
Kef�laio 5

Genn triec kai qarakthristikèc

sunart seic

5.1 (15 Maðou 2009)

5.1aþ Genn triec miac metablht c

'Estw X mia diakrit  tuqaÐa metablht  me akèraiec mh arnhtikèc timèc kai sun�rthsh pijanìthtac

fX(x) = P(X = x), x = 0, 1, 2, . . .

Orismìc 5.1.1. H pijanogenn tria thc X eÐnai h sun�rthsh

P (t) = PX(t) =
∞∑

x=0

fX(x)tx.

ParathroÔme ìti
PX(t) = E(tX).

EpÐshc, h dunamoseir� sto dexiì mèloc sugklÐnei an |t| ≤ 1 (diìti
∑∞

x=0 fX(x) = 1). Sunep¸c, h
PX eÐnai �peirec forèc paragwgÐsimh sto (−1, 1) kai

P ′
X(t) =

∞∑
x=1

xfX(x)tx−1

P ′′
X(t) =

∞∑
x=2

x(x− 1)fX(x)tx−2

· · · · · ·

P
(r)
X (t) =

∞∑
x=r

(x)rfX(x)tx−r,

ìpou (x)r = x(x− 1) · · · (x− r + 1). Jètontac t = 0 blèpoume ìti

fX(r) =
P

(r)
X (0)
r!

, r = 0, 1, 2, . . . .

Oi parap�nw isìthtec deÐqnoun ìti an gnwrÐzoume thn pijanogenn tria PX thc X tìte mporoÔme
na broÔme th sun�rthsh pijanìthtac fX thc X (me �lla lìgia, h pijanogenn tria prosdiorÐzei
thn katanom  thc X).

Orismìc 5.1.2. H genn tria paragontik¸n rop¸n thc X eÐnai h sun�rthsh

ΠX(t) =
∞∑

r=0

µ(r)

r!
tr,
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ìpou

µ(r) = E[(X)r] = E[X(X − 1) · · · (X − r + 1)] =
∞∑

x=r

(x)rfX(x).

H genn tria paragontik¸n rop¸n sundèetai me thn pijanogenn tria mèsw thc epìmenhc prìtashc:

Prìtash 5.1.3. IsqÔei h isìthta ΠX(t) = PX(t + 1). Eidikìtera,

µ(r) = P (r)(1), r = 1, 2, . . .

Apìdeixh. Gr�foume

Π(t) =
∞∑

r=0

( ∞∑
x=r

(x)rf(x)

)
tr

r!

=
∞∑

x=0

(
x∑

r=0

(x)r

r!
tr

)
f(x)

=
∞∑

x=0

(t + 1)xf(x)

= P (t + 1).

'Epetai ìti Π(r)(t) = P (r)(t + 1), �ra

µ(r) = Π(r)(0) = P (r)(1).

ShmeÐwsh. Apì thn prohgoÔmenh prìtash blèpoume ìti an gnwrÐzoume thn pijanogenn tria thc
X (kai orÐzetai se mia perioq  tou t = 1) mporoÔme na upologÐsoume tic paragontikèc ropèc thc X
(kai apì autèc, tic ropèc thc X). AntÐstrofa, an gnwrÐzoume th genn tria paragontik¸n rop¸n
mporoÔme na upologÐsoume th sun�rthsh pijanìthtac thc X. Pr�gmati, apì thn P (u) = Π(u−1)
èqoume

∞∑
x=0

fX(x)ux =
∞∑

r=0

µ(r)
(u− 1)r

r!
=

∞∑
r=0

µ(r)

r!

r∑
x=0

(−1)r−x

(
r

x

)
ux

=
∞∑

x=0

(
1
x!

∞∑
r=x

(−1)r−x

(r − x)!
µ(r)

)
ux,

dhlad ,

fX(x) =
1
x!

∞∑
r=x

(−1)r−x

(r − x)!
µ(r).

H teleutaÐa isìthta den qrhsimopoieÐtai (wc èqei) sthn pr�xh, deÐqnei ìmwc ìti h katanom  thc X
prosdiorÐzetai apì tic paragontikèc ropèc µ(r).

ParadeÐgmata 5.1.4. (a) Upojètoume ìti h X èqei th diwnumik  katanom :

fX(x) =
(

n

x

)
pxqn−x, x = 0, 1, . . . , n.

H pijanogenn tria thc X eÐnai h

P (t) =
n∑

x=0

fX(x)tx =
n∑

x=0

(
n

x

)
(pt)xqn−x = (q + pt)n.

'Ara, h genn tria paragontik¸n rop¸n thc X eÐnai h

Π(t) = P (t + 1) = (q + p(t + 1))n = (1 + pt)n =
n∑

r=0

(n)rp
r tr

r!
.
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'Epetai ìti µ(r) = (n)rp
r an 0 ≤ r ≤ n kai µ(r) = 0 alli¸c.

(b) 'Estw X mh arnhtik  akèraia tuqaÐa metablht  me paragontikèc ropèc

µ(r) = r!θr, r = 1, 2, . . .

ìpou θ > 0. Tìte, h genn tria paragontik¸n rop¸n thc X eÐnai h

Π(t) =
∞∑

r=0

µ(r)
tr

r!
=

∞∑
r=0

(θt)r =
1

1− θt

an |t| < 1/θ. Sunep¸c,

P (t) = Π(t− 1) =
1

1− θ(t− 1)
=

1
1 + θ − θt

=
1

1 + θ

1
1− θt

1+θ

=
1

1 + θ

∞∑
x=0

(
θ

1 + θ

)x

tx.

'Epetai ìti

fX(x) =
1

1 + θ

(
θ

1 + θ

)x

, x = 0, 1, . . .

Dhlad , h X èqei gewmetrik  katanom  me par�metro p = 1/(1 + θ).

5.1bþ Dimetablhtèc genn triec

'Estw (X, Y ) didi�stath diakrit  tuqaÐa metablht  me akèraiec mh arnhtikèc timèc kai sun�rthsh
pijanìthtac

fX,Y (x, y) = P(X = x, Y = y), x, y = 0, 1, 2, . . .

Orismìc 5.1.5. H dimetablht  pijanogenn tria thc (X, Y ) eÐnai h sun�rthsh

P (t, u) = PX,Y (t, u) =
∞∑

y=0

∞∑
x=0

fX,Y (x, y)txuy.

ParathroÔme ìti
PX,Y (t, u) = E(tXuY ).

EpÐshc, h dunamoseir� sto dexiì mèloc sugklÐnei an |t|, |u| ≤ 1 (diìti
∑∞

x=0 fX,Y (x, y) = 1).
Sunep¸c, h PX,Y eÐnai �peirec forèc paragwgÐsimh sto (0, 0) kai

fX,Y (r, s) =
1

r!s!
∂r+s

∂us∂tr
PX,Y (0, 0), r, s = 0, 1, 2, . . . .

Sunep¸c, an gnwrÐzoume thn pijanogenn tria PX,Y thc (X, Y ) tìte mporoÔme na broÔme th
sun�rthsh pijanìthtac fX,Y thc (X, Y ) (me �lla lìgia, h pijanogenn tria prosdiorÐzei thn
katanom  thc (X, Y )).

Orismìc 5.1.6. H dimetablht  genn tria paragontik¸n rop¸n thc (X, Y ) eÐnai h sun�rthsh

ΠX,Y (t, u) =
∞∑

s=0

∞∑
r=0

µ(r,s)

r!s!
trus,

ìpou

µ(r,s) = E[(X)r(Y )s] =
∞∑

y=s

∞∑
x=r

(x)r(y)sfX,Y (x, y).

H genn tria paragontik¸n rop¸n thc (X, Y ) sundèetai me thn pijanogenn tria thc (X, Y ) mèsw
thc epìmenhc prìtashc:
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Prìtash 5.1.7. IsqÔei h isìthta Π(t, u) = P (t + 1, u + 1). Eidikìtera,

µ(r,s) =
∂r+s

∂us∂tr
P (1, 1), r, s = 0, 1, 2, . . .

'Allec idiìthtec thc dimetablht c pijanogenn triac dÐnontai sthn epìmenh Prìtash.

Prìtash 5.1.8. 'Estw (X, Y ) didi�stath diakrit  tuqaÐa metablht  me akèraiec mh arnhtikèc
timèc. Tìte:

(i) PX(t) = PX,Y (t, 1) kai PY (u) = PX,Y (1, u).

(ii) PX+Y (t) = PX,Y (t, t).

(iii) Oi X kai Y eÐnai anex�rthtec an kai mìno an

PX,Y (t, u) = PX(t)PY (u).

Par�deigma 5.1.9. Upojètoume ìti h (X, Y ) akoloujeÐ thn triwnumik  katanom  me sun�rthsh
pijanìthtac

f(x, y) =
(

n

x, y

)
px
1py

2p
n−x−y
0 , x, y = 0, 1, . . . , n, x + y ≤ n.

UpologÐsthke h pijanogenn tria thc (X, Y ):

P (t, u) = (p0 + p1t + p2u)n.

'Epetai ìti

Π(t, u) = P (t + 1, u + 1) = (1 + p1t + p2u)n =
∑

(n)x+ypx
1py

2

tx

x!
uy

y!
,

�ra
µ(x,y) = (n)x+ypx

1py
2.

EpÐshc,
PX(t) = P (t, 1) = (p0 + p2 + p1t)n = ((1− p1) + p1t)n,

�ra h X akoloujeÐ diwnumik  katanom  me par�metro p1. 'Omoia, h Y akoloujeÐ diwnumik 
katanom  me par�metro p2.

5.1gþ Genn triec ajroism�twn anex�rthtwn tuqaÐwn metablht¸n

Je¸rhma 5.1.10. 'Estw X1, . . . , Xn anex�rthtec, mh arnhtikèc akèraiec tuqaÐec metablhtèc se
èna q¸ro pijanìthtac. An Sn = X1 + · · ·+ Xn tìte

PSn
(t) = PX1(t) · · ·PXn

(t).

Apìdeixh. ParathroÔme ìti

PSn(t) = E(tSn) = E(tX1+···+Xn) = E(tX1 · · · tXn)
= E(tX1) · · ·E(tXn) = PX1(t) · · ·PXn(t).

Pìrisma 5.1.11. 'Estw X1, . . . , Xn anex�rthtec kai isìnomec mh arnhtikèc akèraiec tuqaÐec
metablhtèc se èna q¸ro pijanìthtac. An Sn = X1 + · · ·+ Xn tìte

PSn(t) = [PX1(t)]
n.

Prìtash 5.1.12. 'Estw (Xj)j≥1 akoloujÐa anex�rthtwn kai isìnomwn mh arnhtik¸n akèrai-
wn tuqaÐwn metablht¸n se èna q¸ro pijanìthtac kai èstw N mia mh arnhtik  akèraia tuqaÐa
metablht , anex�rthth apì tic Xj , ston Ðdio q¸ro pijanìthtac. An SN = X1 + · · ·+ XN tìte

PSN
(t) = PN (PX1(t)).

Apìdeixh. Gr�foume

PSN
(t) = E(tSN ) = E

(
E(tSN | N = n)

)
=

∞∑
n=0

P(N = n)E(tSn) =
∞∑

n=0

P(N = n)[PX1(t)]
n

= PN (PX1(t)).
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5.2 (20 Maòou 2009)

5.2aþ Ropogenn triec miac metablht c

Orismìc 5.2.1. 'Estw X tuqaÐa metablht  gia thn opoÐa up�rqoun ìlec oi ropèc E(Xr), r =
1, 2, . . .. H ropogenn tria thc X eÐnai h sun�rthsh

M(t) = MX(t) = E(etX).

Sth diakrit  perÐptwsh èqoume

M(t) =
∞∑

j=0

etxj fX(xj)

ìpou xj oi timèc thc X, en¸ sth suneq  perÐptwsh èqoume

M(t) =
∫ ∞

−∞
etxfX(x)dx.

H Ôparxh twn rop¸n k�je t�xhc eÐnai anagkaÐa sunj kh gia na orÐzetai h M(t) se k�poio anoiktì
di�sthma me kèntro to 0:

Je¸rhma 5.2.2. An h MX(t) orÐzetai se èna di�sthma (−ρ, ρ) (ìpou ρ > 0) kai an µ′r = E(Xr),
tìte

M(t) =
∞∑

r=0

µ′r
tr

r!
, |t| < ρ.

Sunep¸c,

µ′r = M (r)(0), r = 1, 2, . . . .

H {idèa} thc apìdeixhc (gia par�deigma, sth suneq  perÐptwsh) eÐnai na gr�youme

M(t) =
∫ ∞

−∞
lim

N→∞

(
N∑

r=0

trxr

r!

)
fX(x) dx

= lim
N→∞

N∑
r=0

tr

r!

∫ ∞

−∞
xrfX(x) dx

= lim
N→∞

N∑
r=0

µ′r
tr

r!
=

∞∑
r=0

µ′r
tr

r!
.

Parat rhsh. 'Estw X mh arnhtik  akèraia tuqaÐa metablht . SugkrÐnontac touc orismoÔc thc
pijanogenn triac kai thc ropogenn triac, blèpoume amèswc ìti

MX(t) = PX(et) kai PX(u) = MX(log u),

ìpou oi dÔo posìthtec orÐzontai.

Prìtash 5.2.3. H ropogenn tria tou grammikoÔ metasqhmatismoÔ Y = aX + b thc X dÐnetai
apì thn

MY (t) = ebtMX(at).

Eidikìtera, an Z = X−µX

σX
, tìte

MZ(t) = e−µXt/σX MX(t/σX) kai MX(t) = eµXtMZ(σXt).

Apìdeixh. ParathroÔme ìti

MY (t) = E(etY ) = E(ebte(at)X) = ebtE(e(at)X) = ebtMX(at).
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ParadeÐgmata 5.2.4. (a) Upojètoume ìti h X èqei thn ekjetik  katanom  me sun�rthsh puknìth-
tac

f(x) = θe−θx, x ≥ 0 (θ > 0)

H ropogenn tria thc X eÐnai h

M(t) =
∫ ∞

0

θe−θxetxdx = θ

∫ ∞

0

e−(θ−t)xdx =
θ

θ − t
=

1
1− t

θ

=
∞∑

r=0

tr

θr

an t < θ. 'Epetai ìti µ′r = r!
θr , r = 1, 2, . . ..

(b) Upojètoume ìti h X èqei thn kanonik  katanom  me sun�rthsh puknìthtac

f(x) =
1

σ
√

2π
exp

[
−1

2

(
x− µ

σ

)2
]

, x ∈ R.

JewroÔme thn tupopoihmènh kanonik  tuqaÐa metablht  Z = X−µ
σ me sun�rthsh puknìthtac thn

φZ(z) =
1√
2π

e−z2/2, z ∈ R.

Aplìc upologismìc deÐqnei ìti

MZ(t) = et2/2, t ∈ R.

Sunep¸c,

MX(t) = eµtMZ(σt) = eµt+ σ2t2
2 .

AnaptÔssoume se dunamoseir�:

MX(t) =

( ∞∑
r=0

µr

r!
tr

)( ∞∑
k=0

σ2k

k!2k
t2k

)

=
∞∑

s=0

[s/2]∑
k=0

σ2kµs−2k

2kk!(s− 2k)!

 ts.

'Epetai ìti

E(Xs) =
[s/2]∑
k=0

σ2kµs−2k

2kk!(s− 2k)!
, s = 1, 2, . . .

5.2bþ Dimetablhtèc ropogenn triec

Orismìc 5.2.5. 'Estw (X, Y ) didi�stath tuqaÐa metablht . H dimetablht  ropogenn tria thc
(X, Y ) eÐnai h sun�rthsh

M(t, u) = MX,Y (t, u) = E(etX+uY ).

Sth diakrit  perÐptwsh èqoume

M(t, u) =
∞∑

j,i=0

etxi+uyj fX,Y (xi, yj)

ìpou xi, yj oi timèc twn X kai Y antÐstoiqa, en¸ sth suneq  perÐptwsh èqoume

M(t, u) =
∫ ∞

−∞

∫ ∞

−∞
etx+uyfX,Y (x, y)dx.

Je¸rhma 5.2.6. An h MX(t, u) orÐzetai se ènan dÐsko me kèntro to (0, 0) kai an µ′r,s = E(XrY s),
tìte (se autì to dÐsko)

M(t, u) =
∞∑

s=0

∞∑
r=0

µ′r,s

tr

r!
us

s!
.
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Prìtash 5.2.7. H dimetablht  ropogenn tria tou grammikoÔ metasqhmatismoÔ Z = aX + b,
W = cY + d twn X, Y dÐnetai apì thn

MZ,W (t, u) = ebt+duMX,Y (at, cu).

'Allec idiìthtec thc dimetablht c ropogenn triac dÐnontai sthn epìmenh Prìtash.

Prìtash 5.2.8. 'Estw (X, Y ) didi�stath tuqaÐa metablht . Tìte:

(i) MX(t) = MX,Y (t, 0) kai MY (u) = MX,Y (0, u).

(ii) MX+Y (t) = MX,Y (t, t).

(iii) Oi X kai Y eÐnai anex�rthtec an kai mìno an

MX,Y (t, u) = MX(t)MY (u).

Par�deigma 5.2.9. Upojètoume ìti h (X, Y ) akoloujeÐ didi�stath kanonik  katanom  me sun�rthsh
pijanìthtac

fX,Y (x, y) =
1

2πσXσY

√
1− ρ2

×

× exp

(
− 1

2(1− ρ2)

[(
x− µX

σX

)2

− 2ρ

(
x− µX

σX

)(
y − µY

σY

)
+
(

y − µY

σY

)2
])

.

JewroÔme tic Z = X−µX

σX
kai W = Y−µY

σY
. Tìte,

fZ,W (z, w) =
1

2π
√

1− ρ2
exp

(
−z2 − 2ρzw + w2

2(1− ρ2)

)
.

UpologÐsthke h ropogenn tria

MZ,W (t, u) = exp
(

t2 + 2ρut + u2

2

)
.

'Epetai ìti

MX,Y (t, u) = eµXt+µY uMZ,W (σxt, σY u)

= exp
(

µXt + µY u +
σ2

Xt2 + 2ρσXσY ut + σ2
Y u2

2

)
.

5.2gþ Ropogenn triec ajroism�twn anex�rthtwn tuqaÐwn metablht¸n

Je¸rhma 5.2.10. 'Estw X1, . . . , Xn anex�rthtec tuqaÐec metablhtèc se èna q¸ro pijanìthtac.
An Sn = X1 + · · ·+ Xn tìte

MSn(t) = MX1(t) · · ·MXn(t).

Apìdeixh. ParathroÔme ìti

MSn
(t) = E(etSn) = E(etX1+···+tXn) = E(etX1 · · · etXn)

= E(etX1) · · ·E(etXn) = MX1(t) · · ·MXn
(t).

Pìrisma 5.2.11. 'Estw X1, . . . , Xn anex�rthtec kai isìnomec tuqaÐec metablhtèc se èna q¸ro
pijanìthtac. An Sn = X1 + · · ·+ Xn tìte

MSn(t) = [MX1(t)]
n.

Prìtash 5.2.12. 'Estw (Xj)j≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n se
èna q¸ro pijanìthtac kai èstw N mia mh arnhtik  akèraia tuqaÐa metablht , anex�rthth apì
tic Xj , ston Ðdio q¸ro pijanìthtac. An SN = X1 + · · ·+ XN tìte

MSN
(t) = PN (MX1(t)).
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Apìdeixh. Gr�foume

MSN
(t) = E(etSN ) = E

(
E(etSN | N = n)

)
=

∞∑
n=0

P(N = n)E(etSn) =
∞∑

n=0

P(N = n)[MX1(t)]
n

= PN (MX1(t)).

ParadeÐgmata 5.2.13. (a) Me qr sh ropogennhtri¸n elègqoume eÔkola ìti an X1, . . . , Xn eÐnai
anex�rthtec tuqaÐec metablhtèc ¸ste k�je Xi na èqei thn katanom  Γ(ai, θ) tìte h Sn = X1 +
· · ·+ Xn èqei thn katanom  Γ(a1 + · · ·+ an, θ).

(b) Me qr sh ropogennhtri¸n elègqoume eÔkola ìti an X1, . . . , Xn eÐnai anex�rthtec tuqaÐec
metablhtèc ¸ste k�je Xi na èqei thn kanonik  katanom  N(µi, σ

2
i ) tìte h Sn = X1 + · · · + Xn

èqei thn kanonik  katanom  N(µ1 + · · ·+ µn, σ2
1 + · · ·+ σ2

n).

5.3 (25 Maòou 2009)

Suzht jhkan oi parak�tw ask seic:

1. Upojètoume ìti h tuqaÐa metablht  X èqei th diakrit  omoiìmorfh katanom  sto sÔnolo
{0, 1, . . . , n− 1}.
(a) Na upologistoÔn: h pijanogenn tria PX(t) kai h genn tria paragontik¸n rop¸n ΠX(t).

(b) Na deiqteÐ ìti µ(r) = E[(X)r] = (n−1)r

r+1 an r = 1, 2, . . . , n− 1 kai µ(r) = 0 an r = n, n + 1, . . . .

(g) An n = kr ìpou k, r jetikoÐ akèraioi, na deiqteÐ ìti X = Y + kZ, ìpou Y,Z diakritèc tuqaÐec
metablhtèc pou èqoun omoiìmorfh katanom  sta sÔnola {0, 1, . . . , k − 1} kai {0, 1, . . . , r − 1}
antÐstoiqa.

2. Upojètoume ìti o arijmìc twn troqaÐwn dustuqhm�twn se èna SabbatokÔriako akoloujeÐ
thn katanom  Poisson me par�metro λ. An p eÐnai h pijanìthta èna troqaÐo dustÔqhma na eÐnai
janathfìro, na upologistoÔn h sun�rthsh pijanìthtac, h mèsh tim  kai h diaspor� tou arijmoÔ
twn janathfìrwn dustuqhm�twn se èna SabbatokÔriako.

3. Upojètoume ìti h tuqaÐa metablht  X èqei sun�rthsh puknìthtac

fX(x) =
1
2
e−|x|, −∞ < x < ∞.

UpologÐste th ropogenn tria MX(t) kai (apì aut n) tic ropèc µ′r = E(Xr), r = 1, 2, . . ..

4. 'Estw Y mia jetik  suneq c tuqaÐa metablht . An h tuqaÐa metablht  X = log Y akoloujeÐ
thn kanonik  katanom  N(µ, σ2) tìte lème ìti h Y akoloujeÐ thn logarijmokanonik  katanom .

(a) Na upologistoÔn oi ropèc µ′r = E(Y r), r = 1, 2, . . ..

(b) An Y1, . . . , Yn eÐnai anex�rthtec logarijmokanonikèc tuqaÐec metablhtèc, na deiqteÐ ìti h W =
Y1 · · ·Yn eÐnai logarijmokanonik  tuqaÐa metablht .

5. 'Estw ìti h (X, Y ) èqei th didi�stath kanonik  katanom  me sun�rthsh puknìthtac

fX,Y (x, y) =
1

2π
√

1− ρ2
exp

(
− 1

2(1− ρ2)
(x2 − 2ρxy + y2)

)
,

ìpou −1 < ρ < 1. DeÐxte ìti oi Z = X kai W − ρX eÐnai anex�rthtec. Qrhsimopoi¸ntac aut 
thn parat rhsh, upologÐste th ropogenn tria thc (X, Y ).

6. 'Estw (X, Y ) didi�stath tuqaÐa metablht  me sun�rthsh puknìthtac

f(x, y) =
1
4
[1 + xy(x2 − y2)], −1 ≤ x, y ≤ 1.

An Z = X + Y , deÐxte ìti isqÔei MZ(t) = MX(t)MY (t) all� oi X kai Y den eÐnai anex�rthtec.
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Orismìc 5.4.1. 'Estw X mia tuqaÐa metablht . H qarakthristik  sun�rthsh thc X eÐnai h
sun�rthsh

ϕ(t) = ϕX(t) = E(eitX) = E(cos(tX)) + iE(sin(tX)).

Parathr ste ìti h qarakthristik  sun�rthsh orÐzetai p�nta. Sth diakrit  perÐptwsh èqoume

ϕ(t) =
∞∑

j=0

eitxj fX(xj)

ìpou xj oi timèc thc X, en¸ sth suneq  perÐptwsh èqoume

ϕ(t) =
∫ ∞

−∞
eitxfX(x)dx.

Parathr seic. (a) An h ropogenn tria MX(t) thc X orÐzetai se èna di�sthma (−ρ, ρ) tìte orÐzetai
san migadik  sun�rthsh sto dÐsko me kèntro to mhdèn kai aktÐna ρ. Se aut  thn perÐptwsh isqÔei

ϕX(t) = MX(it) kai MX(t) = ϕX(−it)

gia k�je t ∈ (−ρ, ρ).
(b) H qarakthristik  sun�rthsh ϕ(t) thc X ikanopoieÐ ta parak�tw:

(i) ϕ(0) = 1.

(ii) |ϕ(t)| ≤ 1 gia k�je t ∈ R.

(iii) ϕ(−t) = ϕ(t).

(g) An jewr soume to grammikì metasqhmatismì Y = aX + b thc X, tìte

ϕY (t) = eibtϕX(at), t ∈ R.

Sthn eidik  perÐptwsh pou h X akoloujeÐ kanonik  katanom  N(µ, σ2) kai Z = X−µ
σ , èqoume

ϕZ(t) = e−iµt/σϕX(t/σ) kai ϕX(t) = eiµtϕZ(σt).

Je¸rhma 5.4.2. 'Estw ϕ(t) h qarakthristik  sun�rthsh thc tuqaÐac metablht c X. Tìte, h
ϕ eÐnai omoiìmorfa suneq c sto R.

An h E(Xn) up�rqei gia k�poion n ∈ N, tìte h ϕ eÐnai n forèc paragwgÐsimh, isqÔoun oi

ϕ(r)(0) = irE(Xr), r = 1, 2, . . . , n

kai

ϕ(t) =
n∑

r=0

µ′r
(it)r

r!
+ o(tn)

kaj¸c to t → 0+, dhlad  lim
t→0+

o(tn)
tn = 0.

Je¸rhma 5.4.3 (je¸rhma antistrof c). 'Estw F h sun�rthsh katanom c kai ϕ h qarak-
thristik  sun�rthsh miac tuqaÐac metablht c X. An a, b ∈ R me a < b eÐnai shmeÐa sunèqeiac
thc F , tìte

F (b)− F (a) = lim
t→∞

1
2π

∫ t

−t

e−ibs − e−ias

−is
ϕ(s) ds.

Sunep¸c, h qarakthristik  sun�rthsh ϕ prosdiorÐzei monos manta th sun�rthsh katanom c F
thc X.

Eidikìtera, an h ϕ eÐnai apolÔtwc oloklhr¸simh, dhlad ∫ ∞

−∞
|ϕ(t)| dt < ∞,

tìte h X eÐnai suneq c me sun�rthsh puknìthtac

f(x) =
1
2π

∫ ∞

−∞
e−itxϕ(t) dt, t ∈ R.



52 · Genn tries kai qarakthristikès sunart seis

ParadeÐgmata 5.4.4. (a) Upojètoume ìti h X èqei katanom  Cauchy me sun�rthsh puknìthtac

fX(x) =
1
π

1
1 + x2

, x ∈ R.

Tìte,
ϕX(t) = e−|t|, t ∈ R.

(b) 'Estw X kai Y anex�rthtec kai isìnomec tuqaÐec metablhtèc pou èqoun thn omoiìmorfh
katanom  sto di�sthma [0, θ]. UpologÐzontac thn ϕZ(t), ìpou Z = X − Y , kai qrhsimopoi¸ntac
to je¸rhma antistrof c, blèpoume ìti h Z èqei thn trigwnik  katanom  me sun�rthsh puknìthtac

fZ(z) =
1
θ

(
1− |z|

θ

)
, −θ ≤ z ≤ θ.


