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1. 

Studying the ancient history of mathematics, one sometimes comes across 
calculations of the circumference or the area of a circle or the area or the volume 
of a sphere or of some part of them. To us such calculations are approximations 
only. In works on history of mathematics those calculations can be found "trans- 
lated" into modern wording, which means that the now well known formulas 
2~ R, ~ R 2, 4z  R 2 and ~-0z R 3 are employed. As a result of such translation one 
meets with an assertion running something like this: "the calculation is equiv- 
alent to the assumption that z has the value . . ." .  But when stated in this 
absolute way, such an assertion can give rise to misunderstanding, for the con- 
stant a, occurs in different formulas. 

Thus if we learn, for instance, that the circumference of a circle is found by 
taking three times the diameter, we might conclude that ~ has the value 3. 
However, we must understand that such an assertion refers to calculation of 
the circumference only, with not even a hint that  the area of a circle should be 
calculated by taking three times the square on the radius. 

In what follows we first discuss an example of such a false interpretation, 
together with its consequences, from MORITZ CANTOI~'S Vorlesungen ~ber Geschichte 
der Mathematik. We next propose a modified notation for some formulas in which 
the constant 7g is met with. This will enable us to arrive at a more adequate 
interpretation and so to avoid ambiguity. With the help of this notation and also 
of the distinction of meanings of ~ in the formulas, we shall examine some ancient 
calculations concerning the squaring of the circle, the rectification of its perimeter, 
and the cubature of the sphere. 

2.  

In his Vorlesungen igber Geschichte der Mathematik M. CAXTOR mentions the 
following three similar quadratures of a circle1: 

a) In a manuscript De iugeribus metiundis (on surveying) dating from the 9 ~h 10 t~ 
century but going back on the Roman art of surveying, the area of a circle is 

1 M. CANTOR (b), on pp. 59t, 836--837 and 876--877, respectively. For full titles 
see the list of literature. 
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t aken  as tha t  of a square the sides of which are the fourth par t  of the circum- 
ference of the circle: 

und so gelangt er ill der n~ichsten Aufgabe, ein rundes Feld yon 80 Ruthen Urn- 
fang zu messen, zu der Methode, den vierten Theil yon 80 mit  sich selbst zu ver- 
vielfachen 8. 
(and so in the next problem, to find the area of a round field with a circumference 
of 80 rods, he came to the method of multiplying the fourth part of 80 by itself.) 

b) In  the manuscr ip t  Propositiones ad acuendos iuvenes (problems for the quicken- 
ing of the mind  of the young) dat ing from the 10 th century,  the contents  of which 
is ascribed to ALCUIN, in problem 25 the area of a round  field with the circum- 
ference 400 is found as (4ooo)2: 

Propositio de campo rotundo. Est  campus rotundus, qui habet in gyro perticas 
CCCC. Dic quot aripennos capere debet ? 
Solutio. Quarta quidem pars huius campi, qui CCCC includitur perticis est C, 
hos si per semetipsos multiplicaveris, id est, si centies duxeris, X milia fiunt . . . .  3. 
(Rule for a round field. There is a round field with a circumference of 400 "per- 
ticae". Tell me how many "ar ipenni"  it has ? 
Solution. The fourth part  of this field, which is included by 400 "perticae",  is 100; 
when you have multiplied these by themselves, that  is, a hundredfold, that  makes 
I 0,000.)  

c) FRANCO OF LIEGE, in a treatise on the quadra ture  of the circle da t ing  from 

about  t050, informs us: 

Preaterea existunt, qui ambitum circuli in .iiii. distrahunt partes ex quibus 
quadratum struunt,  quem aiunt illi circulo aequalem 4. 
(Then there are also those who divide the perimeter of the circle in four parts, 
from which they construct a square, which they say equals the circle.) 

FRANCO ment ions  here only a method  by  which others effect the quadra ture  of 
the circle bu t  which he himself refuses. 

In  the first of these three cases M. CANTOR calculates a value he considers 
equiva lent  to ~;  he finds ~ = 4 .  5 I n  cases b) and c) he also refers to this result.  

Before comment ing  upon this we consider the following. If R denotes the 
radius of a circle, then its circumference is 6.28 R approximately.  A quar ter  par t  
of this is 1.57 R, and  consequent ly  is the area of a circle in the three cases above 

M. CANTOR (a), p. 136. The 400 square-rods are reduced to I " Juchar t "  (=288 
square-rods), 1½ "Viertel" ( = t {  times a quarter part  of a Juchart) and 4 rods (ob- 
viously square-rods). 

3 j .  p. MIGNE, pp. 1151--1152. See also A. P. JIJSCHKEWlTSCtt, pp. 337, 338. The 
result 10,000 is still divided by 128 to change over from square-perticae to aripenni. 
Obviously a pertica is a linear measure and an aripennus a square one. According 
to DUCANGE a pertica may be 10, t2, t6, 20, 22, 24 or 25 feet. To get any idea of 
its magnitude let us take a good 16~ feet or 5{ yards or I pole. Then an aripennus 
nearly equals an acre (=  160 square-poles). 

4 W I N T E R B E R G ,  p. 145. A . J . E . M .  SMEUR, pp. 16 and 45. 
5 M. CA~TOR (a), p. 136: Diese Annahme, mathematisch ausgedriickt die Annahme 

x = 4  (This assumption, mathematically expressed the assumption x=4,) .  M. CANTOR 

(b), p. 591: Mathematisch gesprochen lief dieses Verfahren verm6ge = ~ r  ~ 

auI x = 4  hinaus (Mathematically expressed this method leads to ~ = 4  as a conse- 

quence of "^ " ( - ~ ) 2  = x # ) .  
\ "* / 
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2.465R = approximately. If we put this equal to ~ R  2, we have to say, in the 
calculation of the area, that  this is equivalent to the value 2.465 for ~ in the 
formula zeR 2, so the calculated area is much smaller than the real one. 

But even without this examination it is clear that the area found by the 
method mentioned above will be too small. For the circumference of the square 
is equal to the circumference of the circle, so the circle and the square are iso- 
perimetric, and consequently the circle is greater in area. 

We remark also that in these three cases the quadrature of the circle seems 
to be inferred from the assumption that a circle and a square of equal circum- 
ference have equal areas. Quite old is the supposition of a linear relation between 
circumference and area. Thus the historian THUCYDIDES (about 400 B.C.) estimated 
the extent of an isle as being proportional to the time required to navigate around 
it, presumably proportional to its circumference G. But ZeNOBORUS (between 
200 B.C. and 90 A.D., probably close to the former date), who wrote on iso- 
perimentric geometrical figures, proved some propositions of which the most 
important is " A  circle is greater than any regular polygon of equal contour '% 
M. FABIUS QUINTILIANUS (about 35--95) criticizes the idea that geometrical 
figures of equal circumference also have equal areas and that the extent of an 
isle can be deduced from the time necessary to navigate around it. Of geometrical 
figures with equal circumferences a more perfect one, he says, is greater in area. 
So, in particular, a circle is greater in area than a square of equal circumference s. 

We now consider what led M. CANTOR to the value ~ = 4. As we have already 
observed, he started from the formula 2~R for the circumference. Then the area 

(2~R'/2 
of the square is \ 4 / , which should be equal to 7e R 2. From this follows indeed 

= 4. Though this reduction seems to be obvious, we are sure that the value 
for ~ is much too great. Moreover, substituting this value in the formulas employed 
to find it, we see that the circumference should equal 8 R and the area 4 R ~, or, 
in other words, a reduction like that of M. CANTOR would lead to the suggestion 
that the circumference and the area of a circle are equal, respectively, to the 
circumference and the area of the circumscribed square. This, of course, is un- 
acceptable. 

3. 

The quadrature of the circle as performed in the three examples mentioned 
before does hold the essential idea that the area of a circle is proportional to the 
square of a linear measure of that circle and thus to the square of the radius, 
of the diameter, or of the circumference. If we reduce the method to the more 
general form 

area of a circle = (circum4ference)~ = ~ (circumference) ~ = ~ (circumference) 2, 

6 M. CANTOR (b), pp. t 72ff. T. HEATH (b) I I ,  p. 207. 
~M. CANTOR (b), pp. 356, 357. T. HEATH (b) I I ,  pp. 206--213.  B . L .  VAN DER 

WAERDEN, pp. 268, 269, remarks  t h a t  the  results of ZENODORUS hold good only for 
polygons and a circle, thus  no t  for geometr ica l  figures in general. 

s M. CANTOR (b), pp. 549, 550. 

t8" 
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we see tha t  it  is similar to the method known from ancient  Baby lon ian  geo- 
met ry"  in  which the area of a circle is t aken  as ~ (circumference) ~. The la t ter  
supplies a be t te r  approximat ion  bu t  is not  a direct quadra ture  in the sense tha t  
a square equal to the circle is indicated at once 1°. 

If we emphasize the fact tha t  the circumference of a circle is proport ional  
to the diameter  or the radius, and  tha t  the area is proport ional  to the square 
of a l inear measure of the circle and  hence to the square of the radius, of the 
diameter,  or of the circumference, we can set up the following two relations:  

circumference of a circle 
diameter - -  cons tan t ,  (I) 

area of a circle 
square on the radius = cons tant .  (II) 

Both  relations can be found in ancient  mathemat ics ,  accepted in tui t ively ,  with- 
out  a strict ma themat ica l  proof n. Much deeper lies awareness of the fact tha t  the 
constants  in (I) and (II) are identical.  

In  interpreting ancient quadratures of a circle or rectifications of its perimeter, 
we should distinguish between the constants: 
circumference of a circle = 2~ 1 R,  
area of a circle -~ ~ R ~, 

where ~1 denotes the constant  of (I) and  ~ tha t  of (II) 12. 

If we make this dis t inct ion in the examples men t ioned  by  M. CA~TOR, we 
get the relat ion 

M. CAXTOR simply put  ~1 = ~2---- ~ and  thus found ~ = 4. Bu t  if we pu t  • = 3.14, 
we get z~ = 2.465. 

To this one could object  t ha t  the value ~ 1 = 3 . 1 4  is not  calculated first in 
the examples ment ioned  before and so the applicat ion of this value in our reduct ion 
comes ra ther  unsuspected.  I t  seems to me, however, tha t  the in t en t  was to square 
a circle the circumference of which was already known,  by  direct measuring,  for 
instance, and I reject the idea tha t  this circumference in  its t u r n  was found from 
a formula like 2 a R .  The first example and  the second of De iugeribus metiundis 

9 See e .g .K .  VOGEL (a) II, p. 74 and B. L. VAN DER WAERDEN, p. 75. I do not 
accept, without comment, their version that  the Babylonians calculated the area of 
a circle from 3 r~; see below, on p. 262. 

10 In  a direct quadrature of a circle the side of the square can be derived at once 
from the radius or the diameter. In  such cases ~ is given as a square of a fraction. 
So e.g. the well known Egyptian approximation (~)~--, M. CANTOR (b), pp. 98, 99, 
K. VOaEL (a) I, p. 66; /~6X~ going back to a time earlier than tile third century B. C., 
A. P. JOSCHKEWlTSCH, p. 10t ; (~)~, applied in the  t l  th century, M. CANTOR (b), p. 877; 
(}]/~)2, mentioned by FRANCO OF LII~GE, 11 th century, } × 2 r  is the diagonal of the 
square, WINTERBERG, p. 145, A . J . E . M .  SMEUR, p. t6. Then (I) ~ if we put  V 2 = ~ ,  
A. P. JUSCHKEWITSCH, p. t01, M. CANTOR (b), pp. 641, 642. 

11 In  (I) also may be read radius instead of diameter and in (II) also diameter 
or circumference instead of radius. 

13 Then ~3 would be right for the calculation of the volume of a sphere. A direct 
cubature is mentioned by A. P. JUSCHKEWI~SCH, p. 273 : the volume of a sphere with 
diameter d is (~d) ", which leads to the bad value ~a=2.9t • 
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and of Propositiones ad acuendos iuvenes, in which the circumferences are given 
numerically,  support  this interpretation.  Jus t  as the area of a rectangle is got ten 
by  mult iplying its length by  its width, which are known directly by  means of 
a tape measure, for instance, and not  from a formula, in the same way  the area 
of a circle was calculated from the circumference which ill turn  could be known 
directly, also by  means of a tape measure. 

The distinction indicated above by  the symbols =~ and =2 is made also by  
A. P. JUSCHKEWITSCH when he suggests tha t  the value ~----3 in ancient Chinese 
mathemat ics  probably  was found separately for the circumference of a circle 
and for its area before a relation between these two was known. Thus =1 ~ 3 
m a y  result from approximat ing the circumference of the circle by  the circum- 
ference of the inscribed regular hexagon, while =2 = 3 m a y  result by  taking 
3 parts  of the circumscribed square ~3. 

4o 

The equali ty of the two constants  =1 and ~2 is proved for the first t ime by  
ARCHIMEDES (about 287--212 B.C.) in his book Measurement o/ a circle 14. Pro- 
position l in this book reads: 

The area of any circle is equal to a right-angled triangle in which one of the sides 
about the right angle is equal to the radius, and the other to the circumference 
of the circle. 

1 In  terms of the symbols 2~ 1 and =~ the Proposit ion states tha t  ~2R ~-- mR × 2=1R, 
and thus =1 =- =2. 

After  the time of ARCHIMEDES this Proposit ion was illustrated again, loosely 
and without  repeating his proof, and by  several persons, including FRA~CO OF 
LIEGE in his treatise on the quadrature  of a circle (from about  t050). 15 FRANCO 
starts  from a circle with diameter  14 and states tha t  its circumference is 44. 
Here he applies the value =1 = 3~- For  the correctness of this value he appeals 
to former mathemat ic ians ;  he himself s imply accepts this calculation of the 
circumference. Then, to find the area, he divides the circle in 44 equal sectors 

18 A. P. JUSCHKEWITSCH, p. 57- On p. 56 he  m e n t i o n s  a n o t h e r  a p p r o x i m a t i o n ,  now 
for a semicircle, which leads to ~2 =3.  The same supposition, that  is to say that  no 
relation between ~i and ~2 was known is made by A. P. JUSCHKEWITSCH, p. 102, 
when he discusses ancient Indian calculations: "Es gibt auch keine Anzeigen dafiir, 
dab sie um die Zusammenh~inge zwischen dem Fl~icheninhalt eines Kreises ulld dem 
Kreisumfang gewulBt oder diesen Zusammenhang gar benutzt haben." (There is also 
no indication for it that they were aware of a relation between the area of a circle 
and the circumference or even availed themselves of such a relation.) We notice 
that such a distinction between the constants ~i and ~2 is lacking in J. TROPFKE IV, 
pp. 260ff: "Die Kreisberechnung". 

14 In the edition by T. HEATH (a), pp. 9t--98.  H. YON ]~ARAVALLE, p. 484, remarks: 
" A n  outstanding contribution to the quadrature of the circle was made by Archimedes, 
who found that  the area of a circle equals the area of a right triangle one of whose 
legs equals the radius and the other the circumference of the circle." 

~5 The rule that the area of a circle equals the product of half the circumference 
and the radius can be found applied without further elucidation; see for instance 
A. P. JUSCHKEWITSCH, pp. 153, 218. But also with a proof, following ARCHIMEDES, 
idem p. 271. 
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with arc t which he pushes together into a rectangle with sides 14 and t 1, as 
illustrated in the figure16: 

j J  

Instead of a single triangle like ARCHIMEDES', there are now 44 triangles or, 
properly, sectors; the sum of their bases equals the circumference of the circle, 
and the height is equal to the radius 17. 

In Proposition 3 of his book Measurement o/a circle ARCHIMEDES proves that 18 

By Proposition 1, the same bounds hold also for 7e 2. 

The values are found by calculating the circumferences of the circumscribed 
and inscribed regular polygons of 96 sides. ARCHIMEDES states without proof that 
the former circumference is longer and the latter is shorter than the circumference 
of the circle. 

The assumptions required for these statements are found in the first of the 
two books On the sphere and the cylinder by ARCHIMEDES 19. 

Assumption 1 is 

Of all lines which have the same endpoilltS the straight line is the least. 

This assumption seems to be comprehensible by intuition, for we may really 
assume that the distance of two points always has been measured along a straight 
line. Hence the perimeter of a circle is longer than that of an inscribed polygon. 

16 WINTERB]~RG, pp. 152, 153. A. J. E. M. SMEUR, pp. 21, 54. TO FRANCO the main 
difficulty is to transform the rectangle he found into a square. 

1~ A similar proof is given by GAMES* (16 th century) who divides the circle in 
8 equal sectors only; see A. P. JUSCHKEWlTSCH, pp. 95 and t61, M. CANTOR (b), p. 656. 
Also LEONARDO DA VINCl has such a proof; see CH. RAVAISSON MOLLIEN, l~ fol. 25 r. 

Is The book has only 3 Propositions. Proposition 2, no further elucidation of 
which is known, reads: "The area of a circle is to the square on its diameter as 11 
to 14 ", so it is clear that this Proposition had to follow after Proposition 3. 

19 T. H~ATH (a), p. 3 Assumption I and p. 4 Assumption II. E.J. DIJKSTERHUIS 
I, p. t19. 
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Assumpt ion  2 is 

Of other lines in a plane which have the same endpoints, [any two] are unequal 
which are concave in the same sense and are such tha t  one of them is either 
wholly included between the other and the straight  line which connects the same 
endpoints, or is par t ly  included by, and is par t ly  common with, the other; and 
the line which is thus included is the lesser. 

Hence  the  circumference of a circle is shor ter  t han  t h a t  of any  c i rcumscr ibed  
polygon 2°. But  the  correctness of the  l a t t e r  s t a t emen t  is based  mere ly  on As- 
sumpt ion  2, and  I hes i ta te  to claim t h a t  i t  is comprehensible  b y  in tu i t ion  too 2]. 

We  r emark  only t ha t  ARCt~IMEDES could have  avoided  these difficulties b y  
considering not  the  circumferences bu t  the  areas of the  inscr ibed and  circum- 
scr ibed polygons  of 96 sides and then  compar ing  these wi th  the  area  of the  circle. 
F o r  in t h a t  case i t  will be clear t h a t  the  former  is smal ler  in a rea  t han  the circle 
and  the l a t t e r  is g rea te r  ~. As to the  c i rcumscr ibed  regular  polygon,  in each 
isosceles t r iangle  wi th  the  ve r tex  in the  centre  of the  circle and  one side coinciding 
wi th  one side of the  polygon,  the  height  is equal  to the  rad ius  of the  circle, and  
so the  upper  l imi t  3~ can be main ta ined ,  bu t  now as a l imi t  for ~ .  Of the  in- 
scr ibed regular  po lygon  the height  of such a t r iangle  is bu t  s l ight ly  smal ler  t han  

2~z 
the  radius,  viz. h =- R cos 7 9 2  = 0.9995 R, and so the  lower l imi t  should  be some- 

wha t  less than  10 3~i. B y  Propos i t ion  1, the  same l imits  hold  for a l  also. 

5. 

In  the  Elements of EUCLID (about  300 B.C.) no th ing  is disclosed regard ing  the  
length  of the  per imete r  of a circle. Def in i t ion  15 in Book I is t h a t  of a circle:  

A circle is a plane figure enclosed by  a single line such tha t  all s traight  lines falling 
upon it from one point  from those lying within the figure are equal to each other 2~. 

We see t ha t  a circle is defined as a pa r t  of a p lane and  not  as a curve. Af te r  
this,  in Def ini t ion 17, follows the  t e rm " p e r i m e t e r "  (~e~igd~eLa) of a circle. 

s0 Proposition I ; T. HEATH (a), p. 5. 
21 In fact i t  is stated tha t  B C < a r c B A C < E F ,  so B D < a r c B A < E A  or 

sin c~ < e < tg ~. In teaching basic geometry one meets with the difficulties we men- 
tioned. One then has to appeal to results of higher analysis, viz. the convergence of 
bounded increasing or decreasing series. 

M __A 

/ 
C \  F 

22 Something like such a method was used in ancient China; see A. P. JUSCHI(E- 
WlTSCH, pp. 57, 58 and our discussion, on. 262. 

2a E. J. DIJKSTERHUIS I, p. 1 $ 2. Our quo ta t ion  is a free t r ans l a t ion  f rom the  Greek 
text.  See also E. J. DIJKSTER~IUIS II,  p. 26 for Book II I ,  Def. 1 ; p. 225 for Book XII ,  
Prop. 2 and p. 247 for Book XII ,  Prop. 18. 
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In  Definition 1 of Book I I I ,  on the circle, two circles are called " e q u a l "  if 
their diameters or radii are equal. Thus " e q u a l "  circles are congruent.  While 
these have equal areas, we learn nothing about  the absolute magni tude  of such 
an area. I n  Book xII, which treats areas and volumes, we find some more. I n  
Proposit ion 2, "circles are to one another  as the squares on their d iameters"  24, 
which means tha t  

area of a circle 
(diameter) 2 -~ constant ,  

bu t  we learn nothing about  the value of tha t  constant.  In  a similar way  Proposi- 
t ion t8 of Book X l I  states tha t  

volume of a sphere _ constant .  
(diameter) 3 

But  we learn noth ing  in EUCLID about  the ratio of the circumference of a circle 
to its diameter, nor does EUCLID have a relation between the two constants  just  
mentioned. 

6. 

However,  the fact tha t  =1 and =2 are identical m a y  perhaps have been known 
before EUCLID'S t ime and thus surely also before the proof of ARCHIMEDES. This 
at  least we m a y  deduce from communicat ions with respect to the so called 
"quadratrix",  a curve used to solve the problem of the squaring of the circle. 
The curve in question originated with HIPPIAS oF ELlS (born about  460 B.C.). 
We m a y  be sure tha t  it was intended originally to divide all angle into a given 
number  of equal parts  and so also, among other things, to  solve the trisection 
problem, bu t  we do not  know whether  HIPPIAS himself also used the curve to 
square a circle. According to PAPPUS, DINOSTRATUS (about 350 B. C., so short ly  
before EUCLID) made use of the quadrat r ix  to perform the quadrature  of a circle. 
For  an elaborate discussion about  tile reliability of PAPPUS' dates and also those 
of PROCLOS we refer to others ~5. W h a t  is impor tan t  here is only this:  using the 
quadratr ix,  given a circle with radius R, one can construct  a line segment A B 
for which 

A B : R ---- R : a quar ter  of the circumference of the circle ~6. 

Then it is possible to rectify the perimeter, and for this reason the name "rect i -  
f icatr ix"  would suit bet ter  than  "quadratrix".  

Besides this, the reader mus t  be acquainted with Proposit ion t of ARCHIMEDES' 
Measurement oi a circle, for only with the help of this Proposit ion can the area 

~4 According to ARCHIMEDES this Proposition had been proved by mathematicians 
who lived before his time; see T. HEATH (a), pp. xlvii, xlviii. Probably by HIPPOCRATES 
OF CHIOS ? In connection with this ARCHIMEDES refers to the Elements in On the 
sphere and the cylinder I, Prop. 6; see T. HEATH (a), p. 9. 

25 T. HEATH (b) I, pp. 225ff. E. J. DIJKSTERHUIS I, pp. 3ff. 
~e SPORUS (end of the third century) made the objection that  in the construction 

the end B of the line segment is not defined; see T. HEATH (b) I, p. 230 who subscribes 
to this and other objections of SPORUS, and B. L. VAN DER WAERDEN, p. t92, who 
does not subscribe to them. 
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be found from the  circumference ~. W e  mus t  r emark  t ha t  for the  mere  rec t i f ica t ion 
of the  circumference sti l l  fur ther  supposi t ions  have  to be made.  T. HEATH 2s 
ment ions  t hem af ter  furnishing a possible recons t ruc t ion  of the  w a y  the  q u a d r a t r i x  
could have  been used for rec t i f ica t ion of the  four th  pa r t  of the  per imeter .  These 
supposi t ions  are 

a) The  arcs of a circle are to  each o ther  as the  angles sub tended  a t  the  centre.  
This is Propos i t ion  33, Book VI,  of EUCLID'S Elements. This supposi t ion  is neces- 
s a ry  for the  cons t ruc t ion  of the  quad ra t r i x .  

b) The ra t io  of the  circumference to the  radius  is cons tant .  This suppos i t ion  is 
a f undamen ta l  one, for i t  asserts  the  exis tence of the  cons tan t  7r 1 . As we have  
men t ioned  before, i t  is jus t  this  i m p o r t a n t  re la t ion t h a t  is missing in EUCLID'S 
Elements. 

c) and  d) These are the  same as the  Assumpt ions  of ARCHIMEDES in On the 
sphere and the cylinder I,  which we have  men t ioned  before. As we have  remarked ,  
t h e y  are  equ iva len t  to the  inequal i t ies  sin ~ < ~  < tg  ~. 

ARCHIMEDES does not  t a lk  about  the  " q u a d r a t r i x "  or "squaring". He only 
produces  a t r iangle  equal  to the  circle. But  a real  quadra tu re ,  af ter  the  rec t i f ica t ion  
has  been performed,  requires the  cons t ruc t ion  of a square  equal  to a t r iangle .  
F o r  t ha t  purpose  i t  is necessary  to be famil iar  wi th  

a) Propos i t ion  45, Book I of the  Elements, on the  t r ans fo rma t ion  of a po lygon  
into a p a r a l M o g r a m  of equal  a rea  and wi th  an angle equal  to a given angle.  

b) Propos i t ion  14, Book I I  of the  Elements, on the  t r ans fo rma t ion  of a rec tangle  
in to  a square  or, wha t  is equiva lent ,  the  cons t ruc t ion  of the  mean  p ropor t iona l  
be tween two given line segments  29. 

In  the  case we consider  a) is needed only  in the  special  case of the  const ruct ion  
of a rec tangle  equal  to a t r iangle.  I t  is r a the r  easy to see t ha t  this  can be done 
b y  keeping the  base and  ha lv ing  the  height .  As to b), the  cons t ruc t ion  of the  
mean  propor t iona l ,  th is  seems to have  been known much  earlier,  for i t  is app l ied  
b y  HIPPOCRATES (about  430 B.C.) and  ARCHYTAS (about  390 B.C.)s0. 

On the  basis of the  presuppos i t ions  ment ioned  b y  T. HEATH as being requi red  
for rec t i f ica t ion  of the  per imeter ,  and  on the basis  of the  fur ther  presuppos i t ions  
I have  men t ioned  as being necessary to comple te  the  qua d ra tu r e  31, when such 

27 Quite r ightly T. HEATH (b) I, p. 182, says tha t  the quadra t r ix  was used "for  
squaring the circle, or rather  for finding the length of any arc of a circle". 

2s T. HEATH (b) I, p. 229. 
2, See E. J. DIJI<STERI-IUIS I, pp. 201, 202, Prop. 45, Book I, and II,  p. t9, Prop. t4, 

Book II .  
,0 See B. L. VAN DER WAERDEN, pp. I 18, 134, 149ft. ; T. HEATH (b) I. pp. 193--195 

and 246--249. 
,1 Viz. familiari ty with Proposition t of Mectsurement o/ a circle of ARCHIMEDES 

or, what  is quite the same, the insight tha t  ~ and Jr 2 are equal. In  my  opinion this 
is a ra ther  far-reaching supposition. E .W.  HOBSON, pp. 4, 5 writes, "The  fact was 
well known to the Greek geometers tha t  the problems of the quadrature  and the 
rectification of the circle are equivalent problems. I t  was in fact a t  an early t ime 
established tha t  the ratio of the length of a complete circle to the diameter  has a 
definite value equal to tha t  of the area of the circle to tha t  of a square of which the 
radius is side .. .  The problem of ' squaring the circle'  is roughly tha t  of constructing 
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a rect i f icat ion is known, I th ink  t ha t  the  quad ra tu re  of the  circle wi th  the  help 
of the  " q u a d r a t r i x "  in an era  before ARCHIMEDES' is somewhat  quest ionable .  
Proofs t ha t  the  q u a d r a t r i x  was indeed appl ied  to t ha t  purpose  are lacking. The  
only  evidence regard ing  this is as follows: 

a) IAMBLICHUS (4 th century) ,  who is not  qui te  t rus twor thy ,  ment ions  the  quad-  
r a t r ix  wi thou t  ascr ibing i t  to HIPPIAS OF ELIS, and  he ascribes the  quad ra tu re  
of the  circle wi th  the  help  of t ha t  curve to NICOMEDES, who l ived abou t  180. 
Since NICO~EDES l ived af ter  ARCHIMEDES, this  evidence does not  impugn  m y  
objec t ion  ~2. 

b) PAPPUS OF ALEXANDRIA (end of the  3 ra century)  ment ions  t h a t  DINOSTRATUS 
(about  350 B.C.), the  b ro the r  of MENAECHMUS, who was a pupi l  of EUDOXOS, 
per formed  the  quad ra tu re  of a circle wi th  the  help of the  quad ra t r i x .  Again  an 
ascr ipt ion of this  curve to HIPPIAS is lacking. As to DINOSTRATUS, who l ived 
before ARCHIMEDES, m y  objec t ions  remain  83. 

c) PROCLUS (410 t i l l  485) only ment ions  the  qua d ra t r i x  of HIPPIAS and  NICO- 
MEDES. 

F r o m  all this  I r emark  t h a t  the  curve m a y  indeed or ig inate  wi th  HIPPIAS 34, 
bu t  if so, he can be c red i ted  wi th  no more than  the  t r i sec t ion  of an angle. I t  is 
not  unt i l  af ter  his t ime,  and  p r o b a b l y  not  before ARCHIMEDES', t ha t  the  curve 
m a y  have  been appl ied  to  square a circle. F r o m  then  on the  curve got  the  name 
"quadratrix",  and  thus  poss ibly  the  squar ing of a circle wi th  the  help  of t h a t  
curve came to be ascr ibed to an earl ier  era. 

7. 

We next  consider  some ancient  I nd i an  calculat ions.  In  the  second chap te r  of 
Zryabhat~ya of ARYABHATA, en t i t l ed  Ga~.~itap~da (mathemat ics)  can be found the  
following rules 35 : 

Rule 7. Half  of the circumference multiplied by  half the diameter is the area of 
a circle. 

a square of which the area is equal to tha t  enclosed by  a circle. This is then equivalent 
to the problem of rectification of the circle, i.e. of the determinat ion of a s traight  
line, of which the length is equal to tha t  of the circumference of the circle". Now I 
wonder what  E .W.  HOBSON means by  " a t  an early t ime" .  All he says is no more 
than an assertion, with no nuances and lacking any proof. 

32 See T. HEATH (b) I, p. 225, also as for PAPPus and PROCLUS. E. J. DIJKSTERI-IUIS 
I, p. 9. 

a3 T .  IIEATI.I (b) I, pp. 225, 229, 251. E. J. DIJKSTERHUIS I, pp. 3, 98, 99 ann. 239. 
B. L. VAN DER WAERDEI% pp. 191--193 and T. H~ATI.I (b) I, p. 229 stick to the quad- 
rature by  DINOSTRATUS, and consequently they state tha t  he, obviously, must  have 
known the repeatedly mentioned Proposition I of ARCHIMEDES, tha t  is to say at  
least the contents of tha t  Proposition. 

84 T. HEATH (b) I, p. 225. E. J. DIJKSTERHUIS I, p. 3. 
35 "VV. E. CLARK, pp. 27, 28. His reference to Bibliotheca mathematica IX,  p. 196, 

for a discussion of the inaccurate value given in the second par t  of Rule 7 is incorrect, 
for Bibliotheca mathematica 98, 1908--1909, pp. 196--199, has : "Eine  indische Methode 
der Berechnung der IZugeloberflAche" by  H. Su'rER, on a calculation in Siddhgnta 
Siromani of BhS~skara. We remark tha t  the first par t  of Rule 7 is equivalent to 
Proposition I of ARCHIMEDES' Measurement o[ a circle. 
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This area multiplied by its own square root is the exact volume of a sphere 36. 
Rule 10. Add 4 to 100, mul t ip ly  by  8, and add 62,000. The result is approximate ly  
the circumference of a circle of which the diameter  is 20,000. 

I t  is clear t h a t  the  l a t t e r  rule provides  a va lue  for the  cons tan t  zq, viz. 3.1416. 
But  i t  is only  af ter  Rule  7 t ha t  this  value  is communica ted .  Are we al lowed now 
to make  use of this  va lue  when prac t i s ing  Rule 7 ? Or have  we to in t e rp re t  t h a t  
rule as being p rac t i sed  or p rac t icab le  on ly  in those cases where the  ci rcumference 
was known from direct  m e a s u r e m e n t ?  Bu t  the  value  3 . t 4 t 6  is such a good ap-  
p rox ima t ion  t h a t  in pract ice  i t  ha rd ly  could make  any  difference if the  circum- 
ference were ca lcu la ted  according to Rule  10, using zq = 3.1416, or were found 
from a di rec t  measurement .  In  the  first  case we have  also to pu t  zc2=3 .14 t6  
as a consequence of Rule 7, fav 

The second pa r t  of Rule 7 needs close analysis .  One can f ind i t  i n t e rp re t ed  
as being equiva len t  to the  a s sumpt ion  :r = ~6, a va lue  which is excep t iona l ly  
smal l  and  t o t a l l y  different  from the  value  3. t416 of Rule  10. I t  is easy  to  see 
wha t  led to this  assumpt ion .  If  A denotes  the  area  of a g rea t  circle of a sphere 
and  V its volume,  then  Rule  7, 2 s ta tes  t ha t  V = A 1/24. Wr i t i ng  this  as 34 ~ R 3 = 
~z R 2 I / ~ ,  we find :~ = ~ .3s 

But  this  i n t e rp re t a t ion  is ha rd  to main ta in .  Fo r  subs t i tu t ion  of the  value  
= ½6 in A - z  R 2, a formula  used to f ind t ha t  value,  should  del iver  the  area  

16 R ~ which is less than  the area  of the  inscr ibed square.  In  the  of a circle as 9- , 
4 z R 8, also a fo rmula  used to f ind t h a t  value,  same w a y  subs t i tu t ion  of z = ~- in 

would lead to 64 p~ ~7-~ as the  volume of a sphere,  which is less than  the  vo lume of 
the  grea tes t  inscr ibed cyl inder  ag. Of course, all this  is complete  nonsense,  and  
we h a r d l y  need to remark ,  in regard  of the  area  of a circle, t ha t  i t  is also in 
con t rad ic t ion  to Rules 10 and  7, t as well  as to wha t  would  be found from direct  
measurement .  

Using the  value  ~ = 3 . 1 4 1 6  of Rule 10 and  the  s t a t e m e n t  of Rule  7, t ,  we 
have  to say  t h a t  the  volume of a sphere wi th  radius  R was ca lcu la ted  f rom 
3.1416R2V3.1416R2. If, in modern  symbols  bu t  wi th  a necessary  d i s t inc t ion  

4 3 of meanings  of z ,  we wri te  the  vo lume of a sphere as ~ a R ,  then  ~ equals  
~×3 . t416] /3A416  or 4.1761 app rox ima te ly .  This value,  of course, is much  too 
large. 

I t  does not  seem to be diff icult  to set up  an accep tab le  hypo thes i s  for wha t  
could have  been the  origin of the  formula  V = A V ~ .  If  a denotes  the  side of 

36 This is the translat ion of W. E. CLARK. After we have discussed it, we shall 
consider an al ternat ive interpretat ion and translat ion by  K. ELF~2RING. 

37 A. P. JUSCHKEWlTSCH, pp. 93, I 53. 
as A. P.  JUSCHKEWITSCH, p.  153. D . E .  SMITH I, p. 156, with the remark, out of 

place, tha t  ~96 is possibly an error for the ancient Egypt ian  value (~)~. 

~9 A. P. JUSCHKEWlTSCH, who has a ~  ½6, found obviously from ~ a R 3 =  aR2 ]/~-/~ '', 

makes in fact a s i m i l a r  mistake as lVI. CANTOR i n ( 2 - ~ R )  ~ "  -- " - - - - -  ~ :zR2;  see above, p. 252. 
x - -  1 

We remark again tha t  the formula 2 a R  is not employed. But anyone judging 
from the mere communication :z= ~6 could get the idea tha t  this value was also 
used in 2aR .  This, however, would mean tha t  the circmnference is less than  double 
the diameter.  
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a square equal  to  the  circle, so A = a ~, then  for V = A Vf4 - two in t e rp re t a t ions  
are possible. 

a) V---- A V ~ = a 2 V ~ = a 3 ; thus  a cuba tu re  is per formed analogous to the  quad-  
ra tu re  of a circle and,  moreover ,  wi th  the  edge equal  to the  side of the  square 4°. 

b) V ~ A V A = A V ~ = A a. In  this  A is the  area  of a grea t  circle according to 
the  formula t ion  of Rule  7, 2. Then A a is the  volume of a cyl inder  c i rcumscr ibed 
abou t  the  sphere b u t  wi th  the  height  V3A4f6R  -~ ( ~ t . 7 7 R )  which is less t han  
the d iamete r  of the  sphere.  Bu t  th is  he ight  is cons iderably  more  than  ~R, and  
so i t  is easy to unde r s t and  t h a t  pract ice  of V = A]/_~ gives a volume much  too 
large. 

Summariz ing,  I conclude t h a t  Xryabhat~ya has ~ z l = : r 2 = 3 A 4 1 6  and  J r s=  

4A 761. 

In  our discussion we s t a r t ed  from the  supposi t ion  t ha t  W.  E. CLARK'S t rans-  
la t ion is correct.  Recen t ly  K. ELFERING has proposed  an a l t e rna t ive  in t e rp re t a t ion  
and  t rans la t ion  of the  second pa r t s  of Rules  6 and  7. The  second pa r t  of Rule  6 
has a lways  been read  as an incorrect  fo rmula  for the  vo lume of a py ramid ,  viz. 

half  the  p roduc t  of the  height  and  the  area  of the  base.  I t  lies outs ide  our  theme  
to consider  K. ELFERING'S concept ion here, bu t  to me i t  seems too s tud ied  ~1. 

As to the  second pa r t  of Rule  7, i t  appears  from K. ELFERING'S analys is  t h a t  
the  original  t ex t  reads:  " t h i s  mul t ip l i ed  b y  i ts  own basis (origin) is the  exac t  
. . .  ( ? ) " .  He  now re la tes  the  word  " t h i s "  to " h a l f  the  d i a m e t e r "  in the  first  
sentence of Rule  7 and  not  to  " t h e  a r e a " .  Nex t  he sees " o w n  bas i s "  or " o w n  
or ig in"  no t  as the  square root  of the  area  bu t  as the  basis  of a hemisphere ,  which 
in his i n t e rp re t a t ion  is the  circumference of a g rea t  circle. Thus wha t  is ca lcula ted  
is R ×2z,  R, the  exac t  a rea  of a hemisphere  42. 

This concept ion indeed leads to a correct  result .  I cannot  say  which t rans-  
la t ion is preferable,  bu t  K.  ELFERING'S a rguments  do not  whol ly  convince me. 
If  W.  E. CLARK'S is r ight ,  then,  as I have  said before,  we mus t  conclude a va lue  
4.1761 for ~r~ and  not  _196. Al though  this  is an incorrect  value,  we m a y  say  af te r  
all t ha t  the  idea  of a cuba tu re  b y  means  of V = A V A =  a s is easy  to under-  
s t and  ~3. 

In  the  Sulba-s~tras, a collection of rules the  most  ancient  of which da te  from 
800 B.C., 44 can be found a quad ra tu r e  of a circle b y  means  of a ~-- (l - -  t~) × 2 R, 

so : ~ 2 = 3 ~ ,  ano ther  wi th  a =  1 - - 8 - +  8×29  8×29  6x8-  × 2 R ,  so 

~2 = 3.088; and  the  inverse opera t ion ,  to f ind a circle equal  to a square  b y  
( 

t ak ing  2 R  = t t  + × a, so ~ .  = 18 × (3 - -  2 V ~) ~ 3.088. 45 

40 M. CANTOR (b), p. 646, also has this hypothesis. 
~tl K. ELFERING, pp. 60--63. 
42 K. ELFERING, pp. 63--64. 
43 There is a striking analogy with the two-dimensional quadrature a 2, and the 

same holds for Rule 6: the volume of a pyramid  is half the product  of the area of the 
base and the height, in analogy with the two-dimensional calculation of the area 
of a triangle. 

44 A. P. JUSCHKEWITSCH, p. 92. 
45 A. P. JUSCHKEWITSCH, pp. I01, 102. 



Ancient Values Equivalent  to :~ 261 

8, 

Ancien t  Chinese m a t h e m a t i c s  has  come down to us in Nine  Chapters on the 
Mathematical Art ,  which conta in  m a t h e m a t i c a l  knowledge from a t ime  as ear ly  
as t000 B.C. The  work was ed i ted  in t75 and  again,  wi th  a commen ta ry ,  b y  
LIu  HDI in 263. ~ 

In  Chapter  I can be found calculat ions  of areas, inc luding t h a t  of a circle 
b y  mu l t i p ly ing  half  the  circumference b y  half  the  diameter4L This  is equ iva len t  
to  Propos i t ion  I of ARCHIMEDES' Measurement  o / a  circle. The calcula t ion assumes 
t ha t  the  circumference equals  3 t imes  the  d iameter ,  so ~1 = 3. W e  m a y  conclude 
then,  from the w a y  in which the  area  is calculated,  t ha t  ~2 = 3 also. A. P.  JUSCHKE- 
wrrscH regards  i t  l ike ly  t h a t  bo th  values (i.e. ~1 and  ~2) were p r o b a b l y  first  
found sepa ra t e ly  as. 

If  c denotes  the  circumference and  d the  d iameter ,  then  the  area  A was 
c d cd dd cc 

ca lcu la ted  f r o m A = ~  × 2 - -  4 - -  4 ×3 or t2  

As could be expected,  t i le  w a y  in which the  volume of a cyl inder ,  and  also 
t ha t  of a cone and  a t r u n c a t e d  cone, were ca lcu la ted  leads to the  same value  of ~.a9 
But  as to the  volume of a sphere,  we f ind only  the  re la t ion  ~° d =  ~ V .  If  we 
wri te  i t  as V = ~6 d 3, we m a y  say  t ha t  the  calcula t ion is equ iva len t  to  the  va lue  

J. E. HOFMANN has 52 

wird bald gleich 3, bald gleich 33 gesetzt. 
(n at  t imes equals 3, then again 3~). 

F r o m  this  bare  p ronouncement  one migh t  gain the  obvious ly  false idea  t h a t  
the  circumference of a circle, for instance,  was found b y  t ak ing  33 t imes  the  
d iameter .  Thus  we again  have  reason to emphasize  the  impor t ance  of specifying 
the  ca lcula t ion  in quest ion.  

ZHANG HENG (78 to  t39) s ta tes  t h a t  the  square  of the  c i rcumference  of a 
circle is to the  square  of the  circumference of the  c i rcumscr ibed  square  of t h a t  
circle as 5:8, or (2~zR)2 : (8R)~:5 :8 .53  F r o m  this  follows ~1=] /10 .  I t  is clear  
t h a t  z~ is in quest ion,  and  i t  is deceiving here to s ta te  vague ly  t h a t  ~ = 1 /~ .  

I m p o r t a n t  is the  ca lcula t ion  of the  area  of a circle b y  LIu  HuI .  A B C D  . . .  
is a po lygon  inscr ibed  in a circle, while A Bba ,  B C d c ,  C D / e  and so on are  
rectangles  c i rcumscr ibed  on segments .  

~6 For  ancient Chinese mathematics  we refer to A. P. JUSCHKI~WITSCH, p. 23 and 
pp. 55--62. Especially the circle-squaring is t reated by  YosHio MIKAMI. 

~7 K. VOGEL (b), pp. t4- -16,  Chapter I, Problems 31, 32, 33, 34, 37, 38. Also p.41, 
Chapter IV, Problems 17 and 18 (calculation of the circumference, the area being 
given). 

as A. P. JUSCHKEWlTSCH, p. 57- See also before, p. 253. 
49 K. VOGEL (b), pp. 47--54, Chapter V, Problems 9, 1 I, 13, 20, 23, 24, 25, 28. 
5o K. VOGEL (b), p. 43, Chapter IV, Problems 23, 24. 
51 A. P. JUSCHKEWlTSCH, pp. 61, 62, supposes tha t  the calculation probably  orig- 

inates from taking ~- parts  of the volume of a cylinder circumscribed to the sphere. 
LIu HuI  found a more accurate result, viz. 3 <  ~ <  3~. 

~2 j .  E. HOFMANN, p. 74. 
53 A. P. JUSCHKEWITSCH, p. 57. 
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LIU HuI  states tha t  the circle is greater in area t han  the inscribed polygon bu t  
less than  the same polygon augmented  with all the circumscribed rectangles. 
This is evident.  Because of the fact tha t  he calculates the area and not  the circum- 
ference, he evades the difficulty we have pointed out above in discussing the 
calculation by  ARCHIMEDES. LIU HuI ' s  calculation of the area of the inscribed 
polygon (regular and  with 192 sides) is not  wholly correct, his result  being a 
little too large, bu t  nevertheless he finds two good limits and a good approximat ion 

for what  is very clearly z~ ,  viz.  54 3A41024 < =2 < 3.142704. 

9. 

Regarding calculations of the circumference and the area of a circle by  the 
Babylonians  B. L. VAN DER WAERDEN writes 55 

They took the area of a circle of the radius r to be equal to 3r 2, the perimeter 6r. 

This is too simple a way to express what  is known about  the subject,  as will be 
shown in what  follows. 

t{. VOGEL is more correct ~6: 

Die Babylonier rechneten den t(reisumfang u als den dreifachen Durchmesser 3 d, 
somit ~ = 3, wobei sic sich sicher bewuBt waren, dal3 es nur  eine praktische N~ohe- 

u 2 
rung war . . . .  Der Kreisinhalt ist (mit er=3) dann ~ = u  2 ×0;5.  

(The Babylonians found the circumference u of a circle by taking 3 times the 
diameter 3 d, so ~ = 3, in which they surely were aware that  this was only an ap- 

,N2 
proximation for practical purposes. Then the area is (using ~=3)  -12- = u 2 ×  0;5). 

I cannot  agree, however, in concluding the last sentence. 

F rom the cuneiform texts known at  this t ime we learn tha t  the circumference 
of a circle always was found by  taking three t imes the diameter,  and conversely 

6~ In  fact, according to A. P. JUSCHKEWITSCH, p. 58, he found for the area A of 
-14 ~69 This obviously concerns a circle with the radius 10. the circle 3 t 4 ~ < A < 3  6~. 

Thus it is very confusing that  A. P. JUSCHKEWlTSCH writes "Wi th  d (diameter)= 
... ~la 169'' This would be correct if A 100 units of length was found 3 1 4 ~  < A < j -625 • 

denoted the circumference. We have at our disposal only the text of A. P. JUSCHI~E- 
WlTSCI~; it is clear ttlat his rendering is absolutely incorrect. Tile same holds for 
J. E. I-IoFMA~N, p. 76- Neither in P. L. VAN HEE nor in K. VOGEL (b) is any indication 
of this calculation of LIu HuI. See also D. J. STRUIK, p. 427. 

66 B. L. VAN DER WAERDEN, p. 75. 
~6 I(. VOGEL (a) II, p. 74. o; 5 is a notation for the sexagesimal fraction ~a. 
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the diameter  as a th i rd  par t  of the circumference. 
BM 85t94, da t ing  from about  2000 B.C.: 57 

The relative texts are in 

probl. 4 circumference t .0°;  d iameter  20' t imes t .0  ° =  20 ° 
diameter  30°; circumference 3 t imes 30 ° =  t .30 ° 

probl, t6  diameter  13'20"; circumference 3 t imes t 3 ' 2 0 " = 4 0 '  
d iameter  20' ; circumference 3 t imes 20' = t ° 

probl. 19 circumference 40';  diameter  20' t imes 4 0 ' =  13'20". 

F rom this it  is clear tha t  we have to pu t  ~ = 3 .Ss 

The same value is employed in the Old Testament, viz. in t Kings  7, 23 where 
30 ells are given as the circumference of a circle with a d iameter  of 10 ells. 59 

The area of a circle ahvays was found as 5' t imes (this is i~ part) the square 
of the circumference. Texts  relative to this are6°: 

BM 85194 
probl, 4 
probl. 14 

BM 85196 
probl. 2 
probl, t6  

YBC 7302 

YBC 11120 

YBC 7997 

circumference t .30°;  
circumference 4 ° ; 

area 5' x (1.30o) 2 = t '1 .t 5 ° 
area 5' × (4o) 2 = t °.20' 

same numbers  as probl, t4, BM 85194 
circumference 30';  area 5' × (30') 2 = 1'15" 

circumference 3 °; area 5' × (3 o)2 ---- 45' 

circumference 1°30'; area 5' x (1°30') 2 = t t ' t  5" 

same numbers  as the preceding 

VAT 7848(4) circumference 1.0.0°; area 5' × (t .0.0°)2= 5.0.0.0 °. 

F rom this it  is clear tha t  the area was considered as proport ional  to the 
square of a l inear measure of the circle. However,  it  is not  a direct quadra ture ,  
for the side of a square equal to the circle is not  calculated. According to the 
calculat ion of the circumference we have to take it  as 6 R. Then  the calculation 
of the area amounts  to i~ par t  of (6R) 2, so 3 R2. Are we allowed now to infer 
tha t  zc 2 ~ 3 ? We do not  know a direct relat ion between the area and  the diameter  
or radius, a l though 3 R2 seems to be simpler t han  ~ (circumference) 2. Thus  in 

Problem 4 of BM 85194 the area of a circle with a d iameter  of 30 ° is calculated 
from 5' × (3 × 30°) "~ - -  5' × (t .30°) 3 and not  from 3 × (30' × 30o) 2 = 3 × (I 5 o)2.61 

~ BM means British Museum. See F. THUREAU DANGIN, pp. 23--25 for Problem 4; 
pp. 29, 30 for Problem 16; and pp. 31, 32 for Problem 19. The same text can be 
found in O. NEUGZBAUER (b), pp. t42-- t93,  but  he gives as source BM 95194. As 
to the notations, 1.0 ° means I ×60°; 20' means go (__13) and so on. 

5s See O. NEUOEBAUER (C), p. 47 for a different value for =1. 
5, This holds for the ninth  century B. C. The same text is in 2 Chronicles 4, 2. 

80 F. THUREAU I)ANGIN, pp. 23--25 (BM 85194, 4), pp. 28, 29 (BM 85194, 14), 
pp. 40If. (BM 85196, of about 200 B.C., 2 and 6). O. NEUGEBAUER & A. SACHS, p. 44 
(YBC 7302 and t1120), p. 99 (YBC 7997), p. 142 (VAT 7848(4)). YBC = Y a l e  Babylo- 
nian Collection, New Haven;  VAT =Vorderasiatische Abteilung, Tontafeln, Staat- 
liche Museum (Pre-Asiatic department, clay-tablets, State museum), Berlin. 

6, Thus we have to dismiss the statement of B. L. VAX DEe WAFmDEN, which 
renders the question inaccurate. 
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If we accept the supposition that  each calculation of the area of a circle was 
proceeded by  a calculation of the circumference and that  the latter was calculated 
from the diameter, with the value aq = 3, found by  direct measurement, then we 
have to accept the value 3 for as as well. But  it is also possible, on the other 
hand, that  the circumference was known by  direct measurement, as perhaps in 
Problem 14 of BM 85194, where only a circumference of 4 ° is given. If we have 
to take it for granted that  this value was known by  means of direct measurement, 

4° 
then it relates to a circle with the radius R = ~672g and an area z~ 2 × 

( 4° t2 = 5' × (4°) s follows In the text  is calculated 5' ×(40) 2 =  1°20 '. From as × \6.28/ 
the value as = 3.2865. 

We remark also tha t  the area of a semicircle was found in a way different 
from that  for a whole circle. In BM 85210, going back to about 2000 B.C., 6s first 
is indicated the proportion of the length of the arc of a semicircle and the diameter, 
viz. t°30 ', so 3:2. In  the problem the length of the arc is 30 °, the length of the 
diameter is 20 °. On the basis of what preceded we might expect a calculation 
like this: ~×5 '  ×(2 ×30°)s=2.30 °. On the other hand, a calculation with the 

1 S help of the formula ~ a s R ,  with ~ s = 3 ,  would give } × 3 x ( ~ × 2 0 ° ) s = 2 . 3 0  °. 
The text, however, calculates the product of the length of the arc of the semicircle 
by  the length of the diameter, multiplicated by  t5 '  ( =  }), so 15 '×  (30 ° ×20 °) = 
2.30 °. This conforms to }×arc  ×radius, which is Proposition I of ARCHIMEDES, 
quoted before, but  it differs entirely from the method used to find the area of 
a whole circle. That  this is not an example of an incidental case but  is in accord 
with a general prescription, appears from a list published by E. M. BRuINs & 
M. RUTTEN. For the calculation of the area of a circle this list provides a fixed 
constant 5'; the area equals 5 '×  (circumference) 2, and for the calculation of the 
area of a semicircle the list has t5 ' ,  by  which is meant :  take the quarter par t  
(} = 15') of the product of the length of the arc of the semicircle and tha t  of the 
diameter 68. 

Thus we can be sure tha t  the Babylonians were not familiar with a formula 
like A = a R 2. We have to admit that  separate prescriptions existed for the 
calculation of the circumference of a circle, the area of a whole circle and the 
area of a semicircle, and that  the Babylonians surely at least in the beginning, 
were not aware of any relation between the numbers 3, 5' and t 5', and certainly 
not that  those numbers were connected by  one and the same factor of propor- 
tionality, our number a. 

10. 

Finally we consider the Egypt ian circle calculations. In  the Rhind papyrus, 
dating from about t800 B.C., we meet with five problems on this subject 64. 

In Problem 50 the area of a round field with a diameter 9 is calculated in 
this way: (~-×9)2=64. In  fact the area is taken as (d---~d)", where d is the 
diameter. This is equivalent to a2 = (~)s = 3.1605 . . . .  a very good approximation. 

62 F. THUREAU DANGIN, pp.  50, 51. 
6a E. M. BRUINS & IYf. RUTTEN, pp. 27, 28. 
64 A. B. CHASE I, p. 92 (Problem 50), p. 86 (Problems 4t and 42), p. 87 (Problem 43) 

and p. 91 (Problem 48). 
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In  Problem 4t the volume of a cylinder is calculated. The diameter  is 9 and 
the area of the bo t tom is (s x 9 ) 2 =  64, just  as in Problem 50. 

Problem 42 differs f rom Problem 4t only in tha t  the diameter  of the cylinder 
is t 0. The calculation is performed in the same way. 

Wor th  ment ioning is Problem 48, in which are compared the areas of a circle 
and the circumscribed square. Again the diameter  is 9. The area of the square 
is 8t,  tha t  of the circle 8 2 =  64. The lat ter  value fits the formula (8 × diameter) 2. 
But  a figure is given which, while drawn quite roughly, one has to consider as 
a square with four triangles in the vertices. In  the middle of the figure is the 

Y 

demotic sign for 9. The area of the octagon tha t  remains after removing the four 
triangles is ~ × 92 --~ 63. This has been seen as a possible explanat ion of the formula  

64 (~)~. The octagon should be (~-×d) ~ for 9~-~7 63 which is nearly as much as ~ 
considered as a first approximat ion to the circle inscribed in the square 65. 

8 Here we meet  with a direct quadra ture ;  ~ parts  of the diameter  is the side 
of the square tha t  equals the circle. I t  is clear tha t  the value (~)2 holds good 
only for ~2. In  the preserved Egyp t i an  texts  occurs not  a single calculation of 
the circumference 66, so the mere remark tha t  ~ equals ~jtls~, wi thout  any  com- 
ment ,  is deceptive. 

The calculations in Problem 43 and in a problem of the K a h u n  papyrus,  
which shows some resemblance to it, are not  entirely clear. Probably  they  concern 
the calculation of a volume with the help of a value ~3 = 3.2.67 

In  Problem t0  of the Moscow papyrus  is performed a calculation in which 
again we find s (~) , so we can be sure tha t  it concerns an area of an object which 
has to do with a circle in some way.  The text  is damaged and is illegible at  im- 
por tan t  points, so it is unclear exact ly wha t  are the da ta  of this problem, bu t  
the whole calculation is legible, viz. 9 x S x S g x 4 ~ - - 3 2 ,  or, as we m a y  say in 

referring to the significance of s 2 ~ ×412. (~) , discussed before, 9 × ~ -  

65 K. VOGEl. (a) I, p. 66; E. M. BRUINS (C), p. 8 and (b), pp. 207, 208. Also O. NEU- 
G E B A U E R  ( a ) ,  13. 124, who has some doubts, however. M. SIMON, p. 43, on the other 
hand, sees the origin of the formula as merely experimental. E . W .  HoBsoN, p. 1 3, 
has "probably empirical". 

66 O. NZI:GEBAUER (a), p. 124, suggests that  (~6)2 was used atso for the calculation 
of the circumference, viz. ill Problem 10 of the Moscow papyrus; also W. W. STRVW, 
pp. i67 and 177, 178, and T. E. PEET (see O. NEUGEBAUER). I definitely disagree 
with this conception, as will become clear from the discussion that  follows. 

67 L. BORCHARDT, pp. t50-- t52.  M. CANTOR (b), p. 99- M. SIMON, 10p. 43--45. 
T. HE~,TI~ (b) I, pp. t25, 126. 

t 9 Arch. Hist. Exact  Sci., Vol. 6 
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W.  W.  STRUVE, who publ i shed  the  t ex t  of the  Moscow papyrus ,  supposes the  
ob jec t  to be a ba ske t  shaped  like a hemisphere  wi th  a d i ame te r  4{. 6s He  then  
concludes t h a t  the  E g y p t i a n s  knew the  r ight  fo rmula  for the  a rea  of a sphere,  
4 ~ R  ~, some t500 years  before ARCHIMEDES ~9. The  same conclusion has  been 
reached  b y  R . J .  GILLINGS, who recen t ly  re -examined  the  t ex t  of P rob lem 10 of 
the  Moscow papy rus  7°. Bu t  such a conclusion is out  of place. W h a t  has  come 
down to us of E g y p t i a n  geomet ry  are some calculat ions for p rac t ica l  purposes,  
wi th  no theore t ica l  b a c k g r o u n d  wor th  ment ioning.  Thus  the  ins inuat ion  t h a t  
the  E g y p t i a n s  knew the  area  of a sphere to be  exac t ly  four  t imes  t h a t  of a g rea t  
circle is no t  allowed. Indeed ,  if the  p rob lem in quest ion regards  the  area  of a 
hemisphere ,  then  we on ly  m a y  say  t h a t  t hey  were lucky  in f inding such a good 
approx ima t ion .  I n  any  case we r e m a r k  t h a t  according to the  formula  2 ~ R  2 the  

8 8 l calcula t ion should  have  been 2 x (s x4{)~ ins tead  of 9 x~ x~ x4~.  
T. E. PEET in t e rp re t ed  the  d a m a g e d  p re l imina ry  t ex t  in a w a y  t ha t  differs 

f rom STRUVE'S 71. H e  looks upon  the  baske t  as a semicyl inder  (axis hor izontal)  
wi th  4~ as the  length  of the  axis and  wi th  also 4~ as the  d i ame te r  of the  semi- 
circle. Then  9X(-~) 2 should  be the  length  of the  arc of the  semicircle and  
9 x 8 2  1 (~) x4~ the  area  of the  sernieylinder.  O. NEUGEBAUER prefers this  in ter -  
p r e t a t i on  to  t h a t  of W.  W.  STRUVE, b u t  we can make  some i m p o r t a n t  object ions  
a t  once. 

I n  the  f irst  p lace  (~)2 is now considered as ~1/4. This,  however ,  is so much  
aga ins t  the  na tu re  of the  magn i tude  s 2 (~) , which rea l ly  is i n t ended  for the  cal- 
cula t ion of an area,  as to  m a k e  me refuse the  p roposed  i n t e rp re t a t i on  if for this  
reason alone, since otherwise we should have  to admi t  t h a t  the  E g y p t i a n s  h a d  
some idea  of the  i d e n t i t y  of the  two cons tan ts  zq and  ~ ,  or, d i f ferent ly  ex- 
pressed,  t h a t  t h e y  knew t h a t  

circumference of a circle area of a circle 
diameter square on the radius " 

B u t  as we have  seen above,  this  is equ iva len t  to  a Propos i t ion  of ARCHIMEDES. 
In  this  connect ion  i t  is wor th  r emark ing  t h a t  0 .  NEUGEBAUER, who th inks  i t  
improbab l e  t h a t  the  E g y p t i a n s  should  have  known more  t han  a t housand  years  
before ARCHIMEDES his Propos i t ion  on the  area  of a sphere,  and  in th is  I agree 
wi th  him, on the  o ther  hand  admits ,  as I do not ,  t h a t  t h e y  knew the  far- reaching 
s t a t e m e n t  ~1 = ~ ,  which was p roved  for the  first  t ime  b y  ARCHIMEDES ~2. 

68 W .  W .  STRUV:E, p.  157. 
~9 To O. NEUGEBAUEI~ (a), p. 129, this interpretat ion seems to be too improbable. 

He rejects i t  as, in imitat ion of him, does I3. L. VAN DER WAERDEN, pp. 33, 34. In  (c), 
p. 78, O. NEUGEBATJER writes merely " I t  has even been claimed tha t  the area of a 
hemisphere was correctly found in an example of the Moscow papyrus,  but  the tex t  
admits also a much more primit ive interpretat ion which is preferable".  

~0 R .  J .  GILLINGS, p. 1 16. 
71 See the elaborate analysis in O. NEUGEBAVER (a), pp. t29--137, which I have 

borrowed. 
~2 See ~ .  J. GILLINGS, pp. 1t4 and t t6 ,  who also points to this difficulty: " b u t  

nowhere in the mathematical  papyr i  do we find the circumference of a circle found 
by  taking (~) 2 × 4 d, which is equivalent to writing c = ~ d. If this were in fact known 
to the Egyptians,  as PEET assumed tha t  i t  was, then we are led inevitably to the 
conclusion tha t  the Egypt ians  antedated the Greek DINOSTRATUS by more than 1,400 
years in thus evaluating the circumference of a circle in terms of the d iameter" .  
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There is still more. If 9 × (~)= were the length of the arc of a semicircle, then 
would 9 have to be double the diameter. T. E. PEET has put  it in this way, and 
O. NEUGEBAUER has accepted this opinion. But  nowhere in the calculation 
does it become evident that  the value 9 is found as twice 421, while, on the 
other hand, from the Egyptian calculations known at this time we are accustomed 
to whole operations which can be followed step by  step. 

Finally, as I have said before, Egypt ian geometry lacks all speculation. I t  
only supplies calculations for areas and volumes, approximately sometimes, for 
practical purposes. Why then suppose a method of calculation for finding the 
circumference of a circle when this circumference can better  be measured directly 
and correctly ? 

Apart  from the interpretations of W. W. STRUVE and T. E. PEET, O. lXlEOGE- 
BAUER himself has proposed a third one. He sees the " b a s k e t "  of the problem 
as a dome-shaped storehouse such as can be seen sometimes in old pictures; its 
form is nearly that  of a beehive or paraboloid. He then takes 9 x (~_)2 as being 
the circumference of the circular base with 4{ as diameter, and he takes 4 5 as 
being also the length of the arc from the top to the base. In this way 9 x (~)2 x4} 
should approximate the area of the paraboloid. In addition to the objections 
mentioned before, viz. that  9 should be double the diameter and that  (~)2 is 
looked upon as ~1/4, there is now the further one that  the calculation gives much 
too gross an approximation. In fact the way in which O. NEUGEBAOER calculates 
is fight only for a cone with 46 as the slant height and also 4 5 as diameter of 
the circular base. 

Besides the objections already discussed as to the interpretation of Problem I 0 
of the Moscow papyrus, we shall remark three other difficulties in each of those 
interpretations. 

In the first place, what can have been the intention of this calculation, viz. 
the area of a curved surface ~a ? The purpose of the calculations concerning circles 
in the Rhind papyrus was clear: the area of a round field (Problem 50) or the 
area of the bot tom of a cylinder, the volume of which was to be calculated 
(Problems 41 and 42). O. NEUGEBAUER suggests that  the area in Problem t0 of 
the Moscow papyrus was calculated perhaps so as to know how much material  
was needed for the storehouse. If  this is so, then the hopes of the Egyptians 
were really decieved as a consequence of the gross approximation. And as to the 
interpretations of W. W. STRUVE and T. E. PEET, who obviously consider the 
basket as a small one, for carrying, a calculation of the area so as to know how 
much material  was needed seems to be a far-fetched explanation. 

A second difficulty arises from this. What  were really the shape and size 
of an ancient Egypt ian basket, putt ing first and foremost tha t  the object intended 
was indeed a basket ? In what preceded we have met with three different shapes, 
a hemisphere, a semicylinder and a paraboloid, or something like it, which seem 
to have been chosen for no better  reason that  one could interpret the calculations. 

Then, finally, there is a third difficulty. Only one number  is given in the 
problem, viz. 45. The calculation starts with: "Take  } of 9, since the (basket ?) 
is the half of a ...  (?); result 1. Take the remainder, namely 8".  This is the 

~a K. VOGEL (a) I, p. 67, says: "eine Aufgabe, in der eine krumme Flgche berechnet 
wird" (a problem in which is calculated the area of a curved surface). 

19" 
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calculation of ~ parts  of 9. Bu t  why  9 ? The text  has:  "since the ... is the half 
of a . . . " .  W . W .  STRUVE, T. E. PEET and O. NEUGEBAUER have 4~ as the dia- 
meter  of the object in question. W h y  then twice this diameter a l though (the 
tex t  has " s ince"  l) the object is the half of something? In  view of the method  
of calculation in the Rh ind  papyrus  it is obvious tha t  in Problem 10 of the Moscow 
papyrus  we have to expect an object with diameter  9. 

In  the foregoing I have remarked tha t  (~)2 has to be considered as a value 
for x2/4 only, thus not  for ~z/4 in general, wi thout  any  special indication. For  
this reason I have rejected T. E. PEET'S semicylinder 74 and O. NEUGEBAUER'S 
paraboloid, in which (~_)2 is used to calculate the circumference, thus taking (8) 2 
as a value for ~1/4. For  the same reason I reject the way  in which W. W. STRUVE 
tried to explain how the Egypt ians  came to the r ight result for the area of a 
hemisphere 7~. STRUVE supposes tha t  the Egypt ians ,  by  measuring, first found the 
circumference of a circle to be s 4  parts  of the circumference of the circumscribed 

64 square. This means, in our notation,  tha t  ~i was first found as a value for ~1/4. 
He next  supposes tha t  the Egypt ians  reasoned the area of a circle also to have 

64 tha t  proport ion (viz. ~s{) to  the area of the circumscribed square (taking now si 
also as a value of ~J4) .  Then, experimentally,  they  should have found tha t  the 

* of the volume of a circumscribed cylinder. Again volume of a sphere equals 
from this they  could have reasoned the area of a sphere to  have tha t  same 
proport ion (viz. ~) to  the area of a circumscribed cylinder. Thus the area of a 
sphere equals ~ X {2 × {(~- d) 2 + d × (5) 2 ×4d}  or 4 X (8 d) 2, and the area of a hemi- 
sphere equals 2 ×(~d) ~. As will be clear, all these are suppositions only and, 
moreover  not  very  obvious ones since they  lack any indication in favour  of 
them in the preserved texts. 

Also for this same reason, tha t  is to say tha t  we are not  allowed to interpret  
64 s] as a value for ~1/4, I reject E. M. BRUINS' explanation of how the Egypt ians  
could have found the area of a hemisphere 76. A great  circle, he says, is obviously 
too small. On the other  hand  the sum of the areas of the curved surface of the 
circumscribed cylinder (of the hemisphere) and of a great  circle is obviously too 
large. In  E. M. BRUINS' opinion the Egypt ians  took the ari thmetic mean of these 

64 two, which gives the correct result. But  he, again, sees ~i as a value for ~1/4 
as well as for ~2/4. 

Reviewing everything, I th ink tha t  an al ternative interpretat ion of T. E. PEET, 
tha t  the object in question is a semicircle, is for the present the most  obvious 
one 77. Then 4{ is the radius, and the diameter  is 9. The beginning of the calculation 
is performed in the same wa y  as t ha t  of the area of a circle 7s. We need not  be 

7~ R. J. GILLINGS, p. t t 4 .  
75 W. W. STRUVE, pp. t67--t69 and 176--180. 
76 E. M. BRUINS (a), XV 37a, pp. 42, 43. On pp. 40, 41 he talks about the circum- 

ference of a circle in a way which can be justified in no way by what we know from 
the preserved texts; the Egyptians did not "calculate" the circumference of a circle. 

77 R. J. GILLINGS, p. 1 1 4. 
7s We notice that  it is very uncertain tha t  the Egyptian " n b t "  means indeed 

"basket" ill the period of which the Moscow papyrus originates. Moreover, the text 
has only that  the object is " the  half of a . " Here, at the most important place, 
the papyrus is damaged. At this time new inquiries are being made into the text of 
the problem by an expert Egyptologist, whose results will be published in due time. 
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surpr ised  t h a t  the  E g y p t i a n s  (or a t  least  the  composer  of the  Moscow papyrus )  
d id  not  calcula te  the  area  of half  a circle b y  t ak ing  the  half  of t h a t  of a whole 
circle, for we know of an analogous fact  in ancient  Ba by lon i a n  ma thema t i c s .  

11. 

S ta r t ing  wi th  a dec ided ly  f au l ty  i n t e rp re t a t i on  b y  M. CANTOR of some Medieval  
tex ts ,  f rom which he came to a va lue  zc = 4, we have  made  a d i s t inc t ion  be tween  
~ for the  ca lcula t ion  of the  c i rcumference of a circle, =2 for the  ca lcula t ion  of 
the  area  of a circle, and  =8 for the  calcula t ion of the  vo lume of a sphere.  To presume 
t h a t  these cons tan ts  a lways  have  been known to be iden t ica l  and  so to  speak  
of = wi thou t  any  comment ,  somet imes  leads to  an i n t e rp re t a t i on  which is def in i te ly  
false, while in o ther  cases i t  is needless or even reprehensible .  W i t h  the  d is t inc t ion  
be tween  ~z 1, =2 and  =3, however,  we have  been able to regard  severa l  exis t ing 
concept ions  wi th  more nuances.  But ,  of course, we mus t  observe,  or we have  
to assume, t ha t  this  d i s t inc t ion  has  sense only  for t ex t s  whose au thors  we are 
sure were not  fami l ia r  wi th  ARCHIMEDES. 
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