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On the existence of subgaussian directions for log-concave
measures

A. Giannopoulos, G. Paouris, and P. Valettas

ABSTRACT. We show that if p is a centered log-concave probability measure
on R™ then,

L <y () < V08T Vlogn,

vn T T Vn

where Wa(u) is the 12-body of u, and c1,c2 > 0 are absolute constants. It
follows that p has “almost subgaussian” directions: there exists § € S™~! such
that

2
p({z €R™: [(z,0)] > ctE[{-,0)[}) < e T=0FD
for all 1 <t < +/nlogn, where ¢ > 0 is an absolute constant.

1. Introduction

Let p be a log-concave probability measure on R™, with centre of mass at the

origin. We say that a direction # € S"~! is subgaussian for x4 with constant r > 0
if

(1.1) ¢ Oy, < 7mg,

where my is the median of |(-, 8)| with respect to p, and

12 W=t {e> 00 [ en((@1/0?) du) <2}

It is known that

iy ISl
(1.3) [Rals S
This article provides a new general estimate on the following question: is it true
that every log-concave measure p has at least one “subgaussian” direction (with
constant r = 0(1))?

This question was posed by V. Milman in the setting of convex bodies and an
affirmative answer was first given for some special classes. Bobkov and Nazarov
(see [3] and [4]) proved that if K is an isotropic 1-unconditional convex body, then

1991 Mathematics Subject Classification. Primary 52A20; Secondary 46B07.

Key words and phrases. Log-concave probability measures, random marginals, isotropic
constant.

The second named author is partially supported by an NSF grant.

©0000 (copyright holder)
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(-, 0) )l po < ev/n|0]| oo for every 6 € S™~1, which implies that the diagonal direction
is a subgaussian direction with constant O(1). In [16] it is proved that every zonoid
has a subgaussian direction with a uniformly bounded constant. Another partial
result was obtained in [17]: if K is isotropic and K C (yv/nLk)BY for some v > 0,
then

(L4) (0 €5 [[(46)lys > e11tLic) < exp(—cav/nt?/7)

for every t > 1, where o is the rotationally invariant probability measure on S™ !
and cq,co > 0 are absolute constants.

In the general case, B. Klartag ([9]) established the existence of a “subgaussian”
direction up to a logarithmic in the dimension factor (see also [8]). More precisely,
there exists § € S"~! such that

(1.5) p({a: |z, 0)] > ctmg}) < e TG

for all 1 <t < y/nlog®n, where « = 3 in [9] and o = 1 in [8]. In this article we
obtain a slightly better estimate.

A natural way to study this problem is to define the symmetric convex set
Wy (p) with support function

E (- 0)])"

1.6 h 0) .= sup ——————,
(1.6) w2 () (0) B
and to estimate its volume. Actually, this was the strategy in [9] and [8]. Note
that Wo(u) contains the ellipsoid %Zg(/,t), where

(1.7) hz,( (0) = (EI(-,0)* )

It seems plausible that, in the case of centered log-concave probability measures,
Uy (p) is a “bounded volume ratio” body, i.e.

o ()"
(18) (i) <

where C' > 0 is an absolute constant.
The main result of the paper establishes this volume estimate up to a y/logn
term.

1/2

THEOREM 1.1. Let u be a centered log-concave probability measure on R™.
Then,

cov/logn
1.9 — < |¥ n < 2V o7
(19) - < (o) < BOER,
where c1,co > 0 are absolute constants.

A direct consequence of Theorem 1.1 is the existence of subgauusian directions
for 1 with constant » = O(y/logn). A variant of the proof leads to the following:

THEOREM 1.2. (i) If K is a centered convex body of volume 1 in R™, then there
exists 0 € S~ such that

(1.10) Hx € K :|(x,0)] > cthz,)(0)}] < ¢~ TR

for allt > 1, where ¢ > 0 is an absolute constant.
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(ii) If p is a centered log-concave probability measure on R™, then there exists
0 € S"~1 such that

t2
(1.11) i ({z € R : [(2,0)] = ctE|(-,)}) < e~ melrD
for all 1 <t < y/nlogn, where ¢ > 0 is an absolute constant.

The starting point of the proof is the same as in [8]. Assume, for simplic-
ity, that p is the Lebesgue measure on an isotropic convex body K with bounded
isotropic constant. We approximate ¥o(K) by the convex hull of a logarithmic in
the dimension number of bodies of the form Z,(K)//q, where Z,(K) is the Lg-
centroid body of K. We obtain an improved estimate for the covering numbers
N(Z4(K),t\/qBY) by replacing the argument in [8], which was using quermassin-
tegrals, by a variant of an argument of M. Talagrand which provides a bound for
the dual covering numbers N(Bj,t,/qZ;(K)) in terms of widths of Z,(K) of neg-
ative order (see Proposition 4.4 and Corollary 4.5). Here we exploit the negative
moments approach which has been developed by the second named author. Then,
we apply the theorem of Artstein, Milman and Szarek (see [1]) on the duality of
entropy numbers.

An additional feature of the proof is a reduction to the case of convex bodies
with uniformly bounded isotropic constant. This reduction is obtained by a “convo-
lution argument” which is presented in Section 3 and is of independent interest. An
analogous reduction is an essential ingredient in Klartag’s work [9, Section 4]; the
main difference is that in the present paper convolution with a gaussian is replaced
by convolution with a Euclidean ball.

The paper is organized as follows: In Section 2 we introduce notation, termi-
nology and some background material which is needed for the rest of the paper.
In Section 3 we describe the convolution procedure. In Section 4 we introduce the
p-medians and describe a method for covering numbers estimates in a more general
setting. In Section 5, this method is applied to the L,-centroid bodies. The proof
of the theorems is given in Section 6.

2. Preliminaries

We work in R", which is equipped with a Euclidean structure (-, -). We denote
by || - ||z the corresponding Euclidean norm, and write By for the Euclidean unit
ball, and S™~! for the unit sphere. Volume is denoted by |- |. We write w,, for the
volume of BY and o for the rotationally invariant probability measure on S™~!.
We also write A for the homothetic image of volume 1 of a compact set A C R" of
positive volume, i.e. A= ‘A%/n.

The letters ¢, ¢, ¢1, c2 ete. denote absolute positive constants which may change
from line to line. Whenever we write a ~ b, we mean that there exist absolute
constants c¢1,cs > 0 such that cia < b < cga. Also, if K,L C R" we will write
K ~ L if there exist absolute constants ¢y, co > 0 such that ¢ K C L C o K.

A star-shaped body C with respect to the origin is a compact set that satisfies
tC C C for all t € [0,1]. We denote by || - || the gauge function of C:

(2.1) lz]|c = inf{A > 0:2z € AC}.

A convex body in R™ is a compact convex subset C' of R"™ with non-empty interior.
We say that C is symmetric if z € C implies that —z € C. We say that C is
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centered if it has centre of mass at the origin: [, (x,0) dz = 0 for every 6 € S™~1.
The support function he : R™ — R of C is defined by he(x) = max{(z,y) : y € C}.
We define the mean width of C' by

(22 W(e) = [ he(O)a(as)

and, for each —oo < p < 00, p # 0, we define the p-mean width of C by

(2.3) W,(C) = ( /S hg(e)a(de))l/p.

The radius of C is the quantity R(C') = max{]||z||2 : € C'} and, if the origin is an
interior point of C, the polar body C° of C is

(2.4) C°:={yeR": (x,y) <lforallz e C}.

The geometric distance of two centered convex bodies A and B is the quantity
d(A,B) =inf {ts|t,s >0,1A C B C sA}.

If A and B are compact sets in R™, then the covering number N (A, B) of A by
B is the smallest number of translates of B whose union covers A. We will use the
duality of entropy numbers theorem of Artstein, Milman and Szarek (see [1]):

THEOREM 2.1. Let K be a symmetric convex body in R™. Then,
(2.5) log N(K, By) < ¢1log N(Bj,c2K°),
where c1,co > 0 are absolute constants.

We will also use Sudakov’s inequality [23]: If C is a symmetric convex body in
R™, then

(2.6) N(C,tBY) < exp(en(W(C)/t)?)

for every t > 0, where ¢ > 0 is an absolute constant.
We refer to the books [22], [15] and [20] for basic facts from the Brunn-
Minkowski theory and the asymptotic theory of finite dimensional normed spaces.

We write P, for the class of all probability measures in R™ which are absolutely
continuous with respect to the Lebesgue measure. The density of i € Py, is denoted
by f.. A probability measure y € Py, is called symmetric if f,, is an even function
on R™. We say that p € Py, is centered if for all § € S™~ 1, [0 (x,0)du(z) = 0. A
measure u on R” is called log-concave if for any Borel subsets A and B of R™ and
any A € (0,1), u(AA + (1 — N\)B) > p(A) u(B)1=*. A function f : R® — [0,00)
is called log-concave if log f is concave on its support {f > 0}. It is known that
if p is log-concave and pu(H) < 1 for every hyperplane H, then u € P}, and its
density f, is log-concave (see [5]). Note that if K is a convex body in R™ then
the Brunn-Minkowski inequality implies that 1z is the density of a log-concave
measure.

Let pu € Py For every ¢ > 1 and 6 € S"~1 we define

(2.7) By (6) = ( [ 0,2 dx)l/q.

If  is log-concave then hy, (,)(#) < oo for every ¢ > 1 and every § € S"~!. We
define the L,-centroid body Z,(u) of 1 to be the centrally symmetric convex set
with support function hz (). Lg—centroid bodies were introduced in [12]. Here
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we follow the normalization (and notation) that appeared in [18]. The original
definition concerned the class of measures 1x where K is a convex body of volume
1. In this case, we also write Z,(K) instead of Z,(1x).

If K is a compact set in R™ and |K| = 1, it is easy to check that Z;(K) C
Zy(K) C Zy(K) C Zoo(K) forevery 1 < p < g < 00, where Zoo(K) = conv{K, —K}.
Note that if T' € SL,, then Z,(T(K)) = T(Z,(K)). Moreover, if K is convex body,
as a consequence of the Brunn—Minkowski inequality (see, for example, [18]), one
can check that

(2.8) 72,(K) € 1 2,(K)

for all 1 < p < g, where ¢ > 1 is an absolute constant. If K has its center of mass
at the origin, then

(2.9) Z,(K)DcK

for all ¢ > n, where ¢ > 0 is an absolute constant. Additional information on
L ,—centroid bodies can be found in [16] and [19].

A centered measure in p € Py, is called isotropic if Zo(u) = By. We say that
a centered convex body K is isotropic if Z5(K) is a multiple of the Euclidean ball
and we define the isotropic constant of K by

1/n
(2.10) Ly = ('Z"ég)') .

So, K is isotropic if and only if Z5(K) = LxBY. Note that K is isotropic if and
only if L1 i is isotropic. A centered convex body K is called almost isotropic if

K has volume one and K ~ T'(K) where T'(K) is an isotropic linear transformation
of K. In general, we define the isotropic constant of an isotropic u € P, by
L, = fﬂ(())%. We refer to [14], [7] and [19] for additional information on isotropic
convex bodies.

Let u be a centered measure in Pp,). For every star shaped body €' in R™ and
any —n < p < oo, p # 0, we set

(211) )= ( IIxI’édu(w)>1/p~

As before, if K is a compact set of volume 1, we write I,,(K, C') instead of I,(1x, C).
We also define

(2.12) R(K,C) :=1.(K,C) := max lz]lc-
This is the radius of K with respect to C. If C = B we simply write I,(K) instead
of I,(K, BY).

Let u € Pp,) and assume that 0 € supp(u). For every p > 0 we define a set
K,(u) as follows:

(213) Ko = { €% s [ furanetar = 00§

The bodies K, (1) were introduced in [2] and allow us to study log-concave measures
using convex bodies. K. Ball proved that if p is log-concave then K, (u) is convex.
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If o is centered then K,,.1(p) is also centered. Moreover, if p is centered and
log-concave, then, for alll < p <n,

(2.14) e fulO)" Zy (1) € Zo( K1 (1)) € e2fu(0)/" Zy (),

where ¢, c2 > 0 are absolute constants (see [19] for a proof). By the definition of
Wo(u), it follows that

(2.15) e1fu(0)/"Wa () € Wa(Krs1 () € e2fu(0)/"Wa(p),
Note that, if p is also isotropic, (2.14) implies that
(2.16) L, = f#(o)l/n = LKn+1(u)'

3. Convolutions

The purpose of this Section is to show that for every isotropic convex body K
there exists a second isotropic convex body K; with bounded isotropic constant
and the “same behavior” with respect to linear functionals.

THEOREM 3.1. Let K be an isotropic convexr body in R™. There exists an
isotropic convex body Ky in R™ with the following properties:
(].) LK1 S C1.
Zp(K n
(2) e2Z,y(K7) C %) +/pBy C c3Z,(Ky) for all1 <p <mn.

(3) caWa(ky) C 2 C o5 Wy (Ky).

The constants ¢;, © = 1,...,5 are absolute positive constants.

We shall define K; as the “convolution” of K with a multiple of BY. Before
giving the necessary definitions, we recall some simple properties of the convolution

f * g of two non-negative integrable functions f and g on R"; recall that f * g is
defined by

(3.1) (fxg)(x) = - fWglr —y)dy, zeR"

and satisfies

(32) [ ra@a= ([ swas) ([ swa).

If p1, p2 € Ppy) we define pq * o to be the probability measure with density f,,, * f, -

LEMMA 3.2. Let f,g : R" — R" be integrable functions with [, f(x)dz =
fRn g(z)dx = 1.
(1) If f and g are even, then f * g is even.
(2) If f and g have their center of mass at the origin, then f*g has its center
of mass at the origin.
(3) If f and g are log-concave, then f x g is log-concave.

Proof. The first assertion follows directly from the definition and the third one is
a consequence of the Prékopa—Leindler inequality (see e.g. [20]). Assuming that
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both f and g have center of mass at the origin, for every 6§ € S"~! we write
[ woso@as = [ ) [ (00— sy
= [ 1w [ v o)z
= [ wosedr+ [ o) =0

This proves the second claim. ([l

LEMMA 3.3. Let p1, p2 € Ppn). Assume that at least one of the densities f :=
fu, and g = g,, 1s even. Then, for every k € N,

Zok (1) + Zok(p2)

(3.3) 5 C Zog(p1 * p2) C Zog(p1) + Zog(p2).
In the case k =1 we have

2 2 2
(3~4) hZz(ul*Mz) = hZz(Ml) + hzz(uz)'

Proof. For every 8 € S™~! we have

Wi ® = [ @0 xg)a)da
[ 16 [ @09t~ pydzdy
[0 [ (w0)+ (00" g(edzdy

S () ([ eoraeas) ([ w0 swa).

s=0

Since at least one of f and g is even, for all odd s we have

(5.5) ([ o) ([ wor=rui)-o

and hence, all the terms in the above sum are non-negative. It follows that, for
every 6 € S"1,

B9 W ® = ([ GO% a0 [ w0 ).

which shows that

12k h +h
2k 2k Zak(p1) Zak (p2)
(37) hZZk(P’l*H?) 2 (hZQk(;lq) + hsz(/_Lg)) Z AL 2 2k P2 .

On the other hand, for all 0 < s < 2k we have

(3.8) / (x,0)° f(y)dy < (/ |<y79>|2’“f(y)dy> T Zan(u) (0)

and similarly,

(2k—s) /2k
(3.9) /n<z,9>2kfsg(z)dz < (/n |<z,9>|2kg(z)dz> = hQZIZ:(LQ)(G)
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This implies that

2k

) 2k _ 2k
2k s 2k—s
(3'10) hZ2k(M1*M2) < Z ( S )hz?k(lw)hsz(lh) = (hsz(Ml) + hsz(ufz)) :
s=0
S0, Zok (1 * p2) © Zok(p1) + Zog(p2). 0

DEFINITION 3.4. Let f : R” — RT be an integrable function with [, f(z)dz =
1. For every A > 0 we define f(,) : R” — RT by

(3.11) Joo(@) == A" f(Ax).
Moreover, if 4 € P}, we write p(y) for the measure with density f,x) = (fu)on)-

It is easily checked that

(3.12) /Rn Joo(@)de = /Rn flx)dze =1
and
(313) Zy(pisy) = 5 Z)

for every ¢ > 0. In particular, if K is a convex body of volume 1, for all ¢,a > 0
we have

1
(3.14) Zg(a"1k) = an(K).
and for all —n < ¢ < 00, ¢ # 0 and a > 0 we have

1
(3.15) I(a"1k) = an(K).

DEFINITION 3.5. Let C; and Cs be two centered convex bodies of volume 1 in
R™. Assume that at least one of K7, Ko is symmetric. For any a,b > 0 we define a
log-concave function he; ¢, on R™ by

a b

(3.16) hoy o () = a™b" (1g " 1%) ().

a’b a

From Lemma 3.2 we see that heo, ¢, has center of mass at the origin and integral
a b

equal to 1. Observe that
(3.17) ey ca(0) :a”b"/ Loy (1)1 ea (—g)dy = [BC1 N (—aCy)| = [bC1 A (aCh)].

=1 =2 =1 =2
a b a b

We define the centered log-concave measure pc, o, as the measure with density
hey o a7
@D
PROPOSITION 3.6. Let Cq,Cs be two centered convex bodies of volume 1 in R™
and let fier o2 be defined as above. If C' = I~(n+1 (Mgw%), then
(1) C is centered and has volume 1.

(2) For any 1 < q <n, abZ,(C) ~ [bCy N aCa|'/™ (bZ,(C1) + aZ,(Cy)).
(3) ab¥y(C) ~ [bCy N aCso|'/™ (bW5(Cr) + a¥2(Cy)).
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Proof. The first assertion is clear. Let 1 < ¢ < n. Then, using Lemma 3.3 and
(2.14), (3.17) and (3.14), we see that

Zq(C) = Zq(K7z+1(h%7%))
~ B e, (0)Zy(hey o)
5 a b

s
a

1R

bCy N aCe| /" 2, (( o)) * (5"1%))

a1
~ |bClﬂaCQ|1/” (Zq(anlg)-i-Zq(b”l%))

6C1 N G/ (Z’I(Cl) " Zq(OQ)) |

o|C

2

R

a b
This proves the second claim. Finally, observe that, for every § € S?~1,
! ~'h 0) +b"'h 0
—h‘I’Q(C)(a) >~ sup a ZQ(CI)( ) Zq(cz)( )
‘b01 n CLCQ‘l/n >0 \/q

Z max{supzq(cvl)() ZQ(CE)()}

1
, — sup
a ¢>2 V4 b g>2 Vi

> ¢ (h%(cl)(a) + h\Ilz(Cz)(e)) ’
a b
and
1 a”hz,0)(0) + bz (0, (0)
—————h 0) ~ 1 .
B0 aGyp7n @0 = Vi
) 0 b 'h 0
< sup Pz | b ha0n)(6)
q>2 V4 g1 Vi
~ huyen(®) | haycy)(0)
= + .
a b
This completes the proof. ([

Proof of Theorem 3.1. Let K; be the convex body that we obtain if we apply
Proposition 3.6 with C; = K, Cy = BY, a = Lk and b = 1. Since \KHLKBSP/" ~
1, we immediately get

Z,(K
(3.18) Zy(Ky) ~ qL(K ) +VaBy 2 By
for all 1 < ¢ <mn. Since ¥o(K) 2 cLk BY, we also have
Wy (K Uy (K
(3.19) Uy(Ky) ~ 2(K) + By ~ 2(K)
L Lx

This already proves (2) and (3).
For (1) we use the fact that Zo(K) = Lx By to write

Lk 1
3.20 L~ | Zo(Kq )|V ~ |BY + V2BR M~ —.
(320) = | 2K By 4 VB
It follows that Lx, < ¢; for some absolute constant ¢; > 0. O

Note: We conclude this Section by pointing out the following consequence of The-
orem 3.1: If K is a centered convex body of volume 1 in R", then there exists a
centered convex body K7 of volume 1 in R™, such that
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(1) Ly, ~1
(2) d(Uo(K),¥a(K7)) ~ 1, where d(A, B) is the geometric distance of A, B.

This means that the geometry of the “Wy—body” cannot be a reason for Li to be
unbounded.

4. p-medians

In this section we describe an argument that can be used in order to give upper
bounds for the covering numbers N(K,tB%) of a convex body K by multiples of
the Euclidean ball. In fact, we will work in a more general setting than the one
which is needed for our purpose. We start with the following definition.

DEFINITION 4.1. Let p be a centered log-concave probability measure on R™
with density f, and let C' be a symmetric convex body in R™. For every p > 0 we
define the p-median of C' with respect to p as the unique number m,,(u, C) > 0 for
which

(4.1) 11 (my (11, C)C) = 2°7.

Similarly, if K is a centered convex body of volume 1 in R", we define m, (K, C)
by the equation

(4.2) |K Nmy(K,C)C| = 27P.

Note that m, (K, C) is a decreasing function of p. If we set mo(K,C) = R(K,C)
and me (K, C) = 0 then m, (K, C) is a continuous function of p on [0, oc]. Note also
that my is the usual median of || - ||¢ on K; it is known that m, (K, C) ~ I (K, C).
Moreover, we have the following:

LEMMA 4.2. Let K be a centered convex body of volume 1 in R™, let C' be a
symmetric convexr body in R™ and let p > 1. Then,

(4.3) my(K,C) > %I_p(K, o).

Moreover, if p <n and if I_,(K,C) < al_s,(K,C) for some a > 1, then we have
that

(44) M2plog(2a) (K7 C) < 2I—p(](a C)

Proof. We set I_,, := I_,(K,C) and m, := m,(K,C). From Markov’s inequality

we have that

1
(4.5) KNI (K, C)C' <277 = |K nmy(K,C)C],

and hence, m,(K,C) > 11_,(K,C). On the other hand, by the Paley—Zygmund
inequality (see [21]) we have that

I*P 2 I 2p
(4.6) o e K :|la)s? > SPIPY > (1-sP)2 [ =2 | =(1-s7)2 (M) ,
I—gp I—P
Choosing s = %7 we get
(4.7) |KN2I_,C| > (1 —277)%a"% > (2a) % = 27 2Plos2a,
This proves (4.4). O
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Let L be a star-shaped body in R™. For every r > 0 we define a probability
density gr,, on R" by

1
4.8 )= —————
We write g7, := gr,1. Note that the density v, of the standard Gaussian measure
can be expressed as v, := g V2Bp 2 Note also that, if pp , is the measure with

density g, ,, then for every compact set C' and any a > 0, one has that

(4.9) 9aL,r(C) = 9Lm(%)~

LEMMA 4.3. Under the above assumptions, the measure pur, . with density gr, ,
is a probability measure on R™. If L is convex and r > 1 then ur , is a log-concave
measure. If L is symmetric, then gr, , is even. If L has center of mass at the origin
then gr,» has center of mass at the origin.

Moreover, if |L| = 1, if V is a star-shaped body, and if p > 0 and ¢ > —n, we
have that

ntptry\ P
(4.10) Zp(gr.r) = <F<’")> Zy(L)

==l

I (")
and
_(r(Em)
(4.11) Iq(ngV)—(F(,ljr)) I (L, V).

Proof. Let h : R® — R* be homogeneous of degree p. Then,
r (n+p+r)

. r 7

(4.12) /n h(x)dpr »(x) = NES |Ll|/Lh(x)d:r

Indeed,
T o0 T
/ h(z)e 1l dy = / h(gc)/ (—e™ ") dtdx
" " llzlle

= / rtrfleff/ h(zx)dzdt
0 lzlle<t

= / h(x)dac/ rt Pt gy
llzlle<1 0

_ F(n+f+r)/Lh(x)dx.

The assertions of the Lemma follow if we choose h to be 1, (z, ), |(z,0)|P or ||z|{,
respectively. O

PrOPOSITION 4.4. Let K and C be star-shaped sets in R™. Assume that C is
symmetric, K has volume 1 and K is r-convex: for every x,y € R™,

(4.13) o +yllx + [l = yl%x < 20zl%x + 2lyl%-
Then, for every p > 0 we have that

(4.14) log N <K ]%mp(g](,r, C’)C> < cap,
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where c1,co > 0 are absolute constants.

Proof. Let {z1,...,zn} be a maximal set of points in K with respect to the condi-
tion ||z; — zj||c > t. Then, the sets z; + 5C have mutually disjoint interiors.
Let A := |K|T(®£). Using the symmetry of C' and (4.13) we see that, for

every s > 0,
2s 1 2s r
—zi+sC| = — eIzt =il gy
9K, r <t i+ ) A\/SC
l/ o= (el 12220015 ) g
sC
_ le—u%—mu};/ o2l g
A sC

2 67(%)T9K,r(30)'

Y

Choose s = my(gk,r, C) and t := p?fr. Then,

N
2s
4.15 1> 2 +sC) > N2 Pe P,
(119 23 e (5 4o0) 2 e

This implies that N(K,tC) < N < e“P, where ¢y > 0 is an absolute constant. O

COROLLARY 4.5. Let C be a symmetric convex body in R™ and let 1 < p < n/2
be such that W_o,(C) ~ W_,(C). Then,

(4.16) log N (C, cly/n/pW_p(C)Bg) < cap,
where c1,co > 0 are absolute constants.

Proof. We apply Proposition 4.4 with K = BZ’ and r = 2. Lemma 4.3 shows that,
for any 1 < g <n/2,

(4.17) I g9 2 C°) = V/iI_o(B.C°) = niWV_y(C),

where the last equality follows by integration in polar coordinates.
Since W_g,(C) ~ W_,(C'), Lemma 4.2 shows that

(4.18) mp(gB”g,w C°) ~nW_,(C).

Now, Proposition 4.4 gives

(4.19) log N (EgL,c\;%Wp(C)C") < cp.

Therefore,

(4.20) log N (Bg,c\\/fZWp(C)CO) <dp.

The result follows from Theorem 2.1. O

Remarks. (i) The argument that we used is a variation of an argument of M.
Talagrand (see [10] and [11]). The new ingredient is the use of the p-median.

3

(ii) There exist convex bodies that do not satisfy the “regularity” assumption
W_2,(C) ~ W_,(C) of Corollary 4.4. Given any a > 1 and 1 < p < % one can find
an ellipsoid € such that W_,,(€) < 1W_,(&).
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5. Covering numbers of the L,-centroid bodies
Our goal in this section is to show the following:

PROPOSITION 5.1. Let K be an isotropic convex body in R™, let 1 < ¢ < n and
t > 1. Then,

Y

t )

n n
(5.1) log N (Z4(K),c1t\/qLx By) < C235 +c3
where c1,co,c3 > 0 are absolute constants.

We will use the following fact proved in [19]: if K is a centered convex body
of volume 1, and if 1 < p < n/2, then

(5.2) L) = | 50 ,(2,(8))

We will also use the following L,, version of the Blaschke-Santalé inequality obtained
by Lutwak and Zhang [12]: (see also [6] for a proof in the convex case):

THEOREM 5.2. Let K be an origin star-shaped body of volume 1 in R™. Then,
(5.3) |Z5 (K| < | Zg(By)IV™,
with equality if and only if K is a centered ellipsoid of volume 1.
Moreover, the reverse inequality has been established in [18]:

THEOREM 5.3. Let K be a centered convex body of volume 1 in R™. Then,

o 1/n c o/ pn\|l/n

(5.4 Z5EO " = 2B
It follows that, for every centered convex body K of volume 1 in R™ and every
1<p<m,

o 1/n o/ pn %
55w = (2 §<|Z(B)|> <o

| B | |B3|
and
—~ 1/n
00N, ¢ (BE)", o
5.6 W (Z,(K)) = (22l s € (12 1) s @2

where c¢q, co > 0 are absolute constants.

We will also use the following simple fact (for a proof see [19, Proposition 4.7]):

PROPOSITION 5.4. Let K be an origin star-shaped body of volume 1 in R™ and
let 0 <p< 3. Then,

(5.7) Ip(K) > I_(BY) =~ V/n.
We are now ready to prove the following:

PROPOSITION 5.5. Let K be an isotropic convex body in R™, let 1 < ¢ < n/2
and 1 <t <./n/q. Then,

n
(5.8) log N (Zy(K), cit\/qLx By) < ¢o

tja

where c1,co > 0 are absolute constants.



14 A. GIANNOPOULOS, G. PAOURIS, AND P. VALETTAS

Proof. Assume first that Lx ~ 1. From Proposition 5.4 we have that I_,(K) >
cy/n. Also, by Holder’s inequality, I_4(K) < I5(K) ~ y/n.

Using (5.2), (5.5) and (5.6) we get W_,(Z,(K)) ~ /g ~ W_,,(Z4(K)). This
shows that, for all ¢ <r <mn,

(5.9) Woar(Zy(K)) = W (Z,(K) ~
Then, Corollary 4.5 implies that

(5.10) logN< K),e/n/rW_,( Bz) <er.
Let 1 <t < \/7% Choosing r = n/t?, we get

(5.11) log N (Z,(K), ct\/qB3 )<c—

We now turn to the general case. From Theorem 3.1, if K is an isotropic convex
body in R™ then we can find a second isotropic convex body K7 in R™ such that
Lk, ~ 1 and, for every 1 < ¢ < mn,

(5.12) 2,(K) = 7~ Z,(K) + VaB}.

Therefore, for any 1 <t < +/n/q,

N <LlKZq(K),t\/§B§)

IN

L) + VB 1B )
K
(Z0(00), 1/aB3)

o
12,

N
N

IA A
)

This completes the proof. O

Proof of Proposition 5.1. The case 1 <t < \/ q follows from Proposition 5.5

observe that Y4 < %&). Assume that t > We set p:= f‘[ < q. Then,
z =
using (2.8), we have that

N (Z,(K), /il B3) < N(cf)zpm),MLKB;)

< N (Z,,(K)J\/p\/ﬁLKBg) .

Applying Proposition 5.5 for Z,(K) with ¢t = y/n/p, we see that

N (Z,(K),t\/qLxkB3y) < ( \/7\[LKB2>

S eCP = exp <C\/7t\/7) ,
and the proof is complete (observe that ‘/71‘/6 > 75 in this case). O

Proposition 5.1 gives us some information about the “regularity” of the covering
numbers of Z,(K). In particular:

COROLLARY 5.6. Let K be an isotropic convex body in R™ and let 1 < g < n.
Define 8> 1 by the equation ¢ =n'/?. Let a := min{g,2}. Then,

n
(5.13) N (Zy(K), e1t\ /gL BY) < exp (CQt?) ,
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where c1,co > 0 are absolute constants.

Proof. Assume first that 8 > 2. Then, ¢ < y/n and it is known (see [18]) that
W(Z4(K)) ~ \/qLk. In this case, the result follows from Sudakov’s inequality
(2.6).

On the other hand, if 3 € [1,2], using the fact that ¢° = n, we observe that for
all 1 <t < /g,

(5.14) Vavn _n
t te
and the result follows from Proposition 5.1. ([l

Using (2.14), (2.15) one can immediately extend the results of this section to the
setting of log-concave measures:

COROLLARY 5.7. Let u be an isotropic log-concave measure in R™ and let 1 <
qg<nandt>1. Then,

n n Vny/q
(5.15) log N (Z4(1), c1t\/qB3) < C233 +c3 t\['
Moreover, if > 1 satisfies ¢ = n'/? and if we set a = min{(, 2}, then
(5.16) N (Zy(p), ext/BY) < e,

where c1,ca,c3 > 0 are absolute constants.

6. Volume of Vs (K)
Let K be a centered convex body of volume 1 in R™. Recall the definition of

Uy (K): it is the symmetric convex body with support function

hz, (k) (9)
6.1 h ) = sup —H—-.
(6.1) \I’Z(K)() 1§p2n NG

From the definition, one has Z,(K) C /p¥3(K) for all 1 < p < n. In particular,
Z5(K) C /2¥5(K), which implies that

(6.2) s (K[ > EE

Our goal is to give an upper bound for the volume of ¥5(K). Our estimate is the
following:

THEOREM 6.1. Let K be a centered convex body of volume 1 in R™. Then,

(6.3) W (K| < cvk’\/?LK.

Moreover, there exists @ € S"~1 such that

t2
(6.4) Hz € K :[(x,0)] > cthz,k)(0)}] < e PG
for allt > 1, where ¢ > 0 is an absolute constant.

Our first observation is that, starting with the definition

(6.5) \IIQ(K)conv{Zp\ﬁg),pe [l,n]},
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and using the fact that Z,,(K) ~ Z,(K), we may write

Z,(K)
6.6 Uy(K) ~convd 2L p=2F k=1,...lo n}
(6.6 o(1) = cony { 22420, 6

We set

(6.7) my = logy(v/n), ma :=log, (10271) ,  m3:=logyn = 2m,

and we define symmetric convex bodies Cy, Cs, Ca 1,C5 and Cs; as follows:

c, = conv{Zp\(fK)J)E [1,\/5]}7

p
K
Cy = conv{ i ), =2k k=mq,. 7mg},
VP
Coy = conv{Zp(K),pQ,kml, .,mz},
V/Dpvlogp
Z,(K
Csy = conv{ p\;ﬁ),p—Qk,k—ngrl,...,mg},
Z,(K
Csq = conv{ »(K) ,p:2k,k:m2+1,...,m3}
/pv1ogp
It is clear that
(6.8) Uy (K) ~ conv{C, Cs,Cs}.
We also define
(69) V.= COHV{Cl, 0271, 0371}.

We will give upper bounds for the covering numbers of Cy,C3,Cs1,Cs,C31 by
Ly BY.

(i) Covering numbers of C4

We will need some preliminary observations.

LEMMA 6.2. Let K be a centered convex body in R™ and let 1 < g <mn. Let A
be a subset of K with volume |A| > 1—e~9. Then, for all 1 < p < ¢q,

(6.10) 2,(K) € 22,(A),
where ¢1 > 0 is an absolute constant.

Proof. Recall that there exists an absolute constant ¢ > 0 such that hz, (x)(0) <
chz, (k) (0) for all € S"~! and p > 1.
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We fix an absolute constant ¢; > 0 such that e~ %/2¢1¢ < % Then, we have

that

[tworas = [ iworass [ o
a5 [ wopan st ([ |<gc,e>2pdgc)é
[l opas+eter [ fwopa

< /M%%FM+1/Im®PM.
A 2 K

This proves the Lemma.

IN

IN

We will also use the following (see [17, Theorem 2.1] for a proof):

O

LEMMA 6.3. Let K be an isotropic convex body with R(K) < a/nLk. Then,

|5 ()"

(6.11) 57| <W(Vo(K)) < W m(Va(K)) < c(a)Lk,
2

where ¢ > 0 is an absolute constant.

PROPOSITION 6.4. Let K be an isotropic convex body in R™. Then,

‘Cl| 1/n
(6.12) ‘B"| S W(Cl) S W\/ﬁ(Cl) S CLK,
2
where ¢ > 0 is an absolute constant. Moreover, for allt > 1,
(6.13) N (Cy,e1tLgBY) < e,

where c1,co > 0 are absolute constants.

Proof. Tt is known that |K N sy/nLgBY| > 1 — e *V" for s > ¢/, where ¢ > 0 is
an absolute constant (this is the main result in [18]). Set s = max{c; ', ¢’} where
¢; > 0 is the constant from Lemma 6.2. Let A = K Neytv/nLg By, Then, R(A) <
¢/nLg and A is almost isotropic. Also, by Lemma 6.2, for every 1 < p < \/n, we

have Z,(K) C 2Z,(A). Therefore,
(6.14) Cy C 201 (A) C 2Wy(A).
Now, the result follows from Lemma 6.3 and Sudakov’s inequality (2.6).

(ii) Covering numbers of Cy and Cj
We will need the following (see [8] for a proof):

LEMMA 6.5. Let Ay, ..., A be subsets of RBY. For everyt >0,
(6.15) N(conv(A, U---UA,),2tBY) < (Cf) HN(Ai,th).
i=1

LEMMA 6.6. Let K be an isotropic convex body in R™. For every t > 1,
(6.16) max {N(C’g, ert/lognLy BY), N(Cs, cat(loglog n)LKBg)} < et
and
(6.17) max{N (Ca1,c1LgBYy),N (C31,coLgBY)} < e®",
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where c1,co,c3 > 0 are absolute constants.

Proof. We first consider the bodies Cy and Cy 1. We set s := ma — m; and define

1 1
- Z2m1+i (K) and Az}l =

275 B N R
for i = 0,...,s. Note that max{R(A;),R(4;1)} < /nLk for 0 < i < s. From
Proposition 5.1 we have that, for every r > 1,

(6.18) A; = Zoymy+i(K),

dn dn
6.19 log N (A;,crLgBY) < — 4+ ———
(6.19) B N (A erbucBs) < 3+ oem
and
/ / /
(6.20) log N (Aj1,cLxBR) < — cn Al

-+ c -.
m1+1i  mi+1/logn = myp+1
Using Lemma 6.5, we see that

dnlogn cnlogn

6.21 log N (Cy, 2¢r L BY) < log? .
( ) og (2 Crbg 2)—Og n+ 7'2 T\/@
Since R(C3) < v/nLg, we consider the case 1 <t < y/n. Then, log2 n < %. Setting
r = ty/logn we conclude that, for any ¢ > 1,
/

(6.22) log N (02, 2¢t\/log nLKB;) < 2en
Similarly, we see that

2’”’7,1 1
6.23) logN (C31,2cLgBy) <1 = <d'n
(6.23) log N (C2,1,2cLiBy) < log TH-CTLZmlJM ; ]

We now consider the bodies C3 and C3;. We set s := m3 — mg = loglogn and
define

1 1
(624) Az =

’ T oM

for i = 1,...,s. Note that max{R(A;),R(A4;1)} < v/nLk for all 1 < i < s.
Corollary 5.5 shows that, for any r > 1,

ZQ’”TH (K)7

mo i
2

/ / /!

(6.25) log N (A;,crLBY) < % and log N (A;1,cLgBY) < —— cn

- < .
ms+1 ~ logn
From Lemma 6.5, we get
'n(logl
(6.26) log N (C3,2crLi BY) < log®n + M.
r

Now, we set t := 3 As before, we may assume that 1 < ¢ < /n, and hence,

(log logn
log®n < %. Setting r = tloglogn we conclude that, for any ¢ > 1,
n 3cd'n
(6.27) log N (Cs, 2ct(loglogn)Lg BY) <

Also, by Lemma 6.5,
6.2 log N (Cs 1. 2¢Ly BY) < ¢ 0o81087)
( ) g , 2 1 2

ogn

This concludes the proof. [
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PROPOSITION 6.7. Let K be an isotropic convex body in R™. For everyt > 1,

(6.29) N (\Ilg(K),clt\/lognLKBg) <% and
(630) N (V, CgLKBg) < eCQn’

where c1,co,c3 > 0 are absolute constants.

Proof. We apply Lemma 6.5 for A; := Cy, Ay := Cs and Az := C3 and we use
Proposition 6.4 and Lemma 6.6. We work similarly for V. (]

Proof of Theorem 6.1. The first assertion follows immediately from Proposition
6.7 (with ¢ = 1) and the fact that for any pair of compact subsets A and B of R,
one has |A| < N(A, B)|B].

The same argument shows that [V ['/" < cLg|B5|'/™. Consider the symmetric
convex body

o Zy(K) o Zp(K)
(6.31) V4 :=conv {W, pe [Q,n]} and V5 := conv {W, p> 2}.

Note that, by (2.9), Vi ~ V. Then, V; C ¢V and |V5|"/"™ < cLg|Bg|'/". So, there
exists € S"~1 such that hy,(0) < cLg. This implies that, for all p > 1,

(632) th(K) (9) < C\/I)\/ 1ngLK

By Markov’s inequality we have that, for every p > 0,

(6.33) {z € K : [{x,0)] > eth(K)(H)H <e7P,
: _ t
Let t > 1. If we define p by the equation /p = Tt then (6.32) and (6.33)

imply (6.4). O
Proof of Theorem 1.1. The first part follows immediately from Theorem 6.1 and

(2.15). The proof of the second part is similar to the proof of Theorem 6.1. We
omit the details. (]
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