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Abstract

We establish a small ball probability inequality for isotropic log-concave
probability measures: there exist absolute constants c1,ce > 0 such that if X
is an isotropic log-concave random vector in R™ with 12 constant bounded
by b and if A is a non-zero n X n matrix, then for every ¢ € (0,¢1) and
y € R,

(2 IAlus )2
P(lAz — yll2 < el|Allas) < et ® 4ler 7,

where c1,c2 > 0 are absolute constants.

1 Introduction

Recently, there is an increasing interest in extending results for independent random
variables, which are known from probability theory, to the setting of log-concave
probability measures. A Central Limit Theorem for isotropic log-concave measures
was established by B. Klartag in [12] for these measures (see also [2] for an alterna-
tive proof and [13], [7] for related developments). A “large deviation inequality” for
isotropic log-concave measures was proved in [27]. In all these questions the main
effort is put in trying to replace the notion of independence by the “geometry” of
convex bodies, since a log-concave measure should be considered as the measure-
theoretic equivalent of a convex body. Most of these recent results make heavy use
of tools from the asymptotic theory of finite-dimensional normed spaces.

The purpose of this paper is to add a “small ball probability” estimate in this
setting. The motivation for us was a question of N. Tomczak-Jaegermann initiated
by results in [16]. In this paper the authors, motivated by questions on random
polytopes, proved the following “small ball probability” estimate.

Theorem 1.1 ([16]). Let A be a non-zero n X n matriz and let X = (&1,...,&,)
be a random wvector, where & are independent subgaussian random variables with
Var(&;) > 1 and subgaussian constants bounded by 3. Then, for any y € R™, one

has )
||A||Hs> co <||A||Hs>
P|||[AX — < <2exp | ——=+ ,
(1 —ul < 5 57 \ Tl




where ¢y > 0 is a universal constant.

It is pointed out in [16] that, in the special case where the &;’s are independent
standard Gaussian random variables, one can obtain the following stronger result.

Theorem 1.2 ([16]). Let A be a non-zero nxn matriz and let X = (&1,...,&,) be a
random vector, where the & ’s are independent standard Gaussian random variables.
Then, for any € € (0,¢1) and any y € R™, one has

lAIEs )2
P(|AX —yll2 <el|Allns) < 5(02 AT ) ,

where c¢1,co > 0 are universal constants.

The proof of Theorem 1.2 makes use of the affirmative answer to the B-
conjecture by Cordero-Erausquin, Fradelizi and Maurey (see [6]). The “B-Theorem”
has been already applied for small ball probability estimates in [15] and [14].

The main result of this paper extends the previously mentioned results to the
setting of log-concave probability measures, answering a question posed to us by
N. Tomczak-Jaegermann.

Theorem 1.3. Let X be an isotropic log-concave random vector in R™, which has
subgaussian constant b. Let A be a non-zero n x n matriz. For any y € R™ and
e € (0,¢1), one has

co llAllns ) 2
b TATop

P (|47 - yll2 < el Allus) < e 7
where c1,co > 0 are universal constants.

Theorem 1.3 depends on a reverse Holder inequality for the negative moments
of the Euclidean norm with respect to a log-concave probability measure p with
1
density f. Let —n < p < oo, p # 0 and I,(f) := (g [|#][5f(x)dz)?. A result of
O. Guédon (see [9]) implies that for p € (—1,0) one has

L,(f) = epIa(f),

where the constant ¢, depends only on p.

Actually, Guédon’s result is more general and holds even if we replace the
Euclidean norm by any other norm. Moreover, the result is sharp and can be
achieved for a 1-dimensional density.

In order to reveal the role of the dimension we introduce the quantity g.(u):

¢ (f) = max{k > 1: k.(Zx(f)) = K},

where k. (Z;(f)) is the Dvoretzky number of the Lj-centroid body of f (see Section
2 for precise definitions). Then, one can show the following.



Theorem 1.4. Let f alog-concave density in R™ with center of mass at the origin.
Then for every k < c1q.(f) one has

I i (f) = c2la(f)

where c1,co > 0 are absolute constants.

The paper is organized as follows. In §2 we gather some background material
needed in the rest of the paper. In the next section we study a family of convex
bodies associated to a log-concave measure. This family was introduced by K.
Ball in [1]. In §4 we establish a volumetric relation between any marginal of a
log-concave measure and the corresponding projection of its associated generalized
centroid body. Precisely, we prove an L,-version of the Rogers-Shephard inequality.
This is one of the main steps towards the proof of Theorem 1.4. In §5 we give an
exact formula (Proposition 5.4 in the main text) relating the negative moments of
the norm of the polar L, centroid body on the sphere with the negative moments
of the Euclidean norm with respect to the measure. This can be seen as a transfer
principle permitting the use of known concentration results on the sphere. We
stress the fact that all the results up to §5 are valid for an arbitrary log-concave
measure and not just merely for an isotropic one. This special class of measures is
treated in §6. The proof of Theorem 1.3 is completed in §7, where we discuss the
sharpness of the estimate in Theorem 1.3 and its connections with the well-known
“Hyperplane Conjecture” in Convex Geometry.

Acknowledgment. 1 would like to thank Apostolos Giannopoulos and Assaf Naor
for many interesting discussions.

2 Background material

We work in R™, which is equipped with a Euclidean structure (-,-). We denote
by || - ||2 the corresponding Euclidean norm, and write By for the Euclidean unit
ball, and S™~! for the unit sphere. Volume is denoted by |- |. We write w,, for the
volume of BY and o for the rotationally invariant probability measure on S™~!.
The Grassmann manifold G,, ;, of k-dimensional subspaces of R™ is equipped with
the Haar probability measure (i, . We write Pr for the orthogonal projection onto
the subspace F'. We also write A for the homothetic image of volume 1 of a compact

set ACR", ie A:= W.

A convex body is a compact convex subset C' of R™ with non-empty interior.
We say that C' is symmetric if —x € C' whenever x € C'. We say that C has center
of mass at the origin if fC (x,0)dx = 0 for every § € S"~1. The support function
he : R™ — R of C is defined by ho(x) = max{(z,y) : y € C}. The mean width of
C is defined by

w(C) = [S he(®)o ().



The radius of C' is the quantity R(C) = max{||z||2 : € C}, and the polar body
C° of C'is

C°:={yeR": (z,y) < lforallzeC}.
Whenever we write a ~ b, we mean that there exist universal constants c1,co > 0
such that cia < b < cea. The letters ¢, c/, c1,co > 0 etc. denote universal positive
constants which may change from line to line. Also, if K, L C R" we will write
K ~ L if there exist universal constants ¢y, co > 0 such that ¢ K C L C oK.

Let A = (aij)i<ij<n be a n x n matrix. We write ||A|us for the Hilbert-

Schmidt norm of A:
IAllfs = a7,
4,7

and ||A||op for the operator norm of A:

[Allop =, maxx, 1146]].

Let f: R™ — R, be an integrable function. We say that f has center of mass
at the origin if

/ (x,y)f(x)dx =0 for ally € R". (1)

Given f and y € R™ we write f, for the function f,(z) := f(x +y).

Let f : R"™ — Ry be an integrable function with [, f(z)dz = 1. For every
0<p<ooandf e S we consider the quantities

o ® = ([ e orsea) ©)

If hz, () (0) < oo for every 0 € S=1, we define the L,-centroid body Z,(f) of f to
be the centrally symmetric convex body that has support function hz y).

L,-centroid bodies were introduced in [18] (see also [19]), where a generalization
of Santald’s inequality was proved. In [18] and [19] a different normalization (and
notation) was used. Here, we follow the normalization (and notation) that appeared
in [25], since it fits better in a probabilistic setting. These bodies played a crucial
role in [27] and [2].

Note that for 0 < p <
compact set A C R"™, then
p > 0 one has

g < oo one has Z,(f) C Z,(f). If f:= 14 for some
Zoo(f) = co{A,—A}. Note that if T € SL,, then for all

Zy(foT™) =TZy(f). (3)
We refer to [27] for additional information on Z,-bodies.

A random variable £ is called subgaussian if there exists a constant 0 < § < 0o
such that

where + is a standard Gaussian random variable.



Let u be a probability measure in R™ with density f > 0 and let a > 1. We
say that u (or f) is 1, with constant b, if for every p > « one has

Zy(f) C bap"*Za(f),

or, equivalently, if for every § € S"~! and t > 0,

” ({x R sl >t ( [ |<x,0>“f<x>dz>l/a}> < 2exp (—;)

For —n < p < oo we define the quantities I,(f) as

b= ([ Ietzse) (@)

We say that a function f : R™ — [0, 00| is log-concave if, for every z,y € R™ and
A€ (0,1),
FOz+ (1= Ny) > f@) F)'

Note that if f is log-concave and finite then, I,(f) < oo for —n < p < oo and
(Jan Iz, 9>\pf(x)dx)l/p < oo for p > 0.

It is well known that the level sets of a log-concave function are convex sets.
Also, if K C R" is a convex body, the Brunn-Minkowski inequality implies that the
measure p with du:=1_k  (x)dx is a log-concave probability measure in R™.

‘K|1 n
We refer to the books [31], [23] and [28] for basic facts from the Brunn-
Minkowski theory and the asymptotic theory of finite dimensional normed spaces.

3 Keith Ball’s Bodies

K. Ball introduced a way to “pass” from a log-concave function to a convex body
(see [1]). In this section we focus on the interaction between K. Ball’s bodies K, (f)
of some function f and the L,-centroid bodies Z,(f) of this function.

Let f be an integrable function in R™ and let p > 0. We define a set K,(f) by

() = { e®ip [ frortar f<o>} | (5)

K,(f) is a star shaped body and we can write

el ) = (ffo) / mf(rx)rp—ldr)_”p. (©)

Indeed, for any A > 0 and x € R™ we have

- 2 - p [~ B 1,
Xl = Foy / fexay? N = s / ey dr = el 2 g,

!



Note that if f is even, then K,(f) is symmetric for all p > 0.
Integrating in polar coordinates we see that, for any 6§ € S"~1,

/ (x,0)dx
Knt1(f)

So, if f has center of mass

the origin.

18l 1 ()
nwn/ (9, 6) / r"drdo(p)
gn—1 0

f(073 /snfl<¢’9>/0 r" f(r6)drdo(¢)
1
1 L @0

at the origin then K, 1(f) has also center of mass at

The same argument shows that, for every p > 0 and € ™!,

/ \(z,0)Pda
Kn-%—p(f)

We also have

/1l 4, (f)
nwy, / (0, 0) P / TPl drdo (4)
Sn—l 0

[ o [T s (o)
gn-t 0
L / (&, 0)P f ().

n

/ (@, 0)[Pda = Kyl 5 / @ 0)Pda.
Kn+p(f)

So, we conclude that

Knyp(f)

2K () Ko (75 F(0)17 = Z,(f). (7)

Let V be a star-shaped body in R™ and let ||z||y be the gauge function of V.
Working in the same manner we see that for —n < p < oo,

/ |1} da
Knyp(f)

Setting V' = BY we get

/ol &, (F) L
won [ 16l | P drdo(9)
Sn— 0

NWy,

g [ el [t oydrao o
1

75 L lalf f@s

LKy () K (F) |77 £V = L(f). 8)

The family of bodies K, was introduced by K. Ball in [1], where the following

theorem was proved:



Theorem 3.1. If f is a log-concave function then K,(f) is a convex set for all
p > 0.

We will use the following standard lemma:

Lemma 3.2. Let f : [0,00) — [0,00) be a log-concave function. Then, for all
1 < p < q we have

o 1/p e 1/q
_p_ -1 _q —1
<||f||oo/o v f“”‘“) <(||f||oo/o " f(”dt) ©)
and

(F(‘qu)f(o) /ooo tq_lf(t)dt)l/q s (F(p+p1)f(® /OOO tp—lf(t)dt)l/p. (10)

Comment. The proof of both facts is well-known to specialists and can be found
n [21]. The first claim can be derived from Lemma 2.1 in [21, page 76], whereas
the second claim can be derived from Corollary 2.7 in [21, page 81]. Both facts are
also corollaries of a result of Borell (see [5]).

If f is log-concave and even, then || f|lcc = f(0). If f is log-concave and has
center of mass at the origin then the quantities || f|| and f(0) are comparable.
More precisely, we have the following theorem of M. Fradelizi (see [8]).

Theorem 3.3. Let f: R™ — [0,00] be a log-concave function with center of mass
at the origin. Then,

[flloe < €"f(0). (11)
Using (9), (10) and (5) we see that if f is log-concave then
I(q+1)"/e
< ——r— =~ 12
]|k, () NCFSE ]l 5, () (12)
and
Iflloo \ 7
< (Wl . 13
]l &, () < 70) > /) (13)

Moreover, if f has center of mass at the origin, then (13) becomes

lzll &, 5y < 6%_%||117\|Kp(f)~ (14)

So, if f is log-concave and has center of mass at the origin, we get the following
volumetric estimates for 1 < p < ¢:

n2

ea

[(q+1)'/4
T(p+1)1/r

=3
M

(Ko (f)] < Ko (f)] < ( ) [Ep ()] (15)

Once again, integrating in polar coordinates we get
1

D) = 7 . Fda (16)

7



So, if f is a log-concave function with center of mass at the origin and fRn f(z)dx =
1 then, combining (16) and (15) we get that, for p > 0,

__np_
e ntp

f(0)

1

<|B%+puv|<(01+Pﬂ)#ﬁ7ufm)’

and hence,
1,1 1.1 n+p)Hl/p
< FOFH Kop (D) < DT
()

Using the bounds

((n+p)Ht/p (n)¥P n4p n+p
n+p < (n + p) n+p = | 1/n < € 9
(n!) 7 ()57 (nh) n

we conclude that
n—+p

1 1.1 1.1
SO Ky (1) <™ (7)
Working in the same way for —(n — 1) < p < 0, we get
np 1 n!
e | Kn_p(f)] < < | Kn—p(f)],
' F0) " ((n—p)hyms "
and hence,
1 11 i1 ()
g gf(o) p‘Kn—;D(fN P ((n_p)')l/p
Using the bounds
) p — )
()T e =p)FF _ n
((n—p)Ht/e (n=ph)/P =~ n—p
we conclude that )
1_1 1_1 n
S <OV TR K (f)]7 TP < . 18
S < SO (T <ot (15)

So, combining (17), (18) and (7), (8) we get the following:

Proposition 3.4. Let f : R® — [0,00] be a log-concave function with center of
mass at the origin and fRn f(x)dx = 1. Then, for p > 0 one has

2Ky (1) € SOV 2,(0) € "L 2, (1 (1), (19)
Moreover, for —(n—1) < p < o0,
L (K1) < 100" 1,() < "L (K () (20)

Note that if f is even then the constant on the left hand side in the previous two
inclusions can be chosen to be 1 instead of %



Working in the same spirit we can also compare the symmetric convex bodies

Zg(Kptr, (f)) and Zy(Kpir, (f)) for
for every 6 € S"~! we have

—(n—1)<r  <rg<ooand g >

Iy (] g
Zq(Kntry (f))( ) _ ( |Kn+r2 | > " f/‘v‘n+r1 | dz
Rt (0) Kpyr x,0)|9dx
ZQ(K71+7‘2(f))( ) | + 1| fk”+72 |
4 nwy n+
_ OKMmg“'nﬂlgl 0| ¢ll " P dor ()
= : i )
Kntrl )z [0 1(6,0)|9)l6]5" P do ()
Using (13) and (14) we get
ntq (n+4q)
Ot )7 Nt oty
(D(n+r2) Il
Also, (15) implies that
iy el _ (4 r2) 7
|Kn+7'1‘ (F(nJrrl))m
So,
_ n(rg—ri)(n+q) (F(n+r1))q(::71;{1) th(K;;-l/(f))(e)

e alnt+ry)(ntra)

n+q

(Dl +72)) 7 0

Forne N, g>0and —n <r; <

A"»qﬂ“lﬂ"2 .

<

—
D

M) )

n(ro—r1)(n+q) (F(n + rz)) q(zigz)

< edlntr)(ndry)

r9 < 00 we define

n+q
= s ([ + ) T

(D( + 1)) T

n+4q N
(F(’I’L =+ 7“1)) q(n+ry)

1. Indeed,

(21)

So, we have shown that if f is a log-concave function in R™ with center of mass

at the origin, then for every q >
6 € S1, one has

—1
q,r1,T2,m 3

Zy(Kngry ()

or equivalently

-1
q,71,72,1

1, for every

hzq<Kn?T<f>>( )

0
<A

0 q,71,72,1

Zq(Kn-H'z (f)) c Zq(Kn+T1 (f)) - Aq77'1,T27an(Kn+7'2 (f))

—(n—1) <r; <re < oo and for all

(22)

(23)



We are interested in the case where ro = ¢ and r; = 1 or ro = 2. We have that

1
(g—1) I'(n+ a
n,ql,g = 62(5“) Ln Q)Ziq

(D0 + 1)) 75

A

1

n(g—1) q
<e T (n+1)...(n+q—1)>

(n')z%r1
1
na=1) (n4+q—1)9"1\7
g (62 nF1 %
n+q
< e2—.
X € "

A similar computation shows that A, 42, < 2™, So, we get that that for r = 1
orr =2,

o A na1) € 2y () € 21

2t Zy(Kniq(f))- (24)

n
Then, for g < n, using (19), (23) we get the following.

Proposition 3.5. Let f : R™ — [0,00) be a log-concave function with center of
mass at the origin and fRn f(x)dx = 1. Then, for every 1 < g < n, one has

1 f(0)/" Zy(f) € Zy(Kn1a(£)) € e2f (0)/" Z,(f) (25)
and —
CBf(O)l/”Zq(f) C Zy(Kn+2(f)) C C4f(0)1/”Zq(f)7 (26)

where ¢q,ca, c3,cq4 > 0 are universal constants.
We will also use the following:

Lemma 3.6. Let K be a convex body in R™ with volume one and center of mass
at the origin. Then, for every p > n,

Zp(K) D cico{K,—K} (27)

and
a1 < |Zp (K" < e (28)

where c1,co > 0 are universal constants.

Proof. Under our assumptions, one can prove that for every § € S"~1,

n) \ /P
h2,00(0) > (o gy ) max{hu(®).huc(-0))

For a proof of this well-known fact see [25]. It follows that if p > n then hy (k) >
¢y max{hg(0), hx(—0)}, which proves (3.6).

10



This in turn means that |Zp(K)|1/” > ci|co{ K, —K}|*/" > ¢;|K| > ¢;. Taking
into account the fact that Z,(K) C co{K,—K} and using an inequality due to
Rogers and Shephard (see [30]) we readily see that |co{K,—K}| < 2"|K|. This
proves (28). a

Recall that if f has center of mass at the origin then K, ;(f) has also its
center of mass at the origin. So, combining the previous Lemma with (25) we get
the following:

Proposition 3.7. Let f : R" — [0,00) be a log-concave function with center of
mass at the origin and [, f(x)dz = 1. Then,
C1

ONE

where c1,co > 0 are universal constants.

C2

/n
<IZuDIV" < sy

(29)

4 Marginals and Projections

Let f : R™ — [0,00) be an integrable function. Let 1 < k < n be an integer and let
F € G, ;. We define the marginal 7x(f) : F — R4 of f with respect to F by

mr(f)(z) = / Fw)dy. (30)

rz+F-L

Note that, by Fubini’s theorem,
| meth@de= [ fa)do (31)
F R™
and, for every 6 € Sp,
/ (2, 0y (f) (2)da: = / (2, 0) f (x)dz. (32)
F n
In particular, if f has center of mass at the origin then for every F € G, , 7p(f)

has the same property.
The same argument gives that, for every p > 0 and 0 € Sp,

| Mo sas = [ @ oPme(r)@d

and, for every —k < p < oo,

[ 1Pralgf@yde = [ lalmr(pia)d.

We will use the notation

b= ([ ipesigree)

So, we have the following:

11



Proposition 4.1. Let f : R" — [0,00) be an integrable function with [g, f(x)dx =
1. Then, for1< k< n, F € G,y and p > 0, one has

Pr(Zy(f)) = Zp(7r(f))- (33)

Also, for any —k < p < o0,

L(f, F) = Iy(7r(f))- (34)

Let f be alog-concave function with center of mass at the origin and [, f(z)dz =
1. Then, for every F € G, i, the same holds true for 7¢(f). So, we may apply
Proposition 2.7 to get

Cc1 C2
mr(f)(0)1/* mr(f)(0)/F

This last fact, combined with (33), proves the following.

< | Zi(mr ()M <

Proposition 4.2. Let f be a log-concave function with center of mass at the origin
and [, f(x)dz =1. Then, for any 1 <k <n and F € Gy, one has

1 < mp(f)(0)H|PeZy(f)]V* < e, (35)
where c1,co > 0 are universal constants.

Consider the special case where K is a convex body of volume 1 and has center
of mass at the origin and f := 1. Observe that 7x(f)(0) = |K N F*|. Then, the
previous proposition can be viewed as an “Lg-version” of the following inequality
due to Rogers-Shephard [29] (see [32] or [22] for the lower bound).

Theorem 4.3. Let K be a conver body of volume 1 in R™. Let 1 < k < n and let
F e Gy Then,

Peln < (7).

If K has center of mass at the origin, then
1< |PR(K)|IK N FY|

The term “Rogers-Shephard inequality” is usually used for the upper bound. A
more general inequality can be easily obtained by the following formula for mixed
volumes, which is due to Fedotov (see [4] or [31]): Let F' € G, i, let K1,... Kj be
convex bodies in R” and let L;, ..., L,,_; be compact convex subsets of F+. Then,

n
<k>V(K1, KLy, .. L) =V(PeKy, ..., PeK)V(L1, ..., Lu_z). (36)

In the special case where L1 = L,,_; = K N F*, (36) implies that

(Z)V(Kl,...Kk,KmFL...KmFL) = V(PrKy,...,PrKy)|K N F2.

12



The Rogers-Shephard inequality follows if we take K7 = Kj) = K and use the
monotonicity property of mixed volumes.
Note that one can rewrite the inequality in the following form:
1/k n
)

<e—.

1< (|Pr(K)||K N F* -

In the special case where K is an ellipsoid of volume 1 one actually has

n 1/k n
cl\/;< (1Pr(K)|| K 0 FE)Y* < e 2

where ¢y, co > 0 are universal constants.
The following direct consequence of Proposition 4.2 can be viewed as an “L,
version of the Rogers-Shephard inequality”:

Theorem 4.4. Let K be a convex body in R™ with center of mass at the origin and
volume 1. Then, for every F' € G, one has

c1 < |K N FHYRPp(Zu(K)|YF < e, (37)
where ¢1,co > 0 are universal constants.

The inequality of Theorem 4.4 is sharp up to a universal constant. A disad-
vantage is that the constants are not optimal (in contrast, the equality cases in the
classical Rogers-Shephard inequality are known).

The Lg-version of the Rogers-Shephard inequality played an important role in
[27]. In that paper, our approach was based on the bodies B,(K, F) which had
appeared already in the classical paper of Milman and Pajor [21]. Our approach in
the present paper is a little more general. We will recall the definition in order to
provide a unified setting for our results.

Let us first recall the definition of isotropicity for convex bodies: Let K be a
convex body in R™ with center of mass at the origin and volume 1. We define the
isotropic constant of K as follows:

We will say that K is isotropic if Z3(K) = Lk D,,.
Next, let K be a convex body of volume 1 in R", let 1 <k <n, F € G, and
p > 0. We define a convex body B,(K, F) in F by

Bp(K, F) := Kpa(mr (1k)) -
Then, we have the following:

Theorem 4.5. Let K be a convex body of volume 1 in R™ and let 1 < k < n,
FeG,y andp>0. Then,

13



(i) If K has center of mass at the origin, then By (K, F) has also center of mass at
the origin.

(i) If K is symmetric, then B,(K,F) is also symmetric. Moreover, if K is sym-
metric and isotropic, then By11(K, F) is also isotropic.

(iii) If K has center of mass at the origin then, for any q < k we have
Zy(Biia (K, F))  |[K 0 FL Pp(Zy(K)) ~ Zy(Bi(K, F)),
(iv) If K is isotropic, then

Lenwr)

KNFL|~
e

Moreover, if K has center of mass at the origin, then Lff_;;r/l(KF) ~ LBV;C(K,F)'

Proof. (i) Recall that if 1 has center of mass at the origin, then 7p(1x) has center
of mass at the origin. This implies that Kji1(mr(1k)) has center of mass at the
origin.

(ii) Since 1k is an even function, the same is true for 7p(1x). This implies that
K,(rr(1g)) is symmetric. We also have that if K is isotropic then, for every
F € Gu, LkBr = PrZy(1x) = Za(nr(lk)), where we have also used (33).
Moreover, (7) implies that if Za(mp(1k)) is homothetic to By then the same holds
true for Zo(Ky12(mr(1k)). So, if K is also symmetric, then By 1 (K, F) is isotropic.
(iii) Note that |K N F*| = 7x(1x)(0). Using (25) and (33) we get

Zq ((Kk+1(7FF ((1K)))) ~ 1p(1k)(0)/* Zy(mp(1k)) ~ |K N FHV*Pp(Z,(1k)).

We work similarly for Kpra(mr (1x)), this time using (26) instead of (25).

(iv) It follows immediately from (ii) and (iii). O
Statement (iv) in the previous theorem can be found explicitly in [21]. Note

that the body B, (K, F') that we have defined here is homothetic to the one defined

in [21] or [27]. On the other hand, the assertions of the previous theorem are
independent of homothety.

Let f: R® — R, and y € R". Then, for every F' € Gy, 1,

wel)@ = [ = [ G Pyt ey

/ f(z+PFy)dz:/ f(2)dz = mr(f) (= + Pry).
r+F-L-

z+Ppy+F+

In particular, if f: R®™ — R, is a log-concave function with center of mass at the
origin and if y € R™, using Theorem 2.3 we get

7r(£,)(0) < lmr(f)lloe < e mr(f)(0). (38)
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Also, for any integrable f and 1 < m < n we have that

/G e /G e (Odu(F) = /G N /F F(2)dzdu(F)

/ mwm/ / "= f(r0)drdo g (0)du(F)
Gn,m SF J0
MW,

= o T /SH /Ooork_lf(TH)drda(H)
(z)

- [%m / ! dr = (),
re []3

NWn, NWn,

Equivalently, we may write that, for every integer k < n,

~1/k
I_k(f) =cnk (/G WF(f)(O)dM(F)> ; (39)

1/k

(n=k)on_k ~\/n.

NnWwn,

where ¢, = (

Let f: R™ — Ry be a log-concave function with center of mass at the origin
and let y € R™. Using (38) we get that, for every integer k < n,

e

—1/k —-1/k
Lilf) = cun (/ wF<fy><o>du<F>> >’“(/ wF<f><o>du<F>>
Gk G,k

1
= I .
J1-k(f)
In summary:

Proposition 4.6. Let f be an integrable function on R™ and let k < n be a positive
integer. Then,

~1/k
I w(f) = cnk (/G WF(f)(O)dN(F)> ; (40)

1/k

—k)wn, e
(=kwn_k ~ /n. Moreover, if f is also log-concave and has

where cp ) = s
n

center of mass at the origin then, for every y € R™,

I i(f)) > ST 4(f). (41)

e

The following argument is a variation of an argument of Milman and Pajor (see
[21]). Let K be a subset of R™ of volume 1. Let V be a star shaped body and write

15



||z||v for the gauge function of V. Then, for every —n < p < oo, p # 0, one has

1/p 1/p
([ elaz) ™ = (/ lalpdo+ [ ~||ac|€dsc)
K KNV K\V
1/p
e + / ||x|@dm>
V\K

WV

If we choose V = B} we get:

Proposition 4.7. Let K be a compact set of volume 1 in R™. Then, if —(n—1) <
p< oo, p#O, N

1,(K) > 1,(B}) = V. (42)
Note that for —(n — 1) < p < oo, p # 0, we have IP(EVQ) ~/n.

Let f:R™ — R, be a log-concave function with [g, f(2)dx = 1. Then, using (20)
and (42) we see that

—_

FOMPL(f) > S L (Knon (1) > ~1,(B3) > evi,

g
g

where ¢ > 0 is a universal constant. So, we have proved the following proposition

Proposition 4.8. Let f : R™ — R, be a log-concave function with center of mass
at the origin and f]R" f(x)dx = 1. For every y € R™,

cv/n

—k(fy) = Wa

(43)
where ¢ > 0 is a universal constant.

5 Constant behavior of moments

Let C be a symmetric convex body in R™ and let —oco < p < 00, p # 0. We define

w0y = ([ newino) (a1

Also, we denote by k.(C) the “Dvoretzky number” of C: roughly speaking, this is
the maximum dimension such that a random projection of C' is 4-Fuclidean, i.e.

1
5W(C)Br C PrC C2W(C)Br.
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A remarkable formula due to V. D. Milman (see [20]) states that the Dvoretzky
number of C' is determined from “global” parameters of C' (see also [24]):

K (C) ~ (ng;f (45)

The following theorem was proved in [17]:

Theorem 5.1. Let C' be a symmetric convexr body in R™. Then,
(1) If 1 < ¢ < ko (C) then W(C) < Wy (C) < e W(C).

(ii) If ke (C) < g < n then cav/q/n R(C) < Wy (C) < e3+/q/n R(C).
(iil) If k«(C) = n then co R(C) < Wo(C) < R(C).

In the statements above, c1,co > 0 are universal constants.

In particular, we see that we have almost constant behavior of the moments
wq(C) until ¢ becomes of the order of k,(C). The same phenomenon occurs also
for negative moments: we have the following theorem (see [15] and [14]):

Theorem 5.2. Let C be a symmetric convex body. Then, for p < c1k.(C),
W_,(C) > W (C),

where c1,co > 0 are universal constants.

Combining Theorems 5.1 and 5.2, and adjusting the constants, we get:

Proposition 5.3. Let C be a symmetric convex body in R™. Then, W,(C) =~
W_,(C) if and only if p < k ~ k. (C).

Remark. To be more precise, Theorem 5.1 implies that if for some § > 1 one has
that W_,(C) > $W,(C) then p < ¢6%k,(C), where ¢ > 0 is an universal constant.

The Santalé inequality asserts that, for every symmetric convex body K in R™,

[KIIK°] < w,.

The reverse Santalé inequality proved by Bourgain and Milman (see [3]) asserts
that
|K||K°| > ¢y,

where ¢ > 0 is a universal constant. Combining the two results we may write

[K[[K°\ "
< <1, 46
‘ (IBE‘IQ (46)

where ¢ > 0 is a universal constant.
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Using (46) we can express negative moments of the support function of a convex
body as an average of volumes of projections. Indeed, for 1 < k < n and any
symmetric convex body C in R”,

1 1/k
(- 7o)
1/k
1 1
(wk /Gn,k Wi /Sp 7”9”](61%0)0 da(9)dM(F)>
_ ( [ leor, (F)>” '
Gnk |B§‘ H

1/k
1B
du(F ,
e, 1Pr(O] M)

W (C) =

S

and hence,

1
k

W_k(C):\/E</G |PFC‘1du(F)> . (47)

Now, let f: R™ — R, be a log-concave function with center of mass at the origin
and fR” f(z)dz = 1. Consider an integer k < n and let F' € G, k. Recall that

(from 35)
1

| PrZy, (f)|M*
Then, (47) and (40) imply the following:

~ mp(f)(0)*,

Proposition 5.4. Let f : R™ — R, be a log-concave function with center of mass
at the origin and fRn f(x)dx = 1. For every integer k < n,

1
k

Wi (Zu(f)) = Vk </G 7TF(J‘)(O)du(F)> (48)
and
L) = [PV ). (19)
We will use the following simple fact (see e.g. [25]): For any 2 € R™ and any p > 1
one has
) 1/p D
([ worae) = /T (50)

18



So, if f is an integrable function in R™, by Fubini’s theorem we have that for every

p>1,

</5"1 / (@, 9>|pf($)dxda(9)) N
</" /S"ﬂ [ 9>|pd”(9)f(a:)dx)l/p
m ( L Hx”gf(a:)dx)l/p
\/Efp(f).

Proposition 5.5. Let f be an integrable function on R™ and let p > 1. Then,

WolZp(1) = [ T f)- (51)

The formulae (51) and (49) lead us to the following definition (in the case
of convex bodies it first appeared in [26]): Let f be an integrable function with
Jgn f(x)dz =1 and 6 > 0. We define

¢+ (f) = max{k <n: k. (Z(f)) = k}, (52)

=
—
N
—~
~
SN—
I

12

This proves the following.

and

¢« (f,0) == max{k < n: k(Zk(f)) = 5%}

Combining (49) and (51) with Proposition 5.3 we get:
Theorem 5.6. Let f : R™ — Ry be a log-concave function with center of mass at

the origin and [, f(x)dz = 1. For any integer k < n we have I_(f) ~ Ix(f) if
and only if k < q ~ q.(f).

In particular, from the previous theorem we see that for all k£ < ¢.(f) one has
I.(f) < CLy(f), where C > 0 is a universal constant. This was the main result of
[27]. Moreover note that Theorem 5.6 implies Theorem 1.3.

Remark. To be more precise, if for some § > 1 and some integer k one has that
I_i(f) = +1i(f), then k < q.(f, ¢6), where ¢ > 0 is an universal constant.
The following bound for the quantity ¢.(f) was proved in [27]:
Proposition 5.7. Let f be an integrable function on R"™ with [, f(x)dx = 1.
Assume that f is 1, with constant by, for some o > 1. Then,
C o
a(f) =2 = (k(Z2(f)) %, (53)

=
(o34
ba

where ¢ > 0 is a universal constant.
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It is well known that there exists a universal constant C' > 0 such that every
log-concave function f is 11 with constant C. Note that (33) implies that if f is a
1o function with constant b, for some « > 1, then the same is true for 7 (f), for
every F' € Gy 1.

We conclude this section with the following fact.

Proposition 5.8. Let f be an integrable function on R™ with [, f(x)dx = 1.
Assume that f is 1o with constant by, for some a > 1. Then, for every F € Gy, i,

a.(xr())) 2 1 (h(Zamr(D)F (54)

where ¢ > 0 is a universal constant.

6 Isotropicity

Let f:R™ — R, be an integrable function with [,, f(z)dz = 1. We say that f is
isotropic if f has center of mass at the origin and Z(f) = BY. Equivalently if, for
every § € S"1,

/ (2, 0)2f(@)de = 1. (55)
Note that if f is isotropic then Iy(f) = y/n.

It is known that given any f one can find T € SL,, such that foT~! is isotropic.
Also, the isotropic condition (55) is known to be equivalent with the following:

/ (x, Az) f(x)dz = tr(A) (56)
for every n x n matrix A. In particular, one has that, if f is isotropic then
[ sl re)de = 4], (57)

Let f be isotropic and let T' € SL,,. Then,

Zy(foT71) = T(Zs(f)) = T(B3).

(
Note that W (T(Bg)) = Tl and R(T(B§)) = |T|op. So, using (45), we have
that

1 I ls )

ko (Zo(f o T~V = : (58)
ITlop

Also, if F € G, then Zo(mp(f o T1)) = Pp(Za(f o T71)) = Pr(T(BE)). There-

fore,

|PFT|HS>2

ku(Za(mp(foT™1)) = <|PFT|0P

(59)
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A major open question in Convex Geometry is the Hyperplane Conjecture: Let K
be a convex body of volume 1, with center of mass at the origin. Then, there exists
6 € S~ ! such that

|KNo+| >,

where ¢ > 0 is an universal constant.

An equivalent formulation of the problem is the following: There exists a uni-
versal constant C' > 0 such that Lyx < C for every convex body K with center of
mass at the origin.

It is well known (it also follows from Proposition 3.5) that the previous state-
ment is equivalent to the following;:

Hyperplane Conjecture: There ezists a universal constant C' > 0 such that, for
every isotropic log-concave function f on R™,

fo)/m <. (60)

The best known bound is due to B. Klartag: f(0)'/" < Cn'/* (see [11]). For more
informations on isotropicity and the Hyperplane Conjecture we refer to [21] or [10].

7 Small ball probability

Let @ > 1 and let f be an isotropic log-concave function on R™, which is 1, with
constant b,.
Let T € SL,, and y € R". We set

_c <||T||Hs>a
bs \ 1T lop

We have chosen ¢ > 0 such that m € N and (see (58) and (54) ),

T « o
m<€(|| |HS> <%(k*(Z2(fOT_1>))2 <q*(foT—1>
ba ||TH0P ba

Note that m < n. Then, Theorem 5.6 implies that
Ip(foT™ ) >cl(foT™).

Using (41), (57) we get

/RHTac—sz"”f(r)dx < em/R )™ (T~ 2)da
= I (foT™H)
< GAL(feT ™)

m

e ([ 1ralisee)

(el T|lus)™™ .

21



Then, from Markov’s inequality we get that for every e € (0,1),

e (T <
P(ITz - ylla < cer|Tlhus) < ™ = % (7). (61)

Given S € GL,, let T := |det S|~'/™S; then, T € SL,. Observe that (61) holds
for every y € R™ and is homogeneous in 7. So we have the following;:

Proposition 7.1. Let a > 1 and let f be an isotropic log-concave function on R™,
which is Y, with constant b,. Let S € GL,, andy € R™. Then,

e (ISl «
P (|52 - yllz < e[| S]lus) < <% (F15) (62)

Now, let A be a non-zero n x n matrix. Let 1 < k := rmrank(A) < n. There
exist F € G (F :=1Im(A)) and By € GL,, such that A = (det By)Pp(B), where
B = (det Bl)ilBl € SL,.

Let m == ;% <‘|||’Z‘|||‘2§) . We have chosen ¢ > 0 so that m € N and (see (59) and

(54) ),

ko3
2

< qu(mp(foB™).

_cC (HPFBIHSY < & (ha(Zo(mr(f o BLY)

\b: ”PFBHOP \@
Note that m < k. Then, Theorem 5.6 implies that
Lo(xp(f o B™Y) > ely(mp(f o B™)).

Then, for every y € R™ we have

[ s =yl f@de < e [ el f(wde
R™ Rn

m
2

([ pematgras)
= ([ 1atgse)

= "l A]lgs",
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where we have also used (34) and (57).
So, from Markov’s inequality again, we get that for every ¢ € (0,1),

\IAIIHS)“

P (| Az — yllo < ccrl| Allus) < e™ = 7 (15 (63)

In summary:

Theorem 7.2. Let X be an isotropic log-concave random wvector in R™ which is
o with constant b, for some o = 1. Let A be a non-zero n X n matriz, let y € R™
and € € (0,¢1). Then, one has

co (I1AlHS

P ([[Az — yll2 < e[| Allns) < % (1l ; (64)
where ¢1,co > 0 are absolute constants.

In the special case where a = 2, the previous theorem implies Theorem 1.3:

Remark. Note that the dependence in Theorem 1.3 is better that the one in
Theorem 1.1, although it is not clear if it is the right one.

Let A be a projection matrix and let F':= Im(A) and k = rank(A4) = dim(F).
Note that ||Allus = vk and ||Allop = 1. Assume that the Hyperplane Conjecture
is true. Then, by Proposition 4.7 we have that, for every y € R",

/R” 1Az — yll; %V f(2)de < (Cm,(Jf)\/(E())l/’C)k_l _ (\j%)k‘l.

So, from Markov’s inequality, we get that for every e € (0, 1),
P (|| Az —y]l2 < eC||Allus) <"

This means that in this case we have no dependence on the 1, constant! In fact,
the Hyperplane Conjecture is closely related to the question of the dependence in
the 1, constant in Theorem 7.2. To fully reveal this connection we need different
tools; we will present this connection elsewhere.
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