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Kegpdiaio 1

Eiooaywyn

[ évay ywpo Banach X xou 1 < p < 00 Aye 611 0 £ €lvor TEMEQUOUEVA AVATAURAGTAGHIOS
otov X av yla xdie & > 0 xon xde uotxd aprdpd n, o £ euputeteto (1 + €)-toopoppixd otov X.
Anhod, undpyer yeapuwa wwopoppu eupitevon T : £ — X tétow dote [T [T < 1+e. Twa
TNV TEPIMTWON P = 00 EVVOOUUE TOV YWEO Cp. ME YEVXES YPOUUES, TO TeOBANU Tou Yo ueietniel
otnv mapoloa epyasia etvar to e€ng ¢

Ia évav areppodidotato xwpo Banach X, yia mowa p pe 1 < p < o0 wyve 6t o £, elvar
remepaopuéva avanapaotdoijos otor X ;

‘Eva ané ta npdto Yewphuata tétotou tomou elvan to Yedpnuo tou Dvoretzky [8] olugpwva ye
70 onolo o { elval TENEPAOUEVA AVATUPACTAGILOC OE xdle anclpodidcTato yweo Banach. MdiioTa,
o Dvoretzky €deile plor tocotixry popgr| awtol tou VYewpruotoc. Ilio cuyxexpéva, anédelle 6Tt
Yot %89 ydpo Banach X didotaonc n xon x84 € > 0, o €5 euguteteton (1 + £)-toopoppixd oTov
X vy k = ¢(n,¢e), 6mov 0 k = ¢(n,e) > 0 eaptdton uévo and n xou 10 € xou TEVEL 0TO AMELPO
xododg to 1 — 0. Apybtepa, o Milman [27] édwoe wior dhhn amddelln tou mapamdve Yewphiuatog
obugwva ye ty omola k = c¢(e)logn yir wa otadepd c(e) > 0 mou eaptdton puévo and 1o €.
201600 6NV TaEoLUGA epYacio Yo TUPOUCLAGOUUE HOVO TNV ATELROBLAGTATY HORPY) TOU VEWPHUATOS
tou Dvoretzky xou Yo mpoxdeer wg cuvénela tou Yewpruatog tou Krivine.

Yougwva pe to Yeodpnuo tou Krivine, yia xdde anepodidotato yokeo Banach X undpyer 1 <
p < 0 wote o £, va elvon menepacuéva avamapactdoiwog otov X.  A&ilel va emonuaviel 6Tt
1 €VVOlaL TN TMETEPUOUEVNC OVOTUPACTACLUOTITAUS OVUPEQETOL OE Y WEOUC TEMEQUCUEVNS OLAGTACTG.
Ye avtidtaoToly, To 1972 o Tsirelson [41] xataoxedaoe évay anelpodidotato yweo Banach o onofog
0EV TEQLEYEL UTOYMEO TOU VoL EVOL LlGOUORPOS PE ToV £}, Yia xdmoto 1 < p < 00, xatapintovTog €Tot
wo etxacio Tou fiehe xde amelpodidotato yweo Banach va mepiéyetl €va avtitumo tou £, yia xdmolo
pue l < p < oo, Qot6c0o and to Yewpnua tou Krivine €youye ot ndvto Yo umdpyel xdmoto p kot
Yo x8e n € N o £ va elvon oyedGY LOOPETEXA LOOUOPPOS UE XETOLOV LT 0o Tou X.

[Tépav amd pla axdpo anddelln tou Yewpnuatoc tou Dvoretzky, péow tng amddeing tou Ve-
wpfdatog Tou Krivine uropotue vo Bpolue cuviixeg ol omoleg pag e€aocpaiilouv tnv UTopdn xou
GAWV p exTOC TOL p = 2, Yl To omola 0 £, elval TEMEPACUEVO AVATUPAC TACWOS OE VOV Y WEO
Banach. H omédeiln tou Vewpruatoc Maurey-Pisier BaciCetan oe pio tétolo ouvirnn. To de-
oenuo Maurey-Pisier, mou efvar xou 1o Bacixd dewpnua authc tne epyociag, yac Aget OTL Yo Evay
xweo Banach X o £, xou 0 lq  elvon menepacyugvo avomopaootpor X yio xdmoto py %ol gy Tou
oyetilovtar ye 1N dour Tou yoeou X. INo cuyxexpiéva, oyetiCovton ue To type xou o cotype
Tou X avtiotouya.

Na 1 < p < 2 Mye ot évag ywpoc Banach X éyer (Rademacher) type p av undpyet wio
otadepd C > 0 tétota WoTe yio xde Puoixd aprdud n xou xde x1, T2, .. ., Ty € X va ixavonoleiton
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o\ 1/2
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n 1/p
<C (Z |in”> :

i=1

n
2, it
i=1

Erniong vy ¢ = 2 Aye 61t 0 X éyer (Rademacher) cotype ¢ av vndpyet otoadepd C' > 0 tétolo

WoTe Yo xde puoxd aprdud n xow xédde Ty, x9,. .., Ty VU LXOVOTIOLETalt
Y 0 ovd O y Ty, Ty € X
1/2
" 1/q " 2\ V/
D) <CE|) e
i=1 =1

1o TOEATEVW, OL €1, . . . , €y €lvol CUUUETEIXES Xt aveldptnTeg Tuyaleg petaBAntés Bernoulli.
Vopgpova pe 1o Yeopnuo Maurey-Pisier yuo xdie aneipodidotato yopeo Banach X o £, ot o
Uy elvon TETEPAOUEVA AVATUEACTACLUOL 6ToV X, OToU
X

Py =sup{l <p<2: o X éye Rademacher typep},

o

gy =inf{g > 2: o X éyer Rademacher cotype g} .

To mopandve Yewenua anodelytnxe to 1976 and touc Maurey xou Pisier [25] xou 1 amddeln
Booileton xatd ouotaoTnd TpéTO 0TV anddeln Tou Vewphuatoc tou Krivine [20]. AxpiBéotepa,
omwe avapépel o Maurey oo [24], to apyixd anotéheopa oto onolo elyav xotolhiet oo Maurey xou

Pisier Atav 611 yia xdde € > 0 xaw xdde n € N undpyouv z1,...,z, € X vopuog éva TETOLL OOTE
1 n 1px n n
el DILTLS IS DI N
i=1 i=1 i=1
yioo xdde ag,az,...,a, € R. Qotdéoo tnv meplodo nou mpoetolualay Tov cuyxexpluévo deldeo

dnuootevtnxe o [20], yden 0TO OTOIO XATAPEPAY VO TEOTOTOLCOUV TO GUYXEXELUEVO VeDpNU 6TO
[25] xou VoL TO TOEOLGLACOUY GTNY TEMXT TOL Lop@h, OTwe dtatuntdydnxe napomdve. Mdhota, oy
o xohuotépnom ex uépouc Tou Teptodixol Tou Toug enéTpede Vo Exouv 6To [25] auTh TV TEAXA
Hop®”) Tou VeWEHUATOC. XE aUTH TNV Epyacia woT6co, Yo BactoTolue ot plor VEd amodelln Tou
Yewphipatoc Maurey-Pisier ané touc Milman xou Sharir [29], mou tpomonowel Ayo v oy,
oAAG o Ghat ot PactleTon xan AL oTny amddeln Tou Vewpruoatog Tou Krivine.

Emniéov, 1 type neplntwor tou Yewprjpatog Maurey-Pisier, mpoxintel w¢ anAf) cuvéneia evog
Yewpnuatog oyetd pe Tig stable type p otodepég evog yweou Banach, to onolo anodetydnxe and
tov Pisier [31] to 1983. H stable type p otadepd evic ydpou Banach X, yio xdnowo 1 < p < 2,

elvon 1 eNdytotn otadepd C' > 0 yia Ty omola yio xde n € N xou xdde 1,22, ..., T, € X 10yl
n n 1/p
B> tia|| < C (2 ymup) :
i=1 i=1
onou V1,va,..., 0, cvon aveldptnte standard p-stable tuyaiec pyetoAntéc. Xougpova ye to Ve-

opnua tou Pisier, av X eivon ydpoc Banach xou ST, (X) = o0, émou ST,(X) eivan n stable type
p otadepd tou X, 161€ 0 £, cbvan memepacuéva avanapactdoiwog otov X. H type mepintwon tou
Yewpruatoc Maurey-Pisier npoxintel dueca, agol ebxola unopolue va det&ouue ot

sup{l <p<2: 0 X éyettype p} =sup{l <p<2:S57T,(X) < w}.



Mdéhota, to Yewpnua tou Pisier elvar mocotinic popphc. AxpiBéotepa, toyvplleton 6Tl yia xdde
1 < p < 2, x40 ywpoc Banach X mepiéyel undywpo (1 + £)-loopop@xd pe tov £ Yo x4moto
n = (e, p)(STH(X))4, 6mou é(e,p) > 0 otadepd mou eaptdton UOVO amd TO P XU Amd TO €, ol
q > 1 této0 Gote % + % = 1.

To tehxd cupnépacyo 6To 0molo Vo XATUAAEOUPE BIATUTIWOVETOL GTNY ENOUEVT] TEOTAOT).

ITebétaom 1.0.1. Eoww X ywpos Banach kai
K(X)={pe[l,0]: 0¥, eivar nenepaopéva avanapaotdoipos otov X} .
Téte to K(X) elvar kAewoté vnootvolo tou [py,qy | ka1 mepiéyer to [p,,2] U {q, }-

YN ouvéyela, axohovdel plar avohuTIX TEQLYPAPY| TWV TEPLEYOUEVWY aUTNS TNg epyaotac. Ap-
xxd, oto Kepdhoto 2 Slatunedvoupe xot amodeixviouUe xdnola aroteréopata amd T Yenplo mda-
VOTHTWY Tor omolor ypnoylonotovvton xod’ OAn TNy €xtaon tng cpyaoiog. Eexwvdue and o faoixd,
OTWC EVAL 0 0PLOUOC TWV TEUYUATIXOY TUYAY UETUBANTGY, 1) toovoula xou 1 avegaptnalo Tuyolwy
uetoBAntov. Enreita, delyvouue to Qouvouevo Tng ouYXEVTEMONS ToU HETEOL Yo TOV Blaxettd x0fo.

Oemenua 1.0.2. Eotw A € EY = {1, —1}" e py(A) = 5 dnov py, etvar to opoduopgo j1étpo

oto By . Toéte ya kdle t > 0 éyouue
pn(Ar) = 1= 2exp (—t°n/2),
onov Ay = {x € EY : dy(z, A) < t} ka1 dp(z, A) = min {2171 il |x; —yil 1y € A}.
i=
Emniéov, opiCoupe Tic ouppeteixée tuyaleg uetofAntéc Bernoulli xan amodewcviouue tnv avi-
cotnta Khintchine.

Oewpnuo 1.0.3 (Aviodtyra Khintchine). Eotw {€;}ie, axolovdia aveédptntwr ovppetpixdy
tuyaiov petapAntor Bernoulli. I'a kdle p > 0 vndpyovr otalepés Ay, B, > 0 mov ebapriovtar
Hovo ané to p dote ya ke n € N kar ay,...,a, € R

n 1/2 p\ 1/p n 1/2
A, (Z a3> < (E > < B, (2 af) :
i=1 ] i=1

n
2, i
i=1
Actyvoupe erniong tnv avicdtnta Kahane-Khintchine 7 omolo yevixeber v avicétnta Khintci-

ne.

Oewpnua 1.0.4 (Avioétnra Kahane-Khintchine). Eotw {€;};-, axolovdia avetdptnrwr ouu-
petpikawy tuyaiowy petapAntav Bernoulli. I'a kdOe p > 1 uvrndpye pa otalepd K, > 0 mov
efaptdrar uovo ané o p, dote ya kdle ywpo pe vopua X, ya ke n € N kar x1,x2,...,2, € X

p\ 1/p
(]E ) < K,E

H anédeiln tne avicdtnroc Kahane-Khintchine Yo Baciotel oto Oewenua 1.0.2. Télog, xhe-

n

2, i

=1

n

2, i

=1

(VOUUE TO TPWTO XEPAANMO UE XATOLOUG OPLOHOUS XUl TROTUOELS OYETXE UE TUYOUUES UETAUBANTES UE
Téc oe yopouc Banach 1) yevixdtepa oe petprioloug xopeoug, ot onoleg Yo pag YpElcToOY GTOo
Kegdhawo 7 xan i p-stable tuyaleg petofBantéc.

Y10 Kegdhao 3 acyohoVUacTE UE TNV TETEQPUCHUEVY) UVAUTUQUC TUCHIOTNTO, TA UTERYIVOUEVAL
xwewv Banach xou v yetagd toug oyéon. Apyixd, divouue Tov 0ploUd TNG TEMEQUOUEVNC AVOUTO-
POC TACLUOTNTAC.



4 - EIsATOr"

Opwowdg 1.0.5. Eotw X xou Y yweol Banach. Aéue 6110 X elvon tenepaouéva avamapaotdoylog
otov Y av yiaxdie € > 0 xou xdie undyweo £ tou X nencpaouévng didotaong, Udpy el Utoyweog F
tou Y pe dim F = dim E xo gporypévoc ypopuuixdc tereothic T : E — F tétoloc Gote |T)||T7Y <
1+e.

Enlong amodexvioupe 6Tt yio va efvon 0 £, TENEQUOUEVI AVATURUCTACHIOS OE Evay Ykeo Banach
X apxel yio xde & > 0 xou x8de Quoxd apriué n, o £ va epputeteta (1 + ¢)-loopoppixd otov X.
Aclyvouye enlong yepnéc WIOTNTES YIo TNV TEMEQAUOUEVY] AVATARAGTACILOTNTA, OTKS TO YEYOVOS
oL xae yweog Banach elvon menepaouéva avamapaotdolpog 6Tov co xou 6Tl 0 Ly, elvan nenepaouéva
OVATOEACTACYOE OTOV €. 2T cLVEYEL 0plLOUUE TO UTERYIVOUEVO LG OLxoYEveLag Yhpwy Banach,
Lo évvola 1) omtolal Tépay amd T GUVOEST) OV €YEL UE TNV TEMEQUCUEVT] AVATAULACTACHLOTNTOL VoL YOG
YeetooTel xou yior TV amodelln wog tpdtaong oto Kegdhowo 5. Téhog, amodeixviouue to axdhoudo
Yewpnua mou Oetyvel TNV oYEoT TOU UTdEYEL UETOEY TNG METMEQAUOUEVNE AVATOQUCTAUCULOTNTOG Xol
TWYV UTERYIVOUEVOV.

Ocwpnua 1.0.6. Eotw X ka1 Y ywpor Banach. OY eivar tenepaouéva avanapaotdoijios otov
X av ka1 pdvo av vndpyer un terpiuévo vrepgiltpo U oe kdmoio odvolo deiktwr I téroio wote o
Y va epgurederar wouetpixd otny vrepdtvaun Xy.

Y10 Kegdharo 4 opilouue 1o type xou cotype evoc ywpeou yopeou Banach xou amodeixviouue
OLdpopec oYETIXEC WOLOTNTES. EmmAéov amodetxviouue tnv oxdhoudr mpdtacT oyeTixd Y to type
xL TO cotype Twv YOpwy L.

ITebétaom 1.0.7.
(i) Av 1 <p <2 tte 0 ¢, éxar type p kar cotype 2.
(ii) Av 2 < g < o0 tdte 0 £y éxer type 2 ka1 cotype q.

To Poocixd Yedpnua tou Kegoaralou 5 eivon to Yewpnua tou Krivine. Eexiwvdye pe tov oplouo
¢ Pdone Schauder xou amodewviouue Pooixéc WwoTNTES Yior Tic Schauder Bacixéc axoloudieg ol
omoleg elvon amapaitnTeg Yoo TNV anddelln tou Yewprjuoatog Tou Krivine. Oa ypelaotel, eniong, xou
10 Yewpnua oTpéfAnwong Tou James.

Ocedenua 1.0.8 (otpéfrwone tou James yio tov ¢g). Eotw X xdpos Banach. Av o cy eugu-
teetar a-1oopoppikd atov X ya kdrowov a > 1 téte eugureletar kar (1 + €)-1wopopgixd ya kdde
e>0.

Opilouye enione tic C-unconditional xou 1-spreading axolouvdieg xou amodeixvbouue oplopéveg
WBLoTNTES TOL Ixavomololy. ‘Erelta, Selyvoupe xdmoia anoteréopato and Ty Yempio TEAECTOY Ta
omola etvan ypriowa yio T cuvéyeta. H Baown mpdtaon mou Yo yenoiwonoliooupe etvar 1 axdhoudn:

ITpétaom 1.0.9. Eotw X ywpos Banach ka1 T,S : X — X gpayuévor ypappikol teAeotég ol
omoio1 petatifevrar, é6nkadny T'S = ST. Ia xdle mpooeyyotixr) 10wty A € C rov T' vrdpyer
npooeyyotikr ot p € C tov S ka1 {up}o_; otor X n omofa etvar kowr axolovdia mpooey-
Yiotikay 10100avvopdtoy yia Tis 1010TIHéS A kar p Ttwv tekeéotdy T kar S avtiotorya. Ankadn,
|lun|| = 1 yia kd9e n € N,

| Tun — Aup|| — 0 kar ||Sup, — puy|| — 0.

poywedue pe v anddeiln tou Yewpruatog touv Krivine. Apyixd opilouue v block menepo-
OUEVT] AVATOQIC TUCHIOTNTOL.



Opiopée 1.0.10. 'Eoto {z;}i2, oxoloudia oe évay ydpo Banach X xou {y;}:-; oxohoudia oe
évav yoeo Banach Y. H axoloudia {y]} 1 Méyetan block memepaouéva avamapacTdowrn otV
{zi};2, av yio xdde & > 0 xou x&de n € N unocpxm block axohoutdia {uj} _, e {z}in,, térow

n n
>ty Dty
Jj=1 Jj=1

WOTE

<+Vl+e

Vite 7

yio x&de tq,ta, ..., tn € R.
Enlong, yio 1 < p < o0 Mye 6T 0 £, 1 o ¢p ebvan block menepacuéva avanapacTtdouoc otny
{xi};2, oav 1 ouvAdne Bdon {e]} ~ | etvou block menepoouéva avamapactdown oty {z;}; ;.

Oewpnue 1.0.11 (Krivine). Fotw X areipodidotatog xdpos Banach xai {x;};2, e povadiaia
Schauder Baoikn axodovdia otov X. Tote, undpyer 1 < p < 00 &ote o)y, va eivar block merepaouéva
avanapactdogios oty {x;}ie, 6TOU Yia Ty TEPINTWON p = 0O €VVOOUNE TOV XWDPO Cp.

H anédeiln tou Yewpruatog tou Krivine Yo yivelr oe Briuarto. o to npdto and autd to Bructa
Vo ypeaotolue par mpdtoon Tou ogeileton otoug Brunel xou Sucheston [4] n onofo anodewcvieton
ue tn Bordeta Tou cuVBLACTIXOL Vewpruatog Tou Ramsey.

ITeétaomn 1.0.12 (Brunel-Sucheston). Eotw {z;};-, akodovdia o€ évay ydpo Banach X tétoia
dote yia kde n € N uvndpyovr otalepés ¢ = ¢(n),C = C(n) > 0 téroieg dote

n

Z AR, || <

k=1
yia kdOe n-dda puoikdy apiucy iy < is < ... < i, kaiai,...,an € R pe Y0, ag| = 1. Tére,
yia kdOe axolovdia mpaypatikdy apiucy {En} _, Térowr &ote g, > 0 ya kdbe n € N, vndpye
éva drepo vrootvolo L = {my,}."_; wou N térow0 dote ya kdbe n € N kar kdle iy < ... < i, ka1
J1 < ...<jn oto L tétowa dote i; = my, kai j1 = my,

Z axs,

< (1+ep)

Z kT jg

k=1

ya ki€ ay,...,an € R.

XN ouvéyela, cav toplopa Tou Yewpruatog Tou Krivine anodewxviouue to Yempnua tou Dvo-
retzky

Oedpnua 1.0.13 (Dvoretzky). Ol eivar tenepaopéra avarapaotdoiog o€ kdle anepodidotato
xwpo Banach.

Oloxinpewvouye to Kegpdhowo 5 ye plar mpdtaom mou Yo uag YeelasTel oTn anodellrn tng cotype
nepintwong tou Yewprjuotoc Maurey-Pisier.

Ieétaon 1.0.14. Eotw {ep}_; 1€ em — 0 ka1 {Xon}o_; akolovdia ydpwr Banach meme-
paocuévng didotaong tétowa wote o X,y éxer cotype qo Y kdbe m € N ya kdnoo 2 < qp < 0,
pe opobpoppo pdyua otny cotype qo otadepd tovg, 6nAadry sup, ey Cqo(Xm) = M < o0. Tro-
Oéroupe 6u dim (X,,) = m kar Xy, = span{z",...,x;m}, dnov |2 = 1 kar n {2"}", ebva
(1 + &,)-spreading ka1 1-unconditional. TnoOérouue emmAéoy én ya kdmowo 1 < p < 00 undpyouvy
otalepés ¢, C' > 0 téroies vote ya kdbe ¢ > p

n

m
DI

=1

Cinl/q <

< CnY? yig ké9e n e N ka1 m = n.
Cy(X) 4
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Téte o £, efvar tenepaouéva avarapaotdoios oty { Xy} _ . AnAadn, ya kdde € > 0 kar kdOe
k € N vndpyouv dreppa m € N dote va vndpyel {Uj}§:1 block axolovdia Tns {z"}" | mou efvar
(1 + ¢)-1006Vvaun ue tny ovvrin don tov flg,

Eicorepa, av X xwpos Banach ka1 X, < X ya kdle n € N twéte o £, elvar menepaouéva
avarapaotdouos otor X.

To Kegdharo 6 eivon aplepwuévo otny anddelln tng cotype teplntwong tou Yewprjuatoc Maurey-
Pisier:

Oedpnua 1.0.15. Eotww X ydpos Banach ka1 gx = inf{qg>2: o X éyea cotype 2}. Tére, o
Uy, €lvar memepaouéva avarapaotdoipos otor X.

T v amddetn tou Yewphuatog axoloudolue Ty npocéyylon twv Milman xou Sharir [29].
H Boaowr npdtacy, and tnv omola 1 cotype mepintwon mpoxintel ydern otny lpdtaon 1.0.14, elvou
M eghc

ITpétaom 1.0.16. YTrdpxovr v, C > 0 ka1 0 < § < 1 térowa dote, av X xdpos Banach xai
gy > 2, tote ya kdVe € > 0 ka1 ya kdOe ny € N vrdpyovr y1,y2, ..., Yn, € X TétO10 HOTE

(1) 1 -0 < |yl <1, ya kdfel<i<n;.
(ii) H axodovdia (yi,...,Yn,) €var (1 + €)-spreading ka1 C-uncoditional.
(ili) Ia kd9e A < [m] ={1,2,...,n1} wxdea

2%’

€A

< vlAfYox.

Baowd epyaieior yia Ty anddelén tne mopandve tedtaong ebval ol endueves dLo mpotdoeic. H
TEAOTN AMOTEAEL Ui TEMEPAOUEVT ExBOYY) Tou Vewpruatoc Brunel-Sucheston.

ITpotaon 1.0.17. Eoww 0 < 6 < 1. I'a kde € > 0 ka1 k € N vndpyet N = N(k,e) € N nov

ebaprdrar pévo amd o € kai vo k, véroog wote av X xwpos pe vopua, n = N ka1 T1,...,T, € X
pe 1l —6 < |z;| < 1, tére vndpyer vraxodovdia z;,, . .., x;, mov ikavomolel ToUAdyioToY pia and Tig

Tapakdtow 1010TNTeE:

() n(xiy,-..,xi) evar (1 + €)-spreading 1

> csv/k, ya kdrow owadepd c5 > 0 mov efaprdrar udvo and o 4.

® E

k
2 €jLi;
j=1

ITpotacm 1.0.18. Eotww e,0 > 0 kar k € N. Yndpyer Ny = Ni(k,0,¢) € N, nov efaprdrar pévo

aré ta €,6 ka k, téroog dote av X xdpos pe vépua, n = N kar z1,...,T, € X pe ||z <1 yua
kibe 1 < i < n ka |x; —xj| = 6 ya kdOe i # j, tére vndpyer vraxodovdia ;. . ., xi,, TéTOW
aate n axolovlia v; = Ty, — Ty, 4, 1,...,n va elvar (2 + ¢)-unconditional.

Iapot o amddelln tng type mepintwong Yo unopoloe vo Yivel Ye ETLYERNUATA TUEOUOL UE
aUTA TToU yenouloroolvTol Yo TNV cotype mepintwong, oto Kegdhawo 7 Yo mapoucidcouue i
am6delen 1 omolo oxohoudel Telelnwg SlapopeTiny npocéyyion xou Bacileton ato Yedpnua tou Pisier
xan Ti¢ p-stable Tuyalec petafBintéc. Mia cuppeteue Tuyaio uetoAnts ¥ Aéyetan standard p-stable
v xdmoto 1 < p < 2, av 1 YoeaxTnelo T TN ouvdetnom €xel TNy eEAC Hop®n :

E(ez’tﬁ) _ e—\t|p/2 Yl xdde t € R.



[ évoy yweo Banach X xou 1 < p < 2 oupPoiiloupe pe STp(X) ty eldytotn otoadepd C > 0
yioe Ty omola yio xde n € N xou 21,22, ..., 2, € X oylel

n n 1/p
D || < C (2 ymup) :
=1 =1

omouv V1,0 ..., 0, aveldptntec standard p-stable tuyalec yetofintéc. Av ST,(X) < o0 héue 6Tt

E

o X éyeu stable type p. To Pacixd Yetdpnuo tou €Bdopou xeparaiou etvor To axdhouto :

Oedpnuo 1.0.19 (Pisier, 1983). Eoww 1 < p < 2 kat ¢ o ovluynig exdétng tov p, dnAadr
% + % = 1. Ia kdV € > 0 vrdpyer § = d(e,p) > 0 térowg dote, av X etvar évag xopos Banach
katn € N pen+1<d(e,p) (STp(X))4, tdre vndpyer vndywpos tov X didotaons n, o orolog elvar
(1 + €)- 1wopopgikds pe tov £y Ankadij, yia kdfe n € N wéroov dove n+ 1 < d(e, p) (STp(X))?,

mE X
Av ST, (X) = o0 tére
le<—>+€X, yia kd0e n € N,
onkadn o £, elvar menepaouéva avarapaordouos otov X.

INo v anddeln tou nopandve Yewphuatog oxoroutdolye uio miovodewpnuxy uédodo. A-
vahutixdtepa, 1 dtadixacio etvan 1 e€hc: Oewpolue évay yweo mdavotntac (2, A, P) xou oe xdde
w € Q avuoToyolpe evay tehecth 1y, @ €y — X v xémowo n € N otadeponompevo. 'Eneita,
Oetyvoupe 6T 1ot xdnowo M > 0 xou xdide a € Sgp 1oy leL

P([T(a)ll = M| = 6:M) < 2exp (=C(e, p)(STp(X))?)

Yo xdmoto xotdAnio 01 = d1(e) > 0 xaw C(g,p) > 0. Egpdoov 1 nopondve aviedtnta oylet yio

2n/é

e otodepomotnuévo a € Spn, Yo éva 01-0ixtuo N g Spm e [N < /9 éyoupe

P@Eae N [|T(@)] - M| > 6M) < IV [2exp (~Cle, p)(STy(X)))
< 2exp (2; - C(a,p)(STp(X))q>.
Enopévoc, av 1 —2exp (22 — C(e,p)(STp(X))?) > 0 t61e pe Vetueh mdavétnta éyoupe 6t
(1—-061)M < |T(a)| < (14 01)M vy x&de a oto N.

Anodexvioupe 6t yior xdmoto xatddinho 6 = d(e,p) > 0 av woylel 6Tt n + 1 < §(ST,(X))? tote
1 ToEAndve TocoTnTa efvar YeTixn xou ETOUEVKC UTdEYEL w € §) TEToo WOoTE

(1—01)M < |Ti(a)| < (14 01)M vy xéde a oo N.

Yuunepalvoude TOTE, AOY® XATIAANANG ETAOYHC TOL 01, OTL
1
V1i+e

YLven®e, v tov teheoth 1" = ﬁTw : E;} — X éyoupe ot

M < |T(a)| < vV1+eM v xdde a oty Sen.

1/p

n 1/p n
! P .|P
N (; |ail > <|T(a)| <V1+e (; lail > 7

v xde ay,az ..., a, € R. Eyouye howndv 6T EZ Y x
Kplowo pého otnv anddeln tou Bewpruatog 1.0.19 nailel n oxdrovdn tpdtoom.
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Ilpétaoy 1.0.20. Eoww 1 < p < 2 kat q o ovluyris exdétns tov p. ‘Eotw ernions {Yi}r;
axodovdia avebdptntwr Tuxaior petafAntdy pe Tués o€ évay xdpo Banach, pe ||Yi|,, < 1, kar
{br}y | axolovdia mpayuatikdy apiudy wérow dote |by| < kP yia kdbe k € N. Av emn\éov
szoozl kakH € L (2, A,P), téte ya kdOe t > 0

0 o0
P ( 3 bYa PNRL
k=1 k=1

orouv Dy, > 0 katdAAnAn otaOepd mov ekaprdrar pévo amd o p.

—E

— q
>t><2e Dpt?

H omédeln e napamdve mpotaong Yo yiver ue v BoRdeta tng avicdtntog Azuma.

ITpo6tacm 1.0.21 (Avisétna Azuma). Eotw (2, A,P) ydpos mbavétntas ka1 f tuyaia pe-
wapAntij otov Le(Q, A, P). Eotw emmAéoy (F,)nr, atéovoa axolovdia o-akyefpcv pe F, < A
yia kien e N, {#,Q =Fg S F1 S Fa S ... S Fp C ... ke F = (2 Fn) N eAdyiotn
o-dAyefpa mov mepiéyer tny F,, ya kdde n € N.

Q0
Na k € N optlovue dy = E(f | Fx) — E(f | Fr_1). Tmodévouue emmiéor éu Y. |di|? < oo,
k=1
omov ||dg |0 = sup {|di(w)| : w € Q}. Tdre ya kdle t > 0 1w0xVea

2 /43 |d 12,
P ([E(f|F) — Ef] > t) < 2e /El” H

Ay emmAéov n f elvar F-uetprjonun, tote ya kdde t > 0

2 /43 |l
P(f —Ef| > 1) < 2 /k=1 e

AmodeivioupE TIC ToRATAVE BUO TEOTACELS GTNY aEYY| Tou EBdouou xeQataiou.
Emmiéov, cav népioua tou Yewprjuatog tou Pisier éyovue tnv axdrouvidn npdtacy, 1 onolo eiye
amodetydel Eva ypovo vopitepa (1982) and touc Johnson xou Schechtman [18].

ITpotaon 1.0.22 (Johnson-Schechtman). Ia kd0e 1 < p < 2 ka1 kdOe € > 0 vndpyer 6 =
d(e,p) > 0 dote ya kdle n € N apketd peydro, vrdpyer k € N pe k = dn wérowo dote o 8’; va
epgutedetar (1 + €)-1wopopgixd ovov 1. Anladrj, yia kdle € > 0

(ks

» T yia kdnoo k = dn.

/7 /. / V4
Exbicdrepa, o €, elvar nemepaouéva avarapaotdoipog ooy £y.

Y10 téhog Tou €Bdopou xegahaiou delyvoupe v type mepintwon tou Yewpruoatoc Maurey-
Pisier n onolo mpoxdntel and to Yedpnuo tou Pisier xou to yeyovég ot

sup{l <p<2: o X éyetype p} =sup{l <p <2: o X éyew stable type p}.
Oedpnua 1.0.23 (Maurey-Pisier: type nepintwon). Eotw X ydpos Banach kai
Py =sup{l <p<2: o0X éa type 2}.
T6te 0 £y efvar nemepaopéva avanapaotdoipos otov X.

Téhog, ohoxAnpwvoupe tnv epyacio ye dVo mapaptiata. 3to Iapdptnuo A" napovoidlouue
éva Veopnua oyetwd ye tn mpofoAr) Rademacher to omolo pog ebvar yprowo oto Kegdhawo 4.
Apywd optlouye tig ouvaptroeic Walsh.



Optopo6c 1.0.24. T xdde & # A < [n] == {1,2,...,n} opillouye wa cuvdptnon wy : Ef —

{—1,1} Vétovtac
wa(e) = H €.
€A
Eniong, ¥étouye wg(€) = 1 yio xdde € € £Y.
Ou ouvapthoeic wa, A < {1,2,...,n} Ayovron cuvapthoelc Walsh.

Av X ywpoc Banach xou n € N xdide ouvdptnon f : Ef — X avanaplotocton povooruavto
ot popq
f=> waza,
Ac[n]

yia xdmowa 4 € X. H npoforry Rademacher opiCetan w¢ e&rc:

Opwowodg 1.0.25. H npoPorr) Rademacher tne f : EY — X elvou 1y ouvdptnon Rady, f : By — X
ue

n

Radnf(e) = Z eix{i},

i=1
omou f = ZAg[n] WATA.

O ypauuixoc teheotic Rady, : Lo(EY; X) — Lo(EY; X) ue f— Rad, f elvou nédvta @porypévos
xou pdhoTa HRadn||L2(Eg;x)—>L2(Eg;X) < /n. To nbplo Yedpnuo tou apaptAuatoc A’ eivar to
axohouto:

Ocsdpenua 1.0.26 (Pisier). Yndpyer pua arddven owabepd C > 0 térowa dote, ya kdle xdpo
Banach X mou elvai i0op0pgikds pe évav yapo Hilbert woyvel

[ Radn|| L, (gp;x)—Ly(Ep:x) < Clog (d(X, H) + 1),
ormov d(X, H) n andotaon Banach-Mazur twv X ka1 H.
1o Hopdptnua B’ delyvouue tnv apyr Tomixr|c auvtondielag.

Oedpnua 1.0.27 (Apy! tomxrc autonddewnc). Eotw X ydpos Banach, E < X** ki F < X*
pedimE < oo ka1 dim F' < 00, Téote ya kdOe € > 0 vndpyer ppaypévos ypapikos tedeotns T :
E — X térows dote |T|||T7Y| < 1+e, T(z) = 2 ya kdbe x € En X xar 2*(T(z**)) = 2**(x*)
ya kdOe ¥ € F ka1 2** € E.

Eopgpova ue to mapamndve Yempnua €youue 6Tt o X** elval Tenepaouéva avamapacsTacHIo GTOV

X yw xde ywpo Banach X.



Euyopiotieg

Oa Hdeha va guyoploThHow Wiadtepa Tov xodnynth x. A. Tavvémouho yior Ty Ty Tou Uou
éxave vo ovardBel Ty emiBAedm TG SITAOUATIXAC UOU EQYAGIAS XOL YIoL TOV YPOVO TOU APLERKOE
Yo TNV ohoxAipwoY| Tne. Ao Hieha emlong Vo ToV ELYAPLOTACK Yia TIC GUUBOVAES TTOU UoU €BKOE
%o xon ol pordNUATXG Tou wou BIBage 1)’ OAN TN BLEEXELL TNG CUYYEAPNS AUTAHS TNG EPYACTAS.
H ouufol tou Aoy Yepehwdng. Oa Hieha va euyopiotiow eniong toug x. A. Iatlolpa xou x.
A. KatdBolo yio T GUUUETOYY) TOUC GTNY TRWEAY| ETLITROTH).

Téhog, Yo Hieha va exppdow T Vepuéc pou evyaplotice oto Kowmgeréc Topuuo ANEEavdpog
2. Qvdong vy T yopnynomn unoteopiag yia To BelTEPO €TOC TWV UETATTUYLOXMY LOU CTOUBKY.



Kegpdhawo 2

Ytolyela and tnyv Vewpla
T AVOTNTWYV

2.1 TIlpaypatixég tuyaieg petafAnTec

‘Evoc ywpoc mdavétntac elvon pa tpdda (£2, A4, P) énouv A eivon o-dhyefpa oto alvoro Q xou to
P uétpo nou opileton oto petpiowo yweo (£2,.A) tétowo wote P(Q2) = 1.

Optopog 2.1.1. Eow (2, A,P) yopoc miavétnrag. M yetphown ouvdptnon X : @ — R
Aéyetan mparypotiny) Tuyoda WETABANTY.

Oplopdg 2.1.2. To ohoxhfpwyo plac ohoxAnenaotung tuyolog petofantric X, Aéyeton wéom
T e X, xan oupfolileton ye

EX — LX(w)d]P’(w).

Optopog 2.1.3. H xatavopn woc tuyadac petainmic X @ (2, A, P) — R eivar 10 pétpo p
mou opiletan ot Borel utocivoha tou R ye

w(A) =P(X € A), ywxdde A€ B(R).
Avo tuyoleg YeToBANTEC AéyovTon LOOVOWES av €Y0uV TNV Blal xaTovouy.

IMopathenon 2.1.4. (i) 'Eotw (21, A1,P1) xou (2, A2,P2) 800 ydpeor mdavétnrag xou X :
Q1 - R, Y : Qy — R tuyoieg yetofintés. Oewpolye 1o oo ywopevo (1 x a2, A1 Q@ Az, P1 xPa)
xou opiloupe X', Y : Q1 x Qy — R pe X' (wi,w2) = X(wi) xou Y'(wy,wz) =Y (w2). Hopatnpolue
6t X' etvon wodvoun pe v X. Hpdypat, yo xdde A € B(R),

(]P)l X ]P)Q)(X/ € A) = (]P)l X ]PQ) ({(wl,OJQ) € Ql X QQ : X(wl) € A})
= (Pl X Pg) ({X S A} X Qg) = Pl(X € A)

‘Opotwe, Y etvan todvoun pe tnv Y. Suunepaivoupe 6t yio xdde 800 tuyaies petoBAntéc unopolue
TV Vo YEmpOUUE OTL €Y 0UV %00 eSO 0pLop00. AVIAOY A, VLol Lol OLXOYEVELD TUY LWV UETOBANTGV
{Xi},er> umopoUue mdvta vo dempolpe 6T1 opllovtal 6 Evay xowo yhpeo tiavotntag. 310 e&hg oty
avgepbuote ot Tuyalec ueTofAntéc Yo Yewpolue ndvta 6Tt opilovton oe €vay yHeo mavoTnTag
(2, A, P) ywelc va avoagpepduacte oe autov.

(ii) Av emimhéov to pétpo P elvon pn atopind, tote unopolue va Yewpolue 6Tt 1 tuyola LETOBANTA
optletan otov ypeo ([0,1],B([0,1]),A), 6mou A eivan to pétpo Lebesgue oo [0, 1].
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Opwowodg 2.1.5. 'Eotww X : 0 — R tuyaio yetaBintn ue xotavouy| p. Mia yetproyn cuvdpetnon
f R - R Myetu ouvdpetnor tuxvotntag mdavotntag e X av yio xdde A € B(R)

u(4) = | r@)ir)
omou A to pétpo Lebesgue.

ITpétaomn 2.1.6. Eoww X : Q — R wuyaia petapAnen pe kavavoun p. Ia kdle petprionn
owdptnon F': R — R

deu = JFonIP).

Yuvenog, av f: R — R elvon 1 ouvdptnon tuxvétntoc miavotnrag tng X, tote

L FoXdP= f F(z)f(z)d\(z).

R

Eniong, éneton 61t av 800 tuyaiec petafntéc X xou Y ebvan wodvopee, tote E F(X) = EF(Y) v
xade petprown ouvdptnon F: R — R.
IMpotaocm 2.1.7. Eotww (X, B, p) xdpos pérpov ka1 T : X — X upetpriomun owdptnon. O-
pilovue To uétpo

pr(B) = w(T7Y(B)), yua xide B € B.
Téte, yia kdle f: X — R

[ sawr = [ soan
Opwowodg 2.1.8. Ao tuyaieg petafantéc X, Y : Q@ — R Aéyoviu aveddptnteg av yia xdie

A, B € B(R),
P(XeAxuY eB)=P(X e AP € B).

Tevixdtepa, pa oxoyévela tuyaiov uetaBAntdy { X}, ; Aéyeton aveZdptntn, av yia xée tenepa-
opévo J < I, xau {A;} . ; Borel unootvoha tou R,

]P)(X] € A]’ Yy udde jEe J) = HP(XJ € A])
jed

Oplopdég 2.1.9. 'Eoww X : Q — R tuyala petofinty. H yopoaxtneiotixry cuvdetnon
dx : R — C e X oplletan wg e&ne:

dx(t) = E(eX) = j "X @ dP(w) yio xdde ¢ € R.
Q

H Booux BotnTa Tov YapoxTeloTXOY CUVIRTACEWY QUIVETOL GTNV axdAoulT) TEOTACT.

IMepbétaomn 2.1.10. Av OUo tuyaies petafAntés X, Y @ Q — R éyouvr ioes yapaktnprotikés
ouraptioe, Tote elval 10ovoues. AnAadr), n xapakTnpioTiky ouvdptnon Jag tuyaias petafANTHS
katopiler mAnpws TNy Katavoun tns.



2.2 YYTKENTPQSH TOY METPOY £TO AIAKPITO KYBO - 13

2.2 YuyxEVTIpwom Tou UETEOUL GTOo dLaxpltd %xLBo

Ocewpolpe to olvoro By = {—1,1}", 10 onoio tautiloupe Ye 10 GUVORO TWY XOpUPMY ToL XVBou
Qn = [—1,1]" otov R". Xto Ef opiloupe 10 opotduoppo pétpo mdavétntac py, mou divel udlo
27" oe xde onuelo. TN xde un xevé A < B3 9€touue

(2.2.1) da(z) = inf{|z — y|2 : y € conv(A)} v xé&de z € EY.
To Baocwd Vedpnuo authAc TG Tapayedpou etvor To e€g.

Oewpnua 2.2.1 (Talagrand). Ia kdfe A < EY,

1
fin(A)

(2.2.2) E exp(¢7%/8) <

Am6dely). Me enaywyh we mpog to mAidoc twv onueiov tou A, Av card(4) = 1 dnhadA
A = {y}, tote

(2.2.3) da(x) = inf{|x — 2|2 : z € conv(A) = {y}} = |z — y]2.
"Apa,
—y|2 1 2
(2.2.4) Eexp(¢?/8) = E (eux yuz/s) = o S ellevlss,
zeRY
Kdve x € EY dagépel and 1o y oc @ ¥éoeig, @ = 0,1,...,n. To mipdoc twv x € EF mou Sapépouy

oe axpBac i Véoeic amd o y ebvan (7). Tlopatnpolue 6t ||z — y|3 = 4i btav o = dagépet omo t0
y oe 1 ¥éoeig. "Apa,

le—yizs _ L 0 (1) e _ L 1/2\"
(2.2.5) Ee 2 on Z <z e o (1 +e )

ol et/? < e < 3.
‘Eotw thpa 61 card(A) > 2. EZetdlouye npdta tny mepintwon n = 1. Avoyxootxd €youue
A = Ey, enopévac ¢a(z) = 0 yua xdde x € Ey. Apa,

(2.2.6) Eexp(¢%/8) = E(e”) = 1 = 1/ui(A).

[Mo to emarywyxd BrAue Jewpolue A € Ej 1 pe card(A) = 2. Xowplc neploplopd e YeVIxGTnTog
UTOPOUKE Vo UTOUEGOLUE OTL

(2.2.7) A= (A x{1}) u (A1 x {-1})
6mou Aj, A1 # . Mnopolue enione vo utoVécoupe 6t card(A_q) < card(A;).

Adppa 2.2.2. Ta kdle x € By,

(2.2.8) d)A((x: 1)) < ¢A1 (.%')
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Anodegn. Apxel va deiloupe ot
(2.2.9) {llx —yl2:yeconv(A1)} < {|(z,1) — 2|2 : z € conv(A)}.

‘Eotw y € conv(Ay). Téte, y = D70, tix; 6mov t; = 0 pe D0t = 1 xou x; € Ay Téte dpoc
(25,1) € A xou

(2.2.10) i (24,1 i
=1 i=1

onhadh (y, 1) € conv(A). Aol ||z —yll2 = |(z,1) — (y, 1)l o

= (y,1),

||M3

(2:2.11) @, 1) = (Dl € {2, 1) — 2] : = € conv(A)},

€youpe o {nTolyEvo. [ |
Adppa 2.2.3. Ta kdle x € Ey kar yia kdle 0 < a < 1,

(2.2.12) ¢4 ((z,—1)) < 4a® + a¢?, (z) + (1 —a)p%_, (2).

A7n6dely. Eotw z; € conv(A4;) (i = 1,—1). Téte, dnoc nponyovuévane, (z,1) € conv(A). To
conv(A) elvor xuptd, dpa

(2.2.13) z:=a(z1,1)+ (1 —a)(z_1,—1) = (az1 + (1 —a)z_1,2a — 1) € conv(A4).
‘Eyouue
(2.2.14) [z, =1) = 2[5 = |(z — az1 — (1 — a)z—1, —2a) 3

= |z = az1 = (1 = a)z—1,0)[3 + (0, —2) 3
< (alz =zl + (1 = )|z — z-1]2)* + 4a®

< alz =213 + (1 - a)lz — 213 + 4a®.
Aqgol 1o z; € conv(A;) Aoy TuydvTa, éneton HTL

(2.2.15) ¢4 (x, —1) < agh, (2) + (1 — a)¢’y_, (z) + 4a.

Xenowonoldvtog To 500 AUUATA, YEAPOUUE

1
(2.2.16) Ee?a/8 = T S edals
€En 11
1
_ $A((@0)/8 ¢
_2n+1Z€AI)/ 2n+1ZeA
xeFk, xeF,
<t S sy L e, @/ - @8
n—+ n+
2 xeFk, 2 xel,

< 2n1+1 T @

zeFEy,

+ +1 (Ze¢ ) (Z ¢A193)/8> o
2” xeFE), xel,

B R WL N T W Enp s NN g . N
= JE(H %) + Ze (E(e ) )) (E(e ! ))
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O€¢Touue
2 1
2.2.1 _ R (P08 _
(2:2.17) uy <e ! ) U=
pided)
_E (A8 N S
(2.2.18) uy =E (e 1 ) s

And v enoywywd vnddeon éyouvpe up < v1 xou u—1 < v—y (enlong, n card(A—_1) < card(A;)
yedpetow v < v_1). Apol 1 TEONYOVUEVY avlodTNTA TOdEVEL T Hop®Y

1 1
(2.2.19) Ee?4/® < JuL+ ieaz/Q(ul)a(u_l)lfa

1 1
< gun+ e o) (0-n)

< %[1 + ea2/2(v1/v_1)a71].
H teheutaia toodtnta yivetoaw ehdyot vy a = —In(vy/v—1). H nyphf —In(vy/v_1) eivor tepinou

fon ye 1 —vi/v_1. Emdéyouye ap = 1 — vi/v_1. Agol vy < v_q éyouue 0 < ap < 1, ondte
umopolUe Vo ypdouue

(2.2.20) E(e?4/%) < %1[1 +e®/2(1 — gg)a01].

Adppa 2.2.4. Ta kdle 0 < a < 1 éyouue

(2.2.21) 1+e”2(1—a)* ' < .
2—a
Anodeln. Amiéc npdleic Setyvouv 6Tl 1 avicdtnTo Tou {NTdpe elvor 1ooduvVaUN UE TNV

(2.2.22) gla) =In(2+a) —In(2 —a) — a*/2 — (a — 1) In(1 — a) > 0.

Hopaywyilovtoc Brémoupe 6t ¢” = 0 xou ¢'(0) = 0. Apa n g ebvar adZovoa oto [0,1]. Ago
g(0) = 0, éneton 10 {nrolyevo. [

Xenowornowvtoag to Afuuo 2.2.4 €youue

4 2v
92.2.2 E(e%4/8) < &L - 1
( 3> (6 ! ) 2 2—ag 1+111/U_1
B 2 B 2
Lo+ voy (A1) + pa(A-1)
1
a /~Ln+1(A) '

H teleutaia tobtnta etvon gaveph; a@ol fin41(A; x {i}) = pn(A4;)/2, i = £1. Etot ohoxhnpdvovton
TO EMAYWYWXO Prina xou 1) amodeln Tou Oswehuatog 2.2.1. |

ITépwopa 2.2.5. Ia kdle t > 0 éyouvue

(2:2.24) pinl64 > 1) <
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An6deEn. And 1o Oewprua 2.2.1 éyoupe Eexp(¢?/8) < un%A)' "Apa,

f 128 < f ePa/8
{pa=t} {pa>t}

1
pin(A)

(2.2.25) "/ i (0

\Y

f)

N

< E(e%4/8) <

‘Eotw A éva pn xevo unocbvoro tou E3. H ocuvdptnon ¢a tou Ocwpruatog 2.2.1 xau
oLVdpETNoT andoTacNg and To A

1 n
(2.2.26) dp(z,A) = min {2n Z; |z — |ty € A}

oLYxEivovTol CUUPMYA UE TO ETOUEVO AAUMAL.
ANppo 2.2.6. Ta kdle pun xevé A < B3 éxouue

(2.2.27) 2v/ndy(z,A) < pa(x) , xe€EY.

Anédeln. 'Eotww x € EY. INo xde y € A woylel
(2.2.28) (x —y,x) = Z zi(z; —yi) = 2nd,(x,y) = 2nd, (z, A).
i=1

Ané v (2.2.28) éneton 611 Y1 xdde y € conv(A)
(2.2.29) Vnlz —yl2 = {x —y,z) = 2nd,(z, A).

Auté amodevier Ty (2.2.27). [

Yuvbudlovtag o 800 TaEATAVE AAUUATO SELY VOUUE TNV TROCEY YIOTIXY| LOOTEQUIETELXT| AVIOOTHTA
v Tov By

Ocedpnua 2.2.7. FEotw A S EY ue p,(A) = 1/2. Téte, yid kde t > 0 éxoupe
(2.2.30) pin(Ag) =1 — 2exp(—t*n/2),
onov Ay = {x € EY : dy(z, A) < t}.

Anbdely. Av ¢ Ay, 16t dy(x, A) =t xon to Aupo 2.2.6 Belyvel 6T pa(x) = 2ty/n.
Ouwe, and to Oswpenua 2.2.1 €youye

(2.2.31) eth/QMn(;c cpa(r) = 2t4/n) < JES exp(¢%(x)/8)dpn (z) < A =2,

~—

70 onolo onuaivel 6T

(2.2.32) fin(AS) < pn (2 = palz) = 2ty/n) < 2exp(—t2n/2).
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To Oewpnua 2.2.7 €yel cav GUVETELL TNV CUYXEVTEWOT TV xVeTwV Lipschitz cuvapticewy
YUpw and tov péoo Lévy toug. Tmeviuuilouue ot éva M > 0 elvon évag yéocog Lévy yio uia

ouvdpTnon f optouéwn oe évav yohpo mdavétntag (Q, A, P) av P({f > M}) = L xau P({f < M}) >
1

3-

Ocwpnua 2.2.8. Ocwpolue a kuptn Lipschitz ovvdptnon f : R™ — R ue otalepd Lipschitz
o. 'Eoww M évag péoos Lévy tns f otov EY. Tote, yia kdOe t > 0 éyovpe

(2.2.33) pn({|f — M| > t}) < de™0/%°,

Arodelr. Ia tov M wybouy ot pn,({f = M}) = 1/2 xou pn,({f < M}) = 1/2.
©étoupe A = {f < M}. Agoi n f elvar xupth, v xdde y € conv(A) éyovue f(y) < M. Av
ooy f(x) = M+t vy xdmowo x € Ef, tote

(2.2.34) f@y=M+t= f(y)+t

yio xde y € conv(A). Apa, oz —yl2 = |f(z) — f(y)] = t. Autd onuaiver 6Tt
(2.2.35) da(z) > t/o.

Ané to Ilbpiopa 2.2.5 xou omd v py(A) = 1/2 éyouye

(2.2.36) pn({f =2 M +1}) < pn({¢a = t/0})

< 1 e—t2/802 < 2€_t2/802.
pin(A)

‘Eotww t > 0 xu B ={f < M —t}. Onwe npwv ehéyyouye 6Tt

f@) =M = ¢p(x) =t/o

xan e yeromn tou loployatog 2.2.5 €youue

pn({f(2) = M}) < pn({¢5t/0}) < un?wa

Opwxc 1/2 < pn({f () = M}), dpa
tn(B) < 2¢1°/80%,

YuvoudlovTag Ta Tapamdve BAEnouus 6Tt

pn({|f = M| = t}) = p({f = M +t}) + p({f < M —t})
< 2e /897 | 9e /807 _ go—t?/807

2.3 Aviwoétnta Kahane-Khintchine
Optopog 2.3.1. M tuyaio petoAnti X : Q — R Aéyetan ovppeteixn av yio xdde A € B(R)
P(XedA)=P(Xe-A4),

onhaot av 1 X elvon wodvoun ue v —X. Emmiéov, t61e 1oyler ot EX = 0.
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Opwowodg 2.3.2. Mo tuyobo petaBAnt € : 2 — R Aéyeton ocuppeteixr) Bernoulli av

P({e = 1)) = P({e = ~1})) = 5.

IMpbétaom 2.3.3. Ta kdife n € N, ay,as,...,a, € R ka1 €1, €,. .., €, aveldptntes oUUETPIKES
tuyaies petaPAntés Bernoulli

n 2 n
E (2 aiei> = Z a?.
i=1 i=1

Arnodedn. Apxel va mopatneioouue OTL 1) €€ vl lGOVOUTN UE TNV € Yo © # J Xou doal

}Eeiejz{o , Vi F#E g

Erbikérepa,

1, avi=j
[ |
IMpbétaom 2.3.4. Av X : Q — R elvar ovupetpikn tuyaia petapAne) kair € : @ — R elvar

ouupetpikn tuyaia petaPAntr Bernoulli ave&dptntn and tnv X, téte n €| X| elvar iw0évoun pe tny
X.

Andédedn. Iopatnpolye otL Yoot > 0
Pe|X|>t) =P(e|X| >t xme=1)+P(e|X| >t xou e = —1)
(IX]|>txwe=1)+P(—|X]| >t xne=—1)
(IX]|>t)P(e=1)

=P
=P
1

1

=%P(X>t)+%JP(X>t)
=P(X >1).

Opolwe, av t <0

1 1
P(X| > ) = SP(1X] > ) + SP(—[X] > ¢)

1 1

§+§P(t<X<—t)

1 1
:§+§IP(X:O)+]P’(t<X<O)
=P(X >1t),

MOYw Tng ouppetploc e X.
Ané ta mapondve éneton 6t ot X xou €] X| éxouv Ty Bl xorrovoun xan dpa etvorn tobvopec. M

Oempnua 2.3.5 (Apyr cuctorfc). Eotw {€;}-, axolovdia avebdptntowy ouupeTpikdy Tuxaioy
petapAntdy Bernoulli ka1 éotw F : [0,00) — [0,00) kupt kar abéovoa. Av x1,...,xy, €var
draviouata o€ éva xdpo ue vépua X kai o mpaypatikol ouvtedeotés ue oyl <1 yai =1,2,...,n,

).

ToTE 10 Vel

n n
EF(H Z €0, T4 ) < EF(H Z €T
=1 i=1
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Anoédegn. Oewpolye ) ouvdptnon ¢ : R™ — R ue

¢(a1, ey Oén) = EF(‘ Z €045 >
i
HMopatnpolue 6tL N ¢ eivon xupth epboov n F' xaw ) || etvon xuptéc ouvapthoeie xaw n F etvon ab&ou-
oa. Téte n ¢ nepoplopévn oto xuptd ouunayéc [—1, 1]" napouctdlet péyotn T oe €va oxpoaio
onuelo a = (ai,...,ay,) 6mou o = 1. Abyo ouppetpioc TV (€;)icn Exouue to {ntodpevo. M

ITépopa 2.3.6. Eoto {€};-, axolovdia avebdptntor ouppetpikdy Tuxaioy jetapAntdy Ber-
noulli ka1 = 1. Téte, yia kdOe xdpo pe vépua X, yia kd0e n,k € N pek < n karxy,22,...,T, €
X,

T r

k

2, it

i=1

E <E

n
2, €
i=1

Oewpnua 2.3.7 (Avicdyra Khintchine). Eotw {€;};~, axolovdia aveédptnrwr ovppetpikdy

tuyaiov petapAntor Bernoulli. Ia kdle p > 0 vndpyovv otalepés A,, B, > 0 nov efaprddvtar
Hovo ané to p dote ya ke n € N kar aq,...,a, € R

n 1/2 p\ 1/p n 1/2
A, (Z a$> < (E > < B, (2 a§> :
=1 ] i=1

n
2, tici
1=1

EmnAéov, av p = 2 tére A, = 1, OnAad),
n 1/2
i=1

eve) av p < 2 tote By = 1, 0nAaon,
P\ U/p n 1/2
i=1

Mo anéoeien tne avicdtntog Khntchine yropel va odetl ye Bdon 1o enduevo Hewpnua.

n

D, aiei

i=1

Ocedpnua 2.3.8. Eotw (€)i<n Hla temepacuérvn akolovdia avebdptntwy, CUHMETPIKGY TUYaTWY
petapAntdy Bernoulli. Av (o;)i<n Temepacuérn akodovdia mpaypatikcy ouvtedeotdy, yia kdle

’

n
2, Qe
=1

t > 0 wyvel

> t) < 2exp (—2/2]al3),

omov a3 = XL, of.

Anodegn. INa xdde A > 0 and v aviootnta Tou Markov €youue
P <Z o€ > t) < e ME exp </\ZO‘M>
i i

_ e—)xt HEekaiei
%

— M H cosh(Aq;).
7
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Yuyxrpbvovtag o avamtdypato Taylor Beioxouue 6tL coshz < 6352/2, x € R. "Apa, éyouue

I 2
P <Zi:aie7; > t) < exp (—)\t—l— 5)\ Zi:o%>

Behtistonowwvtog ¢ mpog A 1o 8ed1é péhog PBploxouue Ot

P <Z € > t) < exp (—t2/2\|a||%) .
Egapuolovtag 1o (8o emyelpnua yia to —a; ot Véom twv ay €youpe To {ntoduevo. |
O YENOWOTOCOVYE ETUONE TO EENC AUMAL.
Appa 2.3.9. Eoto (2, u) xopos mbavétnras kar f : Q@ — RY pegprjoun. Tdre,
0
|7 =p] ot @) = at.
Q 0

Anodegn. I'pdgouye

0

pf P p({w s flw) = t))dt = f

0

pir-1 < [ 20 (w)du(w)> dat

o0
- J;L Ptpfll{f(w)>t}(t)dtdu(w)

(s

0
- | rerdute),
Q

Andédelln tou Oeswprpuatog 2.3.7. XpnoWonoldvTog To TEONYOLUEVO AU, YEAPOUUE
Dol = [T (| S| = 1) a
;€ = p ai€;| =
i=1 LP(ES) 0 i=1

0 Ct2
< J ptP~12exp (—2> dt
0 lal3

< (cav/Pllal2)”,

ar’” 6mou €neton 1) €Ll aviodTnToL ToL Yewpruatog. o Ty aploTeR aVicHTNTA GTNY TERITTWAOT TOU
0 < p < 2, ypnowonotoVye 1o e&ng €y vaopa. o dodév 0 < p < 2, 0 2 elvor xVPTHC GUVBLUCUOG
v p xau 4. Mropolue dnhady| va Beotue 6 € (0,1) tétoov dote 2 = pf + 4(1 — 0): n Ty tou 0
ebvon 2/(4 —p). AvY = D" | age; totE, and v aviodtnta Holder,

(2.3.1) E|Y]? = E()y [y [*0-9) < E[y ")’ (EY|*) 7.
‘Eyoupe Seiget 6n YL, < co|Y|r,. Apa, 1 (2.3.1) pog diver

EY? <t By Py (B]y[2)*" 7.
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Hopotnerote 6t 1 — 2(1 — 0) = ph/2. Encton 611

po

EYD)Z <" ®YP),

arm’ OTov ENETAL 1)
Yz, < Yz,

e e 4 7 7
yio xdmola otodepd ¢p > 0 mou e€aptdton LOVo and To p. n

IMapatrhenon 2.3.10. To emycipnua detyvel 6Tt By, = O(/p) xoddc p — +00 xou n A elvan
pporypévn poxpld and to undév: dnhadr, umdpyet wo otadepd m > 0 dote |Ap| = m yio xdde
p= 1

H avicétnta Kahane-Khintchine yevixelel tnv avicdtnta Tou Khintchine.

Oewpnua 2.3.11 (Awoétnra Kahane-Khintchine). Eoto {€;}ie., akolovdia avekdptnrov ouu-
HeTpikdy Tuxaiov petapAntdv Bernoulli. Ina kdOe p > 1 vndpye pa otalepd K, > 0 mov
efaptdrar uovo and o p, dote ya kdle ywpo pe vépua X, ya ke n € N kar x1,x9,...,2, € X

. p\ 1/p n
(]E Z €;T; ) < Kp E Z €;T;
=1 i=1

H omédeln tou Oewpruatog 2.3.11 Bociletan oto €€hc ndpiopa Tou Oewprjuatog 2.2.8.

IMépwopa 2.3.12. Eotw X xdpos pe vépua kar (x;)i<n axodovdia dSavvopdtwr otov X. Av M
etvar évag péoog Lévy s || X<, €ixi| otov EY wote, ya kdbe t > 0,

(2.3.2) [in <{| | > il = M| = t}) < de/80%,

i<n

Anédeldn. Ocwpolue Ty f(u) = | X, wizi|. Xpnowonowwvrog Tic OTNTES TNS VOpUIC EAEY-
youue eoxoha 6t 1 f ebvon xvupth ouvdptnon. ‘Eotww x* € X* pe |z*| < 1 xou u,v € R™. And v
avicotnta Cauchy-Schwarz €youue

(2.3.3) x* (2 UT; — Z Uil‘i> ’ = Z wixr™ (z;) — Z vix™ ()
= Z(Uz’—vi)ﬂ?*(ﬂﬁi)
- 1/2 1/2
< <Z |$*(l‘i)|2> (Z (ui — Uz‘)2>

< olu—vls.

And 1o Oewpnua Hahn-Banach cuunepatvoupe 6t

i<n i<n

(2.3.4) [f(u) = f(0)] <

< ofu—wvls,

enouévng 1 f elvon Lipschitz cuveyrc pe otadepd 0. Eqgopudlovtoc to Oewpenuo 2.2.8 yio Ty f
€youpe t0 {nToluEvo. [ |
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An6degn tov Oewprpatog 2.3.11. Oewpolye Ty [ : EF — R pe

(2.3.5) fler . yen) = | | D] el = M |.

i<n
Ané o Mbpiopa 2.3.12, xdvoviag Ty ohhoy | peteBantic = = t2 /802 éyoupe

Q0
j . |1 il = M [Pdpn(e) = pjo P ({2 || Y il — M| > t})dt

2 i<n <n
© 2/q.-2
< 4J ptP e /87" gy
0

0e]

= 2p+1p(\@a)pf e aP? ldx < (Koy/p)P.
0

"Apa,

1/p

(2.3.6) (f | Z exi|| — M|pdun(e)> < Koy/p.
By i<n

Ané v Tplywvixr aviodtnTa,

(2.3.7) (LJZ

2 1<n

1/p
memo < M + Kyop*/?

v xdde p = 1. Téhog, mapatnpotpe dt M < 2E | 3, x| and v avicdtta tou Markov. O

ITépwopa 2.3.13. And tnr aviwoétnta Kahane, exuetaAdevduevor kar tny avioétnta Holder,

owvdyouue étiar 1 < q < p, tote ya kdOe xwpo pe vopua X, yia kdiben € N ka1 x1,x2,...,2p € X
a\ 4 p\ 1/p a\ 4

orov K, n owalepd otnr aviodtnta Kahane.
2.4 Tuyaleg ReTaBANTEG UE TILEG OE ETEYOCLLOUG Y WEOVG

n

2, Gz

i=1

n

D, ciai

=1

n

2, Gz

i=1

Optopog 2.4.1. 'Eow (E, B) yetpriowog yweos xou (2, A, P) ydeoc mdavétnrac. M A — B
ueterown ouvdpetnon S : 8 — E Aéyetan Tuyolor ReToBANTA pe Tiéc oTov F.

Ewwodtepa, av X elvon ywpog Banach, wa cuvdptnon S : 1 — X Adyeton tuyoda uetoBAnTy| pe
Téc otov X av etvar A — B(X) petprown, 6nou B(X) n Borel o-dhyefpa tou X.

Optopocg 2.4.2. 'Eow (E, B) yetpriowog yopoc xat S : 0 — E tuyoio UETOBANTH UE TIHES OTOV
E. H xatavouq e S elvon 10 uétpo 1 mou oplletan otny o-dhyefpa B ue

u(A) =P(S e A), ywxdde Ae B.

Avo tuyaieg yetaintéc S, T : Q — FE, ye Twég oe évav yweo Banach E, AMyoviu tcovoueg,
av €Youy TNV (Bl xoTavou).

H enduevn mpdtaon Yo gavel yerown oto Kepdhao 7
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IIpétaon 2.4.3. Eoww X daywpionios xyapos Banach. Avo tuyaies petapAntés S, T : ) — X
pe Tpés orov X, elvar 1w06voues av kar povo av n x* o S etvai wévoun pe tny x* o T ya kdle
x* e X*.

Eucérepa, av E(e*°%) = E(e**°T) yia xdle 2* € X* téve n S elvar wévoun pe wy T.

Optopoe 2.4.4. Mo tyaia petoafAnti S @ @ — E pe tpée oe éva petpiowo yweo (E,B),
AEYETUL CUAETELXT) oV

P(Se A) =P(Se—A4), ywxide AeB,
onAaodt av 1 S etvan 1odvoun ye v —S.

Optopo6c 2.4.5. 'Eotw {S;},.; wa oxoyévela and tuyaiec petaAntés ue tuée oe éva Uetpriotuo
xweo (E,B). H {S;};c; Myeton ave&detnTy, av yio xdie nenepacpévo unocivoro J < I

P(SjeA; yaaxdde je J) = HIP’(Sj €A,
jed

i onowdmote {4}, ; oy B.

IMpotaon 2.4.6. Eotw (E1, A1), (B2, A2) petprioor xydpor kar (2, A, P) xdpos mbavétnrag.
Av F : By x By — R, perprioqun ka1 X : Q — Eq, Y : Q — Ey avebdptnres tuyaies puetafANTéS

pe tipés ovov By ka1 Eg avtiototya, tote

f f F (X (), Y (o)) dP(w)dP() = f F (X (w), Y (w)) dP(w),

epdoor ta odoxAnpdpata vrdpxovr (to §§F (X (w),Y (w')) dP(w)dP(w') vrdpyer av kar pdvo av
w0 { F (X (w),Y (w)) dP(w) vrdpyer ka1 étav vrdpxovr efvai ioa).
Erdikorepa, av X, Y : Q@ — R aveldptnres tuyaieS petafAnTtéS tote

EXY =EXEY.






Kegpdiawo 3

[TemtepaoUEVT] AVATTOEACTACLULOTN T
xol unepylvoueva(ultraproducts)

3.1 IlencpaoUEVn AVATAPACTACLAOTNTA

Optopdg 3.1.1. 'Eotww X xou Y woéuopgol yweol Banach. H anéoctacrn Banach-Mazur twv
X xou Y ovpPolileton pe d(X,Y) xon opileton we e&ic:

d(X,Y) = inf {||T| HT_lH : T : X — Yicopoppiopdc} .
Emmiéov, av d(X,Y) < a yio xdmoo a > 1 t6te Mpe 6t ot X xau Y elvon a-tocopoppixol.

HMopoatnpolpe 61t yioo X xou Y wobpopgpouc yopoue Banach woylel mdvta 6 d(X,Y) > 1.
Emmiéov, av d(X,Y) < a ywo xdnowov a > 1, téte undpyet woopopplopdic T : X — Y tétolog dote
IT| =1 % ||T7Y < a, Snhrodh

1
=zl < IT(2)]| < ||lz]] v xdde z € X.
a

Ernione, av X, Y, Z eivar iobépopgol yoeol Banach téte d(X, Z) < d(X,Y)d(Y, Z). Hpdypat,
utdpyouv T : X - Y xau S: Y — Z pe HT‘lH , HS‘lH <1, |7 <d(X,Y) xau ||S]| < d(Y, 2).

Enopévoe, v tov teheot| T o S : X — Z éyouue ||[To S| < ||T)|1S] < d(X,Y)d(Y,Z) xou
(T s) ) = [l o7 <[5 Jr < 1.

Oplopdg 3.1.2. Eotw X xa Y 800 yopeol Banach xat a > 1. Av undpyet toopop@ixy| eugpUTeuoT
T:X ->T(X)<Y ttow dote
17T < a,

161 Aéue 6TL 0 X EPUTEVETOU G-LOORORPLXA GTOV Y XaL YEAPOUUE
X%y,

Opwowodg 3.1.3. 'Eotw X xou Y yoeol Banach. Aéue 611 0 X ebvar nencpacpéva avamo-
pacTdoLOC oTov Y av yio xdde € > 0 xou xdde undyweo E tou X menepacuévng dido taong,
undpyel utdyweos F tou Y pye dim F = dim E xou d(E, F) < 1+ ¢e. Anhodn, E Sy yio xdde
€ > 0 xau xde E undywpeo tou X Menepaouévng dLldo Taome.

Enlong, v a > 1, hye 61t 0 X elvol a-TENEPATUEVA AVATALACTACLLOG OTOV Y, av yid
xdde F memepaouévng dtdotaong utdywmeo Tou X undpyel utoyweog F' tou Y pe dim F' = dim F
xu d(E, F) < a. Enopévee, o X elvau nenepoouéva avomopaotdouos otov Y ov xot uévo av ebvor

a-oVOTOPAGTACWOG Yiar xdde a > 1.
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ITpétaom 3.1.4. Eotw XY ka1 Z xdpor Banach. Av o X eivai nenepaopéva avarapaotdoos
otor Y ka1 o Y eivar memepaouéva avamapaotdoijos otov Z tote o X elvar memepaouéva ava-
rapaotdoyuos otov Z. AnAadn, n memepaocpéyrn avanapaotaoipudtnTa tkavonolel tny petaPatikig

1010TNTa.

Ano6deln. 'Eotww e > 0 xou E undywpog tou X nencpaopévng didotaong. Egdoov o X elvon me-
TEQUOUEVAL OVATTAPAO TAOWOS 0Tov Y umdpyel F undyweog tov Y pe dim F' = dim E xa d(E, F) <
V1 +e. Eriong, epboov o Y elvar nenepacuéva avanapactdowoc otov Z undpyer H unbywpoc
Tou Z menepaopévne didotaone pe dim H = dim F = dim E xo d(F, H) < /1 + ¢. Enopévoc,
d(E,H) < d(E,F)d(F,H) < (v/1+¢)? = 1+¢e. Enctu 61t 0 X elvor METEpooUEVOL avomopo-
o TdoLOog oToV Z. |

‘Eotw X yopoc Banach xou 1 < p < 00. Iapatnpolue 6t av o £, civar nencpacuéva avamopa-

1+e
otéowoc otov X toTE Yo xde € > 0 xou n € N eyovpe o1 £ < X. And to mopoxdte Muua
4 7 /7 7 7. 7 4 7. 7 Z 4
gobveTon 6TL T 1) cLYVITHN elvon eTtiomNg 1o KAV WOTE VoL lvol 0 £}, TETEQUOUEVIL AVATAROSC TUCLUOG
otov X.

AAupa 3.1.5. Eotw X duywpioiog xdpos Banach kai (X,,)°_; avéovoa akodovdia vroydpwy
tov X menepaopévng Sidotaons, tétoe dote o vrdywpos | o, X, va efvar mukvés otov X. Eotw

Y xdpos Banach. Tote, ta akélovla efvar w0odUvapa:
(i) O X elvar menepaouéva avanapaotdouos orov Y.

(ii) I'a kdOen € N ka1 e > 0 vrdpyovy vndywpos E tovY pedim £ = dim X, ka1 T, : X, = E
Ypajkds 100poppio1ds tétoos Gote | T[T < 1 +e.

ATnodely. (i) = (ii): ‘Apeoco.

(ii) = (i): 'Eotww € > 0 xa F' unéywpoc tou X nenepacuévng ddotaone. Eotw dim F = N xa
e N 7z 4 4 7

F = span{z{,...,2%;}. H ouvdptnon Sy 30— szzl CLjCL’?H elvon cLVEYTC X EPOCOV 1| Gpaipa

Synv ebvan ouumory g oupunepaivouue 6t utdpyel otattepd C > 0 tétoln woTe

N
1
O 4
° < Z ajrj| < C, v xde a € Syn.
J=1

SUVETOC,

N N N
1 0
G 2ol < | X g < C ) layl
j:l j=1 j=1
vy x&de aq,...,any € R.

'Eotw § > 0. Enedf) o (U, X ebvor muxvie undywpoc tou X xau 1 (X)) ebvon adZouoa,
undpyouv n € N xau ;5 € X,, tétolo wote ||zj — :L’?H <dyxde 1 <j < N. And v unddeon
(ii) undpyouv undyweoc E tou Y pe dim E = dim X,, xou T}, : X;, — E této10l Hhote

x| < |Th(x)| < (1 +¢/2)|z], vy xdde z € X,.
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Optlovye S : F = Y e S(x(;) = Ty (z;) yioxdde 1 < j < N xou enexteivouye ypouuxd. Tote yua

xqe ay,...,an € R €yovue
N N N
S (Z ajx?> H =T, (2 aj:vj) < (1+4¢/2) Z a;x;
=1 = i=1
N N
(1+¢/2) Z —aN)| + (L+e/2) | )] a;al
j=1 j=1
N N
< (1+¢/2) 2 laj|o + (1 4+ ¢/2) Z 2!
< (1+¢/2)0C Zaj (1+¢/2) Za]
N
= (1+¢/2)(1+60) Z]
Enlong,
N N N
S (Z ajx?) ‘ = ||T}, <Z a]x]) > Z a;T;
j=1 j=1 J=1
N N
> Zajmg — Z aj(z
j=1 j=1
N N
> Z ajm? —oC Z ajx?
j=1 j=1
N
=(1-460C) Z ajazg
j=1

Emuhéyouue § > 0 apxetd uxpd dote 0 < W <l+e Téte,0S5:F —> S(F)<Y

wovorotel Ty
ISTIS™ <1 +e.

O F ftav tuyodv umdyweog tou X menepacuévng dldotaong, ouvenne o X elval memepaouéva
AVOTOPACTACLHOS OTOV Y. |

ITpétaom 3.1.6. Kdle ywpos Banach eivar memepaouéva avanapaotdoijios atov cy.

Anoédeln. 'Eotw E undoyweog tou X pe dim E = n < o0 xou € > 0. Téte dim E* = n, 6nou E*
0 dUxOg Tou E. Oewpolue éva nsmpaopévo d-8ixtuo N = {z7,..., 2%} e povadidac ocpaipaq
touv E* énou § > 0 tétolo¢ wote 5 <1+e. Anhodi 1o N elvon tétoo dote v xdde x* oty
novadiaior ogaipa Tou E* undpyet xl e N dote |o* — zf| < 3. Opilovue T : E — (5 pe

T(z) = {zf(x)}2, Y xdde z € E.
Tote, o T elvan ypouuixog xou

= < * =
IT@)] = max |o}(@)] < max [laf] 2] = =],

oot |lf|| = 1 vy xdde 1 < i < N.
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Ernlong, vy z € E, ané 1o Yedpnuo Hahn-Banach éyouue 6t undpyel z* € E* dote ||z|| =
x*(z) xou ||z*|| = 1. Trdpyer 1 < ip < N tétolog Hote Ha: -z H < 6. Enopévoc,

2]l = |2*(2)] < |27 (2) — 27, (2)| + [, (2)]
< [lo* ~ 2t el + mass 1o (@)
< lzlf + T()] -
"Apa,
(1 =9) ||zl < | T(z)]| v ndde z € X.
Telxd,
(1 =0) [zl < 1T (@) < =l v xcide z € X.
Anhodt, yior Tov Yeouuxd tehecth T« E — T(E) < ¢ wylel [T || T7Y| < 5 < 1+ ¢, dpa
d(E,T(E)) <1+ e¢c. Enetan 61t 0 X elvor nenepoouévo avomopaotdoios 6Tov co. [ |

IMpotaon 3.1.7. Ta kdfe 1 < p < o o L, = L, ([0,1],B([0,1]), \) eivar renepaopéva avana-
paotdoyuos otov £y, 6mou A to UéTpo Lebesgue oo [0, 1].

Arnoédegn. 'Eotw n e N. Ta xdde 1 < k < n oplloupe Ti¢ ouvaptioeg fr = x . Tore

(5%)

3l

fr € Lp. Oétouue
E, =span{fy:1<k<n}.

Hapatneotue 6T, yia xdde aq,az, ..., a, € R,
n n P n 1p
Dlarfi] = (f > arfi(@)| dA(z ) ( Z ak|p|fk(1?)|pd)\($)>
k=1 L, [0,1] |x=1 [0,1] t—1

p ) 1/p
|fk<x>|PdA<x>> - (Z kn>

k=1

- (Z al? j
k=1 [0,1]

)

. , 1 , , , ,
Eropevee, n anewovion 1y, : By, — Kg we Tn(fx) = (%) /p er elvou toopetpla. Emedn to oclvoho
UZ, By ebvor muxvé utooivoho tou Ly, to {nrolyevo éneton amd to Afjuua 3.1.5. |

Me nopduoto tpono, Yewpwvrac Tp, 1 £y — En pe T(ex) = fi, pmopolue va delloupe 6Tt 0
{p elvon TEMEQUOUEVOL AVATUPACTICHIOS OTOV Ly, 00TOC0 auTod TEOXOTTEL JUECU ATO TNV ETOUEVT
TEOTUOT).
IMTpotaom 3.1.8. Ia kdfe 1 < p < o0 04y, epputeletar iwwopetpikd otov Ly, = Ly, ([0, 1], B([0,1]), A).

Anédei&r. Oewpolue oxohoudia {fn} | otov L, tétoln wote ot f, éxouv Zévouc gopeic xou
| fallp = 1 yio xéde n e N. -

Y0ugwvo ye Ty oy ToTuxA automdielag, TNy onola anodeviouue oo Hapdptnua B, éyouue
v axdrouidn tedTao.

ITpétaom 3.1.9. O X** efvar nenepaopéva avanapaotdoipos otov X ya kdOe ydpo Banach X.

Ocedenua 3.1.10 (Apyy tomxrc autonddewnc). Eotw X ydpos Banach, E < X** ki F < X*
pe dim B < o0 ka1 dim F' < c0. Téte ya kdbe € > 0 vndpyer ppayuévos ypauros teAeotns 1 :
E — X térows dote |[T||T7Y| < 1+¢, T(z) = z ya kde x € En X xar x*(T(x**)) = x**(z*)
yia kde z* € F ka1 z** € E.
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3.2 TYrepywopeva (Ultraproducts)

Ye auth TV mopdypapo oplCouue Ta uTERYLVOUEVA Ywewv Banach to omoia Va ypelaotolv
OTNV ETOUEVT TAEAYEA(PO OToU Vol QAVEL 1) OYECT) TOUC UE TNV TMETEPAUOUEVT] OVUTUPACTACLUOTITA
oAkd xan oto Kegdhato 5 w¢ gpyoleio yioo Tnv amddelln uiog npdtaons and tny Yewpla TEAEGTOV.
Yo mopoxdtey Yewpolue I tuydv dnelpo cUvolo.

Opwowodg 3.2.1. M un xev) owoyéveio F unocuvorewy tou I Aéyetan @iltpo av ixavornotel Tig
oxohoudeg WOLOTNTES :

(i) ¢ F
(ii) Av Fl,FQE.F‘E(’)‘EE FlﬁFQE.F
(i) AvAC I, Fe Fxu F< Atore Ae F.

Optopol 3.2.2. (i) Eow F giktpo oto N. Aéue 6t wor oxohoudior mporypatixdv optduody
{an}_| ovyxhiver og xdmowo a € R wc mpog 10 gpiktpo F, av yio xde € > 0 undpyer F € F
Oote ap € (a —eg,a+€) Y xdde n € F.
YuuPBoiilouye
li = a.
liman = a
(ii) Aépe 6L o axohoudia {xy )i | o€ évav ydpo Banach X ouyxhivel oe éva x € X w¢ mpog
T0 @lAtp0o F av

I — || = 0.
lim [|2, — 2]

YuuPBoiilouye

limz,, = z.
n?

(ili) Fevixdtepa, av X ydpoc Banach, I oivoho dewxtav, F @iiteo oto I o {xi},.; ve x; € X
yioe x&de @ € I ypdpouue
limz;, =«
u
v xdmowo x € X, av yio xde € > 0 vndpyer F' € F dote |z, — x| < e vy xdde i € F.
Ye xde mepintwon, av uTdpyel To 6plo WS TEOS TO F TOTE £Vl HOVABIXO.
IMopddevypo 3.2.3. Ia ki n € N opilovue B, = {meN:m >n}. Tdre n okoyéveaa
F={AcN: B, c A yua rinow n € N} etvar piktpo oto N. Av {x,,}"_| elvar axolovdia oe évay
xwpo Banach tote limx,, = x av ka1 povo av lim z,, = x.
n, n—0o0
Ta dplar we TEog QIATEA IXOVOTOL0Y IBOTNTEC AVAAOYES UE TIC YVWOTES WOTNTES TV 0plwV.

ITpétaoy 3.2.4. Eoww F ¢idtpo oto I kat {x;},c; ,{Yi}ies 1€ Ti,yi o€ évav xdpo Banach X
€To1 HoTE liLr{nxi =T K1 libl{n Yyi =y Y kdrowa x,y € X. Tote

(i) li]I__n(:Ei—i-/\yi) =z + Ay ye kdde A € R.
(i) AvKSc X rxaf{iel :z;e K}e F tbrtexe K.

Opwowodg 3.2.5. 'Eva @iitpo U 670 I Myetan UREE@IATEO av Vol HEYIOTIXG WE TTROS TN o)Ea
Tou mepiéyeoVar. Anhadn, av F @iktpo oto [ xan U < F tote U = F.
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IMoapdderypa 3.2.6. Eotw ig € 1. Opilovue Ui, = {U < I :ig € U}. Edxoha delyvouue 6t t0
U;, etvon ureppirtpo oto 1. T {x;},c; ve 2; € X yio xdde i € I woylel
limz; = z;,.
0

Oplopdg 3.2.7. BEva uneppihtoo U 610 I AéyeTon un TETPWUEVO av OV elvon Tng nopgnc Uy, yia
xdmoto ig € 1.

Edxoha unopotye vo 6et€ouye 6Tt Eva un TeTpiPévo UTep@ilteo oTo I Bev TepLEYEL TEMEPACUEVOL
oOVOhaL.

And nyv enduevn mpdTaoT), N anddelln tne onolag efval piar amAY) EQAUPUOYT) TOU AAUUATOS TOU
Zorn, cuunepafvoupe 6Tl UTdEY oLV U1 TETEIUUEVA UTteppiATea oTo 1.

ITpétaom 3.2.8. T'a kdle gpidtpo F oto I vndpyer vreppiltpo U wote F < U.

H owoyévelr F = {I N\ A: A MENEpaoUEVO } T0V CUUTETERUOUEVLY UTOGUVOA®Y Tou I, elvan
pihtpo. Av U eivon umep@iiteo tétolo Hote F S U t6te To U elvon un TeTpLuuévo.

IMpétaon 3.2.9. FEoww F ¢idtpo o€ éva un kevé otvolo I. Ta axdlovOa elvar wooddvapa :
(i) To F efvar vreppidzpo.

i)

(ii)) Ia kd0e A< I eite Ae F eive | ~ A€ F.

(i) AvAc I ket AnF # & ya ki0e F € F téte Ae F.

(iv) Av A,B< I ka1 Au B € F t6te efte A€ F eite B e F.

Anodeln.

(i) = (iv) : 'BEow A, B < I ye Au B e F. Trodétoupe 61t A ¢ F xou Y deifoupe 61t B € F.
OplCouyue

Fl={CcI:AuCeF}.

EOxoho ehéyyoupe 6t 1o F ewvan gpidtpo. Enione eivan cagéc 6t F < F'. Enopévee, epdboov
t0 F elvon uneppiktpo éneton 61t F = F'. And v unddeon éyovpe 61t A U B € F, dnhadh
Be F'.’Apo Be F.

(iv) = (ii) : Egbéoov n owxoyévewor F eivon pn xev) €youpe 6t I € F. Xuvende, yio xde A < 1
oyvet Au (I N A)e F. Ané 1o (iv) énetu 6t Ae FAI N Ae F.

(i) = (iii) : 'Bow A< I ttwow wotce AnF # Jyaxdde FeF. AvF ¢ Fibwe INAeF
xou dpot A n (I A) # . Atono. Apa Ae F.

(ili) = (i) : 'Eow U ¢iktpo oto I této0 bote F € U. Eow U € U. Toéte yo xdde F e F

wyler 6t U n F # & dwon U, F € U. And to (iii) éyovpe 6tt U € F. Anpadi U = F.

Yuurnepatvoupe 6Tl To F elvan uneppiiteo.

[
[Siadtepa ypriown etvon 1 axdroudn Tedtao.

IMpétaom 3.2.10. Eotw U un tetpipuévo vreppiltpo oto I. ‘Eotw enions X xdpos Banach
, K ovunayés vrootvodo tov X kar {x;};c; pe v € K ya kdle i € 1. Téte n {x;},.; evar
ovyAivovoa ws mpos to ureppiltpo U. AnAadr) vrdpyer povadiké x € X dote

limz; = x.
u
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Andédedn. INo xde U € U opllouye
Fo— (miicll.
Téte nowoyévewo {Fiy : U € U} ixovorotel Ty iSLOTNTOL TwV TENERUOUEVHDV TOUMDY XAl XAUTH GUVETELDL
) Fv=@.

UelU

AOY ) CUUTAYELNS.
'Ectw hownéy g € (e Fu xon € > 0. T x&de U € U woyler 6tz € Fiy xou dpor undpyet i € U
€00 OOTE [T — Ti]| < €. Anhadi,
{iel:||xo—zi|| <e}nU # I yaxdde U e U.
Ané tny Ipdértaon 3.2.9 énetan 6TL
{iel:|lxg—uz <e}el.

Egbécov 1o € > 0 Htav Tuydv cupnepatvoupe 6Tt

limx; = xg.

u

Opwowodg 3.2.11. 'Eotww X ywpog Banach xou U un tetpyupévo unepgpirteo oto I. To xdde
ooYEVeL {x;},.; otov X Tétol thote sup ||z < o0 oplloupe
i€l

Kibierlly = lim s
To 6plo undpyet ndvta and v Hpodtaon 3.2.10.
EOxoha Selyvouue ot |||, ebvan nuwvédpua otov yweo Lo (1, X) = {{xi}iel s sup ||| < oo} WV
1€l

PEAYUEVODV OLXOYEVELDY GTOV X .
‘Ectw
Ny = {{xi}iel € EOO(LX) : ”{':UZ}zEIHL{ = 0}'
O Ny ebvan xhetotoc undywpog tou Lo (1, X). H unepdbvaun (ultrapower) tou X w¢ tpog o
uneppiltpo U elvor o ywpoc mniixo £o (I, X)/Ny tov onoio cupforilouvue pe Xy O Xy ebvon
ywpoc Banach.

Tevixdtepa, yioo pla oxoyévelo ywewv Banach {X;}, ;, 10 urepywopevo (ultraproduct)

i€l
({Xi}ie)u e {Xi}ep ¢ mpoc To U elvor 0 ydpog mniixo

({Xi}iedy = oL, { Xi}icr)/Nu,

omou b (I, { X}, = {{wi}iel cx; € X; v xdde i € I xou sup ||z;] < oo} xou
i€l
Ny = {{xi}iel €l (I, {Xi}iep) liLI{n |zi| = 0. O ({Xi}ie)y evon ywpoc Banach.
Tz = {z},c; € oo (I, {Xi},c;) ovuBoliloupe we Z,, t0 ototyeio tou ({ X}, )u mov avtiototyel
oTO T, dnhad
T, =T+ Ny.

u

Hopoatneotue 6t epdoov 1 |||, ebvon nuivopua éyouue 6t

12| = 12l = limn ;]
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OplCouye emlong xou Ty LTEEBHVOUN EVOC YROUUXO) TEAECTH.

Oplopdg 3.2.12. 'Eotw U un tetpypévo vreppiiteo oto I, X, Y yopol Banach xaw T : X — Y
peayuévos yeouuxog teleothc. Oplloupe v unepdLvoun Touv teheot T’ w¢ TEOC TO UTEPQPIATEO
U ¢ 1o teheot Ty + Xy — Yy pe

Tu (({xl}zel)z,{) ({Txl}zel)

O teheotic Ty ebvar xoAd oplopévoc BLoTL oy liL];n ||| = 0 tote liLI{n [Tx;| = 0.
Emuniéov, woyle 6n || Ty| = |1 -

Cevixotepa, {Xi}ier, {Yities omoyéveee ywewv Banach xou T; : X; — Y; @paypévol ypouuxol
TEAEOTEG, TO LTEPYWOPEVO TNng owoyévews {1}, we mpog to umeppilteo U elvan 0 TEAEoTAC
{Ti}ien)y - (Xidieu — (Yidiepu ue

{Tiic)y ((zidieu) = (Tiidier)y -
Etxoha Bhénoupe 6t ||({Titicr)y || = liigl |75

3.3 IlenepaoUévn AVATALACTACLAOTYTA XAl UTERYLVOUEVA

Yy mopdypapo aut Yo ueheTcouE TN oY€oT Tou UTEEYEL HETOED TWV UTERYLVOUEVWY Xl TNG
TENEPACPEVNG avamapaoTaotudTnTag. To Pacd Yempnua etvar o axdroudo:

Ocwpnua 3.3.1. Eotw X ka1 Y ywpor Banach. OY eivar tenepaouéva avanapaotdoijios otov
X av ka1 pévo av vndpyer un tetpiupuévo vreppidtpo U o€ kdmowo ovvolo deiktdr I tétow hote o
Y va epguredetar wouetpixd otny vrepdtvaun Xy.

H anddeiln tou Oewpruatoc 3.3.1 mpoxintel and g Hpotdoeg 3.3.4 xou 3.3.5. Anodexviouue
Tp@Ta €vor Afppa yioe dixtua.  Treviuuilouue 6T yiao X ywpo Banach, FF € X xa § > 0 éva
nenepaopévo vroolvoho N tou F Aéyeton 0-dixtuo yio 1o F av yio xdde z € F undpyet y € N

této10 Wote |x —yl| < 4§

Afupo 3.3.2. Ta kde € > 0 vrdpyer § = 6(e) > 0 pe tnr axdérovdn 1616tna: Ia kdde n € N

ka1 kdOe vépua | - || otor R, av N elvar éva §-6ixtvo tns povadiaias ogaipas tov (R™, | - |) xar
Z1,...,%n OTOIElQ €VOS Ypou Banach tétoa wote

1-6< <140 ywa kdde a = (ay,...,a,) €N,

n
2, i
i=1

170173

<V1+e|al, ya kidea= (ai,...,a,)€R".

1 n
lall < I Z a;T;
VvV1+e =

An6degn. Eoww e > 0,0 < § = d(e) < 1 xou N éva §-8ixtuo tne povadiodag opaipas tou
(R,| - ) 6mwe oty unddeon. 'Eotw a = (a1,...,a,) € R" ye [la| = 1. Egdoov 1o N eivou
0-8ixtvo, UTEd(pXSL b0 e N dote |la —b°| < 6. Buverag, a = b° + Aat émou Ap = |la — b0 < & xou
al _ _a—

W Ouoloc, epdoov |at|| = 1, undpyer b € N dote al = bl + pa? yio xdmowr 0 < pp < 6

xau a? € R ye |la?| = 1. Enopévee, av 9écouue Ao = A1, TOTe
a =0+ Aat =00+ A\ (b + pa?)
= b + \bt + A\jpa®

=07 + M\b! + Aod®
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6mou 0 < A < 8 xon 0 < Ao = A < 62
Yuveyilovtoc emayoyind, Beloxoupe oxoroudia (Aj)jen pe 0 < A < 67 %o (bj)‘;-io oto N
TETOW DOTE
a=0b"+ bt + . Avo bV + Ana?, vio x&de N € N,

v xémowo a® € R pe [la¥| = 1. Oétouue A\g = 1. Tére,

N-1
_ T N _
ZA b= hm Z b = hm (a Mva) =a Al{l_r)n@)\Na a,

OLoTL
lim [Ayva™| = lim Ay < lim 6" = 0.
i el = Jim Aw < i
Apa, a = Z;‘io A\t Eniong, epbdoov b € N, and tny unddeon éyouye 6t 1 — HZZ Lla|| <

1+ 0 vy xdde j > 0. Enopéve,

n
2, aiti
i=1

i=14=0 j=0 =
o0 n 0
<Z)\ bez Zdﬂ (1+96)
§=0 i=1 3=0

146 !
=+ )1—(5'

Emmiéov, opolwe €youue

a0 n
-5 it

i=1

(T

i Aj Zn] b
j=1 =1

i

n 0
, J 1-36
bixif| 21—=6— > /(14+6) =1-0—-(1+0)—— = .
grﬂ j;(+) (1+0) =7
Enéyoupe 0 < 0 = () < 1 apxetd wxpd dote
17+(5< 1+e¢ xoztl_35> !
1-4 1-6 = Vi+e
Téte, v xde a = (a1,...,an) € R ye |al| =1,
Zai:ci <+V1+e.
i=1
[ |

IMapathenon 3.3.3. And v anddeldn tou Afuuotog 3.3.2 mpoxintel OTL xdde a € R™ ue
|a| = 1 pmopel va ypopel oty woper

0
a = 2 )\jbj
j=1

ue |Aj| < 67 xou bj e N.
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ITpétaom 3.3.4. Fotw I ovvolo deiktav ka1l un tetpiupévo vrepgidtpo oto I. ‘Eotw eniong
{X;},e; otkoyévea xdpwv Banach xar X = ({Xi}ier)y T0 UmEpyvduevo ws mpos to U. Téte, ya
kdUe memepaouévng oidotaons vrdywpo Y touv X kar kdle € > 0 vrdpyer U € U tétowo bote ya
xd0e i € U undpyer vndywpos Y; tou X; o onoios elvar (1 + )-10opoppucds e wov Y. Aniadij
d(Y,Y;) <1+¢ yua xiBeieU.

Erikorepa, av X; = X ya kdOe i € I, o Xy elvar menepaopéva avarapaotdoiuog otor X.

Arno6deln. 'Eotw e > 0, Y UTOY WEOS TOU X ue dimY =n xow G1,..., 0, € Y tétow dote Y =
{91, ,Un}- T xdde k =1,2,...,n éotw {xf}ie[ € by ({Xi};ep) TéTOWML DOTE G)y = ({xf}zel)u
[o xde i € I opllovpe Y; = span {:vll, ces ,:U?} < X xou tov tedect| T 1 Y — Y pe

Ti(Gr) = «F vy xdde k= 1,2,...,n.

Z et || = H{Z Akyii;}
k=1 k=1 iel

Yuvende, yio xdde y € Y pe || = 1 xon xéde § > 0 vndpyer Uy € U dote

Téte, yio xdde G e Y, av § = Sp_y Midk, EXOUUE

b 1Tl — & -
lbgnll il im 7]l

u

= lim
u

Ti( D Mk
i1

1 -0 <||Tigll <1+ 6 vy xdde i € Uy.
Eotw N éva 6-dixtuo tne povadialoc ogaipac tou Y, émou § = §(e) > 0 6nwe oto Afuua 3.3.2
O¢toupe U = () Uy. Téte U e U. T xdle i € U €youpe
JeN
1 -6 <||Tigll <1+ 6 vy xdde ge N,

Enopévwe, obugwva pe to Afupa 3.3.2 €éyouue 6Tt Yo xdde i € U

1 N ) o
N 7l < IT5g) < V1+el||g] v xéde jeY.
ARdH, d(Y,Y;) < 1+ ¢ v xdde i e U. ]

IMpbétaom 3.3.5. Eoww Y xdpos Banach kar B oikoyévela ané ywpovs Banach. YmoOétovue
ou ya kdle € > 0 ka1 kdle memepaopévng didotaong vrdywpo F tov Y vndpyer X € B térowog
wote o F va epgutetetar (1 + €)-10opopgixd orov X. Tore, vndpyovy otrodo I kar vreppiltpo U
oo I wéroia dote oY va epgutedetar wopetpikd oto vrepywipevo ({Xi};er),, omov X; € B yua
kdOe i e 1.

Ewbikérepa, av B = {X} éxoupe éri av o Y elvar nenepaouéva avanapaotdopous otov X tite
oY eugureletar wouetpixd otny vrepduvaun Xy ya kdnoio vreppidtpo U oe éva ovrolo deiktwy
I.

Ano6degn. Opllovue
I ={(F,e): F unbéywpoc tou Y pe dimF < o0 xou € > 0}.
Optlouye emlone dudtaln oto I ye
(F1,e1) < (Fy,e2) av xou pévo av Fy S Fh xon €9 < €7.

I (Fo,e0) € I Oétoupe
Aryeo = {(Fye) € I: (Fo,e0) < (Fe)}.
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Téte 10
F={Ap.: (F.e)el}
elvon @iATpo o670 I. Oewpolue éva utepgilteo U oto I tétolo wote F S U.
Ané v unddeon, yiaxdle (F,e) € I undpyer Xr e € B xou ypopuuxde teheotic Tpe : F — Xp,
ue

|1 Tre|l =1 %o HTE; <1+e.

OpiCoupe J: Y — ({Xibicr)y ve J(y) = ({iticr)u, omou

= ype = 4 W) ooy yeF
i Fe 0 7 N y¢F

Hopatnpotue 6t sup |y;| < sup ||Tre| |yl = [lyll, xou dpor n amexdvion J ebvan xahd opiopévn.
€l

Fe)el

Enlong, n J eivau ypopuwer. IHpdyuat, éotw z,y € Y xaw A € R, Eivou dueco 6t J(Az) =

A (z). Eoto J(x) = ({Zitie)y» I (y) = Witierhy xon J(@ +y) = ({(z +Y)ific)y - O¢rovye
Fy = span{z,y} xou Yewpolye Ap, o € F S U yio xdmowo gg. Tote, vy xdde (Fre) € AR, ¢,
éyouue (Fp,e0) < (F,e) xou dpo Fy € F. Anhodh z,y € F xou dpo  + y € F. Enopévoc,

TFe = TFe(x)a

’

Yre = TF,E(y) nol
(z+ y)F,a = TF,e(m +y) = TF,a(x) + TF,e(y)a

v xdie (F,e) € Apy e Apat, i +y; = (z +y); vy xdde i € ARy o, € U xou xatd cLVETELL

(zitienu + {¥iticu = {(z + )itieu-

Anhod J(z) + J(y) = J(z + y). Enopévwe npdypatt 1 J eivon ypouuixt.
Ou deiCouye 6Tl N J elvon xou loopetpla. ‘Eotw y € Y. Apxel va 6etouye ot

1
—lyl < |lJ < $9e € > 0.
1 +EHZJH [T < lly] vy xdde e

‘Eotw € > 0 xav J(y) = ({¥i};ep)u. Oétoupe Fi = span {y} xou Yewpolye 10 Ap. € F € U. T
x&e (F,e’") € Ap. éyoupe
(Fi,e) < (F,€"),

dnhadh F1 € F xon e’ <e. Apa y € F xou enopévec
Yyre = Tre(y) v xdde (F,e) € Ap,.

YUVETOC,

bl _ 1
-1

l4+¢e HTF
€

Iyl < lyrell < 1 Trell Iyl = Tyl

yio xde (F,e) € Ape. Enetou 6t

Iyl _ .
— <1 il < |yl
AL < i il <
Anhady,
[yl
< |J < .
WL < )l <yl

Eqgbcov 10 € > 0 frav tuyov éxovue 61t J(y) = |y| yiaxdde y € Y. AnpodhnJ : Y — ({Xitier)y
elvon loopeTpla.
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Optopog 3.3.6. 'Evoc yopoc Banach Aéyetaw unepavtonadng (super-reflexive) av xdie
xweo¢ Banach o onolog elvon tenepacuéva avanapactdoiuog otov X eivan avtomadnc.

Yav néptopa Tov Oewpnuatog 3.3.1 €youpe TNy axdroudn TEdTUC.

IMpétaom 3.3.7. Evas ywpos Banach X eivar vrepavronadns av ka1 povo av kdOe vmepolvaun
Xy tov X efvar avtoradng.

Andédedn. H anddeln npoxintel and 1o Ocwpnua 3.3.1 xat and 1o YEYOVOS OTL av €V YMeog
Banach etvor autonodfc 10t %4l xheloTOC UTOYWEOS ToL elvon entione auToToIhC. ]

Q¢ wa eopuoyy) Tou Bewpruatog 3.3.1 arodexvbouue TV axdrouidn tedTao.

ITpotaoct 3.3.8. Eoww X xdpos Banach ka1 Y kAeotds vndywpos tov X. Av oY ka1 0o XY
elvar vrepavtonadns tote kar o X elvar vrepavtonadrng.

Anodeln. 'Eotw U pn tetpyuévo utep@iitpo oe xdmoo cbvoho dewxtwy 1. Edxola BAémouue
6t o (X/Y),, elvan ioouetpind iobuoppog ye tov Xyy/Yy. And to Oehpnua 3.3.1 €youue hownbdv
ot o Xy /Yy xou o Yy eivon avtonodeic. H anddeiln ohoxdnpwveton and 1o yeyovog ot av Y
elvar xheotoc LTdYWEoC Ve yweou Banach X, o1 Y xou X /Y elvaw avtonodeic téte 0o X elvon
auToToNC. |



Kegpdiaio 4

Type »xou Cotype

4.1 Type xou Cotype

Ogwopot 4.1.1. Eoww X xdpos Banach. Aéue onio X éya (Rademacher) type p ya kdnow

1 <p<2, ar vrdpyer C > 0 térow dote ya kdbe n € N ka1 x1, 22, ..., 2, € X 10yVel
. 2\ 1/2 " 1/p

(4.1.1) E | emi <C (Z |xi|p> .
i=1 i=1

H puxpdrepn otadepd C' > 0 ya tnr onola wyve n (4.1.1) Aéyetar type p oradepd tov X kai
oupporiletar e Tp(X). Av o X Sev éxe type p téte ypdpovue Ty(X) = 0.

Eriong, Aéue éti o X éya (Rademacher) cotype q yw kdnow 2 < g < o, av vrdpyer C > 0

Tétow ote ya kde n € N kat x1,x2,...,xy € X 10xV6l
1/2
" 1/q " 2\ 1/
(4.1.2) D) <C[E|D] e
i=1 =1
Ia v mepittwon q = o0 evvoolue
1/2
(4.1.3) max |z;| < C | E Z €i%;
1<isn 1
1=

H jukpdtepn otadepd C > 0 ya Ty onola wxver n (4.1.2) (1 n (4.1.3) ) Aéyetar cotype q oralepd
tov X ka1 oupPoriletar e Cy(X). Av o X Sev éxer cotype q téte ypdpovpe Cy(X) = 0.

[Mopatnpolue Ot évag un Tetppévoc yweoc Banach 6ev umopel va €yel type p v p > 2.

Mpdypatt, av z € X pe ||z]| =1,neNxawx; =... =2, = x 161
n 1/p
(Z w) =n'l?
i=1
xou
o\ 1/2 o\ 1/2
E =|E —nl/2.

n n
2, it 26
i=1 =1

Enopévne dev undpyet C' > 0 dote va ixavornoweitar 1) (4.1.1) yia xéde n € N.
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‘Ouota, évag un tetppévoc yweog Banach X 6ev unopel va €yel cotype q vy g < 2.

Ernione, egapudlovrac tig (4.1.1) xou (4.1.2) yio n = 1 ouvunepaivoupe 6t T,(X) > 1 %o
Cy(X) = 1.

Ynuewdvouye enione 6t xdie ywpoc Hilbert H éyel type 2 xau cotype 2 xou emnhéov To(H) =
Ca2(H) = 1. Autd mpoxOmTeL Gueca amd TOV YEVIXEUPEVO XovOVRL TOU TORUAANAOYESUUOL TTOU
amodevboupe Tapaxdtw. Mdlota, oylel xou To avtioTtpogo, dnhady av évag yweoc Banach éyet
type 2 xou cotype 2 t6te elvan 1odpopgpoc pe évay yodpeo Hilbert [21].

ITpotaocm 4.1.2 (Fevixeupévoc xavdvae tou Toparhnhoypdupou). Eotw H xdpos Hilbert. Ia
kdOe n e N ka1 1,29, ..., 2, € H 10xVel

2 n

n
E() e = il
i=1 i=1
Anobdeldn.
n 2 n n n n
E Z €;T; = E<Z €5, Z 6j£L'j> = EZ Z 616j<(£l', IL‘J’>
i=1 i=1 j=1 i=1j=1
n n n n
= Z Z<wi7xj>E6i6j = Z<x17xl> = Z ”xl”Za
i=1j=1 izl e
OLoTL
1 L
E6i€j={ A
0, avi#j
[ |
Mo n = 2 n Ipdtaon 4.1.2 avTIGTOLYEL GTOV YVOOTO XAVOVOL TOU TORUAANAOYEAUUOU,
2 2
lz + yl* + 2 = ylI* = 2] + 2]y|*.
IMpbétaomn 4.1.3. I'a kd0e 0 < p < g,neN karay,...,a, € R 1oyve
n l/q n 1/p
i=1 i=1
Erbikérepa, yia 0 < r <1,
n n 1/r
D lail < (Z \ai|r) 7
i=1 i=1
evdd yuar > 1
n 1/r n
(L) < e
i=1 i=1
Andédedn. Anodeixviouye apyixa PE ETaywyr) 6To n OTL yia by, b, . . ., by, 9eTixo0¢ apriuoie xo

r>=1

n 1r n
(4.1.4) (Z b;”) < Db
=1 i

Metd, egappolovye Ty (4.1.4) v b = |ag|[? o r = . [ |
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IMapathenon 4.1.4. And v avicotnta Holder €youue emmiéov ot

n l/p n 1/(] 1 1
(2 m#’) < <Z \a#) nra.
i=1 i=1

Enopévoe, yo xdde 0 < p < ¢, ne N xa ag,ag,...,a, €R
n 1/q n 1/p L [n 1/q
(2 |ai]q> < <Z \ai|p> <nr (Z |ai|q> :
i=1 i=1 i=1

Yuvenog, av 1 < p < ¢ 167€ Yo Ty andotaon Banach-Mazur tov £ xou £ €youpe
d(en, ey < nva.

Ané v Ilpdtaon 4.1.3 npoximtel dueca 6Tt Yo xde yweo Banach X av 1 < p; < pp < 2
161€ T)p (X) < Tpy(X), evid av 2 < ¢ < g2 < 0 161 Oy (X) < Oy (X). Enduévrc av o X €yet
type 2 tote €yl type p yia xdde 1 < p < 2. Avdhoyo av o X €yel cotype 2 totE €yl cotype ¢
yio xdde 2 < g < 00. BUVETOG, To va €xEL évag yweog Banach type 2 1) avtiotouya cotype 2 eivon
1 XOADTERT SUVATH TEPITTWOT).

Ernione, mdvtoioydet 61t T1(X) = 1 xaw Cop (X)) = 1. Tpdryport, éotw n € N xow z1, 22, ..., &y €
X. And v Teryoviny) ovicOTnTo £Y0UUE OTL

o\ 1/2 o\ 1/2

n n
< |E (Z H%H) =D lil.
i=1 i=1

Auté Betyver 6t T1(X) < 1 xou dpo T7(X) = 1.
H Cy(X) = 1 npoxdnter and tnv apyf cuotolic yio tuyaies petofintéc Bernoulli (Oedpnuo
2.3.5). AxpiBéotepa,

n

2, it

i=1

E

2

n
E Z el = ri]? Y ndde 1< j<n
i=1
xou ot
" 2
E EQCUZ‘ > max ||z;|%
. 1<i<n
=1
"Eneton 67t

1/2

2, i

i=1

max |z;]| < | E
1<isn

Anadh, Cpn(X) < 1 xou ouvenog Cp(X) = 1.

IMapatrenon 4.1.5. 'Ectww X yoeoc Banach, n € N xaw 21, 29,...,2, € X. Trneviuuiloupe
oTL ougova pe Ty avicotnta Kahane xou tnv avicotnta Holder yia xdde r > 1

r\ 1/r n n 2\ 1/2
(E ) < K,E Z €T Z €T
i=1 i=1

Emopévee, av o X €yel type p ywa xdmoo 1 < p < 2 to1e

n rN\ 1/r n 1/p
> e ) < K, T,(X) <Z \xiv)) .
i=1 i=1

Qotéoo, n otodepd K, Tp(X) otnv (4.1.5) dev elvan 1 Béhtiotn ev yével. Avdloyn mopotrienon

n

D it

i=1

<K, |E

(4.1.5) (IE

oyLel xou av o X €yel cotype g yio xdmolo 2 < g < o0.
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IMpbétaomn 4.1.6. Eotw X,Y xdpor Banach, 1 < p < 2 ka1 2 < ¢ < 0. Av o X elvar

a-menepaopéva avarapaotdoiuog otov Y ya kdmow o > 1 totTe
Tp(X) < aTy(Y) ka1 Cy(X) < aCy(Y).
Erbikérepa, av o X elvar menepaouéva avanapaotdoipos otov Y wote
Tp(X) < TH(Y) ka1 Cy(X) < Cy(Y).
Eriong, av o X elvar a-100p10pp1kds jie Tov Y totTe
Tp(X) < aTp(Y) ka1 Cy(X) < aCy(Y).

Arnédeln. 'Eotw ot o X elvan a-nenspacpéva avameaotdolpog otov Y yia xdnowo o > 1. Eotw
n e N xo z1,x2,...,2, € X. Av E = span{z1,z2,..., 2y} 161 Undpyel undywpoc F tou Y xou
T : E — F ypopupuxéc wopoppopéc Gdote [T || T7H| < o Enopéve, yio 1 < p < 2

9\ 1/2

<[T7 | E

9\ 1/2

n n
E Z €15 Z EiT({L‘@')
i=1 =1

n 1/P
<[00 (3t
- n 1/P
< [T I T (z uxiup)
=1

n 1/p
<aTp(Y) (Z sz‘llp> :
i=1

Yuvenoe, Tp(X) < aT,(Y).
‘Ouota Cg(X) < aCy(Y) vy g = 2.

ITépwopa 4.1.7. Ia kdle ywpo Banach X, 1 <p <2 ka1 2 < ¢ < 0 w0yvel
Tp(X) = Tp(X™) xar Cy(X) = Co(X™),
omov X** o0 devtepog duikog Tov X.

Anoédedn. O X epgutedetan looyetpixd otov X ** uéow tne guololoyinic eugpitevone. Enlong,
ond v apyY| Tomxrg autonddelnc o X** elvon nenepaouévo avanapaotdooc otov X (Ilpdtaon
3.1.9). Xuvende and tny Hpdtoon 4.1.6 cuunepaivoupe to {nroduevo. n

IIpétaom 4.1.8. Eotw 1 < p < 2 ka1 q o ovlvyns ektétng tou, 6nAaon % +-=1

1
q
(1) Av évas ydpos Banach X éxe type p, téte o 6uikds Tou éyer cotype q kai emmAéoy

C,)(X*) < Ty(X).

(il) Av o buikdg evds yadpou Banach X éyer type p tote 0 X éxer cotype q kai eninAéov

Cy(X) < Tp(X*).
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Arnodelr. (i) 'EowneNxwuxf, s, ... z} e X* TNoxdde € > 0 undpyouy 1, x2,...,Ty €
X térow dote |z = 1 xou |2) ()| = (1 — ¢)|z]| yia xdde 1 < i < n. Enoyévec,
n 1/q 1 n 1/q
(4.1.6) (Z |l’2’<|q> <ST: (Z |xf($i)\q> :
i=1 i=1

7 7 7z . 7 4 7
Erilong, epdoov o £, eivan 0 duUixdg Tou £y, Eyouue OTL

n 1/q
(4.1.7) (Z |xf(w,)\q> = sup {
i=1

Ouwe, av ai,az,...,a, € Rye (31 \ailp)l/p <1 t6te

(4.1.8)

OLoTL ||z = 1 vt xdde 1 <

Z

ceoyan € Rpe Z]ai\pél}.

i=1

2, @it (wi)

M= WM:

=
~ N -~

n
<E Z A;€,T;
i=1 i=1
n n
*
<E Z €iT; Z Q;€;T;
i=1 i=1
1/2 1/2
n 2 / n 2 /
< |E 2 &) E Z ;€T
i=1 =1
1/2
. 2\ 1/ n 1/p
*
< |E|D e X) | D lailP P
i=1 i=1
1/2
<T(X) [E|D] e} :
i=1
1 < n.

Ané uc (4.1.6),(4.1.7) xou (4.1.8) énetan 60

Anodi,

n 1/q 1
(Z sz"l\q> <— |E
= 1—¢

Co(X¥) <

Agobl 10 € > 0 Ytay TUYOV EyoulE OTL

(i) Ané6 7o Iléplopa 4.1.7 éyouue 6t Cy(X)

= Cy(X™). Emnouévoc, epopuélovtag to (i) yi

X* otn ¥éomn tou X éyouye 6TL

Cq(X) = Co(X™) < Tp(X7).
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Ynuewdvouye 6t dev toylet v yével 6t T (X ™) < Cg(X) (A Tp(X) < Cy(X™)) xou 611 undpyet
TapddeLypa yweou Banach o onolog €yel cotype g aAld o dUixo¢ Tou dev Eyel type p yia p, g > 1
TETOW WOTE % + % = 1. T v nepintwon ouwg émou évag ymeog Banach X elvon loopop@uxdg
ue évav yopo Hilbert H woyler n axéhoudn npbdtaoy. [Enuewdvoupe, wotdoo, 6t oe authy Ty
nepintwon, epécov o X elvon ioopoppxog e evay yweo Hilbert, do €yel type 2 xou cotype 2 xou
deo type p v xde 1 < p < 2 xan cotype g yia xde g = 2 xou to (B0 Ya 1oy del yior Tov 6Uixo
T0L.|

Ilpétaom 4.1.9. Eotw X xdpos Banach o onolos eivar ioopoppios e évav xapo Hilbert H.
Téte vrdpyer pia arodvtn otadepd C' > 0 térowa dote av 1 < p < 2 ka1 g = 2 o ovluyns ekdétng

TOU P, TOTE
(4.1.9) Cy(X) < T,(X*) < Cln(d(X, H) + 1)Cy(X)
(4.1.10) Cy(X*) < TH(X) < Cln(d(X, H) + 1)Cy(X™),

ormov d(X, H) n andotaon Banach-Mazur twv X ka1 H.

[No v anodeen e Hpdtaong 4.1.9 Yo emxoreotolue 1o Owpenua 4.1.14 Tou ogeileton cTov
Pisier.

Optopog 4.1.10. T xdde F # A < [n] = {1,2,...,n} opiloupe wa ouvdptnon wy : Ef —
{—1,1} ¥érovrac
wa(e) = Hei.
i€A
Eniong, ¥étoupe wg(e) = 1 yio xdde € € £Y.
O ouvapthoeic wa, A < {1,2,...,n} Myoviu cuvapthoeig Walsh.

IMpbétaom 4.1.11. Eoww X ydpos Banach xarn € N. KdOe ovvdptnon [ : £ — X avana-
plotaotal povoonuavta oty Uopen

f=), waza,
Ac[n]
yia kdmowa x4 € X.

ENUEWVOUUE OTL 0 YWEOC TwV cuvapThcewy f @ B — X yiveton yodpoc Banach pe omoladrrote
oo TIC L0OBUVOUES VOPUES

1
111z, px) = EIF@I%)
yioop = 1.

IMpbétaom 4.1.12. Eotww X ydpos Banach ka1 X* o évikég tov. I'a kdOe f: EY — X vndpyel
Y By — X* térow dote HwHLQ(Eg;X) =1 ka1

11l Lg:x) = <&, f) = E(e) (f (€)).

Optopdég 4.1.13. H npoBory Rademacher tr¢ f : EY — X elvou n ouvdptnon Rad, f :
Ey — X ue

Rad,, f(€) = Z €T (i},
i=1

omou f = ZAg[n] WATA.
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O ypauuixoc teheotic Rady, : Lo(E3; X) — La(Ey; X) e f— Rad, f elvou nédvta @porypévog
xou PudhoTa ||Radn||L2(E3;X)_,L2(E£L;X) < 4/n.

Ocedpnua 4.1.14 (Pisier). Yndpye pua arddvin otabepd C > 0 térowa dote, ya kdle xadpo
Banach X mov efvai ioopopgikos e évay ywpo Hilbert woyver

||Radn||L2(E3;X)—>L2(Eg;x) <Chl(d(X,H)+1),
ormov d(X, H) n andotaon Banach-Mazur twv X ka1 H.

H anddeiln tou mopandve Yewpfuotog xadog Xot TV TeonyoUUeV®mY U0 TROTAGEWY UTEOY 0LV
oto Hapdptnua A’ Tpoywedue tdpa otnyv anddelln tne Hpdtaone 4.1.9.

A7nodely tne Ipodtaorne 4.1.9. Apxel vo dei€oupe v (4.1.9), dbt t6te 1 (4.1.10) mpo-
xOntel and o Ildpoua 4.1.7 xou 10 yeyovog 6t av o X elvon toogoppxds ue évav yoeo Hilbert
H t6te 0 X* elvon woopopgude pe tov H*. Enlong, n aviscdtnro Cg(X) < Tp,(X™) éxel anodewyel
otnyv llpotoon 4.1.8. ©éloupe, emouévee va del&oupe 6Tt umdpyel otadepd C' > 0 tétola OOTE
Tp(X*) < Cln(d(X, H) + 1)Cy(X).

Ané 10 Oewpnua 4.1.14 undpyel otadepd C' > 0 wote

||RadnHLQ(EQ;X)—>L2(E;Z;X) <Cln(d(X,H)+1) yio xdde n € N.

Emopévee, v xdde n € N xau x1,...,2, € X €youvpe OtL yia xde f : By — X pe f =
Dis1 6T T Y, waTa,
|A|#1
Ac(n]
o\ 1/2

n 1/q n
(2 ||wi||q> <Cyx) (E = C(X) |2 ez
i=1 i=1 L2 (ES;X)

< Cln (d(X, H) + D)Co(X) [ fll £ (p:x) -

‘Eow zf,...,25 € X*. Téte X", gaf : B — X*. Egboov o X elvon 1o0goppxds e évay
yweo Hilbert H cuunepatvoupe 6Tt 0 X elvar awtonodfc. Mropolue dnhadr va tauticovye tov X
ue tov X** péow tng gualohoyinic eugitevone. Enopévac, epapudlovtog tny Hpdtaon 4.1.12 yu
tov X* ouunepaivoupe 6t utdpyet f: Ef — X dote HfHLQ(Eg;X) =1 xa

n
> ca
=1

Ouwe fle) =2 6xi+ Y, waza xu Egwa = 0 vy xdde A # {i}. Apa,
|A]£1
AcC(n]

n
S ea
=1

Emniéov, epapudloviac tnyv avicdtnto Holder €youue

n n n n 1/p n 1/q
(4.1.13) Dlaf(m) < D0l (@)| < ) ]l < (Z ;c;"i’> <Z Ifcz'lq) :
i=1 =1 =1 =1 =1

=, ey =E Y eaf(f(e) = ), Beaf(f(e)).
=1 =1 i=1

Lo(E3;X*)

(4.1.12)

= Y Eeiaf(f(e) = Y af (@)
=1

LQ(ES';X*) 1=1
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Ané e (53), (4.1.12) xou (4.1.13) éyouvue

o\ 1/2 .

S et

i=1

n 1/p
E < Cln(d(X, H) + 1)Cy(X) [|f1l Ly z:x) (Z Ix?Hp>

i=1

n
S et
=1

La(E;X*)
n 1/p
= Cln(d(X, H) + 1)Cy(X) (Z fﬁfp) :
i=1
Anhadh o X* éyel type p xau Tp(X*) < Cln (d(X, H) + 1)Cy(X).
|

YNy embuevn TROTAOT QaiveTal Wiot TEWTN oYéon PETAED TOu type xou Tou cotype evog yhpou
Banach X »ou Tng mENEQAUOUEVNE AVATUEACTACLUOTNTAS TV YWewV £, otov X.

IMpétaon 4.1.15. Eotww X ydpos Banach.

(i) Eoww 1 < p < 2. Av o 4, elvar nenepaopéva avanapaotdouos otov X tite o X Oev éyel
type r yia kd0e p < r < 2.

(i) Eoww q > 2. Av o {, eivar nenepaopéva avanapaotdouos orov X wéte o X bev éxer cotype
r ya kde 2 <r < q.

Anodedn.

(i) Eow 1 < p < 2. Trodétouye 6Tt 0 £, eivon menepoouéva avanapootdoos otov X. Tote,
; . . n , , . , -1
Yo xdde n € N undpyer T': £ — X woopopguxd epgiteuon tétowa wote T[T < 1 +e.
©étoupe x; = T'(e;) vt =1,2,...,n. Tote yioa xde aq,aq, ..., a, € R woylel

n 1/p n n 1/p
(1—¢) (Z |a¢|p> < Z a;izi| < (1+¢) (Z ai|p> :
i=1 i=1 i=1

Ewwoétepa |z;| < 14+ ¢ vy xdde ¢ = 1,2,...,n. Enlonc ovunepaivoupe ott yia xdde

€1,€2,...,6n € {—1,1}
n

2, it

i=1

> (1—e)n'/P

xan dpat
9\ 1/2
E > (1—e)nl/.

€T

L

=1

Av o X éyel type r vy xdmolo r > p tOTE

1/2

2, it

i=1

n 1/r
E <C (Z x) < C(1+e)nl/m,
i=1

yia xdmota otadepd C' > 0. Xuunepaivouue hotmdv OTL
(1—e)n'’? < C1 + e)n*'" yio xdde n € N.
Eqgboov r > p odnyoluacte oe drono. Enouévwg o X dev €yel type r yio r > p.

(ii) Amodemvieton émwe o (i).
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IMapathenon 4.1.16. Ilopatnpolue Tt 6Ty TponyolUeVn TEdTACT) oexel Vo utodécouue 6Tt o
¢, () 0 £y avtioTolya) €lvat a-TETERUOUEVOL AVOTOPACTAGLIOS YIoL Xdmolo a > 1.

IMopwopa 4.1.17. Eotw X ydpos Banach, p, = sup{l < p<2: o X éye typep} ka1 q, =
inf {g>2: 0 X éye cotype p}. Tdte to olrolo twv p ya ta onola o £y elvar nenepaouérva avana-
paotdopos otor X efvar vroodvodo tou [py, ¢y |-

Anoédegn. Ipoxintel dueoa and tnv Ipdtaon 4.1.15 xou to yeyovog 6t o X €yel type p yu
xde p < p, xau cotype g yio xdde g > ¢ . |

To dewpnua Maurey-Pisier, to Bacixd Jedpnuo avtic Tng epyaciog, pag Aget 6Tt yio xde y o
Banach X, 0 ¢, xu o {, civon nencpacuéva avanapactdolyol otov X.
X X

Y ouvéyeto urtohoyiloude to p xon g yio tar omola évag yweoc Ly, (1) éxel type p xau cotype
q. AxpiBéotepa, Yo anodeiloupe TV axdroudn tpdtao.
ITpotacm 4.1.18. Eotw (2, 1) xdpos pérpou.
(i) Av 1 <p <2 tére 0 Lp(n) éxer type p ka1 cotype 2.
(ii) Av 2 < g < o0 tdte o Ly(p) éxer type 2 ka1 cotype q.
Anodexviouye TpoTo TNV eEAC TEOTAO.

IMpoétaocm 4.1.19. Eotw (2, 1) xdpos pérpov kar 1 < p < 00. Tdre ya kdle n € N ka1
fl, . ,fn € Lp(/J,)

1
" p\ /P

N 1/2 " 1/2
Ap <Z;‘fi‘2> <|E Zlq‘fi < By (Zlffi’2> 7

p p p

orou Ay, ka1 B), efvar o1 otalepés otnr aviodtnta tov Khintchine.

Arnodedn. Hopatnpolue 6Tl amd to Yewpnua tou Fubini

p\ 1/p|P n p
> = JQIE ( Z € fi(w) > dp(w)

n

>l

i=1

(4.1.14) (IE

i=1

_E ( L S eifilw) du(w)>

=1

n p

Z € fi

i=1

=E

p

p\ 1/p n 1/2
) < Bp (Z Ifi(w)|2> :
i=1

Enilong, andé v avicétnta tou Khinitchine

" 1/2
(Ser) <
i=1

n

D eifi(w)

i=1
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yio x&de w € 2.
Emouévoc,

n

Dl

p\ 1/p||P n 1/2]|P
V'l ($0) T
i=1 i=1

p p

p\ /P 1/2
) < B, (Z |f1|2>
D i=1

n 1/2|P
(2 |fi|2> < (E
i=1
p

AopBévovtog v’ 6y v (4.1.14) €youye

. 1/2
Ap <Z|fz|2) < (E
i=1

p

n

>k

i=1

3

p

Ou ypeeloTolUe elong To axdlovdo Auuo.

Afupo 4.1.20. Eotw (2, 1) xdpos pérpov kar 0 < r < 1. Tére ya kdle f,g € Ly(p) pe
fyg =0 w0yda
1+ gl = 171+ gl -

ATnodely). Apxel va to del€ouye yio v nepintwon || f + g, = 1. Téte 1o pétpo v e
o(4) = | (7 + 9y

v xdde A < Q yetpriowo, ebvan pétpo mdavotntag oto 1.
‘Eyouye,

1/r r Yr T 1/r
71 (JQ 17 du> (J{f+g>0} (f +9)T(f t9) dﬂ) L+g>0 f+yg a '

And v avicdtnta Holder, epdoov 7 < 1 €youue

1/r
f>r v <f> L /
<J{f+g>0} <f +Y ’ ) = Lf+g>0} f+g a Lf+g>0} [+ g(f 9)'d

YVVETOC,

s
S = a2

Opolwge, éyouue ot

< +
o< | o

YUVETOC,
1AL+ Nlgll, <1 =f+4ll,-
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Arnoédeln tng Ilpdtaong 4.1.18.

(i) Eow 1 < p < 2. 'Eotww enione n € N xou fi, fa,..., fn € Lp(p). Aciyvouye opyixd 61t o
Ly(1) éxe cotype 2. And 1o Afupa 4.1.20, epdoov § < 1, éyouue ot

n 1/2 n 1/2 n 1/2 n 1/2
(4.1.15) <2m\2) = | 2 1Al ><2H\fi\2}|g> =<Zfi|,%> :
i=1 =1 =1
p

p i=1
2
Enilong, ané v Ipdtaon 4.1.19 €yovue ot

n 1/2 1 n P 1/1’
(4.1.16) (Z |fi|2> <1 (E[Xeh
i=1 » =1 P
Ané e (4.1.15), (4.1.16) xou v avicdtnra Holder éyouue ot
" 1/2 . n P\ /P . . 9\ 1/2
(Z |fz||127) <4 |E Z €ifi <4 (B Z €ifi
i=1 P i=1 p P i=1 p

Yuvenog, o Ly(p) éyel cotype 2.
I vor Sef€oupe 6L 0 Ly(p) €xer type p, mopatneotue 6t and v Hpdtaon 4.1.19 xou tny
avicotnTa Kahane éyouue

o\ 1/2 o\ /P
(IE ) < KGOE < Ko (IE )
p p

p
n 1/2
(4.1.17) < K»B, (Z |fi|2>
i=1

p

n

>l

=1

n

>l

i=1

n

>l

i=1

Erlong, epéoov p < 2

n 1/2 n 1/p
(Z |f2(w)\2> < (Z fi(w)]p> v xdde w € Q.
i=1

i=1
YUVETOC,
n 1/2 n 1/p
(4.1.18) (Z ’fi’2> < (Z \fi\”)
i=1 , i=1 »
‘Ouoc,

n 1/p n 1/p n 1/p
(4.1.19) <Z \fz-\p> = (J (Z !fz-!p> du(é«f)) = (Z |f¢|§> :
i=1 , 2 \i=1 i=1

Ané e (4.1.17),(4.1.18) xou (4.1.19) cuunepaivouye 6Tt

n 1/p
< KyB, (Z ||fz'|£> :
i=1

1/2

2 € fi

i=1

E

p

Anhodf o Ly(p) éyet type p.
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ii) 'Eotw 2 < g < 0. Aclyvouue npdta 61t 0 Ly(1) éyel type 2. 'Eotw n e N xou fi,...
XYOUUE TP q X

Ly(p). Ané v Hpbdroon 4.1.19 xou tnv avicétnto Kahane éyouye

o 1/2
< KOE

1
" q\ /4

Dl

i=1

n

>l

i=1

n

>l

i=1

E <Ky |E

q

" 1/2
< K»B, (Z |fi|2)
i-1

q

q q

Eniong, epdoov 4 > 1, and ty tprywvixd avicdtnta tne HH%, €YOLUE OTL

n 1/2 1 n 1/2 " 1/2
(Zw) < (Z [ |fi|2ug> - (Z mi) :
i=1 i=1

[

PN
izl

q

1 i=1
Tehnd,
" 2\ 1/2 " 1/2 " 1/2
E|Y efi < KaB, < (Z H|fz-|2||q) = (Z |fin2) :
-1 a i1 2 i—1

Yuvende o Lg(p) €xet type 2.

s Jn €

To yeyovée bt o Lg(p) éxer cotype g mpoxinter and to (i) xaw tnv pdtaon 4.1.8. Tpdyport,
yYvopilouye 6Tt 0 dUixde tou Ly(p) eivon 0 Lg(p). Xuvenoe, and ty Hpbtoon 4.1.8 éyouue

Cq(Lq(1)) = Co((Lp(1))*) < Tp(Lp(p))-

‘Ouwe, and 1o (i) éyoupe 6t Tp(Ly(p)) < 00. ‘Enctar 6t 0 Lg(p) €xer cotype q.

ITépwopa 4.1.21.
i) Av 1 < p <2 téte 0 £, éyer type p ka1 cotype 2.
p X

(i) Av 2 < q < o0 wte 0 Uy éxer type 2 kar cotype q.

Arnodegn. Ipoxintel dueca and tny Hpdtaon 4.1.18, agol and T Ipotdoeig 3.1.7 xau 3.1.8
énetan 6Tt Y xdde 1 < 7 < 00 woylel 6t Ty (¢,) = Tp(Ly) vy xdde 1 < p < 2 xan Cy(4,) = Cy(Ly)

yio x&de q = 2.



Kegdhawo 5

To Oswpenuo Tou Krivine

5.1 Bdoeic Schauder

Y quTAY TNV Topdypapo ATOOEVUOUUE OpLOUEVES WOLOTNTES Yot Ti¢ Schauder Paocwég axo-
houlieg ot onoleg Yo pavoLy yerowes ot cuvéyela. Emmiéov, opilouue Tic C-unconditional xou
1-spreading axohouvdieg xon amodeixvOOUUE XATOIEC OYETIXES IOLOTNTES.

Optopds 5.1.1. Eotw X yopoc Banach. Mu axohoudio {x;};2; otov X héyetuw Schauder
Baouxr av yio x&de = € span {z; : i € N} undpyer povadied oxorovdia {a;}io; mporypatixdv (A
ULy addv) optdumy Hote

o0
T = Z a;Lq,
=1
SnhodH

— 0.
n—00

n
Zaiazi — T

i=1

Av emnhéov span {z; : i € N} = X, t61e 1 {z;};2, Myetou Bdon Schauder tov X.
Eniong, ov |lz;]] = 1 vy x&0e i € N t6te 1 {x;};2; Myetun povadiaia Schauder Boocux
axohouvdio.

Khaoowd napdderyuo ywewv Banach ye Bdon Schauder eivar o cg xou ou £, yior 1 < p < 00, v
Toug omoloug 1 cuviing Bdon {en}floz1 elvon Bdon Schauder.

Efvon cagpéc 6t xdde Schauder Boouer| oxorovdia {;}i- | amoteheiton amd ypopuxd oaveEdptnto
drovooporte. Eldwdtepn, 7; # 0 v xdde i € N Emmiéov, av n {z;};-, ebvou Bdom Schauder yio tov
¥opo Banach X, téte 10 obvoro D = {a1x1 + ... + anzy : n € Nyay, ..., a, € Q} elvou opriprowo
xa Tuxv6 utocUvolo Tou X. Erouévwe, xdle yopog Banach ye Bdorn Schauder eivou oy wplowog.
Aev aknieldel dpwe ot xdie dioywelowog ywpog Banach éyel Bdon Schauder. Ioyler wotdoo 1
axohoulT) TEoTUCT).

IMpétaom 5.1.2. KdOe arepodidotatos ywpos Banach tepiéyer povadiaia Schauder Baoikr) aio-
Aovia.

Amnodeviouye Tp®Ta TNV axdhovln) TEdTACT] 1 omola Hag TUEEYEL Eval Bactxd xEITHELO Yl Vo
ehéyyouue av o axoloudio etvan Schauder Booixy.

IMeétaon 5.1.3. Mia axodovdia {z;},2, un undevikdy duvvoudtor oe évav xipo Banach X
etvar Schauder Paoikn av kar pévo av vrdpyer K > 0 térowg wote, ya kdle n < m ovo N ka1
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ai,...,am € R,

(5.1.1) <K

n m
2, PICES
i=1 =1

Tny ehdyotn otadepd K > 0 ya tnr onola wyve n (5.1.1) Oa tny Aéue otalepd tng Schauder

Paoikng akoloviiag.

ATnodelly). Oétovpe Y = span {z; : i € N} xou yia xdde n € N Jewpolye v Quotohoyixf mpo-
Bor| P, Y — Y ue

(5.1.2) P,(z) = P, (Z aa:) = > am;.
=1

i=1

Egboov 1 {z;}:2 ebvou Bdon Schauder yia Tov Y, amodemcvieton 61t %x&de P, elvor pparyuévoc
teheothc xau K = sup, [|P,| < 4+00. Eow n < m oo N xa ay,...,an € R, Oétoupe
r = 3" aw. Tote, Py(z) = D, aixz; xou 10 oupnépaopa tpoxdntel and my [Py (z)] <
[Pl - 2] < K]l
7 7, z ’ [ee} 1

[ty avtiotpogn xatebduvon, ag utodécoupe 6t n {x;};_; wavorowel tny (5.1.1). Hopatn-
POUUE TpMTa OTL ToL dtovlopota @ efvon ypouuxd aveldptnta. Av D" a;x; = 0, t6te Yo xdde
2 < j <m éyoupe

j -1 m
laj| x| < HZ ai:z:iH + HZ aia:iH < 2KH2 aixiH = 0.
i=1 i=1 i=1

H 6o avicotno toyver (e otadepd K avtl yia 2K) étav j = 1. Enetan 61t ag = -+ - = ay, = 0.
Ocwpolpe tov F' = span{z, : n € N}. O F eivor tuxvéc undywpoc tou Y. Ta xdde n opilouye
P, F— Fue

m min{m,n}
Pn <Z ai:ri> = Z A;T;.
i=1

i=1
O P, eivon xold opiopévog, hoyw tne ypouuxic aveloptnoioc towv x;, xat and my (5.1.1) cuune-
catvoue Ot [Py < K vy xdde n. Xpnowonowdvroag tny muxvétnta tou F otov Y unopolue va
enextelvoupe tov P, og ohdxAnpo tov Y, ue dathenon e | Py | < K.
‘Eotw z € Y. Anbd tov 1p6m0 opioyol twv P, Brénouvye 6t undpyet (povodxr) oxoloudio
(ai)ien ot0 R dote

n
P,(x) = Z a;x;
=1

yio xdde n € N, ypnowonowdvtag vy P, o P, = Py, n < m. Mével va dei€oupe 6t Py (z) — x.
‘Eow e > 0. Tndpyer z = D", bz € F dote |z — z| < e. T xdde m > n éyovue P, (z) = =

Y

oot

|z = Prn(2)]| < |z = 2] + [z = Po(2)]| + | B (2) = P()]

<
<@+ [|Pnf) |z =2 < 1+ K)e,

7 /. /.
70 omolo amodexviel To {nToluEvo. |

H onédeln e Ipdtaong 5.1.2 Bacileton oto axdroudo Anuupa tov Mazur:
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Afppa 5.1.4. Eotw X arepodidotatos xwpos pe vopua kar F vndywpos tov X e memepaouévn
didotaon. Ta kdle e > 0 vndpyer v € X pe ||zl = 1, to onoio ikavoroel Tny

lyl < (1 + )]y + Az

yia kdOe y € F' ka1 A € R.

A7n6dely). Mropolye va unodéooupe 61t 0 < ¢ < 1. Agol dim(F') < 00, n povaduio ogoipo
Sr tou F' etvon ouvunayhc. Apa, umopolue va Peodue yi,...,Yr € SF o omolo vo oynuatilouy
£/2-8ixtuo: yio xde y € Sg undpyer j < k wote |y — ;|| < e/2.
Ané 1o Yewpnua Hahn-Banach, yiooxdde j = 1, ..., k pnopolue vo Bpodpe yi € X* ye [yf| =1
k
xon y¥(y;) = 1. O undywpoc [ Ker(y)) éxet nenepaouévn ouvdldotoon, cuvendg, apol dim(X) =
j=1

k
o, undpyet x € (] Ker(y}) pe [z] = 1. Anhady,
j=1

yi(z) = =yi(z) =0.

‘Eotw y € Sp xau A € R. Tndpyer j < k dote |y — y;]| < €/2. Mnopolue howdv va ypdhouue

9
ly + Azl > lly; + Azl = lly = y;ll = lly; + Azl =5

g g

> Yy +Ae) — 5 =y5(y;) — 5
:1_52 1 ,
27 1+¢

onhad |y =1 < (1 +¢)|y + Az| vy xdde y € Sp xou xdde X € R.
‘Eneton to oupnépacya v xdde y € F: Av y = 0, 161€ elvon mpogavéc. Av 0 # y € F', tote

HHT?HH = 17 dPOC YL wdde A e K éXOUHE

YT
Iyl vl

)

il <+

onAaodt

yl < (A +e)lly + Axl. u

Anédeln tng Ipdtaoneg 5.1.2. Ou dellouue xdtt woyvpdTtepo: Yia xde € > 0 undpyet Po-
oy axohoudia (x;) otov X pe otadepd M < 1 +«.
Zil+e)<l+e.

Ocwpolpe tuyody 1 € X pe 21| = 1 xon ¥étovpe F = span{x;}. And to Afupa 5.1.4 undpyet

‘Eotw € > 0. Mropolue va Bpolue axohovdia (g;) etixddv aptdudv, pe [ |

x9 € X pe 22| = 1, to onolo wavornotel tnv
[yl < (1 +e2)lly + azas|

v xdde y € Fy xou x&de ag € R. Oétovue Fy = span{xy, 2} xou emhéyouye x3 € X pe |z3| = 1,
70 omolo xavoTolel TNy
[yl < (1 + e3)ly + azes|

vio xdde y € Fy xou xdde az € R.
Y10 n-0016 Prua, Vétovue Fy, = span{zi,..., Ty} xou EMAEYOUUE Zpt1 € X YE |Tpi1| = 1, 10
omofo wavorotel Tnv
Iyl < (1 + en+1)lly + ant1zpn
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v x&e y € F, xou yioe x80e any1 € R. Me autéd tov tpémo opileton oxohovdia (z;) otov X. Ou

Oeloupe OTL: oV N < M XL aq, ..., Ay € R, TOTE

n m
Z a;T; Z a; ;| -
i=1 i=1

M v anddedn e (5.1.3) yenotpwonotolue To Yeyovos 6t i xde n < k < m €youye

(5.1.3) <(1+¢)

Y = Z§=1 a;x; € Fi, xou TNy emhoyn TV x;: £YOUUE

n
S
i=1

= [ynll < (1 + ens1)lyn + anr1@ni ]| = (1 + ensa) [ynsal,

O, ETAYWYIXE,

n+2 m
lynll < (1 + ens)lynel < ] A+ eplymizl << TT @+ e)lyml,
j=n+1 j=n+1
onAad,
n m m m
Zaixi < H (1+¢4) Zaixi <(1+¢) Zaixi )
i=1 j=n+1 i=1 i=1
Auté amodewvier 6t n (z;) etvon Schauder Baowxy, ye otodepd M < 1+ €. [ |

Opiopde 5.1.5. 'Eotw X yopoc Banach xou {z;};- ; axohoudio otov X. Mo oxoroudia {y; }30:1
otov X Aéyetu block axohouvdia tne {z;};2; av undpyel yvnotne adZouca axohoudio GUOLKGY
aptduny 0 = my < mp < mg < ... T€T0L0 WOTE, Yia xde j € N,

mj

Y = Z ;T

i=m;_1+1
yio xdmowa a; € R.

Oedpnua 5.1.6 (otpéfrwone tou James yio tov ¢). Eotw X xdpos Banach. Av o ¢y epgu-
tevetal a-wopoppikd ooy X ya kdmowov a > 1 tote eugurevetar kar (1 + €)-wopopgixd ya kdOe
e>0.

AxpiBéotepa, av o T : co — X etvar 1wopopgixri epgitevon e || T || T~

1H < a yw kdrowr a >

1, tdte ya kdle € > 0 vndpyel wopopgikn epgitevon S : cg — X térowa dote ||S|| HS_1H <l+e
ka1 emmAéov vndpyer {y;}ie, block axohovdia tng auvilous Pdons {e;}i, tov ¢y dore S(e;) =
T(y;) ya ki 1 < i < 0.

AndédeEn. Mnopolue va utodécoupe Ot
(5.1.4) 2], < 1Tz|| < allz|, Yo %xdde = {x;};2; € co
[Mo xdde n e N opiCouye
Bn = inf {||z]|, : z € coo, [|Tx|| = 1 xou 2; = 0 vyt x&de 1 < i < n},

6mou coo = {x € co : 1; # 0 Yo memepaoyuéva 1o TAfdog i € N}, Ané tnv (5.1.4) énetan 61 1 <
Bn <1 v xdde n € N. Enlong, n {Bn}

’ ’ ) 4 1 2
ne1 Ebvou ad€ouoa. Enouévng umdpyet 2 < B <1 t€roog
wote B, — B.
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‘Eotw howndy € > 0 xa €1 > 0 té€Tol0L WoTE %J_rg < 1+e. Tore, undpyel ng € N té€t010¢ WoTE

1
>
Viter

Kotaoxeudlouye axorouvdio {yj} _, amo6 ototyelo Tou ¢ mou ebvon block axoroudio tne cuvidouc
phome {eihiZy oc edfc:
Emaé —{i}oo € cop TETOLO WOTE
TWAEYOUYE Y1 = {¥1f,_q € Coo TET ot

Bro B.

1T (y)| = 1, yl =0y xdde 1 <7 <ngxo |lyi], < BivV1+e1 < V1 +eq.

Tote, y1 € span{e; : 1 <@ < my} v xdmoov guotxd my < ng.
Ané tov oplopd tou By, , UTHEYEL Y2 € Cop TETOLO WOTE

IT(y2)ll = 1. y5 = 0 v xdide 1 < i < myxen [[gollo, < By VI +e1 < BV +er

Tote yo € span{e; : 1 < i < ma} yio xdmoov guoxd mg > my.
Yuveyilovtog enorywyixd, xatooxeudlovue oxohouvdia {y]} —, amo6 oToLyela ToU ¢y TETOL WOTE
vy xdde 1 < j < oo

IT(y;)|l =1, y; € span {e; : mj_1 <i < mj} xou |ly;ll,, < BvV1+en,

OmoL Ny = My < M1 < Mg < M3 < ... yYvnolwe abouvoa oxoroudla GUOLXGDY.
Apa, 1 {y]} ~, cbvou block axokouﬂta e {ei}ie;. Emmiéov, epboov ou axohovdiec y; =
{yj 121 € co éxouv Eévouc gopelc ouunepaivouue 6Tt

1<j<

= max |aj| |lyjll, < BVL+er max faj],
0

v x&de n € N xou aq, a9, ...,a, € R.
Ané Tov opiopd oL By,

2 Bng

n
> ay

Yuvenwe, v xade n € N xou aq,a9,...,a, € R

T (2 ajyj) Z ajyj
j=1

Emméov, yia xdde 1 < k < n,

(g

(&)

1
< 7—BvV1+er max || < (1 + 1) max [a]
10 1<j<sn 1<jsn

Bno

Z a;T'(y;)

> [|2a,T (yx)|| — Z a;T(y;) — 2a,T (yx)

j=1
= T -1 ;
17 ()| = 1+ 21) s [

= 2Ja| — (1 .
jak| = (1 + 1) max a|
Emouévoc,

(1- 1) max ).

()
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Telxd,

(5.1.5) (1 —¢1) max |a;| < (Z a]y]> (1+¢1) max |aj,
<< 1<j<n

vy x&de n € N xou ag, a9, ...,a, € R.

Yuvenne, ov {aj};il € co TOTE, €pboov |yl < B/1+ €1, éxouvue ol Z;’;l a;y; € co XL oo

v (5.1.5) éneton ot

Emopévee, yio tov ypauuwod tedecth St cg — X ye

ISI|s~ < o2t <1+

< (1+4e¢1) sup a4l

1<j<oo

(1—¢e1) sup |aj| <||T

1<j<oo

1oy Vel 6Tt

xou S(e;) = T(y;) Yy xdde 1 < i < o0.
Yuvenng, o ¢ epguteteton (1 + €)-loopoppixd otov X. [ ]

Me mapduolo tpémo anodewcvieton xou o Yewpnua oTeéBAnong Tou James yio Tov 1.

Ocsdpenua 5.1.7 (otpéflwone tou James yio tov £1). Eotww X xdpos Banach. Av o {1 eugu-
teetar a-1oopopgikd ooy X ya kdrowov a > 1 tdte eugurevetar kar (1 + €)-1wopopgixd ya kdOe
e>0.

Axkpiféotepa, av o T : {1 — X eivar wopopgikry epugitevon e || T HT IH

a yu kdmowv a >
1, téte ya kdde e > 0 vndpyer wopoppikry epgitevon S : fy — X térowa doe ||S|| [[S7H| < 1+e€
ka1 emmAor vndpyxea {y;}i—, block axolovdia tng ouvndous Pdong {e;}io| wov {1 dote S(e;) =

T(y;) ya kd9e 1 < i < 0.

Optopds 5.1.8. Ao axohoudiec {x;};2, otov X xau {yi};o, otov Y Méyovior a-tocoddvayreg
av umdpyouv otadepée ¢, C > 0 tétoieg wote cC < a xa

n n
Z a;Yi Z Ty
i=1 i=

yio xdde n € N xaw aq,ag,...,a, € R (4 C).

<

n
C|> ais
=1

Enilong, Aye 611 800 axoloudieg eivar LlooBOVaReg av elvon a-lood0OvVoueS Yio xdmotov a = 1.

’ / 0 0 ’ ’ 0 ’ ’
Hopatneotue 6t av ou {z;},_ 1 xou {y;},—, ebvon a-iloodivopes xou {a;};—; ebvar axohoudio mpory-
’ /7 ’, ’ ’ 7 ee} ’ 7 7 ’
HoTX@V (1 pryadixddv) oprdudv, ToTe 1 oewpd Y~ | a;T; CUYXAVEL av X0t HOVO av CUYXAIVEL 1) GELRY
0
Dy @iYi, xou 6Ty oLYXAVOUY €youue

[ee}
3 aiy
=1

v xdmoteg otadepéc ¢, C' > 0 tétoleg wote cC < a

o¢]

2, aii

i=1

< < :

0
Cl>, aiy
=1
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Optopde 5.1.9. Mo axoroudio {z;};~ ; o€ évav mparypotind yoeo Banach Méyetow C-unconditional
v xdmotov C' = 1, av yioe x89e n € N, aq,as, ..., a, € R xou xdde emhoyh npoofuwy {e;}; | ue
€; € {—1, 1},

(5.1.6) <C

n n
=1 =1

Mapatneolue 6Tt av epapuoécouue ty (5.1.6) e b; = €;a; otn Véon twv a; TOTE €Youue OTL

n
2, bz
i=1

n

Z €;bix;

i=1

<C

Y

onAad,
<C

n
Z €10 T
i=1

L 0 7 L ’
Enouévoc av n {x;},~, eivar C-unconditional téte

n n n
> e > i > e
i=1 1=1 i=1

dnhadr) 1 oxohoudia {z; oo | efver C2-10080vapn e Ty {e;x;} oo | Yo xdde emhoyh tpochuwy {€;} i
ue € € {—1,1}.
Ewbwétepa 1 {2 ebvor 1-unconditional av

n
2, i
i=1

vy xdde n €N | ay,ag,...,a, € Rxow ¢ € {—1,1}.

n
2, i
i=1

< <C

9

1
C

n

Z €10 T

i=1

Avdhoyog glvol 0 0ploPOC Xl GTNY TEPITTWOT TOL €Y0uNE Uryadixd yweo Banach.

Optopdes 5.1.10. Sty nepinteon mou o yopog Banach X etvou pryadinde, por axohoudio {x; 12,
otov X Aéyetw C-unconditional yio xdnowov C' = 1 av yiaxdde n e N | aq, ..., a, € C xou xdde
{ei}i peeeT={zeC:|z| =1},

<

n n

Z a;T; Z € A;T;

i=1 =1

Téte, n {z;}io | etvor C?-16080voun pe v {e;m; oo | Yo %80 {€;};2, pe € € T.
Ewbwétepa, n {z;}io; etvor 1-unconditional av

n
2, ai
i=1

n
> lailzi
=1

vy x&de n e N xou ay, a9, ..., a, € C.

Opiopde 5.1.11. Mo axohoudia {x;}2; oc évav ydpo Banach X héyetow 1-spreading av yio
xdde neN, yiaxdde 0 < by < ko < ... <k, xow x&9¢ a1, ao,...,a, € R,

n n
2, || = || 2 ai,
i=1 i=1
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Hopartnpolue 6t av 1 {x;}io; etvor 1-spreading tote ||z;]| = ||21]| yio %dde 1 < i < o0.
Khaocowéd nopdderypo oxorouvdeyv ot onoleg etvon 1-unconditional xau 1-spreading eivon ou ou-
7 7 [00] ’, 7 ’ ’ 7
vileig Bdoeig {e;},—; TV TeayHoTix®y 1 wyadixdy axolouhoy otov ¢ 1 Tov £, i 1 < p < 0.

IMpétaon 5.1.12. Eoww X xdpos Banach kar {z;};>, axolovdia orov X. H {x;};2, efvar C-
unconditional ya kdnoio C > 1 av kar uévo av ya kie n € N kai ay,as,...,an,b1,b2,...,b, €

R (1 C) térowa doe |a;| < |bi| ya kdde 1 < i < n, wyla

n n
=1 =1

Andédedn. Eivor cagéc 6t plo axoloudio mou ixavorolel autr v ot etvon C-unconditional.

0] oy
[ to avtiotpogo, éotw 6t m {x;},_; elvor C-unconditional oxoloudia. Eotw n € N xa

a1,a2,...,0an,b1,ba, ..., b, tét0100 GotE |a;] < |bi| v xd¥e 1 < @ < n. Oewpolye to olvolo
K = {(t1,t2,...,tn) € R"(A C") : |t;| < |bi| yio xdde 1 < i < n}, 70 onolo elvou xvptd xou cupma-
vég, xau T ouvdptnon f : K — R ue

f(tl, R ,tn) = Htlxl + ... +tnan .

H f eivon xupth), enopévig haufdvel yéyioto oe xdmolo axpaio onuelo tou K, dnhady| oc xdmolo
(51,82,...,5,) € K tét010 dote |s;] = |bi| v xdde 1 < @ < n. Anhadn, s; = €b; yioo xdmowa
€i € {—1,1} (¢ € T vy v pryodixh nepintwon). ‘Eneton 61, yio xde (1,12, ..., 1) € K,

n n n
Z tix;|| < Z sizil| < C Z bix;
i=1 =1 1=1

Ewwoérepa, (a1, az,...,a,) € K, dpa

=1 =1

ITépwopa 5.1.13. Av pua axodovdia {z;}i- | o€ kdrowr yopo Banach etvar C-unconditional yia
kdmolov C' > 1, téte ya kdOe menepaouérvo ovvolo B < N, {a;}, .5 otov R (17 C) ka1 A < B,

Z a;xill <C Z a;x;

€A i€B

Ebikdrepa, ||37 aizgl| = & max lai| ||zi]| ya kdOe n € N ka1 ay,aq,...,a, € R (17 C).
N

Ané 1o Hoéplopa 5.1.13 xou v Ilpdtoon 5.1.3 énetan otL xdde C-unconditional oxorouvdia Tou
amoTeAElTOL Ao W) Undevixd davbouota lvon Schauder Baoux.

ITeétaom 5.1.14. Eoww X mpaypatikds xdpos Banach kai {z;};-, axodovdia otov X. Av ya
kdOe menepaouévo ovvolo B < N, {a;},. 5 oto R ka1 A < B woyve

Zaimi <C Zai:ci ,
€A i€B

yia kdrowy C = 1, téte n {x;};2, etvar 2C-unconditional.
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Anodedn. Iopotnpolue 6t yio xdde n € N xou {€;};—, pe € € {—1,1},

= Z €a;x; + Z €a;T;|| = 2 a;Tr; — Z a;T;

{i:¢,=1} {t:¢,=—1} {i:e;=1} {t:¢,=—1}

Z a;x;|| + Z a;x;|| <2C iaixi
i=1

{i:¢,=1} {i:e;=—1}

n

Z €10 T

=1

N

5.2 Mrowyeia and N Ocswpla TeheoTwv

INo v anédelln tou Yewprpatog tou Krivine da ypeiaotodue xdmolo anoteAéopato and
Yewpla TEAEOTOV.

Opwopol 5.2.1. 'Eotww X pyodixog yweog Banach xaw T' @ X — X @poyuévoc yeauuxode
TEAEOTG.

(i) To A e C Aéyetan wWBrotiwh Tou T' av undpyel € X tétoo wote = # 0 xou Tx = Az. Térte,
0 € X Ayetol LBLodLdvuopa Tou avTloTolyel oTny Wty A.

(ii) To X € C Myetu mpoceyyloTixh Wotiwy tou 1" av undpyet axoroudio {u,} . oTov
X, pe |lun|l = 1 v x&de n € N, tétowx thote

| Tupn — Aup| — 0.
n—0o0

Téte, 1 {un}r; Myetn axohoLIid TEOCEYYICTIXAV LBLOBAVLOULTWY TOU oVTL-
oTolyEl OTNY TEOCEYYIOTIXY) WBLOTWH A.

(iii) To dopa o(T') tou teheoth T eivor t0 oUvoho twv A € C yia ta ontolo 0 tedeothc T — AT
dev éyet gpaypévo avtiotpogo (6mou I 1 X — X o towtotxde tereotic). Anhod,

o(T)={AeC:T — X pn avtiotpédyoc} .

Mopoatnpolpe 6L av undpyet o ypouuxoe tehestic (T — M) ™1 (Snhadh av o T — AT ebvon 1-1 xou
enl) Tote Vo elvan xou ParyUEVOS amd To VEMENUA AVOLXTAS ATEXOVIONG.

Ebvar cagéc 6L xdde ot tou T ebvan xon mpooeyyiotixy wiotiur. Eniong xdde biotiun
avixel 6To @doua tou TEAeoTh 1" agol av o A elvon wiotr Touv T tote T'r — Az = 0 yio xdmoto
x # 0 xou emoyéverg o teheothc T'— Al Bev eivon 1-1 xou dpa 00te avtioteédipog. Ahndelet, eniong,
OTL x&E TEOCEYYIGTIXY WOLOTWUT AV XEL OTO QPACUA TOU TEAECTH.

ISiadtepa onuovTind eivar to axdrovdo Yewpnua:

Ocwpnua 5.2.2. FEotw X uiyadikis xopos Banach ka1 T @ X — X @payuévos ypappikos
tedeotnis. Tote, to pdoua o(T) tov T €lvar un kevé kar ovurayés vroovrolo tov C.

Aev 1oy leL Oung eV YEVEL OTL T0 GOVOAO TV WOLOTWOY EVOC PEayHEVOL TEAEGTY| GE EVay YWEO
Banach efvar un xevé. 261600, 6w TEOXITTEL and TNV ENOUEVY TEOTACT OE GUVOUAOUO UE TO
Oehpnua 5.2.2, xdde QporyU€vog YEUUUIXOS TEAECTHC EYEL TPOCEY YIOTIXY| WOLOTIUN.

ITpétaom 5.2.3. Eotw X xdpos Banach kaiT : X — X gpaypévos ypaupkos tedeotng. KdOe
A€ 0o(T) eivar mpooeyyotixry 16otiur) tov teAeotn T', émov do(T") efvar to ovvopo tou pdopatos

o(T).
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Iot v amoédeen e Mpdtaong 5.2.3 anodeixviouUe TEMTO TO TUPUXATE AAUUUAL.

Afppo 5.2.4. FEoww X ydpos Banach ka1 T : X — X ypappixos teAeotnis tétoos dote
II —T| <1. Tére o T elvar avriotpéhipios ppayévog Ypaukos teAeatrs.

Andédedn. INo xdde v e X,
A= =TI [Jzll < [T} < ([T =T + 1) |l ,

Goa o T' elvon 1oopoppx eupiTevan. Ou deiloupe oTL elvan xan avtioTeédyloc, ue avtioTpopo

o]

T =) (I-T)"

k=0
Hapatneolue opyixd ot

o] oo
3 H(I-T)’f” <M -1 <,
k=0 k=0

dwot ||[I — T < 1. Enopévec, n ospd >0 (I — T)* eiver Cauchy xon dpo ouyxhiver o€ xdmolov
ppayUévo ypauuixo tehecth (o ywpoc B(X) = {T: X — X : T gpoypévoc ypopuuxds teheotic}
elvar yopoc Banach).

O¢toupe Sp = Sp_o(I = T)* xou S =377 (I — T)*. Tére,

ST =—=Sy(I =T)+ S, =1~ (I-T)"".
Egéoov ||I — T < 1, éyoupe

H(I_T)n+1H < HI_T||n+1 0.
n

—00

Emopévee, ST =1im S, T = I. Opoiwe, T'S = I. |
n

Anédein tng Ipodtacne 5.2.3. Eotw A € do(T) xou axohovdio { N\, }r_; tét0l10 OHOTE A,y €
C N\ o(T) yw xdde n € N xaw A, — A Iopatnpotue 6t epboov Ay, ¢ o(T') o teheotic T — A, 1
ebvor avtioteéduuog yio xdde n e N.

Ioyvptoude: ||(T — Apd) 7! — 0.

Anédeidn Tou wyvptopol: Trodétoupe (tpoc dromo) 6t ||(T — A1) | —— c0. Téte undpyouv

M > 0 xou umaxohoudia { Ay, }o | TéTow Bote
(T - )\kn)_lH < M vy xdde n e N.

Egbcov A\, — A, undpyel ng € N tote ’/\kno - )\‘ < &7 Tére,

HI (T = AD)(T - A,%I)*H — H(T - A,%I)—lu H(T — N 1) — (T — M)H
RS |

<M‘>\—)\kn0 <1

Ao 1o Afpa 5.2.4 eneton 6t o teheothic (T — M)(T — Ay, I) ebvon avtiotpéduioc xou xotd
ouvéneto o T'— A1 eivan avtioteéduuoc. ‘Atono, 816t A € do(T) < o(T'). "Apa ahknielel o loyvplopde.
O
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A6 t0v oplopd Tne Vopuoc TEAEoTH éneton 6Tt Y1 xdde £ > 0 undipyel axohovdio {Ty o | ue
|zn|l = 1 v xdde n € N wote

(T - AnI)*lan > (T - )\nI)*lH — €.

[Ma xdde n € N Yétoupe a, = H(T — )\nI)_ll‘nH et
1 -1
Up = — (T — A1)z
Qn
Tote |lup|| = 1 yio xdde n € N xaw and tov toyupioud €youue 6Tt a, —> 0. Eminiéoy,

1
;(T — M) (T = XD 7 || + [An — A

n

1T un — Aup|| < [|Tun — Antnl] + [ Aun — Auy|| = ’

_Jle]

+ [An — Al —O>OO.

Emopévee, 1o A elvon mpoceyyio x| wotiur Tou T ue avtiotouyn axolouvdio Tpocey Yo TIX®Y LoLo-
’ 0
Sovuoudtwy Ty {un}, ;. [ ]

ITépwopa 5.2.5. KdOe gpaypuévos ypaupukos tedeotns T @ X — X o€ évav pyadiké xwpo
Banach X éyer touddyiotor pia mpooeyyrotikn 1d0tiun.

H Boow mpdtaon and ) Yewplo tehectdv mou Ho yeetaoTel yior TNy anddelln Tou Yewpuatog
tou Krivine efvar 1 axdrouin.

IMpétaom 5.2.6. Eotww X unyadikis ydpos Banach kar T, S : X — X gpayuévor ypappicot
TeAeoTéS 01 omoior petatievtar, donkadn T'S = ST. I'a kdOe mpooeyyionikn 10wotun A € C tov
T vrdpyer poceyyotikn wwotun p € C tou S kar {u,}o_, otov X n onofa efvar kown arxolov-
Ula mpooeyyrotikdy 1d10davvopdtwy yia TS 1010TIHéS A katl 1 twy tedeotwr T ka1 S avtiotorya.
Anadn, ||uy|| =1 ya kdfe n e N,

| Tup — Aup|| — 0 xkar ||Su, — puy| — 0.

Arnoédegn. Troldétouue apyind emmiéov OTL to A eivon Wotywh tov T Anhadh Tz = Az v
xdmow x € X ye x # 0. ©étoupe Uy = {x € X : Tz = Az}, dnhadr Uy ebvar o 1816)wpeog mou
avuotoyel oty Wotul A. Tote, S(Uy) < Uy. Ipdyuat, av z € Uy t61€ Tz = Azx. Enopévec,
epocov ST =TS, o Sx elvan 1B1odWdvuoua Tou 1" e woth A oot T'St = STz = SAx = ASx.
Ernopévoe, npdyuatt S(Uy) € Uy. Opiletan t6t€ 0 teheotic S1 = S|y, : Uy — Ux. O Uy ebvou
XAEWOTOC UTOYWEOC Xt dpa Yweog Banach. Emnopévwe, olugwva ye to Ioépiopa 5.2.5, undpyel
npooey Yot Woth w € C tou S1. Anhadh, undpeyet axoroudio {uy )} oto Uy této tote
lunll = 1 yia xdde n € N xou ||[S1upn — pun || — 0. 'Eneton 6t ||Sup — puy || — 0 xou epdoov
up, € Uy €youpe o1t Tuy,, = Auy, Yo xdde n € No Emopéveg €youue 6etel to {ntolyevo ye tnv
emniéov undveon 6Tl To A elvon WoTr Tou T

I ) yevin| tepintoon émou to A elvon TpooeyyloTiny wiotuy), Yo yenotuonolicouue Yewpela
unepYvopévey YOpev Banach. Eotw U pn tetpipévo urepeiiteo oto N, X 1 unepdivoun tou X
wou T,8 : X — X ou unepduvdpeic twv T xa S avtiotoiya. Eivow cugée bt epboov or T xS
uetatidevton, To (Bio oyvet xou yio oug T xau S, Srhadh TS = ST. 'Eotww A € C npooceyyiotnd

Wotph) tou T, Téte 1o A ebvon Wt tou T. Hpdypott, av @ = {uy}o_; ebvou axohoudia
TEOCEYYLOTIXWY WBLOBLVUCUATWY Yiol TNV WloTuh A, tote 4, € X xau ||u,l ¢ = hénHunH = 1.
Emmiéoy,

H(Ta)u - )\ﬂuH = lim | Ty = Nug]| = 0,
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OnAod

Ta,, = \,,.
YUVETWE, €YOUUE OTL TS = ST xou 0 A eivan OlOTY Tou T. 'Encton 6T UTIAEYEL TEOCEYYIOTLXY
ot 1 € C tou S xan oxohouda {tm oy 670V X e [T ¢ = 1 yio0 xédde m € N, tétowa dote

HSam — ,uamH . — 0 xo Tﬂm = Ay Yo x&9e m € N.
X m—a0

BOewpolue TNV LTEEdVVOUN Tou X w¢ Tpog To U, éotw X, xa éotw S, T : X — X ou avtioTouyeg
umepduvduelg twv S xou T Tote, dnwe xou mponyouuévwe, Enetal OTL LUTAEYEL & € X TETOO (OOTE
||12H)-~é =1, Ta = Au xon Su = pi, Snrodh to @ ebvar xowo Wroddvucyo yior Toug T xou Syl Tic

Z / / ~ / = 0 7 v
wotwée A xau p avtiotorya. Egdcov Hu||):{ = 1, undpyer Z = {z,},_, axohovdia otov X wote
lznll § = 1 Y xdde n € N xou z,, = . Tore,

lim | T2, — Az | = 0
im | Tzn — Azp
e
lim || Sz, — 2| = 0.
IZ/I{n Zn — MZn
D xdde n € N, epdoov [|z,] ¢ = 1 undpyer oxohouta § = {yi}_; otov X wote [lyn] = 1 v

xade m e N xaw 4, = 2.
I xdde € > 0 urndpyer U € U téToto (oTE

oo <

o

e
< —

HTZ" — Az 5

v xdde n e U. Anhadn

. e
lim 1Sy, — pym | < 5
pidei

£
lim || Ty, — Ay || < =
lim [Ty — Ayl < 3
vyl x&de n e U.
‘Eneton 61t v xdde n € U undpyer Uy, € U €010 0)oTE
15Ym — pymll <€
xou
1Ty — Ayl < &
yio x&de m € Up. Anhadn, yio xdde € > 0 undpyel u € X tétoto dote |lul| = 1,

|Su — pul| <& xou [|[Tu — Au|| < e.

(Eméyoupe u =y, yia xdnowo n € U xou m € Uy,).
Enopévoc, propolue vo Beolue oxoroudia {un}o_; otov X pe [luy| = 1 vy xdde n € N,
TETOLL OOTE ] 1
1T upn — Auy|| < P 0 xou [|[Sup — puy|| < P 0.

Anhodh, 1 {un oy ebvon xowh oxohovdic TEOCEYYIOTIXGOV 1BLOBLAVUCUATEY TOU avTIoTOLYEL OTIC
WOLOTIES A xa Yot Toug TeAeotég 1" xan S avtiotolya. |

AZ{ler va onpeidoouue 6Tl 10 Oewpnua 5.2.2 1oy del uovo yia uryodixole yweoug Banach eve
yio Tparyatixolg 6ev aAndelel ev yével. Katd ouvénela to (Blo toylel xou yio to Ildplopa 5.2.5 xon
v [pdtaomn 5.2.6.
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5.3 Block TenepaopREVY] AVATAOACTTACLLOTNTA

Opwopds 5.3.1. 'Eotw X yopoc Banach xa {z;};~, wxohoudla otov X. M menepaouévn
ocohoudial {uj} _, otov X Myetu block axohouvdia e {z;};2; av undpyouv guowol 0 =
mo <mi<mg<...<my TET0l0L OoTEe Yl xdde 1 < j<n

m;

vl xdmowoug a; € R.

Opwopds 5.3.2. 'Eotw {z;};2, wxohovdia oe évav ydeo Banach X xou {y;}io; oxoloudio oe
évay yopeo Banach Y. H oxohoudia {yj} 1 Myeton block mEnNEQACUEVA AVATIARACTACUAT)
otnv {zi};2, ov v xdde € > 0 xou xoa‘)s n € N undpyet block oxoloudio {u]}j:1 e {@i}iq,

1 n
ﬁ j;tj“j Z tiy; ]letyuj

yio x&de tq,ta, ..., tn € R.

TéTOlOL OOTE

<Vl+e

Enlong, vy 1 < p < o0 Mue 6t 0 £, ¥ 0 cg ebvan block menepaouéva avanapactdoiuog otny
{xi}72, v n ouvAdne Bdon {e]} ~ | etvou block menepaouéva avamapactdown oty {z;};- ;.

H w6tnta tne block nemepaocuévne avanopac tactuotntac etval HeToBatinr. Luyxexpiéva, I-
oy Vel 1 axdhoudn TEdTAUOT).

Ileértaon 5.3.3. Eow X, Y, Z xdpor Banach kar {z;} 1, {y; }(f:l ka1 {zg } 1, axolovdieg otov
XY ka1 Z avtiotoa, tétoes cote n {2}, va etvar block nemepaouéva avarapactdoqn otny
{y; }J | karn {y]} " | va efvar block menepacpéva avanapaotdoun oy {x;};~,. Tére, n {zk}py
efvar block merepaopéva avarapaotdoqun oy {z;}i,.

Ané6degn. Eotwe >0 xow N € N. Egpboov 1 {21}, eivon block nenepacuéva avanapaotdon
ot {y; }J 1> Y xdde g1 > 0 undpyer block oxorouvdia {Uk}k S {y]} _, OOTE

N N N
1
5.3.1 — tru trzk|| < V1+e tru
yio x&de tq,ta, ..., tx € R.
my,
Eotw 0=mg<m; <...<mpy = M xou {aj} "N ttool Gote up = Y, ajy; Y xdde
j=mg_1+1

1<k<N.
Ané v &k, epbdoov N {y]} _ bvou block menepaopéva avanapactdown oty {x;};2,, urdpyel
block axoloudia {v]}J:1 ™me {QU,}Z:1 oote

(5.3.2) iYill S V1+er

M
DA

J=1

1 M
A'U‘
V1+er ]; I

yioe %89 A1, ..., Ay € R.
n
‘Eotw 0 =np <ni <...<npy xo {b}/M dotev; = 3 bz yioxdde 1 <j < M.
i=nj_1+1
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Ané uc (5.3.1) xou (5.3.2) énetan 61

N N my N my
Z trzell < V1+e1 Z tr Z a;yill = v 14+ Z Z tkajyj
k=1

k=1 j=mp_1+1 k=1j=mp_1+1

N mg N mg
<AV1l+eaVl+e Z Z tkajvj =(1+61) Ztk Z a;v;|l

k=1 j=mk:1+1 k=1 j=mk,1+1

%o ouolne

N

I B U

k=1 Jj=mp_1+1
Mo 1<k <N 9étouue

mg my 5
W = 2 ajvj = Z Z ajbz-xi.
j=mp_1+1 j=mg_1+1 i=n;_1+1

H {wk}k 1 ebvon block oxoroudia tne {z;}ie; xou omd Ta Tepamdve, emhéyovtac g1 > 0 apxetd
o wote 1 +e1 < /1 + ¢, éncton 6T

N N
Z trwg| < Z tek|l < Vi+e Z T W
k=1 k=1
Enopévoc, npdypatt, 1 {2} re; ebvor block nenepaouéva avamapactdown oty {x;}- ;. [ |

5.4 To Yewpnua tou Krivine

Alotundvoupe twpa To Boaoixd Yedpnuo autod Tou xegaialou, To Yewenua tou Krivine.

Oewpnua 5.4.1 (Krivine). Eotw X arnepodidotatos ywpos Banach kar {x;};, povadaia
Schauder Paoikr) axolovlia otov X. Tote, vndpyer 1 < p < o0 dote o £, va efvar block me-
tepaouéva avarapaotdonios oty {x;},, 6TOV yia TNy TepiTTwon p = 00 €rvoollE Tov Xpo
Co.

A&ilel va ouyxpiver xavelc To Yedpnua tou Krivine pe to napdderypo tou Tsirelson. O ydpeog
Tou Tsirelson efvon évag ameipodidotatog yweog Banach otov onolo dev euguteletan looyoppxd
00Te 0 ¢y 0UTE 0 £}, Yio xdmowov 1 < p < 0. QoT1600, and To Venpnua tou Krivine npoxintel dtu
Yo xde amelpodidoTato ywpo Banach undpyer 1 < p < 00 wote Y xde n € N xaw € > 0 o £ va
epguteteTon (1 + €)-oopoppixd otov X. Anladn, apcpure()ovrou otov X oyedOV LIGOUETEXE OAOL OL
TEMEPAOUEVTC OLdOTAOTG LTOYWEOL Tou £y, Mdhota, 6mme Yo SoUUE TopoxdTey, 0oy GUVETELXL TOU
Yewprpatog Tou Krivine €youpe to Yedpenua tou Dvoretzky cOugpwva ye to omoio o £ epgputedeton
(1 + ¢)-oopoppixd otov X yia xdde n € N xou xdde € > 0.

H omédeiln tou Yewprjpatog tou Krivine Yo yivel oe Priuato pe plor oelpd and TpoTdoel Tou
expeTorkevovtan T petafatixétnto tne block nenepaouévne avanapaoctaodtnrog (Ipdtaon 5.3.3).
ITo ouyxexpwéva, mapatneolue OTL epdcov 1 cuviing Bdon tou £, N Tou co eivon 1-spreading
xau 1-unconditional Yo Yoy euxordtepo va Seiloupe to Yedpnua tou Krivine ye tnv emmiéov
unddeon 6t 1) axohoudia {z;};- etvor l-spreading xou l-unconditional. Av deifouue ovth v
edunh| mepintwon tote amd tnv Hpdtaon 5.3.3 éyouue to ocuumépaoua yio xdde axohoudio {z;}i
n ornola eivon Schauder Booixr. To axpB) Briwata elvon tor e€¥g
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Brua 1: T %&de povaduada Schauder Booud| axohoudia {z;}i-, oe évav ywpo Banach X undpyet
yoeoc Banach Y xou axohoudior {y; };O:I otov Y 1 omnola eivon 1-spreading xou block nenepa-

ouévaL ovamapac Taown oty {; e ;.

Brua 2: 'Eotw X yopoc Banach xou oxohoudia {z;};~; otov X pe z1 # x2 1 onola efvon 1-spreading.
Téte undpyel ydeoc Banach Y xou povodioda Schauder Boowr oxohoudio {y; };Ozl otov Y 7
orofo efvon block menepacuéva avamapactdown oty {z;}ie; xu emnhéov eiva 1-spreading
xat, v xde Ledyog A, B nencpacuévev unocuvorny tou N tétoiwy dote A € B € N xa
{a;};cp mporypaTiole apripole,

(5.4.1) <

> ajy; :

JeEA

> ajy;

jeB

Bruo 3: T %89 povedieder Schauder oo oxoroudio {x;};2, oe évav ydeo Banach X 7 omnofo
etvar 1-spreading xou wcavornowel v (5.4.1) undpyet ydpoc Banach Y xou povadiaior Schau-
der Boown axorovdia {y; };O:I otov Y 1 omnola eivon 1-spreading, 1-unconditional xou block

TETEPUCUEVQL OVATAUPACTAOWN OTNV {25} .

Brua 4: 'Eotw X ydpoc Banach xou {z;}i-; povadiober Schauder Baowxs oaxoroudia otov X 7 onola
elvan 1-spreading xou 1-unconditional. Téte, eite undpyel 1 < p < 00 wote 1 ouvdng Bdon
Tou £, va efvon block menepacuéva avarapaotdown otny {z;}.—; lte  ouvAdng Bdomn Tou ¢y
etvau block menepacyuéva avanapaotdown oty {z;}ie ;.

Eexwvaue pe v anddeln tou mpohtou Bruatog. 't autd Yo yeewotolue o cuvduacTind Ve-
oenue Tou Ramsey.
oo, yio xé&de dreipo urochvoro N tou N xown € N opiloupe NI = {A € N : cardA = n}.

Ocwpenua 5.4.2 (Ramsey).

(i) Boww A menepacyévo atvoro, n € N ka1 ¢y : NIl — A, Tére vndpye drepo N < N wérowo
@ote n Y va elvar atadepry oto NI,

(ii) Eoww A memepaouévo atvolo, n € N ka1, ..., ¢y, : N — A Tére vndpya N < N
drepo bote yia kdbe 1 < i < m np; va eivar otadepri oto NI,

Anodeln. O mpdtog woyuplouds amodewletal Ue enaywyh we meoc n. To PAua n = 1 ebvon
(pavepd, eEnyolue Aotnéy to emaywyd Priua. Botw ¢ : NIM — A Sradeponowotye j € N
xa TepLoptloVUE TNV 1 0Tol N-COVOARA PUOIXKY TIOU TEPLEYOLY TO j. Ao Tnv emarywyxr unddeor
uTdpyel dnewpo urtocivoho M; tou N té€tol0 wote 1 ¢ vo elvon otodept| o€ OAaL TaL N-GUVOAS TOU
aroteholvTal and to j xou n — 1 otouyeio Tou M.

Enravohaudvovtoag auth tn Swdixactia, Beloxouue wa giivouco axoloudior dnelpwy cuVORwY
N> M o My o -+, xou guowxolc j; € M; N M1 €101 OOTE 0 TEPLOplooS TN ¢ o xdde
n-c0volo mou anoteAeltan and To j; xou n — 1 otouyeior Tou M, 1 va €xel otadepr T and to A.
Hepvdyvtog oe unaxoloudia, uropodue vo vnodécoupe otL 1 otadepr) autr T 6ev elopTdTton and
10 7. Oétoviag M = {j; : i = 1} éyouye 10 {nrodyevo.

Eravohaudvovtag to (Blo emtyelonua m @opéc, dladoyd Yol TS Y1, . . . , Py, TUEVOUUE Lo
pUivouca axorouvdio cuvorwy M = MY 5 M@ 5 ... 5 N = MM dote: vy xéde 1 <
E<moui,..., ¥ elvan otadepéc oto (M(k))["]. To oivoro N = M wavornolel tov 0e0TEPO

Loy UELoUO. |
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ITpétaom 5.4.3 (Brunel-Sucheston). Fotw {z;};-, akodovdia o€ évav xdpo Banach X térow
wote ya kde n € N vndpyovr otalepés ¢ = c(n),C = C(n) > 0 téroieg dote

n
c < Zakxik gC
k=1

ya kdle n-dda puoikdy apudy iy < is < ... < in Kai ai,...,a, € R pe Y0, |ag| = 1. Tdre,

’ ’ ’ A a0 ’ ’ ’ z
yia kdOe axolovdia mpaypatikdy apiiudy {ep}, _, tétow dote €, > 0 ya kdle n € N, vrndpye

o0 . .
éva drepo vrootvolo L = {my}, _; tou N téroo dote ya kde n € N ka1 kdOe iy < ... < iy, ka1
J1 < ...<jn oto L térowa &dote i; = my Kal j1 = My,

n n
Z apzi, || < (14 ¢ep) Z ae;,
k=1 k=1

ya kde ay,...,an € R.
Arnodeln. Ytadeponotolue apyixd n € N xau delyvoupe oti undpyer N, S N dnepo ote
n n
(5.4.2) lagmi || < (L+en) || D) aray,
k=1 k=1

i xde i1 < ... < iy x j1 < ... < jJp o0V Ny
Yrodeponotolue wo n-8da (at, .. .,a,) € R™ xou Bploxouyue dnepo N = N dote va toylel 1
(5.4.2) vV auth) ™ n-&da. And v unddeon undpyouv ¢, C > 0 wote

n
c < Z arxi, || < C
k=1
yio xdde i < ... < i, oto N.
Xwpilouye to Sdotnua [¢, C) oe dadoyxd Eéva uTOBCTAUATA [Cpm, Cmt1), M = 1,2,...1g

TETOLOL WOTE
Cm = Cm+1 < (L +ep)em.

Oewpotye ™ ouvdptnon ¢ : NI — (1.2 ng} ue
Y ({1, ..., in}) =m, av Z api, || € [em, Cm)-
k=1

Yougovo pe 1o Yempnua tou Ramsey undpyouv N € N drepo xow m € {1,2,...,np} wote

n
Z api, || € [¢m, Cm)
k=1

yio x&de i < ... < iy oto N.
Ernopévoc, epboov Cp, < (1 + €p)Cpm, €youye 6Tt

n n
Z apti, || < (14 ¢en) Z agt;,
k=1 k=1

v xde i < ... <dp xw j1 < ... < jp oto N.
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Oewpole e €va TEMEPAOPEVO §-0ixTuo TNg povadialag opaipac tou 1, yia 6 > 0 Tou Yo
emheyel xatdAinho. Epyalouevor avoldywe e mew, ue S avtl yiol £,, %0L EXUETOAAEUOUEVOL TO
Yedpnuo tou Ramsey (Oedpnuo 5.4.2 (ii)) ovunepaivoupe étL undpyet Ny, S N, dreipo, tétolo wote

n n
€
Z arpTi, || < (1 + 571) Z kT,
k=1 k=1

v xdle i < i < ... <ip,J1 < Jo < ...<jn 070 Ny xou x&¢ a = (aq,...,a,) € N.

‘Eyoupe enopéves to {nroduevo yio xdie ototyeio tou 0-8ixtiou N xon amd autd ouvdyoupe
ot Vo oyVel yia xdde ototyelo otng povadiadoc ogalpag tou £7.

[Mpdrypatt, é0tw b otn wovadiola opalpa tou £7. Apywd napatnpolye 6Tl amd TNy unddeoT

mpoximtel 6t undpyer C' > 0 tétolog Mote ||zl < C vy xdde 1 < i < w0 xou ¢ = ¢(n) > 0
n
PIRTEA
k=1
novodiafa ogaipa Tou £1. Eotww a € N této10 wote |la —bl|; < 0. Todte yo i1 <o < ... < ip xan

TéT0l0¢ OOTE > ¢ yoxdde i < g < ...<ip oto Nxau xdde a = (ay,...,a,) ot

J1<ja<...<jnoto Ny,

n n o0 n
Z bpiy || < Z agTi, Z k)i || < Z gy, || +0C
k=1 k=1 k=1 k=1
< (1 + E—") Z by, || +0C | +6C
2 k=1

(1 + %") kz_llbkxjk + (1 + %") 5C + 6C.
Emopévee apxel v oy det 1

(2+35)oc<2 3 by,
k=1

n
<ic+]
k=1

n

2. akTy,
k=1

v xde j1 < j2 < ... < jn oto N xou dpa

Hapatneolye 6TL ¢ <

Zbkacjk =c—6C vy xdde j1 < jo < ... < jp oto N.

Eméyoupe § > 0 dote c—6C > 0 xan (2 + ) 6C < & (c—6C), dnhadh § < 3o Holpvouye

§ = min{55"25, 55} IV auth v emhoyr) Tou § oy vel

2(2+en)C
Z bkl‘zk 1 + 5n Z bkfl:]k

k=1
Yoo xdle i < dp < ... <lp, J1 <j2 <...<jn oto Ny xou xdde b = (by,...,b,) oty povodioia
ogalpa Tou £ xon cuvenog Yo xdde by, ..., b, € R.
Axoloudovtag v (Bla Stadixacio dladoyixd Y n = 1,2, ... xotacxevdlovue Lo giivouoa

axolouvdia dnelpwy LTocLVOAwY Tou N, N1 2 Ny 2 ... tétowa Gote yio xdde n € N

Z arTi, (1 +ep) Z aRT;,

k=1

vy xde aq,a2,...,a, €E R xou xdde i1 < ... <ip, j1 < ... < jn 070 Nj.
Av vy xdde n € N emiéEovye my, € N €10l OOTE N oo{o)\ouﬂtoc {mn}o_; va v adEouoa,
Tt6TE T0 cUvoho L = {mn} _1 €xet Tic {nTolueveS WBIOTNTEC. [ |
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Iopathenon 5.4.4. Iopatnpodue 6t xde Schauder Boowxd axohouvdia {z;}i-, této1 dote

< |zi]] < C vy xdmowa ¢, C' > 0, xavorotel tic unodéoelc tou Yewpruoatog Brunel-Sucheston.
Hpdypat, yoxdde n e N, i; < ... < iy otov Nxawa = (ay,...,a,) otn povaduio ogaipa tou £
€Y OLUE

n

n
Dk || < D lag| i, |l < C
k=1

o

:\*—‘

> aus | > max Joul i | > moe gl >

Arnodewviouye tohpa TNV axdlouldn mpdTacy, dnhadr To npd)to Bﬁpcx Yoo TNV amoden Tou
Yewpruatog tou Krivine.

IMeétaon 5.4.5. Ia kdle povadaia Schauder faoikry axodovdia {x;}io, o€ évay xdpo Banach
X vndpyer xawpos Banach Y kai axodovOia {Z/j};O:1 otov Y n omola efvar 1-spreading xar block
nenepacpéva avanapaotdoin oty {x;}i .

Arnodegn. And v Iopatrenon 5.4.4 €youue 6Tl xavomolobvTon oL UTOVEGELS TOL YewEHUUTOg
Brunel-Sucheston. ‘Ecte howmév {z;};2; otov X xou L = {m,}._; énoc oty pdtaon 5.4.3 xou

€otw £, > 0 @divovoa ye €, — 0. T xdde n € N xou a1, as,...,a, € R opiCovye
n n
(5.4.3) Z ager|| = lim Z Uy ||
J—0
= 1 k=1

omou {ex}r_q N ouvAdng Bdom Tou cop.
To 6p0 oty (5.4.3) mpdypatt undpyet agol, and tny Hpdtaon 5.4.3, yw i < j oto N

n

n
Z akCUmk_‘_j - Z akxmk.m' E’L Z |a’k| sup Hx]H — 0

k=1 k=1 k=1 Igj<o

diom 1 {2 etvan gparypévn. Ernopévec n {||X_, ATy, ; H}jil etvon Cauchy oxohoudia mpory-
HOTIXOV optdp®y xan dea cuyxiivouoa.

Eivou cogéc 6t [|-||; etvon vopuo atov yhpo cpp v TEAXSE undevidv oxohoutidy. Oewpolye
™V Thpwon tou (coo, ||-||1), éotw (Y, [|-|l;). Téte o (Y, ]-||;) eivau ywpog Banach. Iopatnpolue

6Tt 1 axohoudia {ej} —, otov (Y, [|-||;) etvon 1-spreading apo0
n n
Z agegl| = lim Z Ty || 5
=1 1 7%=

n n

D akeiy|| = lim > i, .,
1

xou

n n
Z ak;l'karj - Z ak‘:l:mikJrj < 6,] Z |a“k‘| sup ||$Z|‘ > 0
1

k=1 1<i<oo
Ioyvpoude: H {ej};.ozl otov (Y, ||-||;) ebver block memepaouéva avanapactdown otny {x;}i- ;.

Anédeiln tou woyveiouol: ‘Eotw € > 0 xou N € N. 'Eotw eniong g > 0 tétolog wote LEO >

VI—exuw (1 +e9)? <+/1+e Arnd v undldeon, v at,...,an € R, oyt 6ha (oo ye unocv,
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N
undpyel ¢ > 0 dote | D) apwi,|| = ¢ yio xdde 1 < iy < g < ... < iy oto N. Emnkéov, epboov
k=1
N N
2 agex| = lm | > agxm,, |, videyet j1 € N dote
k=1 1 I7P k=1
< eggce vy xdde j = j.
1
Apa, yioe xdde j > ji,
N
Z kT ; + &pc
1 k=1
N N
Z AkTmy + &o Z ATy, ;
k=1 k=1
N
= (1+¢g) Z Ty,
k=1
Ouolox,
N
(1 —eo) 2 akTm,.,
k=1
xalL dpal
N N
(5.4.4) (1—¢o) Z ATy, Z ager (1+eo) Z ATy, || YL %80 j = ji
k=1 k=1

Trdpyer ng € N dote €, < g9 yia xd9e n > ng. Emdéyouue jo € N té€tolov wote jo = ji xou
Mitjy = My, (SNAadY j2 = ng — 1 xau jo = j1). Térte, obugpova ye to Yedpnua Brunel-Sucheston
xou TV (5.4.4), v xdde j = ng oydel ot

Z%%

N

Z AkTmy g,

k=1

N
D W
k=1

N

D Whmy,

k=1

< (1+¢) < (14e0)(1 +en,)

1
N

D W

k=1

< (1+¢0)? <+V1l+e

Opolwe, yio xdde j = ng

1

— >+1—c
1+60

Z kT

Emopévee, yio xdde € > 0 xou xdde N € N undpyet j € N wote

N N
D, W || < || 3 axe
k=1 1

k=1
H {zm,, HY_ | efven block axoroudia tre (k)7 xou To j dev e€uptdton amd tot ay, (omontelton udvo

=z

1+€n0

N

2 Wk,

k=1

V1—e¢ <+Vl+4e

J = no), dpo mpdyportt 1 (e)7o, ebvan block nenepacuéva avonapaotdown oty (Tk)5 - O
H onédeln e Ipdtoong 5.4.5 eivon mhrenc. |
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INo o dedtepo Brua apxel 1 axdhovdn TpdTaoT).

Ieétaon 5.4.6. Eotw X ydpos Banach ka {z;};2, 1-spreading axokovdia ovov X. Opilovue
U = Tpy1 — X Tote, y1a kdOe Levyos A, B nénépaapa/wl/ vroowodwy tou N ne A < B < N ka1

{ar}pep mpaypaticols apripols, wxlel

Z apU2k || < Z Ak U2k

keA keB

‘Eretar 6u n {uay} ., €fvar 2-unconditional ka1 Schauder Baoixn.

Anodely. Eotw A © B nencpacyéva unocivora tou N xou {ag},cp meoryuatixol oprduol. T
n € N opiCoupe owoyévela {Uk}keB UTOGLYVOAWY Tou N ue TIc axdlovdeg WBLOTNTEC :

(i) Av ke A téte O = {ik71,ik’2} ME ’L'k71 < ik72.
(ii) Av ke B~ A téte g = {ik71, .. 'aik;,n+1} ue ’L'k’1 <... < ik,n+1'
(ili) Av k1 < ko t61€ max oy, < minoy,.

Aré v WidTnTo (iii) %o Tov TpéTo Tou dratdocovTan Ta ik 5 xou €@Oo0V 1 axohoudia {z; )i | etvou

1-spreading €youye 6t yia xdde 1 <m <n

Z agugk|| = Z ar(Tok+1 — Tok)|| = Z W (Tig g1 = Tig) T Z ak(Tiyy — Tiy )

keB keB keB\A keA
Emopévoc,
n n
Dlaguskl| = D0 (1D arua|[ = DIl D ar(@iy ey — i) Y k(@i — i)
keB m=1 ||keB m=1 |[ke B\ A keA
n
> Z Z ak(xik,m+l - xik,m) + Z ak($ik,2 - xik,l)
m=1 \keB\A keA
= Z Z (Tigys — Tir) + 10, (i, — iy )
keB~ m=1 keA
= Z xik,n+1 - xik,l) +n 2 a’k(xik,l - xik,1)
keB~ keA
=n Z xlk2 xik,l) - Z ak(xik,n+1 - 'rik,l)
keA keBN\A
AoBdvovrac ur’ 6hw 6T || X cp ar(@iy 5 — i, ) || = [ Dkea artizr]] ouunepaivoupe 6t

1
D agus|| = | Y] an(@i, — i )| = = || D an(®i . — i)

keB keA " \lkeBa
1
= Zaku2k - — Z ak($ik,n+1_xik,1)
keA n keB\A
1
> | 2 awuzn| =~ D5 | (il + i)
keA keB\A
1
= Eaku% - Z |ag|2 [z ] -
keA nkeB\A
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[ n — 00 €youue 6TL
Z agUgg || = Z ag U2k
keB keA
Emnhéov, anéd v Hpétaon 5.1.14 1 {ug}r; eivor 2-unconditional xou dpa Schauder Bootxr. W
To debrepo Phpa npoxintel amd tnv Hpdtaon 5.4.6 Bu6tt av n {2} ebvon 1-spreading pe x1 #
/7 , ’ 7 UL /.
xg éyoupe 6T |lugk || = |ror+1 — 2okl = |22 — z1]] = ||ua]| yio x&de k € N xon dporn {”Tik\\}zo:l elvou

uovadiato Schauder Booixr| axoloudia n onolo etvan 1-spreading xou HZkeA akﬁ%’“”

<

up)
LkeB U i
yio tenepaopéva A € B < N. Emmiéov, elvan cagée oti elvon block menepacuéva avmopactdouun
o}
oty {x;};_ 4.
[Tpoywpedue tpa oty amddelln tou Teitou BAUNTOSC, TO OTOl0 BIATUTWVOUUE GTNY ETOUEVT|
TEOTOOT).

IMpétaom 5.4.7. Eoww X ydpos Banach kai {z;};- | povadiaia Schauder faoixn axokovdia otov
X n omota eivar 1-spreading kai, yia kdOe Ledyos nemepaopévwy vnoovwilwy A € B tou N kai

{ar}ep mpaypaticols apiiuols, 1w0xvel

(5.4.5) Z apTr|| < Z apTp

keA keB

Tére vndpyer xpos Banach Y kar {y; };Ozl povadiaia Schauder Paoikr) akoovdia otov Y n omola
efvar 1-spreading, 1-unconditional kar block memepaoyéva avarapaotdoun otnr {z;}io ;.

Andédedn. INo xde m e N opilouye
Ym = ||T1 — 22+ 23 — x4 + ... + Tom—1 — Tom|| .

A v (5.4.5) mpoximtel 6T N {Ym o etvon adZouca. Ataxpivouue eTouéves 0o TEpITTOoEL:

(i) vm — o
Opiloupe
U{” _ X1 — 22+ T3 —Tg+ ...+ Tam—1— Tom
Tm
xou Y j = 2 oplloupe vi" t0 BldvUCUA TOU TPOXUTTEL oV PETODECOVYE TIC CUVTETAYUEVES TOL VY
xatd 2m(j — 1) Véoec. Anhadh,

m Tam(i—1)+1 — Lam(j—1)42 T -+ T T2mj—1 — T2mj

’L). =
Tm

J

Tote HvaH =1y xdie 1 < j < 00 xou xdde 1 < m < c0. Emmiéoy, yio xdde m € N n oxoroudia

{vf"}52) ebvou 1-spreading diow 1 {x;},2, ivou I-spreading. Tapatnpolpe 6t

v1" = vy + —(T2ami1 — Tame1) ‘ =
m

1

= —|lz1 — 22+ ...+ Tom—1 — Tom + Toms2 — Tom43 + - -+ Tam — Tam1 ]|
m
1

= — (1 — 22+ ... + Tam—1 — Tom) + (T2mt1 — Tams2 + -+« + Tam—1 — Tam)||
m

= [lo7" + w3’
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Emouévoc,
e+ ) = o = o1 = |[off = o8 + - @amen = zamen)| = o = o51)
<[ s = 2| € ol + e
— 2 :
Cm
Me nopduolo tpémo deiyvoupe 6t yia xdde n € N, aq,...,an, € R xav€p,..., €6, € {—1,1},
= ‘ = 1
(5.4.6) Dlap| = 1D gaol|| | <2 la;|—.
j=1 j=1 j=1 Im
Oewpolye éva un tetptuuévo uneppihteo U otov N. T xdde n € N xau a1, as, . . ., a, € R opllouue
n n
S| -3
J':lajej 2 E’H& jzla ’
6mou {eg}r; N ouvAdne Bdon tou coo. To bpro umdpyer v xdde n € N xou ay, ag,...,a, € R,
OLoTL

n

n
dlapf < ay| < oo
=1 ‘

H ||-]], eivon vépua 010 ytpo cop v Tehxd undevixayv oxohouthdv. Ilpdyuatt, tapatnpolue mwe
ond v (5.4.5) tpoxintel 6Tt

Zajvgn > max |aj

1<j<n
xou ot
a;ejl| = max |aj|.
S| > o o
SUVETOC,
n
Zajej =0oavxou yovo av a; = ag = ... = a, = 0.

=ty

Ot GAAeg 1BLOTNTES TN VOPUOG TROXUTTOUY EUXOAA.
Ocewpolye Ty TAewon Tou (coo, [|-||y), otw (Y, [-||y). Tote o (Y, ||-||5) ebvar ydpoc Banach.
m}OO

opartnpolue étLepooov n {v"}32 ; ebvon 1-spreading, n {ej} _, otov (Y, ||-]|5) eivon 1-spreading.

Anhady), yio xde i1 < i < ... < 'ip,

n n n n
Z a;e;, hrn Z = hm Z = Z aje;
j=1 2 j=1 =1 =1

Emmiéov, and v (5.4.6), epdoov vy, — 00 énetar 6TL 1 {e]} _, €ivor 1-unconditional. Yuvendc,

2

etvon xou Schauder Boow. Eriong, yio xdde 1 < j < oo, |lejll, = lim HymH =
Téhog, {e]} — €bvan block nsnspoccpsvoz OVATEAUCTACUYLT| GTNY {%}2_ Hpdryport, éotw € > 0,

n €N xwu ar,as,...,a, € R tétol0l Oote Z la;| = 1. Tupotnpolye 6tL, Yo xdde m € N,
j=1

n n

1

(5.4.7) Dlaf| = max |ag] > Z jaj] = .
j=1 =

1<j<n



5.4 To eEQPHMA TOY KRIVINE - 71

Ané tov opioud g ||| undpyet Uy € U tétolo wote, yia xdde m € U,

n n
Z a;v; i) Z a;v;
j=1 o llj=t
Ye ouvduaoud pe v (5.4.7) éxoupe
n n
(5.4.8) (1—<= Z e 1D e
j=1 = 9 j=1

yia xdde m € U,,.

Ocewpolpe N, éva §-8ixtuo tne povadiafag ogaipog tou 1 yiord > 0 mou Vo emheyel xotdAAnAoL.
Egé6cov 10 N eivon menepacuévo, éxovye [\ enr Ua € U xan ouvends (yepn U # . 'Eotw howdy
m € (\,en Ua- TV autdy tov m ixavornoteiton 1 (5.4.8) yio xdde a € N.

T xdde b = (by, ..., by) ot yovaduaio ogaipa touv ] vrdpyet a = (a1,...,an) € N dote
2 laj — bl < 0. Tére,

n
D, ase

j=1

< Db —ajl +
2 J=1

n

2,

o (105) I

) =eees) 0

€5

2 2

n

ib—aj
- < >;

o

Emniéov, napoatnpolue 6Tt

)

n
+ Z ij;”
j=1
n
Z bjvy"
j=1

i

n

m
Z a5V

j=1

< < + 9,

T

j=1

S|

xal dpal
n

Enopévoe, av emthéZoupe § > 0 t€toto hote

1 15 e (1
~ =35>0 xa 5<2+2)<2<n—5>,

Tt6tE

B <o(2+5)+(1+3)

n
LT
Z bjv;
j=1
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[afpvouye, enopévne, 6 = min {ﬁ, M} Emniéov, YU auth) TRV T tou 9,

ijej > Zaje] - Z(a] bj)e; (1—7> Za] v; '—5
j=1 5 li=1 5 lli=1 5
€ S €
2(1—2)(;@@] —5)—5:(1—) —(2—5)5
€ m e (1
>(1-3) 2,5 _Q(n_é)
£ aoe e,
= <1 - 5) jZlbjU] - 5 jzlijj
=(l1—¢) Z ij;”
j=1
YUVEROC,
1 — E Z Z bjej 1 + 6 Z ,
j=1 - ) o
yio xdde b = (b, ... ,bn) ot povadiato ogaipa Tou £ xou dpa Yo xde by, ..., b, € R.

Enewn n {v]"}7_; ebvow block cxohoudior tng {xi};2,, ovunepaivoupe oL mpdypatt 1 {e; }j:1

etvor block mnspocopevcx AVOTAPACTYOIN OTNY {1} ;.

(ii) Ym — v < o0

Oa del€ouye OTL 1 cLVOng Bdor {e]} _1 Tou ¢g ebvou block nenepacuéva avarpactdown otny

{zi};2,. Apywd mapatnpolue 6t omd v (5.4.5) mpoxintel 6t N {;}io, elvon 2-unconditional
(IIpbtaon 5.1.14). Enopévoce, vy xdde n € N xa ar,as, ..., a, € R,

n n
2, i 2,
i=1 i=1

Emmiéov, néht omé v (5.4.5) xou to yeyovoe ot n {5} ebvon 2-unconditional, éyoupe

n

= 2 max |a]

max |a;|z; Jmax

1<ig<n

<2

1=

n

sz

<lzy —xo+ ..o+ xop—1 — Top|| = 27, < 2supy, = 2y < .

i=1 neN
Emopévoce,
|| < 4y max |a;].
i Y 1<z<n| 1|
Enione, and v (5.4.5) éneton 6t
;|| = max |a;].
1<isn

Telxd,

(5.4.9) max |a;| <

Jax < 4y max |a]

1<i<n

i

vy x&de n e N xat aq,...,a, € R.



5.4 To eEQPHMA TOY KRIVINE - 73

Oewpolpe 10 Ypo (co, ||||,,) Twv axohoudidy Tou cuyxiivouy oto 0. ‘Eotw a = {a;};-; € co.
Tote, and v (5.4.9) cuunepaivouue 6Tt yio xdde n > m oto N

n

2, @i

t=m+1

< 4v max |a;] — 0.
m<i<n m—00

Enopévac 1 oepd Y.~ | a;z; éyer Cauchy oxoroudia pepinmv adpotopdtenv xou dpa etvor cuyxhivou-
oa, epéoov o X eivar ywpoc Banach. Emniéov, and ty (5.4.9) énetan 6Tt vy xdde a € ¢y

lall <

|| < 4y ”aHoo :

Anhadt), o ¢y epputedeTon dy-loopop@xd otov X péow g loouop@uxrc elgitevong T : cg — X ue
T(a) = Y72, a;x; v x&de a € ¢p. And 10 edpnua oTpéfhoonc Tou James (Oeddpnua 5.1.6) yio
x&de € > 0 undpyet lopoppixn eppiteuon S : cg — X tétowr dote ||S]| < _1H < (1+4¢) xu
S(a) = S(Z] Lajej) = Z;il a;T(uj) 6mou 1 {u]} _, cbvan block omo)\ouﬂtoc e {ei}ie,. Enetou
otL, v xdde n € N xou aq,ao,...,a, € R,

> aT(u;) S (Z ajej)
j=1 j=1

< [I5]]

n
D aiei| <
j=1 ©

n
> i€
7=1 ©

ol
n n n n
Z a;T(uj)|| = ‘ S (Z a]ej> ||S ST Z > Tz Z aje;
j=1 j=1 = Jj=1 o0
Emouévo,
n
T (u;) e 1+¢) Z a;T (u;)
j=1
xou oot
1 n n
Z ajTl(uj) i€ <A+1l+e Z ajTl (uj)
Vv1+e o o

omou T : e — X pe Thi(a) = V14 eT(a) yio xdde a € cp.
Ernlong, elvar cagéc 6t epdoov 1 {uj}jc | etvon block oxohoudia e {e;};-; xou Ti(e;) =
V1+ ez yioxdde 1 < i < oo, éneton 6t n {1 (uj)}J_1 etvon block ocohoudiar e {z;}ie ;.
Yuunepaivouue 6Tt 1 {e]} ” | etvou block menepacpéva avarapactéon oty {z;}i- ;. [

Yuveyiloupe ye v anddelln tou tétoptou Pruatoc. To Cavadtundvouue oto axdrouto
Yewpnua.

’ ’ 7 0 7 z /
Ocwpnpa 5.4.8. Eoww X ydpos Banach kar{x;},_, povadaia Schauder Baoixri akokovdia otoy
X nomota efvar 1-spreading ka1 1-unconditional. Tote eire vndpyer 1 < p < o0 dote o £, eivar block
nenepaoéva avarapaotdoyios oty {x;}ie, €fte o ¢y efvar block memepacéva avarapaotdoipos

0
oy {z;}, .

Amodely). Ou axorovdicouvpe v anddelln tov Lemberg [23]. Eotww ydpoc Banach X xou
axoroudio {z;};2; 6nwe oty unddeon. Enedh Yéhouye v ypnowwonoicoupe v Ilpdtaocn 5.2.6,
1 omolo 6Twe TapaTNERooUE BeV Loy UEL eV YEVEL oE TpaypaToUs yweoug Banach, du ypeiaotel
VO TEEUCOUNE GE Xdmolov uryadixd yweo Banach. Emmiéov Yo poag dieuxoldvel va Yewpfoouue
ooy GUVOAO BETOV TO 6UVORO TV YeTixdv pntedv aprduny Q. Opllouye, howmdy, Yy va efvon To
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o0voho twv axohoudiov {aq}t o+ Ue TiwES oT0 € oL omolec €youv memepacuévo gopea, dnhadY To
olvoho {q € Q7 : aq # 0} eivou nenepoopévo. T xdde g € QF opllovpe vy : QT — C pe

1, r=gq

W0 L regreer

Téte Yy = span {v, : ¢ € Qt}. T xdde ay, . .., a, € C opilovpe

n n
Z aivg || = Z |ai|z;
i=1 i=1

H ouvdptnon ||-]| eivon vépua otov Yy. Apyixd ehéyyouue 6Tt elvon xahd optopévn xou dtL 1 Tiun
e Oev e€aptdton omd TN pop@y) otnv omola avamapioTotar To xdle otoyelo. T mopdderyua,
v1 +v2 = v1 +0-vs + v2 xou and TOv 0ploUd TNE VOPUAS EYOUUE

2

o1 + val| = (|21 + 22|

Hm +0-v% —HJQH = |lx1 + 23] .

Qotéo0, enedh 1 {z;}io | eivor 1-spreading oL dVo moodTntec Tautiovton. Avdhoya delyvouue xou
™ Yevt| meplntwon, ondte medypott 1 ouvdptnon ||| ebtvon xakd opopévn.
Emmhéov, enedh 1 {z;};- elvor 1-unconditional, yiot %8¢ by, ..., by € R 1oyleL

Zb% > max |b;].

<i<n

Enopévoc, Y ag,ag,...,a, ECxou 0 < qp < ... < g, otov QT éyoupe
n
Zawqi Z lai|x;|| = max \az\
i=1
‘Eneton 61t || 27 aivg, || = 0 ov xou wévo av a1 = ag = ... = a, = 0.
T TY TRy OV aVGOTNTOL, OV A1, .. s A,y D1y, by ECxat 0 < 1 < ... < g, o070 QT T61E

e amd To yeyovoe ot {x; ) ebvon 1- uncondltlonal xan tnv Ilpdtaon 5.1.12 éyouue

n

n n n
Z a;vg, + Z bivg, || = Z(az + bi) vy, Z la; + bi|x;|| < Z |lai| + [bi]) v,
i=1 i=1 i=1 i=1

n n

Z\azmz + Z\bz]mz = Zaivqi + Zbiqu'
i=1 i=1

i=1 i=1

A

Ocwpolpe v thpwon (Y, ||-|) tou (Yo, ||-]]). Téte o (Y, ||-||) elvar ydpoc Banach. Anéd tov
optopéd e ||| otov Y mpoximter dueca 6t M {vgh g+ Ebvon 1-spreading xou 1-unconditional.
Anadh, Y xdde 0 < g1 < ... < @p,0<r; <...<r,otov Q" xa ay,...,a, €C,

n n
Z AiVq; || = Z |ai|vr,
i=1 i=1

O¢toupe Yy = span{vy : g€ QT n (0,1)}. Téte o Yy ebvon xhelotdc Ypoumuxde utdyweoc tou Y
xou Gpa yodpoc Banach. T xdide g € Q1 n (0,1) opilloupe

T(vg) = vg +Van1
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xou eTEXTEVOUUE Ypouuxd otov spanf{vg : g€ QT n (0,1)}. Anhodh, av & = D aivg Yo
xémowouc 0 < g1 < ... <@, <1otov Q" xaay,...,a, € C, t61c
n n
T(x) = Z ajve + QiU+
i=1 i=1
Iuportneotpe 61t Yo xdde g € QT A (0,1) woyder € € (0, 3) xou %1 € (3,1). Enopévwc, o teheotic

’ 7 . =+ 4 7 ’ 7 4 7
T avuotowyel xdVe x € span{v, : ¢ € QT N (0,1)} oe éva dbpotoya dVo dravuoudtwy xadéva and
Ta omolol €YEL CUVTETAYUEVES TTOU €YOLY TNV (Bl XUTAVOUT| UE aUTHY Tou . Ol GUVTETAYUEVES TOU
TpGTOL Blaviopatoc avixouv oto (0, 3) N QF evé tou dedtepou oto (1,1) N Q. Emmhéov, yia

x&0€ ay,az,...,ap € Cxn 0 < g1 <...< gy, <10t QY n(0,1),avz =", ajv, toTE

n

n n n
| Tz| = Z a;vy + 2 AV || < 2 a;va || + Z AV g +1
2 9 2 9
i=1 i=1 2 i=1 i=1 2

n
=2| > aivg || =2l
i=1

06Tt 1) {vg} g+ Ebvon 1-spreading.
Eniong, epdoov n {v,} 4o+ Evau 1-unconditional,

n n n n
| Tz| = Z ave + Z Vg1 || = Z ava || = Z aivg || = llz|| -
- ia ? i1 i—1

Arnhadn, v xdde z € span {vg : g € QT n (0,1)}
o] < |Tz| < 2| .

Téte, undpyet ouveyhic yeopuwxr enéxtact tov T otov Yy = span{v, : € Qt n (0,1)}, T: Y1 —
Y1 ol wote
[l < 1Tzl < 2[[z]] v xdde z € V1.

Yuvenoe, 1 < ||T)] < 2.
Avdhoyo opiloupe ypopuxd teheoth S 1 Y1 — Yy tétoov wote, yio xdde ¢ € QT n (0, 1),

S(vg) = va + vgr1 + vgr2.

g
3 3 3

7 7 7 ’ . —+ 4 7 ’
An\adh o S avuotouyel xdde ototyeio Tou span{v, : ¢ € QT N (0,1)} oe éva ddpolopo TV Sla-
VUOUAT®Y Tal ontola €Youv TNV (Blar XoTAVOUT] CUVTETAYHEVWY UE TO 0EYIXO OLdvUcU ahAd EEVoug

popelc. O ouvtetarypéves Tou TpwTou daviouatog avixouy oto (0, %) N Q*, tou deltepou oTo

(%, %) N QT xau tou Ttpitou oTo (%, 1) n Q*. Ouolwc pe mpw,

|z|| < ||Sz| < 3||z]| yw xdde z € Yy

xou Gpa 1 < ||S]| < 3. Enlong, edxoha cuunepaivouye 6t T'S = ST.
Ané tny Hpdtaon 5.2.6 undpyouv A xau g oo C xan axohouda {uy,}i_; otov Y7 pe |luy|l =1
vy x&de n € N, tétola dote

(5.4.10) ITuy — Aup|| — 0 xou || Suy — puy| — 0.

Mrnopoipe vo utodécouye 6Tt uy € span{vg : ¢ € QT n (0,1)} yio x&de n € N. 'Eotw 6t

Mn
Up = Z a;vgn.
1
=1
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Téte av v, = D1 [af|vgr, e9éoov N {vg},cq+ eivor l-unconditional, ané tnv Ipbdtaon 5.1.12
€)OLUE

Mn Mn
[ Ton — |Alvn|| = HZ af |Tvgy — D [Aa} vgy
=1 =1

Mn Mn

n n
>y alTup =AY, alvg
i=1 i=1

|Tup, — Aup || — 0.

IN

Opolwg, ||Sv, — |p|vg || — 0. Enopévoc, unopolue vo untoVécoupe Tt 0L TPOCEY YIOTIXES LOLOTLUES
A, poxan toe @l ebvon un apvntxol mporypatixol aprduol. Emmhéov, and tic 1 < [T < 2 o 1 <
ISI| <3 émeton 6t 1 <K A< 2% 1 < p<3.

[Mo %xdde Cedyog m xan j oUUBOMLOLUE PE Upj TO BIAVUCHO TTOU TEOXOTTEL OmO TO Up AV TO
UETATOTICOUUE XTd J LOVAOES Tpog Tar 0e€Ld. ANAadr, TO Uy j EYEL TNV (Blot XATAVOUT| UE TO Uy HOUL O
popéac Tou TepLEYETL 0To [4,j + 1). Iapatnpolue dtt yia x&de n € N 1 axoroudio {umj};il elvo
1-unconditional xou 1-spreading, STt T SavbouoTa {umj};o:l €youv Zévoug gopelc. Opllouue
plor Vo VOpUoL 0TO YWeo cop Twv axohovhiov 6to R e menepacpévo gopéa, H€tovtag yia xdie
al,...,am € R

m m

Z a;e;ll =lim 2 iUl
; n,U ||*

=1 0 =1

omou U ebvan un tetpiupévo unepgiteo oto N. Ilopatnpolue ot

m

Z aitn ;|| = max |a;| v xdde neN
1 ’ 1<i<m

i—

xou Gpat
m
Zaiei > max |a;.
£ 1<is<m
=1 0

EOxola ouunepaivouye 6L 1 |||, ebvon mpdypatt vopuo otov cop. Oewpolue v thipwon (Z, ||-||y)
TOU Cop WS TEOS TNV Vopua auth. Tote o (Z,|+]],) ebvon ydpog Banach.

Ané tov opioud g |||, xou To yeYovog 6t {un, };czl elvow 1-unconditional xat 1-spreading
ouunepaivoupe 6Tt 1 axohoudia {e; };ozl otov (Z,|-||y) etvor 1-unconditional xou 1-spreading. E-
miong [lej]| = 1 vy xdde j € N. Emmiéov, n {ej}]o.oz1 etvan block memepoouéva avanapac tdoun oty
{xi};2,. Autd mpoxintel 6nwe xou oty [pbtacn 5.4.7 émou delfape avdhoyo 1oy upLoUs.

O dei&ovye 611 1 {e; };';1 elvon 1ooUeTEIXd LloodLVOUT ue TN cuviin Bdon elte Tou £, yia xdmolo
1 < p < o &lte ToL .

Ytadeponoolpe 800 Saviopota v1 < vg otov span{v, : g € Q1 N (0,1)} (yevixd, ypdpouue
w < v av max(supp(w)) < min(supp(v)), j < v av j < min(supp(v)), ¥An. 6nou supp(v) elvor

0 gopéac tou v). T %8s n propolue va Bpolue dYo dloviopota uZ xou ud

3
n

TOU €y0uV TNV (Ol

NATOVOUR UE TO Uy XA XAVOTIOLOUY TNY v < uZ < ud < vy. Xpnowonowdvioc v (5.4.10) xou t0

YeYovog 6t {vg}eeq+ ebvon 1-spreading, ehéyyouue 6t

(5.4.11) lim (Hul o ud g — Jug + M2+ u4\|) — 0.

n—o0

Hpdrypartt, yio xdde n € N unopodue vo Bpolue v] xou vy 6Tov span{vg : ¢ € QT n (0,1)} dote

v + ul + ud + va]| = [|o] + Ty + 04|
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xou
Hvl + 2 + v4H = Hv’l + Aug, + UQH .

"Apa
| Jvr + ul + ud + va| = [Jor + Mg+ va| | = | ||o] + Tun + 04| = [|v] + Aun + ]| |
< |0 + Tun + v)) — (V] + Aup + ’UZL)H

= ||Tupn, — Auy|| — 0.
Auté Belyvel OTL av Ta Y1, Y2 € Cop XAVOTIOOLY TIC Y1 < J ot J + 1 < yo toTE
(5.4.12) Hy1 +ejtei1+ y2”0 = Hy1 + )\ej + ngO,

2 .3

SLoTL umopolpe va Bpolue v < v4 6Tov span {v, : ¢ € QT } xou ug, u mou éyouv TNy Bl xoTovout

UE TO Uy, WOTE
ly1 +ej +ejr1 +u2ll, = anr/l Hvl + u,% + u% + v4H

%ol
ly1 + Xej + vl = LIIZI/II Hvl + )\ui + U4H

xou oméd v (5.4.11) éneton ot
LHZI/II |v1 + u? +ud + vg|| = 1111{41 |v1 + u? + vsl| -

To (oo woydel xan ov y1,y2 € Z.
Opolwe amodetvOouUe 6Tl oV To Y1, Y2 € Z IXAVOTOOLY TIC Y1 < J X J + 2 < yp TOTE

(5.4.13) ly1 + €5 + eje1 + ejra + v2llg = llyr + pej + 2l -
Enlong, avdhoya detyvouue ot
ly1 + €5 + ejrilly = v + Aejlly xan flyr + €5 + €541 + ejually = llyr + pejll
v xdde y1 € Z xou y1 < j. Enopéveg,
ller +eallg = A xou |ler + ez + es|y = p.

Emnmiéov, epopudlovtog Swboyixd tnv (5.4.12) éyouye 6Tt

on 2n71 2n71 27171 21’1,71
Dlell = D0 (ear Fear)| = || D] Aeara| = A\ D eana]| =A|D] e
7=1 0 k=1 0 k=1 0 k=1 0 k=1 0
Eraywywd mpoxintet 6Tt
271
. _ n
Z ejll = A"
j=1 0
Ouolwc,
3”
n
2 el ="
=1 g
Eniong, avdhoya delyvouue 6Tt yio xdde (elyog un apvntixdy oxcpalwy s, k
2k3s 35 2k 3¢ 3%
_ _ k _ 1k . _ 1k, s
Dol =2 2 eamers|| = || A eamna|| = A De| = At
=1 | i=1j=1 0 i=1 0 i=1 llo
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Anhadn
2k3s

(5.4.14) Z ejll = Al
j=1

0

Oa dei€oupe 6L 1 (5.4.14) apxel yio vo oupmepdvoude To {NTOVUEVO.
Trodétouue mpwta 6L A = 1. Tote

ok
2 ¢l =1
=1

o]

’ oy 7 7
1 Ebvou 1-unconditional €reton ot

yior x&e un apvnuxd axépono k. Eg@doov n {e;}

n
Zej =1 vy x&de n e N.
i=1 g

Yuumepabvoupe 6T A = 1 av xon uévo av g = 1.

Emniéov, enedn 1 {e; };O:I elvar 1-unconditional, €éyouye 6T yio xdde n € N xou ag, as, ..., a, €
R,
n
a;e;ll = max |a;
Sases| > max o
Jj=1 0
P!
n n n
ajeill < max |a;le;|| = max |a; Ze = max |ajl|.
Z]] S\ 1<j<n|j’] 1<]<n|J| 2 € 1<j<n|]|
Jj=1 0 Jj=1 j=1
Emopévoc,

n

a;€e; = max |Qaj|.
2 as6| = max lay|
Jj=1 0

Anhodn, n {e; };’;1 elvor LloopETEIXA 16oBUVaUT HE TN oLV Bdorn Tou cp.

‘Eotw topa 6Tt A > 1. Téte woyldel eniong ot > 1. Amodeixviouye opyxd tov oxdroudo
Loy UELoUO.
Toyuptopde: Trdpyst 1 < p < o0 tétoog dote A = 27 you p = 3P,

Andédein tou oyuplouo:

[ un apvntixoie axepotoug k, s oplloupe

ok \F
(%) -3
2k2

4 7 7 4 4 k ’ 4
Hapoatneotue 6Tl 1 a svon ab&ovoa. Hpdyuatt, ov gsi < 555 TOTE 2k1352 < 2R2351 gou

2k1352 2k23s1

Sl <X e

Jj=1 0 Jj=1 0

Anhodh AFr sz < Ak2 st Suverac,

2k AR\ 22
() < <= ()
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Emniéov, elvon cagéc 6T 1 a elvar ToAAamAaGLoGTIXr, ONnAcdY

k
a(ts) = a(t)a(s) vy xdde t,s € {2 : k, s un opvnuixol ozxépoacxm} .

3
’ , ’ Qk , 7 ’. ’ ’ +
Hopatnpolue 6tL t0 olvoho {55 : k, s pn apvnixol axgpatol ¢ elvor Tuxvd utochvoro Tou RT.

Hpdrypatt, emeldt] o }E—% elvou dppntog, and 1o Yewpenua tou Kronecker cuunepatvoupe 6Tt 1o cbvoro
In2

{n{22 mod 1 : n € N} elvau muxvé umocivoro Tou [0,1]. Arné auté, ebxola ouumepalvouuEe 6Tt TO
ﬁ . k ’ 4 7 7 0 1 7 R+ E Z, ’
5+ Kk, s un apvnmixol oépanaol ¢ ebvor Tuxvo oo [0, 1] xau dpa oo RY. Enouévec, pnopolue va
enextelvoupe TNV a otov R ue tétolo tpdmo dote va cuveyloel va efvon ad&ouoo xar TohhomAa-
otao Ty, dnhady| a(ts) = a(t)a(s) v xdde ¢, s € RT. Enedr| n a dev elvon otadepy| cupnepaivoupe
ot umdpyel 0 < p < 00 GoTE
a(t) = tY7 yia xdde t € RT.

‘Eneto 6Tt
A=a(2) =27 xu p=a(3) =37
Emmiéov, epboov 2P = X < 2, éyouue 6t p = 1. i
Oo deloupe OTL YU aUTH TNV T Tou p, 7 {ej};il elvol LlGOPETEXG LoOOUVaUT HE TN oLVl
Bdon tou £,. INo xdde d € N oplloupe

Bld) =

d
D¢
j=1

[opatnpolue 6t av {€}}72 eivon n ouvidng Bdone tou £, téte

d 1/p
= ( 1p> =d'r.
P J=1

elvon looueTend 1loodUvauT ue T ouvdn Bdon tou £, TOTE MEETEL

0

d

/

Z €j
7=1

0

Emopévoc, av 1 {e;},,

(5.4.15) B(d) = d*P vy xéde d € N.

Oa deiZouye 6T woyler N (5.4.15) xon 6TL opxel yior va ouumepdvouue 6Tl oL dVo axohovdies ebvor
LoOUETEIXG LoodUVapES. Apyxd mopatnpolpe 6t av d = Y, 2Ki3% yio xdmotov m € N xau xdmotouc
un apvntixole axepaiouc ki, s; tote epapuolovtac Stodoyxd tic (5.4.12) xou (5.4.13), énwe otny
an6dedn e (5.4.14), éyoupe

m

= NFi uiie;
1

(5.4.16)

d
D¢
j=1

0 i= 0

Egapuélovtac vy (5.4.16) vy k; = k xou s; = s yia xqle 1 < i < m ovunepaivouye 61t
B(m2°3%) = N p*(m) = (2°3°)/75(m).

r 7 7 ’ k 7 Z 4 4
Eotw topa d € N. E@bécov 1o olvoro {g—s : k, s un apvntixol ozxepouov.} elvou Tuxvd oto RT,
yia x&de n € N undpyel s > n t€tolo¢ HoTe

ok ok 1

5.4.17
(5417) -
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Tote,
(5.4.18) ok < 3%d < 2F 4357

’ ’ ’ ’ / 0 / pl 7 ’
[Topatnpotue 6TL 1 B elvon ab€ouca BLOTL 1) {ej}j:1 elvow 1-unconditional xou emmiéov yio xdde
dy,dp € N 1oyleL

B(d1 + da) < B(dy1) + B(da)

AOYO TNE Teryovixig aviedTnoag Yot ™y ||-]|o. Enouéveg, and v (5.4.18) éneton 611

(2917 = B(2%) < (3°)PB(d) < B(2) + B(3*7") = (24P + (3.

ok 1/p ok 1/p 1\ /P
(5) =so<(5) +(3)

Eniong, and v (5.4.17) éyouue
ok 1/P ok 1\ /P ok 1/P 1\ P
—] <dP< (4] <% -
#) <<(Ew) <) (@)
ok 1/p ok 1/p 1 1/p
d). dV/P il il il
3(d), e[(gs) () ()|

‘B(d) . dl/p‘ < (;)UP.

T n — o0 éyouue 6t B(d) = d'/P. Enouévorc, mpdyport

SUVETOC,

Anhady,

an’ 6Tou énetal 4T

B(d) = d'/? yio xéde d € N.

. , . . , , by K\ /P
Eote thpa m € N, npaypotixol oprduol ay, ..., an téT0000 GOTE @; = % = (?,’SZ) xou
d=Y", 2ki3M=si ¢nouv M = max s;. Tére,
1<i<m

m

Z )\kiqusiei
i=1

p = pM

m
2, aiei
i=1

Z)\ki,ufs"ei
=1 0
: 1 M 2ki v
diei| =) =d =35
=1 I, i=1

m 1/p
(5"

i=1

m m 1/p
Soc| = (Set)
i=1 0 i=1

, , (— InA _ In2YP _ In2
Emmiéov, napatnpodpe ot 0 = [orp = 5 € RN Q.

0 0

SUVETOC,
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k
Emopévwe, to abvoho {’\—k : k, s un apvnuxol axépotot } efvon Tuxvd utochvoro tou RY. Apa
“w

— Ak . 7 4 7 4 7. r 4 7
D= T k, s un apvntixol axcpatol } elvan muxvé unocivoro tou R. ‘Eyouye emopéveg ott,
vy x&de a1, a9, ..., am € D,

1/p

m m m
M| = laie| =D lail?
i=1 i=1 0 i=1

Enedr] yio xdde m € N to D™ elvou muxvé unocivoro tou £y, ouunepaivoupe OTL

0

m m 1/p
Shu] = (S
i=1 0 i=1
’ ’ 7 o0 7. ’ ’ 7
Y XO(WSE m € N xou al,...,an € R. 'Eneton 6Tt T] {ej}j:1 ELvVal LGOHETPLXO{ lGOSUVO(Pff] HE TY] O'UVYTﬁT]
Bdomn tou 4. [ |

Ané ¢ Ipotdoeig 5.4.5, 5.4.6, 5.4.7 xou 5.4.8, xardde xou v pdtoon 5.3.3, énetan to Yedpnua
tou Krivine (Oedpnua 5.4.1). Mo, apxel, avti yio povodioia Schauder Baoixh axoroudia, vo
vrodécoupe 6t 1 {z;}io | xavorotel Tic unodéoeic Tou Vewphuatoc Brunel-Sucheston, dnhad4 o1t
v xdde n € N vundpyouvv otadepéc ¢, C),, > 0 tétoleg wote, yio xdde ar,az,...,a, € R ue

22:1 ’ak’ =1

n
Ccn < Z arx;, || < Oy
k=1

vyl x&de i < ... < iy oto N.
Yav méptopa Tou Yewphuatog Tou Krivine €youue to Yedpnua tou Dvoretzky.

Ocdenua 5.4.9 (Dvoretzky). Oy efvar nenepaouéva avanapaotdouos o€ kdle arepodidotato
xpo Banach.

Anodeln. 'Eotw ancpodidototog yoeoc Banach X. Apywd nopatneodue 6Tt av o £, yio xdmolo
1 < p < 0 1o ¢y ebvan block tenepacuéva avanapaoctdoiog oe xdmolo Schauder Boocixr| oxohoudio
Tou X toTe elvon Tenepacpéva avanopactdolog otov X. Enopévemg, amd to Ocwpnua tou Krivine,
AhopBdvovtog urt’ o 6T xde anelpodidotatog yweoc Banach €yer Schauder Boaoixy| axoroudia,
ouUTEEAiVOLUE OTL €lTE 0 ¢o Elte 0 £}, Yo xdmolo 1 < p < 00 elvol TEMEPAUOUEVA AVATORUGTACYLOG
otov X. Trno¥étouue mpodta OTL elvan 0 ¢o. Lougpova e v Ilpdtaon 3.1.6 xdie ydpoc Banach
elvol TEMEQUOUEVOL AVATUPAOTACLIOS GTOV ¢p. Emouyévwe o fo elvor TETEpUOUEVA AVATORUGTAGULOG
OTOV Cp Xou dpat o PeTOPBuTinoTNTA 0 £o efvan Temepaouéva avanapactdoog otov X. [ tnv dAAN
TepimTwon, av onAadt undeyet 1 < p < 00 wote o £, va elvar block tenepacuéva avanapactdoylog
otov X, 16t olugwva ye tnyv Ilpdtaon 3.1.7 o L, = Ly([0,1],B(0,1),\) eivon nenepacuévo
aVAToEAoTAoWOE aTov £y, Emouéveg yio vor ohoxhnpwidel 1 anddelln apxel va detlouue otL o fo
EUQUTEVETAU LGOPETEIXA 0TOV Ly, Autod elvon €val YVOoTd anoTtéAecuo T0 0molo X0t omodELXVIOUUE

OTNY TOPUXATL TEOTAUOT). n

IMpoétaom 5.4.10. Eotw (2, A, P) ydpos mbavdtnras. I'a kdle 1 < p < o0 undpyer 100ueTpikr)
epgitevon tov by otov Ly = Ly(Q2, A, P).

Anodeln. 'Eotw 1 < p < 0. Apyixd nopatneoldue 6t av g : £ — R elvon tuyaio petoBAnty| nou

oaxohoUUEl TNV XAVOVIXY) XUTAVOUT|, ONAXDT| 1) YURAXTNELOTIXY CUVAETNON TN g €lvon 1) t —> et/
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v x&de t € R, t61te g € Ly, Ilpdypatt, n g €yl oav cuvdptnon muxvoTntag miavoTnTtag Ty
1 —2a?

——e 2
\/27r6

yioo z € R, ondte ye €vav amhd unoloyioud clugova pe Ty Ipdtacn 2.1.6 €youue

1 ®© p+1
D — P _
f lg(w)|PdP \/TJ |z|Pe™ 27y = \/>1“< 5 > < 0,

omou I' ebvon 1 ouvdpTnomn Yéupe. Oewpolpe homdy, {gi}io; oxoroudio aveZdpnroy Tuycinmy
LETABANTAOY Tou axoloutolv TNy xovovixn xatavour Ue g; € Ly yio xdde 1 <4 < 00. Oa detlouue
6t {gi}i2 ebvou oopeTpind 16odlvoun we T ouvidn Bdon Tou L.

‘Eow n € N xou ai,...,a, € R tétow dote Y1, la;|? = 1. ©étouue h = D aigi %ol
TAEATNEOVUE OTL 1) YAPAUXTNELOTIXY cLuVdpETNoT TN h clvan

on(t) =E (e*tZ?zl aigi) _ ﬁ]Ee*taigz Hﬁbgl (ta;) = ﬁe 3
i=1 '

:e_( i=1 z>t2/2 _t2/2

yio xdde t € R Anhadny ¢p(t) = dg, (t) v xéde t € R. Eneton étL 1 h elvar todvoun ye v g1 xou

=l = ([ IntPaece ))1/,, (], lntorde >)1/p—rgluLp

EMOUEVLC

n
> aigi
=1

YUVETC,
n 1/2
— 12 4
=gl (Z |a| > v xdde aq,ag, ..., a, € R.
Ly =1
‘Apa, mpdrypatt, 1 {gi}ie, S Ly ebvon looueTpxd 1oodlvoun pe T ouvhdn Bdon tou Lo. n

Yougwva pe o Bewpnua tou Krivine yio xdde ywpeo Banach X undpyel xdmowo 1 < p < o
T€T010 OOTE 0 {), elvon memepaopéva avamapaotdolpog otov X. And to Oewpenuo tou Dvoretzky
auté olyoupa toylel Yo p = 2. H enduevn mpdtaom pog mapéyet yio cuvirxn yio To p, 1) omola Yog
e€aoahilel OTL 0 £}, Elvol TEMEQUCUEVL AVATORAGTACYLOG oToV X

IMpotaot 5.4.11. Eoww X xdpos Banach téroiog dote Cy = Cy(X) < 00 yia kdnow 2 < g < o0,
érov Cy(X) n cotype q otadepd tov X. Eotw entons 1 < p < o0, C > 0 ka1 {ey}_, ¢pOivovoa
axodovdia Detikdyy apiijudy téroir dote ey — 0. Trodévovpe du n {x;};2, efvar 1- uncondztwnal
ka1 1-spreading povadiaia Schauder faoikn akodovdia oror X n omola ikavoroiel Ty

’ 7 /. ’ ’ 0
yia kde m € N. Tére o ¢, etvar block menepaopéva avarpaotdouos otny {;},_ .

(5419) mp+6m < < Cm%

Aroédedn. H anddeln Yo Baciotel xatd ouclactind om0 otny anddelln tou Ocwpruatog 5.4.8.
BOewpolue tov ykeo Banach Y; xau toug ypouuwolg tehectéc 1,5 1 Y1 — Y7 énwg oplotnxoy
oty anddelEn Tou Oewphpatoc 5.4.8. Ou Seifouue 61t o 2Y/P eivon mpoceyyioTL, WoTIWH TOU
T. Tote, and v anddelln tou Oewpruatog 5.4.8 cuunepaivouue 6Tl 0 £, ivon block nenepacuéva
AVamapAoTdoIoS oty {T;i}ie .
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I xdde n € N opiloupe yy, € span{v, : ¢ € QT n (0,1)} < Y1, dnhadh yn : QT 1 (0,1) - C
UE TETEPAOHUEVO POREX, S EENG

Anewxovilel to % oTO 1.
— 1 — T Lo 2 foRve) 2_%

4 4 -
o — 135 7 -2

n— To 3 818 XU g oTo 2 r.

n__ _n=1

— 1= T 2%,%,%,...%0& 22n1 oo 2 »p .

Treviupilouvpe 6u T'(vg) = vg + Vg1 v xdde g € Q" n (0,1). Enopévwe 1o T(y,) mepr-
2
YedpeTar wg eENG :

Amewovilel ta % Ol % fonve) 1.
1
o — 135 7 sy
n— T 3 88 O g oTo 2 127
o — 1 3 5 7 9 11 13 15 sy
=1 167 16> 16> 16> 167 160 160 % 16 0% 2 7.
1 3 5 gntl_q —n=d
— 1 — T GATTs gndTs gnaTs- -3 XU “oogr>  OTO 2 P
YUVETOC,
Q’Vl
1 _n-1 1
T(yn)—QPyn=2 p Z’U2F1 —2rv1
4 on+1 2
i=1
ol dpar
n 2’71
1 _n—1 1 _n—1 1
HT(yn)—prn <27 p Va2i || + 2P Hv; =2 r sz + 27 ||z1]| .
. on+1 2 1
= =

Yuvenoe, and my (5.4.19) éyouue bt

-1

_n—1 1 1 1
<C2 7 (2P 42V — 026 + 28 = (C +1)25.

1
HT(yn) —2ry,

I xdde j = 0,1,2,. .. oplloupe w; € Yy ye

Téte y, = Z?;Ol wj;. T j =0,1,2,... 9étouye, eniong, 2z; = 2_% 212;1 Tp,, 6mov T k1 < kg <
oo < kg ebvon TéTOl OTE HZ;:Ol Z]H = HZ;:& ij. Térte,
27
lwill = Izl =277 || ), =
=1

’ ’ ’ s s e 6} /. i ’
Eniong, ané tov opiopé tou Cy xou 1o yeyovoe ot 1 {x;},_, eivar 1-unconditional éyoupe

1/g 9\ 1/2

1/(] n—1 n—1
D17 <G| E( D 6%
=0 7=0

n—1
D7 lwy?
7=0

n—1 n—1
Ca 1D 25| = Cq || D wi|| = Cqllymll -
j=0 j=0
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AopBévovtog v’ v xan Ty (5.4.19) cuurepaivouue 6Tt yior xdde n € N

0 a\ /4

n— 1/q n—1
1 ! 1 )
(5.4.20) ynll = a <2}ijl|q> -z M2 Y a
i

j=0 i=1

_ . 1/q
1 (™ 1( Ly .>q>
- Z 2 PP .
Cq (J'O

o xdde j = 0,1,2,... 9étoupe d; = 2% — 2;&%2] Téte 6; — 0 xan

1 n—1 s j l/q
lyll = = | X (277)

q j=0
vyl x&de n € N.

Hoportmpodye 6TL av yior ot axohoudior TeoryoTixmy apriucy {an}_| woyler 6Tt a, — 1 tote

Z;L 01 ? —2 T Eqopuélovtac authv Tny mepatienon yi a, = 2794 éyoupe 6L

[Yn[| —> co.
Oétovye Uy = IIz:H' Téte [|upl = 1 xou
1
HT(un) — v, HT Yn) — 27 Yn (C+1)2F — 0.
Hyn|| Hyn|| "0

Anhad to 27 civen TEEOCEYYIoTIXY WoTHY| Tou T'.
[ |

H enduevn npdtaon o yoc ypetaoTel yior TNV anddelln tne cotype mepintmong Tou Yewpuatog
Maurey-Pisier. Atvoupe apyixd évay optopo.

Opiopéde 5.4.12. 'Eotww X ydpoc Banach, z1,...,2, € X xou e > 0. H n-8da {z;};_; Aéyetou
(1 + ¢)-spreading av ya xdde 1 < s <n, 0 < k; < k:g <. <ksxu0<m <...<mgoylel

Y it
=1

i L, 1+E

vy xdde ag,az,...,as € R.

IMeétaon 5.4.13. Eotw {em}m_; He em — 0 kar { X} axolovdia xdpwv Banach meme-
paopévng didotaons térowa wote o Xy, éxer cotype qo yia kdle m € N ya wdmowo 2 < gy < 0,
L€ opoibuoppo ppdypa otny cotype qo otadepd tovs, 6nAadn sup,,en Coo(Xm) = M < 0. Tro-
Oéroupe o dim (X,,) = m ka1 Xy, = span{a?’,...,x;}, dnov || = 1 kar n {x]"};2, evan
(1 4 &4, )-spreading ka1 1-unconditional. YroOérouue 67‘[17‘[/\601/ ot ya kdmowo 1 < p < 00 undpyovy
otalepés ¢, C' > 0 téroies dote ya kdbe ¢ > p

n

m
2.

=1

(5.4.21) c < Cn'? yia ki ne N ki m = n.

Téte 0 £y, elvar menepaouéva avanapaotdojios oy {Xp}bo_ . AnAadn, ya kde &€ > 0 ka1 kdde
k € N vrndpyouvv dreipa m € N wote va vndpyer {uj}§:1 block axolovdia Tns {z*}" | mov etvar
(1 + &)-1w00dbvaun pe Ty ovvidn Pdon tov 5.

Eiicorepa, av X xdpos Banach ka1 X, < X ya kd0e n € N tdte o ), elvar memepaopéva
avarapaotdoog otov X.
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Arnédegn. H anddeiln civor ovotaotind enavdindn twv anodeilewy tou Ocwpruatog 5.4.8 xou
e [pdtaong 5.4.11 pe xotdhinieg Tpomomolfoels. Oewpolue TEAL ToV YWeo Yy TV axolou-
YV {aq}quJr ue téc oto C o onoleg €youv menepaopévo gopéa. ‘Eotw ar,az,...,a, € C.
Hapatnpotye 6Tt yia xdde m = n

n n
Dlaila || < ail.
=1 =1

Emopévemc yio xdie g1 < g2 < ... < @ UTopOLUE Vo 0plooupE

n

n
Z a;vg || = lim 2 la; ||| < co.
i=1 m U

’ =1

H |- | opileton xord, dnhodh n ) tne Sev e€aptdton and tny wop®h oTnv omolo avamaploToton To
x&de otoyelo. Av ai, ..., an € Cxou ajy, ..., a;, 701 UNdEVIXS oMb T a; TOTE
n ni
m m
el | < (1 4+ em) || Y la a7
i=1 Jj=1
Emopévoc,
n ni ni
s m m s m
lim 2 la; ||| < lim (1 +&em) Z |lai;|x;! || = lim 2 lai; |z ||,
m,U || m,U ‘ J m,U || 4 J
=1 Jj=1 7j=1
otoTL limyy, o0 €1, = 0. Opolox,
niy n
4 m 3 m
lim Z |ag; |27} || < lim 2 |la;|x}
m,U || “ m,U ||
j=1 i=1
xou Gpar Tehxd Eyoupe wootta. Enopévoc mpdypott n || - | elvon xohd optopévn. Me époto tpémo

emahndedouye xau 10 YeYovoS OTL N {vg} o+ Elvan 1-spreading. I v Tpryevid ovicétnta Aoye
TV WTATY TV 1-unconditional axoloudiwy €youue

n n
Z(ai + bi)vg, || = lim Z la; + bi|xl"®
i=1 Ui

< lim 2 |ag| + |bi)z

n

n
< lim Z la;|xi" || + lim Z |b; |
m,U - m,U

i=1
n n
Z a;vg, || + Z bivg,
i=1 i=1

Enlong, éyouue

2 ot > ol

4 7. ’ 7 7 7 7 7
Emopévec 1 | - | etven vépua otov Yo xou omé tov 1pémo mou oplotnxe mpoxtnter 6t M {vg} o+
, oy 7 i
elvow 1-unconditional. Aniody|, tehxd €youpe

n n

Zaiqu‘ = Z|ai|vm

i=1 =1
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v xdde g1 < ... < qp uour; < ...<r, oo QF.

Oewpolue Tov yweo Banach Y7 xaw toug ypouuxolg terectéc T, S 1 Y1 — Yy onwg oplotnxay
oty anddelln tou Oewpnuatog 5.4.8 aAld Yewpoluevol we npog auvth T véa vopua. Optlouue ta
Yn € Y1 xou wj; € Y7 6mwe xou otny anodeln tng Hedtaong 5.4.11. Opilouue

27

m
Z Lo (i)
=1

Y100 xoTd abEouoa amexévion o : [27] — N dote

S e

m o
Zj =2

n—1 n—1
ij = lim szm
i=0 L | i
Enlong,
) 27
. -7 ..
| = lim J257) = 275l |5 o
=1
Tote,

HT(yn) . 21/pynH < (C + 1)2/7

6moe xou nponyoupéves. Egpdcov sup,,cn Cqo(Xm) = M < 00 xou 1 {2 };Ozl eivor 1-unconditional

€y ouue OTL
1/2
n—-1 1/ao n—1 2\ n—1
S )< (5] S| ) a5
3=0 J=0 J=0

yia xdde m e N. Ilafpvovtag libr{n WS TPOC M CUUTEPALVOUUE OTL

n—1 qo /40 n—1
(£ m)) <m[Es
n—1
=M Z w;
j=0
= M|yn|

Topa, Yewpolpe axoroudio {g,} ., tétolo HGOTE gy > p yia x8de n € N, g, — p xu

1 1

5.4.22 lim ™"
- G0

Egapuélovtag v (5.4.21) yia tot gy, €Y0UUE

n
m

2.

i=1

Enopévng, and my (5.4.23) éyouue oTL

Cc

l 4
c < Cnr vy xdde n e N xow m = n.
an

1
mn an <

(5.4.23)

. 27
lim |27 = 277 lim || Y. «| > 2
m,U m,U ||* )
i=1 Ay

_i cC
P —

(2j)1/q2j
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YUVETOC,
= 0\ Yo
ol > 3 (2 (1 171 ) )
N 1 (El 40 f(é—%)q >1/qo
M j=0 Cay;
Oétouye 6; = ;1) - é. Tote §; > 0 xou 05 — 0. LOuQovL Ue Tol TRV €Y OUUE

1 n—1 (2752]-(10).7

Iy = >
Mao = ngj

Emmiéov, and v (5.4.22) éyouyue ot
(2)
C

qgj

=1

vyl x&de j = jo v xdmo jo € N. ‘Eneton 61,

1 n—1 (2762jq0)3

%
Il > 57 2
J=Jo q2.7
-1 .
1 s J ,
> Z 9- 2j‘10> 9=055)4%0
> g 2 (20m) )
j=jo
1 n—1
= Z (2720290)7
M
j=3o
Topatnpolue 6t av Bécoupe a; = 272219 té1e a; — 1 xou dpa Z;:& a;. — +00. Enopévug
n—00

cuumepaivouue OTL

[ynll — 0.
O¢roupe up = ity Tote flun| =1 %o
1 1 1 1 1
T(un) — 27 un | = T(yn) — 27yn| < ——(C +1)27 — 0.
[yl [9n] n—0

Anhad?| o 2% civas TppooeYYioTixY woTr Tou T And tnv anddeiln Tou Ocwprjuoatog 5.4.8 émeton
6 0 £y elvon block nenepaocpéva avamopactdowoc oty {vgh, g+ Me Eva emyeipnuo §-ductbou
avdhoyo pe autd tng anodeline tne Ipdtaong 5.4.7 dnou Sellaue ToEOUOLO LoYLELOUS, TEOXVTTEL
6L 0 £, elvor memepaouéva avamopaotdooc oty { X, ooy

[

ITapathAenon 5.4.14. Iupatnpodue tog 1 unddeon dt n oxorovdio {x]"};" | eivon 1-unconditional
YPEWOTNXE U6VO Yo var del€ouue 6Tl 1 ouvdptnon || - | mou oploaye otov xdpo Yy ixavorotel tny
Tty avicdtnta. Av elyope C-unconditional axohovdiec yio xdnotov C' > 0, t6te 1 | - || Sev Vu
IXAVOTIOLOVUGE TNV TELYWVIXH aviodtnta odd Yo xdde z, y € Yy Yo elyope ot [z +y| < Clz|+Cly].

Mého o Yo loyue 6Tt
n

< C’Z |;]| v xdde n e N.
i=1

n
2,
i=1
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Téte 0 yodpog Yo elvar ToToAoYINOS YRUUULXOS Y WEOS Xl UTOPOVUE TdAL VoL YEwpRooUUE TNV TAYjew-
ofy tovu, (Y, | - |) xou tov xdeo (Y7, ]| - |) xou vor cuveyicouvye Ty anddelln 6mwe xon TEOMNYOULUEVEC.
Bhénouye eniong ot 1 évvola tng block mencpacuévng avamopac TACUOTNTAS UTOPEL VoL OPLOTEL
xoL Yol TETOIEC GUVAPTACELS Ywelc var Tadel var Loy Vel xdmola and Ti WOTNTES oL €YouUe BelZeL.
Yuunepaivouue howndv ot oty Ilpdtacn 5.4.13 umopolue va avTixatac THoOLUE TV undveor 1-
unconditional pe v yevixdtepn unddeon 6t ot {z*}" | elvon C-unconditional yio xdmotor otordepd
C>0.

Mdhota, pe éva avdhoyo emyeionua o uropoloaue vo etyaue anogpiyel To Tpito BAuc oTny
anodelln tou Yewpruatog tou Krivine. Qotéco 1 Hpdtaon 5.4.7 napouctdlel aveldptnto evdla-
PEEOV.



Kegpdhawo 6

To Oswpenuo Maurey-Pisier

To Yewpenuo Maurey-Pisier Yo unopoloaue va 10 S0UUE xou W Wio TUO LOYURT| LopPY| Tou
Yewpruatog tou Krivine. Eve to demenua tou Krivine pag e€aopoiiler tnv Unoupln evog p kote
0 £y vau elvor TEMEPACUEVIL AVATAPACTACLIOS OF €vay ywpeo Banach, to Yewpnua Maurey-Pisier pog
CLUYXEXPWEVOTIOLEL 800 amd aUTE ToL P.

Ocewpnua 6.0.15 (Maurey-Pisier). Eoww X xdpos Banach X. Opilovue
Py =sup{l <p<2: oX éyea typep}

Kal
gy =inf{g>2: o X éye cotypep}.

Tote 0 £y ka1 0 Ly elvar Tenepaouéva avanapaotdopor otor X.

Ye autd TO AEPIANO ATOBEXVIOUUE TNV cotype mepintwon tou Jewpruatoc Maurey-Pisier:
v xde yopo Banach X o £y - efvon nemepaouéva avamopactdoog otov X. O nopouctdoovue
v an6delln twyv Milman xou Sharir [29]. ‘Onwe xou 1 apynh| anddelln, €tol xar 1 TEocEYyLon
Twv Miman xou Sharir Baoiletor oty anddeln tou Yewpruotoc tou Krivine. Axpi3éotepa o
yenowonowjocoupe tnv Ilpdtacn 5.4.13.

6.1 Ilencpacpévn Eéxdoorn Touv YewpRuratos Brunel-Sucheston

Treviuuilouue 6Tt o n-dda (1, 2, ..., T,) o €vay Yopo Banach X Aéyetan (1 + ¢)-spreading,
M M M » L2, ) AP Y p
yiexdnowov e >0, avyaxdle 1 <s<n,0<k <k <...<ksuu0<mp <mg <...<img,
Loy Vel
S S

Z aizg | < (1+¢) Z i T,

i=1 i=1
vy xde aq,...,as € R.

ITpo6taocm 6.1.1. Eoww 0 < 6 < 1. Ta xd¥ ¢ > 0 ka1 k € N vndpyer N = N(k,e) € N nov

efaptdrar pévo ané o € kar o k, térows wote av X ywpos ue vopua, n = N ka1 zq,...,Ty, € X
pe l — 6 < |z;| <1, tdre vndpyer vrakolovdia x;,, . .., x;, wov ikavoroiel Toukdyiotor pia and Tg

rapakdtw 1010TNTES:

() N (xiy,-..,xi,) evar (1 + €)-spreading 1j

> cs\Vk, ya xdrowe otadepd cs > 0 mov ekaprdtar pévo and o §.

® E

k
2. €T
j=1
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Arnédegn. H anddeln do yiver ye anaywnyn oe dtono. Eotw ot undpyouv k € N xou € > 0
T€tol WoTe Yo xde n € N apxetd ueydho undpyouy a7, ..., ], OE XATOOV YWEO UE VOpUA, TETOL
wote 1 — 8 < |z < 1 wow xapibor unoxorovdio z7t ..., 2] Sev ixavoroel o0t T0 (@) obte o (B).

‘Eotw {e;}2, n ouvidne Bdon tou coo xou U unepgpirteo oto N. T xdde s € Nxow aq, ..., a5 €
R opilCoupe v nuvopua

S
Z a;e;l = lim
; u
=1

S
Z a;zy| .
i=1

o M < N xou r € R opiCoupe

k
1i]\r4n Z aies,
i=1

=r
av vl xde € > 0 undpyet ng € N té€toloc wote vy x&de sq,...,5, € M pe ng < s1 < ... < 8g
Loy Vel

k

Z aies;| € (r—e,r+e¢).

i=1

Ioyuptopoc: Trdpyer M1 € N wote to dpto

k

=1

lim
My

VoL UTGEYEL Yo xQE aq, ..., a, € R.
AnbdeiEn tou woyvpiopol: Eotw a = (ay,...,a;) € RF otadepornonpévo. Opilouue ¢ : NIFI —
[0,00) pe

UV(81,...,8k) =

k
i=1

Hapatnpolye ot

k k k
Y(st,--oosk) = || Y aies, | < 3 lailles | < Y lail = Jal.
i=1 i=1 i=1
Optlouvye
Ar={(s1, 0 5) e N0 < (su, . s) < Jlal /2]
pdes

By={(s1,os) €N al1/2 < 0(st, o) < Jalh }

Ané 1o Yedpnua tou Ramsey (Oehpnua 5.4.2) undpyet drepo ovvoro N1 € N wote

(6.1.1) U(s1,...,5K) € A1y xdde (sq,...,s,) € NF
U
(6.1.2) Y(s1,...,5,) € By yw xdde (s1,...,5,) € NF.

Xwplc BABN tne yevixdtntog unopolue va utodécouue 6Tt toylet 1 (6.1.1). Optloupe

Ay ={(s1, 0 s) € N0 < s, ) < Jlall /4

pideis
By={(s1,..,s) € NE Jal1/A < 0(st, 1) < a2}
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Ko mdht and 1o Jetdpnuo tou Ramsey, undpyet dneo civoro Ny © N1 wote

U(s1,...,85) € Ay v xdde (s1,...,s,) € N&

SN

Y(s1,...,5%) € By Yy xdde (s1,...,5,) € N5

Yuveyilovtog e tov Blo tpdno, xatacxeudlouvpe pdivouca axoroudia (IN;) | dnelpwy UTOGLVOAGY
Tou N €10l wote

Y(s1,...,56) € Cy v wde (sy1,...,s1) € NF,

émou (C)72, ebvon gdivovoo oxolovdia xhewotdv daotnudtoy oto [0,00) tétol Hote yio xdde
i € N, 1o prxoc tou dwothuatog C; elvor (oo pe |al1/2".
And v opyn TV XPOTICUEVOY SlaoTUdTwy Eyouue 6Tt

N ¢ = (L)
i=1

v xdnow L(a) € [0, 0).
Yuvenog, yo xdde € > 0 undpyel ng € N dote Cy, S (L(a) — €, L(a) + €) xou dpa yioo x&e
(s1,.-.,5%) € NE 1oy0et

w(sl, ce ,Sk) € Cno

N

(L(a) —&,L(a) + ),
B

L(a) —¢e,L(a) +¢€).

,esi

Oplloupe M, = {n;};2; S Npen; € N; vy x80e i = 1,2,.... Tdte, olupwve Ye Tol TOPATAVE,
yia xdde € > 0 undpyel ng € N tdote

L(a) —e,L(a) +¢)

i€s;

yio x&de ng < 81 < ... < S 010 M.
Aciaye emopévwg Ot

k
=1

Anadh éyouue to {ntoluevo v otadsponotnuévo a € R

lim
M,

T va Beotue My € N Gote va umdpyet 1o bplo yio %89 a € RF Yewpolpe {aj} _q e
apidunon tou QF. Tougeva pe o mponyolueve udpyet @divousa axoloudia (MJ)j:1 dnelpwy
uTocUVOAWY tou N Tétola Hote yio xde j € N

Yo,

Opiloupe My = {mj};i1 ue m; € M7 yio xdde j € N. Tére,

hm = L(d?).

hm L(a) vy xdde a € QF.

S o
=1
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Eoto thpa tuxdv b e RF. Téte yio xéde n € N undpyet a™ € QF dote

1
b—all; < —.
[b—a"h < 4

k k k 1
> bies, — >, aies, || < Y [bi—af| = [b—a"| < —
. . . 4n
=1 =1 =1

Egéboov, l]i\/[m “Zf;l ajes, || = L(a™) éneton 6t undpyet ng € N wote
1

k 1 1
bies. L(a™) — —, L(a") + —
;:1 es; E< (") = 5 (a)+2n>

yioo xdde ng < 81 < S2 < ... < S ot0 M. And v opyn TV xPOTIONEVLY SO TUATLY
ouunepatvoupe 6Tt utdpyer L(b) € [0, 0) dote

Emopévee to obvoro My €yel tny {ntoduevn 1o1oTnTaL. O

Auaxpivouye 800 TEQITTOOELS:
(i) Trdpyer otadepd ¢ > 0 tétow Gote yia xdde ay, . .., a € R ye S |a;| = 1 vo woyvel
k
lim Zaiesi = cy.
My =

(ii) T xdde €1 > 0 undpyeL a € Sy TETo10 WOTE

k
lim Zaies,- < é€q.
My 1

‘Eotw 6t oylet 1o (i) xou éotw a € Spr. T xdde e1 > 0 undpyel ng € N tétot0¢ Gote
1

k

€11 €1C1
Zai%i € |1rqg — —8 N —8
i=1

. JUVETOG,

v xde 51 < ... < 8 010 My Ue 81 > ng, OTOU T = ljiwm HZZ:l a;es;
1

k k
€101
Z Qi€s,|| — Z aiée | | < e
i=1 i=1

v xdde s1 < ... < S, xou by < ... <ty oto My pe S1,t1 > ng.
Ané v unddeon (i) €xovue 6L 1y = c1. Enlong, yia xdie e1 < 1 woylet rg — g = 5 > 0.

YLVETWE, Yo xde 51 < ... < 8§ 010 My Ye 81 > ng Loy VEL

k

C1
Z aies,; || = bR
i=1
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Emopévoe, av s1 < ... <spxaty < ... <t oto M e s1,t1 > ng, 10T€

k k
HZIZI aiesi % + HZ’LZI aieti 0161/4
HZle aiey, HZf;l aet; HZF aiey,
0181/4

<1+ =1+¢e1/2<1+e¢.

01/2
Arodi,
Z aies,| < (14¢1) Z a;et,
=1

‘Eotw 51 < ... < s, 010 My pe 81 > ng. Tote,

l J4
Z ajes, | < (1+¢e1) Z Aj€spm;
j=1

j=1

vioxdde 1 <<k, I1<m<...<mp<kxul<m<...<my<k.
Enedr) ot emhoyég twv £ xann;j ue 1 << kxul<ny <...<ny <k eba nenepaocuévec 1o

madog, v xdde 9 > 0 undpyel Uy € U, TéT010 OOTE Yo xou?e n € Uy, va 1oy Lel

L 0
' - n C1€2
Jj=1 Jj=1

N

o
L

1
2w, | =
j=1 !

vioxdde 1l <l<kxaul<n <...<ng<k.
YUVETOC,

|

4 e
szzl 45T sn,;

S aje
< j=1"7 Sny

‘ + 6162/2 (1 + 62) HZ§=1 ajesnj
<

HZ?:l a;ry, HZle AjCsm; H —c1e2/2 (1 —e2) HZ?:I aj€sy, )
- (1 +e2)(1+e1)
= (1 —>€2) '

‘Apa, yio xdde e3 > 0 umdpyet U, € U tétol0 Gote Yo xdde n € U, va ioy el

L ¢
c1
(6.1.3) i < Z:lajm’;nj < (1+e3) ]leajx?
Jj= =

yioxdde 1 <<k 1<n<...<mp<kxul<m <...<my<k.

‘Eotw ez > 0o N évo 01- &xwo ™E Sk Y100 XATO0 01 < 5301/2 L OUQWVOL UE ToL TEOTYOUUEVY,
Y x8de a € N undpyer Uy € U téT010 ote va woylet 1) (6.1.3) yioa xdde n € U,. Tuvende, undpyet
n € N tétot0¢ dote v xdde a € N va woyvet i (6.1.3).

‘Botw be Sy, Tote undpyer a € N téro10¢ Bote

k

Z |b; —a;| <6

i=1
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YUVETOC,
|- bt | MHZJ voah, | a2+ (L en) [, |
<
l Y4
S B Sares Erhl vy e

(14 2e3) sz‘:l ajw?mv H 1+ 2¢e3

< =3 )
(1—e3) HZ] 1455, Sm; ‘ — 3

’ 7 ’ 1+4+2e3 ’ ’ /
Iaipvouye €3 > 0 tétowo Gote T2 < 1+ . Tote, olupuve ge T Topandve,

¢ ¢
n n
2 ajag, | < (1+¢) Z a;x
j=1 j=1

yioxdle 1 <<, 1<nyp<na<...<mp<kxul<m<my<...<my<k, vy xdde
a € Sezlc O CUVETOC YLl XAVE a1, ..., ar € R.

Anhadni, n (2, ..., z]) éxe (1 + ¢)-spreading uroxohoudio, v {27 }%_ . ‘Avomo, oméd v
emhoYh TV T, ..., T,

‘Eotw twpa 61t toyber to (ii). Anhady, yia xdde €1 > 0 undpyet a € Sé’f TETOLO OOTE

hm Zazes < é€1.
i=

Emouévae, undpyet ng € N tétolog wote

k
Z aiesi < 281
i=1

v xde 51 < ... < S oto My pe 81 > ng.
‘Eot |a;,| = maxi<i<k |ai|. Trdpyouv up, ug, ..., ur oto M) tétowa hote

no <up < ... <Upp—1 < Ujy < Ujg+1 < ... < Ug-
Tote, av s¢, 50 > i, Yewpwvtoc s; oto My t€tolo OOTE
no <up <...<Ujp—1 <8 < Sjp+1 < ... <8

Nl
ng <up <...<Ujp—1 <8 < Sjg+1 < ... < 8k,

TAEATNEOVUE OTL

|aiges, — aiges,|| = Z aieqy, + aizes, + Z aies, Z aiey; + aiges, + Z aies,
*Zo+1 *lo+1
< Z i€y, + Ajp€s, + Z Qi€s; + Z i€y, + a; €5, + Z aies, H
Jj=to+1 ) Jj=ip+1

< 261 + 2e1 = 4e;.

Enionge, |ai,| = maxi<i<k |ai| = %Zf;l |a;| = 1. Tuvenoe,

les, — es, || < 4ker vy xdle s¢, 50 € My Ue ¢, Sp > iy
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‘Apa, utdpyouy 51 < ... < S 0t0 My, UE S1 > Ujy, TETOLOL WOTE
Hesi — €s; H < 4ker v xde 1 # j.

Amd T Tpry eV ave6TTo éneTon 6T, Yo xdde € € FX,

k k k
Deies,| = | D €ies, | — (k= 1)dker = |, | Z — 4k%e
i=1 i=1 im1
k
(1-10) 2 — 4k%e,.
Yuvenoe, and tnv avioétnto. Khintchine,
k k 15 Ko\ 2
; i€s; || = 1 — 5)E ;ei — 4]{2261 = e E ;61‘ — 4k261
= m — 4k2e
Ky ’

670u Ko = /2. Emiéyoupe €1 > 0 téT010 dGTE 4k%e; < 12;5\/E Tote,

u 1-9
E i€s: |l = ——Vk.
;e €s, Ve Vi
Trdpyet n € N tétol0¢ wote
k k
(1-9)
Z ZEiesi < \/E
i—1 i—1 4K
v xqe € € EY. ‘Apa,
Ezk:a:" >Ei~e LS/ Sl N/ S Sl N/ L LN/
] Ol TR, YT 2K, 4K, T Ak, Y

i=1 i=1

a5 = % wavoroteitan 1 (B), dpa €youue dromo.

Enopévoc xa ot 800 nepintioeie, (1) xau (ii), anoppintovro, dpa and amorywyr o€ dtomo €Y0UUE
TO GUUTEQOGUAL. [ |

Hopatneotue étL av otnv Ilpdtoon 6.1.1 unodécoupe emmiéov 6t ||x; — x| = 01 yio xdmolo
91 > 0, t6te 1 nepintwon (B) onoppinteton. Ipdypott, Eextvaviag 6mwe mpty, uTodétovye OTL
undpyouv k € N xou d1,¢ > 0 tétoia wote v xdde n € N va undpyouy 27, ...,z ve |z < 1 ot
XATOLOV Y6PO UE Vopua Tou BeY txavoTolel To (o) xow emmheoy [z — x| = 61 yio xdde i # j. Tore
oty nepintwon (ii) elyope xotodhZer oo cuunépaopa OtL Yo xdde €1 > 0 undpyouv s;,s; € N

Tétola WoTE e, — e, | < €1, xu emopévac toTE
1< |z, — 2 | < 2e1 v xdnoo n €N

[N ey < 61/2 odnyoluaote oe dronto. ‘Apa, dev unopel va loylel 1 tepintwon (ii). Xtnv nepintwon
(i) odnyoluaote oe dtono dmwe xat Tponyouuévwe. Enouévwe, éxoupe tnv oxdloudn tpdtao.
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IMTpotaom 6.1.2. I'a kdbe k € N ka1 €,0 > 0 vndpyer N = N(k,6,¢) térows dote av n = N
wte, Y kdle ydpo pe vépua X kar x1,...,x, € X pe |z;| < 1 kar |x; — x;| = 9, vndpyea
vnakodovdia x;,, . .., x; mov elvar (1 + €)-spreading.

Ta endpeva 600 Mjuparto Yo yeelactoLy yio Ty anodelln tng Ipdtaong 6.1.5.

Afppa 6.1.3. Eotww ke N ka1 § € (0,1). Trndpye N = N(k,0) € N téroog ddote avn = N, X
etvar évag xdpog ue vépua kai xy, ..., Ty, € X pe |z <1 kar |x; — x| = 0 ya kdOe © # j, tére

undpxovy T, . ..,Ti, TETOW WOTE

L o\"
d (:Uijo,span{xij R jg}) >4 <8>

ya kdle 1 < jo < k.

Andédeln. 'Eotw X y®pog pe vopua Xl X1, . .., Ty OTWS OTNY EXPWVNCT. Apyixd TopaTneolue
TS UNOPOVUE VoL UToVEcoupe OTL [|lz;]| = /2 v xdde 1 < i < n, ddw av |z, | < 0/2 yia xdnoto
1 <ip < n 16TE Y xde @ # 1 Loy el

|zl = zi — io || — Iz | > 0 —6/2 = 6/2.

Enfong, agol x; € Bx éyoupe 0 <6 < 2.
EmAéyouue o x4y, ..., x4, EMAYWYIXd. O¢touue x4, = 1.
Ioyvptopodc: Trdpyer xi, tétoto wote d (x4, span{z;, }) = §/4.

Andbdelln tou wyvptopol: ‘Eotw (npog dtono) 6ty xdde i > i1 undpyer A; € R tétoio dote

|z — Nizq, | < 0/4. Tére, yo xdde i > 4y,

1) )
= > o = Ny | = [Nilllwy | — 2] = [Nl 5 = 1
4 2
"Apa,
1+ 2 1
|A1‘ gﬁ:g‘i‘i, yLo Xdﬂ€i>i1.

Enlong, vy xdde i, 5 > i1, © # j, loyLeL

J

< lwg — 5] < i — Ny | + | Niwsy, — Njzay | + | N e, — 24
< 6/4 + |)\z — )\]H’x“” + (5/4 < 5/2 + ’)\1 — )\]|

YUVETOC,
(6.1.4) INi = Aj| =6/2, ywxddei,j>iq,i # ]
Egéoov [Ai] < 2 + 3, éyouye o1t
<Ai_5 A‘+5>g<_<2+1+5> <2+1+5>>
4774 § 2 4)'\6 2 4

v xqe @ > 1;. Enopévoc,

o U AT ) § 2 4)'\s 2 4))°
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‘Opwe and v (6.1.4) €youpe ot

1) 1) ) )

v x&e @ # j. Yuvemwe,

"Apa,
n<§+2+2
T2 S '

[l n > 5% + % + 2 0dnyoluacTe ot dToTO.

8

’ / ’ ’ 7 ’ . 2 7 ’
Ané v an6deidn Tou 1oyuplopol TpoxiTTeL bTL Utdpyel ix < 53 + 5 + 2 TéTolog KoTe

d (x;y, span{z;, }) = 6 /4.

Emniéov, woylel 6Tl

5\ 2
a(os ot )) > (5)
Tpdypatt, éotw A€ R Av |\ < 2 16t

|y = Azip | = iy | = [Al]i, || =

5 [(6\?
—N===(=],
B Q)

N &1

EVO av || = % TOTE, OMO TNV EMAOYT| TOU Tj, EMETAL OTL
2

Ty ) 1)

|2 RE=g)

iy = Aol = 1]

Enopévwe yio xdlde A € R éyoupe |5, — Az, || = (2)2. Anhadh d (x;,, span{x;, }) =

eTMOUEVLS, Bellel To {nroluevo Yy k = 2.

Yuveyiloupe tnv emAoyh ToV T;; enaywyxd. Trodeétovue 6Tt undpyouy T;,, . . .

WOoTE

0

(2)2. "Eyouye,

Z
, i, € X tétol

m
(6.1.5) d (a:ijo,span{xij tJ# o, 1 <5< m}) >4 <> , Y xdlel <j<m.

8

7 4 4 4 4 7 4 7
Oa delouye 6TL oV TO M Elvol EXETA PEYIAO TOTE UTHPYEL Tj,, ., OOTE

8

m+1
d (:zijo,span{xij cj#jo, 1 <j<m+ 1}) =>4 <> , oy xdde 1 < jo

Ioyuptopoc: TrdpyEL tmq1 > by OOTE

d (i, span{z;, : 1 < j < m}) = 6/4.

AnédeEn tou woyvplopol: ‘Eote (tpog dtono) ot yia x4 i > iy, undpyouv A, ..

< d/4.

Jj=1

<m-+ 1.

) ’
L AL e Roote
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Do %€ i > i xon 1 < 8 <m pe AL # 0 éyoupe
m m ’L
Z R Z Z ij
j=1 j=1 s
Yuvenne, and v (6.1.5) ouunepaivouue ot
m m
(0
; S| = | Ngl4 <8) .

H avicodtnta auth| woylel puowd xou 6tay Ay = 0. Eniong,

i x’] ( )‘;’xiy‘ )
j=1 j=1

Amé o TopomAvVe CUUTERUVOUUE OTL

) 8\ 1
me 6= (100) (5) 5
oot

(6.1.6) ;|Aj|<m(4+1) <5> 7

= | = X

.CUZS-FZ)\

J#s

+ ] < 8/4 + 1.

\

Mz

Emmhéov, av X = (A}, .. A0 ) xan A5 = (A], ..., A3) Yl i, 8 > iy, § # 8, TOTE
m m
0 < |z — os| < |as — Z i Ti; 2 :(;ZJ
i=1 =1

)

6 .
= — A = = 4 A= Ay

<3 2 X~ Al |+ 3

i )\8 a:z]
"0

Anhod,
INC = NSy = 8/2, v xdde i, s > iy ye i # s,

dpol oL UTmdheg BH.”1 ()\i, g), YL © > Gy, €lvon EEVeC.
Ané v (6.1.6) éyoupe 61

By, (A j) = (’Z <1 + i) (i)m + i) By, (0,1).

‘Apa, av Vol,, etvon 1o pétpo Lebesgue otov R™,
, o\" , o
(n — Zm) 1 Vol,, (BHHI (0, 1)) = (n - Zm)volm BH||1 0, 1
= Vol,,, . U BH'HI A 1
1=im+1
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Arpad,

()

N n > (%)m (2 (1+ g) (%)m + g)m + 2 + 4, 00NYOUUOGTE GE dTOTO.
"Apar, TpdyUoTl UTGEYEL T, ,, TETOLO WOTE

6 5 m+1
d (ip,r,span{x;, : 1 < j <m}) > 7 >4 () :

Méver va del€oupe 6Tt

m+1
d (xijoyspan{xij J#jJo, 1 <j<m+ 1}) >4 <>

YL xocﬁs m. Hpdypott, éotw 1 < jo < moxaw A,y Njo—1, Njot1s -+ -5 Am, pp € R

< Jo <
|| <2 (%) t61e and v (6.1.5) Exoups ot

Ti;) — <,uxim+1 + Z )\jxiJ) Tij — Z A i Ti;

J#3jo J#3j0

Q) )

/

- ‘/’l"|‘$im+1”

m /7 7 4 4 7
Av |pl =2 (%) , TOTE amd TNV EMAOYH TOU Z;,, ., TEOXUTTEL OTL

Ti; Aj
Tijy — ('u‘rim+1 + Z Ajl‘ij) Lippy1 — (/jo - Z /jl'lj) |

J#Jjo J#Jo
Zpl-=22(=-] —-=4|< .

(5 m+1
d(xijo,span{:vij 2 J # Jo, 1 <j<m+1}> >4<8) .

= |l

"Eneton 67t

Enoyoywd ouunepaivouue 6Tl av T0 v €lvol 0pXETE HEYAAO TOTE UTERYOUV Xy, - . . , L4, TETOLO OOTE

s\ *
d(aczm,span{a:z] J#Jo, 1 <j< k}) (8>

yio x&e 1 < jg < k.

Afppa 6.1.4. Eotw ke N ka1 0 <e < 1. EotwneN, X ydpog ue vépua kar xy,...,x, € X
tétowr dote |z;| < 1 ya kdle 1 < i < n kar n (z1,...,2,) va evar (1 + €)-spreading. Eotw
emiong vraxodovdia (xiy, . .., Ti,, ). Oérovue vj = x;; — xi;_,. Tdre n (Ugj)k 1 1kavoroiel to €&rjs:

AvAc Bc{l1,2,...,k} kaia; R, je B, yezjeB|a]| =1, tdre

Z a;U2;5 Z a;V24

jeA jeB

1+5

z 7 z z
omov to Oy, efaptdrar uovo ané to n xkar o, — 0.

n—0o0
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Anodegn. H anddeiln etvon avdhoyn tng anddeing tne Hpdtaong 5.4.6 pe xatdAinieg tpomonot-
fioewe. ‘BEotw A B {l,... k} xua; €R, j€ B, ye X ;cplaj| = 1. To xdde m € N op{fouye
OLXOYEVELL {Uj}§:1 UTooLYOALY Tou {1,2,...,n} ye Tic axdhovdec WIOTNTES:

(i) Av j1 < j2 t61€ maxoj, < minoj,

(i) Av je A tote |oj| = 2, éotw 0 = {rj1,7j2}

(iii) Avje BN Aot |oj| =m+1, éotw 0 = {rj1,...,"jm+1}-
Eqéoov 0 {z;}}_; eivon (1 + ¢)-spreading €youpe 611, yia xdde 1 < s < m,

Z a;v2j | -

jeB

< (1+¢)

Z aj(':ETj,Q - $Tj,1) + Z aj(xrj,sﬂ - ':ETj,s)

jeA jeEBNA

m(l+¢)

D, a2

jeB

Z aj xr] 2 xT’j,l) + Z aj (:Brj,erl - :ErjvS)

m
s=1|jeA jeEBNA

m
m Z aj(xrj,z - ij,1) + Z Z aj(ij,s+1 - xrj,s)

jeA s=1jeB\A

= ‘m Z aj(Tr;, — ;) + Z aj(Tr; iy — Trjs)

jeA jeBNA

Z ‘aj|”‘r7"j,7n+1 = Trj, H

jEBNA

=

\%

m

Z a’j(ij,m+1 - ij,l)

jEBNA

Z a; (‘TT]',Q - ijJ)

jeEA
Z a;v2j

JEA

e S
JeEA

\\/

1+5

\Y

)

onAad”

(1+¢)? (1+6)

D, ajv2;

jeA

Z @5 V2;

jeB

To néco yeydho m umopolue vo mdpovye e€optdtal and To OGO Ueydro clvar 1o n. Enopévec,
€youpe t0 {nToluEvo. [

ITpoétaom 6.1.5. Eoww e,§ > 0 ka1 k € N. Trndpyet Ny = Ny(k,6,¢) € N, nov efaprdrar povo

aré ta €,6 kar k, téroog dote av X xdpos pe vépua, n = N kar z1,...,T, € X pe ||z <1 yua
kdOe 1 < i < n kat ||z — xj| = 0 ya kdOe i # j, tére vndpyer vraxodovldia x;,, .. ., 4, TéTowW
aate n axolovllia v; = T, — Ty, 4, 1,...,n va elvar (2 + €)-unconditional.

A7n6dely. Eotw e, € (0,1) xou k € N. 'Eotw enlong €1 > 0 mou Yo emdeyel xatdhinho.

Ocwpotpe Ny € N tétolov Gote 6, < e134 (é)% v xde n = Na. Oewpolue eniong N3 =
N3(2E, d) 6mwe oto Aupa 6.1.3, Bn)\a&q yiot xozﬂa n = N3 XL Y1, . . . , Yn, OE XATOLOV YWEO UE VOPUA
X umdpyel unaxohovdiol yi, , . . ., Yi,, TETOLL OOTE

o S\
d (yijoaspan{yij :j ;é .70}) > 4 <8)
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v xée 1 < jo < 2k. ©étoupe Ny = max{Na, N3}. Téte o Ny == N(Ny,d,e1) énwe oplotnue
otV Hporcxon 6 1.2, éyetr tic Intolpeveg wiotnree. Ipdyuatt, éotw n = Ny, X yopog ue vopua,
Z1,..., &y € X tét0100 HOTE |73 < 1 0o |z — x5]| = 6 v xdde i # j. Tote obugpova pe vy
Ipéraon 6.1.2 undpyet unoxohoudia yi, . .., Yy, TS {z;}1_ |, n omolo elvon (1+¢71)-spreading. ‘Apa,
n(yi,..., yN4) Eyel Tig e€Ng LOLOTNTES:

(o) Jyill <1 yiondde 1 <i < Ny.
B) H (y1,---,yy,) eba (1 + e1)-spreading.
(v) llwi =yl = 0 v x&de i # .

Egbcov Ny = N3 undpyer unoxohoudiol (Yiy, - . -, Uiy, ) WOTE

) ) 6 2k
d (yz—jo,smn{yij 1] # Jo}) >4 (8>

yio xdde 1 < jo < 2k. Emniéov, and to Afupa 6.1.4 éyouvue 6n vy xdde A < B < {1,2,...,k}
xoua; €R, j€ B, ye X ;cplaj| =1 oye

(6.1.7) Z a;jva; (1+e1) Z a;va;| + Ony,
jeA jeB
OTOV Vj = Yi; — Yi;_,-
Egbcov Ny = Ny €youye Ot
1 [(8\*

Enione, napotnpodue 6t yia xdde a € Spze, av |aj,| = maxi<j<or |aj], ToTE

2
k o

2 Y iolisy + D A5 Yisy + 2, 2. Jii

j=1 J#jo j#jo 70

5 2k 5 2k 1 5 2k
>lapld (=) = > 4(2) .
204 <8> e, fag 14 (8) o0 (8)

Anb v (6.1.9) énetan 6Tl v xdle aj € R, j € B, ye ZjeB laj| = 1, oylel

(6.1.9)

= |aj0|

(6.1.10) Z a;v2;5| = Z aj(yizj - yi2j71)
jeB jeB
2k 2k
CLJ' 1 1) 1 1)
=2 Z ?(ym - y'in—l) 2ﬂ4 (> = E4 <8 ’
jeB

Ané e (6.1.7), (6.1.8) xou (6.1.10) éneton 6t yio A < B < {1,2,...,k} xaw aj € R, j € B, pe

ZjeB laj| = 1 woyvet

D ajvz

JeEA

1+51

Z a;5v2j

jeB

+ &1

Z a;v2j

jeB

9

2, a2

JeEA

< ((1 + 81)2 + 51)

Z a;U25| -

JjEB
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‘Eneto 6t vy xdde aq,...,ap € Rxow A< B < {1,...,k} woyle
2 a;jva; 1 +e1)%+ 51 Z a;jva;
JeA jeB

Yuvenwe, 1 {vgj};?zl etvor 2 ((1 + £1)% + 1)-unconditional. Av emiéZoupe €1 > 0 apxetd wixpd
wote 2((1+e1)?+e1) <2+e, t6te 1 {v25 };‘?:1 eivon (2 + £)-unconditional. [ |

6.2 Bomnintxd anoteréopata

Optopog 6.2.1. Eoww X yopoc pe vopuo xou ¢ = 2. XupPoliloupe Ue ¢4(n), tn wixpdtepn
otadepd C' > 0 pe v WBLOTNTA

n 1/q q\ 1/q
() (e[S ]
i=1

Ipétaom 6.2.2. Fotw2<q<q, <0 ka1l <a<gq (% — qi) Tére,
X

n

2, it

vy x&de z1, ..., x, € X.

a

n
lim ———— =0
n—c ¢g(n)
EmmAéov, av q,, = o0 tdte ya kdOe ¢ = 2 ka1 kd0e 0 < a < 1 wylea
na
lim = 0.
n=o dg(n)

H anédeien tne npdtaong Yo Bactotel otor mapaxdte 600 AT,

Adppa 6.2.3. Fotw X ydpos pe vépua xar q = 2. Tote ya kdle n, m € N woyve

Pq(nm) < ¢g(1)¢g(m).
Anladn, n ¢4 elvar vroroAAanAaociaotikn.

ATn6dely. Eotw X yodpoc pe vopua, {z;}M otov X xou {€; )17 ovuuetpixée Tuyaiec petoaBAnTéc
Bernoulli oto ydpo mdavétnroc (2, A, P). Oélouue va deioupe 6Tt

nm 1/q q\ /g
<Z |$i|q> < ¢g(n)pg(m) (IE ) .
i=1

jm

Y = 2 €.

i=(j—Dm+1

nm

2, i

i=1

[No 1 <5 <n 9étouue

Torte, 10 y; = y;(€) etvan tuyado petoPinth ye tpée otov X. 'Eotw {e _, oupeTEéS Tuyaieg
vetaPBintéc Bernoulli otov (2, A,P), ot onoleg elvon aveZdptnree perociu TOUC AAAG oL amd TIC
{ei}7]. Tore, n €je; ebvon wobvoun pe Ty €. Ao Tov oplopd TN otadepde dq(m) éxoupe

A 1/q , a\ 1/q
jm jm

Yo lzlt) <gg(m) [E| Y e = ¢q(m) (Ellyi()|)",

1=(j—1)m+1 i=(j—1)m+1
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oot
jm
Y il < ¢fm)Elyi(e)]”.
i=(j—1)m+1
Emouévoc,
nm n
(6:2.1) 2 il < ¢d(m) D Elyil.
i=1 j=1

Evé and tov oplopd tng otaldepdc ¢q(n) €xouue

n 1/q
(S <o
j=1

q> 1/q

n
> €ys(w)
j=1

n
D€y

Jj=1

oot
q
dP(w).

q

Dyl < ¢L(n)E
j=1

n
/
Z €5Yj
7j=1

o) |

"Encta 611

DIEly9=E ) y;(e)|” = f D () |7dP(w)
j=1 j=1 Q=1

dP(w')dP(w)

< ¢§(n) > €Wy (W)
QJQ
dP(w')dP(w)

—am [ [1%Y dehaem

- o4 |

q

Z e (wei(w)z;| dP(w),

j=li=(j—1)m+1

S1oTL oL € xou €; ebvon aveZdptntec. Egdoov 1 €)e; ebvon 1odvoun pe Ty €, N Topandve ToodTnTo:
lco0ToL YE
n jm nm q
¢?(n) f DY | dP(w) = ¢Un)E| > e
Q=1 i=(j-1)m+1 i=1
YVVETOC,
n nm q
(6.2.2) DByl < ¢4(n)E | e
j=1 =1
Ané nc (6.2.1) xou (6.2.2) éneton 611
nm n nm q
D Il < 6im) Y Elyill? < oi(m)gd(n)E | Y e
i=1 j=1 i=1
oot
nm 1/q nm a\ 1/a
(Z |$i|q> < ¢q(1m) g (1) <E D it )
i=1 i=1

Enouévg, mpdypatt, ¢q(nm) < ¢q(m)dq(n).
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1_1

Afppa 6.2.4. Eoww 2 < g < r. Av vndpyetm € N, pe m > 1, wéroog dote ¢g(m) < ma 7,
ToTe ¢ < T
ATnodelly). Ou delloupe 6Tt Cs(X) < o0 vy xde s > 7. Aclyvouue apyixd tov axéhoudo
Loy UELoUO.
Ioyvpoude: Trdpyer C = C(m) > 0, této0 Gote yia xde n € N woybet
1 1

¢g(n) < Cna v,

ot
¢q(n)

< .
nl/q = nl/r

AnédeiEn tou woyvplopol: Apyixd TopatneolUe 6T and Tov oplopd NG N ¢q(n) elvan adouvoa cu-

vdptnon tou n. ‘Eotw n € N. Egécov m > 1, undpyet axépouog k = 0 tétolog oTe

m’g <n< mkH.

"Apa, and to Afpua 6.2.3 Eyouue

"Apa, 0 woyuptopog arndedel yiao C = m. O

‘Eotw thpa § > r xou 1, ..., 2, € X. Mropolue vo unodécouye 6t [x1| = ... = |z, . Tore,

q 1/q< c . q\ /g
= kl/r ’

Emmiéov, amd v opyr| TS CUCTOAAC YLl TIC €; CUUTEQOLVOUNE OTL

a\ 1/q
il < S (B[S ez |
k.l/r

n 1/s o Ya /o 1 1/s
(2 |=’EkHS> <C <E ' ) (Z ks/r) :
k=1 k=1

1/s
L ) = ¢1 < 0. Enlong, ané v avicétnta Kahane éyouue

v xdde 1 < k < n,

k

2, it

i=1

k

2, it

i=1

1 vey
— A il 1 el
|lzx| = llgilélk i < (k‘ 'LZ:I il > < k1/q¢q(k) (E

AOY® TOU LOYUELOUOV.

YuveEnoe,

i=1

Egbcov s > r, éyoupe 6t (Zzozl

ks/'r
ot s
n a\ 1/q n n 2\ V/
E Z €;%; < KqE 2 €T < Kq E Z €T
=1 =1 1=1
Telxd,
1/2
N 1/s " 2\ 1/
Z Hl‘kHs <c |E 2 €T ,
k=1 =1

émou ¢ = cc1 Ky otadepd mou dev e€aptdtar and to n. Apa, Cs(X) < ¢y < 00 xaw cuvends o X
€yeL cotype s. |
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Andédeln tng Ipdtaong 6.2.2. Eotw 2 < ¢ < ¢, < 0xu 0 <a <gq (% — i) Av
1 1

unovéoouye (mpog dtomo) 6t ¢y(n) < n? X vy xdnowov n € N té1e undpyet € > 0 €010 dhote

2<qg<qgy —€xu
1 1

¢q(n) <n? x°

yioe To (B0 n. Ao to Afjupa 6.2.4 cuunepatvouue 6Tl ¢ < ¢ — €. ‘Atonto. Apa, yio xdde n € N

Loy Vel
Pg(n) = ”% q;
Enopévec, ( < > )
ne n 1 q %*i —a
x = - —>0
dd(n) s nq<; q;) <n>

dwbtia<q(:—-21).
7 ax
Av g, = 00 10T Yoo xde 2 < ¢ < 0 xau Y xdde n € N oy et

dg(n) = n'a.

Mpdypott, av ¢g(n) < n'/9 yio xémotov n € N t6te undpyet ¢ < r < 00 opxetd peydho Hote

1 1

¢g(n) <ma r.
Enopévwe, and 1o Afuua 6.2.4 da loyve ¢, <7 < 00. Atono. Apa mpdyportt
¢q(n) = nt/d

v xdde n € N xou yioo xdde 2 < ¢ < 00. And v Gk, Tévta woylel ¢q(n) < Y4 dibt yio
21,22, .., Tpn EYOVUE

n 1/q n q\ 1/q
Dl )] <nMt max | <V E|) g
-1 I<isn -

amo TNV oYY TNS CUCTOANG YL TIC €. LUVETWS, TEMXE O QUTHY TNV TERIMTMON €)Y OUUE

¢q(”) =nl/d
yio x&de 2 < ¢ < 0.
Tote,
n? n? 1\
- (= —0
¢g(n) n (n>
vy xdde 0 < a < 1. [ |

IMapathenon 6.2.5. Mdiota, puropel vo deiel xavels 6Tt Yo 2 < ¢ < g, < 00 oy Vet

i B%(m) 1 1
n—w Inn q gy

1 1

Hpdryport, and Ty aviodtnta ¢g(n) = n? % énetou 6Tl

1 1 1
liminfw =z - — —.
n—oo  Inn q gy
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Ané v GAAn, av r > g, 1tOt€e 0 X €yel cotypte r xou omd TOV 0plopd TOU ¢g(n) undpyouv

T1,...,Ty, € X TETOL OOTE
q\ 1/q n 1/q
) < (Z H%Hq>
i=1

n
2, €iti
i=1

%d’q (n) <E

r> 1/r

Ané v avicdtnta Kahane, n nponyoduevn nocdtnta etvon pixpdteen 1 ton and

n q\ /g
CTKT (E 2 €;T; ) .
i=1
Emopévec
pg(n) < 2CTKrn% %,
oot
Ingg(n) 1 1 2C.K,
Inn q Inn ’
onAad”
lim sup bq(n) E — 1
n—00 Inn q T

To r > q, frav TUYOV, CUVETWS

limsup ———= < — — —,
n—00 Inn q gy
oL TEALUS |
1 1
lim 2™ bq(n) =
n—w Inn q gy
[No g, = 00 €youe,
iy P6a(n) _ I nl/a 1
im ————~ = 1i —
n—w Inn n—w Inn q

v xde 2 < g < 0.

6.3 Amndédelln touv Jewpruatog

H anédeiln tne cotype neplntwone tou Yewpruatoc Maurey-Pisier Yo Baciotel otnv axdrouvidn

TEOTUOT).

IMpbétaom 6.3.1. Trdpxovv v, C > 0 ka1 0 < 0 < 1 térowr dote, av X xwpo§ ue vopua kai
gy > 2, ©te e kdOe € > 0 ka1 e kdOe ny € N vrdpxowv y1,v2,...,Yn, € X Tét012 DOTE

(i) 1 =0 <yl <1, ya kife1<i<ng.

(ii) H akodovdia (yi,...,Yn,) €var (1 + €)-spreading kar C-unconditional.
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(ii) Ia xd%e A < [n1] ={1,2,...,n1} wxlea

Zyi

€A

<y |A]Vox,

ATnodelly). Apywxd mopatnpolue 6t av 1 (21, ..., 2,) civor C-unconditional, téte yia A < [n],

2 | SC|), ey

€A €A

<C<E

Enouévwe, v v andédeln tne Hpdtaone 6.3.1, Beloxouue apyixd 1,...,2, € X ye 1 =46 <

<C

v xdde € € By Yuvemac,

o

€A

< CE

2, it

€A

2, Gt

a\ 1/q
> vio x&de g = 1.
€A

|i]l < 1y xdde 1 <@ < n, térow dote v xdde A S [n] va toydel

q\ /g
Zeiazi ) <61|A|1/qx

i€A
yia xdmolo otodepd ¢ > 0. ‘Emeita, exyetodievduevor tny Ipdtaon 6.1.1 xou tnyv Ilpdtacn 6.1.5

(6.3.1) (E

odnyolpacte ot axohovdia (yi, ..., Ym) 1 onola etvor C-unconditional yio xdmoto otodepd C' > 0
xau (1 4 €)-spreading, xou ixavonotel v (6.3.1). Téte, obugpwva ye Ty Topandve tapathenon o
€Y OLUE

Zyi < v]A|YIx v xdde A < [m).

€A

Hpoywedue otny anddeln tne Ipdtaornc.
‘Eotw X ywpog ye voppa. E&etdloupe mpwta tnv nepintwon g, < 0. Eotww € > 0. 'Eotw
emlonc ko € N xou 2 < ¢ < ¢, 7o onolot Yo emheyolv xotdhhnho, xou N = N(ko,e) omwe

=4

otny Ilpbtaon 6.1.1. Oétoupe a = § (l — -1 )

¢ ax
Av n e N, and tov optoud tou ¢4(n), yio xdde e1 > 0 vndpyouv 1, ..., 2, € X tét0WH (DoTE
n 1/q n a\ 1/q
(6.3.2) PNEZE > (1—e1)gg(n) | E|D. ez .
i=1 =1
MrnopoUue vo utodécouue 6Tt max [xi] = 1, 86T o€ BLopope Tt TERIMTWOT UTOPOUUE VOL OV TIXATO-
<i<n

OTACOUUE To T UE ToL 57, Omouv M = max |i]|. Emiéyoupe n € N tétowo dote n® > N = N (ko,¢).
<is<n

Yn ouvéyela, dapepiloupe TN povadiola umdha By tou X ot «0axTuiougy:
Bij={reBx:(1-8) <z <(1-6""}, ywwj=12,...

omou 10 0 < 6 < 1 Yo emheyel xatdAAnAaL.
Enlone, vy j =1,2,..., optlouye

Aj:{iEN:xiEBj},
nan yioe xde ¢ € A Yétoupe

T

(1—0) 1

€T, =
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Téte, 1 — 6 < || < 1y xdde 1 <i<n.

Ytoyoq pag ebvan vo Bpolue xdmowo j € N tétolo wote 10 A; va mepiéyel utochvoro A ue

Touhdytotov N ototyeia xan ue Ty WdTNTa Yo xde T < A tétoo dote |T| < ko vo toyvet

q\ 1/q

E Z Eii‘i

€T

(E

ONAaoN,
D €l

el

< CO|T|1/qX)

q) 1/q

T|ax

< ¢

yia xdmoto otadepd ¢g > 0. BePaiwe, elvon onuavtixd va umopolue var To TETUYOUUE YLoL XATOLL

amohuTn oTodepd cg > 0 mou dev e€aptdton 0UTE and TO g 0VTE AMd TNV EMAOYY TOL ko.

I xdde j € N doepiCoupe 0 A wg e€rg:

o Av |Aj| < n® tote Vétoupe Ajo = Aj.

Av |Aj| > n® t6te Jewpolpe Aj1 S Aj pe |Aj1] < ko této10 dote

q\ 1/q
a\ /4 )
(E Z €T ) E ; €iTq
max ieT _ €451
TcA, |T|Max |Aja|Max
|T|<kqg

xou opilouue Cj1 = Aj N\ Ajp.

o Av |Cj1] < n® tote Hétouue Ajg = Cj1.

Av [Cj1] > n® t6te Yewpolye Ajo € Cj1 pe |Aj2| < ko této10 Hote

a\ /g 7\ M
(E Zez’i'i ) E Z €T
€T . 1€A;j 2
TG T |V ax |Aja|"1x
T\ <kg

xou opiloupe Cjo = Cj1 N Ajo = Aj N (Aj1 U Aja).

e Yuveyilouye opolwe péypt yia xdnowo mj € N va woylel |Cj ;| < n?. Tote Vérovue Cjm; =

A‘%O

Enione ouuPBoiiCoupe ye Cjo t0 Aj.

’, Z 4 m; Z ’,
Yuvenog, éyouue dopépton {Aj ¢}, Tou A; téTol dote

mj
Ay =400 A,
t=1

xou yloo xdde t = 1 1o Ajy ebvan tétolo dote Ajy

|Aj,t| < ko nou
(E

D €l

el

c

q) 1/q

Cii—1 = Aj ~ Uiz Ay pe [Claaa] > 0o,

q\ 1/q

> €y

’iEA]"t

E

TQCj’t71
|T|<kg

T|ax

| gl



6.3 AIIOAEIZH TOY OEQPHMATOY - 109

‘Eyoupe tehxd ty &g Swopépton tou {1,2,...,n},
o Mmy
{1, n}—UAJouUUAJ,

Jj=1t=

And v avicdtnta (6.3.2) unopolue e0xola va cuvdyouue 6Tt Yo xdmoto Ay vy j = 1 xan

t = 0 woylel

q\ 1/q 1/q

E| > e <c | X Jl”|

iEAj7t iGAj,t
HOL GUVETOC
q\ /g
. 1
E Z €;T; <C()’Aj7t| /a

Z'EAjyt
yioe xdmotor amohuTh oTordepd ¢ > 0.

QQoTt600, TEY Beloupe auto, Yo Félaue va ano@lyouue TNy Tepintwon to ¢ va eivon 0. Aniody,

Yo det&ouye OTL
q\ 1/q 1/q

E| ) e <co | D Jal)?

iEAj,t ’iGAj’t

yioe xdmotor j = 1 xon t = 1. Av 8et€oupe awtd, t6te yio xdde T < Cj 41 pe |T| < ko woylel

o~ 1/g q\ 1/q
ieT i€Aj ¢
< <c
[T[ox [Agalox

[Mo v To methyoupe autd, expetarhevopacte Ty Hpdtaom 6.2.2 xou amodetxvOoupE tLol avIoOTN T
avéhoyn tne (6.3.2) otny onoia Bev utdpyer o «xaxd pépocy | J;Z; Ajp.

©étoupe D = U;Ozl U/ A ={1,2,...,n} U;’;l Ajo.

Ioyveouoc 1: Trdpyel ng € N tétoloc waote, yia xdde n = no,

q

2 il > (1 —en)* g (n)E

€D

2, i

€D

)

6mov T z; gbvon 6nwe oty (6.3.2). Emmiéov, D # .

Anddeln tou woyuptopol: ‘Eyouue 6Tt

Z il = D el + Z > il

i€D j=1li€A;jo

‘Opwe, av i€ Ajo S Aj tote || < (1 —6)771 xan dipat

0

0 o0
a 1
(6.3.3) 2 S e < Z Ajol (( ;n (1-6)1=D = p T

j=1 EA]O j=1
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Yougwva ye v Hpdtaon 6.2.2 €youue

na

lim ———
n—w® ¢g(n)

Enouévwe, undpyel ng € N tétolo wote, yio xdde n = ng,

=0.

n 1

¢g(n) 1 — (1 —4)

Emniéov, and tny opyn Tng oUCTOAAC €youle OTL yia xdde 1 < i < n oylet

n q
E 2 €, L5
=1

(6.3.4)

< 61(1 — El)q.

il <

YUVETOC,

n q

2, i

=1

(6.3.5) E

> max |z;|? = 1.
1<i<n

Ané Tic (6.3.3), (6.3.4) xou (6.3.5) éneton 6TL

q

n
2, it

=1

n
Dzl < Y ] + dg(n)er(1 — 1) E
i=1

€D

Ernopévac, and my (6.3.2) oupnepoivouye ot

n q

B2 e

n

2, i

=1

(6.3.6) D] = (1= e1)%¢(n — ¢4(n)er(1 —e1)'E

€D

n

B2 e

— (1-=)™64(n

Ané v apyf e ocuoTolic Y tuyaies petafintéc Bernoulli, epbéoov D < {1,2,...,n} éyoupe

E Z €;X;

€D

oTL
n q

q
E Z €;X;

=

Emouévee, tehind woylel 6Tt

q

Dzl 1= (1 =)™ UE| Y e

€D i€D
onAadt akndelel o woyLelouoS.
Eniong, onéd g (6.3.5) xou (6.3.6) éneton dueoa 6t D # . O

Msrovopoc(oups oe {Ds}1% v owoyével v ouvohev {Aji}iz1, 1 < i < mj. Torte,
D = | Ds. Hpoywpdpe pe tnv onddelln tou oxdhoudou 1oyuplopou.

Ioyuptopoc 2: Edv emhé€oupe €1 > 0 opxetd uixpo, ToTe yio xdmoo 1 < s < my, 1oy Vel

q\ /g 1/q
(E ) <2 (Z ||l‘i||q> .
€Dy

2, i

€Dy
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Anédeiln tou woyveiopol: o 1 < s < my, opllovue

us = ug(€) = Z € T;.

€Dy

mo

To us elvon tuyodo petafAnth pe twéc otov X. ‘Eotw {€,}7% ouppetpixéc tuyaiec petafntéc
Bernoulli ot onoleg elvon aveldptnte yetadd Toug ahAhd xou outé e {&} ;. Xuvende, yio xde
1 <i<nxul<s<m,nee, evon ouguetpnd tuyoio petaBints Bernoulli xou dpo tobvoun pe
my €.

Ané tov oplopd tou ¢gg(myg) €xoupe 6Tt

mo 1/q mo a\ /g
(Z |Usq> < ¢q(mo) (E 2 CATR ) ,
s=1 s=1
oot
mo mo mo q
Dllus? < ¢ Z ehus| = ¢ mo)f D€ (w)us| dP(w).
s=1 s=1 Q=1
Enopévac,
mo q
B us? = f Z s (w) ]| dP(w) < ¢2(mo) W ug(w)| dP(w')dP(w)
s=1
a(mo J f Wei(w)x; d[P’(w )dP(w)
5= 11€D
q
J Z Z (w)z;| dP(w),
s=14ieDs
Suotu ow {e;}iy wan {€,}or0 ebvon aveZdptntec. Tdpa, epdoov | Ji) Dy = D xau 1 €€, efvon tobvoun
UE TNV €, 1 TOPATAVG TOGHTNTA LOOVTOL UE
q q

syima) [ |3, eitw)a

€D

dP(w) = ¢f(mo)E

2, i

€D

And to mapomdve xou tov Ioyuplopd 1 mpoxdntel 6Tt

E; Jus| < ¢3(mo)( q+1¢q Z i

zeD

7 7 / Z ’ ¢ (m()) z Z
And 0 yovotovia Tng ¢g %o EQOHGOY My < N EYOUPE OTL (Zq(n) < 1. Ernopéveg, av emiéZouye

€1 > 0 w1010 HOTE ﬁ < 2, t6te W < 29 ondTE, CUUPWVOL UE TO TUPATEVE),

mo mo mo
DI Eusf =B Y Jus? <29 ) T =27 ) Y [l
s=1 s=1

€D s=14eD;

‘Apa, utdpyet 1 < s < mg tétol0 OoTE

Ellus|? <27 ) ]9,
i€Dg

q\ /g 1/q
) <2 (Z IIwillq> ,
€Dy

onAad”

2, i

€Dy

(E
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EMOPEVWS, TEAYUATL, LoYVEL O LOYUPLOUOS. O

"Eotw howmdv 1 < s < mg t€T010¢C (OOTE

q\ /g 1/q
(E ) <2 (Z ||a:z-||q> .
i€Dg

q\ Vg 1/q
> e ) <2 (Z ||55i||q) < 2|Dy|Y.

€Dy i€Dg

2 iz

i€Dg

Tote,

(E
1_ 1 11 1_1

3 : ' a 4 A . , i a q
Enéyouue q < gy, tétoo Gote ky X < 2. Téte ewéoov |Ds| < ko, éneton 6t |[Dg|? x <k, "X <2
wou emopévac | Dy Y1 < 2|D4|Yix . Aga,

)1/11
< 4.

(E
To Dy towtiCeton pe xdmowo Aj;, v xdmoto j = 1 xan 1 <t < mj. Yuvenwg,
1
a\ 1/q o~ 1/g
_ €T
|Ds|1/qx TSCj -1 |T’1/qx
|T|<kg
Anhadh, av Véocovue Ag = Cji—1, 1€ |Ag| > n® > N xou v xdde T < Ag pe |T| < ko toybe
1
o~ 1/g ) q\ 1a
<E Z €T > E Z €5
ieT < i€Ds <4

’T‘l/qx = ‘Dsyl/qx
Enouévoc, yia xéde T < Ag pe |T'| < ko woydet
a\ Ya
) < 4|T|Vax

Ané v Hpédroon 6.1.1, epdoov |Ag| > n® > N, undpyouv i, , Tiy, - - - s Bigy HE U1, .50k € Ag

D €T

€D
| Ds| Yax

D €T

i€Dg

el

(6.3.7) (E

TéTola WOTE ElTE
(@) N (&4, Ziy, -, By, ) €bvon (1 + €)-spreading

7
elTe

(B) csvVko <E

j=

‘Opwe, and vy (6.3.7),
ko

2 ity

j=1

E < 4k
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Yuvenog, av woylet to (B), tote

ko

2 i,

j=1

cs\/ko <E < 4k

onAaodt

a4
ko < —.
Cs

Opwe, 1 —-L > 0 xu enopévoc av emhéZoupe ko apxetd peydho t6te N mepintwon (B) omoppinteTor.

Ix
Tehodd, undpyouy iy, Tig, - - -, Tiyy PE i1, -, Tky € Ay, érow wote n axohovdia (L4, , Tiy, - - - ,:i"iko)
va etvon (1 + ¢)-spreading. ©¢tovue By = {Zi;, iy, .-, Liy }. 1IN OLVEYELL, EXPETUAAEUOUEVOL
v Ilpdtacn 6.1.5 Ya odnyndoldue oe axohoudia mou Va €yel emmAéov Ty WLOTNTA Vo ebvon C-
unconditional.
2qX
’ L ’ ’ ’. ’ ’ 4 qy —2 ’

Ioyuptopocg 3: 'Eotw B tuyoloa undha oxtivag 8. Yrdpeyouv to mohd (1—735) X 7 otoyelo g
axohoudiog Ty, Liy, - - -, Ly, WEOX TNV PndAoL B.

Anddelgn tou woyuptopol: Oewpolue wa undha B axtivag 8, m € N xa Stoaviouata 21, 22, . . ., Zm €
By = {&iy, Tiy, - - - ,iiko} ol HOTE z; € By xdle 1 < i < m. And to Yedpnuo Hahn-Banach
undpyel ¥ € X* tétoio wote ||z*| = 1 xaw 2*(21) = ||z1]]. E@boov z; € B, éneton 6t |2 — 21| < 26

v xdde 1 < i < m. Emmiéov, |zi] = 1 — 8 and tnv xataoxeur v ;. Yuvenag,
|2*(2:)| = |2%(21) — 2™ (21 — z)| = 2™ (21)| = |2* (21 — 21)| = |21] = [2*|26 =1 -6 — 25 = 1 — 36.
And v avicdtnta Holder |y xdde a1, az, ..., am € R xou ¢ = 2 woylel

a\ 1/a m 1/2
(IE ) > |E = (Z |ai]2> .
=1

9\ 1/2

m
2, aic
=1

m
2, i
=1

Emouévoc,
m a\ m 1/2 m 1/2
(E Dt (z) ) > (Z ]a;*(zi)|2> > (Zu —35)2> = (1 —38)y/m.
i=1 i=1 i=1
Amb v (6.3.7), epbéoov m < ko xau {21, ..., Zm} S {Ziy, iy, - - -, iy, } S Ao TpoxOTTEL 6T

m

Z ex™(2;)

q\ 1/q
) < 4mtax
i=1

m q\ /g
i=1

(1 —38)/m < 4m!/ax

()

WO GUVETC

m
2, i
i=1

"Apa,

onAad

"Apo ahndelel o oY LELOUOS. O
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2qX

Eméyoupe § = & xau Vétoupe M = 89x -

. Tore, obugpova ye tov loyuploud 3, vrdpyouy to
TohO M orouyeia e {z;; }fozl o€ o Ui axtivac &

Ioyupopde 4: Trdpyer C' S By = {Ziy, iy, - - -, Ty, } U [C] = [kMOJ Tétoo Hote ||z — y| = 1/6, v
xqwe z,ye C ye = # y.

AnddeEn Tou wyupiopol: Hpdypatt, Yo Beotue C' = {21, ..., zm, } € By ue m1 = |52 nov éyer

T {nrovpeveg wotntee. Kotaoxeudloupe 1o C wg e€ng: Emiéyovue 21 = 2;,. Xlugpova pe
Tov Ioyuplops 3 undpyouv to mohd M orotyelo Tou ouvéhou By = {Zi,, Zig, - - ., iy } 0N undha
B, (1/6) = {z e X : |z — 21| < 1/6}. Xuvendx,

‘BQ N Bz1(1/6)‘ = ko — M.

Enéyoupe z2 € By \ B, (1/6). Téte, |22 — 21| = 1/6. Buveyiloupe opolnc.
Y10 teheutaio Brua €youue

ki
|Bo ~ (B:,(1/6) U ... U B, (1/6))] = ko — (m1 — 1)M > ko — MOM = 0.

Eléyoupe zm, € By~ (B, (1/6) U ... U Bzm171<1/6))~
Tore, |z — 2| = 1/6 ywxdde i # 7,1 <1i,j <my. 0
Exuetarievduevol tov Ioyupiopd 4 unopolue va egapuocouue tny Ilpdtaon 6.1.5. Emiéyouue
ko apxetd yeydho woTe k—]\j} > Ni = Ni(n, %, 1), 6mou t0 N ebvan 6nwe oplotnre oty Ilpdtaon
6.1.5. Téte and tov Ioyuptoud 4, undpyouy 21, ..., zm, € By tétowo HOTe ||z; — z5]| = 1/6 yio xdde
i # j, 6mou my = [k—]\}}J > Ni. Buvenog, olpgova pe ty [lpétacn 6.1.5 undpyouy 2iy,. . ., Zig,,
TETOl MOOTE 1) axohoudia

Vj = Zig; = Rigj_1

ve ebvor 3-unconditional. Emmhéov n {v;}iL, eivou (1 + ¢)-spreading, st 0 {z;};2 ebvou (1 +¢)-
spreading, o yio xéde 1 < j < ny woydel [jvj| = 1/6. Opilouye

Yj

yj = 57 1 < J < ni

Tore,
I it T L R LS
lusl 1/
vi| _1/6 1
| = =5 > = = —,

Arodi,

1

- <yj| <1y xdde 1 < j < ny.
H {y;}7L, eivou (1 + ¢)-spreading xou 3-unconditional. Emnhéov, yiot xdde A S [n1] xou yio xdide
€1,€2,...,€n € {_171}

<3

>y

jeA

D€

jeA

Y

Ol GUVETLC

< 3E

N

JEA

>

jeA
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Enewor) ¢ > 1, and v avicétnta Holder mpoxinter ot

q\ 1/q
<3(E )

= g <E Z €jZig; — Z €591

jeA jeA

q 1/q+3 . q\ /g
5 .

Ané v (6.3.7), epboov ny < ko, mpoxintel 6T 1) Tapandve ToodTnTa efvon pixpdtepn 1 lon and

< 3E

>y

jJEA

G

JEA

N

jJEA

q> 1/q

Z €jZizj1

jeA

3
< B <E Z € Ziy;

jeA

%4|A|1/‘1X + 24|A|1/%< _ 19 4] Yax |

ni

it wovorotel Tig {NToVUEVES WLOTNTES YE & = 11 v =12 xa C = 3.

Enouévocg, n axohoudio {y; 12

Ity meplntwon g, = 0, emhéyoupe a = 1/2 %o ¢ opxetd peydho wote ké/q < 2. Omnoxg
oty nepintwon ¢, < 0, Beloxoupe clvoro Ap tétoo Gote |Ag] > N xou v xdde T < Ag ye

q\ /g
(E ) < 4.

AxpBie 6nwe mpy, Bploxoupe oxohoudio (Y1, . ..,Yn,) N omola ebvon (1 + ¢)-spreading xou 3-

|T| < ko vou oy et

2, it

€T

unconditional, tétowr dote 15 < [y < 1 xon yio xdde A S [ng] vo toylet

Dy <12
jeA
n
H endpevn mpdtaon eivon pio tenepacév exdoyt| tou Yewpruatoc oTeéBhwong tou James.
IMTpotaot 6.3.2. Eotw X xdpos pe vépua ka1 1, . .., T2 € X térowa dote |x;]| = 1 ya kdOe
1 <i < n? Eow emmdéor éu vndpyer otadepd L > 0 wéroa dote, yia kdde ay, . .., a2 € R,
n2
2 a;z;| < L max |a;|.
. 1<isn?
=1
Tére vndpyour yi, ..., Yn € X pe |yi| = 1 ya kdle 1 < i < n, térow dote ya kdbe aq, ..., an € R
10y Vel
n
Z a;yj| < VL max |a;|
— 1<j<n
]:

Ano6delgn. Oewpolpe tn dopépion {o;}7_; Tou {1,..., n?} 6mou
oj={i:(j—1n+1<i<jn}.

Téte |oj| = n vy xdde 1 < j < n. Awxpivoupe 800 TEQITTOCELS :
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e Trndoyel 1 < j < n 11010 WOTE

Z a;T; \/7max |a|

; ’LEO’
lEG’j
v xdde ay, ..., a, € R. Tote éyoupe to {nrodpevo i {y;}l, = {xz}zeoj
e o xde 1 < j < n undpyouy bjl, ..., bl € R této1 dote

Z blz;| > VL max b]].

ZEO’

€T
O¢touye
J
Zzea b i
J
HZ’LEO’ b i
, b7 | .
Tote |y =1> \Emaxij xou dpo
€0 ‘Zieoj byzi
L‘, , Yo xde @ € 0.
’LEO'J‘ K3
Tote, v xde ay, ..., a, € R oylel

iajyj 2 EZ

= HZ?,EU] bjmz
. b].
< I max llbil
<5<
liejajn Zzea bsz
< . =
< L max Jo| o7 \F = VL max |aj].

Emopévee 1 {y]} _1 wavorolel Ti¢ {NToUUEVES IBLOTNTEC.

Treviuuiloupe v e€hc npdtaon and to Kegpdhato 5.

Ieétaon 5.4.13. Eotw {em}_; pe em — 0 kar { X} axolovdia xdpwv Banach meme-
paopévng didotaons térowa wote o Xy, éxer cotype qo yia kdle m € N ya wdmow 2 < gy < 0,
€ opoduoppo pdyua otnr cotype qo otadepd tous, dnAadr) sup,,ey Cqo(Xm) = M < 0. Tro-
Oéroupe 6u dim (X,,) = m kar Xy, = span{z*, ..., x;m}, drov |2 = 1 kar n {2*}2, evar
(1 4 &4,)-spreading kar 1-unconditional. Yrodéroupe enm/\eoy ot ya kdnow 1 < p < 00 undpyour
otalepés ¢, C > 0 téroies wote ya kdle ¢ > p

n

m
2%

i=1

(6.3.8) c < Cn*P ya ki n € N kar m = n.

Téte 0 £y, elvar tenepaouéva avanapaotdojios oy {Xp}o_ . AnAadn, ya kde & > 0 ka1 kdde
k € N vrndpyouvv dreipa m € N wote va vndpyer Wj}?:l block axolovdia Tns {z*}" | mov efvar
(1 + &)-1w00dbvaun pe Ty ovvidn Pdon tov 5.

Eiicorepa, av X xdpos Banach ka1 X, < X ya kd0e n € N tdte o ), elvar memepaopéva
avarapaotdoog otov X.
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Ocdpenua 6.3.3 (Maurey-Pisier : cotype nepintwon).
Eotw X xapos Banach xa1 gx = inf{qg > 2 : Cg(X) < oo}, T6te, ol elvar nemepaopéva

avarapaotdouog otov X.

Anoédedn. Aloxplvouue TEEC TEPITTWOEL:

[epintwon g, = 2 : IlpoxOntel dueca and to Yewpenua tou Dvoretzky.

Hepintwon 2 < ¢, < 00: Ané v Hpdtaon 6.3.1, yio xdde n € N undpyouv 27, ...,z € X tétow
OoTE

(i) 1-0< 27| <1 ywxdde 1 <i<n.

(ii) H wxohoudia (27, ..., z7) etvan (1 + L)-spreading xon C-unconditional.

(iii) T xdde 1 < k < n woyle,
< v kYix

k
2.
izl

yia xdmoteg amohuteg otadepég 7, C' > 0 xon 0 < 6 < 1.

[ xdde 1 < @ < n Yétoupe
n

x!
Y = -
=R
Tére, |y =1 yio xdde 1 < i < n.
[apatneolye ott, epdoov 1 {x”}” , ebvor C-unconditional xou |2;]| = 1 — 6, yio x&de € € EF
oy Ve
k k n ko on k
x x; C
( ) i_Elely'L i_E]-EZ HfL’?H ; 1—6 5 ;xz 7

5
A6 v Wibtnra (iil) e {2}, xou v (6.3.9) énetan 6Tt

k
6.3.10 < k!x
(6.3.10) g 57
Ané v dAAn, epboov |z]| < 1, éyouue 6T 1 < <7 1"H xou eTopéves omd v (6.3.9) cuurepaivouue
n n 2 n
C C
DI R e DI n|| =1
i=1 i=1 i=1
Anhodh n {yl 37, ebvou %—uncondltlonal
‘Eotww q > q,. Ao tov opopd tou Cy(X) éneton ot
o\ 1/2

k 1/q
kYT = (Z |y§b|q> < C(X)
i=1
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YUVETOCE, Yo xde q¢ > q, €YOLUE

1-6 1
ez )"

(6.3.11) < 5'yk1/qX v xde k€ N xow n > k.

Ané v Hpdtaon 5.4.13 xou tnv Topatrenon 5.4.14 €youue to {ntoduevo.

Iepintwon g, = 00: 'BEotw € > 0 xow m € N.

Yougwva ye tny Hpodtaon 6.3.1, yia xdde n € N undpyouv z7, ..., x) € X té€tola dHOTE
(i) 1=0< |27 <1 ywxdde 1l <i<n.
(ii) H oxohoudia (27, ..., x}) eivon C-unconditional.

(iii) T xdde 1 < k < n woyet,
k

n
2,

Yot XETOLES omé)\\)‘ceg owﬂspég v, C > O wou 0 < d < 1.

©¢toupe y' = . Tote [lyf| =
‘Eotw ar, ... ,an € R. Egboov 7 {3:?}:‘:1 elvar C-unconditional €youue
Yot = | Sy < 155 | o oot
a; | = Z a; max |a;|x]
: i ‘ Zl—d \1—(5 1<isn !
=1 =1 =1
=Li:ﬂ" max |a;| < C’ymax|a|
1-96 AIZ 1<isn ! 1—-9 " 1<ign !
1=
Ocwpivtac n € N apxetd peydho xou epappdloviac xot’ enavdinn ty Hpdtaon 6.3.2 (dedopévou
1/2n
oTL (%) — 1) ouunepafvoupe GTL LTEEYOLY 21, . .., 2m € X UE |2 = 1 tétowx dote
zill < (1+¢€) max lai|, yw xdde ai,...,am € R.
<17

Emmiéov, yo xdde 1 < j < m oylel

m m
2 ;24 2 a;2; — 2ajzj
i=1

=1

> 2|a;z;]| - > 2|aj| = (1 +¢) max |a].

<itsm

YUVETC,
m
Z a;zi| =2 max |a;| — (1 +¢) max |a;] = (1 —¢) max |a|
iz 1<is<m 1<is<m 1<i<m
vy xde aq, ..., a;, € R.
Apa yio xde ay, ..., am € R oylel
(1—¢) lgzi);l|az| izi| < (1+¢) Tax |a;].
Anhadh,

1+e

=Ny'q

And to Auua 3.1.5 éneton OTL 0 ¢ elvon TEMEPAUOUEVA AVATAUPACTACYLOE oToY X. n
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Me napéuoto 1pémo unopolue vo delfoude xou TNV type mepintwon tou Yewpruatog Maurey-
Pisier, dnhoby| 61 yia xdle anelpodidotato yweo Banach X, avp, =sup{l < p <2: o X éyel type p}

t61€ 0 £ Ebvor TEmEpaoUEVaL avamapacTdoog otov X. e auth Ty nepintwon opiloupe Pp(n)

va ebvan 1) uixpotepn otadepd C' yior Ty omola Y xdde x4, ..., T, € X woylel
n p\ /p n 1/p
(E D€ ) <C (2 |xi|p>
i=1 i=1
X0l OTOOEXVOOUNE OTL
lim "
im—— —0
Up(n)

1). X1 ouvéyela, amodeviouue TpoTtacy avdloyr tne Hpdtaong

vy x&de 0 < B <p(i—p
6.3.1 xan ouveylCoupe Omwe xan mponyoupévws. Me v Bordeia g amddellng tou Yewpnuatog
Tou Krivine npoxintel o {nroduevo. Qo1d6c0 dev Yol TOpOUCLICOUUE UE TEPLOCOTEPES AETTOUEQELES
aUTAHY TNV amddelln SLOTL 1) type meplntwon npoxdnTeL amd To Yewpnua tou Pisier tou amodeixviouue

OTO EMOUEVO XEQPIAALO.






Kegpdhawo 7

H nepintwon tou type

7.1 Martingales xow v avicétnTa ToL Azuma

e auTh) TNV ToEdyeapo SiVOuUE TEMTA ToUE Bactxols 0pLOUOUE TNE BECUEVUEVNE MECTC THING ol
Tou martingale o€ éva ydpo miavottag (2, A, P), xou ot cuvéyeta amodeixviouue Ty avledTnTo
Tou Azuma oo xou pLor avicdTNTa 1) omola Var pog Gavel yehowun ot CUVEYELA.

Optopoéc 7.1.1. 'Eow (2, A,P) évac ydpoc mdavétnrac. Av G eivon o uto-o-dhyeBpa tne A
xow av f e L1(Q, A, P), t61€  cuvohocuvdptnon

u(A) = L fdP, Aeg

opilel éva Yétpo oty G, 0 omofo eivon amoAdTwe cuveyéc we mpoc o Plg. And to Vedpnua
Radon-Nikodym, undpyet yovodixi h € L1(£2, G, P) ye v Wiotnta

L hdP = L fdP

vy xde A e G. H h ovoudleton SECEVUEVT KEOT TWA ¢ [ w¢ Teog TNy G xou cuuBoiileton
pe h = E(f19).

Awnodntnd, yow € Q, n ) E(f|G)(w) exppdler tnv xohbtepn extipnon tne twhc f(w) dtav
yvwetlouye TNV cuumeplpopd e oTn o-dAYePpa G, dnAady| 6tav yia xdde A € G yvwpiCoupe av
flw) e A.

IMapdderypa 7.1.2. Tumxd mopdderyyo elvan autd 6mou G elvon 1 dhyefBpo Tou TopdyeTon ond
wae Swapépton {Aq, ..., A} tou Q, pe ta A; € A va éyouv Yetixd pétpo P(A;) > 0. Téte, ebxola
ehéyyoupe ot av f e L1(Q, A, P) n deopevyévn th e f elvon n ouvdptnon h mou elvar otodepn

oe xade A;, ye Tun
1

P(4;) JA,- e

Baowég 1016tnteg g deopeupévng péone Ting etvan ot e€rg:

h’|Ai =

Afupo 7.1.3. (o) O tedeotris f— E(f|G) elvar Oetikds, ypaupuxds kar éxer vépua 1 o€ kdOe
L, 1<p<oo.

(B) Av G1 elvar pua vro-o-dAyefpa tns G, téte E(E(f|G)|G1) = E(f|G1).
(Y) Av g € Lo(Q,G,P) wdte E(f - 9|G) = g - E(f]G).
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(8) Av G = {J,Q} elvar n tetpyupévn o-dAyePpa, tote n E(f|G) elvar otalepri ka1 woltar pe tn
péon Ty s f:
B(fI9) = Ef = | faP.

Anodely. (o) H ypopuudtnta énetar dueoo and tov optopd tne deopeupévne uéone twhc. Ae-
tyvoupe 61t o tehecthc f— E(f|G) etvan Yetuxde: Av f e L1(R, A, P) xau f = 0, t61E UndpyEt

he Li(9,G,P) dote
f hdP — J FdP =0
A A
Yo xédde A€ G. Av dewpriooupe 10 By, = {w 1 h(w) < —1} éyoupe 61 E, € G o

1
0< fdP = hdP < ——P(E,),
Ep En n

En> =0.

Ané 1o yeyovée b o teheothic T(f) = E(f|G) elvou Yetinde xou ypoupuxde éneton 6Tt elvon yo-
votovoc: av f,g€ Li1(Q, A, P) ye f < g, tote E(f|G) < E(¢]|G). EWdwotepa, éncton bt

o’ 6mou éneton 6t P(Ey,) = 0. Apa,

P(w:h(w)<0)—]P’<

1Cs

[E(f19)| < E(|f]19)

v xdde f e L1(Q, A P). Téte, n deopevyévn péon wud T @ L1 — Ly elvon gpaypévoc TeAeoThc
voppag 1. Hpdypatt

IO = [ E(FI9)|de < [ 2(7116)a = [ If1a8 = | 7],

OTOU GTNV TEOTEAEUTULN LGOTNTA EYOVUE YPMOULOTOLACEL TOV OPIOUO TNG OECUELUEVNS MEOTC TWNS.
Eniong, etvar E(1|G) = 1. And v avicétnta Holder éneton 6t L, € Ly v xdde 1 < p < 0.
Emouévewe, av f € Ly, Tt

[E(f19)] < E(f11G) < E(lfl0]G) = [ £loo-

Yuvenoe, v xdde f € Lo éneton 61t E(f|G) € Loy xan pdhiota |E(f1G) o0 < || flloo- Me ko
Koy, 1 Oeopevuévn wéon T T @ Loy — Loy elvon xadd oplopévog tedeothc vopuoc 1. Téhog,
auTO oL Uével Vo del€ouue etvan 6TL 0 T': Ly, — Ly, elvan emlong xohd oplouévoc. Autd énetan and
Tov axohouto Loyvplouod:

Ioyvptopdc : Eotw f € Ly kar ¢ : R — R kuptn dote Elo(f)| < 0. Tére woyver
P(E(f19)) < E(p()]9)-

AnbdeEn tou woyvplopol: Eivon yvwotd 6t undpyouv axoloudies nporyuatixay aptdudv (ay), (by)

0ote p(x) = sup, (apx + by) v xde x € R. Térte, yia xdde n € N oy e

anf(x) +bn < o(f(2))

oyeddy tavtov. Emetan 6t yio xdde n € N undpyel E,, € G ye P(E,) = 0 xou

anE(f1G) + bn < E(0(f)|G)
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v xdde z € Q N\ E,. Av %éooupe E = | E,, 16t P(E) = 0 xon ov 7 € Q \ E ebvan

anE(f|G) + bn < E(o(f)|G)

yia xdde n € N. Yuvende, nolpvovtag supremum ¢ Tpog 1 €Y0UUE OTL

P(E(f19)) < E((N)9)

oYedOV Yo xdde x € (). O

Egapuélovtac autiy ty aviodtnta yia v ¢(t) = [t|P éyouue 6Tt
E(f19)" <E(fP19)

xou ohoxhnpwvovtag Brénovye ot |E(fIG)[l, < | flp o xdde f € Ly,

(B) Eotw g = E(f|G). Téte v xdde A€ Goybe §, fdP = §,gdP. Av Be G| = G t6te éyoupe
Sp9dP = {5 fdP. A6 tov opiopé énetan 6t E(g|Gr) = E(f|G1).

(v) Apxel vo to Belfoupe yia yopaxTneloTixés cuvapThoel; Tou elvar G-petprowes. T g = x4 xou
A, B e G éyoupe

| Eoigye =~ [ ggae~[ gap~| s - | giiod.

B B AnB AnB B

Evou, E(fgl9) = gE(f|9), dwon xaE(f|G) € L1(2,G,P).

(8) "Ayeco amd Tov 0pLoud Xou TO TUEEDELY YN UETE amd TOV OploUd. n

Optowoég 7.1.4. Eoww (2, A, P) ydpoc mdavotnroc. Av { X}, ebvan ooyévela tuyodwy peto-
Bantoe X 1 Q — R, t6te pe 0 ({Xi},;) ouvpPoriCouue tny ehdytotn o-8hyefpa we Tpog tny onola
n X; elvon yetprown yio xdie @ € 1.

‘Eotw emmiéov f tuyala yetoainti otov L1 (2, A, P). YuuBoiilouvue ye

E(f[{Xi}ier)

v deopevpévn péon wuh E(flo ({Xit,ep))-

AroucOnuxd, yoo w € Q, n wuf E((f] {Xi},e;) (w) exppdler tnv xakitepn extiunon te tyic
f(w), otav ebvor yvwotéc ov twéc X;(w) yia xdde i € 1.

ITpétaocy 7.1.5. Eow f tuyaia perapAnery ovov Li(Q, A, P) ke {X;},.; owkoyéveia Tuyaiov
petapAntdr X; : Q - R. Av X : Q — R elvar tuyaia petafAner) avebdptnn ano v f, wéve

E(f’ {Xl}zef) = E(f’Xv {Xl}zel)

ITpétaom 7.1.6. Eotw (2, A, P) xopos mbavétntas kar (Fp) o, atéovoa akodovidia o-aAyefpddv.
FEotw F =0 (Uf:1 Fn) n eAdyiotn o-dAyefpa mov tny mepiéyel.
Av f: Q — R tuyaia petafAner térowa dote f € L,y(Q, A, P) ya kdrowo p > 1 téte,

lim E(f|F) "ZTE(f|F).

Optopog 7.1.7 (Martingale). 'Eotw Fop < Fi S --- & F wo oxohoudio o-ohyeBeidv. M
oxohoudio fo, fi,... ouvapthoewy f; € Li(Q, F;, P) Myetaw martingale w¢ mpoc v {F;} av
E(fi|lFi—1) = fi—1 ywo xd&de i = 1.
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H avioétnto Tou Azuma diver extipnon tng mbdavotnrag andxAlong Wog QpoyUEvng cuVAETNONS
amd TN PEoT) T TNG.

ITpotacy 7.1.8 (Avicétnro Azuma). Eotw f tuyaia petafintri otov Lo (2, A, P). Eotw
emmAor (Fp)ir, avéovoa axolovdia o-adyefpcv pe F, < A yua kide n € N, {F,Q} = Fy <
FISFC...c Fo ... ket F = o(U2| Fn) N eAdyiotn o-dAyefpa mov mepiéyer Ty Fy, yia
kdOe n € N.

Q0
Na k € N opilovue dy = E(f | Fx) — E(f| Fr_1). Tmodérouue emmiéor dm Y. |di|? < oo,
k=1
omov ||dg| oo = sup {|d;(w)| : w € Q}. Tdre ya kdle t > 0 1w0xVe

2 /43 el
P([E(f|F) —Ef| > t) < 2e /k:1 Kl

Av emmdéov n f elvar F-petprionun, téte ya kde t > 0

2[4 $ iz
P(f —Ef| >t) <2 / =
An6degy. Iopatnpolpe tpwta 6t 1 axohoudio {E(f|F;)}2,, elvon martingale we mpog {F;}72.
Hpdrypatt, €youue

E(E(f|F)|Fi-1) = E(f|Fi-1)
xouw E(f|F;) € Li(Q,F;,P) ond tov opiogd tne deopevpévne péone twhc. Emmiéov, éyouue
E(d;|Fi—1) = 0 vy x&de ¢ > 1:

(7.1.1) E(di|Fi-1) = E(E(f|F:) — E(f|Fi1)|Fi1)
(E(f1Fi)|Fi-1) — E(E(f|Fi-1)|Fi-1)

E
E(f[Fi-1) — E(f|Fi-1) = 0.

7 / 2 / / 2 / 7
Yuyxelvovtag TIC BUVOHOCELRES TwY e¥ xou e” /2 BAémouue 6Tl € < x + €7 yio xdde z € R. Aot

o teheotic f— E(f|F) elvan Yetinde, ouunepaivouye ot yio xdde A € R
E(e | Fro1) < E(Adg] Fro1) + E(eX% | Fioy).

Ané n ypopuodmta tne f — E(f|Fk—1) éxovpe E(Adg|Fr—1) = AE(dy|Fr—1) = 0. Eniong,
éyoupe unoVéoel 6Tl f € Lo (Q, A, P), dpot xdde di, € Lop (2, Fi, P). Suvendc,

(M| Fim1) < E(NH | Fioy) < B(eN1lE |7 _y) = NIl
Ioyuetopoc: Ioxver n avioétnta

E (e 1 Adi) < eAQZznzl HdzHgC

k k
An6deiEn tou woyuplopol: Me enaywy delyvouye 6t E (e 21 4y < e Mld; Iz

T k =1 éyovpe E (M) = E [E (M |Fp)] < N ldls Trodétovye ot

vy xdde k < n:

E (e} Zi-19) < eZi-1 Xldil5
yio xdmowov k < n. Aot eXi=17s ¢ Lo (92, Fi, P), and to Afjupa 7.1.3 (y) modpvoupe

E(€Z§:1 Adj o Adki1 | Fi) = 62?:1 )‘djE(e)‘dk+l | F).
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XeNoWoToldVTag Xo TNV ETAYWYXT Utoveon €youle:

(7.1.2) E(> 55 %) — F [ SE_ A A |;k)]

_E [ J—1 MU ( Ak ’}-)]
<E [ Py 1>\dje/\2Hdk+1||oo]

— NMldeloR E (e S )\dj)

< M ldksld X S il

k
RS vy EHEY

[ xdde A > 0 €youpe

(7.1.3) P(E(f|Fn) —Ef =t) =P (E(f|F.) —E(f|Fo) = (Zn: ) < E M Zj=1 4=

< e>‘2 Z?:1 dellﬁo—M < e)‘Q 2;0:1 lld; H%o At.

Elaytotonowdviog og npoc A Brémouye OTL

PE(f|Fn) —Ef > 1) < exp <—t2/4 > |dj|§o> :

J=1

Eqgapuolovtag 1o (6o emiyelpnua yio v — f, nodpvouue

“E(f|F) + Ef > t) < exp <—t2/4 3 de|§o) :
j=1

Yuvdudlovtag Tic 600 avicdTnTeS BAETOUPE OTL

P(E(f|Fn) —Ef[ > 1) < 2exp (—t2/4 > de!§;) :

j=1
Yougwva ye v Hpdtoon 7.1.6,
J%E(f\fn) = E(f|F), P-oyedbv navto.
Enopévac,
nli_r)réo |E(f|Fn) —Ef| = |E(f|F) —Ef|, P-oyedbv navtol.
SUVETOC,

oe]

P ([E(f|F) —Ef| > t) < (U {[E(f]Fx) Ef|>t}>

1k>
hmIP’( {E(f|Fk) Ef]>t})

hmmfIP’ (|E(f|Fn) —Ef| > t)

e0)
< 2exp (—t2/4 > y|dj|go> .

7j=1
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Av emnhéov 1 f ebvar F-petpfiown, tote E(f|F) = f xou dpo

P(lf —Ef| > t) < 2exp (—t2/4 > !dj§o> :

j=1

Expetodievduevor v Ilpdtaon 7.1.8 umopolue vo del&oupe TV Tapaxdte TedTooT).
IMpotaocy 7.1.9. Eotw (S;)ien akolovlia aveldptntwy tuyaiov petapAntdyv pe nipés oe évav
Xxpo Banach X menepaopévns Sidotaons, wérow dote n oepd >0 S; va ovykAive oxeddy mavtol

Q0 Q0
> Sl € Li(Q, A, P). Trodérouue emméor dm Y. ||Si|% < oo, émov |Si|ew = sup{|S;(w)]| :

i=1 i=1

w € Q}. Tére, yia kde t > 0,

'

Anédegn. Opllovpe Fp, = (51, .., ). Téten (Fn)rr; ebvor adZouca oxohoudic o-ohyeBpmv

Kai

o0
—t?/w S 1si[2
—E > t> < 2e i=1 OO .

o0
S,
i=1

ee}
S,
i=1

o0 e}
xou emouéveg, and tny Hpdtaon 7.1.8, av di, = E < > S; ]:k> —E ( > S ]:k—l) T6TE, YL
i=1 i=1
xwdde t > 0,
a0 a0 ) - )
(714) P ( Z S,L — E Z S,L > t> < 26715 /4Zk=1 HdkHoo’
i=1 =1

Biot  w = || 22 Siw)|| etvan F-petpriown.

T tov unohoyiopd e ||k e, opilovpe Zi = Y721 Si — Sk xou mapatneolue 6Tt EPéooV oL
{Si}iz, etvon aveZdptnTee, 1 Z = D, Si elvon aveZdpTnTn amd v Si. Enopévec, dedoypévou o
Fie =0 (S1,...,5%) xou Fi—1 = 0 (51, ..., Sk—1), hfBdvovtag ur’ 6w tny Ipdroon 7.1.5 éyoupe
ot

ECNZkl | Fr) =EC 12kl | Fre-1)-

YUVETKE,
0 0
dr(w)| = E( s ‘fk)—za( N f,ﬂ)|_

i=1 i=1
O e}

- E( Zsi ‘Fk) —E(|Zk| | Fr) +E( ZkH-Fkl)—E< ZS@’ fk1>|
=1 i=1
0 o9)

- E( SUs| 12 a) —E( A ]—“k>‘
i=1 i=1
%0 o0

< E( US| =1zl ﬂ) + E( US| =1zl fm)
i=1 i=1
© o9)

<E< ‘ 2. S| = 12l fk> +IE< DUSi| =1zl ‘f,”)
i=1 i=1

< [Sklloo + [1Skllo0 = 2[[Skfloo,
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OLOTL A6 T1) TELYWVIXT OVIGOTNTA £YOUUE

0 o0}
DS =1zl < (D0 Si = Zi| = 15kl
i=1 i=1

Emopévoc,

(7.1.5) ldklloo < 211k o0-

And e (7.1.4) xon (7.1.5) éneton 611
]P <
1

IMpétaom 7.1.10. Eoww 1 < p < 2 ka1 ¢ > 0 térowor dote 5 —l—% = 1. Eotw (Sk)i_,

axolovdia avefdptntowy tuyaiwy HeTapANTOY ue TIUES o€ évay ywpo Banach X, térown wote
0
2 Sk
k=1

o¢]

S

i=1

o0

S

=1

0
—t2/16 1S53
—E > t) < 2e =R

€ L1(Q, A, P). Tére, ya kdle t > 0 wyver

0 t q
P Skll| >1t] < 2exp (—D < ) > ,
< 1;1 ) P\ suppen K177 Sl oo

z 4 4 Ve z
orouv Dy, > 0 otalepd mov efaprdrar pérvo and o p.

—-E

o0
> si
k=1

AnéddeiEn. Apxel va 10 deifoups pe ™y tpéadetn unddeon 6t sup kP Sk = 1. Eotw ty, =
keN

m m

3 k7VP. Moapatnpotue 6ttty = 3. k™17 < gm!/7 xou emmiéov undpyer otadepd M = M(q) >
k=1 k=1

0, mou e€aptdtan UOVo and To ¢, TETOLL WOTE mYe < Mt,y,. pdrypatt,

m 1 m—1 ~k+1 1 m—1 ~k+1 1
—1/p — _
s Jo oDl e

k=0 vk k=0 vk
moq x*l/p+1 m
:J Y G
0 p =0
_ qml—l/p,
oot —1/p+1> 0.
o m e N éyoupe
e} o0 o0 o0 m m
Sl —EDISkl<| D S| —E| D Sk + DSk +E (D] S
k=1 k=1 k=m+1 k=m+1 k=1 k=1
0 0 m
<| D S| -E Sk +2 X 11kl
k=m+1 k=m+1 k=1
o0 o0 m
< Z Spl — E Z Sy, +22]€_1/p
k=m+1 k=m+1 k=1
0 0
< Z Sl — E Z S|l + 2qm1/q7
k=m+1 k=m+1
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%o opolwe,
0 [ee} o0 [es}
E|> Skl — | D 8k <E| D1 Se|—| > Sk|+2gm!.
k=1 k=1 k=m+1 k=m+1
"Apa,
e} o0 o0
E ESk Z Skll — Z S —|—2qm1/q.
= k=1 k=m+1 k=m+1

0 0
Trobétouye apyixd 6t t > 4q. Ilopatnpolue ot kzl ISK]%, < kzlﬁ < oo, 36t 2/p > 1.
Enoyévec, hapfdvovioc ut’ ébw tnv Hpbtaon 7.1.9, yia x&de m € N xau t > 4gm™? éyouue

o0] oo oo
IP’( E|> S >t><1{»< > Sk > Sk >2qm1/q>
k=1

k=m+1 k=m+1

a0
< 2exp <—4q2m2/q/16 Z ‘Skgo>
k=m+1

a0
< 2exp (—4q2m2/q 16 Z k_2/p> .

k=m+1

Iopotnpotye 6t D0,y RS q_%ml_Z/p. [pdrypart,

S|

k=m+1

k+1 0 k+1
FT 2/pdx\ EL xQ/pd

© 1 el
= J 5/ dr = —5
m L p —5 + 1

r=m
_ %ml—Q/p _ Lml—Q/p’
£ —1 q—2
P
oot —2/p+1 < 0.
Tehxd, cupnepatvoupe 6Tt
i 2,1+2
P E ZS’“ >1 <2exp<—4q(q—2)mq p/16>
= k=1

= 2exp (—4q(q — 2)m/16)

vio xéde m € N xou t > 4m/e.
Egboov t > 4q, undpye évac m € N tétolog kote 4gmt1 < t < 4q(m + 1)1, Tore,

m+1 1/t\? 4
m > >—(—) =
2 2 \ 4q

Enopévoce, YU autév tov m,

p<§&

> t) < 2exp (—4q(qg — 2)m/16)

k=1
< 2exp (—4q(q — 2)t7/32(4¢)7)

D! ta
= 2¢~Drt
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o6mouv D! = aa=2) Aciope enopévne ) {ntoduevn aviootnta yio ¢ > 4q.

P 8(4q)¢
]P> (

To t < 4q,
—E
, . ; . — D" (4q)1
6mov 10 Dy > 0 ebvor tétolo HhoTe e Dpl10)* > 1/2.

o8]
> si
k=1

o0}
> s
k=1

> t) <1< 2 Drtde)s?

_D"4a
gert7

Tt D), = max {D;,, Dy} éyoupe to {nroluevo. [ |
Oa yenowonotfcouye tny Ilpdtaon 7.1.10 otny axdrouin woppt:

IMépwopa 7.1.11. Eotw 1 < p < 2 ka1 ¢ o ovluyris exdétng tov p. ‘Eotw entons {Yi}r,
axolovlia avebdptntwy tuyaioy petafAntdy pe Tipés oe évav ydpo Banach, ue ||Yi|l,, < 1, ka1
(b}, axolovdia mpaypatikdy apiudy wéro dove |by| < k™YP yia kdOe k € N. Av emn\éov
|20, bk Ye|| € L1 (2, A, P), t6te yra kdbe t > 0

o0 0
P ( 2 biYs 2 biYs
k=1 k=1

omou n otabepd D), eivar 6mws otny Ilpdétaon 7.1.10.

—E

> t) < 2ePrt?,

Andédedn. Ilpoxintel dueca and v Hpodtoon 7.1.10. [

7.2 p-stable Ttuyaieg puetoBAnTég

‘Eotw X : Q@ — R tuyalo yetofintd. TrevduuiCoupe 6L 1 yopoxtnelotixy cuvdetnon tne X
ebvan 1) ouvdpTnon ¢x 1 R — C pe ¢x(t) = E (eY) = |, "X @ dP(w). H Booued Bibmro tov
YAEUXTNRIOTIXAOY CUVOETACEWY elval 6Tt xardopllouy TAYpwS TNV xoTovoun TNe Tuyalog PeToANTAC.
Anhadt, av 0o Tuyaieg PETUBANTES €YOLV (OEC YAUPUXTNPIOTIXES CUVIPTHCELS TOTE EIVAL LOOVOUEC.

Oplopdég 7.2.1. 'Eotw 0 < p < 2 xu 0 = 0. M ouppeteun) tuyola yetoBAnth 9 : @ — R
Aéyetou p-stable e mopdueTEo o av N YapaxXTNEWOTIXY NG cuvdpeTnon eivan 1 e€ng:

(7.2.1) E(e?) = f W P (w) = e 2 yio wgide t e R.
Q

Av o =1 t6te ¥ Méyetu standard p-stable tuyaio uetoBAnTy.

Mo p = 2 mpdxettan Yo TIc Xavovixeg tuyaleg UeTaBANTES, eved Yo p > 2 amodexvieTal OTL
dev uTdpyoLY TuYAlES PETABANTES oL Vo txavorotoly Ty (7.2.1). ‘Onwe eldope oty anddelln e
Hpétoone 5.4.10 av g elvon xavovixh tuyoia petaBhnty oe évay ywpo mdavotntac (2, A, P) t6te
g € Lp(2,A,P) yio xdde 1 < p < 00. Aev woylel to B0 yio p-stable tuyoiec petafhntéc yio
1 < p < 2. Ioyder wot6c0 1 oxdhoud TEodTUGCT.

IMpétaom 7.2.2. Eotw ¥ p-stable tuyaia petapAntn) yua kdmow 0 < p < 2 o€ évav xdpo
miavérnras (2, A, P). Tére ¥ € L, ya kde 0 < r < p. Emmiedv, ¥ ¢ L.

Xdpn oty Hpdtaon 7.2.2 unopolue va detouue TNy oxdroudn mpdtao.

IMpotaon 7.2.3. Eow (2, A,P) ydpos mbavétntag. I'a kdle 1 <r < p <2 o), eppureletar
wopetpikd otov L, (Q, A, P).
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Anoédegn. H anddeiln npoximtel 6w otny anddeln g Hpdtaong 5.4.10 agol and tnv Hpdta-

omn 7.2.2 éyoupe 6T ¥ € L, yio xdie r < p xou ¥ p-stable tuyaio yetoBAnTty. |

IMapatrenon 7.2.4. O p-stable Tuyalec petoffAntéc xavonololy Tig e€Ng WOLOTNTES:

(i)

(iii)

(iv)

Av 1 9 elvan p-stable tuyaior uetoAnty pe mopdueteo o = 0 xau A € R, tote n AY elvon
p-stable tuyaio yetoAntr e napdueteo |Ao. Ilpdyuatt, yio T yopoxtTneloTixy cuvdptnon
e AU oylel

E (eit)\ﬂ> _ o—OPIAP/2 _ —(alA)PItIP/2

Cevixdrepa, av {1,092, ..., 0,} elvon pa oxohoudio and aveldptntec p-stable tuyaiec peto-
BAntéc xou aq,az, ..., a, € R, 161 7|

n
Z a;jv;
j=1

elvar p-stable.

1/p
n n

Av emmhéov oL ¥y, ..., 0, civon standard, tote Y a;0; éxel napduetpo (Z |aj|p> .
: )

j=1

[Medrypatt, é0tw {79]'};;17 omou xdie ¥; elvon p-stable ue napducteo o;. Tote,

E {exp (Ztg a,jﬁj> } —E {exp (JZZ z‘tajﬁj> } (U cita;d; ) f[E ( ita; 9, )

- He*‘7§|ajt|p/2 = exp (— (Z p|a |p> |t|p/2>

j=1
Av emmiéov ol V1, ..., 7, ebvar standard téte 0 = 1 v xdde j = 1,2,...,n, dpo
n n
E {exp (it Z ajﬁj)} = exp (— (Z \aj\p) \t\p/2> .
j=1 j=1
Ané T (i) xou (ii) mpoxdmter 6t av ou Py, ..., Yy eivar aveldptnteg xou tobvopes p-stable

1/p
n
Tuyoleg peTUBANTES TOTE 1| Z a; v xou M (Z \aj\p> Y1 elvou 1obvopec.
j=1
Yuvenog, yio xde r > 0,

J_
r\ 1/r n 1/p
vl = (E U; ) = Cpr (Z |aj|p> ;
T J=1

6mou cpr = (Bl91|N)Y" = |91, Topatneotpe 6t omd v Hpdraon 7.2.2 éyouue ot
E|1|" < o0 yio xdde r < p.

H 6t (i) yopoxtnpilet tic p-stable tuyaiec petoBintéc: av X ebvon pror tuyodo petoBanTy,
oL (Xj);?:l elvon aveZdpTnTeES Xou Loovoues pe TNV X %o Yo x&e ay, . . ., an € R woydel oL 7

1/p
n n
>, a; X éxer tny (Bio xatavoun Ue Ty (Z aj|p> X, t6te n X elvou p-stable.
j=1 j=1
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(v) Yndpyel o otadepd ¢, > 0 mou e€aptdton povo omd 10 p WoTe
im P - cooP
lim 7B ({[9] > 1)) = ¢,0
yio x&de p-stable tuyaia yetoBAnth ¥ ye mopducteo o.
Opwounodg 7.2.5. 'Eotww X yopoc Banach nencpaouévng didotaong xat éotw 0 < p < 2. M

ouupete Tuyola petaBanth S 1 Q@ — X pe twéc otov X Aéyeton p-stable av yua xdde ¥ € X*,
n a* oS elvan p-stable tuyala petoBAnTt ye Twéc oto R.

IMapathenon 7.2.6. T'a tic p-stable tuyaieg yetoafintéc pe tipée oe évav yoeo Banach X
oy bouv avdhoyeg wioTnTeg Ye avtéc otny Ioapathenon 7.2.4:

(i) Avn S:Q — X eivan p-stable xau A € R t61e  AS elvon p-stable.

(i) Tevixdrepa, av S, ..., Sy, eivar aveldptntee p-stable tuyaiec petafntéc pe tywéc otov X xou

n
> a;S;
=1

at,...,an € R, 61 1

elvar p-stable.
(iii) Av Sy,..., S, eivar aveldptntee p-stable tuyaiec petoBintéc pe Twéc otov X, o omofeg

1/p
n n
elvan tobvopeg pe v S, 6t M D) a;S; elvan wobvoun pe v | D) |a;|P Sy xdde
j=1 j=1
al,...,an € R.

YUVETHC Y xde r > 0,
_ (E
) .

n
2, 45S;
j=1

n

> a;S;

=1

r\ 1/r n 1/p
) =<Z |aj|f’> (E[S|")" .
Jj=1

Mdéhota, oyvet 6t E[|S]|" < 00 yio xdide r < p.

(iv) Av 91,92, . .., 9, eivon aveZdptntes xou lodvoyec p-stable Tuyaiec yetoPAntéc e Twéc oto R
X T1,..., Ty, € X TOTE M
n
S = Z ﬁjl’j
j=1

elvon p-stable Tuyala petoaBAnTn ye Twwéc otov X.

Ot anodeléelg Twv mopandve tpoxidntouvy and Ty Iopathenon 7.2.4 xou 1o yeyovoc 6Tl 600 Tuyaieg
wetaPantéc S, T : 2 — X elvan 1oévoueg av xan wovo av n z* o S elvon todvoun pe ty ¥ o Ty
xdde z* e X*.

‘Eotw (A4;)72, axohoudia aveldotntov xot 16dvoumy Tuyaiwy UETOBANTOY TéTol Hote A; ~
Exp(1) vy xdde 1 < i < o0, dnhadh n A; axohoudel v exdetind|) xatavoun ye nopduetpo 1.
Enopévoc, P(A; > t) = e, v xéde t > 0. T j € N opiCoupe

Fj:iAi

=1
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Tote, I'; ~ Gamma(j, 1) xou dpa
t i1
P(T; <t) = f ——¢ %ds, v xdde t > 0.
Fs<t) o (-1
Y10 €€hc e I'j Yo ocupPohrilovye tuyaieg ueToBANTEC TOU TEOXVTTOLY OIS TUPATAVE.

ISwoitepa yprowo eivan to axdhovdo Vedpnua.

Ochpnua 7.2.7. Eow {I'; } _, Onws maparndvo kar Y : 2 — X ovupetpikn tuyaia petafAnTn
€ TUES g€ évay Xipo Banach X nenepaopévns didotaons, térow dote { [|Y (w)[| dP(w) < co.
Eotw eniong (Y, ) ° 1 axodovlia Tuyaiwy petapAntdy o1 omoleS eivai 10dvopes pe Ttnv'Y , avebdptntes
peta&l toug aAAd kar ané g {T'; }].:1. Téze n

0
s=> 1",
j=1

ovykAiver oxedov tavtol kai elvar p-stable tuyaia petafAnTn e tpés otor X.
EmnAéov, ya kdle z* € X*,

JX |2* (2)[Pdu(z) = E|z* o Y|P = tlir{.lo tPP(Jz* 0 S| > t) = cpo?,

onov o eflvar n mapduetpos tns x* o S, n ¢, elvar 6nws otny Ilapatipnon 7.2.4 (v) kai p elvar n
katavoun tns Y.

Afppo 7.2.8. Eotw V1, ...,9N avefdptnres ka1 w0ovoues p-stable tuyaiés petafAntés. Eotw
X xdpos ue vépua xar zy,...,xn € X. Oétovue Z = vazl Vizi. Eotw p pétpo Borel otov X

o v \\ il
7 =ul<— = , Y kdlei=1,...,N.
(i) =) -5

Ay Zfil |zi|P = 1, tére o p elvar ouupeTpiké pérpo mbavétnrag kar ya kdde x* € X* n
xapaktnpotiky ovvdptnon wns ¥ o Z eivar n €&ns:

E (eitx*(Z) = exp ( (J |I’ ‘pdlu )) |t|p/2> , Y kdOe t € R.

Anodely. Eotww z* € X*. Oétouvye a; = z*(x;) v xéde i = 1,2,...,N. Tére, 2*(Z) =

e

1/
SN aidi. HYN | a; etvon p-stable tuyoia petaAnth pe tapdpeteo (vazl \ai|p> g Enopévac,
yio x&de t € R,

N
E <eitaz*( )) Eexp (th a; Z) = exp (— Z |ai’p|t|p/2> :
i=1
Ané v &\,

=1
J et rant) = 33 o <§> K () *i () K ()
_ 22 ‘“"mwrp\p JzilP _ = Y il

N
i=1

exo (= ([ le*@Pduta) ) e9/2) = exp (i ai|P|t|p/2> .

Enopévaoc,
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Ané 10 Oewpnuo 7.2.7 xou to Afjupa 7.2.8 éneton 1 oxdhoudn mpdTao.

IMpbétaom 7.2.9. Eoww Z = valﬂ jx; kai o uérpo Borel otov X dnws oto Anuua 7.2.8. Eotw
emiong tuyaia petapAntn Y : Q — X e katavoun p kai {Y} _, axodovdia aveédptnTwr Tuyaiwy

HeTapAnNToY o1 omole§ elvar wovoues ue tny Y. Tote, n
0 Y
— /Py
S=>1"
j=1

etvar p-stable ka1 elvai 106voun ue tny

1/p = 1/ 279371

onov ¢, n otabepd otny Hapatripnon 7.2.4 (v).

Aroédedn. 'Eow z* € X* xu 0 > 0 n napduetpoc tne p-stable tuyaioc petofintic * o S.

Anhadi 1 yapuxtnploti suvdptnon tne ¥ o S ebvor n e~ /2. Sougwva pe to Bedbpnua 7.2.7,

| 1o @Pduta) = o
X

And to Afuua 7.2.8, v xdde t € R

E exp (ita:* (Cél/][)z)) — Eexp (itc}j/p:c*(Z)> - exp< (j 2 (2) [Py )> L[t >

=exp | —¢po? — L [t = 7IP2,
P cp 2

7, ES 1 E3 Z 7 4 4 e 7z 4
YUVETWG, oL 2™ 0 C};WZ xan £ 05 €youy TNy (Blo YoEaXTNELOTIXY CUVAETNOT XAl dpEa efval LOOVOUES.

Egéboov 1o 2* € X* firay tuydv, ouurepoivoupe ot n S evor tobvoun pe Ty —- 2. n
p

Adppa 7.2.10. Eoww 1 <p < 2 kai {Fj}f;l pe I'j ~ Gamma(j, 1) ya kdOe j € N. Tore,

B, = ]E’F U —1/19’ < .
j=1

) t SJ

ATnodely). Egboov v xde t >0, P(I; <t 00~ 1),6 Sds, onhadr| 1 %6_5>1[0’00) elvon

1 ouvdpTnon TuxvotnTag mavotntac tng I'j, €yovue ot

_ e J—1 t=5 [0 (tj)7 1 .
E (0P — '*1/10‘ :f ‘Sfl/p _ -fl/p’ 5 esds = J ‘ ti)~ P — j-1p| X2 et 5 dt
i TG , (097 = e

% j
- f ‘t—l/P _ 1‘ j_l/ptj_lﬁe
0

i —U jdt.

Yougpwva ye tov tUmo tou Stirling,

1 .. , 1
lim — 71277 = .
J—0 j!j v 27

Emopévee undpyet M > 0 tétolog wote

g7 el

o gMT/Q, yioe xdde j € N.
J: J
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YUVETOC,

E ‘F;Up 7‘7'—1/1" < MJOO ‘t_1/p — 1‘ %j—l/ptje(l—t)jjl/zdt.
0

Ané o Yewpnua Beppo Levi €youpe 6Tt

Y ~1p _ -1/p S = Lty 375
j=1 j=1"0
© 1& t \ 11
-1 .
j=1

Iaportneodpe 6t 0 < —4r < 1y xdde ¢ = 0 xon 41 < 1yt # 1. Enlong, egboov p < 2

€YOUUE OTL % — ]1] < 0. Enopévoe, yiat # 1

© j 0 J _t_

Z(tt1> jé_’l’<2<tt1> = Etilt = tlt :

et e~ e e 1—et—,1 et —1
SUVETOC,

®© 18 t\ 11 © 1

t_l/p—l‘f —_ 'Q_Pdtif ——dt < 0.
L ‘ tj; 1) o el"l—t

Ouoloxc,

1
J‘z
0

_ 1 & t \ 11
t 1/p_1’¥2 <et_1> ]2 pdt < 00.
j=1

1_ 1

Méver va deloupe OTL TO OAOXAHPWUA TNG ‘til/p —1] %23011 (ett,l)Jj?_E elvon memepaopévo o
wa meptoyf) Tou 1, onuelo 6mou 1 oelpd Z;Ozl (o) ]1/;%1/2 - Z?Ozl 31/10%1/2 anetp{leton, SoTL
1/p—1/2 < 1.

Ioyuptopoc: Eotw 0 <a <1 xuw 0 <r < 1. Tore,
1—r

= al | 1
quf a*—dr=T(1~-7r)| — ,

o) Vi 0 z" In

omou I' ebvan 1y ouvdpTnon yduyo.

Anédein tou oyuplouo:

0 1 DO rj 1 X rj 1 L
f ax?dx = Z J‘ ax?dl’ = Z J aj7dx = Z aj7.

0 j:1 j*l ]:1 j*l j j:1 ]

Emumiéov, av 0 < r < 1,

0 Lz 0 —(lnl):c _ 1 =r -y
a e a y=zln 1 e
f —dzr = f —dx = ° — dy
o " 0 z" In = o Y
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Egocov % - % < 1, amd oV Ioyvploud émeton OTL Yo xde ¢ # 1,

N|w

o j
t 1 1 1
Y L col——0) o (——) 7,
jzjl (et_l) L3 P In (Q) p(t—l—lnt)
= 7

=
Nlw

RS

/ _1(3_1
émou Cp = T'(3 >

Ané 1o avantuypa Taylor tne Int ye xévtpo o 1, éyoupe OTL yia t xovtd oto 1

t—1)2
1nt~t—1—( )
Emouévoc,
© j 3_1 3_1 3_2
t 1 1 2 p 1 2 p 1 P
— —<C,| —— ~C | — =C [ —— .
%) o lmmm) ~oleme) o)

‘Ectw 6 > 0 tétol0 dote 1 — % +0 < 0. Tote, ye yprion tou xavéova tou L’Hospital, unoroyilouue

1
1 t=1p 1 p,3
hm )t_l/p—l‘ﬁ: hm ﬁ: hm ptp+1 1_2 5:0
t—17 |t — 1] “t =17 (1 — ) “t =17 (2 — 1% +9)(1—1) “t
Emopévoc,
’t—l/p _ 1‘ o <1
It — HQ—%M
vy t < 1 xovtd oto 1, xou dpa,
1 1

= 1‘ < :
‘ u—1F% (t—1)1=9

Ano 1o mopomdve €neton 6T yia xdmoto € > 0 undpyet wa otadepd C' > 0 tétola OoTE

1 3—2
J‘ t—lﬁ’—-1‘<1) "t
1—e ‘t - 1‘

1 & t \ 11 1
—1/ .
Cf X (o) e

]:1 l—¢
1 1 1-0°
<C —_—=-C
1—e (L—1t)19 0 t=1—c
b
€
= C? <

Ouolwe epyaldpaote xou yioo t > 1.
Telxd,
* TGt ) 11
J‘fw—qt2<&4>ﬁpﬁ<w

YUVETHC,
ee}
&fziﬁﬂrf@—j4@‘<m.
j=1
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7.3 To Yewpnua tou Pisier

To Pooixd Yedenua authc Tng Topayedpou eivar To Ochpnuo 7.3.3 Tou anodelydnxe and Tov
Pisier [31] to 1983 pe mdavodewpnruixéc yedodouc. Me tn Bordeiar awtdu tou Yewpruatoc do
amodetgouye TNy type mepintworn tou Yewpruotoc Maurey-Pisier.

Opwopds 7.3.1. Eotw 1 < p < 2 xau {9;};2, oxohoudio ané aveZdptnreg standard p-stable
tuyaieg petafBintéc. ‘Evac ydpoc Banach X clvar stable type p, av yia xdie 0 < r < p undpyel
otadepd C' > 0 tétowa kote v xdde n e N xou 21,..., 2, € X

n r\ 1/r n 1/p
> Vi ) <C (Z Hxiup)
=1 i=1

Av p > 1, oupPoliloupe pe ST,(X) v ehdylotn otadepd C' > 0 yio Ty omola xavortoteiton 1)
(

(7.3.1) (]E

(7.3.1) yior = 1. Av p =1, ye ST1(X) ovuPBoiilouyue tnv ehdytotn otodepd C' > 0 yio v omola
wyler n (7.3.1) yua r = 1/2. H ST, (X) elvou n p-stable otoadepd tou X. Av o X dev eivon stable
type p téte Vétoupe ST, (X) = .

IMapathenon 7.3.2. Ioylel 61, av Yo xdmowov 0 < 79 < p UTdEYEL CTUVERH WOTE VL LXAVOTIOLE-
trow 1 (7.3.1), t61€ 10 (B0 1oy VEL Xou Yo x&de 0 < 1 < p.

Oedpnuo 7.3.3 (Pisier, 1983). Eoww 1 < p < 2 ka1 ¢ o ovluyns exdétng touv p, 6nAadry
% + % = 1. Ia kdB € > 0 vndpyer 6 = d(g,p) > 0 térows dote, av X elvar évag yipos Banach
karn € N pen+1<d(e,p) (STp(X))4, tdre vndpyer vndywpos tov X didotaons n, o orolog etva
(1 + €)- 1wopopgikds pe tov £y Ankadij, yia kdde n € N wéroov dove n + 1 < d(e, p) (STp(X))?,
mE X
2
Av ST, (X) = o0 tére

1+ 7
by 5 X,  yua kdfeneN,

Z /. V4 7z
onkadn o £, elvar tenepaouéva avarapaordouos ooy X.

H anddeln tou nopoamdve ewphuatog etvor mdavodementinn xow axohovdel tn uédodo twv
TUY WY EUPUTELCEWY. X YEVIXEC YPouuES 1) Oodixaota slvon 1 e€rg :

Ocwpolpe évav yopo mdavotntoe (2, A, P) xou oe xdlde w € Q avuotoyolye évav teheoty
T, : £y — X v xdnow n € N otadeponompevo. Enerta, detyvoupe 6t yio xdrmowo M > 0 xou
x&e a € Spn 10y Vel

P(T(a)ll = M| = 6:M) < 2exp (=C(e, p)(STp(X))?)

Yo xdmoto xotddAnio 01 = d1(e) > 0 xaw C(e,p) > 0. Egpdoov 1 napondve aviedtnta oylet yio

/8 ¢youye

e otadeponounuévo a € Sen, yio éva §1-dixtuo N g Sen pe [N <e
PEaeN:|[T(a)| — M| = 6:M) < [N[2exp (=C(e, p) (STp(X))?)

< 2exp (2;‘ — e, p)(STp(X))q>.

Enopévoc, av 1 —2exp (22 — C(e,p)(STp(X))?) > 0 t61e pe Vetueh mdavétnta éyoupe 6t

(1—=01)M < ||T(a)| < (14 61)M vy xdde a oo N.
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Anodewxvbouue 6T Yl xdmoto xatdhhnho § = (e, p) > 0 av woylet 6Tt n + 1 < §(ST,(X))? t61e
1 ToEAmdve TocoTnTa efvar YeTinn xou emouéveg uTdpyel w € {2 T€Tolo WoTE

(1—01)M < |T(a)| < (14 61)M vy xdde a oo N.

Yuunepatvoupe 10T, AoYw XaTdAANANG EMAOYHS TOL d1, OTL
1
Vi+e

Suvenac, yio tov teheoth T = 51, : ty — X gyoupe ol

n 1/p n 1/p
1
- Z |ai\p> <|T(a)| <V1+e (Z ]ai|p) 7
V1+e (i_l i=1

7 ’ ’ ’ 1+¢
Yo xde ag, az. .., an € R. Eyoupe ooy on £ — X.

M < ||[Ti(a)| < V1 +eM vy xdde a oty Sen.

H Ipétaon 7.2.9 xan to Afupa 7.2.10 Yo poag Bondricouy yia v emAoyt Twv tTerect®dv Tt
lp — X xou to Afjuuor 3.3.2 yioe TNy xotdhAnAn emAoyy| Tou d1. Anodewxviouye eniong, To axorouvdo
Aupor yiar 0-8ixtua.

Afupa 7.3.4. Eorw n e N. Ta kde § > 0 ka1 kdOe vépua | - || oror R™, vndpyer éva §-6iktuo
N tng povabaias ogaipag tov (R™, | - |), térowo dote

V| < (1+2/0)" < e,
érov |N| o mAn9dpipog touv N

A7n6delly). Enedh) n povaddo ogaipa tou (R™, | - |) etvar oupmoyic, undpyouv z1,...,xn € X
ve [z] = 1, térow dote ||z; — ]| > 0 vy xdde @ # j xan 10 oOvoho N = {z1,...,x,} vo elvan
HEYIOTIXG e ouTh T Widtnta. Anhadh, av N7 eivon unooivolo tne povoduias opaipas TéTolo
oote |y — | > 0y xdde z,y e NV ye z # y xou N S N/, t61e N = N'.

To N elvou §-8ixtuo tne povadiadac ogaipac tou (R™, | - ||). Hedypatt, av € R™ pe |zf| =1
xou |z — ;]| > d v xdde i = 1,2,..., N, t6te yioo to NV = N U {x} éyoupe |y — z|| > § v xdde
y,z€ N pey # zxu N N, And 1 peyiomixdnta tou N odnyolpaote ot drono. ‘Apa, utdpyet
1 <@ < N o0 oote |z; — zf| < 6 xou ouvende 10 N elvar npdypott 9-8ixtuo tne povadiodag
opaipag.

Emuniéov ot yndhec B(z;, g),z =1,...,N eivou Eévec avd dVo xau B(w;, %) 1+ )B(O, 1).

"Apa,
N
) )
i—LJlB <x , 2) c (1 + 2) B(0,1).

Yuvenwg, av Vol, eivan 1o yétpo Lebesgue otov R”, td1e

N (g) Vol,, ZVOI ( (4, ))
= Vol, <UB 7, )
< Vol, <(1 + g)B(O, 1)>

1\3\0«) N >

_ (1 N g)nVoln (B(0,1)).
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‘Eneton 61t N (g)n <(1+ %)n Emouévoc,

V| =N < <1 + ?)n < (e)” — /8,

ooy wedue pe v anddelln tou Yewpruoatog tou Pisier.

Andédelln tou Oewpruatog 7.3.3. 'Eotw X yodpoc Banach o onolog eivon stable type p
xou {9;}7, oxoroudia aveEdptnTwy standard p-stable Tuyadev petoBAnTdv. Amé Tov oplopd Tou

1/p
> ST (anzup) .

ST, (X) undpyouv z1,...,2n € X OOTE

Zﬁxz

Avuxohotodvrag o z; Ye To W UTOPOUKE Vo UTOYECOUUE OTL sz\i1 |lz:||P = 1. Tére,
i—11Ti
(7.3.2) Z | ST L(X).
=1

Yougpwvo pe v Iopathenon 7.2.6 (iv) n Zf\il ;x5 elvon p-stable tuyaio yetafBAnTy| e Twéc otov
X.
‘Eotw p pétpo Borel otov X ue

A ) P
u({ i }) =,u({— Li }) = ] ,  ywxddei=1,2,... N.
|| [l 2

Egécov SN | ||zi][P = 1, to p eivor ouppetpixd pétpo mdavétrroc. Oewpolyue Tuyoia uetofnt

Y : @ — X ye xotavour g xo axoroudio {Y]};il avedpTNTwY TUY WY PETUBANTOV oL omoleg

ebvan tobvopeg pe v Y. Tlapatnpoltue 6t ||Y|| = 1 oyeddv tavtov. Optllovpe S = Z;O 1 Fj_l/pY

Téte, olugwva pe Ty Ipbdtaon 7.2.9, n S evor 1odvoun pe Ty —7 Zf\il ¥z Enouévoe, and tny
¢p

(7.3.2) éyoupe

11
(7.3.3) IEHSH—— > 1/p§STp(X).
Cp
Enlong
EHSH—— Zm < 1/EZW 1/p1E|191|

Yopgpowva pe v pdtaon 7.2.2, epooov 1 < p, éyoupe E|191| < 0. ’Apoc, E|S] < 0.
Ocwpolue TV Tuyala YETUPANTY

0

& _ Z j—l/p)/j‘

Topatnpolue 6t 1 S ouyxhiver oyedoy mavtol. Tlpdyuat, opilouue S, = -1 7YY wan Do

oetgouyue OTL 1 (Sn) elvon Cauchy oyed6v navtol. o m < n €youpe,
neN

‘ o mH - H Z j—l/py ‘j—l/p 1/p‘||YH+ Z - 1/py
j=m+1
o. Z ‘j—l/p _ Ffl/p‘ + Z Ffl/pyj
j=m+1 j=m+1
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Eqgboov 337 | ‘j;l/p —T-Y7| = B, < o xau 1 pIiNE iy 1Py, ouyxiver OYEdOV TAVTOU, GUUTE-
catvoupe 6tL 1 Sp(w) ebvon Cauchy oyedov yio xdde w € Q. Enopévwe, 1 S ouyxhiver oyeddv
TavToL.

Enione, nopatnpolue 61, oe aviideon pe v S, n S Sev ebvan p-stable tuyaia petafhnmi,
Qot600, 1 S éyet o amh wopr o den oto Afuua 7.2.10 UmopovUE Vo T GUYXEIVOUUE UE TV
S.

‘Eotw n € N. ©ewpolye Si,. .., S, aveldptnteg Tuyaleg pswﬁ)\még l0OVOUES HE TNV S xodg
won Si,..., S, aveldptntec Tuyaiec pewﬁ)\msg wwévopee pe Ty S. 'Eote hourdy,

_ e}
= Z _1/”Y”, vioi=1,...,n

6mou {Y;;} aveZdptnree xon wobévopeg pe v Y. ‘Eoto a1, ..., a, € R této0t dote Y |a;fP =1
Tote,
n n Q0
S — i—1/py..
PICEDICOI %—ZZ%U
i=1 =1 j=1 i=1j5=1
Egboov yia xdde i = 1,2,...,n hm |al|i/ = 0 xou |ai|j1/p 0 v x&e j > 1, ynopolue va

Tdpoupe Ty @divouca ocvcx&cx‘tocin TOU GUVOAOU {|az|]1% 7= 1,1<i< n}, ¢ote {bi}pry-
Enedy) ov Y;; elvon cuuuetpunés, aveldoTnTes xou I0OVOUES, CUUTERUIVOUUE OTL 1)

0
Z a;S;  ebvan 1wbvoun e TV Z b Yy,

omou N {Yi}re etvon axohoudio aveZdptnTov Tuyeioy PETUBANTOY bvoumy pe Ty Y.

Ioyveouode: Ta kdVe k € N,
card {(z’,j) agli VP > kfl/p} <k

Anédeiln tou 1oyvplouol: Oewpolue To GUVOAO

C={G.9) :laali ™" > ke
Oéloupe enopévac va deiloupe ot card(C) < k. Opilouue
Bi={j=>1:(5,j)eC} yiwi=1,...,n
'Eotw b; =max B; vyt =1,2,...,n. Tote,
(i,b;) € C = |ag|b; /7 > k1P = |a; Pk > b,

"Apa,

i b < i la;|Pk = k,

i=1 i=1
St Yo aifP =1

Emnhéov B; < [b;], 6mouv yiom € N ouufohilovue [m] = {1,2,...,m}. 'Encton 6t card(B;) <

card(C) = ) card(B;) < . b; < k.
i=1 =1

b;. Yuvenwg,
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Ané tov woyuploud éneton 6t 0 < by < kP v xéide k e N.
Ané to Afpua 7.2.10 éyoupe 6Tt

s -

o0 o0
'*1/Pyj _ Z Ffl/pyj
—1 j=1

< Ef] 57— ey

i ‘ —1/p _ —l/p‘

=B, <
Enopévec,
E HS‘ <E (HS - SH + ||S||) —E HS - SH +E|IS| < co.
Apa,
E Zn]ais@ IEZ i) || Z|aZ|EHSH < .
i=1 i=1
Anhadi, ‘ D ai Ni‘ € L1 (2, A, P). Egboov n X5, by ebvan obvoun pe v Y7 a;S;, ouune-

pofvoupe 6Tl HZZOZI kak‘H € L (2, A,P). Ané o lépopa 7.1.11, epboov 0 < by, < k=P éneton

P ( > t) < 2¢ Drt?

yioe xdde ¢ > 0. Anhady,
> t) < 2eDrt

(7.3.4) P (

yio x&de t > 0.

Emmiéov, mapatneoldue 6Tt

n ~ n n ~ n
E Z aiS; E Z a;S;|l| <E Z a;S; Z alSZH‘
i=1 =1 =1 i=1
n
<E Z ai(S; — S;)
:L:l
< Z |ail
=1
n
< Z \aI\B
i=1
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Egéoov ou Sy, ..., Sy, eivar p-stable tuyoiec petoBhntéc, éxouvue 6L 1 Y ;S elvon todvoun
e Ty (i Jail?) S = 5. Apa
E|(> aiSi| =E|S].
i=1
And to mopomdve Eneton OTL
E (> a:S|| —E|S]]| <n'/B,.
i=1
Av
(7.3.5) n < 61 (ST,(X))*?

6mou 1 otadepd 0 < 01 = 01(p, ) < 1 Vo emdeyel xatdhhnha, 61

(7.3.6) E||Y a;S:| —E|S|I| < 6,/"ST,(X)B,
=1

[apatnpolye ot
{ Z aigi Z ais'i Z aigi
i1 i=1 i=1
xou eopuolovtoc tny (7.3.4) vyt = (ﬁ/qSTp(X)Bp cuumepaivouue OTL
P ( > aiSi > 25}/QSTQ(X)B,,>
i=1

<P < 53(”5% 53(”5%
i=1 i=1

< 2exp (—Dpdy (STp(X))? BY) .

—E|S5] —E

> 25}/‘15TP(X)BP} c {

> 51/ qSTp(X)Bp}

—E S|l

—-E

> 5}/‘15TP(X)B,,)

Yougwva pe ty (7.3.3) éyouue ot
11

E[lS] = 011)755%()()7
ETOUEVLC,
(7.3.7) P ( Z a;iSil| —E|S||| = 45i/qcll)/quE ||S||> < 2exp (—Dypéy (STp(X))? BY) .
i=1

Tougovo pe 1o Afupa 3.3.2 untdpyet d2 = da(e) > 0 této0 dote av N ebvar da-dixtuo tne Sen
XAl VL0 XATOLL Y1, - -+, Y, € X LOYVEL

1—-4 < <1+ dg, yio xdde a € N,

n
3 o
=1

TtétE

n
oy
=1

n 1/p
<Vl+te (Z |ai|p)
=1

1 n 1/p
il? <
V1+e <;|a|>
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vy xdde aq, ..., a, € R.
Em)\eyoups 91 = d1(e,p) < b2 apxeTd pxEd WoTe 461/q 1/qB < 02. Tote, hayPdvovtag ur’
6w v (7.3.7) ouunepaivoupe 6Tt

P ( i az-gi
=1

Anhadn, yio xdide a € Sgn, 70 omolo Yewpolue oTadeponomuevo, ue mibovdTnTa ueyahltepn omd
1 —2exp (—Dpd1(STH(X))1BY) wyler 61t

—E[5]]

> 5,1 HSH) < 2exp (=Dpé1 (ST,(X))? BY) .

(1=38)E[S] <

Zau

Topgova ue o Afjppa 7.3.4, utdpyer d2-dixtuo N tng Spm pe [N] <e

(1+02)E S]]

/%2 Téie olupeve e T

Topamdve, Y xdde a € N,

]P‘) (
Emopévoc,

]P’(Hae/\f:

:Sil| —E S|

> 5,E HSH> < 2exp (—Dyd1 (ST,(X))? BY) .

—E[S]]

3

> 6 HSH) < |N]2exp (—Dpd1 (ST, (X)) BY)

< e2n/d29 exp (_Dp51(STp(X))qu)
2
— 9exp <<SZ — D61 (ST,(X ))qBZ>

< 2exp <§1 D51 (ST, (X))qu> .

Anhodn, ye miovétnTo peyolitepn and 1 — 2exp ( — Dy (STy(X))4 Bg) oy Ve

(1-0)E| S| < <1+ 0)E|S]
v x&de a = (aq,...,a,) €N.
‘Eyouye,
2n 2n 1
1—2exp — Dp61(ST,(X))IBl | >0« — <In- + D,01Bl(ST,(X))?
o P Wt 2 p

) 63
©n<—51n2 + D,—BI(ST,(X))%

9
Emopévoe, avn +1 < ngBg(STp( X))? t6te 1 — 2exp ( — Dpd1 (STH( qu) 0.

[aipvouye 6 = min{ngBg, 51} xou Yewpovpe n € N tétoov dote n 4+ 1 < 6(ST,(X))1.

Tote wavornoteitan 1 (7.3.5) xou e Yetinr mbovdTna

(1=38)E|S] < < (1+6)E S|

v xdde a = (ai,...,an) €N.
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Anhady), utdpyel w € 2 TéTol0 KaTE

(1-8)E|S| < Eaz ; < (1+8)E|S|
v xéde a = (a1,...,an) €N.
O¢touye
5i(w)
Yi =
E ISII
Tote,
1 -39 < 1+ 62, vy xddeaeN.

Ano 1o Afjupa 3.3.2 éneton Ot
1 n 1/p
s
V1+e (i_l

vy x&de aq, ..., a, € R.
Anhodn 0 n-didoToTog UTdYWEoS span {yi,

EZetdloupe tohpa Ty mepintwon ST,(X) = oo. Ta xdde L > 0 undpyouv z1,

N

i=1
Ouolwe pe v tepintwon ST, (X) < 00, unopolye vo Bpolue p-stable tuyoio yetofintq S : Q@ — X

EHSH—f 279-771

P = 1. T ; 0
|az] = 1. Téte, obupwva e To TopUTdve, yior xdde

n 1/p
<Vlite (Z \ai|p>
=1

yynt < X, ebvou (1 + €)-1oopopgixdc pe tov £y
ey e X

o Gote SN [ilP = 1 %
> Lcll/p.

TETOLOL WOTE
/

‘Eow n € N xo a,...,a, € Rye 3"

M > 0 undpyer S: Q2 — X pe
1
(7.3.8) E|S| = 2M1/qu5—.
2
Ouolwe e mpty, av unovécouue emniéoy 6Tt M > n, 161

—E|S||l| <n'4B, < M'B,

G

o

> Ml/po>

—E|S]l

> 2M1/‘1Bp) <P (
< 2exp (—D,MBY).

]P (
Ané v (7.3.8) éyoupe

'

—E[S]]

g

> 0ok |SH> < 2exp (—D,MBY).
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Ocwpolpe da-dixtuo N tng Sen. Tote,

2
P((l—ég E|S| < Zal il < (14 6)E S|, VaeN) >1-—2exp <6n—DpMBg>.
2
‘Eyouue
2n 2n
1—-2exp|— — D,MB] >0<:>DMBq>ln2+f
O p 0

Emiéyouue 10 M > n opxetd Yeydho WOTE Vo oy VEL 1) ToRamdve aviootnta. Amd to Avuuo 3.3.2

7 / 1+e
ouunepaivoupe ot £} — X. |

IMapatrenon 7.3.5. T'iap = 1 10 Ocwdpnua 7.3.3 Swopoppoveton K¢ eEAC:

I xdde e > 0 undpyet 6 = d(e) > 0, tétoloc wote, av X elvon évac yodpoc Banach xou n e N
we Inn < 05T (X), t6te undpyel undyweog Tou X Bidotaone n, o onolog eivon (1 + €)-loopoppixde
ue tov 47 [31].

M dueorn cuvénela Tou Yewprpatog 7.3.3 elvon 1 axdroudrn tpdTaoT 1 omolo opeiheTon GTOUC
Johnson xat Schechtman [18].

ITépwopa 7.3.6 (Johnson-Schechtman). I'a kdfe 1 < p < 2 ka1 kd0e ¢ > 0 vndpyer § =
d(e,p) > 0 dote ya kdle n € N apkerd peydro, vrdpyer k € N e k > on térowo dote o EI;
epgutedetar (1 + €)-1wopopgixd ovov £}. Ankadrj, yia kdbe € > 0

élg <5 ya kdmoo k = n.

Eibikérepa, o €, elvar nemepaouéva avarapaotdoipog ooy £y.

Anédeln. 'Eoww 1 <p <2, ¢> 2 o OoTE % + é =1 xau n € N. Iopatnpolue 6Tt

n n
E 279161 =]EZ|291| :nE\191|,
i=1 1 i=1
omou {e;}i_; n ouviing Bdon tou €} xan Y1,V ..., 0, aveldptntec standard p-stable tuyodec

wetafntéc. And tov oplopd tou ST, (L}) éyoupe hotmdy Ot

n 1/p
< ST,(47) (Z 6¢|§°>
1 =1

= ST, (£})n'/P.

TLE|191| =K

SUVETOC,
ST, (€7) = E|o1|n' "7 = E||n'/1.

Yopgpwvo ye 1o Oedpnua 7.3.3 yio xdde € > 0 undpyet 61 = d1(e,p) > 0 tét0l10 WoTE YIor A&
n € N undpyet k-didotatoc undywpoc Tou £} o onoloc eivan (1 + €)-toopoppixde pe Tov £X ps OTIOU
k= [01(STp(£47))"] = 1. Opox,

[01(STp(€7))] — 1
[61(E[91])"n] — 1
51(E|91])Tn — 2

_ o
)

AR\

- (E[91])%n

yior o apxetd peydho. o § = 71 (EJ91])? éyouue to Intoduevo.
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7.4 Ocswpnuo Maurey-Pisier :

type nepintwon

Me ) Bordewa Tou Oewpruatog 7.3.3 umopolue vo deifoupe TNV type meplntwor tou Owpeilatog

Maurey-Pisier. Anodewviouye mpwta €vor Auud.

Afppo 7.4.1.
(i) Ta kd%e 1 < p <

v kdOe ywpo Banach X .

(ii) I'a kdOe r,p térowa dote 1 < r
Kai To T dote

ya kdOe ywpo Banach X.
Anodeln.

(i) Eotww n € N, z1,x9,...
ueToPBANTES.

noulli ot onoleg elvon avedptntec xau and Tic V1,2, ..., Uy,

,Tn € X xou 91,09, ...
'‘Eotw enloneg €1, €,. ..

2 vndpyer otalepd C' > 0 mov efaprdtar 1évo ané to p wote

T,(X) < CST,(X)

p < 2 vndpyer otabepd C > 0 mov eéaptdrar puovo ané to p

ST.(X) < CT)(X)

, Up aveldptneg standard p-stable tuyaiec
, €n AVEEAETNTES CUUPETEIXES Tuyaieg peToBAnTéc Ber-
Oewpolue e {Yi}iq xou

{ei}i | opopévec oe évav xowd yoeo mdavotntag (2, A,P). Epbécov n ¥; elvar ouppetow

ouunepaivoupe 6Tt Yo ebvan todvoun pe v €|;] (Ilpdtaon 2.3.4). Enlong, and v Ilpbdtnon

2.4.6 €youye 611

LI

W)

n

2, (@) |03l

i=1

dP(w)

PR - |

=E

n

> €ildilz

i=1

Yuvende, expetoreviuevol Ty avicdtnto Kahane xaw 1o yeyovée étu 1 €|d;] ebvan iobvoun

ue v ¥; cuumepaivouue OTL

1/2
n 2\ V/
Ec | €

i=1

< KoE. i €T
=1
Eﬁ; e By Z €|Vl
It;!f;lEEq9 ieiw'\wi
E]ﬁl W')|z;|| dP(w)dP(w')
EﬁzﬂE ;fi!ﬁz\xz
Eﬁ;ﬂE Z_Zn;ﬁm
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YUVETOC
K,

—ST,(X).
E‘ﬂl‘s p( )

T,(X) <

(i) BEoww 1 < r <p <2, neNxuz,z,...,0, € X. Oewpolye {¢};, oveldptntee
ouupeTtpée tuyolec petoBhntéc Bernoulli, {9}, aveldpntec standard p-stable tuyoiec
HETOBANTES Xou {qf)z} 1 aveldptnteg standard r-stable tuyoleg petafBintéc ol omoleg elvou
enfone xou aveZdpniee vetall touc. Emmiéov, dewpolue tic {€}i_,, {Pitiy xou {¢i}i,
optopévee o évay xowd yoHpo mavotntac (2, A, P). Anéd ty Ilpbtaon 2.4.6 €youye 6T

-
it

, On, €lvon r-stable €yovue otL 1 Tuyaio yeToBANTY

dP(w)

il w) ||

dP(w)dP(w').

Z @i (w) Vs (w') i
i=1

‘Ouwg, epbdoov oL ¢1, ¢a, . ..

PIRACHEN

i=1
7 7
elvon lobvour ue tnv

n 1/r
<Z wi(w’>|7”!xi!"> 1

v xdde W’ € Q.
Enopévoc,

!szH

1/r
dP(w (Z |93 (w")]" H%Hr> E|é1] vy xdde w' € Q.

Ouolwe, epdoov ot V1,V ..., 0, clvar p-stable, éyoupe 6Tt

J 2

Yuunepatvoule AoLmov 6Tt

W) i

1/p
dP(w <Z |pi(w) [P zs |p> E[91| yio x8de w € Q.

Vi|4

n 1/r
=E (Z \ﬁi|T|xi|7"> E[g].
i=1

n 1/p
E (Z !¢z‘\p|\$i|\p> E[¢,] =E
i=1

Yuvenog, hapfdvovtag v’ 6 xon To YeYovos OTL 1) ¢y elvon lodvoun e TNV [¢d;|€; xadide xou
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v llpdtacmn 2.4.6 €youue 6T

n
E|), diwi
i=1

— E4E.

n
E|Y |¢ileixs
=1

i=1
o\ 1/2

€z

n 1/p
(7.4.1) <Z |¢z‘|p$ip>

| oudilo|

> lilei:

) 1/r

/ 1 3 ’ .. 7 ’
Egdoov & < 1, and tnv avicétnta Holder €youpe ot

(B1x1)" < EIX]

v xdde tuyodo petoantl X. T X = 377 [0i]7|@i]|" éxoupe

n 1/r n 1/r
E (Z |19z'\r|l‘i|r> < <E <Z |19i!r|$ilr>>
i=1 i=1

n 1/r
(7.4.2) = (E|9,|")"" (Z w) .
=1

Ané uc (7.4.1) xou (7.4.2) éyouye 6T

Z@z

Yuunepatvoule AoLmov 6Tt

E|¢1|
E|1|

ST (X) < (E[01[")"" T,(X).

n 1/r
IE|(Z51| 1/r
< E|9,|" Ml )

Yougpwva e ty Ilpbdtaon 7.2.2, epboov r < p, oylel ot (E|91|")V" < 0. T C =

EM“' (EW |” )1/r €youpe to {ntolyevo.

IMapathenon 7.4.2. And to Afuuo 7.4.1 mpoxdntel dueca OTL

sup{l <p<2:T,(X) <w}=sup{l <p<2:8T,(X

Ocedpnua 7.4.3 (Maurey-Pisier: type nepintwon).

Eotw X areipodidotatog xwpos Banach kaipy =sup{l <p < 2:Tp(X) <o}, Tore ol

renepaouéva avarapaotdouos ooy X.

) < oo}

z.
€val
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Anoédegn. Avp, =2 tdte T0o {nroluevo mpoxintel and to Yewpnua tou Dvoretzky. Av p, < 2
61 Y X8 p, < p < 2 éyoupe 6T T(X) = 00 xau dpo and 1o Afjupe 7.4.1 (i) ovunepaivoupe
6t STy(X) = 0. Buvenwe, and 1o Oedpnuo 7.3.3 0 £, elvon TENEPACUEVA OVATHUPUCTICWOS OTOV
Xy xdde p tétoo wote py < p < 2. Anb ouT6 PNOpOUPE Vol GUUTERPAVOUYE OTL 0 £ - Elvau
TEMEPUCUEVAL OVATARUOTICWOE oTov X.

[Mpdrypatt, éotw € > 0 xow n € N. Oewpolye p, < p < 2 €100 OOTE

1 1 £
(14 9) < e

1+£
'Boécov o £, eivor nenepaouéva avanapactdoyoc otov X éyoupe ot £y — X, Sfhadh undpyet
T : £y — X oopoppuxt] euplTELoT TETOLL c()orsl||T]1] |77 < 1+ &. Emmiéov, olugova e tny

Hoapathenon 4.1.4 €youue 6L d (E;},EZX) < nPx P Anodh undpyet S loy — O Yeoupxoc

10
wwopoppiopée Gote |5 ||STH| < nPx P. Suvende, ywo tov tehesth T o S : ty . — X éyoupe om
elvon loouop@uxt| EUPUTELCT) UE

1T o SI[(To8)7H| =T o SIH|T™ o STH < TN SIS 77|

1 1

< nPx ”(1—|—§><1+5.

Acioue dnhadn ot . P X vy xdde ne N xowe > 0. Ané 10 Afppa 3.1.5 ocvunepatvouye Ot
0 £y elvor TEMEPACUEVDL avaTOPUO TGOS 6TOV X

[
And v mopoandve anddelln Untopolus Vo GUUTERAVOUNE TO eEHC:

IMpbétaom 7.4.4. Eoww X xopos Banach. To oldvolo twr p € [1,00] ya ta onoia o £, efvar
X ) P
renepacpéva avarapaotdoiuos otov X etvai kAewoté vroouvolo touv R.

Mo dueor ouvénela Tou Oewpriautog 7.4.3 elvon 0 axdroudo TOELoUA.

ITépwopa 7.4.5. Eotw X amepodidotatos yxwpos Banach. I'a xdle p, < p < 2 o {), elvar
renepaopéva avanapaotdoios otoy X.

A7n6dely. Eotw p, < p < 2. And 1o AMupa 7.4.1 (i) éyoupe bt STH(X) = 0. Luvenng and
70 Oewpnua 7.3.3 cuunepalvouue OTL 0 £, Elval TETEQACUEVI AVATAPACTACHLOSC 0ToV X

M 6e0tepn anddelln Yo prnopoloe va 6oldel wg e€nc: And tnv Ilpdtacn 7.2.3 €youue 6Tl 0
£y euguredeTtan wopetexd otov Ly = Ly ([0,1], B([0,1]), A), eve) and v Tlpdtoon 3.1.7 yve-
plCoupe 6t 0 Ly elvon METEPUOUEVDL OVOMOPAUG TUGLLOG GTOV £ . Xuunepaivouue Aowméy 6L o £y
ebvou TETEPAUOUEVDL AVATAPAC TGOS OTOV £y . ATO TNV UeTABaTinGTNTO TS TETEPUOPEVNG OIVOTOL-
UG TUCHOTNTAG XU TO YEYOVOS OTL 0 £, Efvor TETEPUGUEVDL AVOMpao TEOHOS 6TV X, GUVEYOUYE
OTL 0 ), €lvon TEMEQUGUEVAL AVIUTORAC TAGULOG 6TOoV X |

TreviuuiCoupe 6Tt T0 GUVOAO TWV P Yia To OTolal O £, Elval TETEPAUOUEVOL OVATUPACTACYIOE OE
évay yopo Banach X eivan uvnoctvolo tou [py, ¢, ] (ITdpropa 4.1.17). Suvodiloupe o napoamdve
TNV oxOhoLUT| TEOTUOT).

Ilpbétaom 7.4.6. Eotw X ywpos Banach kai
K(X)={pe[l,©]: o/, elvar nenepaouéra avanapaordoipos oror X} .

Tére to K(X) elvar kAeioto vroodvolo tou [py, q, | ka1 mepiéyer o [py, 2] U {qy }-



IMToapdetnuo A’
H npofoAry Rademacher

A’.1 H npofoA® Rademacher

Optopog A’.1.1. T xdde n € N dewpolue to doxpttd x0Bo EY = {—1,1}" xou tic cuvaptioelc
Rademacher r; : EY — {—1,1} tou opilovton w¢ e&hc:
TZ‘(G) = Tz‘(el, SR 7 S En) = €;.

Mo xdde & # A < [n] :={1,...,n}, opilouye ot cuvdptnon wy : EY — {—1,1} détovtoc
wale) = Hri(e).

i€A
Yuugovoipe enfone 6t wy = 1. Ot ouvopthoes wa, A S {1,...,n}, elvou ot cuvopthoec Walsh.
Mopatneote 6T 1y = wy xu 6T wawp = waap 6mov AAB = (AN B) u (B \ A).

BXénouye tov Ef cav yhpo miavotnTog UE TO OUOLOU0p(O UETEO Ly, AV f: EY — R, t6te
1
| @t = 5 3 5o
Ey eeEY
Fevixotepa, av X elvon évac ywpog Banach tdte yio xdde f: EY — X opilouue
1
F(dn(e) = 57 O Fl) € X.
Ey e B

O yopog Ohwv Twv cuvapthoewy f : By — X yiveta yoeoc Banach pe omowdhrote and Tig
LlGOBUVOES VOPUES

1/q
Il zyepn = ( | uf<e>|?xdun<e>) ,

6mou q € [1,+00). Eivar edxoho vo eréyEoupe 6Tt ot cuvapthoeic Walsh oynuotilouv opdoxavovixn
Bdon tou La(EF;R), dpa xdde ouvdptnon f : EY — X ypdgetar oov ddpolopo oTolyelwy Tou
ouvbhou {wa | A S [n]} @ X.

IMpoétaom A’.1.2. O1 ouwvaptrioas Walsh 1kavomoioly tig oxéoes opfoywridtnrag

(A"1.1) Dlwale)wp(e) = 2" a5
(A"1.2) D lwale)wa(Q) = 2",

A
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Omou 6y = 1 av ¢ = y ka1 6y = 0 av x # y. EmmAéor, xdOe f : By — X avanapiotatar

povoonuavta atn Hopen)
fle) =Y wale)xa,
A
yia kdrowa x4 € X.

Anodegn. O cuviixeg oploywwidtntog eEAEyyyovTaL EOXONA - 1) TEWTH TEOXVTTEL A6 TNV TUEd-
™enon OTL WAWB = WAAB XA TO YEYOVOG 6Tt ), wanp(€) = 0 extoc av AAB = . T 1
oeuTeEEN, apxel v Tapatneioouue 6Tl av otadeponotioouye xdmoloy deixtn j TéTolov WoTE € # (j,
tote Yo xdde A < {1,...,n} pe j ¢ A éyouue wale)wa(() = —wz(e)w;(¢), émou A=A0U {5
[N va Bei&oupe 6Tt xdie f: B — X €yel govadiny| avamopdo taoT, Yewpolue pio Tétola f xat yia
xde A < {1,...,n} ¥étoupe

. JE wa(€)£(€)dpin(e).

n
2

Tore, yenowonowdvtog v (A”.1.2), BAénouye ot yio xdde € € £

Dwale)ra =Y wale) (J wA(C)f(C)Wn(C))
A A Ey
= 1 (2 w(e)wA(o) dpn(C) = f(e).
Ey A

[ vor Sef€oupe Tt povadixdtnra, unodétouvue 6t f(e) = D, wa(€)ya Yy xdmotor Soviopoto
ya € X. Tore,

TA = JE wA(C) f(Q)dun(C) = JEQ (Z wB(C)Z/B) wA(C)dpin (€)

n
2 B

= Q%Z?JB > wa(Qwa(Q) | = ya,
B

CeET
av AdBouye unddn ty (A”1.1). [ |

Opwowdg A'.1.3. H npoPorr Rademacher tne f : B3 — X eivou ) ouvdptnon Rad, f : By — X

mou opileton and TNy

Rad,, f(€) = Z 7i(€)T iy,
i=1

omou f = Ylwaxa. Owpolye tov Ypouuxd teheot| f — Rad,(f) ov La(E3; X), xou av autds o
teheoTtrg ebvan ppaypévog, Tote YéTouue

(A"1.3) Ko (X) := |Radn|| L, (Ep;x)— Lo (Eg:x)-

To enduevo Muua detyver 6Tt umopoldue va ypdouue v Rad, f cov cuvéMn tne f ue to
dipotopa twv cuvaptioewy Rademacher, émou 1 cuvé&n wog ouvdptnone f + By — X e wa
ouvdptnon g : By — R oplletan wg e€ng:

(A.1.4) (f *9)(e) = . F(eQ)g(C)dpn (C)-

Ipdpovrag €¢ otnyv mponyoLuevn oy€on, EVVoOUUE TO Xatd onucio Yvouevo.
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Adppo A’.1.4. Opilovue g, : EY — R O¢rovzag gr(€) = > ri(€). Tote, ya kdOe f : EY — X
éyoupe
Rad,f = f *g,.

Arndédedn. Ancuieiog unoloyloude delyvel 6Tt

(f * gr)(e) = JE (Z wA<e<>xA> <Z n(@) dpin(C)
2 A =1

OmKC VENAE. |

H endpevn npdtoon delyvel 6t o Lo(Ey; X*) elvar o Suixde ydpog touv Lo(EY; X).

IMpétaomn A’.1.5. Eotw X xwpos Banach, X* o 6vikds tov, ka1 H évag xcpos Hilbert. I'a
kdle f: By — X, ¢ : B — X* ka1 h: E§ — H, 10ytovr ta napakdtw:

(o) Trdpyerp: By — X* wérowe dote [ p,mp,x+) =1 kar

[ Alaepy = @ ) = | [9(O](f(€))dpn(e).

Ey
(B) To ypappuké ouvaptnooadés mov avtiotowel atny ¢ kar opiletar otov Ly(EY; X) péow tng

(A'L5) @.1y= | [N O)diale)

E2
efvar ppaypévo ka1 éxer vépua ion pe || L, pp xx)-

(v) Av h =) ywaza evar n avanapdotaon s h, téte

1012 iy = D Nzl
A

Ano6dely. (o) Tty Lo vépua e f, oyder ot

! ENIG]
| £ 2oy ix) = ( fE ||f<e>|2dun<e>> - (2”2 f<e>l2> BTy

Yot xdmota axohoudia mporypeTxdy aprdudy (ac) pe Y a2 = 1 (umopolpe vo Tépouue ae =
%) An6 to Yebpnua Hahn-Banach, prnopotue yio x&de € € EY va Beolue 1(e) € X*

w1010 Gote |[P(€)]s = 1 xau [1h()](f(€)) = | f(e)]. Oérouue ¥(e) = 2"%actp(e). Toyler tote bt

2. 2"a ZH@ZJ ) Z 2 _

2
1L, (m2,x%) =
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EVQ ETUTAEOY,

W1 = o DIHONFO) = 57 DTN (E)a

1
= 57 LI Ollac = |flacepx).

(B) And tov oplopd tne vopupac otov X* xou xdvovtac yeron e aviodtnrag Cauchy-Schwarz
Brémouye OTL

(6.1 < | OO (@) < | 106 xe 7€) Lx dia(e)

£y

1/2 12
< ( JE Ip(e) H?X*dun(e)> (L [ f(e)g(dun(e)>

= H¢HL2(E§L;X*)”f”Lg(EQ;X)

ondte <, Hll(Lomyix)y* < [l Lompxx). T v 06Tt Soudedovtac 6mwe oTo (o) propolue
va 8et&oupe 6TL yia xdde 6 > 0 undpyer f5 : B — X tétoia hote Hf5HL2(E5L;X) =1 xo

1Dl Ly Epxxy = <Ps f5) + 0 <K@y Dl (La(Epx))% + 6.

(v) Hopatneolyue 6tt, oand v (A1.1),

J, 1@ = || S wa(@pealidin(0

A

o <Z )fAvaB(€)$B>Hdun(e)

B

I
%

ES

=M =M

Dtaasenm fE wa(€)w(€)djin(€)
wa,wayn = Y |wald,

A

xau To {nrovuevo €yel detydel. n
Xpnowomowvtag Thpa Tov Tomo yio TNV Rad, mou yag diver to Aupo A”1.4, BAémouye 6T 1
Rademacher npoforf| Rad,, : L2(EY; X) — L2(EY; X) elvon mévta @poryuévn, Pe voppa < /1.

ITpotacy A’.1.6. Eoww X ydpos Banach, f : EY — X, g : Ef — R, ka1 éotw g(e) =
Y awal€)ca n avarapdotaon s g. Tore,

(@) [f*9lr,mpx) < Iflraepx)lglL, Ezpm)-

(B) Av o X = H eivar xdbpos Hilbert, tdte
ILf * gl Loy < | flpacepm) mEX’CA\-
v) Av d(X, H) ewair n aréotaon Banach-Mazur tov X and éva ydpo Hilbert H, tote
n n Xep

Lf # gl Lyepx) < max lcald(X, H)|| fllz,ep;x)-
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Anodely. (a) Epooov fxg : EY — X, and v Ilpdtaon A'.1.5 (o) unopolue va Bpolue
¢ B} — X* tétoln hote HQZ)HLQ(E;;X*) =1 o

IF * gleacegon) = | (NS »9)(@)dine)

_ f 9(0) J [S(ON(F(0) dpin(€)dpin (<)

EVQ) 1) TORATAVG EXPEACT] ELVAL TEOPAVHS

<j Ig(C)If o) x+ [ f (€€) | x dpan(€)dpin (C)
E3 E3

| \g<<>r(f \qs(e)n%(*dun(e)) (f \f<e<>%<dun<e>> dpin(0)
ED ED ED

2

A

= flroepx) 9L, (23 :R)-

(B) Hopotnpodye 6Tt av f = >, wWATA XU g = Y4 CAWA EVOL OL OVATUPUCTIOES TwV f ot ¢
avtioTolya, TOTE f*x g = > 4 carawa. Auto yiveta cagéc pe évay an’ evdelac unoloylouo:

& = fE £(e0) (; wA<<>CA)dun<c> _ ; ( fE f<ec>wA<<>dun<<>)CA
= Z( fleQwa EC)dHn(C)) cawa(€) = Y wacawale).

A

Ané v Ipbtaon A" 1.5 () éyouue

1/2
If = 9”L2(E2 JH) (Z ||CAI'AH>
1/2
< max|ey| (Z m%) - (mgx|cAr) PREE
A

(v) Aodévtoc € > 0, and tov opioud g andotoone Banach-Mazur undpyet wopoppioude T :
X — H tétowc dote |T|T7Y < (1 +e)d(X,H). Agol f*g =Y, cazawa, woyler Moyo
YOUUUXOTNTAS OTL

T[(f = 9)(e)] = D wale)eaT(xa).
A

Ané tov oplopd twv vopumy xou v Ipbdtaon A'1.5 (y) woylel tote oL,

1f * glla(mgixy = 1T~ 0 TN * 9)llLa(mpix)
<|[T7H|T(f * D2 epm)

1/2
Y (2 cAT<mA>\%)
A
< max leal 1T~ £l L2cegs
< maxeal [T~ I ez
1 sz mase leal (1 + )X, D),

TIOL OAOXANEOVEL TNV ATODELET. n
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IMopathenon A’.1.7. To Afppa A'.1.4 Selyvel 6t Rad, f = f * gp, 6m0U g = D11 1. Abyw

e optoywwotnTag Twv cuvapthoewyv Rademacher woylel 6Tt
lgl L zpmy < l9lL2Epm) = v,
ondte 1 Hpbdtaon A”1.6 (o) divel
|Radn fll 22 (mn:x) < VRl fllze (i)

To (Y) tne Bl mpdtaone diver pio Toukdytotov To (Blo xahh extiunon oty nepintwon mov o X
elvar Loopoppnde pe éva yodpeo Hilbert H xou d(X, H) < 4/n (xdt mou oy et YLol Toug n-0ldotatoug
YOpouS e vopua, and to Oethpnue Tou John): agol maxa |ca(gr)| = 1, éxoupe

(A”1.6) | Radn f||Lyep:x) < d(X, H)|f]Ly(ep:x)-

Téhoc, av 0 X = H elvau ywpoc Hilbert, to (B) tne npdraone delyver ot
|Radn|| Ly ()L () = 1-

To napoxdtew Yedpnuo wotdoo, pag diver Eva Tohd xahitepo Qpdypa yiow Ty || Rady,||.

Ocedpnua A’.1.8 (Pisier). Ymdpyer anddvtn otadepd C térowa dote, ya kdbe ydpo ue vépua
X mov elvar wopopikos ue éva xapo Hilbert H, éxoune

(A/17) HRadn‘|L2(E§L,X)—>L2(E§,X) < ClOg[d(X, H) + 1]
Yuykekpipéva, ya kdOe n-6idotato xwpo pe vopua X,
HRadnHL2(E§L;X)*,L2(E§L;X) < Clog(n + 1)

[Mo v anddeln tou Yewpruatog, Yo emxahecTOOUE Uiot Xhaowxr) aviootnta Tou Bernstein yio
TOL TELY WVOUETEIXE TOALWVLUOL:

Afupo A’.1.9 (avioétnta Bernstein). Av Q) efvar éva tprywvopetpird moAvdrupo faduol n, tote
(A"1.8) 1Q o0 < 2n]Q] oo

Botw P(t) = Yocpen 26t évol mohuhvupo Baduol n pe uryodixolc ouvteheotés. Oewmpolye
TO TOAUWYLUO
Q(t) :== P($sint) = Z ;—];sinkt
0<k<n
To Q(t) elvou éva TprywvoueTpd mohudvuuo Boduol n (xéde k-ootr S0voun tou sint unopel vo
Yeopel ooy TELYVOUETEIXG ToAUWVUUO Baduol k), ondte epapudlovtoc to Afupo A'1.9 éyouue

570 = QO] < 20Q1 = 2n sup [P(1)

[ x&de mohuwvupo P(t) = Do ey 2tk ue wyodinolc cuvieheotée, toyler dnhodr ot

A’1.9 P(0)] <4 P(t)].
(A1.9) [P'(0)] < 4n max [P()

Kévovtag yprion tng mapamdve aviodtnTag, EYOUUE TNV oaxdloudr) TedTacT) Tou Elvol To XploLuo
Briua Yo Ty anddelln tng extiunong tou Pisier yia t Rademacher npofoly.
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IMeétaon A’.1.10. Eoww l € N, | > 2. Trdpye éva mpoonuaouévo piétpo oo [—3, 3] pe
kOuavon |p|| < 4, to onoio ikavonoiel Ta axdrovda:

1/2 1/2
(A’.1.10) f tdu(t) =1 J thdut) =0 , k=0,2,...,0
—-1/2 —1/2

Anodegn. XupPoiilouye ye Pp ToV YOPO OAWY TWV TOAVWVOUGY UE TEUYUATIXOUE CUVTEAECTES
Borduol to Mol (oou ye I, xou optlouye to cuvaptnoloxd F': P — R ue

Ané v avicétnto (A.1.9) nadpvouye toTE 6T

F(p)| = |p'(0)| < 4l o, )
POl =W O] <4 _max 0], peP

An6 10 Vedpnuo Hahn-Banach, n F enexteiveton oe pua F e (C[-1/2, 1/2])* ue | F| < 4l. Ané 1o
VYedprua avanopdotaone tou Riesz, undpyet npoonuacuévo pétpo 1 oto [—1/2,1/2] pe || < 41,
70 0OTOl0 XAVOTIOLEL TNV

1/2 ~
J t*du(t) = F(t%) = (%) ]i=0 , k=0,1,...,1,
—1/2

we ko hoyor tig (A”.1.10). [ |

Ano6deln touv Oswperpatog A'1.8. Oecwpolyce T0 Pétpo 1 Tng Tponyoluevng Ipdtaong, xou
opiCouye

/2 n
90 = [ ]+ tn(@)duto.

—1/2 ;7

Enedf) [ 1L, (1 + tri(e)) = Y o tF 2141k wa(€), Exovue

12320 A=k

n 1/2
= kdu(t wa (e
kZO((jmt u( >> 3 w40

n n vz
= > ri(e t du(t wale) |,
Yo+ 3 (f/ ul >> |A|Z=k A(6)

OTOU YENOUOTONCOUE TIG WOLOTNTES TOU L.
, 1/2 . ,
Okouse g1 = gr = X0y 7is g0 = Sy 1 [(§72 (1)) g wal, e Brémovpe b g =

g1 + g2. 'Eyouye eminhéov

12 n
ol = || [ T10+ (@) du®fdin(e

Ey ' J-1/2,9

s JE;‘ <f_11j2 Zli(l +iri(e)du

:J1/2 (jgﬁ(1+tm(e))dun(e)

12 n
0+ [T+ @) () )0

-1/2;_7

) d| | (t)-
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Ané tny Hpdtaon A'.1.2 éyouue

1=
~
B

| [0 + tri(0) dunte) = 5 J“nquA )djin€)

2 i=1 k=0 |A|=k
n
_ 3k ZJ wa(€)wgs(€)dpn(e) | = 1.
k=0 \|A=k

"Ercta étol 6TL

Il (Epm) < |l < 41
xal dpa
(A”1.11) If = gl zozpx) < 1flLaEpx) |9, epr) < 4U S LoEpx)-

Tupatnpolpe ev GUVEYELL 6TL AV go = D] WACK = D3y 1 24|k WACY » TOTE
2
92 _ ; -
cy = f 1/215 du(t) 6mou k = |4,

onéte and v Hpdtoon A”1.6 (y) éyouue 6Tt
(A.1.12) If* 92l Lapixy < 1F | ampix) max || d(X, H)

1/2
- k
= HfHLg(Eg,X) lI<nka<x H 1/275 du(t)|d(X, H)

< HfHLz(ES;X)WHNH d(X, H)

41

Ané tic (A'1.11) xou (A".1.12), cuunepaivouye 6Tt

|Rad f| Ly (mpx) = |f * (9 = 92) [ La(egix)
= |(f *9) = (f * 92) | Lo (Ep:x)
< |(f * @) opix)y + 1(F * 92)ll Lomyx)

d(X, H)
< Wlaacegao (10 + 4252

To nopomdve arnotéhecua loyvel yioa xde [ € N, [ > 2. T va 8ei€oupe to {ntoluevo epyalouooTte
o € 'Eotw s 0 uixpdtepog un apvntinde oxépatog yia Tov omolo oy Vel Ot

28 < d(X,H) <25t
Oétouue | = s + 2, ondte | = 2 xan

2l <4-d(X,H) < 2.

d(X,H)
( 4l + 4z2l+1> < 5l

Ioylel tote 6TL
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EVG) TAUUTOYPOVY,
l=s+2<logy(d(X,H))+2<cologld(X,H) + 1]
yio xdmota anoAuTy otodepd co > 0. ‘Enetan 61
|Radn f| Lymp:x) < 5 flrympx) < clogld(X, H) + 1| fl Ly mp;x)

o6mou ¢ = 5. |






IMTapdetnuo B’
H apyn tnc Ttomxng avtonavdetog

B’.1 Apy" tng Tomxng avtonddeiag

H opy?) tne tomixric avtondletac anodelydnxe and toug Lindenstrauss xou Rosenthal. Ioyupileton
OTL, xTd xdmolov TeoTOo, xdde ywpog Banach elvan tomixd awtonadrc, ue v évvola 6Tt yior xdde
amelpodidoTato yweo Banach X o X™** elvan nenepacyéva avamapaotdoiwog otov X.

Ocdenua B'.1.1 (apyh tomnhc autondiewag). Eotw X ydpos Banach, E < X** ka1 F < X*
pe dim B < o0 ka1 dim F' < c0. Téte ya kdbe € > 0 vndpyer ppaypévos ypauros teAeotns 1 :
E — X térows dote |[T||T7| < 1+¢, T(z) = x ya kdbe x € En X xar x*(T(x**)) = x**(z*)
yia kde z* € F ka1 z** € E.

H onédeign nov Va neprypddouye ogeileton otov Stegall [38]. Oa ypelaotolue xdmoto Bondntind
ATMOTEAECUOTAL.

Ilpétaom B'.1.2. Eoww T : X — Y gpayuévos ypapjukos teAeotns pue ket eixova. ‘Eotw
y €Y téroo dote n e€iowon T** (x**) = y va éya AWon ** € X** e |o**|| < 1. Tére n eklowon
T(x) =y éxet Won x € X e |z| < 1.

Anodely). Ipénel va deioupe 6ty € T'(Dx ), énou Dx elvon 1 avouxty| povodioda undho touv X.

Trodétoupe apywxd oty ¢ T(X). Tote undpyer y* € Y* ye T*(y*) = 0 xou y*(y) = 1. ‘Opoxc
autd elvar dtoTo, dLdTL

[T (@™)](y*) = y*(y) = 1.

Trodétouye wpa 61ty € T(X) N T(Dx). Anbd to Jedpnua avowxtic anedédvione 1o T(Dx ) eivon
oyetixd avowxtd oty T'(X), xar and to Swywplotind Jedpenua Hahn-Banach unopolue va Bpolue
y* e Y* této0 dote y*(y) = 1 o0& y*(Tx) < 1y xdde x € Dx. Eneton 6 [T (y*)|| < 1, dpo
|z** (T*y*)| < 1, dnhad¥| |y*(y)| < 1, To omnolo eivon dromo. [ |

IMpétaom B'.1.3. Eotww T : X — Y @payuéros ypapjkos teAeotng e kA€ot eikéva kai €0tw
K : X =Y teleotng nemepaocuévng tdéng. Tote o T+ K éyel emionS kAeotr) eixova.

Arnoédegn. Ac unodéoouue 6Tt 0 T + K Oev €yel xheloty| emodva. Tote undpyel ppaypévn a-
xohovdio (x,) o wote (T + K)(zy) — 0 add d(xy,Ker(T' + K)) = 1 vy xéde n € N.
Iepvwvtag oe unaxorovdio umopolue va vtodécovue 6Tt Kx,, — y € Y, dpa T'x,, — —y. Tote
umopolpe vo Peotue x € X ye Te = —y, dpo Ty, — —y. 'Enctoun 6w [Tz, — Tzl — 0, dpo
d(xy, —z,Ker(T)) — 0. Xuvenog, y — Kz € K(Ker(T)).

‘Eotw 61ty — Kz = Ku yw xdnow u € Ker(T). Téte

d(xy, —x —u,Ker(T)) — 0,
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o
|Kzp — Kx —ul — 0.

Aol 0 Klge() éxet xAeloT exdva, autd onpaivel 6Tt
d(xy, —z —u,Ker(T) n Ker(K)) — 0.
Opwe T'(z +u) = —y = —K(z +u), dpa x + u € Ker(T + K) xaw autd delyvel ot
d(zy,Ker(T' + K)) — 0,
oe avtiieon pe Ty unddeor| pag. [ |

ITpétaomn B'.1.4. Eoww X ydpos Banach, A = (ajk)%il €vag m X n mpayuatikos mivakag,

kar B = (bj)y_y €vas p x n mpaypanikds nivaxas. Eotw yi,....ym € X, yf,...,y5 € X7,
kai ti,...,t, € R. Trmobérouue du vndpyowv xi*,...,x}* € X** pe maxy |2}*| < 1, wa omoia
1KavomowoUy TS
n
Rk .
Zajkﬂfk = Yj, I<sjy<sm
k=1
Kal
n
* ok -
vil Dbt | =t;,  1<j<p.
k=1
Téte vrapyow x1,...,x, € X pe maxy |zx| < 1, térowe dote
n
Eajkwk:yj, I<jsm
k=1
Kai

n
v (Z bjkxk> =t, 1<j<p
k=1

ATnodelly). Ocwpolye tov teheoth Ty : O (X) — L2(X) pe

n
To(l‘l, e ,.%'n) = (Z a,jkxk>
k=1

7 4 4 4 7 4 7 4 7 4 7 4
Oa del€ouye 6TL 0 T €xel xAeloTy| exdva. Autd mpoxdmTel and To Yeyovog OTL o mivaxag A yedpeton

m
j=1

otn woppny A = PDQ), 6mou ot P xou @ elvon avtioteéduuol, xou o D elvon Tng Lopgrnc

D_ ITO,
0 0

omou r ebvan 1 &N tou A. ‘Enetan 611 o Ty mopayovrtonoteitar otn woppn Ty = USV, émov ov U, V/
ebvor avtioteéduuol xar o S diveton amd Tov mivoxa D, ondTe €yel XAELOTH EIXOVAL

OpiCoupe tpa T : 02 (X) — (1(X) @ ¢4, ue
P

T(l'la---vxn) = TO(xla---axn)a (-Tj (ijkxk))
k=1 j=1

Ané v Ipdtaon B'.1.3 cuunepaivouue 61t o T' €xel xhetoth emdva. Tdpa, to {nrodyevo eivon
dueon ocuvéneta tng Hpdtaong B'.1.3. |
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ATnodely tov Oewprpatog B'.1.1. Eow ¢ > 0. Oewpolye § > 0 tétoo wote (14 5)(1—
36)7t < 1+ e xm éva 6-dixtuo {27* 1< j < Nt {a™ e E: 2" = 1}. Oewpolue tov
teheot] S RY — F ue

N
S(ty, ... ty) = Z tjat*.
j=1

Oplloupe H = s71(E n X) xu Yewpolye o Bdon (a(j))g’“:1 tou H. Botw S(aW)) =y;e En X.

, , m,N i
Oewpolye Tov mhvaxa A = (a;k); 7, 6TOU a’) = (aj1,...,a;N).
L /. * * * * _ *k * L /.
Emiéyoupe topa 21, ... a2y € X* dote [2]] = 1 xou 23*(2F) > 1 — 4, xou téhog Yewpolue
wo Bdom {25, ..., 2} Tou F.
Ocwpolpe 10 cloTNua eEIOWOENY, WS TP0¢ (21, ..., ZN),
N

Zajkxk:yj, j=1,2,...,N

k=1
xi(xg) = o (7)), j=12...,N
27 (w5) = 27 (2]), j=12,....,L
To obotnuo autéd €xer o Aon otov X**, v (z7*,...,2Y), xu max; [z7*| = 1. Ané v
Hpétoon B'.1.4 éneton 6t et Moon (21, ..., 2N) otov X, ye max; [z;]| <1+ 6.

Av oplooupe S : RY — X pe

N
Sl(tl, . ,tN) = Z tjarj,
7j=1

ond TNy xataoxeuh BAénoupe ot av S(t) = 0 tote Si(t) = 0, dpo S1 = T'S yio xdnotov tehecth
T:FE— X. ©étovge V =T(E). Ta xdde 1 < j < N youpe

1—-0<|zj]| <1+,

oot ||lzj| = 27 (25) > 1—0. Eve amhé emyelpnua Siedoyixnrc tpocéyyiong detyver 6t 1] T <
1 +&. Ovunéhoinot LoyuptoUol TOL VEWENUATOC TEOXVITTOUY UTO TNV XUTUCKELT. [
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