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A widespread view often encountered in historical studies is that  ideas, or 
customs, practices, and beliefs, are the spontaneous reactions of the human mind 
to environing conditions. The notion is, of course, an assumption, often tacitly 
held. I t  is itself probably not spontaneous, but a part of the Greek rationalist 
ideology, of our Greek rationalist heritage. 

In mathematics this view takes the following form: Mathematics arises from 
the activities of daily life; it is practical and has its origin in obvious practical 
applications. The Greeks invented proof, so it is generally held: before that  
mathematics was "empirical", whatever that means. 

Opposed to this is the view that ideas are the products of certain special 
circumstances. A corollary is that  any idea has a single (cultural) origin. This 
view is not a dogma, but a theory to be built up inductively. One technique is to 
examine a complex of ideas for parts having no inherent connection. If such 
features can be found, a cultural, and not merely logical, connection is indicated. 
At the same time, the accidental features may give a clue to the special circum- 
stances of origin. 

To illustrate: In t 877 M. CANTOR began a comparative study of Greek and 
Indian mathematics, and in particular studied G. THIBAUT'S paper on the 
Sulvas~tras, an Indian sacred work on altar constructions. 1 CANTOR notes (fol- 
lowing THIBAUT) that for the Indians, the Theorem of PYTHAGORAS is not so 
much a theorem on triangles as a theorem on rectangles: "The cord stretched in 
the diagonal of an oblong", writes BAUDHAYANA, "produces both (areas) which 
the cords forming the longer and shorter side of an oblong produce separately". 
CANTOR compares this with the fact that HERON employs the Theorem of PYTHA- 
GORAS to compute the diagonal of a rectangle before taking up the triangle. 
Moreover, the Sulvas(~tras give the theorem separately for a square and for an 
oblong; and HERON, in the place mentioned, gives two successive problems: one 

1 "Grgko-indische Studien," Zeit. /. 2VIath. u. Phys. (Hist.-lit. Abt.), vol. 22 
(1877); "On the Sulvasutras," J. Asiatic Soc. Bengal, vol. 44, I (t875). 

t3 Arch. Hist. Exact  Sci., Vol. 9 
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for the equal-sided rectangle, and one for the unequal-sided rectangle. CANTOR 
considers that  these coincidences cannot possibly be accidental. 

Even EUCLID defines oblong, though he never uses the tenn. As T. L. HEATH 
has observed, it is but  a survival from earlier texts. 2 

The main point here is, of course, that  the classification of rectangles into 
oblongs and squares is in no way inherent in the Theorem of PYTHAGORAS, and 
tha t  this arbi trary element therefore indicates a historical connection. 

In a previous work 3 we added the observation that  the classification of 
rectangles into oblongs and squares is part  of a widespread religious or theologic 
complex: thus the first principles of PYTHAGORAS are ten in number and consist 
of pairs of opposites, e.g. odd-even, male-female, etc., and one of these pairs is 
square-oblong; the Indians also had this same dual i ty--oblong bricks are human, 
square bricks divine; and we even found the duality as far away as Fiji, as " t he  
Fijians who dwelt round the Koro Sea built oblong houses, but  their temples 
were usually square".  All this suggests that  the Theorem of PYTHAGORAS was, in 
origin, part  of a religious or theologic or, as we prefer to say, a ritual complex. 
The thesis that  geometry has a ritual origin was exposed in our paper on The 
Ritual Origin o I Geometry. 

There are two theses, then: (t) that  geometry had a single origin, and (2) that  
this origin was in ritual. The first of these, at least, is not new. Though not ex- 
panded upon, the first was definitely formulated by  CANTOR: in his studies it 
occurred to CANTOR that  perhaps in very ancient times ("roughly speaking, 
three or four thousand years ago") there already existed a not altogether in- 
significant mathematical  knowledge common to the whole cultured areas of 
those times, which was further developed, here in one direction, there in an- 
other. ~ This is precisely our thesis. The problem then becomes to say in what 
this original knowledge consisted and what were the later developments; or, in 
other words, to put the contents of ancient mathematics  into a chronological 
perspective. 

There are two distinct traditions easily discernable in ancient geometry: one 
is computational or algebraic, the other is constructive or geometric. In  the first, 
for example, the Theorem of PYTHAGORAS says that  the diagonal of a rectangle 
is the square root of the sum of the squares of the sides; it is expressed with a 
computation in view. In the second, the theorem says that  the square built on 
the diagonal is the sum of the squares on the sides; it is expressed with a con- 
struction in view. Or even simpler: the first says that  the area of a triangle is 
one-half base times al t i tude-- this  is the sort of theorem that  will not be found 
in EUCLID. EUCLID says, rather, that  "if  a parallelogram have the same base with 
a triangle and be in the same parallels, then the parallelogram is double the 
triangle (Euclid, I, 41)". The first tradition might be called the Oriental tradition, 
the other, the Greek tradition; or perhaps better, in order to avoid suggesting a 
place of origin, the algebraic and the geometric, respectively. 

2 The Thirteen Books o/Euclid's Elements, vol. 1, p. 428. 
3 "RituM Origin of Geometry," Archive /or History o/ Exact Sciences, vol. 1 

(1962), p. 503. 
"~lber die ~Llteste indische Mathematik," Archiv d. Math. u. Phys., vol. 8 (t 904), 

p. 71. 
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I t  has usually been held, at least in recent times, that  the algebraic tradition 
preceded the geometric. This view has been well exposed in B. L. VAN I~ER WAEI~- 
DEN'S work Science Awakening. His exposition takes into account what is known 
of the relative chronology of Babylonian and Greek mathematics,  and also of 
the desire of the Greeks to overcome difficulties due to the existence of incom- 
mensurable quantities. But  it totally fails to take into account the Sulvasutras--the 
work of THIBAUT and of CAXTOR in this regard is not even mentioned. I f  the 
Sulvasutras are taken into acount, however, the opposite conclusion, we believe, 
will be reached. This view is argued in the paper of ours cited, and although the 
Sulvasutras have never been assigned a very early date, we do not hesitate to 
say that  the geometry of the Sulvasutras was already old in Old-Babylonian 
times. 

Our [irst main thesis is, then, that the elements o] geometry as found in the ancient 
civilizations, in Greece, Babylonia, Egypt, India, and China, are a derivative o[ a 
system o] ritual practices as disclosed in the Sulvasutras. 

1. The Circle and Square in India 
This is not the place to review the contents of the Sulvasuiras, but we must  

recall that  the main problem was to construct an altar (a plane figure) of given 
shape and area. The basic altar had an area of 7½ square units (Purushas). I t  
was composed of a number of squares and rectangles, assembled into a form said 
to resemble (and which to some extent does resemble) a falcon. For its con- 
struction a knowledge of how to lay out a right angle is needed. In the Sulvasutras 
a right angle is constructed sometimes with but also sometimes without a n  
application of the Theorem of PYTHAGORAS; and this theorem is not needed for 
the construction of the basic falcon-shaped altar. But  the sacrificer was on a 
sacrificial ladder, his rank determined by, or determining, the area of the altar. 
The next highest rank was 8½; and here the Theorem of PYTHAGORAS is actually 
and explicitly involved. 

One of the shapes for an altar was a circle, and the problem of converting a 
square into a circle thus arises. We call this problem the cireulature o] the square: 
it is to be clearly distinguished from the problem of squaring the circle, which is 
to construct a square equal in area to a given circle. This latter problem is also 
treated in the Sutvasutras, but  its solution (as we shall explain) is out of character 
with the rest of the work, and the squaring of the circle did not have, as far as we 
could tell, a sacred application. 

In the Sulvasutras the circulature of the square is done as follows (see Fig. 1). 
In square ABCD, let M be the intersection of the diagonals. Draw the circle 
with M as center and MA as radius; and let M E  be the radius of the circle per- 
pendicular to the side AD and cutting AD in G. Let GN= 1 GE. Then M N  is the 
radius of a circle having an area equal to the square A BCD. 

For the reverse problem, that  of squaring the circle, one is given the rule: 

"I f  you wish to turn a circle into a square, divide the diameter into 8 parts,  
and again one of these 8 parts into 29 parts;  of these 29 parts remove 28, and 
moreover the sixth part  (of the one part  left) less the eighth part  (of the 
sixth part) ." 

t3" 
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Fig. 1 

7 1 
The meaning is: side of required square ---- -~ + 8.29 
of the diameter of given circle. 

! 
One also finds the approximation: V ~ =  1 + ~- -t 

t t 
precisely: the diagonal of a square = 1 + ~- -~ 3 • 4 

1 1 

8"29"6 + 8"29"6"8  

t 1 ( 
3 • 4 3 • 4 • 34 more 

3 • 4 • 34  o f  a side . 

In looking at the Sulvasutras as a whole, one notes that  the squaring of the 
circle differs in character, in several respects, from the rest of the work. The 
work has definitely a geometric and not an arithmetic character. There is, to be 
sure, some arithmetic (not counting the squaring of the circle and the approxi- 
mation to V2). For example, it is realized that  the square of n units in length has 
area n~; from this it is deduced that  ½ the side of a square produces ¼ the area of 
the square, and 1 ~, the ninth. I t  is also explicitly stated that  t½ linear purushas 
produces 2~ square purushas; and even the general rule (a + b)~= aS+ 2ab + b ~ 
is set up. Fractions thus enter, but  there is little arithmetic involved with them. 
There are some elaborate bird altars involving several types of bricks, but most 
of them have all integral number of sixteenths of a square purusha as area; and 
even the commentators, who are already in the algebraic tradition, make all their 
computations in terms of chaturthi-bricks ( =  ~ square purusha). Thus most of 
the arithmetic is with integers, and there is nothing in the remainder to suggest 
that  the ritualists (the earlier ones, that  is) could work with the fractions mentioned 
ill connection with the squaring of the circle. 

As THIBAUT has pointed out, the squaring of the circle is "nothing but  the 
reverse of the rule for turning a square into a circle"; that  is, if d = diameter, 
s = side of an equal square, then the circulature of the square gives 

a 2 + ~  
s 3 

1 t I 
After replacing V ~ by the rational approximation t + ~ + 3 : 4 3 • 4 .34 ' 

it is easy, by simple arithmetic, to find the reciprocal s/d. This gives 

s 7 1 I 1 41 

Jl - -  8 + 8 " 2 9  8 " 2 9 " 6  + 8 " 2 9 - 6 " 8  8 " 2 9 " 6 " 8 " t 3 9 3  ' 

which, neglecting the last term as explained by THIBAUT, is the expression in the 
Sulvasutras. 
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The circulature of the square involves no arithmetic. One m a y  imagine an 
ancient ritualist starting from the square, observing that  the inscribed circle is 
too small, the circumscribed circle too large, and guessing tha t  one should take 
GN=½GE.  (See Fig. t.) The line of thought, though approximative,  is geo- 
metric. We m a y  suppose that  this solution of the circulature of the square, having 
become fixed in tradition, became the start ing point for squaring the circle. This 
reverse problem, though an easy exercise for us, m a y  well have baffled the Vedic 
ritualists: How, given the circle of radius MN,  is one to get hold of NG and 
thereby reverse the steps in the circulature of the square ? Not being able to solve 
this problem geometrically, the ancients went over to an arithmetic solution. 
Here they needed a rational expression for V2; of course, they might have 
rationalized the denominator of 

3 
2 +1/2 

i.e., brought 
3 

to the form ~- (2 - -  V2), but  presumably they did not know enough algebra, either. 

This leads to our second main thesis: 

The/irst  crisis in mathematics occurred because the ritualists could not reverse 
their (canonical) circulature o/the square in a geometric way. The resulting efforts 
to find an arithmetic solution/or the squaring of the circle gave rise to the algebraic 
tradition. Geometry was dislocated/rom its ritual base. 

Though not of concern to us for the moment,  we may  mention a third thesis: 

The problem o//inding a rational expression /or V ~ arose from the attempt to 
square the circle. The discovery that there was no such expression gave rise to the 
second crisis in mathematics. This was resolved by a revival o~ the geometric tradition. 

2. The Area of a Circle in Egypt 

In our geometry paper we cited VAN DER WAERDEN'S opinion that  ". . .  Egyp- 
tian geometry is .. .  merely applied ar i thmetic" ,  and showed that  if we accept 
his presentation of the evidence, especially that  of Problem t0 of the Moscow 
mathematical  papyrus (MMP), which goes "when you are told a basket (of 4½) 
in diameter by  4½ in depth, then tell me the a rea" ,  then one must  come to the 
opposite conclusion (op. cit., p. 5t t). We introduced the notation ~ ~1 for the 
ratio of the area of a circle to the square on its diameter, and ~2 for the ratio of 
the circumference of a circle to its diameter. Of course, we know that  ~1 = ~2, 
but  the question is whether the ancients knew it. Now we showed tha t  if one 
accepts VAN DER WAERDEN'S interpretation (following T. E. PEET) of the cited 
problem, then one must  (or should) conclude that  the Egypt ian  knew tha t  
~i = ~ (and the same goes also for O. NEUGEBAUER'S interpretation, which VAN 
DER WAERDEN presents but  rejects). Of course, when we say " the  Egypt ian  
knew that  ~1 = ~2", this is only a shorthand for saying he understood certain 
essential relations between the area of a circle, its diameter, and its circum- 
ference, and not literally that  he considered ~, and ~ ,  much less their equality. 
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Now if the Egypt ian (or a predecessor) realized that  ~1 = ~2, then this realization 
must  have come about by  a geometrical analysis which, no mat te r  how crude it 
was, was quite sophisticated. Thus Egypt ian mathematics  could not be "mere ly  
applied ari thmetic".  

As a reductio ad absurdum, we can find no fault with this line of argument;  
but  we have been led to reiect VAN DER WAERDEN'S interpretations of the basket 
problem, as well as NEUG~BAUER'S, and this prompts us to take up the point 
once more. 

We shall return to the basket problem, but  first must  recall how the Egypt ian 
computed the area of a circle of given diameter. Problem 50 of the Rhind Mathe- 
matical  Papyrus (RMP) reads: Example of a round field of diameter 9 khet. 
What  is its area? (Solution): Take away { of the diameter; the remainder is 8. 
Multiply 8 times 8; it makes 64. Therefore it contains 64 setat of land. Do it 
thus: etc. 

In  modern shorthand we can write the procedure thus: A = (d - -  - -  ~)2.  Com- 
k ~ J  

paring this with our A --  ~1d2 ( 8 )  9' 4 , we may  say the Egyptians took ~a = 4" • 

E. T. BELL long ago wondered "wha t  suggested the curious (~)4,,. 5 We 
believe that  the main clue for an answer was given by  K. VOGEL 6 when he called 
attention to the figure in RMP 48. Here is the figure (Fig. 2): 

J -", 

RMP 48 

Fig. 2 

VOGEL interprets this, correctly we believe, to represent a polygonal approxi- 
mation to the inscribed circle; and he supposes this, also correctly we believe, 
to have been obtained by  dividing each of the sides into 3 equal pieces and by  
joining the points of division. 

The horizontal and vertical lines joining the points of division (see Fig. 3) 

Fig. 3 

Development o[ Mathematics, p. 38. 
Vorgriechische Mathematik (1958), vol. 1, p. 66, 
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divide the big square into 9 equal little squares. The outer  little triangles make  
of the big square, so the area of the octagon is { d 2. 

Wi th  a minor  qualification, RMP 48 is unique among the 87 problems of the 
papyrus  in tha t  there is no s ta tement  of the problem: the solution consists of a 
computa t ion  of 8 × 8 and 9 × 9. According to T. E. PEET, the problem " is  clearly 
the comparison of the area of a square of side 9 khet  with tha t  of a circle of 
diameter  9 khe t ' . 7  The solution says tha t  a circle is to its circumscribed square 
as 64 is to 8~. 

The side of the square in RMP 48 is 9, so the octagon has area 63. The side of 
an equal square would be V~-  VOGEL has suggested tha t  this is approximated  
by  V ~ = 8, and tha t  perhaps in this wa y  one came to the formula  (6 d) 2. We 
th ink this contains some truth,  bu t  is too roughly  said and does not  correspond 
to the  Egyp t i an ' s  thinking. More recently R. J. GILLINGS & W. J.  A. RIGG have 
taken up this point  anew, and have come still closer to the t ruth,  s We shall 
comment  on their work also, bu t  for the moment  take  for granted  as substant ia l ly  
correct the reconstruct ion just outlined. 

Let  us re turn to VAN DER WAERDEN'S thesis t ha t  Egyp t i an  geomet ry  is 
" m e r e l y  applied ar i thmet ic" .  He also writes (loc. cir., p. 89) : " A t  the start ,  in the 
first excitement of discovery, one is occupied with questions such as these:  how 
do I calculate the area of a quadrangle,  of a circle . . . .  ? "  If  this were the case, 
how can one unders tand the Scribe's going over f rom the simple and direct 
program of comput ing  ] d ~ to tha t  of comput ing  (6 d)2, which involves an error 
he could presumably  see ? But  if, as we suggest, there already existed the problem 
of squaring the circle, then one can. An  older t radi t ion compelled the Scribe (or a 
predecessor) to give the answer in the form of a square. Therefore he was quite 
willing (or, rather,  obliged) to make yet  another  approximat ion  (which, in- 
cidentally, gave him a bet ter  answer, bu t  t ha t  was sheer luck). 

To re turn to GILLINGS'S & RICe's  explanat ion:  t hey  suggest t ha t  first a 9 × 9 
square was drawn, and divided up into 8i little squares b y  lines parallel to  its 
sides; the side ( they say) was taken as 9 because 9 is exact ly  divisible by  3 ; each 
of the corners (to be excluded) has area 4 !"3, if the two top corners replace the top 
row of little squares, and the bo t tom corners the left column of little squares, 
(and if these are excluded from the 9 × 9 square) then the figure remaining would 
be an 8 × 8 square;  it is t rue tha t  in this wa y  the upper  left little square is re- 
moved  only once instead of twice, bu t  still the scribe could properly conclude 
tha t  the area of the inscribed circle is very  closely equal to a square of side 8. 

T. E. PEET, The Rhind Mathema/ical Papyrus, p. 88. PEET writes: " I t  is inter- 
esting in No. 48 to find the dimensions inserted throughout. I t  is still more so to 
notice tha t  in the first lille of all, ' 1 8 setat, '  the unit is stated as setat. To our modern 
feeling this is wrong. The 8 in question is, strictly speaking, in units of long measure, 
viz. 8 khe~, and it is not  until we multiply it by another unit of long measure, viz. 
8 khet, that  it can logically be expressed ill square units." PEET is quite wrong: if the 
details supplied by the Egyptian (for counting up the 64 setat) seem wrong to our 
"modern feeling" it is because this feeling has lost sight of the analysis upon which 
it is based. What  is interesting is that  traces of this analysis are to be seen in IRMP 48. 

8 "The Area of a Circle in Alxcient Egypt ,"  Australian J.  Science, vol. 32 (1969), 
p. 197. 
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First we shall indicate some difficulties in this explanation: 

(a) The explanation is really a suggestion for a method of approximating the 
square root of 63. Of course, the scribe could have seen this, but  no documentation 
is offered to suggest that  he did see it. Nowhere in the rest of the Egyptian mathe- 
matical remains do we find that  the square root was approximated in this way 
(or in any other way). 

(b) There is the problem of where the the 9 comes from. It  is true that  9 is 
exactly divisible by  3, but  3 is also exactly divisible by  3 and leads equally simply 
to { d ~. Taking the d = 9 for granted is a form of begging the question. (Actually, 
we suppose that  d = 9  of RMP 50 comes because the scribe wants a d whose 
ninth will yield no arithmetical irrelevancies; but  this does not get us very far, 
because then, of course, the question is: where did the 91- come from ? So the 
question of where the 9 comes from remains.) 

(A priori, it may  be the 8 (of the {) that  needs explaining. This might be the 
case if we knew or suspected that  the Scribe, or a predecessor, had the problem 
of the circulature of the square in mind. But we do not see how to get the 8 out 
of anything we know about the circulature of the square, and so suppose it really 
is the 9 that  should be explained.) 

(c) GILLINGS & RIGG Ilote that  the Scribe's answer is in the form of a square 
and that  this form is obtained at the cost of an error of ~ ,  but  they say nothing 
as to why the Scribe was willing to incur this error. (This difficulty has, however, 
already been met.) 

In meeting these difficulties, let us assume for a moment that  (b) has already 
been met, so in (a) it is a question of showing that  the method for finding V ~  is 
in accord with Egyptian thinking. Now in the Sulvasutras we find explicitly the 
problem of turning a rectangle (say a by b) into a square (see Fig. 4): with the 

a -il- .......... 
b 

Fig. 4 

__J 

shorter side (say b) one cuts off a square (yielding a square b x b and a rectangle 
b x ( a - - b ) ) ;  the remaining rectangle is divided into two rectangles (each 
b x ( a -  b)/2); one of these is brought around to a side of the smaller square, and 
one is left with a square (of side (a + b)/2) minus a square of side (a - -  b)/2 at one 
of the corners; "one  has been taught how to subtract the square",  say the Sul- 
vasutras. 
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If we apply this to a 9 × 7 rectangle, then we have rather  closely the suggested 
method for finding the side of a square of area 63, except that  the Sulvasutras 
do not neglect the " l i t t l e "  square: they had no need to, but arithmetically it 
usually is needed, in particular, in the case 9 × 7. (The Egypt ian would, of course, 
have the relation 63 = 9 × 7 in mind, especially as the 9 is already there.) 

1 t 1 
THIBAUT (op. cit.) has explained the approximation t ~ ~- ~ 3 • 4 3 • 4 .34  

for ]/2 in a similar way. He imagines the priests first to have looked for a square 
integer whose double was also a square. Trying the first few squares, they soon 
would have come to 12~ = t 44  and 2 x t 2 ~ = 2 8 8 ,  which is only one short of 

17 ( _ 
289 =172. Thus ~ is an approximation to 1/2. In Egypt ian style, t7 

t 2  

1+~-+3~-.4. Now one considers a 1 7 b y  t7  or rather  t~-  b y e -  square, 

composed of 289 equal little squares. One of these little squares has to be sub- 

tracted. One half of this little square is equal to a rectangle 17 by  ~4- respectively 

17 by  1 / 1 t t 
12 ~ / .  Thus one comes to the approximation t q- ~ + 3" 4 3 • 4- 34 ' 

1 1 (  1 by I )  
where now a little 7 by  ~ or t2-  34 ~ square has been neglec- 

ted. Thus the reconstruction for V ~  is in accord with TI~IBAOT'S for V2; and 
we may  be confident that  it is in accord with the thinking disclosed in the 
Sulvasutras. 

In  1877 CANTOR took the view, which he renounced in 1904, tha t  the geometry 
of the Sulvasutras was a derivative of Alexandrian knowledge. In  particular, he 
claimed that  the approximation for V 2 and the rational number for the squaring 
of the circle were Egyptian.  In our geometry paper, we expressed ourselves ready 
to concede this, but  took the view that  the squaring of the circle (not the circu- 
lature of the square) was "interpolated", i.e., added to the Sulvasutras after the 
composition of its characteristic portion. But  we would not concede tha t  it was 
interpolated at a late date. Now it is clear to us that  the squaring of the circle in 
the Sulvasutras and its squaring in the Rhind Mathematical Papyrus belong to 
the same historical stratum. 

At the time, although we observed tha t  the Egypt ian  had the notion of 
square root, we also noted that  all the square roots (known to us) came out 
even. We suspected that  the problems were fixed so that  this would happen and 
then conjectured that  the Egypt ian could approximate square roots (op. cit., 
p. 5t4). If  the above reconstruction is correct, this conjecture is now validated. 

Let us now go to (b) : where does the 9 come from ? Starting from the inscribed 
octagon as described, we can imagine the Egyptian asking: How shall I compute 
the side of a square of equal area ? He realizes that  he must  take away a fraction 
of the side of the big square, and even perhaps senses tha t  this will be a small 
fraction, but  what  ? We would call it x, but  the Egypt ian would call it l - - h e  
knew the method of "false a s sumpt ion" - - and  the side of the big square x, or 
better, 3 x, since it is already, divided into 3. Then he gets the equation 3 x = x z 
(i. e., 1.3 x = x2), whence x = 3 and 3 x = 9. So here we get the 9 l 

When one augments a square to a larger square, one vertex remaining fixed, 
the difference of the two squares is a figure called a gnomon. The gnomon makes 



| 80 A.  SEIDENBERG : 

itself rather obvious in considering a diagram showing that ( a + b ) 2 = a ~ +  
2 a b + b  ~ (as in Euclid 1I, 4), or in the rule given for turning a rectangle into a 
square; and it also occurs in our reconstruction for computing square root. At 
any rate, the Greeks and Indians definitely knew the gnomon; but in our geo- 
metry paper (op. Lit., p. 51t), we commented that we knew of no gnomon from 
Egypt. Now the Egyptians had a sign for square root. I t  is: '~-~[." Could this be 
the missing gnomon ? lo 

Let us sum up in a fourth thesis: 

The Egypt ian procedure ]or [inding the area o/ a circle is not merely a com- 
putation /or area but is a true quadrature. I t  belongs to the same stratum as the 
squaring of the circle in the Sulvasutras and, like it, requires a technique for com- 
puting square roots approximately. The approximation (~)2 to ~1/4 can be resolved 
into two approximations, one o/ which is the approximation ~ to the square root o / { .  

3. The Area of a Semi-Circle in Babylonia and China 

In our geometry paper we insisted on the importance of comparative studies 
for the history of ancient mathematics, and we did compare the mathematics of 
Greece, India, Egypt,  and Babylonia. We also emphasized the importance in 
this regard of the ancient Chinese mathematics, but except for a brief reference 
to the Chou-Pei, we refrained from discussing the Chinese mathematics. The reason 
for this restraint was that, from a general description of its contents, we deemed 
the Chiu Chang Suan Shu (Nine  Books on Arithmetic Technique) the most relevant 
for our purpose; but of this ancient work, the fullest account accessible to us was 
that of Y. MII~AMI, n and he himself calls what he has a " summary" .  There was, 
indeed, a Russian translation by E. I. BEREZKINA (1957), unknown to us at the 
time. More recently (t968) K. VOGEL has brought out a German translation. 1~ 

Let us take as preliminary glance at the Nine  Books. We confine ourselves 
mainly to tile geometric parts. 

Book I starts with the area o] a rectangular field. Problem I reads: " N o w  one 
has a field; it is 15 steps wide and t6 steps long. The questions is: How large is 
the field ?" The answer (=  l Mou) is given; and a second problem of a similar 
kind is posed and the answer given. Then the general rule is stated. With a couple 
of minor exceptions, 13 this is the format used throughout the work: one or two 
problems of some type are posed, the answers given, and the general rule stated. 

9 See, e.g., W. W. STROVE, "Mathematischer Papyrus des Staa±lichen Museums 
der Sch6nen Kunste in Moskau," Quellen und Studien zur Geschichte der Mathematik 
(Abt. A), voh 1 (1930), Problem 6, Col. VIII,  line 5, Table II, no. 6; c]. p. 125. 

10 Now we see that CANTOR had already suggested this (op. cir. (t904), p. 69). 
However, if the reconstruction for finding approximate square roots is correct, then 
the connection between gnomon and square root is not, as CANTOR feared it might be, 
accidental. 

n "The Development of Mathematics in China and Japan," Abh. z. Ges. d. Math. 
Wiss., vol. 30 (1912). 

12 K. VOGEL (Tr.), CHIU CHANG SUAN SHU, Neun Bircher Arithmetischer Technik 
(1968). VOGEL (op. cir., p. 151) refers to Istor.-matem. isaledovanija 10, 1957, pp. 423-584 
for BEREZKINA'S work. 

13 See VOGEL, op. cir., p. 124, for the exceptions. 
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This is different, in the main,  from the Babylonian procedure, where the problems 
are s ta ted and worked out, but  the general rule is not  given (though there are a 
few instances of general statements).14 Book I continues with ari thmetical  problems 
(addition, subtraction,  etc. of fractions), 15 returning to geometry  with Problem 25 
which asks for the area o / a  triangle. Then comes the trapezoid. With  Problem 3t 
we come to the circle: " N o w  one has a round field; the circumference is 30 steps, 
the diameter  10 steps. The question is: How large is the field. The answer says:  
75 Pu." Clearly the ratio of the circumference to diameter  is taken to be 3, 
though  curiously no problem requires this knowledge, and th roughout  super- 
fluous information is supplied. The value 3 is typical ly  Babylonian,  bu t  the 
Babylonian scribe needs to know this in working his problems. The rule (in the 
Nine Books) for the area o / a  circle is to mul t iply  one-half the circumference b y  
one-half the diameter;  three further  rules are given, the th i rd  of which says to 
square the circumference and divide by  t 2 - - t h i s  is the Babylonian  procedure. 
Then the sector is considered. Then come a couple of problems on the segment: 
given the chord ( =  s) and the "arrow" ( =  distance from midpoint  of chord to 
midpoint  of arc = 15), to find the area (the second example is a semi-circle). The 
rule is: area----(sp+p~)/2, and so appears to approximate  the segment with a 
trapezoid of bases s and  p and width p (the approximat ion is "correct"  for a 
semicircle, i.e., the formula is consistent with the other  computa t ions  for the 
area of a semi-circle). The Babylonians  have problems on the segment, bu t  they  
are so far not  understood, 16 and so, of course, cannot  be said to be the same as 
the Chinese problems. Still, it appears tha t  in the Old-Babylonian period, in 
Susa, the segment was assimilated to a bow; and in the Mishnat ha-Middot 
(I, 5), a Hebrew geometry  compiled, according to S. GANDZ, about  t 50 A. D., the 
technical te rm " a r r o w "  definitely occurs, n Moreover, HE~ON, who is often 
considered to be continuing the Babylonian tradition, has this same problem. 

11 For some examples, see VAN DER WA~RI)eN, Awakening Science, p. 74. We take 
this occasion to suggest the following translation of of the first example (changes are 
in italics) : 

Length and width as much as area; let them be equal. 
You in your procedure, 
The length you take again. 
From this you subtract 1. 
You form the reciprocal. 
With the length you have taken 
You multiply and 
The width it gives you. 

15 Problems 5 and 6, Book I, ask one to reduce 12 19 is, ~r to lowest terms. The 
EUCLIDEAN algorithm is used. 

is See O. I~EUGEBAUI~R • A. SACHS, Mathematical Cunei/orm Texls (1945), pp. 57, 
t34, 135, 136. 

17 E. M. BRUINS & M. IRUTTEN, Textes Mathdmatiques de Susa, in Mdmoires de la 
Mission Archdologique en Iran, vol. 34 (t961). S. GANDZ, The Mishnat ha-Middot, 
Quelten und Studien zur Geschichte dee Mathematik, Astronomie, und Physik, A b t  A, 
vol. 2 (1932). The text  from Susa appears to have "a r row"  ("fl~che") as a technical 
term; at least, so BRUINS & I~UTTEN translate the term pi-ir-ku for the distance in 
question (op. cir., pp. 25, 28). The Greeks have neither the term nor the conception; 
the Babylonians at least have the COllception (GANDZ, O2#. Cir., p. t9, n. 33). AL- 
KHWARIZMI and BHASCARA have the term (GANDZ, loc. cir.) 
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His solution is ½ (b + h) h + ~4 (½ b)2, where the correction term comes from the 
AI~CHIMEDEAN value ~ for =2 (=  circumference/diameter); he mentions that 
the "ancients" took ½ (b + h) h and even conjectured that  they did so because 
they took = = 3. is Book I ends with a problem on the area of a ring (~-circle 
minus concentric circle); the Babylonians also have ring problems. 19 

Books I I  and I I I  are strictly arithmetical. 

Book IV poses the problem: Given the area of a rectangular field and its 

width, what is its length ? In the first 1 t problems the width is t + 2 + 
1 1 ~+...+~- 

with n taking on successively the values n = 2, 3, . . . ,  t2. To us this looks like a 
Sulvasutra construction problem translated into arithmetic; the more usual view 
would, presumably, be that the Sulvasutra problem (or Euclid I, 44) is this 
arithmetic problem translated into a construction. Problem t 2 asks for the side 
of a square of 55 225 Pu (Ans. 235 steps). Thus square root comes in. The work is 
in the decimal system, not, as in Babylonia, in the 60-system. In problem t 7, one 
is given the area of a circle, to find its circumference--again a problem in square 
root. Then comes cube root, and first to find the side of a cube of given volume. 
Book IV ends with the problem of finding the diameter d of a sphere of given 
volume v. The rule is: Take the cube root of t 6 v/9; this amounts to saying that 
v = 9  d~/16. This appears to be just another problem in cube root, but to us it is 
quite surprising. The answer is wrong, of course, but what we find surprising is 
that  the problem was set up at all. S° We have no corresponding problem from 
Old-Babylonia (or from Egypt  of about the same time, i.e., of the Middle King- 
dom). 

Book V returns to geometry (although, as throughout, in computational 
form). Here volume is taken up. Problem 9, for example, computes the volume of 
a cyclinder (v=c~h/t2). Problem l0 gives the rule for a truncated pyramid o/ 
square base; problem t t  considers a truncated cone; problem 12, a square based 
pyramid; problem t3, a circular cone (v ----c~h/36); problem t4, a prism; problem t 5, 
an oblong based pyramid; problem 16, a tetrahedron; problem t 7, a wedge having 
two trapezoidal faces at right angles; problem t8, a special case of the next 
problem; problem 19, a truncated pyramid-like body having rectangular, but 
dissimilar, bottom and top. 

Thus the Nine Books know the basic facts about pyramids. The Egyptians 
had a correct formula for the truncated pyramid, and we think the Old Babyloni- 
ans did, too, though the evidence is not as clear as one might wish. HERON con- 

is See T. L. HEATH, zJ History o/Greek Mathematics, vol. 2, p. 330 in reference to 
HEROX'S Metrica, I, 30, 31. 

10 O. •EUGEBAUER, Mathematische Keilschri[t-texte (Erster Tell), Quellen und 
Studien zur Gesehiehte der Math., Astro., und Physik, Abt. A, vol. 3 (1935), pp. 153-177. 

2o On a great circle of the sphere build a circular cylinder tangent to the sphere. 
The sections of the sphere by planes through the axis of the cylinder are in one-to-one 
correspondence with the (square) sections of the circumscribing cylindrical can, each 
of the former being ¼ (i. e., ~1/4) of the latter; from which it might have been concluded 
that the sphere is ~ of the cylindrical Call. This then gives V = ~ [(-~ d2)d]. This makes 
the formula intelligible, and suggests that the Chinese (or their forefunners) made 
infinitesimal analyses. 
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siders a py ramid - l ike  b o d y  as descr ibed  in Book  V, P rob lem t9,  bu t  the  fo rmula  
is different  (HEATh, op. cir., VO1. 2, p. 332). 21 

Books VI  and  V I I  are essent ia l ly  a r i thmet ica l .  Severa l  p rob lems  in Book  VI  
dea l  wi th  a r i thmet ica l  progressions.  The  E g y p t i a n s  and  Old Baby lon ians  have  
s imi lar  problems.  22 

Book  V I I I  deMs wi th  s imul taneous  l inear  equat ions .  The  Old -Baby lon ians  
could also handle  s imul taneous  l inear  equat ions .  

Book  I X  is geometr ic ,  t r ea t ing  the  r ight  t r iangle ,  especia l ly  p rob lems  in- 
volv ing  the  Theorem of PYTHAGORAS, the  Theorem of THALES, t h a t  an angle  
inscr ibed  in a semi-circle is r ight ,  also comes in. In  the  course of this ,  a f ami l i a r i t y  
wi th  PYTHAGOREAN n u m b e r  tr iples,  i .e. ,  in tegers  a, b, c such t h a t  c 2 =  a 2 +  b 2, is 
disclosed. All  th is  is fami l ia r  g round  for the  Old-Babylonians .  P rob lem 15 asks 
for the  side of the  square  inscr ibed  in a 5 b y  t 2  r igh t  t r i angle  (Ans. 3~, i.e., 
5.t2/(5 +12) ) .  This  was p r e s u m a b l y  worked  e i ther  b y  s imi lar  t r iangles  or  b y  the  
Theorem of the  Gnomon (Euclid, I 43). Tile Old -Baby lon ians  worked  wi th  
s imi lar  t r iangles.  2a P rob lem t 6  asks for the  d i ame te r  of the  circle inscr ibed  in an 
8 b y  t 5 r ight  t r iangle  (Ans. 6). W e  do not  have  this  p rob lem documen ted  for the  
Old-Babylonians ,  bu t  i t  would  have  been an  easy  exercise for them.  

Thus  we see t h a t  the  Nine  Books are  on a high level, indeed.  

As to  the  da te  of the  Nine  Books: the  first  not ice  of the  work  da tes  f rom 
t 79 A. D.,  bu t  the  oldest  manusc r ip t  is an edi t ion f rom the  middle  of the  t h i r d  
century ,  wi th  c o m m e n t a r y  b y  LIu  HIU, who says  t h a t  the  work  was p u t  t oge the r  

21 According to the in terpreta t ion by  2qEUGEBAUER (MKT I, pp. 176, 187) of the  
Old-Babylonian tex t  BM 85194, the volume of a t runcated  pyramid  is given by  

V-~ + 3 h. There is, indeed., a difficulty in this reconstruction: (a-b/2 
there is not  enough space on the table t  for the  computatioI1 of the 3 ~ 2 ] . VAN 

[(°÷? (°-?] PER WAERDEN (0p. cir., p. 75) suggests t ha t  the formula was V = ~ + ~ h, 
a 

which is indeed wrong but  agrees with the formula V = 2 (as + b2) h of two other 

closely related texts.  I t  is, however, difficult to imagine why anyone would want  

to go over from ~- (a 2 + b 2) to + though one might  want  to go 

from ~- (a s + a b  + b  2) to + ~- in order to use tables of squares. 

1 
The presence of the formula V ~ ~ (a s +ab  +b2)h in Egyp t  and in China tends, we 

consider, to confirm its presence in Babylonia. 
One may  note tha t  the formulae from Egyp t  and Babylonia  are for the truncated 

pyramid  and that ,  curiously, in the Nine Books (V, 10) the t runcated  pyramid  is 
taken up before the pyramid.  This suggests that ,  anciently, the t runcated pyramid  
(and not, as in "scient i f ic"  times, the pyramid) was the star t ing point  of the con- 
siderations. If, as is usually presumed, the pyramid  was the s tar t ing point, one is led 
to wonder how the Egypt ians  got their  formula from tha t  for the full pyramid ;  but  if 
the t runcated pyramid  was the star t ing point, then the necessity for such a recon- 
struction is removed. 

22 See PEEr, op. cit., problem 64, p. 107; and NEUGEBAUER & SACHS, 0p. Cir., 
pp. 100, 52. 

23 See, e.g., MKT I, p. 177 and p. 259. 
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from older materials by  CHANG T'SANG (fl. 165-t42) in early years of the HAN 
dynasty  (202 B. C. to 9 A. D.). 

I t  is clear that  from such notices we do not get the date of the contents of the 
Nine Books. I t  is not that  we in the least doubt LIu HIu ' s  word for it that  
CHANG T'SANG composed the work, but even LIu HIu  says it was put together 
from "older materials",  and it is the date (or dates) of the contents we would 
like to know. 

For example, one might ask whether anything in the Nine Books is due to 
ARCHIMEDES (fl. 250 B. C.) or was influenced by  his mathematics.  Of course, had 
ARCHIMEDES lived after the HAN dynasty,  we would have the answer, but the 
opposite is true: he flourished about 250 ]3. C. The trade route from Persia to 
China already existed in the second century B. C. ;~4 so we have to concede that  
ARCHIMEDES' works could have gotten over to China in the early part  of the 
HAy dynasty  (and even without this route, we need not doubt the possibility). 
Thus from direct historical notices we cannot deny that  ARCHIMEDES had an 
influence on the Chinese mathematics  during the HAN dynasty.  

On the other hand, if we look at the text  itself, we see that  there is nothing in 
it that  is characteristically ARCHIMEDEAN : there is nothing in it, ill the geometric 
part  at  any rate, which we cannot claim with good reason already to have been 
known by  the Old-Babylonians. If  one were to find on some newly recovered 
cuneiform tablet any geometric problem occurring in the Nine Books (except 
possibly the one on the sphere), no-one would be in the least surprised. 

One can, perhaps, test this kind of textual  criticism by a similar examination 
of the Mishnat ha-Middot, a Hebrew geometry composed about 150 A. D. by  
Rabbi  NEHEMIAH (see footnote t7 above). This work is not, by  far, on the level 

2~ 
of the Nine Books, but  contains some points of interest. In it we find ~1 = ~  
and ~ - - - -~  (briefly: we find ~ = ~). Moreover the author goes out of the way to 
harmonize the ~ with the 3 of I, Kings, 7, 23 and II, Chronicles, 4, 2. The value 

is, with as good grounds as we can hope for, ascribed to ARCHIMEDES: an 
ARCHIMEDEAN influence on the Mishnat ha-Middot is thus clear. Nor is this in 
the least surprising since 150 A. D. is after 250 B. C. and in 150 A. D. the largest 
Jewish community in the world was in Alexandria, the center of Greek mathe- 
matical study. 

On the other hand, the Nine Books do not know the ~ ,  and always use the 
older 3. If  ARCHIMEDES had influenced the work, surely this influence would have 
made itself evident in the problems on the circle. 

We can say, then, with considerable assurance that the Nine Books, in particular 
that part o/ the work which relates to circles, is pre-Archimedean. 

Let us come now to the main issue, namely, whether the Old Babylonians 
knew the basic relations between the area, diameter, and circumference of a circle. 

In our geometry paper (op. cit., p. 5t2), following VAN D E R  WAERDEN, we 
supposed the Egyptians knew that  ~1----4(s) z and that  z2 =4(9s-) 2 and concluded 
that  they (or their forerunners) must  have realized that  ~ = z2, that  this reali- 
zation could only have come about by  a geometric analysis, and hence that  

24 Lord RAGLAN, How Come Civilization ?, pp. 63, 186. 
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E g y p t i a n  geometr ica l  knowledge  was no t  mere ly  a r i thmet ica l .  The  ma in  po in t  
was th is  las t  conclusion, which now we consider  to have  been es tab l i shed  above ;  
bu t  now we are hold ing  in d o u b t  whe the r  t h e y  knew t h a t  zc~ = 4 (~)2. 

C2 
W e  cont inued:  " T h e  Baby lon ians  used the  formulas  A = ~ 2  and  C = 3 d  

from which i t  would  appea r  t h a t  t h e y  knew ~1 = ~ ,  t hough  here i t  is a b i t  more  
diff icult  to  j u d g e " .  W e  wan t  to expl ica te  this.  

H o w  did  the  Baby lon ian  see t h a t  A ~-~2 C2 ? Or is i t  possible  t h a t  he w a s n ' t  
supposed  to see i t  ? W e  m e a n :  Pe rhaps  the  fac tor  ~ was found in much  the  
same w a y  t h a t  we find, say,  the  specific g r a v i t y  of iron, namely ,  b y  an exper i -  
ment .  W e  have  to  al low this  as a logical  possibi l i ty ,  bu t  there  is no t  a shred  of 
evidence t h a t  the  Baby lon ians  regarded  g e o m e t r y  as an expe r imen ta l  science;  
pending  the  p resen ta t ion  of some such evidence,  we m a y  p u t  th is  poss ib i l i ty  

C2 
aside. There  remains,  so far  as we can see, only  the  poss ib i l i ty  t h a t  A = ~ is the  

t r ans fo rm of a re la t ion  s t and ing  closer to the  in tu i t ion .  Our  guess is the  formula  
Cr 

A - -  2 
One of ten reads  t h a t  the  Baby lon ians  took  ~ as equal  to 3. The  3 is considered 

to  be a crude app rox ima t ion  to z~, which, of course, i t  is (but  whe the r  t h a t  was 
! p 

the  in t en t ion  of the  Baby lon ian  is a different  mat te r ) .  Le t  us in t roduce  ~1, ~ as 
t I 

no ta t i on  for app rox ima t ions  to  zc 1, ~2. Then from ~ - - ~  ~2 we cannot  conclude 
t t 

~ - - ~ 2 .  If  ~ ,  ~ are compl ica ted  expressions,  even fract ions,  the  conclusion 
t t 

~--- -~2 is plausible ,  b u t  if ~ ,  ~2 are integers ,  the  conclusion begins to  lack  
p laus ib i l i ty :  one has to face the  poss ib i l i ty  t ha t  ~'~, ~'2 are bo th  b u t  crude in tegra l  
app rox ima t ions  i ndependen t ly  a r r ived  at.  Tha t  is w h y  we said  t h a t  in the  case 
of the  Baby lon ians  i t  was " m o r e  diff icult  to  j u d g e " .  

F o r  example ,  one can imagine  the  circle to have  been compared  wi th  the  
c i rcumscr ibed  square  and  e s t ima ted  to  be th ree- four ths  of i t  (perhaps b y  aver-  
aging the  inscr ibed  and  c i rcumscr ibed square).  In  this  way,  the  formula  A = ~ d 2 
could have  resul ted.  A. P. JUSCI-IKEWITSCH has, indeed,  envis ioned such a com- 
par i son  of the  circle wi th  the  square  on i ts  d iameter .  25 Ac tua l ly ,  the  fo rmula  
A ----- ~ d 2 is nowhere documen ted  in the  Baby lon ian  ma te r i a l  a t  our  disposal .  2~ 

Such was the  s i tua t ion ,  as we under s tood  it,  a t  the  t ime  we wrote  our  geome t ry  
pape r  (op. cir.). Now, however ,  a fur ther ,  crucial,  piece of in fo rmat ion  has  come 
to our a t t en t ion .  In  BM 8~ 210 (Rs. I,  ~8) the  a rea  of a semi-circle is c o m p u t e d  
according to the  prescr ip t ion  arc  t imes  d iameter /4 .  26 This  confirms our  guess 

~ GeschicMe der Mathematik in Mittelalter, p. 57. 
2~a See, however, A. D. KILMER, "The  Use of AkkadiaI1 D K ~  in Old Babylonian 

Geometry Texts,"  in studies presented to A. L~o OPPENHEIM, pp. 142--t43 ( = B 6 h l  
Collection, no.  1821), where the scribe clearly has in mind tha t  the area between two 
concentric circles of radii  R, r is given by  3 (R - - r )  (R + r ) .  

26 MKT I, pp. 226, 232. In  the mathemat ica l  tex t  from Susa ment ioned above in 
footnote 17, dat ing from the end of the first dyl las ty  of Babylonia  (lot. cir., p. 5), 
there occurs a list of coefficients ("constantes f ixes") ;  and one is told (p. 28) tha t  
"1 S (i.e., ¼) [is] the cor~stant of the semi-circle." Following F. THUREAu-DAI'CGI~'S 
comment on BM 85290 (in Textes Mathdmatiques Babylonians, p. 51), BRUINS & RUT- 
TEN (loc. cir., p. 3t) take this to mean tha t  the area is computed as ¼ arc t imes dia- 
meter. This indicates tha t  the formula was standard.  
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(3) 

o r  

tha t  
c 2 Or (  ~1 ) 

A = ~ -  is the t ransform of A = ~ -  and not  of A = - ~ -  d 2 . 27 

Thus  we need not  doubt  t ha t  the Babylonians  knew tha t  nl = ~ ,  or other- 
wise put,  tha t  area ~ 1 circumference times radius, which is definitely testified 
for in the case of a semi-circle: if they  had  known it, how could they  have ex- 
pressed themselves bet ter  ? Of course, they  could have conveyed the information 
via a formula for a full circle also. But  if t hey  had, and then the result were 
combined with C = 3 d, the issue would be obscured. I t  seems a plausible inter- 

C ~ 
pretat ion to say  tha t  the issue got lost in the formula A = ~ ,  but  remained 
clear in the formula for the semi-circle. 

Let  us review the argument  in terms of the relevant formulae. We have 
definite documenta t ion in the cuneiform texts for: 

(t) C = 3  d 

and 
C 2 

(2) A - -  t 2 '  

and we have seen reason to suppose tha t  (2) is the t ransform of a formula s tanding 
closer to the intuition. Replacing one of the factors C in (2) b y  3 d, we get  

Cd 
A - -  

4 ' 

c d 
(3') A = ~  × ~ ;  

and replacing both  factors C by  3 d, we get 

(4) A = 4 3 d 2 . 

Conversely, from (1) and (3) (or (3')), we can get (2); and likewise from (t) and (4) 
we can get (2). Bo th  (3) (or (3')) and (4) s tand closer to the intuit ion than  (2), 
though to see (3) would require considerable sophistication. Thus  (2) is presumably 
the t ransform of (3) (or (3')) or of (4). Al though we need not  doubt  tha t  the 
Babylonian could see (4), if we stick str ict ly to the evidence, we should prefer the 
implication (3) ~ (2) to (4) ~ (2). Anyway ,  this is our choice. 

Our considerations on Babylonia  have depended, so far, on Babylonian 
material  only. Now we m a y  compare with China. As has been made evident,  the 
Nine Books have a Babylonian  look- - in  saying this we do not intend to say  tha t  
Chinese mathemat ics  is a derivative of the Babylonian,  or vice versa, bu t  merely 
tha t  they  have a common source. Now in the Nine Books we find explicitly what  

C d 
has to be reconstructed for Babylonia,  namely,  the formula A = T  times ~- .  

27 Although BM 8 5 2 1 0  w a s  known to us when we wrote our geometry paper 
(op. cir.), the significance of the computation area =¼ arc times diameter occurred 
to us upon reading A. J. E. M. SMEUR'S work "Or~ the value equivalent to ~ in ancient 
mathematical texts. A new interpretation," Archive /or History o] Exact Sciences, 
voh 6 (t970), especially p. 264. 
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Could i t  be t h a t  t hey  said i t  bu t  d i d n ' t  mean  i t  ? Could i t  be, for example ,  t ha t  
the  formula  is bu t  a mnemonic  device ? Since the  Chinese even have  a correct  
formula  for a sector,  we th ink  this w a y  out  is vain.  

As to the  deduct ion  (3 )0(2) ,  this  is no longer an issue, since (3) is exp l ic i t ly  
present ,  bu t  even the impl ica t ion  is perhaps  a t t e s t ed  in the  Nine Books. Although  
the Nine Books proceed from the s impler  to the  more difficult ,  we cannot  be sure 
t ha t  the  deve lopment  was in tended  to be logical. Still ,  we note t ha t  in the  sect ion 

C d 
deal ing with  the  area  of a circle, the  formula  A = 2 -  t imes  2-  comes f i rs t ;  and  

one might  be t empted ,  then,  to see the  others  as der iva t ive  of this  and  C = 3 d. 
C 2 

This does not  i m p l y  t ha t  A = ~ was not  the  favor i te  formula ;  and  there  is some 

reason to t h ink  i t  was, since in the  rules for a c ircular  cy l inder  and  circular  cone 
C 2 . 

the  rule A ~ T 2  is followed. Thus  if the  Chinese had  worked  out  the i r  examples ,  

and  the i r  rules had  been lost,  we p r o b a b l y  would see exac t ly  wha t  we see in 
Babylonia .  A n d  wha t  we see in Baby lon ia  we expla in  in precisely this  way :  the  
rules are lost, bu t  the  favor i te  formula  remains  clear. 

The compar ison of the  Baby lon ian  and Chinese m a t h e m a t i c s  not  only  confirms 
our conclusion t ha t  the  Baby lon ians  knew tha t  =1 = 7r2, bu t  i t  also confirms our  
conclusion t h a t  the  circle geome t ry  of the  Nine Books is pre-ARCHIM~DEAX-- 
indeed,  b y  some t 500 years  a t  least .  

There  remains  the  quest ion of where the  re la t ion C = 3  d came from. One 
speaks  of measurements ,  crude to be sure, of a circumference,  bu t  we are skept ica l  
t ha t  such measurements  took place:  i t  implies  t ha t  geomet ry  was considered to 
be an exper imen ta l  science, and  we have  not  a shred of evidence for such a view. 2s 
As far  as we know, the  eva lua t ion  of ~r has a lways been a conceptua l  ma t t e r ,  and  
m a y  have  been so from i ts  first  app rox ima t ion  as 3. The  first  t hough t  t ha t  comes 
to our mind  is t ha t  the  Baby lon ians  considered a regular  hexagon inscr ibed in a 
circle:  t ha t  the  Baby lon ians  had  observed t h a t  such a hexagon is made  up of 6 
equi la tera l  t r iangles  of side equal  to the  radius  m a y  be documen ted  from B a b y -  
lonian mater ia l .  29 The circumference of this  hexagon is three  t imes  the  d i ame te r ;  
and  if the  Baby lon ian  had  considered the  hexagon to a p p r o x i m a t e  the  circle, 
he m a y  have  t aken  C = 3 d equal ly  well for the  circle. Or the  formula  migh t  have  
resul ted in some other  s imi lar  way.  If  i t  had  come as we have  imagined,  sure ly  

C 
the  Baby lon ian  real ized t ha t  ~- was not  = 3 bu t  s o m e w h a t  larger.  How much  

larger  ? Our  view is t ha t  the  Old-Baby lon ian  d i d n ' t  care ! In  the  course of a t t e m p t -  
ing to square the  circle, someone saw the great ,  new, and  correct  theorem t h a t  

A = C r .  bu t  to compute  A (or to cons t ruc t  a square  equal  to i t  in area), one had  
2 ' 

c 
to know d '  and  this  was jus t  as baff l ing as the  original  problem.  One gave 

u p - - g a v e  up  exact  geometr ica l  thought !  G e o m e t r y  became a background ,  an 
excuse, for a r i thmet ica l  and  algebraical  problems.  There  are m a n y  absurdi t ies  in 

2s Moreover, no experiment,  however refined, could tell us tha t  circumference/dia- 
meter is constant for all circles, but  could at  most give us an approximat ion to this 
constant once i t  has been decided tha t  there is such a thing. 

~9 See NEUGEBAUER, MKT I, p. 141 in reference to BM 15285; or BRUI~,'S & RuT- 
TEN, Op. tit., p. 23 and P1. II .  

14 Arch .  H i s t .  E x a c t  Sci . ,  Vol .  9 
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Baby lon ian  geomet ry ;  for example ,  the  volume of the  f rus t rum of a p y r a m i d  is 
compu ted  as one half the  sum of the  bases  t imes  the  a l t i tude ;  or the  areas  of the  
regular  pentagon,  hexagon,  hep tagon  inscr ibed in a circle of given radius  are 
computed ,  each t ime  assuming t ha t  the  per imete r  of the  polygon is 3 d, i .e. ,  the  
per imete r  of the  circle;  or the  area  of a quadr i l a t e ra l  is t aken  to be the  average 
of one pa i r  of oppos i te  sides t imes  the  average of the  other,  a° We view this  not  
as " p r a c t i c a l "  b u t  as degenerate .  The  ra t io  was some number  abou t  3: the  
Baby lon ian  (or a forerunner) took  i t  to be 3 and  proceeded unconcernedly  wi th  
his main  interes t ,  his calculations.  

Once the  3 h a d  been f ixed in t rad i t ion ,  i t  would  be diff icult  to change. (Rabbi  
NEHEMIAE'S courageous a t t e m p t  to change 3 to ~_2 was soon f rus t ra ted .  51) Still ,  
the  3 is such a poor  app rox ima t ion  to ~, and  Baby lon ian  ma thema t i c s  was a t  
such a high level, t ha t  one cannot  help b u t  th ink  t hey  mus t  have  had  a be t t e r  
a p p r o x i m a t i o n :  NEuGEBAUER felt  this  way.  52 BRUINS has ma in t a ine d  t ha t  the  
Babylon ians  d id  have  3~ as such an app rox ima t ion  (for ~1); and  NEUGEBAUER 
has  accepted  this  opinion ( though prev ious ly  he had  re jec ted  this  i n t e rp re t a t ion  
for s imilar  findings).aa In  any  event ,  the  new value,  if such i t  is, appears  to have  
had  no impac t  on ma thema t i c s  itself. 

To sum up :  

The Chinese and the Old-Babylonians (or a/orerunner)  had a correct notion o/ 
the relations holding between the area, diameter, and circumference o/ a circle. Though 
the arithmetical work was approximative (and necessarily so), the work was based 
on a realization o/ two basic relations: (I) that the ratio o/ the circum/erence o/ a 
circle to its diameter is the same /or  all circles," and (2) that the area o/ a circle is 
one hal / i t s  circum/erence times its radius. 54 

4. The Area  of a Semi-Circle in Egypt  

The  most  contes ted  p rob lem of ancient  E g y p t  is P rob lem t0  of the  Moscow 
m a t h e m a t i c a l  papyrus  (MMP 10). In  t930, a t  i ts  f irst  pub l ica t ion  in modern  
t imes,  STRUV~ as tounded  the  world b y  declar ing t ha t  the  Egyp t i ans  of the  
Middle K ingdom knew the  correct  fo rmula  for the  area  of a hemisphere.  55 This  
was not  an off-hand opinion:  the  m a t h e m a t i c a l  recons t ruc t ion  is qui te  un- 

30 See footnote 2t above; BRUINS ~; RUTTtgN, 0t). cit., p. 32; and ~X~2EUGEBAUER 
SACHS, MCT, p. 47. 

31 VAN I)E~ WAERD~N, 0p. cit., p. 33 and GA~DZ, 0p. cit., pp. 8 9. 
32 The Exact Sciences in Anliquity, 2nd ed. (1969), p. 46. 
55 NEUGEBA~XR, 0p. cir., pp. 47, 52 and MCT, p. 59, n. 152 k. See also BRUINS & 

RUTTEN, op. cit., p. 33. VITRUVIUS has =2 = 3½. See The Ten Books o/ Architecture 
(tr. by M. It .  MORGAN), p. 301. 

a~ The reader may  wish to compare our conclusion with SMEUR'S (0p. cit., p. 264) : 
"Thus  we can be sure the Babylonians were not familiar with a formula like A = =R 2. 
We have to admit  tha t  separate prescriptions existed for the calculation of the circum- 
ference of a circle, the area of a whole circle and the area of the semicircle, and tha t  
the Babylonians, surely at  least in the beginning, were not  aware of any relation 
between the numbers 3, 5' and 15' [i.e., 3, ~o =~2, and 15 ~ =¼1, and certainly not 
tha t  those numbers were connected by  one and the same factor or proportionali ty,  
our number m" 

55 op. cir., in footnote 9 above. 



The Area of a Semi-Circle 189 

convincing, but  the paleographic s tudy  appears to be most  meticulous, and even 
all the subsequent objections appear  to some extent  to have been anticipated. 

The reason for the astonishment  is tha t  it indicated an altogether higher 
level to ancient mathematics ,  especially ancient Egyp t i an  mathematics ,  than one 
might  have expected from what  was already known. To be sure, MMP 14, which 
was free of paleographic difficulties and gave the correct formula for the volume 
of a t runcated  pyramid,  showed a high level, indeed; a6 but  even granting the 
t runcated  p y r a m i d - - t h e  Great Egypt ian  Pyramid,  as E. T. BELL called i t - - t h e  
hemisphere indicates a higher level still. This judgement  is a mat te r  of mathe-  
matical  sensibility: the problem of finding the area of a sphere is hard. 

This is not  to minimize lesser achievements.  On the contrary,  our object here 
is merely to show tha t  the Egypt ians  (or their forerunners) knew tha t  xl = ~2, 

C 
or, better, tha t  they  knew A = ~ r; or, still move explicitly, tha t  they  conceived 

of the circle as divided up into a large number  of small (and, say, equal) sectors 
which were assimilated to triangles. I t  m a y  be said tha t  this is " o b v i o u s " ;  but  
our a t t i tude is tha t  nothing is obvious (unless one looks, and then the question 
is, why  does one look?). The Indian ritualists were vital ly interested in the 
circle, but  it never once occurred to them to think of the length of the peri- 
m e t e r - w h i c h  was eventually looked at, not  because it is obvious, but  because 
one was t rying to square the circle, or find its area. Moreover, there is no clear 
evidence, in any  of the papyri,  tha t  the Egypt ians  thought  of it either; and there 
is no unclear evidence, except possibly in MMP t0. This, then, is our object:  to 
show tha t  in MMP t0  a circumference, or rather,  a semi-circumference, was 
calculated. 

In  193t, PEET took up MMP t0  again, and gave a different, or, rather,  two 
different, interpretat ions:  (t) tha t  the object spoken about  was a semi-circle, 
and (2) tha t  it was a semi-cyl inderY NEUGEBAI~ER gave still another  inter- 
pretation,  tha t  the obiect was a paraboloid-shaped basket and tha t  the formula 
was an approximation,  as Through this diversi ty of opinion the mathemat ic ian  
interested in his tory but  knowing scarcely a hieroglyph ,nay  get a bet ter  perspec- 
tive on the paleographic difficulties. 

Curiously, the semi-circle, which will mainly  concern us, has dropped out of 
NEUGEBAUER'S book (and paper), and also out  of VAN DER WAERDEN'S. 39 As 
already said, PEET'S semi-cylinder and NELTG~BAUER'S paraboloidal segment 
already give us the desired conclusion ~1 = ~zy. As for STRIJVE'S interpretation,  
presumably any  analysis leading to the correct formula for the area of a hemi- 

3G M ~ P  14 had already been published in 1917 by B. T. TURAJEFF in Ancient 
Egypt, pp. 100-102. 

37 T. E. PE~T, "A  Problem in Egyptian Geometry," Journal of Egyptian Archeo- 
logy, vol. 17 (t939), pp. 100-t06. 

~s Vorlesunq ¢iber Gescfzichte der Antiken Mathematischen Wissenscha/ten. Erster 
Band. Vorgriechische Mathematik, 1934; "Die Geometrie der egyptischen mathemati- 
scherl Texte," Quellen und Studiei1 zur Geschichte der Mathematik, Abt. B., vol. 1 
(1931), pp. 413-451. 

~9 NEUGEBAUER does mention the semi-circle in connection with STRUVE'S 
rendering (where it is properly excluded) ; see Vorgriechisch Math., p. 131 ; and o15, cir. 
(t931), p. 424 (see footnote 38 above). 

f4" 
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sphere, even if very crude, would involve the knowledge that  nl = n~- That  is 
why we are mainly concerned with the semi-circle. Of course, there is the possi- 
bility tha t  the formula is a guess signifying nothing. 

Let us start  with STRUVE'S translation. Square brackets [ ] enclose restorations 
of damaged or lost passages in the papyrus;  round brackets () enclose com- 
mentary.  (Pointed brackets < > will, following PEET, enclose words or passages 
which never stood in the papyrus, but whose omission there is due, or presumably 
due, to an error on the part  of the scribe.) 

STRUVE'S translation runs: 

Kol. X V I I I  

1. Form der Berechnung eines Korbes (nb. t), 
2. wenn man dir nennt einen Korb mit einer Mundung (tp-r) 
3. zu 4½ in Erhaltung. O 
4. lasz du mich wissen seine (Ober)fl~tche. Berechne 
5. du { yon 9, weil ja der Korb (nb.t) 
6. die Hiilfte eines E lies] 40 ist. Es entsteht 1. 

t. Berechne du den Rest als 8. 
2. Berechne du 1 yon 8. 
3. Es entsteht a 2- ~ 2" Berechne 
4. du den Rest von dieser 8 nach 

1 5. diesen ~ } ~.s. Es entsteh[t] 7½. 

Kol. X I X  

t. Rechne du mit 7{ 4}mal. 
2. Es entsteht 32. Siehe: es ist seine (Ober)fl/iche. 
3. Du hast richtig gefunden. 

PEET'S translation into English of STRUVE'S translation is: " F o r m  of working 
out a basket. If  they mention to you a basket with a mouth of 4{- in preservation. 
Let me know its surface. Take a ninth of 9, since the basket is half an egg; result t. 
Take the remainder, namely, 8. Take a ninth of 8; result § + 1 + i s .  Take the 
remainder of these 8 after (the subtraction) of this ~-+ ~-}-~s; result 75. Reckon 
with 7{ 4½ times. Result 32. Behold, that  is its surface. You have found rightly." 

The first difficulty already occurs in Col. 18, line t with I ~ "  (See Fig. 5.) 
I t  is agreed that  this is a word and that  the word is basket. But  there is the 
possibility, already considered by  STRUW, that  it is a technical term and, if so, 
could possibly mean semi-circle. That  "basket" is, indeed, a technical term is 
definitely indicated in Col. 18, lines 5, 6, where we are told that  a "basket" is 
"half of [ ] " ,  half of something, but what t h e " s o m e t h i n g "  is is for the most part  
destroyed. Now a basket itself is not, or would not be thought of as being, half 
of anything; rather it is the figure that  " b a s k e t "  denotes that  is half of some 
other familiar figure. Thus that  "basket" is a technical term is indicated; but 
let us for the moment  accept STRUV]~'s opinion, in this regard not implausible, 
that  "basket" means hemisphere (and the missing term sphere). 

~0 The brackets here are supplied by us, those in Kol. XlX, line 5, by STRUVE. 

Kol. X X  
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i ~  -<~ !Q 
~ ~ - w ~  '1 

Fig. 5. Moscow Mathematical  Papyrus, Problem 10 

A second di f f icul ty  is, in PEET'S words,  " t h e  9 which unexpec t ed ly  turns  
up wi thout  exp lana t ion  in line 5, where i ts sudden appearance  is so disconcer t ing 
to S t r u v e " .  Though the scribe a lmost  never  explains,  the  ind iv idua l  steps,  no 
m a t t e r  how simple,  are usua l ly  given. Thus one expects  a line : Take  4½ two t imes.  
Resul t  9- This omission is wha t  t roub led  STRUVE. He  is hard-pressed  to give 
ano ther  example ,  bu t  points  to MMP 23, where a l ike omission is c la imed to 
occur:  there  numbers  10 and 5 make  thei r  appearance  and i t  appears  t h a t  the  
fact  t ha t  10 is twice 5, or t ha t  t0  d iv ided  b y  5 is 2, is t a c i t l y  used. PEET has  a 
different  exp lana t ion  of this  problem,  b u t  the  omission remains.  41 STROVE also 
notes  t ha t  in MMP 13 a whole complex  of four  opera t ions  is abb rev i a t ed ;  bu t  in 
this  case the  problem is l ike an earl ier  one, MMP 9, where a de ta i led  compu ta t i on  

41 On MMP 23 see PEET'S review of STRI:VE'S work in J. Egyptian Archeology, 
vol. 17 (t931), p. t58. C/. STRUVJ~, op. c~t., p. 163. 



t 92 A. SEIDENBERG : 

is given. Moreover,  STRUVE claims t ha t  the  phrase  "because  a ' b a s k e t '  is half  
of an X "  shows t ha t  the  E g y p t i a n s  were also in possession of a formula  for ~ a n d  
in this  we th ink  STRUVE is sure ly  r ight ;  MMP t0  is then  l ike a missing p rob lem 
for X (a sphere for STRUVE) and the  idea  is th is :  In  comput ing  the  area  of a 
sphere one would t ake  4 t imes  the  41-2, i .e.,  the  d iameter ,  bu t  here one takes  a 
half  of 4 t imes  the  d iamete r  since a hemisphere  is half  of a sphere.  The com- 
pression, then,  is somewhat  more  than  the  abbrev ia t ion  of an operat ion.  Still, 
the  s i tua t ion  is most  unusual :  i t  is the  one place in the  papy r i  where a scribe 
cites a theorem;  and the  a r i t hme t i c  is easy.  So perhaps  we can allow STRUVE 

the 9. 
The ma in  diff iculty,  however,  are the  words  (lines 2, 3) which describe the  

baske t  : 
nbtmtp-rr4~ml 'd, 

as PEET wri tes  them,  and which STRUVE t rans la tes  as "einen Korb  (nbt) mi t  
einer Mundung (tp-r) zu (r) 4} in E rha l t ung  ( 'd)" .  PEEr  (cf. footnote  37, above) 
has several  cri t icisms of this  t r ans la t ion  t ha t  can be p roper ly  judged  only b y  an 
Egypto1ogist--NEuGEBAUE~ agrees wi th  t h e m 4 ~ b u t  there is one cr i t ic ism tha t  
one can rou t ine ly  check from a h ieroglyphic  t ranscr ip t ion  of the  original  (of 
MMP and  the  other  m a t h e m a t i c a l  papyr i ) ;  and  PEET himself  calls this  " the  real  
rock on which S t ruve ' s  render ing breaks  u p " .  Namely ,  t h a t  "r  is never  used in 
the  m a t h e m a t i c a l  papy r i  to in t roduce  a dimension when only one dimension 
is g iven" ,  though " i t  is used to in t roduce  the second of two dimensions when 
two are given, and  i t  then  answers exac t ly  to our ' b y '  in '6 feet b y  3 '  -.4a PEET 
considers this  to be the  clue to a correct  i n t e rp re t a t ion  of the  passage, which he 
first  restores as:  

~bt (n t  x )  m tp-r r 4} m 'd, 

"a  b a s k e t ( ? )  of x in m o u t h  and  4} in 'd, where '_d, wha tever  i t  m a y  mean,  is the  
name of the  second dimension given, jus t  as tp-r is of the  f i rs t . "  We are  incl ined 
to agree wi th  PEET. 

But  even if we agree wi th  STRUVE'S t rans la t ion ,  the  quest ion remains,  as 
STRUVE realized, whether  the  E g y p t i a n s  could have  given a correct  der iva t ion  
of the  formula :  b y  "correct" we do not  mean  meet ing  our  s t anda rds  of rigor, 
bu t  only  meet ing  the  E g y p t i a n s '  s t andard .  We reject  STRUVE'S suggest ion for a 
der iva t ion ;  and,  moreover ,  cannot  even imagine  a der iva t ion  wi thou t  the  knowl-  
edge t ha t  a l = a 2 .  (STRuVE'S der iva t ion  involves this.) If  there  were no deri-  
va t ion,  the  only remaining  poss ib i l i ty  is t ha t  the  formula  was a guess. Now we 
guess, so there  is no reason to th ink  the E g y p t i a n  could not  have  done l ikewise:  

~20p. cir. (t931), p. 426, n. 54c. 
4a R. J. GILLINCS (" The Area of the Curved Surface of a Hemisphere," Australian 

J. of Science, vol. 30 (t967), p. 113) has rather  freely translated PEET as saying tha t  
" the  hieroglyph O ,  read as 'u '  before the 42 of line 3, is always used in the mathe- 
matical  papyr i  as the equivalent of ' by ' ,  as in our modern '6 feet by  3 feet '  . . . " .  
Taking exception, he adds tha t  "it  is also used in other senses, as (up to) RMP 40, 4t, 
42, 43, and 46; as (goes into) RMP 41, 44, and 45. I t  is also rendered (to), (for), (of), 
and (mouth)." All of these examples are irrelevant. The " r "  of MMP t4, already 
discussed by  STROVE, where a t runcated pyramid  is said to be "6  in height, by 4 on 
the bot tom side, by 2 on the top side," is also hardly a counter-example. 
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the question is whether the guess is based on an essentially correct understanding; 
if it encompasses only a little part of the truth, the guess signifies nothing. 

Recently GILLINGS (op. cir.) has considered )/IMP 10 once more, and takes 
the view that the formula is a guess : he imagines the Egyptian to be looking at a 
hemisphere, a basket, and saying to himself that its area is greater than its 
opening--surely we can go along with that : If F is the area of a hemisphere and A 
the area of a great circle, then F > A .  Then by an "inspired guess"--we would 
say: divinely inspired guess--the Egyptian judged that F = 2A. 

Earlier, GILLINGS, in rejecting PEET'S semi-circle says that " i t  removes in 
one fell swoop all the real difficulties of the problem and reduces the scientific 
and historical interest in it to almost nil." On the same basis, GILLINGS should 
have rejected his own considerations. But our disappointment over something 
having no value is hardly grounds for ascribing value to it, so we shall proceed in 
another way to show that the formula could hardly have been a guess for the 
area of a hemisphere. 

Let us recall how the Egyptian computes the area A of a circle of diameter d. 
First he finds ~ d; but this he does not do in a single step'  rather he first computes 
one ninth of d and subtracts the result from d-- in a formula: d - - I  d. Then he 
squares the result' we may write A = (~ d) 2, but this is an abbreviation for 
A = (d -- } d) ~. The straightforward program for computing 2A is then 

F=2(d--}d)2. 
Instead, the Scribe proceeds according to the program: 

F = [(2 d 1 2 d) - -1 (2  d 1 2 d) l 'd .  

Note, first, that in the straightforward program, the doubling comes last, 
but in the actual program it comes first. What could have moved the Scribe to 
do this ? Could it be that he took advantage of the fact that  d =4½ and that 
twice this is exactly divisible by 9 ? This could hardly be so. The Scribe was not 
working out problems on his precious papyrus: rather he was writing a text. I t  
would, however, be in the spirit of textwriting for the Scribe to choose d = 4½ in 
order to simplify the first step. In other words, d = 4½ might be taken because 
doubling is the first step but doubling would not be the first step because d ~ 4½. 
Moreover, in the same spirit, he could have taken d = 9 :  the straightforward 
program 2 (-~ d) ~ would then proceed arithmetically as smoothly as possible and 
the idea that F = 2A would have been conveyed in as clear a way as possible. 
The thesis that the formula was a guess, or even that the Scribe is conveying 
that F = 2A, thus leaves completely unexplained the transposition of the doubling 
operation. But let us write the straightforward program as F 2(~ d) (~ d) and 
let us assume, for no assignable reason, that this was rewritten as (s 2d) (~s d), 

[~(~ 2d)]d. What could have moved though the Scribe actually went over to s s 
the Scribe to transpose the operation of multiplying by 9 s- from the factor d to 
the factor ~2d?  That he can do so depends on the identity 

I ( 2 d - - ~ 2 d ) - - { ( 2 d - - ~ 2 d ) ]  d = ( Z d  1 2 d ) . ( d _ { d ) ,  

which can hardly be claimed to be obvious; but let us suppose the Scribe saw it. 
There still remains the question of why he applied it. Could it be that one program 
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is computat ional ly  simpler than the other ? This could hardly  be so in general, 
but  is it so even in the case at  hand  ? The Scribe takes { of 8. Result : a ~ ! ± 1 3 ~ 6 ~ 1 8 "  

He then subtracts  this from 8. Result : 7 + ~. The Scribe does not give the details, 
and the reader m a y  wish to supply them in the spirit of Egyp t i an  arithmetic.  
Though surely easy enough for an adept, they  could well s tump a novice. 4~ On 
the other hand the calculation of { of 4{ in the program (~ 2d). (~ d) is simple 
enough. I t  would run:  

1 9 
-1 4½ 
2 

Answer:  ½ 

,. e., it takes one easy step Egypt ian  style to get the answer; after which one has 
to compute  4½--~ ,  obviously 4, and then mult iply by  8 (the 8 of the s 2d), to 
get 32. Therefore the alternate program chosen by  the Scribe is much more 
complicated then the modified s t raightforward program. The shift of the 
operation also remains unexplained. 

Thus lhe hypothesis that the /ormula o / M M P  10 is a guess/or the area o/ a 
hemisphere, or, indeed, that it is a /ormula conveying that any area is twice the 
area o/ a circle, is excluded on arithmetical grounds alone. 

Let us proceed to the other interpretat ions of MMP t0, which we shall con- 
sider in historical order; so PEET'S semi-circle is next. The first difficulty tha t  
PEET has to meet  is tha t  a basket is a 3-dimensional object, and a first presump- 
t ion m a y  well be tha t  "baske t "  must  refer to a 3-dimensional figure. 

PEET himself is not  disturbed by  the suggestion tha t  [ ~ ,  " b a s k e t " ,  could 
be a term for a semi-circle. Having  paleographically disposed of STRUVE'S " e  Egg] ", 
at  least to his own satisfaction, he writes (op. cit., p. t03) : 

" L e t  us now cut ourselves free from the assumption tha t  the figure is a 
hemisphere and see where the data  leads us . . . .  The figure is writ ten with the 
word n b t, a word means "baske t" ,  but  which in this case, where we are dealing 
with geometry,  mus t  not  necessarily be assumed to bear its literal meaning, 
though we should certainly expect it to represent some object of which the 
sign ~ itself is not  an unreasonable picture. 

There appear to be two possibilities, according as we take the figure to be in 
two dimensions or in three. In  the first case we have the semi-circle and in the 
second the semi-cylinder . . ." .  

Although PEET was not  disturbed over the 2-dimensional suggestion, appar-  
ent ly  NEUGEBAUER was, for he dismissed the whole idea without  a word. 45 I t  
m a y  be in order, then, to pursue this question a bit farther. First, in general 
terms, we need not expect a technical term to cover all the meaning of an older 
word from which it derives. An older word is put  to a new use by, for example, 
narrowing down its meaning. To get away from generalities and at the same 
time provide some evidence, we can give an exact ly parallel case from the Nine 
Books: there the word "baske t"  is used to denote an isosceles trapezoid, and, as 

4~ For how the arithmetical details might have gone, see  GILLINGS, 0/9. cir., p. 115. 
4~ As already remarked, he does mention it in connection with S~RUVE'S rendering; 

see footnote 39. 
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VOGEL notes (op. cit. t968, p. 30, n. I,) the isosceles trapezoid is the sec t ion- -or  
as one might  say in d raugh tman ' s  terminology:  the "characterist ic" view--of  a 
basket having the form of a t runcated  cone. (We m a y  remark tha t  the Baby-  
lonians used " b a s k e t "  to s tand for the t runcated  cone itself. 46) Thus in China 
we find precisely the phenomenon tha t  some people find it so hard to contem- 
plate. 

PEET had restored lines 2, 3 as: "a basket(?)  of x in mouth  and 4~-in '_d". 
Tha t  x is the diameter of a circle is clear enough, but  no linguistic analysis can 
supply the value of x. This mus t  come from the proposed interpretat ion itself. 
There are four cases: (a) for the sphere, x = 4 ½ ;  (b) for the semi-circle, x 9; 
(c) for the semi-cylinder, x = 4~-; (d) for the paraboloidal segment, x = 4½. 

Continuing his considerations for the semi-circle, PEET writes: "This  con- 
struction has the very  great  advantage  of bringing in as the first da tum the 
figure 9 which seemed to occur so entirely without  explanation in line 5." We 
agree. But  no sooner had PEET written this down than he began to worry:  " O n  
the other hand  it has one grave disadvantage,  since it requires us to suppose 
tha t  the Egyp t i an  here gave two measurements,  diameter and radius, of a semi- 
circle, when one would have sufficed". Here we think PEET is uselessly worrying 
over nothing. The supplying of superfluous da ta  is in itself not  illogical. More- 
over, we have seen tha t  in the Nine  Books there are several over-determined 
problems on the circle: the circumference and the diameter  are both  given. 
Besides, in the case of MMP t0, it is not  clear tha t  there is any  superfluous data.  
I f  " b a s k e t "  meant  circular segment, then it is not  known to be a semi-circle until  
we know tha t  its " m o u t h "  is twice its 'd. In  the Nine Books we have precisely 
this si tuation:  problems 35 and 36 of Book I speak of a "bow-shaped  f ie ld";  in 
problem 35 the chord is 30, the arrow t5 (and so the field is a semi-circle), in 
problem 36 the chord is 781, the arrow 13~. There is no separate term for a semi- 
circle. The same appears to hold for Baby lon iaY And it could have been just 
the same in Egypt .  This does not  conflict with the information tha t  " t h e  basket 
is half of a [ 1 ", which we learn only after the dimensions have been given, as 

The cited passage from PEET continues : "For  m y  own par t  I am not prepared 
to dismiss this possibility Ei.e., of superfluous data~ out of hand. Egyp t i an  
mathemat ics  was a very  concrete and practical  science, and a semi-circle was a 
plane figure which might  for every-day purposes be regarded as having, like 
other plane figures, two measurements,  length (tp-r) and breadth  ('_d). Is it 
unthinkable tha t  on the basis of this popular  view of the figure there should exist 
a practical  rule for finding the area' of a semi-circle which proceeded not  by  
halving the area of the complete circle, but  by  taking ~ of ~- of the diameter  
(length) and mult iplying it by  the radius (breadth) ? "  

Yes, we find this "un th inkab le" .  A semi-circle is a circular segment, so what  
is still " th inkable"  is tha t  the semi-circle is worked out as a special case of a 
circular segment. But  the Scribe says tha t  the computa t ion  depends on the 

46 O. NEUGEBAUER t~ W. STRUVE, "Uber  die Geometrie des Kreises in Baby- 
lonien," Quellen und Studien zur Geschichte der Math., Abt. B, vol. 1 (1929), pp. 86-88. 

47 See the remark on b~ in MKT I, p. 230. The Mishnat ha-Middot uses the same 
term for semi-circle and for segment; c/. GANDZ, op. cit., p. 13, n. 6. 

~s STRUVE uses the definite article ("der Korb") in line 5, PZET the indefinite. 
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formula  for a circle. So one has to expla in  why  he did  not  d i rec t ly  app ly  the  
formula  F = (3 d) 2, known from RMP 50; or one has to face the  poss ib i l i ty  t ha t  
he was app ly ing  a different  fo rmula  for the  area  of a circle. 

Could i t  be t ha t  PEET was missing the  s imple observat ion  t ha t  ~ of ~ of the  
d iamete r  is (assuming ~1 = ~2) one half the  semi-circumference ? This  seems to 

be the  case. 
PEET cont inues:  " S u p p o s i n g  for a momen t  t ha t  the  figure rea l ly  is a semi- 

c i r c l e - -wha t  is the  force of the  words of 11. 5 6: ' T a k e  a n in th  of 9, since a semi- 
circle is half a [c i rc le l ' ?  The phrase  which begins wi th  ' s ince '  mus t  expla in  
e i ther  the  figure 9, or the  s tep as a whole. Now the  9 needs no explana t ion ,  being 
one of the  da ta ,  and  the words mus t  therefore be t aken  as expla in ing  why  the  
procedure  of t ak ing  a n in th  (as a p re l iminary  to t ak ing  ~) associa ted wi th  ob- 
ta in ing the  area  of a circle is here adop ted . "  

But  do t hey  expla in  i t  ? If  we unde r s t and  P~ET correct ly,  he is suggest ing 
tha t  the  passage is a l lud ing  to the  formula  (~ d) 2 for the  area  of a circle, so t ha t  
the  passage has only an al lusive and not  an exp l ana to ry  force. The t r ans fo rmat ion  

[ ~ ( ~ d ) ] r  remains  un- of the  s t ra igh t forward  p rogram i s ~ (~d)  ~ to the  p rogram s s 

explained.  
To come to our exp lana t ion :  our view, or hypothesis ,  is t ha t  the  Scribe is, 

indeed,  referr ing to the  area  of a circle, bu t  not  to ti le formula  F = (3 d) 2, r a the r  
to the  formula  F = ~- circumference t imes  radius,  which as a p rogram reads:  

8 8 [~ (5 2d)l  .r.  In  comput ing  the area  of a circle according to this  formula,  the  first  
s tep  is to m u l t i p l y  d b y  2; and  the Scribe is expla in ing t ha t  this  p re l iminary  
mul t ip l i ca t ion  is not  necessary,  " s ince  a semicircle is half  a c i rc le" .  

Our hypothes is  also explains  the  p rogram ac tua l ly  adopted .  I t  is t rue  t h a t  
5(sd)  2, bu t  the  this  p rogram is compu ta t iona l ly  more  involved than  t ak ing  1 s 

Scribe is not,  any  more t han  we in our calculus courses, mere ly  t ry ing  to show 
the s tuden t  how to get  the  r ight  answer, bu t  is t ry ing  to convey the  idea t h a t  
the  area, of a circle or a semicircle, can be ob ta ined  as 1 arc t imes  radius.  I t  is 
even conceivable t ha t  the  Scribe expects  the  s tuden t  to know the answer, namely  
64, to the  famil iar  p rob lem:  " F i n d  the area  of a circle of d iamete r  9" ,  so t ha t  
the  obvious answer 32 can then  serve as a check on the new idea :  sure ly  th is  is 
the  way  we would proceed. 

[-~ (~ d) l r To repea t :  we br ing  in our hypothes is  to expla in  why  the  p rogram s s 
r a the r  than  the p rogram 1 s ~ ( e  d) 2 was followed. There  m a y  be some other  ex- 
p lanat ion ,  one not  using our hypothesis ,  bu t  wha t  i t  could be, we cannot  imagine.  

Our exp lana t ion  implies  t ha t  the  E g y p t i a n  knew the formula  C = S (  s 2d) 
for the  semi-circumference of a circle. How would he have go t ten  this  ? He knows 
t ha t  F (~ d) 2 and t ha t  F =  C t imes -21-d. So he has to d ivide  (~ d)(9 s- d) b y  ~- d, 
whence he gets C =  s s (~ 2 d). This requires some algebra,  to be sure;  bu t  he has 
the  mot ive  and he knew some a lgebra  (for example ,  in MMP 6 he solves the  
problem : Given the area  F of a rectangle  and the  ra t io  b :l of the  b r e a d th  to the  
length,  to f ind the  b read th  and the length).  

The  formula  t ;  = semi-circumference t imes  radius  does not  flow from the 
formula  F =  (s d)2: i t  requires new concepts  and  a new analysis  of the  area  of a 
circle; the  second is a direct  squar ing of the  circle, the  first  is not. The two 
formulae,  then,  are different  in style,  and  one is t e m p t e d  to ascribe t hem to 
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different traditions, or at least different periods. But traditions can cross, and 
in this case could have done so without conflict. 

Although we think PEET lost the way at a couple of vital points, still he 
deserves great credit for suggesting that the "baske t"  of IVI3/IP 10 is a semi- 
circle. This was no off-hand polemical response to STRIJVE'S work of t930. Already 
in 1923 PEET was in possession of photographs of the Moscow papyrus, sent to 
him on the reasonable understanding that he should not publish their contents. 
He thus had ample time to come to an independent conclusion and, according to 
his own statement, did so (op. cir., p. 100). 

We can now be brief with the remaining possibilities. For the semi-cylinder, 
as already noted, the diameter x equals 4 -~-2. Here the difficulty is, again, that 
" the working ought to have begun with the multiplication of 4~- by 2 to get 9". 
There is no way to meet this difficulty, except by shrugging it aside as not very 
significant. 49 

NEUGEBAUER, too, notes (op. cir., t931, p. 427) that the semi-cylindrical 
basket would have no (semi-circular) sides. This is surely worth noting, but can 
hardly be decisive. But we need not insist on these difficulties, since if we accept 
the semi-cylinder, we surely have the desired conclusion that the Egyptians had 

7/" 1 ~ ~7~ 2 . 

As to the paraboloidal segment, NEUGEBAUER (loc. cir.) considers that 
"basket"  means basket, i.e., it is not a geometrical term, but literally denotes a 
basket, and that the formula is a "crude" approximation to its area. Here the 
diameter x is 4~- and there is another measurement a 4{-. To give force to 
lines 5-6, however, he is obliged to consider the "baske t"  purely as a mathe- 
matical figure. Besides, the 9 remains underived. Again we need not insist on the 
difficulties, as we would anyway get al ~ a2. Moreover, the infinitesimal analysis 
N~IJGEBAUER offers is like the one we have in mind for the circle: indeed, he 
says that he got the idea after perusing COLEBROOI¢E'S Algebra with Arithmetic 
and Mensuration /rom the Samcrit o/ Brahmagup~a a~d Bhascara, p. 88, where 
exactly the analysis we have in mind for a circle is given. 

To set out our conclusions: 

The area being computed in Problem 10 o/ the Moscow mathematical papyrus is 
that o~ a semi-circle. The work is based on the/ormula F = semi-circum/erence times 
radius, and only indirectly on the/ormula F (~ d) 2, /or the area o/ a circle. Thus 
the Egyptians knew the basic relations between the area, diameter, and circum/erence 
o/a circle. 

5. The  A r e a  of  a Semi -Circ l e  in Greece  

The father of Greek geometry is THAI~S, but the accomplishments which 
have been attributed to him have been evaluated in quite contrasting ways. 
According to HERODOTUS, THALES predicted a solar eclipse, nowadays presumed 
to be the eclipse of 585 B. C. XENOPHaNES is said to have voiced his admiration 
of THAI~ZS for this prediction. VAN hER WAERDEX (op. cir., p. 86) accepts the 

~ PEET adds rather lamely that STRUVE'S interpretation suffers from the same 
difficulty. 
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attribution, and argues that  therefore THALES, who according to all our sources 
was the first Greek astronomer, must  have had some knowledge of Babylonian 
astronomy. NEUGEBAUER, on the other hand, thinks that  the story about THALES 
prediction is no more reliable then the story that  ANAXAGORAS predicted the 
fall of meteors (Exact Sciences, p. t42). 

As to geometry, we have the same contrast in opinion. Our actual source is 
PROCLUS (4 th century A.D.),  but PROCLUS derived his information from the 
history of EUDE~US (4 th century B. C.), a work now unfortunately lost. VAN DER 
WAERDEN argues that  EUDEMUS (and PROCLUS) are quite reliable. NEUGEBAUER, 
however, cannot see "a single reliable element in any of these stories which have 
become so dear to the histories of science". 

VAN DER WAERDEN pictures THALES as getting wind of the Egyptian and 
Babylonian mathematics. "At the t ime of Thales",  he writes, "the Egypt ian and 
Babylonian mathematics had long been dead wisdom. The rules for computing 
could be deciphered and shown to THALES, but the train of thought which under- 
lay them was no longer known. From the Babylonians he might hear that  the 
area of a circle is 3 r2, while the Egyptians asserted that  it is (s 2r)2 . . . .  ,, 

In this part,  at any rate, NEUGEBAUER agrees, at least in a general way: 
although "there is nothing to do but to admit that  we have no idea of the role 
which the traditional heroes of Greek science played",  still "it is rather obvious 
that  early Greek mathematics cannot have been very different from the Heronic 
Diophantine type" ,  he writes (op. cit., p. 148). 

The images thus brought to mind are very plausible and easy to believe; yet 
it would be very difficult to offer anything quite definite as documentary evi- 
dence. Any formula of the "Heron ic"  type involves a unit, but the unit is 
notoriously absent in Greek classical geometry. PLATO in his dialogue on THEAETE- 
TUS mentions a square "one foot"  on a side; and EUCLID X, Def. 3 speaks of an 
"assigned straight l ine" (i. e., a line chosen as unit) ; but this is about as close as 
one can get to documentary evidence for a unit in classical Greek geometry. 

However, there are grounds for believing that  the unit was expunged from 
Greek mathematics ! This would explain our lack of evidence for an ear ly"  Heronic" 
type of geometry in Greece. Still this is not evidence for its existence, but merely 
an argument for it. The history of Greek mathematics is not merely a descriptive 
matter,  but is really a theory. 

According to PROCLUS, following EUDEMUS, THALES was the first: (t) to 
prove that  a circle is divided into two equal parts by its diameter, (2) to observe 
that  the base angles of an isosceles triangle are equal (or, as had been more 
anciently said, "similar"), (3) to discover that  when two lines meet, the opposite 
vertical angles are equal, and (4) to realize the t ruth of the congruence proposition 
Euclid I 26. 

Point (t) is surely astounding! As HEATH noted, this is not proved even in 
EUCLID. Rather, in I, Def. t 7, EUCLID merely asserts it. 

One cannot help wondering what was the context for the proof of (1). If 
VAN DER WAERDEN is right, we may  imagine that  THALES was shown formulae 
for the circle and for the semi-circle. He would have been puzzled by  the differ- 
ences, and put things straight by proving (1). But we gladly concede that  here 
we are on the ground of pure speculation. 
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On the other hand, as NEUGEBAUER suggests, propositions of a later age were 
a t t r ibuted to heroes. Now with HIPPOCRATES OF CHIOS (430 B. C.) we definitely 
see the semi-circle enter classical geometry :  he observed tha t  the semi-circle on 
the hypotenuse of an isosceles right-angled triangle is the sum of the semi-circles 
on the sides. Since in his theory  of lunules he was careful in one case to prove 
tha t  an arc was greater than a semi-circle, and in another  tha t  it was less, point  (t) 
conceivably arose in connection with this theory. Probably  NEUGEBAUER would 
prefer this explanation (c/. up. cit., p. t48). 

6. The Area and Circumference of a Circle in Greece 
The problem in this section will be to see how far back we can place a know- 

ledge of zq = zc 2 in Greece. 
By  "knowledge"  we mean knowledge with reference to the local s tandard  

of rigor, and not with reference to our own. No one will dispute tha t  the Baby-  
lonians " k n e w "  tha t  circumference/diameter is constant  over all circles (though 
one will p robably  not get an easy agreement on how they  knew it). 

A corollary of this definition of knowledge is tha t  something m a y  be known 
at an earlier time and not  known at a later, even if we confine ourselves to one 
culture and a generally advancing one at tha t ;  for the s tandard  of rigor m a y  go 
up wi thout  the technique being able to keep pace. 

The main difficulty is tha t  most  of the pre-EucLIDEAN mathemat ica l  works 
are lost. This is not  due merely to the ravages of time, but  is due in par t  to the 
nature  of advancing knowledge: the excellence of EUCLID'S Elements made 
previous compilations obsolete. We have only two pre-EUCLIDEAN mathemat ica l  
works (of AUTOLYCUS) intact ;  for the rest we have a few fragments  and passing 
references. 

Still, a host of scholars have with great  perspicuity reconstructed the pre- 
EUCLIDEAN history, back to HIPPOCRATES OF CHIOS (430 B. C.), the PYTHA- 
GOREAXS (of about  500 B. C.), and to some extent  to THALES (585 B. C.). As an 
example, consider the his tory of the theory  of proport ionali ty.  Greek mathe-  
matics knew three different definitions of proport ionali ty,  the second and third 
arising from inadequacies in their predecessors and giving rise to wide reper- 
cussions in the whole of mathematics .  VAN DER WAERnEN (op. cir.) has given an 
excellent account  of this development.  I t  will be convenient for us to sketch 
this development briefly, as it will help to give a perspective on pre-EucLInEAN 
mathematics .  

In  the beginning, the concept of proport ional i ty  in geometry  was the same 
as tha t  which underlay the PYTHAGOREAN theory  of numbers :  four magni tudes  
are proport ional  if the first is the same part ,  or parts, or multiple of the second 
tha t  the third is of the fourth. This is a perfectly good definition as far as the 
theory  of (whole) numbers  is concerned and retained its position in Book vi i ,  
Definition 20 of EUCLID'S Elements, but  it is not  suitable for the comparison of 
line segments. If  it were true tha t  any  two line segments had a common measure, 
then the definition would have been adequate,  bu t  the PYTHAGOREANS discovered, 
to some distress to themselves (so it is said), tha t  even the diagonal of a square 
and its side do not have a common measure. This caused a crisis in geometry  as 
the whole subject had to be built up anew. 
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To t ake  a s imple example ,  consider a rec tangle  ABCD and a line paral le l  to 
one side, say  A B, cu t t ing  the  rectangle  into areas U and V and a perpendicu la r  
side correspondingly  into lengths  u and  v; and  consider the  theorem tha t  U is 
to V as u is to v. The  proof in the  ear ly  pa r t  of the  fif th cen tu ry  B. C. would 
have  run : let  w be a common measure  of u and v, going m t imes into u and  n t imes  
into v. Then the rectangle  bui l t  on w and having  the  perpendicu la r  side equal  
to A B would be a common measure  for U and  V, going m t imes into  U and n 
t imes into V, from which the  desired conclusion follows. Bu t  the  defini t ion had 
to be abandoned ,  and  wi th  i t  the  proof. If  the  theorem was to be saved,  a new 
defini t ion was needed.  

The th i rd  defini t ion,  the  one due to E u D o x u s  (370 B. C.), we know ve ry  
well and  see in ac t ion in The Elements, bu t  of the  second we manage  to catch 
only a glimpse. This  we get  from a r emarkab le  passage in the  Topica of ARI- 
STOTLE (t 58b):  

"I t  appears  also in ma thema t i c s  t h a t  the  diff icul ty  in using a figure is some- 
t imes due to a defect  in defini t ion,  e.g., in proving  t ha t  the  line which cuts the  
area  paral le l  to one side (of a paral le logram) divides s imi lar ly  bo th  the  line which 
i t  cuts and the area;  whereas if the  defini t ion be given, the  fact  asser ted  becomes 
immed ia t e ly  clear;  for the  areas  have the same antanai res is  as have  the  sides:  
and this is the  defini t ion of ' t h e  same r a t i o ' . "  

But  wha t  is the  antanaires is  ? As VAN DER WAERDEN explains  (op. cir., p. 176) : 

" T h e  lexicon derives d~rc~vcu~ea~G deduct ion,  from the  verb  d~r-~v-cuQetv, 
subt rac t ,  l i te ra l ly ,  ' ba l anc ing  agains t  each o the r ' ,  which is used especial ly for 
sums of money,  for ins tance  in drawing up the balance  sheet.  The c o m m e n t a t o r  
Alexander  of Aphrodis ias  adds  here t ha t  b y  antanaires is ,  Ar is to t le  means  the  
same as b y  anthyphai res is .  This brings us some help, because in Euc l id  V I I  2 and 
X 2, 3 the  verb  dvOv¢cuwtv means  ' t o  t ake  away  in t u r n '  the  smal ler  of two 
numbers  or line segments  from the  larger  one, for the  de te rmina t ion  of the  
greates t  common divisor ."  

The idea is th is :  if two line segments  AB, CD have a common measure  d, 
and  if, say, A B > CD, then  A B, CD, and thei r  difference EF will also have  d as 
common measure.  Now we can repea t  the  a rgument  for CD and EF; and  in this  
way,  continuing,  we can f ind the grea tes t  common measure.  If  A B, CD are whole 
numbers ,  the  same idea leads to thei r  grea tes t  common divisor,  say  d. This is 
the  famous EUCLIDEAN a lgor i thm for f inding the greates t  common divisor  (also 
known to the  Chinese in the  Nine Books). If  A B = m d  and  CD=nd,  then,  
th ink ing  of d as a big unit ,  one sees t ha t  the  a lgor i thm for m to n is para l le l  to 
t ha t  for AB to CD. Thus one sees tha t ,  for integers,  AB, CD, UV, W X  will be 
p ropor t iona l  if and  only if AB, CD have  the same antanai res is  as UV, WX. Now 
keeping this  pa r t  of the  not ion of p ropor t iona l i ty  and generalizing,  we get  the  
second definit ion,  the  one referred to b y  ARISTOTLE. 

The t rouble  wi th  this  defini t ion is t ha t  proving  the  theorem of the  in terchange  
of means  gives di f f icul ty :  the  theorem says  t ha t  if a, b, c, d are four quant i t ies  
of the  same type  and  if a is to b as c is to d, then  a is to c as b is to d. Now if a, 
b, c, d are line segments  one can prove tha t  a is to b as c is to d if and  only  if the  
rectangle  on the means  (b and c) is equal  to the  rectangle  on the  ext remes  (a and  d), 
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from which the theorem on the interchange of means follows. 5° If a, b, c, d are 
not line segments, one would (presumably) first have to find line segments a', b', 
e', d' proportional to them, apply the theorem to a', b', c', d', and then return to a, 
b, c, d. This is a reconstruction, of course, but that it is close to the truth we can 
see from another passage of ARISTOTLE (Anal .  Post .  t 5) : 

"Formerly,"  says ARISTOTLE, "this proposition was proved separately for 
numbers, for line segments, for solids, and for periods of time. But after the 
introduction of the general concept which includes numbers as well as lines, 
solids, and periods of t ime" (namely, the general concept of magnitude), " t h e  
proposition could be proved in general." 

Here ARISTOTLE is referring to EuDoxus '  theory of magnitude. We need not 
recall EUDOXUS' definition of "equal ratio," given in V, Def. 5. of The Elements .  
What is important to have in mind is that two quantities have a ratio if they are 
"capable, when multiplied, of exceeding one another;" and that the ratio for 
new types of figures is investigated by approximating them by figures whose 
properties are already known. Thus, in proving that circles are to each other as 
the squares on their diameters (Elements,  XlI, 2), one approximates the circles 
by regular polygons; in proving that pyramids of the same height and having 
triangular bases are to each other as the bases (XlI, 5), one approximates the 
pyramids by sums of prisms. 

In EUDOXUS' method, one works with inequalities; from the famous fragment 
on lunules, one knows that HIPPOCRATES already worked with inequalities. 

In this same fragment one learns that HIPPOCRATES "considered as the 
foundation and as the first of the propositions which serve his purpose, that 
similar segments of circles are in the same ratio as the squares of their bases. He 
demonstrated this by showing first that the squares of the diameters have the 
same ratio as the circles." 

According to VAN DER WAERDEN (op. cit., p. t32) " i t  is still an open question 
whether Hippocrates actually proved this rigorously". He does not say why 
one should be skeptical, though he adds that the proof in EUCLID xII ,  2 comes 
from EuDoxus. Perhaps the difficulty is to imagine what the proof of HIPPO- 
CRATES could have been. Let A 1, A 2 be two circles and d~, d~, the squares on 
their diameters. Then by an antanairesis, one could show that A l : d ~ = A R : d ~ ;  
and then by an interchange of means that A I : A  ~ ~ d~:d~. Though the antanairesis 
of two areas is conceptually harder to visualize than an antanairesis of two line 
segments, it would not have been beyond HIPPOCRATES' range. Still, we do not 
make the suggestion with great confidence, as the idea is not in the Greek style. 

(The cited text continues: "For  the ratio of the circles is that  of similar 
segments, since similar segments are segments which form the same part of the 
circle." In symbols: if Z 1, Z~ are similar segments of circles A 1, A2 on chords 
cl, %, then A~:AR=RJI:Z 2 since 2 : I : A I ~ Z R : A  2. We may note in passing that 

5o For more details, see VAN DER *vVAERDE~,L ol). cir., pp. 177 178. There is a diffi- 
culty ill proving: P. I] in a proportion the consequents are equal, then the antecedents 
are equal as well. O. BECKER, "t~udoxus-Studies I ," Quellen und Studien, Abt. B., 
vol. 2 (1933), p. 320, has shown how to meet this difficulty in a pre-EUDOXlAN way. 
(On p. 320, lille "16, instead o~ r ~ = r o - - z l D  ~ r o - - D  read r ~ : b  zl(ro + D )  : r l - -  
z lD <= r~ -- D.) 
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The Elements contains  no proposition l ike 271 : A1 = Z2 : A 2, whether  for circular  
segments  or a n y  o ther  k ind  of areas. Thus one will not  f ind a proposi t ion  s ta t ing  
t h a t  a t r iangle  is to a square on a side as any  similar  t r iangle  to the  square on the 
corresponding side, though in VI,  t9  one finds t ha t  two s imi lar  t r iangles  are to  
each o ther  as the  squares on corresponding sides. The difference is t r i f l ing in 
view of the  Theorem on the  In te rchange  of Means, bu t  mus t  have  some his tor ical  
significance.) 

Hav ing  seen how meagre  are the  mater ia l s  for pene t r a t ing  the  h i s tory  of 
pre-EUCLIDEAN mathemat ics ,  let  us see wha t  can be said for the  area  and circum- 
ference of a circle. 

The first  expl ic i t  s t a t emen t  on the circumference occurs in ARCHIMEDES' 
Measurement o] a Circle. 51 Propos i t ion  t says t ha t  the  area  of a circle is t ha t  of a 
r ight  t r iangle  one of whose sides is the  radius  and  the  other  the  circumference;  

Cr 
or, as we would say :  A - -  2 " This,  toge ther  wi th  EUCLID xII, 2, gives us the  

basic  fact  (~1 = ~2) about  circles. 
ARCHIMEDES' proof is a t yp i ca l  double  reductio ad absurdum argument .  52 In  

the  course of i t  he uses t ha t  the  per imete r  of a (regular) inscr ibed polygon is less, 
and  the per imeter  of a (regular) c i rcumscr ibed polygon is greater ,  t han  the  peri-  
me te r  of the  circle. The reason is not  given, bu t  the  asser t ion on the  circum- 
scr ibed polygon is Propos i t ion  t of On the Sphere and Cylinder I, a p r e sumab ly  
earl ier  bu t  a t  any  ra te  al l ied work. 

The nex t  d o c u m e n t a r y  evidence concerns the  curve called quadratrix. This 
curve can be described,  following PApPUS (320 A. D.), as follows (see Fig. 6): 

B A 

F .A 0 K ,d 

Fig. 6 

Describe a circular  arc BEA about  l s in a square  A BISA. Let  the  s t ra igh t  line 
ISB ro ta te  un i fo rmly  abou t  F so t h a t  B describes the  arc BEA,  and  let  the  line 
BA move  uni formly  towards  ISA, remain ing  paral le l  to ISA. Let  bo th  uniform 
mot ions  t ake  place in the  same t ime,  so t ha t  bo th  ISB and  BA will coincide wi th  

~1 See T. L. HEATH (Tr.), The Works o/Archimedes. 
52 For  brevi ty  we refer to this technique as EUDOXlAN, but  we do not intend to 

say i t  was originM with EuDoxos .  
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/ 'A at the same moment.  These two moving lines intersect in a point which 
moves along with them and which describes a curve BZO [the so-called quadratrix]. 
If  FZE is one definite position of the rotat ing line and Z the point of intersection 
with the line which moves parallel to itself, then, according to the definition, B_P 
will be to the perpendicular ZA as the entire arc BA is to the arc EA. 

From the point of view of a draughtsman, there is no difficulty in con- 
structing, i.e., drawing, a quadratrix. 

According to PROCLUS, HIPPIAS OF ELLIS (420 13. C.) had investigated, and 
presumably invented, the quadratrix. There is no difficulty in believing this, as 
the mathematics  for the construction of the curve is quite simple. 5~ PROCLUS 
says that  HIPPIAS "derived the s y m p t o m "  of the quadratrix. By  the symptom 
of a curve, the ancients meant  the condition which a point has to satisfy to lie 
on the curve, roughly then, the equation of the curve. 

If  we t a k e / ' A ,  F B  of PAPPUS' description as x, y axes of a coordinate system, 

and place f ' B  = a, then the quadratrix has the equation: y = x tan ~ y; here 

----~2. HIPPIAS would not have written the symptom in this way, but  we need 
not doubt that  he could have done it in some equivalent way. 

According to PAPPUS, DINOSTRATUS (350 B.  C.), the brother of IV[ENAECHMUS, 

used the quadratrix to square the circle; and he gives the mathematical  details 
for doing this. If  one were to ask where (O) the quadratrix meets the x-axis, then 

one would be lead to s tudy y / t a n ~  y as y goes to zero. Since 0/tan 0 goes to t 

2 
as 0 goes to zero, one sees that  y / t a n - ~ T y  goes to --a~ as y goes to zero. Thus 

F O  = 2 a. In effect, PAPPUS establishes this. 

Fig. 7 

PAPPUS'S argument is a double reductio ad absurdum argument:  if the asserted 
proportion arc AEB:BI~= BI':I~O does not hold, then the fourth proportional 
/~K is either greater or less than FO. If  F K  > / ' 0 ,  then it is established tha t  
ZA = arc ZK, which is declared to be absurd. In Fig. 7, this amounts to a situation 
in which X P  = arc A P. Similarly, for the a s s u m p t i o n / ' K  < / 0 ,  PAPPUS obtains 
the conclusion arc A P = A T, which is also declared to be absurd. 

53 The quadratrix obviously brings angular measure directly into relation with 
linear measure. Hence it has been presumed that HIPPIAS invented the quadratrix 
in order to trisect the angle. This is not a universal opinion, however. 

t 5 Arch. Hist. Exact Sci., Vol. 9 
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HEATH observes: 

"The  ... proof is presumably due to Dinostratus (if not to Hippias himself), 
and, as Dinostratus was a brother of Menaechmus, a pupil of Eudoxus, and 
therefore flourished about 350 B. C., that  is to say, some time before Euclid, it is 
worthwhile to note certain propositions which are assumed known. These are, in 
addition to the theorem of Euclid VI, 33, the following: (1) the circumferences 
of circles are as their respective radii; (2) any  arc of a circle is greater than the 
chord subtending it; (3) any arc of a circle less than a quadrant  is less than a 
portion of the tangent at  one extremity of the arc cut off by  the radius passing 
through the other extremity.  (2) and (3) are of course equivalent to the facts 
that ,  if ~ is the circular measure of an angle less than a right angle, sin m < ~ < tan c~." 

There are two opposite views tha t  one can take of this: (t) tha t  PAPPUS is 
entirely reliable, from which one plausibly concludes that  DINOSTRATUS knew 
the basic facts concerning a circle, or (2) that  no one before ARCHIMEDES knew 
tha t  ~1 ~ ~2, and hence that  PAPPUS is unreliable. Of course, it is possible that  
DINOSTRATUS squared the circle, as PAPPUS says, but  with a different proof. 

A. J.  E. M. SMEUR has adopted the second view (op. cir., p. 258). He em- 
phasizes tha t  we have only three direct references to the quadratrix from ancient 
times: that  of PAPPUS, which mentions DINOSTRATUS but  not Hn'PIAS; tha t  of 
PROCLUS (450 A. D.), which mentions HIPPIAS and NICOMEDES (240 B. C.) but  
not DINOSTRATUS, and tha t  of IAMBLICHUS (4 th century, A. D.), which mentions 
NICOMEDES but  neither HIPPIAS nor DINOSTRATUS. We may,  perhaps, also in- 
clude SPORUS (3 ra century, A.D.) ,  whose objections to the quadrature were 
mentioned by  PAPPUS, and who was obviously PAPPUS'S source. I t  is well to be 
thus reminded of the scantiness (and lateness) of the testimony. 

Let us examine other parts of SMEUR'S argument. After noting, following 
HEATH, that  the quadrature presupposes that  the ratio of circumference to radius 
is constant, he adds (op. cir., p. 257): 

"This  supposition is a fundamental  one . . . .  As we have mentioned before, 
i t  is just this important  relation tha t  is missing in Euclid's Elements". 

Now it is true tha t  this theorem (c/d= constant) is not in EUCLID, but  if we 
argue as SMEUR does, we should conclude that  the constancy of c/d was not 
known before ARCHIMEDES (or, at least, not known in Greece). Now even the 
Old-Babylonians knew that  c/d is constant (SMEUR admits this), so the only 
way out from an absurdity is to hold that  Old-Babylonian circle geometry made 
no impression on pre-Archimedian Greek geometry. 

Moreover, EUCLID is not our only source. According to HEATH (Greek Math., 
vol. t ,  p. 344), " the  Meehanica included in Aristotle's writings is not indeed 
Aristotle's own work, but  it is very close to it in date, as we may  conclude from 
its terminology . . . .  " In  the Mechanica we read: 

"Since the greater radius is moved more quickly than the less by  an equal 
weight, and there are three elements in the lever, the fulcrum ... and two weights, 
that  which moves and tha t  which is moved, therefore the ratio of the weight 
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moved to the moving weight is the inverse ratio of their distances from the 
fulcrum."54 

Here we are clearly told that  the weights are inversely proportional to the 
distances from the fulcrum; and, though less clearly, tha t  this is because the 
distances traversed by  the weights as the beam rotates about the fulcrum are 
inversely proportional to the weights. Eliminating the weights, we get tha t  
circumferences of circles are to each other as their radii. 

That  the reasoning supplied is strictly ARISTOTLE'S is testified to by  the 
following passages from ARISTOTLE'S De caelo and the Physics (c]. HEATH, Greek 
Math., vol. 1, p. 345) 

" A  smaller and lighter weight will be given more movement  if the force 
acting on it is the same . . . .  The speed of the lesser body will be to that  of the 
greater as the greater body is to the lesser." 

"I f  A be the mover, B the thing moved, C the length through which it is 
moved, D the t ime taken, then 

A will move ½ B over the distance 2 C in the time D,  
and 

A will move ½B over the distance C in the time { D ;  

thus proportion is maintained." 

Still more directly, in the De caelo, ARISTOTLE, in speaking of the speeds of 
tile circles of the stars, says (c]. Greek Math., loc. cit.): 

" i t  is not at all strange, nay  it is inevitable, tha t  the speeds of the circles 
should be in the proportion of their sizes." 

The "size" of a circle could be measured either by  the circumference or b y  the 
radius; but, if by  the circumference, then the assertion is a tautology, so b y  
"size" ARISTOTLE presumably means radius. 

Thus we may  be certain that  ARISTOTLE'S school had the "missing proposi- 
t ion" ,  and nearly certain that  ARISTOTLE himself had it. 

So much for HEATIt's first point (1); as for his point (3), we note that  in the 
De Caelo ARISTOTLE mentions the following proposition (c[., Greek Math., vol. t ,  

p. 340): 

"Of  all closed lines starting from a point, returning to it again, and including 
a given area, the circumference of a circle is the shortest." 

At the very least, this shows that  the circumference of a circle was studied in 
pre-Euclidean times. Comparison between the circumference of a given circle and 
the arclengths of other figures must  have been made;  otherwise the proposition 
makes no sense. Moreover, merely allowing tha t  the circle with a smaller radius 
has a smaller circumference, the basic relation 0 < tan 0, or arc A P < A  T in 
Fig. 7, is an immediate corollary. 55 

~ See IvoR THOMAS, Greek Mathematical Works, vot. 1, p. 431. The Greeks had 
no word for radius (HEATH, Thirteen Books, vol. 1, p. 199)- 

5s ZENODORUS, shortly after ARCHIMEDES, worked OH theorems like ARISTOTLE'S. 
ZENODORUS cites Prop. I of ARCHIMEDES' Measurement. 

t5" 
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How is it that  these elementary things known to ARISTOTLE did not make 
their way into EUCLID'S Elements ? Our answer is tha t  EUCLID was not satisfied 
as to their rigor. 

Before entering into a mathematical  critique of the relation ~1 = ~z, let us 
still look at the reference to pre-EuCLIDEAN circle squaring. 

I t  is said that  ANAXAGORAS (450 g.  C.) occupied himself with the problem 
while in prison. The comic poet ARISTOPHANES (410 B. C.) makes a poetic joke 
about it in " T h e  Birds".  

Of a more mathematical  nature, we have (besides the fragment on lunules) 
references by  ARISTOTLE to ANTIPHON (a contemporary of SOCRATES) and BRYSON 
(who came a generation later than ANTIPHON). According to ANTIPHON, one may  
inscribe a regular polygon (say a triangle) in a circle, then bisect the arcs to obtain 
a polygon with double the number of sides, etc. ultimately obtaining a polygon 
coinciding with the circle; since the polygons can be squared, ANTIPHON argued, 
so can the circle. BI~¥SON has a variant  of this in that  he considers not only tile 
inscribed polygons but  also the circumscribed ones. ARISTOTLE sneeringly 
dismisses the arguments of both men (c[. Greek Math. ,  vol. t ,  pp. 22t, 223). This 
does not seem quite just, as ANTIPHON and BRYSON appear to be groping with 
the notion of limit. 

Coming now to a mathematical  critique of the quadrature via the quadratrix, 
we have already noted that  the basic point consists in the inequalities sin 0 < 
0 < tan 0, i.e., in Fig. 7 with OA = t ,  A O P  = O, X P  < arc A P < A T. Now this 
essential point comes up in our calculus courses when we wish to find the deriva- 

0 
t i re  of sin 0. I t  is necessary to know that  sill 0- goes to t as 0 goes to zero; this 

follows from sin 0 < 0 < tan 0 (or even from sin 0 cos 0 < 0 < tan 0), by  dividing 
0 0 

by  sin 0 to obtain 1 < ~ < c ~  respectively, cos 0 < ~ < ~ , and 
" 0 

observing that  cos O, and therefore also ~ goes to t as 0 goes to zero. But  

how does one obtain the basic relation sin 0 < 0 < tan 0 (or, at least, sin 0 cos 0 < 
0 < tan 0) ? This is often explained as follows. In Fig. 7, area triangle O X P  < area 
sector O A P  < area triangle OA T, whence, taking OA = t,  0 = angle A O P ,  one 
gets ½ sin 0 cos 0 < { 0 < ½- tan 0. (Observing that  P P '  = 2 sin 0 and arc P P '  = 2 O, 
and appealing to the notion that  a straight line is the shortest distance between 
two points, one might deduce sin 0 < 0.) 56 In  this explanation it is assumed that  0 
is arclength and the formula area of sector ---- 1 arc times radius is used. 

How does one see that  area of sector = { arc times radius ? If  pressed for a 
reference, one could probably not do much better  (not counting modern sophisti- 
cated improvements) than to refer to ARCHIMEDES, Measurement o[ the Circle, 
Prop. t .  Now Prop. I is based on Prop. I of On the Sphere and Cylinder I, which 
in turn is based on the relation sin 0 < 0 < tan 0; so the above proof begs the 
question ! 

A way out of the above difficulty is simply to define the arc length by  the 
formula arc = 2 area of sector/radius! One then has immediately that  0 < tan 0 

56 Text books properly avoid this argument; however, one finds the argument 
that, in Figure 7, { sin 0 -----area triangle AOP < sector AOP = {  0. 
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(from area sector OA P < area triangle OAT). Similarly one gets sin 0 cos 0 < 0; 
since sin 0 = 2 sin ½ 0 cos ½ 0 < 2.½ 0, one gets sin 0 < 0. 

Simple as this is, the Greek mathemat ic ian  could not  have proceeded in 
this way,  as he never de]ines length, area, volume (though he might  have found 
some other  logically equivalent  wa y  out).5~ 

Now get t ing back to history, we have seen tha t  the Nine Books knows tha t  
the area of a sector equals ½ arc times radius;  and tha t  the Babylonians  and the 
Egypt ians  at  least had it in the case of a semi-circle. I t  is, then, at  least possible 
t ha t  the pre-EucLIDEAN Greeks knew it, t ha t  it got  into the s t ream of Greek 
mathemat ics  as other  things of the Ancient  Eas t  did. I t  would appear  to be 
plausible, then, tha t  DINOSTRATUS argued just  as our  calculus texts  do in 
establishing tha t  0 < t a n  0. However,  when EucLID-- f igura t ive ly  speak ing - -  
came to write this up, he saw tha t  the question was being begged. Or, otherwise 
put,  he could not  see how to  make the notion of arclength, even for a circle, 
tractable.  

There would have been good reasons for such a difficulty:  the problem of 
comparing areas (in the plane) is essentially simpler than  tha t  of compar ing 
lengths. Besides the notion of invariance under  congruence, EUCLID knows no 
principles of comparison except such as are comprised in " c o m m o n  n o t i o n s " :  
the whole is greater  than  the par t ;  if equals be added to equals, the wholes are 
equal;  if equals be subtracted from equals, the remainders are equal, et alia; 
there is also the " A x i o m  of ARCHIMEDES", already known to EUDOXUS. The 
case of arclength, even for circles, requires some further  principle, since there is 
no w a y  to make a line segment coincide with a circular arc. There is no way,  
for example, to  see from EUCLID tha t  the circumference of a circle having radius 
I mile is greater  than  a segment t inch long. Nor  is there a way  of seeing tha t  a 
segment a mile long is greater  than  the circumference of a circle I inch in di- 
ameter.  As to  the first of these, it would follow if we assume tha t  a s t ra ight  line 
is the shortest  distance between two points. One might  think tha t  EUCLID could 
have put  this down as an axiom; but ,  despite wha t  has been oft repeated, Euclid, 
Book I, does not  have the notion of axiomatic  geometry.  5s So, obvious as this 
obvious t ru th  is, EUCLID probably  would not  have allowed it. He  himself proves 
tha t  the sum of two sides of a triangle is greater  than  the third  (Book I, 20). Bu t  
even if he had allowed it, he still would have been s tuck with the second difficulty 
mentioned,  for which it is not  obvious how to frame an axiom. 

s7 In fact, it is clear that all quadratrices are similar, so that not only does B, in 
Figure 6, determine O, but, conversely, O determines B. Now let c be the circle of 
center / '  and radius FO and let T be a point (in the first quadrant) on the tangent 
to c at  O ; and let c cut FB in #.  Let the ray /~T meet c in P. Let {2 be on the r a y / ' T  
and such that  area triangle O/~{2 = area sector 01PP. Then {2 varies on a quadratrix q, 
since the ordinate of {2 varies directly with the area of sector O/~P. Moreover area 
triangle 01~P < area sector 01~P = area triangle 0/'{2 < area triangle OFT, whence 
{2 is between/~ and T. As T goes to O also P goes to O, and hence so does {2. Hence 
the quadratrix q goes through O, and hence also through B. As P approaches #,  
{2 approaches B. Hence area sector O / ~  = a r e a  triangle OiPB, Q.E.D. (Cf. T. DA•T- 
ZIG, The Bequest o/the Greeks, p. 138.) 

5s See A. S~IDBNBERG, "Peg  and Cord in Ancient Greek Geometry," Scripta 
Mathematica, vol. 24 (t959); and "Pasch,"  in the Dictionary o[ Scientific Biography 
(to appear). 
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Axioms, or "assumptions",  for overcoming these difficulties were put  down 
by ARCHIMEDES ill a preface to his work On the Sphere and Cylinder I. The first 
of these says that :  "Of all lines which have the same extremities the straight 
line is the least." The second requires a prior definition of "concave in the same 
direction", which involves a notion like ours of convexity. The second assump- 
tion reads : "Of  other lines in a plane and having the same extremities, Eany two] 
such are unequal whenever both are concave in the same direction and one of 
them is either wholly included between the other and the straight line which has 
the same extremities with it, or is partly included by, and is partly common 
with, the other; and that  [line] which is included is the lesser [of the two]." 

The only place the first assumption is used is to prove that  the perimeter of 
a polygon inscribed in a circle is less than that  of the circle; this is done in the 
preface. The only place the second assumption is used is to prove that  the peri- 
meter of a polygon circumscribing a circle is greater than that  of the circle. This 
is done in Prop. I and essentially comes to proving 0 < tan 0. With reference to 
Figure 7, the sum TA + T B  of the tangents is greater than the arc A B, by 
Assumption 2, whence 0 < tall 0. 

Just  as a mat ter  of mathematics, this is on the face of it surely unsatisfactory. 
One wishes to prove TA + T B  > arc A B  and introduces a much more general 
assumption, from which the inequality follows as a special case. Obviously, 
there is some background to the assumptions that  we cannot see. 

ARCHIMEDES realized that  to produce EUDOXIAN arguments on arclength one 
needed bounds from below and above. That  there was no way out except by  
assumptions is a great insight by ARCHIMEDES (or a predecessor). Still, what 
allows him to make the assumptions ? Just  as a mat ter  of straightforward mathe- 
matics, he had first to check his assumptions for (convex) polygonal paths. The 
first is immediate; and the second is also easy. In fact, the essential idea for a 
proof is contained in Euclid, I 2t, which says that  if triangle ADC is contained 
in triangle A BC, then A B + BC > AD + DC (and also that  angle ADC > angle 
ABC). The proposition (I 2t) is not, we believe, anywhere used. To us, this 
suggests that  the notions of convex paths and their lengths goes back to EUCLID, 
though with no satisfactory resolution at that  time of the problems they give 
rise to. 

A modern mathematician, having checked that  the assumptions hold for the 
largest class of convex arcs for which he has information (namely, the class of 
convex polygonal paths), and realizing that  he has no information (on the larger 
class of all convex arcs) contradicting his assumptions, might seek a consistency 
proof for the assumptions. This, however, is too far from the point of view of the 
ancients to be worth pursuing here. Rather, they would want to be assured that  
the assumptions are true. 

Perhaps it is worth speculating on how ARCHIMEDES (or a predecessor) con- 
vinced himself of the t ruth of the second assumption. We would suggest the 
following. Let A PB,  A P ' B  be two arcs of the kind mentioned in Assumption 2, 
with A P ' B  inside A P B A .  Now let A C ' D ' E ' . . .  B be a polygonal path inscribed 
in the arc A P ' B .  Let the rays AC', AD',  ... extended meet A P B  in C, D . . . . .  
Then the length of the polygonal path A C D . . .  B is greater than (or at least 
equal to) the length of the polygonal path AC'D'  ... B. Hence the length of 
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arc A P B  is greater than any polygonal path inscribed in arc A P ' B .  Now offi- 
cially ARCHIMEDES cannot express the idea that arc A P ' B  can be approximated 
in length arbitrarily closely by polygonal paths. But unofficially he can feel 
convinced about it. I t  then follows that arc A P B  > arc A P ' B .  

Whether this speculation hits the truth is not important. I t  serves, however, 
to emphasize that  ARCHIMEDES' assumptions must have had some background 
which made them acceptable to his contemporaries. That there was some such 
familiar background is also suggested by ARCHIMEDES' prefatory letter to 
DOSITHEUS. In it ARCHIMEDES lays claim in no uncertain terms to some of his 
results, but he makes no special claim on the Assumptions; yet in the Quadrature 
o[ the Parabola he goes out of his way to credit "earlier geometers" with the so- 
called Axiom of A~CmMEDES. 

To complete this account, we may still sketch a modern treatment for the 
length of a convex arc. First, one may define an arc as the image under a continu- 
ous mapping of a segment A ' B ' ;  if A, B are the images of A',  B', then the arc is 
said to be from A to B. We now confine the discussion to convex arcs. Let 
C', D', ... be a finite sequence of points on the A ' B ' ,  in the stated order from A'  
to B', and consider the images C, D . . . .  and the polygonal path ACD ... B, 
which is convex. Since the mapping defining arc A B is given by continuous 
functions, the arc will be bounded, that  is, one can enclose it in a square S. The 
length of the polygonal path is less than the length of S. Now considering all 
such polygonal paths A CD. . .  B, let l be the least number equal to or greater 
than their lengths; that  there is such a number is a basic property of the field 
of real numbers. We then define the length of the arc to be l. With this definition, 
it is an easy matter to prove the two assumptions of ARCHIMEDES. 

So, the basic idea is to define the length of the arc as the least number equal 
to or greater than the lengths of the inscribed polygonal paths. Quite aside from 
the logical difficulties involved in defining the field of real numbers, this proce- 
dure is beyond the ken of the ancients. 59 

As SMEUR notes, following HEATH, the quadratrix argument first rectifies 
the circle; to square it, one still needs to know Prop. i of ARCHIMEDES' Measure- 
ment o/the Circle (i. e., that  the area of the circle is that of a triangle with circum- 
ference as base and radius as altitude). 6° But this difficulty is, in the presence of 
EUDOXlA~ techniques, on the same level as the difficulties already met:  had 
EUCLID been able to establish to his own satisfaction that  sin 0 < 0 < t a n  0, 
something ARISTOTLE surely knew, then there would have been nothing in the 
way of his including Prop. I of the Measurement in his Elements. 

To sum up: 

The ]ormula /or the area o[ a sector (area = { arc times radius) was inherited 
by the Greeks and was known to Dinostratus. However, Euclid could not establish 
it to his own satis]action. Basing himself on this [ormula, Dinostratus squared the 
circle using the quadratrix o] Hippias. 

s9 For a construction of the plane starting from the real field and including a 
discussion of arclength, see G. HOCHSCHILD, 2t Second Introduction to Analytic Geom- 
etry. The area of a circle, however, is not taken up! 

60 In fact, PAPPus himself notes this and cites the mentioned proposition of 
ARCHIMEDES. See I. THOMAS, 0/9. cit., vol. 1, p. 347. 
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