (1—3)* T dt.
0
YupBohiilouye 1o tedevtalo ohoxhfpwua pe I,. Av 9€oouye t = cos b €youpe
/2
(1.4.8) I, = / sin™ 6 df.
0
Me ohoxhipwon xatd péprn Brénovue ot
7T‘/2 _ 1 7T/2 _ 1
(1.4.9) I, = / sin" 0 do = / sin"20d0 =" "1, ,.
0 noJo n

Me Bdion autég tg oyéoelg unopolue va deloupe t0 e€ng.
Adppa 1.4.1. O dykog tng By eivar foog jie

ok

(1410) Wp = Wog = ﬁ
av n =2k ka1

22k*1(k -1
1.4.11 n = =gt
(1411) e T A Y

avn =2k — 1.
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Ardbaén. And tic (1.4.7) xou (1.4.8) BAémoupe 6Tt

(1.4.12) nta _ Honiilnrz (4 Do

Wn, 2wp 11, (n+ 2)wp_1

Yot x89e n > 2. Aedopévou ot 22 = 2% (ywatl;), pnopolue va delfoupe e emoywyT OTL

2T

1.4.13 2 = n
( ) Wn+2 n+2w

v x&e n € N. Avoxplvovtog meptnthoes (n §eTiog xat 1 TEPLTTOC), XL YPNOULOTOLYTAC
AL T uédodo g enaywyre, malpvouue to {nroduevo. T mopdderypo av utoYécoupe
6t vt xdmotov k € N woyver n (1.4.11) téte

2 2%k —1)!

W2k d+1 (k- 1)
_ ok 22k=1.2.2k . (k —1)!
(2k+1) -2k - (2k — 1)!
_ ﬂ.k 92k+1[1 .
(2k +1)!
Avéhoya (xon o amhd) Souvkeboupe oty mepinTwon oL 0 N glvar dETLOG. O

Ytoug TOMOUC IOV PErHaE Yior TV 6YX0 TNS Hovadtalog undhag egpaviovtol tapayov-
Txd. Av ¥élouge Vo EXTWACOVUE 6woTd To péyedog Tou aptipod wy YL UEYGAES TUES
oL n, ypeeraldpaote axplPelc extiunoeic Yo Ty oaxohoudio (n!)pen. Mua TedTn extipnon
npoxOnTEL w¢ e€hC: YewpolYe T ouvdpTtnon  — log z. ‘Eyouue

n

n
(1.4.14) / logzdx = (xlogx — x)‘l =nlogn — (n — 1) = log(n™/e"1).
1

Ané v &M Thevpd, agou 1 log x elva adEouoa, €youue

n 2 n
(1.4.15) / logxdx:/ loga:dx+-~-+/ logx dz <log2+ - - +logn = log(n!)
1 1 n—1

%ol
n 3 n

(1.4.16) / loga:dac>/ logxdx+-~-+/ logzdx >log2+---+log(n —1)
1 2 n—1

= log((n — 1)1).
Anadh, nl/n < n"/e""! < nl, an’ 6mou éreton 6L

n nn+1

|
on—1 <n!< on—1

(1.4.17)
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Ané v (1.4.17) BAénouye 6Tt

(1.4.18)

xadde To 1 — oo, dnhadh N V/n! «oupnepipépeTony cav TV = vy peydra n. H extiunon
auTH elva aEXETY| Yia TOMEC EQUPUOYECS.

O timog tov Stirling teplypdper pe yeydhn axplfBeta tn cuuneptpopd Tne axoloutiac n!.
Mo anédeign divetar oto Hapdptnua autob tou Kegalalou.

Adppa 1.4.2 (tOnog tou Stirling). Ioyvovr o1 aviodrnres
(1,4_19) 21 (ﬁ) 6(12n+1)*1 <! < \2mn (ﬁ) 6(1277,)*1.
€ e

Eow (ay,) xou (8,) d0o axolouvdies Yetuxmdy nporyyatindy aptdudy. Zuugovolue va

Yedpoupe ay ~ B av lim F= = 1. Anéd Toug tomoug tou Afuortoc 1.4.1 xau amd ™y
n—oo ~Fn

npocéyylon tou n! oto Afupa 1.4.2 énetar to e€xc.

Ocewpnua 1.4.3. Eotw w, o dykos tns Eukleibeias povadaias undrags otov R™. Tdre,

n/2
1 2me
1.4.20 n~ —F— | — .
( ) v \/7rn< n >

Eidikdrepa, n EvkAeideia urdra dykov 1 otov R™ éyer axtiva

N

ome

(1.4.21) T~

Andden. Eotw n = 2k. Agos e120) 7" 1 yau 126D 1 1oy k — o0,

1.4.22 =T _
( ) s k! Vork kF /T

H nepintwon n = 2k — 1 elvan wiat (Ayo) Suoxoldtepn doxnon.
INo 1o debtepo oyuplond, mapatneNoTe OTL av 7, elvar 1 axtiva plag n-didotatng

umdhac éyxou 1 w6t wyrlt = 1. Anhade), r, = = ~ \/g -

k 1 whek 1 2me /2
- .

Eaye ot n oxtiva 7, tng n-didotatng undac 6yxou 1 etvor «Peydhny: tne tdéng e
Vv/n. To enbuevo epdtnua tov Yo culNThAooLYE Eivat: TMOC XATAVEUETOL O OYXOC Uéoa &
auth) ™ undha; Ac Solue mpdta motde elval o dyxoc wac (n — 1)-ddotatne Tounic e
B(n) := rp,BY mou nepvdel and to 0. Lougwva ye o €youpe mel,

Wn—1

w(n—l)/n :

n

(1.4.23) 1B(n) N H(O)| = wy_1r"~! =
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Ané 1o Oedpnua 1.4.3 BAénovye 6T
W1 ( /*ﬂ.n)(n—l)/n ( Ime )(n—l)/2<

(n—1)/2
\/27re>

T T a1
n \ (/2
(=)
Anhady,
(1.4.24) |B(n) N H(0)| ~ e.

Tdpa, unopolue vo extipfoovde tov (n — 1)-Bidotato 6yxo tng touhc tne B(n) mou
Beloxeton oe andotaon t and to 0. H tour B(n) N H(t) elvor po undha axtivag 1/r2 — t2,
av BéBoua [t < 7y, Apa,

t2
(1.4.25) |B(n) N H(t)| = wp_1(r2 —2)n=D/2 =, _pnt (1 — )

Aol wy, 117t = |B(n) N H(0)| ~ v/€ xou 12 ~ n/(2me), Prénouvye 6Tt

n n

(1.4.26) IB(n) N H(t)| ~ Ve (1 - 2”et2>2 .
Ouox,

n—1

2 2 2
(1.4.27) lim \/é<1 - ”;t ) = /e exp(—met?).

n—oo

"Exouye hotmdv del€et 1o e€nc.

Ilpétaon 1.4.4. Eotw t € R ka1 éotw B(n) n n-0wdotatn pndda dykov 1. Tdte,
(1.4.28) |B(n) N {x: z, =t}| — Ve -exp(—met?)

kalds to n — 00. O

Anhadn, av «mpofdihoupe Tov 6yxo tne B(n) ot Siekduvon tou e,» 1 ot onotadhnote
dhAn Siediuvor, TalpVOUUE Uiol XATAVOUT Tov, xordi To 1 Telvel oTo dnelpo, Yoldlel ToAD
pe TV kavovikn katavour) diaomopds 1/(2me) (n omola elvon avedptntn and ) ddotao

M (ex mpdtne ddewc) nopdievn ouvénewa e Hpdtaone 1.4.4 elvar 1 e€hc. Ac dew-
priooupe ™ hwplda Ly, = {z € R™ : |z, | < 1}. Tére, vy yeydha n éyouue

1 0o
(1.4.29) |B(n) N Ly| ~ \/E/ exp(—met?) dt =1 — 2\/5/ exp(—met?) dt.
—1 1
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ITopatnpodue 6Tt

(1.4.30) \/E/ exp(—met?) dt < \/E/ texp(—met?) dt = ﬁe‘”e.
1 1

T 27e

O apuiude autée elvar «moAd uixpdcy. Anhady, mopdlo mou N axtiva e n-dtdoTaTtng
undhac 6yxou 1 elvar tng té&ne e v/n, o 6yxog tne elvar oyeddv ohdxAnpoc péoa oe Lot
(omotadrnote) ouupetpxt| (w¢ Teog to 0) Awplda Thdtoug 2 (1)

Enetd?| to gauvbpevo autd napovoidletar aveldptnta and To mold hwpido Yo dtahé€ouye,
pnatvel xoavelc oTov TEWACUS Vo UTOUECEL OTL 0 OYXOC GUYXEVIPWVETOL OTNV TOUY TWY
Awpldwy, Bnhadr xovtd oto x€vtpo g umdhac. O0Te duwg autd elval 6wWOTo: Ay, Yid
nopddetyua, Yewproete T undha (1, /2) By (mou €yet «ueydhny oxtiva), téte

(1.431) ((ra/2) B3] = g |B@)] = g ()

Anhoadn, 0 dYxog TNC UTEAAC CUYXEVTROVETOL XOVTA 6T0 GOVOPO TNC.

To npéPfAnua twv Busemann—Petty. pdgovue S~ yia tny Euxheldeia povadiaia
opaipa:

(1.4.32) St ={0cR": |02 =1}
T e povadaio didvuopa 6 € S opiloupe

(1.4.33) 0+ ={x € R": (2,0) = 0}.
Toéte, yio xdde t € R,

(1.4.34) OF +t0 = {x cR" : (x,0) = t}.

To oGvoho B+ elvan o (n — 1)-didotatoc undywpoc Tou R™ mou éyet cav kddeto idvvoya
70 0. To olvoho 0+ + t6 eivor To Utepenitedo Tou éyel ooy xddeto didvuoua o 6 xou
Beloxeton oe (npoonuacuévn) andotaon t and to 0.

Eotw K xou T 800 ovupetpikd xuptd oduata otov R™. Me 10V 6p0 «GUUUETEXOY
EVVOOUUE TAVTA <OUPPETEWO W Tpog To Oy, Anhady, éyoupe x € K av xa pévo av
—z € K (opolwe v o T). Trodétoupe bt

[ xdde 6 € S~ L oyle |K NG| < |TNOL|.

Anhadh, xdde kevtpixn tourj tou K éyet uxpotepo (n— 1)-ddotato 6yxo and tny aviio-
Touyn xevtpwr| Toun Tou T. To mpdBnua twv Busemann-Petty (1956) eivor to e€¥c:

Ioyle téte 6t |K| < |T7;
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H andvtnon elvon xatagotixd av n = 2. T'a v axpiBela, 1 unddeon yia tic Touée twv K
xan T €yer oav ouvénela 6Tt K C T. H amdvtnomn duwe yio SlacTtdoeg n > 2 869nxe ToAd
TEOCQATO: VAL XATAPATIXN HOVO av n = 2,3, 4.

O unoloytopde mou xdvaye Yo Ty Evxkeldeior pndho B(n) éyxou 1 otov R™ €dee
6t Yo xdde 0 € S™L

Wn—1

(1.4.35) |B(n) N6+ = —m Ve
wﬂn— n
6tav n — oco. To avtiotoryo gpdtnua yia tov x0Bo Q(n) = [f%, %]n 6yxou 1 otov R”

efvor ToAG Buoxordtepo. O K. Ball (~ 1985) anédele 6tu yia xdde § € Sm1,
(1.4.36) 1<1Q(n)Not| < V2.

HMopatneriote 6t V2 < /e (1). Av howréy 7 didotoon n elvor apxetd ueydhn, téte |B(n)N
HL\ > /2. Aev elvan Toh) dloxoho va ehéyEete 6t av n > 10, téte

(1.4.37) 1Q(n) N0+ < V2 < |B(n) N6+
v xdde 6 € S"L. Anhadh, to Levydpr K = Q(n) xau T = B(n) diver avtinapddetyya 670
gpdTNua Twv Busemann—Petty: wavonoiel ti¢ unodéoeic alld dev ixavornotel to {nrouevo.
1.4’ NOoppeg %ol CURRETEIXE XVPTA COUATA
Néppa otov R™ eivar xdde ouvdptnon || - || : R™ — R pe tic e€fc WBidtnrec:

(@) |lz]] > 0 vy x&e x € X xou ||z|| = 0 av xou yévov av z = 0.

B) Azl = Al - lz]] Yo %x80e A € R xon xdde = € X.

()l + yll < llall + Iyl vio e 2,y € X.

H enbpevn npbdtaon Belyver 6t oe xdde ywpo (R™, || -||) ue vépua avtiototyel Quolohoyixd
éva oUPETEWXS (0 Tpog To 0) xUpTd odua. Avtiotpoga, dmwe Yo dolue apydtepa, xdde
OUUUETPXO %VpT owuo K endyel pra vopuo otov R™.

Ilpétaon 1.4.5. Eotw || - || e vépua otov R™. H «povadaia undiay
(1.4.38) K={zeR":|z|| <1}
wou (R™, || - ||) €fvar ovpperpikd kupté odua.

Andbeaén. H ouppetpia tou K eivon amhf: av z € K t6te || —z|| = ||z]| < 1, dpo —z € K.
T vo Sei€oupe 6Tt o K elvon xuptéd Yewpolpe z,y € K xar A € (0, 1) xon mopatnpodue
ot

(1.4.39) [[(1 =Nz + Xyl <[[(1 =Mzl + Myl = 0 = Nllzll + Allyl < (T =A) + A =1,
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dadh (1 — Nz + Ay € K.
INo T ovumdyela xou To Un xevd eowtepind Tou K, nopatnoolue mpwta OTL, yia xdie
w=>y 1 tie; € R™ ioylel

(1.4.40) ul| =

n n n
Soties| < DIt lleall < max fle| D[l
=1 =1 =1

Ané v avicdétnta Cauchy-Schwarz éneton 6t

" 1/2
4. < ; 2 =
(1.441) lull < Vi mas e (}4 1jt,> M full,
1=

omou M := /n maxi<i<pn ||€i]]. Xenotponowdviag my tprywvixd aviootrta yia my || - ||
BAémouye o611, yia xdde z,y € R”,

(1.4.42) =1yl | < llz =yl < Mllz =yl

Anhadh, n || -|| elvar Lipschitz ouveyfic wg npog tny Euxdeideta petpind otov R™. Tuvendc,
o meplopropdc e || - || oTo ouumayéc oivoro SP = {z € R™ : ||z||2 = 1} modpver ehdytot
xan Eytotn Tr: undpyouvy m, M > 0 wote

(1.4.43) m < |z < M

v xdde x € S"71. To yeyovéc 6t m > 0 duxonohoyehtor o eEhng: éyoupe m = ||xo|
Yoo ¥&mowo xg € S" xon |lzol > 0 agol zo # 0 xou || - || eivor vépua. Twpa, efvor
glxoAlo va dolyue 61, yia xdde z € R™ woylel

(1.4.44) ml|zlly < [lz] < Mllz|2.

Hpdrypatt, av & = 0 t61€ N avicdTNTa Loy Vel TETEWUEVA, EVG av T # 0 €youpe e gn-t

oToTE

Hx\l

(1.4.45) m < 121 H

“lzlle Tl H B

Ané v avicbtnra m||zllz < ||z|| éreton ént K C (1/m)BY, dnhadf; to K elvar gpayuévo.
Ané to yeyovée 6w m || - || elvon ouveyhc éretar 6t to K elvan xhewotd unoohvolo Ttou
(R™, ]| - [|2). Apa, to K elvon cupnayéc.

Téhog, and v awcdtna ||z|| < M|zl énetoan 6Tt K D (1/M)BY, xon eldixdiepa, 10
K €yl un xevéd ecwteptxd. O

H endyevn npdtoon diver wa tavtdtnTo Tou ex@edler Tov dyxo e wovadialag undiog
wou (R™, || - ||) oav ohoxhipwua «ouvdptnong e vépuac» otov R™.
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Ilpétaocn 1.4.6. Eotw ||-|| pa vépua otor R™ ka1 éotw K n avtiotoyn povadiaia undia.
Ia xdde p > 0 wyvea n 1w0détnta
(1.4.47) / e M=l = \K|/ pt" P e gt
R™ 0
Eidikdtepa,

(1.4.48) /e_”z”da::|K|/ t"etdt.
Rn 0

Arnéoaén. Anéd o Yedpnua Fubini,

/ /lllptp_le_tpdtdx:/o / XtK(m)ptp_le_tpdmdt:/O ptPre T |tK |dt
n S|z n

1} 1odUvVaua
oo
/ eIzl = \K|/ pt" P et dt,
- 0

1.5 Ilopdptnua
1.5¢" Avicétnta Prékopa—Leindler

H avicédtnta twv Prékopa xou Leindler eivon 1) yevixevon tne aviootnrac Brunn-Minkowski
070 TAAOLO TWV UETPAOWWY JETIXWDY CUVUPTACEMY.

Ocwenua 1.5.1. Eotw f,g,h : R — RT 1pels odoxAnpdoiues ouvaptiioes kar A €
(0,1). YrmoO¢rouue dnr ya kdde x,y € R™ 1wyle

(15.1) h(Az + (L= A)y) > f(z) g(y)' .

Tore,

L) (L)

Arndéoaén. Qo Seifoupe TNV aVCOTNTAL UE ETAYWYTH WS TPOS T Sldotaon n.

(a) n = 1: Mnopolue va unodécoupe 6Tt ou f xou g elvor ocuveyelc xar yvioto Yetixée.
Opilovpe z,y : (0,1) — R yéow tov

(1.5.3) /_z:)f:t/f : /_i(:)g:t/g.
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Eoupwva pe Tic utodéoels pag oLz, y elvon tapaywylowes, xou yia xdde t € (0,1) éyouye

(1.5.4) PO = [1 . o) - [
Opiloupe z: (0,1) — R pe
(1.5.5) 2(t) = Az(t) + (1 — \y(b).

O z xou y elvar yvrowa adoucec. Enopévae, 1 z elvon xt auth yvhowo av€ouvoa. And tny
avloGTNTaL AELIUNTIXOU-YEWUETELXOU UECOU,

(1.5.6) 2(t) = A (1) + (1= Ny (t) > (2 () /(1)

MnopoUue Aoldy v EXTUUAGOUUE TO OAoXA pwUa TNS A XEVOVTog TNV ooy HETABANTOY

s=z(t):
/h(s)ds

/0 h(=(8) (t)dt

V
>
&

/0 h(Az(t) + (1= Ny(6)) (@' () (' (t)'

/01 @) W) (f(%)y (géé)))l_kdt

(o) (J)

(B) Eraywywcd Prijpa: YTrodétouvue 6Tt n > 2 xou 61t 10 Odpnuo €yel amnodelydel
vy k€ {1,...,n —1}. Eotw f,g,h énwe oto Oedpnua. Ta xdde s € R opiloupe
hs : R"™1 — RT e hy(w) = h(w, s), xou pe avdhoyo tpé6m0 opiloupe fs, gs : R*71 — RT.
Ané v unddeon Tou Yewprpatoc yia Tic f, g xon h éneton 6L, av ,y € R 7! xan 89,51 € R
tétE

(157) hAsl—i-(l—)\)so (>‘$ + (1 - )‘)y) > fs1 (x))\gSo (y)l_)\’

xal 1 EnaywyYn utddeon og dlvel

Y

H(As1+(1—MN)sg) = / . Pxsi+(1-2)so
R

> () (L) =P

Egapuélovtag tdpa Eavd tnv enaywyix unddeon v n = 1 otic ouvapthoec F, G xou
H, matpvouue

v Lo o) (19 (L) (L)
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Xpnowonowhvtac Ty avicdtnta Prékopa—Leindler unopolue va amodel&oupe Ty avicdtn-
ta Brunn-Minkowski. Aefyvouye npdta 1o e€nic:

Ilpétaon 1.5.2. Eotw K, T ovurayn un kevd vroovvola tov R™, ka1 A € (0,1). Tdre,
(1.5.9) IANK 4 (1 = NT| > |KPMT)* .

Anédeién. Opilovue f = XK, g = X1, %0 h = Xag+@a-r7- EOxoha ehéyyoupe 6t
ixavonotoUvtar ot utoécelc Tou Yewphipatos 1.5.1. Tpdypatt, av z ¢ Ky ¢ T téte

(1.5.10) h(Az+ (1= N)y) >0 =[f(@)] g(w)] ™,
evoavz € Kxany €T t6te Az + (1 — Ny € AK + (1 — \)T, dpa
(1.5.11) haz + (1= Ny) =1 = [f(@) o).

Egapuélovtac v avicétnta Prékopa-Leindler nafpvouue to {nriyevo. O

Ocewpotye topa oupmay) un-xeva K xat T (ue |K| > 0 %o |T'] > 0, odhide dev éyoupe
tinota va Sef&oupe), xan opiloupe

(1.5.12) K, =|K|7V"K | T, =|T|"Y"T , X= IKP%(E/EFIU"

Ta Ky xow Th €youv 6yxo 1, ondte and my (1.5.9) naipvoupe

(1.5.13) IAKY + (1= NTy| > 1.

Opwce,

(1.5.14) A+ (1=XNTh = m,

enouévwe N (1.5.13) naipver v wopeh

(1.5.15) K +T| > (\K|1/”+ |T|1/”)"

xau énetan to {NToUEevo. O

1.58° H ouvéptnon I'dppa
H ouvdptnon I': (0, +00) — (0, 4+00) opileton péow g

F(z):/ t*~le~tdt.
0
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Adupa 1.5.3. H ovvdptnon I' ikavoroiel ta e€ng:

() T(1) =1

B) D(z+1) = al(x) ya kdde > 0.
(Y) T(n+1) = n! ya xdden =0,1,2,
() T (3) = V7.

Ernions, n ovvdptnon I' efvar Aoyaprfuxd xupzr): n logI efvar kvptr ovvdptnon.
Andoeaén. (o) Ilapatnpolue ot

0 t—o0

o 0o
(1.5.16) r() = / e tdt = fe*t‘ —1- limet=1.
0

(B) Me ohoxhipwon xatd mapdyovies nalpvouye

(1.5.17) I(z+1)= / tYe~tdt = —t%e™! :O + ac/ t*te~tdt = 2G(x)
0 0

XprowortotdvTac Ty limy oo t¥e ! = lim;_, oo exp(zlogt — t) = 0.
(v) Egapuélovtac 1o (B) yia z = 1,...,n nalpvoupe
(1.5.18) I'n+1)=nl(n)=nn—-1)TI'n—-1)=---=nll'(1) =nl

3) Oétovtac 6Tou & = 1 xou xdvovtac Ty ALYy ETABANTAC 2 =t Taipvouye:
2 n nu nm pvoul

o €7t o R oo )
1.5.19) / —dt = 2/ e ®ds= / e % ds = /.
( 0 \/E 0 —o0o

Téhoc delyvouue ott 1 cuvdptnon Fdupo elvon hoyoprduxd xupth: apxel vo dellouyue 6Tt
v x&9e A, > 0 ye A+ p =1 woydel

(1.5.20) DAz + py) < (D) (y)".
ITapatnpodue 6t oylel 1 lodTnTa

(1.5.21) T\ + puy) = /Ooo(tflet)k(tylet)ﬂdt.

Egapuélovrag todpa v avioétnia Holder

(1522 Jusi=( [ f|p)1/p( / |gq)1/q
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6mou p,q > 0 xou % + % =1 v Tic ouvapthoeic f(t) = (t*"Le ™) xau g(t) = (¥~ Le H)*

ueE p = %, q= ﬁ €YOupE OTL

(1.5.23)  T(A\z+ puy) < </OOO t@letdt>k</ooo tyletdt)# = (F(x))A(F(y))#.

d

Ty napdypago 1.4(a) eldaye dt av K elvon n yovadiaier prdha prag vopuag || - || otov
R™, téte, v xdde p > 0,

(oo}
/e_”l'”pdx:|K\-/ ptr—le=t gy,
n 0

‘Eow 1 < p < oco. Xpnowonodviag auty| T yevixy tautotnta, Yo deifouue 61t 0 dyxog
e By = {z € R" : [21P + -+ + |z,[P < 1} elvou {coc pe

r(3o)]
(1.5.24) |Br| = ———4.
r(3+)
pdrypatt, €xovpe
oo
(1.5.25) / e Izl3 gy = |B;|/ pt"+p_1e_tpdt,
R 0

Ouowc,
(1.5.26)

/ e*”"””;?dx:/~~~/e*mlp~~~67|I"|pdx1~~dxn: /eilt‘pdt = 2/ e~tdt | .
R" R R R 0

Kdvovtoag v adhayy| petaBintic tP = s nafpvoupe

< 1 [ 1 1 1
(1.5.27) / e Vdt = 7/ splemods = -T <) = I‘< + 1>.
0 P Jo b p p

Me v (o avTixatdotaon BAénouvpe 6t

(1.5.28) / pt" P le gt =/ s"/Peds = r(” + 1).
0 0 p

Yuvenwe,

(1.5.29) [QPCJ + 1)]n - |Bg|r(% + 1).
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"Eneton 6t

[QF(; + 1)r
(1.5.30) |Br| = +—— .
F(g + 1)
Ewwdtepa, otny neplntwon p = 2 €yovue
[2F(§ + 1)r e
r(g+1)  r(z+1)

YENOUOTOLOVTAS TNV 2F<% + 1) =T(1/2) =7

(1.5.31) wn = |BY| =

1.5y O tOrog tou Stirling

A¥ppa 1.5.4 (tOnog tou Stirling). Ioyvouvr o1 aviodrnres

(1.5.32) 2mn (%)n 12D ol < V2mm (%)n ez
Anédeaén. Oewpolue tnv axoloudia

(1.5.33) dp, :=logn! — (n+ %) logn + n.

ITopatnpodue 6Tt

1 n+1

(1.5.34) dp —dpt1 = (n+ 5) log 1.
Tpdipoupe
1 1+:1
(1.5.35) Rt Tma
n 1- 2n+1

2, ’ 3 5 7 ,
X0l YPYOLULOTOLWVTAC TO UVATTUYUA %log —}fi =t+ % + 5+ % + - - - Tolpvouue

1 1
3(2n +1)2 + 5(2n+1)

(1.5.36) dp — dpyy = TEE

Yuyxpivovtac o deEd uéhoc Ue TV YEWUETPXA oetpd Moyou (2n + 1)~2 Bréroupe 6t

1 1 1

1.5.37 0<dp—dps1 < oo = -,
( ) TR 3@n+1)2-1 12n 12(n+1)
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Ané v (1.5.36) n {d,} elvor @divouca xou and tnv (1.5.37) n {d, — (12n)7'} elvor
ab&ovoa. Apa, t0 bpo C :=limd,, vndpyet. And v (1.5.36) BAénoupe eniong ot
1 1 1

(1:5.:38) 3ot a1l 12ntl) -1

dmhadhy n {dn, — (12n + 1)1} ebvon @divousa. Apa,

1 1
1.5. — <d, —
(1.5.39) C+12n+1< <C+12n
Méver va eréyZoupe 61t C = log(v/2m). Mia oAb alvtopn anddelln v’ autd elvar n egnc:
and ™y d, — C éneton edxola 6T

(1.5.40) (2"> e

n ) 22n eC

%9 T0 N — 00. Oewpolue T ouvdptnon u(x) = (1 + z)?" 1. Ané 1o Yedpnua Tou
Taylor,

u/l(o) 2 u(n)(o) n 1 * (n+1) n
o & o4 T +a/0 u (t)(x —t)"dt.

(1.5.41) u(z) = u(0) +u'(0)x +

O¢tovtoc x = 1 naipvouyue

gintl _ §:(%;§+L1ﬁ%+nww~m+nu+mu—Wﬁ

0<k<n

227 4 (2:> (2n+1) /01(1 — %) dt.

Anhodn,

20\ vn 2n+1 ! )
1.5.42 - 1—t)"dt = 1.
242 (o) 2 [a-n
Opwe,

o2n+1 (1 n+1 V" o2
(1.5.43) ntl (1 —t3)"dt = nt / (1 —u?/n)"du — 2/ e " du=r
vno Jo n 0 0
xaddc to n — oo, Anéd e (1.5.40), (1.5.42) xou (1.5.43) nafpvoupe
2
(1.5.44) ic r=1,
e

onhadh, C = log(v2m). O
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1.6 Aoxroeg

1. Aivovton do opdoydvia It =[]}, [ai, bs] xou Io = T]} i, di] otov R™ 1o omola dev emixahin-
tovtal (€xouv Eéva ecwtepd). Aeilte 6T umdpyouv j € {1,...,n} xut € R dote to unepeninedo
{z : z; =t} vo drayweiler to It xou Iz (dnhadn, eite [T C {x: a5 <t} xou o C {z:x; >t} 7
L C{x:x; >t} xou Io C {z:z; <t}).

2. Eow K xupté odua otov R™, cuppetpind wg mpog t0 0. Ocwpolue 0 € S™ ! xau
oLVAETNON
fo(t) = |K N (0" +0)].
Act&te 6T
fo(0) = fo(2)
vy xdde t € R.

3. (zo Afjupa tov Borell) 'Eotw B xuptéd ocoupa otov R™. Av A eivar éva uvrtosivoro tou R”
wote 10 AN B va éxeL 6yxo, opiloupe

|AN B|
|B|

np(A) = .
(o) 'Eotww M C R™ xuptd xou cuppetpixd we mpoc to 0. Acifte 6T yia x&9e ¢ > 1 woylel o

eYXAELOUOC
2 t—1
R*\M 2 —R"\tM)+ —M.
\ T t+1 (R )+ t+1
(B) YTrodétovue emnhéov 6t up(M) = a > 0. Xpnowonowdviac 1o () xou TNV AVIGOHTNTA

Brunn-Minkowski dei&te 6tt, yio xdde t > 1,

1_ a)<t+1>/2

l—uB(tM)ga( A

Yuurépaopa: Av pp(M) = a > 1/2, dnhady av to M téuvel «napandvew ond 1o pobdy B, 161 10
7060016 ToL B Tou pével €€w and to tM @diver exdetind oo 0 xadde To t — oo (YL Tapdderyua,
av up (M) =2/3 téte 1 — pp(tM) < 2712 yia e ¢ > 1).

4. Auty ndoxnon delyvel ot (yia peydhec draotdoeic) 8o utochvoha tne povadiaioc Euxheidetac
UTEAAC UTOPOVY VAl €YOUV KOXETIXA PEYAANY andotaoy LoOvo av xdmow and ta 8o elvatl «mold
Utxpby.

‘Eotw A xat C 800 un xevd, ocuvunayy unoctvora tne By Tnodétoupe 61t

d(A,C)=min{lla—c|l2:a € A,ce C} =p > 0.

A+C _ | P o
c+/1- 2 B
2 S\ 432

[TréberEn: Oewpriote a € A xou ¢ € C, xou YeNOUWOTOMRGTE TOV XAVOVA TOU TAPAANAOYEUHLOL.]
(B) Aci&te 6

(o) Aci&re 612

min{|A|, |C|} < exp(—p*n/8)|B3].



28 - EIxATQrH

5. 'Eotw K xa T 8o cuppetend (we mpoc to 0) xuptd coyata otov R™.
(o) ActEre 6t (KN (z+T)]+ 3[KN(—2+T)] C KNT vy x&9e z € R™.
B) Act&te 6u |[KN(z+T)| < |KNT| vy xdde z € R™.

Opiopot ya tig aoknijoes 6-9. 'Eotww K xou T xuptd ooduata otov R™. ©élouye va extyuioouye
10 eNdyioto mANYog petapopwy x; + T tou T mou 1 évwor| toug xalbntel to K. Mnopolue
v {nthoovpe ta «xévtpay x; va avixouv oto K 1 va emhéyovtar ehelidepa oto yweo. Etot,
opilouye

N
N(K,T):min{NEN‘Hxl,.‘.,xN ER": KC U(xl—l—T)}
i=1

na

-

N(K,T)—min{NeN‘Hacl,...,;cNeK: K C (xiJrT)}.

i=1

Abyw ouundyeiag, ot apiduol kdéAvypns N (K, T) xoa N(K,T) opiloviar xord.
6. Acilte 6Tt av K, T xow M eivor xvptd odpata otov R™ t61e

N(K, M) < N(K,T) - N(T, M).

7. Ané touc oplopolc BAénovpe edxoha 6T

N(K,T) < N(K,T).
AelEte 6w av ta K xau T elvor ouypetpixd wg npog to 0, téte
N(K,2T) < N(K,T).

8. 'Eotw K éva ouppetexd (we tpoc to 0) xuptd odpa otov R™. Evac 1p0T0¢ Yo Vo EXTIUACOUNE
tov apud xdhudne N (K, pBy) eivar 0 e€fc. Oewpolpe éva uvrtoclvoro S = {z1,...,ZN} TOU
K pe v e€hc Widtnra:
(%) avi#j 16t ||z — xj||2 > p.
(o) Aci&te 611
K + £By
< K+ E5E]
|§BQ |

(B) Aelgte 6n: v xdde p > 0 vmdpyet yeyiotnd S C K mou wxavorowel Ty (x). Me tov 6po
«pEYIOTIXOY EVVoOUUE OTL To S weavorotel Ty (¥) ahhd av tpoc¥écouye onotodfirnote dhho onueio
z€ K\ S ot S, t6te 10 SU{z} dev wavonotel v (*). Aéue 6Tt 1o S eivan éva p-diktuvo.

(v) Aeléte 6trav S = {z1,...,zNn} elvon éva p-dixtuo oto K, tét¢

N(K,pB3) < N.
9. Acifte 6t v xde p € (0,1),

n n 2 "
N(B3,pB3) < (1+;> .
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10*. Eotw S = {x1,...,zn} C 8™ pe v el Wbtntar av i # j 161 ||z — 242 > V2.
Aei&te 61 N < 2n.
11. Oewpolye ™ cuvdptnom

(@) = (2m) eI

xat ya x&9¢e un xevé Borel olvoho A otov R™ opilouue

o _ 1 ~ i3 /2
Tn(A) .—/A'yn(:b)d:r— (2#)”/2/Ae dx.

To 7 elvar 10 pérpo tov Gauss otov R". Xpnowonowdvtac v aviodétnta Prékopa-Leindler
del&te ot av A, B elvar urn xevd Borel unocOvoha tou R™ xaw A € (0, 1), téte

1-X

Yn ()\A +(1- A)B) > (%(A))A(%(B))

12. 'Eoctw A C R" xhetoTtd, x0pTt6 Xt GUUPETEXG WS TPoc TNV apy)| Twv alévwy. Acllte 6T yia
x&0e & € R™ woybouv ot avicdtnteg

e 1713/20 (A) < yn(A + 2) < 4n(A).

13. 'Ecww g : (0,00) — (0, 00) ouvdptnon pe tic e€hc didtnec: (o) g(1) =1, (B) g(z+1) = zg(z)
yioo x&0e x > 0, (v) n log g eivon xupth cuvdptnon. Aeilte 61 g =T.
Trédertn: Xenowonowdvtoag pévo tic (a), (B) xau (v) anodeilte 6Tt

n®n!

g(x):nler;ox(x+1)...(x+n)'

14. Aci&te 6n yia xd0e z > 0 woylel n wwotnta

r(f) I‘(x+1) = VT .

2 2 271

TrédeEn: Xenowwonotiote Ty TponyoUpeYn doxnon.






Kegdhoo 2

2JUVOLACTINA VEWENUATA YL
xLETA cVVOAd cTov EuxAeloeclo

X WO

2.1 Kupt O1xn

Yy §1.1 dddoaue Tov 0ptord ToL XUETOL GUVOAOU. Av x xau y elvan dVo onuela otov R™,
0 evlUypaupo tunipa [z,y] ye dxpa to  xou y elvar 10 0OVOAO OAWV TV ONUElWY TS
woptc 7+ tHy — x) e t € [0, 1]

(2.1.1) [z, y] ={(1—-t)x+ty:0<t <1}

‘Eva un xev6 unoclvoro A tou R™ Aéyetou kuptd av yo xdVe =,y € A xou v xdde
t € [0, 1] éyoupe

(2.1.2) (1—t)z+ty € A.

Anhadn, to A elvar xuptd av, yo x&Ve dVo onueio Tou, TEPEYEL OAOXANEO TO EVDVY PO
TUAUA TOU ToL GUVODEEL.

Enueiwon: Tupgwvodue 6Tt 10 xevo clvoho ) elvar xuptd (mopatnefiote dti <ixavomotel
XATd TETPUIUEVO TPOTIO» TOV 0ploUd).

Opiopde 2.1.1 (xvptde cuvduaocuog). Eotw m > 1 xo {x1,. .., Ty} Vo teEncpaouévo
olvolo onuelwy otov R™. Av ty,..., ¢, >0xu t; + -+, =1, téte 10
(2.1.3) x=t1x1 4+t

AEYETAL KUPTOS OUVOUAOUOS TWV L1, . . ., Ty
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Ané tov opopd Tou xUETOL cuVOIOL, évar olvolo elvan xVPTO oV TEPLEYEL TOUC XUPTOUC
oLYSLAGEOUE oToLWVINTOTE B0 oNuelwy Tou. Me enaywyr unopolue vo del€ouue to e€Xc.

Ilpétaom 2.1.2. Eva un kevé ovvolo A C R™ efvar kupté av kar udvo av xdle kuptds
owvrdvaouds onueiwy tov A aviker oto A.

Andéoaén. H pla xatedduvon eivar amhr: av xdde xupt6g cuvduaouds onueiwy tou A
avixel oto A, téte v xdde z,y € A xou t € [0,1], nadpvovtog t1 = 1 — ¢ xou to = ¢
Brénouye 6Tt 0 xVpTée cuVdLaoUdS (1 — t)x + ty avixer oto A. Apa, 10 A elvar xVpTS.
[ v avtiotpogn xatedduvor, Yewpolue éva xuptd cbvolo A. Ou Bel€ouye 6L, Yo
TUYOVTRL X1, ..., Ty € Aot b1, ...t >0yt +- -+t = Liwoylet tizg 4+ -+t €
A. H anddein Yo yiver ye enaywyh wc npoc 10 m. O opoyde tne xuptétnTac tou A
eZaoariler Ty neplntwon m = 2 (av m = 1 dev éyoupe tinota va delouvye). YTrolétoupe
6Tl 0 Loyuptopog ahndelel yiar omolovdHToTE XVETd cLYBLACUS and m K Ayodtepa onueia,
m—+1
xat Yewpolpe évay xuptd cuvduaoud © = Y t;x,, 6mov z; € A.
i=1
m4+1
Agol > t; = 1xawm+1 > 1, xdnotoc and touc t; elvar wixpdtepoc and 1. AAGLovtog
i=1
TN Oed TV t;, umopolue vor UTOVECOLYE OTL Ey,q1 < 1. Térte,

m
t:
(214) T = (]. — thrl) Z ﬁxz + tm+1‘rm+1 = (1 — tm+1)y + tm+1xm+1,
i=1 m
6mou
(2.1.5) y= — .
; 1- tm+1 ’
m
Aol > t; = 1 — tyg1, 10 Y elvon xuptée cuvduaoudéc m onuelwy tou A, And v
i=1
enaywyxr unédeon natpvouue y € A. Xpnowomowdvtag Eavd tny enaywyixy| unddeon yia
TO Y XOL Typy1 (M = 2) cuunepalvouye 6Tt x € A. O

IIpotaon 2.1.3. (i) Eotww (A;)icr pia oikoyéveia kuptdy vroouvédwy tov R™. H tour

Nicr Ai Twv A; elvar kuptd ovvolo.

(ii) Eotw (Anm) e abéovoa axolovlia kuptdy vroourddwy tou R™: onladn, Ay C Apmi
7 z ’ oo / z 7

ya kdOe m € N. Tdze, n évwon U, _; Am twv A, evar kupté ovvodo.

Anédaén. "Aoxnon,. O

Opiopde 2.1.4 (xvpth 9hxm). Eotw S éva pn xevé unosivoro touv R™. H kuyptr Orjkn
tou S elvat 0 obvoho conv(S) mou anoteleiton and droug TouC xLETOUS CLVBUUGUOUE
onueiwy tTou S.
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Ilgétaon 2.1.5. Eoww S éva un kevd vroovvolo tov R™. H xuptn) Onkn tov S eivar to
JKpPOTEPO KUPTO 0Urodo mov mepiéyel to S. Anladn,

(i) To odvoro conv(S) eivar kuptd.
(ii) Av to A eifvai kupté oUvoro kar A D S téte A D conv(S).

Arndbeaén. (i) Eow x,y € conv(S) xou éotw ¢ € [0,1]. Ta x xou y ypdpovtow oay xupTol
cuvduacuol onuelwy Tou S:

k m
(2.1.6) = am xn y=Y by
i=1 j=1

Tore,

k m

(2.1.7) I-t)x+ty= Z((l —t)a;)z; + Z(tbj)yj € conv(S)

i=1 j=1
yitl z;,y; € S xau

k m k m
(2.1.8) SDA=thai+ Y thi=(1-1)> a;+ty bj=(1—1)-1+t-1=1.
i=1 j=1 i=1 j=1
"Apa, n xupth Hinn conv(S) elvar xuptd clvolo.
(ii) Eotw A éva xupt6é clvoho mou meptéyet o S. And v Ilpbdtaon 2.1.2, to A nepiéyel
6houg Toug xVETolC cuVdLacUoUC onueiwy Tou A. Ewwdtepa, agob A D S, 10 A nepiéyel
6houg Toug xVpToUc cuVBLaoUoUS onueiwy Tou S. Anhadh, A D conv(S). m

Ewwéc xhdoeig xupt®dy cLVOA®Y. XTN GLVEYEW Tou Yadfpatog Yo aoyoAoDUACTE
CUY VA UE TPEIC ONUAVTIXEC UAJOELC XUPTWY UTOCUVOAWY Tou Euxieldetou ydpou: o xupTd
COUATI, TO TOAJTOTOL X0l T TOAVEDEAL.

(o) Kuptéd copa otov R™ elvar éva ouunaryée xuptd utochvoro tou R™ 1o omolo éyel un
%EVH ECWTEPIXO.

(B) IIoAbTomo atov R™ eivon 1 xvpth O7jxn evég nenepacuévou cuvorou S onuelwy Tou
R™.

() IIoAVedpo ooy R™ elvon o KMETEPAOUEVT TOWY Nt OpwYy, dnhady| éva alvoro g
uoperic

(2.1.9) P={zeR":{(z,0;) <6 yiwa i=1,...,m}

omoumeEN, 01,...,0, € S Ly Bi,...,08m €R.

‘Onwe Yo dolue otn cuvéyeta, xdde tolltomo elvar ToAledpo. Avtiotpoga, av éva
ToAVeDPO ebval ppayuévo alvolo, TtéTe elvar ToAdTOTO.
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2.2 To Jewpnua touv Kopadeodwemn

‘Eotww S C R™ xot éotw conv(S) n xvpth tov 9ixn. Av z € conv(S) t61€ 10 2 YpdpeTo
cav xUpTéC cuvduaouds onueiwy Tou S. Palvetar AoYd, TOUALYIGTOV oTiC BUO 1 OTIC
TEELC BLUOTACELC, OTL UTOPOUUE Vo YPdouUe 10 2 cay xUpTd GUVBLAGUS <YWV onueiwy
Tou S, o onola Quotxd Vo e€aptdvTal and o 2. Autd eivar ahfdew oe xdde SdoTaon:
Yo amodel€ouue o e€fc yevixd anotéheopa tou Kapadeodwer.

Ocdenpa 2.2.1 (Kapadeodwenc, 1907). Eotw S un kevd vrootrodo tov R™. Ia
kdOe z € conv(S) vndpyour y1,...,Ynt1 €S ka1 t; >0 pet; + -+ +tpy1 =1 dote

(2.2.1) z=tyr + - a1 Yntr

Anédaén. ‘Eotww z € conv(S). And tov oplopd tne xwpthc MAXNG, UTEEXOLY Y1, . . ., Ym €
Sxata; >0ue o + -+ apy =1 dote

(2.2.2) 2=y + -+ O

MropoUue va unodécoupe 6t a; > 0 v xdde ¢ = 1,...,m. Av m < n + 1 tbte,
TpocVETOVTAC OpoUE TNG HopPHC 0 - Y1, UTOPOUUE Vo YEAPOUPE TO 2z ooy XUPTH GUVBUACUS
n 4 1 onueiwy tou S.

Trodétouue howndy 6Tt m > n + 1 xar Yo del€ouvpe 61t unopolue va ypddoupe to z
ooV xUPT6 cLVBLAOUS AYOTEpWY and m onueiwy Tou S. EnavalouBdvovtac autéd to Bripa
nenepaouéves to Thloc @opéc, Va ndpoupe to {nroluevo.

BOewpolye 10 opoyevéC cLOTNUA EELCWCEWY

Nt ym = 0
YY1+ YmYm =0,

Av yio xdde i =1,...,m ypddouue y; = (Yi1, - - -, Yin), EXOUPE Tic N + 1 e&ioddoeig

M+t vm = 0
7y + -+ YmYm1 = 0
MYz + -+ YmYm2 = 0

To mA0og TV ayveoTwy eivon Yeyalltepo and 0 Yo twv eElooewy, dpa UTHpPYEL
un TETEWEVT AOOT Y1, .+ oy Y. ATO TNV Y1 + - - - + ¥ = 0 BAénouye 6L undpyouy Yviola
Yetixol xar yvhow apvnixol v;. Aol to {i < m : vy > 0} elvon un xevd, undpyel
1 <ipg <m wote

(2.2.3) :@:rzmm{?:%>0}
io

?
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Opilouue

(2.2.4) Gi=a; — 1y, i=1,...,m.

Ané Tov opopd tou T éneton bt B; > 0 vy xde i = 1,...,m, xu G;, = 0. Emniéoy,
(2.2.5) i+ FBm=(+ - F+an) -7+ +vm) =1

vzt yp 4+ -+ ym = 0, xon
(2:2.6) Bryi+ -+ BmYm = 1y + -+ Y — T(Y1 + o+ YmYm) = 2
vyt iy + -+ YmYm = 0. Tpdape howmdy 10 2 cav xuptd cuvbvacud:
(2.2.7) = Zﬁz‘yi = Z By
i=1 i#io

m—1 onuelwv Tou S (unopolye va taparelPouue o y;, ool F;, = 0). Tuveyilovtac étot,
unopolUE TEAXS Vol YpdPouue To z oav xupTd cuVdLaous n+1 (H Aydtepwy) onueinwy Tou
S. O

Mo yprioun cuvénewa tou Yewpruatos tou Koapadeodwen elvar 1 e€hc.

IMeétaom 2.2.2. Av S elvai éva un kevd ouunayés vrootvolo tov R™, tdte n kuptrj Onkn
conv(S) efvar ovunayés ovrolo.

Arnddaln. Oewpolye o simplex

n+1
(2.2.8) A:{aGR”“:Zai:l Ol ai>0YLocxdcﬂ€1<i<n—|—1}.
i=1

To A eivar ouunayéc o0voro, dpa 10 obvoro P := S x -+ x S x A (61ou 10 S maipvetal
n + 1 gopéc) eivan cuunayéc utochvolo (tou RMFDNF[nF1)),
BOewpolye v anewxovion ® : P — R™ nou oplleton w¢ e&xg:

(2.2.9) P(Y1s- s Ynt 1, ALy e v Ug1) = Q1YL+ -+ Qg 1Ynt1

Ané 1o Yedpnua tou Kapadeodwpr, n etdva tne @ elvon axpBcde (on ye conv(S) (yuotl;).
Aqgol n © elvar cuveyhic xou to P elvon oupmaryéc, ouunepaivoupe 6Tt T0 cUvoro conv(S) =
O(P) elvon ouymayéc.

O |

2.3 Ta Jewprpata twv Radon xar Helly

To npwto anotéieoua authg TNE Tapaypdpou amodelytnxe and Tov Radon.
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Ocwenpa 2.3.1 (Radon, 1921). Eotw S éva vroovroro tou R™ mou éyer touddyiotor
n + 2 onueta. Tdte, vndpyovr E€va vroovrola R ka1 B tov S dote

(2.3.1) conv(R) N conv(B) # 0.

Ynpetwon. ‘Onwe Yo gavel xar and v anddelln, Unopolue emTAEOV Vo UTOUEGOUUE
ot RUB = S. AlMwote, av Bpolue R xar B 1ou xavomolody 10 GUUTEPIGHO XL OV
V =S\ (RUB) # 0, t6te unopolye va Yewprioovye 1 Ry = R UV xou B: éyouye
RiNB=0,RiUB =S xu

conv(Ry) Nconv(B) 2 conv(R) N conv(B) # (.

Arndédaén. And tnv unddeon undpyouy m > n+ 2 xat onuela vy, . .., vy € S Ta onola elva
BLaPopETXE avd 5V0. OEWEOLUE TO OUOYEVES GUCTNUA EELCOOEWY

T+
71v1+"‘+’7mvm -

HE AYVOOTOUS TOUS V1, .- -, Vm, TO OO0 YENOWOTOLOUUE Xat oTnV anddelln tou Vewpr-
patoc tou Kapadeodwph. Aol to mhidoc m > n+2 twv ayvdotwy evar ueyahitepo and
0 TAfdoc 1 + 1 twv eglodoewy, uTdpyet Un TeTpwpévn Ao tou cuothuatoc. Opllouye

(2.3.2) R={v;: v >0} xu B={v;:7 <0}

Ané Tov opioud Twv R xow B éxoupe RN B = ().
O¢tovge B= > 7 >0. Aol y1 + - -+ + v, = 0, €xouye
{i:y; >0}

(2.3.3) Y. = Y =8
{37, <0} {i:y:>0}

ATé ™MV Y101 + -+ + YU = 0 Tadpvoupe

(2.3.4) Sovvi= > (=)
{i7: >0} {i:<0}

Auonpotye pe 8 xon opiloupe

i 7
(2.3.5) v= Evi = Z 3 Vj.

{i:vi>0} {iyi<0}

Ané v (2.3.3) elvon pavepd b1 1o v elvon xupTde cuvduaoUdS onueiwy Tou R xat, Tautd-
YpovaL, xupTde cuVdLAoPOS onuelwy Tov B. Anladi, v € conv(R) N conv(B). O

To enduevo anotéleoya amodelytnxe and tov Helly to 1913. Xpnowonowdvtac to 8ixd
Tou Vedpnua, o Radon €dwoe (1o 1921) tnv anddetln nou napovotdloupE ToPUXAT.
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Ochpenpa 2.3.2 (Helly). Eotwm > n+1 kai{As,..., Ay} Jua nenepaouérn oikoyéveia
KUptdy utoourddwr tov R™. Yrolérouue dn omowadnmote n+ 1 and ta A; éxovv un kevi
TOUN: @V i1, ..., in41 €lvar belktes and to {1,...,m}, tdre

(2.3.6) Ay NN A, #0.
Tére, n toun] Awy wwv A; elvar un kevj:
(2.3.7) AiN---NA, #0.

Anédaén. H anbddeiln da yiver ye emaywyh oc mpoc 0 TARYOC m TV cUVOAWY. Av
m =n+ 1 16Te T0 CUUTEPACUO CUUTITTEL YE TNV UTOVEDT).

Trodétouvue howmov 6t m > n+1. Anéd tny enaywywr vnddeon, yiaxdde i = 1,...,m,
ntouh AiN---NA;_1NA; 41N - -NA, elvon pn xevi. [Hpdypat, nowovévewn {A; © j # i}
ixavorotel Ty (2.3.6) o anoteleltan and Aybdtepa and m obvola.] Mropolue hoimdy, yio
xde i =1,...,m, va Bpolue
(238) piGAlﬂ"'ﬂAi_lﬂA¢+1ﬁ‘~‘ﬂAm.

‘Eto, éyovue m > n+1 onuela p1, ..., ppm UE TNV WBLOTNHTO: TO P; AVAXEL O OAal Tt GOVORL
Aj extéc lowe and 1o A;. Avaxpivouye dU0 TERITTOOEL:

(o) Yrdpyouv deixtec i # s WotE p; = ps = p (dVo and 1o p; ovunintouv). Téte, o p
avrixer oe OAa T Aj: agod p = p;, 10 p avixel oe Oha T A; extéc {owg and to A;, agpol
OUWC p = Ps, TO p avixel xou oto A;. Emneton 611

(2.3.9) peEAIN---NAp,,

dnhadA woyder n (2.3.7).

(B) To p1, ..., pm elvon Slapopetixd avd d0o. Agol m > n+ 2, unopolye va eQUPUECOLUE
70 Yedpnua tou Radon. Yrdpyouv I,J C {1,...,m} ye INJ = 0 dote av Yooupe
R={p;: i€} xu B={p;: jec J} t6te undpyet xdnow onuelo

(2.3.10) q € conv(R) N conv(B).

Ioyvplopaote 6t 0 g avixer oe 6ha ta A;. Ilpdypatt, and tov t1pémo eMAOYAC TWV p;
€YOLUE

(2.3.11) Rc({As: s¢ 1}

To cbvoho Se€id elvar xVETO, W TOUY XUPTWY CUVGAWY, dpa
(2.3.12) conv(R) C [({As: s ¢ I}.
‘Oyora,

(2.3.13) conv(B) C [[{As: s ¢ J}.
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Aol ¢ € conv(R) N conv(B), cuunepaivoupe 6Tt

(2.3.14) qeﬂ{AS: s¢ I} xou qeﬂ{As: s¢ J}

Agpold INJ =0, yie xdde s € {1,...,m} éyovpe «elte s ¢ I fs ¢ J». And v (2.3.14)

énetan 6t g € Ay N+~ NAp, dpa Ay N---N A, #0. a
To Yedpnua Tou Helly dev oy Get yia dnelpec ooyéveleg xuptedv cuvOrwy. o topdderyyo

Vewphote ot cOvoha Ay, = [n,00), n € N A 1o olvorat B, = (0,1), n € N. Ioydet b,

av xdvoupe TNy emmiéov unddeon 6Tt ta BoUEvTa xupTd chvola efvar cuunay.

Ilpétaon 2.3.3. Eotw {A; : i € I} (JI| > n+ 1) pua evdeyopévws drepn otkoyéveia
OUUTa Yoy KUpTY unoourddwy tou R™. Yrolétouue éu omowadnmote n+1 and ta A; éxovy
un kevn toun): av iy, ..., in+1 € I, ToTe

(2.3.15) Ay NN A, #0.

Téte, n toun] Awy wwv A; elvair un kevij:
(2.3.16) () Ai #0.
i€l

Anddaén. Av J elvar éva tenepoopévo unootvoro tou I ye mhnddpiduo |J| > n + 1 téte
n owoyévewr {A; : j € J} avornowel tic unodéoeic tou Oewpruatoc 2.3.2, doa Eyer un
xevh) Toh. Av mdh |J| < n + 1 téte o vnodéoeic pog edacpahilouy 6T 1 owoyEvela
{A; : j e J} éxer un xev toph. Anhady, yia xdde nenepacpévo J C I ioylet

(2.3.17) (4 #0.

=
Ac vro¥éoouye 6t (o, Ai = 0. Tote, av otadeponotficoupe i € I, éyovue
(2.3.18) A c A
J#i

Ta cOvoha Af, j # i, oynpatiCouv avoxth xdhudn tou cupnayols cuvbhou A;. Aga,
undpye. nenepacuévo F C T\ {i} dote

(2.3.19) A; ¢ 45

JjEF
Téte, 10 J = F U {i} elvar nenepacpévo chvolo xot

(2.3.20) 4, =0.

jeJ
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Auté épyeton oe avtideon ue ty (2.3.17). Apa, (), Ai # 0. O

Av xotd&ete npoocextnd v anddeln tne Mpdtaong 2.3.3 Yo nopatnerioete 6t Ypnot-
HOTIOACOUE TN GUUTAYELX €70 HOVo amd oL cUVOAA A; Xau 10 YEYOVOC OTL dAa tor A; Htay
xheiotd. Me dhha Aoyia, €youyue Bellet to e€1g loYUPOTERO AMOTEAEGUAL.

Ilpértaon 2.3.4. Eoww {A; : i € I} (|I| > n+ 1) e evdexouérws dreapn owkoyéveaa
KA€10TAY kKUpTY uToouvédwry tou R™. TroOétovue ot undpyer i, € I dote to A;, va elvar
ovunayés kai 6t omowadnmote n + 1 and ta A; éxovv un kevij toun. Tére, n tour) ‘Awy
wwy A; elvar un kevi. O

2.4 Eg@opuoyéc oTn ouviuaoTixy yemuetpio

To Jewpnua tou Helly €yet mohhég epappoyéc otn ouvbuaoTx YewueTpla. Oo peAetr-
GOUUE ATOLEC ATO OUTEC OE QUTYH TNV TAPYPAPO AL OTIC AGKACELC.

To dewpnua tou Kirchberger. To np®to poag mapdderypa etvon to Yewenua touv Kirch-
berger (amodelytnxe to 1903, mewv and 1o Yewdpnuo tou Helly). To va to Statundoouue
ypealuaote tov e€fg oplopd: av A, B C R”, Mye 6t 10 unepeninedo H = {z € R™ :
(z,y) = a} (6mov 0 # y € R™ xu o € R) diaywpilear yrrjowa wo A xor B av

(x,y) < a vy xdde z € A xou (z,y) > a yio 8% x € B.

Ocwpnpa 2.4.1. Eow R ka1 B 600 nemepaouéva vrootvoda tov R™. Tmodérovue ot
yia kd0e S C RUB pe mAnddpiuo |S| < n+ 2 vndpyer vrepeninedo mov diaywpilel yvroa
za SN R ka1 SN B. Tote, vndpyer vnepeninedo mov daywpiler yvriowa ta R kar B.

Arndbeaén. Tavtiloupe To vnepeninedo H = {x € R" : (x,y) = a} ye 10 onpelo (y,a) €
R"” x R = R*H1,
T xd9e onueio r € R opilouye éva olvoro A, C R Yétovtac

(2.4.1) A ={(y,) eR" . (r.y) < a}
xon Yo x&e onueto b € B opilouue éva olvoro A, C R étovtac
(2.4.2) Ap = {(y,a) € R"™ 2 y(b,y) > a}.

Ané tov oploud mpoxlmtel edxola 6Tt T cUVoAa A, xou Ap elvar xupTd LUTOGOVORA TOUL
R+,

Aqgol o ahvola A, xou Ay glvon avowtd, v xdlde S € RU B éyoupe ot 1) Topn
(2.4.3) ( ﬂ Ar> ﬂ ( ﬂ A,,)
r€SNR beSNB

elvor avowté oOvolo, dpa elvon un xevi av xat pévo av meptéyel onuelo (y,a) ue y # 0.
Anhadn, av xat govo av undpyel unepeninedo mou Saywpeilel yviowa ta SN R xou SN B.
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Ané v unddeon, yio xdde S C RU B pe |S] < n+ 2 woydet

(2.4.4) ( N A,,> ﬂ( N Ab> #0.

reESNR beSNB

[Mpdypatt, n unddeon pag eZacparilet 6t undpye: (y, a) € R™ M ue y # 0 dote (z,y) < «
v xdde z € RN S xa (x,y) > a vy xd0e x € BN S. Anhady, woyvet 1 (2.4.4) ]
Téte, to Yedpnua tou Helly (ropatnefiote 6t 0 egappdlouvue otov R™ 1) poc dive

(2.4.5) (ﬂ A,,> N (ﬂ Ab) £ 0.

reR beB

H televtaio oyéon onuaiver axpBde 6t ta R xav B Swyweilovton yvAota and xdnolo
unepeninedo. O

To «xévipo» poag xatavours onueiwv. Av H = {z € R” : (z,0) = a} evau éva
UTEPETTEDO, VEWPOUUE TOUS AVOLXTOUS NULYDEOUC

(2.4.6) Hy={xeR": (z,0) >a} xw H_={xecR": (z,0) <a}
%0l TOUC XAELOTOUC MULYWEOUC
(2.4.7) Hy={zeR": (z,0) >a} xu H_={zeR": (z,0) <a}

nou opilel 0 H.

To enduevo Vewdpnua delyvel 6t xdde nenepacuévo uvrmoolvolo S tou R™ éyetl éva
«(EVTPOY, HE TNV EENC évvola: untdpyet y € R™ ue tnv Biotnta «xdie nuiywpeog nou nepLéyel
To Y TEPLEYEL EVa APXETY UEYAAO TOCOCTO TwV ONUElwY Tou Sy.

Ocoenpo 2.4.2 (Rado, 1947). Eotw S éva nenepaouévo ovvodo otov R™. Trdpyer
onuelo y € R™ pe tnr e€ng ididtnta: ya kdle kAeioté nuiywpo F mov mepiéyer to y éxovpe

FAS|_ 1
>

2.4.8 .
( ) S| —n+1

Arndoaén. Iapatnpolue tpwta étL apxel va Bpolue y € R™ pe v e€hc wbtnta: yio xdde
avoxto nulyweo G mou wavornotel Ty

|G N S| n
|S] n+1

(2.4.9)

woylel y € G. [Hpdypati, ac vnodéooupe 6Tt €youe Beer y € R™ pe auth ty Wbt
[Fns]|

‘Eow F xhewotog nuiyweog ye y € F. Ay mr < %H TOTE 0 AvVOTOC MUy wpog
G = R\ F wavonoel my (2.4.9), dpa y € G. 'Etol odnyolpoote oe dtono, agold
ye€ FNG=(. Suverdcg, % > %H]
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Oewpolpe Aotmdy TNV owoyEvel § OV TwV avoXTOY NuLGewv G Tou LXavoTololy
v (2.4.9). Autéd mou péver va del€oupe elvar 6Tt

(2.4.10) () G#0.

Geg

T xdde G € G ¥étoupe Cg = conv(G N S). H oxovévewa C = {Cq : G € G} anoteheital
and ocuunoyh xuptd cuvora. Iapatnpolue ott, yio xdde Gy, ..., Gri1 € G loylet

(2.4.11) SNCq, N---NCq,.,, #0.

pdypartt, xadéva and ta Cg, TEPLEYEL TEPIOGOHTERY UTO |S| onueia tou S, dpa

_n_
n+1

n+1 n+1 |S|
(2.4.12) (C& U---UCE,,)NS| <> [C NS <>

i=1 i=1

[S].

n—l—lz

Yuvende, onowdnnote n+ 1 obvola tng C €youv un xevy| topn. Anéd to Yedpnua tou Helly

énetan 6t (\geg Ca # 0.
Tére, av Jewpriooupe Tux6v ¥ € (geg Ca éxovpe y € Cq C G v xdde G € G, O

To Oeddpnua 2.4.2 yevixeletar ywplc duoxola oto thaicto twv Borel yétpwy mdavétnrag p
otov R". Mnogeite va oxegptdoacte ta e€hc 00 mapadeiypota:
(i) To nézpo apiiunons. Eotww X éva nencpacuévo unochvoro tou R™ pe tinddprduo |S| = m.
T xdde A C R™ Hétoupe
ANS|
A) = lans| .
1(A) -

Avuté elvon 1o mhaioto tou Oewpruartoc 2.4.2.

(ii) OloxAnpdoun tukvétnta Eote f: R™ — RY wa ohoxdnewown cuvdptnon ye [, f(z) dz =
1. T x&de Borel ocbvoho A C R™ Yétoupe

p) = [ @) do

Oewpnpa 2.4.3. Fotw p éva Borel uétpo mdavétnrag oror R™. Yrdpxer onueio y € R™ ue
tny e€ngididtnta: yia kde kA€ot nuixwpo G mov mepiéxel Tto Yy €xouue

1

(2.4.8) we) = —.

Andbeaén. Av G elvan évac xhewotde nuiywpoc otov R™, ypdoovpe G yio Tov cuUTANEWUATIXG
avouxtd Nuiyweo. Eotw S n xhdon 6hwv v xhetotdv nuiyoeny Gy toug onolove u(G°) <
n%,_l. IMopatnpotye 6t av G1,...,Gny1 € S, té1€

n+1
n+1
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ShadH
(2.4.10) Gin---N Gn+1 ;é 0.

Ané 1o Yedpnua touv Helly éneton éti xdde nenepacuévn oxoyévewor {G; @ ¢ € I} C S €yet un
eV TouN.

MrnogoUue vo Bpolue menepacuévous to TAfoc xhewotolc nuyweovs Gi,...,Gm C R™ twv
onolwv N tou F' = G1 N -+ N G elvar gpayuévn, dpa ouumaync. Meyohovovtoag avtods toug
N ©eoLs (KE uETaOoEéC) UTopolue va UToYEcouUE GTL €xouy Pétpo LeyahlTepo and Onhadn
ot G1,...,Gm € S. Tote, n owxoyévewa

_n_
n+1’

(2.4.11) {(FNG: Ge S}

amoteAeltal and cupnayr cOVORa, Xl XAUE TETEPACUEVY] UTOOLXOYEVELX TNG EXEL YN XEVY| TOWUN.
Ané v IIpdtaon 2.3.3 ovunepaivoupe 6Tt undpyer y € R™ pe v Wbt y € G v xde
GeS.

Eotww H évac avoxtdc nuiyweoc mou meptéyer 10 y. To cvumhipwpa tou H elvar évog
xhewotde Nuiywpeoc G mou dev meplEyet To Y, dpa dev avixel oty S. Tote, pu(H) > n%rl

Av G ebvar évac xheotéc Nulywpos tou TepEyel o Y, undpyet pdivouca axohoudio {Hy, }
AVOLXTOV NULYOPWY UE

(2.4.12) G = ﬁ Hp.

m=1

Téte, y € Hm Yia %89 m, dpo pi( Hy) > %_H yia xdde m. ‘Eneton bt

1
A4. = 1 m) >
(2.4.13) wG) = tim p(Hm) 2

)

%L UTO amodexvieL To Yewpnua. ]

2.5 Tevixedoelc Twy TELOY Jewpnudtny

2.5 To éyypwpo Yewpnua Koapadecodwen

To Yedpnua authc tng mapayedpou yevixelel to Yedpnua tou Koapodeodwpen: nalpvovtog
S1 =83 =+ = Sp41 BAénovye ot av S eivar utoolvoro tou R™ xat 0 € conv(S) téte
uTdipyYoLy v1 € S1,...,Unt1 € S Gote 0 € conv({v1,...,Vn41}). Autd elvan toodlvapo pe
70 Yewprnua tou Koapadeodwper| (e&nyhote yrotl).

Ocdenpo 2.5.1 (Barany, 1982). Eotw Si,S52,...,S,41 vnootvola touv R™ pe tny
e&ng 1idtnta: ya kdle i =1,2,...,n+1,

(2.5.1) 0 € conv(S;).
Tére, vndpyovy vy € S1,...,Vn41 € Spt1 AOTE

(2.5.2) 0 € conv({vy,...,vn41}).
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Andédealn. Mnopolue va vnodécouue 6t xdle S; elvan menepacuévo chvolo: and Ty

undleon éxouvpe 6T, Yo xde i =1,...,n+ 1, 0 € conv(S;). And tov opioud e xupthc
Vg, umdpyouv tenepacuéva S; C S; wote 0 € conv(S)), i =1,...,n+ 1. Av delfouue
ot undpyowv v € S,..., Vg1 € S) 4y Gote 0 € conv({vy,...,Up41}), TOTE €nETAL TO

Unrolpevo, dott v; € S C 5.

T rodétoupe hotndy 6Tt x&de S; elvar Tenepacuévo aOVOAO xaL OTL BEV LoYVEL TO CUUTEPIO-
po.  Toéte, vy xdde emhoy onuelwy a; € S; wyber d(0,{a1,...,an+1}) > 0. Agol
ta S; elvou memepaopéva oUvola, undpyel emAoyY onuelwy z; € S; OOTE N AMOCTAUON
d(0,{z1, ..., Znt1}) Vo elvon Vetnr) xou 1 uxpdTeEEN duvat.

O¢toupe T = conv{zi, ..., zn41} xou d := d(0,T). To T elvar oupnayés, dpa undpyet
y €T dote

(2.5.3) a(0,7) = lyll2

Adppa 2.5.2. Av 0 efvar to povadwaio didvvopa otn devBuvon tov y, tdte
(2.5.4) TCHy={zeR": (x,0) > |y}

Anéoan tov Afupatog. Apxel va del€oupe 6T

(2.5.5) {21, 2ni1} C Hy

%ot To Mupa éneton and tov optodd e xvpthc Mxne. Eotw z € {21, ..., Zpt1 - T xdde
t € (0,1) woybel n aviooTnTa

(2.5.6) IylI2 = 2t(y, y — 2) + 2]z — g2 = ly + t(z — »)II2 > |lyll2,
dpot

t 2
(2.5.7) sllz=vll2 = {y.y = 2).

Aghvovrag to t — 0T, madpvoupe (z,y) > (y,y) = ||y||3, dnhadh
(2.5.8) (2,0) = [lylla-
O

Yuvéyea tng anédeéns. Oétovpe H = {x € R™ : (z,0) = |lyll2} xou Jg = {z1,. .., znt1 N
H. Tére,

(2.5.9) TNH =conv(Jy) C H

(doxnom). Aol dimH = n — 1, egoappéloviag 1o Yewpnua tov Koapadeodwpr| yio to
y € T N H éyouue 6T YRAPETUL WS XUPTHS GUVBLACUOS To TOAD n onueiwy and Ta z;.
Anhadn, urdpyer j € {1,2,...,n+ 1} dote

(2.5.10) y € conv({z 11 # j}).



44 - YTNAYASTIKA OEQPHMATA T'IA KYPTA STNOAA £TON ETKAEIAEIO XQPO

Ouwe,
(2.5.11) 0 € conv(S;)
xal emMTAEOY
(2.5.12) 0 H.={z eR": (z,0) < |yl2}.
Apa, undpyer w; € S ye ws € H_ (mpdypatt, av elyape S; € Hy téte Do elyoye
conv(S;) C Hy, dpa 0 € H, dtomo).
Topa, av Yewpricouye 10 olvoro Ty = conv{w;, z; : ¢ # j}, oy lel
(2.5.13) d(0,Ty) < d(0,T).

Mpdypartt, yia xdde t € (0,1) wyder d(0,T1) < ||y + t(w; — y)|l2, dpa

(2.5.14) d*(0,Th) < d*(0,T) = 2t(y, y — w;) + t2[ly — w;]l3.
O¢touue

(2.5.15) a=y—w;l3>0

pided

(2.5.16) 8= (y,y—w;) = lyl2(llyll2 — (w;,0)) > 0.

H teleutala aviodtnra toylel di6tt w; € H_. Av howndy emhé€oupe 0 < ¢t < min{l, %},
and v (2.5.14) nalpvouue

(2.5.17) d?(0,Ty) < d*(0,T) — 23 + t*a < d*(0,T).

‘Etot, xataAfyouye o€ dtomo. O

2.53" To xhaocpatixd dempnuo Helly

‘Eow m >n+1xu C={Ci,...,Ch} yo TENEPASUEVT OLXOYEVELL XUPTOV UTOGUVOAWY
tou R”. To Yewpnua tou Helly yac efaoparilet 6t av xdde unoowoyévela n+ 1 cuvorwy
and v C éyer un xevi tour, 16t C1N---NCyy, # 0. T10 endpevo «xhaopatixd Yedpnua
Hellyy e€etdleton 1 nepinmwon 6mou €vo T0G0GTO TV UTOOLXOYEVEWWY Yeyedous n+ 1 éyel

un xevy| Tout.
Ocwenpa 2.5.3 (Katschalski-Liu, 1979). I'a kdde n > 1 ka1 yia kd0e o > 0 vndpyer
otalepd B = B(n,a) > 0 ue wr axdrovdn 1didTnta.

Eoww m > n+1 ka1 Cy,...,Cp, kyptd olvoda owor R™. Av touvddyiotor
oz(nrzl) vrootvoda I C {1,...,m} pe|I| = n+1 avorowidy wnv (., C; # 0,
téte vndpye J C {1,...,m} pe |J| > Bm doze ;o ; Cj # 0.
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Inuetwon. H xalitepn duvatr eZdptnon tou B amd tan xot a evor 3 = 1—(1—a)l/ 7+,
H anédeln mou napouotdloupe ede diver v aodeveotepn extiunon 8 > 95.
Andoeaén. T xdde I C {1,...,m} ouvuPoriloupe pe C; 10 cbvoro ¢, Ci.

Mapatnpolue tpdta 6Tt apxel vo anodelouue 0 Jedpnuo xdvovtag TNy EMTAEOV UTO-
Yeon 6t xdde C; elvon ouunayés (xon pdhiota molvtono). Hedyuatt, av yag dodoly Tuydv-
o xuptd ouvoha C1, . .., Cy, T6TE, Yl %80 I ye [I| = n+1 xou C1 # 0, emhéyoupe tuydv
onuelo x; € Cr xou, v xdde @ = 1,...,m, opilovue C] = conv({xs : C; # 0,i € I}).
Iapatneote 6u xdde Cf elvar xuptd, ouumayée xou mepéyeton oto Ci. Ernlong, av yia
xdmoto olvoho dewt@v I e |I| = n + 1 wybel (;c; Ci # 0, tote x1 € (), Cf Snhadi,
Nicr Ci # 0. Lovende, o thfdoc twv I C {1,...,m} ye |[I| = n+1 nou avonoody Ty
Nicr Ci # 0 eivan (oo pe o mhhdoc wwv I C {1,...,m} ye [I| = n + 1 nou avonoloby
v V;er Ci # 0. Hodpvovtac ut’ édiv xou 0 yeyovéc 6t Cf C Cj, Brenouye 61, av 10
ouunépaoua Tou Yewphiuatos wyler yo ta Cf, téte 1oylet xou v o C;.

Me Bdomn v nponyoduevn mopathenomn, unodétoupe 6Tt ta cbvora Cj, xordodg xat Gha
ta uh xevd Cr, elvon xuptd xar ouunayh. Oewpolue ) Aclikoypagixi) didtaén < otov
R™ (t1,...5tn) < (r1,...,7mn) v undpyet 1 < k < n dote t; = r; v xdde i < k
xat ty < ri. EOxola eléyyouue 6TL xdde un xevé ouunayéc untoclvoro tou R™ mepiéyel
povadind «AeZixoypaguxd edylotoy onuelo (doxnon).

Adupo 2.5.4. Eoww I C {1,...,m} ovrodo deiktdhv dote |[I| =n+1 ka1 Cp # 0. Av
vy efval to AeEikoypagikd ekdyioto onueio touv Cr, tdte vndpyer J C I ue |J| = n dote to
vr va €ivar to Ae&ikoypagikd eldyioto onpueio tov C.

Arndbeén touv Ajuuatos. Opilovpe A = {z € R" : © < vr}. To olvoho A elvar xuptd
xaw, and Tov opopd Tou vy, éxoupe AN Cr = 0. Agod 1 oxoyévew AN{C; : i € I}
€yeL xevh) tour), 1o Yewpnua tou Helly pac e€aopaiiler otL undpyet unooixoyévew n + 1
OUYOAWY AUTAS TNS OWOYEVELXS TIou €xel xevi) Tour. To A mpénet va avixel oe auth Ty
uTooLXOYEVEL, OLOTL HAar Tar UTOAOLT GUVORA €Y0LY Xowd onuelo, To vr. ‘Apa, undpyel
J C I ye |J| =n dote noxoyéveir AN{C; : j € J} va éxer xevh touh. Tdpa, unopodye
gdxoAa vo dolue 6Tt To vy elvon To Ae&oypapnd eldyloto onuelo tou C. Ipdyuor,
vy <wvp 8ot Cp C Cy xow vy < vy dvtt ANCy =0 (E&nyHote TiC hNeTTOUEPELEC). O

Andédean tov Jewpnuatos. Eotw U 1 oxoyévela AoV twv a(nﬁl) CUVOAWY dEXTOY [
vy 1o ool [I| = n+ 1 xaw Cp # 0. Xpnowonowdviac 1o AMupa, v xdde I € U
otadepornototpe J = J(I) C I pe |J| = n dote 10 Cy va éxel 10 (Blo Aedxoypapixd
ehdyloto onuelo pe to Cf.

To miidoc v dagopeTixdv n-ouvorwy J C {1,...,m} evar (oo pe (7). Trdpyer

Nowdy xdmoto Jo pe | Jo| = n dote Jo = J(I) yio Touhdylotov

Oé(nm ) _ m-=mn
(2.5.18) (,,j)l =a—

n

drapopetnd obvoha dewxtadyv I € U. Tote, 1o he€ixoypapxd eldyloto onueio vy, tou Cy,
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avixel o 6Aa avtd o C, dnAad”, o€ TOLAdYIOTOV

m—-n m

2.5.19 >
( ) n+an+1 an+1

ané 1o obvola C; (avixel ota n obvora Cj, j € Joy, xou o€ éva emnhéov C; vy xdde I e
[0

Jo = J(I), drapopetind xde gopd). Tuvenoe, to ouumépaoya loylel e 3 = 95 O

2.5y" To Jewpnpa tou Tverberg

To Yedpnuo tou Radon e€acpariler 6t xdde olvoro S C R™ ye n + 2 onuela €xer 500
géva uTooUVOAA TIOL oL XUETES Toug Unixeg €youv xowo onuelo. To epdtnua tou Tpoxintel
glvon av vyl oUVOANX YE TIEPLOCOTEPA TToLYEld Ymopolue Tdvta vor Bploxouue ToMAG E€va
UTOGUVOAAL TIOU 0L XVPTES TOUg VXES €YOLY XOWO oTuEio.

H axpBric dratinwon tou npoBifuatoc eivar 1 e€hic. Eotw T'(n, 1) 0 lxpbtepog puode
m ue Ty axéhoudr Wbt av A C R™ xou |[A| = m, t61€ UTdpyouy Zéva avd dbo
Ay, ..., A. C A dote

(2.5.20) ﬂ conv(A;) # (.
j=1

Sopgpova pe o Yewdpnua tou Radon éyouue

(2.5.21) T(n,2) =n+2.

Etvar ebxolo va eéyEoupe 61

(2.5.22) T(n,rire) <T(n,r1)T(n,re)

yoo xé&de 11,12 > 2 (doxnon). Tuvenwe, T'(n,r) < oo yia xdde r > 2. To @pdypa nov
npoxOnTeL efvon ac¥eVES: Yiol TOPABELYHA, UE EQUPUOYT AUTHC TNE Tapa T enong TolpVouue
T(n,2%) < (n+2)*. To Yedpnua tou Tverberg diver tn Béhtiotn extipnon yio wov T'(n, 7).

Ockenuo 2.5.5 (Tverberg, 1966). Eotw n,r > 2. Ia kdde A C R™ ue |A] = (r —
1)(n+1)+1 propodue va fpodue &éva avd §bo Ay, ..., A, C A dove (;_, conv(A;) # 0

Xnuetwon. To anotéhecya autod eivar BéATioto. Anhadi,

(2.5.23) T(n,r)=(r—1)(n+1)+1.

Anéoaén. o tnv anddeln Yo ypetaotolue v évvola Tou KUpToY Kdrou Tou TopdyeTol
ané éva X C RY,
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Optopée 2.5.6 (xvptdc xodvog). Eotw X C RY. O xvptdg xdvog mou mapdyetor
an6 1o X elvon 10 oUvoho cone(X) GAwV TV Ypauuxdy cuVBLaoUOY onuelwy Tou X ue
un apvNTxoUe cuVTEAEGTES. AnAady,

i=1

(2.5.24) cone(X) = {Ztixi :meN,t; >0,x; € X} .

Mapatnehote 6Tt 0 xdvoc cone(X) elvar 1 Evewon Ghwy TV Nueudeldy Tou Eexvoldy and
70 0 xou Tepvolv and xdmolo onueio e xupthc Yxne conv(X) tou X.

Ipétaon 2.5.7 (Yewpnua tou Tverberg yia xdvoug). Eotw A C R pe |A| =
(r—=1(n+1)+1. Av 0 ¢ conv(A) tére vndpyovr r un kevd, Eva avd 6Vo vroolroda
Aq,..., A, tov A dote

T
(2.5.25) ﬂ cone(A4,) # {0}.
j=1
Anédeaén tng npdraons. Oétoupe N = (r — 1)(n + 1). Opllouye ypopuixéc anewxovioelc
¢; RS RN (5=1,...,7) wc e&hc: ywpilouue tic N ouvtetaypévee tou RY oe 7 —1
opddec Twv n + 1 cuvteTayPEVODY — GUUBOAXE, w = (% | * | * | --- | * | %) — xan op{louye
¢r(x) = (x[0]0]---]0]0)
¢a(x) = (0] «]O]---]0]0)
¢r2(x) = (0]0[0]---[z]0)
¢ra(@) = (0[0[0]---]0]x)
¢r(x) = (—z|-z|[-z|[-[-z]-2)
H Baoueq Bidtnta tov ¢; elvon 1 e€hc: av uy, ..., u, € R*T! <4t
(2.5.26) Z(bj(uj) =0ov %ot UOVo av Uy = Uy = -+ = Uy.
j=1

Auto elvon pavepd, apold
(2:5.27) > 05(uy) = (e = [ —p |+ [y — ).
j=1

Tpdgpouvue A = {a1,...,an+1} xo opiloupe

(2.5.28) M = ¢1(A) U da(A)U---Ugr(A).
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TNoaxdde i =1,..., N + 1 Jewpoldue 0 cUvoro

(2529) M1 = {d)l(ai)ad)Q(ai)a"'a¢r(ai)}'

ITopatnpodue 6t o ddpoloua Twv otoryelwy Tou M; elvan (0o pe
(2.5.30) > ila) =0,
j=1

dipot
(2.5.31) 0 € conv(M;), i=1,...,N+1

An6 10 éyxpwpo demdpnpa tou Kapadeodwen, undpyouv v; = ¢p;)(ai) € M;, i =
1,...,N +1, dote 0 € conv({v1,...,on41})- Me Mo Aoy, vndpyouv t; > 0 ue
SV =1, dote

N+1
(2.5.32) > tidpa(as) =0.

i=1
Mapatneiote bt xdde f(i) € {1,...,r}. Ta xdde j =1,...,r opllouye
(2.5.33) L={1<i<N+1:f(i)=j}xnA;={a;:j€I}

IMpatnpriote 6u ot Ay, ..., A, elvar Eéva. Tére, n (2.5.32) yedgetar we e€hg:

N+1 r T
(2.5.34) 0= Z ti(ﬁf(i) (al) = Z Z ti¢j (ai) = Z(bj Z tiai
i=1 j=1i€l; j=1 i€l

Ané v (2.5.26) ouunepaivoupe 6Tt
(2.5.35) Z tiai = Z tiai == Z tiai = Z.
i€l i€ly iel,

Méver va Set€oupe 6t 2 # 0. Tote,

(2.5.36) 0#x¢€ h cone(A4;).
j=1

7 T Z 7 7
Ewbwdrepa, (-, cone(A4;) # {0} xau, ex twv votépwy, o A; elvon un xevd.
T v 2 # 0 unoBétouye 10 avtideto. Tote, unopolue va delfouvue étL 0 € conv(A),
SV Tod o SN 1 o - eI
0 omofo eivan dromo. Ilpdyuatt, agod > .77 t; = 1, undpyouy jo < 7 xou i € I, Wote

t; > 0. Ouwg, t61€, unopolye va ypddouue

(2.5.37) 0= <",



2.6 ITAPAPTHMA - 49

onhad”, 0 € conv(A4;,) C conv(A). O
Arnédeaén tov Jewprjpatos. Eotw A C R™ pe |A] = (r — 1)(n+ 1) + 1. Opilouye
(2.5.38) A=Ax{1}={(a,1):a € A} TR

ITopatnpodue 6Tt

(2.5.39) conv(A) CR"™ x {1},

dipot

(2.5.40) 0 ¢ conv(A).

Ané v mponyoluevn mpdtaoy, uropolue va Bpolue Eéva avd dvo By,. .., B, C A Gote

ﬂ§=1 cone(B;j) # {0}. And tov oplopd tou A, 1 By,..., B, elvar obvola g popenic

Aj = Aj x {1}, xaw ta Ay, ..., A, elvar Eéva unootvola tou A (e€nyfote yiatl). Arhad,

undpyouy Eéva avd dVo Ai,..., A, C A dote
(2.5.41) () cone(A4; x {1}) # {0}.
j=1

‘Eotw z # 0 oty top tov xovev. Téte, © = (u, ) yioa xdnow v € R™ xou xdnowo s > 0:
npdypatt, agob = € cone(A), to x elvat TN UOPYHS

Tr = Zti(ai, 1) = (Z tiai,Zti)
v xdmota a; € Aq, xou s = Y t; > 0 déw O ta t; elvan un apvnTind xow oy elyope

>t = 0 da malpvape w = > tia;, = 0, dnhadh o = 0. Iolamlaoidlovtac pe 1/s
nafpvoupe onuelo @' = (', 1) € (;_, cone(A;). Téte, u' € (), conv(A;). Anhadi,

(2.5.42) ﬂ conv(A;) # (.
j=1

2.6 Ilapdptnpo
2.6’ To Jewpnua tov Kagaldeodwen xat to npéfAnua tov Waring

Xpnowonowdvtag 1o Yedpnua tou Koapadeodwer Yo anodeifoupe to e€rc.
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Oewpnpa 2.6.1. Eotw k kar n 6Vo guoikol apiduol. Trdpyovr ui,...,u, € R® mov
1kavomoloVy to €€ns: ya kdle © € R",

m

(26.1) 3 =3 ()%,

i=1

Anladn, n k-ootn 6vvaun tov alpoiopatos twy tetpaydrwy n Tpayuatikdy pUetafANToY
etvar éva dOporopa (2k)-6uvducwy katdAnAwr ypaupkdy popedy Twy petafAntdy.

Khaowd mapadelypata etvar 1 tavtdnta tov Liouwville:

S|~

(2.6.2) @+8+8+8P =2 3 @+&)l+z O E@-g)

1<i<j<4 1<i<j<4
xat 1 tavrdrnra tov Fleck:
1 1 3o
(263) ((G+E+G+D° =5 D (GGG +55 D GG+ €
1<i<j<k<4 1<i<j<4 i=1

Ou Soukédoupe otov Hop p, TOV YPUUUIXG YOPO TV OUOYEVRY TOAUGYOUWY p(x) =
p(&1, .- -, &) pE N peTABANTES, oL €xouy Badud 2k. M Bdorn tou Hay 4, elvar t0 0Ovoro
TV TOAVOYOUWY

(2.6.4) ealr) =8 ...£on

n

6mov a = ()i<n, a; € ZT, a1 + -+ + a,, = 2k. Mnopolue hotmdy va tauticoupe Tov

Hoy,,p, pe tov RY, 6n0u d = ("72071). K&de p € Hop,n YpdgETOL HOVOSHUAVTO 0T Uop@T]

p(z) =Y ta(p)eal(x),

onéte Tawtilouue To p pe Ny axohoudia t(p) = (to(p)) € RY. Toapatnpfote 6T av
Pm, D € Hap n 167€ t(p) — t(p) o0y R av %o pévo av p,, — p opotépoppo otny S~ L,

Opopde 2.6.2. Eow U : R" — R” évag oployoviog yetaoynuatiouds.  Anlady,
(Uz,Uy) = (z,y) ya xd9e z,y € R" (10odOvopa, UU = Id émouv Ut o «avdotpo-
@ocy tou U). T xdde p € Hay, ,, cLUBoNLovpe pe U(p) To Tolumvulo ¢ mou opiletar and
mv

(2.65) a(@) = pU ) = p(U"a).
Iopatnpolue 6T

(i) To g = U(p) eivor xt autd opoyevéc nohuwvupo: U(p) € Hay .
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(if) Av Uy, Us elvor 800 opdoydvior petaoynuotiopol, T6te
(U1U2)(p) = Ur(Uz2(p))-

(iii) Av p(z) = ||z]|3F = (& + -+ €)%, 161 U(p) = p yia x80e 0pdoydvio uetaoymuo-
Topd U.

Tt v amodelén tov Oewphuoatoc 2.6.1 Yo YeNoUOTOAGOVUE TO YEYOVOS OTL T TOAUWYU-
po tne popgnc cf|x||3F etvon o ubvar opoyev| Tohudvupae Baduol 2k tou elvor «avalholwto
WS TPOC 0PYOYMVIOUS PETATY NUATIONOVC Y.

Afppa 2.6.3. Ay p € Hop, ka1 U(p) = p ya kdOe opBoydvio petaoynuatioud U :
R"™ — R", tdte vndpyer ¢ € R dote

(2.6.6) p(x) = cllz]l3" = c(&f + -+ )"

yia kdOe x = (&1,...,&,) € R™.

Arddeaén. Enhéyoupe tuydy y € S xan 9étoupe ¢ = p(y). Oewpolue 10 TONGYLYO
(2.6.7) q(x) = p(x) — cf[|3*.

‘Exouue ¢ € Hap p xot, and tny undleon mou xdvaue Yo o p,

(2.6.8) qUz) = q(z)

Yo x8e opdoymwio petaoynuatiopd U : R™ — R™. Eotw z € S"~1. Trdpye opdoymvioc
petaoynuatiopos U, e v botnia Uy (y) = x. Tére,

(2.6.9) q(z) = q(Ux(y)) = q(y) = 0.

Aol o q elvar opoyevéc xau g(x) = 0 yio xdde x € S"~ 1, ouunepaivoupe 6t g(x) = 0
v %49e x € R™. Anhadi, p(z) = cf|z||3*. O

Anéoaén tov Ocwpnipartos 2.6.1. T xdde y € By oplloupe

(2.6.10) py () = (y, ).

Kdde p, eivar opoyevéc nolvwvupo Baduol 2k. Oswpolue vy xupTy drixn
(2.6.11) K =conv({p, : y € By'})

TWV Py 0T0V Hay . XpNOWOTOLOVTOC TO YEYOVOC OTL 1) BY €lvon cuuTayAiC Xat 1) Ameixdvion
y — py elvar ouveyhe, Brénouue 6t 1o olvoro {p, : y € B} elvaw oupnayéc. And v
ITpdtaon 2.2.2, to K elvon cuunayéc.
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Oa delEoupe 6L uTdpyeL ¢ > 0 Gote To TohLGVLYO cf|z||3F va avixer oto K. Opilouye

1 1

(2.6.12) p) =15 | py(@)dy =7
B3| Jpp " B3| Jgy

(y,z)**dy.

Mapatneiote bt p € Hopn ot U(p) = p v xdde opdoyidvio petaoynuatiopd U. Tpdy-
o,

1
p(U'z) = 5] (y, U'z)* dy =
21 JBy

1
|detU| - —n/ (z,x)%dz = p(x),
|B3| Jucsy)

Uy, z)**dy

1B | /By

agol |det U] =1 xar U(BY) = By. Ané to AMuya 2.6.3 undpye ¢ € R dote

p(z) = cf|z[3"

yoo xdde x € R™. Aol py(x) > 0 yia xdde y € B xan, av x # 0 éyouye py(z) > 0 yia
o «oyEdGY Ohay o y € BY, ouunepaivouue 6t p(z) > 0 yio x # 0. Tuvendg, ¢ > 0.

To ohoxMipwua oty (2.6.12) npooeyyiletar (opotbuoppa we Tpoc x € S™71) and
nenepaouéva avpolopato Riemann, dniady| xuptolc cuvduacuolc Tne wopghc

N
>ty
i=1

yio xdmota y; € By (e€nyfote Tic Aentopépetec). Apa, T0 p avixel otny xhetoty 9rxn tou
K. Ouwc, 1o K eivor ouunayée. Apa, p € K. Anhady, undpyovy y1,...,Ym € B xo
t; > 0 mou wavornowly to e€nc: Y xdde xz € R”,

(2.6.13) ezt =3 tilys, @),
=1

‘Enetar to oupnépacya tou Yewpiuatoq. O

To npéBAnua tov Waring. To 1770, o Waring ioyuplotnxe (ywplc anédeiln) bt yia
x&9e k > 2 undpyer g(k) € N ye v eZfic Widtnta: av n € N téte undpyouy s < g(k) xat
mi,...,ms € N 0ote

(2.6.14) n=mk+---+mk
T v axpiBewa, o Waring anhdq woyvplotnxe 61t unopolue vo ndpouvye ¢(2) =4, g(3) =9

xat g(4) = 19. O Hilbert anédeie (to 1909) 61t o woyupopdc tou Waring eivor owotdc
yio xdde k > 2.



2.6 ITAPAPTHMA - 53

T v anddelln autob tou anotehéopatoc o Hilbert, yia xdde Leuydpt puoxdv opt-

YOV k xat 1, XATACKEVAOE DAVOOUATA Ui, - - - , Uy, UE AKEPAIES TUVTETAYHEVES XL PT)TOVS
ap1duoils ci, . . ., Cyy YE TNV WOOTNTA
m
2k 2k
(2.6.15) lz]|53" = g ciug, )

i=1

yio xdde z € R™ (ouyxplvete pe to Oedpnua 2.6.1).

Ac Bolye yior mapdBeryua mde yenotonoeltar 1 (2.6.15) oty meplnwwon k = 4.
DvopiCoupe 611 %xdde uowds aprduog yedgetor cay GUpoloUa TECCAPWY TETPAYOVWY
puoxey apiumy (Lagrange). Eotw n € N. Trdpyouv ai,as,as,ay € ZT dote n =
a? + a3 + a} + a%. Egopuélouye to Bo anotéheopa yia touc a;. Yrdpyouv a;; € ZT,
i,7=1,...,4, dote

(2.6.16) n= Z(%% +ajh + aj + ajy)’.
i=1

Tdpa yenoonototue tny (2.6.15) — 4, av 9éhete, ™y tavtémta (2.6.12) tou Liouville —
pe n =4 xou k = 2. Enctan (eZnyfote yiatl) 6t 0o n ypdgetar otn popgn

1 S
(2.6.17) n= EZm?
Jj=1

6mouv m; € N xar s < 48 (!). Oewpriote tdpa onowovdfnote n > 6. Autde ypdgeton o
popphy n = 6ny + x vy xdnowov 0 < = < 5. Egopuéloviag v (2.6.17) v tov nq xat
Ypdpovrtac Tov & = 14+ - - - + 14 cav ddpotopa 0 TOAD TéVTE TETAPTWY DUVIUEWY, ExOUE
yeder Tov n cav ddpolopo To TOAG 53 TETAPTWY SUVAPEWY.

T xd0e k € N ouyBorilouue pe g« (k) t0 wixpdtepo @uoixd apudud Yy tov onolo:
av n € N t6te undpyouy s < g.(k) xou mq,...,ms € N dote vo oylel n (2.6.14). X1
dexaetior Touv 1920, o Hardy »au Littlewood avéntu&ay piar avahutixn pédodo mou odrynoe
(apxetd apydtepa) 0T0 %AW QEdyUa

(2.6.18) g (k) > 2% 4 K;’)kJ —2.

Ewdetar 61t 10 8216 péhog divel Ty axplB T e toobdtntag g« (k). Auto éxel emohn-
Veutel yia k < 471600 000.
2.6p° To dewpnua tou Helly otn dewpia npocéyyione

Alvoupe topa yior eQappoyt tou Yewpriuatog tou Helly oe éva mpéfBinua tne Yewplog
npooéyylone. ‘Eotw {f1,..., fm} éva nenepacuévo advoro cuvapthcewy f; : T — R nou
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elvon oployévee oe xdmoo civoro T. Alvovtar € > 0 xou o ouvdptnon ¢ : T'— R. T
xdde a = (a,...,am) € R™ Jewpolye tov ypouuixd cuvduaoud f, : T — R wwv f; nov
opleton and v

(2.6.19) falt) = Zaifi(t)'

Yxonde yog elvon va Beoldue a € R™ dote
(2.6.20) lg(t) — fa(t)| <e yxddeteT.

Auté eivor to Aeybpevo mpdBAnua e opoduopens tpooéyywons (i mpooéyyions katd
Chebyshev). To Yedpnuo tou Helly delyver éti ynopolue va Ppolue wia ogotduopen
npocéyyon fo Y Ty g oto T av unopolue va TeTOyoUPE To (Blo e xdlde «oyETIXA
utxpdy urocLvolo tou T

Ocewpnpa 2.6.4. Eotw T éva menepaouévo ovvolo. Xtaleporowlue € > 0. Tmodérovue

ériavity,. .., tmy1 €vai omowadnnote m+1 onueia tovT téte vndpyer f, —n omola e€aprdTar
ané wa ty,...,tymy1 — OOTE
(2.6.21) lg(ti) — fa(ti)| <e yakdlei=1,...,m+ 1.

Tére, vndpyer fo pe Ty 1di6Tnta
(2.6.22) lg(t) — fa(t)| <& ya kdOet € T.
Arnddeaén. Tw xdlde t € T oplloupe éva obvoro A(t) C R™ we elhc:

(2.6.23) Aty ={a=(a1,...,am) : |g(t) — fa(t)| < e}.

Me éM\ha Abyia, A(t) elvar o olvoro wwy a € R™ vyio to onola 1) ouvdptnon fo npooeyyilet
v g ue oxp{Beat € oo onueio t.

EOxola ehéyyouue 6Tt xdde olvolo A(t) elvon xupt6d obvoro. H unddeon tou Yewpr-
patog e€acpaiilet étt av ty, ..., bty € T 616

(2.6.24) A(t1) N0 Altingt) # 0.

Anhadt, n nenepacpévn oxoyévela xupTdy cuvohwy {A(t) : t € T} wavornoel tic utolé-
oeg Tou Vewpripatog tou Helly. Eneton ot

(2.6.25) [ Alt) # 0.
teT
Oewpolye TuyolLod f, Ye fo € A(t) yia xdde t € T. Téte, n f, ixavornowel Ty (2.6.22). O

Yy mepintwon mov to T’ elvol dnelpo, unopolue va eMexTelVOUUE TO TPOTYOVUEVOD
Yedpnua av unodécouue xdmolo «avedaptnoioy twv cuVaETATEWY fi,. .., fm.
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Oewpnpa 2.6.5. Eotw f; : T — R, ¢ = 1,...,m, ovvaptrioes pe tnr €€ng 10i6tnra:
undpxow s1,...,8, €T dote av ya v fo = a1 fi + -+ + amfm éxovue fo(s1) ==
fa(sn) =0 tbre a; = -+ = a,, = 0.

YrmoOétoupe dtr av ty, ..., tmy1 €lval onoiadnimore m + 1 onueia tov T téte vndpyet fo
—n onola efaprdrar and ta ty,...,tme1 — OOTE

(2.6.26) lg(t:) — fa(t:)| < e yakdOei=1,...,m+ 1.
Tére, vndpyer fo pe Tnr 1di6Tnta
(2.6.27) lg(t) — fa(t)| <& ya kdOet € T.

Andédealn. Onwe oty anddeln tou Oewphuoatoc 2.6.4, yoo xdlde ¢t € T Jewpolye o
oOVOAO

(2.6.28) At) = {a = (a1,...,am): [git) — fa(®)] < 6}.
Oewpolue 10 GUYOAO
(2.6.29) A=A(s1)N---NA(sn).

Ou dei&oupe 6Tt 10 A elvon oupmayéc obvolo. EOxola ehéyyoupe 61t to A(t) elvon xheiotd,
ondte apxel va del€ouye 6t elvan ppayuévo. Opilovye G : R™ — R ue

(2.6.30) G(a) =max{|fa(s))|: i=1,...,n}.
ITopatnpodue 6Tt
(i) G(Aa) =|A|- G(a) Y xde A € R.

(if) G(a) =0 av %o pévo av a = 0 (€36 ypnowornoeitar ) utdleon yio Ty avelaptnoio
v f;).

(iii) H G elvou ouveyrhe.

Apa,
(2.6.31) min{G(a): a € S™ '} =4 >0,
OToOTE
(2.6.32) G(a) > dllallz v xddea € R™.

IMapatneolue 6t av a € A 6t |g(s;) — fa(si)] < € vy x&Ve i = 1,...,n, dnhadA
[fa(si)] < lg(si)| +eyxdde i =1,...,n. Apa,

(2.6.33) G(a) < R:=e+max{|g(s;)|: i =1,...,n},
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xau 1 (2.6.31) divel

(2.6.34 lal < 5.

Anhadr, A C (R/§)B3. Tuvenwe, 1o A elvon éva cuunayés xuptéd unocbvoro tou R™,
Ta xdde t € T Yétovue B(t) = A(t) N A. Térte, xdde B(t) eivon ovunayée cbvo-

ho. Egapudlovtag to Yedpnua tou Helly énwe oty anddelln tov Oswprjuatog 2.6.4,

CUUTIEPAVOUPE OTL 1) TOUY| OTIOLAOOHTIOTE TEMEPACUEVNG OXOYEVELNG GUVOAWY A(t) elvar un

xevh. Ewdwdtepa, xdde obvoho e popehc B(t1) M-+ N B(tm41) ebvon un xevd, xupté xat

ovunayés. Anéd my lpdtaon 2.3.3,

(2.6.35) (VB #0 dpa [ A(t) #0.
teT teT

Av a € (,er Al(t), TéT€ 1 CLUVdETNOT

(2.6.36) fo=arfi+ - +amfm

npooeyY(lel TNV g ye opdAua To TOAD (o0 UE € ouotduoppa oTto 1. O

2.6y° To Jewpnpa tou Krasnosselsky

‘Eotw S éva un xevé cuymayéc unoobvoro tou R™. Av z,y € S tdte Myue 611 10 y elvon
opaté and 1o x av to evdLYpauuo TuAUA [z, y] Tepéyetar oto S. Exonde pag elvar va
anodel€oupe 1o e€Xc amotéheoya Tou Krasnosselsky.

Ocdenuo 2.6.6 (Krasnosselsky, 1947). Eotw S un kevd ovunayés vnootvolo tov
R™ pe wnr e€ng iibtnra: av yi,...,Ynt1 € S tote vndpyer x € S dove kdle y; va elvai
opaté and to x. Tote, vndpyer x € S dote kdle y € S va efvar opatd and to x.

Andéoaén. T'a xdde x € S Jewpolue 10 clvoho S, dAwv twv y € S To omola efvar opatd
and To :

(2.6.37) Se={yesS:[x,y CS}

T x&0e € S 10 clvolo S, elval xhewt6: €otw (yp,) axolovdia oto S, xou €otw OTL
Yn — y. Kdde y, € S xaw 10 S elvar xhewot6, dpa y € S. Oa delloupe OtL y € Sy, dnhady
6T, v xdde ¢ € [0,1] wyler (1 —t)z +ty € S. Autd elvon anhd: yo xdde n € N €youpe
(1 —t)x +ty, € S 26w y, € Sz. Aol 0 S elvan xAeloTd, cuunEepaivouue dTt

(2.6.38) (1—t)z+ty= lim [(1 —t)z + ty,] € S.

n—oo

To t € [0,1] Arav tuydy, dea [z,y] C S. Enetu 61 y € 5.
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ESape 6T xdde S, elvar xAewotd utochvoho tou S, dpa elvar ouunayéc obvoro. And
v Ilpbtaon 2.2.2 ovunepaivoupe 6t yia xdde = € S, n xupth 9fxn C, = conv(S,) Tou
Sz elvan cupmayéc xan xupTé GUVOAO.

OewpolYE TNV OLXOYEVELL

(2.6.39) Cs ={C, |z € S}.

An6 v unédeon tov Vewphuatog, Yia x8VE &1, . .., Tnp1 € S undpyety € S dote [y, z;] C
Sy xdde i =1,...,n+ 1. Anloady,

(2.6.40) YE Sy, N---NSy, CCN---NC, .
Ewbwétepa,
(2.6.41) CeyN---NCy,,, #0.

Auté onuaiver 6t n Cg xavornotel i unodéoelc tou Yewpriuatog tou Helly. Xuvende,

(2.6.42) () C. #0.

zeS

Oewpolye TuoY a € [, g Cr. Ou deioupe, pe anaywyy oe dromno, 6t S = S,. Auto
anodexviel to Jewpnua: xdde y € S elvan opatd and 1o a.

Ac vnodéooupe 6t undpyouy b € S xou ¢ oto eVdOYpaupo Tuhua (a,b) wote ¢ ¢ S.
Aol o S elvar xhewotéd xou ¢ ¢ S, undpyel xhetoTh undha B = B(e,r) wote SN B = 0.
Mnopotpe va Bpolue t > 0 wote N xheloth undha t(b — ¢) + B va «axouvuniioely 1o S.
ITio ouyxexpruéva, Bploxouye tov pixpdtepo t > 0 yio tov onolo [t(b—c¢) + BJNS # (0. H
undha D = B(c+t(b—c),r) = t(b—c) + B éyet xowd onuela ye 10 S alhd int(D)N.S = 0.
Oo del€ovye 6T av y € DN S, wote a ¢ Cy. Aol a € [, g Cy, 0dnyolpaoTe ot dromo.

‘Eow y € DNS. Tpdgovye d = c+t(b—c), ondte D = B(d,r). Oewpolye ta ohvora

H = {zeR":(z,y—d)=(y,y—d)}.
H. = {zeR":{z,y—d) <{y,y—d)}.
Hy = {2eR":(z,y—d) > (y,y—d)}.

Ioyvpiopée 1. C, C H .
Apxet vo delfoupe 61t Sy C Hy. Eotw z € Sy. T xdde t € (0,1) éyoupe y — t(y — 2) =
(I-t)y+tz € S, dpa |[[d—y+tly—2z)|2 > |ly—d|l2- Ydodvovtac oo teTpdywvo naipvouye

(2.6.43) ld = ylI3 +2t{d —y,y — 2) + ||y — 2[13 > ||y — dII3.

Amlonowdvac, doupdvtac pe t xar tadpvoviac dplo xadne o t — 01, xatahfyoupe otny
(d—y,y—z) 20, nhodh

(2.6.44) (z,y —d) > (y,y — d).
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Auté delyver bt 2 € H. O
Ioyvpiowodg 2. a € H_.

Ané tov optoud tou t, yia pixpd 0 > 0 éyoupe [—0(b—c) + D] N S = (. Eexwvdvrog and
my |ly—d+0(b—c)|2 > ||y — dl|2 xou Sovkebovtac 6w oty anddEEr TOL TEONYOVUEVOU
LOYUELOUOD, XATUATYOUUE TNV

(2.6.45) (b—rc,d—y) <0.

Aol 10 a — d elvon opynTnd mtohhamAdoo Tou b — ¢, autd onualver ot

(2.6.46) (@ —d,d—y) >0.
Tote,
(2.6.47) (a—y,d—y)=(a—d,d—y) +|[ld—y[3 > 0.

Avuté onuaiver 6t
(2.6.48) (a,y —d) <{y,y —d),

Onhadn, a € H_. O
Yuvdudlovtag toug dVo toyupopols BAénouye 6t av y € DN S, tdte a ¢ Cy %o xatalh-
YOUUE OF 4TOTO. O

2.7 Aoxvosk

1. Eoctw A éva un xevé avouxtd urocdvoro tou R™. Aci&te éti n xvpth Mxn conv(A) tou A
elvan avoxté abvohro.

2. (o) Eotww S un xevd, gpaypévo unocivoro tou R™. Aellte 6t ta S xau conv(S) éyouvv v
(BLo BrapeTpo.

(B) Eotww S, T pn xevd vnocvvora tou R™. Aellte 611
conv(S + T') = conv(S) + conv(T).

(Y) Eotw S un xevé vnoovvoro tou R™. Acite 6t conv(int(S)) C int(conv(S)). Ioylel ndvta
lobTNTY;

3. Eotw S C R” xau éo0tw z,y € R™ 8o onueia nou dev avAxouv otny xvpth 9xn conv(S) tou
S. Aci&te 6t av z € conv(S U {y}) xow y € conv(S U {z}) t6tc z = y.

4. Alvovtor evdiypoappa tuiuate I, . .., I, otov R? 1o onola nepiéyovior oTic daxexpiuévec
napddAniec eudelec 41, ..., Ly. Troétovpe 6T yia x&de i1,42,i3 € {1,...,m} undpyer eudela
nov téuvel o Iy, Li, xou Ii;. Ael€te ot undpyet evdela mou téuvel dha ta dtaotAvota I, ..., Im.
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5. Aivoviow xUptd cOvora A1, ..., A, otov R Trodétoupe 6t yia xdde 0,5 € {1,...,m}
undpyel evdela napdAAnin otov x—dZova mov téuvel ta A; xat Aj. Aellte bt undpyet evdeia
TapdAANAT otov x-d€ova mou Téuverl dha Tt cOvoha A1, ..., Am.

6. Eoctwwm >n+1,d > 0xa Cr,...,C; un xevd xuptd unoctvola tou R™ pe vy e€¥c otnta:
av 1 < < - <dpgr <motote undpyer y € R™ @ote d(y, Ci;) <d vy xdde j=1,...,n+ 1.

Aci&te 6u undpye x € R™ dote d(z,C;) <d yiaexdde i =1,...,m.

7. Abvovton 01, ...,0, € S" L xan t1,. ..ty € R. Troétoupe 6Tt T0 xUPTH TOAVEDPO

k
P= ﬂ{meR” (z,0i) < ti}

i=1

elvar un xevé xon ppaypévo. Aceifte 6t av to unepeninedo H = {z € R" : (z,0) = t} (6n0u
0 € S" ! xau t € R) wavonowl Ty PN H = ), té61e undpyouv 1 < i1 < -+ < i, < k dote T0
P =N_{z € R": (2,0;;) < ti;} va eavonowel e P D P xaw PPN H = 0.

8. 'Eotww Ai,..., Am un xevd xuptd vrocVvola tou R™ xou éotw k < n 4+ 1. Trodérovue ot
v xde i1, ..., ik € {1,...,m}, 10 cOvoro A;; N--- N A;, elvon un xevo.

Aei&te 6t av F elvan évac (n — k + 1)-8idotatoc ypopuixde vndywpoc tov R™ téte umdpyet
u € R™ dote 1 petagopd F + u tou F' va téuver 6hat T oOvora Ay, ..., Am.
9. 'Eoctw Ay,..., An xow C xuptd unochvola tou R™.

(o) Aei€te 6ty xdde i =1,...,m, 10 sOvoho B; = {u € R" : A; N (C + u) # 0} elvon xvpt6.

(B) Trodétouye Ot yroo x&Ve i1, ..., 0ns1 € {1,...,m} undpyet u € R™ dote to C + u va téuvet
T Ay ey Aiy - AelEte 0T umdpyer u € R™ dote 1o CH-u vo tépver dha T oOvoha A1, ..., Ay,
10. Eow m > n+ 1 xa K,C4,...,Cn x0ptd unocOvora tov R™. Trodétoupe bt yioo xdde

1<ip <+ <lipg1 <mundpyet z € R" dote v+ K C Cyy N---NCy, . Acllre 6Tt undpyet
zeER" botexz+ K CCiN---NChy.

11. Aivoviow n onuela z1,...,%, oto eninedo. Acilte 6T undpyel {edyoc xdetwy eudeldy
L1 Ll dote xadéva and 1o téooepa xheloTd teTopTUbELa ota omola Ywpllouv to eninedo va
nepéyer toukdyiotov [n/4] and o onuela ;.

12. 'Eotw T'(n,T) 0 uixpdtepoc QUotxéc m Ue Ty axéhoudy Widtnta: av A C R™ xou |A| = m,
t61E LTdPyoLY E€va avd dlo Ai,..., A, C A dote

ﬂ conv(4;) # 0.
i=1
Act&te 6T

T(n,rir2) < T(n,r1)T(n,r2)

yia x&0e r1,re > 2.
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13. Xxomndc yoc o€ auth Ty doxnon eivor va deifoupe to e€hc: av K elvan éva un xevd, xuptd
xol ouunoayéc utoobvoho tou R™, téte umdpyet y € R™ dote

—lK+y§K.
n

(o) E€etdote npdta ty nepintwon mov K = conv({ui, ..., Unt1}) Yio Xémowat Uy, . . ., Unt1 € R”
UE U1 + - -+ + Unt1 = 0. Me avtéc tic uno¥éoeic deilte 6T

1
_1KCK.
n
(B) EZetdote tohpa Ny nepintwon nov K = conv({u1, ..., Unt1}) Yo XédmOLa U1, . .., Unt1 € R™.
Av
Ut Unta
n )
deléte 6T
1
-——K+yCK.
n

(Y) Oewphote thpa T yevixh mepintwon: K eivor éva un xevo, xVpTtd %ol CUUTAYES UTOGUVONO
tou R"™. T xdde z € K Yewpriote To oOvolo

n 1
AI:{yGR :—gaz—kyeK}
xa dellte 6t n owoyévewa {A, @ © € K} wavornotel tic vnodéoeic tou Yewpruatog tou Helly.

14*. Av K eivar éva cupnayéc untocOvoro tou R™, 1 Sidpuetpos tou K oplletar and tnv
diam(K) = max{||z — y||2 : =,y € K}.

‘Ectw K cuunayéc unochvoro tou R™ pe diam(K) < 2. Aei€te 6 undpyet u € R™ dote 1o K
Vo TeplExeTaL oty xhetoth undha B(u, ) pe x€vipo u xou axtiva

2n
n+1

T =

To anotéleopa autd elvar Yvwotd we Jeddpnua tov Jung.

15*. Aivovrtar pn xevéc oxoyéveteg Ci, . . ., Cri1 SUUTAYOV XUPTOY LTOGLVOAWY Tou R™ e v
axdhoudn ot yia xdde emhoyh Cr € Ciy...,Cng1 € Crgr oyler C1N - N Cryr # 0.
Acite 6t undpyer ¢ € {1,...,n + 1} dote 6ha ta cOvoha e owxoyéveag C; vo €xouy xdmoto

%x0owo onpelo.

16* 'Eotw S C R™. Trodétouue b1t 1 xupth 9hxn conv(S) tou S éxel un xevéd eowtepnd. Aeilte
6w av x € int(conv(S)) téte LTdEYOLY V1, ..., V2, € S Bote © € int(conv({vi,. .., v2n})).



Kegpdhaio 3

IN'ewpetplo TV opriunmy

3.1 To Jewpnua touv Minkowski

IToM\& and o mpoBAfuata TNe YewUeTplog Twv aprdu®dy SlatutdvovTor oTny eERc Hop®Th:
Alvovtar o ouvdptnon F : R” — R pe F(0,...,0) = 0 xou évac Yeuxde mpaypatxds
apipoc A. To Cnrobuevo elvon va Bpedel un tetpypévn n-dda axepaiwv ai, ..., G, TOU
IXOVOTIOLOLY TNV

(3.1.1) IF(ay, ..., an)] < .

Oewpolye T TuyoUod N-8da = = (z1,...,Z,) € R™ cav onuelo tou Euxheldetou ydpou
R™ o oupBoiilouue ye K o olvolo hwv twv x € R™ tou uavonooly tny

(3.1.2) |F(z)| = |F(z1,. .., 20)] <A

Téte, 10 apynd wog medBAnua datundveTton looduvapa we e€hc: Kdtw and noég mpolno-
Yéoeic to obvoro K mepiéyer onuelo u € Z™ \ {0}; YTrdpyouv dbo onpavtixéc déec niow
and auty TN PeTdppacn tou tpoBAfuatoc. Ilpdrtov, taipvouue un’ ddv pac Tic Tipée e F
oe xde x € R™, xou oyt wévo tic Téc e ota u € Z™. Autod pog diver T duvatéTnTo var
YENOULOTOLAGOUUE AVAAUTIXES HEDOBOUE YL TNV AVTHIETOTGT) TOL TpoBAAuatoc. AgdTepoy,
7 epunvela Tou divoupe oTo TPOBANUA EIVAL YEWUETEIXT, XATL TOU EUVOE! TNV EICAYWYY| VEWY
EVVOLWY xat Yedddwy ot onoleg Bacilovton otn yewpeteixr) wog daloinom.

Iewyetpixéc yédodol autol Tou TN elyay NON yenowonomndel and tov Gauss xo Tov
Dirichlet, ov onolot epydlovtav oe mpoBAfpata oYeTxd Ye Tic VeTiXd OploUEvES TETPAY-
wvixée poppéc. Ilpdtoc duwe o Minkowski avéntule wa cuotnuatia) Yewpia, anédelle
évar yevind dedpnua yio n-Sldotota xupTd owpata K, xat 1o e@dppooe ot yeydio mhridog
onuavTix®y tpoBinudterv. H véa dewpia ovopdotnxe «yewuetpla twv aptdudvy and tov
{8io Tov Minkowski.

O Hermite (1850) anédeile 6, av F' elvon pia Yetind optoyévn Tetpayovixt| popph n
petaBantodv, téte n (3.1.1) éxyel un tetpupévn axépona Aoon av to A Eemepvdel o TN
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mov e€uptdTor PHovo amd To n xat and N draxplvouca e F. H @lon tne anddeilhc tou
Atay aprdunuxy. O Minkowski yetégpace 1o arotéheoua tou Hermite oe éva Yedenua yia
eAeLPOELDT], o EBWOE Wial VEX YEWUETELXY) AmOOEIET] TOU. X TN GUVEYEL TOPATHENOE OTL,
Ol HOVES WOTNTEC TOU EAAELPOELBOUE TIOU AMAULTOUVTAY Yol THY AmodEEn, HTay 1 xupTdTNTY
xa 1 oudpetpela Tou we tpog to 0. Katéhnie 1ol ato e&hg Yedpnua (mpdto Jeddpnua tov
Minkowsksi):

Ocdenua 3.1.1 (Minkowski). Eotw K avoiktd kar gpaypévo, cupupetpikd ws mpos to
0, kuptd uroovroro tou R™. Av |K| > 2™, téte to K mepiéyer tovddyiotor éva u € Z™\{0}.

To anotéheopa autd dev emdéyeton Bedtiwon. Av dewprooupe tov xVBo Q = {z :
lz;| < 1,i=1,...,n}, 16t |Q| = 2", ahhd Q NZ" = {0}.

Oa ddoouye pla anodelln tou Oewpruatog 3.1.1 n onola Bacileton oto e€hg Arjuua Tou
Blichfeldt:

Ocdenuo 3.1.2 (Blichfeldt). Eotw M éva Jordan petprioipo vrootrodo tov R™, ue
|M| > 1. Yrdpyow x #y oto M dote x —y € Z™.

Andbaén. H andde&n mou Yo ddoovye opelletan otov Hajos. Trolétoupe ot [M]| > 1.
Av 10 M bev elvan ppaypévo, tapatneolue 6Tt 1 Tour| Tou M e undAo XotdAAnAo HeYding
axtivag e€axohouvlel va et dyxo pyeyahitepo and 1. Trodétovue hotndy, ywplc teploploud
e yevxotntag, 6t to M elvon gpayuévo. Oewpolue 1o Yegehindeg noparinieninedo tou
Zn

(3.1.3) P={zeR":0<xz;<1li=1,...,n}

To oivoro U twv u € Z™ v ta onolo. (u+P)NM # 0 elvon tenepacuévo: av (u+P)NM #
0 t6te u € M — P xar to M — P elvar pporyuévo, dpa €youle TENEpacpévec To Thidoc
emhoyeéc v 1o u. I'edpouue

(3.1.4) U={uy,...,u}.

T xdde j = 1,...,7, opllovye M; = (uj + P) N M. To obvoha M; eivon Eéva xat n
évwot| Toug elvar to M. T xdde j = 1,..., 7 Yewpolpe tn petagopd M; = M; — u; =
PN (M —uy;) C P. Hapatnpotpe 6t [Mj| = |M;| yio xdde j = 1,...,7. Yuvdudlovtac
autée Tic Tapatnerioelc Bhénoupe 6 av To M frav Eéva, téte Ja elyope

Pl > IMju-- UM =) M =) 1My =) |(u; + P) N M|
j=1 j=1 j=1
= Y |(w+P)ynM[=|M|>1,
uezZn
7o onolo elvau dromo. Apa, undpyouvv i # j € {1,...,7} xu z € M; N M. Tore, ta

T =z+u; xou y =z +u; avixouwy oto M, xu x —y = u; —u; € 2"\ {0}. O
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ITapatripnon. To (Sio woylet av viodécoupe b1 to M elvar pporyuévo, xhetotd, xat | M| > 1.
Tt av ndpoupe wa @divovsa axolovdia A, — 1, éyouvue |A.M| > 1, dpa undpyouv
TryYr € AeM 0oTE 0 # 2 — Yy € Z7. T, ot (), (yr) €xouy vTaxohovdiec xy, — = €
M, yr, — y € M, xat ebxoha eréyyouvue 6Tt © —y € Z™ \ {0}.

Anédeaén tov Gewpnpatog 3.1.1. Oewpolye 1o M = K/2. To M elvar Jordan yetpriowwo
xat, and Ty unédecy| yag, M| > 1. Arnd to Afupa tou Blichfelds, undpyouy z,y € M
wote 0 £ x —y € Z™. 'Opwc, and tov optoud tou M, undpyouvy wi,ws € K pe x = wy /2
xar y = we/2. To K elvar oupuetpnd ws mpog 1o 0, dpa —we € K. And v xvptdinta
Tou K cuunepaivouye 6t

wy + (—wg)

(3.1.5) toy=——p—> €K

Anpadn, 0 £z —y € KNZ™. O

3.1a" To emyeipnua Tov Minkowski

Ileprypdpouue tdpa to apyixd emiyelpnua tou Minkowski. Oewpolue éva xheiotd, cuy-
peTpnd we mpog o 0, xuptd cwua K. Ta xdde A > 0, Yewpolye to odpo AK. Aol 1o
K elvon gpayuévo, yio gixpd A éyouvge AK NZ™ = {0}, xon agod 1o K meptéyel par undio
HE xévtpo o 0, Yo peydha A da éyouvue AK N (Z™\ {0}) # 0.

Agol 0 € MK, and v xvptdtnra tou K éneton 6tir av 0 < A < N, t61e AK C VK.
Agol 10 K elvar xAe1oT6, cuunepaivoude 6Tt

(3.1.6) AK =[{NK: XN > AL

v x&de A > 0. Ewdudtepa, av oploouye

(3.1.7) Ar =1inf{A > 0: AK N (Z"\ {0}) # 0},
T6tE

(3.1.8) MK N (Z"\{0}) # 0.

Anhadn, undpyet eAdyotoc A1 > 0 yia Tov onolo 0 A K Tepléyet un Undevixd axépalo
onuelo (to onolo, BéPoua, Yo Peloxeton ot0 6Uvopd Tov). T v anddeldn e (3.1.8),
otadeponololue Ay > A1 xar Yewpolue gdivouvca axoloudia Ax > p, — A, To ALK
TepléyEL TEnEPAoPEVAL TOo TANOOC un Undevixd axépona onuela, xat, yio xde n, xdmoo and
aUTA avixel 6To f, K. Trdpyouv hoimdy un undevixd u € Z" xou vaxolovdla [, OOTE
u € g, K vy xd9e n. Tore,

(3.1.9) we (Y, K = MK,
T %dde A > 0 Yewpolye to oOvora AK +u, u € Z". T uixpd A, o obvora AK +u efvan

Eéva avd dVo. Me éva emyelpnua avdhoyo mpoc 1o mponyoluevo, delyvouue 6Tt UTdpPYEL
eNdytotoc Ag > 0 ya Tov onolo undpyet u € Z™ \ {0} dote MoK N (Ao K + u) # 0.
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Adupo 3.1.3. I'a kdUe ovupetpixé kupté ovpa K wyde niodtnta Ay = 2.

Anédeén. Eotww x € MK N (MK + u), émov u € Z™ \ {0}. Térte, Myw tne ovupetpiog
tou K, éyouue u —x € AgK xar x € MK, dpa u € 20 K. Enopévwg,

(3.1.10) AL < 2Xo.

Ané v & mhevpd, av u € A K N (Z™\ {0}), téte, napatnedvtag 6Tt —u/2 € (A1 /2)K
XL YPToWonoldvTaS TN cupuetpla Tou K, ypdgouue
u )\1 )\1

u
111 - =—= —K —K .
(3 ) 5 2+u€ 5 ﬂ<2 +u>

‘Enctow 61t Ag < A\q/2. O

O Minkowski oloxhfipwve 1o emyelonud touv we e€hc: T obvoha AoK + u, u € Z",
€youv &éva eowtepd. Autd €yel cav ouvémela Ty avieomta [AgK| < 1 (ahhiodg, o
Arupo tou Blichfeldt Yo pag 0dnyoloe oe drono, e&nyrote yiotl). Lougwva ye 1o Afuua
3.1.3,

(3.1.12) NIK| = [ME| = |(200) K| = 27|\ K| < 27

Av unodéoouyue 611 o K dev meptéyel un Undevind axépono onueio, téte Ap > 1, onAady
|K| < 2™. Enoyévwg, xdde xheotd, ovuuetpxd wg npoc 1o 0 xuptd owua K ye dyxo
|K| > 2", meptéyel un undevixd u € Z™.

T T mepintwon tou avowxtol K, unodétovtac étt |K| > 27, Beloxouue A < 1 dote
A K| > 27, onéte |[AK| = A'|K| > 2". Eqoppéloviac to TponyolUevo anotéheoua,
Beloxoupe un pndevind axépoio onuelo u € AK C K. O

ITapatnprioeis. To emyelpnua tou Minkowski (eldixdtepa 1 ELCAYWYH TWV TOPAUETPWY
Ao, A1 xow to Afjupa 3.1.3) elvon onuovtind yia totopixole Aéyous. Tov 0dfynoe otov opto-
©6 TN véprac mOL EMAYETHUL A6 To K %ol 6TOV 0plold TV Bladoyixey elayicTwmy
Tou K:

(i) 'Eow K »etotd xwptd unocvvoro tou R™ pe 0 € int(K). H ouvvdptnon otddung
(4 ouraptnooadés Miknowski) tou K eivon 1 ouvdptnom gk : R” — R nou opiletar

and TNV
(3.1.13) gk (z) =inf{A > 0:2 € AK}.
Av 10 K elvon ouppeteind xuptéd oodua, TOTE 1 g elvar vépua otov R™ xaw K = {z :
gk (z) <1}

(ii) Eotw K ouppetpixd xvuptd ooua otov R™. Mropolue vo ehéyZoupe 6T, yior xdde
i =1,...,n, undpyouv A > 0 wote 10 AK va TEQLEYEL TOUAAYIOTOV © YQEOUUIX

avegdptnta dwvbouata tou Z". Opllouue

(3.1.14) Ai = inf{A > 0 : dim(AK N Z") > i},



3.2 E8APMOTEY STH OEQPIA TON APIOMQN - 65

6mov dim(AK NZ™) elvar 1 StdoToo1 TOU UTOYDPOL TOU THpdYETOL oAb To axEpolal
onpeio Tou AK. Ou apuduol 0 < Ap < Ag < -+ < Ay, elvon o d1a00y1kd eddyiota Tou
K. Y0pgpovo pe 1o mpoto Yewenua tou Minkowski, agobd A K NZ™ = {0}, 1o M K
TEETEL VoL £YEL OYXO0 TO TOAD 6o ue 2™:

(3.1.15) AP|K| < 2m.
TTafpvovtac ur’ 6y Tou dha Tor SLadoy s EASYLIOTA A1, . . . , Ay, TOU K, 0 Minkowski anédet&-
€ x4t woyupdtepo (to devtepo Jeddpnua tov Minkowski):
Ocwpnua 3.1.4. Eoww K ouupetpikd kupté odua otov R™. Tore,

(3.1.16) AMAg. . A K| < 2™

3.2 Egoappovéc ot Jewpla twy aprdpwmy

3.2a" Opoyevelc YPARUIXES LOPPEC

H mo yvwoth epopuoyh tou Yewpruatoc tou Minkowski agopd cucTiuato OUoyeEVOY
Y OUUULXY LOPPOV:

Ocdenuo 3.2.1. Eotw &(x1,...,Tn) = ain%1 + -+ + QinTn, @ = 1,...,n, opoyevels
YPAUMIKES HOPPES i€ TPayuatikols OuvTeAeoTés a;; kai un undevikn) opilovoa A. Av
t1, ...ty > 0 kat t1ty -« -ty > |A|, tdve vndpyer (x1,...,2y,) € 2™\ {0} doze

(321) \gl(ajl,,xnﬂ St“ 221,771
Andden. Oewpolye T0 TApAAANAETINEDO
(3.2.2) P={x:|&(x1,...,zn)| < t;i=1,...,n}.

Av T elvou o ypopuxode yetaoynuatiopds mov oplletar and tov mivaxa (a;j), t6te P =
T=Y(Py), 6mou

(3.2.3) Po={y:|y| <ti,i=1,...,n}.
Apa,
P tita -ty
(3.2.4) |P|=|T"Y(P)| = |MA1|| = 2"“’|T| > o,
Ané 1o Yedpnuo tou Minkowski, undpyer € PN (Z™ \ {0}). O
Egappoyn. Eotww a,...,a, € R. Yrdpyovr axépaior uy, ..., Unp11 DOTE
(3.2.5) [Uprra; —ug| < %, i=1,...,n.

un+1
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Anédeén. Otovpe Eni1(T1, .. Tnt1) = Tpp1 XOU

(3.2.6) Ei(x1y oo Tpg1) = Tp1a; — x4, 1=1,...,n.

Tote |A] =1, dpa v xd9e ¢ > 1 undpyet (u, ..., unt1) € Z™ \ {0} Tou wavonoel tic
(3.2.7) lups1| <t o |upgra; — ug| <t

To uyp41 0ev pmopel va glvon (oo we undév, yiott tote dhot ot u;, ¢ < n Va Rrav anohitwg
uxpdtepor tou 1, dnhadh enlong (ool ye undév. Emlong, avixahotdviag av yeeiaotel
6MOUC TOUC U; PE TOUC —U;, UTOPOUUE VoL UTOYECOLUE OTL Upy1 > 0. Emeton 611

1 1
(3.2.8) [Uny1a; —u| < i <
un+1
yiaoxdde i =1,...,n. O

3.28° To dedpnua npocéyyione tou Dirichlet

Egoapuéloupe topa mo mpocextixd to Yedpnua tou Minkowski oto npdBinua tng npocey-
YLOMG TEAYHOTIXOY aptdudy and pntolde (Yedpnua tou Dirichlet):

Oewpnua 3.2.2. Trdpyer owadepd ¢ > 0 pe nr 10i6tnta: ya kde a € R, vndpyel
ooodnrmote ueyddog q € N ka1 vndpyer p € Z, dote

(3.2.9)

Arndbeaén. Mnopolue vo utodéoouue 1t o a elvan dppnroc (av o a elvon pntde, téte T0
TEdPBANUa dev €xel xapd duoxoiia). Eotw M > 0. Aol a ¢ Q, undpyer Q > 1 dote

1
(3.2.10) ty :=minf{lag —p|: ¢ < M,qe N,p e Z} > o
Opilouue
1
(3.2.11) K= {(x,y) €R?: |ax —y| < 0 || < Q}.

To K elvar mopahhnhdypappo, pe epfadov |K| = (2Q)(2/Q) = 4. Andb to dedpnuo tou
Minkowski, undpyer (¢,p) € K N (Z%\ {0}). Eyxovue q # 0, yati ol Yo ebyope
Ip] < 1/Q < 1, dnhadh p = 0. Erioneg, Aéyw tng ouppetplog tou K, unopolue va
unoVéoouye 6t ¢ > 0 (dnhadh, ¢ € N). Autéd onuaiver 611 0 < ¢ < @ xau |ag — p| < 1/Q,
dpat

(3.2.12)
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Téhoc, and Tov optoud Tou tar, Eyouue

1
(3.2.13) lag —p| < o< tars

dpo ¢ > M. O
To Oedpnua 3.2.2 yevixeeton we e€hg:

Oewpnua 3.2.3. Yrdpyer oralepd ¢ > 0 pe v 1didtnta: av ay,...,a, € R, vndpyel
ooodnmote pueyddog q € N ka1 vndpxovy pi,...,pn € Z, d0TE

_bhip o C

q| = g+’

(3.2.14)

a;

Andédaén. Eotww M > 0. H anddein eivon eviehdc avdhoyr ye authy tou Oewphuatog
3.2.2: unopolpe vo utodéoouyue 6Tl oL ay, . . ., an Sev elvan ot pntol. To mapahhnieninedo
o7o omnofo egapudélovye To Ocdpnua Tov Minkowski, elvar To

1
(3.2.15) K= {(x,yl,...,yn) eR" gz — 4| < o lz| < Q},

omou @ > 1 apxeTd PUEYAAOS WOTE Va XavoToLE(ToL 1|

. 1
(3.2.16) tyr i= min {Iln<a;(|aiq —pil i ¢g<M,qgeN,p; € Z} > o
Ot AETTOUERELEC APYVOVTAL WC AOXNOT). 0

3.2y" TWOUEVO YRARUIXWDY ROEPHY

‘Eotw &(21,...,Tn) = ai1®1 + - + QinZn, 1 = 1,..., 0, OUOYEVEIC YPOUUIXES HOPPES UE
TRAYHOTIXOUS GUVTEAECSTES a4 o 1 wndeviny opllovoa A. Ilafpvoviac ¢ = -+ = ¢, =
|A[" 610 Bedpnua 3.2.1, BAénovye 6T undpyel (T1,...,x,) € Z"\ {0} dote

n

(3.2.17) [T,z < 1AL

i=1
Ou dwoouyue Eva xaAOTEPO Gve QEAYUN YLl TO YIVOUEVO TwV &;:
Ocedenua 3.2.4. Av & ka1 A dnwg tapandvo, vrdpye (x1,...,2,) € Z™ \ {0} dote

n

(3.2.18) [Tl ol < Al

=1
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Anddeaén. To ywelo {z : [T, |&(x)| <7}, r> 0, Sev elvon xuptd, TEpEyEL OPwS TO

(3.2.19) KT—{:UGRH Zl& )| < nr'/ }

yiatl, and TNy avicoTnTa aprdunTXod-YEWUETELXO0U YEooL, Yo Xdde 1, . .., Ty € R €youue

(3.2.20) H|§Z ( Z|§Z )n

i=1

Av T elvon o ypoppixde petooynuatiopdc nou opileton and Tt &, tote K, = T H(K}),
6mou

(3.2.21) K} = {y : Z ly;| < m"l/”} .
i=1

Apa,

|K}| 2™t

.2.22 K |l=—=——.
(3.2.22) Kl = fae] = i

O éyxoc wou K, da elval iooc ye 2" av r = ro = nl|A]/n™, xa tdte, T0 Jedpnua Tou
Minkowski poc eZaopalilet 6t undpyet © € KN (Z™"\{0}). Anhady, undpyet z € Z™\{0}
Yl 0 onolo

(3.2.23) [Tl& @) < (i > &(m)l) <70 = %\AI.

=1 =1

3.28° Tetpaywvixéc poppéc

Octpnua 3.2.5. Eoww A = (ai;j) ovuperpikds, Oenikd opiouérvos n x n mivakag. Ocw-
pOULE TNV TETPAYWVIKI 1OPP1)

(3.2.24) T(x1,...,2n) =T(z) = (Az, x).

Av D = det(a;;) eivar n duakpivovoa s T, umopoUue va Ppodue (ui,...,u,) € Z™ \ {0}
woTe

1/n

(3.2.25) T, .. un) < = (r (g + 1)2 D)

™

Anddaén. Trdpyer ovuuetpinde, Yetxd opopévoc S wote S% = A. T xdde r > 0
optlouue

(3.2.26) K, ={xeR": T(x) <r}.
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"Eyouue T(z) <7 av xo gévo av ||Sz||3 < r. Anpadh, K, = /rS™H(BY). Enopévec,
Tn/2 Tn/2 T

det(S)“" = VDT(EZ +1)

Enmiéyouye 19 > 0 1ot dote va éyouvyue | Ky, | = 2. Téte, and 1o Oedpnua tou Minkows-
ki, pmopolue vo Bpolpe (u1, ..., uy) € Ky, N (Z™\ {0}), dnhady,

n/2
(3.2.27) K, =

4 2 1/n
(3.2.28) T(uy,... up) <710 = — (F (g n 1) D) .

™

3.2¢” To Yewpnua Tov Lagrange

Xenowonowdvtag to Yewpnua tou Minkowski, Yo anodelfouvpe 1o e€hc Yedpnua tou La-
grange:

Ocdpnpa 3.2.6. Kdde puokds apiduds n ypdpetar otn popen n = 3 + o3 + 2% + 3,
omov x1, T, T3, T4 € 7.

Andédaln. Apywd, moapatnpolue 6t apxel vo e€etdoouye TNV mepinwon mov o 1 elval
ehellepog TETPAY VWY, SNAadH, N = p1 ... Py, OTIOL p; Slaxexpiuévor tewTotl. Iapatnerote
6Tt %80e puoxde aprdube n Ypdgetar ot popgR n = s*m, émou o m elvon eheddepoc
tetpay@vwy fm = 1. Ipdypatt, o n avahletal otn opphi n = pi* - - - pir. Av a; = 2t;+v,
ue v; € {0,1}, apxel va Véoouue s = pit -+ plr xou m = pi* - pir.

Av o oyvploude tou Vewpripatog aindelel yia toug @uoxols mou elvon eebiepol
TETPAYDOVWY, ol av pag S0Vl TuydY QUOIXOS apLiUog N, YEAPOUUYE TOV 1 OTN UOop®Y
n = s*m émou o m elvar ehelilepoc TETPAYWOVOV Xat, YVopiloviac 6Tt unopolue vo yedd-
OUUE TOV M oTN Woph m = yi + y3 + y35 + y3 6mou y; € Z, talpvoupe

n= (ly1)? + (ly2)* + (lys)* + (lys)®.

Trodétouue hotmdy 6Tt n = p1 ... Py, OTOL Pj DLAXEXPWEVOL TRWTOL.

Adppa 3.2.7. Eotw p npotog. Trdpyow ay, b, € Z bdote

(3.2.29) a2 +b; 4+1=0 (mod p).

Andédaén. Av p = 2, maipvouue as = 1 xon by = 0. Av o p eivon Tepttdg TpedTog, EAEYYOUUE
6t oL aprdpot a?, a =0,1,. .., %, elvan avioolUmohotor mod p, xat To {Bto Loy Vel Yo Toug
—1-b,b=0,1,..., %. Agob 1o mA\doc twy a xou b elvar p + 1, undpyouv dVo and

aUTOUC TOU avrxoLvy oTtny Bt ¥ Adon modp. Autd onuaivel UTOYPEWTIXA GTL UTEEYOLY
p—1 ,
0 < ap, by < 5= pe v WidTNTA

2 _ 2
(3.2.30) a, = —1—b, (mod p),

Smhadn, a2 + b2 + 1 = 0 (mod p). O
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Adppa 3.2.8. Eotw n = py...p,, 0mov p; dakekpiuévor mpadtol. Ymdpyxouvr a,b € Z
woTe

(3.2.31) a®+b*+1=0 (mod n).
Andédaén. Anéd 1o nponyoluevo AMupa, yia xdde j = 1,...,r undpyouy a;,b; € Z wote
(3.2.31) a?+b+1= (mod p;).
Ané 1o Kivélixo Oedpnua Trololnwy, ta cucthgota
z = a; (mod pj), ji=1,...,r

xalt
x = b; (mod p;), j=1,...,r

€xouv ANoelc a xou b avtiotoiya. Tote,

(3.2.32) > +b°+1=aj+b; +1= (mod p;)
v xdde j = 1,...,7. Agol ot p; elvon daxexpyévol TpdTot, éretar 6Tt a® + b2 + 1 =
0 (mod n). O

Yuvéyea s anédeins wov Jewpnjpatos. Oa Aéue mAEypa xdde cOVOAO TN UOPPHC
A=T(Z"), émou T € GL(n) (o T elvar avToTpéPLuog YPAUUXOS UETATY NUATIOUOS TOU
R™). Av vy xdmowo maéypa A = T(Z™) %ot xdmoto GLPPETPIXG xUpT6d oodua K ctov R™
Loy Vet

(3.2.33) |K| > 2"|det T,

téte undpyer v # 0 dote v € K NA. Hpdypatt, av JewphioOuUe T0 GUUPETEIXS XUPTO
oopa K1 = T7H(K), 6t |Ky| = |K|/|detT| > 2". Ané 7o dewpnua tou Minkowski
undpyel u # 0 wote u € K1 NZ™. O¢tovtac v = T(u) éyoupe v # 0, v € T(K1) = K %o
veT(Z") =A.

A6 to Afupa 3.2.8 undpyouy a,b € Z dote n | (a? 4+ b* +1). Oewpolpe Tov ypouuixé
petaoynuations T : R — R* nou opiletor ané i

T(el) = (1’ 0,a, _b)v T(eQ) = (Ov L,b, a)v T(e?)) = (Oa 0,n, O), T(€4) = (07 0,0, ’/l)
O T eivor avtiotpédrpoc xon |det T'| = n?. Av u = (u1,uz, us, uq) € Z" t67€
(3234) T(u) = (ul, Uz, aul + bus + nuz, —buq + aus + HU4).

Ocwpolpe 0 TAéypa A = T(Z") xon ™ unédha B = {z : 23 + 23 + 22 + 22 < 2n}. O
6yxo¢ g ebvan {oog pe

(3.2.35) |B| = 2n*7? > 16n? = 2*|det T).
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Ané o Yecdpnua tou Minkowski, undpyet (1, 22, z3,24) € A\ {0} dote

(3.2.36) 0 <2} + a3+ 23 + 27 < 2n.

Anady, urdpyet u € Z™ \ {0} wote

(3.2.37) 0 < u? 4+ ud + (auy + bug + nuz)® + (=buy + aug + nug)® < 2n.
‘Ouwe, av Véoovue U = u? + u3 + (auy + bug + nugz)? + (—buy + aus + nuy)?, éyoupe

U = u?+u3+ (aup + bug)? + (—buy + auy)? (mod n)
uf +uj + (a® 4 b%)(uf + u3) (mod n)

(a® + b* + 1)(u? + u3) (mod n)

= 0 (mod n)

Apa, n | U. Ané tny (3.2.37) ouunepaivoupe 6t n = U = uf +u3 + (auq + bug + nus)? +
(—buy + aug + nug)?. O

3.3 Axépota onpeia o ehherdocidy

‘Eva ougpeteind xuptéd oopa E otov R™ Aéyeton eAAewoetdég av undpyel avTiotpédiuog
Yoouuxog petaoynuatopde T (T € GL(n)) wote B =T(BY).

YupBoiilouvye pe £, TV xhdon 6wV v ehhewpoeddv tou R™ mou dev neptéyouv 6To
gowtepind Toug xavéva onuelo tou Z"\{0}. To mpdBinua mou Yo udc anacyolfoel oe
auth Ty Hapdypago etvar va dodolv extiuioec Yoo Ty tocdTnTa

(3.3.1) an =sup{|E|: E € &, }.

3.3 H pédodog tou Blichfeldt
O Blichfeldt édwoe t0 axdroudo dve QEdyUL Yot TNV Q.
Oewpnua 3.3.1. I'a kdde n € N, 1wyve n aviodtnta

2
(3.3.2) an < %2”/2.

Tty amddedn e avicdtntac xdvouue Tp@ta TNV €€ avaywyy. Oéloupe va delfouue
ot

Ia kdOe eMenpoaidés E pe dyro |E| > 24222 gyva E N (Z"\ {0}) # 0.
Iood0voya, apxel va dei€oupe dtu:

Ia kdde tAéypa A = T(Z™) otor R™ pe |BY| > 22| det T| wyve By N (A\
{0}) #0.
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H anédeln e twooduvopioc twv 800 Tpotdoewy aprvetat g doxnon.
Ocwpolye howtdy éva mAéypa A = T(Z") otov R™ 10 onolo wavornoel tnv

2
(3.3.3) |BY| > %met 7).
Avou, =T(e;), i =1,...,n, Yewpolue 10 ToapahAnieninedo
(3.3.4) Q:{Ztm: ogti<1}.

=1

Mapatneiote 61t Q = T(P), 6mov P ={z: 0<z; <1,i=1,...n} eva 10 Yepehddec
TaparnAeninedo Tou Z". Yuven®e,

(3.3.5) Q| = |T(P)| = | det T| |P| = | det T].

T %drde ohoxhnpddoiun cuvdptnon f: R™ — R unopolye va ypddouue

ot = Y [ f@de= 3 [ fusgay
R ueh JutQ uen’ @
-/ (Z f(u+y)> dy.
@ \ueA
Av hownéy 1 f xavomoel v
(3.3.6) (x) dz > [Q],
R‘!L
T0TE
1
3.3.7 —/ flu+y) | dy > 1,
37) o (Zrwr)
xa quTo onualvel 6TL utdpyel y € R™ wote
(3.3.8) > fluty)>1
ueA

Adppo 3.3.2. H ouvvdptnon

1=2lz]3 , 0< zlz < 5
- 2

0 s lzllz = 5

N

1kavomolel Tny

[ f@ds>1al
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Anéoaén. Oétovtac r = €youue

2
f@)de — t/” (1-12) w
R’VL TL
llzll2
= |rBf| - r2/ / 2t dt dx
B'Vl
= |rBy| - /2t/ dx dt
t<|z|l2<r

= By - [ 20emg) - g
0

T t'ﬂ

= |TB2||rB2|2/2t(l> dt
0
" 2t

= |rBy|— |rB%| 2/0 <2t— s )dt

a\~

= |[rBy|— |rBy| (1n+2> :m|7"32|
B 2 1 n
N n+22n/2| |

> [detT| =@,

6mou 070 Téhoc avtxatacThooue T = 1/v/2 xou ypnowonotioape Ty utddeon 6t |BY| >
2422 | det T| mou xévape v to A oty (3.3.3). O
Tepu, UTOpOVUE VoL EQupU6ooUpE TNV (3.3.8) yior TN CUYXEXPWWEVN cLVdpTNoT f: UTdpPYEL
y € R" dote

(3.3.9) > (1—2[u+y|3>1.
u€EANB(—y,1/V?2)

To ovoho U v u € A mou wavorowdv v |lu + ylla < 1/v2 eivar tenepaouévo.
Mnopotpe howndy va ypddouue U = {uq, ..., Up } xou T61€ 1 (3.3.9) nalpver ) uopyh

m
> (1 —2lfu; +yl3) > 1
=1
Srhadh
- m
(3.3.10) > iyl <
i=1

O Blichfeldt ohoxApwve Ty anddeln tou Vewpripatoc éow g axdroving avioOTnTog:
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Afppa 3.3.3. Avy,uq,. .., uy € R", tdre

3.3.11 i — Ujllo <2m ||ul y||2
i=1

i=1 j=1

Andoaén. Tloapatnpolye mpwdta dTt apxel va amodelfovye Ty aviodTnTa oTny TER(TTWON
y=0:

(3.3.12) Yo lu—ugllz <2m Y fluill3.
i=1 j=1

i=1
Kotémy epapudlovye auth tny edixr nepintwon yiot T U1 + Y, - - ., Um + Y-
Tty anédeen e (3.3.12), ypdpoupe

m

SO ui—willz = Y0 (luill3 — 2¢ua,ug) + [lug|3)
i=1 j=1 i=1 j—1

m

1
= 2mZ||ui||§—2<Zui,Zuj>
i=1 i=1 j=1
= 2m ) full3 2| w
=1 =1

m
QmZ l|us|3- O
i=1

2

2

IA

Emotpégpouye otny (3.3.10): yenowonowdviac 1o Afupa 3.3.3 naipvouye

m

m
(3.3.13) S i — w3 < 2m > [lu; + yll < 2m
i=1

ij=1

m—l_

5 m(m —1).

‘Opwe, 10 TARdoC Twv un undevixady 6pwv |lu; — ujl|3 (pe i # j) oto apotepd péroc e
(3.3.13) etvon oo ue m(m — 1). Tuvende, urdpyouvy i # j Gdote |Ju; — ujl|3 < 1. Anhadd,
TO U = U; — Uj AVAXEL 0TO A, elvon un undevixd, xat

vlle = llui —ujll2 < 1.

Auté onpaiver 6Tt v € BY N (AN {0}). Anhady, del€ape bt yio xdde mhéypo A = T(Z™)
otov R" ye |BY| > 22| det T| wyter By N (A\ {0}) # 0. O
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3.38° EM\ewpoedn ywelic axépota onpeio

Ye auth) v topdypapo eetdlovue o avtiotpopo mEdBAnua: vo Peedel ehheroeldéc pe
600 yiveTtow PHEYAAUTERO GYXO0, TO OTOlo BEV TEPLEYEL ax€pota OTUEld OTO ECWTEPIXS TOL.
To xahbtepo Yvwot6 anotéheopa ogeiletar otov K. Ball xar ypnoiwonoel to Afpua tou
Bang:

Adupa 3.3.4. Eotw z1,...,2Ty povadaia Saviouata otov R™, kat wy, ..., wy, Jctikol
npaypatikol apiduol. Trdpxer emdoyry mpooniuwy e1,...,6,m € {—1,1} dote 0 u =
S eqwiz; va 1kavorolel T

(3.3.14) [(u, x| > wi, i=1,...,m.

Anédatn. Tw xdde e = (e1,...,&m) € {—1,1}™, étovue u(e) = > 1" | ciw;x;. Emhé-
Youue exelvo 10 u = u(e*) ou €yel To UEYANDTEPO UAxog (ay UTdEYOLY TERLOGOTERY ATd
éva tétola u(e), EMAEYOUPE OTOLOdHTOTE amd AUTd).

Fo xde j =1,...,m, opllovpe

(3.3.15) u; = u(e") — 2ejwjz;.
Kdde u; etvor tne pophic u(e), pe e; = &f av i # j, xu €; = —¢5. ‘Apa,
lue)lz = Nusll3 = llu(e”) — 265w;a;513

lu(e)II3 — dwse; (ule”), ;) + 4w ;3.

"Eneton 61
. o) Aw?|a;]13
(3.3.16) [(u(e”), 25)] 2 ej(ule”), 25) 2 ——— = wj,
wj
v xdde j=1,...,m. O

H oxpiBric dratdnwon tou Yewpripatoc tou Ball elvar 1 e€hc:

Oewpnua 3.3.5. I'a kdle ¢ > 0 vndpyer eldenpoerdés E ooy R™ mov dev mepiéyer onpeta
tou Z"\{0}, ka1 éxe dyro

(3.3.17) IE|>2(n—1)—e¢.
Andédeln. Oewpolye TNV xAdon GAwY TwV EARELPOEB®Y TNE LopPHC
(3.3.18) Er={z €R": (u,z)*> + ||z||3 < R*}, u€R",R > 0.

Io xéde R > 0, mpoonadolye apywxd va Beolue u = ug € R™, dote 0 Ep vo yny
nepLéyel axépona onueio extdc and to 0. Anhady, Intdue yio xdde z € Z™ \ {0} va toylel

(3.3.19) (u,2)? + 2|3 > R2.
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H awisdtnra auth xavoroeltor tpogavee av ||zlle > R. Hepoplbpacte hoimdy ota
0 < ||z]l2 < R, xau {nrdpe

R2
3320) (ORI
1]l 12115
O¢toupe w, = v/(R/]|z]|2)% — 1, xpatdue éva pévo Z and ta £z v xdde 0 < ||z||2 < R,

xau epoppolovye to Adupa tou Bang: undpyouy ez € {—1,1}, dote

(3.3.21) ‘<Zggw2” E 2 >

>ws;, 0< ||Z||2<R

Zll2" 1121l

IoodUvapa, undpyouy €, € {—1,1} wote 10 didvuoua

1
(3.3.22) u=u®) =5 Y ew.—
2 oelo<r 2]
Zl|l2
VO LXAVOTIOLEL TIC
(3.3.29) (o i)z 0<lel<r
2

TV authv v emhoyh Tou u €youue eZacalioel étt Exr NZ" = {0}. T tov unoloyiopd
ToU 6YxoL Tou ER, ypetaloyacte pla extiunon v to urixoc tou u. o 1o oxond autd,
Yewpolye To povadwio Sidvuopa 6 otn dediduvon tou u. Av K(R) elvar to urxog tou u,
€YOLUE

1 z,0
KR =l =) = 5 Y etoly,
0<|lzll2<R 12112
1 (=00 [R2 .
< = —1=: K(R).
3,2, T | T8 "
Oéroupe v = z/R. Tore,
o1 o) [ 1
3.3.24 K(R) == — 1.
(3:3.24 ®=3 2 L\ T

vEEZ"NBI\{0}

Koadde 1o R — 00, 10 napandve ddpooya (tolanhactacuévo ent R~™) elvol éva ddpoloua
Riemann vy o

1 o [ 1
(3.3.25) 7/"@’” - —1dv.
2 /gy lvllz \ [lvl3
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Anhadn,

KR 1 [(v,0)] | 1

3.3.26 = —
( ) R—o0 wan an By ||U||2

w13

Tt Tov uoAoYIGUS TOL TEAELTALOU OAOXANEWUATOS, TTAlPVOUUE TOMXES GUVTETAUYUEVES:

. K(R) o nwy ! ne1 |1
Jim S = 2 [ [l 2~ 1dpa(ao)
1
— ﬁ ) n—2 _ 2d
5 [ Neoets)- [ r2yT= R

Mapatnpolue 6Tt To TPMTo ohoxMApwua elvor aveldptnto tou 6 € S"~1. Mnropolue Aoirdy
va utodéoouye 6Tt § = eg. T'pdgouye

1
nwy,
(3.3.27) / |21|dz:nwn/ |<¢,el>\o—(d¢)-/ pdp — / (6, 1) (do),
BS Sn—1 0 n+1 Sn—1
pided
1
(3.3.28) / |z1|dz:2/ wn_1t(1 —t2)=D/2q¢,
By 0
ondre,
1
Qop 1 [ t(1 —2)(=D/2q¢
[ No.ootag) = 2t
gn-1 (nwp)/(n+1)
1
— 2(n+1)wn—1 _ 1 (1_t2)(n+1)/2
nwn, n+1 0
_ 2wn—1
T nw,
Téhoc,

e e L[N T 1)/2T(G/2)
/Op \/l—pdp—§/0t (1—-t)27dt = T((n£2)2)

Mafpvovtac un’ 6w pac ™y wy = 72 /T((k/2) + 1), xatalfyoupe oty

iy KR 2001 TFH Y
R—o0 w, R™ nwn, (%)
_ 27 UPIG 4+ DI
S on T+ ()
1

2(n—1)"
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Auté onuaiver 61, v yeydia R,

(3.3.29) ?(I; >2n—1)— %

Mopatnpotye enione 6t lim K (R) = 400, adde Vo elyoye

(3.3.30) lim K(R) _ 0.

R—oo wy R™
Ané v &M mhevpd, 0 6yxog tou ER elvar {0og ye tov 6yxo tou
(3.3.31) Bl = {2z € R": (K(R)ey,z)? + ||z||3 < R?},

o onolog unohoyiletar edxoha: 0 Ef, éxet (n — 1) nud&oveg iooug ye R, xat évay ico pe

R/\/1+ K2?(R). Apa,

(3.3.32) |Eg| =

10 omnolo yia yeydia R elvar peyahdtepo and

ol € o1y -
K(R) 2

(3.3.33)

‘Etot, éyouye anodel€et 6Tt utdpyouy eMeloeldy| ywelc un tetpypévo axépono onueio, To
onolo éyouv byxo ocodrnote xovtd oto 2(n — 1). O

"Ayeon cuvéneia elvol 10 0xOAOLHO XETW PEAYUO YL TNV iyt

Ocpnue 3.3.6. I'a kdle n € N, a, > 2(n —1). O

Xnuetwon. Ytny xatedduvor tou Oewpripatog tou Blichfeldt, to xahbtepo yvwoto anoté-
Aeopa elvon autéd Twv Kabatjanskii xouw Levenstein [KL]:

(3.3.34) oy < (1.32)" o 200401 +on(D]n

3.4 Ilopdptnua: epapuovéc tng avaiuorng Fourier otnv xupty
vewpetpla

3.4’ H anddeily tou Siegel yia To mpwto Yewpnua tov Minkowski

O Siegel amédeile Evay yevind TOTO and TOV OTOIO TPOXUTTEL WC TTOPLOHA TO TTRKTO VEWMENHUA
tou Minkowski. H anddei&n autol tou tdnou ypnowonotel v tavtétnta tou Parseval.
H 18éa efvon n e€nc:
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Eotw K avoxtd CUUHETEXS xVpT6 odua oTov R™, x 1 yapaxtnetotiny cuvdptnor tou
K/2, xau

(3.4.1) o(x) = Z x(u+ ).
uezL”

Téte, n ¢(z1,. .., Ty,) elvon TeEpIOdXA WS Tpog x&le petainty, pe neplodo 1. Ay P =
{z:0<uz <1,i=1,...,n} eivar 10 ohvnlec Vepehddec toparinieninedo tou Z™, 1
TavtdTTo ToL Parseval pac divet

(3.4.2) | #@ae= Y jatw

[(<YAL

6mou

au) = /¢(x)e—2wi<u,z>dm: Z / X(u+x)e—2m<u,z>dx
P P

uczZm
— / X(x)e—%ri(u,m)dx,

elvon ot cuvteleotég Fourier tne ¢.

Ocewpnpa 3.4.1. Eotw K aroiktd ouuuetpikd kupté odua otov R™ mov dev mepiéyer un
undevid axépaio onpueio. Av oploovue ¢ ka1 a onws tapandrvew, Tote

471
(3.4.3) 2" = |K|+ & > la().
u€Z™\{0}
Anddaén. Agod K NZ" = {0}, ta ohvoha u + 3K, u € Z", elvan Eévar, enopéve
(3.4.4) u#u = x(z+u)x(x+u)=0.

‘Ereton 61t ¢2 = ¢ ot0v R™, dpa

345 a0)= [ ews = [ Fa@dr=lo@F + ¥ la@]

u€eZ™\{0}
Ouowc,
(3.4.6) a(0) :/ x(z)dx = |2£n|,
dpot
(3.4 B_EE, Y awr

u€eZ™\{0}

xat 10 {NToVUEVO TPOXOTITEL Ay TOANATAAGLAGOUPE Tar 800 PEAN TNe TEAELTAOG toOTNTAC UE
4" /1K]. O
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ITépiopa 3.4.2. Eotw K avoiktd ouppetpikd xkuptd odua otor R™. Av K NZ™ = {0},
téte | K| < 2™, O

3.4B° H andédeiln tov Hurwitz yio tny 10oneplpeTeiny avicoTnTa 6To ENinedo

Xernoronowdvtac pedddove avdhvone Fourier, o Hurwitz anédeile v axdroudn iconepiletoixn
aviooTnTa:

Oewpnue 3.4.3. Eotw K xwplo oto eninedo tov omoiov to avropo €lvar uid amAr) kA€wotr kat
Aela kaumoAn. Torce,

A A(K) < P*(K),
émov A(K) efvar to eufaddy tov K xar P(K) efvar n repiuetpos tov K. Iodtnta woxder udro av
to K elvar diokog.

Apxikés mapatnprioes. Trodétovpe 6T 10 Ywplo K €xel oov obvopd tou pia Aela amhh) xAeloTh
xoumOAn 7y : [a,b] — R% Me auté evvoolyue 6t av y(t) = (x(t),y(t)), 16t ot =’ xor y' eivor
ouveyelc xar emmhéov (z'(¢),y'(t)) # (0,0) yid xdde t, To onolo eLacpaiiler Tt N xaundAn éxel
oe xdde onuelo egantéduevo didvuoua to onolo petafdiietal ue cuveyy tedmo.

To urxoc e xaunding v dlvetal amd v

(3.4.8) p= / VEOF F Iy OF dt.

Ou oploouye mpwTo Wiar Véa TopaueTeLXomoinon g xaunding v: Oewpolye v aneixdvion s :
[a,b] — [0, P] pe

(3.4.9) s@:/ @@ + 7 ()Pdu.

H s elvat ouveyrc xat ywnolwe abdfovoa cuvdptnon tou t, cuvende oplletat n avtiotpoph e
57! 010 [0, P] %o unopolye va Yewpricoupe Ty xounOin 71 : [0, P] — R? pe y1(s) = v(t) énou

s =s(t). Téte, av z1(s) = z(t) xouw y1(s) = y(t) éxovpe

dx1 dx dt ' (t)
3.4.10 Is  dt ds
( ) ds  dt ds [/ (]2 + [y (t)]?
HAL

dy,  dydt y'(t)
3.4.11 e Tt ds '
( ) ds _ dt ds [/ (]2 + [y ()]

Ané g napandve oyéoeic PAEnovye 6Tt N Y1 €xEL TNV WBLOTNTA
(dz1/ds)? + (dyr /ds)* =1
yid x&e t. Eyouue dnAodr TapaeTELXOTOMNGEL TNV XAUTUAN wS Tpog HrikoS Tééou.
To eufBadov tou ywelov K vnoroyileton pe ™ Bodeia tou Yewprpatoc tou Green: Oewpolye

¢ ouvaptioee Q(z,y) = = xau P(z,y) = —y. Av ye 71 ovpfohicouye xor v exdva tng
xapnOAng v1 (1o oOvopo dnhady tou K), téte

aQ  oP
3.4.12 Pdz + Qdy = / (— - —) dxdy,
( ) /71 Qdy N\ 5y Y
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xaL ylo Tie ouyxexpdévec P xan @ maipvoupe

(3.4.13) AK) = %/ xdy — ydx.
‘Enetar 6Tt
(3.4.14) A(K) = %/O [z1(s)y1(5) — y1(s)a’(s)]ds

X0l UE OAOXANPWOY XATY ToEdYOVTES Tatpvouue

(3.4.15) A(K):/O x1(8)y1(s)ds.

Oa xdvoupe axdpa gl ahhayy petaBhnthc: Yétovue 2ms = PO, ondte 0 € [0, 27] xow av v2(0) =
Y1 (s) = (22(0),y2(0)), éxovue

(3.4.16) O + O = 15
v x&0e 0, xon
(3.4.17) A(K) = /% x2(0)y5(0)do.

Andbeaén tov Jewprjpatos. Mropolue va unovdécovue 6Tt to ohvopo touv K eivor n exxdva prac
xomOAne 72 : [0, 27r] — R? 7 onola txavomotel tic (3.9) xou (3.10).

O cuvaptioeic z2(6) xar y2(0) eivon cuveyelc dpa éxouv oelpéc Fourier, xau enetdn elvon xou
nopaywyiowwes ot oewpéc Fourier toug cuyxAlvouy oe autéc:

(3.4.18) z2(0) = % + (ar cos kO + by, sin k6)
k=1

nol

(3.4.19) y2(0) = %0 + 3 (ckcos kb + disin k).

>
Il

1
Enedh ov o5 xan yh elvon cuveyele, éxouv oepéc Fourier
(3.4.20) 25(0) ~ Y (kby cos ko — kay sin ko)

k=1
prded’

(3.4.21) y2(0) ~ (kdy cos kO — kcy sin k0) .

gk

>
Il

1

H toutétnta tou Parseval pog Sivet

(3.4.22) /OQTr[x;(Q)]QdG = f: K (ap + bi)

k=1
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xoit
o oo
(3.4.23) /0 [y5(0)1%d6 = 7y K*(ci + d3).
k=1
Suvbudlovtag pe my (3.9) naipvoupe
(3.4.24) P*(K) = 2x° i E*(ap + by + ci + d}).
k=1
Ané v 4N mhevpd, 1 (3.10) poc diver
(3.4.25) A(K) = /% 22(0)y3(0)d0 = = i k(agdy — brcr).
0 k=1
Agopdyvtac naipvouye:
(3.4.26) P? —4xA = 2n° i (K*(ai + bi + ck + dr) — 2k(ardr — brer))
k=1

=21 kl(ax — dx)® + (b + cx)’] + 277 Y (K> — k) (af + bi + ¢k + di) > 0.
k=1 k=2
H avioétnta Aowmdy woyler xor pével va efetdoovpe ndte unopel va woyler woétnta. And v
(3.4.26) eivar @avepd b1t yid k > 2 mpénet vo éyoupe ax = by = cx = di, = 0 (a@ol k* —k > 0 av
k > 2). Emnhéov, 1o mpdto and ta dbo adpolopata mpénet va undeviletan xt autd, dpa a1 = dy
ot by = —c1. Anhady,
z2(0) = % + aqcosf + by sinf

oL .
y2(0) = 50 — b1 cosf + aysiné.

"Evoc anhdc unoloyiouoe delyver 6t

(3.4.27) (m(@) - %)2 + (yg(e) - %)2 = af + b1,

Snhadhy n xapmdAn v2 meplypdpet xOxho, xa to K elvan dloxoc. |

3.5 Aoxvoe

1. Eoctw K xvptéd copa otov R”. Tha xdde r € N, dewpodue 1o mhéypa (1/7)Z". TopBoiiloupe
pe Ny tov TAandderduo tou cuvérov K N (1/7)Z". Acite bt
- K]
lim ———— =1
roe N (1/r)"
2. (Mordell) Ectw m € N xau éotw K éva xuptd odua otov R™ pe |K| > m. Tote, undpyet
z € R" dote 10 K + z va meptéyet TouAdytotov m + 1 daxexpiuéva axépoto onuelo.
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3. (van der Corput) Eotw m € N, xar K éva avoixto xot @payévo, GURUETEXG e Tpoc To 0,
%xVpt6 unoclvoho tou R™, e éyxo |K| > 2"m. Téte, 1o K mepéyel touldytotov m Levydpla
axepalwy onuelwy tu; # 0.

Trébetn. Xenowonotiote to Afupa tou Mordell.

4. (Mahler) Ectww K xuptd oodpa otov R™, 1o onolo nepiéyer to 0 oto cowtepixd touv. O
ovrtedeotiic aovuuetpiag tou K we mpog to 0 elvar o uixpdtepoc o = o(K) > 0 yia tov onoio
€ K= —x€0oK.

AglEte 6t av |K| > (14 o(K))", téte KN (Z™\ {0}) # 0.
5. Anodelte Aemtopepc 1o Oedpnua 3.2.3.

6. Acilte 61t oL napaxdtw mpotdoelg elvat looddvapes:
(i) Twot xdde ehewpoedéc E pe byxo |E| > 222" ioyter BN (Z"\ {0}) # 0
(i) Tw x8de mhéypo A = T(Z") otov R™ (émov T € GL(n)) ye |BY| > 22| det T| woyder
By n(A\{0}) #0.

7* (Pick) Eotw K xupté mohbywvo ue xopupéc onuela tou Z2. Acifte 6t 10 mAddoc twv
onuelwy tov K NZ? eivar (oo pe

|Z* Nbd(K)|
2
6mou A(K) to epPoadév tou K xor bd(K) to cOvopo tou K.

A(K) + +1,

Eotw K ovupetpixd kupté odua ovov R™. Eva tAéyua A = T(Z"), énov T € GL(n), Aéyetar
anodexté yia o K, av to udévo onueio tov A nov avijker oto eowtepikd tov K efvar to 0.

Ay A =T(Z") érov T € GL(n), optlovue det A = |det T'|. H xpiorun opilovoa A(K) tov
K efvar to inf(det A), drov to infimum maipretar tdvw and dda ta mAéyuata A mov efvar anodextd
yia o K.

8. Acilte 6
(i) Av K CW, t6te A(K) < A(W).
(ii) T xdde t > 0, A(tK) = t"A(K).
(iii) Av T € GL(n), tétc A(T(K)) = |det T|A(K).

~ =

9. Aci&te 611, yio xdde ouypeTend xvptd ohpa K otov R™ woylet

A(K) > 27"|K].

10. XuyPohiiCouue pe £, v xhdon 6Awv twv elketdoeddv tou R™ nou dev mepiéyouv oto
gowtepxd toug xavéva onueio tou Z™"\{0} xou opilouvyue

an =sup{|E|: E € &,}.
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Aceite 6T
A(B3)an = wn.

Ma owoyéveia P = {x; + rBy : i € I} and undles aktivag v > 0, Aéyetar packing av o
i +rBy éxovr Eéva eowtepikd. Opilovue dvw kair kdtw mvkvdétnta tov P w¢ €&ris: yia kdde
R > 0, Jewpodue tny RB3, kai tig x; + rBy o1 omoles téuvovr tny RBy. Av N(R) efvai to
mAndos twy otoryeiwy tov {i € I : (x; +rBy) N (RBY) # 0}, optlovue

= . N(R)wnrn
P _1 N7
0(P) = limsup R

Kai

d(P) = liminf M

R—o0 Wn Rn

O1 apidpof §(P) xar §(P) efvai n dvw ka1 kdtw nukvétna tov P, avtiotoa. Av §(P) = §(P),
Tdte avtr n kown tun efvar n tukrdéenta 6(P) tov P.
Eotw A éva nAéyua otov R". ‘Eva packing pe xévrpa oo A eivar éva packing tng poperis

P={xz+rBy:xz €A}

11. Bow P = {z + B3 : © € A} éva packing pe xévtpa oto miéypa A. Aellte 6

wnr™
(P)= det A°

12. Ogiloupe 6, 1o supremum v 6(P), 6nov P packing pe pndhec axtivac 1 xar xévtpa o
xénow mhéypa A tou R". Aci&te 6t oy = 2"6).



Kegdhoio 4

Y repeninedoa otrptENg xou
OLAY WPELCTINA VEWPTILATA

4.1  Aguwuxr) 91N xou agvixy ddotao

Opiopde 4.1.1 (apwixdg ovvduaowéde). Eow zg,z1,...,2, € R*. To z € R”
AEYETAL APLXOC CUVBUAOUOS TWY T, L1, - . . , Tk OV

(4.1.1) T =toxryg +t1x1 + -+t
v xdnowoug t; € Rpe tog+t1 4+ -+t = 1.

Opiopde 4.1.2 (agpwixd 9xn). Eotw S un xevé vrostvoro touv R™. H agwixr) Orjkn
aff () tou S elvar 10 GOVORO GAWV TWV APVIXGDY cUVBLACUGY oNuElwY Tou S. Aniady,

aH(S)Z{x=t03}0+t1$1+"'+thk:k’ZO,tiER,tQ+t1+"'+tk=1}.

Afppa 4.1.3. Eoww S un kevd vmootvolo tou R™ pe 0 € S. Tére, n aff(S) evar
Ypauukos vrdywpos tov R™.

Anédeaén. Eoto x,y € aff(S). Térte, undpyouv g, x1,..., T, € S xot to,t1,...,t, € R
ety + -+ +tp =1 vote

(412) $:t0$0+t1$1+"'+tk1’k.
Opolwcg,
(4.1.3) Y =5SoYo +S1Yy1 + - + SmYm,

omou y; € S xou s; € R ye so+ 51+ -+ + s, = 1. Mnopolue va ypddouue

(4.1.4) T4y =toro+tixy + -+ tpxr + Soyo + s1Y1 + -+ SmYm + (—1)0,
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6mov 0, To, L1, .o Thy Y0, Y15 - - - Ym € S xar =14+, ti—f—zj y; = 1. Apa, x4y € aff(S).
Hopatneotue enione 61, av A € R xou = € aff (S) t6te & = tozg +t12x1 + -+ + tpxy ye
ti R, tg+t1+ ...+t =1xu x; €S, ondte

(4.1.5) Az = (Mo)zo + (M1)z1 + - -+ + (Atg)zr + (1 — N0,

omou 0,0, x1,...,2, € S xou (1 —X) + >, At; = 1. Anhadn, Az € aff(S).
Ané to napandve cuunepaivoupe 6t n aff (S) elvon ypopuxde vndywepoc Tou R*. O

Avppa 4.1.4. Eoww S pun kevé vrootvolo tov R™ kat z € R™. T,
(4.1.6) aff(S) — z = aff (S — 2).

Anddaén. 'BEow x € aff(S). Tére, 10 & ypdgeton otn popeh © = Zf:o tix; e Zf:o t; =
1. "Apa,

k k k k
(4.1.7) r—z= Ztil'i —z= Ztixi — Ztiz = th(% —z) € aff(S — z2).
i=0 i=0 i=0 i=0

‘Etot, €youye 6Tt
(4.1.8) aff(S) — z C aff (S — 2).
O avtiotpopog eYXAEOUOS ATOBEXVOETAL TOPOUOLAL. O

Adqupa 4.1.5. Eotw S un kevé vroovvodo tov R". Tétre ya kdle v € S vndpyer
undywpos F touv R™ dote aff(S) =z + F.

Arnédeén. Eow z € S. Téte aff(S) —xz = aff (S — ), dpa
(4.1.9) aff(S) =« + aff (S — z)

xaw o F = aff(S — ) elvon ypauuixéds undywpog tou R™ anéd to Afuua 4.1.3, 86t 0 €
S —x. ]

ITgétaom 4.1.6. Eotww S un kevd vrooitvoro tov R™. Tdre, undpyel povadikis vndywpos
F rov R" ue tny 1016tnta

(4.1.10) aff(S) =z + F
ya kdmow x € R™.

Arddeaén. Anbd to mponyolpevo Muua, av Yewphooupe tuydy = € S téte aff(S) =
x + aff (S — x) xau o F = aff (S — z) elvar undywpoc tou R™.

Mopatnpolue enione 6w av aff(S) = 2 + F vy xdnowov vndywpo tov R™ téte = €
x + F = aff(S).
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T rodétoupe Aoitov 6Tt
(4.1.11) aff(S) =21+ F1 =20+ Fs

yiot xdmoouc vdyweouc Fi, Fy tou R™ xou xdnowa x1, 22 € aff(S) xow Yo deifoupe 6T
Fy = F;. IoodUvapa, apxel va del€oupe 6Tt

(4.1.12) aff (S — 1) = aff (S — z2).

Abyw oupetploc, apxel va delloupe tov eyxhewoud aff(S — x1) C aff(S — 22). Eotw
z € aff (S — x1). Téte,

k k
(4.1.13) z = Zti(si — 331) = Ztl(sl — .132) + (—1)(331 — 332) S aff(S — .IQ),

=0 =0

dot o aff (S — x2) elvan vndywpoc tou R™ xat x1 — z2 € aff (S — x2). Apa, aff (S —x1) C
aff (S — x2). O

Ogtopog 4.1.7 (agpwixn didotaon). Eotw S un xevé vroctvoro tov R™. Edoye 6t
aff(S) = « + F yw xdmnoov povoohipavta opiopévo undyweo F tou R”. H Sudotaon tou
F Aévetow apvikn) Sidotaon tov S.
Ogiopdc 4.1.8 (aguixf avefoptnoia). Ta xg,z1,...,2, € R™ Ayovior agwikd
eLaptnuéva av xdmow and autd elvar aQVIXdC cuVBUAOUOC TV UToAo(TwY. e avtildetn
neplntwon, AMyoviaw agwikd aveEdptna.
Adqppa 4.1.9. Eotww xg,21,...,2; € R". Ta axéovia eivai w00dVvaja:

(i) Ta xg,x1,. ..,z €var apuixd eaptnuéra.

(ii) Ymdpxouvr to,t1,...,t, € R, dy1 dAot ioo1 ue undév, dote

t0+t1+"'+tk:0 Kat t0$0+t1$1+"'+tkl’kio.

(i) Yrdpyeri € {0,1,...,k} dote ta x; — x4, j # 4, va elvar ypaupuxd ekaptnuéra.

Arnddeaén. Yrmodétoupe mpdta o (i). Kdmow and ta z; elvon agvixde cuvduacude twy
unorofnwy. Xwelc nepioptond e yevixdtntag UTOVETOLUE OTL g = 121 + - - - + Lpxy YA
xdmowoug t; € Rye >, t; = 1. Oérovtag ty = —1 éyouue

t0+t1+"‘+tk:0 pide ik t0m0+t1x1+~~~+thk:0.

Aol tg # 0, woyber to (ii).
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Trovetovpe topa To (il). Av unodécoupe 6t t; # 0, téte t; = — 37, t; xou owtd
delyver 6t t; # 0 vy ToLAdLoTOY éva jo # i. I'pdpouye

k
th(xj—xi):z:tjxj+ —th xi:thxj +tll'l:zt](£]:0
7=0

JFi I JFi J#
Aqgol t;, # 0, ta x; — x;, j # @ elvon ypoauuxd e€aptnuéva, dnhady toyvet To (iii).

Téhog, vrnodétoupe ot woylel to (iil). Ymdpyouv i € {0,1,...,k} xou t;, j # i, Oy
Ohot undev, wote Y., ti(z; — ;) = 0. Tore,

(4.1.14) th$j + | - th z; =0,
J#i JFi

Sy ng Lo So k k
Onhadh UTEEYOUY S0, S1, - - ., S Ot OhOL UMDEY, BOTE D5 o s; = 0 xou Yo sz = 0.
Xwplc meproploud g yevixdtntoag unovétoupe Ot 5o # 0, xou TOTE,

(4.1.15) 2o = zk: (—zg) ;.

=1
Aol Y i sj = —So, EMETAL OTL TO T EVOL APVIXOG CUVOLAOUOS TV T, - . ., T, AnAodH),
T X, L1, - - - , T EVOL APVLXS EEXRTNUEVAL. O

ITIgétaom 4.1.10. Eoww S pun kevé vroodvolo tou R™ ka1 éotw k > 0. To S éxer agivikn
didotaon m > k av kai uévov av vndpxow xo, &1,. .., T € S OOTE Ta T1 — T, - . ., Tk — T
va etvar ypaupukd aveEdpTnra.

Anéoeiln. Eoww 6u 10 S €yel apixy| didotaon m > k. Téte, undpyouv zg € S xou
unoywpoc F tou R™ pe dim F = m oote aff(S) = zo + F, 6nouv F = aff (S — ).
Mapatneolye 6t F = aff (S — x¢) = span(S — zg). O F elvar undywpoc xot TEPLEYEL TO
S — g, dpa F' D span(S — zp). And v &k mheupd, xdde ototyeio tou F elvor apuvixde
GLYBLACUOS GTOLYEIWY TOU S — Tg, SNAASY YPaPUXOS CUVBLAGHOS GTOLXEIWY Tou S — Zg.

Yovenoe, dim(span(S — zg)) = m. 'Enctow 61 10 S — zp nepéyer m > k ypouuxd

aveZdptnto dravdouata. AAAG ToTE, UTdPYOUV To, X1, - - ., Tk € S OOTE T To—L1, ..., To—
Xy vou elvan ypapuixd avegdptnTa.

Avtiotpoga, unodétoupe 6T undpyouv Zo,...,Tr € S OGOTE T To — T1,...,L0 — Tk
va elvon ypoupxd aveEdptnto. Agol o F = aff(S — zg) nepiéyel o g — 21,..., 20 — Tk,
wyver dim F' > k. Anhady| n aguixy didotaon tou S eivon dim F > k. O

IIépwopa 4.1.11. Eoww S un kevé vmoovvodo touv R™ kai éotw k > 0. To S éyel
agwikn oidotaon k av kar puévov av vrdpyovr k+ 1 agvikd ave€dptnra onueia tov S kai
omoadnmote k + 2 onueia touv S elvar apiikd eapTnuéva. O
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Ilépiopa 4.1.12. Eotww S un kevé vroovroro tov R™ kai éoww k > 0. Av w0 S éyea
agwikn oidotaon k kai o, x1,. .., T, €var apiikd avedptnta onueia tov S, téte kdle
x € aff(S) ypdpetar povooruavta ws apwikés ouvrdUAOHOS TWY To, L1, . . ., Tk

Anédaén. Anbd ta mponyolueva, av xg € S téte 0 F = aff(S — x¢) elvar undywpoc
didotaone k xat éyel Bdon {xz1 — xg, ..., Tk — X0}, OMOV T1, ..., 2 € S. Ta zg, 21, ..., Tk
ebvon avixd aveZdptnta. ‘Eotw € aff (S). Téte, © —xo = t1(x1 —x0) +- - -+t (2 — 20)
dpot

(4.1.16) .’EZ(l—tl—---—tk).%‘0+t1$1+"'+tk$k7

Onhadr T0 X YedPETAL WS APVIXAC GUVDVACUOS TWV T, . . . , Tk.
INo to povooruavto urodétouye 6T

(4117) toxo + - +tkxr = Soxo + - - + STk,

onouv sg+ -+ s =tg+ -+t = 1. Tote,

k
(4.1.18) (to — s0)wo + -+ + (tp — sk)xr =0 %o Z(tZ — ;) =0.

i=0
Aqgol ta zg, 21, ...,z elvon aguixd avedptnta, to Afupo 4.1.9(ii) delyver 6t t; = s,
1=0,1,...,k. ]
Opiopdc 4.1.13 (Bapuxevtpixée cuvietaypwéves). Eotw S un xevé utoohvolo tou
R™ ye apxn didotaon k xa €0ww To, T1,. . ., Tk aQixd aveédptnta onuelor Tou S. Ay
x = tox1 + -+ + tgzy € aff(S), t61e oL povoohuavta optouévol mpaypatixol aptduol
to,t1, ..., b, €lval oL Papukertpikés ovvtetayuéves Tov T we npoc to {Xo, ..., Tk}

4.2 Tomoloyixég WBLOTNTES XVETWY CUVOALY

Opiopoc 4.2.1 (oxetxd ecwtepixd xaw cOvopo). Eotw C un xevd xuptd utochvolo
tou R". To oyetikd eowtepikd ri(C) tou C elvar 10 ecwtepind oV C WS TPOC TNV APWVIXY
tou Orxn aff (C). Anhady, « € ri(C) av undpyel 6 > 0 dote

(4.2.1) B(z,0) naff(C) C C.
To oyxetiké ovvopo tou C' eivar To ahvoro
(4.2.2) th(C) = C'\ ri(C).

Anadr, o oOvopo tou C we Tpog Ty agvixr| Tou Vi aff (C) (tapatnprote 6T 1 xhetoth
9 tov C we tpoc v aff (C) ovuninter ye to C, diét n aff (C) elvon xheot6d 6OvVOLO).
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Ogiopdc 4.2.2 (simplex). Eotw xg,21,. .., Tk a@ixd aveldptnta davioUato oTov
R™. H »vpth Toug 97xn

(4.2.3) conv({zg, z1,...,Tk})

Aéyetaw k—simplex.

Ilpétacn 4.2.3. Eotw 1 < k < n ka1 S = conv({zo,x1,...,2}) éva k—simplex otov
R™. Tére,
(4.2.4) I"i(S) = {toIl +tix1+ -t 0< t; < Ltg+t1+ -+t = 1}.

Eibixdrepa, 1i(S) # 0.

Andédaén. Metagépovtoac av ypetaotel to S, unopolue va utoVécoupe 6t 29 = 0 xou,
a@ol e€eTdlOVUE TO OYETIXG ECWTEPIXO TOU S, Umopolye enlone va UToVECOUUE 6Tt k = n.
Me autéc Tic unoléoeLe, EYOUUE

(4.2.5) S:{Ztixizogtigl,zugl}
=1 =1

xat Yo del&ouvye oL

(4.2.6) int(S) DV = {Ztixi:0<ti<1,2ti<1},
=1 =1

onéte, eldidtepa, int(S) # (.

Oewpolpe ™ ouvdptnon f : R® — R™ mouv opiletor we e€€hc: o 21, ..., Ty, elvon
Yoouxd aveEdptnTa, dpa, xdde 2 € R™ ypdgeton LoVOoHUAVTY TN Wop@h & = Y iy t;z;,
xat ToTE opllouue

(4.2.7) fl@) = fltiz1i + - +tpzpn) = (t1,. .., tn).

Aqgol xdle t; expdletal CUVOPTACEL TWV CGUVTETAYPEVODY TWY Z;, & (AOVouUE T0 cloTnua
tizr + - +Htatn, = T S TPOC t;), elxola eENéyyouue bt n f elvon cuveyhc. Hopoatnpoldue
6Tl T0 6UVOLO

=1

(4.2.8) B:{(tl,...,tn):O<ti<1,Zti<1}

elvor avoxtd vroclvoro Tou R™. Ané tov opopd e f éyoupe f~1(B) C S. To clvoro
V = f7Y(B) elvar pn xevéd xou avoixtd, di6t i f elvon ouveyhe. Apa, int(S) D V. O

Oewpnpa 4.2.4. Eotw C un kevd kuptd vroovvoro tou R™. Tdze, ri(C) # 0.
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Anédeaén. 'Eotww k n aguvixt Sidotaon tov C. Téte, undpyouy o, 21, ..., T, € C HoTe 10
S = conv({zg, x1, ..., xx}) va elvow k—simplex. Ané tny Ilpbtaon 4.2.3 undpyet x € ri(S).
Opowc, S C C xa aff (S) = aff (C). Apa, z € 1i(C). Anadi, ri(C) # 0. O
Ocwpnpa 4.2.5. Fotw C' kypté vroovolo tov R™. Tite,

(4.2.9) C=Ac:={z € R": vrdpyery € C dore (z,y] C C}

Kai

(4.2.10)

int(C) = Be :={x € R": ya kdOe y € R" pey # x, vndpyer z € (x,y) dote [x,z] C C}.
Tty andden Yo yenowonoificoupe to e€AC Auuar:

Adupa 4.2.6. Eotw C kupté vrootvolo tov R™. Av z € C ka1 y € int(C), tdre
[y, z) S ri(C).

Anédaén. Mnopolue va vrodécoupe 6t dim(C) = n. Eow x € C xou y € ri(C).
Oewpolye YoV 2 € (Y, x). Anhadh, z = (1 — t)x + ty yia xdnowo ¢ € (0,1). Tpdpouye

(4.2.11) y= %(z - (1—t)z).

Aol z € C, undpye axohoudia (zx) oto C wote z — . Opiloupe

(4.2.12) YL = %(z - (1= t)as).

Téte, yp — y. Aol y € int(C), undpyer § > 0 dote B(y,d) C C. Tore, undpyet ko € N
wote Yy, € B(y,d) vy xdde k > ko. Etadeponototue éva k > kg xat Bploxoupe 61 > 0
&ote B(yg,01) C B(y,d) C C. Téte, 10 obvoro tB(yx,01) + (1 — )z, elvon avoxtd xa,
and v xupetoTnTA Tou C Xon To YEYOVOS OTL 2y € C,

(4.2.13) tB(yk,01) + (1 —t)zxy CtC+ (1 —¢)C =C.
Suvenoe, z =ty + (1 — t)zy, € C. Enrcton 61t [y, z) C C. O

Anédeitn tov Jewprijpatog 4.2.5. Mnopolue va utodécoupe 6t C # () xou, otn ouvéyeia,
va utodéoouvpe 6t dim(C) = n.

Avx € Ap téte elvon gavepd 6tz € C: o (z,y] C C yio xdnoo y € C, 1 axoroudia
ye = (1— 1)z + 1y nepiéyeton oto C xou ouyxhiver oto 2. Avtiotpogo, éotw x € C.
Ané 1o Oedpnua 4.2.4 undpyer y € int(C) xor and o Aupa 4.2.6 éyouue [y, z) C C.

O deltepoc toyvplopde toyler tetprpuéva av dim(C) < n, agol oe auth TV TepinTwon
T 800 oUVoha TG LodTnTac elvar xevd (e€nyrote yiotl). Trodétouye hondy 6t dim(C) =
n. Av z € int(C) téte undpyet 6 > 0 dote B(x,d) C C. Téte, yia xdde y € R™ ye y # x
éyouvye [z,z] C C, bnovu

6 y—=x

4.2.14 2=+ -
(4.2.14) 2Ty 2l
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Yuvenwe, © € Be. Autd amodevier 6t int(C) C Be. Avtiotpoga, é0tw x € Be.
Oewpolue y € int(C). Mnopolue vo vnodécoupe 6Tt y # = (aAdC, auéowe EYOUNE
z =y € int(C)). Egopuélovtac tov opioud tou Be yia 10 y = = + (z — y) Beloxouue
z € (z,y') dote [z, 2] C C. And to Afupa 4.2.6 éyovye [y, z) C int(C). Opwe, = € (y, 2).
Yuvende, = € int(C). Anhadh, Be C int(C). O

Igétaon 4.2.7. Eotw C kyptd vrootvolo tou R™. Ta odvola 1i(C) ka1 C efvar kyptd.
Arédaén. (o) Eoww z,y € 1i(C). Xenowonowdvtoc to Adupa 4.2.6 yio 1o 2 € 1i(C) C C
xar y € 1i(C), ovumepaivouye 6t (z,y) C ri(C). 'Enretor 6n [z,y] C ri(C) xor avtd
anodetxviel 61 to ri(C) elvon xvpT.

(B) Eoww z,y € C xou t € (0,1). Trdpyouv axoroudiec (), (ym) ot0 C GOTE Ty, — T
X Y — Y. ToTE, 2 1= (1 = )T + tym — (1 = t)x +ty. And tny xvptéTHTA ToU C
EYOVUE zp, € C yio xdde m, dpa (1 —t)z +ty € C. 0

ITgétaom 4.2.8. Eoww C kuptd vroovolo tov R™. Tire,

(4.2.15) C =1i(C)
(4.2.16) ri(C) = 1i(0).

Anédaén. (o) Ané tnv 1i(C) C C nafpvoupe 1i(C) € C. Eow z € C. Ocwpolye
xdmow y € ri(C). Ané to Afpa 4.2.6 éxouvue [y,x) C ri(C). Tére, elvar gavepd 6t
x € [y, z) Cri(C). Autd anodexvier Tov avtioTpogo eYXAEoUs.

(B) Agob C C C xou aff(C) = aff (C), éyoupe ri(C) C ri(C). Avtiotpoga, éotw = € 1i(C).
Ocewpolpe xdnow y € ri(C). Av y = = éyovye © = y € 1i(C). Eotww 6t y # z. Tére,
nabpvovtac y1 = 2z —y # y xou egopuéloviac 1o Oedpnua 4.2.5 yia to C, Beloxoupe z € C
hote = € (y,2). Opwe, [y,2) C ri(C) and 1o Afupa 4.2.6. Apa, = € ri(C). An\ddA, av

x € ri(C) t6te z € ri(C). O

4.3 Metpuxn npofoiq

‘Eotw C éva un xevé, xhewotd xat xuptd unoctvoro tou R™. H petpixn) mpofodn po
anewxovilel xdde = € R™ oto minoiéotepo mpog 10 = onuelo pa(x) tou C. H Oropén xa 1
povadixdTnTa autol Tou onuetov anodewvbovtar oty endpevr Ipdtao.

IIgétaom 4.3.1. Eoww C un kevd, kAeiotd kai kuptd vrootvolo tov R™. I'a kdle x € R"
urdpyer povadikd pe(xz) € C dote

(4.3.1) [ = pe()llz < llz =yl

yia kde y € C: onhadn, ||z — po(z)|l2 = d(z,C). H ameaxévion x — pc(x) Aéyetar
petpikr) mpofodr) wov C.
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Arndbeaén. Av z € C ¥étouvye po(z) = x: elvar pavepd bt elvar 1o povadind onuelo touv C
nou xavorotel Ty (4.3.1) v xdde y € C.

Mrnopotue Aownév va vnodécoupe 61t © ¢ C. T xdde m € N pnopolue vo Bpolue
Ym € C pe NV W10t

1
(4.3.2) d(z,C) < ||l — ymll2 < d(z,C) + pg

Hopoatnpolue 6t 1 oaxohovdio (Y, ) Tepéyeton oty xhetot undha B(z,d(z,C) + 1) 7
onofo elvar oupmayfc. Zuvends, utdpyet vraxohovdia (yi,,) ™S (Ym) N omola cuyxhivel
oe xdnow Yo € R™. Aol yi, € C xou 10 C elvon xhewot0, €yovye yo € C. Emmiéov, 7
(4.3.2) deiyver 6T

(433) e —woll2 = lim ||z — g, [l2 = d(z, O).
Tt wovadotnra, ag unodéoouye 6t
(4.3.4) Iz =yll2 = llz = yoll2 = d(x, C)

v xdmow y € C. And v xvptémta tou C €youue W% € C. Xprowomnowdvtog Tov
%xavéVal TOU TOPUAANAOYRAUUOL YRAPOUUE

A4d*(z,C) = 2|z —yll3 + 2]z — yoll3
22 — (y + yo)lI3 + lv — voll3
y+o’
- 4x°+|ym@
2 2

> 4d*(z,C) + lly — woll3,
ondte |ly — yol|3 < 0. Avayxaotixd, y = yo. O
To enduevo Arjppa meprypdpet tia Ypriotun WOTNTa T0U TANCLEGTEPOU GTUElOL.

Adppa 4.3.2. FEotw C un kevd, kAeotd kar kupté vrootvolo tov R™. Ia kdde x € R"
ka1 ya kdOe y € C éyovue

(4.3.5) (x —pc(x),y — pc(z)) <0.

Anédeaén. Mropolue va unodécoupe ott y # pe(x). T xdde t € (0,1) éyovue po(x) +
ty — pc(x)) € C, dpa

(4.3.6) lz = pe (@) < llo = pe(@) =ty — pe ()3
Avantiocovtae, BAénoupe ot
(4.3.7) 2t(x — po(x).y — po(x)) < %y — pe(@)]3-

Awonpdvrac pe ¢ xou aghvovtag to t — 01 nalpvoupe tnv (4.3.5). O
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Ocwpenpo 4.3.3 (Busemann-Feller, 1935). Eotw C un kevd, kAeotd ka1 kuptd vn-
oovrolo tou R". H petpixn npopodn) pc : R™ — C' eivar Lipschitz ovvexns pe otalepd 1.
Ankaon, av x,y € R™ tdze

(4.3.8) lpo(x) —po(y)lz2 < llz -yl

Anddetn. Mnopolue va unodécouue 6t u = po(x) # pe(y) = v. Anbd 1o Afuua 4.3.2
€ oLUE

(4.3.9) (x—u,v—u)y <0 xar —(y—v,v—u)<0.
Apa,
(4.3.10) (x—y+v—uv—u) <0.

Xpnowonowdvtag xat TNy avicdtnta Cauchy-Schwarz nafpvouue
(4.3.11) lv—ull3 < {y—2,v—u) < [ly = zl2]lvo—ull.

Aol u # v, éreton 6t [pe(y) — pe(w)llz = llv — ull2 < [ly — 2|2 o

Opopog 4.3.4. Eotw C un xevd, xheiotéd xou xuptd unocbvoro tou R™ xou éotw = €
R™\ C. Téte, d(z,C) > 0. Opilouue

x — po(x)

(4.3.12) uc(x) = 1.0

Ané my ||z — po(z)|2 = d(z, C) Bréroupe 61 |luc(z)]]2 = 1. Anhad, uc(x) € S"1: w0
uc () elvan to povadaio Sidvuoua ye xatedduvon and 1o pe(z) teog 1o z. LuuBohilouue
pe Re(x) v nuieudeio tov Eexwvder and to po(z) xow diépyeton and 10 x:

(4.3.13) Reo(x) = {pc(z) + tuc(x) : t > 0}.

To endpevo Aupa delyvel 6Tt av = ¢ C tdte dha ta onuela Tou avAxouy otny nueudeia
mou Zexwdel and 1o pe(x) xou diépyeton and to x €xouv to (Blo TAnctéotepo onueio.

Afppo 4.3.5. Eotw C un kevd, kAaiotd kai kuyptd vrootvolo tou R™ kai éotw x € R™\C.
Avy € Re(x) wdre po(y) = po(x).

Arndbeaén. Agob y € Ro(x), éxyovpe y = pe(x) +t(x — po(x)) yio xdmowov ¢ > 0. Ané o
Afjppa 4.3.2 éyouye

(4.3.14) (x = po(@),po(y) —po(z)) <0

xat

(4.3.15) (y —pc(y),pc(x) —pc(y)) <0.
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Avtxadiotdviag 10 y = pe(x) + t(z — po(z)) oty (4.3.15) éyoupe

(4.3.16) Ipc (@) = pe)II; + ta — po(2), pe (@) — pe(y)) < 0.

13

Ané my (4.3.14) éneton 61t ||pe(z) — po ()| < 0. Tuverde, po(z) = pe(y). O

‘Eotw C éva un xevo, cuunayéc xuptd utocbvoro tou R™. TuuBorilouvye pe bd(C) to
oUvopo tou C. H enduevn Hpbdtaon €xer oav ouvéneta 6Tt 1) yetpx] TpoBol po : R\ C' —
bd(C) etvor en.

ITIgétaom 4.3.6. Eotww C éva un kevd, ovunayés kuptd vroovvodo touv R™. Trolérovpe
éu o C mepiéyetar otny avoikty pundAa B(0,r) pe kévrpo to 0 kai axtiva r. Tdte,

(4.3.17) pc(rS™1) =bd(C).

Anédaén. O egyxheouédc po(rS™1) C bd(C) eivor goavepde: vevxd, av = ¢ C td1e
pe(x) € bd(C) (eEnyfote yiatl).
‘Ectw z € bd(C). T xdde m € N unopolue va Bpolue x, € B°(0,7) \ C ue

1
4.3.18 — T2 < —.
(43.18) 2 = mlla < —

Ané 1o Oeddpnua 4.3.3 €xoupe

1
(4.3.19) Iz = pc(@m)llz = lIpc(2) = po(@m)llz < llz = @ml2 < —.

Ocwpolye Ty nuievdela Ro(Ty,). Auth tépver v rS" ! o xdmoto onueto ypm,. Améd To
Afupo 4.3.5 €xovue pe(Ym) = po(Tm), dpo

1
4.3.2 — m —.
(43.20) Iz = polumlle < -

H 75"~ elvor ouunayhc, dpa utdpyouy y € rS™ 1 xar unaxorovdia (yk,,) T (Ym) Gote
Yk,, — Y. Anb n ouvéyela e peteuxnc mpoPolic €xouue po(y) = lim pe(yk,,). Ouwe,
7 (4.3.20) detyver 6t po(yk,,) — 2

Yuvende, z = po(y) € po(rS™1h). |

4.4 TYrepenineda otiedng xou droyweloTixd Yewprroto

4.40” TYrepenineda ocThpEng

Opiopée 4.4.1. Eotww H = H(u, o) = {x € R" : (x,u) = a}, étov u # 0 xu a € R,
éval UTEET{TEDD. OEWPOUPE TOUC XAELGTOUC TULYWEOUG

(4.4.1) H ={ze€R": (z,u)>a} xu H_={reR": (v,u) <a}

nou opiler o H. Av A elvar éva un xevé vmoolvoro tou R™, Mue 6t to H otnpiler to A
oto x () péper to A 0to x) av
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(i) ze ANH,
(ii) Eke ACH, R AC H_.

Av G elvar évag xheotdc nulywpos, Mue 61t o G otpiler 1o A av ANDbA(G) # 0 xo
ACG. Av o G = H_ oplletar and to unepeninedo H = H(u,a) xa otnpiler 1o A oe
xdmowo onuelo x, ToTe AéUe 6Tl To U elvan €var e€wTepikd kdOeto didvvoua tov A oTo .

H yelétn tov Brotitwy e petpic tpoBolic otny §4.3 pac emitpénet vo anodelfoupe
v Onapdn LTERETUTESWY oL GTNEILOLY Eva XAELTTH XUETO YVACLO UTOGOVONO TOU YWEOU.

Adppa 4.4.2. Eotw C éva un kevd, kAeiotd kar kupté vroovvodo tou R™. Av x € R™\C
TdTe T UTepeninedo mou mepvder and to po(x) kar efvar kdeto oto uc(x) onpiler o C
oto onueio po(x).

Anédeaén. To urepeninedo mou nepvder and 1o po(x) xou elvon xddeto oto ue(x) elvon 0
(4.4.2) H={yeR": (y,uc(z)) = (pc(r),uc(x))}.

Etvau govepd 6t

(4.4.3) pc(z) € CNH.

Emnéoyv, av y € C t61e 10 Afjuua 4.3.2 delyver 611

(4.4.4) (uc(),y —pe(@)) <0 = (y,uc(x)) < (po(z),uc(x)).

Avuté onuaiver 61t C C H_. Amé tov Opopé 4.4.1, 1o H_ otrpiler w0 C oto onuelo
pe(x). -

Ocehenuo 4.4.3. (o) Eotw C éva un kevd, kkewtd kuptd vroodvodo tov R™. Avy €
bd(C) tére vndpyer vrepeninedo mov oTnpiler o C' ato onueio y.

(B) Eoww C éva un kevd, ovurayés kuptd vrootvolo tov R™. Ia kdfe u € S"~! vndpye
urepenitedo H(u) nov otnpiler to C' ka1 éyer e€wtepixd kdeto hidvvoua to u.

Anéoaén. (a) Eoww y € bd(C). Trnodéroupe mpdta 6t 1o C elvon ppayuévo. Tote,
undpyel r > 0 wote 1o C va mepéyetar oty avoxth undia B(0,7) ue xévtpo 1o 0 xou
axtiva 7. Amé 1o Afupa 4.3.6, undpyer @ € rS™! ue v Wbt pe(r) = y. And 1o
Afjppa 4.4.2 undpyet unepeninedo nov otnpile to C' oTo onuelo y.

‘Eotww tdpa 61t 10 C dev elvar gpaypévo. To obvoro C'N By, 1) (6nov By, 1) eivor
N YAEWOTH Undha Ue xévipo 10 y xou axtiva 1) elvan pn xevd, ovunayéc xot xvptd. Aol
y € bd(C) éyouue y € bd(C'N B(y,1)) (e&nyhote yrotl). Apa, undpyet unepeninedo H to
onolo otnpilet to C' N B(y, 1) oto onuelo y. Mnopolue va uvnodécoupe bt

(4.4.5) CNB(y,1)CH-_.
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Av Bev woyler n C C H_, téte undpyet z € C\ H_. An6 v xuptétnta tou C éyouue
[y, z] € C. "Opwc, T0 2z avixel oTo cuutfipwpa Tou H ., dpa to (y, 2] N B(y, 1) dev unopet
va teptéyetal oto H _, dtomo.

(B) Eotw u € S™71. H ouvdptnon y — (y,u) evon cuveyfic. Apol 1o C elvon cuunayée,
udpyet Yo € C' dote

(4.4.6) (Yo, uw) = max{(y,u) : y € C}.

O¢touue

(4.4.7) H={yeR": (y,u) = (yo,u)}

Téte, C C H_ xowyp € CNH. Apa, 0 H otnpilet o C o7o onuelo yo xou éxet eEwTepind
xddeto Sidvuoua To u. O

To enduevo Vedpnua delyver Tt n détnTa (o) Touv Oewphipatoc 4.4.3 yapaxtnpilet ta
XAELOTE ®UPTA GUVOAXL TTOU EYOUV UT| XEVO ECWTEPLXO.

Ocwpnua 4.4.4. Eoww C éva kleoté vnoovvolo tov R™ e un kevé eowtepiké. Ymolé-
toupe 0t ya kdde y € bd(C) vndpye vrepeninedo mov otnpiler to C oto y. Tdre, to C
€lvar kKUpTd.

Anédeaén. Ac vrnodéoouye étL to C dev elvon xuptd. Téte, undpyouvy x,y € C xou z € [z,Y]
pe z ¢ C. Aol 1o C éyel un xevéd eowtepind, undpyet w € int(C') Gote o T, Y XL W va
unv etvor cuveudetaxd.

Oewpolpe 10 evdlypapuo tuhua [w, z]. Agol z ¢ C, undpyet u € [w,z) o onolo
avrhixer oto obvopo tou C. And v unddeon, undpyet unepeninedo H mouv otnpiler to C
oto u. Eyovue w ¢ H, dpo n touR tov H pe 7o eninedo E nov opllovv o x, y ot w
elvou o evdeio £ mou mepvder and o u. Aol to C mepiéyetar 6ToV €vay and Toug 800
xhetotolg Ny poug tou opllel o H, ta x, y xou w elvar oto éva and ta d0o nuenineda
Tou E mov opilet n £. Auté givon dtono, agol 1 £ tepvdet and To U To onolo elvol EGWTERLXS
onueio ToL TELYWVOL TYW. O

4.43" Auwywptotixd Jewphurota

Ogiopéc 4.4.5. (o) Eotw H = H(u,a) = {z € R": (x,u) = a}, 6mov u # 0 xor a € R,
eva uepeninedo. Av A, B elvar un xevd urocOvoha tou R™, Aepe o1t to H diaywpiler ta
Ak BavACH,  xa BCH_AACH_xu BCH,.

(B) Aéye 6t ta A ka1 B daywpilovrar yrijowa ané to Hov AC Hy xo. BC H_RAC H_
xat B C Hy, émouv Hi xow H_ ot avoixtol nuiywpor mou opilovto and to H.

(v) Téroc, Mpe 61 ta A ka1 B Saywpilovtar avotnpd and to H av undpyet € > 0 dote
T A xou B va Stoywpllovtar t6c0 and 1o H(u, o — €) éoo xat and 1o H(u, o + ¢).

(8) Aéyovtac 6t 0 A Soywplleton and to onuelo x evvoolue dtL to obvoha A xou {z}
Sarywpllovta.
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Ochenpo 4.4.6. Eotw C un kevé kuptd vrootvolo tov R™ kai éotw x ¢ C. Tdre, ta
C ka1 z ka1 diaywpilovzar.
Ay, emmAéov, vrnoOéooupe dtr o C elvar kAe1otd, tote ta C kar x diaywpilovtar avotnpd.

Anéoatn. YTrodétoupe mpwta bt 1o C elvar xhewotd. To unepeninedo H mou mepvdel
and 1o pe(x) xa elvar xddeto ot0 uc(x) ompiler to C, dpa doywpeiler ta C' xou z. Av
Yewpriooude To unepeninedo Hi mou mepvdeL and To W
autod dlaywpeller avotped ta C' xou .

"Eotw topa 6Tt 10 C dev elvon xhetotd. Av 1o x dev avixer otny xhetoth Whun C tou
C, and Tov TRONYOUHEVO IoYUPLOUO UTdpyEL UTERETENESO TOU dLoywpller TO XAELWGTO XUPTO
cOvoho C aré 10 z. Auté to unepeninedo daywpeilet 1o C xw x. Av z € C\ C, té1e

x € bd(C). Téte, to Oedpnpa 4.4.3(a) delyver 1L undpyer unepeninedo H mou otnpeilel o
C' o7o onuelo z. Autéd 1o unepeninedo dayweller ta C xar z. O

xat glvon xddeto oto uc(x),

"Aueco moptopa tou Oewphuoatog 4.4.6 eivar 1o e€ric Paoixd anotéheoya.

Ocwpnpa 4.4.7. KdOe un kevd, kAe1otd kar kuptd pvnoio vrooUrolo tov R™ efvai n toun
TV KAEI0TOY Nuiydpwy mov to otnpilovy.

Anédeaén. ‘Eow C éva un xevd, xheiotd xo xuptd yvhoto utocivoho tou R™. And tov
OpLOHO TOU My Wpou oThpENney elvon Qavepd 6Tt

C Cn{G : o G elvar xhewotde nuiywpos mou otnpilet o C'}.

‘Eotw z ¢ C. At 1o Oehpnua 4.4.6 10 z Sroywpileton avoted and to C, dnhadh undpyel
xhelotog Nuiywpeoc G o onolog otnpilel to C' xat dev nepLEYEL TO . O

To embuevo Muuo Bdelyver 6Tt 0 va dSaywpeliooupe 80o umoolvora tou Euxhieldeiou
YWOEOL avayEToL 070 TEOBANUA Tou va Barywpelcouue onueio and cbvolro.

Adupo 4.4.8. Eotw A ka1 B un kevd vroouvvoda tov R™. Ta A ka1 B dwaywpilovtar
(braywpilovtar avotnpd) av kar pévo av ta A — B ka1 0 Saywpilovzar (Sraywpilovtar
avotnpd).

Anédeaén. Ac unodéooupe bt o A xou B Sroywpllovtar auotnped and to H: undpyouy
u#0,a€Rxue >0 odote 1 A xa B va Swywpiloviou t6éc0 and 1o H(u,a — €) 600
xaw and 1o H(u,a+ ¢). Xoplc teptopiopd tne yevixdtnrog unodétouye 6t

(4.4.8) AC{r:{(z,u) >a+e} xu BC{z:(zx,u) <a-—c}

‘Eow 2 € A— B. Mnopolue va ypddoupe * = a — b, étov a € A xau b € B. And v
(4.4.8) maipvouyue

(4.4.9) (x,u) = (a,u) — (byu) > (a+¢) — (e —¢) = 2e.
Suvende, 1 A — B xat 0 Soywpllovtar avotned and to unepeninedo

(4.4.10) H(u,e) ={z: (z,u) =€}
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Avtiotpoga, utodétouue bt o A— B xou 0 Sroywpllovtor avotned. Téte, undpyouy u # 0
xat € > 0 wote

(4.4.11) (x,u) > 2 vy xdde ze€A-B.
Opilouue
(4.4.12) s=inf{{a,u) : a € A} xou t=sup{(b,u): bec B}.

Ané v (4.4.11) éyoupe (b, u) + 2¢ < (a,u) yio xdde a € A xou b € B. Apa, t + 2¢ < s.
‘Eretot 61t t0

(4.4.13) H (u S;t) = {m Hz,u) = S;t}

draywplilet avotned to A xar B.
Ty nepintwon nmov {ntdue o A xou B va dtaywpllovton (amhéde), n anddelln elvat
EVIEAWS GUOoLaL. O

Me v unddeon 6t o A xou B elvon xuptd €youpe oav dueco moéploua o e€NC Oi-
Ay wELoTIXG Yedpnua.

Ocetpnpa 4.4.9. Eotw A ka1 B un kevd, kuptd vrooUvola touv R"™ ue AN B = (). Tdre,
a A ka1 B duaywpilovzal

Ay, emimAéov, to A efvar ouunayés kai to B elvar kAe1otd, téte ta A ka1 B diaywpilovtal
avotnpd.

Anddealn. Agol ta A xou B elvar xuptd, ebxolo eAéyyouue 6Tt t0 A — B elvon xupt6
olvoho. Ané tnyv unddeon 61t AN B =) éneton 61 0 ¢ A — B. And 10 npth10 Yépog Tou
Oewpruatog 4.4.6, o A — B xar 0 xou Sworywetlovton. Ané to Aupa 4.4.8, ta A xou B
Sraywpllovton.

Av vnotécoupe 6t 0 A elvon oupmayée xar 1o B elvon xhewoto, t6te 10 A — B elvan
xhewot6: Vewpnote axohovdla Ty, = am — by, 010 A — B, 1 onola ouyxAivel oe xdmolo
z € R™. Agol 10 A elvar oupnayée, undpyet utaxohoudia (ak,,) ™s (am) 1 onola cuyxiver
og xdmow a € A. Tore,

(4.4.14) bk, = ax,, — (ak,, —by,,) > a—z

xat a—z =b € B agol 10 B elvat xhetotd. Tuvende, z =a—b € A— B. Ané 1o deltepo
uépog tou Oewpruatog 4.4.6, ta A — B xou 0 dwrywpeilovton avotned. And to Afuua 4.4.8,
T A xou B Swrywpeilovton avotned. O

4.5 Tloiwxd cuvoiov

Ogopde 4.5.1. 'Eotw C éva un xevé vnocvvoro tou R™. To moliké tou C' eivon o
cUVoAo

(4.5.1) C°={y eR": (z,y) <1 yia xd¥e x € C}.
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Hopatnproeic 4.5.2. (o) To C° elvon un xevod: mapoatnerote 6w 0 € C°.

(B) To C° elvon xVptéd xau xhewtd: av y1,y2 € C° xou t € [0,1], t61e vy xéde z € C
€Y OoupE

(4.5.2) (, (1 =t)yr +tya) = (L —t){x,y1) +t(x,y2) < (1 —1¢)-14+¢t-1=1.

Apa, (1 —t)yr +tys € C°. T va det€oupe 6Tt 10 C° elvar whetotd, Yewpolue Y, € C°
ME Ym — ¥ € R™. T xdde x € C xon vy x&de m € N €youvye (z,ym) < 1, dpu

(4.5.3) (z,yy = lim (x,ym) < 1.

m—00

"Encton 61t y € C°.
(v) Av 1o C elvon gporyuévo, t6te 10 C° mepiéyet W unda pe xévtpo 1o 0 (dpa, €xel
un xevo eowtepind). Ipdypatt, undpyer M > 0 dote ||z|ls < M yia xdde z € C. Av
||y||2 < ]-/M7 To1E

1
(4.5.4) (@) < llzllzllylls < M- 7 =1.

Arpadn, n undha B(0,1/M) nepiéyeton oo C°.

(8) Av 1o C mepiéyel pa pmdho ye xévtpo to 0 tote 10 C° elvon ppaypévo. Ilpdypatt, og
unotéoovye 6t B(0,r) C C. Eotw 0 # y € C°. Téte, 1o onuelo = ry/||yll2 avixet
oty B(0,7), dpo avhixer oto C. Enetar 61t

(4.5.5) 1> (z,y) = <my> =rllyl2.

Me &M Aoy, C° C B(0,1/7).

YupBoriloupe pe C°° 10 Tohxd Tou ToAixol Tou C. Anhady, C°° := (C°)°.
IIgétaom 4.5.3. Eoww C' un kevé vnoovroro tov R™. Tdre,

(4.5.6) C°° =conv(C U {0}).

Anlaon, to C°° efvar To Jikpdtepo KA€10T6 kat kupté vmoovvodo tou R™ to omofo mepiéyel
70 C ka1 o 0.

Andde&n. And tov opioud BAémoupe ebxola 61t C°° O C. And e Hopatnproeis (o) xat
(B) o C°° elvon xhetot6, xUpT6 o epLéyet to 0. ‘Eneton bt

(4.5.7) C°° 2 conv(C U {0}).

[o v amodet&oupe ot 1oy VeL odtnta, utolétoude 6Tl utdpyet & € C°° to omolo dev avixel
oto conv(C U {0}). Amd 1o deltepo pépoc tou Oewphiuatoc 4.4.6, undpyet unepeninedo
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nou Suryweller avotned to = and to conv(C U {0}). Ewldwdtepa, unopolue vo Bpolue
0#yeR" xu acR oote

(4.5.8) (z,y) < oy xdde z € C'U {0}
X
(4.5.9) (x,y) > a.

Agol 0 € CU{0}, éxoupe a > 0. And tnv (4.5.8) énetan 6t (z,y/a) < 1y xdde z € C,
dpa y/a € C°. 'Ouwe, n (4.5.9) diver (x,y/a) > 1, 10 onolo elvon drono agol x € C°°. O

Y1 ouvéyela vnodétoupe 6t 1o C glvon xuptd unoclvolo tou R™. ‘Aueon cuvénela tng
Ipbtaomne 4.5.3 eivon 7 e€xc.

Ipétaon 4.5.4. Eotw C kuptd vrootvolo tou R™ ue0 € C. Tére, C°° = C. Edikdrepa,
av wo C etvar ket tére C°° = C. O

Av unodéoouye 611 to C elvar xupTd cdPa oL TEPEYEL TO 0 GTO ECWTEPIXG TOU, TOTE 1)
Ipo6taon 4.5.4 xa ov ITagatnerioes (v) xau (8) Selyvouv to eZrc.

TIp6taon 4.5.5. Eotw K éva kuptd odpa otov R™ ue 0 € int(K). Tdre:
(i) To K° efvar kuptd odpa ka1 0 € int(K°).
(i) K°° =K. O

H enduevn Hpdtaon yopoxtneiler to onueion Tou cLVGEOL TOL TOAXOV EVOC XUVPTOU G-
patoc. H otev) oyéon mou undpyet avdueca ot éva xUpTd GOUA Xl GTO TOAXS Tou Va
peretniel oo emduevo Kepdhowo.

IIpétaon 4.5.6. Eotw K éva kupté odua otor R™ ue 0 € int(K), kar éotw y € R™.
Tére, y € bd(K°) av ka1 pévo av to K otnpiletar and tov nuixwpo

(4.5.10) G(y,1)={z eR": (z,y) <1}.

Ardbeaén. YTrodétoupe mpita 61 o G(y,1) ompller to K. Agob K C G(y, 1), éyoupe
y € K°. Av y € int(K°), t6te undpyel t > 1 wote ty € K° (e&nyfote yatl). Avutd
onuatver ot

1 1
(4.5.11) max{(z,y): z € K} = ;max{(mty) cxe K} < 7 < 1,
70 omolo elvar dtomo: agol o G(y, 1) ompile to K, undpyer xo € K N H(y,1). Anhady,
undpye zg € K oote (xg,y) = 1.
Avtiotpoga, unodétoupe ott y € bd(K°). Agol 0 € int(K), éyovue y # 0 xou

(4.5.12) 0 < max{{z,y): € K} <1.
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Méver va detloupe 6Tt ot de€id aviodtnTar Eyoupe WwoTnTa. Av Oyi, toTE LTdpEyEL t > 1
dote max{(x,ty) : x € K} = 1. 'Enetan 6u ty € K°. Apol 1o K° elvar xuptd o@po xat
neptéyel 1o 0, ovunepaivoupe 6t [0,ty] C K°, xat agol 10 y elvon eowtepind onuelo tou
eudUypappou tuhuatog [0, ty] cuunepaivouye 6Tl y € int(K°) (ypnowonoolue 1o Afuua
4.2.6). Katahrgaye ot dromno, dpa

(4.5.13) max{(z,y): z € K} = 1.

Téte, o G(y,1) omnpiler to K. 0

4.6 Aoxnoeig
1. Eotww zo,Z1,...,7k € R™ pye v elfic Widtnta: xdde = € conv({zo,z1,...,2k}) YPdpe-

TOL LOVOOHUAVTA GOV XUPTOC GUVBLAOUOS TV To, L1, ..., Tk. Aglte 6Tt 10 To, X1, .., Tk lvo
apvixd aveEdptnra.

2. 'BEoww C un xevd, xuptéd unochvoho tou R". Aeilte 6t

(1) aff(C) = aff(C) = aff(ri(C)).
(i) ri(C) =1i(C) = ri(xi(C)).
(iii) rb(C) = rb(C) = rb(xi(C)).

3. 'Eoctww C1, Ca pn xevd, xvetd vrnoclvoha tou R™. AciZte 6t

I‘i(Cl =+ CQ) = I‘l(Cl) =+ I‘I(CQ)

4. 'Eotw C1, Cy xuptd urnoclvoha tou R™ pe ri(C1) Nri(Cs) # 0. Acite 6
ri(Cl N 02) = 1"1(01) N 1“1(02)

Ioylel 1o (Blo yia tuydvta un xevd xvptd C1,Ca C R™;

5. '‘BEotw {C; : i € I'} owoyévera x0ptédhv uocuvéhewy tou R™ pe ;o ri(Ci) # 0. Acilte 6t

ne=Ne.

3 iel
6. 'Eotw S = conv({zo, z1,...,Zn}) éva n—simplex ctov R™ xat éotw y € int(S). Aeilte 6t tar
Si; = conv({xo, T1,. .., Ti1,Y, Tit1,---,Tn}), t=0,1,....m

elvor n—simplices, avd d0o €youv Eéva ecwtepind, xou

S=SUSiU---uUS,.
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7. 'Boww A un xevé vrnoochvoro tou R™. Aeite bt

conv(A) = m{B CR": B DA, B xhetoté ot xupto}.

8. Adote mapddetypa xhelotol LROGLYVEROL Tou R? 1oL omoiou 1 xUETH VXN Bev eivor heloTd
oOvolo. Mmnopeite va PBeeite avtiotoiyo mapddetypa oto R;

9. 'Eow C un xevd, xhetotd xat xvptd vmoohvoro tou R™. Acellte 6t av z,y € R™ xou
Ipe () = po()ll2 = [l = yll2, T6te = — po (@) =y — Po(y).
Av |lpc(z) —pc@)|l2 = ||z — yll2 i x&d0e z,y € R™, © ovunepaivete yia o C;

10*. 'Eotw A un xevd, xhewotd vnocvvoro tou R™ pe tny elfic widtnto: vy xdde = € R™
undipyet povadixd pa(z) € A dote ||z — pa(z)|l2 = d(z, A). Aci&te 6u o A elvon xuptd.

11. 'Eotww K éva un xevd, ovumayéc xupté urtochvoro tou R™. Aeilte bt undpyel owoyévera
{B(zi,r;) : i € I} and xheotéc pndhec otov R™ dote

K= ﬂ B(LEZ,Tl)

icl

12. 'Eoww K éva xupté oopa otov R™. To kévtpo Bdpovs tou K eivon to onpeio y = (y1,. .., Yn)
UE OLUVTETAYUEVES

1 / .
yi = — | {(z,e;)dx, i=1,...,n.
K| /e

Agifte 6n y € K.

13. (o) Ieprypddte dha ta xhewoTd %xVPTE LTOGUVOAX Tou R™ ToL 10 cuuTApwud Toug Efvar
enlong xvptd.

(B) eprypdidte Gl o xLETE UTOGUVOAX Tou R™ tar oTola Sev €y oLy xavéva unepeninedo othpENG.

14. (o) Trdpye: napdderypa ZEvwy Un XeVHY, XAELGTAOY XVPTGY LTOGLVEAWY Tou R? 1o ontola dev
Sraywpilovral yvhoia;

(B) Trdpye. mapdderyua Zévev pn xevdhv, XAEGTOV XxUpThY LTOGLVOALY Tou R? ta omola va
Saywpilovrtal yvhoia adld var unv Swayweilovion avotned;

15. '‘Eotww C un xevé, xuptd unoclvoro tou R"™. Aci&te 6t 10 C elvan xhetotd av xo pévo av
w0 C' N Y elvar xhewotd oOvoro yia xdde eudeia £ otoy R™.

16. (o) Eotww T = conv({vi,...,vm}). Aellte bt
T° ={z € R" : (z,v;) <1y xdde j=1,...,m}.
(B) Eotw v1,...,vm € R™ xou

P={zeR":(z,v;) <lywxddej=1,...,m}.
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Aci&te 6w P° = conv({0,v1,...,Um}).

17. Eotww A xat B xketotd xou xuptd unoolvoha tou R™ ta omola nepiéyouv to 0. Aellte 6t

(AN B)° = conv(A° U B°).



KegdAawo 5

Kupteg ocuvaptnoelg

5.1 Kuptéc ouvaptroelc g ReTABANTAG

e auth Ty topdypapo uteviuUioupE xdToLo BACIXE ATOTEAEGUOTA VLo XUPTEC GUVIRTY-
oewc f: I — R, 6mou I elvan éva (xheloto, avoixtd ¥ nuavoxtd, TENEpaoUévo 1) dnelpo)
dudotnua oto R.

Opwopécg 5.1.1. Eotw I didotnua oto R xau éotw f: I — R wa cuvdptnon.

() H f Myeton kuptrj av

(5.1.1) F((1 = ta+th) < (1—1t)f(a) + Lf(b)

v xd9e a,b € I xou yio xdde t € R ue 0 < t < 1. H yewpetpwr onpacio tou opiopot
elvon 1 €€hc: M yopdN mou éyet oav dxpa to onuela (a, f(a)) xou (b, £(b)) dev eivar Toudevd
%dTw amd TO Yedgnuo e f.

(B) H f Myetaw yrnoiwg kuptrj oy
(5.1.2) F(1=t)a+tb) < (1 —1t)f(a) + tf(b)

v xdde a,b € I xou yiao xdde t € Rue 0 <t < 1.

(v) H f: I — R Myetu koidn (avtiotouya, yvnolne xoikn) av n —f elvar xupth (avtio-
oLy A, YVNolwe xUpTh).

Iapathienon 5.1.2. Ioodbvapol tpénol e Toug onoloug unopet Vo Teptypael 1 xupTdTNTA
e f: I — Relvou oL e€rc:

() Av a,b,z € I xar a < x < b, t61€

b—x T—a

(5.1.3) fla) s g—fla) + o —

f(0).
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Iapatneriote ot 10 Be&td péhog auTthc TS AVoGTNToC toolTaL UE

(5.1.4) j(a)%—zl%?ziggg(x——a)

B)Ava,belIxamavt,s>0pet+s=1, ot
(5.1.5) flta+ sb) < tf(a)+ sf(b).

Opiopoc 5.1.3 (emypdpnua). Eotw I éva ddotnua xou éotw f: I — R. To emypdpn-
pa tne f etvar To obvoro

epi(f) = {(z.t) € I x R: f(x) < 1}.

H enéuevn npdraon pag emitpénel var LEAETAUE XUPTEC CUVAPTACELS UEGW XVPTWY CUVOA-
wv xat avtiotpoga (1 anddelln elvon amhf xol aPHVETaL WS AoXNOT):

IIgétaom 5.1.4. Eoww I éva tidotnua ka1 éotw f: I — R. H f efvai kvptr) av ka1 uévo
av o epi(f) efvar kypté vmooivolo tov R2.

Ipétoon 5.1.5 (to Mppa Ty tpuody xopdwv). Eotw f: I — R kupth ouvdptnon.
Avy<ax <z otol, téte

5.06) fa) = 1) _ 1E) =) _ )~ f@)
T —y z—y z—x

Anddealn. Agol n f elvar xvpth, éyoupe

(5.1.7) fa) < S fw) + = f).

Anéd auth v avicdTnTa BAénouye 6Tl

Yy— T—Yy Ty )
(5.1.8) f@ﬁ*f@)gZ_yf@%+z_yf®)—z_yﬁ() fWl,

70 omolo anodexviel Ty aptoteph aviodtnta oty (5.1.6). Zexvdvtag ndh and v (5.1.7),
Yedpouye
z—x x—z z—x

(5.1.9) f@ﬁ—f@)gZﬁyf@)+Zﬁyf@)z—ziyv@)—f@%

an’ 6mou mpoxvntel N de€ld aviedtnTa oty (5.1.6). O
"Ayeon cLVETELL TOU MUPITOC TV TELOY Y0pddv elvar 1 e€hc.
ITépropa 5.1.6. Eoww f: 1 — R kuptr) owvdptnon. Avy <z < z < w oto I, tdte

f@) = fly) o flw) = f(z)

5.1.10
( ) r—y - w— 2z
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Anédeaén. Egopudlovtac v Ipdtaon 5.1.5 yio to onuelo y < < z, nalpvouye
fa) — J) _ f) @)

5.1.11
( ) T—Yy z—x

Egpopuélovtac méht v Hpdtaon 5.1.5 yia 1o onuela z < z < w, Tolpvoupe

F) = f@) _ fw) = f)

Z—T - w—z

(5.1.12)

‘Eneton 10 ouunépaoua. O

Ockenpe 5.1.7. Eotww f: (a,b) — R kupzrj ovvdptnon. Av x € (a,b), tére vndpyovr
01 TA€UPIKES Tapdywyol

kar f(xz) = lim w

vy o flath) — f(2)
(5.1.13) fl(x) = lim —/——————~—~ et h

h—0— h

Anédadn. Ou delfouye b1 undpyer 1 Sedid mAevpuxh tapdywyoc f (x) (ue tov (Bo TpdTo
douleouue vl TNV aplotep| Thevptx| tapdywyo f(z)). Otwpolue T cuvdpTNoN Gy
(x,b) — R nov opileton and tny

(5.1.14) 9z(2) :==
H g, elvou ablouoa: av z < 21 < zg < b, T0 Mo TV TeLdv Y0pdtv delyver 6t

f(z1) — f(=) < flz) = fl@) _ 9z (22).

(5.1.15) gz(21) =

Enlong, av dewpriooupe tuydy y € (a,x), 10 Mupa Tov Te1dv Yoeddy (v o y < = < z)
Oelyvel 61t

x) — z)— f(z
fla) = 1) _ fG) @)

5.1.16
( ) x—y z—x

v x80e z € (x,b), Snhadn 1 g, elvon xdtw @payuévn. Apa, undpyet To

(5.1.17) lim go(z) = lim 22 =F@ _ o St = f@)

z—at z—at zZ—x h—0+ h
Anhadn, undpyer 1 de€ud Theupw| Tapdywyos fi (). O

Ocekenpo 5.1.8. Fotw f : (a,b) — R xuptrj ovvdptnon. Or meypikés mapdywyor f' |
[l etvar avéovoes oo (a,b) kar f. < f oto (a,b).
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Arndbeaén. BEow x <y oto (a,b). T apxetd uxpd detxd h éxovue © £ h,y £ h € (a,d)
xaw ¢ +h <y —h. Ané my Ilpdtoon 5.1.5 xow and 1o Afpua 5.1.6 BAémouye ot

iy TE I @ - (@) f@) - fy-h) _ frh) - )

h h h h
Hofpvovtag dpla xadide b — 01, cuurepaivouye 6t
(5.1.19) fL(@) < fi(z) < fL(y) < i)
Ov avioétntee f/(x) < fL(y) xau fi(x) < fi(y) delyvouv 6t ou fL, fi elvar ad&ouoec
oo (a,b). H apotep avicotnra oty (5.1.20) deiyver 6t f2 < f o0 (a,b). O

H Onapgn twv mievpixdy napay®dywy e€acpaiiler 6t xdde xupth ouvdptnon f : I — R
elvar ouveyfic oto EcwTEEd TOU I:

Ocenpo 5.1.9. Kdde kuptn ovvdptnon f: (a,b) — R elvar ouvexris.
Anédeaén. 'Eow z € (a,b). Téte, yia pixpd h > 0 éyovue  + h,x — h € (a,b) xot

flx+h) - fz)

(5.1.21) flz+h) = flz)+ “h— f(x) + fi(z) 0= f(z)

h
otav h — 0T, evd, tehelwe avdoya,
x—h)— f(z
(6122)  fle—h) = f) + LETZIE )4 0= f)
btav h — 07, "Apa, 1 f elvar ouveyfc oTo . O

Ytov Anelpootind Aoyioud divetal cuyvd €vac BAPOLETINGS OPLIOUOC TN XVPTHTNTAC
yioo o topaywylon ouvdpetnon f i (a,b) — R. Tw xdde = € (a,b), Jewpolye v
EQATTOUEVY)

(5.1.23) u=f(z)+ f'(z)(u—2)

oL Ypaghuatos e f oto (z, f(x)) o Mpe 6t n f ebvar kyprj oo (a,b) av yiu xdde
x € (a,b) xou yio x&e y € (a,b) éxouvpe

(5.1.24) fly) = f@) + f'(@)(y — x).

Anhadn, av o yedpnue {(y, f(y)) : a <y < b} Bploxetar tdvw and xde epantouévn.
To enduevo Jewpnuo detyver 6T, av TEPLOPLOTOVUE GTNY XAAOT TWV ToEAYWYioWWY
GULVOPTACEWY, Ol «BUO 0ploUOLy CUUPWVOULV.

Ocenuo 5.1.10. Eoww f : (a,b) — R mapaywyionun ovvdptnon. Ta e&rjs eivai 10060-
vaua:
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() H f etvar xupth.
(B) H [ etvar avéovoa.
(v) Ia kdOe x,y € (a,b) wxde n

(5.1.25) fly) > flz) + f'(2)(y — ).

Ardbeaén. YTrodétovye bt 0 f elvor xvpth. Aol 7 f elvor tapaywyiown, éxovue /=
L= fi ot (a,b). Ané 10 Oedpnua 5.1.8 o f/, fi elvow ad&ouoec, dpo 1 f" elvan
avEovoa.

Trodétouvue thpa 6t 1 f elvon adZovoa. Eotww x,y € (a,b). Av x < y, egapudlovtac
10 Yedpnua péone Twhc oto [z,y], Peloxovue € € (x,y) dote f(y) = f(x) + f(&)(y — x).
Agol &€ > x xou n f elvan ad&ouoa, éyovpe f'(€) > f'(z). Apob y —x > 0, éreton 6T

(5.1.26) fy) =f@)+ £y —2) = f@)+ f(2)(y - 2).

Av z > y, epapudlovtoc 1o Yedpnua yéone tuhc oto [y, x|, Beloxoupe € € (y,x) wote
fly) = f(@)+ f(&)(y —x). Agpol & < x xauw m f elvow adZouoa, éxovpe f/'(§) < f'(x).

Aol y —z <0, énetar néAL 6Tl

(5.1.27) fly) =f@)+ Oy —2) = fl@)+ f(@)(y - 2).

Téhog, unodétoupye 6t ) (5.1.25) woylel v xdde x,y € (a,b) xau Yo detZouye 61 1 f
ebvar xvpth. Eotw = < y 010 (a,b) o éotw 0 < t < 1. Oétoupe z = (1 — &)z + ty.
Egpopuélovtoac v unddeon vy ta Levydpta z, 2 xat y, z, Tolpvouye

(5.1.28) f@) = [+ ()@ —2) xu f(y) = f(2)+ [(2)y - 2).

A=t)f(@) +tfly) = Q=1)f(2) +tf(2) + f(D)A = t)(@ — 2) + t(y — 2)]
@)+ A =tz +ty — 2]
= [f(2)

Anpadt, (1— 6)f(x) +t£(y) > F(1— )+ ty). 0

Ty mepintwon mou ) f elvar dVo gopéc Tapaywyiown oto (a,b), n woduvayio twy
) xat (B) oto Oewpnua 5.1.10 diver évay amhd YoapaxTNEWOUS TNG XVETOTNTIC HECK TNS
0TEPNE TAPAYWYOU.

(a
o
Ocewpnpe 5.1.11. Eow f : (a,b) — R 6o gopés mapaywyioun ovvdptnon. H f eivar
kyptrj av kat pévo av f(x) > 0 ya kdOe x € (a,b).

Andébaén. H f' etvow ad€ovoo av xou wévo av f” > 0 oto (a,b). ‘Ouws, oto Oedpnua
5.1.10 eidape 6t 1 f elvar adZovoo av xou wévo av 1 f elvat xupTh. O
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5.2 Kuptéc ouvapthoelc TOANGY UETABANTOY

‘Eotw C éva un xevd, xuptd utochvoro tou R™. Mia cuvdptnon f : C — R Aéyeton kupzr
av yta xde x1, 2 € C xa vy x89e ¢ € [0, 1] oy e

(5.2.1) F((L = t)z1 +taa) < (1— ) F(x1) + £F (x2).

Mapatneiote 6t (1—t)x1+tzs € C and v xvptétnTa ToUu C. Me enorywyY| anodetxviouue
70 e&nC.

Ocdenua 5.2.1 (avicdtnta Tov Jensen). Eotw C éva un kevd, kuptd vnootvolo tou
R™ ka1 éotw f : C — R kuptr) ovvdptnon. Av xi,...,xm € C kat ty,...,tym > 0 ue
ti+ -+t =1, tére

5.20" XUVEYEIX XLETWY CUVAETHCEWY

Opwopdeg 5.2.2. Eow f: C — R. Aéye 6u n f elvan Lipschitz ovveyns oto D C C av
undpyet otadepd L > 0 dote, yio xdde y, 2z € D,

(5.2.3) [f(y) = f(2)| < Llly — zll2-

Kéde otadepd L > 0 mou wavonoel Ty (5.2.3) Myetar otalepd Lipschitz yia ty f oto
D.

H f Ayetar tomixd Lipschitz oto x € C av undpyer r > 0 @dote 1 f va elvon Lipschitz
ouveyhc oto B(z,r) N C. Xe autd tov oplopd, n otadepd Lipschitz pmopel va eZoptdrar
amd TO T ol Ao TO T

Oewpnua 5.2.3. Eoww f: C — R xuptr) ovvdptnon. Tove, n f eivar tomkd Lipschitz
o€ kdOe x € int(C).

Arédaén. Eow z € int(C). Oewpolue tpwta § > 0 dote B(x,d) C C xou Pploxouye
aguixd aveldptnta onuela zo, 1, ..., x, ot ogaipa S(z,0) = {y : ||y — z|j2 = 6} dote
T0 T VoL aVAXEL 0T0 EowTeEPtxS Tou simplex S = conv({zg, Z1,...,Zn}). Aol xdde y € S
YOAPETOL GOV XUPTOC CUVBVAOUOS TWV Tg, T1, - - - , Tp, ATO TNV AVCOTNTA TOU Jensen €youue

(5.2.4) F(y) < @ = max{f(z0), f(x1),... f(@a)}

v x&e y € S. Eldixdtepa, f(x) < a.

Emnéyouvue r > 0 dote B(z,2r) C int(S). INo xdde y € B(z,2r) éxouye 2z —y €
B(z,2r) xu x = W Anb v xvptéTna e f xow amd Ty (5.2.4) Prénouye 6t
fy) +fCx—y) _ fly) +a

(5.2.5) fz) < 5 <=
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dpot

(5.2.6) fly) = 2f(x) — o
YuvdudlovTtag o TUPATEVL GUUTERAVOUUE OTL

(5.2.7) [f(W)l < v = max{a,[2f(z) — al}

v x&%e y € B(x, 2r).

Topa unopolye va dei&ovue ot 1 f elvon Lipschitz ye otadepd 27 /r oto z: Yewpolue
v avouxt urdha B(z, r) xot tuxévta y # z otnv B(z,r). YTndpyer w € B(z,2r) dote
z € (y,w) xou [Jw — z|]|2 = r. Oewpdviac ™y f w¢ xVPTH cuvdpTtnon oty eudela TwV
Y, Z, W Xt EQapu6loviag To AUPa TwY TELOY Y0pdnv, taipvouue

&)= 1) _ fw) = () _ ] +11E)]_ 27

5.2.8
(528 =2l = lw—zls = - :
Anhadn,
2
(5.2.9) ) = Fw) < Ty =zl

Adyw ovupetplag, €xouue xou v f(y) — f(2) < 277 ly — 2z|l2. Anhad¥,

(52.10) 7 — f@) < Ly~ =

v &€ y, z € B(z,T). O

Ocewpnpa 5.2.4. Eotw C éva un kevd, kuptd vroourvolo tou R". KdOe kuptr) ovvdptnon
f:C — R elvar ouveynis oto int(C).

Arndbaén. ‘Eotww x € int(C). And 1o mponyoluevo Yedpnua urdpyouy 7, M > 0 dote

(5.2.11) [f(y) = f(2)] < My — [l

v xdde y € B(z,r). Ané tnv (5.2.11) ehéyyouue ebxora 6t av z,, € C xat z,, — @
€yovue eMxd | f(xn) — f(2)] < M||zn — zl]2 — 0, Snhadh f(z,) — f(x). Eneton 6t n f
elvar ouveyrc oto . O
5.28" Xopaxtnplopos Ko UTEREMITES WY GTAPIENG

Opiopde 5.2.5 (unepeninedo otheing). Eow f: C — R. Aéue 6w n f éye vn-
epeninedo otripiEns oto x € C' av undpyel agwixy cuvdptnon o : R™ — R g uoperic

(5.2.12) a(y) = f(z) + (w,y — @),
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6nov u € R™, Hote

(5.2.13) fy) = aly) = f(z) + (u,y —x)

v xdde y € C. Iopatnerote 6t a(z) = f(z). Ou Mye enione 6w n a ownpile ty f
07To0 .

Oa anodelfoupe tov axdloudo yapaxtneoud Y xuptéc ouvapthoec f: C — R, oty
nepintwon mou 1o C elvar avouxto.

Ocwpnpa 5.2.6. Eotw C un xevd, avoixtd xkuptd vrootvoro tov R". H f : C — R elvar
KUpTI} av ka1 uovo av éyel vreperinedo otrpiEns oe kdle x € C.

T v anddetgn Yo yeetaototue Vo AMupata. To mpdTto elvan o avtiotoryog yapaxtnelo-
MOC YOt GUVOPTAHCEIC WIS UETOBANTAC.

Aqppa 5.2.7. Eoww I avoikté oidotnua tov R. H f : I — R efvai kvptr) av ka1 pévo av
éxel vmeperinedo oTripiEng oe kde x € I.

Andédeadn. YTrodétouye mpdta Ot M f elvar xupTh xou Yewpolpe tuydv = € 1. Xwple
Teploptopd e yevixdtntac unopolye va utodéoovue 6t x = 0 xar f(x) = f(0) = 0. T
Tuyov y # 0 éyoupe 6L ty, —sy € I av ta t, s > 0 elvon apxetd uixpd. Amd tnv xuptdTnta
e f éneton oL

(5.2.14) 0=f(0)=(t+s)f (t j S(ty) + j s(—sy)) < sf(ty) +tf(—sy).
Anhady,
(5.2.15) fty) o fl=sy)

t = S

Auté onuaiver 6t undpyet u € R dote f(ty) > ut yio xdde t > 0 ye ty € I xou f(—sy) >
u(—s) Yo %8 s > 0 pe —sy € I. Av oplooupe o : R — R pe a(r) = 47, 6t 1 o ebva
YooY Xot
f(z) Z a(z)
v xde z € I. Agpol a(0) = 0 = f(0), n a opiler unepeninedo othpEne yi v f oTo0
x = 0.
Avtiotpoga, uvnodétouvye 6t yio xdde = € I umdpyet agixy cuvdptnon a, : R — R

™S HopPri
(5.2.16) az(y) = f(2) + ua(y — ),

onov u, € R, Gote

(5.2.17) fy) > ax(y)
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v xdde y € 1. Hapatnerote ot

(5.2.18) f(y) = g(y) == max{a,(y) : x € I}

v xdde y € I. H (5.2.18) wylbet 816t f(y) > ay(y) yia xéde x € T and v (5.2.17), o
ay(y) = f(y). Eto, n f = g éxel tdpa Ypaptel otn wop®h supremum QLG OXOYEVELLS
APIXAY CUVIPTACEWY, o’ oL €neTal e0XON GTL elvor XUPTH (YEVIXOTEPX, TO XTd ONElo
SUpremuIn oG OXOYEVELNS XUPTWY CUVAPTACEWY Elval XLpTH ouUVEETNOT). O

Adppo 5.2.8. Eoww C un kevd, kupté vroovrodo tou R™ ka1 éoww f: C — R kuptn
ouvdptnon. Eotww x € int(C) ka1 éotw H apwikds vndywpos e x € H. Av n flg éxa
urnepeninedo otrjpiEng oto x mov opiletar and tny agwikn) ovvdptnon ay : H — R, téte n
f éxe vnepeninedo otnpiEns oto x mov opiletar and pua agwikny ovvdptnon o @ R — R
HeE ol = ap.

ArnddeiEn. Mnopolue vo unodéoouue 61t & = 0 xou f(x) = f(0) = 0. Tére, o H elvar
Yoouueoe undywpeos tou R™ xou pmopolue vo unodéoouue 6t dim(H) = k < n. Ou
0elCoupe 6T Yo p = k + 1,...,n vndpyouv undyweos H, D Hy,_y pe dim(H,) = p xo
Yoouuxh ouvdptnon oy : Hy, — R ©ote aplp = ag xou 1 oy vo «otnpiler y f oto .
Y10 BAua p = n eCaopaiilovye 10 {nroduevo.

‘Eotw 6t éyouv opotel 0 H, xou 1 ap. Av p < n 161e unopolue va Bpoltue w € C'\ Hp,.
O¢tovue Hpy1 = span({H,,w}). Kdde u € Hpp1 ypdpetar LOVOSHUOVTO GTN HOp®H
u = v+ tw, émov v € Hy xou t € R. Oa emré€oupe p € R étol dote, av opicouye
yoouu cuvdptnon apq1 : Hpp1 — R e

(5.2.19) Qp1 (1) = apir (v + tw) = 0y (v) + tp,

T61E N Qg1 otneller v flenm,,, oo T.
O meploploude v o p elvar 0 €€Ac: av 0 v € Hy xar o ¢ € R wavormoobv v
v+tw € C, téte

(5.2.20) ap(v) +tp < fv+tw).
Iood0voya, Intdue: av t > 0, vi € Hp xow vy +tw € C tdte

_ ot tw) — oy (o)
—_ t )

evod av s > 0, vy € Hy xou vg — sw € C 161€ ayp(v2) — sp < f(ve — sw), dnhadn

(5.2.21)

(5.2.22) p> ap(v2) — flva — sw).

- S

H emhoy? tou p elvar duvath av detfouvpe 1o e€hc: av £, s > 0, v, vy € Hy, xat vy +tw, vg —
sw e C, téte

(5.2.23) ap(v2) = J; (v2 = sw) _ f(o2 + twt) —ay(v1)
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Ouwg, and TNy xVeTéTNTA NG f X0 TV YEUUULXOTNTI TNG Oy EYOUUE

Sflor+tw)+ offn —sw) 2 (e f (T B

t+s t+s
= (t+9)f (Sviizw) > (t+8)a, (Sv; I§U2>
= sap(v1) + tay(v2),
dnhadh
(5.2.24) s(f(v1 +tw) — ap(vr)) > tlap(ve) — fve — sw)).

Auté anodewxviel 6t utdpyel p € R dote

(5.2.25) sup ap(vs) = J(vz = sw) <p< inf J o+ tw) = ap(vl),
vy —sweC S v1+twel t
XL ETLTPETEL TO EMAYWYWXO Briua. O

AnéoeiEn wov Ocwpnipatos 5.2.6. Yrnodétovye mpdta bt 1 f elvar xupth xat Yewpolue
wyo6v z € C. Mnopolue va vnodécoupe 6t & = 0 xau f(z) = f(0) = 0.

[Mafpvouye tuyoloa evldelor Hy mou nepvdet and 1o 0. O neproptoude e f oo C'N Hy
elvou xVpTH ouvdptnon. Xpnowwomowdvtac to Aduua 5.2.7 Beloxouue ypauxh cuVAETNoN
ay : Hi — R n onola otnpiler v flenm, oto z. Katémy, yenowonowdvtoc 1o Afupa
5.2.8 emextelvoupe TNV ay o€ ypauixh ouvdptnon o : R™ — R n ool otnpiler my f oto
x.

O avtiotpogog loyuploude uropet vo amodery Vel axpiBee dnwe anodelytnxe ot yovodido-
ot nepintwon (oupBovkeuteite to deltepo uépoc tTne anddeldne tou Afupatoc 5.2.7). O
5.2y  A0@oploltdTnTo XVETWY CUVARTACEMY

31 cuVEYELX ATOBEIXVVOUUE XATOLOL ATOTEAECUOTO GYETIXG UE TNV KIOLAITEQT, CUUTEQLPOEEY
TWV XUPTWY CUVOPTACEWY WS TEOE TNV dLaopLotudTnTA.

Ocenua 5.2.9. Fotw f : C — R xuptrij ovvdptnon ka1 éotw x € int(C). Tdre, n f
efval drapopioiun 0To T av Kai uovo av vrdpxovy 01 HEPIKES Tapd)yw)ol %(x}, t=1,...,n.

Andédeaén. YTreviuuillovue 6t 1 f elvon dragoplown oto = av undpyet u € R™ wote
fy) = f(@) + (u,y = 2) + o(|ly — [l2)
x9S 10 Yy — x: 0 ouuBolopds o |ly — x||2) onuaiver 6t

(5.2.26) i L) = f@) —{wy —2)

=0.
y=w ly — [l
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Av 7 f elvon dragoplown oto z, nalpvovtac y = x + te; xou t — 0, BAénouye 6T, Yo xdde
i=1,...,n, undpyeL N

of v flatte)—flz)
(5.2.27) oz, (x) = }gr(l) : = u;.
Me diha Aoy, uw = V f(x).
Avtiotpoga, unodétoupe 611 UTEEYOUY OL PEPIXES TAUPAYWYOL %( ), i =1,...,n.
O¢toupe
of

2.2 = =1,...,n.
(5 8> Ui axl ( ) ¢ ) ) TV
A6 Tov 0ploUS TWY UEPLXMY TAPAYOYWY EYOUUE
(5.2.29) flz+te;) = f(x) +uit +o([t]), t— 0.

~
—~
<
~
~
—
8
+
<
[
&
|

3\*—‘

f( Zw+n ez)>

i=1

flo+n(y; —xi)e;)

IN
S

<
Il
—

= +Zu1 Yi —f—O(Hy—JJH)
= f($)+<u,y—$>+0(||y—f€||2)

o6tav y — x. Ouota, av 10 y € C elvar apxetd xovtd oto z, €youvue 2z —y € C' xau
2 —y=2—(y—xz), dpa

(5.2.30) f@22—y) < f(z) = (u,y — 2) + o(lly — z[|2)

brav y — x. Agol 2f(z) < f(2z —y) + f(y) amé Ty xvptéTnTa e f, Talpvouye
(5.2.31) fy) = 2f(z) = 2z —y) = f(2) + (u,y — 2) + oy — z]]2)
6ty y — x. Ereta 61

(5.2.32) fy) = @)+ (u,y — ) + of[ly — [|2),

onhadn 1 f elvon daoplown oo . O
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Iapatienon 5.2.10. Anodewvieton ott xdde xvpth cuvdptnon f: C' — R elvon oyeddy
navtol dagpoplown (Vemdpnua Reidemeister). Axduo toyvpdtepa, elvan 0o popéc mapay-
wYlown oyedév navtob (Yedpnua Alexandrov): yia oyedév xdde = € C (ue v évvola
tou Lebesgue) vndpyet n x n nivaxag H, n Eootavr e f oto z, dote

1
(5.2.33) F) = f(@) + (VF(@),y —2) + 5 (Hy = z),y = 2) + oy - «[}3)
otay Yy — T.
H enduevn npdtacn detyver otL 1 Sagoplowdtnta yrog xuethc ouvdptnong f: C — R
oto z € int(C) elvar 1ood0vaun pe TN Yovadixdtnta Tou UnepemEdou othEng e f oto

x.

Ocwenpa 5.2.11. Eotw f: C — R kuptrj ouvdptnon kai éotw x € int(C). Tdte, n f
elvar drapopioun oo x av kair uévo av vrdpyer povadikn apwikn ovvdptnon o : R — R
dote a(x) = f(z) ka1 f(y) > a(y) ya kdde y € C.

Andédaén. Trnodétouye mpwta 6Tl 1 f elvan dagopiown oto x. ‘Exouue det 6t undpyouy
apwixéc ouvapThoelg ot oroleg otneilouv Ty f oto z. Eotw

(5.2.34) aly) = f(@) + {u,y — )

xdmowa and autég. Ltadeponotolue ¢ < n xou naipvouue y = x £ te; € C, ¢t > 0. 'Eyoupe
(5.2.35) flz+te;) > fx) + tu,,

ondte agapdvTac To f(z), donpdvtac pe t xo aphvovtag to t — 07, Prérouye ot

(5.2.36) u; < lim LTt = f@) _ Of
- b= ot t ox;

Me tov (8o b0, VewpbvTag y = & — te;, TolpVoUUE

. flz—te)) — f(x)  Of
(5.2.37) up > lim — " On;

().

‘Eneton 6t u = V f(x), Snhadh n a elvar yovooruavia optoyévn.

T v avtiotpogn xatebuvon utodétoupe ot 1 f Bev elvon dapopion oto x. Ané to
Ocdpnua 5.2.9 cuunepalvoude 6Tt LTEPYEL T < M DOTE VoL YNV UTEPYEL 1) HEPLXY| TR Y WY O
gﬂi (). H ouvdptnon gi(t) = f(x + te;) elvon xvpth, dpa UTEEYOUV OL «TAEUPLXES UEPES

. - + ,
TP YWY OLY % (x), chfi (x) no Loy Vel

- +
(5.2.38) = gk @) < = g (@)
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Av Yewprioouue onoovdimote 1 € R pe b; < r < b, n agmixh cuvdptnon a;.(T +
te;) = f(x) + rt omnpiler Tov mepopioud e f oto C N {z +te; : t € R} oto onuelo
z. Xpnowonowvtog 1o Afupo 5.2.8 unopolye vo EMEXTEIVOUUE TNV 4, OE HLOL OLQLVIXY
ouvdptnom o, : R" — R n onola otnpiler v f oto 2. 'Eto, n f €xel nepiocdtepa and
éva unepeTineda oThPIENC oto = (TouldytoTov éva i xdde r € (b; , b;)). O
Téhog, Betyvouue 6Tt Lo xLETH GLYAETNOT TOUL Efval OPLGUEVT) GE AVOLXTO XUETO GUVOAO
o gbvar Tavtol drapopliown elvor avaryxaotind C1 (éyer ouveyels uepxéc Tapaydyoug).

Oewpnua 5.2.12. Eoww C' un kevd, avoiktd kuptd vroovroro tou R*. Av f : C — R
efvar kuptr) ovrdpTnon Owagopioun tartov oo C, tote o1 puepikés mapdywyor tns f elva
owveyets ato C, dnkadn n f aviker otnr kAdon C*.

Anddaén. 'Eow x € C. Tndpyel r > 0 dote va toybouy ta eghc: B(x,r) C C xo undpyet
L > 0 &ote

(5.2.39) [f(y) = f(2)] < Llly = =l

v x89e y, z € B(z,r).

Ocewpotye tuyoloa axorovda (2.,) oto C ue &y, — x xou delyvouvue 61 V f(2m) —
V f(x). Mropolpe va unodécouue 6Tt zpy, € B(x,r) yio xd0e m € N.

OETOVUE Uy, = V f(T4) ot u = V f(x). Aelyvouue mpdta 6Tt 1 (U, elvon Qporyuévn:
v x&de m €youue

(5.2.40) F) > f@) + (umy — ), yeC.

T Tuydv m YewpolUe Ym € B(x,7) OGOTE T0 Ym — Ty, VU EVOL OUOPEOTIO UE TO Upy,.
Xpnowonowdvtac Tic (5.2.39) xou (5.2.40) BAénoupe 6Tt

(5.2.41) ”um”QHym — T2 = <um7ym - mm> < f(ym) - f(l'm) < LHym - me?v
dpot
(5.2.42) umll2 < L.

Oewpolpe Thpa TLYOLoA cUYXAivouca utaxoloudio TS (U ): ag utodéoouyue bt ug,, —
v. Tt x&e y € C o yiot x&9e m €youye

(5.2.43) f) > flxr,,) + (U, y — T, )-
ITalpvovtac dpto, BAénoupe 6T
(5.2.44) fly) > f(@) + (v,y — ).

Agol 1o y € C Hray tuydy, n a(y) = f(z) + (v,y — ) omnpilet v f oto z. Opwe, n f
elvon drapoplown oto x. Ané o Oewpnua 5.2.11 énetar 6Tl

(5.2.45) v=u=Vf(z).

Edaye 61 xd0e cuyxhivouoa uraxoroudio tne gpayuévne axorovdioc (V () ouyxhivel
oto Vf(z). Enetan 61t Vf(2y) — Vf(x). O
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5.28° Emnypdenuoa xupthic cuvdetnong

Opwopdcg 5.2.13. Eotww f: R" — R. To emypdgpnua tnc f elvar 1o cbvoro

(5.2.45) epi(f) ={(y,t) e R" xR: ¢t > f(y)}.

Ané toug optopolc TS XVPTAC CUVAETNONS XAt TOL ETLYPAPAUATOC ENEYYOUUE OTL 1 f elval
XUPTH av xou u6évo av o emypdgnuo epi(f) elvon xupt6d clvoro. Ialpvoviag ur’ v xat
10 Oedpnua 5.2.4 éyoupe o e€X¢.

Ockenua 5.2.14. Eotw f : R” — R kuptrj ovvdptnon. To emypdenua epi(f) ng f
O

efvar kuptd ka1 klewtd vrootvolo tov R,

Oewpolpe Twpa uo xVpth ouvdptnor f : R™ — R xat tuydv y € R™. Tloapatnpodue
ot (y, f(y)) € bd(epi(f)). And to Oetpnua 5.2.14, 1o epi(f) elvou xAetotd %ot XxUPTO.
Tuvenoe, undpyet urepeninedo tou R 10 onolo ompile o epi(f) oto onuelo (y, f(y)).
Me d\o Aoy, undpyouvy = € R™ xou b, € R pe (x,b) # (0,0), dote

(5.2.46) (x,2) + bt > «
v xdde z € R™ xan vy xdde t > f(z), evod

(5.2.47) (z,y) +bf(y) = a.

Iapatnpotue 6t b > 0. Ipdypat, ag utodéoouue mpdta 6T b < 0: tdTe, agrivovtag To
t — +oo oty (5.2.46) xatahfiyouue o€ dtono. Av ndh b = 0, téte éyoupe (x,2) > a yia
xdde z € R™. Autd unopel vo ouufel uévo av x = 0, 1o onolo enione odnyel oe drtomno:
téte, Ya elyope (z,b) = (0,0).

Avtxadiotdvrog T @ xat « e ta /b xou a/b avtiotoya, unopolye vo vnodécouue
6t b =1 otic (5.2.46) xon (5.2.47). AvixadotdVTAC EX VEOU TO T PE TO —X, EYOUNE TO
axoérouvdo.

Oewpnua 5.2.15. FEow f : R" — R kuypt ovvdptnon kai éotw y € R™. Yrdpyour
0#x €R" kat a € R doze

(5.2.48) (z,y) +a = [f(y)
(5.2.49) (z,2) +a < f(2)

ya kdOe z € R™. O
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5.3 Xuvdptnon otieng xa cuvdptnor oTdiung
5.3 Xuvdptnomn otheEng

‘Eotw K un xevé, xupté xo oupnayég unocivolo tou R™. T xdde pn undevind y € R”
Yewpolyue v anmewdvion ¢ — (z,y). Aol 1o K elvon ouvunayés, opllovton ol oy =
max{(z,y) : v € K} xa 8y = min{(z,y) : v € K}. To unepenineda

(5.3.1) H(y, o) ={z € R": (z,y) = oy}
xol
(5.3.2) H(y,By) = {z € R" : (z,y) = By}

omnpllouy 1o K. Opllouye yio cuvdptnon atov R™ anewxoviovtog xdlde y otov oy.

Opiopde 5.3.1 (ouvdetnomn otipng). Eotw K yn xevd, xuptd xor cupnayéc un-
oclvolo touv R™. H owvdptnon otripiéng (support function) hg : R™ — R tou K opiletar
and TNV

(5.3.3) hi(y) = max{(z,y) : z € K}.

ITopadeiypota
(o) Oewpolye tov xVPo Qp = {x € R : |z;] < 1y xdde i < n}. Ta xdde y € R™ o
v xdde x € @, €Youue

(5.3.4) (z,y) < Z} [willyi] < max|ai] - Z} il

dpa ho, (y) < Yoi; |yil. Emmkéov, av x; = sgn(y;), 101€ & = (@1,...,%,) € Qpn %t

(5.3.5) (@,y) = sen(y)yi = > _ luil-
=1 =1
Yuvenwe,
(5.3.6) ha, () = |uil-
=1

(B) Oewpotpe 10 K = B ={z e R": 3" | |z;] < 1}. (To K eivor toh)TOTO UE XOPUPES
o te;, i =1,...,n. T n =2 elvou pduPoc, yia n = 3 oxtdedpo). T xdde y € R™ xau
via xdde x € K €youye

(5.3.7) (z,y) < Z} iyl < max fyil - Z; |2,
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dpo hi(y) < max;<p |y;|. Emnkhéov, av max |y;| = |y, | xo z = (sgny;, e, 101€ € K
xa <y,x> = ‘ylo| ,Apau
(5.3.8) hi(y) = max |y;.

i<n

(v) ’Eorw 1 < p < oo xa éoww q o ovlvyng exlétng touv p, o onolog opileton and Ty
l - =1 (mapatnpriote 6Tt 1 < ¢ < oo xau p(q — 1) = q). Oewpolpe 10 K = By =
{x € R” Dy 2P <1} Eotw y € R™ xau éotww ||yl|d:= D07 |yil?. T x80e = € K,

7 avicotnTa Tou Holder detyvel 6t

n n 1/q n 1/p
(5.3.9) (@,y) <> lwllyil < (Z Iyi|q> <Z |Ii|p> = llyllq:
=1 =1 =1

dpo hic (y) < |lyllg- Avy # 0 xouav oploovpe © = (1, ..., zy,) 6mov z; = |y;|7 tsgn(y;) /||yl
10T€

|Q/P
)

1
lylld? &

(5.3.10) (z,y) = Z il = llyllg= """ = llyllq

xal

(5311) Z| l‘ || ||q Z |y1|p - 1) = || Hq Z |yl - ?
onhadt, z € K. ‘Apa,

(5.3.12) hie(y) = max(z, y) = [|yllq-

O Baowéeg Wt teg Tng ouvdptnong otheng neptypdgovton otnyv endpevn Ilpdtaon.

IIpétaon 5.3.2. (a) Eoww K un kevd kupté kar ovunayés vnoouvvoro tov R™. H hk
efvar kuptn ka1 Detikd opoyevig.

(B) hax = Ahi ya kd9e X > 0.

(v) Av Ky ka1 Ky efvar un kevd xuptd xar ovunayry vrootvola tov R™, téte hi, 1k, =
hK1 + th.

Anddan. (o) Aelyvouue tpwta 6t N hie elvon unoypauuixr. ‘Eotw yi,y2 € R™. T xdde
x € K €youye

(5.3.13) (T, 91 +y2) = (v, y1) + (2, 92) < hx(y1) + hx(y2)-

(5.3.14) hx(y1 +vy2) = gg?@?»yl +y2) < hi(y1) + hi(y2).
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Avy e R™ xou A >0, té1e

(5.3.15) hi (Ay) = max(z, \y) = max Mz, y) = Amax(z, y) = Ak (y),

dpo N hi elvar Yetxd opoyevic. Aol n hi elvar umoypouuix xor YeTxd opoyevie,
cupmnepaivouue 6Tl 1 hx elvon xwpTH.

(B) Eoww A > 0. Téte,

(5.3.16) hak(y) = ;g%(x, y) = gﬂg;g(kx, y) = Aglealgc@, y) = Mk (y),

d(pO( h)\K = )\hK
(v) T x&de y € R™ éyouye

hi, vk, (y) = max{({y,z1 +x2) : 71 € Ky1,72 € Ko}
max{(y,x1) + (y, x2) : 1 € K1,x2 € K}

= max{(y,z1) : 1 € K1} + max{(y,x2) : z2 € K5}
= h,(y) + hi, (y)-

/ApOL, hK1+K2 = h‘Kl + th' o

Yxonde pog elvor vo det€ouue 6Tt 1 ouvdptnon othene tou K mpoodiopiler to K.
Auté elvon dueon ouvéneio Tou endPEVOL VEWPRUATOC.

Oeodpnpa 5.3.3. Ay Ky, Ky elvar un kevd, kuptd ouurnayn vrnooUroda tou R™, tdte
K; C Ky av xat uévo av hi, < hg,.

Andédean. Anod tov oplopd e cuvdptnone othene Brénovye edxola ot av K C Ky
TOTE

N == < =
(5.3.17) hic, (y) = max(z, y) < max(z,y) = hi, (y)

v xdde y € R, Avtiotpoga, ag unodécouue ot hi, < hg, aAAd undpyer © € K pe
x ¢ Ko. Téte wa z, Ko yopilovton auotned, dnhadh urdpyet y € R™ dote (z,y) < (z,y)
yio xde z € Ko. Tore,

(5.3.18) hie,(y) = max{(z,y) : z € Kz} < (z,y) < hk, (y),

70 ornolo elvat dtomo. O

IIépopa 5.3.4. Av K elvar un kevé kupté ovunayés vroovrolo tov R”, téte 0 € K av
ka1 uévo av hx > 0.

Anéoaén. higy = 0. O
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IIépwopa 5.3.5. H guvdptnon otnipiEng kabopiler to ovolo K. AnAadn, av Ky, Ks elvar
un kevd kvptd ovumayr vroovvoda tov R™ pe hi, = hg,, tote K1 = Ko. O

Sy eldu nepintwon mou 1o K elvar cupuetpind (we mpoc to 0) xuptd odpa ot factxéc
WidTNTES TNg cuVdETNoTG oTHEENG amodelxvioLY To EENC.

ITgétaom 5.3.6. Eotw K ovupetpics kupté odpa otov R™. Tére, n ovvdptnon otripiéng
hx elvar vépua, kai dtvetar and tny

(5.3.19) hi(y) = max|(z, y)|

ya kdfe y € R™.
Anddaén. Agob 0 € K éyoupe hi(y) > 0 vy xdde y € R™. And tn ouppetpio tou K xat

T0 YEYOVOC OTL €YEL U XEVO ECWTEPXO, CUUTEpalvoLUE GTL uTdpyet > 0 bote B(0,7) C K
(4oxnom). ‘Eneton éti: av y # 0 téte

(5.3.20) hi(y) > max (x,y) =r|yl2 > 0.
z€B(0,r)
Eriong,
(5.3.21) hi(~y) = max(z, —y) = max(~2, —y) = max(z,y) = hx (y)-

Agol n hi elvor Yetixd opoyeviic, eAéyyoupe ebxoha OTL
(5.3.22) hi (ty) = [t|hk(y)

yioo xdde y € R™ xan yioo xdde ¢ > 0. H tprywvod] avicdtnta €xer 7om anoderydei, doa 7
hx elvou vopua.

Téhoc, mdh and ) ovupetpla Tou K, éyovue £(z,y) = (fz,y) < hg(y) yio xdde
r € K, onbte

(5.3.23) ma

we;g\(ir,wl < hk(y)

% outé amodevier Ty (5.3.19). O

To teheutaio amoTEAEOUN AUTHC TNS UTOTHEAY PO Bivel Eva yapaxTneloud tng xAdong
WV CLVIPTHCEWY oThpEng: wio ouvdptnomn h : R” — R elvar ouvdptnon othetEnc xdmnotou
un ®xEVoL ouumayol XUPToD GUVOAOUL av ot UOVo av elvon xLETH xou YeTxd opoyevic.

Ochenpa 5.3.7. Eotw h : R" — R kuptrj ka1 Yetikd opoyerns. Tdte vndpyer (povadixd)
KUpTé ouunayés vnoovvolo K tov R™ dote hix = h.
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Arnéoetn. Oewpolue o clvoro
(5.3.24) K={zeR": (y,z) <h(y) yaxdde yeR"}

T xd9e y € R™ 10 obvoro {x € R™ : (y,z) < h(y)} elvar nuiywpoc (§ ohéxinpoc o R™).
Yuvenwg, 1o K elvar xupTtd w¢ ToUR xUETOY GUVOAGY.

Emednq n h elvon ouveyric, To K ebvan xheotd. Emnhéoy, elvon ouunayée, agold yio xdie
x € K xau vy xdde ¢ =1,...,n oylel

(5.3.25) —h(—e;) < —(—e;,x) = x; = (e;, ) < h(e;).

Oewpolue tuydy y € R™. Agol 1 h eivon xupth, and 10 Oedpnua 5.2.15 undpyouv = # 0
otov R" xou o € R wote

(5.3.26) (x,y) + o= h(y)
o
(5.3.27) (x,2) + a < h(z)

v xdde z € R™. Agol n h elvou Yetind opoyevic, and ty (5.3.27) naipvouye
(5.3.28) a<t(h(z)—(z,z))

v x&de ¢t > 0. Ttadeponoidvtac z (v mopddetypa o y) xon agivoviac o t — 0T,
Brémouye 6t o < 0. Agrivovtag tdpa 10 t — 400 oty (5.3.28), BAénouye 6T

(5.3.29) (z,2) < h(2)

yia xdde z € R™, onhadf = € K. Ewwdtepa, 1o K elvon un xevé.
A¢ unodéooupe ét a < 0. Emotpégovtag otny (5.3.26) naipvouye

(5.3.30) (x,y) > (z,y) + a = h(y),

70 onolo elvon dtomo and v (5.3.29). Apa, o = 0. ‘Ouwc téte, ot (5.3.26) xon (5.3.27)
Oetyvouv 6Tt

(5.3.31) hie(y) = max(z,y) = (z,y) = h(y).
To y Arav tuydv, doa hix = h.

Av M elvar évo Ao un xevd, xuptd ouumayéc unocivolo tou R™ e hy = h, téte
hxg = ha xou to Hopiopa 5.3.5 delyver 6t M = K. Aniady, 1o K elvor 10 govadixd
oupuTaYES XUPTH GOVONO TOU €XEL WS¢ ouVdpTNoN oThEENne TV h. O
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5.38° Xuvdptnon otddung

‘Eotww L xhewotd xuptéd unoctvoro tou R™ ye 0 € int(L). Eow = € R™. Téte undpyouy
nparypotixol aptipol A > 0 dote © € AL: av r > 0 ye B(0,7) € L xou av A > ||z]|2/r,
gyoupe = € AL.

Ogtopdc 5.3.8 (ouvdptnon otddunc). Eotw L xhewotd xuptd utochvoro tou R™ pe
0 € int(L). H owdptnon otdduns (gauge function) gz, : R™ — R tou L op{letan and v

(5.3.32) gr(z) =inf{A > 0:2 € AL}.

IMopathpnon 5.3.9. (a) Aol to L elvan xuptd, av & € AL t61€ & € puL yio xdde p > .
Mpdypatt, = Az vy xdnowo z € L, dpa

(5.3.33) r=p <:z + <1 - 2) o) € ul.

Yuvendg, 0 oOvoho A = {A > 0:x € AL} éyel n popeh (a, +00) 4 [a, +00), 6mov a > 0.
Av a > 0, t61e 10 olvolo A elvar xhewt6: €0t Ay, € A, n € N pe A, — A Trdpyouv
Zn € L GoTte = Apzpn. Aol A > a > 0, wylel z, — x/A. Aol 1o L elvon x)eioTo,
wyler £/A € L, dpa A € A.
Tuvenae, 1o A éyet ) poppty (0, +00) 1 [a, +00), a > 0.

(B) And tov opioud Brénouye Ot av Ly, Ly elvar d0o xhelotd xuptd unoclvola tou R™
TOL T0 ECWTEPXO Touc Teptéyet to 0, tote L1 C Lo av xou uévo av gr, < gr, (deite o
v anddein e Mpdtaone 5.3.11 mopuxdtw).

Or Baowée WLoTnTec Tne ouvdptnone otddunc teptypdgovtat and tnv enduevn Hpdtaoy).
Ipétaon 5.3.10. Eotw L kaotd kyptd vrootvoro tov R™ ue 0 € int(L). Tdre:

o) gr(x) > 0 ya kdOe x € R™.

e

) gr(z) =0 av ka1 uévo av Az € L ya kdOe X > 0. Eidikérepa, gr(0) = 0.
Y) gur = fgL yia kdOe p > 0.
0) L={veR":gy(z) <1}.

£) Feumorepa uL ={z e R": gr(z) < p} ya kdde p > 0.

ot) H g1, efvar Oetikd oyoyeur]g

(
(
(
(
(
(
(Q) H g1, etvar kuptrj.

Arnddeaén. (o) Ipogavéc and tov optopwd g gr.
(B) 'Eneton dpeca and v Hoapatienon 5.3.9.
(v) Hopatnpolpe 6t

1
(5.3.34) gur(z) =inf{A > 0:2 € \uL} = inf {Z >0:z€ pL} = ;gL(x).
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(8)-(e) BEow x € R™ pe gr(z) < p. Av gr(z) = 0, t61€ Az € L v xdde A > 0, dpa
x € puL. Av gr(z) > 0, and ty Hopatipnon 5.3.9 éneton 61t t0 oOvoro A éxel T popen
[a,+00), 6oL a = g (). Ereton 61t « € gr(x)L C pL. O avtiotpopoc eyxhetopdc eivar
TEOPAVAC A6 TOV OPLOUS TNC JI.-

(o1) T xdde p > 0 xa yia xdde x € R™ éyoupe

gr(pzr) = inf{A>0:pzx e AL} =inf{A>0:2¢€ (\/p)L}
inf{pp >0:2 € pL} = pgr(x).

(0) Eow z,y € R xou éoww t € (0,1). Ou del€oupe 6t

(5.3.35) gr((1 = t)z +ty) < (1 = t)gr(x) + tgr(y)-

Av 10 8816 péhoc elvan (oo pe 0, t6te © € AL xav y € AL vy xdde A > 0. Apa,
(I =t)x+ty € AL yia xdde A > 0, an’ énou énetar 6t gr (tx + (1 — t)y) = 0.

‘Eotww 6t 1o 8e&16 péhog tng aviootntog etvar Yeund. Trdpyouv Ay, > 0, p, > 0 dote
€ ML,y € pupL o

(5.3.36) An = g0(x),  pn — gL(Y)-

Téte, (1 —t)z+ty € (1 — )\, + tun)L, Snhoady

(5.3.37) g (1 —t)x 4+ ty) < (1 — )\, + tpn.

Agrivovtag 1o n — oo talpvouue v (5.3.35). O
H enduevn [pdtaon delyver 6T 1 ouvdptnon otddunc gr, mpoodopilel to L.

Ilpétaon 5.3.11. Av K, L kuptd khewotd vrootvola tov R™ ue 0 € int(K) Nint(L) ka
gk = gL, tote K = L.

Anédeaén. Ané 1o Oedpnua 5.3.10(3) éyovue
(5.3.38) K={z:9x(z) <1} ={z:gr(x) <1} =L,
agol gr(x) <1 av xou pévo av gr(x) < 1. O

Ty eldu nepintwon mou 1o K elvat cupuetpind (we mpoc to 0) xuptd odua ot factxéc
WOTNTES TNG CLVAETNOTE OTAVUNG AToBEXYUOLY TO EEHC.

Ilgétaom 5.3.12. Eoww L ovupetpixé kuptd owua otov R™. Téte, n ovvdptnon otd-
Ouns g, efvar vépua.
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Andédaén. Aol 1 g, elvan un apvnmn, YeTind odoyeVAC xou xupTh, apxel vo Belouue 6Tt
gr(—x) = gr(x) xou 67 gr(x) > 0 v x&¥e z # 0. H anddeln aprvetar we doxnon: o
TEMTOC LoYUPLOUOE TPOoXUTTEL antd TN cLUMETPlA Tou L w¢ mpog T0 0 1ot 0 dedtepog and 1o
yeyovée 6t to L meptéyel ) undia B(0,7) yia xdmoov r > 0. O

To teheutaio amoTéAEoUa AUTHC TNE UTOTHEAY PO Bivel Eva yapaxTneloud Tng xAdong
TWV CLVAPTACEWY oTdIUNC: Wiot cuvdptnon ¢ : R™ — R elvar ouvdptnon otddung xdmnolou
XAEGTOU ®VPTOV GUVOAOU TIOL TO ECWTEPXS TOu TepEyel 0 0 av xon pévo av efvor un
aEVNTIXT, XVETH Xol YeTixd opoyevrc.

Ocewpnpa 5.3.13. Eotw g : R* — R un aprnukn Jetikd opoyevns kuptr) ovvdptnon.
Oérovpe L = {x € R : g(z) < 1}. Tdre to L efvar kuptd kar kAewtd, 0 € int(L) ka
9=49rL-

Anddeén. To L elvar xuptd we oUvoro otdiune xuptic ouvdptnone. Eniong elvat xheotd,
agol 1 g ebvar cuveyHC.

Aol n g elvou Vend opoyevie, woylet g(0) = 0 xou 1 cLVEYELL TNS g CUYVETYETAL OTL
10 oOvoho {z € R" : g(z) < 1} elvar avowxtd. Apa, 0 € int(L).

Ocewpolye ) cuvdptnon otddung gr Tov L. Ané to Oedpnua 5.3.10(3) éyouue

(5.3.39) {reR":g(zx)<1}=L={xeR":gr(zx) <1}.

Ané avth v wétTa Yo e€aydel 1 lodTTAL TV g XAt g
‘Eotww x € R". Av g(x) = 0, t61€ v xdde A > 0 éyouvpe g(Ax) =0 <1, dpa Az € L.
‘Enetor 6t gr(x) = 0. Av gp(z) =0, té1te Az € L yia xdde A > 0, dpo gr.(A\x) < 1 v
xdde A > 0. ‘Enetor 61t Ag(z) = g(Ax) < 1 vy xdde A > 0, ovvende g(x) = 0.
Mmnopolue Aoty vo unodéocouue bt g(z) > 0 xaw gr(z) > 0. Téte g(z/g(x)) = 1,
ondte

(5.3.40) o) _ (gm) <1

(5.3.41) g(x>) =g <g zx)) <1.

Apa, g(x) = gr(x). O

5.37" Xyéom twv d3Vo cuvapTRoEwY

Xpnowonowdvtag Ty évvola Tou Tohxol evic xupTtol GUVOAOU UTopolUE va del€ouue 6Tt
1 oLVdETNoN oTHPENS XAt 1 GLVEETNOT oT&IUNC txavorooly TNy e€nc oyéon BuicuoU.
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Oewpnpa 5.3.14. Eotw K kupté ovurnayés vnootvoro tov R™ ue 0 € K. Tére 0 €
int(K°) ka1 hg = ggo. Avtiotpoga, éotw L kuptd kAeiotd vrootvolo tou R™ pe 0 €
int(L). Tére to L° efvar ovunayés kar wyver hro = gr.

Anddeén. Apol 1o K elvar ouumoryég xupto xat 0 € K, n h optleton xohd o malpver un
apvnég Tiwéc. To K° elvan xhelotd xuptd xan €youye dellel 61t av o K elvon gpayuévo
t6te 0 € int(K°). "Apa, 1 gre opiletan xohd. Iapatnpodue 6t

(5.3.42) K°={yeR":hg(y) <1}.

Ané 1o Oedpnua 5.3.13 (e g = hx > 0) éneton OTL hx = gko.

Avtiotpoga, éotw L xuptd xhewotd unocUvoho tou R™ e 0 € int(L). And v teleu-
tafor unddeor, ouunepaivoupe 6T to L° elvan gpaypévo. To L° elvon xuptd xaw xAelotéd
(dpa, oupmayéc) xan 0 € L°. Enoyévwe, n hro opiletar xahd xat elvon un opvnuxd. Ané
TO TPWTO PEPOC TOL OEWPHUATOC EYOUUE

(5.3.43) hre = gree.

‘Opwcg,

(5.3.44) L°° =omv(LU{0}) =L = L.

Apa, hpo = gr. O

IIépiopa 5.3.15. Eotw K kupté odua oror R™ ue 0 € int(K). Tére, to K° elvar kuptd
odua pe 0 € int(K°) kai

(5345) h[( = JKo, hKo =JK-

Eidikdrepa, av to K elvar ovupetpicd wg mpog to 0 téte o1 hi, gk €ivar vépues kai
ikavonowvy tny (5.3.45). O
ITopddetypa

T xdrde 1 < p < oo optlovye

n l/p
(5.3.46) Iz, = (Z |rm|”> :
=1

T'o p = oo Yétoupe

(5.3.47) |z]| oo = max |4

T x&9e p € [1,00] || - ||p elvon pn apynuxd, xvpth xou Yetxd opoyevic. Apa, elvat
oLVdpETNoN oTddUNe ToL GLVOAOU

(5.3.48) Bl = {z eR": ||z, < 1}.
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T x&de p, o By elvan x0pT6, cuppetpind we mpoc to 0, cuurayéc (tepéyeta oTov X030
BZ) xu 0 € int(By). Apa, n || - ||, eivon vopua.

Amb to Oevpnua 5.3.14 €xouue hpy = g(pn)o. LV UTOTOPAYEAQO 5.3() eldaye 6T
hpp = |- llq 670V g elvor 0 oLluyhc exdétng Tou p. Anhadh, gpnye = gpp. AT6 TNV
ITpdtaon 5.3.11 cupnepaivouye 6Tt
(5.3.49) (B,)° = By

Ytaxo'tﬂepG(l,oo),énooé+%:1(xoaqzlocvp:oo,q:oootvpzl).

5.4 Aoxvoe
1. Eow f:R" — R dvw gpayuévn xvpth ouvdptnon. Aeléte 6 n f elvan otadepn.
2. Eotww f: R" — R xvpth cuvdptnom, g : R” — R xoikn cuvdptnon xa éotw 61 f(x)

v xdde © € R™. Aci&te 61 undpyer agwixf cuvdptnon h : R” — R dote f(z) < h(z)
vy xdde x € R™.

(z)

g
g(z)

VAIVAN

3. Eotww V un xevod, avoxtd xvuptd vnochvoro tou R™ xat éotw f: V' — R xupt) cuvdptnon.
Aeigte bt av C elvar un xevéd, supnayéc unocOvolo touv V téte n f elvon Lipschitz cuveyc oto

C.

4. 'Eotw C un xevd, avoxtd xvptd utocvvoro tou R"™ xou éotw f: C — R.
(a) TroVétoupe 6tL m f éxer ouveyelc pepinée mapaydyove. Aellte 6t n f elvan xupth av xa
uévo av

(Vf(@) =Vf(y),z—y) 20
v x&Ve x,y € C.
(B) Trodérouvpe 6t 1 f éxer ouveyelc pepée napaydyous deltepne tdéne. Aeilte 6t 1 f elvan
xVETH av Xt p6vo av yia xdve z € C xon yio xdde u € R™ woyler

n

5. 'Eotw C x\ewotd xar x0ptd unocivoho tou R™ xou éotw f : R® — R n ouvdptnon f(z) =
dist(z, C).
(o) Eotww x ¢ C. Aci&te 6T

RN — pc(x)
VI = @

(B) Act&te 6u n f elvan draopioun oto R™ \ C.

6. 'Ectw A, B un xevd, cupnay) xow xvptd urtoctvola tou R™. Av C' = conv(A U B) dei&te 6

he(z) = max{ha(z), hp(x)}
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vy xdde x € R™.

7. 'Eotw A, B xhewotd o xuptd unocOvora tou R™ pe 0 € int(A) Nint(B). AvC = ANB
detéte 6T

go(z) = max{ga(z),gn(z)}
vy xdde x € R™.

8. 'Eoww h : R™ — R xvpth, Yetixd opoyevic ouvdptnon. Aei&te i
(i) A'(u;u) = h(u) xav A/ (u; —u) = —h(u),
(i) 2'(u;y) < R(y),

émou b (z;u) elvon n mapdywyog e f oto onuelo x oty xateduvon tou u.

9. 'Eotww C un xevé, xuptd xal cvpnayéc unoodvoho tov R™. 'Eotw u # 0. Opilouvue
L={z€C:hc(u)={z,u)}.
Aceite 6t

(i) he(u;y) = hi(y) yio xé9e y € R™.

(ii) H hc elvor Swogoplown oto u av xow uévo av to L eivon povochvohro.

10. Eotww C un xevé, xuptd xat cvunayéc uvtocivoro tou R™. Ael&te 61t n ho elvon ypouuxn
av xat povo av to C' elvar povoohvoho.

11. Eoww f: R™ — R xvpth ouvdptnon. To vrnodiagopikd tne f oto x elvan 10 obvoro
Of(x) ={veR": f(y) = f(x) + {v,y — x) v xddey € R"}.

(a) Acet€te 6t 10 Of (z) elvon un xevd, cuunoayés xat xupTo.
(B) Aci&te 6

0f(z) = {v € R" : {v,u) < f'(z;u) yio x&de u # 0},
émou f'(z;u) ebvoan n mapdywyog e f oto onuelo = oty xatedduvon Tou w.

(v) Aei&te 6t av 1 f eivan drapopiown oto = t6te Of () = {V f(x)}.

12. 'Ectww C pn xevd, xuptd xat cuunayéc utochvoro touv R”. Acigte 61 dhe(0) = C.






Kegpdhaio 6

Axpala onueio

6.1 Axpaio xou extedeipéva onpeio

Opiopde 6.1.1 (axpoio onpeio — €dpec). (o) Eotw C éva xheotd x0ptd LTOGUYONO
tou R". 'Eva onuelo x € C Aéyetan axpaio onueio tou C av dev TEPLEYETAL OTO ECWTEPIXOS
xdmoou evdUypaupoL TURUATOC ToL omolou Ta dxpa avixouv oto C.

I vo edéyEoupe 6T 0 & € C elvon axpaio onueio tou C apxel, 10odOVaUA, Vo EAEYE-
ouve o €&t av y,z € Cxaw v = (1 —t)y+tz yia xdmowo 0 <t < 1, téte y = z = x
(rapatnehiote Ot av y # z 1OTE 10 eLIOYPOPUO TUAUY [y, 2] Elvar Un TETPWUMEVO XoL Yidt
x&9e 0 <t <110 (1—1t)y+tz elvou ecwTeEPIXS TOU OMUElD).

Tpdgpouye ext(C) yia 10 aGvoro wwy axpalwy onueiwy tou C. Moapadelypato: to axpalo

omnuelo evog dloxou elvar dha oL onueia TNE TEPLPEPELAC TOL o Ta axpator onueia evog x0Bou
elvar ot xopupéc Tou. ‘Eva xhetotéd xuptd cOvoro unopel vo unv €yet axpalo onuela: av
Yewproete onoovdfmote xhewotd nulyweo G téte ext(G) = 0.
(B) Tevixdtepa, éva xuptd unochvoro F C C Myetar édpa tou C av woyler to e€fc: av
Y,z € Cxow ¢ = (1 —t)y +tz ya xdmowo 0 < ¢ < 1, t61€ y,z € F. M €dpa F' tou C
Myetar k-édpa av dim(aff (F)) = k. And touc oplopoic givar gavepd 6t o € ext(C) av
xou wévo av to yovoolvoho {x} eivon 0-¢€dpa tou C.

Adppa 6.1.2. Eoww C éva kAetoté kupté vrmoovvodo tov R™. Eva onueio x € C efvai
akpaio onueio tov C av kar pévo av to ovvodo C'\ {x} €ivar kyptd.

Anédeaén. Yrodétoupe mpdta 61t = € ext(C). Eotww y,z € C\ {z} xa éoww t € (0,1).
Ané v xuptétnra tou C éyouvpe (1—t)y+tz € C. And v dAn mhevpd, (1-t)y+tz # x,
agol To x elvon axpaio onuelo tou C xou y,z # x. Enetan 6t (1 —t)y +tz € C\ {z}.
Avuté arodexvie 6t to C'\ {x} elvon xvptd.

Avtiotpoga, ac utoVéoouue bt 1o C'\ {z} elvar xuptd. Av x ¢ ext(C), téte LTdpyOLY
Y,z € C ®ote 10 T va elvar ecwtepxd onueio tou [y, z]. Opwe téte, v,z € C'\ {z}, xo
and v vnddeon nalpvouyue x € [y, z] C C'\ {z}, To onolo eivor dromo. O
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Opiopdc 6.1.3 (extedepéva onpeia). Eotw C éva xhewotd xuptd utocvvoro tou R™.
‘Eva onuelo z € C Myetan extelepiévo onueio tou C' av undpyel unepeninedo H dhote 10
H vo ompilet 1o C xou 10 = va elvar 10 povadixd xowd onueio twv C xan H: dnlady,
C N H = {x}. T'pdpoupe exp(C) yia t0 cOvoro twv extedeluévmy onueiny tou C.

Adupa 6.1.4. Eotw C érva khaotd kuptd vroouvvodo touv R"”. KdOe extelauévo onueio
zov C' efval akpaio onueio tov C. Ankaon,

(6.1.1) exp(C) C ext(C).

Anédeén. Eow z € exp(C). Téte, undpyouv 0 # u € R™ xaw o € R dote

(6.1.2) (x,u) =«
X
(6.1.3) (w,u) < a vy xdde weC\{z}.

Trodétovue 6t ¢ = (1 —t)y + tz yia xdmowat y, z € C o 0 < t < 1. Tére,
(6.1.4) a=(z,u) = (1 —t){y,u) + t{z,u) < (1 —t)a+ta = a.

Aol 0 < t < 1, autd onuadvel 6t (y,u) = (z,u) = a. Ané v (6.1.3) éneton 6t
y=z=2z. An\ady, = € ext(C). O

Ynueiwon: O eyxheiopde unopel va elvon yvhoiog. Oewpriote ta obvora

G = {($7y)€R2:—1§xg1,y:1+m}
Cy = {(my) eR?: —1<a<ly=-1-V1-22},

xat Ty xwupth toug VAxn C = conv(Cy U Cq). Tére, (£1,+1) € ext(C) \ exp(C). Ou
del€oupe OUwS OTL 6TNY TEPITTWOT €VOC XUPTOU GUUTAYOUS GUVOAOU, TO GUVONO TWY EXTE-
Vewpévwy onuelwy elval Tuxvéd 610 clvolo Twv axpalwy onuelwy.

Ocdenpa 6.1.5 (Straszewicz). Eoww K éva ouunayés kuptd vnootvolo tov R™. Tdre,

(6.1.5) exp(K) D ext(K).

Xnueiwon: To cbvoho tTwv axpalwy onuelwy evég cuunayolc xuptold utocuvdrou Tou R”
(n > 3) unopel va unv elvat xAetotod: Yo mopddetyua Yewphote 1o dloxo D = {(z,y,0) €
R?: (z—1)%2+y? = 1} xou 10 ouumayéc xuptd ovoro K = conv(DU(0,0, £1)). Acifte 6Tt
70 ext(K) = exp(K) dev elvar xhetotd olvoro. Tuverd, o eyxhetopdc exp(K) D ext(K)
Tou Oewpruatoc 6.1.5 dev unopel vo avtixataotodel e wodTNTA.

H anéde&n Yo Booiotel oe wa oepd and Muuata mou topouctdlouy aveldptnto evol-
agépov. To mpohTo divel Evay yopaxtnploud Twv axpalny onuelny evog cuUTayolS xUEToL
ouvolou.



6.1 AKPAIA KAI EKTEOEIMENA YHMEIA - 133

Afupa 6.1.6. Eotw K éva kupté ovumayés vnootvolo tou R™. Eva onueio x € K elvar
axpaio onueio tov K av ka1 pévo av ya kdde r > 0 vrdpyer avoiktds nuiywpos G tov R™
dote x € G ket KNG C Bz, 7).

Arndbeaén. Trodétouvue npdta 61t & € ext(K) xou 6t v > 0. Téte, 1o K \ B(z,r) elvar
ovunayés, dea To OVoAo

(6.1.6) L = conv(K \ B(z,T))

efva xVpTé Ko cuUTAYEC.
Hopoatneriote 6tz ¢ L. AN, agod z € ext(K), and 1o Adupa 6.1.2 Yo etyoye

(6.1.7) x € conv(K \ B(z,r)) C conv(K \ {z}) = K \ {z},

70 omolo elvar dromo. Agol & ¢ L, ta L xon  Staywpllovton auotned. Luveng, undpyet
avotoe Nuiywpoc G Gote x € G xow GN L = (). Tére,

(6.1.8) (K\ B(z,m))NG =0, dpo K\ B(z,r) CG".

‘Enetar 6t KNG C B(z, 7).

Avtiotpoga: éoww 6t x ¢ ext(K). Téte, uvndpyouy y # z oto K dote z € (y,2).
Mrnopolue Aomév va Bpolue 7 > 0 apxetd Uixpd WOTE T Y XL 2 VO ANV AVAXOUY OTNY
B(x,r).

Ané v unddeor), undpyet avoixtog Nuiyweog G ue Ty Wt ¢ € G xaw KNG C
B(z,r). Agob y,z ¢ B(xz,r), éxouue y,z € G°. ‘Ouwc, 1o G elvar xuptd (xhewotode
Nuiywpoc). Apa, [y, 2] € G°. Anhadi, = € G, to onolo elvon dtomno. O

To enduevo Muua meptypdpet wa «uédodo eviomouol exteVeluévwy onueiwvy evog
XVPTOU GUUTYOUC GUVOAOU.

Afupa 6.1.7. Eotw K éva ovurnayés kupté vnootvoro tov R”. Eoww w € R™. Ocwpolue
z € K to omoio éyer tn uéyrion duvatn anéotaon and to w:

(6.1.9) Iz = wllz = max{lly — wlls : y € K}

(rapatnpnote 6t térowa onueia vrdpyovr, apol to K elvar ovunayés kai ny — ||y — w||2
etvar ourvexris). Tdze, z € exp(K).

Anéoein. I xdde y € K €youvue
(6.1.10) lz = wl3 > lly = wll3 = l(y — 2) + (z — w)lI3,
Onhadh

(6.1.11) Iz = wll3 > lly — 2[5 +2(y — 2,2 — w) + |2 — wll3.
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Apa, yia xdde y € K €youpe

(6.112) 2{y, 2 — w) — (2 — w)) + ly — #I3 < 0.
‘Eneton 6t
(6.1.13) (y,z —w) <a:=(z,z—w)

v xde y € K. Anady, to
(6.1.14) H={zeR": (z,z—w)=a}

omnpilet 10 K oto z. Emnkéoy, av (y,z — w) = a v xdnowo y € K 161, EMOTpEPOVTOC
oty (6.1.12) Brénouye 6t |ly — 2|3 < 0, dnhadh y = 2. ‘Apa, K N H = {z}, 70 onolo
delyver 6TL 10 2z elvan extedeluévo onuelo touv K. O

Xenowornowdvtae to Afjuua 6.1.7 tafpvoupe to e€nc.

Adppo 6.1.8. Eoww K éva ovunayés kuptd vnootroro tou R™. Av G elvar évag avoiktds
nptywpos tov R™ pe tny ibidtnta K NG # 0, tére exp(K) N G # 0.

Arndbeaén. Oétovye D = diam(K) xa ypdgouue tov G o1 Hoppn
(6.1.15) G={xeR": (z,u) < a},

omou 0 # u € R™ xou o € R. 'Eoww € KNG. Ou emhé€ouue A > 0 xatdAAnha peydho
xat Yo YpNoYoToLcouUE o Tponyoluevo Afuua Yo to w = = + Au.

Oewpolye z € K 10 omolo €yel tn peyahltepr duvath andotaon and 0 w. Anéd to
Afupo 6.1.7 éyouye z € exp(K). Mével howndv va delfoupe 6t 2z € G. Aot

(6.1.16) 2= wlls > o - wll,
apxel va det€oupe Ot yia xdlde y € K N G° woylet

(6.1.17) ly = wll2 <[z = wllo.

Iapatneodye 6t av y € K NG 16t (y,u) > o, ondte

(6.1.18) ly = wll3 = lly — = = ull3 = lly — 213 — 2Xy — 2, u) + [l — wl3
agol Au = w — x. Apxel hotndv va e€acpaicovye 6Tt

(6.1.19) ly = 3 < 22(y, u) — (@, )

v xdde y € KNG Agol |ly — z|ls < D xou (y,u) — (z,u) > o — (z,u) > 0, apxel va
emhégoupe 10 A > 0 apxeTd HEYENO WOTE Vo LoYVEL 1

(6.1.20) D? < 2)\(a — (z,u)).
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Téte, 1 (6.1.17) woyder yio xdle y € K NGC, o and v (6.1.16) éxoupe z € exp(K)NG.
O

Am6deily touv OewpApatoc 6.1.5: Eotw z € ext(K). O deifoupe bt yia xdde r > 0
woyVer B(z,r) Nexp(K) # 0. Ané to Afppa 6.1.6 undpyet avowxtdc nuiywpoc G Gote

(6.1.21) r€G xu KNGCB(z,r).

Aol KNG # 0, anb 1o AMdupa 6.1.8 undpye

(6.1.22) z €exp(K) wote ze€QG.

Agob z € KNG, and v (6.1.21) oupnepaivouye 6tL z € B°(x, 7). Anhadi,

(6.1.23) B(z,r)Nexp(K) # 0.

Agob o 7 > 0 frav Tuydy, Prénovye 6Tt z € exp(K). O
To Baocixd anotéheoua authc e Hapaypdpou eivon to axdroudo Yedpnua tou Minkowski.

Ockenpa 6.1.9 (Minkowski). Eotw K éva ouunayés kuptd vnootvolo touv R™. Tdrte,
0 K efvar n) kvptr) Onkn twv akpaiwy onpeiwy tou:

(6.1.24) K = conv(ext(K)).

Anédeaén. H anddeiln yivetar ye enaywyf wg mpog ) ddotaon d = dim(aff(K)) e
aguixic 9fxme tou K. Av d = 0, téte 10 K elvon povoolvoro xat 0 1oYUPIoUOS TOU
Yewpruatog oylel mpogavae. Trodétoupe Aowndy 6Tl 1 didotaon tou K elvon d > 0 xou
61t 10 Yedpnua loyVet yia GAa Tol GUUTOY T XUpTd utoclvola tou R™ mou €youv aguvixy
dudoTaon wxpdteen and d.

Eow x € K. Av 10 x elvar axpalo onueio tou K téte, mpopavae, x € conv(ext(K)).
Trodétoupe howndy 61 = € K \ ext(K).

Téte, undpyet evdeio £ dote To = va elvon ecwTepd onueio Tou eLTUYpAUUPOL TUAUATOC
ly,z] = LN K. To y avixer oto oyetxd odvopo tou K otny aff (K). Téte, undpyouy
0#u € aff(K) xu o € R @ote

(6.1.25) (w,u) < o= (y,u)

v xd0e w € K. Oewpolye 1o unepeninedo Hy, = {v € aff(K) : (v,u) = a} tou aff (K) xa
w0 KNH,. To KN H, elvow un xevd, xupTtd xou cLUTAYEC GOVOAO UE BLAOTACT) UXPOTERT
and d. ‘Apa, elvan 1 xueTh Ypen Twy axpalwy onueiwy Tou. Agoby € KNH,, 1o y yedgpetat
ooV ©UETOC GLYSLAOUGE axpalwy onueiwy Tou K NH,. Av howmdy del€ouue dti xdie axpalo
onuelo tou K N Hy elvar axpaio onueto tou K, da éyouye delZel 6Tl y € conv(ext(K)).

‘Eoww w axpaio onuelo touv K N Hy xou ag unodécouye bt w = (1 — t)wy + tws yia
xdmowx wi, we € K xou 0 <t < 1. Tére,

(6.1.26) a = (w,u) = (1 —t){wy,u) + t{wa,u) < (1 —t)a+ta = a,
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an’ émou BAénouye 6T (wi, u) = (w2, u) = @, Snhadh, wi,ws € K N H,. 'Ouwc 10 w elvan
axpafo onueio tov K N Hy, dpo wq = we = w. Autd anodeviel 6t w € ext(K).
Me Tov (80 tpdTo delyvoupe dtL 2z € conv(ext(K)). Aol = € [y, 2], éncton 6Tt

(6.1.27) x € conv({y, z}) C conv(ext(K)).
To xz € K \ ext(K) fitav Tuydy, dpa K C conv(ext(K)). O

Xnuetwon: Xenowonowdvtag to Oedpernua tou Kapadeodwper Brénoupe 6t av K elvon éva
oupunayéc xUpT6d LToclvolo tou R™ 1téte xd¥e z € K ypdgetar ooV xUpTdC cLVBLACUOC
70 oAU n + 1 axpalwv onuelwy Tou K.

‘Evac dAoc tponoc dwtinwone tou Yewphuoatoc tou Minkowski elvar o e€vc.

IIépopa 6.1.10. Eoww K éva ouvunayés kuptd vrootvolo touv R™ kai éotw M C K.
Tére,

(6.1.28) K =conv(M) av ka1 pévo av. M D ext(K).

Arnddeaén. Aol 1o K elvar xuptd xaw M C K, éyovue K D conv(M). Iupatnpolue 6Tt
av M D ext(K) t61¢

(6.1.29) K D conv(M) D conv(ext(K)) = K.

Avtiotpoga, av K = conv(M) xou undpyer € ext(K) \ M, t6te and tny xuptodTnTa TOU
K\ {z} (Mppa 6.1.2) xou tnv M C K\ {z} naipvouye

(6.1.30) K = conv(M) C conv(K \ {z}) = K\ {«z},
70 orolo elvon dtoTo. O

IIépwopa 6.1.11. Eoww K éva ouunayés kuptd vrootvolo touv R™ kai éotw M C K.
Tore,

(6.1.31) K = conv(exp(K)).

Ardbeén. Anbd to Oedpnua tou Straszewicz éyovue ext(K) C exp(K). Iapatnpriote 61,

yevixd, conv(A) C conv(A). Apa,
(6.1.32) K = conv(ext(K)) C conv(exp(K)) C conv(exp(K)) C K.
Anhadn, K = conv(exp(K)). O

ITohhéc amd Ttic eapuoyég tou Oewpripatoc tou Minkowski Bacilovtar otnv enduevn
anAf Ilpdraon.

IIeétaon 6.1.12. Eow K éva un kevd, ovumayés kuptd vrmoolrodo tou R™. Av f :
K — R efvar yua ovvexng kuptrj ovvdptnon xar av M = max{f(z) : * € K}, tdre
undpyel akpaio onueio z tov K dote f(z) = M.
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Arndbeaén. Agol to K elvan ouunayée xou ) f elvon ouveyc, undpyel © € K dote f(z) =
M. Agob z € K = conv(ext(K)), undpyovv z1,...,2m € ext(K) xou t; > 0 ye t; +--- +
tm =100t v =tz + -+ tmzm. And Ty xupTéTRTA TNC f €)YoUUE

i=1 -

Apa, undpyel ¢ < m dote f(z) = M (axpBéotepa, éxoupe f(z;) = M yio 6houg ToUg

deixtec @ < m mou xavoroody ™y t; > 0). O

6.2 IloAbToma xou moAGEdpa

Yty §2.1 oploaue Ty ¥xAdomn TV TOANUTOTWY X0l TNV XAJCT TWY TOAUEDPWY GTOV n-
ddotato Euxeldeto yopo.

(o) IIoAGTOmO otov R™ elvar 1 xupth O7xn evéde nenepaouévou cuvéhou S onuelwy Tou
R™.

(B) IIoAVEBPO ooV R™ elvol plar «TETMEPAGUEVT, TOUN MULYDEWY», SNAadY| €vol GUVORO TG
uopgnc

(6.2.1) P={zeR":(z,u;) <a; yia i =1,...,m}
o6mouv m € N, uy, ..., Uy evon un undevixd davdouata otov R™ o aq, ..., ap, € R,

Yxonde yoc oe auth TNV mapdypapo elvar var del€oupe OTL 1) XAEOTN TV QPPUYUEVKDY
TONUESPWY o 1 ¥AdoN Twv ToAUTéTwY cuunintouv. H anddeln Va Boototel oto e€rc
Adupa.

Adppo 6.2.1. FEotw P to moAvedpo

(6.2.2) P={zeR": (z,u;) <oy, i=1,...,m}.
I'a kdOe y € P opilovue

(6.2.3) Iy)y={i<m: (y,u;) = oy}

Tére, y € ext(P) av ka1 pévo av to ovvolo {u; : i € I(y)} mapdyer tov R™. Eibikdrepa,
yia kdOe y € ext(P) éxouvue |I(y)| > n.

Anédeaén. Trodétouue npdta 6Tt Yo xdnowo y € P to obvoho {u; : i € I(y)} nopdyet tov
R™. Eotww 61t y = (1 — t)y1 + ty2 Yo xdnowa y1,y2 € P xow xdmowo 0 < t < 1. Tére, vy
xdde i € I(y) éyoupe

(6.2.4) o = (y,ui) = (1= t){y1, ui) + t(y2, us) < (1 —t)os +ta; = o,
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dnhadn
(6.2.5) (y1,u;) = (Y2, u;) = ;v xd9e i € I(y).

‘Enetor 6t (y1 — y2) L w; vy xdde i € I(y). Aol 1o u;, i € I(y) mapdyouvv tov R™,
ouunepalvoupe 0Tt y1 — Y2 = 0. Anhady), y1 = y2 = y. Autd delyver 61t y € ext(P).

Avtlotpoga, ag untodéoouue 6t to {u; : ¢ € I(y)} Sev napdyel Tov R™. Torte, undpyet
z # 0 otov R™ ye v 1diétnta

(6.2.6) (z,u;) =0 vy xdde i€ I(y).
IMapatneiote 61, v x&Ve @ ¢ I(y) éxouye

(6.2.7) (Y, ui) < .

Oewpolye € > 0 xat opllovye y1 =y + ez, y2 =y —ez. Tote, y; # y xou

Y1ty
y=—.

(6.2.8) 5

Enlong, av 1o € > 0 elvar apxetd wixpd, €xouue y1,y2 € P. Mpdypatt, av i € I(y) tote
(6.2.9) (y£ez,u) = (y,wi) £ ez, us) = (y, wi) = i,

eved, av i ¢ I(y) éyoupe

(6.2.10) (y £ez,u;) = (y,u;) ez, u) < oy

av 10 € > 0 elvol apxeTd Utxpd MOTE Vol LXavoToLo0VTAL oL

(6.2.11) el(z, u)| < a; — (y,us), ¢ I(y).

Ané ta nopandvew ouunepaivovue 6Tl y ¢ ext(P). O
Oewpnua 6.2.2. Kdde gppayuévo modvedpo eivar motorno.

Arnédaén. ‘Eotw P 1o @payuévo toAlEdpo

(6.2.12) P={zeR": (z,u;) <oy, i=1,...,m}.

To P eivor xAetot6 xoi xUptd (s TouR *AEWOTOV UToYWEWY). Aol elvar gpayuévo, to P
elvon ovpmayéc. And 1o Oedpnua tou Minkowski éyoupe P = conv(ext(P)). Av delloupe
61t 10 ext(P) elvan menepacpévo civolo, €netal To Oedpnua.

An6 1o Afjppa 6.2.1, xdlde y € ext(P) elvar 1 povadixh AOom Tou GUCTAUITOS

(6.2.13) (y,ui) = oy, i €1(y).
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H povadxdtnra npoxdnter and 1o yeyovde 6t 10 obvoro {u; : i € I(y)} napdyer Tov

R™. EWwétepa, ot xdle y € ext(P) unopolue vo avTiotory{Coude uio n-dda ypodiixd,
AVEEAETNTOVY DLAVUCUATOY U, (Y), - . -, U, (¥) (35 € I(y)) xou nomexdviony — (wi, (y), ..., u, (¥))
elvon évar mpog €va.

To m\idog v Suvatdy N-88wv (U, . . ., Us, ) AVTAC TNES Hopenc elvar To ToRD (0o pe
(™). ‘Apa,
(6.2.14) lext(P)| < <m>
n
Anhadr, 1o ext(P) elvar nenepacuévo clvoho. O

Tt Ty avtiotpogn xatedduvon yenoionotolue Tov dUGUS.
Oewpnua 6.2.3. Kde moAvtono efvar moAvedpo.

Arndbeaén. Eow P = conv({z1,...,%m}) éva toAdTomo. Qo doulédouue oty apuvixn
9fen A = aff(P) touv P. Av del€ouye 6Tt undpyouy ug, ..., us € A xu a; € R dote

(6.2.15) P={zeA: (z,u) <o, i=1,...,s}

T6TE PTopoVUE VoL Ypddoupe 0 P cav Tour| TENERACUEVKDY T0 TAHIOC XAEIGTOV NULYOEWY
tou R™. Ipdypatt, undpyouy xAetotol nulyweot F1, ..., Fog tou R™ dote A = F1N---NEyq
(av n—d elvon 1 Srdotaon e A xou av vy, . . ., vg elvon éva TAipec opoxavovind clotnua
dtavuopdtwy xdletwy oty A, T6Te 1 A YpAQETAUL GAY TOUT XAELGTMV NULYWOEWY TNG LOPPNQ
{z: (z,v;) < B} xau {z : (x,v5) > v;}). Tére,

(6216) P:Flﬂ--~ﬂF2dﬁ{zeR": <ZE,U1‘>§OL¢, iZI,...,S}.

Xwplc neplopioud e yevixdtntac vrodétouue hotnéy dt int(P) # 0. Mropolue emniéov
vo, utoYécoupe 6tL 0 € int(P): dev elvar dboxoho va dellete 6Tl vy xdde w € R™ 1o P
elvar ToAOEDPO av xon pévo av to P + w elvon moAvedpo.

Me autég tic unodéoelc, 1o ToAxé P° tou P glvon éva cUUTOYEC XUPTO UTOGUVOAO TOU
R™ xon 0 € int(P°). H Baowr| topathipnon etvon ot

P = {yeR": (y,z) <1yaxdde z € P}
= {yeR": (y,x;) <lyaxddei=1,...,m}.

Anhadn, to P° elvan éva gpaypévo mohledpo otov R™. And to Oedpnua 6.2.2, to P° elvau
nohbtomo. AnAady, undpyouy 21, ..., 2, € R™ dote

(6.2.17) P° =conv({z1,...,2-}).
Téte, 10 emyelpnuo mou ypnoluonotiooue Tapandve delyvel ot
(6.2.18) PP ={zeR": (z,z)<lyaxddei=1,...,7}.

Anhadn, 1o P°° glvon molledpo. Aol P°° = P, énetal T0 GUUTEPAGUA. O
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6.3 To noAbGToro Touv Birkhoff

Ogiopde 6.3.1. (o) 'Eotww o wo yetddeon tou {1,...,n}. O nivakas perddeong X°
evar 0 n x n mivaxag X7 = (x;5) ue ouvtetayuévec ;; = 1 av o(j) = @ o x;; = 0
aAeC. Anhadn, xi; = 6; 5(;)- Hopatneriote 6T xdle mivaxac yetddeonc €xer pla povdda
xar 7 — 1 undevixd oe xdde ypopur ¥ othAn tou. Avtictpoga, xdlde mivaxac avthic g
poppric avtiotoryel oe xdmota yetddeon o tou {1,...,n}.

(B) Evac n x n nivaxac X = (z;;) Aéyetaw OimAd otoyaotikds av x;; > 0 yia xdde

1,7 =1,...,n %o 10 GVPOLOUA TWV CUVTETAYUEVKDY xdde Ypauurc f oTAANE Tou loolTal UE
1. Anhady,

n
E x5 =1 yia xddei=1,...,n,
J=1

n
injzl vy xdde j =1,...,n.
i=1

(v) Ané tov opioud tou dmhd otoyaotikod Tivaxa BAénouvde 61 to cUvoho DS, twv

NS 7z 4 z ’, Z ’. 2 Z ’
OLTAG GTOYACTIXGOV TVAXWY elvon éva Tohledpo atov R™ . To DS, Aéyeton moAdrono tov
Birkhoff.

EOxoha ehéyyouue 611 xdde mivaxoag petddeong elvon axpalo onuelo tou DS,. To
Yedpnua twv Birkhoff — von Neumann woyvpileton 61t 10 toAdtono DS, dev €xet dhha
axpofa onueta.

Ochenpo 6.3.2 (Birkhoff, 1946 — von Neumann, 1953). To odvolo ext(DS,,) twr
axpaiwy onueioy Tov toAvtdénov tov Birkhoff eivai to odvolo twv nxn myvdrwy petdleons.

Anéoaén. H anddelln mou Yo noapouctdcouye €66 yivetar Ye emaynyn wg npog to n. I
n = 1 o woyvpoudc Tov Bewpruatoc Woylel Tpogaves. ‘Eotw n > 1. Oswpolue tov
APWIXS LUTOYWEO

(6.3.1) L={X=(2;) €RY : (Vi<n) > wy=1,(¥j<n) Y z;=1
i=1 i

wou R™. HMopatnphote 6t dim(L) = (n — 1)2. Hpdypatt, x80e X = (z;;) € L mpoo-
dropiletan Mhhpwe amd tic (n — 1)? ouvtetayuévee @;;, 1 < 4,5 < n—1, apol oL unbhoiTeS
oLVTETAYUEVES TpoadlopilovTa amd Tic OyEoELC

n—1
Tin = 1*5 Tij
Jj=1
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n—1
1-— Zmij
:lill n—1
1—2231‘”:(2—71)—}- Z Tij.
i=1

ij=1

Tnn

Av meploptotolye 6o xopo L, o tohitono DS, opiletor anéd tic n? avioétnree x;; > 0.
Ag unodéooupe 61t X = (x;5) elvan éva axpaio onueio tov DS,. Ané to Afuua 6.2.1
uTipyoLY TOUASytoTov (n — 1)? Levydpwa (i, 5) yio T omola x;; = 0. Aol o X elvar BimAd
oTOY oINS, OEV UTopEl VoL €xEL 1 UNBEVIXEC CUVTETAYUEVES OE XATOLL YPoUU Y, 0UTE UTOPE!
VoL €YEL TEPLOCOTERES Ao plor Un Undevixég ouvietayuéveg o xdde ypauuy, yiatl 161e T0
TARY0C TwY Undevixdv cuvteTaypévwy tou da Aoy To ToAd co e n(n — 2) < (n — 1)2.
Trdpyer howndv xdmolog deixtng iop < n ye v e€AC WOTNTA: UTEEYEL HoVadiXOC BelxTng
Jo < n dOTE x4, # 0. Apol o X elvan BT GTOYACTINGS, AVAYXACTIXG £YOVUE

(6.3.2) Tigjo =1 xat x5 = 0ov j # jo.
Eniong, agol x;,;, = 1 xow 0 X elvon dimAd oTtoyaoTtinde, nalpvouue
(6.3.3) Tigjo = 1wt i, = 0 av i # .

Ané ¢ (6.3.2) xou (6.3.3) elvar govepd 6Tl av Blorypdoupe TNV ip-0TH Ypopun xaL TNy
Jo-oTh oA\ tou X Yo mpoxUer évac dimAd otoyaoTtixde (n — 1) X (n — 1) mivaxac Y.

Hapatneriote 61t 0 Y elvon axpalo onuelo tou DS,_1. Av unhpyav Y # Y5 oto
DS,_1 % 0 <t <1dotweY = (1-1)Y1 + tYs, té61e pe «avixatdotoon tov Y and
Toug Y7 xou Y avtlotorya péoo otov X» Ja malpvoye 600 BimAd oToyacTXoUC TVAXES
X1, X2 € DS, ye v oo X1 # Xo xow X = (1 — 1) X +tX2. Auté da Htav dromo,
agol X € ext(DS,,).

Topo umopole Vo e@appbdooupe Ty enaywy unddeon. Edaue 61t Y € ext(DS,_1),
dpa 0 Y elvar mivaxac petddeone. Eneton 6t o X elvan mivoxac petddeong. O

6.3a" IIoAOToma petoadéocewy

Ogiopdc 6.3.3 (mohbTono petadécewy). TuuBoliloupe pe S, v opdda Twv peTa-

Yéoewv tou {1,...,n}. Eow w = (w1,...,w,) € R". T xdde petddeon o € S,
optlouye
(634) O’(’LU) S (wg_l(l), ces ,wa—l(n)).

To noAvtomo twv petaléoewr tov w elvon To ToAdTOTO
(6.3.5) P(w) = conv({o(w) : 0 € S,}).

Anhadn, to P(w) mpoximtel av Yewpficoupe oo tar onueio Tou nopdyovton e petddeon
TWV CUVTETAYUEVWY TOU W X0 TEPOLUE TNV XVETH Toug Vhxn.
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H endpevr Ipdtaon delyvel 61t xdde tolltomo petodéoewy elvon ypouuixy exdva Tou
noAuténou Tou Birkhoff.

Ilgétaoy 6.3.4. Eoww w € R™. Ocwpolue tov ypaupuxsé petaoxynuatious Ty, : R™ —
R"™ nov opiletar and tny

(6.3.6) Tw(X)
émov éxouue Tavtioer Tov R" € TOV Ypapuiko xadpo twv n x n mvdkwy. Tote,

Anédaén. And to Oewpnuo wwv Birkhoff — von Neumann xat ané 1o Oedpnuo tou
Minkowski maipvoupe

(6.3.8) T(DSy) = Tyy(conv({X7 : 0 €8,})) =conv({T,,(X7): 0 € Sp}).

HMapatneriote otL, yioe xde o € Sy,

(639) Tw(Xa) = XU(U}) = (U)a.fl(l), ce ,U}g.fl(n)) = O’(w).

Apa,

(6.3.10) Tw(DS,) = conv({o(w) : o € S, }).

Anpadi, T,y (DSy,) = P(w). O

6.33° E@appovéc oTny avdAucy mTvdxmy

Av X elvar évac n X n mivaxog, ypdgoupe X = (X1,...,X,) 6tov Xq,..., X, e ta
davbouata-yeouués tou X. Xtnv mponyoluevn uronapdypapo eidoue 6t av w € R™ xou
X € DS, t6te X(w) € P(w). Ané ™ Sour; tov DS, xou tnv pbdtaon 6.1.12 naipvoupe
70 €€ Boowd Anupa.

Afppo 6.3.5. Eotw w € R™ ka1 C kyptd vrootvolo tou R™ ue P(w) CC. Av f : C - R
elvar yia kuptr) ovvdptnon, tote n g : DS,, — R nov opiletar and tny

(6.3.11) 9(X) = f(X(w)) = fF({(X1,w), ..., (Xn, w))
efvar kuptn ovvdptnon kai

(6.3.12) max(g) = max{f(c(w)) : 0 € S,}.
Anédoeitn. Av X,Y € DS, xou 0 <t <1, t6te

g(L-OX +1Y) = SI(1—OX + 1Y) (w)] = F[(1 - )X (w) + t¥ (w)
< (L= OF(X(w)) + LAY () = (1 - )g(X) + tg(Y),
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Onhad” 1 g elvon xupTh. Ao v Ilpdtaom 6.1.12 éneton ot
(6.3.13) max(g) = max{f(X7(w)): o € S, }.

Agob X7 (w) = o(w), éneton To Ao -

Xpnowonoldvtag auth TV TapaThenoT utopolUe vo detouue TARY0C aVCOTHTODY Yia Tig
Wotée ouuueTpddy mvdxwy. H anddeln touc Baociletar oto e€hc yevixd oyfua.

Oewpnpa 6.3.6. Eotw T évag ouuueTpikds n X n mivaka§ kai €0tw w to Sidvvoua mov
TpokUnter av datdéovpe pe Tuydrta tpdno s (mpaypatikés) wbwtués tov T. Av C elvar
éva kuptd vmootrodo tov R e P(w) C C karav f: C — R efvar yua kvptn ovvdptnon,
téte ya kdOe opfokavovikny fdon {v1,...,v,} touv R™ éyouue

(6.3.14) F({(Tvr,v1), ..., (T, vy)) < max{f(c(w)): o € Sp}.

Anddaén. 'Botww {ui,...,u,} wa opdoxavovxh, Bdon and Wodaviouata tov T mou
AVTIOTOLYO0Y GG IBOTIES W1, ..., Wy ANhadh, Tu; = wiu;. Oewpolue tov mivoxa X
Tou éyeL ouvteTaYpéveS Ty = (u;,v;)%. O X elvon Bmhd otoyaoTindc: vl Topdderyud,
€YOLUE

n

(6.3.15) inj = Z<Uian>2 = [luill3 =1
j=1

j=1

v x&9e i < n. Opwe,

(6316) T’Uj =T <Z<Ui, vj)uZ) = Z(ui,vj>wiui,
dpot
(6.3.17) (Tvj,v5) = Z<Ui7vj>2wi = (Xj,w),

onou X elvon 1 j-oth oA Tou X. And 1o Arupa 6.3.5,

f{Tvr,v1), .., (Tog,vn)) = f({X1,w),. .., (X, w))
J(X! () < max{f(o(w)) : o € S}

Yy nporylatixdTnTa €xoude amodelfel xdtt 1oyupdtepo. Av emhéZoupe cav {vi,. .., v, }
XATEMNAN petddeon o(w) wwy oty touv T netuyaivouye tobdtnta. Anlady,

(6.3.18) max f((Tvy,v1),...,{Tv,,vy,)) = max{f(c(w)): o € S},
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6Tou To oploTEEd maximum malpveTol TdVew and dAec T opPoxavovixéc Bdoec Tou R™.
O

Eméyovtac xatdAnia ) cuvdptnon f oto mponyoluevo Vemdpnua, malpvouue o
oepd avicottwv. H mpdtn pag emioyy elvon

k
(6.3.19) f(s1,.0.,8,) = Zsl
i=1

v otadepd k < n.

Ockpenpo 6.3.7. FEotw T évag n X n ouppetpikds tivakas kar éotw {vy,...,v,} Jia
opUokavovikn) Pdon tov R™. Tdrte,

k k k
(6.3.20) Z)\n_H_l S Z(TUZ‘, Ui> S Z /\i
i=1 =1 i=1

Omou A1 > Ay > ... > Ay, €lvar or 1dwtiués tov T
Anéoaén. H f(s1,...,8,) = Zle s; elva xupth otov R™ (n —f enfong). Anéd 1o Oebdpnua
6.3.6 undpyet yetddeon o € S, wote

k k

(6321) Z(Tvi,vZ) S Z)\U—l(i).

=1 i=1

Adyw tne dudtang twv A;, To de€id YENog elvon UixpdTepo 1| (0o and 1o Zle A, OTOTE
éyouvpe amodel€el tn dedid avicdtna Tou Vewpnuotoc.  AoUAEUOVTOC AVIAOYX UE TNV
—f maipvoupe v aplotepr| avioétnta.  [lapatneriote dtL éyoupe wodtna oty aploTepn
AVIGOTNTO AV TO U5, 4 < k elvat tBLodldvuopa Yot TNV Ap_it1, EVG oTn dedid aviodTnTa av
70 v; elvo LBLOBLEVUGHAL VLot TNV A;. O

H enduevn emhoyn yog elvon 1 cuvdptnom
(6.3.22) f(s1,..,8,) = (8182-~-Sk)1/k

mou opfleTan yior un apvrixd s; xou otadepd k < n. H f elvan xolkn, ondte nalpvouue to

elnc:

Ocdenuo 6.3.8. Ay T eivai évag n x n ouvupetpikds nivakas kat {vy, ..., vy} €fvar ua
opOokavovikr) fdon tov R™, tére

k k k
(6.3.23) H )\n,iJrl S H<T’Ui, Ui> S (; Z Az)
i=1 i=1 =1

k

Omou A1 > Ay > ... > Ay, €lvar ot 1dwtiués tov T
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Anédeaén. H ouvdptnon f mou ypnowponotolue eivon xoll, dpo n —f elvar xvpth oto P™.
Ané 10 Oeddpnua 6.3.6,

X 1/k i 1/k
(6.3.24) (H’\nm) §<H<T'Uiavi>> ;

i=1

T0 omolo udc dlvel Ty aptotep] avicdtnTa. Ilopatnoolue xi €8¢ 6Tl €YoUYE WOOTNTA OTNY
apLoTERY avlabTTa av To v, ¢ < k elvon Boddvuopa yia TNV Ap_iy1. Lot Oediud
avtooTNTo EQUEUOlOUPE TNV aviooTnTo aptduNnTXoU-YEWUETEIXOU HETOU Xou To Oetpnua
6.3.7:

k 1/k ) L&
(6.3.25) (H(Tvi,w)) <2 Z<Tui,vi> << Z A O

i=1

"Apecec ouvéneteg elvor 0o TOAD YvwoTtéc avicdtntes yio opllovoec.

Ocdenuo 6.3.9 (avicotnrta tov Hadamard). Av T efvar évag n X n mivakas pe
OVVTETAYUEVES T4, TOTE

(6.3.26) (detT)* < I (Z tfj) .
j=1 \i=1
Av o T elvar ovppetpixés kar etikd npuopiouévog,
n
(6.3.27) det T < [ tis-
i=1

Anédealn. Aelyvouue mpdta ) deltepn avioétnta. H opllovoa evéc mivaxa elvon ion e
TO YIVOUEVO TwV WOTWAOY Tov, av Aowndy Vewprioouue 0 cuviln opdoxavovixr Bdon {e;}
xaL ypnowonotioouye o Osdenua 6.3.8 ue k = n, talpvouue

(6.3.28) detT = ﬁ)\i < ﬁ(Tei, ei) = [ tis-
=1 =1 =1

Av e@opudcouPE aUTH TNV AVICOTNTO YLt TO CUMPETEXO Xot VeTIXd NULOPLOoPEVO THvoxa
S =T'T (6mou tHpa T TuYOV N X n Thvoaxac), Tolpvoupe

(6.3.29) (det T)* = det S < ﬁ Sj; = ﬁ <zn: t%) .

j=1 j=1 \i=1
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Oepnpe 6.3.10 (avicétnto Tov Minkowski). Av T ka1 S efvar ovppetpixol Jetind
NMIOPIOTUEVOL I X N TVaKeES, TOTE

(6.3.30) [det(T + $)]*/™ > (det T)/™ + (det S)V/™.
Andédeln. ‘Eotww vy, ..., v, wa opdoxovoviny| Bdon and wodvioyata tou T+ S. Torte,
M n 1/n
[det(T 4 9)|Y/" = H((T + S)v;, vﬁ]
Li=1

" 1/n
= H(Tvi,vi> + <Sviavi>‘|

Li=1

M n 1/n n 1/n
Z H<T’Ui,1}i> + H<SU¢,Ui>]

Li=1 i=1

> (det )™ + (det S)'/™.

H mpotehevutaio avicoTnTa elvon GUVETEL TN AVIGOTNTAC AELIUNTLXOU-YEWUETEXOV UETOL,
eve 1 televtalo TpoxOnTeL and o Oedenua 6.3.9. g

6.4 Aoxvos

1. Eoww C un xevé, xhetotd xvptd unochvoro tov R™. Av F elvou €dpa tou C o © € ext(F)
t61€ x € ext(C).

2. 'BEow C pn xevd, x\e0td xptd unocivoho tou R2. Aeifte 611 10 60VOrO TwV axpainy
onuelowv tou C elvar xhetoTd.

3. 'Eotww A pn xevé unoclvoro tou R”™. Aeilte 6t 1o © € R™ elvan axpaio onuelo tou conv(A)
av xat pévo av x € A xar x ¢ conv(A\ {z}).

4. 'Eotww C pn xevd, xhewotd xuptd umochvoho tou R”. Acilte 6t ext(C) # B av xar pévo av
1o C dev meptéyel xaplo eudeio.

5. Aei&te 6T xd¥e nohledpo Exel nenepaocpuévec o TARYoC Edpeg.
6. Acilte 6Tt x&¥e édpa evdc TONLEDPOU Elvar TONDEDPO.
7. AceiZte 61 xdde nolltono éxel nenepacuéves To TAdoc Edpec.

8*. Acite 61t xd¢e un xevd, xhewoTd xVETd LTocUVORo Touv R™ Tou éyel nenepacuéve 1o TARYoC
€dpec elvat TohOEDPO.
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9. ITolUrormo tou Birkhoff — nolbtona petadéoewv. To DS, mepéyetor ot0v a@vixd
undYWpEO

L= {X:(l'”) ER”Q : (VZSH) ZZEZ']':L (V]S?’L) Zl‘ij 21}
j=1 i

2
tou R™, 0 onolog éxet didotaon (n — 1)2.
() Aci&te 6 aff(DS,) = (n — 1)2, ondte 10 DS, éyet ecwtepnd onuelo atov L.
(B) Beeite tnv axtiva tne peyaldtepnc undhac tov L tou nepéyeton oto DS, %ot €xel x€vipo To
onueio X = (z45) pe zij = = v xdde i,j =1,...,n.
[Trébertn: Avth n undha Yo axoupndel to cOvopo touv DS, oe xdmowv A = (ai;) nou €xet
TOUAGYLoTOY piot undevixy| cuvteTayPévr. Xwplc TEQLOPIOUO TN YEVIXOTNTAC UTOPOUUE VO UTOVE-
ooupe 6t a1 = 0. Asiirs 6t
1)2 2
(W) 1X A3 =37 (@ — %) =27, af — L.

(i) Yjpal; > 4.
(iii) T xddei=2,...,n

. Y=n—-1 n-1 n—1

Xenotyonolwvtag ta nopandve detgte ot

(Y
_|_
e
=

I
S
pay

2
X—A2> — .
IX - 415 > o=
Beeite A € DS, pe a1 = 0 v tov onolo toylel 106Nt Xo CUUTEPEVATE OTL N axTiva Tou

; A 1
{ntdye ebvon fon pe —5.]

(v) AELETS 6t 10 oOvoho F = {X = (zy;) € DS, : x11 = 0} elvar €dpa tov DS, pe didotoon
(n—1)* -

(d) AELET&: 6t 10 oOvoho G = {X = (z;;) € DS, : 11 = 1} elvon €dpa Tov DS, pe didotaon
(n—2)

(

(o

€) Eotw a = (1,2,3). Lyedidote to tohlitono P(a) twv yetadécewy tou a.

1) Eotw a = (ai1,...,an). Acilte 61t 1o nohdtono P(a) éyet n! axpaio onuelo av xor pévo
AV oL CUVTETAYMREVES iy TOU (r elvat BlapopeTixés avd dvo.

10. 'Evog xopaxtneiopds Ty dinkd otoxactix®dy mvdxsy. Eotw w = (wi,. .., w,) xu
y=(y1,...,Yn) 000 N-ddec TPAYUATIXDOV AprIU®Y Y

Wy > - > Wy XL YL S > Yne

Aépe 61 10 didvuopa y kuplapxeital and to SLAVUoUN W XAl YPAPOLUE Y < W oV

k k
ZyiSZwi yiaxddek=1,...,n—1
i=1 i=1
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Xl

Yi+ ot Yn = w1t A+ W
(o) Aet&te 61t X = (z45) € DSp av xot pévo av X (w) < w v 8% w = (wr, ..., w,) € R™.
[Trébertn: Oa yperaotelte TNV TopathAenoy 4Tt To YVOUEVO 300 SiThd oToYAoTXOY TIdXwY Elvar
AmAd otoyacTtxoc nivaxac. Ewldwdtepa, av o X elvan Sinhd otoyaotinde xaw av P = X7,Q = X7
elvan d0o Tivaxec petddeone, téte o PXQ elvon dinhd otoyaoctixde.]
B)* Eotw w = (wi,...,Wn) x0 Yy = (Y1,-..,Yn) 000 n-ddec npaypatixdy optdudy pe wi >
S > Wh XU YL > e > Yne AellTe bTLy < w av o povo av undpyel X € DS, dote y = X (w).

11. Gcedpnua Schur-Horn. Ytadeponowolpe n € N xow £ = (A1,...,\n) € R".

(a) Aei€te 1o e&hc Vedpnua tou Schur: 'Eotw A = (a4;5) €vog cupuetpinds X n nivaxog tou €xet
WBoTWES TS A1, - - -, An. TOTE, T0 @ = (11, - - ., Qnn) avixeL oo ToAOTONO P () Ty petadéoewy
tou /L.

[Yrédetn. O A ypdgpetar otnoppr A = UDU®, 6mou D o duaydviog mivaxac D = diag(A1, ..., An)
xaw U = (uiz) évac opdoydviog nivaxac. Haupatnphote 6t o nivaxac X = (uf;) elvar dimha ot0-
YOOTINOC XL YPNOLLoTOWdVTAC TV avarapdotaon A = ADU" 8elEte 61t a = X (£) v xdnowov
X € DS,]

(B)** Aeilte 6t woylet to avtiotpopo (Yewpnua tou Horn): 'Eotww a € P(£). Téte, vndpyet cuy-
peteixds nxn mivaxag A = (a4;) oV ExEL BLOTWES TS A1, - . ., An XL DLAYOVIO (11, .+ -, Onn) = Q.



Kegpdhaio 7

XWEOl MENMEQACUEVNS
OLACTACNG UE VOPU

7.1 Anéotacr Banach-Mazur

7.1a Ppayuévor TeEAEcTEC

‘Eotw X xo Y 800 yopot pe vopua. ‘Evac ypapuxde tereotic T @ X — Y Aéyeton
Ppayuévos av undpyet otadepd ¢ > 0 Wote

(7.1.1) [Tz]| < cf|«]

v xdde x € X. Av o T eivan ppaypévoc, opilovpe t vdpua ||T|| tou T cav tn pxpdtepn
otadepd ¢ yio Ty omola 1 (7.1.1) wyder ywo xdde x € X. Tére,

T
(7.1.2) (1T :supMZ sup ||Tz| = sup ||Tz|.
w20 [zl i< el =1

‘Eow B(X,Y) 10 olvoro twv gpayuévoy terectov T @ X — Y. O B(X,Y) eivar
Yoopuxog ydeoc, xaw 1 || - || : B(X,Y) — R ue T +— ||T'|| eivon vopua.

O ovikds xdpos Tou X elvar 0 Yeaupixog Ypoc X ™ TwV QEoyUEVWY YROUUIXWY CUVIPTI
coelddy z* : X — R. Anhadh, X* = B(X,R).

OT:X — Y Ayetou 100H0pPro S av efval Ypauxde, éva Tpog éva xat ent TEAec TN,
xworT: X =Y, T7': Y — X elvar gpoypévor teheotéc. O T : X — Y Aéyetan
100LETPIKOS 100HOPPITUOS oV EIVAL LIGOPOPPIOUOC XA, ETUTAEOY, Yia xdle z € X oylel
ITz|| = ||=]|. Avo ywpor X xou Y pe vopua Aéyovion wopetpikd 106H0p@or oy LTAPYEL
LOOUETPXOC toopop@onde T+ X — Y. Anéd ) oxomd e Luvaptnotaxfic Avdiuong, d0o
LCOPETPIXA LoOUopQOL YWeoL Tavtilortal: €Youv TNV (Lol YEUUUIXT Xl UETEWXT, dou).
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Ilgétaom 7.1.1. Eotw X évag n-0idotatos xdpos pe vipua. Mropolue va opioovue

véppa || - || otor R™ éro1 dote 0 X va evar woopetpikd wdpoppos ue tov (R™, | - ||)-
Arnédaén. Eow | - || n vopua tov X, xou éotw {x1,...,x,} pa Bdon tou. Opiloupe
T:X —R", e

(7.1.3) Ttz + -+ tpxn) =t1e1 + -+ - + tpen,

6mou {eq, ..., e} n ouviing Bdon tov R™. O T elvon ypopuxds oopdoplopds. Optloupe
|| -1]" otov R™, Yétovac

(7.1.4) [tier + - + tnenll = [trzy 4 -+ - 4tz

H | | eivor voppa otov R™, xau

(7.1.5) Tz = ||z| yoxdde ze X.

Apa, o T elvon 160peTeXdC LooUop@iopndc Petall twv X o (R™, || - ||')- O
Mmnopolue hotnéy mdvta vor TauT{OVUE Evay N-OldoTATO YWEO UE VORUA UE EVOY Y(DPO

e popgric X = (R, || - []).

7.13° Amnéctacrn Banach-Mazur

H évvowa e andotaone Banach-Mazur eygaviCetor oto Bihio tov Banach «Théorie des
opérations linéairesy (1932). Eotww X xat Y 800 ydpol ye vopua, dneipns evOeyouévwe
didotaong, xou ag unodécoupe 6t o X elvan wodpoppoc pe tov Y (ypdgoupe X ~ Y).
Optlouyue v andotaon Banach-Mazur twv X xou Y o¢ e€hc:

(7.1.6) d(X,Y) = inf{||T||-[|T7'|| | T : X — Y copoppioudc}.

Av ot X xou Y Bev elvon tobpopgol (X £ Y), 9étoupe d(X,Y) = 4o00. Ot Paoixés 1816tnteg
n¢ andotaong Banach-Mazur neprypdgovton otny enduevn Ilpdtaon.

IIpotaoy 7.1.2. Eoww X,Y,Z ydpor e vépua. Tore,
(i) d(X

(ii) d(X,Y) =d(Y,X).
) d(X,Y) < d(X,2)d(Z,Y).

(iv) Av ot X k1Y etvar avronaOeis, téte d(X*,Y*) = d(X,Y).

)= 1,

(ii

Anédaén. (i) Eow Ix : X — X o tautotixde teheotic. T xdde wopopplopd T+ X —
Y woylet

(7.1.7) 1= |Ix|l = 77T < I T7HHIT,
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EMOUEVWC,
(7.1.8) 1 <d(X,Y).

(ii) Etvor mpogavéc 6t o T 1 X — Y elvan oopopgiopdc av xow wévo av o T71 1Y — X

elvar woopoppiopée, xou (T71) 71 = T. Anéd tov opoud e ambotaorng Prénouye 6T

d(X,Y)=d(Y,X).

(i) Boww T" : X — Zxou T" : Z — Y wopopgpopol. Téte, 0 T =T" 0T’ : X — Y elva

LOOUOPPLOUOS, Bpa
d(X,Y) ITINT=H = 1T 0 THI(T) ™ o (T7) ]

1T ) =T ) ~HI-

IAIA

Aol 1o mapamdve oylet yia xdde TV, T, énetar 61t
(7.1.9) d(X,Y) <d(X,2)d(Z,Y).

(iv) Eow T : X — Y wopopgpopdc. Téte, o ovluyhc tehkeothc T* : Y* — X* wou T,
nou opiletan amd v T*(y*) = y* o T yia xdde y* € Y™, elvar loopoppiopde xal txavomotel
ne |77 = T, %o (T*) 1 = (T71)*. "Aga,

(7.1.10) I = 1T IT) ] = d(x™, Y,
xa 0ol o T ATay TUYWY, GUUTERPAVOLUE OTL
(7.1.11) d(X,Y) > d(X",Y™).
Ac vnodéoouye tdpa 6t ov X xou Y elvar avtonadeic. And 1o mponyoluevo xouudtt tng
an6dedng éyoupe d(X*,Y*) > d(X**,Y**). 'Ouwe, o X elvor Loopetpind Lodpoppos ue
Tov X**, dnhadh d(X, X**) = 1. Opowa, d(Y,Y**) = 1. 'Enetu 61t

d(X,Y) < d(X, X™)d(X™, Y™)d(Y™,Y) = d(X™,Y™) <d(X7,Y7),

xar oLVdLALoVTAGC PE TNV TPOoNYOUUEYN aviobtnta BAénoupe 6t d(X*, V™) =d(X,Y). O

7.1y" Tewpetpxn epunveio tng andéotacnc Banach-Mazur

H yewyetpinr epunvelo tne andéotaonc Banach-Mazur divetar otny enduevn Ilpdtaon: 7
andoTtaon dvo ywewv X xou Y elvan pixer) av UTAPYEL YRUUUXOC UETACY NUATIONOC TNG
povadiofac pndhoac tov X mou «uotdlery ye tn povadialo undha tov Y (nepéyet tnv By
X0l TEPLEYETAL OE «UXE6» TOMATAAGLO Tne By ).

Ilgétaom 7.1.3. Eotw X karY 1w0dpoppor xdpor ue vopua. Tote,

(7.1.12) d(X,Y)=inf{fd>0|3T:X —Y : By CT(Bx)CdBy}.
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Arndébaén. Ac unodéoouue 6t d(X,Y) < d < +oo. And tov opiopd e andotaong,
undpyet toopoppopde T+ X — Y pe ||T[ || T < d. And tov opioué tne véppac teheoTth
BAénoupe ot

(@) Tt xde @ € By éxovge |Tally < 1T lallx < [T, dpo

(7.1.13) T(Bx) C ||T|| By

(8) T x&e y € By éxoupe [T~ yllx < [T lylly < T, doo
(7.1.14) T-'(By) C |IT~"|| Bx,

1, toodlvapua,

(7.1.15) By C||T7| T(Bx).

Av Yéoouye S = ||T7| T, téte, and to (o) éxouvue S(Bx) C ||T|| |77 By, o ané 1o
(B) éyovpe By C S(Bx). Anradn, urdpyet S : X — Y mou xavorotel my

(7.1.16) By C S(Bx) C dBy.
Avtiotpoga, av By C S(Bx) € dBy yw xdnowv S : X — Y, ot ||5] < d xa
[S7HI < 1. Apa, d(X,Y) < S| ISTH] < d. O

7.13° H andéoctacy Banach-Mazur ce ydpoug nencpaopévne Stdotaome

Trodétovue twpa 6Tt dim X = dimY = n. Sépouye 6T 0 X elvan 1obpoppoc pe tov Y.
Ye auth TV eplntwor, n andéotaon Banach-Mazur twv X xar Y «mdvetary yio xdnolov
toopoppopd T': X — Y

Ilpétaon 7.1.4. Ay dim X =dimY = n, vdre

(7.1.17) d(X,Y) =min{||T||T7| | T: X — Y wopoppropds}.

Andédaén. Anéd tov opioud tou inf, undpyer axoroudio 1oogoppiouwdy Sy, 1 X — Y dote
(7.1.18) 1Sm [ 1S5 = (X, ).

Ocwpolpe TNy oxohovdia Ty, =[S S Téte, | T, = 1 o

(7.1.19) Tl = I Tl 1T W = S | 1851 ] = (X, Y).

Abyw e ouundyelag tng povadialac undhac tou B(Y, X), unopolue va Bpolue unoxolou-
Yot T,;ml — S, 6mouv S € B(Y,X) pe ||S|| = 1. H {||Tk,, ||} eivon ppayuévn, dpa urdpyet
vnaxohowdia Ty, — T, 6mouv T € B(X,Y). Enlong,

Iy =Ty, oTy! —ToS

n
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o Ix = T;k1 oTy,, — SoT,dpaorS, T elvou .oopoppopol xar S = T-1. Téloc,

(7.1.20) 1T 1S) = tim |Ts,,

T3, [ = d(X,Y).

Anpads, [T |71 = d(X, Y). 0

IIépopa 7.1.5. Ay dim X = dimY = n wdte, d(X,Y) = 1 av ka1 pévo av 0o X elvar
100pETPIKd 100U0PPOS 1€ Tov Y .

Anébaén: BEow 6t d(X,Y) = 1. Anéd v Ilpéraon 7.1.4, undpye woopoppouée T :
X =Y oote |T| | T =d(X,Y) =1. Apa, |T|| = 1/|IT7. Eotww = € X. Téorte,

_ _ 1
ol = 1T~ Ta|| < T~ IT] :mHTﬂfll
1
< Tl = [l
Jeal

Apa, o T =T/||T] : X — Y elvar woopetpnde woopoppiopdc. To avtiotpogo elvar tpo-
pavéc: avo T : X — Y elvon toouetpixde toopopgiopde, tote 1 < d(X,Y) < ||T| | T~ =
1. O

7.2 To A¥ppa tov Auerbach

Ogiopog 7.2.1 (Sropdoywvio ohotnua). Eotw X ydpeoc ye vépua. Ovoudlouue diop-
Ooydrio ovotnua otov X o axoroudia Leuyapdv (4, )ier € X X X* mou wavornotel
e

(7.2.1) zi(xj) =06;; ywxdde i4,5€l.
Av, emtmiéov, LxavoTotoUvIaL ot

(7.2.2) lzillx = lzfl|x+ =1 vywwxdde i€l
T6Te To 0OTNUA AEYETOL YOPLAPIoLEVO.

To Ajupa tov Auerbach e€acoaiilel tnv Onapdn vopudplouévou dlopoydviou cuUGTH-
patog o xdde n-BldoTATO YWEO UE VOpUL.

Ochenpo 7.2.2 (Mppo Tou Auerbach). Eotw X ydpos pe vépua sdotaong n.
MropoUue va Ppolue diavdouata x1,...,%, € X karx7, ...,z € X* mov ikavorowolv Tig
il = 1, [l7[] = 1 xav zf(z;) = 6ij.

Arndéoaén. 'Eoww e, ez, ..., e, wa Bdon tou X. Kdde y € X ypdgpeton yovoorhuavia ot
popph y = D1, yie;. T xdde emhoyh n dravuopdtwy yi,. .., y, € X, ypdpouue

(7.2.3) Y = Zykiei, (k=1,...,n).

i=1
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Téte, ta yi,. .., Yn elvar yoauuxd ave€dptnto ov xot Uévo ov
(7.2.4) | det(yi)ik=1| > 0.

Oewpolpe ) povadioda ogalpa Sx = {z € X : ||z|| = 1}, opllovpe F : X x --- x X — R
e

(725) F(ylv Y2, .. ayn) = det(ykl)
xaL ypdgpouue f v tov meptoptopd e F oto Sx X -+ x Sx. H f elvon || - ||-ouveyhc:
Av y,(cm) € Sy, xou Hy,(cm) — yg|| — 0, t61€ N woduvapio e || - || ve ™y Euxdeldewa vépua

Oelyver 61t

n

> ki — e

i=1

(7.2.6)

N 1/2
>c (Z |y — y,(.ﬂ’f)l2>
=1

. Veod , , , y’ (m)
YL XATIOLA OTAVERA € > 0 tov EEOCPTO(TOU. MOVO ATO T €4, APA yki

— Yri Yo xde i, k < n.

Tote,

(7.2.7) Fr™, ) = det(y) = det(yn) = Fy1,- - ym)-

‘Eneton 6n n f nalpver uéytotn T oe xdnowa n-dda (x1,...,2,) € Sx X --- x Sx. H
f elvon meprtth we mpog xdde Yk, XA TEOPAVEDC UTHPYOUV YRouUixd aveEdpTntes n-ddeg
(Y1, ..., Yn) ot0 MEd{O OpLopol tne. Apa, oto onueio yeylotou éyoupe

(7.2.8) fle,..o,zn) >0 % [f(yr,...,yn)| < fz1,...,20)

v x&0e y1, ..., Y0 € Sx. N i =1,...,n opllovye
F(Jfl,...,xi_l,l',xi.l,_l,...,l'n)
flar, ... zy)

Iopatnpodue 61l o mapovouactic efvar otoadepdg xan BLdpPopoc Tou PNBEVES, EVK O dpl-
Yuntic elvon opilouvoa pe petafAnti ™ otiin Tou x (dpa, T ) elvat YPAUUIXE CLVAETY-
coedn). Enlong,

(7.2.9) zi(z) =

(@) z}(x5) = 6ij, dpa [|2] || > 2} (2:) = 1, %o
B) Av [|z|| =1, t6te

* |f(x1,.-.,xi71,$7$i+17...,$n)|
7.2.10 zi(z)| = <1,
( ) |7 (@) Flon o oon)]
dpat [ < 1.
Ta (a) xo (B) divouv to Intoluevo. O

Me ) Bordeia tou Afuuatog tou Auerbach, pnopolue va SOGOLUE tiar TETN exTiUnon
yioe TV andotaon Banach-Mazur petall evog ywpou X didotaong n xat tou £1.



7.2 To AHMMA TOY AUERBACH - 155

Ocewpnpa 7.2.3. Ia kdle n-didotato xdpo e vépua X 1wyve n
(7.2.11) d(X, 07) <mn.

Arnddaén. 'Eyouue el o1t xd¥e n-0idotatog xdpog Ye vopuo lvor LOOUETEIXE IGOHOpQPOC
pe yweo e poppric (R™, || - 1), uropolue Aotndv va unodécoupe ott X = (R™, || - ).

Ané 1o Afuua tou Auerbach, undpyouv x1,...,z, € X xou z7,...,z; € X* ue
lz:|| = 1, [|af|| = 1 o af(z;) = 6;5. And v tedeutaio BbTnTar énetan (doxnomn) 6t o
Z1,. .., Ty oxnuatilouy Bdon tou R™. Eniong, vy xde ty,...,t, € R éyoupe

(7.2.12)

n
E tix;
i—1

n
<> It
i=1

xat yio xdde j < n toyvet

(7.2.13) Zti:ci >

GCUVETOC,

1
(7.2.14) Z;ti:ci > 1rgja§><n|tj| > E.Z} Itil.
1= 1=

OplZoupe T : 07 — X pe T(e;) = x;. Téte, yia xdle y = > 1 tie; € (1 éyoupe

(7215 = 30 <351l
i=1 =1
pide it
~ 1< 1
(7.2.10) 7l = |3t = 23718l = Lol
i=1 =1

Anhady, yio xdlde y € €7 éyouue
1
(7.2.17) lylley < 1Tyl < llylley-
Anéd v mpeTn aviodtnta Brénouge 6t [T < n, evd and ) deltepn 6t || T < 1.
Auté anodewxviel To {ntolduevo. O

To Oetdpnua 7.2.3 xor 1 TOMATAACLACTING TELYOVIXY AVOOTNTA Yidt TNV andoTooN
Banach-Mazur 8ivouv éva dvw @edypa YLol THY anéoTacT OTOWVEHTOTE N-OLACTATWY Y We-
wv X xou Y.

Iépopa 7.2.4. Av X ka1 Y efvar n-didotazor ypor pe vépua, téte d(X,Y) < n?.
Aréoaén. Mapatnpotye 6t d(X,Y) < d(X,07) - d(f3,Y) <n-n=n? O
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7.3 To Banach-Mazur compactum

To yeyovéc 6t o hoydpriuoc tne andotoone Banach-Mazur powdler mold ye yetpu,
odnyel otny WEa vor 0plCOUUE TOV CUETEWXS YWPO TV N-BdoTATWY YWewvy. Eotw n € N
xat By, 1 xAdom 6Awv Twv n-dldotatwy Yoewy pe vopud. Opllouue wo oyéon woduvauliog
oty By, ¥€tovtag

(7.3.1) X~Y &dX,Y)=1,
dnhadh av o X elvar toopetpind lodpoppog pe tov Y. TuuBolillouvpe (ndht) e B, 10 oUvoho

TWV XNEGEWY 1GOBLVAULNG WS TPOC TNV ~, %ol 0pIOVYE TN HETELXY) p TOU ENAYETOL UTO TNHY
logd oo B, x B,: Av [X], [Y] elvar ot x\doelc tooduvapioc twv X xor Y, Vétouvue

(7.3.2) p(IX1,[Y]) = log d(X,Y).

H p elvon xahd oprouévn xar ixavomotel to alidpata tne petpifc. O uetpds xopos (By, p)
ovopdletow Banach-Mazur compactum. Xtn cuvéyew tautilovue v [X] ue tov X, vt
og 6haL o TPOBAAUaTA Tou Val Yo ATaoYOAACOLY, LGOUETELXA LGOUOPPOL YWDEOL OUCLACTIXG,
ouunintovy. O 6pog compactum Suxatoloyeiton and TNy enoUEVN TEdTAGT:

Ilpétacn 7.3.1. To Banach-Mazur compactum (B, p) €lvar ouurayng Hetpikds Xdpos.
Arnddaén. To Afupo tou Auerbach eZoogaiiler 6t yia xdde [X] € B, undpyer X =
R™[[-1)) € [X] dote

1
(7.3.3) Szl < llzll < fllle
v xdde © € R™. [pdgpoupe @, yio 10 0Ovoro SAwV TV vopuoy otov R™ mou xavonolody
v (7.3.3) xou Yétouye
(7.3.4) A, ={f= F|Sé?

Fed,},

70 GUVOAO TV TEPLOPIOUKY Twv F' € @, otn wovadialo ogalpa tou £7. Xe xdlde f € A,
avtiotouyel évag yopoc (R™, F) mou avfixel oe xdnowo xhdon [X]r € B,.

Ozwpolye 10 A, cav unocivoro tou C(Sem) e tn cuvidn petpu] || f — glleo. Ou
delouue 6Tl T0 A, EIVUL LGOGUVEYES, OPOLOUOPQPA PROYUEVO XUl XAELGTO UTOGUVOAO TOU
C(Sen).

(a) To A, eivar iooouveyéc: Eotwe > 0. Tlalpvouye § = €. Avw, y € Sep pe [[x—yllep <
o f € Ay, téte f=||- | |S@T, v xdmowat || - || € . Apa,

(735 1f@) — f@) = |lell = Iyl| < Iz =l < 2 — ey <6 =,

(B) To A, eivar oporduopga gpaypévo: ‘Eotw f € A,. Tote, undpyer vopua || - || < || - [[ep
60t £ = |- || s,y » dc

3. = < = 1.
(7.3.6) Jax f(@)] max o] < ax 1]l ep
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EOxoha ehéyyoupe 6Tt 10 A, elvar xhewoto, dpo 1o Oewpnuo Ascoli pac e€aocpaiiler 6t
10 A, elvar ouumayéc.

Opilouue thpa wa anexovion ¢ : A, — B, wc e€hic: av f € A, tote undpyet | - [|f
otov R™ Gote || [lsls,, = f oo gl lleg < M- lly < 1+ leg. ©évoupe ¢(f) = [X], 6mou
Xy =R -ly). Hoapatnpolue 6t 1 ¢ elvon enl. Aol o A, elvar cuunayhc petpde
YWPOS UE TN UETEIX Tou endyeTan and TNV || - ||oo, v Selouue 6Tt 1) ¢ elvon cuveyhic, du
ouunepdvoupe 6Tt 0 P(A,,) = B, elvar cupTayic HETPIXGS YWPOS.

[ 10 oxomd autd, utovétoupe OTL frn, f € Ay xou 6TL fr, — f opoduoppa otny Sen.
Oéloupe va delfouue 61 Xy — X we mpog v andotaorn Banach-Mazur.

Ocwpolye Tov Tautotuxd TEAeaTh Iy o (R™, ||+ [|;n) — (R™, || -||) xat tuydv € > 0. Agol
Nl - llm ouyxhiver ogolbpoppa oty || - || otnv Sem, undpyer mo(e) € N dote, yia xdde

m > mg xou xdde x € Sey,

Jallm — ll2l]| < e. Apa,

(7.3.7) [zl < flzllm + & < l[zllm + enllzlm = (1 +en)l|lz]m
o
(7.3.8) [2llm < llzll +& < (1 +en)l|2].
Av z € R", t61e W € Spp, omdte Yo xdde m > mg €YOUUE
1
x x
(7.3.9) || = a+en| =] = lell < a+enlalim.
]l ]|z m

Apad, [ Im|| < 1+ en. Opoat, ||z|lm < (14 en)||z||, dea

(7.3.10) 1M < (1 +en).

"Enetaw 6t

(7.3.11) Al -l - 1) < Wl - 1M < (1 + em)?

v xdde m > myp. Apa,

(7.3.12) d(ll - flms Il - 1) — 1,

6tay T0 M — 00. O

7.4 EN\ew)oeidéc pEYIOTOU OYX0V EVOS XUPTOU COUATOG

Opwopog 7.4.1. EMepoerdés otov R™ elvar €var xUpTtd oodUa TNC Lopphc

n 2

(7.4.1) E:{xeanzw< }

i=1 4

6mou {vy, ..., vy} elvou opoxavovixd, Bdon tou R™ ot aq, . . ., oy, lvor Vetixol tparypotixol
aptduol (ot drevdiveoelg xou ta whxn v NueEbvey tou E avtictouya).
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Ilgétaoy 7.4.2. Eva kupté odua E otov R™ elvar eAdewpoerdés av kar pdvo av vrdpyer
avtniotpéhpog ypaupnkds petaoynuatiopds T (T € GL(n)) dote E = T(BY).

Ardbeaén. Trodétoupe mpdta 1 10 E elvon edheroetdée, dnhadr oplletan and tny (7.4.1)
yio xdmowar opdoxavovixd Bdon {v1, ..., v, } Tou R™ xou xdnowoug e, ..., a, > 0. 'Eotw T
0 Ypoupde petaoynuationds tou R™ mov opiletar and e T'(v;) = vy, i =1,...,n. OT
elvon mpogavade avtiotpédoc, xou x € T'(BY) av xoL pbvo av UTdpyEL y = 22;1 tjv; € By
pe x = Ty. Tote duwe, N wodtnTa

5 (m0)? s (et ) &
(7.4.2) > 2> =y = =Y ¢
i=1

2
o
i=1 ? i=1 g

delyver 61t & € T(BY) av xou povo av x € E, dnhadf E = T(BY).
Avtiotpoga, éotw T € GL(n) o E = T(BY). Av ypddoupe S = T, éyoupe

(7.4.3) lel% = ]2 5y, = IS2]3 = (S, Sz) = (5" Sa, ).

O §*S elvar ouppetpnde xan Yetnd optopévog, dpa yedgetar otn wopph U*DU o6mou
D Baydvioc mivaxac pe daydvia ototyeia ap %, ..., an? (6nou a; Yetixol mporypatixof
aprdpot) xow o U elvar opdoydvioc ivaxac. Oewpolue to daydvio nivaxa Dy = VD pe
Broydovia otowyela T gty ... . Agol o U elvar opdoydviog, éyoupe S*S = A2, 6mou
A=U"DiU. Anhad,

2 2 2 2\~ (U, e)? ~ (2, )

(7.4.4) 2l = (A2, ) = | Aw|§ = | D1U|f =Y == =3 )
i=1 ¢ i=1 i

6mou ta v; = U*e; anoteholv oploxavoviy| Bdon tou R™. ‘Eneton 61t 2 € E av xou pévo

av avorotelton 1 (7.4.1) yioo T oUYXEXPUEV V; X ay, Inhadh To E elvon edherdoetdéc.

d

Iapazipnon. And tny anddeln elvon pavepd 61t 0 byxoc touv E ool e
(7.4.5) E| = B3| ] ci-
i=1

Oewpolpe TP Eva ouPPETEWS xUPTO odua K otov R™ xou tnv owxoyéveta £(K) bhwv
TV eAMenpoaddr Tou epiéyovior oto K. O F. John (1948) €deile 61t undpyet povadixd
ehhewpoedéc E nou mepéyetar oto K xou €xel Tov PEYIoTO duvatod Gyxo. Oo Aéue 6Tl To
E elvou 10 eNhevoetdég pnéyiotouv oyxou tou K. Ou dolye tautdypova OTL UTdpYEL
povadnd ereroetdéc E mou meptéyel 1o K xau €yl ehdyloto dyxo:

Ocwpnpa 7.4.3. Eoww K ovupetpixs xkuptd odua otov R™. Tndpyer povadikd eAdenp-
ocdés B D K e eddyioto dyko.
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Arndbeaén. Oewpolue v owxoyévewr F(K) ohwv towv eMewdoeldidv tou tepéyouy 10 K
xat oplloupe

(7.4.6) V =t{|E|: E e FEK)} > 0.

Yrdpyer axoroudia Ty, € GL(n) v T onola éyovye By, = T,,1(BY) 2 K xou
| B3|

7.4.7 Eyl=——+-—-V

Agol | T, : Xk — 03] < 1 yw xdde m € N, unopolye va Bpodue vraxorovdia {Tk, }
xor S € L(R™) pe Ty, — S. Tore,

(7.4.8) |det(S)| = |BY|/V >0,
dpa S € GL(n). OpiCoupe E = S~1(BY). Tére,
(7.4.9) IS: Xk — 5| = lim || Tk, : Xk — 053] < 1,

dpa E DO K. Agol |E| =V, 10 E v éva ehhewfoetdéc mou nepiéyet 1o K xou €yet tov
eAdyloto duvatd Gyxo.

Aelyvoupe tdpa 6Tt udpyeL Eva Lovo eMeloedéc ye auth Ty widtnta. Eotw 61t ta
E1 xon Ea mepiéyouy 1o K xou €youv ehdiyloto 6yxo. Xwplc TEpLoptopd tng YEVXOTNTAC
unopolue va unodécovue 61l By = BY elvon 1 Euxdeldeta yovadiato pndia, xot

n
(7.4.10) E, = {aj eR"™: Z(m,vi>2/af < 1} .
i=1
Oewpole éva tplto eNeloeidéc, To
1
(7.4.11) F= {xER” :25(1+a;2)<x,vi>2 gl}.

Aol F D E1NEy; DO K, éyouue
(7.4.12) |F| > |Er| = |Eo| = |B3],

dpot v - - - o, = 1. Iadpvovtog vndduy ty (7.4.5), ypdpoupe tny (7.4.12) otn popeh

(i) -
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‘Opoc, 20; < 14 a? v %8¢ @ = 1,...,n ye wétnra wévo av «; = 1. Apa, o = 1,
i=1,...,n. Enet 61t B4 = Fs. O

To Oedpnua 7.4.3 xon éva anhoé entyelpnuo duiogol e&acpaiilouy tnv Uropén xat
povaddTnTa Tou EAAELPOEBOUC YéyioTou Gyxou Tou K.

Oewpnua 7.4.4. Eoww K ovupetpikd kupté oopa ooy R™. Trdpyer povadiks erewp-
oadés E € E(K) ue péyoro dyko.

Andédean. And 1o Osdpnua 7.4.3 undpyel povadnd eMeupoedéc F eldyiotou dyxou Tou
K°. Oewpolye 10 E = F°. Téte E C K, 1o E eivon edheroetdéc (doxnon) xaw av Ey
elvon éva Ao edhewoedéc pe Er C K, t61e EY D K°, dpa |EY| > |F|. Tére,

n|2 n|2
:|B2O| SlBQ‘ :| ‘
| EY| |F|

(7.4.13) ||

Iootna pmopel vo toylel uévo av EY = F, dnhadh E1 = E. Apa, 10 E elvar 10 govadixé
ehhewpoerdéc péyiotou dyxov tou K. O

7.5 To Jewpnua touv John: cTolyelddne anddedy

O F. John (1948) €deiZe 6t av 1 povadwioa Euxheldeio undha BY elvar 1o eMeroeidéc
ENEYLOTOU GYXOU TIOL TEPLEYEL TO GUUUETEXO XUpTO ovua K otov R™, t6te By C /nkK.
"Ayeon ocuvémela auTOU TOL LoYUEIOUOY Elvar évar dve @edypa Yot TNy andotacr Banach-
Mazur tuy6vTog Nn-8ldCTATOU YWEOU UE VOPUA attd Tov £5.

Oewpnpe 7.5.1. I'a kdOe n-didotato xdpo pe vépua X éxovue d(X,03) < y/n.

Andden. Mnopolue va unodécoupe 61t X = (R™, || - ||). Oewpolue ) povadiofa pumndha
Bx tou X xat 10 ehhewfoedég erdytotou dyxov E g Bx. Yndpyer T € GL(n) dote
E =T7YBy). Téte, T(Bx) C BY xou n BY elvon to edheuoerdéc ehdyiotou byxou tou
T(Bx). Av deytolyue to Yedpnua tou John, téte

(7.5.1) %Bg C T(By) C BY.

‘Enetan 61t

(7.5.2) IT:X = - I 6 — X <1-va = Vi,

dpa, d(X, 05) < y/n. O

To Oewpnua 7.5.1 xat 1 TOAATAACLAGTIXY TELYWVIXT AVIGOTATA Yo TNV d Wog divouy
éva dvw @edrypa yia T didpetpo tou Banach-Mazur compactum.

Ocedenua 7.5.2. Av X ka1 Y eivar 600 n-didotator ydpor e vépua, téte d(X,Y) < n.
a
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Alvoupe Tdpa Yo oToLyELdT anddeln Tov Oewpuatoc Tou John:

Oewpnua 7.5.3. Eoww K ouupetpikd kuptd odua ooy R™. Trodérovue 6t n EvkAcidela
povadaia urdla By efvar to eAderpoeidés ekdyiotov dykov mov mepiéyer to K. Tdte,

(7.5.3) By C K.

Anédaén. Trodétouye 6T o cuunépaoya dev toylel. Tote, undpyer © 610 olvopo tou K
0 onolo elvon ecwtepd onuelo e (1/y/n)By. AMELovtoc cuvteTayuéves av ypetaoTel,
pnopolye vo utodéoouye GTL To eQanTéuEVo UnEpeTinedo tou K o610 x elval TapdAAnho ue
0 {z: 21 = 0}. Anhady,

1
(7.5.4) KCP:{xGR":|x1|<C},

omou ¢ > y/n. T xdde a,b > 0 opilouvye t0 eMherpoerdés
(7.5.5) Eop= {:c ER":a’2} +b* ) a7 < 1} .
i=2

a“—

Ioxupiouds. Av 2621’2 +b* < 1,16t K C E,p.

pdypoat: av y € K, t6te y € PN BY. "Apa,

1 n
(7.5.6) il <2 e D opf <1
i=1
‘Enetar 61t
n n
Yy = (@@=
i=2 i=1
2 _ 12
< a 2b e
c
< 1
Anhady), y € Egp. O
O 6yxoc tou Euyp woltan pe |Eqpl = |BY|/(ab™1). Av howméy ab™! > 1, 6t

|Eap| < |BY|. Me v unddeon 6t ¢ > /n, da deifoupe b1 undpyouv a,b > 0 mou
IXUVOTIOLOLY TALTOY POV TIC

2 2

(7.5.7) ab" !t >1 xo +b02 <1

c2
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Auté elvon dromo, yatl Yo €youue PBeel elheroedéc mou mepiéyer to K xou €xer dyxo
yvAoLa uxedtepo amd Tov éyxo e By
T xd¢ € € (0,1/2), Yétoupe be = 1 — € xon a. = (14 + 22)" 1. Tére,

(758)  ab = [l-e)(l4e+ 2 = (1422l > L
Eniong,
a —b? (14 e+ 2e2)2(=1) 1
el (- g)a-ep

= Clg[l +2(n —1)e + O(*)] + (1 — 012) (1-2e+¢?)

= 1+2¢ (C% - 1) +0(?).

Agol (n/c?) —1 < 0, elvor @ovepd 611 1 TocdTNTY AUTH Yyivetonw wixpdtepn and 1 av
aghooupe To € — 07 T pxpd hotmdy € > 0, to elhewoetdéc E,_ . pac odnyel oe dromo.
O

7.6 Ynpeilo emapng kol 1) AVATAEAGTUON TNG TAVTOTIXAG ANELXOV-
long

Trodétovue 6Tt 0 eMheloetdé yéyiotou dyxou tou K eivon 1 BY. To u € R™ Aéyetan

onueio enagris Twv K xouw BY av |ullz = |lullx = 1, dnradh av z € bd(K) Nbd(B%). H

«mAfeTC €xdoony tou Yewpruatog tou John mepypdpel Ty xatavoun Twv onueiwy enagrg

Téve o1 povodiata ogalpo S™L.

Oevpnpa 7.6.1. Eotw K ovuuetpixd kuptd odua otov R™. Av n BY eivai to elenpoer-
0és uéyriotov dyxov tov K, tdte vndpxovr Ai, ..., Ay > 0 ka1 onueia emapng uy, ..., Upy,
v K ka1 By dote

(7.6.1) x = Z)\j<x,uj>uj

m
Jj=1

yia kde x € R™.

Hapatnprioes. To Bewenua 7.6.1 Aéet 6T 1) Tawtotin) amewxdvion I tou R™ avanapictorto

oTN WopeY
(7.6.2) 1= X\u; ®uy,
j=1

6moL u; ® uj elvon 1 TEoBohf otny dievduvor tou u;: (u; ® uj)(x) = (T, uj)u;.
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Anb v (7.6.1) éreton 6T, yo xdde z € R,

(7.6.3) l2ll3 = (,2) = Y Ajla,uz)®.
j=1
Enlong, nalpvovtac x =e;, i = 1,...,n, 610V {e1,...,e,} N cuviing opdoxavovixny| Bdon
Tou R"™, éyoupe
Slledlls = DD Nlenun)? => N (e u;)?
i=1 i=1 j=1 j=1 =1

> lluglz =D A
=1 =1
Anhady,

(7.6.4) > Ai=n.

Jj=1

Anédetn tov Ocwpnpatos. And v (7.6.4), av undpyet n {ntoluevn avanapdotoot Yu
npémel va toyel y (Aj/n) = 1. Autd howndy nou ypedleton vo delfoupe elvar ot o I/n
YEAPETOL GAY XUPTOS GUVBUAGHOS TEOBOANDY TN LopPRS U @ U, OToL U oNUElD ETMAPNG TWY
K xou BY. Oplloupe

(7.6.5) T={u®u: ||ulz=|lullx =1},

xaw Vo defZouvye 6t I/n € conv(T). Iapatnehiote 61t 1o conv(T) elvan xhelot6 UTOGUVOIO
2 7 7 7 7

tou R™ xou 61 T # 0: av n BY dev axovunoloe 10 oOvopo tou K, Yo unopolooe vo

Beolue 1 > 1 dote rBy C K, onéte 1 By dev Yo Atav 1o eMewdoetdée péytotou oyxou

Tou K.

‘Eoww 6 I/n ¢ conv(T). And Sywprotxd Yedpnua, unoplue va Bpolue ¢ € R
xoL r € R dote

(7.6.6) (0,1/n) <7 <($,4)
yio xdde A € conv(T). Edwdrtepa, yo xdlde onuelo enaghic u wwv K xow By €youye
(7.6.7) (¢, I/ny <1 < (d,u@u).

Ou nivaxeg I /n xou u ® u elvan oupuetpixol, ondte naipvovtog tov ¢ = (¢ + ¢*)/2 avtl tou
@ €youpe OTL 0 Y glvon GUUPETEIXOC Xan e€axohovlel va txavornotel Ty

(7.6.8) (@, I/n) <r < (Y,u®u)
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v ¥ u @ u € T. Eotw B = tr(y)/n. Agol tr(I/n) = 1 xa tr(u @ u) = > u? =1,
BAémouyue 6T

(Y =BLI/m) = (b, I/n)—p
= 0<r—-g
(= BLu®u)

v xdde u @ u € T. Halpvovtag B = ¢ — B o s =r — [3, €youye:

IN

AQppo 7.6.2. Ay I/n ¢ conv(T'), tére undpyovr s > 0 ka1 B ouppetpikds ue tr(B) =0
e Tty ididTnTa

(7.6.9) (Biu®u) > s

yia kdifeu®@u e T. O
[ 6 > 0 apxetd wixpd, Yewpolue t0 eEMELPOELDES

(7.6.10) Es={xeR": (I +B)zx,z) <1}.

[Mopatnehote 6t av M = max{|[(Bz,y)| : ||z]l2 = |lyll2 = 1} xe 0 < 6 < 1/M, t61€ 0
I + 6B elvon ougpeTeog xon YeTind oplouévog, dpa £xel GUUMETELXN VeI TETPOYWYLXY
oila Ss. Aol Es = S5 ' (BY), to Es eivon ehheroetdéce.]

Opiopée 7.6.3 (axtvixh cuvdptnom). Ia kdde € ST~ Hérovue
(7.6.11) pr(0) =max{t >0:t0 € K}.

H pg : S"7 1 — RY Aéperar axrvikn ovwvdptnon tov K: «uetpdery tr andotaon tov
ourdpou tou K and to 0 otn iebduvon tov 0. Apol pi (0)0 € bd(K), éxouue

(7.6.12) prc(0) - 18]l = 1.

Oa delfovue 61t Es C K av 1o § elvon uixpd, delyvovtac 6t pp, (v) < pr(v) yo xdde
ve sl

In Hepimtwon: 'Eotw U 10 cbvoho twv onueiwy enaprc twv K xav BY. Av v € U xa
v e S ue [Ju— |2 < s/2M, té6t€ anbd To Adpua 7.6.2,

(7.6.13) ((I+é6B)u,uy > 1+ ds,

VO

|{(v 4+ 6Bv,v) — (u + §Bu, u)| 8|(Bv,v) — (Bu, u)|
8|(Bv,v — u)| + 6|(Bu,u — v)]

2M|ju — vlj2 < ds.

VANVAN
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"Apa, av 1) anboTaon Tov v € ST and to U elvon wixpdtepn and s/2M, téte
(7.6.14) ((I+6éB)v,v)y >14ds—0s=1,

dnhadh v ¢ Es. ‘Opwe, v € BY C K yio xdde v € S~ 1. "Apa, oe auth v tepintoon
€YOLUE

(7.6.15) pEs(v) <1< pg(v).

2n llepittwon: 'Eotw V 1o civoho twv v € S"! yia 1o omota d(v,U) > s/2M. Tére, 10
V elvar ovunayée xou r = max{||v||x : v € V} < 1. ©étoupe A = min{(Bv,v) : v € V}.
Av0<d<(1—rH)/|A, 6t

1+ 6(Bv,v) < 146X S

(7.6.16) ((I+0B)(v/lvllx)v/llvllx) = 2 — 5 > L
l[oll% r
dnhadh v/|[v||k ¢ Es. Autd onualver 6t pg, (v) < thK = pr (V).
Yuvdudlovtac To TapATdve XUTUAYOUUE 0To e€hc:
AdAppo 7.6.4. Trdpyer 6o > 0 térowo dote Es C K ya kdfe 0 < § < dy. O

Mmnopolue thpa va xataifioupe oe dtomo: Ilalpvouue & > 0 apxetd wixpd Gote o
I+ 0B va elvor 9etind optopévoc xou to ererpoedéc Es vo nepéyetar oto K. Agol n BY
elvon To edherdoedéc péyotouv dyxou tou K, éyouue |Es| < |BY|. ‘Ouwe,

(7.6.17) |Es| = |S; 1(By)| = |BY|/+/det(I + 6B).

‘Apa, det(I+6B) > 1. And v dAAn mheupd, n aviodTnTo aptdunTixoV-YEWUETEXO) UEGOU
poc dlvet

(7.6.18) [det(I +6B)]V/™ < =146

tr(I + 6B) .
n - b)

()

agov tr(B) = 0. T va woylouy o nopandvw, TEénel va €YOUUE loOTNTa oTNY AVedTnToL
apriunTiXoU-yewpeTexob uéoou. Téte duwe, dhec ot WBoTES Tou I +0B elvar (oeg, dnhady
I+0B = pl. Eneton 61t 0 B elvar ToMamhdoto Tou tautotinol ivoxa, xou apol tr(B) = 0
natpvouue B = 0.

Auté elvar dtomo, yatl and o Afupa 7.6.2 éyoupe (Bu,u) > s > 0, u € U. Zuvendg,
I/n € conv(T) xon 1 anddelln elvar Thrpeng. O

MrnopoUue thpa var BdGoLUE o debtepn anddelln yia to Vedpnua tou John:

Ilpértoon 7.6.5. Av BY eivar to eAenpoeidés péyotov dykov tov K, téte K C \/nBY.
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Amédegn: Ocwpolye TNV avaTapdoTAoT) TNE TAUVTOTIXAC ATELXOVLOTC
(7.6.19) x = Z Aj (@, uj)u;
j=1

Tou Oewphuatoc 7.6.1. Agol u; € S"1, éyouue
(7.6.20) 1= (usyu5) < gl e = lugllxe yiodide j = 1,...,m.

Ané v dMAn mhevpd, oe xdlde u; ta K xou By €youv 1o (Blo epantduevo unepeninedo
pe xddeto ddvuoua to u; (Yo TN PTEAa, To epantéuevo unepeminedo oe xdle onueio
u € "1 éyel x&¥eto Bidvuoya o u). Enopévac, yia xdde x € K éyouue (z,u;) <1, xou
Aoy ouppetplag Tou K,

(7.6.21) (z,u;)] <1y xdde z € K.
Anhadn,

(7.6.22) lujllx = llujll e = [lujllz =1
v xdde j =1,...,m.

‘Eotw topa x € K. Ané tic (7.6.3), (7.6.4) xon (7.6.21) maipvouyue

(7.6.23) 213 =D Ajm,u)? <3N =n.
j=1

j=1
Anod#, ||z]2 < V. Aga, By C K C \/nBj. O

IMapatienon 7.6.6. Av n BY elvar 1o eMewpoedée yéyiotou oyxou touv K, téte n BY
elvor to edhewpoetdéc ehdylotou byxou tou K°. Erniong, n (7.6.22) delyvel 6t xde onueio
enaphc v K xou BY eivon onuelo enaghc twv K° xou By . Apa, adhdlovtag toug poloug
v K xow K°, BAénoupe 6Tl 1 avamopdoTaon) TNS TAUTOTIXAC ATEIXOVIONG UEGw OTUEiwY
enagprc e€acorileton xat oty tepintworn tou ehelPoedole eNdyioTou by xou.

7.7  AYppoata Dvoretzky-Rogers

Ye avth v Hapdypapo unodétoupe 6Tt 10 cLUUETEXG XxVETH owpa K éxel cav eNeldoet-
0éc péytoTou 1 eNdyiotou dyxou Ty Euxdeldeto povadialo undho B . Yty §7.6 anodeiloue
70 Yedpnua Tou John Yo TNV avamaedoTacT) TNE TAUTOTIXNC ATEXOVIONC: UTHEYOLY onueia
EMAPAC U1, - . ., Um TV K xou BY, xon Yetixol nporypotixol aprduol A, ..., Ay dote

(7.7.1) 1= X\u; ®uj.
j=1
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Yuvéneeg e (7.7.1) elvan ot e€hc: vy xdde x € R”,

(7.7.2) l2ll5 =D A (@, u;)?
j=1
pide il
(7.7.3) > =n.
j=1

Xpnowonowdvtag v (7.7.1) unopolue va deifouye 6t UTEEYOLY TOMG onuela emaghc
avdyeoa oto K xou oty By

Heétaom 7.7.1. Av n BY elvar o eAdenpocidés eddyiotov 1 uéyrotov dykov tou K, tdte
yia kdOe ypapuxd petaoyxnuatiopd T tov R™ vndpyer onueilo enagng twv K ka1 By ue
Ty 1016tnTa:

(7.7.4) (u, Tuy >

u?
n
Arndbaén. And v (7.7.1) éyoupe

(7.7.5) T = (T, 1) = > M\(T,u; @ uy).
j=1
Mafpvovtac uédy xat ™V Y Aj = n, cuunepaivoupe 6Tt utdpyet j < m e Ty WdTnTa

trT
(7.7.6) (uj, Tu;) = (T, uj @ uj) > o

To OLUTIEQAUOUA TIOOXUTITEL AV TAPOVUE U = Uj. O

Ou Dvoretzky xot Rogers €detlav axpl3n anotehéoyato yid TNy xatovouy TV onueiny
enagphc Tou K pe tnv BY. Ola toug exgppdlouy Ye tov éva 1 Tov Ao Tpémo TNy apy)| 6Tt
UTdpyoLY TOAAEC xa «apXETd oploy®viecy dieulivoeic otic omolec ot dvo vopuec || - ||k
xa || - ||2 ouyxpivovtor xahd.

Ieétaom 7.7.2. Av By elvar to el ewpoadés péyotov dykov tov K, vrndpyer opJokavov-

k1) axolovlia 1, ..., y, otov R™ pe tny 1016tnta
n—i+1\"7?
(1) (") <l < ol =1

fq
yia kde i =1,...,n.
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Anédeaén. Opiloupe ta y; enarywyxd. Xoav y; UTopoVUE vo TdpouUe omolodinote onuelo
enapic v K xa BY. Ac unoléoouue éti €youv emheyel o yi,...,Yi—1. ©Ofétouue
F; = span{y1,...,yi—1}. Tote, tr(Ppr) =n — i+ 1, xau and v pbtaon 7.7.1 undpyet
onueio emaghc u; WOTE

n—1+1
(7.7.8) | Ppwilly = (ui, Ppoug) > —
Ané 1o Tudayodpeo Vedpnua éneton 6Tt

(7.7.9) 1Pruillx < [|Pruilla < v/ (i = 1)/n.

Opllovye y; = Ppiu;/||Pprui]|2. Téte,

(7.7.10) 1= lyilla = llyill e = [ui, yi)| = | Prwill2

%ot to ouunépaopa TpoxinteL and v (7.7.8). 0

IIépopa 7.7.3. YmoOérovue 6t n BY eivar to el enpoadés uéyotov dykov tov K. Av

k= [n/2] 4+ 1, uropodue va Boodue oploxavovikd Saviouata yi, ..., Y, HoTE
1
(77.11) L <yl <1
ya kde j=1,...,k. O

To endéuevo Mupa «tomouv Dvoretzky-Rogersy anodelydnxe and toug Szarek xar Talagrand
(1988).

ITgétaom 7.7.4. YrmoOérouue éu n BY eivar to eldewpoerdés eddyiotov dykov tov K. Ta
kdOe k < n, umopolue va Bpolue onueia enagns yi,...,y, wr K ka1 By, ue ty e&ng
widtnra: Av j € {1,...,k} ka1 Fj = span{y; : i # j}, tére

— 1
(7712 (Pes ()] 2 /PR

ya kde j=1,...,k.

Andédaén. 'Eow k < n. YTndpyouv onuelo enagphic ui,..., Uy, v K xouu By, xo
ALy ooy A > 0 Gote

(7.7.13) 1= X\u; ®uj.
j=1

Ané bhec tic k-8dec mou unopolpe vo enthéEoupe péoa and to {ug,. .., Un b, EMAEYOUNE
exelva T Y1 = Uip,.. ., Yk = U, Y To omolo peytoToToEltal 0 k-BldoTaTOC 6YXOC
|conv{%u;,,...,tu; }|. Av Oéoovue F; = span{y; : i # j}, 161

(7.7.14) 1Prs(yillz > | Ppe(ui)llz yaxddej=1,....kxui=1,...,m.
J J
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Ouwg, and v Hpdtaorn 7.7.1, undpyet 1 < m doTe

tI"(PFji) n—k+1

(7.7.15) 1Pes i) = (i, Py (i) 2 —— 2 = =
Apa,
n—k+1
(7.7.16) 1Pe ()l = mase | P ()l > 4/ ==
v xdde j=1,...,k. O

7.8 Aoxvosk
1. Eow 2 < ¢ < 00. Aeigte 6 v xdde z € R™ woybouv ot avicdtntec

1_1
lzllg < flzll2 < n2™a g

2. 'Boww 2 < g < 0o0. Xpnotlonowdviag tov tautotixd tehecty dellte 6t

d(ly,4y) < n? .

3. Acilte 6t av y1,...,Ym € Iy TéTE

m
> sl = Avee—ia
j=1

m
E €5Y;
j=1

6mou pe Ave cupBoMlovpe o PESO 6p0 We TPOC GAEC TiC duvatéc EMAOYEC TPOoHUWY €; = £1.

2
’
2

4. 'Eow 2 < ¢ < oo xat éoww T : £y — {5 woopop@iopode, we ||T: 6y — L5]| = 1.
(o) Aci&te 611

n
S |17, |3 < n?,
j=1

1_1 .
xa oupnepdvate 6Tt || Tejll2 <na™ 2 ya xdnowy j < n.
(B) Aci&te 6u
IT~% 0y — | >n3 3.
5. 'Ectw 2 < ¢ < 0. Aci&te 61
Ay ) =n? 1.
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6. XEnoWWomouHvTAC TNV TOMATAACLACTIXY TRLYWVIXT] AVICOTNTA Lot TNV d Xt TNV TEONYOUUEVN
doxnon, detlte 6t av 2 < p < ¢ < 00 ToTE

d(ey,€3) > nv 7.

Xenowonoudviag 1oy Tautotixd teleoty dellte ot

8. Ot nivaxec Walsh eivar opdoydwior 27 x 2F nivaxec, nou opilovial enaywyxd we e€fic: Oétouye
Wo = [1], xou

Wi Wi
Wio1 —Wia
AelEte 6t 0 #Wk elva optoydviog Tivaxog pe Ty Wtdtnta: GAEC TOL OL GUVTETAYUEVES €Y 0LV

1
ok/2"

Wi = k> 1.

amoluTn TN

9. 'Eotw n = 2F xou éotww T : R™ — R" 0 teheotiic 0L aviioTotyel otov ﬁWk
(a) HMopatnpriote ot
T8 — 3] =1

X0l cLUTEPAVATE OTL
T~ — 63| < n.

(B) HapatneRote 6T ||Tej|lcc = 1/4/n yio x89e j = 1,...,n xou cupREpdvaTE 6TL

736 = el = =
(v) Ael&re 6t d(€7,45) < /n.

10*. Acifte 6T undpyer otadepd ¢ > 0 dote d(€7,0%,) < cv/n v xé9e n € N.
11. Eoww T : {7 — {5, woouopplouds, o onolog ixavomoLel tny

SBL CT(BY) C B,

o6mov B, BT ot povadiaicc undhec twv £, 1 avtiotoya.

(a) Avz; =T(ej), j=1,...,n, deilte 6T

277.
IT(BY)| = ;| det X],
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6mou X o nivaxag UE OTHAES TAL X1, . .., Tn. [V T66€1EN: Apxel va dellete 6 |BT| = 2" /nl]

(B) Xpnowonowdvtag 10 YEYOVOS OTL X1, ..., Ty € Bl xou Ty avicdtnta Tou Hadamard, delfte
éu |det X| < n™/2.

(v) Aci&te 6t d > c14/n, 6m0L 1 > 0 otadepd aveldptntn and tov T xow and to n.

(d) Aei&te 6t d(€7,€%,) > c14/n, 6mou ¢1 > 0 1 otadepd 610 (Y).

12*. 'Eow K ouppetpixd xuptd odpa otov R™ 1o onolo nepéyer v By. Trodétoupe 6
UTEEYOUY A1, ..., Am > 0 xau onpela emagic w1, . . ., Um TV K xou By ©ote

z = Niw,u)uy

j=1

yio xdde x € R™. Aet€te 61t n By elvon 10 eAeufoetdéc uéylotou dyxou tou K.

13. Aivovtot T1,...,Tm € R™ (byt avayxaotixd dtaxexpiuéva) Oote

I:ij@)m’j.
j=1

|55 = n.

(o) Aei&re 6t 3700,
(B) Aci&te 61, yio x&0e emAoy TpaypaTx®dY aptdudy ai, . . ., am,

Z a;z;|| < (Z a?) .
j=1 j=1

14*. 'Eow K ouupetpixd xvptd odpa otov R™. Trodétouvpe 6t 1 By elvon 1o edhewdoetdéc
péytotou 6yxou tou K. Acel€te 61l undpyet napalinieninedo P dote K C P xou

2

nn/2

P <2”
=

15. Eotww v1,...,vm € R". Trnodétovye 6Tl 10 cuuueTtpxd xupeTtd TOAVEDEO
K={yeR": |{y,v;)| <lywaaxddej=1,...,m}

wavornoel Ty By C K C aBY yio xdnotov a > 1. AelEte éu m > exp(n/(2a2)).

16. 'Eotww X = (R", [|-||) xaw éotw & € (0,1). Acite ériumdpyovv N < (1+ 2)" xan T : X — €2,
uE TNV WBLOTNTA
(A =o)llzl < T@)len, < (A +e)llz|

co —

vy xdde x € X.






Kegdhaio 8

To Vewpnua touv Dvoretzky

8.1 Ewaywyy

Agetnpla yia to Yedpnua tou Dvoretzky elvon to €€ Afupa twv Dvoretzky xou Rogers
(1950).

IIgétaom 8.1.1. YmoOérouvue 6tr n By eivar to eAdenpoerdés uéyiotov dykov tov oup-
petpikol kuptol oduatos K. Trdpyour k ~ \/n ka1 yy, ..., yr opBokavovikd daviouaca
1
max |a;| <

otov R" dote, yia kdle aq,...,a, € R",
X A 1/2
il s 2
V3 1<i<k Z;alyl = (Z; al) ' .
1= 1=

Me agopur, autd to anotéheoya, o Grothendieck édece 1o gpdtnua av elvor duvatd

(8.1.1)

1/2
Vol OVTIXATOOTACOUUE TO MaX;<k |a;| Ye To (ZKk a?) otny mopandve Ilpdtacn, xo
Tautdypova va éyoule k = k(n) — oo xadde 1o n — oo, Ioodlvaye, av undpyet k-
didotatog undyweos F' tou R™ (ue 10 k var <UEYUADYELY UE TO 1) WOTE

(8.1.2) BYyNFCKNF CcByNF,
6mov ¢ > 0 anéhutn otadepd. O Dvoretzky (1960) €dwoe xoatagatxi andvinon oto
EEWTNUAL.

Ockenuo 8.1.2 (Dvoretzky). Eotw € > 0 ka1 k guowkds apiiuds. Trdpyer N =
N(k,¢e) pe tnr e&ng didenra: Av X efvar xdpos ue vépua didotaons n > N, pmopolue
va Bpodue k-tidotato vrdywpo F tov X pe d(F,05) <1 +e¢.

Ye yewpeTpw YAWoo, to Ochpnua tou Dvoretzky uog Aée 6t vy xdde £k € N,
%80 GUUPETEUS XUPTO GOUA UPXETE HEYAANG SLECTAGTC EXEL XEVTRIXES TOYES DldoTaong k
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Tou elvon oyeddv enewpoedr. H axpif3nic e€dptnon tou N(k,e) and ta k xou & yeetidnxe
cLGTNUATIXG, xat To Yewpnua Tou Dvoretzky nhge Tohd mo cLYXEXEWEVY TOCOTUXY LOPYPY).

Ocewpnpa 8.1.3. Eotw X évag n-Sidotatog xwpos ue vépua kar éotw € > 0. Trndpyovr
axépaiog k > ce?(log1/e) "t logn kar k-tidorarog vndywpos F tov X o omolog ikavororel
my d(F,05) <1+e.

Anhad, to Oedpnua 8.1.2 woyler pe N(k,e) = exp(ce™2|logelk).H apyxh anddeln
tou Dvoretzky €dive tnv extiunon N(k,e) = exp(ce 2k?logk). H (Béhtiotn ¢ mpog n)
extiunon tou Bewphuatoc 8.1.3 anodelytnxe and tov Milman (1971).

Yxonde avtol tou Kegolalou elvon va teptypdiet tny amddedn tou Oewpruotog 8.1.3.
‘Eva ané ta Baowdtepa ototyelo Tng anddeting elvat 10 AeYOUEVO patvipevo tns ovykév-
Tpwong Tov pétpov oty S" L 1o onolo Vo culNTACOUUE OTNY ETGUEVY TUPdYPUPO.

8.2 Ioomeplpetpiny] avicotnTa 01N oPaipa

Ocwpolpe T povadioda ogatpa S" otov R™ egodiacuévn ye T yewdouotaxh uetped| p:
n anéotaon p(x,y) dvo onuelwv z,y € S"! evon N xupTh Ywvia zoy oto eninedo Tou
optleton and Ty apyh Twv a€dvwy o xou o z,y. H ST yivetaw ydpog mdavétnroc pe
70 povadid avolholwto wc Tpoc otpogéc uétpo o yio xdde Borel olvoro A C Sm1
Pétoupe

4]
(8.2.1) o(A) = —,
B3|
6nou By elvou 1 wovadiata Euxeldetor pmdihor xow
(8.2.2) A={sz:z€Axun0<s<1}.

Ou peloTOUYE TOV «TUTO OAOXANPWOTC OE TOMXES CUVTETAYUEVECH:

Afppo 8.2.1 (ohoxMpwon o nohxéc cuvtetayuéveg). Av f: R” — R eivar jua
odokAnpaoiun ovvdptnon, téte

(8.2.3) f(x)dx = nwn/ / fre)r"=t dr do(6).
Rn Sn—1 0
Efvor edxoho va del xaveic 6t av p(x,y) = 0 161
.0
(8.2.4) lz = yll2 = 2sin 3,

GLVETOC 1) Yewdatotaxh xot N Emdeldeia andotaon tov z,y € S cuyxpivoviou péow
™me

2
;p(x,y) <z —yll2 < p(z,y).

(8.2.5)
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‘Ecto t > 0. H t-tepioyy| evéc Borel utocuvérouv A e "1 elvon 10 chvoro
(8.2.6) Ay ={zec S p(x,A) <t}
To wonepetpind npdBAnua ot opalpa BATUTOVETAL WG EENC:

Aivovtar o € (0,1) xar t > 0. Avdueoa oe 6ha ta Borel unoctvora A g o-
patpoc v ta onola 0(A) = «, va Bpedoly exelva yia ta onolo ehaytotonote(tat
n empdven o(A;) e t-tepoyhic Tou A.

H andvinon divetar and to axdrloudo Hewpnuar:
Iconepipetpixnh avicétnta oty opaipa. Eotw o € (0,1) kai
(8.2.7) B(z,r) ={y € S" ' :p(x,y) <7}

wa prndda otny S™1 pe axtiva v > 0 mov emAéyetar dote o(B(x,r)) = a. Tdre, ya
kdde A C S"! pe 0(A) = a ka1 ya kdOe t > 0 éyovue

(8.2.8) 0(Ay) > o(B(z,7);) = o(B(z, 7 +1)).

Anhadn, yia onotodnmote doopévo YETPo a xau omotodrtote ¢ > 0 oL undiec PETPOU o
dlvouv 11 Abom Tou LoOTERIIETELXOU TPOBAAUATOCS.

H anddeiln tne loonepiueteiniic aviooTnTog YIVETOL UE GQOLOLXY) GUUHUETELXOTOMOT Xl
EMAYOYH W Tpoc TN ddotaon. Ac Yewprioovde Tty edinf meplntwon o = 1/2. Av
o(A) =1/2 %ot > 0, T6T€ PTOPOUUE Vol EXTAOOLUE To PEYEDOC TOU Ay YENOLLOTOLOVTAC
TNV LOOTEPIUETELXY| AVIOOTNTA:

(8.2.9) o(A) >0 (B(x% + t))
yioo xdde ¢ > 0 xow & € S"7 L. Extipovroc and xdtw 1o ded péhoc tne (8.2.9) odnyol-
HAOTE TNV axohoudn aviaoTnTaL.

Octpnpa 8.2.2. Eotw A C 8" pe 0(A) = 1/2 ka1 éoww t > 0. Tére,
(8.2.10) o(Ay) > 1 — /m/8exp(—t3n/2).

IMapathpnon. Autd mou éxel onuacio oe oyéon ye v extiunon oty (8.2.10) elvar 61,
600 wixpd t > 0 3 av dahéZouye, 1) axohoudia exp(—t?n/2) teivel oto 0 xadde 10 n — 0o
%o Ydhota Pe ToAd Toy V) pudud (exdetind we tpog n). Enopévwe, To tocootéd tne opalpac
Tou pével €€ and v t-mepioyy| onowoudhtote utocuvéhou A tne ST ue o(A) = 1/2
elvar «oyeddv undevindy av 1 didotacT n elvol apxeTd UeydAn.

H anédeln tov Oewpriuatog 8.2.2 Baciletar moAD loyUpd 0T GQULEXT LOOTEQIIETELXY
aviootna. T TiC TEPLOaOTEPEC OUMC EPAPUOYEC TOU E£YOUUE OTO VOU Uog Elval opXETY Wil
aviodtnTo ooy Ty (8.2.10) xar byt n axpBhic AOoT Tou LooTEpWETEXOL TRoBAuaToc. Ou
ddoouye plar amh arddelln e (8.2.10) ywelc va tepdooupe Yoo and TNy LOOTEPIIETEIXY
aVLoOTNTA, YENOLMOTOLOVTOS THY aviodtrnta Brunn-Minkowski.
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Afupa 8.2.3. Ocwpolue to opoiduoppo uétpo mavétnras p otny EvkAeldaa povadiaia
urdia BY. Ankadrj, u(A) = |A|/|BE| ya kdOe Borel A C BY. Av A,C C BY ouvurayn,
Kat

(8.2.11) d(A,C) :==min{lla —¢|la:a € A,ce C} =p >0,
(8.2.12) min{u(A), u(C)} < exp(—p?n/8).

, , , A+C , , . . ,
Arnédoadn. Bewpolye t0 obvoro =L=. And v avicoétnta Brunn-Minkowski nalpvoupe

| 44| > min{|A|,|C[}. Suvendc,

A+C .
(8.2.13) 5 ( ! ) > wmin{p(4), 4(C)}.
Ané v &M mhevpd, av a € A xat ¢ € C, 0 xovévac Tou Tapa Aoy pduuou divet
(8.2.14) lla + 3 = 2llall3 + 2llell — la —cll3 < 4 - p*,

EMOUEVKC

2
(8.2.15) A;O cy/1- %Bg.

Suvdudlovtac tic (8.2.13) xon (8.2.15) BAénoupe b1t

2

n/2
(8.2.16) min{u(A), u(C)} < (1 - ’1) < exp(—p*n/8). 0

Anédaén tov Ocwpnparog 8.2.2. 'Eotw A C S" 1 ue 0(A) = 1/2 xou éotw t > 0. Oétoupe
C = 8" 1\ A; xou 9ewpolye T uTocHVOL

1 1
(8.2.17) A1:{pa:aeA,§§p§1}xaLC’1={pa:a€C,§ <p<1}
e By . Edxoha ehéyyouue ot

(8.2.18) d(A;,Ch) > sin

N | =+
3|~

Ané o Arppa 8.2.3 cuunepaivouye 6Tt

(8.2.19) |C1| < exp(—d®n/8)|BY| < exp (—t°n/(87?)) | BY|.
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‘Ouwe, and tov oplopd tou o éxouue |BY|o(C) = |C| xou |C1] = (1 —27™)|C|. Suvdud-
Covtag pe v (8.2.19) BAénoupe 6Tt

(8.2.20) o(Af) =0(C) < 1 7127n exp (—t°n/(87%)) .
Anhodn,
(8.2.21) o(A;) > 1 — ¢y exp(—cot®n)

6mou 1 = 2 xou co = 1/(87?). H (8.2.21) elvon eviehdc avdhoyT Pe TNV aviodTNToL Tou
Oewprhuatog 8.2.1 av egoupécoude Tig axplBelc THéS TwV oTadeptdy ¢ xou Ca. O

Opopde 8.2.4 (uétpo ocuvéyewag). Eotw f: 5" — R ouveyhe. Opiloupe wy :
(0,400) — R (70 pétpo cuvéyelac tne f) Ue

(8.2.22) wy(t) = max{|f(z) = f(y)| : pla,y) <t, 2,y € S"1}.

Opwopde 8.2.5 (péoog Lévy). Eotw f : S"1 — R ouveyfic. Trdpyer povadindc
apiuog Ly € R pe tnyv wbuotnta

(8.2.23) o({z: fla) < Ly}) =

N =

xai o({x: f(z)>Ls}) >

N | =

O Ly ovoudletar péoog Lévy tne f.

To enduevo Afppa detyver 6T av t0 pétpo cuvéyetac e f @ S™1 — R éyer «oporA
GUUTEPLQPOPdy o av 1) dtdotaon n eivon apxetd PeYdhn, tote oL Tée tng f ouyxev-
TPMVOVTOL toyUpd (UE TNV évvola Tou Yétpou) Yipw and tov uéoo Lévy tne f.

Adppo 8.2.6. INa kdde ovvexn ouvvdptnon f: S" 1 — R ka1 ya kdOe e > 0,

(8.2.24) o(ze S |f(x) — Lg| > wyle)) < 21 exp(—cae?n).

Anébaén. Opllovpe Ay = {x: f(xz) = Ls}. Oewpolye eniong to cOvola

(8.2.25) Ay ={z: f(z) < Ly} xou A}" ={z: f(x) > Ls}.

Ané tov opioud tou péoou Lévy Ly xon and to Oehdpnua 8.2.2, yia xdde € > 0 €youue

(8.2.26) o ((Ajf)g) >1 - ce—een,

Xpnowonowdvtag ) cuvéyew e f eréyyouue (doxnon) ot

(8.2.27) (Ag)e = (A} O (A7)-.
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Apa,
(8.2.28) o ((Af)e) >1—2cie =",
Aol |f(z) — Ly| < ws(e) oo (Af)e, Eneton 10 GUUTEPOGUL. O

Av vnodéooupe 61t n f + S"71 — R elvon Lipschitz cuveyhc pe otadepd b, dnradn
If(z) — f(y)] < blz —y| vy x80e 2,y € S"71, t6te wr(e) < be. Amd 10 Afupa 8.2.6
nalpvoude to e€nc.

Ipétaon 8.2.7. Eotw f: 8" 1 — R Lipschitz cuvexnis pe otadlepd b. Tére,
(8.2.29) o(zeS" " |f(x) — Ly| > be) < 2¢ exp(—coe’n)

ya kdOe € > 0. O

8.3 To Jewpnua touv Dvoretzky

‘Eow X = (R, - ||) x®poc pe voppo didotaonc n. H || - || elvar w0odbvoun e v
Ewdedew vépua || - |2, dnhadh undpyouv a,b > 0 dote

1
(8.3.1) “lellz < llall < bllzl2

v xdde z € R™. Xt ouvéyewa Ja urtodétoupe ot oL a,b elvar or uxpdTepol Yetixol
aptduol yia Toug omoloug toyvet 1 (8.3.1).

H ouvdpmon r : S ! — R pe r(z) = ||z||, elvor Lipschitz cuveyfc ye otadepd b.
Tpdipoupe Ly yio Tov yéco Lévy tne r.

AQupo 8.3.1. Eotw e > 0. Trdpyet no(e) € N dote ya kdde n > ng va wyle to €&nig:

av m < exp(c2e®n/2) ka1 y1,...,ym € S, wére vndpya U € O(n) dote, ya kdde
t=1,...,m,
(8.3.2) L, —be < ||[Uy;|| < L, + be.

Andédeln. Oa yeNOWOTOLCOUYE TO YEYOVOS OTL UTEPYEL PUCLOAOYIXS UETEO THAVOTNTIG
v oty O(n) 7o onolo éyel v e€hg Wibtntor av zg € S" 1 xar A C S"71, 1éte

(8.3.3) 0(A) =v{U € O(n) : Uxy € A}
Opilouye 0 chvoho

(8.3.4) A={resS" ' L, —be <|z|| <L, +be}.
Ané v Hpodtaon 8.2.7 éyouue

(8.3.5) o(A) >1—2cie" ",
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T xd9e ¢ =1, ..., m 9€touye
(8.3.6) B;={U €O(n) : L, —be < |Uyi|| < L, + be}.
O (8.3.3) xou (8.3.5) deiyvouv 6t
(8.3.7) v(B;) > 1—2cie" ",
Aol m < exp(c2e?n/2), 10 B = () B; éyeL pétpo
(8.3.8) v(B) > 1—=Y v(Bf) >1—2c;exp(—cae®n/2).
Av 1o n elvon apxetd ueydho, éyoupe v(B) > 0 dnhadh B # 0. Tote, av U € B naipvoupe
(8.3.9) L, —be < ||Uyil| < Ly +be
v xdde i =1,...,m. O
A¥ppa 8.3.2 (6-Bixtuo). Fotw § € (0,1). Trdpya N C S~ ue nig €€ 1b1dnres:
(i) Ia xdOe y € S vndpyer x € N doze ||z — yll2 < 9.
(i) INT < (1+2)"

Arédaén. Eotww N = {z1,..., 2, } éva utoctvoro tnc S*~1 tou onolou o onpeta éyouv
avé dVo andoTaoT YeyaliTeen 1 (on Tou & xou Exel Tov PéytoTo duvatéd TAnUdetiuo. Tétowo
uTooUVOho UTPYEL MYw TN ouuTdyetac Tne ST

Tére, 10 N wavorotel o (i): av 6y, undpyet y € S dote |lz; — yll2 > § ya xéde
i € {1,...,m}. Opwc téte, T0o NV = {z1,...,2m,y} clvour éva cOvoro Tou omolou Ta
ototyeta avixouy oty S¥1 xar o anooTtdoeic Touc avd dlo ebvar ueyahitepee A foec Tou
. Auté ebvar drono agol to N7 éyel nepioobtepa otoiyeio and 1o N.

Tt 7o (i) Yewpolye to cOvoha ;+ B, i < m. Autd éyouv avd d0o Zéva ecwteptxd,
o

5 )
(8.3.10) z; + 535 C BY + 535
v xdde i =1,...,m. Luvenwg,
(8.3.11) G x4+§Bk < 1+§ Bk
3. UleitgB )= 5 ) B2 |-

"Enetor 61t

m S . 5 k .
(8.3.12) > GBE < (1+5) Bl
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s\" s\"
(8.3.13) m<2) |B§|<(1+2) | B|.

Apa, m < (1+ 2)*, =
XeNnoLonoldvTog Ta Tapandve Setyvoupe to e€Rg.

Ipétaon 8.3.3. Eoww e € (0,1). Av (1 + 2/6)* < exp(c2e?n/2), tére vndpyer k-
didotaztos vrdywpos F tou R™ ka1 vrdpyer §-diktvo N tng Sp : ST~ N F e wnr 1d16tna

(8.3.14) L, —be <|z| < L, + be
ya kde x € N.

Anébeén. Ttadeponolovye unoywpeo Fy tou R™ ue Sidotaon dim(Fy) = k. Ané 1o Afppoa
8.3.2, umdpyer 8-0txtuo {Y1, - - . , Ym } TNC povadiatac ogalpac Sk, Tou Fo, e m < (1+2/9)k.

Agol (142/6)F < exp(c2e2n/2), o Afupa 8.3.1 detyver 61 undpyer U € O(n) pe tny
e&hc WtotnTa: yia xdde i < m,

(8.3.15) L, —be < ||[Uy;|| < L, + be.

Oétovpe F :=U(Fp) xaw z; :=Uy; (i=1,...,m). Agob o U elvar opYoydviog petaoyrn-

HOTLOPOC, TO {Z1, .. ., Ty } Elvar 0-0ixTuo TN Sp, Yl T onolo oy Ve

(8.3.16) L, —be < ||| < L, — be.

Auté anodewxviel v Ilpbroaon,. O
XpnowonothvTag Tepa 10 YEYovos 6T 1 || || elvar vopua, Yo tepdoovye and to §-dixtuo

N e Sp oe ohéxhnen v Sp.

Ilp6taon 8.3.4. Eotw F évag k-tidotatos vndywpos tov (R™, || -]|) ya tov onoio vrdpyer
d-0iktvo N tng S e tny 1didena

(8.3.17) L, —be <|z| < L, +be
yia kdOe x € N'. Tére, yia kdOe y € Sg éyouue

1-29 be L, + be

3. .- <|lyll <
(8:3.18) L, - <yl < 2

Andbeén. Eotw y € Sp. YTrdpyer g € N dote ||y — xolla = 01 < 6. Tére, ygf”o € Sp,
dpa undpyet 1 € N dote

(8.3.19) Hy — 70

5 =0y < 0.

2

— T
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Tore,

(8320) ||y — Ty — 51(131”2 = 5152 < 52.
Yuveyilovtac enaywyxd, Peloxouue o, ..., x, € N dote
(8.3.21) y=> | I | @i <o,

i=0 \j=0 )

6mou dp = 1. Agol § < 1,

(8.3.22) y = i 114

i=0 \j=0
"Opwe, H;:O §; <8¢, dpa
Iyl = > i < 25’\\%” < (L +be) ) o
=0 \7=0 =0 =0
_ +b
N -4
Eniong,
lyll = ol = | D TT 65 | @l = Lo — be = = (Ls + be)
i=1 \j=0
1—-26 be
T R
Apa,
1-29 b LT + be
3.2 L, — _
(8.3.23) 5 L < |lyll < 5
v xéde y € Sp. O

Eméyovtac xatdAAnia ta 4, e, Tolpvoude o TpdTn extiunon v T SLEcCToon TwV
oxed6v Euxdeldeiwv unoydpwy tov X = (R™, || - |]).

Ocopenpo 8.3.5. Eotw X = (R™, || - ||) xdpos pe vépua r(x) = ||z|| mov ikavorowel Tnv
[lz]| < blx| yia kdOe x € R™, ka1 éotw € € (0,1). Av

(8.3.24) k< kx(e) := cze?[log ' (1/e)]n (6:) ,
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émov ¢z > 0 katdAAnAn amdlvtn otalepd, tote vndpyer vndywpos F tov R™ ue dimF =k
aote: ya kde x € Sp,

(8.3.25) (14e)7'L, <|lz| < Lr(1+¢).

Anédaén. Ané v Mpdtaon 8.3.4, av ¢, 6 € (0,1) xu 0 k € N wavornowel tnv (142/8)% <
exp(ca(?n/2), t61€ v Tov Tuyado k-ddotato undywpo F tou R™ xou yio xdde x € Sp
€Y oupE

1-26 b¢ Ly +b¢
.3. r— < < —F
(8.3.26) sl 1o Skl =——;
T v (8.3.25) apxel va emhéZoupe ta 4, ¢ € (0,1) étor hote
L,
(8.3.27) ij§<§L41+a
xau
L, 1-2 b¢
3.2 < L, — .
(8:3.28) I+~ 1-6"" 1-96

z _ L,¢ _ £ ’. ’ ’. 3 ’
Av emAéloupe ¢ = =5 xou § = g, TopaTNEOLUE 6L oL dUo avodTNnTEC EmaAnebovTaL.
M¢éver va mpoodlopicoupe Ty eAdyiotn Twwr Tou k 1) omola txavomolel Tny

6 k C2 o Lr 2
3.2 1+4-) < — — .
(8.3.29) ( —|—€> _exp(lsen(b>

Zntdyue

6 L.\’
(8.3.30) M%§é§n<r>,

€ b
ondte apxel va avoroeital N k < kx (e). O
To Oedpnuo 8.3.5 pag Aéel 6Tt 1) Bidotaon wwv oyedov Evxdeldeiwv unoywewy tou X =
(R™, || - |) e€aptdton amo v 1¢EN TS TOGHTNTAC %. Ocwpolye ™ péon Tty e r(z) =
[l
(8.3.31) M= ||| do ().

Sn—1

Toérte, ou L, xow M ouyxplvovton av To Yivouevo ab dev elvol «mold peydroy.

Afupo 8.3.6. Tmodérovpe dn n r(z) = ||z wavornoet Ty L|z| < ||z|| < bla| ya kdde
x € R", ka1 du1 ab < /n. Tdre,

A
IS

IA
o

(8.3.32)

DN | =

émov ¢ > 0 andélvTn otalepd.
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Arndbeaén. Xowplc nepioptoud e yevxdtntag unopolpe va utodécoupe 6t ||lzfl2 < |lz]| <
bl|z||2, 6mou b < /n. Anéd v Hpbraon 8.2.7, yia xdde € > 0 €youue

(8.3.33) o{x: |r(x) — L,| > be} < 2¢; exp(—cae?n).

Tpdipoupe

(8.3.34) M —L,| < / |r(z) — Ly|do(x) = / of{x: |r(z) — L,| > t}dt.
gn-1 0

O¢touye be = t. Xpnowonowdvtoag Ty b < \/n, talpvouye

(oo}
(8.3.35) M —L,.| < / 2¢1 exp(—cat?)dt = cy.
0
Yuvenwe,
M Cy
8.3.36 — =1 < —
(5.3.30) o<

‘Ouwe, av x € S"1 téte ||z|| > ||z|l2 > 1. Apa, L, > 1. Encton 61t

M
(8.3.37) T <c=lta

I Ty avtioTpogn avicodTnTa, ToEATNEOVUE OTL

L.

DN | =

(8.3.38) M:/ ||x\|da(x)2/ || do () >
Sn—t {z: |z||>L+}

‘Apa, M/L, > 1/2. O

Adppo 8.3.7. I'a kdle 1 < m < n 10xvel

1 1/2
(8.3.39) / max |z;| do(z) > cs5 ( ogm) )
s

n—1 j<m n
émov ¢5 > 0 anddvn oradepd.

Anddadn. Bswpolye To pétpo tou Gauss v, otov R™ pe muxvétnra tny (2m) /2 exp(—||z(|3/2).
Oloxhnpivovtag oe moAxég ouvtetayuéveg BAénouue 6Tt

| maxltlan(® = [ maxitidn (o
Rm JS<mM Rn JSM

M [ maxaylo(da),
S

n—1 j<m
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6moU A, >~ /n. ‘Opoc,

s s 1 m
. , — -m/2 _Z 2
Y (t : Ijrgﬁ( lt;] < s) = (2n) / / exp 5 z;tj dti---dt,,
j:

—S —S

1 ° —t2/2 )m —s2/2
= —_ e dt < (1 —ce % 79)™,
(\/27‘( /_S = )

Apa, av emAé€oupe s ~ ci1v/log m, xatakrfiyouye otny

(8.3.40) Y (t : r_n<ax|tj| > Vlogm) >
jsm

Tote,

M| —

1
max |zj|lo(dr) ~ — max |t |dy,, (t
[ maxlalotan) = = [ i

V1
w”ym t : max |t;| > c14/logm
\/ﬁ j<m

S q(logm)l/Q.
- 2 n

MrnopoUue twpa va det€oupe to Yedpnua tou Dvoretzky. To Yedpnua mou oaxohovlel elvar
toodlvopo pe o Oewpnua 8.1.3 (apxel vor Yuundeite tov opoud e andotaonc Banach-
Mazur).

Y

Ochpenpo 8.3.8. FEotw X = (R™, || - ||) xdpos pe vépua, sidotaong n, dote n By va
efvar to eAewpoerdés uéyotov dykov tng Bx. I'a kdOe € > 0 vrdpyer vrdywpos F tov X
Sidoraons k > ce?llog™ ' (1/€)]logn, pe Ty ibtnea: ya kdde x € Sk,

(8.3.41) (1+¢e)7 'L, < |z|| < L.(1+¢).
Andéoeadn. Anéd o Yedpnua tou John, éyovue

1
vn
v xd9e x € R™. Téte, 10 Afjuua 8.3.6 delyver 6t

(8.3.42) zll2 < [lz]] < [|=]]2

(8.3.43) <

SIS

=c

N | =

6mou M = [q,_, ||lz|| do(z). And o Mupa Dvoretzky-Rogers (Il6piopa 7.7.3) undpyet uior

opdoxavovixt| Béon {@1, ..., 2y}, pe llzil| > 3 ywi=1,2,...,[2].
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Ocewpolpe Tic ouvapthoec Rademacher r; : [0,1] — {—1,1} pe
(8.3.44) r;(t) = signsin(m2't).
Tére, o teheotic 1} : £5 — £y ue

i=1 i=1

3

elvon woopetpla (Yo dheg, extdc and menepaouéves, T Tiwée Tou t € [0,1]. To o elvan
avalholwTo we Tpog Tic toouetples, dpa

(8.3.46) M:/SH ||Zaixi||da(a):[3nil/0 IS ri(t)assl|dt do(a).
i=1 i=1

Ioyveiowds. Ia kde j =1,...n,

(8.3.47) /O 1

Arndoaén wov Ioxvpiouod. I'a n = 1 1o {ntolbuevo elvar npogavég, ondte uroYétovue 6Tt

(8.3.48) /0 1

vy xdde j =1,...,n — 1. And my tprywvid oviodtnta, yo xdde ¢ € [0, 1] éyoupe

n

> ity

=1

dt = y; |-

n—1

> rilt)ys

i=1

dt > ||y,

n—1 n—1 n—1
(8.3.49) 2\ " r@ui| < Doy yn | + (D iy — )
i=1 i=1 i=1
oTOTE, OAOXATPOVOVTUC TalpVouUE
1 ||n—1 1 n
(8.3.50) / Z i (t)ys|| dt < / ri(t)yi|| dt.
0 Jli=1 0 |li=1
Xpnowonouvtag TNy enaywyxs unddeor) €youue
1 n
(5.3.51) |5 ]| e = )
0 |li=1

yioo xdde j = 1,...,n — 1, xou n anddeiln ToU LoYUELOUOU OAOXANPMVETAL UE XUXAXN
EVAANXYT) TWV ;. O
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Hoaipvovtac y; = a;x;, EYOVUE

(8.3.52) /0 1

Enotpégovtac otny (8.3.46) naipvouue

Z T (t)aixi

i=1

> i Zill-
dt > nax laiz;]|

(8.3.53) M 2/ max ||a;x;| do(a) >/ max

gn-1 1<i<n T Jgn—1 1<i<[Z]

la;z;|| do(a).
Topa, epapudlovtac 1o Muua Dvoretzky-Rogers €youpe

1
(8.3.54) M > 7/ max |a;| do(a),

2 Jgn—1 1<i<[2]

xat and 1o Afuua 8.3.7 éneton Ot

1 n
(8.3.55) M > ey 8L g flogn
n n

Aol L, > cM, and 1o Oewpnuo 8.3.5 cuunepaivouue 61L, av

[@,52 llog ™" (1/2)]n (iﬂ

e llog 1 (1/2)]n (]‘j)

> cfe’[log ™' (1/2)] logn,

k= [kx(e)]

v

t61E UTdpYEL UTdyweog F tou R™ ye dimF = k dote: v xdde x € Sp,

(8.3.56) (1+¢e) 'L, <|z|| < L.(1 +e).

Auto ohoxdhnpdver Ty amodeln. O
Anédeaén tov Ocwpripatos 8.1.3. Eotw X = (R™, || - ||) n-didotatoc ywpoc pe vépua ol
¢otw € € (0,1). Emhéyouue 6 = ¢/4, ondte (1 +6)? < 1+e.

Trdpyer T € GL(n) wote 1o ehhewoedéc péyiotou 6yxou touv T(Bx) va elvor 1 BY.
OplCouye r(x) = ||z[|r(By) *0 ewpolye Tov Yéoo L, tnc r. And 1o Oswpnua 8.3.8,
undpyouv k > ¢(d) logn = c¢(e) logn xar k-Sidotatoc undywpoc F tou R™ Gote

Ly
Av opicovye Fy = T7H(F), éyouue d(Fy,05) < (14+6)2 <1 +e. O

H yewyetpu dwtdnwon tov Oewpruoatoc 8.1.3 elvan n e€fc: T xdde ouppetpind
x0pté owua K otov R™ o yia xdde € > 0, undpyouv k > ce? log n, utéywpoc F tou R”
dudotaong k, xat elewoetdéc E otov F dote

(8.3.58) ECKNFC(14¢)E.
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8.4 Aoxvosk

1. 'Eoww g1, - . -, gn ave€dptnrec TUTXES XavOoViXéC TuYalec YeTafAnTéc o€ Evay Y wpo Tdavotntac
Q xou éoww {eq,...,en} oploxavovixr Bdon tou R™.

(a) Eotw X = (R™, || - ||). Aci&te 6u

Gl = ( /
w0 = ([ etraot@)

%ot UTOAOYIOTE Tic OTAVEPES Cny1 AL Cn 2.
(B) Aci&te 6, av 1 <k <n,

k n
/ > gilw)es|| dw S/ > gilwes
Qfli= $tli=1
(Y) Aei&te 61, av Y eivan évac k-Sidotatog undywpoc tou X, téte

Mi(Y) < ev/n/kMi(X),

q 1/q
dw) = ¢n,qMq(X)

Z gi(w)ei

émouv

dw.

6mou ¢ > 0 andiutrn otadepd.

2. 'Eoww f: S™ ! — R Lipschitz cuveyhc ouvdptnon ue otadepd 1 xot éoww L o yéoog Lévy
e f.
(o) Act&te 61, Yo xdde t > 0,

(0 @o){(z,y) € 5" x 8" |f(2) — f(y)| = t}) 20({x € "7 ¢ |f(x) — L| > t/2})

c1 exp(—cat’n).

INIA

(B) Botw E(f) = [guo1 f(z)do(x). AciEte 6T, yio xdide a € R,
[ en@li@) ~BPdo@ < [ [ el (@) - f0)?) dote) doy).
Ssn—1 Sn—1 Ssn—1
(Y) Aci&re 6u
[ enla @) = £ dota) doty) < ca® [ e,
xat, emAéyoviac a >~ /n, delfte bt

/ / exp(a®(£(z) — F())?) do(x) do(y) < ca,
sn—1 Jgn—-1

6mou c¢1, c2 > 0 andlutec otavepéc.



188 - TO GEQPHM A TOY DVORETZKY

(d) Acei&te 6m, yra xdde ¢t > 0,
o({x: |f(z) —E(f)| > t}) < e exp(—cat’n),
o6mou c3,cq > 0 andlutec otadepéc.

3. Eotww X = (R™,| - ]|)- ZupPBoiiloupe pe b ™ wxpdtepn Yetind otadepd yio tnv omolo 7
avioétnta ||z]| < bljz||2 wyder yio xdde z € R™. Aeilte 61t

b b
max Ml,clﬁ < My < max 2M1,02£
Vn 4D

yia x89¢ g € [1,n], 6mov c1, ca elvar andhutec Jetixée otadepée.

() Yrddeitn ya Ty dekid anoérnra. H ouvdptnon || - || : S*~! — R eivan Lipschitz cuveyhc ue
otadepd b. And TN oPoupixY| LOOTEPIIETEIXH avicOTNTA ETEToL OTL

U(ac esm ‘ ||| — M1

> t) < 2exp(—ct’n/b*)

v x&de t > 0. Ané v Tpryevieh avieétnta otov LI(S™T1),

My — My < [ [lz] = My [l

(B) Yrédetn ya tny apiotepry aviodrnra. Yrdpyer 2 € S™* dote Bx C {y : [(y,2)| < 1/b}.
Yuvenwe,
{zesS" 'z >t} DCi={zecS" " |(x,2)| >t/b}

yio xde t > 0. Xpnowonomote Ty

My = (a [~ o(tas ol 2 t})dt)l/q > (af wtq—lo(cadt)l/q.

4. 'Eotw z1,...,2¢ € S™ 1 AclEte 6t undpyeL y € S™ ! dote

t

Z |<y7$’b> > 1.

i=1
Yrédertn. Ocwphote Ghat ta dravbopate Tne wopphc 2(€) = >.t_, €ix; 6mou &; = £1, ot enthéEte

éva pe T peyallteen duvatr Euxdeldeia vopua.

5. 'Eotww X = (R", |||). Eotww t(X) o uixpdtepoc guotdc t yia tov onolo undpyouv Uy, ..., U €
O(n) dote

t
1 1
(%) FMllzll2 < 5 Do) < 2M a2
i=1

yia x&0e v € R™. Acigte 6Tt

tX) >

1 2
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6mou b n pixpdtepn Yetnh otadepd yia TV omola 1 aviodtta ||z]| < bljz||2 woyder yia xdde
x € R™

Yrédern. Yrnodéote b1t n (x) woydel yio xdnooug Ui, ..., Us € O(n). Qswpfote T0 € S™* e
llzol| = b xou ypnowonoiote v Aoxnon 4 yio 1o z; = U; ' (20).

k3

6. Eotw X = (R", || - |1) e Y = (R™,|| - [|2). Trodétoupe bt v(Bx) < n® xo v(By~) < n
yia xdmowoug a, 8 > 1, 6mou v(P) elvon to ThAdoc twv xopupdy evde tohutonov P. Aceilte 6t

d(X,Y) < c/Ja+ By/nlogn.

TrédeiEn. Mnopeite va utodéoete ot
L
vn

Hapatnerote 61, yia xdde U € O(n), wybowy ot [U! 1Y — X|| < n %

By C Bx C By C By C v/nBj3.

lU:X —=Y| = sup ||U(z)|ly = max max  |[(U(z),y")],
z€Bx z€ext(Bx) y* €ext(Byx)

6mou ext(P) elvor 10 clvoho 1wV x0pupv tou Tohuténov P. T otadepd z,y" xow € > 0
EXTWWNOTE TO
v({U € O(n) : [(U(z),y")| = €}).

7. Bow 1 <k <nxwéotw fr: S" 1 — R 7 cuvdptnon

fk(x): x%+...+xi.

Anhady, fr(z) = || Pe(2)||2, 6m0uv P 1 opYoydvia tpoBolf| otov spanier, ..., ex}.

(a) AceiEte 61 0 péooc Lévy med(fr) wavonolel tnv

1 [k
> 34/ =
med(fx) > 5\

av k > Clogn, 6mou C > 0 (apxetd peydhn) andiuty otadepd.
(B) Eotw u € ™. Acifte 6m, yio x&de ¢ € (0,1),

Vnk({F € G : | | Pr(u)lla — med(fi) | > - med(fx)}) < c1 exp(—cat’k).

(Y) Eotww z1,...,z, € R". Acilte b1t undpyovy k < clogn (6mou ¢ > 0 andluty otadepd) xou
F € Gp i, ote

1
gmed(fi)llzi — a;ll2 < ||Pr(zi) — Pr(z;)2 < 2med(fi)||zi — ;|2
v xdde 4,5 =1,...,n.

8. 'Eotw P éva ouppetpixd noldtono otov R™ xau éotw X = (R”, || - ||p). Tedgovpe f(P) v
10 Tdoc¢ v (n — 1)-didotatwy edpdyv tov xat v(P) yio 10 TARYOC TwY X0pLPMY Tou.
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(o) Acetre 6t k(X)) <log f(P) o k(X™) < logv(P).
(B) Aci&te 6 log f(P) - logv(P) > ¢n, émou ¢ > 0 andhutn otadepd.

9. Eoww K éva ouupetpxd xuptd oodpa otov R"™. YTrodétovpe b1t n By elvon 1o elhetdoetdéc
éyiotou byxou tou K xau 6w (|K|/|BE|)Y/™ = A.

(a) AeiEte 6T
1 2n
. (dO)(dU) = A"
léwﬂmwwwwwﬂ

T xdde U € O(n) xon 6 € S™ ! détoupe Ny (0) = UL - Agizre 6t undpyer U € O(n)
2

WoTE 1
2n
Amlwwmw”””SA

o oupnepdvate 61t Nu(0) > & v xéde 6 € S* .

(Y) Av o U wavorotel 1o (B), detlte 6t

By C KNU(K) C 8A°BY.



