
Kef�laio 4

Eidikèc poludi�statec katanomèc

4.1 (6 Maòou 2009)

JewroÔme èna tuqaÐo peÐrama kai k xèna an� dÔo endeqìmena A1, . . . , Ak sto deigmatikì q¸ro Ω.
An orÐsoume A0 = Ω\(A1∪· · ·∪Ak), tìte h oikogèneia {A0, A1, . . . , Ak} eÐnai diamèrish tou Ω. Lème
ìti to endeqìmeno Aj , j = 1, . . . , k antistoiqeÐ se {epituqÐa j-eÐdouc} kai to endeqìmeno A0 anti-
stoiqeÐ se apotuqÐa. An endiaferìmaste na melet soume thn pijanìthta endeqomènwn sqetik¸n
me tic epituqÐec j-eÐdouc, tìte mporoÔme na upojèsoume ìti o deigmatikìc q¸roc apoteleÐtai apì
(k + 1)-shmeÐa: Ω = {a, ε1, . . . , εk}. Lème ìti melet�me mia dokim  Bernoulli k + 1 endeqomènwn.

JewroÔme t¸ra mia akoloujÐa n anex�rthtwn dokim¸n Bernoulli k + 1 endeqomènwn. Upo-
jètoume ìti h pijanìthta epituqÐac j-eÐdouc eÐnai pj , j = 1, . . . , k, kai h pijanìthta apotuqÐac
eÐnai p0 = 1 − (p1 + · · · + pk). An Xj eÐnai to pl joc twn epituqi¸n j-eÐdouc, tìte h sun�rthsh
pijanìthtac tou diakritoÔ tuqaÐou dianÔsmatoc (X1, . . . , Xk) eÐnai h

f(x1, . . . , xk) =
(

n

x1, . . . , xk

)
px1
1 · · · pxk

k p
n−(x1+···+xk)
0 ,

ìpou (
n

x1, . . . , xk

)
=

n!
x1! · · ·xk!(n− x1 − · · · − xk)!

kai xj = 0, 1, . . . , n (gia j = 1, . . . , k) kai x1 + · · · + xk ≤ n. H katanom  tou (X1, . . . , Xk) eÐnai
h poluwnumik  katanom  me paramètrouc p1, . . . , pk.

Suzht same pio analutik� thn perÐptwsh k = 2 (triwnumik  katanom ).

Je¸rhma 4.1.1. 'Estw ìti h didi�stath tuqaÐa metablht  èqei thn triwnumik  katanom  me
sun�rthsh pijanìthtac thn

f(x, y) =
n!

x!y!(n− x− y)!
px
1py

2p
n−(x+y)
0 ,

ìpou x, y = 0, 1, . . . , n kai x + y ≤ n. Tìte, h perij¸ria katanom  thc X eÐnai diwnumik , me
sun�rthsh pijanìthtac thn

fX(x) =
(

n

x

)
px
1(1− p1)n−x, x = 0, 1, . . . , n

kai h perij¸ria katanom  thc Y eÐnai diwnumik , me sun�rthsh pijanìthtac thn

fY (y) =
(

n

y

)
py
2(1− p2)n−y, y = 0, 1, . . . , n.
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Apìdeixh. Gr�foume

fX(x) =
n−x∑
y=0

f(x, y)

=
n−x∑
y=0

n!
x!y!(n− x− y)!

px
1py

2(1− p1 − p2)n−x−y

=
n!

x!(n− x)!
px
1

n−x∑
y=0

(n− x)!
y!(n− x− y)!

py
2(1− p1 − p2)n−x−y

=
(

n

x

)
px
1

n−x∑
y=0

(
n− x

y

)
py
2(1− p1 − p2)n−x−y

=
(

n

x

)
px
1(p2 + 1− p1 − p2)n−x

=
(

n

x

)
px
1(1− p1)n−x.

Eidikìtera,
E(X) = np1 kai V (X) = np1(1− p1).

Entel¸c an�loga apotelèsmata isqÔoun gia thn Y . 2

Je¸rhma 4.1.2. 'Estw ìti h didi�stath tuqaÐa metablht  èqei thn triwnumik  katanom  me
sun�rthsh pijanìthtac thn

f(x, y) =
n!

x!y!(n− x− y)!
px
1py

2p
n−(x+y)
0 ,

ìpou x, y = 0, 1, . . . , n kai x + y ≤ n. Gia k�je x = 0, 1, . . . , n, h desmeumènh katanom  thc Y
dedomènou ìti X = x eÐnai diwnumik , me sun�rthsh pijanìthtac thn

fY |X(y|x) =
(

n− x

y

)(
p2

1− p1

)y (1− p1 − p2

1− p1

)n−x−y

, y = 0, 1, . . . , n− x

kai h desmeumènh katanom  thc X dedomènou ìti Y = y eÐnai diwnumik , me sun�rthsh pijanìthtac
thn

fX|Y (x|y) =
(

n− y

x

)(
p1

1− p2

)x(1− p1 − p2

1− p2

)n−y−x

, x = 0, 1, . . . , n− y.

Apìdeixh. ParathroÔme ìti, gia k�je x = 0, 1, . . . , n,

fY |X(y|x) =
f(x, y)
fX(x)

=
n!

x!y!(n− x− y)!
px
1py

2(1− p1 − p2)n−x−y x!(n− x)!
n!

1
px
1(1− p1)n−x

=
(n− x)!

y!(n− x− y)!
py
2(1− p1 − p2)n−x−y

(1− p1)n−x

=
(

n− x

y

)(
p2

1− p1

)y (1− p1 − p2

1− p1

)n−x−y

.

Prìtash 4.1.3. IsqÔoun oi

E(XY ) = n(n− 1)p1p2 kai C(X, Y ) = −np1p2.

ShmeÐwsh. H kampÔlh palindrìmhshc thc Y sthn X eÐnai h eujeÐa

y = mY |X(x) = E(Y |x) = (n− x)
p1

1− p2

kai h kampÔlh palindrìmhshc thc X sthn Y eÐnai h eujeÐa

x = mX|Y (y) = E(X|y) = (n− y)
p2

1− p1
.
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4.2 (11 Maòou 2009)

JewroÔme anex�rthtec kanonikèc tuqaÐec metablhtèc Z,W me mèsh tim  kai diaspor� µZ , σ2
Z kai

µW , σ2
W antÐstoiqa. An jewr soume ton antistrèyimo grammikì metasqhmatismì

X = aZ + bW

Y = cZ + dW

mporoÔme na upologÐsoume thn apì koinoÔ sun�rthsh puknìthtac fX,Y twn X kai U qrhsimopoi¸n-
tac th mèjodo tou KefalaÐou 2. Parathr ste ìti

µX = aµZ + bµW , µY = cµZ + dµW

kai

σ2
X = a2σ2

Z + b2σ2
W , σ2

Y = c2σ2
Z + d2σ2

W .

EpÐshc,

ρ := ρX,Y =
acσ2

Z + bdσ2
W√

(a2σ2
Z + b2σ2

W )(c2σ2
Z + d2σ2

W )
.

Met� apì pr�xeic, blèpoume ìti

(1) fX,Y (x, y) =
1

2πσXσY

√
1− ρ2

×

× exp

(
− 1

2(1− ρ2)

[(
x− µX

σX

)2

− 2ρ

(
x− µX

σX

)(
y − µY

σY

)
+
(

y − µY

σY

)2
])

.

Lème ìti mia suneq c didi�stath tuqaÐa metablht  (X, Y ) me thn parap�nw puknìthta èqei th
didi�stath kanonik  katanom .

Je¸rhma 4.2.1. 'Estw (X, Y ) didi�stath suneq c tuqaÐa metablht  me sun�rthsh puknìthtac
thn (1). Tìte, h katanom  thc X kai h katanom  thc Y eÐnai kanonik . Pio sugkekrimèna:

(i) H perij¸ria puknìthta thc X eÐnai h

fX(x) =
1

σX

√
2π

exp

[
−1

2

(
x− µX

σX

)2
]

.

(ii) H perij¸ria puknìthta thc Y eÐnai h

fY (y) =
1

σY

√
2π

exp

[
−1

2

(
y − µY

σY

)2
]

.

(iii) IsqÔoun oi

E(X) = µX , E(Y ) = µY , V (X) = σ2
X , V (Y ) = σ2

Y , ρX,Y = ρ.

Je¸rhma 4.2.2. 'Estw (X, Y ) didi�stath suneq c tuqaÐa metablht  me sun�rthsh puknìthtac
thn (1). Tìte:

(i) H desmeumènh katanom  thc X dedomènou ìti Y = y eÐnai h kanonik  katanom  me mèsh tim 

µX + ρ
σX

σY
(y − µY )

kai diaspor�

σ2
X(1− ρ2).
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(ii) H desmeumènh katanom  thc Y dedomènou ìti X = x eÐnai h kanonik  katanom  me mèsh
tim 

µY + ρ
σY

σX
(x− µX)

kai diaspor�
σ2

Y (1− ρ2).

(iii) H kampÔlh palindrìmhshc thc X sthn Y all� kai thc Y sthn X eÐnai h eujeÐa

y − µY = ρ
σY

σX
(x− µX).

ShmeÐwsh. Apì thn (1) elègqoume �mesa ìti an oi X kai Y eÐnai asusqètistec tìte

fX,Y (x, y) = fX(x)fY (y),

�ra oi X kai Y eÐnai anex�rthtec.

Par�deigma 4.2.3. JewroÔme ton plhjusmì twn pantremènwn zeugari¸n miac perioq c kai upo-
jètoume ìti h didi�stath tuqaÐa metablht  (X, Y ), ìpou X to Ôyoc tou �ntra kai Y to Ôyoc
thc gunaÐkac, akoloujeÐ th didi�stath kanonik  katanom  me µX = 175 cm, µY = 170 cm,
σX = σY = 5 cm kai ρ = 0.6. UpologÐsthke h pijanìthta, se èna zeug�ri, o �ntrac na èqei
Ôyoc X megalÔtero apì 190 cm dedomènou ìti h gunaÐka èqei Ôyoc Y = 175 cm.


