
Kef�laio 2

Katanomèc sunart sewn tuqaÐwn

metablht¸n

2.1 (23 MartÐou 2009)

To genikì prìblhma se autì to Kef�laio eÐnai to ex c: DÐnontai dÔo tuqaÐec metablhtèc X kai
Y (ston Ðdio q¸ro pijanìthtac). An g : R2 → R eÐnai mia Borel metr simh sun�rthsh, jèloume
na ekfr�soume th sun�rthsh pijanìthtac   th sun�rthsh puknìthtac thc tuqaÐac metablht -
c Z = g(X, Y ) sunart sei thc apì koinoÔ sun�rthshc pijanìthtac   puknìthtac twn X kai
Y . Genikìtera, an G = (g1, g2) : R2 → R2 eÐnai mia Borel metr simh sun�rthsh, jèloume
na ekfr�soume th sun�rthsh pijanìthtac   th sun�rthsh puknìthtac twn tuqaÐwn metablht¸n
Z = g1(X, Y ) kai W = g2(X, Y ) sunart sei thc apì koinoÔ sun�rthshc pijanìthtac   puknìthtac
twn X kai Y .

Se autì to m�jhma suzht same thn katanom  tou ajroÐsmatoc Z = X + Y kai thc diafor�c
W = X − Y twn X kai Y .

2.1aþ Diakrit  perÐptwsh

'Estw X, Y diakritèc tuqaÐec metablhtèc me timèc xi, yj , i, j ≥ 0. Gia k�je z ∈ R èqoume

P(X + Y = z) =
∑

i

P(X = xi, Y = z − xi) =
∑

i

f(xi, z − xi).

'Omoia,

P(X + Y = z) =
∑

j

f(z − yj , yj).

O forèac thc Z = X + Y eÐnai to sÔnolo {xi + yj : i, j ≥ 0}. Katal goume loipìn sto ex c:

Je¸rhma 2.1.1. 'Estw (X, Y ) èna diakritì tuqaÐo di�nusma me sun�rthsh pijanìthtac thn f .
H sun�rthsh pijanìthtac thc Z = X + Y dÐnetai apì thn

fZ(z) =
∑

i

f(xi, z − xi) =
∑

j

f(z − yj , yj).

An, epiplèon, oi X kai Y eÐnai anex�rthtec, tìte

fZ(z) =
∑

i

fX(xi)fY (z − xi) =
∑

j

fX(z − yj)fY (yj).

Entel¸c an�loga melet�me thn diafor� W = X − Y . Gia k�je w ∈ R èqoume

P(X − Y = w) =
∑

i

P(X = xi, Y = xi − w) =
∑

i

f(xi, xi − w).
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'Omoia,

P(X − Y = w) =
∑

j

f(yj + w, yj).

O forèac thc W = X − Y eÐnai to sÔnolo {xi − yj : i, j ≥ 0}. Katal goume loipìn sto ex c:

Je¸rhma 2.1.2. 'Estw (X, Y ) èna diakritì tuqaÐo di�nusma me sun�rthsh pijanìthtac thn f .
H sun�rthsh pijanìthtac thc W = X − Y dÐnetai apì thn

fW (w) =
∑

i

f(xi, xi − w) =
∑

j

f(yj + w, yj).

An, epiplèon, oi X kai Y eÐnai anex�rthtec, tìte

fW (w) =
∑

i

fX(xi)fY (xi − w) =
∑

j

fX(yj + w)fY (yj).

ParadeÐgmata 2.1.3. Suzht jhkan ta ex c paradeÐgmata:

1. Mia klhrwtÐda perièqei k laqnoÔc thc seir�c a', r laqnoÔc thc seir�c b' kai s laqnoÔc thc
seir�c g'. Epilègoume tuqaÐa me epan�jesh n laqnoÔc kai jewroÔme to tuqaÐo di�nusma (X, Y )
ìpou X o arijmìc twn laqn¸n thc seir�c a' kai Y o arijmìc twn laqn¸n thc seir�c b' pou
epilègontai. UpologÐsthkan: h apì koinoÔ sun�rthsh pijanìthtac twn X kai Y kai h sun�rthsh
pijanìthtac thc Z = X + Y .

2. JewroÔme dÔo anex�rthtec diakritèc tuqaÐec metablhtèc X kai Y me sunart seic pijanìthtac

fX(x) =
(

n

x

)
pxqn−x, x = 0, 1, . . . , n

kai

fY (y) =
(

r

y

)
pyqr−y, y = 0, 1, . . . , r,

ìpou 0 < p, q < 1 kai p + q = 1. UpologÐsthke h sun�rthsh pijanìthtac thc Z = X + Y .

2. JewroÔme dÔo anex�rthtec diakritèc tuqaÐec metablhtèc X kai Y me sunart seic pijanìthtac

fX(x) = p1q
x
1 , x = 0, 1, 2, . . .

kai
fY (y) = p2q

y
2 , y = 0, 1, 2, . . . ,

ìpou 0 < pi, qi < 1 kai pi + qi = 1 (i = 1, 2). UpologÐsthke h sun�rthsh pijanìthtac thc
W = X − Y .

2.1bþ Suneq c perÐptwsh

'Estw X, Y suneqeÐc tuqaÐec metablhtèc. Gia k�je z ∈ R èqoume

FX+Y (z) = P(X + Y ≤ z) =
∫ ∞

−∞

∫ z−x

−∞
f(x, y) dydx.

Me thn allag  metablht c y = u− x paÐrnoume

P(X + Y ≤ z) =
∫ ∞

−∞

∫ z

−∞
f(x, u− x) dudx =

∫ z

−∞

[∫ ∞

−∞
f(x, u− x) dx

]
du.

Sunep¸c, an Z = X + Y èqoume

fZ(z) =
∫ ∞

−∞
f(x, z − x) dx.

'Omoia,

fZ(z) =
∫ ∞

−∞
f(z − y, y) dy.

Katal goume loipìn sto ex c:



2.1 Katanom  ajroÐsmatos kai diafor�s · 17

Je¸rhma 2.1.4. 'Estw (X, Y ) èna suneqèc tuqaÐo di�nusma me sun�rthsh puknìthtac thn f .
H sun�rthsh puknìthtac thc Z = X + Y dÐnetai apì thn

fZ(z) =
∫ ∞

−∞
f(x, z − x) dx =

∫ ∞

−∞
f(z − y, y) dy.

An, epiplèon, oi X kai Y eÐnai anex�rthtec, tìte

fZ(z) =
∫ ∞

−∞
fX(x)fY (z − x) dx =

∫ ∞

−∞
fX(z − y)fY (y) dy.

ShmeÐwsh. H sunèlixh dÔo apolÔtwc oloklhr¸simwn sunart sewn g kai h orÐzetai wc ex c:

(g ∗ h)(z) =
∫ ∞

−∞
g(x)h(z − x) dx.

Me aut  thn orologÐa, an X kai Y eÐnai anex�rthtec suneqeÐc tuqaÐec metablhtèc, h sun�rthsh
puknìthtac tou ajroÐsmatìc touc eÐnai h sunèlixh twn sunart sewn puknìtht�c touc, dhlad 

fX+Y = fX ∗ fY .

Entel¸c an�loga melet�me thn diafor� W = X − Y . Gia k�je w ∈ R èqoume

FX−Y (w) = P(X − Y ≤ w) =
∫ ∞

−∞

∫ ∞

x−w

f(x, y) dydx.

Me thn allag  metablht c y = x− u paÐrnoume

P(X − Y ≤ w) =
∫ ∞

−∞

∫ w

−∞
f(x, x− u) dudx =

∫ w

−∞

[∫ ∞

−∞
f(x, x− u) dx

]
du.

Sunep¸c, an W = X − Y èqoume

fW (w) =
∫ ∞

−∞
f(x, x− w) dx.

'Omoia,

fW (w) =
∫ ∞

−∞
f(y + w, y) dy.

Katal goume loipìn sto ex c:

Je¸rhma 2.1.5. 'Estw (X, Y ) èna suneqèc tuqaÐo di�nusma me sun�rthsh puknìthtac thn f .
H sun�rthsh puknìthtac thc W = X − Y dÐnetai apì thn

fW (w) =
∫ ∞

−∞
f(x, x− w) dx =

∫ ∞

−∞
f(y + w, y) dy.

An, epiplèon, oi X kai Y eÐnai anex�rthtec, tìte

fW (w) =
∫ ∞

−∞
fX(x)fY (x− w) dx =

∫ ∞

−∞
fX(y + w)fY (y) dy.

Par�deigma 2.1.6. 'Estw X kai Y anex�rthtec tuqaÐec metablhtèc. Upojètoume ìti h X
akoloujeÐ thn katanom  Γ(α, θ) kai h Y akoloujeÐ thn katanom  Γ(β, θ). Tìte h X +Y akoloujeÐ
thn katanom 

Γ(α + β, θ).

Apìdeixh. 'Eqoume upojèsei ìti

fX(x) =
θα

Γ(α)
xα−1e−θx, x > 0
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kai

fY (y) =
θβ

Γ(β)
yβ−1e−θy, y > 0.

'Ara, fX+Y (z) = 0 an z ≤ 0. An z > 0 tìte

fX+Y (z) =
θα+β

Γ(α)Γ(β)
e−θz

∫ z

0

xα−1(z − x)β−1dx.

K�nontac thn allag  metablht c x = zt (me dx = zdt) paÐrnoume

fX+Y (z) =

∫ 1

0
tα−1(1− t)β−1dt

Γ(α)Γ(β)
θα+βzα+β−1e−θz.

Apì thn teleutaÐa sqèsh kai ton orismì twn puknot twn g�mma, eÐnai fanerì ìti h fX+Y prèpei
na eÐnai h puknìthta g�mma Γ(α + β, θ). Epiplèon, afoÔ isqÔei autì, prèpei na èqoume∫ 1

0
tα−1(1− t)β−1dt

Γ(α)Γ(β)
=

1
Γ(α + β)

.

Dhlad , emmèswc upologÐsame to olokl rwma ston arijmht :∫ 1

0

tα−1(1− t)β−1 dt =
Γ(α1)Γ(α2)
Γ(α1 + α2)

.

ShmeÐwsh. Xekin¸ntac apì thn teleutaÐa isìthta mporoÔme na orÐsoume mia nèa oikogèneia pu-
knot twn, tic puknìthtec B ta. H puknìthta B ta me paramètrouc α kai β orÐzetai apì thn

f(x) =
Γ(α + β)
Γ(α)Γ(β)

xα−1(1− x)β−1, 0 < x < 1

(kai f(x) = 0 alli¸c). H onomasÐa ofeÐletai sto gegonìc ìti h sun�rthsh

B(α, β) =
Γ(α)Γ(β)
Γ(α + β)

, α, β > 0

lègetai sun�rthsh B ta.

Par�deigma 2.1.7 (katanom  χ2(n)). 'Estw n ∈ N kai Z1, . . . , Zn anex�rthtec tupikèc kanon-
ikèc tuqaÐec metablhtèc se k�poion q¸ro pijanìthtac. Jètoume Yi = Z2

i , i = 1, . . . , n. Lème ìti
h tuqaÐa metablht 

Un = Y1 + · · ·+ Yn = Z2
1 + · · ·+ Z2

n

akoloujeÐ thn katanom  χ2 me n bajmoÔc eleujerÐac. Se autì to par�deigma, upologÐzoume
th sun�rthsh puknìthtac thc Un.

UpologÐzoume pr¸ta th sun�rthsh puknìthtac thc Y = Z2 ìpou Z tupik  kanonik  tuqaÐa
metablht . Gia k�je y > 0 èqoume

FY (y) = P(Y ≤ y) = P(−√y ≤ Z ≤ √
y) = FZ(

√
y)− FZ(−√y).

'Epetai ìti

fY (y) =
1

2
√

y
(fZ(

√
y) + fZ(−√y)) =

1√
2π

y
1
2−1e−y/2 =

(1/2)1/2

Γ(1/2)
y

1
2−1e−y/2, y > 0.

Dhlad , h Y akoloujeÐ thn katanom  Γ(1/2, 1/2).
Oi Y1, . . . , Yn eÐnai anex�rthtec. Qrhsimopoi¸ntac to prohgoÔmeno par�deigma kai epagwg ,

blèpoume ìti h Un = Y1 + · · · + Yn akoloujeÐ thn katanom  Γ
(

1
2 + · · ·+ 1

2 , 1
2

)
= Γ(n/2, 1/2).

Dhlad ,

fUn(t) =
1

2n/2Γ(n/2)
t

n
2−1e−t/2, t > 0.
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2.2 (30 MartÐou 2009)

SuneqÐsame th suz thsh paradeigm�twn sqetik� me thn katanom  ajroism�twn   diafor¸n tuqaÐwn
metablht¸n.

Par�deigma 2.2.1 (katanom  χ(n)). Sto prohgoÔmeno par�deigma upologÐsame th sun�rthsh
puknìthtac

fUn
(t) =

1
2n/2Γ(n/2)

t
n
2−1e−t/2, t > 0

thc Un = Z2
1 + · · · + Z2

n, ìpou Z1, . . . , Zn anex�rthtec tupikèc kanonikèc tuqaÐec metablhtèc.
H tetragwnik  thc rÐza Vn =

√
Un akoloujeÐ thn katanom  χ me n bajmoÔc eleujerÐac.

ParathroÔme ìti
P(Vn ≤ v) = P(Un ≤ v2),

�ra
FVn

(v) = FUn
(v2).

'Epetai ìti

fVn
(v) = 2vfUn

(v2) = 2v
1

2n/2Γ(n/2)
vn−2e−v2/2,

dhlad 

fVn(v) =
1

2
n
2−1Γ(n/2)

vn−1e−v2/2.

Par�deigma 2.2.2 (katanom  Laplace). Oi qrìnoi X kai Y metaxÔ diadoqik¸n afÐxewn se
stajmì benzÐnhc eÐnai anex�rthtec tuqaÐec metablhtèc me thn Ðdia sun�rthsh puknìthtac

fX(t) = fY (t) = θe−θt, t ≥ 0

(ìpou θ > 0). Gia ton upologismì thc puknìthtac thc W = X − Y qrhsimopoioÔme thn

fW (w) =
∫ ∞

−∞
fX(y + w)fY (y) dy

kai diakrÐnoume dÔo peript¸seic.

(i) An w ≥ 0 tìte y + w ≥ y opìte

fW (w) =
∫ ∞

0

θe−θ(y+w)θe−θydy = θ2e−θw

∫ ∞

0

e−2θydy =
θ

2
e−θw.

(ii) An w < 0 tìte y ≥ y + w opìte

fW (w) =
∫ ∞

−w

θe−θ(y+w)θe−θydy = θ2e−θw

∫ ∞

−w

e−2θydy =
θ

2
eθw.

Sundu�zontac tic dÔo peript¸seic, èqoume

fW (w) =
θ

2
e−θ|w|, w ∈ R.

H katanom  thc W lègetai katanom  Laplace.

Par�deigma 2.2.3. H suneq c didi�stath tuqaÐa metablht  (X, Y ) èqei sun�rthsh puknìthtac
thn

f(x, y) =
1

2π
√

1− ρ2
exp

(
− 1

2(1− ρ2)
(x2 − 2ρxy + y2)

)
, x, y ∈ R

(ìpou |ρ| < 1). UpologÐsthke h sun�rthsh puknìthtac thc Z = X + Y : arqik�, èqoume

fZ(z) =
1

2π
√

1− ρ2

∫ ∞

−∞
exp

(
− 1

2(1− ρ2)
(x2 − 2ρx(z − x) + (z − x)2)

)
.
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Me aplèc pr�xeic blèpoume ìti

1
2(1− ρ2)

(x2 − 2ρx(z − x) + (z − x)2) =
1

1− ρ

(
x− z

2

)2

+
1

4(1 + ρ)
z2.

'Epetai ìti

fZ(z) =
1

2π
√

1− ρ2
e−

z2
4(1+ρ)

∫ ∞

−∞
exp

(
− 1

1− ρ

(
x− z

2

)2
)

.

K�nontac thn allag  metablht c u =
(
x− z

2

)
/
√

(1− ρ)/2, paÐrnoume

fZ(z) =
1

2π
√

1 + ρ
√

2
e−

z2
4(1+ρ)

∫ ∞

−∞
e−u2/2 =

1√
2π

√
2(1 + ρ)

e−
z2

4(1+ρ) .

Dhlad , h Z akoloujeÐ kanonik  katanom  me mèsh tim  0 kai diaspor� 2(1 + ρ).

2.2aþ Ginìmeno kai phlÐko tuqaÐwn metablht¸n

'Estw X, Y suneqeÐc tuqaÐec metablhtèc kai Z = XY . Gia k�je z ∈ R èqoume

FZ(z) = P(XY ≤ z) =
∫∫

{(x,y):xy≤z}
f(x, y) dydx.

To teleutaÐo olokl rwma gr�fetai wc �jroisma:∫ 0

−∞

∫ ∞

z/x

f(x, y) dydx +
∫ ∞

0

∫ z/x

−∞
f(x, y) dydx.

K�nontac thn allag  metablht c y = u/x paÐrnoume

FZ(z) =
∫ 0

−∞

∫ z

−∞
f(x, u/x)

1
|x|

dudx +
∫ ∞

0

∫ z

−∞
f(x, u/x)

1
|x|

dudx.

Dhlad ,

FZ(z) =
∫ z

−∞

[∫ ∞

−∞
f(x, u/x)

1
|x|

dx

]
du.

'Epetai ìti

fZ(z) =
∫ ∞

−∞
f(x, z/x)

1
|x|

dx.

'Omoia,

fZ(z) =
∫ ∞

−∞
f(z/y, y)

1
|y|

dy.

Katal goume loipìn sto ex c:

Je¸rhma 2.2.4. 'Estw (X, Y ) èna suneqèc tuqaÐo di�nusma me sun�rthsh puknìthtac thn f .
H sun�rthsh puknìthtac thc Z = XY dÐnetai apì thn

fZ(z) =
∫ ∞

−∞
f(x, z/x)

1
|x|

dx =
∫ ∞

−∞
f(z/y, y)

1
|y|

dy.

An, epiplèon, oi X kai Y eÐnai anex�rthtec, tìte

fZ(z) =
∫ ∞

−∞
fX(x)fY (z/x)

1
|x|

dx =
∫ ∞

−∞
fX(z/y)fY (y)

1
|y|

dy.

Entel¸c an�loga melet�me to phlÐko W = X/Y . Sto epìmeno m�jhma ja doÔme èna genikìtero
apotèlesma, to opoÐo ja mac d¸sei apl� thn puknìthta thc W (parathr ste ìti, sthn perÐptwsh
tou phlÐkou, oi {rìloi} twn X kai Y den eÐnai summetrikoÐ):
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Je¸rhma 2.2.5. 'Estw (X, Y ) èna suneqèc tuqaÐo di�nusma me sun�rthsh puknìthtac thn f .
H sun�rthsh puknìthtac thc W = X/Y dÐnetai apì thn

fW (w) =
∫ ∞

−∞
f(x, x/w)

|x|
w2

dx =
∫ ∞

−∞
f(yw, y) |y| dy.

An, epiplèon, oi X kai Y eÐnai anex�rthtec, tìte

fW (w) =
∫ ∞

−∞
fX(x)fY (x/w)

|x|
w2

dx =
∫ ∞

−∞
fX(yw)fY (y) |y| dy.

Par�deigma 2.2.6. H suneq c didi�stath tuqaÐa metablht  (X, Y ) èqei sun�rthsh puknìthtac
thn

f(x, y) =
1

2π
√

1− ρ2
exp

(
− 1

2(1− ρ2)
(x2 − 2ρxy + y2)

)
, x, y ∈ R

(ìpou |ρ| < 1). UpologÐsthke h sun�rthsh puknìthtac thc W = X/Y : arqik�, èqoume

fW (w) =
∫ ∞

−∞
fX(yw)fY (y) |y| dy =

1

2π
√

1− ρ2
· 2

∫ ∞

0

|y| exp
(
− 1

2(1− ρ2)
(w2 − 2ρw1)y2

)
dy.

K�nontac thn allag  metablht c

u = y

√
w2 − 2ρw + 1√

1− ρ2

paÐrnoume

fW (w) =
1

π
√

1− ρ2

1− ρ2

w2 − 2ρw + 1

∫ ∞

0

ue−u2/2du.

Dhlad ,

fW (w) =
1

π
√

1− ρ2

1

1 +
(

w−ρ√
1−ρ2

)2 .

H W akoloujeÐ katanom  Cauchy me paramètrouc µ = ρ kai λ =
√

1− ρ2.

Par�deigma 2.2.7 (katanom  Student). 'Estw Z tupik  kanonik  tuqaÐa metablht  kai Un

tuqaÐa metablht  pou akoloujeÐ thn katanom  χ2(n). Upojètoume ìti oi Z,Un eÐnai anex�rthtec.
H tuqaÐa metablht 

Tn =
Z√
Un/n

akoloujeÐ thn katanom  Student me n bajmoÔc eleujerÐac. Gia ton upologismì thc fTn

upologÐzoume pr¸ta th sun�rthsh puknìthtac thc Wn = Z/Vn, ìpou Vn =
√

Un. Sto par�deigma
2.2.1 eÐdame ìti

fVn
(v) =

1
2

n
2−1Γ(n/2)

vn−1e−v2/2.

Sunep¸c,

fWn
(w) =

∫ ∞

−∞
fZ(wy)fVn

(y)|y| dy =
1

2
n
2−1Γ(n/2)

1√
2π

∫ ∞

0

yn−1e−
(w2+1)y2

2 y dy.

K�nontac thn allag  metablht c t = (w2 + 1)y2/2 paÐrnoume

fWn(w) =
1

(w2 + 1)(n+1)/2

1√
πΓ(n/2)

∫ ∞

0

t(n−1)/2e−tdt =
Γ((n + 1)/2)√

πΓ(n/2)
1

(w2 + 1)(n+1)/2
.

Parathr¸ntac ìti
Γ((n + 1)/2)√

πΓ(n/2)
=

Γ((n + 1)/2)
Γ(1/2)Γ(n/2)

=
1

B(1/2, n/2)
,
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katal goume sthn

fWn(w) =
1

B(1/2, n/2)
1

(w2 + 1)(n+1)/2
, w ∈ R.

AfoÔ Tn =
√

nWn, èqoume fTn
(t) = 1√

n
fWn

(t/
√

n). Sunep¸c,

fTn(t) =
1√

nB(1/2, n/2)
1

(1 + t2/n)(n+1)/2
, t ∈ R

Par�deigma 2.2.8 (katanom  Snedecor). H katanom  Snedecor me k kai n bajmoÔc
eleujerÐac eÐnai h katanom  thc tuqaÐac metablht c

Wk,n =
Uk/k

Un/n

ìpou Uk, Un anex�rthtec tuqaÐec metablhtèc pou akoloujoÔn tic katanomèc χ2(k) kai χ2(n)
antÐstoiqa.

UpologÐzoume pr¸ta th sun�rthsh puknìthtac thc Sk,n = Uk/Un: èqoume

fSk,n
(s) =

∫ ∞

−∞
fUk

(sx)fUn
(x)|x| dx =

1

2
k+n

2 Γ(k/2)Γ(n/2)
s

k
2−1

∫ ∞

0

x
k+n

2 −1e−(1+s)x/2dx.

K�nontac thn allag  metablht c t = (1 + s)x/2 paÐrnoume

fSk,n
(s) =

Γ((kn)/2)
Γ(k/2)Γ(n/2)

s
k
2−1

(1 + s)(k+n)/2
=

1
B(k/2, n/2)

s
k
2−1

(1 + s)(k+n)/2
, s ≥ 0.

AfoÔ Wk,n = n
k Sk,n, èqoume fWk,n

(w) = k
nfWn(kw/n). Sunep¸c,

fWk,n
(w) =

1
B(k/2, n/2)

(kw/n)
k
2−1

(1 + kw/n)(k+n)/2
=

kk/2nn/2

B(k/2, n/2)
w

k
2−1

(n + kw)(k+n)/2
, w ≥ 0.

2.3 (1 AprilÐou 2009)

'Estw (X, Y ) èna suneqèc tuqaÐo di�nusma. K�tw apì k�poiec proôpojèseic, an G = (g1, g2) :
R2 → R2 eÐnai mia Borel metr simh sun�rthsh, tìte h sun�rthsh puknìthtac twn tuqaÐwn metabl-
ht¸n Z = g1(X, Y ) kai W = g2(X, Y ) ekfr�zetai sunart sei thc apì koinoÔ sun�rthshc puknìth-
tac twn X kai Y :

Je¸rhma 2.3.1. 'Estw (X, Y ) suneqèc tuqaÐo di�nusma me sun�rthsh puknìthtac thn f . Upo-
jètoume ìti o metasqhmatismìc

(x, y) 7→ (z, w) = (g1(x, y), g2(x, y))

antistrèfetai kai gia ton antÐstrofo metasqhmatismì

(z, w) 7→ (x, y) = (h1(z, w), h2(z, w))

up�rqoun oi merikèc par�gwgoi ∂hi

∂z , ∂hi

∂w (i = 1, 2) kai eÐnai suneqeÐc. Tìte, h sun�rthsh puknìth-
tac thc (Z,W ) dÐnetai apì thn

fZ,W (z, w) = f(h1(z, w), h2(z, w)) |J(z, w)|

ìpou J(z, w) h Iakwbian  thc H = (h1, h2) sto (z, w).

Perigraf  thc apìdeixhc. JewroÔme th sun�rthsh katanom c thc (Z,W ):

FZ,W (z, w) = P(g1(x, y) ≤ z, g2(x, y) ≤ w) =
∫∫

A

f(x, y) dxdy,
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ìpou A = {(x, y) : g1(x, y) ≤ z, g2(x, y) ≤ w}. ParathroÔme ìti (x, y) ∈ A an kai mìno an
u ≤ z, v ≤ w, ìpou u = g1(x, y), v = g2(x, y),   isodÔnama, x = h1(u, v), y = h2(u, v). K�nontac
aut  thn allag  metablht c, paÐrnoume

FZ,W (z, w) =
∫∫

{(u,v):u≤z,v≤w}
f(h1(u, v), h2(u, v)) · |J(u, v)| duvdu

=
∫ z

−∞

∫ w

−∞
f(h1(u, v), h2(u, v)) · |J(u, v)| dvdu.

ParagwgÐzontac wc proc z kai w sumperaÐnoume ìti

fZ,W (z, w) = f(h1(z, w), h2(z, w)) |J(z, w)|.

Pìrisma 2.3.2. 'Estw (X, Y ) suneqèc tuqaÐo di�nusma me sun�rthsh puknìthtac thn f . Upo-
jètoume ìti o metasqhmatismìc

(x, y) 7→ (x, z) = (x, g(x, y))

antistrèfetai kai gia ton antÐstrofo metasqhmatismì

(x, z) 7→ (x, y) = (x, h(x, z))

up�rqoun oi merikèc par�gwgoi ∂h
∂x ,

∂h
∂y kai eÐnai suneqeÐc. Tìte, h sun�rthsh puknìthtac thc

Z = g(X, Y ) dÐnetai apì thn

fZ(z) =
∫ ∞

−∞
f(x, h(x, z))

∣∣∣∣∂h

∂z
(x, z)

∣∣∣∣ dx.

Perigraf  thc apìdeixhc. Apì to je¸rhma 2.3.2 èqoume

fX,Z(x, z) = f(x, h(x, z)) |J(x, z)| = f(x, h(x, z))
∣∣∣∣∂h

∂z
(x, z)

∣∣∣∣ .

Oloklhr¸nontac wc proc x paÐrnoume

fZ(z) =
∫ ∞

−∞
fX,Z(x, z) dx =

∫ ∞

−∞
f(x, h(x, z))

∣∣∣∣∂h

∂z
(x, z)

∣∣∣∣ dx.

Par�deigma 2.3.3. To pìrisma 2.3.2 mporeÐ na qrhsimopoihjeÐ gia ton upologismì thc sun�rthsh-
c puknìthtac tou ajroÐsmatoc, thc diafor�c, tou ginomènou kai tou phlÐkou dÔo tuqaÐwn metabl-
ht¸n. Exet�sthke h perÐptwsh tou phlÐkou:

(i) JewroÔme to metasqhmatismì (x, y) 7→ (x,w) = (x, x/y) me antÐstrofo ton (x, w) 7→ (x, y) =
(x, x/w). 'Eqoume ∂(x/w)

∂w = − x
w2 , sunep¸c

fX/Y (w) =
∫ ∞

−∞
f(x, x/w)

|x|
w2

dw.

(i) JewroÔme to metasqhmatismì (x, y) 7→ (w, y) = (x/y, y) me antÐstrofo ton (x,w) 7→ (x, y) =
(yw, y). 'Eqoume ∂(yw)

∂w = y, sunep¸c

fX/Y (w) =
∫ ∞

−∞
f(yw, y) |y| dw.

Autìc  tan o isqurismìc tou jewr matoc 2.2.5.

Par�deigma 2.3.4 (katanom  Rayleigh). Sto kef�laio 1 suzht jhke to montèlo tou Her-
schell: jewroÔme bolèc proc èna stìqo pou brÐsketai sthn arq  twn axìnwn tou epipèdou kai to
tuqaÐo di�nusma (X, Y ) ìpou X h orizìntia apìklish kai Y h katakìrufh apìklish thc bol c
apì to stìqo. Me thn upìjesh ìti oi X, Y eÐnai anex�rthtec suneqeÐc tuqaÐec metablhtèc me apì
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koinoÔ sun�rthsh puknìthtac pou exart�tai mìno apì thn apìstash apì thn arq  twn axìnwn,
deÐxame ìti up�rqei stajer� σ > 0 ¸ste

f(x, y) = fX(x) =
1

σ
√

2π
exp

(
−x2 + y2

2σ2

)
, x, y ∈ R.

Zht�me th sun�rthsh puknìthtac thc tuqaÐac metablht c R =
√

X2 + Y 2 (thc apìstashc thc
bol c apì to stìqo).

QrhsimopoioÔme to metasqhmatismì r =
√

x2 + y2, θ = arctan(y/x) me antÐstrofo ton

x = r cos θ, y = r sin θ.

'Eqoume J(r, θ) = r, sunep¸c h sun�rthsh puknìthtac tou tuqaÐou dianÔsmatoc (R,Θ) dÐnetai apì
thn

fR,Θ(r, θ) = f(r cos θ, r sin θ) · r =
r

2πσ2
e−

r2

2σ2 , r ≥ 0, 0 ≤ θ ≤ 2π.

T¸ra, mporoÔme na upologÐsoume thn perij¸ria puknìthta

fR(r) =
∫ 2π

0

fR,Θ(r, θ) dθ =
r

σ2
e−

r2

2σ2 , r ≥ 0.

H katanom  thc R lègetai katanom  Rayleigh.

Par�deigma 2.3.5 (katanom  Maxwell). Upojètoume ìti oi probolèc V1, V2, V3 thc taqÔthtac
swmatidÐou se stajerì sÔsthma axìnwn eÐnai anex�rthtec kanonikèc tuqaÐec metablhtèc me thn
Ðdia katanom :

fVi(vi) =
1

σ
√

2π
exp

(
− v2

i

2σ2

)
, vi ∈ R

ìpou σ > 0 (montèlo Maxwell). Zht�me th sun�rthsh puknìthtac tou mètrou V =
√

V 2
1 + V 2

2 + V 2
3

thc taqÔthtac tou swmatidÐou.
QrhsimopoioÔme to metasqhmatismì

v =
√

v2
1 + v2

2 + v2
3 , θ = arctan(v2/v1), φ = arccos(v3/

√
v2
1 + v2

2 + v2
3)

me antÐstrofo ton

v1 = v sinφ cos θ, v2 = v sinφ sin θ, v3 = v cos θ.

'Eqoume J(v, θ, φ) = −v2 sinφ, sunep¸c h sun�rthsh puknìthtac tou tuqaÐou dianÔsmatoc (V,Θ,Φ)
dÐnetai apì thn

fV,Θ,Φ(v, θ, φ) = fV1(v sinφ cos θ)fV2(v sinφ sin θ)fV3(v cos θ) · v2 sinφ =
sinφ

(2π)3/2σ3
v2e−

v2

2σ2 ,

(v ≥ 0, 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π). T¸ra, mporoÔme na upologÐsoume thn perij¸ria puknìthta
fV (v) oloklhr¸nontac wc proc θ kai φ:

fV (v) =
4v2

λ3
√

π
e−

v2

λ2 , v ≥ 0,

ìpou λ = σ
√

2. H katanom  thc V lègetai katanom  Maxwell.

Ask seic 2.3.6. Suzht jhkan oi parak�tw ask seic:

1. JewroÔme mia akoloujÐa anex�rthtwn dokim¸n Bernoulli me pijanìthta epituqÐac p kai pi-
janìthta apotuqÐac q = 1 − p. An X eÐnai to pl joc twn apotuqi¸n mèqri thn pr¸th epituqÐa
kai Y eÐnai to pl joc twn apotuqi¸n apì thn pr¸th mèqri th deÔterh epituqÐa, na deiqjeÐ ìti h
desmeumènh katanom  thc X dedomènou ìti X + Y = n eÐnai h omoiìmorfh katanom  sto sÔnolo
{0, 1, 2, . . . , n}.
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2. DÐnontai anex�rthtec tuqaÐec metablhtèc X kai Y oi opoÐec akoloujoÔn katanom  Poisson
me paramètrouc θ kai λ antÐstoiqa. Na deiqjeÐ ìti h desmeumènh katanom  thc X dedomènou ìti
X + Y = n eÐnai diwnumik  me paramètrouc n kai p = θ

θ+λ .

3. DÔo �toma sumfwnoÔn na sunanthjoÔn, orismènh hmèra kai se orismèno mèroc, metaxÔ twn wr¸n
a kai a + b. SumfwnoÔn epÐshc ìti kanènac den mporeÐ na perimènei ton �llo perissìtero qrìno
apì θ, ìpou 0 < θ < b. An upojèsoume ìti kajènac apì touc dÔo eÐnai to Ðdio pijanì na ft�sei
ston tìpo thc sun�nthshc se opoiad pote stigm  tou prokajorismènou qronikoÔ diast matoc kai
anex�rthta apì ton �llon, upologÐste thn pijanìthta na katafèroun na sunanthjoÔn.

2.4 (6 AprilÐou 2009)

Suzht jhkan oi parak�tw ask seic:

1. DÐnontai dÔo anex�rthtec tuqaÐec metablhtèc X kai Y , omoiìmorfa katanemhmènec sto [0, 1].
ProsdiorÐste thn apì koinoÔ sun�rthsh puknìthtac twn Z = X + Y , W = X − Y kai exet�ste
an eÐnai anex�rthtec.

2. DÐnontai α, β > 0 kai h didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh puknìthtac thn

f(x, y) =
1

Γ(α) Γ(β)
xα−1(y − x)β−1e−y, 0 < x < y < ∞.

Na prosdioristoÔn: (a) h sun�rthsh puknìthtac thc (X, Z) ìpou Z = Y − X, (b) h perij¸ria
sun�rthsh puknìthtac thc Z. EÐnai oi X kai Z anex�rthtec?

3. O qrìnoc zw c miac luqnÐac akoloujeÐ ekjetik  katanom  me mèsh tim  µ ¸rec. Mia mhqan 
qrhsimopoieÐ dÔo luqnÐec autoÔ tou tÔpou wc ex c: arqik� mpaÐnei se leitourgÐa h pr¸th luqnÐa
kai ìtan aut  qal�sei mpaÐnei se leitourgÐa h deÔterh luqnÐa. An U kai W eÐnai oi qrìnoi zw c
thc pr¸thc kai deÔterhc luqnÐac antÐstoiqa, deÐxte ìti h desmeumènh katanom  thc U dedomènou
ìti U + W = t eÐnai h omoiìmorfh sto di�sthma [0, t].

DeÐxte epÐshc ìti h V/(U + W ) eÐnai omoiìmorfa katanemhmènh sto [0, 1].
4. 'Estw X kai Y anex�rthtec tuqaÐec metablhtèc me sunart seic puknìthtac

fX(x) =
1
π

1√
1− x2

, −1 < x < 1

kai
fY (y) = ye−y2/2, y > 0.

ProsdiorÐste th sun�rthsh puknìthtac thc Z = XY .

5. DÔo �toma rÐqnoun apì èna nìmisma wc th stigm  pou kai oi dÔo ja èqoun fèrei kor¸na. DeÐxte
ìti o mègistoc arijmìc Z twn rÐyewn pou apaitoÔntai èqei sun�rthsh pijanìthtac thn

fZ(z) = P(Z = z) =
(

1
2

)z−1

− 3
4

(
1
4

)z−1

, z = 1, 2, . . .

6. DÐnontai anex�rthtec tuqaÐec metablhtèc X1, . . . , Xn. Gia k�je k = 1, . . . , n, h sun�rthsh
katanom c thc Xk isoÔtai me

FXk
(x) = P(Xk ≤ x) = xk, 0 ≤ x < 1

(sunep¸c, FXk
(x) = 0 an x < 0 kai FXk

(x) = 1 an x ≥ 1). Na prosdioristoÔn: (a) h sun�rthsh
katanom c kai (b) h sun�rthsh puknìthtac thc tuqaÐac metablht c Yn = max{X1, . . . , Xn}.
7. DÐnontai anex�rthtec diakritèc tuqaÐec metablhtèc X1, . . . , Xn me

fXk
(x) = P(Xk = x) = pkqx

k , x = 0, 1, 2, . . . (0 < pk < 1, qk = 1− pk).

DeÐxte ìti h tuqaÐa metablht  Y = min{X1, . . . , Xn} èqei th gewmetrik  katanom  me sun�rthsh
pijanìthtac thn

fY (y) = P(Y = y) = pqy, y = 0, 1, 2, . . .

ìpou q = q1q2 · · · qn kai p = 1− q.


