
Kef�laio 1

Poludi�statec tuqaÐec

metablhtèc

1.1 (4 MartÐou 2009)

'Estw (Ω,A, P) ènac q¸roc pijanìthtac. To mh kenì sÔnolo Ω eÐnai o deigmatikìc q¸roc, h
oikogèneia A uposunìlwn tou Ω eÐnai to σ-pedÐo twn endeqomènwn sto Ω kai h sun�rthsh P : A →
[0, 1] eÐnai to mètro pijanothtac (an A ∈ A skeftìmaste thn tim  P(A) wc {thn pijanìthta na
sumbeÐ to A}).

ShmeÐwsh. UpenjumÐzetai ìti ston orismì tou q¸rou pijanìthtac apaitoÔme ta ex c:

(i) H oikogèneia A twn endeqomènwn èqei th dom  tou σ-pedÐou: perièqei to Ω, eÐnai kleist  wc
proc sumplhr¸mata kai wc proc arijm simec en¸seic. Me �lla lìgia, (i) an A ∈ A tìte
Ω \ A ∈ A kai (ii) an (An) eÐnai akoloujÐa sunìlwn sthn A tìte to sÔnolo

⋃∞
n=1 An ∈ A.

'Epetai ìti h A perièqei to ∅, eÐnai kleist  wc proc arijm simec tomèc klp.

(ii) To mètro pijanìthtac P ikanopoieÐ tic P(∅) = 0, P(Ω) = 1 kai eÐnai arijm sima prosjetikì:
an (An) eÐnai akoloujÐa xènwn sunìlwn apì thn A tìte

P

( ∞⋃
n=1

An

)
=

∞∑
n=1

P(An).

Apì thn arijm simh prosjetikìthta èpetai h {sunèqeia} thc P me thn ex c ènnoia: (i) an
(An) eÐnai aÔxousa akoloujÐa sthn A kai A =

⋃∞
n=1 An, tìte P(A) = lim

n→∞
P(An) kai (ii)

an (An) eÐnai fjÐnousa akoloujÐa sthn A kai A =
⋂∞

n=1 An, tìte P(A) = lim
n→∞

P(An).

1.1aþ Poludi�statec tuqaÐec metablhtèc

TuqaÐa metablht  eÐnai k�je {metr simh} sun�rthsh X : Ω → R. Autì shmaÐnei ìti: gia k�je
x ∈ R to sÔnolo

{ω ∈ Ω : X(ω) ≤ x} = X−1((−∞, x])

an kei sthn A. O orismìc autìc genikeÔetai wc ex c:

Orismìc 1.1.1 (tuqaÐo di�nusma). 'Estw k ≥ 2. Mia sun�rthsh X = (X1, . . . , Xk) : Ω → Rk

lègetai poludi�stath tuqaÐa metablht  (  tuqaÐo di�nusma) an gia k�je x = (x1, . . . , xk) ∈
Rk to sÔnolo

{ω ∈ Ω : X1(ω) ≤ x1, . . . , Xk(ω) ≤ xk} = X−1((−∞, x1]× · · · × (−∞, xk])

an kei sthn A.

ShmeÐwsh. An X = (X1, . . . , Xk) eÐnai èna tuqaÐo di�nusma, tìte k�je Xi : Ω → R eÐnai (monodi�s-
tath) tuqaÐa metablht . Autì prokÔptei apì thn

X−1
i ((−∞, xi]) = X−1(R× · · · × (−∞, xi]× · · · × R).
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AntÐstrofa, an k�je Xi eÐnai tuqaÐa metablht , tìte h X = (X1, . . . , Xk) eÐnai tuqaÐo di�nusma.
Autì prokÔptei apì thn

X−1((−∞, x1]× · · · × (−∞, xk]) =
k⋂

i=1

X−1
i ((−∞, xi]).

K�je tuqaÐa metablht  X : Ω → R ep�gei èna mètro pijanìthtac sto R. An a < b sto R
orÐzoume

PX((a, b]) = P({ω : a < X(ω) ≤ b}) = P(X−1(a, b])).

Genikìtera, gia k�je B ∈ B(R) (B sto Borel σ-pedÐo tou R, dhlad  to mikrìtero σ-pedÐo tou R
pou perièqei ìla ta hmianoikt� diast mata (a, b]) orÐzoume

PX(B) = P(X−1(B)).

H sun�rthsh PX : B(R) → [0, 1] eÐnai mètro pijanìthtac kai lègetai katanom  pijanìthtac
thc X. O orismìc autìc genikeÔetai wc ex c:

Orismìc 1.1.2 (katanom  pijanìthtac). 'Estw X = (X1, . . . , Xk) : Ω → Rk mia poludi�stath
tuqaÐa metablht . H katanom  pijanìthtac thc X eÐnai to mètro pijanìthtac PX pou orÐzetai
sto Borel σ-pedÐo tou Rk wc ex c: an B ∈ B(Rk) tìte

PX(B) = P(X−1(B)).

Eidikìtera, an ai < bi sto R tìte

PX((a1, b1]× · · · × (ak, bk]) = P({ω : a1 < X1(ω) ≤ b1, . . . , ak < Xk(ω) ≤ bk}).

ShmeÐwsh. PolÔ suqn�, idiaÐtera sthn perÐptwsh twn diakrit¸n tuqaÐwn metablht¸n, h katanom 
pijanìthtac orÐzetai sto sÔnolo tim¸n X(Ω) thc X: autì eÐnai uposÔnolo tou Rk kai gia k�je
B = X(Ω) ∩B′, ìpou B′ ∈ B(Rk), orÐzoume

PX(B) = P(X−1(B)).

Me �lla lìgia, ta mìna uposÔnola tou Rk pou mac {endiafèroun} eÐnai aut� pou perièqontai sto
X(Ω).

ParadeÐgmata 1.1.3. Suzht jhkan ta ex c paradeÐgmata:

(i) 'Estw (Ω,A, P) q¸roc pijanìthtac kai A1, A2 ∈ A me P(A1) = p1, P(A2) = p2 kai P(A1 ∩
A2) = p12. JewroÔme thn tuqaÐa metablht  X : Ω → R2 me

X(ω) = (0, 0) an ω /∈ A1, ω /∈ A2

X(ω) = (0, 1) an ω /∈ A1, ω ∈ A2

X(ω) = (1, 0) an ω ∈ A1, ω /∈ A2

X(ω) = (1, 1) an ω ∈ A1, ω ∈ A2.

Ed¸, X(Ω) = {(0, 0), (0, 1), (1, 0), (1, 1)} kai h katanom  pijanìthtac orÐzetai sta 16 up-
osÔnola tou X(Ω). Gia par�deigma,

PX({(0, 0), (0, 1)}) = P({ω : ω /∈ A1}) = 1− p1.

(ii) An Ω = {(x, y) ∈ R2 : x2 + y2 ≤ 1} eÐnai o monadiaÐoc dÐskoc kai to {peÐrama} pou mac
endiafèrei eÐnai h rÐyh bèlouc proc to Ω tìte gia k�je Borel B ⊆ Ω èqoume

PX(B) = P(B) =
ε(B)
ε(Ω)

=
1
π

∫∫
B

dxdy

ìpou ε(A) eÐnai to embadìn tou A. Autì giatÐ jewroÔme ìla ta {stoiqei¸dh uposÔnola}
tou Ω isopÐjana. H katanom  pijanìthtac eÐnai h omoiìmorfh. Gia par�deigma, an Br =
{(x, y) : x2 + y2 ≤ r2}, 0 ≤ r ≤ 1, tìte

P(Br) =
1
π

∫∫
Br

dxdy =
1
π

∫ 2π

0

∫ r

0

tdtdθ =
1
π

∫ 2π

0

r2

2
dθ =

1
π
· πr2 = r2.
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1.1bþ Sun�rthsh katanom c

Orismìc 1.1.4 (sun�rthsh katanom c). H sun�rthsh katanom c tou tuqaÐou dianÔsmatoc
X = (X1, . . . , Xk) eÐnai h sun�rthsh FX : Rk → R pou orÐzetai wc ex c: an x = (x1, . . . , xk) ∈ Rk

tìte

FX(x) = P(X1 ≤ x1, . . . , Xk ≤ xk) := P({ω ∈ Ω : X1(ω) ≤ x1, . . . , Xk(ω) ≤ xk}).

H sun�rthsh katanom c FX tou tuqaÐou dianÔsmatoc X prosdiorÐzei thn katanom  pijanìthtac
tou X. Gia par�deigma, sthn perÐptwsh k = 2, h pijanìthta P(R) opoioud pote orjogwnÐou R
perigr�fetai mèsw thc FX :

Je¸rhma 1.1.5. 'Estw (X, Y ) : Ω → R2 tuqaÐo di�nusma kai F = F(X,Y ) h sun�rthsh katanom -
c tou. An a < b kai γ < δ tìte

P(a < X ≤ b, γ < Y ≤ δ) = F (b, δ)− F (a, δ)− F (b, γ) + F (a, γ).

Gia thn apìdeixh gr�foume

P(a < X ≤ b, γ < Y ≤ δ) = P(X ≤ b, γ < Y ≤ δ)− P(X ≤ a, γ < Y ≤ δ)
= P(X ≤ b, Y ≤ δ)− P(X ≤ b, Y ≤ γ)

−P(X ≤ a, Y ≤ δ) + P(X ≤ a, Y ≤ γ)
= F (b, δ)− F (a, δ)− F (b, γ) + F (a, γ).

AntÐstoiqo apotèlesma isqÔei gia k-di�statec tuqaÐec metablhtèc. Oi basikèc idiìthtec thc
sun�rthshc katanom c enìc didi�statou tuqaÐou dianÔsmatoc perigr�fontai sto epìmeno je¸rhma:

Je¸rhma 1.1.6 (k = 2). 'Estw (X, Y ) : Ω → R2 tuqaÐo di�nusma kai F = F(X,Y ) h sun�rthsh
katanom c tou. Tìte, isqÔoun ta akìlouja:

(i) Gia k�je x, y ∈ R, 0 ≤ F (x, y) ≤ 1.

(ii) H F eÐnai aÔxousa wc proc k�je metablht :

1. An x1 < x2 tìte F (x1, y) ≤ F (x2, y) gia k�je y ∈ R.

2. An y1 < y2 tìte F (x, y1) ≤ F (x, y2) gia k�je x ∈ R.

(iii) An x1 < x2 kai y1 < y2 tìte

F (x2, y2)− F (x1, y2)− F (x2, y1) + F (x1, y1) ≥ 0.

(iv) H F eÐnai suneq c apì dexi� wc proc k�je metablht : an xn ↓ x tìte lim
n→∞

F (xn, x) = F (x, y)

kai an yn ↓ y tìte lim
n→∞

F (x, yn) = F (x, y).

(v) IsqÔoun oi oriakèc sunj kec

F (−∞, y) = lim
x→−∞

F (x, y) = 0, F (x,−∞) = lim
y→−∞

F (x, y) = 0

kai

F (x,+∞) = lim
y→+∞

F (x, y) = FX(x) = P(X ≤ x)

F (+∞, y) = lim
x→+∞

F (x, y) = FY (y) = P(Y ≤ y),

ìpou FX , FY oi sunart seic katanom c twn X, Y .

H apìdeixh eÐnai apl . Gia to (i) parathr ste ìti oi timèc thc F eÐnai timèc thc P (dhlad ,
pijanìthtec). Gia to (ii) parathr ste ìti, gia par�deigma, an x1 < x2 tìte {X ≤ x1, Y ≤
y} ⊆ {X ≤ x2, Y ≤ y} gia k�je y ∈ R. H idiìthta (iii) prokÔptei �mesa apì thn isìthta tou
prohgoÔmenou jewr matoc kai to gegonìc ìti h pijanìthta eÐnai p�nta mh arnhtik . Gia to (iv)
parathr ste ìti h akoloujÐa endeqomènwn An = {X ≤ xn, Y ≤ y} eÐnai fjÐnousa kai h tom  touc
eÐnai to endeqìmeno A = {X ≤ x, Y ≤ y}, sunep¸c, P(A) = lim

n→∞
P(An). Oi oriakèc sunj kec

prokÔptoun an�loga (apì th sunèqeia thc P wc proc monìtonec akoloujÐec endeqomènwn).

AntÐstoiqo apotèlesma isqÔei gia k-di�statec tuqaÐec metablhtèc.
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ParadeÐgmata 1.1.7. Perigr�yame th sun�rthsh katanom c twn ex c tuqaÐwn dianusm�twn:

(i) RÐqnoume dÔo z�ria kai katagr�foume to diatetagmèno zeÔgoc twn endeÐxe¸n touc. Ed¸,
Ω = {(i, j) : 1 ≤ i, j,≤ 6}. JewroÔme to tuqaÐo di�nusma (X, Y ), ìpou X(i, j) = 1 an
2 | i + j kai 0 alli¸c, Y (i, j) = 1 an 3 | i + j kai 0 alli¸c.

(ii) JewroÔme to orjog¸nio R = [a, b]× [γ, δ] me to omoiìmorfo mètro pijanìthtac: an B eÐnai
Borel uposÔnolo tou R tìte

P =
ε(B)
ε(R)

=
1

(b− a)(δ − γ)

∫∫
B

dxdy.

San tuqaÐo di�nusma, jewroÔme tic X(x, y) = x, Y (x, y) = y.

EÐdame epÐshc ìti h sun�rthsh F (x, y) = 1 an x + y ≥ 0 kai F (x, y) = 0 an x + y < 0, den eÐnai
sun�rthsh katanom c k�poiou tuqaÐou dianÔsmatoc, parìlo pou ikanopoieÐ tic sunj kec (i), (ii)
kai (iv) tou prohgoÔmenou jewr matoc. MporoÔme na broÔme x1 < x2 kai y1 < y2 ¸ste

F (x2, y2)− F (x1, y2)− F (x2, y1) + F (x1, y1) < 0.

1.2 (9 MartÐou 2009)

1.2aþ Diakrit� tuqaÐa dianÔsmata

Mia tuqaÐa metablht  (X, Y ) lègetai diakrit  an up�rqei peperasmèno   arijm simo sÔnolo

S = {(xi, yj) : i, j ≥ 0} ⊆ R2

¸ste
P({ω : (X(ω), Y (ω)) /∈ S}) = 0.

IsodÔnama, ∑
j

∑
i

P(X = xi, Y = yj) = 1.

To S eÐnai o forèac tou (X, Y ).

Orismìc 1.2.1 (sun�rthsh pijanìthtac). 'Estw (X, Y ) diakrit  tuqaÐa metablht  me forèa
to S. H sun�rthsh pijanìthtac thc (X, Y ) orÐzetai wc ex c:

f(xi, yj) = P(X = xi, Y = yj)

kai f(x, y) = 0 an (x, y) /∈ S. Parathr ste ìti∑
j

∑
i

f(xi, yj) = 1.

ShmeÐwsh. MporoÔme na upojèsoume ìti
∑

j f(xi, yj) > 0 gia k�je i: an gia k�poio i0 Ðsque∑
j f(xi0 , yj) = 0, autì ja s maine ìti P(X = xi0 , Y = yj) = 0 gia k�je j kai ja mporoÔsame na

afairèsoume ìla ta shmeÐa (xi0 , yj) apì to S. 'Omoia, mporoÔme na upojèsoume ìti
∑

i f(xi, yj) >
0 gia k�je j.

H sun�rthsh katanom c F tou diakritoÔ tuqaÐou dianÔsmatoc (X, Y ) upologÐzetai mèsw thc
sun�rthshc pijanìthtac f . 'Estw x, y ∈ R. Jètoume Ix = {i : xi ≤ x} kai Jy = {j : yj ≤ y}.
Tìte,

F (x, y) =
∑
j∈Jy

∑
i∈Ix

f(xi, yj).

AntÐstrofa, h sun�rthsh pijanìthtac prosdiorÐzetai apì th sun�rthsh katanom c: gia k�je
(xi, yj) ∈ S isqÔei

f(xi, yj) = F (xi, yj)− F (x−i , yj)− F (xi, y
−
j ) + F (x−i , y−j ),
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ìpou F (x−, y) = lim
t→x−

F (t, y) klp.

Sthn eidik  perÐptwsh pou x0 < x1 < · · · < xi < xi+1 < · · · kai y0 < y1 < · · · < yj < yj+1 <
· · · , an xr ≤ x < xr+1 kai ys ≤ y < ys+1 èqoume

F (x, y) =
s∑

j=0

r∑
i=0

f(xi, yj)

kai, antÐstrofa,

f(xi, yj) = F (xi, yj)− F (xi−1, yj)− F (xi, yj−1) + F (xi−1, yj−1)

gia k�je i, j ≥ 1 (antÐstoiqec sqèseic isqÔoun an i = 0   j = 0).

Orismìc 1.2.2 (perij¸riec sunart seic pijanìthtac). 'Estw (X, Y ) diakrit  tuqaÐa metabl-
ht  me forèa to S. H perij¸ria sun�rthsh pijanìthtac thc X eÐnai h sun�rthsh fX : R →
[0, 1] pou orÐzetai wc ex c:

fX(xi) =
∑

j

f(xi, yj), i ≥ 0

kai fX(x) = 0 alli¸c. ParathroÔme ìti

P(X = xi) = P

⋃
j

{X = xi, Y = yj}

 =
∑

j

P(X = xi, Y = yj) =
∑

j

f(xi, yj) = fX(xi)

gia k�je i, kai P(X = x) = 0 = fX(x) alli¸c. Dhlad ,

fX(x) = P(X = x), x ∈ R.

'Omoia, h perij¸ria sun�rthsh pijanìthtac thc Y eÐnai h sun�rthsh fY : R → [0, 1] pou
orÐzetai wc ex c:

fY (yj) =
∑

i

f(xi, yj), j ≥ 0

kai fY (y) = 0 alli¸c. ParathroÔme ìti

fY (y) = P(Y = y), y ∈ R.

Ta parap�nw genikeÔontai sthn perÐptwsh pou èqoume èna k-di�stato diakritì tuqaÐo di�nusma,
k > 2.

Par�deigma 1.2.3. Suzht jhke xan� to par�deigma sto opoÐo rÐqnoume dÔo z�ria, katagr�foume
to diatetagmèno zeÔgoc (i, j) twn endeÐxe¸n touc kai jewroÔme to tuqaÐo di�nusma (X, Y ), ìpou
X(i, j) = 1 an 2 | i + j kai 0 alli¸c, Y (i, j) = 1 an 3 | i + j kai 0 alli¸c. Ed¸,

S = {(0, 0), (0, 1), (1, 0), (1, 1)}.

Br kame th sun�rthsh pijanìthtac f(x, y), ìpou x, y ∈ {0, 1}, kai tic perij¸riec sunart seic
pijanìthtac fX , fY .

1.2bþ Suneq  tuqaÐa dianÔsmata

Mia tuqaÐa metablht  (X, Y ) lègetai suneq c an up�rqei mh arnhtik  oloklhr¸simh sun�rthsh
f : R2 → R+ ¸ste: an a < b kai γ < δ, tìte

(∗) P(a < X ≤ b, γ < Y ≤ δ) =
∫ b

a

∫ δ

γ

f(x, y) dxdy.

Af nontac ta a, γ → −∞ kai ta b, δ → +∞ blèpoume ìti∫ ∞

−∞

∫ ∞

−∞
f(x, y) dxdy = 1.
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H f eÐnai h sun�rthsh puknìthtac thc (X, Y ).

ShmeÐwsh. Apì thn (∗) èpetai ìti, genikìtera, an B eÐnai èna Borel uposÔnolo tou R2 tìte

P( (X, Y ) ∈ B ) = P({ω : (X(ω), Y (ω)) ∈ B}) =
∫∫

B

f(x, y) dxdy.

H sun�rthsh katanom c F tou suneqoÔc tuqaÐou dianÔsmatoc (X, Y ) upologÐzetai mèsw thc
sun�rthshc pijanìthtac. Gia k�je x, y ∈ R,

F (x, y) =
∫ y

−∞

∫ x

−∞
f(t, s) dtds.

AntÐstrofa, an h sun�rthsh pijanìthtac f(x, y) eÐnai suneq c sto shmeÐo (x0, y0) tìte

f(x0, y0) =
∂2F

∂y∂x
(x0, y0).

Sth sunèqeia suzht same me poiìn trìpo mporoÔme na orÐsoume puknìthtec fX kai fY gia tic
X kai Y antÐstoiqa, mèsw thc sun�rthshc puknìthtac thc (X, Y ): Zht�me mia sun�rthsh g ¸ste

FX(x) = P(X ≤ x) =
∫ x

−∞
g(t)dt.

ParathroÔme ìti

FX(x) = lim
y→∞

F (x, y) = lim
y→∞

∫ y

−∞

∫ x

−∞
f(t, s) dtds

=
∫ ∞

−∞

∫ x

−∞
f(t, s) dtds =

∫ x

−∞

[∫ ∞

−∞
f(t, s) ds

]
dt,

an loipìn orÐsoume

g(t) =
∫ ∞

−∞
f(t, s) ds

èqoume to zhtoÔmeno. OdhgoÔmaste ètsi ston ex c orismì:

Orismìc 1.2.4 (perij¸riec sunart seic puknìthtac). 'Estw (X, Y ) suneq c tuqaÐa metabl-
ht  me sun�rthsh puknìthtac thn f . H perij¸ria sun�rthsh puknìthtac thc X eÐnai h
sun�rthsh

fX(x) =
∫ ∞

−∞
f(x, y) dy, x ∈ R.

ApodeiknÔetai ìti to olokl rwma sto dexiì mèloc eÐnai kal� orismèno (gia ìlec {sqedìn} tic
timèc tou x, me thn ènnoia thc jewrÐac mètrou). Sta paradeÐgmata pou melet�me sto m�jhma, autì
isqÔei gia ìlec tic timèc tou x. ParathroÔme ìti fX(x) ≥ 0 kai∫ ∞

−∞
fX(x) dx =

∫ ∞

−∞

∫ ∞

−∞
f(x, y) dydx = 1.

'Omoia, h perij¸ria sun�rthsh puknìthtac thc Y eÐnai h sun�rthsh

fY (y) =
∫ ∞

−∞
f(x, y) dx, y ∈ R.

Me autoÔc touc orismoÔc,

FX(x) = P(X ≤ x) =
∫ x

−∞
fX(t) dt kai FY (y) = P(Y ≤ y) =

∫ y

−∞
fY (s) ds

gia k�je x, y ∈ R.
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Ta parap�nw genikeÔontai sthn perÐptwsh pou èqoume mia k-di�stath suneq  tuqaÐa metablht ,
k > 2.

Par�deigma 1.2.5. An B eÐnai èna Borel uposÔnolo tou R2 me embadìn ε(B) > 0, tìte èna
tuqaÐo di�nusma (X, Y ) eÐnai omoiìmorfa katanemhmèno sto B an èqei sun�rthsh puknìthtac thn
f(x, y) = 1

ε(B) ìtan (x, y) ∈ B kai f(x, y) = 0 alli¸c. Pr�gmati, tìte, gia k�je Borel C ⊆ B

èqoume

P( (X, Y ) ∈ C ) =
ε(C)
ε(B)

=
∫∫

C

1
ε(B)

dxdy =
∫∫

C

f(x, y) dxdy.

Sthn perÐptwsh pou B = [a, b]× [γ, δ] èqoume

f(x, y) =
1

(b− a)(δ − γ)
, (x, y) ∈ B.

Br kame tic perij¸riec sunart seic pijanìthtac fX(x) = 1
b−a (a ≤ x ≤ b) kai fY (y) = 1

δ−γ

(γ ≤ y ≤ δ).

Ask seic 1.2.6. Suzht jhkan oi ex c ask seic:

1. RÐqnoume dÔo z�ria: èstw X h èndeixh tou pr¸tou zarioÔ kai Y h megalÔterh apì tic dÔo
endeÐxeic. Na brejoÔn: h sun�rthsh pijanìthtac thc didi�stathc tuqaÐac metablht c (X, Y ) kai
oi perij¸riec sunart seic pijanìthtac fX(x), fY (y).
2. An h sun�rthsh puknìthtac thc (X, Y ) eÐnai h

f(x, y) = cx(x− y), 0 < x < 2, −x < y < x

(kai f(x, y) = 0 alli¸c), na prosdioristeÐ h tim  thc stajer�c c kai na brejoÔn oi perij¸riec
sunart seic puknìthtac fX(x), fY (y).

1.3 (11 MartÐou 2009)

1.3aþ Diakrit  perÐptwsh

'Estw (X, Y ) diakrit  tuqaÐa metablht  me forèa to sÔnolo

S = {(xi, yj) : i, j ≥ 0} ⊆ R2.

StajeropoioÔme yj kai jèloume na orÐsoume th desmeumènh sun�rthsh pijanìthtac fX|Y (· | yj)
ètsi ¸ste, gia k�je x,

fX|Y (x | yj) = P(X = x | Y = yj).
GnwrÐzoume ìti P(Y = yj) = fY (yj) > 0. Sunep¸c,

P(X = x | Y = yj) =
P(X = x, Y = yj)

P(Y = yj)
=

f(x, yj)
fY (yj)

.

An x /∈ {xi : i ≥ 0} h teleutaÐa posìthta mhdenÐzetai.

Orismìc 1.3.1. H sun�rthsh

fX|Y (x | yj) =
f(x, yj)
fY (yj)

eÐnai h desmeumènh sun�rthsh pijanìthtac thc X dedomènou ìti Y = yj . Entel¸c,
an�loga, h sun�rthsh

fY |X(y | xi) =
f(xi, y)
fX(xi)

eÐnai h desmeumènh sun�rthsh pijanìthtac thc Y dedomènou ìti X = xi.

ShmeÐwsh. H desmeumènh sun�rthsh katanom c thc X dedomènou ìti Y = yj dÐnetai apì thn

FX|Y (x | yj) =
∑

{i:xi≤x}

fX|Y (xi | yj) =
∑

{i:xi≤x}

f(xi, yj)
fY (yj)

.

AntÐstoiqa, h desmeumènh sun�rthsh katanom c thc Y dedomènou ìti X = xi dÐnetai apì thn

FY |X(y | xi) =
∑

{j:yj≤y}

fY |X(yj | xi) =
∑

{j:yj≤y}

f(xi, yj)
fX(xi)

.
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1.3bþ Suneq c perÐptwsh

'Estw (X, Y ) didi�stath suneq c tuqaÐa metablht . Tìte, P (X = x) = 0 gia k�je x ∈ R,
sunep¸c h pijanìthta P(Y = y | X = x) eÐnai aìristh. Gia na orÐsoume desmeumènh puknìthta
thc Y dedomènou ìti X = x qrhsimopoioÔme thn isìthta sthn opoÐa katal xame sth diakrit 
perÐptwsh.

Orismìc 1.3.2. H desmeumènh puknìthta fY |X(· | x) orÐzetai wc ex c:

fY |X(y | x) =
f(x, y)
fX(x)

, an 0 < fX(x) < ∞

kai fY |X(y | x) = 0 alli¸c. Parathr ste ìti, san sun�rthsh tou y, h fY |X(y | x) eÐnai sun�rthsh
puknìthtac an 0 < fX(x) < ∞: isqÔei∫ ∞

−∞
fY |X(y | x) dy =

1
fX(x)

∫ ∞

−∞
f(x, y) dy = 1.

Aitiolìghsh tou orismoÔ. H basik  qr sh twn desmeumènwn puknot twn brÐsketai ston upolo-
gismì twn desmeumènwn pijanot twn. Jèloume na orÐsoume thn

P(a ≤ Y ≤ b | X = x)

gia k�je a < b. Dedomènou ìti P(X = x) = 0, ènac trìpoc ja  tan na jèsoume

P(a ≤ Y ≤ b | X = x) = lim
δ→0+

P (a ≤ Y ≤ b | x− δ ≤ X ≤ x + δ).

ParathroÔme ìti to dexiì mèloc gr�fetai sth morf 

lim
δ→0+

∫ x+δ

x−δ

(∫ b

a
f(u, y)dy

)
du∫ x+δ

x−δ

(∫∞
−∞ f(u, y)dy

)
du

= lim
δ→0+

1
2δ

∫ x+δ

x−δ

(∫ b

a
f(u, y)dy

)
du

1
2δ

∫ x+δ

x−δ

(∫∞
−∞ f(u, y)dy

)
du

.

Me thn upìjesh ìti h

u 7→
∫ b

a

f(u, y)dy

eÐnai suneq c sto u = x, sumperaÐnoume ìti

lim
δ→0+

1
2δ

∫ x+δ

x−δ

(∫ b

a

f(u, y)dy

)
du =

∫ b

a

f(x, y)dy.

'Omoia, me thn upìjesh ìti h fX eÐnai suneq c sto x, sumperaÐnoume ìti

lim
δ→0+

1
2δ

∫ x+δ

x−δ

(∫ ∞

−∞
f(u, y)dy

)
du = fX(x).

An upojèsoume epÐshc ìti fX(x) 6= 0, katal goume sthn

P(a ≤ Y ≤ b | X = x) =
∫ b

a

f(x, y)
fX(x)

dy.

Dhlad , h sun�rthsh y 7→ f(x,y)
fX(x) eÐnai, fusiologik�, h {puknìthta thc Y dedomènou ìti X = x}.

'Etsi, odhgoÔmaste ston orismì 1.3.2.

Orismìc 1.3.3. Gia k�je a < b orÐzoume

P(a ≤ Y ≤ b | X = x) =
∫ b

a

fY |X(y | x)dy.
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Entel¸c an�loga orÐzetai h desmeumènh puknìthta thc X dedomènou ìti Y = y. Jètoume

fX|Y (x | y) =
f(x, y)
fY (y)

, an 0 < fY (y) < ∞

kai fX|Y (x | y) = 0 alli¸c.

ShmeÐwsh. Apì ton orismì twn desmeumènwn sunart sewn puknìthtac èpontai �mesa oi

f(x, y) = fX(x)fY |X(y | x) = fY (y)fX|Y (x | y), x, y ∈ R.

H desmeumènh sun�rthsh katanom c FY |X(· | x) orÐzetai wc ex c: gia k�je y ∈ R,

FY |X(y | x) = P(Y ≤ y | X = x) =
∫ y

−∞
fY |X(t | x) dt =

1
fX(x)

∫ y

−∞
f(x, t) dt.

Parathr ste ìti

FY |X(y | x) =
1

F ′
X(x)

∂F

∂x
(x, y).

ParadeÐgmata 1.3.4. Suzht jhkan ta ex c paradeÐgmata:

1. 'Eqoume mia klhrwtÐda pou perièqei 21 kl rouc arijmhmènouc apì 1 mèqri 21 kai ex�goume tuqaÐa
ènan kl ro. Ed¸, Ω = {1, 2, . . . , 21}. JewroÔme to tuqaÐo di�nusma (X, Y ), ìpou: X(ω) = 1 an
2 | ω kai X(ω) = 0 alli¸c, Y (ω) = 1 an 3 | ω kai Y (ω) = 0 alli¸c. UpologÐsthkan oi
f(X,Y ), fX , fY , fY |X , fX|Y .

2. 'Estw (X, Y ) h didi�stath suneq c tuqaÐa metablht  me sun�rthsh puknìthtac thn

f(x, y) = 8xy, 0 ≤ x ≤ y ≤ 1.

UpologÐsthkan oi perij¸riec sunart seic puknìthtac fX , fY kai oi desmeumènec sunart seic
puknìthtac fY |X , fX|Y .

'Askhsh 1.3.5. Suzht jhke h ex c �skhsh: 'Estw (X, Y ) didi�stath suneq c tuqaÐa metablht ,
omoiìmorfa katanemhmènh sto trÐgwno

T = {(x, y) : 0 ≤ x ≤ θ, 0 ≤ y ≤ θ, 0 ≤ x + y ≤ θ}

ìpou θ > 0. H sun�rthsh puknìthtac thc (X, Y ) dÐnetai apì thn f(x, y) = 2
θ2 , (x, y) ∈ T (kai

f(x, y) = 0 alli¸c). UpologÐsthkan: h sun�rthsh katanom c F (x, y), h perij¸ria sun�rthsh
katanìm c FX(x), oi perij¸riec sunart seic puknìthtac fX , fY kai oi desmeumènec sunart seic
puknìthtac fX|Y , fY |X .

1.4 (16 MartÐou 2009)

To endeqìmeno A eÐnai anex�rthto apì to endeqìmeno B (ìpou P(B) > 0) an P(A | B) = P(A).
Apì ton orismì thc desmeumènhc pijanìthtac èpetai ìti P(A ∩ B) = P(A)P(B). H teleutaÐa
isìthta eÐnai summetrik  wc proc A,B kai alhjeÔei tetrimmèna an P(A) = 0   P(B) = 0. Lème
loipìn ìti ta A kai B eÐnai anex�rthta an

P(A ∩B) = P(A)P(B).

Oi tuqaÐec metablhtèc X kai Y ja prèpei logik� na jewroÔntai anex�rthtec an, gia k�je zeÔgoc
Borel sunìlwn U, V ⊆ R, isqÔei

P(X ∈ U, Y ∈ V ) = P(X ∈ U) P(Y ∈ V ).

Eidikìtera, an a < b kai γ < δ tìte

(1) P(a < X ≤ b, γ < Y ≤ δ) = P(a < X ≤ b) P(γ < Y ≤ δ).
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Den eÐnai dÔskolo na apodeiqjeÐ ìti aut  h asjenèsterh sunj kh eÐnai isodÔnamh me thn prohgoÔ-
menh. Af nontac ta a, γ → −∞ odhgoÔmaste sthn

(2) F (b, δ) = FX(b)FY (δ).

An jumhjoÔme thn

P(a < X ≤ b, γ < Y ≤ δ) = F (b, δ)− F (a, δ)− F (b, γ) + F (a, γ),

blèpoume ìti h (1) prokÔptei �mesa apì thn (2). PaÐrnoume loipìn aut  thn teleutaÐa sqèsh wc
orismì thc anexarthsÐac twn X kai Y .

Orismìc 1.4.1. Oi tuqaÐec metablhtèc X kai Y lègontai anex�rthtec an

F(X,Y )(x, y) = FX(x)FY (y)

gia k�je x, y ∈ R.

Je¸rhma 1.4.2. (a) 'Estw X, Y diakritèc tuqaÐec metablhtèc me timèc xi, i ≥ 0 kai yj , j ≥ 0
antÐstoiqa. Oi X kai Y eÐnai anex�rthtec an kai mìno an

f(xi, yj) = fX(xi)fY (yj), i, j ≥ 0.

(b) 'Estw X, Y suneqeÐc tuqaÐec metablhtèc. Oi X kai Y eÐnai anex�rthtec an kai mìno an

f(x, y) = fX(x)fY (y), x, y ∈ R.

Gia thn apìdeixh, sthn perÐptwsh twn diakrit¸n tuqaÐwn metablht¸n parathr ste pr¸ta ìti an
oi X kai Y eÐnai anex�rthtec tìte

f(xi, yj) = P(X = xi, Y = yj) = P(X = xi)P(Y = yj) = fX(xi)fY (yj).

AntÐstrofa, an isqÔei h parap�nw isìthta, gia k�je x, y ∈ R èqoume

F (x, y) =
∑

{i: xi≤x}

∑
{j: yj≤y}

f(xi, yj)

=
∑

{i: xi≤x}

∑
{j: yj≤y}

fX(xi)fY (yj)

=

 ∑
{i: xi≤x}

fX(xi)

 ∑
{j: yj≤y}

fY (yj)


= FX(x)FY (y).

Sthn perÐptwsh twn suneq¸n tuqaÐwn metablht¸n, parathr ste ìti {sqedìn pantoÔ} oi F, FX , FY

eÐnai paragwgÐsimec kai, apì thn
F (x, y) = FX(x)FY (y)

èqoume
∂F

∂x
(x, y) = fX(x)FY (y)

kai

f(x, y) =
∂2F

∂y∂x
(x, y) = fX(x)fY (y).

AntÐstrofa, an isqÔei h parap�nw isìthta, gia k�je x, y ∈ R èqoume

F (x, y) =
∫ x

−∞

∫ y

−∞
f(x, y) dydx

=
∫ x

−∞

∫ y

−∞
fX(x)fY (y) dydx

=
(∫ x

−∞
fX(x) dx

)(∫ y

−∞
fY (y) dy

)
= FX(x)FY (y).
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ParadeÐgmata 1.4.3. 1. Mia klhrwtÐda perièqei k laqnoÔc thc seir�c a', r laqnoÔc thc seir�c
b' kai s laqnoÔc thc seir�c g'. Epilègoume tuqaÐa qwrÐc epan�jesh n laqnoÔc kai jewroÔme to
tuqaÐo di�nusma (X, Y ) ìpou X o arijmìc twn laqn¸n thc seir�c a' kai Y o arijmìc twn laqn¸n
thc seir�c b' pou epilègontai. UpologÐsthkan: h apì koinoÔ sun�rthsh pijanìthtac twn X kai
Y kai oi perij¸riec sunart seic pijanìthtac fX kai fY . Oi X kai Y den eÐnai anex�rthtec.

2. JewroÔme to tuqaÐo di�nusma (X, Y ) me sun�rthsh puknìthtac

f(x, y) = xye−(x2+y2)/2, x, y > 0.

UpologÐsthkan oi perij¸riec puknìthtec fX , fY . Apì thn isìthta f(x, y) = fX(x)fY (y) (x, y ∈
R) eÐdame ìti oi X kai Y eÐnai anex�rthtec.

Je¸rhma 1.4.4. (a) 'Estw X, Y diakritèc tuqaÐec metablhtèc me timèc xi, i ≥ 0 kai yj , j ≥ 0
antÐstoiqa. Oi X kai Y eÐnai anex�rthtec an kai mìno an up�rqoun sunart seic g(xi), h(yj) ¸ste

f(xi, yj) = g(xi)h(yj), i, j ≥ 0.

(b) 'Estw X, Y suneqeÐc tuqaÐec metablhtèc. Oi X kai Y eÐnai anex�rthtec an kai mìno an
up�rqoun sunart seic g(x), h(y) ¸ste

f(x, y) = g(x)h(y), x, y ∈ R.

H mÐa kateÔjunsh eÐnai, kai stic dÔo peript¸seic, profan c: an oi X kai Y eÐnai anex�rthtec,
paÐrnoume g = fX kai h = fY .

Gia thn �llh kateÔjunsh, dÐnoume thn apìdeixh mìno sth diakrit  perÐptwsh (sth suneq 
perÐptwsh qrhsimopoioÔme to Ðdio ousiastik� epiqeÐrhma): gia k�je i èqoume

fX(xi) =
∑

j

f(xi, yj) =
∑

j

g(xi)h(yj) = αg(xi)

ìpou
α =

∑
j

h(yj).

'Omoia, gia k�je j èqoume

fY (yj) =
∑

i

f(xi, yj) =
∑

i

g(xi)h(yj) = βh(yj)

ìpou
β =

∑
i

g(xi).

Apì thn �llh pleur�,

αβ =

(∑
i

g(xi)

)∑
j

h(yj)

 =
∑
i,j

g(xi)h(yj) =
∑
i,j

f(xi, yj) = 1.

Sunep¸c, gia k�je i, j isqÔei

f(xi, yj) = αβg(xi)h(yj) = (αg(xi))(βh(yj)) = fX(xi)fY (yj)

to opoÐo deÐqnei ìti oi X kai Y eÐnai anex�rthtec.

ShmeÐwsh. Sto teleutaÐo par�deigma eÐnai profanèc ìti f(x, y) = g(x)h(y), ìpou g(x) = xe−x2/2,

x > 0 (kai g(x) = 0 alli¸c) kai h(y) = ye−y2/2, y > 0 (kai h(y) = 0 alli¸c). Autì arkeÐ gia na
poÔme ìti oi X kai Y eÐnai anex�rthtec.

Par�deigma 1.4.5. Suzht jhke to ex c par�deigma: DÔo shmeÐa X kai Y epilègontai anex�rth-
ta apì ta diast mata [0, θ] kai [θ, 2θ] antÐstoiqa (ìpou θ > 0). UpologÐsthke h pijanìthta

P(|X − Y | ≤ θ/2)

(h apìstash twn X kai Y na eÐnai mikrìterh   Ðsh tou θ/2).
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Je¸rhma 1.4.6. 'Estw X kai Y anex�rthtec tuqaÐec metablhtèc. An oi g, h : R → R eÐnai Borel
metr simec tìte oi tuqaÐec metablhtèc g(X) kai h(Y ) eÐnai anex�rthtec.

H apìdeixh eÐnai �mesh: elègqoume ìti, an z, w ∈ R tìte

P(g(X) ≤ z, h(Y ) ≤ w) = P(g(X) ≤ z) P(h(Y ) ≤ w).

'Eqoume g(X) ≤ z an kai mìno an X ∈ g−1((−∞, z]) kai h(Y ) ≤ w an kai mìno an Y ∈
h−1((−∞, w]). Ta sÔnola U = g−1((−∞, z]) kai V = h−1((−∞, w]) eÐnai Borel uposÔnola
tou R (autì akrib¸c shmaÐnei h upìjesh ìti oi g, h eÐnai Borel metr simec). Apì thn anexarthsÐa
twn X kai Y paÐrnoume

P(g(X) ≤ z, h(Y ) ≤ w) = P(X ∈ U, Y ∈ V )
= P(X ∈ U) P(Y ∈ V )
= P(X ∈ g−1((−∞, z])) P(Y ∈ h−1((−∞, w]))
= P(g(X) ≤ z) P(h(Y ) ≤ w).

Par�deigma 1.4.7 (To montèlo tou Herschell). JewroÔme bolèc proc èna stìqo pou brÐske-
tai sthn arq  twn axìnwn tou epipèdou kai to tuqaÐo di�nusma (X, Y ) ìpou X h orizìntia apìklish
kai Y h katakìrufh apìklish thc bol c apì to stìqo. Upojètoume ìti oi X, Y eÐnai anex�rthtec
suneqeÐc tuqaÐec metablhtèc kai ikanopoioÔn thn akìloujh sunj kh: h apì koinoÔ sun�rthsh
puknìthtac twn X kai Y exart�tai mìno apì thn apìstash apì thn arq  twn axìnwn. Dhlad ,

f(x, y) = g
(√

x2 + y2
)

ìpou g : R+ → R+ suneq c sun�rthsh. Oi upojèseic autèc eÐnai arketèc gia na prosdiorÐsoume
(ousiastik�) thn f .

1. Apì thn anexarthsÐa twn X kai Y èqoume

fX(x)fY (y) = g
(√

x2 + y2
)

gia k�je x, y ∈ R.
2. Jètontac y = 0 paÐrnoume fX(x) · fY (0) = g(|x|) gia k�je x ∈ R. Autì shmaÐnei ìti fY (0) > 0
(eÐnai mh arnhtikì kai an  tan Ðso me mhdèn tìte h g ja  tan tautotik� mhdenik , �ra h f ja
 tan tautotik� mhdenik , �topo afoÔ h f èqei olokl rwma Ðso me 1). EpÐshc, fX(−x) = fX(x) =
g(|x|)/fY (0). Dhlad , h fX eÐnai �rtia.

'Omoia, jètontac x = 0 paÐrnoume fY (y) · fX(0) = g(|y|) gia k�je y ∈ R kai sumperaÐnoume ìti
fX(0) > 0 kai h fY eÐnai �rtia.

3. Oloklhr¸nontac tic dÔo prohgoÔmenec isìthtec wc proc x kai y paÐrnoume

fX(0) = fY (0) = a = 2
∫ ∞

0

g(r) dr.

4. Epistrèfontac stic isìthtec afX(x) = g(|x|) = afY (x) blèpoume ìti

fX ≡ fY .

Dhlad , oi perij¸riec puknìthtec fX kai fY tautÐzontai. Jètoume f = fX = fY .

5. OrÐzoume h(t) = log
(

f(t)
a

)
, t ∈ R. Tìte,

h
(√

t2 + s2
)

= h(t) + h(s), t, s ∈ R.

Pr�gmati,

h(t) + h(s) = log
(

f(t)f(s)
a2

)
= log

(
g
(√

t2 + s2
)

a · a

)

= log

(
f
(√

t2 + s2
)

a

)
= h

(√
t2 + s2

)
.
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6. Epagwgik� blèpoume ìti

h

(√
t21 + · · ·+ t2N

)
=

N∑
i=1

h(ti).

Jètontac N = k2 kai t1 = · · · = tN = t, paÐrnoume

h(kt) = k2h(t), k ∈ N, t ∈ R.

An sth jèsh tou t b�loume to t/n (ìpou n ∈ N) blèpoume ìti

h

(
k

n
t

)
= k2h

(
t

n

)
.

'Omwc,

h(t) = h

(
n · t

n

)
= n2h

(
t

n

)
.

Sunep¸c,

h

(
k

n
t

)
=

k2

n2
h(t).

Me �lla lìgia, h(qt) = q2h(t) gia k�je q ∈ Q+ kai k�je t ∈ R. Jètontac t = 1 èqoume

h(q) = h(1) · q2

gia k�je q ∈ Q (h h eÐnai �rtia). Lìgw sunèqeiac, katal goume sthn

h(x) = h(1)x2, x ∈ R.

7. Apì ton orismì thc h sumperaÐnoume ìti

f(t) = aeh(1)x2
.

Anagkastik�, h(1) < 0 (h f eÐnai oloklhr¸simh). 'Ara, up�rqei σ > 0 ¸ste h(1) = −1/(2σ2).
AfoÔ to olokl rwma thc f isoÔtai me 1, h isìthta

1 = a

∫ ∞

−∞
e−x2/(2σ2)dx = a · σ

√
2π

mac dÐnei

a =
1

σ
√

2π
.

8. Katal goume loipìn sto ex c: up�rqei stajer� σ > 0 ¸ste

fX(x) =
1

σ
√

2π
exp

(
− x2

2σ2

)
kai fY (y) =

1
σ
√

2π
exp

(
− y2

2σ2

)
.

H sun�rthsh puknìthtac tou tuqaÐou dianÔsmatoc (X, Y ) eÐnai h

f(x, y) =
1

σ
√

2π
exp

(
−x2 + y2

2σ2

)
, x, y ∈ R.

1.5 (27 MartÐou 2009)

Suzht jhkan oi parak�tw ask seic:

1. H tuqaÐa metablht  Y akoloujeÐ katanom  Poisson me par�metro λ kai h desmeumènh sun�rthsh
pijanìthtac thc tuqaÐac metablht c X dedomènou ìti Y = y eÐnai diwnumik  me paramètrouc (y, p).
Na prosdioristeÐ h sun�rthsh pijanìthtac thc X.

2. O qrìnoc zw c T enìc swmatidÐou eÐnai tuqaÐa metablht  thc opoÐac h katanom  exart�tai
apì mia par�metro S. H par�metroc aut  qarakthrÐzei ton tÔpo tou swmatidÐou. Upojètoume ìti
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ènac plhjusmìc apoteleÐtai apì swmatÐdia diafìrwn tÔpwn kai h katanom  twn swmatidÐwn me
par�metro S èqei puknìthta fS(s) = λe−λs, s > 0 (ìpou λ > 0). An h katanom  tou qrìnou zw c
T gia dedomènh par�metro s èqei puknìthta fT |S(t | s) = se−st, t > 0, na prosdioristeÐ h fT (t).
3. DÐnetai h didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh puknìthtac thn

f(x, y) = λxe−x(λ+y), x, y > 0

(ìpou λ > 0). Na prosdioristoÔn oi perij¸riec sunart seic puknìthtac kai oi desmeumènec
sunart seic puknìthtac.

4. Upojètoume ìti h apì koinoÔ sun�rthsh puknìthtac thc tim c X enìc agajoÔ kai twn pwl se¸n
tou Y dÐnetai apì thn

f(x, y) = λxe−xy, 0 < x < θ +
1
λ

, y > 0

(ìpou θ > 0, 0 < λ < 1). Na prosdioristoÔn: (a) h perij¸ria sun�rthsh puknìthtac thc tim c X
tou agajoÔ, (b) h desmeumènh sun�rthsh puknìthtac twn pwl sewn Y dedomènou ìti X = x.

5. Upojètoume ìti gia thn didi�stath tuqaÐa metablht  (X, Y ) isqÔoun oi

fX(x) = λe−λx, x > 0

kai

fY |X(y | x) = e−θx (θx)y

y!
, y = 0, 1, 2, . . .

(ìpou λ, θ > 0). Na prosdioristoÔn: h sun�rthsh pijanìthtac fY (y) kai h desmeumènh sun�rthsh
puknìthtac fX|Y (x | y).
6. DÐnetai h didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh puknìthtac thn

f(x, y) = 2, 0 ≤ x ≤ y ≤ 1.

Na prosdioristoÔn oi perij¸riec sunart seic puknìthtac fX , fY kai oi pijanìthtec P(X > 1/2),
P(Y ≤ 1/3), P(X > 1/2 | Y ≤ 1/3). Na exetasteÐ an oi X kai Y eÐnai anex�rthtec.

7. DÐnetai h didi�stath tuqaÐa metablht  (X, Y ) me sun�rthsh puknìthtac thn

f(x, y) =
1
π

, an x2 + y2 ≤ 1

kai f(x, y) = 0 alli¸c. Na prosdioristoÔn: h sun�rthsh puknìthtac fX(x) kai h sun�rthsh
katanom c FX(x). Na exetasteÐ an oi X kai Y eÐnai anex�rthtec.

8. JewroÔme n rÐyeic enìc nomÐsmatoc kai thn didi�stath tuqaÐa metablht  (X, Y ), ìpou X o
arijmìc twn kefal¸n sthn pr¸th rÐyh kai Y o sunolikìc arijmìc twn kefal¸n. Na upologistoÔn:
h apì koinoÔ kai oi perij¸riec sunart seic pijanìthtac twn X kai Y , kai h apì koinoÔ sun�rthsh
katanom c twn X kai Y .


