Concentration property on probability spaces

A.A. Giannopoulos and V.D. Milman^∗

1 Introduction

1.1 The starting point of this paper is the notion of concentration for metric probability spaces. Let (X, d, μ) be a metric space with metric d and diameter diam(X) ≥ 1, which is also equipped with a Borel probability measure μ. We then define the concentration function (or “isoperimetric constant”) of X by

α(X; ε) = 1 − inf { μ(A_ε) : A Borel subset of X, μ(A) ≥ 1/2 } , where A_ε = {x ∈ X : d(x, A) ≤ ε} is the ε-extension of A. A family (X_n, d_n, μ_n) of metric probability spaces is called a Lévy family if for every ε > 0

α(X_n; ε) → 0

as n → ∞. A natural example of a Lévy family is given by the family (S^{n−1}, ρ_n, σ_n), where S^{n−1} is the Euclidean sphere in R^n , ρ_n is the geodesic distance, and σ_n is the rotationally invariant probability measure on S^{n−1}. Lévy observed that the isoperimetric inequality on S^{n+1} implies that

α(S^{n+1}; ε) ≤ √ π/8 exp(−ε^2n/2), a fact which is crucial for the proof of Dvoretzky’s theorem and many other results of the asymptotic theory of finite dimensional normed spaces. Other important examples are given by the family of the orthogonal groups (O(n), ρ_n, μ_n) equipped with the Hilbert-Schmidt metric and the Haar probability measure, and all homogeneous spaces of O(n) (for example, any family of Stiefel manifolds W_{n,kn} or any family of Grassman manifolds G_{n,kn} ). Discrete examples are given by the family of spaces E^n_2 = {−1, 1}^n or the groups Π_n of permutations of {1, . . . , n} with the normalized Hamming distance and the normalized counting measure. In most

∗The second named author would like to acknowledge the hospitality of IHES, where part of his contribution to this work was done. Research of the second named author is partially supported by a BSF grant.

cases, new and very interesting techniques were invented in order to estimate the concentration function α(X; ε). We refer the reader to [MS], [Mi] and [T1] for a detailed discussion and references.

Let (X, d, μ) be a metric probability space with small concentration function. Then, every 1-Lipschitz function on X concentrates around its Lévy mean (see [MS]). There exists one value L_f such that μ (x ∈ X : |f(x) − L_f | ≥ ε) ≤ 2α(X; ε). This type of concentration implies equivalence of L_p-norms for Lipschitz functions on X, that is, inverse Hölder inequalities of the form ‖f‖_{Lp(X;μ)} ≤ c(p, μ)‖f‖_{L1(X;μ)}, where the order of the constant c(p, μ) as p → ∞ reflects the degree of concentration.

Such inverse Hölder inequalities appear often in the context of probability spaces. For example, linear functionals on a convex body K with volume 1 satisfy the inequality ‖f‖_{Lp(K;dx)} ≤ cp‖f‖_{L1(K;dx)} where c > 0 is an absolute constant [GM]. More generally, Bourgain [B1] has shown that if f : K → R is a polynomial of degree m, then ‖f‖_p ≤ c(p, m)‖f‖_2 for every p > 2, where c(p, m) depends only on p and on the degree m of f. Talagrand [T2] showed that an analogous statement holds true for the class of convex functions on E^n_2 . In view of these results, we would like to discuss the level of concentration with respect to a given class of functions.

1.2 A typical example of concentration expressed by equivalence of L_p-norms is the classical Khintchine inequality: There is an absolute constant c > 0 such that for every n ∈ N, p > 2, and a_1, . . . , a_n ∈ R we have

Ave | |^n ∑ j=1 ±a_j | |^p 1/p ≤ c √ p m∑ j=1 a^2_j 1/2 ≤ c √ 2 √ p Ave | |^n ∑ j=1 ±a_j | |.

For the best constants, see [Sz] and [H]. By expanding exp(x^2) into power series, we may equivalently state Khintchine’s inequality in the form ‖⟨ε, y⟩‖_{Lψ2 (E}n_{2 ;μ)} ≤ c‖⟨ε, y⟩‖_{L1(E}n_{2 ;μ)}, y ∈ R^n , where E^n_2 = {−1, 1}^n with the normalized counting measure μ, and

‖f‖_{Lψα (Ω;μ)} = inf { λ > 0 : ∫ Ω exp ( (|f|/λ)^α ) dμ ≤ 2 }

for every probability space (Ω, μ) and α > 0.

The following fact was observed in [Sc] (see also [BLM] for an extension from the class of linear functionals to arbitrary norms, in the spirit of Kahane’s inequality):

Fact. There exist constants C > 1 and c > 0 such that: for every n ∈ N and m ≥ Cn, a random subset A of E^n_2 with cardinality |A| = m satisfies ‖⟨ε, y⟩‖_{L2(A;μ(A))} ≤ c‖⟨ε, y⟩‖_{L1(A;μ(A))}, for every y ∈ R^n , where μ(A) is the normalized counting measure on A.

It is not clear if C may be replaced by any λ > 1, and c by a constant c(λ) respectively. However, the fact shows that very small sets of n-tuples of signs may replace E^n_2 in the Khintchine inequality. We are thus lead to the following definition:

Definition. Let p > 1 and M ≥ 1. A finite set S ⊂ R^n will be called a (p, M)- distribution (for linear functionals) if ‖⟨x, y⟩‖_{Lp(S;μ(S))} ≤ M‖⟨x, y⟩‖_{L1(S;μ(S))}, y ∈ R^n . Analogously, S will be called a (ψ_α, M)-distribution if ‖⟨x, y⟩‖_{Lψα (S;μ(S))} ≤ M‖⟨x, y⟩‖_{L1(S;μ(S))}, y ∈ R^n . This is equivalent to the fact that S is a (p, M_p)-distribution for every p ≥ 1, with M_p ≤ cMp^{1/α} for an absolute constant c > 0. We will often talk about a p or ψ_α-distribution without specifying the constant M, but the estimate for M will be clear in every case.

In view of these definitions, the question which arises is to determine the minimal cardinality m(p, n) (m(α, n) respectively) for which a random subset A ⊆ E^n_2 with cardinality m ≥ m(p, n) (or, m ≥ m(α, n)) forms a (p, M)-distribution (or, (ψ_α, M) distribution) with a “good” constant M ≥ 1, while at the same time A represents the space in the sense that ‖⟨x, y⟩‖_{L1(A;μ(A))} ≃ ‖⟨x, y⟩‖_{L1(E}n_{2 ;μ)} for every y ∈ R^n . Known results (see [BGN], [BDGJN] and [Sc]) show that one can take M ≃ √ p and m(p, n) ≃ n^{p/2} if p ≥ 2, and m(p, n) ≃ n if 1 ≤ p ≤ 2. This estimate is optimal.

1.3 The purpose of this paper is to study the level of concentration with respect to the class of linear functionals by measuring the size of minimal well-distributed substructures of certain probability spaces. These substructures should exhibit a high level of concentration and, at the same time, they should represent the original space in an essential way. Our setting will be an arbitrary log-concave Borel probability measure μ on R^n . Recall that μ is called log-concave if, for all compact sets A, B and all λ ∈ (0, 1) we have μ(λA + (1 − λ)B) ≥ μ(A)^λμ(B)^{1−λ}. We say that μ is isotropic if ∫ R^n ⟨x, y⟩^2μ(dx) = L^2_μ for every y ∈ S^{n−1}. We will say that μ satisfies a ψ_α-estimate with constant C_α ≥ 1 if ‖⟨x, y⟩‖_{Lψα (μ)} ≤ C_αL_μ for every y ∈ S^{n−1}. From Borell’s lemma (see [MS], Appendix III) we get ‖⟨x, y⟩‖_{Lψ1 (μ)} ≤ C_1‖⟨x, y⟩‖_{L1(μ)} for every y ∈ S^{n−1} and every log-concave probability measure μ on R^n , where C_1 ≥ 1 is an absolute constant. That is, all log-concave probability measures satisfy a ψ_1-estimate with some uniformly bounded constant.

With these definitions, the general formulation of our problem is the following:

Question. Let μ be an isotropic log-concave Borel probability measure on R^n , which satisfies a ψ_α-estimate with constant C_α ≥ 1 for some α ∈ [1, 2]. Find the minimal value of m ∈ N for which a random S ⊂ R^n of cardinality |S| = m is a p-distribution or ψ_α-distribution with a small constant M ≥ 1, and represents μ in the sense that ‖⟨x, y⟩‖_{L1(μ)} ≃ ‖⟨x, y⟩‖_{L1(S;μ(S))} for all y ∈ R^n .

Note that the isotropic condition about μ is not so restrictive: every log-concave probability measure μ whose support spans R^n has an image measure T^{−1}(μ)(A) := μ(T^{−1}(A)), T ∈ SL(n), which is isotropic and log-concave. Then, every p or ψ_α-distribution of points with respect to T^{−1}(μ) corresponds to an equally good distribution of points with respect to μ.

In Section 2 we study the question in full generality. Our main general result is the following:

Theorem A. Let 0 < p < ∞ and δ ∈ (0, 1). There exists n_0(δ) such that, for every n ≥ n_0, every m ≥ m_0 and every isotropic log-concave probability measure μ on R^n , m random points x_1, . . . , x_m ∈ (R^n , B, μ) form with probability greater than 1 − δ a (p, M)-distribution representing μ, where M = O(p) as p → ∞, and

m_0 = m_0(p, δ) = c(p, δ)n , if 0 < p ≤ 1 c(p, δ)n(log n)^p , if 1 < p ≤ 2

c(p, δ)h_{p,n}(n log n)^{p/2} , if p > 2.

The constant h_{p,n} is bounded by min{(p − 2)^{−1}, log n}, and this implies continuity of m_0(p, δ) at p = 2.

One can also show that any exponential number of points is enough for a good ψ_1-distribution:

Theorem B. Let μ be an isotropic log-concave probability measure on R^n , and γ ∈ (0, 1). If n ≥ n_0(γ) and m ≥ exp(γn), then m points x_1, . . . , x_m, chosen independently with respect to μ, form with probability > 1−δ a (ψ_1, M)-distribution representing μ, where M ≤ c(δ)/ √ γ. A typical example of log-concave probability measure arises if we consider a convex body K of volume 1 in R^n . The Brunn-Minkowski inequality implies that the restriction μ_K of the Lebesgue measure onto K is log-concave, therefore ‖⟨x, y⟩‖_{Lψ1 (K;dx)} ≤ c^′‖⟨x, y⟩‖_{L1(K;dx)} for every y ∈ R^n , where c^′ > 0 is an absolute constant. The ψ_1-estimate is best possible in full generality, but there exist bodies K which allow even a ψ_2-estimate (the cube and the ball are such examples).

In this situation, some of the cases were previously studied: the values 0 < p ≤ 1 can be treated with the methods developped in [BLM], while the case p = 2 was studied by Bourgain [B2] (see also [R]). Our general approach in Section 2 uses a combination of these arguments: in particular, Bourgain’s lemma 2.4 plays the key role.

1.4 In Section 3 we follow the same geometric approach for E^n_2 . The geometry involved is simpler here: the main advantages are the ψ_2-estimate for linear functionals (which comes from Khintchine’s inequality), and the fact that all vertices of the cube are at distance √ n from the origin. This allows us to recover all known results on p-distributions, as well as optimal estimates for the minimal cardinality of ψ_α-distributions. The following statement is true:

Theorem C. Let 0 < p < ∞ and δ ∈ (0, 1). There exists n_0(δ) such that, for every n ≥ n_0 a subset A ⊂ E^n_2 with m ≥ m_0 elements forms with probability greater than 1 − δ a p-distribution representing E^n_2 , where

m_0 = m_0(p, δ) = c(p, δ)n , if 0 < p ≤ 2 c(p, δ)n^{p/2} , if p > 2. (see also [Sc], [BGN], [BDGJN]).

Moreover, if γ > 0, α ∈ [1, 2], and n ≥ n_0(γ, δ), then a subset A of E^n_2 with |A| = m ≥ exp(γn^{α/2}) satisfies with probability greater than 1 − δ ‖⟨ε, y⟩‖_{Lψα (A)} ≤ C(δ) γ^{1/α} for every y ∈ S^{n−1}.

Observe the phase transition at p = 2: For p ∈ (0, 2] we get p-distributions with cardinality ≃ n (in the general case, up to a logarithmic term) while for p > 2, minimal p-distributions have cardinality ≃ n^{p/2}. The same phenomenon appears in several other questions of this nature. For example, in Section 4 we show that if N ≥ cn^{p∗} , p^∗ = max{1, p/2}, and {e_i}_{i≤N} is an orthonormal basis of R^N , then for a random E_n ∈ G_{N,n} the set { √ NP_{En} (e_i) : i = 1, . . . , N} forms a p-distribution on E_n with M ≤ c √ p, p ≥ 1. All these examples are connected with Dvoretzky’s theorem for ℓ^N_p spaces, where a similar behavior is observed. The precise relation will be discussed throughout the paper.

Finally, in Section 5 we study a different question on random points: we fix γ ∈ (0, 1) and show that m = exp(γn) points which are chosen uniformly and independently from a convex body K with centroid at the origin in R^n satisfy with probability greater than 1 − δ A = co{x_1, . . . , x_m} ⊇ c(δ)γK.

That is, any exponential number of random points from a convex body K creates a body which “represents” K in the distance sense. This question is naturally connected with the discussion in Section 2 (in particular, with Theorem B): every convex body K creates a log-concave measure μ_K , and a random set of exp(γn) points chosen from K creates a body equivalent to K and, at the same time, forms a ψ_1-distribution for μ_K .

1.5 We assume that R^n is equipped with a Euclidean structure ⟨·, ·⟩ and denote the corresponding Euclidean norm by | · |. D_n will be the Euclidean unit ball and S^{n−1} will be the unit sphere. We also write | · | for the volume (Lebesgue measure) in R^n , and for the cardinality of a finite set. The letters c, c^′, c_1, c_2 etc. will denote absolute positive constants which may change from line to line.

2 Log-concave probability measures satisfying a ψ_α-estimate

In this section we study the case of a log-concave Borel probability measure μ on R^n , which satisfies the isotropic condition ∫ R^n ⟨x, y⟩^2μ(dx) = L^2_μ , y ∈ S^{n−1} and a ψ_α-estimate with constant C_α ≥ 1 for some α ∈ [1, 2], i.e. ∫ R^n exp ( (|⟨x, y⟩|/C_αL_μ)^α ) ≤ 2 for every y ∈ S^{n−1}. Note that, by Borell’s lemma, μ always satisfies a ψ_1-estimate with an absolute constant C_1. We first collect some Lemmas about measures with these properties. The proofs are adaptations of analogous results for isotropic convex bodies.

2.1 Lemma. There exist absolute constants c_1, c_2 > 0 such that

c_1L_μ ≤ (∫ |⟨x, y⟩|^pμ(dx) )_{1/p} ≤ c_2C_α max{1, p^{1/α}}L_μ, for every p > 0 and y ∈ S^{n−1}.

Proof: The right hand side inequality is a direct consequence of the inequality e^x > x^k/k!, x > 0, k = 1, 2, . . .. For the left hand side inequality, we use the fact that, by a result of Latala [L], there exists an absolute constant c_1 > 0 such that c_1L_μ = c_1‖⟨x, y⟩‖_{L2(μ)} ≤ ‖⟨x, y⟩‖_{Lp(μ)} for every y ∈ R^n and 0 < p < 2. □

The function x → |x| satisfies a better estimate:

2.2. Lemma. There exists an absolute constant A > 0 such that ∫ nL_μD_n exp(|x|^2/A^2nL^2_μ)μ(dx) ≤ 2.

Proof: We follow Alesker’s argument from [A]. Since μ is log-concave, it satisfies a ψ_1-estimate with an absolute constant c > 0. By Lemma 2.1, this implies that ∫ R^n |⟨x, y⟩|^pμ(dx) ≤ c^p_1p^pL^p_μ for every y ∈ S^{n−1} and p ≥ 1. Integrating this inequality with respect to y, we obtain (∫ R^n |x|^pμ(dx) )_{1/p} ≤ c_2 √ nL_μ √ p ( 1 + p n ) . This means that, for p ≤ n, we have (∫ R^n |x|^pμ(dx) )_{1/p} ≤ c_3 √ p √ nL_μ. On the other hand, if p > n we obviously have (∫ nL_μD_n |x|^pμ(dx) )_{1/p} ≤ nL_μ ≤ √ p √ nL_μ. It follows that there is a constant A > 0 such that ∫ nL_μD_n ( e^{|x|2/A2 nL2μ} − 1 ) μ(dx) = ∞∑ p=1 ∫ nL_μD_n ( |x| A √ nL_μ )_{2p}

≤ ∞∑ p=1 p^p p! ( max{1, c_3} A )_{2p} ≤ 1. □

We will also make use of the following simple lemma: 2.3. Lemma. Let 0 < p ≤ α and y ∈ S^{n−1}. Then, ‖|⟨x, y⟩|^p/L^p_μ‖_{Lψ1 (μ)} ≤ 2C^p_α. Proof: For every s ≥ 1 we have ∫ R^n |⟨x, y⟩|^{αs} (C_αL_μ)^{αs} μ(dx) ≤ 2Γ(s + 1).

Now, if 0 < p ≤ α, ∫ R^n exp ( |⟨x, y⟩|^p 2C^p_αL^p_μ ) μ(dx) = 1 + ∞∑ k=1 1 k! ∫ R^n |⟨x, y⟩|^{pk} 2^kC^{pk}_α L^{pk}_μ μ(dx)

≤ 1 + ∞∑ k=1 Γ(^{pk}_α + 1) k!2^k ≤ 1 + ∞∑ k=1 1 2^k = 2

since Γ(^{pk}_α + 1) ≤ k!. □

In what follows, c_α(δ) denotes a positive constant bounded by c ( log(2/δ) )_{1/α} for δ ∈ (0, 1), where c > 0 is an absolute constant, not necessarily the same in each occurrence.

2.4. Lemma. [B2] Let δ ∈ (0, 1), and x_1, . . . , x_m be random points in (R^n , B, μ). If m ≤ cδ exp( √ n), then, with probability greater than 1 − δ we have |x_j | ≤ c_2(δ) √ nL_μ √ log m

for all j ∈ {1, . . . , m}, and | ∑ i∈E x_i| ≤ c_2(δ)L_μ √ log m √ |E| √ n + c_α(δ)C_αL_μ(log m)^{1/α}|E| for all E ⊆ {1, . . . , m}. Proof: Since μ is isotropic, we have ∫ R^n |x|^2μ(dx) = nL^2_μ. From Markov’s inequality we get μ(4 √ nL_μD_n) ≥ 15/16, and Borell’s lemma shows that μ(4t √ nL_μD_n) > 1 − c exp(−t) for every t > 1. It follows that, if m ≤ cδ exp( √ n), then m random points x_1, . . . , x_m satisfy with probability > 1 −^δ_4 x_i ∈ nL_μD_n, i = 1, . . . , m. Observe now that

Prob ( x /∈ At √ nL_μD_n | x ∈ nL_μD_n ) ≤ 2e^{−t2} /μ(nL_μD_n) ≤ ce^{−t2} since μ(nL_μD_n) ≥ c^′μ(4 √ nL_μD_n) for an absolute constant c^′ > 0 (if √ n ≥ 4 this is clear, otherwise it follows by the log-concavity of μ). Since the x_j ’s are chosen independently, we conclude that if t ≥ c_2(δ) √ log m, then

Prob ( ∀j ≤ m, x_j ∈ At √ nL_μD_n | ∀j ≤ m, x_j ∈ nL_μD_n ) > 1 − δ 4 .

Hence, with probability > 1 −^δ_2 we have |x_j | ≤ c_2(δ) √ nL_μ √ log m, j = 1, . . . , m. Let E ⊆ {1, . . . , m}. We write | ∑ i∈E x_i|^2 = ∑ i∈E |x_i|^2 + ∑ i≠j∈E ⟨x_i, x_j ⟩ ≤ c^2(δ)L^2_μn(log m)|E| + ∑ i≠j∈E ⟨x_i, x_j ⟩.

If δ_j takes the values 0 or 1 with probability 1/2, then E_{⃗δ} ⟨ m∑ i=1 δ_ix_i, m∑ j=1 (1 − δ_j )x_j ⟩ = 1 4 ∑ i≠j∈E ⟨x_i, x_j ⟩.

Therefore, we can find E_1, E_2 ⊂ E with |E_1| ≥ |E_2|, E_1 ∩ E_2 = ∅, E_1 ∪ E_2 = E, such that ∑ i≠j∈E ⟨x_i, x_j ⟩ ≤ 4⟨ ∑ i∈E_1 x_i, ∑ j∈E_2 x_j ⟩ ≤ 4 ∑ i∈E_1 |⟨x_i, ∑ j∈E_2 x_j ⟩|. Rewrite this last sum in the form ∑ i∈E_1 |⟨x_i, ∑ j∈E_2 x_j ⟩| = | ∑ j∈E_2 x_j | ∑ i∈E_1 |⟨x_i, y_{E2} ⟩|, where y_{E2} = ∑ j∈E_2 xj | ∑ j∈E_2 xj | , |y_{E2} | = 1. Observe that the set {x_i}_{i∈E1} is independent from y_{E2} , since E_1 ∩ E_2 = ∅. If we fix |E_1| = k, the number of possible E_1’s is bounded by m^{ck}, therefore, the ψ_1-estimate on linear functionals implies that

Prob ( ⃗x ∈ (R^n )^m : ∃E_1 ⊂ E, |E_1| = k, ∑ i∈E_1 |⟨x_i, y_{E2} ⟩| > tkC_αL_μ ) < m^{ck}e^{−cktα} .

This probability will be smaller than δ/2m if t ≃ (log m)^{1/α}. Doing this for k = 1, . . . , m, we see that (x_1, . . . , x_m) ∈ (R^n )^m satisfies with probability greater than 1 −^δ_2 the following: For every E ⊆ {1, . . . , m}, ∑ i≠j∈E ⟨x_i, x_j ⟩ ≤ c_α(δ)C_αL_μ(log m)^{1/α} max_{E1⊂E}{|E_1| | ∑ j∈E\E_1 x_j | }.

To finish the proof, fix s ∈ N and write A_s = max_{|F |≤s} | ∑ j∈F x_j |.

We have | ∑ i∈E x_i|^2 ≤ c^2(δ)L^2_μn(log m)|E| + c_α(δ)C_αL_μ(log m)^{1/α}|E|A_{|E|},

therefore A^2_{|E|} ≤ c^2(δ)L^2_μn(log m)|E| + c_α(δ)C_αL_μ(log m)^{1/α}|E|A_{|E|}, which implies A_{|E|} ≤ c_2(δ)L_μ √ n √ log m √ |E| + c_α(δ)C_αL_μ(log m)^{1/α}|E|. □ Remark: Borell’s lemma shows that, if we do not want to impose any restriction on m, then m random points x_1, . . . , x_m ∈ (R^n , B, μ) satisfy with probability greater than 1 − δ the inequality |x_j | ≤ c_1(δ) √ nL_μ log m, j = 1, . . . , m. Then, the proof of Lemma 2.4 gives | ∑ i∈E x_i| ≤ c_2(δ)L_μ log m √ |E| √ n + c_α(δ)C_αL_μ(log m)^{1/α}|E|

for all E ⊆ {1, . . . , m}. This observation will be useful for the proof of Theorem 2.14.

Our tool from probability theory will be several versions of Bernstein’s inequality:

2.5 Lemma. [BLM] Let {f_j }_{j≤m} be independent random variables with mean 0 on some probability space (Ω, μ).

(i) If ‖f_j ‖_1 ≤ 2 and ‖f_j ‖_∞ ≤ B, then, for every ε ∈ (0, 1),

Prob | m∑ j=1 f_j | > εm ≤ 2 exp(−ε^2m/8B).

(ii) If ‖f_j ‖_Lψ_{1 (μ)} ≤ A, j = 1, . . . , m, then, for every 0 < ε < 4A,

Prob | |^m ∑ j=1 f_j | |≥ εm ≤ 2 exp(−ε^2m/16A^2).

(iii) If ‖f_j ‖_Lψ_{2 (μ)} ≤ A, j = 1, . . . , m, then, for every ε > 0,

Prob | |^m ∑ j=1 f_j | |≥ εm ≤ 2 exp(−ε^2m/8A^2). □

We first study the cardinality of p-distributed sets for small values of p > 0:

2.6. Proposition. Let μ be an isotropic log-concave probability measure on R^n , which satisfies a ψ_α-estimate with constant C_α for some α ∈ [1, 2]. Let δ ∈ (0, 1) and 0 < p ≤ α. Assume that m ≥ c_1(δ)p^{−2}C^{2p}_α n. Then, m random points x_1, . . . , x_m ∈ (R^n , B, μ) satisfy with probability greater than 1 − δ

Γ_1L_μ ≤ 1 m m∑ j=1 |⟨x_j , y⟩|^p 1/p ≤ Γ_2L_μ,

for all y ∈ S^{n−1}, where Γ_1, Γ_2 > 0 are absolute constants.

Proof: Let θ ∈ (0, 1) to be determined later, and consider a θ-net N for S^{n−1} with cardinality |N | ≤ (3/θ)^n.

Fix y ∈ N and define f(x) = |⟨x, y⟩|^p L^pμ . We set f_j (x_1, . . . , x_m) = f(x_j ) − ∫ f on (R^n )^m. Since ∫ f ≤ 1, Lemma 2.3 shows that Ef_j = 0 , ‖f_j ‖_{Lψ1} ≤ 4C^p_α. Hence, Lemma 2.5(ii) implies that

Prob | | 1 m m∑ j=1 |⟨x_j , y⟩|^p − L^p_μ ∫ f | |≥ εL^p_μ ≤ 2 exp(−ε^2m/cC^{2p}_α ),

if 0 < ε < 1. This probability is smaller than δ/|N |, provided that m ≥ c_1(δ, θ)ε^{−2}C^{2p}_α n. Then, choosing ε = c^p_1p/4, for all y ∈ N we have

c^p_1(1 − p/4)L^p_μ ≤ 1 m m∑ j=1 |⟨x_j , y⟩|^p ≤ (1 + c^p_1p/4)L^p_μ, which implies

c_3L_μ ≤ 1 m m∑ j=1 |⟨x_j , y⟩|^p 1/p ≤ c_4L_μ.

To complete the proof, we choose θ = cδ and employ a standard successive approximation argument. □

2.7. Corollary. Let μ be an isotropic log-concave probability measure on R^n , δ ∈ (0, 1) and p ≥ 1. If m ≥ c_1(δ)n, then m random points x_1, . . . , x_m ∈ (R^n , B, μ) satisfy with probability greater than 1 − δ

Γ_1L_μ ≤ 1 m m∑ j=1 |⟨x_j , y⟩|^p 1/p ,

for all y ∈ S^{n−1}.

Proof: Obvious from Proposition 2.6, since every log-concave probability measure μ satisfies a ψ_1-estimate with a uniformly bounded constant C_1 ≥ 1, and the quantity

1 m m∑ j=1 |⟨x_j , y⟩|^p 1/p

is an increasing function of p. □

Proposition 2.6 settles our Question for 0 < p ≤ 1: the minimal cardinality of a random p-distribution for μ (0 < p ≤ 1) is proportional to n. Also, by Corollary 2.7 we only need to consider upper bounds when we ask about p-distributions with p ≥ 1: the lower bound holds with probability > 1 − δ if m ≥ c_1(δ)n.

In order to examine the case α < p, we follow Bourgain’s argument:

2.8. Lemma. Let μ be an isotropic log-concave probability measure on R^n which satisfies a ψ_α-estimate with constant C_α for some α ∈ [1, 2], and p ≥ 1. Fix δ ∈ (0, 1) and B > 0. If m ≥ c_1(δ)n(^B_{c1Lμ} )^p, then m random points x_1, . . . , x_m satisfy with probability greater than 1 − δ

1 m ∑ {j:|⟨x_j ,y⟩|≤B} |⟨x_j , y⟩|^p 1/p ≤ 2c_2p^{1/α}C_αL_μ

for all y ∈ S^{n−1}.

Proof: Let θ ∈ (0, 1), to be determined. There exists a θ-net N for S^{n−1} with cardinality |N | ≤ (3/θ)^n. Fix y ∈ N and let I_p(y) = ( ∫ |⟨z, y⟩|^pμ(dz))^{1/p}. We define f(x) = 1 I^p_p (y) |⟨x, y⟩|^pχ_{{z:|⟨z,y⟩|≤B}}(x) on R^n , and set f_j (x_1, . . . , x_m) = f(x_j ) − ∫ f on (R^n )^m. Since I_p(y) ≥ c_1L_μ, we have ‖f_j ‖_1 ≤ 2 , Ef_j = 0 , ‖f_j ‖_∞ ≤ ( B c_1L_μ )_p .

Applying Lemma 2.5(i) we get: for every ε ∈ (0, 1),

Prob 1 m m∑ j=1 f(x_j ) − ∫ f > ε ≤ exp ( −ε^2m/8(B/c_1L_μ)^p ) < δ/|N |,

provided that m ≥ c_1(δ, θ)ε^{−2}n (_B c_1L_μ )_p . This means that with probability greater than 1 − δ, 1 m ∑ {j:|⟨x_j ,y⟩|≤B} |⟨x_j , y⟩|^p 1/p ≤ (1 + ε)^{1/p}I_p(y)

for all y ∈ N . Choosing ε = θ = 1/4, using successive approximation for an arbitrary y ∈ S^{n−1}, and taking into account Lemma 2.1 we conclude the proof. □ 2.9. Lemma. Let μ be an isotropic log-concave probability measure on R^n which satisfies a ψ_α-estimate with constant C_α, let δ ∈ (0, 1), and x_1, . . . , x_m satisfying Lemma 2.4. If B ≥ 4c_α(δ)C_αL_μ(log m)^{1/α}, then

∑ {j:|⟨x_j ,y⟩|>B} |⟨x_j , y⟩|^p ≤ c^2(δ)h_pB^{p−2}L^2_μn log m , if 0 < p < 2

c^p_2(δ)h_pL^p_μ(n log m)^{p/2} , if p > 2

cL^2_μn log m log n , if p = 2.

The constant h_p satisfies 1 ≤ h_p ≤ max{2, min{|p − 2|^{−1}, log n}}. Proof: For every β ≥ β_0 = 4c_α(δ)C_αL_μ(log m)^{1/α} and y ∈ S^{n−1}, we define E_β (y) = {j ≤ m : |⟨x_j , y⟩| > β}. We can estimate the size of E_β (y) as follows: β|E_β | ≤ ∑ j∈E_β |⟨x_j , y⟩| ≤ max ε_j =±1,j∈E_β | ∑ ε_j x_j | ≤ 2 max_{F ⊆Eβ} | ∑ j∈F x_j | ≤ 2c_2(δ)L_μ √ log m √ n √ |E_β | + 2c_α(δ)C_αL_μ(log m)^{1/α}|E_β |

≤ 2c_2(δ)L_μ √ log m √ n √ |E_β | + β 2 |E_β |, from where we deduce that

β^2|E_β | ≤ c^2(δ)L^2_μn log m.

Note that this estimate is independent from the choice of y ∈ S^{n−1}. It follows that, if B ≥ β_0 then ∑ {j:|⟨x_j ,y⟩|>B} |⟨x_j , y⟩|^p = k_0−1∑

k=0 ∑ {j:2^k B<|⟨x_j ,y⟩|≤2^{k+1}B} |⟨x_j , y⟩|^p

≤ k_0−1∑

k=0 |E_2k_B |(2^{k+1}B)^p

≤ c^2(δ)L^2_μn(log m) k_0−1∑

k=0 (2^{k+1}B)^p (2^kB)^2

≤ 2^pc^2(δ)L^2_μn(log m)B^{p−2}

k_0 −1∑

k=0 2^{(p−2)k},

where k_0 is the least integer for which c_2(δ) √ nL_μ √ log m ≤ 2^{k0} B. Since B ≥ 4c_α(δ)C_αL_μ √ log m, we have k_0 ≤ c log n. We now conclude the proof by distinguishing cases about p:

If 0 < p < 2, the result follows with

h_p = k_0−1∑

k=0 2^{(p−2)k}.

If p > 2, then setting Δ^2 = c^2(δ)L^2_μn log m we have ∑ {j:|⟨x_j ,y⟩|>B} |⟨x_j , y⟩|^p ≤ 2^pΔ^2B^{p−2} 2^{k0(p−2)} 2^{p−2} − 1 ≤ 2^{p−2} 2^{p−2} − 1

(2Δ)^2B^{p−2} ( 2Δ B )_{p−2}

=: h_p(2Δ)^p. □

Our first result covers the case α < p < 2, where μ satisfies a ψ_α-estimate: 2.10. Proposition. Let μ be an isotropic log-concave probability measure which satisfies a ψ_α-estimate with constant C_α, and α < p < 2. Assume that m ≥ c^3_1(δ)h_pC^p_αn(log n)^{p/α}. Then, m random points x_1, . . . , x_m satisfy with probability > 1 − δ 1 m m∑ j=1 |⟨x_j , y⟩|^p 1/p ≤ 3L_μ for all y ∈ S^{n−1}.

Proof: Choose B = 4c_α(δ)C_αL_μ(log m)^{1/α}. From Lemma 2.8 we know that if m ≥ c_1(δ)h_pC^p_αn(log m)^{p/α}, then m random points x_1, . . . , x_m satisfy with probability greater than 1 − δ

1 m ∑ {j:|⟨x_j ,y⟩|≤B} |⟨x_j , y⟩|^p 1/p ≤ 2L_μ

for all y ∈ S^{n−1}. On the other hand, from Lemma 2.9 we have 1 m ∑ {j:|⟨x_j ,y⟩|>B} |⟨x_j , y⟩|^p ≤ 1 m c^2(δ)h_pc^{p−2}_α (δ)C^{p−2}_α L^{p−2}_K (log n)^{p−2α} L^2_μn log m

≤ (log n)^{α−2α} L^p_μ ≤ L^p_μ,

for suitably chosen c_3(δ). Adding, we see that

1 m m∑ j=1 |⟨x_j , y⟩|^p 1/p ≤ 3L_μ

for all y ∈ S^{n−1}. □

We now come to the case p = 2:

2.11. Proposition. Let μ be an isotropic log-concave probability measure on R^n . If m ≥ c^2_1(δ)n(log n)^2, then m random points x_1, . . . , x_m satisfy with probability > 1 − δ c_1L_μ ≤ 1 m m∑ j=1 ⟨x_j , y⟩^2 1/2 ≤ c_2L_μ for all y ∈ S^{n−1}. □

Proof: We choose B = 4c_2(δ)L_μ log m, and combine the estimates from Lemmas 2.8 and 2.9. □

Remark: In this case (p = 2) we can actually replace c_1 and c_2 by 1 − ε, 1 + ε respectively, if we choose m ≥ c(δ)ε^{−2}n(log n)^2 and repeat the argument in a suitable way (this is the question originally studied by Bourgain [B2] and Rudelson [R] for convex bodies: note that Bourgain’s method combined with Lemma 2.2 is enough for Rudelson’s estimate m = c(ε, δ)n(log n)^2).

The case p > 2 can be treated in a similar way. The estimate in Lemma 2.9 forces us to choose m ≥ c^p_2(δ)h_p(n log n)^{p/2}, and if B = 4c_2(δ)L_μ log m, then the hypotheses of Lemma 2.8 are satisfied, provided that n ≥ n_0. Therefore, we have the following result about the minimal cardinality of a p-distribution of points for μ:

2.12. Proposition. Let μ be an isotropic log-concave probability measure on R^n which satisfies a ψ_α-estimate with constant C_α for some α ∈ [1, 2], and p > 2. If cδ exp( √ n) ≥ m ≥ c^p_2(δ)h_p(n log n)^{p/2}, then m random points x_1, . . . , x_m ∈ (R^n , B, μ) satisfy with probability > 1 − δ

c_1L_μ ≤ 1 m m∑ j=1 |⟨x_j , y⟩|^p 1/p ≤ c_2C_αp^{1/α}L_μ. □

Remark: One may interpret all these results as giving random embeddings of ℓ^n_2 into ℓ^N_p , where N ≃ (n log n)^{p/2} when p > 2. The precision of Dvoretzky’s theorem is somehow lost: the subspaces are p^{1/α}-isomorphic to ℓ^n_2 and the dependence on n is worse because of the logarithmic term. But, the notion of “randomness” is different from the usual one. We obtain subspaces which are random with respect to the given log-concave measure.

From the above, we have the following general estimates for an isotropic log-concave probability measure μ:

2.13. Theorem. Let 0 < p < ∞ and δ ∈ (0, 1). There exists n_0(δ) such that, for every n ≥ n_0, every m ≥ m_0 and every isotropic log-concave probability measure μ on R^n which satisfies a ψ_α-estimate with constant C_α for some α ∈ [1, 2], m random points x_1, . . . , x_m ∈ (R^n , B, μ) form with probability greater than 1 − δ a (p, M)-distribution representing μ, where

m_0 = m_0(p, δ) = c(δ)p^{−2}n , if 0 < p ≤ 1

c(δ)h_pn(log n)^p , if 1 < p ≤ 2

c^p_2(δ)h_p(n log n)^{p/2} , if p > 2. □

Here, M is bounded by an absolute constant in the first two cases, while in the third one we may have ≃ p^{1/α} under the restriction m ≤ cδ exp( √ n), or ≃ p with no upper restriction on m.

Finally, we study the cardinality of a random ψ_1-distribution with respect to μ:

2.14. Theorem. Let μ be an isotropic log-concave probability measure on R^n , and γ ∈ (0, 1). If n ≥ n_0(γ) and m ≥ exp(γn), then m random points x_1, . . . , x_m satisfy with probability > 1 − δ 1 m m∑ j=1 e √ γ|⟨xj ,y⟩| c1(δ)Lμ ≤ 2

for every y ∈ S^{n−1}.

Proof: Let M = c^′_1(δ)L_μ/ √ γ (where the constant c^′_1(δ) is to be chosen) and B ≥ 4c_1(δ)C_1L_μ log m. Keeping the notation of Lemma 2.9 and taking into account the

Remark after Lemma 2.4, we estimate as follows: ∑ {j:|⟨x_j ,y⟩|>B} exp(|⟨x_j , y⟩|/M) = k_0 −1∑

k=0 ∑ {j:2^k B<|⟨x_j ,y⟩|≤2^{k+1}B} exp(|⟨x_j , y⟩|/M)

≤ c^2(δ)L^2_K n log^2 m

k_0 −1∑

k=0 exp(2^{k+1}B/M) (2^kB)^2 ≤ c^2(δ)L^2_μn log^2 m B^2 exp ( 2c_2(δ) √ nL_μ log m M )

≤ cn exp( √ γn log m/2). It follows that, if n ≥ n_0(γ) and m ≥ exp(γn), then 1 m ∑ {j:|⟨x_j ,y⟩|>B} exp(|⟨x_j , y⟩|/M) ≤ 1 2 .

On the other hand, by Lemma 2.1, ∫ exp ( |⟨x, y⟩|/M ) ≤ 5/4 for every y ∈ S^{n−1}.

For every B > 0, we define f(x) = exp(|⟨x, y⟩|/M) ∫ exp ( |⟨x, y⟩|/CL_μ ) χ_{{x:|⟨x,y⟩|≤B}}(x) and following the proof of Lemma 2.8 we get 1 m ∑ {j:|⟨x_j ,y⟩|≤B} exp ( |⟨x_j , y⟩|/M ) ≤ 3/2

for all y ∈ S^{n−1}, provided that

m ≥ c_1(δ)n exp ( B/M ) . We choose B = 4c_1(δ)C_1L_μ log m, and check that this restriction is satisfied. Adding the estimates above, we conclude the proof. □

Remark: Consider the case μ = μ_K , where K is an isotropic convex body in R^n . This means that |K| = 1, and ∫ K ⟨x, y⟩^2dx = L^2_K for every y ∈ S^{n−1}. Then, μ_K is an isotropic log-concave probability measure on R^n , and this implies that all the results of this Section are valid for points x_1, . . . , x_m chosen independently and uniformly from K. Moreover, all the results may be stated without the restriction m ≤ cδ exp( √ n), since a result of Alesker [A] shows that ‖⟨x, y⟩‖_{Lψ2 (K;dx)} ≤ A √ nL_K for an absolute constant A > 0 (which is a stronger statement than Lemma 2.2).

Observe that, in this case, there exists an absolute constant a > 0 such that μ(a √ nL_K D_n) ≤ a. Thus, for a random choice of points S = {x_1, . . . , x_m} in K there exists i ≤ m for which |x_i| ≥ a √ nL_K . Therefore, max y∈S^{n−1} ‖⟨x, y⟩‖_{Lp(S;μ(S))} ≥ |x_i| m^{1/p} ≥ a √ nL_K m^{1/p} for every p ≥ 2. It follows that a random p-distribution S for μ_K must have cardinality of order at least n^{p/2}. Hence, the estimates in Theorem 2.13 are optimal up to the logarithmic terms. We do not know if the estimate for m in Theorem 2.14 is also optimal.

3 Well distributed sets of vertices of the cube

Consider E^n_2 = {−1, 1}^n with the product measure μ(A) = |A|/2^n, A ⊂ E^n_2 , and write ϵ for an element of E^n_2 . The analogue of Lemma 2.1 in this case is Khintchine’s inequality:

3.1. Lemma. There exist absolute constants c_1, c_2 > 0 such that c_1|y| ≤ (∫ E^n_2 |⟨ϵ, y⟩|^pμ(dϵ) )_{1/p} ≤ max{1, c_2 √ p} |y| for every p > 0 and y ∈ R^n . □

Given δ ∈ (0, 1), we ask for the minimum value of m ∈ N which satisfies the following: with probability greater than 1 − δ, a subset A of E^n_2 with m elements is a p-distribution (analogously, a ψ_α-distribution) representing E^n_2 . The method used in the previous section allows us better estimates in this case, because the cube satisfies a ψ_2-estimate and has small diameter: Using the facts that |ϵ| = √ n for every ϵ ∈ E^n_2 and ‖⟨ϵ, y⟩‖_{Lψ2} ≤ c for every y ∈ S^{n−1}, we obtain the following analogue of Lemma 2.4:

3.2. Lemma. Let δ ∈ (0, 1) and ϵ_1, . . . , ϵ_m be random points in E^n_2 . With probability greater than 1 − δ we have | ∑ i∈E ϵ_i| ≤ √ n √ |E| + c_2(δ) √ log m|E| for all E ⊆ {1, . . . , m}. □ We will first consider the case 0 < p ≤ 2:

3.3. Proposition. Let p ∈ (0, 2] and δ ∈ (0, 1). If m ≥ c_1(δ)p^{−2}n, then a subset A of E^n_2 with |A| = m satisfies with probability > 1 − δ

c ≤ ( 1 |A| ∑ ϵ∈A |⟨ϵ, y⟩|^p )_{1/p} ≤ c^′ for every y ∈ S^{n−1}, where c, c^′ > 0 are absolute constants.

Proof: For every y ∈ S^{n−1} we have ‖⟨ϵ, y⟩‖_{Lψ2 (E}n_{2 ;μ)} ≤ c and ‖⟨ϵ, y⟩‖_2 = 1. By Lemma 2.3, ‖⟨ϵ, y⟩‖_{Lψ1 (E}n_{2 ;μ)} ≤ c^p. Then, we follow the proof of Proposition 2.6. □

For the case p > 2 we need the analogue of Lemma 2.9:

3.4. Lemma. Let ϵ_1, . . . , ϵ_m be as in Lemma 3.2. If B ≥ 4c_2(δ) √ log m, then ∑ {j:|⟨ϵ_j ,y⟩|>B} |⟨ϵ_j , y⟩|^p ≤ h_p(4n)^{p/2},

for every p > 2 and y ∈ S^{n−1}.

Proof: As in Lemma 2.9, we define E_β (y) = {j ≤ m : |⟨ϵ_j , y⟩| > β}. Then, for every β ≥ 4c_2(δ) √ log m and y ∈ S^{n−1} we have β^2|E_β (y)| ≤ n.

Let B ≥ 4c_2(δ) √ log m, and k_0 be the smallest integer for which 2^{k0} B ≥ √ n. Then, ∑ {j:|⟨ϵ_j ,y⟩|>B} |⟨ϵ_j , y⟩|^p = k_0−1∑

k=0 ∑ {j:2^k B<|⟨ϵ_j ,y⟩|≤2^{k+1}B} |⟨ϵ_j , y⟩|^p

≤ k_0−1∑

k=0 |E_2k_B |(2^{k+1}B)^p ≤ n

k_0 −1∑

k=0 (2^{k+1}B)^p (2^kB)^2 = 2^pnB^{p−2} k_0 −1∑

k=0 2^{(p−2)k} ≤ 2^pnB^{p−2} 2^{k0 (p−2)} 2^{p−2} − 1 ≤ 2^p 2^{p−2} − 1 nB^{p−2} ( 2 √ n B )_{p−2} = h_p(4n)^{p/2}. □

On the other hand, an adaptation of the proof of Lemma 2.8 gives: If m ≥ c(δ)n (_B c_1 )_p , then a subset A of E^n_2 with |A| = m satisfies with probability > 1 − δ

(∗) 1 |A| ∑ {ϵ∈A:|⟨ϵ,y⟩|≤B} |⟨ϵ, y⟩|^p 1/p ≤ c_4 √ p

for all y ∈ S^{n−1}. If we choose B = 4c_2(δ) √ log m and assume that n ≥ n_0(δ), then any m ≥ h_p(4n)^{p/2} satisfies our condition for (∗). Therefore, (∗) and Lemma 3.4 imply ( 1 |A| ∑ ϵ∈A |⟨ϵ, y⟩|^p )_{1/p} ≤ (c_4 + 1) √ p for every y ∈ S^{n−1}. The lower bound is clear from Proposition 3.3 and the monotonicity of our average in p. We summarize as follows:

3.5. Theorem. Let 0 < p < ∞ and δ ∈ (0, 1). There exists n_0(δ) such that, for every n ≥ n_0 a subset A ⊂ E^n_2 with m ≥ m_0 elements forms a p-distribution with probability greater than 1 − δ, where

m_0 = m_0(p, δ) = c(δ)p^{−2}n , if 0 < p ≤ 2

h_p(4n)^{p/2} , if p > 2. □

The next two lemmas will allow us to estimate the size of a ψ_α-distribution in E^n_2 : 3.6. Lemma. Let ϵ_1, . . . , ϵ_m be as in Lemma 3.2. Let α ∈ [1, 2] and M > 0. If B ≥ 4c_2(δ) √ log m > 2M, then ∑ {j:|⟨ϵ_j ,y⟩|>B} exp ( |⟨ϵ_j , y⟩|^α M^α ) ≤ exp ( 2^αn^{α/2} M^α ) ,

for all y ∈ S^{n−1}.

Proof: Keeping the notation of Lemma 3.4, we estimate as follows: ∑ {j:|⟨ϵ_j ,y⟩|>B} exp ( |⟨ϵ_j , y⟩|^α M^α ) = k_0−1∑

k=0 ∑ {j:2^k B<|⟨ϵ_j ,y⟩|≤2^{k+1}B} exp ( |⟨ϵ_j , y⟩|^α M^α )

≤ k_0−1∑

k=0 |E_2k_B | exp ( (2^{k+1}B)^α M^α )

≤ n B^2 k_0−1∑

k=0 2^{−2k} exp ( (2^{k+1}B)^α M^α )

≤ n 2^{2k0} B^2 exp ( (2^{k0} B)^α M^α ) , since B > 2M guarantees that the sum is dominated by the last term. On observing that 2^{k0} B ≤ 2 √ n, we conclude the proof. □ 3.7. Lemma. Let α ∈ [1, 2], δ ∈ (0, 1) and B > 0. If m ≥ c(δ)n exp ( (B/c)^α ) , then m random points ϵ_1, . . . , ϵ_m ∈ E^n_2 satisfy with probability greater than 1 − δ 1 m ∑ {j:|⟨ϵ_j ,y⟩|≤B} exp ( (|⟨ϵ_j , y⟩|/c)^α ) ≤ 3/2

for all y ∈ S^{n−1}.

Proof: There exists c > 0 such that ∫ E^n_2 exp ( (|⟨ϵ, y⟩|/c)^α ) ≤ 5/4 for every y ∈ S^{n−1} and α ∈ [1, 2]. We define f(x) = e(^{|⟨ϵ,y⟩|c} )^α ∫ E^n_2 exp ( (|⟨ϵ, y⟩|/c)^α ) χ_{{ζ:|⟨ζ,y⟩|≤B}}(ϵ) and follow the proof of Lemma 2.8. □ 3.8. Theorem. Let γ > 0, δ ∈ (0, 1) and α ∈ [1, 2]. If n ≥ n_0(γ, δ), then a subset A of E^n_2 with |A| = m ≥ exp(γn^{α/2}) satisfies with probability greater than 1 − δ ‖⟨ϵ, y⟩‖_{Lψα (A)} ≤ C(δ) γ^{1/α} for every y ∈ S^{n−1}.

Proof: We choose B = 4c_2(δ)γ^{12} n^{α4} , and M = 8c(δ)/γ^{1α} , where c_2(δ), c(δ) are the constants in Lemmas 3.6 and 3.7 respectively. By Lemma 3.6, ∑ {j:|⟨ϵ_j ,y⟩|>B} exp ( γ|⟨ϵ_j , y⟩|^α (8c(δ))^α ) ≤ exp ( γn^{α/2} (4c(δ))^α ) ≤ m/2,

if n ≥ n_0(δ, γ). We may also assume that exp(^γ_2 n^{α/2}) ≥ c(δ)n, therefore the condition for Lemma 3.7 becomes γ 2 n^{α/2} ≥ 1 2^α γ^{α2} n^{α24} ,

which is obviously satisfied since α ≤ 2. Hence, Lemma 3.7 gives ∑ {j:|⟨ϵ_j ,y⟩|≤B} exp ( γ|⟨ϵ_j , y⟩|/(8c(δ))^α ) ≤ 3m/2.

Adding the estimates, we conclude the proof with C(δ) = 8c(δ). □ Remark: The estimates in Theorems 3.5 and 3.8 are optimal (see the Remark after Theorem 2.14).

4 Random projections onto n-dimensional subspaces

In this Section we discuss a different type of question, which reflects the same geometry. We are going to present two formulations of the problem:

(a) Let N > n, and consider an orthonormal basis of R^N . For every U = (u_{ij} ) in the orthogonal group O(N), define

v_i = √ NP_nU^∗(e_i) = ( √ Nu_{ij} )_{j≤n} , i = 1, . . . , N, where P_n denotes the orthogonal projection of R^N onto R^n . Let V = {v_1, . . . , v_N }. Using the orthogonality of U, we easily check that

‖⟨v, y⟩‖_{L2(V ;μ(V ))} = ( 1 N N∑ i=1 ⟨v_i, y⟩^2 )^1_2 = N∑ i=1 ( n∑ j=1 u_{ij} y_j )^2 1 2 = |y| for every y ∈ R^n . The question is: given p ≥ 1, find the minimal value N(p) of N > n for which a random (with respect to U ∈ O(N)) set V = V (U) as above is a (p, M)-distribution for some good constant M ≥ 1. The answer is given by the following fact:

4.1. Theorem. For every λ > 1 there exists c(λ) > 0 such that: if N ≥ λn, then a random U ∈ O(N) satisfies ‖⟨v, y⟩‖_{L1(V,μ(V ))} ≥ c(λ) for every y ∈ S^{n−1}. If p > 2 and N ≥ cn^{p/2}, then a random U ∈ O(N) satisfies ‖⟨v, y⟩‖_{Lp(V,μ(V ))} ≤ c √ p for every y ∈ S^{n−1}, where c > 0 is an absolute constant.

Proof: Let U ∈ O(N). Then, U induces a random embedding of R^n into R^N , given by y → (⟨v_i, y⟩)_{i≤N} = √ NUy. For every y ∈ R^n and every p ≥ 1 we have ( 1 N N∑ i=1 |⟨v_i, y⟩|^p )_{1/p} = N^{12 − 1p} ‖U(y)‖_p.

Now, Dvoretzky’s theorem for ℓ^N_p , p > 2 shows that if N ≥ cn^{p/2}, then for a random U ∈ O(N) we will have

N^{12 − 1p} ‖U(y)‖_p ≤ 2N^{12 − 1p} M_p|y|

for every y ∈ R^n , where

M_p = ∫ S^{n−1} ‖x‖_pσ(dx) ≤ c √ pN^{1p − 12} . This shows that ‖⟨v, y⟩‖_{Lp(V,μ(V ))} ≤ c √ p for every y ∈ S^{n−1}. The proof of the other inequality is analogous: we now use the fact (first proved by Kashin [Ka]) that, for every ρ ∈ (0, 1), a random ρN-dimensional subspace of ℓ^N_1 is C(ρ)-Euclidean (see also [STJ], or [Pi, Chapter 6]). □ For every p ≥ 1, we define p^∗ = max{1, p/2}. Then, combining the two estimates in Theorem 4.1 we obtain:

4.2. Corollary. Let p ≥ 1 and N ≥ cn^{p∗} . Then, a random U ∈ O(N) satisfies ‖⟨v, y⟩‖_{Lp(V,μ(V ))} ≤ c √ p ‖⟨v, y⟩‖_{L1(V,μ(V ))} for every y ∈ R^n , where V = { √ NP_nU^∗(e_i) : i = 1, . . . , N}. □

Observe that we have a phase transition at p = 2, which is a consequence of the corresponding change of behavior in Dvoretzky’s theorem for ℓ^N_p .

(b) Another interpretation of the same fact: Let N > n and consider an orthonormal basis {e_i}_{i≤N} of R^N . For every n-dimensional subspace E_n ∈ G_{N,n}, define the vectors w_i = √ NP_{En} (e_i) , i = 1, . . . , N, and write W = W (E_n) for the set {w_1, . . . , w_N }. Given p ≥ 1, the question is to find N(p) such that: if N ≥ N(p), then a random E_n ∈ G_{N,n} satisfies ‖⟨w, y⟩‖_Lp_{(W,μ(W ))} ≤ c √ p ‖⟨w, y⟩‖_L1_{(W,μ(W ))} for every y ∈ E_n. The isotropic condition is now coming from the observation that ‖⟨w, y⟩‖^2_{L2(W,μ(W ))} = N∑ i=1 ⟨P_{En} (e_i), y⟩^2 = |y|^2 for every E_n ∈ G_{N,n} and y ∈ E_n.

Observe that there is a natural correspondence between the sets V (U) in (a) and the sets W (E_n) in (b): in the first case we project a random orthonormal basis of R^N onto a fixed n-dimensional subspace, while in the second case we project a fixed orthonormal basis onto a random subspace. As expected, the estimates for N(p) in case (b) are similar to the ones in Corollary 4.2:

4.3. Theorem. Let N ≥ N(p), where N(p) ≃ n^{p∗} , p^∗ = max{1, p/2}. Then, a random E_n ∈ G_{N,n} satisfies ‖⟨v, y⟩‖_{Lp(V,μ(V ))} ≤ c √ p ‖⟨v, y⟩‖_{L1(V,μ(V ))} for all y ∈ E_n, where V = { √ NP_{En} (e_i) : i = 1, . . . , N}. □ (c) One can also study the minimal value N(α), α ∈ [1, 2], of N > n for which a random set V = V (U) or W = W (E_n) forms a ψ_α-distribution (in the notation of (a) and (b) respectively). The argument will be exactly as in the proof of Theorem 4.1. We will have to use Dvoretzky’s theorem for ℓ^N_{ψα} : a direct computation of the quantity k(α, N) = n(M/b)^2 where M = ∫ S^{n−1} ‖x‖ℓ^N_{ψα} σ(dx) and b = max{‖x‖ℓ^N_{ψα} : x ∈ S^{n−1}}, and the fact that k(α, N) determines (up to a constant) the maximal dimension for which a random subspace of ℓ^N_{ψα} is 4-Euclidean, will give the relation between N(α) and n. We have k(α, N) ≃ (log N)^{2/α}, and need k(α, N) ≃ n, therefore N ≃ exp(n^{α/2}):

4.4 Theorem. Let N ≥ c(δ) exp(n^{α/2}). Then,

(i) With probability greater than 1 − δ, an orthogonal transformation U ∈ O(N) satisfies ‖⟨v, y⟩‖_{Lψα (V,μ(V ))} ≤ c ‖⟨v, y⟩‖_{L1(V,μ(V ))} for every y ∈ R^n , where V = { √ NP_nU^∗(e_i) : i = 1, . . . , N}. (ii) With probability greater than 1 − δ, a subspace E_n ∈ G_{N,n} satisfies ‖⟨v, y⟩‖_{Lψα (V,μ(V ))} ≤ c ‖⟨v, y⟩‖_{L1(V,μ(V ))} for all y ∈ E_n, where V = { √ NP_{En} (e_i) : i = 1, . . . , N}. □ 5 Convex hull of random points inside a convex body: distance estimates

In this Section we consider the following question: Let K be a convex body with centroid at the origin in R^n , and let δ ∈ (0, 1). We fix γ ∈ (0, 1) and choose N = exp(γn) points x_1, . . . , x_N , uniformly and independently from K. The quantity we want to estimate is α = α(δ, γ), the smallest positive number for which co(x_1, . . . , x_N ) ⊃ αK with probability greater than 1 − δ. We may clearly assume that K is isotropic with centroid at the origin, in which case we can make use of the fact that (∗) c_1 n D_n ⊆ c^′_1 n L_K D_n ⊆ K ⊆ (n + 1)L_K D_n ⊆ c_2n^{3/2}D_n.

The support function of K is defined by h_K (y) = max_{x∈K} ⟨x, y⟩. We will need the following simple lemma:

5.1. Lemma. Let K be an isotropic convex body in R^n , with centroid at the origin. For every θ ∈ S^{n−1} define f_θ(t) = |K ∩ (θ^⊥ + tθ)|. Then, for every ε ∈ (0, 1) we have ∫_{hK (θ)} εh_K (θ) f_θ(t)dt ≥ c n^2

(1 − ε)^n.

Proof: By the Brunn-Minkowski inequality f^{1/(n−1)}_θ is concave, and f_θ(s) = 0 for every s > h_K (θ). Therefore, f_θ(t) ≥ ( 1 − t h_K (θ) )_{n−1} f_θ(0),

and, integrating on [εh_K (θ), h_K (θ)], we get ∫_{hK (θ)} εh_K (θ) f_θ(t)dt ≥ f_θ(0)h_K (θ) n (1 − ε)^n.

But f_θ(0) ≥ ‖f_θ‖_∞/e (see [MM]), and (n + 1)‖f_θ‖_∞h_K (θ) ≥ |K| = 1 because K has its centroid at the origin. Hence, the lemma follows. □

5.2. Theorem. Let γ ∈ (0, 1) and K be an isotropic convex body with centroid at the origin in R^n . For every δ ∈ (0, 1), m = exp(γn) points x_1, . . . , x_m chosen uniformly and independently from K, satisfy with probability greater than 1 − δ K ⊃ co(x_1, . . . , x_m) ⊃ c(δ)γK. Proof: Let η ∈ (0, 1) to be determined, and consider an η-net N for S^{n−1}, with |N | ≤ exp(n log(3/η)). For every θ ∈ N we have Prob (x ∈ K : ⟨x, θ⟩ < εh_K (θ)) < 1 − c(1 − ε)^n n^2 by Lemma 5.1. Hence, m random points x_1, . . . , x_m from K will satisfy max_{j≤m} ⟨x_j , θ⟩ < εh_K (θ) with probability smaller than ( 1 − c(1 − ε)^n n^2 )_m ≤ exp(−cm(1 − ε)^n/n^2). Therefore, if we set A = co(x_1, . . . , x_m), we will have with probability greater than 1 − δ h_A(θ) ≥ εh_K (θ) for all θ ∈ N , provided that

m ≥ c(δ) log(3/η)n^3 exp(2εn).

Then, the triangle inequality and (∗) show that h_A(θ) ≥ ( ε − c_2n^{5/2}η c_1 ) h_K (θ) ≥ ε 2 h_K (θ)

for all θ ∈ S^{n−1}, that is, K ⊃ A ⊃ ε 2 K, provided that η ≃ εn^{−5/2}, which gives the restriction m ≥ c(δ) log(3n^{5/2}/ε)n^3e^{2εn}. Putting m = exp(γn) and choosing the best ε, we conclude the proof. □ An inspection of the argument above shows that if we want A to be very close to K in the distance sense, we still have an estimate of the number of points needed: 5.3 Proposition. Let K be an isotropic convex body with centroid at the origin in R^n . For every δ, ε ∈ (0, 1), m points x_1, . . . , x_m chosen uniformly and independently from K, satisfy with probability greater than 1 − δ K ⊃ co(x_1, . . . , x_m) ⊃ (1 − ε)K, provided that m ≥ c(δ)(c/ε)^n. □

References

[A] S. Alesker, ψ2-estimate for the Euclidean norm on a convex body in isotropic position, Oper. Theory Adv. Appl. 77 (1995), 1-4.

[B1] J. Bourgain, On the distribution of polynomials on high dimensional convex sets, Lecture Notes in Mathematics 1469, Springer, Berlin (1991), 127-137.

[B2] J. Bourgain, Random points in isotropic convex sets, Convex Geometric Analysis, Math. Sci. Res. Inst. Publ. 34 (1999), 53-58.

[BGN] G. Bennett, V. Goodman and C.M. Newman, Norms of random matrices, Pacific J. Math. 59, No. 2, (1975), 359-365.

[BLM] J. Bourgain, J. Lindenstrauss and V.D. Milman, Minkowski sums and symmetrizations, Lecture Notes in Mathematics 1317 (1988), 44-66.

[BDGJN] G. Bennett, L.E. Dor, V. Goodman, W.B. Johnson and C.M. Newman, On uncomplemented subspaces of Lp, 1 < p < 2, Israel J. Math. 26 (1977), 178- 187.

[GM] M. Gromov and V.D. Milman, Brunn theorem and a concentration of volume phenomenon for symmetric convex bodies, GAFA Seminar Notes, Tel Aviv University (1984).

[H] U. Haagerup, The best constants in the Khintchine inequality, Studia Math.

70 (1982), 231-283.

[Ka] B.S. Kashin, Sections of some finite-dimensional sets and classes of smooth functions, Izv. Akad. Nauk. SSSR Ser. Mat. 41 (1977), 334-351.

[L] R. Latala, On the equivalence between geometric and arithmetic means for logconcave measures, Convex Geometric Analysis, MSRI Publications 34 (1998), 123-128.

[Mi] V.D. Milman, The heritage of P. Lévy in geometrical functional analysis, Astérsque 157-8 (1988), 273-301.

[MM] E. Makai, Jr. and H. Martini, The cross-section body, plane sections of convex bodies and approximation of convex bodies, I, Geom. Dedicata 63 (1996), 267- 296.

[MP] V.D. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids of the unit ball of a normed n-dimensional space, Lecture Notes in Mathematics 1376, Springer, Berlin (1989), 64-104.

[MS] V.D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed Spaces, Lecture Notes in Mathematics 1200 (1986), Springer, Berlin.

[Pi] G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Tracts in Mathematics 94 (1989).

[R] M. Rudelson, Random vectors in isotropic position, J. Funct. Anal. 164 (1999), 60-72.

[Sc] G. Schechtman, Random embeddings of Euclidean spaces in sequence spaces, Israel J. Math. 40 (1981), 187-192.

[Sz] S.J. Szarek, On the best constant in the Khintchine inequality, Studia Math.

58 (1976), 197-208.

[STJ] S.J. Szarek and N. Tomczak-Jaegermann, On nearly Euclidean decompositions of some classes of Banach spaces, Compositio Math. 40 (1980), 367-385.

[T1] M. Talagrand, Concentration of measure and isoperimetric inequalities in product spaces, IHES Publications 81 (1995), 73-205.

[T2] M. Talagrand, An isoperimetric theorem on the cube and the Khintchine- Kahane inequalities, Proceedings of the AMS 104, No. 3 (1988), 905-909.

A.A. Giannopoulos: Department of Mathematics, University of Crete, Iraklion, Greece. E-mail: apostolo@math.uch.gr

V.D. Milman: Department of Mathematics, Tel Aviv University, Tel Aviv, Israel. E-mail: vitali@math.tau.ac.il