
Kef�laio 6

SÔgklish akolouji¸n tuqaÐwn

metablht¸n

6.1 (1 IounÐou 2009)

6.1aþ Stoqastik  sÔgklish kai sÔgklish kat� katanom 

Orismìc 6.1.1. 'Estw (Xn)n∈N akoloujÐa tuqaÐwn metablht¸n ston q¸ro pijanìthtac (Ω,A, P)
kai èstw X tuqaÐa metablht  ston Ðdio q¸ro pijanìthtac. Gr�foume FXn

kai FX gia tic sunart -
seic katanom c twn Xn kai X antÐstoiqa.

(a) Lème ìti Xn → X stoqastik� (  kat� pijanìthta) an gia k�je ε > 0 isqÔei

lim
n→∞

P( |Xn −X| ≥ ε ) = 0.

(a) Lème ìti Xn → X kat� katanom  (  kat� nìmo) an, gia k�je x ∈ R sto opoÐo h FX eÐnai
suneq c, isqÔei

lim
n→∞

FXn(x) = FX(x).

Me �lla lìgia,
lim

n→∞
FXn(x) = F (x).

Je¸rhma 6.1.2. (a) An Xn → X stoqastik�, tìte Xn → X kat� katanom .

(b) An Xn → c kat� katanom , tìte Xn → c stoqastik� (gr�fontac c ennooÔme mia tuqaÐa
metablht  X me thn idiìthta P(X = x) = 1).

Je¸rhma 6.1.3. Upojètoume ìti Xn → X kat� katanom  kai Yn → c stoqastik�. Tìte:

(i) Xn ± Yn → X ± c kat� katanom .

(ii) XnYn → cX kat� katanom .

(iii) An c 6= 0 kai P(Yn 6= 0) = 1 gia k�je n ∈ N, tìte Xn

Yn
→ X

c kat� katanom .

Je¸rhma 6.1.4 (Slutsky–Fréchet). An Xn → X stoqastik� kai h g : R → R eÐnai suneq c
sun�rthsh, tìte g(Xn) → g(X) stoqastik�.

Je¸rhma 6.1.5 (Lévy–Cramér). 'Estw (Xn)n∈N akoloujÐa tuqaÐwn metablht¸n ston q¸ro
pijanìthtac (Ω,A, P), (Fn) h akoloujÐa twn sunart sewn katanom c touc kai (ϕn) h akoloujÐa
twn qarakthristik¸n touc sunart sewn.

(a) An F = FX eÐnai mia sun�rthsh katanom c kai Fn(x) → F (x) gia k�je x ∈ R sto opoÐo h F
eÐnai suneq c, tìte ϕn(t) → ϕX(t) gia k�je t ∈ R.
(b) An ϕ : R → C eÐnai sun�rthsh suneq c sto t = 0 kai ϕn(t) → ϕ(t) gia k�je t ∈ R, tìte h ϕ
eÐnai qarakthristik  sun�rthsh k�poiac tuqaÐac metablht c kai Fn(x) → F (x) gia k�je x ∈ R
sto opoÐo h FX eÐnai suneq c.
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6.1bþ Nìmoc twn meg�lwn arijm¸n tou Bernoulli

Je¸rhma 6.1.6. 'Estw Xk to pl joc twn epituqi¸n sthn k-ost  dokim  miac akoloujÐac anex�rthtwn
dokim¸n Bernoulli me pijanìthta epituqÐac p. Tìte, h akoloujÐa twn deigmatik¸n mèswn

Xn =
X1 + · · ·+ Xn

n

sugklÐnei stoqastik� sth stajer� p.

Apìdeixh. 'Eqoume P(Xk = 1) = p kai P(Xk = 0) = q = 1− p. 'Ara, E(Xk) = p kai V (Xk) = pq.
Sunep¸c,

E(Xn) =
1
n

n∑
k=1

E(Xk) =
np

n
= p

kai, lìgw thc anexarthsÐac twn Xk,

V (Xn) =
1
n2

n∑
k=1

V (Xk) =
npq

n2
=

pq

n
.

'Estw ε > 0. Apì thn anisìthta tou Chebyshev,

P(|Xn − p| ≥ ε) = P(|Xn − E(Xn)| ≥ ε) ≤ V (Xn)
ε2

=
pq

nε2
→ 0

ìtan n →∞. 'Ara, Xn → p stoqastik�.

6.1gþ Nìmoc twn meg�lwn arijm¸n tou Chebyshev

Je¸rhma 6.1.7. 'Estw (Xk) akoloujÐa anex�rthtwn tuqaÐwn metablht¸n me E(Xk) = µk kai
V (Xk) = σ2

k < ∞. An

lim
n→∞

1
n2

n∑
k=1

σ2
k = 0,

tìte h akoloujÐa Xn − µn, ìpou

Xn =
X1 + · · ·+ Xn

n
kai

µn =
µ1 + · · ·+ µn

n
,

sugklÐnei stoqastik� sto 0.

Apìdeixh. 'Eqoume

E(Xn) =
1
n

n∑
k=1

E(Xk) =
1
n

n∑
k=1

µk = µn

kai, lìgw thc anexarthsÐac twn Xk,

V (Xn) =
1
n2

n∑
k=1

V (Xk) =
1
n2

n∑
k=1

σ2
k.

'Estw ε > 0. Apì thn anisìthta tou Chebyshev,

P(|Xn − µn| ≥ ε) = P(|Xn − E(Xn)| ≥ ε) ≤ V (Xn)
ε2

=
1

nε2

n∑
k=1

σ2
k → 0

ìtan n →∞. 'Ara, Xn − µn → 0 stoqastik�.

ShmeÐwsh. 'Opwc faÐnetai apì thn apìdeixh, h upìjesh ìti oi Xk eÐnai anex�rthtec mporeÐ na
antikatastajeÐ apì thn upìjesh ìti oi Xk eÐnai asusqètistec.
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Pìrisma 6.1.8. 'Estw (Xk) akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n me E(Xk) =
µ kai V (Xk) = σ2 < ∞. Tìte, Xn → µ stoqastik�.

Apìdeixh. ProkÔptei �mesa apì to prohgoÔmeno je¸rhma an parathr soume ìti µn = µ gia k�je
n ∈ N kai

lim
n→∞

1
n2

n∑
k=1

V (Xk) = lim
n→∞

nσ2

n2
= lim

n→∞

σ2

n
= 0.

Par�deigma 6.1.9. Nìmoc twn meg�lwn arijm¸n tou Poisson: 'Estw Xk to pl joc twn epituqi¸n
sthn k-ost  dokim  miac akoloujÐac anex�rthtwn dokim¸n Bernoulli me pijanìthta epituqÐac pk.
Tìte, an jèsoume

Xn =
X1 + · · ·+ Xn

n
kai

pn =
p1 + · · ·+ pn

n
,

èqoume ìti Xn − pn → 0 stoqastik�.
Gia thn apìdeixh, efarmìzoume to nìmo twn meg�lwn arijm¸n tou Chebyshev: qrhsimopoi¸ntac

thn anisìthta 4x(1− x) ≤ 1 gia k�je x ∈ [0, 1], blèpoume ìti 4pk(1− pk) ≤ 1, �ra

1
n2

n∑
k=1

V (Xk) =
1

4n2

n∑
k=1

4pk(1− pk) ≤ n

4n2
=

1
4n

→ 0

ìtan to n →∞. 'Ara, mporoÔme na efarmìsoume to je¸rhma 6.1.7.

6.2 (3 IounÐou 2009)

6.2aþ Nìmoc twn meg�lwn arijm¸n tou Khintchine

Je¸rhma 6.2.1. 'Estw (Xk) akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n me
E(Xk) = µ. Tìte, Xn → µ stoqastik�.

Apìdeixh. Gr�foume ϕn = ϕXn
kai ϕ = ϕXi

. GnwrÐzoume ìti

ϕn(t) =
n∏

i=1

ϕXi/n(t) =
[
ϕX1/n(t)

]n = [ϕ(t/n)]n.

AfoÔ oi Xi èqoun mèsh tim , to je¸rhma 5.4.2 mac exasfalÐzei ìti

ϕ(s) = 1 + iµs + o(s).

PaÐrnontac logarÐjmouc, èqoume

log ϕn(t) = n log ϕ(t/n) = n (ϕ(t/n)− 1)
log ϕ(t/n)
ϕ(t/n)− 1

.

'Omwc,
log ϕ(t/n)
ϕ(t/n)− 1

→ 1

ìtan n →∞, kai

n (ϕ(t/n)− 1) = n

(
iµ

t

n
+ o(t/n)

)
= iµt + t

o(t/n)
t/n

→ iµt

ìtan n →∞. Sunep¸c,
log ϕn(t) → iµt,

dhlad 
ϕn(t) → eiµt.

H sun�rthsh ϕ(t) = eiµt eÐnai h qarakthristik  sun�rthsh thc X = µ. Apì to je¸rhma 6.1.5
blèpoume ìti Xn → µ kat� katanom , kai apì to je¸rhma 6.1.2 èpetai ìti Xn → µ stoqastik�.
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6.2bþ Kentrikì oriakì je¸rhma Lindeberg–Lévy

Je¸rhma 6.2.2. 'Estw (Xk) akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n me
E(Xk) = µ kai V (Xk) = σ2 < ∞. JewroÔme touc tupopoihmènouc mèsouc

Zn =
√

n(Xn − µ)
σ

.

Tìte, h akoloujÐa twn sunart sewn katanom c Fn = FZn
sugklÐnei sth sun�rthsh katanom c

Φ(z) =
1√
2π

∫ z

−∞
e−t2/2dt

thc tupik c kanonik c. Dhlad , Zn → Z kat� katanom , ìpou Z tupik  kanonik  tuqaÐa metabl-
ht .

Apìdeixh. Gr�foume ϕn = ϕZn
kai ϕ = ϕY1 , ìpou Yk = Xk−µ

σ . 'Eqoume

Zn =
Y1 + · · ·+ Yn√

n
.

GnwrÐzoume ìti

ϕn(t) =
n∏

i=1

ϕYi/
√

n(t) =
[
ϕY1/

√
n(t)

]n = [ϕ(t/
√

n)]n.

AfoÔ oi Yi èqoun mèsh tim  0 kai diaspor� 1, to je¸rhma 5.4.2 mac exasfalÐzei ìti

ϕ(s) = 1− s2

2
+ o(s2).

PaÐrnontac logarÐjmouc, èqoume

log ϕn(t) = n log ϕ(t/
√

n) = n
(
ϕ(t/

√
n)− 1

) log ϕ(t/
√

n)
ϕ(t/

√
n)− 1

.

'Omwc,
log ϕ(t/

√
n)

ϕ(t/
√

n)− 1
→ 1

ìtan n →∞, kai

n
(
ϕ(t/

√
n)− 1

)
= n

(
− t2

2n
+ o(t2/n)

)
= − t2

2
+ t2

o(t2/n)
t2/n

→ − t2

2

ìtan n →∞. Sunep¸c,

log ϕn(t) → − t2

2
,

dhlad 

ϕn(t) → e−t2/2.

H sun�rthsh ϕ(t) = e−t2/2 eÐnai h qarakthristik  sun�rthsh thc Z. Apì to je¸rhma 6.1.5
sumperaÐnoume ìti Zn → Z kat� katanom .

ShmeÐwsh. Oi tuqaÐec metablhtèc Zn gr�fontai isodÔnama sth morf 

Zn =
√

n(Xn − µ)
σ

=
Sn − nµ

σ
√

n

ìpou
Sn = X1 + · · ·+ Xn.

'Etsi, to kentrikì oriakì je¸rhma diatup¸netai isodÔnama wc ex c: gia k�je z ∈ R,

lim
n→∞

P
(

Sn − nµ

σ
√

n
≤ z

)
= Φ(z).

MporoÔme loipìn, proseggistik� (kai gia meg�la n) na qrhsimopoioÔme thn

P(a < Sn ≤ b) = P
(

a− nµ

σ
√

n
<

Sn − nµ

σ
√

n
≤ b− nµ

σ
√

n

)
≈ Φ

(
b− nµ

σ
√

n

)
− Φ

(
a− nµ

σ
√

n

)
.
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Pìrisma 6.2.3 (kentrikì oriakì je¸rhma de Moivre–Laplace). An Sn eÐnai to pl joc
twn epituqi¸n se mia akoloujÐa n anex�rthtwn dokim¸n Bernoulli me pijanìthta epituqÐac p, tìte,
gia k�je z ∈ R,

lim
n→∞

P
(

Sn − np
√

npq
≤ z

)
= Φ(z).

ParadeÐgmata 6.2.4. (a) H di�rkeia zw c twn hlektrik¸n lampt rwn pou par�gei èna ergost�-
sio akoloujeÐ thn ekjetik  katanom  me mèsh tim  200 ¸rec. Kat� ton èlegqo enìc deÐgmatoc 49
lampt rwn, poi� eÐnai h pijanìthta to polÔ 14 lampt rec na èqoun zw  mikrìterh apì 140 ¸rec?

(b) 'Estw (Xk) akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n pou akoloujoÔn thn
omoiìmorfh katanom  sto di�sthma [−0.05, 0.05]. Na upologisteÐ kat� prosèggish h pijanìthta
P(|S100| ≤ 1).

6.3 (10 IounÐou 2009)

Suzht jhkan ta jèmata thc exètashc thc periìdou IounÐou 2005.

6.4 (15 IounÐou 2009)

Suzht jhkan jèmata exet�sewn twn periìdwn IounÐou 2008 kai SeptembrÐou 2008.

6.5 (17 IounÐou 2009)

Suzht jhkan jèmata exet�sewn apì tic periìdouc SeptembrÐou 2003, SeptembrÐou 2005 kai IoulÐou
2007.


