
A note on a problem of H. Busemann andC.M. Petty 
on
erning se
tions ofsymmetri
 
onvex bodiesA. GiannopoulosAbstra
tLet An(a; b) = f(xi) 2 Rn : Pn�1i=1 jxij2 � a2; jxnj � bg. It is provedthat for suitable a and b, n � 7, one 
an have Vn(An) = Vn(Bn) andVn�1(H \ An) < Vn�1(H \ Bn) for every (n � 1)-dimensional subspa
e Hof Rn , where Bn is the unit ball of Rn . This strengthens previous negativeresults on a problem of H. Busemann and C.M. Petty.
1 Introdu
tionIn [1℄ Busemann and Petty asked the question: \Let A;B be two 
onvex symmetri
bodies in Rn with their 
ommon 
entre of symmetry at the origin. If, for ea
h(n � 1)-dimensional subspa
e H of Rn , Vn�1(H \ A) < Vn�1(H \ B), is it thentrue that Vn(A) < Vn(B) ?" (Vk is the k-dimensional volume fun
tion). If n = 2,it is 
lear that this is true. However, in [2℄, Larman and Rogers showed that theabove assertion is false for n � 12. In their 
ounterexample, B is the ball of Rn ,while the existen
e of A is established by probabilisti
 arguments. Ball [3℄ showedthat if Qn = [� 12 ; 12 ℄n is the unit 
ube of Rn , then Vn�1(H \ Qn) � p2 for every(n�1)-dimensional subspa
e H of Rn , and in [4℄ he observed that his result impliesa negative answer to the problem of Busemann and Petty for n � 10 (with A = Qn,B the ball of volume 1).In this note we give an elementary 
ounterexample for n � 7, by 
onsideringthe se
tions of 
ylinders of the formAn(a; b) = f(xi) 2 Rn : n�1Xi=1 jxij2 � a2; jxnj � bg;for suitable a; b > 0. 1



2 Se
tions of An(a; b)We shall use the notation vk = �k=2=�(1 + 12k) for the volume of the unit ball ofRk , feigi�k for the usual basis of Rk andIk = Z 1�1(1� t2) k�12 dt = Z �2��2 
osk � d� = vkvk�1 :We �rst prove the following.Proposition 2.1 LetAn(a; b) = f(xi) 2 Rn : n�1Xi=1 jxij2 � a2; jxnj � bg; n � 3;m = �ab�2 and f(x) =p1 +mx2 1x Z x0 (1� t2)n�22 dt; 0 < x � 1; f(0) = 1:Then, supH Vn�1(H \ An) = 2vn�2an�2b sup f(x);where H runs over all (n� 1)-dimensional subspa
es of Rn .Proof: Let H be an (n�1)-dimensional subspa
e of Rn and u = (u1; : : : ; un) be theunit ve
tor normal to H . We 
an 
learly assume that un > 0. Set '0 = ar

ot(a=b)and 'u = ar

osun. As we shall see, Vn�1(H \ An) depends only on junj.We examine two 
ases separately.(i) 0 � 'u � '0, that is 
ot2 'u � a2=b2 or junj � a=(a2+b2)1=2. Let Pn : Rn ! Rnbe the orthogonal proje
tion onto the subspa
e fx : hx; eni = 0g. It is easy to seethat Pn(H \An) = Bn�1(a) = f(xi) 2 Rn : n�1Xi=1 jxij2 � a2; xn = 0g:So,(1) Vn�1(H \ An) = 1jhu; enijVn�1[Pn(H \ An)℄ = 1junjvn�1an�1� vn�1an�2(a2 + b2)1=2 = 2vn�2an�2bf(1):(ii) '0 � 'u � �2 , that is a2 � 
ot2 'ub2. Letv = 1p1� u2n (u1; : : : ; un�1; 0); jtj � b;and Pv : Rn ! Rn be the orthogonal proje
tion onto the subspa
e fx : hx; vi = 0g.2



We set [Pv(H \ An)℄t = Pv(H \ An) \ fx : xn = tg. If x 2 H \ An; xn =t;Pi�n�1 jxij2 = d2 � a2, then Pv(x) = x� hx; viv = x+ (t 
ot'u)v and kPv(x)�tenk2 = d2 � t2 
ot2 'u. It is also 
lear that Pv(x) � ten 2 [v; en℄?.Conversely, if hy; ui = 0; yn = t; ky � tenk2 = d2 � t2 
ot2 'u, then x = y �(t 
ot'u)v 2 H \ An; xn = t;Pi�n�1 jxij2 = d2 and Pv(x) = y. So, [Pv(H \ An)℄tis an (n � 2)-dimensional ball of radius (a2 � t2 
ot2 'u)1=2, 
entered on ten andlying on ten + [v; en℄?.It follows thatVn�1(Pv(H \ An)) = vn�2 Z b�b(a2 � 
ot2 'ut2)n�22 dt;and(2) Vn�1(H \ An) = 1jhu; vijvn�2 Z b�b(a2 � 
ot2 'ut2)n�22 dt= 1sin'u vn�2 Z b�b(a2 � 
ot2 'ut2)n�22 dt=q1 + 
ot2 'uvn�2 Z b�b(a2 � 
ot2 'ut2)n�22 dt:Now, setting x = (b=a) 
ot'u, (2) be
omes(3) Vn�1(H \ An) =p1 +mx2 vn�2an�2b Z 1�1(1� x2t2)n�22 dt=p1 +mx2 vn�2an�2b 1x Z 1�1(1� t2)n�22 dt = 2vn�2an�2b f(x):On observing that '0 � 'u � �=2 is equivalent to 0 � x � 1, the result followsfrom (1) and (3). 23 Case of n � 8Consider two sequen
es, pn = (In=In�1)n�1 and sn = pnIn. As Ball shows in[4℄, pn is de
reasing. We set tn = sn+1=sn. Then tn ! 1 and sin
e In+2 =((n+ 1)=(n+ 2)) In we havetn+2tn = � n(n+ 2)(n+ 1)(n+ 3)�1=2 n+ 2n+ 1 < 1:So tn > 1, i.e, sn is in
reasing. By Stirling's formula, sn ! p2�.Lemma 3.1 Let f be as in Proposition 2.1. Then f is de
reasing on [0; 1℄ if andonly if m � n�23 (n � 4). 3



Proof: Di�erentiating we see that f is de
reasing if and only if(4) x(1 +mx2)(1� x2)n�22 � Z x0 (1� t2)n�22 dt; 0 � x � 1:We set g(x) = x(1 +mx2)(1� x2)n�22 � Z x0 (1� t2)n�22 dt;and observe that g0(x) � 0 if and only if 3m(1 � x2) � (n � 2)(1 +mx2). Sin
eg(0) = 0, (4) is true if and only if m � n�23 . 2Lemma 3.2 Suppose that n � 8. We 
an 
hoose a and b so that(i) Vn(An(a; b)) = vn,(ii) 2vn�2an�2b f(0) < vn�1, and(iii) m � n�23 .Proof: Sin
e(5) Vn(An(a; b)) = 2vn�1an�1b;(i) is true if an�1b = In=2. In view of (5), (ii) is satis�ed if vn�2In=a < vn�1, i.e, if(6) a > In=In�1:Set a = In=In�1. From (5),(7) m = �ab�2 = �2anIn �2 = "2� InIn�1�n�1 1In�1#2 = � 2pnIn�1�2 :So, if (iii) is to be true, we must have(8) 2pn <rn� 23 In�1; or 2pn < 1p3rn� 2n� 1sn�1:Now, the sequen
e on the left is de
reasing, while the one on the right is in-
reasing. So, we only need to 
he
k the inequality for n = 8.But, 2p8 = 2�I8I7�7 = 2�1225�4096 �7 ' 1:29274 : : : ;while p2I7 = p2 3235 ' 1:29299 : : : :It is now 
lear that 
hoosing a slightly larger than In=In�1 and b from (5), 
onditions(i)-(iii) are satis�ed. 2Proposition 2.1 and the above two lemmas imply our 
ounterexample for n � 8:4



Theorem 3.1 LetAn(a; b) = f(xi) 2 Rn : Xi�n�1 jxij2 � a2; jxnj � bg; n � 7:We 
an 
hoose a; b > 0 so that(i) Vn(An(a; b)) = vn,(ii) for ea
h (n� 1)-dimensional subspa
e H of Rn , Vn�1(H \ An) < vn�1. 2Note that in our example (n � 8), Vn�1(H \ An) is a de
reasing fun
tion of junj,where u = (u1; : : : ; un) is the unit ve
tor normal to H .4 Case of n = 7If 3 � n � 7, 
onditions (i)-(iii) of Lemma 3.2 are in
ompatible. However, in 
asen = 7, we 
an also �nd a and b for whi
h the theorem is true.Let C = supH V6(H \ A7(a; b)). From V7(A7(a; b)) = v7, we get(9) a6b = 12I7;and hen
e 2v5a5b = v6 I7I6 1a , and m = �2a7I7 �2, i.e,(10) a = �I72 �1=7m1=14:So, by Proposition 2.1,Cv6 = I7I6 � 2I7�1=7 1m1=14 sup0�x�1p1 +mx Z 10 (1� xt2)5=2dt:Now, (1� xt2)5=2 = 1Xn=0�5=2n �(�1)nxnt2n � 1� 52xt2 + 158 x2t4;and hen
e Z 10 (1� xt2)5=2dt � 1� 56x+ 38x2:Let rm(x) = p1 +mx �1� 56x+ 38x2�. One must 
hoose m su
h thatI7I6 � 2I7�1=7 1m1=14 sup0�x�1 rm(x) < 1:This 
an be done with m a little larger than 53 = n�23 . For example, if we look formsu
h that sup0�x�1 rm(x) = rm(1=20), then, as we 
an easily see by di�erentiating5



rm, m = m0 with m0 = 3056=1689 (for this value of m, rm has two lo
al maxima:rm(1=20) > 1 and rm(1) < 1).On observing that the numberI7I6 � 2I7�1=7 1m1=140 rm0 � 120� = � 512175���3516�1=7�16893056�1=14 �3683633780�1=2�92099600�' 0:999998 : : : is smaller than 1, we 
on
lude the proof for n = 7. 2A
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