
Kef�laio 3

Ropèc katanom¸n poludi�statwn

tuqaÐwn metablht¸n

3.1 (8 AprilÐou 2009)

3.1aþ Mèsh tim 

JewroÔme dÔo tuqaÐec metablhtèc X kai Y (ston Ðdio q¸ro pijanìthtac) kai mia Borel metr -
simh sun�rthsh g : R2 → R. Sto prohgoÔmeno kef�laio ekfr�same th sun�rthsh pijanìthtac
  th sun�rthsh puknìthtac thc tuqaÐac metablht c Z = g(X, Y ) sunart sei thc apì koinoÔ
sun�rthshc pijanìthtac   puknìthtac fX,Y twn X kai Y . H mèsh tim  thc Z upologÐzetai ki
aut  �mesa apì thn fX,Y , sÔmfwna me to epìmeno je¸rhma:

Je¸rhma 3.1.1. (a) 'Estw (X, Y ) diakrit  didi�stath tuqaÐa metablht  me timèc (xi, yj) kai
sun�rthsh pijanìthtac f(xi, yj). An g : R2 → R eÐnai mia Borel metr simh sun�rthsh tìte h
mèsh tim  thc diakrit c tuqaÐac metablht c Z = g(X, Y ) isoÔtai me

E(Z) = E [g(X, Y )] =
∑

j

∑
i

g(xi, yj)f(xi, yj)

an h seir� sto dexiì mèloc sugklÐnei apolÔtwc.

(b) 'Estw (X, Y ) suneq c didi�stath tuqaÐa metablht  me sun�rthsh puknìthtac f(x, y). An
g : R2 → R eÐnai mia Borel metr simh sun�rthsh ¸ste h Z = g(X, Y ) na eÐnai suneq c tuqaÐa
metablht , tìte h mèsh tim  thc Z = g(X, Y ) isoÔtai me

E(Z) = E [g(X, Y )] =
∫ ∞

−∞

∫ ∞

−∞
g(x, y)f(x, y) dxdy

an to olokl rwma sto dexiì mèloc sugklÐnei apolÔtwc.

Perigraf  thc apìdeixhc. (a) Jètoume R = {g(xi, yj) : i, j ≥ 0} kai gia k�je z ∈ R orÐzoume
Iz = {(i, j) : g(xi, yj) = z}. Apì ton orismì thc mèshc tim c èqoume

E(Z) =
∑
z∈R

z fZ(z) =
∑
z∈R

z
∑

(i,j)∈Iz

f(xi, yj) =
∑
z∈R

∑
(i,j)∈Iz

zf(xi, yj).

ParathroÔme ìti: an (i, j) ∈ Iz tìte z = g(xi, yj). 'Ara,

E(Z) =
∑
z∈R

∑
(i,j)∈Iz

g(xi, yj)f(xi, yj).

Tèloc, parathroÔme ìti ajroÐzontac pr¸ta wc proc z ∈ R kai met� wc proc ìla ta zeÔgh (i, j) ∈ Iz

ajroÐzoume wc proc ìla ta dunat� zeÔgh (i, j): k�je (i, j) an kei se èna kai mìno Iz, to Ig(xi,yj).
Sunep¸c,

E(Z) = E [g(X, Y )] =
∑

j

∑
i

g(xi, yj)f(xi, yj).
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Oi anadiat�xeic twn ìrwn sta parap�nw ajroÐsmata eÐnai epitreptèc an upojèsoume ìti h seir�
sto dexiì mèloc sugklÐnei apolÔtwc.

(b) K�noume thn epiplèon upìjesh ìti o metasqhmatismìc

(x, y) 7→ (x, z) = (x, g(x, y))

eÐnai antistrèyimoc, me antÐstrofo ton

(x, z) 7→ (x, y) = (x, h(x, z))

kai ìti oi merikèc par�gwgoi ∂h
∂x kai ∂h

∂x up�rqoun kai eÐnai suneqeÐc. Sthn par�grafo 2.3 eÐdame
ìti

fZ(z) =
∫ ∞

−∞
fX,Y (x, h(x, z))

∣∣∣∣∂h(x, z)
∂z

∣∣∣∣ dx.

Sunep¸c,

E(Z) =
∫ ∞

−∞
zfZ(z) dz =

∫ ∞

−∞

∫ ∞

−∞
zfX,Y (x, h(x, z))

∣∣∣∣∂h(x, z)
∂z

∣∣∣∣ dxdz.

H isìthta sta parap�nw oloklhr¸mata aitiologeÐtai an upojèsoume ìti to teleutaÐo olokl rwma
sugklÐnei apolÔtwc. K�nontac thn allag  metablht c (x, z) = (x, g(x, y)) sumperaÐnoume ìti

E(Z) =
∫ ∞

−∞
zfZ(z) dz =

∫ ∞

−∞

∫ ∞

−∞
g(x, y)fX,Y (x, y) dxdy

parathr¸ntac ìti h Iakwbian  thc G(x, y) = (x, g(x, y)) isoÔtai me
∣∣∣∂g(x,y)

∂y

∣∣∣ = 1/
∣∣∣∂h(x,z)

∂z

∣∣∣. 2

Je¸rhma 3.1.2 (idiìthtec thc mèshc tim c). (a) (Grammikìthta): An g(X, Y ) kai h(X, Y )
eÐnai metr simec sunart seic tou tuqaÐou dianÔsmatoc (X, Y ) tìte

E [g(X, Y ) + h(X, Y )] = E [g(X, Y )] + E [h(X, Y )].

Eidikìtera, an g(X) kai h(Y ) eÐnai metr simec sunart seic twn X kai Y antÐstoiqa, tìte

E [g(X) + h(Y )] = E [g(X)] + E [h(Y )].

(b) An oi X kai Y eÐnai anex�rthtec kai g(X) kai h(Y ) eÐnai metr simec sunart seic twn X kai
Y antÐstoiqa, tìte

E [g(X)h(Y )] = E [g(X)] · E [h(Y )].

Perigraf  thc apìdeixhc. Exet�zoume th suneq  perÐptwsh, h diakrit  eÐnai an�logh. Parathr -
ste ìti

E [g(X, Y ) + h(X, Y )] =
∫ ∞

−∞

∫ ∞

−∞
[g(x, y) + h(x, y)] f(x, y) dxdy

=
∫ ∞

−∞

∫ ∞

−∞
g(x, y) f(x, y) dxdy +

∫ ∞

−∞

∫ ∞

−∞
h(x, y) f(x, y) dxdy

= E [g(X, Y )] + E [h(X, Y )].

Eidikìtera,

E [g(X) + h(Y )] =
∫ ∞

−∞

∫ ∞

−∞
g(x) f(x, y) dxdy +

∫ ∞

−∞

∫ ∞

−∞
h(y) f(x, y) dxdy

=
∫ ∞

−∞
g(x)

[∫ ∞

−∞
f(x, y) dy

]
dx +

∫ ∞

−∞
h(y)

[∫ ∞

−∞
f(x, y) dx

]
dy

=
∫ ∞

−∞
g(x)fX(x) dx +

∫ ∞

−∞
h(y)fY (y) dy

= E [g(X)] + E [h(Y )].
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Sthn perÐptwsh pou oi X kai Y eÐnai anex�rthtec,

E [g(X)h(Y )] =
∫ ∞

−∞

∫ ∞

−∞
g(x)h(y) f(x, y) dxdy

=
∫ ∞

−∞

∫ ∞

−∞
g(x)h(y) fX(x)fY (y) dxdy

=
(∫ ∞

−∞
g(x)fX(x) dx

) (∫ ∞

−∞
h(y)fY (y) dy

)
= E [g(X)] · E [h(Y )].

Pìrisma 3.1.3. 'Estw X kai Y tuqaÐec metablhtèc gia tic opoÐec up�rqoun oi E(X) kai E(Y ).
An α, β ∈ R tìte

E (αX + βY ) = αE (X) + βE (Y ).

An epiplèon oi X kai Y eÐnai anex�rthtec, tìte

E (XY ) = E (X) · E (Y ).

3.1bþ SundiakÔmansh

Orismìc 3.1.4 (meiktèc ropèc). 'Estw (X, Y ) didi�stath tuqaÐa metablht  kai a, b ∈ R.

(i) H meikt  rop  t�xhc (r, s) thc (X, Y ) me kèntro to (a, b) eÐnai h

µr,s(a, b) = E [(X − a)r(Y − b)s], r, s = 0, 1, 2, . . .

an h mèsh tim  sto dexiì mèloc up�rqei.

(ii) H meikt  rop  t�xhc (r, s) thc (X, Y ) me kèntro to (0, 0) eÐnai h

µ′r,s = E (XrY s), r, s = 0, 1, 2, . . .

an h mèsh tim  sto dexiì mèloc up�rqei.

(iii) H kentrik  rop  t�xhc (r, s) thc (X, Y ) eÐnai h

µr,s = E [(X − µX)r(Y − µY )s], r, s = 0, 1, 2, . . .

ìpou µX = E (X) kai µY = E (Y ), an h mèsh tim  sto dexiì mèloc up�rqei.

ShmeÐwsh. Apì touc parap�nw orismoÔc elègqetai eÔkola ìti

µ′0,0 = 1, µ′1,0 = µX , µ′0,1 = µY

kai
µ0,0 = 1, µ1,0 = µ0,1 = 0, µ2,0 = V (X) = σ2

X , µ0,2 = V (Y ) = σ2
Y .

Orismìc 3.1.5 (sundiakÔmansh). 'Estw (X, Y ) didi�stath tuqaÐa metablht . Upojètoume ìti
up�rqoun oi µX = E (X) kai µY = E (Y ). H sundiakÔmansh twn X kai Y eÐnai h

σX,Y = C(X, Y ) = µ1,1 = E [(X − µX)(Y − µY )]

an h mèsh tim  sto dexiì mèloc up�rqei. Dhlad , C(X, Y ) = µ1,1. SumbolÐzoume th sundiakÔmansh
kai me σX,Y .

Je¸rhma 3.1.6 (idiìthtec thc sundiakÔmanshc). 'Estw X kai Y tuqaÐec metablhtèc gia tic
opoÐec orÐzetai h sundiakÔmansh C(X, Y ).

(i) Gia k�je a, b, c, d ∈ R isqÔei

C(aX + b, cY + d) = acC(X, Y ).
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(ii) H sundiakÔmansh ekfr�zetai sthn akìloujh morf :

C(X, Y ) = E (XY )− E(X) E(Y ).

(iii) H sundiakÔmansh eÐnai grammik  wc proc k�je {jèsh}: an X, Y kai Z eÐnai tuqaÐec metabl-
htèc, tìte

C(X, Y + Z) = C(X, Y ) + C(X, Z) kai C(X + Z, Y ) = C(X, Y ) + C(Z, Y ).

ShmeÐwsh. Oi apodeÐxeic twn parap�nw isqurism¸n eÐnai �mesec: qrhsimopoi ste th grammikìthta
thc mèshc tim c.

Parathr seic. (a) Mia ikan  sunj kh gia thn Ôparxh thc meikt c rop c µ′1,1 = E (XY ) eÐnai h
Ôparxh twn rop¸n deÔterhc t�xhc E (X2) kai E (Y 2). Autì prokÔptei �mesa apì thn anisìthta
|XY | ≤ X2 + Y 2.

(b) An oi X, Y eÐnai anex�rthtec, apì to pìrisma 3.1.3 blèpoume ìti

C(X, Y ) = E (XY )− E(X) E(Y ) = 0.

To antÐstrofo den isqÔei genik�:

Par�deigma 3.1.7. 'Estw X tuqaÐa metablht  omoiìmorfa katanemhmènh sto [−1, 1]. OrÐzoume
Y = X2. Tìte, oi X kai Y den eÐnai anex�rthtec. 'Omwc, aplìc upologismìc deÐqnei ìti

C(X, Y ) = E (X3)− E(X) E(X2) = 0.

Orismìc 3.1.8 (asusqètistec tuqaÐec metablhtèc). 'Estw X kai Y tuqaÐec metablhtèc gia
tic opoÐec orÐzetai h sundiakÔmansh C(X, Y ). Oi X kai Y lègontai asusqètistec an

C(X, Y ) = 0.

Profan¸c, dÔo anex�rthtec tuqaÐec metablhtèc eÐnai asusqètistec.

Aplèc pr�xeic deÐqnoun ìti h sundiakÔmansh upeisèrqetai ston upologismì thc diaspor�c twn
grammik¸n sunduasm¸n tuqaÐwn metablht¸n:

Je¸rhma 3.1.9. 'Estw X kai Y tuqaÐec metablhtèc me E (X2) < +∞ kai E (Y 2) < +∞. Gia
k�je a, b ∈ R,

V (aX + bY ) = a2V (X) + b2V (Y ) + 2abC(X, Y ).

An epiplèon oi X kai Y eÐnai anex�rthtec, tìte

V (aX + bY ) = a2V (X) + b2V (Y ).

Gia thn apìdeixh parathroÔme ìti

V (aX + bY ) = E
(
[a(X − µX) + b(Y − µY )]2

)
= a2E [(X − µX)2] + b2E [(Y − µY )2] + 2abE [(X − µX)(Y − µY )]
= a2V (X) + b2V (Y ) + 2abC(X, Y ).

An oi X, Y eÐnai anex�rthtec, h deÔterh isìthta prokÔptei apì thn C(X, Y ) = 0.

ShmeÐwsh. H isìthta tou jewr matoc 3.1.9 genikeÔetai sthn perÐptwsh pou èqoume grammikì
sunduasmì perissìterwn tuqaÐwn metablht¸n:

V (a1X1 + · · ·+ anXn) =
n∑

i=1

a2
i V (Xi) + 2

∑
1≤i<j≤n

aiajC(Xi, Xj).

Je¸rhma 3.1.10 (anisìthta Cauchy-Schwarz). 'Estw X kai Y tuqaÐec metablhtèc me
E (X2) < +∞ kai E (Y 2) < +∞. Tìte,

[E (XY )]2 ≤ [E (|XY |)]2 ≤ E (X2) · E (Y 2).

Apìdeixh. JewroÔme thn tuqaÐa metablht  Zt = t|X| − |Y |. 'Eqoume

P (t) := t2E (X2)− 2tE (|XY |) + E (Y 2) = E(Z2
t ) ≥ 0

gia k�je t ∈ R. 'Epetai ìti h diakrÐnousa tou P (t) eÐnai mikrìterh   Ðsh apì mhdèn. Sunep¸c,

4[E (|XY |)]2 − 4E (X2) · E (Y 2) ≤ 0.
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3.1gþ Suntelest c susqètishc

Orismìc 3.1.11 (suntelest c susqètishc). 'Estw X, Y tuqaÐec metablhtèc me gn sia jetikèc
peperasmènec diasporèc. O suntelest c susqètishc ρ(X, Y ) twn X kai Y orÐzetai wc ex c:

ρ(X, Y ) =
C(X, Y )√

V (X)
√

V (Y )
=

σX,Y

σXσY
.

Prìtash 3.1.12. |ρ(X, Y )| ≤ 1.

Apìdeixh. 'Amesh sunèpeia thc anisìthtac Cauchy–Schwarz: parathroÔme ìti

[C(X, Y )]2 = [E (X − µX)(Y − µY )]2 ≤ E (X2) · E (Y 2) = V (X)V (Y ).

ShmeÐwsh. O suntelest c susqètishc eÐnai {kanonikopoÐhsh} thc sundiakÔmanshc, me thn ènnoia
ìti eÐnai kat� apìluth tim  analloÐwtoc wc proc {grammikèc metabolèc} twn tuqaÐwn metablht¸n:

Prìtash 3.1.13. 'Estw X, Y tuqaÐec metablhtèc gia tic opoÐec orÐzetai o suntelest c susqètish-
c. An a, b, c, d ∈ R me ac 6= 0, tìte

ρ(aX + b, cY + d) = ρ(X, Y ) an ac > 0

kai
ρ(aX + b, cY + d) = −ρ(X, Y ) an ac < 0.

Apìdeixh. 'Eqoume V (aX+b) = a2V (X), V (cY +d) = c2V (Y ) kai C(aX+b, cY +d) = acC(X, Y ).
Sunep¸c,

ρ(aX + b, cY + d) =
C(aX + b, cY + d)√

V (aX + b)
√

V (cY + d)
=

ac

|ac|
C(X, Y )√

V (X)
√

V (Y )
=

ac

|ac|
ρ(X, Y ).

3.2 (27 AprilÐou 2009)

Prìtash 3.2.1. 'Estw X, Y tuqaÐec metablhtèc gia tic opoÐec orÐzetai o suntelest c susqètishc.
Tìte, ρ(X, Y ) = ±1 an kai mìno an up�rqoun a, b ∈ R ¸ste

P(Y = aX + b) = 1.

Apìdeixh. JewroÔme tic tuqaÐec metablhtèc Z = X−µX

σX
kai W = Y−µY

σY
. Tìte, µZ = µY = 0 kai

σZ = σW = 1. Apì thn prìtash 3.1.13 èqoume

ρ := ρ(X, Y ) = ρ(Z,W ) = C(Z,W ) = ±1.

An orÐsoume U = ρZ −W tìte µU = 0 kai

V (U) = ρ2V (Z) + V (W )− 2ρC(Z,W ) = ρ2 + 1− 2ρ2 = 1− ρ2 = 0.

Apì thn anisìthta tou Chebyshev,

P(|U − µU | ≥ t) ≤ V (U)
t2

gia k�je t > 0. Apì tic µU = 0 kai V (U) = 0 èpetai ìti P(|U | ≥ t) = 0 gia k�je t > 0 kai autì
deÐqnei ìti

P(U = 0) = 1

dhlad , me pijanìthta 1 isqÔei W = ρZ. Pio sugkekrimèna, an ρ = 1 èqoume Y = µY + σY

σX
(X −

µX), en¸ an ρ = −1 èqoume Y = µY − σY

σX
(X − µX). 2

Par�deigma 3.2.2. JewroÔme th diakrit  didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh
pijanìthtac

f(x, y) =
x + y

21
, x = 1, 2, y = 1, 2, 3.

UpologÐsthke o suntelest c susqètishc ρ(X, Y ) twn X kai Y .
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Orismìc 3.2.3 (desmeumènh mèsh tim ). (a) 'Estw (X, Y ) didi�stath diakrit  tuqaÐa metabl-
ht  me timèc xi, yj , i, j ≥ 0. H desmeumènh mèsh tim  thc X dedomènou ìti Y = yj eÐnai
h

mX|Y (yj) = E(X | yj) =
∑

i

xifX|Y (xi | yj)

an h seir� sto dexiì mèloc sugklÐnei apolÔtwc, ìpou fX|Y (· | yj) eÐnai h desmeumènh sun�rthsh
pijanìthtac thc X dedomènou ìti Y = yj . Entel¸c an�loga orÐzetai h desmeumènh mèsh tim  thc
Y dedomènou ìti X = xi mèsw thc

mY |X(xi) = E(Y | xi) =
∑

j

yjfY |X(yj | xi).

(b) 'Estw (X, Y ) didi�stath suneq c tuqaÐa metablht . H desmeumènh mèsh tim  thc X de-
domènou ìti Y = y eÐnai h

mX|Y (y) = E(X | y) =
∫ ∞

−∞
xfX|Y (x | y) dx

an to olokl rwma sto dexiì mèloc sugklÐnei apolÔtwc, ìpou fX|Y (· | y) eÐnai h desmeumènh
sun�rthsh puknìthtac thc X dedomènou ìti Y = yj . Entel¸c an�loga orÐzetai h desmeumènh
mèsh tim  thc Y dedomènou ìti X = x mèsw thc

mY |X(x) = E(Y | x) =
∫ ∞

−∞
yfY |X(y | x) dy.

ApodeiknÔetai ìti, an g : R2 → R eÐnai mia Borel metr simh sun�rthsh kai Z = g(X, Y ), tìte h
desmeumènh mèsh tim  thc Z dedomènou ìti Y = y   X = x upologÐzetai sunart sei thc fX|Y (· | y)
  thc fY |X(· | x), sÔmfwna me to epìmeno je¸rhma pou eÐnai an�logo tou jewr matoc 3.1.1:

Je¸rhma 3.2.4. (a) 'Estw (X, Y ) diakrit  didi�stath tuqaÐa metablht  me timèc (xi, yj) kai
sun�rthsh pijanìthtac f(xi, yj). An g : R2 → R eÐnai mia Borel metr simh sun�rthsh tìte h
desmeumènh mèsh tim  thc diakrit c tuqaÐac metablht c Z = g(X, Y ) dedomènou ìti Y = yj

isoÔtai me

E(Z | yj) = E [g(X, Y ) | yj ] =
∑

i

g(xi, yj)fX|Y (xi | yj)

an h seir� sto dexiì mèloc sugklÐnei apolÔtwc. Entel¸c an�loga,

E(Z | xi) = E [g(X, Y ) | xi] =
∑

j

g(xi, yj)fY |X(yj | xi).

(b) 'Estw (X, Y ) suneq c didi�stath tuqaÐa metablht  me sun�rthsh puknìthtac f(x, y). An
g : R2 → R eÐnai mia Borel metr simh sun�rthsh ¸ste h Z = g(X, Y ) na eÐnai suneq c tuqaÐa
metablht , tìte h desmeumènh mèsh tim  thc Z = g(X, Y ) dedomènou ìti Y = y isoÔtai me

E(Z | y) = E [g(X, Y ) | y] =
∫ ∞

−∞
g(x, y)fX|Y (x | y) dx

an to olokl rwma sto dexiì mèloc sugklÐnei apolÔtwc. Entel¸c an�loga,

E(Z | x) = E [g(X, Y ) | x] =
∫ ∞

−∞
g(x, y)fY |X(y | x) dy.

Je¸rhma 3.2.5. 'Estw (X, Y ) diakrit    suneq c didi�stath tuqaÐa metablht  me sun�rthsh
puknìthtac f(x, y). An g : R2 → R eÐnai mia Borel metr simh sun�rthsh ¸ste h Z = g(X, Y ) na
eÐnai suneq c tuqaÐa metablht  sthn perÐptwsh pou h (X, Y ) eÐnai suneq c, tìte

E [g(X, Y )] = E(mZ|Y (y)) = E [E[g(X, Y ) | Y ]]

kai
E [g(X, Y )] = E(mZ|X(x)) = E [E[g(X, Y ) | X]]

an h E [g(X, Y )] up�rqei.
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Shmeiwsh. Gr�fontac E [g(X, Y ) | Y ] ennooÔme thn tuqaÐa metablht  me timèc(
E [g(X, Y ) | Y ]

)
(ω) = E [g(X, Y ) | Y (ω)], ω ∈ Ω.

Apìdeixh. Exet�zoume mìno th diakrit  perÐptwsh. Apì to je¸rhma 3.1.1 èqoume

E [E[g(X, Y ) | Y ]] =
∑

j

E[g(X, Y ) | yj ]fY (yj)

kai, apì to je¸rhma 3.2.4,

E [g(X, Y ) | yj ] =
∑

i

g(xi, yj)fX|Y (xi | yj)

gia k�je j. 'Ara, qrhsimopoi¸ntac kai thn f(xi, yj) = fX|Y (xi | yj)fY (yj) blèpoume ìti

E [E[g(X, Y ) | Y ]] =
∑

j

∑
i

g(xi, yj)fX|Y (xi | yj)fY (yj)

=
∑

j

∑
i

g(xi, yj)f(xi, yj)

= E [g(X, Y )].

Orismìc 3.2.6 (desmeumènh diaspor�). 'Estw (X, Y ) didi�stath tuqaÐa metablht  gia thn
opoÐa orÐzetai h desmeumènh mèsh tim  mX|Y (y) = E(X | y). H desmeumènh diaspor� thc X
dedomènou ìti Y = y orÐzetai wc ex c:

σ2
X|Y (y) = V (X | y) = E [(X −mX|Y (y))2 | y]

an h mèsh tim  sto dexiì mèloc up�rqei. H desmeumènh tupik  apìklish thc X dedomènou ìti
Y = y eÐnai h jetik  tetragwnik  rÐza thc desmeumènhc diaspor�c:

σX|Y (y) =
√

V (X | y).

Aplèc pr�xeic kai h grammikìthta thc mèshc tim c deÐqnoun ìti

V (X | y) = E(X2 | y)− [E(X | y)]2.

An�loga orÐzontai oi V (Y | x) kai σY |X(x).

ParadeÐgmata 3.2.7. DÐnetai h didi�stath tuqaÐa metblht  (X, Y ) me sun�rthsh puknìthtac

f(x, y) =
λ(θx)y

y!
e−(θ+λ)y, x > 0, y = 0, 1, 2 . . .

(ìpou θ, λ > 0). UpologÐsthkan oi E (X | y), V (X | y) kai E (Y | x), V (Y | x).

3.3 (29 AprilÐou 2009)

3.3aþ Desmeumènh mèsh tim  (sunèqeia)

Prìtash 3.3.1. 'Estw (X, Y ) didi�stath tuqaÐa metablht  gia thn opoÐa up�rqei h E(X2).
Tìte,

E (X) = E [E (X | Y )]

kai

V (X) = E [V (X | Y )] + V [E (X | Y )].
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Apìdeixh. Apì to je¸rhma 3.2.5 me g(X, Y ) = Xk èqoume

E (Xk) = E [E(Xk) | Y ]

gia k = 1, 2, . . .. Jètontac k = 1 paÐrnoume thn

E (X) = E [E (X | Y )].

Apì thn V (X) = E(X2)− (E(X))2, qrhsimopoi¸ntac thn Ðdia isìthta me k = 1, 2, paÐrnoume

V (X) = E [E (X2 | Y )]− (E [E (X | Y )])2

= E [E(X2 | Y )]− E ([E (X | Y )]2) + E ([E (X | Y )]2)− (E [E (X | Y )])2

= E [V (X | Y )] + V [E (X | Y )].

ShmeÐwsh. 'Estw (X, Y ) didi�stath tuqaÐa metablht  kai g(x, y), h1(y), h2(y) Borel metr simec
pragmatikèc sunart seic. An up�rqei h E [g(X, Y )] tìte

E [h1(Y )g(X, Y ) + h2(Y ) | y] = h1(y) E [g(X, Y ) | y] + h2(y).

Me �lla lìgia,

E [h1(Y )g(X, Y ) + h2(Y ) | Y ] = h1(Y ) E [g(X, Y ) | Y ] + h2(Y ).

Eidikìtera, an up�rqei h E(X2) tìte

E [h1(Y )X + h2(Y ) | Y ] = h1(Y ) E [X | Y ] + h2(Y )

kai
V [h1(Y )X + h2(Y ) | Y ] = [h1(Y )]2V (X | Y ).

Apìdeixh. Exet�zoume mìno th diakrit  perÐptwsh. Me b�sh ton orismì,

E [h1(Y )g(X, Y ) + h2(Y ) | yj ] =
∑

i

(h1(yj)g(xi, yj) + h2(yj))fX|Y (xi | yj)

= h1(yj)
∑

i

g(xi, yj)fX|Y (xi | yj) + h2(yj)
∑

i

fX|Y (xi | yj)

= h1(yj) E [g(X, Y ) | yj ] + h2(yj)

gia k�je j. PaÐrnontac g(X, Y ) = X blèpoume ìti

E [h1(Y )X + h2(Y ) | yj ] = h1(yj) E [X | yj ] + h2(yj)

gia k�je j. Gia thn teleutaÐa isìthta, gr�foume

V [h1(Y )X + h2(Y ) | yj ] = E [(h1(y)X + h2(Y ))2 | yj ]− [E [h1(Y )X + h2(Y ) | yj ]2

= E [(h1(y))2X2 + 2h1(Y )h2(Y )X + (h2(Y ))2 | yj ]
−(h1(yj) E [X | yj ] + h2(yj))2

= (h1(yj))2[E (X2 | yj)− (E [X | yj ])2]
= (h1(yj))2V (X | yj).

gia k�je j. 2

Par�deigma 3.3.2. DÐnetai mia akoloujÐa X1, X2, . . . , Xi, . . . anex�rthtwn kai isìnomwn tuqaÐ-
wn metablht¸n gia tic opoÐec up�rqei h rop  deÔterhc t�xhc E(X2

i ). 'Estw, epÐshc, N tuqaÐa
metablht  me mh arnhtikèc akèraiec timèc, h opoÐa eÐnai anex�rthth apì tic Xi kai gia thn opoÐa
up�rqei h rop  deÔterhc t�xhc E(N2). UpologÐsthkan h mèsh tim  kai h diaspor� tou ajroÐsmatoc
SN = X1 + X2 + · · ·+ XN .

Gia th mèsh tim  gr�foume

E (SN ) = E [E (SN | N)] =
∑

n

E(SN | n)fN (n).
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'Omwc,

E(SN | n) =
n∑

i=1

E(Xi) = nE(X1).

Sunep¸c,

E(SN ) = E(X1)
∑

n

nfN (n) = E(X1)E(N).

'Omoia, gia th diaspor� èqoume

V (SN ) = E(V (SN | N)) + V (E(SN | N))

=
∑

n

V (SN | n)fN (n) +
∑

n

[E(SN | n)]2fN (n)− [E(E(SN | N))]2

=
∑

n

nV (X1)fN (n) +
∑

n

n2[E(X1)]2fN (n)− [E(SN )]2

= E(N)V (X1) + [E(X1)]2E(N2)− [E(X1)]2[E(N)]2

= E(N)V (X1) + [E(X1)]2(E(N2)− [E(N)]2)
= E(N)V (X1) + [E(X1)]2V (N).

3.3bþ EujeÐa palindrìmhshc

'Estw (X, Y ) didi�stath tuqaÐa metablht . Upojètoume ìti up�rqoun oi ropèc deÔterhc t�xhc
E(X2) kai E(Y 2). Melet�me to ex c prìblhma: na elaqistopoihjeÐ h mèsh tetragwnik  apìklish
E [(X − (aY + b))2] wc proc a kai b ∈ R. Dhlad , na upologisteÐ h el�qisth tim  thc sun�rthshc

Q(a, b) = E [(X − (aY + b))2].

Je¸rhma 3.3.3. H el�qisth tim  thc Q eÐnai h Q(a0, b0) ìpou

a0 = ρX,Y
σX

σY
kai b0 = µX − a0µY = µX − ρX,Y

σX

σY
µY .

Epiplèon,

minQ(a, b) = Q(a0, b0) = σ2
X(1− ρ2

X,Y ).

Orismìc 3.3.4. H eujeÐa x = a0y+b0 = µX +ρX,Y
σX

σY
(y−µY ) lègetai eujeÐa palindrìmhshc

thc X sthn Y . H a0Y + b0 eÐnai h {bèltisth grammik  prosèggish} thc X me thn ènnoia ìti,
an�mesa se ìlec tic grammikèc sunart seic thc Y , elaqistopoieÐ th mèsh tetragwnik  apìklish
apì thn X. H posìthta Q(a0, b0) = σ2

X(1 − ρ2
X,Y ) lègetai mèso tetragwnikì sf�lma  

upìloipo diaspor�c.

Apìdeixh tou jewr matoc 3.3.3. Gr�foume

Q(a, b) = E
(
[(X − µX)− a(Y − µY ) + (µX − aµY − b)]2

)
= E (X − µX)2 + a2E (Y − µY )2 + (µX − aµY − b)2 − 2aE [(X − µX)(Y − µY )]
= σ2

X + a2σ2
Y + (µX − aµY − b)2 − 2aC(X, Y )

= σ2
X + a2σ2

Y + (µX − aµY − b)2 − 2aρX,Y σXσY .

H Q paÐrnei el�qisth tim  sto shmeÐo gia to opoÐo ∂Q
∂a = ∂Q

∂b = 0. LÔnoume to sÔsthma twn
exis¸sewn

a0σ
2
Y − µY (µX − a0µY − b)− ρX,Y σXσY = 0

kai

µX − a0µY − b0 = 0.

H deÔterh exÐswsh dÐnei b0 = µX − a0µY kai h pr¸th paÐrnei thn aploÔsterh morf  a0σ
2
Y −

ρX,Y σXσY = 0, opìte a0 = ρX,Y
σX

σY
. Epistrèfontac sth deÔterh exÐswsh, upologÐzoume to b0.



36 · Ropès katanom¸n poludi�statwn tuqaÐwn metablht¸n

Tèloc,

Q(a0, b0) = σ2
X + a2

0σ
2
Y + (µX − a0µY − b0)2 − 2a0ρX,Y σXσY

= σ2
X + ρ2

X,Y

σ2
X

σ2
Y

σ2
Y − 2ρX,Y

σX

σY
ρX,Y σXσY

= σ2
X − ρ2

X,Y σ2
X

= σ2
X(1− ρ2

X,Y ).

3.3gþ KampÔlh palindrìmhshc

'Estw (X, Y ) didi�stath tuqaÐa metablht . Upojètoume ìti up�rqei h rop  deÔterhc t�xhc E(X2)
kai exet�zoume t¸ra to ex c genikìtero prìblhma: na elaqistopoihjeÐ h mèsh tetragwnik  apìk-
lish E [(X − h(Y ))2] wc proc ìlec tic metr simec h gia tic opoÐec up�rqei h E [(h(Y ))2].

Je¸rhma 3.3.5. H el�qisth tim  thc E [(X − h(Y ))2] eÐnai h

E [(X −m(Y ))2]

ìpou m(y) = E (X | y).

Orismìc 3.3.6. H sun�rthsh m(y) lègetai sun�rthsh palindrìmhshc thc X sthn Y . H kampÔlh
x = m(y) = E (X | y) lègetai kampÔlh palindrìmhshc thc X sthn Y .

Apìdeixh tou jewr matoc 3.3.5. Gr�foume

E [(X − h(Y ))2] = E [{(X −m(Y )) + (m(Y )− h(Y ))}2]
= E [(X −m(Y ))2] + E [(m(Y )− h(Y ))2] + 2E [(X −m(Y ))(m(Y )− h(Y ))].

Qrhsimopoi¸ntac thn E [t(Y )g(X, Y ) | Y ] = t(Y )E [g(X, Y ) | Y ], parathroÔme ìti

E [(X −m(Y ))(m(Y )− h(Y ))] = E [E {(X −m(Y ))(m(Y )− h(Y )) | Y } ]
= E [(m(Y )− h(Y ))E(X −m(Y ) | Y )]
= E [(m(Y )− h(Y ))(E(X | Y )−m(Y ))]
= E [(m(Y )− h(Y ))(m(Y )−m(Y ))]
= 0.

'Ara,

E [(X − h(Y ))2] = E [(X −m(Y ))2] + E [(m(Y )− h(Y ))2] ≥ E [(X −m(Y ))2].

3.4 (4 Maðou 2009)

Suzht jhkan oi parak�tw ask seic:

1. DÐnetai suneq c didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh puknìthtac

fX,Y (x, y) = 1, |x| < y < 1.

DeÐxte ìti oi tuqaÐec metablhtèc X kai Y eÐnai asusqètistec all� ìqi anex�rthtec.

2. 'Estw ìti oi tuqaÐec metablhtèc X, Y kai Z eÐnai anex�rthtec kai kajemi� akoloujeÐ thn
ekjetik  katanom  me mèsh tim  θ. Na upologisteÐ o suntelest c susqètishc twn U = X +Y kai
W = Y + Z.

3. 'Estw X kai Y asusqètistec tuqaÐec metablhtèc kai Z = aX + bY , W = γX + δY . Poi�
sqèsh prèpei na ikanopoioÔn oi stajerèc a, b, γ kai δ ¸ste oi tuqaÐec metablhtèc Z kai W na eÐnai
asusqètistec?

4. 'Estw ìti n diakekrimèna sfairÐdia katanèmontai tuqaÐa mèsa se k ≥ 2 diakekrimèna keli�. An
Xi eÐnai o arijmìc twn sfairidÐwn sto i-ostì kelÐ, i = 1, 2, . . . , k, na deiqteÐ ìti

E(Xi) =
n

k
, V (Xi) = −(k − 1)C(Xi, Xj), ρ(Xi, Xj) = − 1

k − 1
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qwrÐc na prosdioristoÔn oi sunart seic pijanìthtac twn Xi kai (Xi, Xj).
5. Apì mia klhrwtÐda pou perièqei n laqnoÔc arijmhmènouc apì 1 mèqri n ex�gontai diadoqik�
(a) qwrÐc epan�jesh kai (b) me epan�jesh k laqnoÐ. 'Estw Xr o laqnìc pou ex�getai sthn
r-ost  dokim , r = 1, 2, . . . , k. Na upologistoÔn h mèsh tim  kai h diaspor� tou ajroÐsmatoc
Sk = X1 + X2 + · · ·+ Xk.

6. DÐnetai diakrit  didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh pijanìthtac

fX,Y (x, y) =
2

n(n + 1)
, 1 ≤ x ≤ y ≤ n.

Na upologistoÔn oi desmeumènec mèsec timèc E(X | y) kai E(Y | x).
7. DÐnetai suneq c didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh puknìthtac

fX,Y (x, y) = cxa−1(1− y)b−1, 0 < x < y < 1 (a, b > 0).

Na upologistoÔn oi desmeumènec mèsec timèc E(X | y) kai E(Y | x).
8. DÐnetai diakrit  didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh pijanìthtac

fX,Y (x, y) =
x + y − 2

18
, x, y = 1, 2, 3.

Na upologistoÔn (a) o suntelest c susqètishc ρ(X, Y ) kai (b) h kampÔlh palindrìmhshc thc X
sthn Y .


