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Abstract

We present a very general chaining method which allows one to con-
trol the supremum of the empirical process supj,cz |[N~* Zfil h2(X;)—
EAh?| in rather general situations. We use this method to establish two
main results. First, a quantitative (non asymptotic) version of the
classical Bai-Yin Theorem on the singular values of a random matrix
with i.i.d entries that have heavy tails, and second, a sharp estimate
on the quadratic empirical process when H = {(¢,-): t € T}, T C R"
and p is an isotropic, unconditional, log-concave measure.

1 Introduction

The main goal of this article is to obtain a non-asymptotic version of the
Bai-Yin Theorem [5] on the largest and smallest singular values of certain
random matrices. The Bai-Yin theorem asserts the following:

Theorem 1.1 Let A= An,, be an N x n random matriz with independent
entries, distributed according to a random variable &, for which

EE =0, B2 =1 E&* < .
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If Nyn — oo and the aspect ratio n/N converges to € (0,1], then
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Tpmin(d) = 1= VB, sna(d) — 14 /B
almost surely, where smax and smin denote the largest and smallest singular
value of A.
Also, without the fourth moment assumption, Smax(A)/vVN is almost
surely unbounded.

The main result of this article is a quantitative version of the Bai-Yin The-
orem.

Quantitative Bai-Yin Theorem. For every ¢ > 4 and L > 0, there
exist constants cj, co, c3 and ¢4 that depend only on ¢ and L for which
the following holds. For every integer n, § € (0,1] and N = n/f3, let
A=Ay, = (&) be an N xn random matrix with independent, symmetric
entries, distributed according to a random variable ¢, satisfying E¢? = 1 and
E|¢]? < L. Then, for any n > ¢;, with probability at least 1 — co/(8n®),

1-— 04\/6 S \/%Smin(A) S \/]-Nsmax(A) S 1 + C4\/E~

The proof of this result is based on the analysis of a more general scenario
which has been studied extensively in recent years, in which the given matrix
has independent rows, selected according to a reasonable measure on R",
rather than a matrix with i.i.d. entries; and unlike the classical random ma-
trix theory approach, one is naturally interested in the non-asymptotic be-
havior of the largest and smallest singular values of ' = N—1/2 Zf\; 1<XZ~, ~>ei
as a function of N and n. We refer the reader to the surveys [34, 28] and refer-
ences therein for the history and recent developments in the non-asymptotic
theory of random matrices.

We will focus on the following questions:

Question 1.2 Let u be a symmetric measure on R™ and let (X;)N., be se-
lected independently according to .

1. Let ¥y = %25\41 X; ® X; be the sample covariance matriz and ¥ =
E(X ® X). Given e > 0, is it true that with high probability, if N > c(e)n
then ||2N - 2”2_,2 S E?

2. If X is an isotropic vector (that is, ]E<X,a:>2 = Ha:H?g for every x € R™),
are there “canonical” high probability bounds on smax(I") and Syin(I')? For

example, under what conditions on p are smax(I') and smin(T') of the order

of 1 £ ¢y/n/N - like in the Bai-Yin Theorem?



Observe that the two questions are very similar. For example, it is
straightforward to verify that if p is isotropic, then both parts can be re-
solved by estimating the supremum of the empirical process

N
1 2 2
= (X 1) —E(X, ). 1.1
tesg'lnp_l N Z:1< ! > < > ( )

And, in view of the second part of Question 1.2, we will be especially in-
terested in the case N ~ n, that is, while keeping the aspect ratio n/N
constant.

When studying measures on R™ in this context, it is natural to divide
the assumptions into two types: one on the £ norm of X and the other on
moments of linear functionals <33, >

To formulate the moment assumption we will use here, recall that for
a > 1, the 1, Orlicz norm of random variable Z is defined by

1Z]ly, = inf {e > 0: Eexp(|Z]°/c*) < 2},

and there are obvious extensions for 0 < a < 1. It is standard to verify that
for every a > 0, || Z]|yy,, is equivalent to sup,>4 HZHLq/ql/O‘.

Assumption 1.3 For p,q > 2, a symmetric measure | satisfies a p-small
diameter, L, moment assumption with constants k1 and k2, if a random
vector X distributed according to p satisfies that

IX]lep < k1n'/? as., and for every z € S"7', |{z, )|, < k2. (1.2)

1 satisfies a small diameter 1, moment assumption if the V¥, norm replaces
the Ly one in (1.2).

One should note that with very few exceptions, both parts of Assumption
1.3 are needed if one wishes to address Question 1.2.

The p-small diameter component, ie. that | X|m < r1n'/P almost
surely, is rather standard. Although it does not hold as stated even for
a vector with i.i.d. gaussian entries, one may assume it without loss of
generality unless N is much larger than n. Indeed, in typical situations
Pr([| Xlle > tn'/P) decays very quickly both in ¢ and in n. Therefore,
max;<n || Xil|en / n!'/? is bounded with very high probability, unless N is con-
siderably larger than n (see Section 2 for more details). Hence, if N ~ n,
which is the range we shall be interested in, a conditioning argument allows
one to make the p-small diameter assumption.



Question 1.2 has been studied under the 2-small diameter assumption.
In [27], Rudelson showed that if || X|[¢p < #11/n almost surely then for every
N > cinlogn, with probability at least 0.99,

1 1
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and cj, co are constants that depend only on k;.

It is straightforward to verify that this bound is optimal by consider-
ing the uniform measure on the set of coordinate vectors {y/nei, ..., /ne,},
which results in the coupon-collector problem. Thus, given ¢ > 0, one
requires at least ¢(e)nlogn random points to ensure that the sample covari-
ance matrix e-approximates the true covariance. Of course, [27] does not
lead to a nontrivial estimate in the second part of Question 1.2, i.e. if the
aspect ratio n/N — (8 € (0,1] and n — oo, and in particular, (1.3) can not
yield a Bai-Yin type of bound. Any hope of getting the desired bounds in
Question (1.2) requires additional assumptions on X.

Turning to the moments component of Assumption 1.3, note that a
bound on the L, moments of linear functionals means that |[(z,)|z, <
|z[ley, and if, in addition, X is isotropic, the norms are equivalent. More-
over, in a similar fashion, a 1, assumption combined with isotropicity im-
plies that the v, and ¢; norms are equivalent.

Consider a situation when one only assumes such a moment condition.
It is standard to verify that under a 19 assumption, in which linear function-
als exhibit a ko-subgaussian tail behavior (i.e., Pr(|(X,z)| > trollzlley) <
2exp(—t2/2)), then with probability at least 1 — 2exp(—csn),

Smin(I), Smax (') € [1 — ca/n/N, 1+ c4y/n/N]

Indeed, a Bernstein type inequality shows that for each z € S"~! and
0 <t<1/ky, Pr(N-1 Z£1<Xi,x>2 — IE<X,3:>2| > t) < 2exp(—csNt?).
And, if one is to obtain an estimate on the empirical process (1.1), one has
to control a 1/2 net on the sphere, which is of cardinality ~ exp(cgn). The
tradeoff between the complexity of the indexing set and the concentration at
hand shows that with the desired probability, sup,cgn-1 [N~ Zfil <Xi, t>2—
E(X,z)’| < \/n/N.

Unfortunately, when one has a weaker moment estimate than a s one,
the situation becomes considerably more difficult. The complexity of the
set one has to control remains the same, but the individual concentration
deteriorates, because N1 Z<X¢, :c>2 does not exhibit a strong enough con-
centration around its mean to balance the concentration-complexity tradeoff




at the level of \/n/N. Therefore, with a weaker moment assumption than a
19 one, a combination of individual tail bounds and a “global” assumption,
like the small diameter information, is required in both parts of Question
1.2.

One situation in which the process (1.1) has been studied extensively in
the last 15 years is a small diameter, 1)1 moment assumption. The motiva-
tion for considering this situation comes from Asymptotic Geometric Anal-
ysis and the theory of log-concave measures, which are measures that have
a symmetric, log-concave density. They fit the framework at hand nicely,
because an isotropic, log concave vector X satisfies that [|X|[x < cynt/P

with probability at least 1 — 2exp(—czn1/ P). Indeed, the case p = 2 was
proved in [24], while for p > 2 the result was recently established by Latala
in [19]. Moreover, linear functionals exhibit a ; behavior (see, e.g. [12] for
a survey on log-concavity).

Partial results in the isotropic, log-concave case have been obtain by
Bourgain [9], yielding an estimate on the covariance operator for N =
c¢(¢)nlog?® n, which was improved by Rudelson [27] to N = ¢(g)nlog? n. Sub-
sequent improvements were N = ¢(e)n log n for unconditional convex bodies
in [13] and for general log-concave measures in [24]. Finally, the optimal esti-
mate of N = ¢(e)n was obtained for an unconditional, log-concave measures
by Aubrun [4], and for an arbitrary log-concave measure in Adamczak et al.
[1, 2], where the following result was proved:

Theorem 1.4 There exist absolute constants ¢; and co for which the fol-
lowing holds. If u is an isotropic, log-concave measure, then with probability

at least 1 — exp(—c14/n),
[n
< N

Naturally, Question 1.2 becomes even harder when one assumes that
linear functionals have heavy tails, because sums of independent random
variable exhibit very limited concentration — far below the level required
for the proof of Theorem 1.4. Recently, Vershynin [35] proved the following
remarkable fact:

N

%Z@g,w? 1

i=1

sup
tesn—1

Theorem 1.5 For every g > 4, § > 0 and constants k1 and ks, there exist
constants ¢1 and co that depend on q, § and k1, ks for which the following
holds.



If 1 satisfies a 2-small diameter, Ly moment assumption with constants
k1 and Ko, then for every d > 0, with probability at least 1 — 6,

1/2-2/
IXN — Xlj2—2 < c1(log logn)2 (%) q.

In particular, if p is isotropic then

1/2-2
n) 22l (loglogn)?.

n\1/2-2/q 9

1—co (—) (loglogn)® < smin(T) < Smax(T) < 1+4eo (*
N N

Moreover, very recently Strivastava and Vershynin [29], obtained the follow-

ing result:

Theorem 1.6 For every n > 0, ¢ > 0 and k > 0 there exists constants
c1,¢c2 and c3 = 27)% for which the following holds. Let p be an isotropic
measure, satisfying that for every projection P in R",

K
(%) Pr{|PX|3 >t} < el for t > k rank(P).
If (Xi)fil are independent random vectors distributed according to p then
for every N > cin,

EHEN — IdH < e.

Moreover, only under a g-moment assumption,
n -\
1- C2 (N) < IESmin(r)

It should be noted that the boundedness assumption in Theorem 1.6 is
satisfied by a vector with independent components X = (&), if & € L,
for ¢ > 4, and thus both parts may be used in the i.i.d situation. However,
for any n > 0, ¢3 < % (1/2 being the power in the Bai-Yin Theorem).

Our main result gives a version of Theorem 1.5 for an unconditional
measure with “heavy tails”.

Theorem A. Let i be an unconditional measure that satisfies the p-small
diameter, L, moment assumption with constants x; and ko for some p > 2.

1. For every ¢ > 4 and 6 < 1/2 — 1/2(p — 1), there exist constants co,
c¢1 and ¢y that depend on ¢, p, K1, k2 and §, such that, for every
n < N < exp(con?®), with probability at least 1 — exp(—cin?),

N 1/2
NIST(XGL 62— B(X P < (ﬁ) .
s ;<z> (Xit)' I < e



2. Forevery 2 < ¢q<4,ifp> (1-2/¢) ' and 6 <1/2 —1/2(p — 1), there
exist constants c3 and ¢4 that depend on ¢, p, §, k1 and k9, such that,
for every n < N < exp(con?), with probability at least 1—exp(—czn®),

N

_ 2 2 n\1-2/q

tselgzl IN~1 Z<Xi,t> —E(X,t)"| <4 <N> log(N/n).

2 =1

In both cases, for every ¢ > 0, with probability at least 1 — 2exp(—cn®),

|Xn — 2|22 < € provided that N 24, 5,60 7. Moreover, if i is isotropic
and ¢ > 4, then

1/2 1/2

1-—- C2 (%) S Smin(r) S Smax<r) S 1 + co <%) )

and if 2 < ¢ < 4 then

1-2 1-2
1—cy (%) /i log(N/n) < s$min(T) < smax(T') < 14c¢4 (%) /i log(N/n).

Our quantitative version of the Bai-Yin Theorem follows from Theorem
A, because of the straightforward observation that if £ € L, for ¢ > 4
and is symmetric, then X = (&), is unconditional, and there is some
p > 2 for which max;<y || X|| o < n!/P with high enough probability. Thus,

conditioning x to the unconditional body en!/ PB) yield the desired result.

The approach we take in the proof of Theorem A is very different from
all the previous results mentioned above, as those rely heavily on the fact
that the empirical process (1.1) is indexed by the sphere or by the Euclidean
ball, and that the underlying class of functions consists of linear function-
als. At the heart of the arguments are either the classical trace method
[4], a non-commutative Khintchine inequality [27] or sharp estimates on
max|zj— || X ser Xillep 19, 1, 35]. As such, all these proofs are “Euclidean”
in nature and can not lead to bounds on the empirical process

sup (1.4)

heH

1 N
v > hA(X;) - Eh?
i=1

for an arbitrary class of functions H — not even for Hp = {(t,-) : t € T}
when T is not the sphere or close to the sphere in some sense.

One should note that process (1.4) is an interesting object in its own
right. For example, it has a key role in analyzing the uniform central limit



Theorem [10]; and, when indexed by Hp for T C R"™, it appear naturally
in Asymptotic Geometric Analysis, for example, when proving embedding
results or “low-M*” estimates for various matrix ensembles (see [22] for a
more detailed discussion). Thus, understanding what governs (1.4), and in
particular, going beyond the case Hpy is rather important.

The proof of Theorem A does just that, since it is based on a bound
on (1.4) in terms of a certain notion of “complexity” of the class H. It is
not tailored to the case Hpy, nor does it relay on the fact that the indexing
class consists of linear functionals. Rather, the proof is based on a chain-
ing scheme which is much more general than the applications that will be
presented here.

The second application we chose to present as an illustration of the
potential this empirical processes based method has, is the following.

Let y1, ...yn be independent, standard exponential random variables (i.e.,
with density ~ exp(—v/2|t|), and for every T C R™ set

E(T)=Esup Y twyi, do(T)= sup 1]l z-

Theorem B. There exists absolute constants ¢;, ¢o and c3 for which the
following holds. If u is an isotropic, unconditional, log-concave measure
on R” and 7' C R” is centrally symmetric, then for every u > c¢;, with
probability at least 1 — 2 exp(—cau?),

N
sup N;( i) — IItllZ

E(T) | (E(T))
< c3u? < N + N > (1.5)

To put Theorem B in the right context, recall that a symmetric measure
v on R" (k, L)-weakly dominates a symmetric measure p if for every x € R™,
and every t > 0, Pry,(|(z,-)| > Lt) < kPr,(|(z, )| > t) [16]. For example,
if p is an isotropic L-subgaussian measure and G = (g1, ..., g») is a standard
gaussian vector in R™ then

Pr([{z, )| = Lt) < 2exp(—t*/2|z|3) = Pra([(z, ) > 1),

and thus p is weakly dominated by G.

By the Majorizing Measures Theorem (see, e.g., [32] and Section 2), it
follows that if p is L-subgaussian, there is a constant ¢ = ¢(L) satisfying
that for every T' C R™ and every integer N,

N N
Esujlz<z X;,ty < cE suIT)<Z Gi,t) = eV NG(T) (1.6)

i=1 el =1



where (XZ)Z]\L ; are independent copies of X, (GZ)Z]\L , are independent copies

of G and G(T) = Esup;cr(G,t).
Moreover, the results of [21, 22] show that if T is centrally symmetric
and p is isotropic and L-subgaussian, then

1 2 G(T) . (G(T))*
Esup N;<t7X¢> =l S e + (1.7)

Hence, the fact that an L-subgaussian measure is weakly dominated by a
gaussian measure (with the same covariance structure) is exhibited by a
strong domination in (1.6) and in (1.7), that holds for every T' C R".

Just like subgaussian vectors, isotropic, unconditional log-concave vec-
tors have a natural weakly dominating measure. By the Bobkov-Nazarov
Theorem [7] they are (k, L)-weakly dominated by the vector Y = (y1, ..., yn),
and x and L are absolute constants. In [18], Latata showed that as in (1.6),
for every T' C R", EsupteT<Zi]il Xi,t> < EsupteT<Zi]il Yi,t>. Theorem
B shows that the quadratic strong domination, analogous to (1.7), is also
true in this case.

Theorem B has many standard applications, leading to embedding re-
sults of a similar nature to the Johnson-Lindenstrauss Lemma and to “low
M*” estimates that hold for unconditional, log-concave ensembles. Deriving
these and other outcomes from Theorem B is standard and will not be pre-
sented here. One should also note that a log-concave Chevet type inequality,
i.e., upper estimates on the operator norm ||I'||x_y for finite dimensional
normed spaces X and Y has recently been established in [3].

In the next section we will present several preliminary facts and defini-
tions that will be used throughout this article. Then, in Section 3 we will
show that if V' c R™ can be decomposed in a certain way, the Bernoulli
process indexed by {(v2)Y, : v € V} is well behaved. Section 4 is de-
voted to the observation that if H is a class of functions, then under mild
assumptions and with high probability, the random coordinate projection
P,H = {(h(X;))X, : h € H} can be decomposed in the sense of Section 3.
It turns out that the decomposition depends on the complexity of H and
on the decay of tails of functions in H. Finally, in Section 5 we will present
examples in which the complexity of H can be estimated, leading to the
proofs of Theorem A (and consequently, the quantitative Bai-Yin Theorem)
and of Theorem B.




2 Preliminaries

Throughout, all absolute constants are positive numbers, denoted by ¢, cg, c1, ...
and their value may change from line to line. kg, K1,... denote constants
whose value will remain unchanged. By A ~ B we mean that there are
absolute constants ¢ and C such that ¢cB < A < UB, and by A < B that
A< CB. A~y B (resp. A<y B) denotes that the constants depend only
on 7.

For 1 < p < oo, £} is R" endowed with the £, norm, which we denote by
| llp, and By is its unit ball. With a minor abuse of notation we write | |
both for the cardinality of a set and for the absolute value. Finally, if (a,)
is a sequence, let (a) be a non-increasing rearrangement of (|a,|).

Next, let us turn to the complexity parameters that motivated our
method of analysis — Talagrand’s y-functionals.

Definition 2.1 [32] For a metric space (T,d), an admissible sequence of
T is a collection of subsets of T, {Ts : s > 0}, such that for every s > 1,
|Ts| < 22" and |Ty| = 1. For 3 > 1, define the 5 functional by

v3(T,d) = infsup Y 2°/%d(t, T),
teT 2

where the infimum is taken with respect to all admissible sequences of T'.
For an admissible sequence (Ts)s>0 we denote by st a nearest point to t in
T, with respect to the metric d.

One should note that our chaining approach is based on a slightly less re-
strictive definition, giving one more freedom; for example, the cardinality of
the sets will not necessarily be 2%°, the metric may change with s, etc. (see
Section 3).

When considered for a set T' C Lo, 72 has close connections with proper-
ties of the canonical gaussian process indexed by T', and we refer the reader
to [10, 32| for detailed expositions on these connections. One can show that
under mild measurability assumptions, if {G; : t € T'} is a centered gaussian
process indexed by a set T', then

c172(T,d) < Esup Gy < coyo (T, d),
teT

where ¢; and cp are absolute constants and for every s,t € T, d*(s,t) =
E|Gs—G¢|?. The upper bound is due to Fernique [11] and the lower bound is
Talagrand’s Majorizing Measures Theorem [30]. Note that if " C R", (¢;)7"_,

10



are standard, independent gaussians and Gy = )" | g;t; then d(s,t) = ||s —
t|lep, and therefore

n
ave (T, - lleg) < Eiugzgﬂfi < o2 (T[] - lleg)- (2.1)
€=t

A part of our discussion (Theorem B) will be devoted to isotropic, log-
concave measures on R".

Definition 2.2 A symmetric probability measure p on R™ is isotropic if for

cvery y € B™, [ (z,y)*du() = [yl
The measure i is log-concave if for every 0 < X\ < 1 and every nonempty
Borel measurable sets A, B C R", u(AA + (1 — A\)B) > u(A) u(B)1A.

A typical example of a log-concave measure on R" is the volume measure of a
convex body in R™, a fact that follows from the Brunn-Minkowski inequality
(see, e.g. [26]). Moreover, Borell’s inequality [8, 23] implies that there is an
absolute constant ¢ such that if p is an isotropic, log-concave measure on
R", then for every x € R, [[(z,)|ly, < cl[{z, )|z, = cllx|lep.

As mentioned in the introduction, if X is distributed according to an
isotropic, log-concave measure on R™ then || X|| ¢n decays quickly at scales

that are larger than n'/P. Thus, by conditioning, the main result in [24]
shows that a 2-small diameter assumption can be made without loss of
generality as long as N < exp(cy/n), and Latata [19] proved the analogous
result for p > 2, as long as N < exp(cn!/?).

3 Decomposition of sets

We begin with a description of the modified chaining procedure. Let (7s)s>0
be an increasing sequence which satisfies that for every s > 0, 2 - 27s+1 <
10 - 2"+2 and for s > 1, 1.1 < 1y41/ns < 10 (where 1.1 can be replaced by
1+ ¢ and 10 can be any suitably large constant). For example, 779 = 0 and
ns = 2% for s > 1 is the usual choice of a sequence that has been used in the
definition of Talagrand’s v functionals. An admissible sequence of V c RY
relative to (1s)s>0 is a collection of subsets Vi C V for which |V;| < 2". For
every s let g : V. — V;, which usually will be a nearest point map relative
to some distance. We will denote msv — m5_1v by Agv, and sometimes write
Agv for mov. Finally, AV is the set {Av:v eV}

Let ¢ be an increasing function which will be chosen according to ad-
ditional information one will have on the given class. FExamples that one

11



should have in mind are ¢4(x) ~3 /2 log!/?(eN/z), resulting from a bound
on the ¢g diameter of H, or ¢ge ~ge NH/01/2=046)/4 for ¢ > 2 and ¢
in the right range, arising from an L, moment assumption.

Assume that V' C R” is endowed with a family of functionals 6, and
a semi-norm || || (which, in our applications, will either arise from the L,
norm or from the 13 norm), and set d = sup, ¢y [|v||.

Definition 3.1 V C RY admits a decomposition with constants o and ~
if it has an admissible sequence (Vs)s>o relative to (ns)s>o for which the
following holds.

1. sup,cy (90(7701)) + D s0 (95<A51))) <.

2. For everyv € V and every I C {1,..., N},

1/2
(Z v?) < a(y+do(|1])).

el

3. If ns < N then for everyv € V and every I C {1,...,N}

1/2
(Z(Asv)?> < a(0s(Asv) + [[Asvl[e(l1]))

il

and if ns > N then for every v € V and every I C {1,..., N},

1/2
(Z(Asuﬁ) < abs(Agv).

i€l

Although this definition seems artificial at first glance, we will show
that it captures the geometry of a typical coordinate projection P,H =
{(h(X)Y, : he HY.

The main observation of this section is that one can use this type of
decomposition to bound the supremum of the Bernoulli process indexed by
V2= {(?)X,:v eV} Hence, if V = P,H, then a standard symmetriza-
tion argument leads to the desired bound on suppcy [N7' SN A2(X;) —
Eh?| (see section 5.3).

To formulate the estimate on the Bernoulli process, set

1/2
o [3m ') NZ S +i) ¢2(0)
- i=1 i ’ Ns +1 i

1/2

i=1

12



for ns < N, put

Av=sup Y o)Al Az=sup Y $*(ns)l1Asll,

veV {s>0:ns <N} veV {s>0:s <N}

and let

Ag=sup > oni?|Au].
veV (sms<N}

For2 <g<4and 0<e<(g/2)—1,let

B, = sup Z nl (HE)/‘]HASvH.
VeV faima <N}

As will become clearer, the most important of the B, . parameters is

B4_B40—Sup Z ni2|| A,
{5 778<N}

which, under the standard choice of ny = 0 and n; = 2° for s > 1, corre-
sponds to v2(V, || |]).

Theorem 3.2 There exist absolute constants cg, ¢ and ca for which the
following holds. If V.C RYN has a decomposition as in Definition 3.1, then
for every r > cq, with probability at least 1 — 2 exp(—c1r2n),

> ot

Before presenting the proof, let us consider the two main examples which
will interest us, namely, the families ¢g = /z log!/?(eN/z) for any § > 0
and ¢, = /x(N/z)1F)/9 for any ¢ > 2 (and for ¢ selected appropriately).

In both cases ¢(N) ~ /N and for any g > 0, ® ~3 VN. If ¢ > 4 and
0<e<q/4—1,®<(1—-4(1+¢)/q)"Y?V/N, and since &, < @, then for
68>0orqg>4,

sup < cara’ (Y(y + do(N) + A1) + d (A2 + Ag))

veV

Ag <®sup Y 7}?||Aw| S VNBy,

veV (sms <N}

with the constant depending either on § or on ¢ and ¢ as above.
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On the other hand, if 2 < ¢ <4 and 0 < ¢ < ¢/2 — 1 then

1/2 B 12
o, = RN ¢*(ns + 1) ) ) (i) _ NZ" < N )2(1+s)/q. <N>2(1+6)/q
Ns + i 2o\ v :

=1
TR
~1-2(14¢)/q *°

Therefore, in that range

N2(+e)/q
1- (1 + 5)/(] UEV

N2(+e)/q

Agp < —B
R —-2(14¢)/q @e

p Y i UHOA || =
{sms<N}

Next, since (75)s>0 increases exponentially, then for ¢ > 2

Yo sm)lAwl<2d Y é(ns) SdVN, (3.1)

{sms<N} {sms<N}

and the constant in (3.1) depends on [ or on ¢ and e respectively. In
particular, if 2 < g <4 and 0 < & < ¢/2 — 1, then

Z d(ns) < NL

(sm <N} 21 +e)/q

Finally, one has to control 3 ¢ ~ny #*(ns)||Asv]|. Note that if 3 > 0
or ¢ > 4, then

> P)Aw] < | max cn)). > nlA|
{sma<N} pl/2

{sma<N} {s:m.<N}

VYN Y ni?|Aw| ~ VNBy,

{5 Ns<N}

and if 2 < ¢<4and 0 < e < q/2 —1 then

Z ¢2 77s)HA UH < N2 (14¢)/ Z ,,71 2(1+4¢) /qHA UH _ N2 1+a)/qB
{ams <N} {sm, <N}

We thus arrive to a more compact formulation of Theorem 3.2 in the cases
we will be interested in.
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Corollary 3.3 For any 8 > 0 or q > 4, with probability at least 1 —
2exp(—c1r?ng),

Zez :

with a constant that depends on (B or on q and € respectively.
Also, if 2 < ¢ <4 and 0 < € < q/2 — 1, then with probability at least
1 — 2exp(—c1r?ng),

N
2
sup E €i0;

veV i—1

<ra (72 +dVN(y+ B4)) ,

sup
veV

2

a”r
<_ =" (A24dVN dN20+e)/a g )
~1-2(1+¢)/q (7 taviiys ‘1*5)

Proof of Theorem 3.2. For every Ajv let ¢ be the largest integer in
{1,..., N} for which 6,(Asv) > ||Asv||¢(i). Throughout the proof we will
assume that such an integer exists, and if it does not, the necessary modi-
fications to the proof are obvious. Let 45, = max{i,ns} and put I, to be
the set of the largest i, coordinates of |Agv|. Let Afv = P, /Ay and
ATv = Pre Asv be the projections of Agv onto the set of coordinates I,
and IS respectlvely Also, let j be the largest integer in {1, ..., N'} for which

1/2
v > d¢(j). Thus, for every v € V, ( i 1(1)2)*> < 2ary and for every

0> g, v; < 20dp(l )/V/L. If J is the set of the largest j coordinates of v € V,
let v = Pyv and v~ = Pjev.
Letw-v= sz\il w;v;e;, and since

v? — (mou)? = z:(ﬂ'sv)2 — (ms_1v)? = Z(Asv) (v 4 Te—10),

s>0 s>0

one has to control increments of the form Z 1 €i(Agv)i(msv 4+ ms_10);.
Observe that if n, > N then with probability 1,

Zgi((AsU) (msv + ms10)); < |[(Agv) - (msv + stlv)HE{\’

<20 Asvllg sup folly < 20°0,(A50) (3 + dg(N)).
ve

Next, if ns < N we will decompose the vectors one has to control according

15



to the size of their coordinates, because, with probability 1 — 2exp(—r?/2),

N
Y eilAg)i(msv + ms1v)i| < [[(Afv) - (w50 + mo10) ||
=1
+r[[(AT0) - ((ms0) "+ (m5—10) oy + (AT 0) - ((ms0) ™ + (75-10) ) [lgy-

(3.2)
Consider the following two cases. If i5, = 71, then

1(AT0) - (0 + w10l <NATollyylIPr, , (a0 + Tomr0) gy
ool Avlléms) (v + dé(ny))

Moreover,
AT vy d(ns)
AT o]y < ——72 < 2a|A ,
Pl = g = 280

and thus, for every v € V,

02187 0) - wh |y < n AT olly 1w [l gy Saz v6(ns) [ Asv].

To estimate 77;/2||(A_v) w_||eN observe that since (A7 v)} Sq [|Asv|lo(ns+
i)/ Vs i, wf Sa de(i)/vi and 3 |agbi| < 37 afb;, then

N 775 N ) 1/2
(i) ¢*(ns+i
0 2I(AT0) - w gy Sa2 /1A de(Z — )
See dng 22| Av].
Therefore, summing the three terms over {s > 0: 7, < N},
Z (AT v) - (m5v + WS—IU)HK{V
{s>0:ns<N}
Sa2Y Z o(ns)|[Asvl +d Z ¢*(ns) [ Asv]),
{s>0ms<N} {s>0ms<N}
Y Pl (mo) T+ (meea0) )y S v D o)A,
{s>0:ns <N} {s>0:ns <N}
and
Y Pl ((m0) H(mea0) Dy Sazd Ym0 A,
{s>0ms<N} {s>0:s <N}
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Next, if 45, 7 75 then [|AT ||y < 2a05(Asv), and thus
(AT v) - (msv + 7r5_1'l))|’€11\7 < 20%05(Asv) (7 + d(N)).

Since |I54| > 1s,

0s(Agv)

||A;UHZJOVO < QQHS(ASU)/HS,UP/Q < 2a 12
Ms

then splitting each w € V to w™ 4+ w™ as above,

02 1(A70) - wh gy < n2IATvlley 1o |y Saz 105(As0),

and
1 21(A0) - w ™ ly Saz dn?®y]| Agoll.
Therefore,
(= 3 IAF) - (et e 10)ly 0l IAT 0 () + (e 1)y

{s>0ms<N}
A0y 1A 0) - ((m5v) ™ + (ms10) ey < (3) + (4) + (5),

where
(3) Saz (v + do(NV)) Z 0s(Asv),  (4) Saz Z 0s(Asv),
{s>0:s<N} {s>0ms<N}
and

(5) Saz d Z n;/quSHASUH-
{s>0:ms<N}

Recall that [A V], |Vs] <10 - 2%+ and that 7541 < 10ns. Given r > ¢,
then applying (3.2) for t5 = 107"17;/2 and summing over {s: ns < N}, it fol-
lows that sup,¢y, ‘Ef\i L€i(v? — (77011)2)1-‘ is bounded by the desired quantity
with probability at least 1 — 2 exp(—c172np).

Finally, for v € Vj, let i be the largest integer in {1,..., N} for which
Oo(v) > |lv]|¢(7), and set I to be the set of the i-largest coordinates of wv.
Thus, Yo, v2 < 20200(v) < 20242, and for £ > i, v} < aljv||¢(£)/V/2. Since

1

[Vo| < 2™ then with probability at least 1 — 2 exp(—c2r?no)

N
E 82'?)?
i=1

completing the proof. [

Sz 72+ rd®ony?||v]),
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4 Coordinate projections of Function classes

The aim of this section is to show that under very mild assumptions, em-
pirical processes have well behaved coordinate projections in the sense of
Definition 3.1. A first result in this direction was established in [22], in
which the main observation, formulated in the language of Section 3, was
that if 79 = 0 and n; = 2° for s > 1, then for the choice of 5((h(X;))Y,) =
25/2[A . & = Vi, | (X)X | = [l gy and ¢(z) ~ v/&log(eN/x), the st
V = {(h(X;))X, : h € H} has a good decomposition with high probability.
Hence, the Bernoulli process indexed by V2 satisfies the following:

Theorem 4.1 There exist absolute constants c1, co and cs for which the
following holds. If H is a class of functions, then for every r,u > c1, with
p!N -probability at least 1 — 2exp(—cou), V = P, H satisfies that

N
E 61"()1-2

i=1

sup
veV

< a2 <72<H, )+ VN sup Hh||¢1> o (H )

with probability at least 1—2 exp(—csr?) with respect to the Bernoulli random
variables.

Theorem 4.1 is rather restricted because the ¥2-based complexity param-
eter seems too strong in many situations, as does the assumption that H is
a bounded subset of Ly, . Here, we will try to impose as few assumptions as
possible on H.

Let H be a class of functions on (2, ). For every u > 0 we will
define three events in the product space QY, which will be denoted by
Qu, Q24 and Q3,. On the event €, N Q. N Q3,, the random set
P,H = {(h(X;))Y, : h € H} will be well behaved for the right choice
of functionals s and ¢. We will then study cases in which the event
Q1,4 N Q2 N Q3. has high probability.

Definition 4.2 For (ns)s>0 as above, set so > 0 to be the first integer for
which ns > log(eN).

For every s € {s : log(eN) < ns < N}, let £y be the largest integer in
{1,..., N} for which ns > ¢log(eN/?), and if ns < log(eN), set s = 1.

The motivation for this definition is the following. If E} is the collection
of subsets of {1, ..., N} of cardinality k, s¢ is the level above which one may
find k& for which the cardinalities |Ejx| and |H| are comparable. Indeed,
when s < sg, |E1| can be significantly larger than |Hg| = 2", but when
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s > so, log|Hs| and log|E,,| are of the same order, and thus one may
simultaneously control every function in Hy and every subset in Ey, at no
extra price. The main idea of the proofs in this section is to try and balance
these two quantities as much as possible.

Observe that since (1), grows exponentially, so does (€s)s>s,-

Definition 4.3 For an admissible sequence (Hs)s>0 and a sequence of func-
tionals (0y.s)s>sy, let Q1. be the event for which, for every h € H, the
following holds:

" 1/2
1. for every log(eN) < n, < N, (S5 (Ah)P(X))") T < Ous(Ash),
(and if the ulsyy > N then the sum terminates at N ).

2. for every ne > N, (S ((AhR)) " < u(Bsh).

3. (Z?ﬁ?“((Wsoh)Q(Xi))*)l/Q < Buso (o).

The set €21, is the subset of Q¥ in which the functionals 6, s yield a good
bound on the £ norm of the “relatively large” coordinates of each increment
when s > so. In contrast, on the set {25, the smaller coordinates will be
controlled for s > sg9. One of the key points of the proof is finding an
estimate on the /3 norm on these coordinates, but doing so without any
real concentration phenomenon for sums of i.i.d. random variables coming
to one’s aid.

Formally, to define the set {2 ,, first fix a random variable Y, an integer
N and € > 0. For every j < N let §; = (j/eN)1+e) | set

yj = inf{y : Pr(|Y| > y;) < §;},
and without loss of generality, we will assume that the infimum is attained.
For every 1 <k < N, let

1/2

fuVoR) =rgvu | > Py |,
{5:20<[k/ul}
where k3 is a suitable chosen absolute constant.
The motivation for this definition is the following observation, showing

that with high probability, the “tail” of a sum of i.i.d random variables can
be controlled using f.
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Lemma 4.4 There exist absolute constants c¢1 and co for which the fol-
lowing holds. For every integer £ and u > c1/e, with probability at least
1 — 2exp(—couellog(eN/l)), for every integer k > ul,

k

> (VA < fulYiE)

i=ul+1

Proof. Since Pr(|Y] > y;) <d; = (j/eN)!* then for u > 1,

Pr(Yy > yj) s(Z_)a;%j < exp(ujlog(eN/uj) — (1 + £)ujlog(eN/7))
< exp(—cujlog(eN/j)).

Thus, summing over {j = [+ 2'/u] : 2' < k —ul}, it follows that with
probability at least 1 — exp(—cieullog(eN/?)), if 2 <k —ul then Y, . <
Yre42i /u)- Therefore,

k

S0 Y 20 Y 2o

j=ul+1 {i:2t<k—ul} {i:2t<k—ul}

o S 2y = AV,
{5229 <k/u}

where the last inequality is evident by a change of variables. [
We will also need the following “global” counterpart of the functional f.

Definition 4.5 Given a class of functions H, an integer N and € > 0, set

zj = inf{z : sup Pr(|h| > z;) < (j/eN)'*e}.
heH

For every k < N and u > 1, let
1/2

Fu(k) = k3v/u Z 2723

{4:29<k/u}
Clearly, for every h € H and every k, f,(h, k) < F,(k).

Definition 4.6 Let €y, be the event on which, for every h € H, every
s> sp and every j > uls
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1 (S a(@an2x0)) < dahg),

1/2

2 (Sl (mhP(X0)) 7 < RO

The final set, €23, is very close in nature to €22,. It is needed to control
the coordinates of “very small” increments — when s < s, if such an integer
exists.

Definition 4.7 If ny < log(eN), let Q3,, be the event on which for every
he H, every0 <s<spandl1 <j<N,

j 1/2 j 1/2
(Z((Ash>2(Xi))*> < fu(Ash, 5), (Z((Wsoh)z(Xi))*) < Fu(j)-
i=1 =1

If no > log(eN) set Q3 = QN

It turns out that on the event € , N o, N Q3,, the set Py H is indeed
well behaved. Let

Yu = inf sup Y~ O (Ash), (4.1)

heH $>80

with the infimum is taken with respect to all (ns)-admissible sequences.
From here on we will assume that (Hs)s>o is an almost optimal (7s)s>0-
admissible sequence.

Lemma 4.8 There exists absolute constants ¢y and co for which the fol-
lowing holds. Let (0y.5)s>s, be functionals, and for s < so set 0,5 = 0.
For every u > c1, on the event Qq, N oy N Q34, for every h € H and
Ic{1,.., N},

1. if ns < N then

1/2
(Z(Ash)2(Xz)> § eu,s(Ash) + fu(Asha |I|)7

el

and if ns > N,

1/2
(Z(Ash)z(Xi)> < Oy.s(Ash).

il
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1/2
(Zh%)@) Squt Y. Flequ2)+ Ry (h, 1),

i€l {i:2i<|1}

where Ry, 1(h) = 0y,0(moh) if so = 0 and R, (h,I) = min{0y, s, (7s,h), Fu(|I])}
otherwise.

Proof. First, assume that log(eN) < ns < N (i.e. s> sp) and recall that
s is the largest integer for which ny > ¢log(eN/¢). If |I| < uly then the
claim follows from the definition of 6, ¢ and the set Q. If [I| > uly, then

1/2 » 1/2 1] 1/2
(Z(Ashwxi)) < (Z((Asm?(xl-))*) +HOY (@wxat|
el =1 i=uls+1

and the claim is evident from the definition of the function f, and the set
Doy

If, on the other hand, n; < log(eN) then sy > 0 and the assertion follows
from the definition of €23 .

The second part of (1) follows from the definition of €y ,,.

Turning to (2), we shall treat two cases. First, consider the case [I| >
uls, and observe that it suffices to estimate (Z?ﬁ“((Wsh)2(Xi))*)1/2. In-
deed, let s be an integer for which uls; < |I| < uls41. Since £541 is nonde-
creasing, then on 4,

wlsi 1/2 ulsy1 1/2 ulst1 1/2
S| < X | @]+ | X (k)
i=1 j>s+1 \ i=1 . i=1 b
<N O A+ | D (mh)A(X0))*
J>s+1 i=1

If J C I is the set of the largest ufs coordinates of ((Wsh)(Xi))i]il in I,
then the coordinate projections satisfy that

Pr((msh)(Xi)y = Py((ms-1h)(X:) )ity +Pr((Ash) (X)) Ly +Pr s (msh) (X)) Ly,
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and thus,

1/2 uls i1 1/2
<Z(7rsh)2(X¢)> < Z ((msh)?(X;))"
iel i=1
1/2 1/2
< max Z(’/Ts_lh) (X5) + max Z(Ash)z(Xz)
|11 |=uts el [ |=uls 1€lq
s 1/2
Y (kX))
i=uls+1

Hence, if we set U;s(h) = maxj—u, (Eiel(wsh)z(Xi))l/2 then for every
s, and every h € H

1/2
Us,s(h) <Us—1,s-1(h) + max | Y (Ah)*(X))
1 |=uls i€l
wlors 1/2
+ Y ((mh) (X))
i—uls+1
Susfl,sfl(h) + Qu,s(Ash) + Fu(u£s+1)-
Summing over all s > s,
s s+1
Us,s(h) < Z Hu,j(Ajh) + Z FU(UEJ') + Usg,s0(h),
Jj=so+1 j=so+1

and thus, for every h € H and every I C {1,..., N},

1/2
(Z h%)@) <Y Ous(Ajh)+ D Fu(uleg) + Usy s ().

iel $>50 {s>s0:4s<|I|}

Next, one has to bound supycy max|r<ue,, ., (ZieI(WSOh)2(Xi))1/2. This
is at most 6, 4, (ms,h) on Qq, and when sop > 0, it is also bounded by
Fu(uls,) < Fy(|I]) on Q3.

The claim in this case follows since £ grows exponentially for s > s,

and thus .
> Fululep) <> Fueu2))
{s>s0:4:<|I|} {i:2i<|1]}
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for a suitable absolute constant c.
Turning to the second case, if |I| < uls,, note that

1/2 1/2 1/2
(z h2<xi>) S (zmshﬂxi)) N (zmow(m)

iel s>s0 \iel el
< Z Hu,s(Ash) + min{eu,so (7T30h), Fu(’ID}

$>80
|

For Lemma 4.8 to have any meaning, one has to identify the functionals
fu, Fy and 0, s in the cases one is interested in. Our next goal is to study
the functions f,, and F,, under various tail assumptions on functions in H,
and naturally, the two families of tail estimates we will be interested in are
when H has a bounded diameter in Ly, or in Lg for ¢ > 2.

If H C Ly,, then for every h € H, Pr(|h| > y) < exp(—(y/|hlly,)?)-
Thus, for € > 1 and every j,

yj S ellhlly, log?(eN/j), 2 Sssugllhllng log!/P(eN/j).
S

Hence, if dy, = supyep ||h]ly,, then

log, ¢ 1/2 log, @ 1/2
Fu(i) Sevu | Y 2723, S evudy, | > 271og?P(eN/2)
j=1 j=1

<p evudy,Vilog!/P(eN/i) ~5 ev/udy, d5(i),
and in a similar fashion,
Fulhyi) S5 evullhll g, Vilog! P (eN/i) ~p e/ullhll g, 05(0).

Using the same argument, if h € Ly then Pr(|h| > ||h||L,y) < 1/y? and
forany 0 < e <¢/2—-1,y; = HhHLq(N/j)(Ha)/q. If suppep 1Pz, = di,,
g>2and ¢y =1—2(1+¢)/q then

log, 4 ' ' 1/2 N her/a
Fu(i) Sv/udy, | D 2/(N/27)2 190 5c;§\/aquxfi<i>
j=1
NC‘;; \/ﬁqu G (1),
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and

N te)/a . -
) ) ~ C;E\/EHhHLq¢q75(Z).

7

fulhii) < cq,ix/ﬂHhHLqﬂ(

Combining these observations with the estimates of Lemma 4.8 and noting
that if so > 0 then Ry r(h) < vudr,éqc(|I]), one reaches the following
corollary.

Corollary 4.9 Let (0y.5)s>s, be a sequence of functionals and for s < sq let
Ous = 0. If H is bounded in Ly for ¢ > 2, then on Q. N Qa4 N Q3 ,, for
every h € H and every I C {1,...,N}

1. ifns < N,

1/2
(Z(Ash)2(Xi)) S Ous(Ash) + g2 Vull Ashl L, 60, (1)),

el
and if ns > N then

1/2
<Z(Ash)2(Xi)) < Ous(Ah).

el

1/2
(Z hz(Xi)> < Z Ou,s(Ash) + Cz;;\/ﬁqu¢q7€(|I|)-

i€l s>0

A similar bound holds when H 1is bounded in LW'

5 Estimates on (;,, and the choice of functionals

We will begin by showing that €2, is a large set, almost regardless of any
assumptions on ¢, an observation that is based on the same idea as Lemma
4.4.

Lemma 5.1 There exist absolute constants c1 and co such that, for every
e>0andu>ci/e, Pr(Q2,) > 1 — 2exp(—cacuns,).

Proof. Recall that by Lemma 4.4, for any random variable Y, with prob-
ability at least 1 — 2exp(—cjuellog(eN/¥)), for every integer k > ul,
k

S (03 < fulYoh). (5.1)

i=ul+1
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Let ¢ = {4, and since ns ~ f5log(eN/ls) and |AH| < 2%, then for u >
c3/e, (5.1) holds uniformly for every h € AgH with probability at least
1 — 2exp(—cquens). The analogous claim holds for functions in Hy as well,
with the uniform bound of F), replacing f,. Summing over all s > sy and
since (1) grows exponentially, the claim follows. [ |

Since (1o ,, is always large, and since {23 ,, will behave in a very similar way
when sy > 0, the crucial point in the construction of a good decomposition
of P,H is a correct choice of 8, and estimates on {21 4.

The functionals ¢, , capture the geometry of H, and thus have to be
selected according to the information one has on the class. We will present
two examples of such choices, each leading to one of our two main results.
The first one will be based on “global” structure like metric entropy, while
the second uses accurate estimates on each “chain”.

5.1 The ball B} — global estimates

Let p be an unconditional measure on R", set H = {<t, > :t € By} to be
a class of linear functionals on (R", ) — and from here on we will identify
the class {(¢,-) : t € T'} with its indexing set T. We will also assume that
p satisfies the p-small diameter, L, moment assumption for some p > 2
and ¢ > 2; that is, p is supported in mlnl/pBg, and for every z € R",
(s )llzy < m2llz]e-

Let k4 > 10 be an absolute constant to be fixed later, set 2% ~ n® for
0<1/2—1/2(p—1), and put

N = ,{;428—&-81 maX{lOg(en/2s+51)’ ]‘}

Note that s9 = 0 as long as 19 ~ 25! log(en/2%1) > log(eN), i.e., if n® log(n) >
log(eN) - which we will assume is the case, since our main interest in when
N ~n.

If X = (z1,...,x,) is distributed according to p then for every 1 <
¢ < n, set My = H(Zle(x?)*)lﬂHLm. Define the following functionals
(which, in this case, will be constants depending only on w and s): let 6,0 =
C\/ﬁné/zrnl/PQ(S-i-sl)(1/2—1/17)7 if 25%51 <, set 0,5 = c\/ﬁni/in/PQ—(S'i'Sl)/P
and if ny > n put 0,5 = c\/ﬂn;/22_zs/”, where ¢ = ¢(k1,p,0).

Theorem 5.2 For every ki, p > 2 and 6 < 1/2 —1/2(p — 1) there ewist
constants c1, co and cg that depend only on k1, p and § for which the following
holds. There is an (ns)s>0-admissible sequence of By, for which, if u > ¢1,
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then Pr(Q14) > 1 — exp(—can®) and

sup Zeu,s(<Asta >) < C3ﬁ\/ﬁ'

teBy s>0

Observe that by the p-small diameter assumption, M, <, nl/Pl/2=1/p  Also,
since p is unconditional, then for every I C {1,...,n} and v supported on I,

(o, M < N0ller, M. (5.2)

Indeed, by the unconditionality of u, (z1,...,x,) has the same distribution
as (121, ...,enTy). Hence, for every r > 1

1/r
(v, )z, ~ExE] Z&J«“ivz‘\r)l/r S <EX7“T/2(Z Ui?xzz)r/2>

il iel
SVrllvlle Mg

We will also need a few )y entropy estimates. Set By, = {v € R" :
[{v, )l <1}, and for K, L C R™ denote by N(K, L) the minimal number
of translates of L needed to cover K.

Lemma 5.3 If I C {1,...n} then for every ¢ > 0, log N(B},eBy,) <
M|2I|/52. Moreover, for e <1, log N(Bj3,eBy,) S nlog(2/¢).

Proof. By the dual Sudakov inequality (see, e.g. [20]), if B) | is a unit
ball of a norm on R/ and G = (g;)ies is a standard Gaussian vector on
R’, then log N(By,eB) ) < (E|G|)?/e*. Since | flly, < Eexp(f?) and
(> ier )2 < M, 7] almost surely, then by changing the order of integration,

E|G/eMylly, < ExEa(exp((D_ gizi)?/ M) X) < 2
el

for a suitable absolute constant ¢, proving the first part.

For the second part, note that N (B, eBy,) < N(BY, By, )-N(By,,By,).
By the first part, log N(Bj, By,) < n, while a standard volumetric estimate
shows that N (By,,eBy,) < (5/¢)". |

Next, let us define the sets T,. If 25751 > n, let T, be a maximal
€5 separated subset of Bj relative to the 19 norm and of cardinality 2.
If 25751 < n, let Ty be a maximal €, separated subset of Upsts; = {x €
BT : |supp(z)| < 25751} with respect to the ¢ norm, and of cardinality 2.
Given a vector t € BY, we will define the functions 7, as follows. If 25751 > n,
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7st is a best 19 approximation of ¢ in T,. For 25751 < n one combines
approximation and dimension reduction. Set s, to satisfy that 25+t = n
(and without loss of generality we will assume that such an integer exists).
If v = m,,t, let I,,;5 be the set of the largest n/2 coordinates of v, and put
Ts,—1t to be the best approximation of the coordinate projection Py p¥ in
Ts, 1, and so on.

Lemma 5.4 There exists an absolute constant ¢ such that for everyt € By,
if s > sx (i.e., if ns > K3n), then ||<Ast, ->||¢2 < CQ_QHSI/", and if 0 < s < sy
then H<A8t7 >Hw2 < C27(S+81)/2M25+51 .

Proof. First consider s > s,. Note that [[(Agt, )|y, < (¢t — 7st, ) |lys +
||<t — Ts_1t, ->||¢2 < &5+ ¢e5_1, and by the covering numbers estimate from
Lemma 5.3, in that range e, < 272" "1/n.

In the range s < s4, Agt = u + w, where w consists of the small-
est 255171 coordinates of mst € Bl for some |I| = 25%%1 and u is an
€s_1-approximation of the largest 25751~! coordinates of ms¢t. Therefore,
[{Ast, Ml < [{w,)|ly, + es—1. Recall that for every such s, Ups+s; is a
union of (25251) balls of dimension 25151, then

log N (Usgs+sy,eBy,) <2°T°1 log(en/2°751) + | Ima)i log N(B3,eBy,)
J|=251s1
<25F51 log(en /25791 + M2, /€.
Note that for a suitable choice of k4, log |Ts| > 2-25%51 log(en/25751). There-
fore, e < 27(F5)/2 My, 15, and applying (5.2), [[(w, )l S llwlle, My S
2_(S+Sl)/2M2s+sl . .

Proof of Theorem 5.2. Observe that HY||121)2 = ||Y?||y,, and thus, by a
standard application of Bernstein’s inequality, for every integer m,

m
Pr (Z Y2 > m||Y\|izt2> < 2exp(—cmmin{t?, t1}).
i=1
Therefore, if w is large enough, then
uls
Pr (Z(y;?)* > w?||Y[[3, - uls 1og<eN/ues)>
i=1

N
<<u€ > - 2exp(—cw?uly log(eN/uly)) < 2exp(—ciw?uls log(eN/uls)).
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Moreover, ulslog(eN/uls) < uns, and for u > 1, ulslog(eN/uly) 2 ns,

~

implying that with probability at least 1 — 2 exp(—caw?ns),

wls 1/2
<Z(Yi2>*> S wu[Y [|y,ns"?.

i=1

Also, with probability at least 1 — 2 exp(—cow?n), if 7y > N then

N 1/2
<Z(Yf)*> < w2 [[Y [y,

i=1

Using Lemma 5.4 and summing the probability estimates, it is evident that
with probability at least 1 — 2 exp(—czw?ng), the following holds: if n, > N
then

N 1/2
sup <Z(<A5t’Xz>2)*> 5 wul/Qn;/22_25+sl/n’

teBy \ i
if kyn < ns < N, then
ul, ) 1/2 .
b (;((Ast, X;) )*) S wul Py P2
and if s > 0 and 7 < k4n then
ul, , 1/2
tselg% (;«AJ,XO )*) S wutPpt2o= O L

Finally, since 19 = k42 log(en/2°') then ¢y < 2°1. Moreover, |[supp(mot)| <
2%t and by (5.2), [[(mot,)|ly, < Masi. Hence, with probability at least
1 — 2exp(—cqw?ng),

uls 1/2
p (S rat ) w2t 2
teBy \ 5

Since My <, n'/P0/271/P then Pr(Q;,) > 1-2exp(—csn) = 1—2exp(—c52%1)
for the desired functionals 6, ;. It remains to choose s; and estimate ) $>0 Ou,s-
Note that if 251 ~ n? for § < 1/2 —1/2(p — 1), then

O ~ 7}(1)/2M231 ~kip 251/2 10g1/2(6n/251)nl/pQSl(l/Qfl/p) < cg(k1,p,0)V/n.
(5.3)
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Also,

S 65 Y w2 eIl

{s>0:ns<k3gn} {sms<k3n}

Serpen'? Y 260 0g 2 (en 25F51) < cg(k1, p, 6)v/,
{s:25F51<n}

(5.4)

and

Z 0, 5!@1,»@3,10 Z 2(S+81)/22—23+sl/n < c(k1, p, 5)\/5 (5.5)

{s:ns>kK3n} {s:ns>kK3n}

Corollary 5.5 There exist absolute constants c1, co and c3 and c4 that de-
pend on K1, Ko, P, d, for which the following holds. If i is as above and & > 0,
then By has an (ns)s>0-admissible sequence (Ts)s>o for which, for u > ci/e,
with probability at least 1 — 2 exp(—cocun) — 2 exp(—c3n?), for every t € BY
and every I C {1,...,N},

1. ifns <N,

1/2
(Z(<Ast7 Xz>)2> S C49u,s + c;;\/aHAst”fggbq,E(’I’)a

icl

and if ns > N then

1/2
<Z(<Asthi>)2> < 400,

el

1/2
(Z(@,XO)Q) <ea Y Ous+ g ugge (1))
el s
SVuvn 4 e I udg (1))

We will separate our treatment to the cases ¢ > 4 and 2 < ¢ < 4. First, if
q >4, let e = (¢/4 — 1)/2 and note that ¢, > 1/2. Also, since |[t[[s ~x,
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1t ML, Sk I(E, ) |ls, then by the same computation as in (5.3), (5.4)
and (5.5),

By = Squ Zn;/QHAStHLq Smﬁzypﬁ \/ﬁ
t n

2 5>0

We thus have:

Theorem 5.6 For every ki, k2, ¢ >4, p>2and d < 1/2—-1/2(p—1),
there exist constants cy, c1, co and c3 which depend on k1, k2, p, ¢ and 9,
and an absolute constant cq4 for which the following holds. If u is as abowve,
and N < exp(con‘s), then for every u > c1, with p!N-probability at least
1 — 2exp(—can®), P,(BY) satisfies that

1 N n n
Zlaz X,,t> <C3ru<1/N+N),
1=

with probability at least 1 — 2 exp(—cynr?) relative to the Bernoulli random
variables.

sup
teBY

Turning to the case 2 < ¢ < 4, recall that for 0 < ¢ < ¢/2 -1, By =
Z{S:%SN} 77;72(1+E)/q||AsvHLq. Assume that p is as above and satisfies the

p-small diameter assumption for p > ¢/(¢/2 — 1). Then, for 0 < ¢ <
q/2—=1—q/p (ie. if 1 = (2(1+¢)/q) —1/p>0),

Bq,a 5 Z (2s+31 log(en/Qersl))172(1+€)/q27(s+51)/in/p2(8+81)(1/271/p)

{s:25F51<n}

+ Z o(s+s1)(1-2(1+e)/q) 9201/ nl—2(1+¢)/q |
T 1-2+¢€)/q—1/p

{s:25Fs1>n}
Therefore, one has

Theorem 5.7 Let2<q<4,p>(1-2/¢) L and0 < e < 2/q—1—q/p. If
p and 6 are as above, u 2 1/¢, and N < exp(con ), then with u¥ probability
at least 1 — 2exp(—cieun) — 2exp(—can®), P,(BY) satisfies that

1 EN: -<X~ t>2 < U <n)1—(2/Q)—2€/q+ n N n
N £ SR e (191 4 e) /g2 \\N N N)

with probability at least 1 — 2 exp(—c3nr?) relative to the Bernoulli random
variables.
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In particular, taking € ~ 1/log(eN/n), then for every such N satisfying
that N 2.1 ko.qp T 0Nd GNY U >4, 1o q.p log(eN/n),

N

% Z 5i<Xi, t>2

=1

sup

n )1*2/q
teBp

Sk kagp TU (N

5.2 Unconditional log-concave measures

We will now present a different way of bounding €, ,, (and Q3 ,, if needed) by
estimating the moments of the increments Agh, and selecting the functionals
0.,s accordingly.

For every s > 0 and h € H, set

min{uferl 7J\/v} min{u£30+1 ,N}
Z:) = Y (ARPX)), Zi(h = Y () (X0)"
i=1 i=1

In light of Theorem B, we will assume that H is a bounded subset of L.,
(although what we do here can be extended to other moment assumptions),
and thus one may control 22, using ¢g for 8 = 1 and ¢ which will be
selected later.

Lemma 5.8 There exist absolute constants c¢1, ca and cs for which the fol-
lowing holds. For w > c1, with probability at least 1 — 2exp(—ciuns,), for

every s > sog and every h € H, Zs(h) < e||Zs(h)||L2m]S+1.

Proof. If Z is a nonnegative random variable then Pr(Z > e||Z|L,) <
exp(—¢q). Thus, for a fixed s and every h € H, Zs(h) < e||Zs(h)||L2m]S+1
with probability at least 1 — exp(—2uns4+1). Since log |AsH| < ns41 and
because there are at most exp(uls41 log(e N/uls11)) < exp(unsy1) subsets of
{1, ..., N} of cardinality ufs 1, the same probability estimate holds uniformly
for every h € H (with a different constant). Summing the probabilities for
every s > so and repeating the same argument for H,, concludes the proof.

|

Next, one has to control the moments appearing in Lemma 5.8, which is
based on the following result, due to Latala [17].

Theorem 5.9 Let X1,..., X, be independent, distributed according to a
nonnegative random variable X. Then for every p > 1,

m 1/r
p(m
HZX”LPN{T <p> 1 XL, : max{l,p/m}grgp}.
i=1
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Definition 5.10 If X is a random variable, for every p > 1 set

1 X1z
[Xlpy = sup —==.
1<¢<p V4

The (p)-norms are a local version of the ¥ norm, and clearly [ X[, <
| X||,- Using those norms one may obtain a more compact expression for
the required moments.

Lemma 5.11 There exist an absolute constant ¢ such that for every h € H,
every s > sg and every u > 0,

1/2
1Zo(W) | Lo, < VIYANA] 20

and
1/2
1Zso (W Laun,, 1, < evumsl 2 Imsobll uny 1)

Proof. Let Y; = h(X;) and observe that for every m, ||(30, Y2)1/2|, =
>, Y?H}JH/Q. Since m = uls41 and p = 2unsy; then p/2 > m. Also, for
p

every r < p, [|Y||r, < /7[|Y]|(p), and applying Theorem 5.9,

D)’

m 1/r
Y2l . < 1Y% su p<m> < V2P
I Y2 S 10 0 2 () 21V e e

Hence, for our choice of p and m,

m
1/2 1/2 1/2 1/2
I Y2I2, S VandZIY2Ie = Va3 Y .-
=1

(uns+1

Corollary 5.12 There exist absolute constants ¢; and co for which the fol-
lowing holds. If, for s > sq,

1/2
Ou s (Ash) = c1v/un 2 | Akl umes)

and )
1/2
9“730 (ﬂ-SOh) = \/an80+1||7r'30h||(2u7’]50+1)7
then Pr(214) > 1 — 2exp(—cauns,).

Next, assume that sp > 0, and thus one has to bound Pr(3,,).
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Lemma 5.13 There exists absolute constants c1, co and c3 such that, for
every u > c1, with probability at least 1 — 2exp(—coulog N), for every 0 <
s < sg and every h € H,

j 1/2
(Z((Ash)Q(Xi))*> < caul| Ashl|y, /5 10g(eN/5) ~ ul| Ashlly, ¢1(5),

i=1
and a similar bound holds for ms,h.

Proof. Recall that for a fixed ¢ > 0 and every i, Pr(Y;* > v;) < exp(—eilog(eN/i)).
Let € ~ u > 1 and observe that if Y € Ly, then y; S u||Y||y, log(eN/i) and

Pr(3i < N :Y; > y;) < exp(—ciulog N). (5.6)

Since the cardinality of the set Us<s,AsH is at most ZS<SO 2Ms+1 < N2
(5.6) holds uniformly with probability at least 1—exp(—csulog N) for u > ¢4.
Therefore, on that event, for every 0 < s < sg and every 7,

j 1/2
(Z((Ash)%Xi))*) < c5ul| Ashlly, /5 log(eN/7).

i=1

o , N\ 1/2
An identical argument holds for (Zgzl((rrSOh)Q(Xi)) > . [

Therefore, the event ¢, U (), U3, has high probability, leading to
the following decomposition result.

Corollary 5.14 There exist absolute constants c1 and co for which the fol-
lowing holds. For everyu > c1, with probability at least 1—2 exp(—coulog N),
for every h € H and every I C {1,..., N},

1. ifns <N,

1/2
(Z((Asm?(&))*) S Va2 1Ak un. ) + wll skl d1 (1)),

iel

and if ns > N then

1/2
(Z((Asm?m))*) S Va2 1Akl un,.r)-

el
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1/2
(Z(h2(X¢))*> SV Y A ) Fuds, $1 (1) +Rag (),

el 8>50

where Rag(h) S v/ [[7ohll up) if 50 = 0 and Ry (h) < udy, é1(|1]) other-

wise.

Remark 5.15 Note that [|Ash| aun,,,) < [|Ashlly,, and thus one may take

Ou,s ~ \/ﬁniﬁHAshHW. If no =0 and ns = 2° for s > 1, then for an almost
optimal admissible sequence,

S A ey S 2 (H, 1),

>80

Although this estimate leads to an alternative proof of Theorem 4.1, it is
not sharp enough to prove Theorem B, as the latter requires more accurate
bounds on HAShH(Qu%H).

From here on we will assume that 1y = 0 and that n, = 2% for s > 1. If
s> 59 ~log N, set 0, s(Ast) = \/ﬁn;ﬁHAshH(gunsH).

Theorem 5.16 There exist absolute constants c¢1 and co for which the fol-
lowing holds. If u is an isotropic, unconditional log-concave measure, Hp =
{(t,") : t € T} and (Ty)s>0 is an admissible sequence of T, then for every
U 2 C1,

Ous (Aot ) < cau (2AH ey, + 27| Aty )

Proof. Let T' C R"™, and identify it with the class of linear functionals
Hp = {(t,") : t € T} on (R™, u). By Borell’s inequality (8], the ¥, and Ly
norms are ci-equivalent on R"™, where c; is an absolute constant, and since p
is isotropic, then |[(t, )|z, = [[t]|e3. Moreover, there is an absolute constant
co such that for every p > ¢ and t € R",

1t Mz, < c2§rr<t, My

Hence, for every t € R™ and every r > 1,

H<t’ '>HL14

||<t7 >||(7‘q) < qgszl%)qu + H<ta >H(q) < ¢y sup

q<t<rq 4
< (eav/T + D)t )Ml (g)-

2T, - q
H<\/>E!L+||<t,->ll(q>
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Also, for any ¢ € R" and any p > n, (¢, My < 202\/%||<t, (). There-
fore, if u > 1 and ns; = 2° < n then

Va2 A M umenny S u2 2 (Agt, |29,

and if 2° > n then

98
\/577;421”<As75, '>”(2u775+1) S \/EZ‘KAS@ >H(n)

Note ([6] or [25], Proposition 3.4) that there is an isotropic convex body K
such that for every t € R" and any 1 < p < n, [|(t, )|, ) < esll{t, )L, x)-
Moreover, since p is unconditional, K is also unconditional and using the
Bobkov-Nazarov Theorem [7] we get that

”<t7 '>HLP(;L) < C3H<t’ ‘>HLP(K) < C4H<t7 '>HLI,(K1)a

where K is an isotropic image of BY.
The moments of every linear functional <t, > relative to the volume mea-
sure of an isotropic position of B} are well known [15]: namely, for 1 < p < n,

. 1/2
€8, |y ~ plltlloe + VB | D (&)
i=p+1
Combining the two estimates, for p < n and any t € R",
1/2

1ts )l g (c1) oy
It Yy < sup =———=2=2 ~sup | Valltlloo + | D (E)

q<p Vi q<p i=q+1

< VoIt + lItlleg-
Thus, for 2% < n,
22 (Ast, M 2oy < 20 Astlen, +2°2 (1 Ast ey
and if 2° > n,
9s
vn

(At ) < 2] Ast]lgn -
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Note that for an almost optimal admissible sequence,

> 2 Atllen, + 222 Astllep S (T L) + 72T, 5).
s>0

It turns out that v (T, ¢% ) + v2(T,¢5) can be completely characterized by
the following beautiful result due to Talagrand [31, 32].

Theorem 5.17 There exist absolute constants ¢ and C for which the follow-
ing holds. Let (y;)I_y be independent, standard exponential variables. Then,
for every T C R",

n n
cEsup Y yiti < (T loo) +72(T,6s) < CEsup Y yit;.
teT * teT *;

i=1 i=1
Recall that if (y;)!"_, are standard exponential random variables and T C
R", then we denote E(T) = Esup,er Y iy yiti and do(T') = sup,er ||t]]2-
Combining the estimates above, it follows that on Q1 , N8 ,,NQ3 4, BT
satisfies Definition 3.1 with 0 = 2°|| - [|n+ 2%/2|| - ey for s > so and 05 = 0
otherwise, ¥ S B(T), ¢ ~ b1, |((Xest )Xl = 1t Yy ~ ltllg and o ~ .
Therefore, By < 72(T, ¢2) S E(T).

Theorem 5.18 There exist absolute constants c1, co, c3 and cyq for which
the following holds. For every u > c¢i, With u" -probability at least 1 —
2exp(—coulog N), the set V.= P,T satisfies that

N

sup 02
1

veV

< eyru? (do(T)VNE(T) + (B(T))?)
with probability at least 1 —2 exp(—cqr?) with respect to the Bernoulli random
variables.

5.3 Proofs of Theorems A and B

The final step we need for the proofs of Theorem A and Theorem B is a
version of the Gine-Zinn symmetrization Theorem (see, e.g. [14, 33]), which
enables one to pass from the Bernoulli process indexed by random coordinate
projections of a class of functions, to the empirical process indexed by the
class.
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Theorem 5.19 Let F be a class of functions and for every x > 0, set
Bn(z) = infrep Pr(| N, f(X;) — Ef| > x/2). Then
> x/4> .

> fX) —Ef
=1

To apply Theorem 5.19, one has to identify the right value z for which

Bn(x) > 1/2. In our case, F = H?, and thus one has to show that if = is

large enough, then sup,eyy Pr(| 3o/, h2(Xi) — ER?| > z/2) < 1/2.

N

> ef(Xi

feFr i=1

On(z)Prx <sup

>z | <2Prxg: | sup
fe

Lemma 5.20 Let H be a class of functions which is bounded in Lq and
consider the empirical process indexed by F' = {h?> : h € H}. If ¢ > 4
and x 2 d%q\/]v then Bn(z) > 1/2 and the same holds if 2 < q < 4 and

2 A2
rZqdy N /a,

Proof. The first part of the claim follows from an application of Cheby-
shev’s inequality, and is omitted. For the second part, fix r» > 0, set
V = (h3(X;))X,, and since Pr(|h?(X)| > d%q(rN/z’)z/q) <i/(rN) then

Pr (Vi > 3, (rN/i)/7) S (]j ) (i/rN) < exp(—ilog(er)) = (er)™".

(5.7)
Moreover, for rg ~ ca, Pr(3i : |h3(X;)| > Tod%qN2/q) < 1/10. Hence, a
truncation argument shows that without loss of generality we may assume
that ||h?||L, < rod%qN 2/a. Applying the L, estimate for the largest two
coordinates of V' and (5.7) for the rest, it follows that

Pr(|Vlpy > eqlro +r)d3, N*/7) < Zr 'S

Hence, under the truncation assumption,

N N N
E| Y h*(Xi) — ER?| SExEe| Y eih®(X;)| SEx (Y pM(X)? = E| V]|
j i=1 i=1
SqTod%q N2/q7
showing that it suffices to take x ~ d%qN 2/4 a5 claimed. ]

38



Since z/N is well within our range, one may complete the proofs of
Theorem A and Theorem B.
Proof of Theorem A. For ¢ > 4, let p,y ~, koq Tu(y/n/N +n/N) for
U Ziroyg C1, and 7 > co. If 2 < g < 4 set pry ~i, ko ru(n/N)l_Q/q for
U 2 ko, l0g(eN/n) and r > 3. Then,

N

1
<4Ex Pr. <N > e Xa)Y| > pnu/‘l)

=1

N
1
SPTX«Ql,u N QQ# N Qg7u)c) + Pr, <‘N E €i<t, Xz>2’ > ,07,7“/4‘917” N QZU N Q3,u>
=1

Sexp(—eyn).

Proof of the quantitative Bai-Yin Theorem.

To prove the quantitative version of the Bai-Yin Theorem one has to
combine Theorem A with a conditioning argument. Consider the vector
X = (&,....,&) with £ € L, for some ¢ > 4, and let v be the measure on
R"™ given by v = X|cn1/pBg; that is, v is given by the conditioning of X to
the unconditional body cn'/ PB) for a suitable choice of ¢ and p. Clearly, v
is unconditional and satisfies the p-small diameter L, moment assumption,
and thus, falls within the realm of Theorem A. Therefore, if the event A =
{max;<n [ Xillem < cn'/PY has high enough probability, the quantitative
version of the Bai-Yin Theorem follows from Theorem A, because for every
event B,

Pr((X;)X, € B) < Pr((X;)X, € B|X1,.... Xx € en'/PBI)Pr(A) + Pr(A°).

Hence, the final step in the proof of our version of the Bai-Yin Theorem is
to show that if £ € L, for ¢ > 2, there is some p > 2 for which A has a large
measure.

Recall that for every v € R", |[v[[gn = maxi<p vr /kYP, and since £ C
Uy C £ for every r < p, it suffices to show that max;<n [[X|lem < nt/p
for some p > 2 with high enough probability.

Lemma 5.21 For every q > 4 and 2 < p < q, there exist constants c;
and cp that depend on q and p for which the following holds. If & € L,
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X = (&, &) and X4, ..., XN are independent copies of X, then

A 1/p 2N
Pr(mas, Xl > eléli,n'’?) < 45

Proof. If A = |||z, then Pr(|{| > At) <79, and for every 1 < k < n,
Pr(& > t) < (1) (Pr(|¢] > t))*. Therefore, if p < ¢ and y > e then

Pr(&; > A(ny/k)'/P) < exp(klog(en/k) — k(g/p)log(ny/k))
@xp(—k(% — 1) log(ny/k)).

Using this estimate for every k = 2/ and summing the probabilities, it follows
that for every ¢ and p there is a constant cq for which [ X|[m < n'/? with

probability at least 1 — cq,pnl_‘ﬂp, and in particular, Pr(max;<y ||Xi||g;zoo >
en'/P) < ¢, ,N/n\9/P)~1 as claimed. [

Combining Lemma 5.21 with Theorem A concludes the proof of the
quantitative Bai-Yin Theorem. [ |

Proof of Theorem B. If r ~ u, with probability at least 1 — 2 exp(—c3u?)
with respect to the Bernoulli random variables,

N
1 > E(T) | EXT)
sup | — Y givi| Sy do(T)—= + :
e BT N ; 1Y u 2( ) \/N N
Since do(T)E(T)/V/'N is a “legal” choice in the Giné-Zinn symmetrization
theorem, the proof is concluded. [ |
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