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Abstract

Let p be an even compactly supported Borel probability measure on
the real line. For every N > n consider N independent random vectors
X1,...,Xn in R", with independent coordinates having distribution pu.
We establish a sharp threshold for the volume of the random polytope
Ky = conv{X17 . XN}, provided that the Legendre transform A of the
cumulant generating function of u satisfies the condition

 —Inpu([z,00)
lim ——————%* =1,

() ala @)

where « is the right endpoint of the support of u. The method and the result

generalize work of Dyer, Fiiredi and McDiarmid on 0/1 polytopes. We verify
(x) for a large class of distributions.
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1 Introduction

Our starting point is work of Dyer, Fiiredi and McDiarmid, establishing a sharp
threshold for the expected volume of random 41 polytopes. The method they
introduced in [6] proved to be extremely useful and accurate; for example, it also
plays a key role in the approach introduced by Bérdny and Pér in [2] in order to
establish that there exist +1 polytopes with a superexponential number of facets,
which was further developed in [8] and [9].

We will work in a more general framework which we now describe. Let o be an
even, compactly supported, Borel probability measure on the real line, and consider
a random variable X, on some probability space ({2, F, P), with distribution p, i.e.,
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(EPEAEK II) “Pythagoras I1”.



u(B) := P(X € B), B € B(R). To avoid trivialities, we assume that Var(X) > 0.
In particular, we then have that

(1.1) p=np(p) = r;lgﬂicP(X =z) <L
Let also
(1.2) a = a(p) :=sup{z € R: pu([z,00)) > 0})

be the right endpoint of the support of u.

Let X1,...,X, be independent and identically distributed random variables,
defined on the product space (27, F®™ P") each with distribution p. Set X =
(X1,...,X,) and, for a fixed N satisfying N > n, consider N independent copies
X4,...,Xn of X, defined on the product space (2", F€"N Prob). This proce-
dure defines the random polytope

(1.3) Ky ::conV{Xl,...,XN}.

Observe that Ky C [—a, @] almost surely.

Let o(t) := E(etX ) (t € R) denote the moment generating function of X,
and let ¢ (t) := In p(¢) be its cumulant generating function (or logarithmic moment
generating function). By Holder’s inequality, ¥ is a convex function on R. Consider
the Legendre transform A of ¢; this is the function

(1.4) Az) = sup{tz — (t): t € R}.
Define
(1.5) k= k(p) = i /:1 Az)dx.

For a large class of distributions p we will establish the following threshold for the
expected volume of Kp: for every € > 0,

(1.6) nILH;o sup{(2a)""E(]Kn|): N <exp((k —e)n)} =0
and
(1.7) nlgr;o inf{(2a)""E(|Kn]|): N Z exp((k +¢)n)} = 1.

Dyer, Fiiredi and McDiarmid [6] studied the following two cases:

[DFM 1] If p({1}) = p({—1}) = 3 then ¢(t) = In(cosht). Then, A: (-1,1) > R
is given by

(1.8) Mz)=1(1+42)In(1+z)+ 3(1 —2)In(1 — 2),

and (1.6)—(1.7) hold with x =In2 — £. This is the case of +1 polytopes.



[DFM 2] If p is the uniform distribution on [—1, 1], then v (¢) = In(sinh¢/t), and
(1.6)~(1.7) hold with

0 ()

We establish the following result:

Theorem 1.1. Let p be an even, compactly supported, Borel probability measure

on the real line and assume that 0 < k(u) < co. Then (1.6) holds for every e > 0.

Furthermore, (1.7) holds for every e > 0 whenever the distribution p satisfies
—lnP(X > x)

1.10 lm— > =1
(1.10) sla A@)

Note 1. One always has x(u) > 0 under our assumptions. Furthermore, our proof
will show that in fact (1.6) remains valid even when k(u) = oo, in the following
sense: sup{(2a) "E(|Ky|): N < €™} — 0 as n — oo, for any r > 0.

Note 2. Notice also that, in the presence of (1.10),

«
(1.11) k() < 00 <= —InP(X > z)dx < oo,

—Q
giving a criterion for the existence of a threshold for the volume directly in terms
of the distribution function of pu.

We next address the question of which probability measures p satisfy condition
(1.10). Of course, as is well known, one always has that —In P(X > z) > A(x) for
x € (0, «) under our assumptions on p (see Proposition 2.6). On the other hand, it
is not too hard to see that (1.10) does not hold for arbitrary compactly supported
distributions g — an example is provided in the last section, at the end of the
paper. We shall verify it for a large class of compactly supported distributions,
however. To begin with, we first recall the following definition (cf. [7, p. 276]).

Definition 1.2. A measurable function L: (0,00) — (0,00) is slowly varying at
zero if, for any a > 0, L(ax)/L(z) — 1 as « | 0. As this property is not affected by
the values of L on any interval of the form [b, c0), we shall take it as a requirement
of the definition that such a function is bounded on intervals of the form [b,d’] with
0<b<d <oo.

We shall also use the following notation:

Notation. For functions f,g: J — (0,00), where .J is an interval in R, and uo € J,
f(u) ~ g(u) as u — ug means that lim, ., f(u)/g(uw) = 1. In this paper, the
notation f(u) ~ g(u) as u — ug shall mean that there exist a neighborhood U of
up and constants ¢; > 0 and cp < oo such that c1g(u) < f(u) < cag(u) for u e U.

We then have the following:



Theorem 1.3. Condition (1.10) is satisfied in the following cases:
(i) When P(X = a) > 0.

(i) When P(X > z) = (o — z)?L(a — x) as T «, with p > 0 and L slowly
varying at zero.

(1) When —InP(X > z) ~0(a— )" as x T a, with p,0 > 0.

Remarks. 1. Note that in fact (i) is subsumed by (ii) in Theorem 1.3 (take p =0
and L(z) = P(X > a—z) for all z > 0). Note also that the case [DFM 1] is
covered by (i) of Theorem 1.3, while [DFM 2] is covered by (ii) with p =1
and L(z) = 3 for all z > 0.

2. It is perhaps noteworthy that case (ii) also covers, for example, the case
where the function  — P(X > a —x) behaves like the Cantor function near
the origin (e.g., when P(X < z) = C(z + 3) for € [, 3], where C is the
usual ternary Cantor function on [0, 1]); in this case p = logs 2, L = 1.

3. Finally, note that case (iii) covers the case where P(X > a—x) behaves, near
the origin, like the distribution function of a positive stable random variable
with index in (0,1). More precisely, if G, denotes the distribution function
of a stable random variable Y > 0 of index p € (0,1), then —InG,(z) ~
0z—,/(1=P) as z | 0, as follows from a Tauberian theorem of de Bruijn 3,
Theorem 4.12.9].

We end with an observation which may be useful. One can get more precise
information than (1.6) regarding the behavior below the threshold under more
stringent assumptions on u. The following result is a byproduct of the proof of the
first part of Theorem 1.1.

Theorem 1.4. Let p be an even, compactly supported, Borel probability measure
on the real line and assume that ffa Ax)?3dx < oo. Then,

(1.12) nILrI;O sup{(2a) " "E(|Kn|): N <exp((k —en)n)} =0

for any sequence e, > 0 satisfying €,+/n — 0.

The present work is, of course, in the realm of stochastic geometry, the study
of randomly generated sets. For discrete aspects of this theory, concerning expec-
tations of geometrically defined random variables or probabilities of events defined
by random geometric configurations, we refer the reader to the survey article by
Schneider ([10]) and references therein. In particular, one of the referees pointed
out that, in the present context, replacing the uniform (and Gaussian) distribution
by more general distributions which fulfill certain regularity conditions has already
been considered by Carnal ([4]), when studying the convex hull of independent
random points in the plane with a common rotationally symmetric distribution.

We close this introductory section by fixing some notation.



Notation. We work in R™ which is equipped with a Euclidean structure (-, -). We
denote by ||-||2 the corresponding Euclidean norm and write BY for the Euclidean
unit ball. Volume and the cardinality of a finite set will be denoted by |-|. All loga-
rithms are natural. The letters ¢, ¢/, C, c1, co ete. denote absolute positive constants
which may change from line to line.

2 Preliminaries

In this Section we recall some basic facts concerning moment generating and cu-
mulant generating functions. For more information on large deviations techniques
the reader may wish to consult the books [5] and [11].

Let p be an even, compactly supported, Borel probability measure on the real
line, and consider a random variable X, on some probability space (2, F, P), with
distribution p. Set « := sup{x € R: pu([z,00)) > 0}) and I := (—a, ).

Definition 2.1. Let m : [0, a] — [0, 00] be defined by
(2.1) m(z) = — In u( [z, 0)).

It is clear that m is non-decreasing and that m(a) < oo if and only if P(X = «) > 0.
With this definition, condition (1.10) takes the form: m(z) ~ A(x) as z T a.
Recall that

(2.2) o(t) == E(etx) (t eR)
is the moment generating function of X, and
(2.3) () = (1)

is its cumulant generating function. Since X is bounded, ¢ and v are finite for
every t € R. By Holder’s inequality, ¥ is a convex function on R. Therefore, ¢ is
also convex. It is easily checked that ¢ is C°° on R. The n-th derivative of ¢ is
given by

(2.4) e (t) = B(X"eX).

Observe also that, by Markov’s inequality, for any = € (0,«) and any ¢t > 0, one
has that

(2.5) p(t) = E(e) = e pu(lz, 00)),
and hence,
(2.6) P(t) = te — m(z).

Definition 2.2. For every ¢t € R define the probability measure P, on ({2, F) by

(2.7) Py(A):=EB(e*vW1,) (A€ ).



Define also uy(A) := P,(X € A) for A € B(R). Then, y, has finite moments of all
orders, and

(2.8) Ey(X)=19'(t) and Var,(X)=1"(t).

Notice that Py = P and pg = p.

Lemma 2.3. ¢’ : R — I is strictly increasing and surjective. In particular,

(2.9) lim ¢'(t) = £a.

t—+oo

Proof. Since
(2.10) (W) (t) = " (t) = Vary(X) > 0,

1/ is strictly increasing. From the inequality —ae!® < Xe!X < aetX, which holds
with probability one for each fixed ¢, and the formula ¢/(t) = E(Xe'X)/E(e'X),
which follows from (2.4), it follows immediately that ¢’(t) € (—a,«) for every
teR.

It remains to show that ¢’ is onto I. Let & € (0,c). Consider the function
9:(t) == tx —(t) (t € R) and fix y € (0,a). From (2.6) we have that (t) >
ty —m(y) for all ¢ > 0; in particular, ¥ (m(y)/(y — )) = xm(y)/(y — x). It follows
that g, satisfies g,(0) = 0 and g,(m(y)/(y — x)) < 0. Since g, is concave and
g..(0) = x > 0, this shows that g, attains its maximum at some point in the open
interval (0,m(y)/(y—)), and hence, ¢'(t) = « for some t in this interval. The same
argument applies for all z € (—«,0). Finally, for 2 = 0 we have that ¢/(0) = z. O

Definition 2.4. Define h: I — R by h:= (¢/)7L.

Remark. Observe that h is a strictly increasing C'°° function, with

(2.11) W (z) = m

Definition 2.5. The Legendre transform of 1 is the function
(2.12) Az) := sup{tz — ¢¥(t): t € R}, z e R

Remark. Observe that, since tz — 1(t) < 0 for ¢ < 0 when z € [0, ), one always
has that

(2.13) Az) = sup{tx — (t): t > 0}

for x € [0, ), and similarly A(z) = sup{tz — ¥ (t): t < 0} for = € (—a,0].

Maximizing over ¢t > 0 in (2.6) leads to the following fundamental inequality:

Proposition 2.6. Let i be an even, compactly supported, Borel probability measure
on the line. Then, for any x € (0, «), one has that

(2.14) ([, 00)) < e @),



The basic properties of A are described in the next Lemma.
Lemma 2.7. (i) A >0, A(0) =0 and A\(z) = 0o for x € R\ [—a, q].
(i) For every x € I we have A(x) =tz — (t) if and only if Y'(t) = x; hence
2.15) Az) = zh(z) — Y (h(z)) forx e l.

i11) A is a strictly convex C* function on I, and

(
(
(2.16) N(z) = h(x).

(iv) A attains its unique minimum on I at x = 0. O

The behaviour of i at the endpoints of I decides whether A is bounded or not.
This is a consequence of the following Lemma.

Lemma 2.8. Ma)=—-InP(X =a) and \(z) - —InP(X =«a) asz T .

Note. If P(X = a) = 0, the convention is that —In P(X = «a) = cc.

Proof. Since ¢'(t) < « for all ¢, the function ¢ — ta — t(¢) is non-decreasing.
Therefore,

(2.17) AMa) = sup[ta — ¢ (t)] = lim[ta — ¥ (t)].
teR thoo
However,
: —ta 1 (X —a)) _ : t(X—a)) _ _
(2.18) tl%gcl)e p(t) = tlg)noE(e )= E(tl%lonoe ) =P(X = «a),

by the dominated convergence theorem. It follows that A(a) = —In P(X = «).
For the second assertion, observe that A is lower semi-continuous on R, being

the pointwise supremum of the linear (hence continuous) functions x — ta — ¢(¢),

teR. O

Corollary 2.9. A is bounded on I if and only if P(X = a) > 0. O

We close this Section with one more elementary observation, which we single
out for subsequent use. As already observed, the function ¢ is C*™ on R (cf. (2.4));
since ¢ is also (strictly) positive, the function ) = Ing is also C*° on R. By (2.8)
we also have that ¥ (t) > 0 for all t. Finally, it is also easily seen that the function
t— B (|X —¢'(t)[?) is continuous and finite on R. We therefore have the following:

Lemma 2.10. The functions t — t2¢" (t) and t — t3E;(|X —¢'(¢)]*) are bounded
away from 0 and infinity, respectively, on any interval [a,b] with 0 < a < b < oo.



3 The method of Dyer, Fiiredi and McDiarmid

The method we use for the proof of the Theorem 1.1 generalizes the one introduced
in [6]. For & = (z1,...,2,) € I" set

(3.1) Alz) =

S|

> @)
i=1

For 0 < r < A(a), define A, by

(3.2) Ay ={x el Alx) <r}.

Since A is a convex function on I, A, is a convex body contained in I™.
Let Uy,...,U, be independent random variables, uniformly distributed in I.
Then, for every 0 < r < A(«),

(3.3) (2a) ™" Ay | = Prob((Uy,...,Uy) € A,) = Prob(i i AMU;) < 7’) .

Observe that

(3.4) k= E\U;)).

By the law of large numbers, we conclude the following:

Lemma 3.1. Assume that 0 < k(u) < co. For every r € (0, k) we have that

(3.5) lim (20)7"|A,| = 0,

n—oo

and, similarly, for every r € (k, \(«)) we have that

(3.6) lim (2a))7"|A,| = 1.

n—oo

Definition 3.2. For x € I", define
(3.7 q(z) := inf{Prob(X € H): € H, H a closed halfspace}.

Remark. Note that in (3.7), it suffices to consider the infimum only over those
halfspaces H for which @ € 9H — the boundary of H.

Lemma 3.3. For x € I, one has that
(3.8) ¢(@) < exp(—nA(a)).

Proof. Fix @ € I™. Since g(x) is determined by those halfspaces H for which
x € OH, we can write

(3.9) g(x) = inf{P"((X — x,u) > 0): u € R"\ {0}}.



Set t; := h(z;), ¢ < n. Then, (3.9), Markov’s inequality, the independence of the
coordinates of X, and Lemma 2.7 (ii), give that

q(z) < P"(Z (X — ;) > 0) < E(eZ¥‘=1 t’iXi)e—ZLl R [
i=1 i=1

= exp( Z )\(:cl)) = exp(—nA(x)).

This proves the lemma. O
Lemma 3.4. Let N >n and 0 <r < A(a). Then

(3.10) E(IK ) < [4,] + N(2a)"e™.

Proof. First write

(811)  B(Kx]) = B(Kx 0 AJ) + E(Kx \ Arl) < [Ac] + B(Kx \ A,]).

Next observe that if H is a closed halfspace containing «, and if € Ky, then
there exists ¢ < N such that X, € H (otherwise we would have @ € Ky C H€,
where H€ is the complementary halfspace). It follows that

(3.12) Prob(xz € Ky) < N - ¢(x).

By Fubini’s theorem, Lemma 3.3, and the definition of A,., we then obtain that

E(|Kn\ A ) = / Prob(x € Ky)dx
"\A,

< / Ng(x) dx
"\A,

<N e @) g
In\AT

< N|IM|e ™.
Inserting this into (3.11) yields (3.10). a
Proposition 3.5. Assume that 0 < k(u) < co. Then, for every e € (0, k),
(3.13) Jim. sup{(2a) "E(|Kn|): N < exp((k —¢)n)} = 0.
Proof. Choose r = k — ¢/2. From Lemma 3.1 we have that

(3.14) lim (2a)~"|4,| = 0.

n—oo

On the other hand, if N < exp((k —¢)n), Lemma 3.4 gives that

(3.15) (20) " BE(|Kn|) < (20)7"| A | + exp(—en/2),



and the right-hand side tends to 0 when n — oco. O

In the next Section we shall prove that if the distribution u satisfies m(z) ~ A(x)
as ¢ T «, then one has a threshold for the expected volume of Ky at N* ~ exp(kn).

We close this Section by indicating how to obtain a proof of the statement in
Theorem 1.4.

Proof of Theorem 1.4. Assume that f_aa A(z)%dr < oco. We may then use Cheby-
chev’s inequality to estimate the probability in (3.3):
JO @) = k]Pda

n(k —1r)2(2a)

(3.16) (20)7"|4,| = Prob(% i AU;) < r) <

for any 0 < r < K.
Let €, > 0 be a sequence satisfying &,,1/n — 0o. Then the choice r,, := k—&,,/2
in the proof of Proposition 3.5 yields Theorem 1.4. a

4 Threshold for the volume

In this Section we complete the proof of Theorem 1.1, by showing (1.7) under the
assumption that m(xz) ~ A(x) as x T «. Our basic strategy is along the lines of
Dyer, Fiiredi and McDiarmid ([6]) again. There are, however, some differences, the
most important one being the introduction of condition (1.10) in order to replace
the explicit asymptotics of the two functions appearing in Lemma 2.10, used in [6].

Our primary goal will be to show that, under the assumption m(z) ~ A(x)
(x 7 «a), if N > exp((1 +¢)rn + en) then Ky 2 A, with probability close to
one (Lemma 4.9); (1.7) will then follow easily from this and (3.6) (Proposition
4.10). To show the aforementioned inclusion in turn, it will be enough to estimate
q—(A;) = infgea, q(x) from below. This is a consequence of the next Lemma
(which essentially appears in [6], [2] and [8]).

Lemma 4.1. Let 0 <7 < A(«a). Then

W)@,

(4.1) 1 —Prob(Ky 2 4,) < <
n

where q_(A,) := inf{q(x): ¢ € A, }.

Proof. For every subset J = {j1,...,4n} of {1,..., N}, of cardinality n, define the
event Ay as follows: X, ,..., X are affinely independent, and for one of the two
closed half-spaces Hy, Ho they determine, say H,;, we have simultaneously Ky C H;
and P"(X ¢ H;) > q—(A,). Let also A denote the event that Ky has non-empty
interior. We then claim that

(4.2) {4, ¢ K} € AUl A,
J

10



Indeed, suppose that Ky is full-dimensional and A, Q K. Then there exists an
x € A, \ Ky, and consequently a facet F' of Ky separating  and Ky. Hence
there exist n affinely independent vertices X, ,..., X of Ky with the property
that for one of the two closed half-spaces Hy, Ho they determine, say H;, we have
simultaneously Ky C H; and P™"(X ¢ H;) > q(z) > q_(A,).

From (4.2) we have that

(4.3) Prob(A, ¢ Ky) < Prob(A®) + ZProb(AJ) = Prob(A°) + (Z) Prob(A"),
7

where A" := Agq,3. We next show that
(4.4) Prob(A’) < 2[1 — q_(A,)]V ™.

Indeed, on the event that X,..., X, are affinely independent, denote by H;
H;(X4,...,X,), i = 1,2, the two closed half-spaces determined by X1,..., X,
On the event that X1, ..., X, are affinely independent and P"(X ¢ H;) > q_(A;)
we then have that

Prob(Xp41,..., Xy € H; | X1,...,X,) <[1—q_ (AN,

and (4.4) follows.

Finally, to obtain a bound on Prob(A¢) we argue as follows. If Ky has empty
interior, there exists J = {j1,...,jn} C {1,..., N} such that the set {X;:j ¢ J}
is contained in the affine hull of {X;: j € J}. Now observe that, if S is a fixed
affine subspace of dimension smaller than n, then P*(X € S) < p. Indeed, fix
a hyperplane H containing S. Then H = {y € R": (u,y — ) = 0} for some
u=(uy,...,u,) # 0 and = (x1,...,2,), and suppose that u; # 0. Then

P (X eS)<PY X eH)= P"(Xi =z —uy Y u(X; - :cj)>,
J#i
and the latter is < p because P(X; = z) < p for any € R. By conditioning on
{X;:j € J}, we now see that

N
(4.5) Prob(A°) < ( >pN".
n
This completes the proof of the Lemma. a
We next estimate the function ¢_(4,) from below:

Proposition 4.2. Assume that m(x) ~ X(z) as x T a. Then, for every ¢ > 0,
there exists ny,(e) € N, depending only on € and p, such that for all 0 < r < A(«)
and all n > n,(e) we have that

(4.6) q—(A;) = exp(—(1 4+ &)rn — en),
where q_(A,) := inf{q(x): ¢ € A, }.

11



Proof. We first claim that it suffices to show that, for all n sufficiently large,
(4.7) PY(X € H) > ¢~ (1#e)rn—en

for any closed half-space H whose bounding hyperplane supports A,.. Indeed, to see
that this is sufficient, simply observe that, if € A,. and H is any closed half-space
with @ € 0H, then P"(X € H) > P*(X € H') where H' is the closed half-space
which is contained in H and whose bounding hyperplane is parallel to that of H
and supports A,.

Let H be a closed half-space whose bounding hyperplane supports A,.. Then

i=1

for some © = (21,...,2,) € 9(A,), where t; = N(z;) (1 < i < n). Recall that
A(0) = 0 and that we are assuming that m(z) ~ A(x) (z 7 «). We can thus find
6 > 0 with the following properties:

(4.9) IfO< 2z <0 then0< A(z) <e.
(4.10) If o —d <z <athen P(X > x) = exp(—A(z)(1 +¢)).

Define then

L = 11(33) = {Z T < 6}7
Is = I3(z) == {i: x; > a — 3},

and set

(4.12) P; = Pj(x) := P"(Z (X — xi) > 0) (j=1,2,3).

icl;

By independence we then have that
(4.13) Pn(X € H) = Pn<z ti(XZ‘ — CL‘Z) = 0) > PP Ps.
i=1

We will consider each P; separately.
Starting with I;, we write

(4.14) P = P"(Z ti(Xi — ) > 0> > P"(Z ti(X; —0) > 0>7

i€l i€l

and use the following fact:

12



Lemma 4.3. For every ¢ € (0,c), there exists ¢(6) > 0 depending only on ¢ and
u, such that for any k € N and any s1,...,s; € R with Zle s; > 0 we have that

k
(4.15) Pk<z si(X; — 6) = o) > ¢(6) k3/2 e7RAO),

=1

Proof. The first part of the argument in [2, Lemma 8.2] shows that

k k
(4.16) P’“(Z si(X; — ) = 0) > %P‘(Z(Xi —8) > 0)

i=1 i=1

for all k. By [1, Theorem 1] on the other hand, there exists a sequence by, of positive
numbers, such that

s k
(4.17) vamk kA @) Pk<Z(Xi —0) = 0) —1 as k — oo,

bi i—1

with In by bounded, and hence by bounded away from 0. Consequently, there exist
ko € N and ¢ > 0 such that (4.15) holds with ¢ in place of ¢(d) and k > kq. Since
also

k

(418) Pk( (Xi _ 5) > O) > [P(X > 5)]]@ _ efkm(6) > e*k)\((?)efko|m(5)f)\(5)|

i=1
for k < ko, (4.15) holds for all k, with ¢(J) = min{c, e Folm@)=A@)1 > ¢, O

Combining Lemma 4.3 with (4.14), and using the facts that A(z) < € on [0, ] and
that A is increasing on (0, ), we arrive at the following estimate for P;:

Lemma 4.4. We have that

(4.19) P> exp( Z[)\(zz) +el—cin|| — 02>,
i€l
where the constants c1,ce € [0,00) depend only on § and . O

Next we examine I3. By independence, we can write

(4.20) Py = P”(Z (X —ay) > 0) > H P(X; > ;).

i€l3 i€l3
Since, by our choice of §,
(4.21) P(X; > x;) > e Me(Fe)

for all 7 € I3, we immediately get the following estimate for Ps:
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Lemma 4.5. We have that

(4.22) Ps > exp( (1+¢) Z)\ xl>

i€ls
The crux of the Proposition is the estimate for Io. Without loss of generality,
we may assume that Iy = {1,...,k} for some k < n. Recall that t; = X (x;) = h(x;)
for each ¢, and that this is equivalent to having x; = ¢’(t;) for each i. Define the
probability measure Py, ., on (2%, F®F) by

k
1, exp(Z[tiXi - Z/J(tz)])]

i=1

(4.23) Py o (A) = EF

Tyeen

for A € F®F (E* denotes expectation with respect to the product measure P*
on .7-'®k). Direct computation shows that, under P,, . .., the random variables
t1X1,...,t X, are independent, with mean, variance and absolute central third
moment given by

By, aIk(tiXi> =t (ti) = tiw;,
Eay.oo, (|i(Xi — 2)[?) = 39" (t2),
Eoy...on, ([t:(Xi = 2)|?) = 6P Er, (|1 X — ¢/ ()]),
respectively. Set o7 := t2¢" (t;),

k

(4.24) =Y Bey o (X =) ?) =629 (6) =) o}

i i=1
and

k

(4.25) Sp = Z ti(X.
and let Fi: R — R denote the cumulative distribution function of the random
variable Sy /sy under the probability law Py, ..t Fi(x) := Py, 4. (Sk < xsk)

(x € R). Write also py, for the probability measure on R defined by ug(—o0, x] :=
Fi(z) (x € R). Notice that E;, 5. (Sk/sk) =0 and Varg, 5, (Sk/sk) = 1.

Lemma 4.6. The following identity holds:

k k
(4.26) Pk<z (X — ai) > o) = ( / e_“d,uk(u)> exp(—ZA(xﬁ).
i=1 [0,00) i=1

Proof. By definition of the measure P, . ., , we have that

k
Pk<zti(Xi — Jii) 2 0) = Pk(Sk 2 0)
i=1

k
= Lq, . 7$k[1[0m) (Sk) - eXp< ZtX U(t; >]
1=1

14



It follows that

k
4.27) Pk (Xi—z)>0] =
(4.27) (;u >> A

and (4.26) now follows from Lemma 2.6 (ii). O

k
e " dpg(u) - eXP(ZW(ti) - tm]) ;

,00) i=1

We will also use the following consequence of the Berry-Esseen theorem (cf. [7,
Theorem XVL.5,2]).

Lemma 4.7. For any a,b > 0, there exist kg € N and n > 0 with the following
property: if k > ko, and if Y1,..., Yy are independent random variables with

E(Y;) =0, o] :=EQY?) >a, E(Y’) <b,

then
(4.28) IP(O <YY< sk> >,
i=1
where 82 = 0} + -+ + 0% O

We now consider two cases for I5. Since § < z; < a— 6 for all ¢ € I, we
can find A, B > 0, depending only on é and p, such that the random variables
Y, :=t,(X; — x;), i € I, satisfy

(4.29) 07 = By, (Y7) = 850" (1) > A
and
(4.30) Euy o (Yil?) = [t By, (1X — ¢/ (8)°) < B

for all i € I (Lemma 2.9). Let ko be the constant from Lemma 4.7 corresponding
to A and B, and recall that |I5| = k.

CASE 1: |I3] < kg. Then, working as for I3, we see that

(4.31) P”(Z (X — ) > o) > [[ P(Xi = a) > e71flmie0) > gmhomle=d),
i€ls i€ls

CASE 2: |I3| = ko. We may then apply Lemma 4.7. From Lemma 4.6 we obtain
(4.32) P"(Z (X — i) > o) > e~ ([0, s1]) exp(— > A(mﬁ),
i€l iel,

and since

(433) =D Fap e 0D <Y [Ba (Vi) < B2k,

i€1o i€l

15



Lemma 4.7 yields
(4.34) P"(Z (X — x) > o) > nexp( > Aai) - c3\/E>,
i€ls i€l

where c3 = B'/? > 0 is a constant depending only on p and §. Combining Case 1
and Case 2 we finally obtain the following estimate for Ps:

Lemma 4.8. We have that
(4.35) P> exp<— > Mazi) — es/|I2| - c4>,
i€ly
where the constants cs,cy € [0,00) depend only on § and . O

We can now finish the proof of Proposition 4.2. Collecting the estimates from
Lemma 4.4, Lemma 4.5 and Lemma 4.8 and inserting them into (4.13) yields the
estimate

Pn<zti(Xi - .’L’,L) 2 0) 2 P1P2P3
i=1

> exp( Z AMw;) — exIn|li| — Cz)

i€l
X exp< Z Mxz;) — es/| 2] — C4>
i€ly
X exp(—(l +e) Z /\($1)>
i€l3
= eXp<—(1 +¢) zn: M) — €n> )

provided n > n(u,e) for an appropriate n(u,e) € N depending only on ¢ and pu.
This proves (4.7), and hence the result. o

We can now show that if N is “a little larger” than e, then Ky 2 A, with
probability close to one; we only have to insert the estimate of Proposition 4.2 into
Lemma 4.1:

Lemma 4.9. Let 0 < 7 < A«) and 6 > 0. Then there exists n,(r,0) € N such
that, if n > n,(r,0) and N > exp((1 + d)rn + on), then

(4.36) Prob(Ky D A,) >1—27"F1
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Proof. Let 6 > 0. By Lemma 4.1 and Proposition 4.2, there exists ng depending
only on § and p, such that for all r € (0, A(«)) and n > ng we have that

N N —n
(4.37) 1—Prob(Ky 2 4,) < ( )pN_”+2( ) [1—exp(—rn—%(r+1)5n)]N .
n n
We first claim that
N
(4.38) ( )pN—" <2
n
for n sufficiently large, n > ny say. Indeed, since

(4.39) (JZ) <e! (%)n

in order to prove (4.38), it suffices to check that

N\ N-
(4.40) 1 +1n<—> " p < —In2.
n n

Set & := N/n. Then, (4.40) is equivalent to
(4.41) —(z—1)Inp—Inz>1+1n2.

The claim follows from the facts that the function on the left-hand side increases
to infinity as # — oo, and = N/n > exp((1 + §)rn + én)/n > € /n — oo when
n — 00.

Next we check that

(4.42) 2(?{) [1—exp(—rn—(r+ 1)571/2)}1\[_" <27

for all n > ny (some ng). Since 1 —x < e~ *, and using also (4.39) again, it suffices
to check that

2eN\" —rn—(r+1)dn/2
(4.43) == exp(—(N—n)e rn—(r+1)én ><1

for n > ng. Setting x := N/n, we see that (4.43) is equivalent to

-1
4.44 rn+(r+1)dn/2 T ]
( ) N < 1+In2+1Inzx

Since N > exp(rn + (1 + r)dn), it is readily verified that the right hand side of
(4.44) exceeds e T2(r+1)9/3 when n is large enough, n > ny(r,d) say, and hence
we get (4.42). (4.37), (4.38) and (4.42) prove the result. a

We now have all the ingredients to complete the proof of Theorem 1.1:
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Proposition 4.10. Assume that m(z) ~ A(z) as © 1 « and that k(u) < 0o. Then,
for every e > 0,

(4.44) lim inf{(2a)""E(|Kn]|): N Z exp((k +¢)n)} = 1.

n—oo

Proof. Fix e > 0. Since (k+z)(1+z)+2x | kK asx | 0, we can find 6 > 0 such that,
for r = k 4+ 0 we have that (1 + 6)r +J < k + €. For this r Lemma 4.9 shows that,
if n > n,(r,0), and if N > exp((k + €)n) > exp((1 + d)rn + dn), then

(4.45) E(|Kn|) = A - Prob(KN D A) > |A (1 =27,
Since r > k, Lemma 3.1 shows that

(4.46) lim (2a)~"|4,| = 1.

n—oo

This completes the proof. O

5 Proof of Theorem 1.3

Assertion (i) of Corollary 1.3 follows immediately from Lemma 2.7. We next prove
assertion (ii) in a special case first. We need only consider the case p > 0.

Proposition 5.1. Assume that P(X > z) ~ (o —2)’L(a—2x) as x | «, with p > 0
and L slowly varying at zero. Then,

—1 X >
(5.1) iy B PX > 2)

=1.
rTa )\(I

~

We shall break up the proof into several lemmas. Set

(5.2) Gz)=Pla-X<z)=PX>2a—2x)
and

— et(X—a) — Ooe—ta; ).
53) 10 = B() = [ etrac)

Note that then ¢(t) = e®'v(t), and that G(x) ~ x”L(z) as x | 0 under the assump-
tions of Proposition 5.1.

Lemma 5.2. If G(z) ~ 2 L(x) as x | 0, with p > 0 and L slowly varying at zero,
then

(5.4) o~ S L (]

T ;) ast ] oo.

Proof. This is the Tauberian theorem on page 445 of [7] (Theorem 2 in conjunction
with Theorem 3). a
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Lemma 5.3. If G(z) ~ 2PL(z) as x | 0, with p > 0 and L slowly varying at zero,
then t — —ty'(t)/v(t), t = 0, is positive and bounded.

Proof. By definition of v we have that

(5.5) - (t) = /000 re” " dG(z) = t/ooo re "G (z)dx — /000 e " G(x)d.

The first equality immediately shows that v/ < 0, and hence —t+/(t)/v(¢t) > 0 for
t > 0. Next, let 6 > 0 be such that

G(x)

1
(5.6) 5 < L) S for 0 <z < 4.
Then
é o
(5.7) —'(t) < 2t/ 2PHe ™ [(2) dx +t/ re”“dx
0 5

9 to
= ot P e " Lz/t)du + (6 +t71) e,
0

Since L varies slowly at zero, we may, without loss, assume that

(5.8) L(%) — a(t) eXp(/l; @ ds) (t > 1/6),

with b(t) — 0 and a(t) — cast — 00, 0 < ¢ < 00, and a, b measurable and bounded
on finite intervals [7, Corollary on page 282]. It follows from (5.7) and (5.8) that

L(l/t) > —x €|linx - -
(5.9) —'(t) <2 s /0 aPtrem® Aemeldy 4+ (5 4171 "
for t sufficiently large, with A < co and € < p + 1, and hence
L(1/t
(5.10) /(1) < cHY

to+1

for all sufficiently large ¢, with C' < co. The result follows by combining (5.10) with
Lemma 5.2. O

Lemma 5.4. If G(z) ~ 2?L(x) as x | 0, with p > 0 and L slowly varying at zero,
then

7' (1)
5.11 XY, (47 0).
(5.11) 0 (11 o0)
Proof. We follow the proof of the Lemma on page 446 of [7] (see also [3, Theorem
1.7.2]). Suppose, to obtain a contradiction, that for some € > 0 and some sequence
tn, T o0

(5.12) ’—tn )~ p’ > € VneN.
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Observe that v”(t) = [;° #%¢~**dG(x) > 0. Therefore, the functions g;(s) :=
ty'(ts)/~(t), s > 0, are non-decreasing. By Lemma 5.3, g:(s) is also bounded in ¢
for each fixed s > 0. It follows from Helly’s selection theorem that there exists a
subsequence (tn,);>; of (tn)n>1, and a right-continuous, non-decreasing function
g: (0,00) — R, such that g;, (s) — g(s) at points of continuity of g.

For 0 < a < b,

y(ta) = () _ [* A st [P
(5.13) EETr —/a @ ds-/a g+(8) ds.

The left-hand side in (5.13) tends to a™® — b™% as t T co, by Lemma 5.2, while the
right-most side tends to f: —g(s)ds as t runs through the sequence (5, );~,, by
the bounded convergence theorem. As this is true for any 0 < a < b, we must have
that g(s) = —ps~ 1 almost everywhere on (0,00), and as g is right continuous,

this equality must after all prevail everywhere on (0,00). For s = 1 we then have
that

(5.14) 7ulgggjgﬁp (kT 00),

which contradicts (5.12). a

The following Corollary implies Proposition 5.1:

Corollary 5.5. If G(z) ~ zPL(z) as x | 0, with p > 0 and L slowly varying at
zero, then

P
5.15 lim @ P(X > 2) = L)
(5.15) lme™PX 2 2) = 70,31
Proof. By Lemma 2.3 and Lemma 2.6 it suffices to show that
P
1 lim ¢ OO (X > o/ (1)) = P/
(5.16) lim ¢ (X =9'(1) T+ 1)

From the relation ¢(t) = e*'v(t) it follows that ¥ (t) = at + Inv(t) and ¢'(t) =
a+ 7' (t)/v(t). Therefore (5.16) is equivalent to

im et /7=y (0 (_oyt _ _(p/e)f
(5.17) lim G(='()/v() = T+ 1)

This however, follows immediately from Lemma 5.2, Lemma 5.4, our assumption
that G(x) ~ 2PL(x) as z | 0 and the representation (5.8) for L. a

We now show how to modify the above arguments in order to prove Theorem
1.3 (ii) in the general case.

Proposition 5.6. Assume P(X > z) =~ (a —x)?L(a—x) as ¢ T «, with p > 0 and

L slowly varying at zero. Then,

~ImP(X >
(5.18) i —PE Z2)

T )\(l’)
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Proof. First choose 6 > 0 and ¢1, ¢z € (0,00) so that

G(z
(5.19) G xPL((a):) < e for 0 < z < 4.
Then, as in (5.7),
e o [P .
(5:20) _/ e L(w/t) de < y(t) < —/ et L(w /1) dx+/ ve~tda,
t? Jo t* Jo s

and, using the representation (5.8), one sees that

(5.21) v~ T (1) oo

P t

in particular, Iny(t) ~ —plnt 4+ In L(1/t) (¢t T o0), and since In L(1/t) = o(Int), by
the representation (5.8), it follows that

(5.22) In~y(t) ~ —plnt (t 1 00).

‘We now claim that

"t '(t
7 < lim sup —t7 ( )
Y@t) T s (1Y)

This and the assumption that G(x) ~ z?L(x) as = | 0 imply that
(5.24) —InG(—(t)/7(t)) ~ pInt (¢t 7 o0).

By (5.22), (5.23) and (5.24), we then have that

—InG(—'(t)/~(t))

—~
~—

(5.23) 0 < liminf —t < 00
t—o0

(5.25)

thoe 0/ (0)/7() — ()

which, as explained in Corollary 5.5, implies the result.
It remains to show (5.23). As in Lemma 5.3, one sees that

!
(5.26) 0< 2D <o

for all ¢, for some C' < co. From this, the right-most inequality in (5.23) follows at
once. Assume next that, for some sequence t,, T co, we have that

(5.27) —ty, —0 (n — 00).

Using (5.26), we see as in Lemma 5.4 that there exist a non-decreasing, right-
continuous function g: (0,00) — R, such that —ty/(ts)/v(t) — —g(s) as t tends
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to infinity along a subsequence (tn, )y, of (tn)n>1. Since —v is decreasing, (5.27)
implies that

! /
7' (stn,) <, (tn)
V(tnk) 'Y(tnk)

for s > 1. By (5.13) and the bounded convergence theorem we then conclude that

V(G‘tnk) — ’Y(btnk)
¥(tny)

for any 1 < a < b. By (5.21) however, there exist two constants 0 < C; < Cy < 00
such that

(5.28) —tn, —0 (k1 o0)

(5.29) =0  (kTo0)

- 1 1
(5.30) i inf 2@ = 70by) 1 1 Gy 1
tToo ’Y(tnk) CQ aPf Cl br
and this, for b/a > (Cy/C1)?/*, contradicts (5.29). O

To prove assertion (iii) of Theorem 1.3, we shall use the following Lemma. Set

(5.31) U(t) := —In~(t) (t > 0),
and

iy — @)
(5.32) u(t) :=U'(t) = — Ty (t>0).

The function U is positive, increasing and concave, with U(0) = 0. It follows that
the function t — tu(t)/U(t) is bounded between 0 and 1, since

t
(5.33) Ut) = / u(s)ds = tu(t)
0
for all t > 0. The following Lemma is proved just like Lemma 5.4 (it is the Lemma
on page 446 of [7]).

Lemma 5.7. Assume that U(t) ~ t"L(1/t) as t 1 oo, with r € [0,1) and L slowly
varying at zero. Then

(5.34) P2 o), O

We shall also need the following Lemma, which is one direction of a Tauberian
theorem of de Bruijn [3, Theorem 4.12.9]. (We decided to retain the proof of the
Lemma for the convenience of the reader).

Lemma 5.8. If —InG(x) ~ 0z as x | 0, with 0,p > 0, then

p/(p+1)
(5.35) U(t) ~ (p+1)pY/(P+D (2) : (t 1 o0).
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Proof. Given € > 0 have § > 0 such that
0 0

(5.36) exp —(1+e)—p < G(z) <expl —(1 —e)—p for 0 <z < 4.
x x

Since y(t) =t [, e"**G(z) dw, by (5.3), (5.36) implies that

(5.37) t/: exp( —(1+e)— b )dx ()<t/06 exp(—tx—(l—e)jp)dx—ket‘s.

Set x4 = ((1 + e)ap/t) Y@+ The function @ — —tx — (1 £ €)f/xF is increasing
on (0,z4) and decreasing on (x4, 00). It follows that

(5.38) t/om exp(—tx—(l—e)j)dx ta_ exp< m_—(1—e)9p>,

T

while integration by parts shows that

(5.39) t/:o exp (—m —(1- e)%) dz < exp (-m —(1- q%)

X (1—1—/ 7(1 —pﬂ&pd >

It follows from (5.37), (5.38) and (5.39) that

¢ p/(p+1)
(540) A1) <p(t) exp<—<p L[ = e+ (;) ) et
with
p/(p+1)
_ g/t (E .
(5.41) p(t) =1+ (p+ D{(1 - )6] (p)

For ¢ sufficiently large on the other hand,

(5.42) t/:exp<—tx— (1+e¢)— 0 ) dx > /: exp(—tx—(1+e)§> dx,

and since x — —(1 + €)0/x” is increasing, this yields

8 s
(5.43) t/ exp( —tz — (1 +¢)— % Ve > exp —(1+e)ip / te " dy
0 x’ T o

_ (1 _ e—t(é—er)) exp (—(1 + e)ip - t$+).
Ty
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(5.37) and (5.43) now give the estimate

t p/(p+1)
(5.44) () = (1 - e*t<H+>) exp <—(p F1)[(1 + €)g]/ D (;> .
(5.40) and (5.44) yield the result. a

We can now conclude the proof of Theorem 1.3 (iii):
Proposition 5.9. If —-InP(X > z) ~0(a — )" as x T a, with 0, p > 0, then

—InP(X >
(5.45) i — 2 PE 2 2)
zTa )\(SE)
Proof. From Lemma 5.7 and Lemma 5.8 we conclude that
 —G(—y/()/(1)
210 ty/(t)/v(t) — Inv(?)

As in the proof of Corollary 5.5 however, this is the same as assertion (5.45). O

(5.46)

6 Concluding Remarks

1) From the proof of Theorem 1.1 it is evident that the assumption that the
measure g is symmetric is inessential, and was only used to simplify the
exposition. If instead we only assume that p is compactly supported, and set

(6.1) B = B(p) :=inf{x € R: p((—o0,z]) > 0}

to be the left endpoint of the support of u, then Theorem 1.1 is still valid,
provided we supplement (1.10) with the condition that the measure u also

satisfies
—InP(X <
(6.2) li P <)
zlB A(JE)
One then also has the obvious analogue of Theorem 1.3 relating to condition
(6.2).

2) We close with an example of a compactly supported distribution g which does
not satisfy (1.10). Let A; denote the Legendre transform of the log-moment
generating function 1 (t) = In(sinh ¢) —In ¢ of the uniform distribution g1 on
[-1,1]. By Theorem 1.3 (ii),

(6.3) A(x) ~ —Inpg [z, 1]) ~ —In(1 — ) asz T 1.

Define Ay analogously, with ps the symmetric distribution on [—1,1] given
by pa([z,1]) := %el’l/v 1=% for 0 < 2 < 1. By Theorem 1.3 (iii) this time,
1

(6.4) Az(z) ~ =In pp([2, 1) ~ —=

as x T 1.

8
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Each ); is a strictly increasing function on (0,1) with X;((0,1)) = (0,00)
(¢ = 1,2). Thus there exists x; > 0 such that Ay(z1) = In2. Define the
sequence z, inductively, by defining x, 11 to be the unique number in (0, 1)
satisfying A1 (zn41) = Aa(xy,) for n € N. Now define the measure y as follows.
Set

(6.5) m(z)=—Ilnu([z,1]) := A (zpt1) for z, <z < xpy1, n €N,

and m(z) = —lnp([z,1]) := Aa(z1) = In2 for 0 < = < x1; this defines a
purely atomic measure on [0, 1], with atoms at the points 3, x3, ..., with
(6.6) p({zn}) = e~ M (@n) _ o= M(@nt1) (n>2),

and with total mass equal to e =21 (#2) = g=A2(21) — %, which therefore extends
uniquely to a symmetric probability measure p on [—1,1]. By Proposition
2.6,

(6.7) m(z) > A(2)

for all z € (0,1), where A is the Legendre transform corresponding to u. By
the convexity of A then,

AMszn+(1=98)xnt1) < sA(@n)+(1—=8)A@pt1) < sm(zy)+(1—s)m(xn11)
= sA1(zn) + (1 — $)A1(Tnt1) = s (xn) + (1 — $)Aa(zp),

for any s € (0,1). Therefore,

m(sty + (1 — s)pi1) _ A1(Tn41)
Az + (1 —8)zpy1)  Aszn+ (1 —8)xpt1)
- )\Q(l‘n)
Aszp + (1 = s)zp41)
A2(xy)

2 5
sA1(zn) + (1 — s)Aa(zp)
and hence by (6.3)—(6.4),

m(szy, + (1 — 8)Tpy1) < 1

1—s

lim
nooo AsTn + (1 —8)Tpt1)
for any s € (0,

). In fact, by choosing s, = 1 —n~!, we see that along the
sequence ¥y, = (1

—n Y, + n e, 1 we have that m(y,)/A(yn) — oo.

1
(
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