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Abstract

We prove that for any p > 2 and every n-dimensional subspace X of L,, the
Euclidean space £§ can be (1 + &)-embedded into X with k > ¢, min{£n, (en)*?},
where Cp > 0 is a constant depending only on p.

1 Introduction

In the present note we discuss the classical result of A. Dvoretzky in almost spherical
sections of normed spaces in the case for subspace of Ly, 2 < p < co. Dvoretzky gave
an affirmative answer in a question of Grothendieck which was motivated by the well
known Dvoretzky-Rogers lemma from [6]. In particular, Grothendieck asked if any
finite-dimensional normed spaces has lower dimensional subspace which is almost
Euclidean and the dimension grows with respect to the dimension of the ambient
space. Dvoretzky proved in that: Given K positive integer and ¢ € (0,1) there ex-
ists N = N(k, &) with the following property: For every n > N and any n-dimensional
normed space X there exists k-dimensional subspace F which (1 + &)-isomorphic to
f;, the Euclidean space of dimension k. In modern functional analytic language this
means that every infinite-dimensional Banach space contains £’s uniformly. Dvoret-
zky’s proof was providing N(Kk, &) > expe~2k? logk), for some absolute constant ¢ > 0
(here and elsewhere in this paper ¢ and C denote positive absolute constants). How-
ever, the aforementioned estimate is not optimal. The optimal dependence on the
dimension, was proved later by V. Milman in his groundbreaking work [15]. The
estimate obtained is N(K, &) > exp(cks™?log %) Equivalently, this states that for any
g € (0,1) there exists a function c(¢) > 0 with the following property: for every
n-dimensional normed space X there exists K > ¢(g) logn and linear map T : t"z‘ - X
with [[X|2 < |ITXIx < (1+ &)X for all X € 5'2‘ — we say that t"z‘ can be (1+ &)-embedded

1
into X and we write: 5'2‘ <5 X

The example of X = {7 shows that this result is best possible with respect to n
(see [2] for the details). The approach of is probabilistic in nature and provides
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that the vast majority of subspaces (in terms of the Haar probability measure on
the Grassmannian manifold Gpx) are (1 + &)-Euclidean, as long as k < c(g)k(X),
where K(X) is the critical dimension of X. Nowadays this is customary addressed
as the randomized Dvoretzky theorem or random version of Dvoretzky's theorem.
V. Milman in this work revealed the significance of the concentration of measure
as a basic tool for the understanding of the high-dimensional structures. That was
the starting point for many applications of the concentration of measure method
in high-dimensional phenomena. The last five decades has been applied to various
fields: quantum information, combinatorics, random matrices, compressed sensing,
theoretical computer science, high-dimensional geometry of probability measures and
more.

Another remarkable fact of V. Milman’s approach is that the critical quantity
K(X) can be described in terms of the global parameters of the space. In particular,
K(X) := E|lglI*/b?(X) where g is standard gaussian random vector in X and b(X) =
MaXyesn ||0]|x. Then, one can find a good position of the unit ball of X for which k(X)
is large enough with respect to n (see [16] for further details). It has been proved in
[i7] that this formulation is optimal with respect to the dimension K(X) in the sense
that the k-dimensional subspaces which are 4-Euclidean with probability greater than
= cannot exceed CK(X).

The proof of gave the estimate c(g) > c&?/ Iogé and this was improved
to c(g) > ce? by Gordon in [9] and later, adopting the methods of V. Milman, by
Schechtman in [20]. This dependence is known to be optimal (see the survey [23]).
The recent works of Schectman in [22]] and Tikhomirov in [26] established that the
dependence on ¢ in the randomized Dvoretzky for {7 is of the order &/ IOg% and this
is best possible. Bounds on c(g) in the randomized Dvoretzky for 5?,, 1< p < oo have
appeared in [18].

As far as the dependence on ¢ in the “existential version" of Dvoretzky’s theorem
is concerned, Schechtman proved in [21] that one can always (1 + &)-embed f; in
any n-dimensional normed space X with k > celogn/ (Iog%)z. Tikhomirov in
proved that for l-symmetric space X we may have k > clogn/ Iogé and this was
subsequently extended by Fresen in [8] for permutation invariant spaces. For more
detailed information on the subject, explicit statements and historical remarks the
reader is consulted in the recent monograph [2].

The purpose of this note is to study the dependence on & in Dvoretzky’s theorem
for finite-dimensional subspaces of Lq, 2 < ¢ < co. The case of subspaces of L, 1<
p < oo have been previously studied in the classical article [7] by Figiel, Lindenstrauss
and V. Milman in 1977. The authors use V. Milman’s techniques in randomized
Dvoretzky from [I5]. They select John's position for the unit ball of the underlying
space and combine the cotype property with the classical Dvoretzky-Rogers Lemma,
in order to (1+ £)-embed €& with k > c(q)e?n*9, where ¢(q) > 0 depends only on q
(see [7] for the details).

Let us recall that for 2 < g < oo the g-cotype constant of a normed space X in n



vectors, denoted by Cq(X, n) is defined as the smallest constant C > 0 which satisfies:

n 1/q n
D (ann‘;) <CE|> &z
i=1 i=1

for any n vectors z,...,z, € X. Then, the g-cotype constant of X is defined as
Cqy(X) := sup, Cqy(X,n). Following the terminology of G. Pisier, cotype is a super-
property (that is it depends only on the finite dimensional subspaces of the space). It
is also isomorphic invariant and the spaces Lp, 1 < p < oo are of cotype = max2, p}
with Cq(Lg) = O(q"?) (see [I] for a proof). Therefore, for any finite-dimensional X
of Lg, g > 2 we have Cq(X) < C+/4 and we may show for any finite dimensional
normed space with cotype @, in John's position satisfies k(X) > cCaz(X)(dim X)2/9,

s
X

It follows that there exists an almost isometric linear embedding 5'2‘ '1:? X with k >
cq'e?(dimX)*9. Moreover, the above argument also provides k(X) > cn for any n-
dimensional subspace X of Lp with 1 < p <2, and thus f; can be (1 + &)-embedded
into X with k > ce?n which is best possible. For the range 2 < p < co our approach
is different and yields the following:

Theorem 1.1. For any p > 2 there exists a constant ¢(p) > 0 with the following
property: for any n-dimensional subspace X of Ly and for any ¢ € (0,1) there exists
k > c(p) min{e’n, (en)?/P} so that £§ can be (1+ &)-embedded into X.

The core of the proof still lies on the concentration of measure phenomenon,
but the main tool is a variant of an inequality due to Pisier from [19]. Our method
depends on this gaussian functional analytic inequality rather than the spherical
isoperimetric inequality that is used in the classical framework. The advantage of the
argument is based on the fact that we may take into account the order of magnitude
of the Euclidean norm of the gradient of the norm instead of the Lipschitz constant
which is involved in the spherical concentration inequality. The idea of sufficiently
estimating averages of the Euclidean norm of the gradient of a function in order
to get sharp concentration results seems to be only recently applied and was also
successfully exploited in [I8]. Moreover, the selection of the position of the unit ball
of the space is different. Instead of using John's position we use Lewis’ position for
the unit ball of finite-dimensional subspaces of L,. This permits us to express the
norm in an integral form, with respect to some isotropic measure on the sphere, and
therefore to use the aforementioned inequality. Further information is also provided
in this position. We show that the concentration result one obtains for this type
of norms is best possible as the example of £, norms shows (see for the exact
formulation). As a result, the random version of Dvoretzky’s theorem we prove for
this position (or for this type of norms) is best possible in the sense that in the case
of ZB spaces the corresponding critical dimension is optimal. In other words the ZB
spaces occur as the extremal structure in this study.

The novelty of the result is not only observed in the techniques used but also
in the content of the main theorem. It is clear that the dimension k(e,n,p) =
min{e’n, (en)*P} one can find almost Euclidean subspaces is always better than the



previously known £2n?’P. In addition, the new estimate of K(e, n, p) also yields “new
dimensions" of almost Euclidean sections in the following sense: The previous setting
was only permitting almost isometric embeddings of distortion 1+ & with & > n/P
in order to achieve non-trivial dimensions. Now this phenomenon admits a striking
improvement and one can find (1 + &)-linear embeddings with & > n™"/2,

The rest of the paper is organized as follows: In Section 2 we introduce the
notation, some background material on isotropic measures on the Nn-dimensional
Euclidean sphere and finally we give the proof of the aforementioned Gaussian
inequality. In Section 3 we prove concentration results for the family of the Lg-
bodies associated to an isotropic measure on the Nn-dimensional Euclidean sphere. In
Section 4 we provide the proof of our main result. Finally, in Section 5 we conclude
with some further remarks.

2 Background material and auxiliary results

We work in R" equipped with the standard Euclidean structure (-, -). The n-dimensional
Euclidean sphere is defined as S™! 1= {x € R" : (x,X) = 1}. The ¢, norm is defined
as: |IXllp := (XL, IXIP)YP for X = (Xi,..., %) € R". We set &5 = (R - llp) and let
BB its unit ball. More generally, for any centrally symmetric convex body K on R"
we write || - |lk for the norm induced by K. The n-dimensional Lebesgue measure
(volume) of a body A is denoted by |A|. The space L(Q,8E,u), 1< p < o consists of
all &-measurable functions f : Q — R so that fg |f|P du < oo, equipped with the norm
IFllLy0 1= (fo 1 F1P i) VP

The n-dimensional (standard) Gaussian measure is denoted by y, and its density is:

(21) d'yn(x) = (27r)7n/ze*‘|x‘|§/2dxl

More generally, let dyn,(X) = (2n02) 2 IXE/2 ) dx for ¢ > 0. Random vectors
distributed according to yn usually denoted by X,Y,Z,... or g = (G1,...,0n). The
notation E(-) is used for the expectation. The moments of norms with respect to yn
whose unit ball is the body K are denoted by:

1/r
22) 1 (n. K) 1= (EIXIl)"" = ( f Il dyn(x))
Rn

and more generally, for an arbitrary probability measure v as I;(v, K). Recall the pth
moment op of a standard gaussian random variable ¢i:

p/2
23) ob = ElgP = 7r('oz”) m(%l) L P,
where f ~ g means f(t)/g(t) > 1 ast —» oc. We write f < g when there exists
absolute constant C > 0 such that f < Cg. We write f ~gif f s gand g f,
whereas the notation f <, g means that the involved constant depends only on p.
The letters C,c, Cy, Co, ... are frequently used throughout the text in order to denote
absolute constants which may differ from line to line.
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The formulation of Dvoretzky’s theorem due to V. Milman from (for the
optimal dependence on & see [9] and [20]) is given below:

Theorem 2.1. Let X = (R", || - ||) be normed space. Define the critical dimension of X
as the quantity:

Ellgll*

b?(X)’

where b(X) := maXegn: |10ll. Then, for every e € (0,1) and for any k < ce?k(X) there
exists k-dimensional subspace of X which is (1 + £)-Euclidean.

2.4) k(X) 1=

2.1 Logarithmic Sobolev inequality

Let v be a Borel probability measure on R" which satisfies log-Sobolev inequality
with constant p > 0:

25)  Ent,(f% :=fleogfzdv—ffzdvlog(ffzdv)sg IVFIl5 dv,
P JIgrn

for all smooth (or locally Lipschitz) functions f : R" — R. The n-dimensional
Gaussian measure satisfies log-Sobolev inequality with p =1 (see [12]).

Lemma 2.2. Let v be Borel probability measure on R" which satisfies log-Sobolev
inequality with constant p. Then, for any smooth function f : R"™ — R we have:

1 2
2.6) 110y =110 < f [V F12 |, ds,
p
for all 2 < p <. Moreover, if f is Lipschitz continuous, then we have:

1712,

@7) IFIE ) = IFIIE ) < @-p.

In particular, we obtain:
11l () q-2
2.8) — <1+ ==,
11lL, ) pk(f)
for q > 2, where K(f) := ||f||ﬁz(v)/||f||fip.
Proof. For p > 2 we define I(p) := ||f|l,. Differentiation with respect to p yields:

dl  Ent,(f|P
29) d_ Enedth)
dp  p*I(p)*!
Applying log-Sobolev for g = |f|P/? we obtain:
dl 1 1 2
2.10 — < —— fIP V2 dy < ———1(p)P 2|V T ,
2.10) a5 < i fR JHPPIVEl dv < oo 1) (A&
by Holder’s inequality. This shows that (1(p)?)’ < /1)”||Vf||2”i ) thus integration over
pl,
the interval [p, q] proves (2.6). O



2.2 Lewis’ position

Given any finite Borel measure u on S™! and any 1 < p < co we can equip R" with
the norm

1/p
21D IXllp = (fsl <X, 9)|pdﬂ(9))

and then the space X = (R", || -|) can be naturally embedded into Lp(S™, 1) via the
linear isometry U : X — Lp(S™, 1) with UX:= (X, ).

The fundamental result of Lewis’ from [13]] states that essentially the converse is
true under a suitable change of density (see also [24] for an alternative proof which
extends to the whole range 0 < p < oo and arises as a solution of an optimization
problem). The formulation we use here follows the exposition from [14]:

Theorem 2.3 (Lewis). Let 1 < p < oo and let X be n-dimensional subspace of Lp.
Then, there exists even Borel measure pr on S"™™ which satisfies:

(2.12) X2 = fs ; (X, 0)*du(6),

for all x € R" and the normed space (R", || - ll,..p) is isometric to X.

Let us mention that property is called isotropic condition and the measures
satisfying it isotropic measures. It is also clear that taking into account this repre-
sentation of any finite-dimensional subspace of Ly, the problem of embedding 5'2‘ in
subspaces of L, is reduced to spaces (R", |- |lp,) with i isotropic on S"!. Hence, the
next paragraph is devoted to the study of these measures.

2.3 Isotropic measures on the sphere

An even Borel measure x4 on S™ it is said to be isotropic if it satisfies the condition:
2.13) X3 = j; [ O du(0),

for all x € R". Equivalently, for all linear transformations T : R" — R" we have:
2.14) trace(T) = LM(H,TH) du(6).

For any such measure we may define the following family of centrally symmetric
convex bodies Bg(u) with associated norms:

1/q
2.15) X Xy = KX Ly = (fs Kx Z>|qdu(2)) , 1<g<eco.

The corresponding spaces whose unit ball is Bg(u) will be denoted by Xq(i). Under
this terminology and notation, Lewis’ theorem reads as follows:



Theorem 2.4. Let 1 < p < oo and let X be n-dimensional subspace of Lp. Then, there
exists isotropic Borel measure p on S and linear isometry S : Xp(u) = X.

Next simple lemma collects several properties for the bodies Bp(u).

Lemma 2.5. Let u be Borel isotropic measure on S™!. Then, we have the following
properties:

i Ellglg,) = oqu(S™™).

il. u(S"H=n.

iii. For p > 2 we have: ||Xl ) < [IX|l2 and for 1 < p < q < co we have: ||X|lg,¢) <
nYP=Y9 ||, (). for all X € R".

iv. (K. Ball) For every 1 < p < co we have: |Bp(u)l < |BB|-

v. For the body By(k), q > 1 we have K(Bq(u)) > cn™nit-2/al,

vi. There exists an absolute constant ¢ > 0 such that for all 2 < q < clogn, one has:

(E||g||2|3q(ﬂ))1/2 ~ '/2n"/9. In particular, for those q's one has: K(Bq(1)) > cqn?/.

Proof. For the first assertion we use Fubini’s theorem and the rotation invariance of
the Gaussian measure to write:

ol = [ G a9 = [ 1021709 du@) = orfus™).
The second assertion follows from the above formula applied for g = 2 and employing
the isotropic condition. For the third one, note that for all u e S™! we have:

2.16) Iullg, ) = fs 2P du(?) < fs U2l du@ =1,

while for the right-hand side estimate we apply Holder’s inequality:

1/q

1/p L
sy = [ ix2Pduca) < st [ ocarau)

Sl‘l*]

iv. This result was essentially proved by K. Ball in [3]]. A sketch of his very elegant
proof is reproduced below for the sake of completeness: Without loss of generality
we may assume that y is discrete, i.e. 4 = Y, Cidy, for some vectors (Uj) in S™ ! and
positive numbers (i) with | = 3", ciui ® Ui. Now we use the formula, which holds
true for any centrally symmetric convex body K on R™:

@.17) Kl = ([ + n/p)) f ek g7,
Rl’l
to get:
1 m
2.18 B = — fi % d
2.18) |Bp(1)| F(Hﬂp)fRnl:[ ((z u))® dz



where fi(t) = exp(|[t[?). The result follows by the Brascamp-Lieb inequality.
v. First consider the case 2 < q < oo. For the critical dimension of the space

Xa() = (RMI1- leygn). note that k(Xq(w)) = Ellgl ) /b%(Bg() = 0%/% by the third
assertion.
Now we turn in the range 1 < q < 2. Using Holder’s inequality we may write:

1/2 1/2 B3| v 1/2 Byl v 1
219) Ellgl, )" = n (——J >n ( ) =il
(Bl 1Bo(1)] 1By

where in the last step we have used Ball’s volumetric estimate (iv). The result follows
once we recall that b(Bg(w)) < n"/4 Y2 for 1 < q<2.

vi. We define the parameter:

(2.20) do = Go(k) := max{q € [2,n] : k(Bp()) > p, ¥p € [2.q]}.

By the continuity of the map p = k(Bp(u)) and the fact that k(Bgy(u)) < n for all q > 2,
while K(Ba(u)) = n we get: do = K(Bg,(1)). Lemma shows that (E”g”B (ﬂ))l/QO .

12
o (]E||g||ZBqO(H)) , SO we may write:

Ellgll3
do = k(Bg, (1)) = qu(%)) 2

Therefore, by the definition of gy we have k(Bg(u)) > g for all 2 < q < gy and by
Lemma again, we get:

oo = (BNl ) <  (ElglE, )

CIZ(EIIQIIE‘;OOI))Z/% = ¢ %5 n¥/% = qy > ¢y logn.

1/2

Moreover, we have:

Elgif
K(Ba(k)) = 5y = & (Elldlg ()79 = ¢ ?ogn®% = cyon?’.
REEICA7) o)
This can be interpreted as K(Bq(u)) > ck({g), provided that 2 < g < clogn for some
absolute constant ¢ > 0. O

Lemma 2.6. Let u be Borel isotropic measure on S™'. For > 2 and for all r > 1 we
have:

-1 -1
@20l B lon B < 1+ o < (s T,

where ¢ > 0 is an absolute constant.

Proof. Note that Lemma [Z5] (iil) implies |||X||Bq(,,) - ||y||Bq(,l)| < |IX=VYllz for all X,y € R".
Hence, if we use Lemma [2.2] we obtain:

2.22) (n_q) OO G B G

2 202/
lq F oin /9

where the last estimate follows from Lemma 2.5 Finally, using the fact that oq =~ /Q
we conclude the second estimate. O



2.4 A Gaussian inequality
Next inequality is due to Pisier (for a proof see [19]).
Theorem 2.7. Let ¢ : R — R be convex function and let f : R" — R be Cl-smooth.

Then, if X,Y are independent copies of a Gaussian random vector, then we have:

(2.23) Eé (F(X) - f(Y)) < B (’21<Vf(X), Y)).

Here we prove a generalization of this inequality in the context of Gaussian
processes generated by the action of a random matrix with i.i.d standard gaussian
entries on a fixed vector in S

Theorem 2.8. Let ¢ : R — R be convex function and let f : R" — R be Cl-smooth. If

G=(g j)in’jk:1 is Gaussian matrix and a,b € S, then we have:

Vs
(2:24) B¢ ((Ga) - £(Gb) < B (Zlla- bV (). 1)),
where X,Y are independent copies of a standard Gaussian N-dimensional random

vector.

Proof. If a = b then, there is nothing to prove. If a = —b then, by setting F(X) =
f(xX) — f(—x) we may write:

(2.25) E¢ (f(Ga) - £(Gh)) = E4(F(X)) < E¢(F(X) - F(Y)),

for X,Y independent copies of a standard Gaussian random vector, where we have
used the fact EF(X) = 0 and Jensen’s inequality. Then, a direct application of
Theorem 2.7 yields:
a(VE(X),Y) + n(VI(—X),Y)
E6(FOX) - (1) < o .
- Efﬁ(ﬂ(Vf(X), Y)) + ¢(m(VF(=X),Y))
- 2

= E¢(n(V(X).Y)),

by the convexity of ¢.

In the general case, fix a,b € S with a # +b and define p := %b. Note that
since |lalls = ||blls we have that the vector U := a— p is perpendicular to p. Set
X = G(u) and Z := G(p) and note that X,Z are independent random vectors in R"
with X ~ N(O, [[ull21n), Z ~ N(O, [Ipl2ls) and G(a) = Z + X while G(b) = Z — X. Thus,

we may write:
E¢ (f(Ga) — f(Gb)) = EzExe (f(Z + X) — f(Z - X)).

Define F(X,2) := f(z+ X) — f(z— X) and using this notation we may write:

E¢(f(Ga) - f(Gb)) = f $(F(x 2)) dyno, () dyne, (),



where o1 = |[ullz > 0, o3 = ||pllz > 0. For fixed Zz we may apply the Theorem 2.7 to the
function X — F(X,2) (note that f F(X, 2 dyne,(X) = 0) to get:

[oE oD < [[ 6500 29) (9 i)

< f p(@(VE(x+2).,y) + ¢(m(VF(z— %), y))
- 2

dyne, () dyne, (¥)

- f 6 (T HX+ 2).Y)) dynn (%) Synen ().

by the convexity of ¢. Integration with respect to yn, over Z provides:

[ oFx D dnnranta < [ [ [[ ot 2.9 dyn,m(x)dynm(z)] Gy ()
_ f [ f 6 (R(VE(U).Y)) Ay, * ynm)(u)} dynen ()

- [[ oot dne) .
where we have used the fact that ¥ne, * ¥ne, = Yno2402 = ¥n, since ol+os=lal=1
The result follows. O

Remark 2.9. 1. Applying this for ¢(t) = [t|', r > 1 and taking into account the
invariance of Gaussian measure under orthogonal transformations we derive the
next (r,r)-Poincaré inequalities:

(2.26) (EIf(Ga) - f(Gb)")""" < Cvrlla- bll, BIVF(X)IIy)"",

for a,b € Sk‘l, where X is standard Gaussian random vector.
2. Assuming further that f is L-Lipschitz we may apply Theorem for ¢(t) =
e, 1> 0 to get:

(2.27)
2 2
Eexp(1(f(Ga) - f(Gh))) < E exp(ﬂZ%Ha - b||§||Vf(X)||§) < exp(ﬂ%ua - b||§|_2) .

Then Markov’s inequality yields Schechtman’s distributional inequality from [20]:
(2.28) Prob (|f(Ga) - f(Gb)| > t) < Cexp(-ct*/(la- bl’L?)),

for all t > 0, where a,b € S¥!. Let us note that @27) for f being a norm, has also
appeared in [25].

3. For a,b € SX! with (a,b) = 0 the matrix G generates the vectors X = Ga
and Y = Gb which are independent copies of a standard n-dimensional Gaussian
random vector. For example, inequality 2.28) reduces to the classical concentration
inequality:

(2.29) Prob (|f(X) - f(Y)| > t) < Cexp(—ct?/L?),
for all t > 0.
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3 Gaussian concentration for Bp(u) bodies

A direct application of the Gaussian concentration inequality Z.29) for the bodies
Bp(u), p> 2 implies:

3.1) P([IIXllg, — 11| > tl1) < Cexp(ct?l?) < Ce® ™™,

for all t > 0, where |1 = li(yn, Bp(i)). It is known (see [18]) that the large deviation
estimate (t > 1) the inequality provides is sharp (up to constants).

In this paragraph we prove that for p > 2 and u isotropic Borel measure on S"™,
the bodies Bp(u) exhibit better concentration (0 <t < 1) than the one implied by the
Gaussian concentration inequality on R" in terms of the Lipschitz constant. Later,
this will be used to prove the announced dependence on ¢ in Dvoretzky’s theorem for
any subspace of Lp. Our main tool is the probabilistic inequality proved in Theorem
2.8l and as was formulated further in Remark [2.9]1.

We apply inequality for f(X) = |Ix|P = fl(x, 0)|P du(h). To this end we have
to compute the gradient. Note that:

n 2
32) I9F091E = B Y| [ aitx o) sangx. ) duc@)]
=1 s

We also have the following:
Claim. For almost every X € R" we have:

2p-2
3.3) VI3 < PPIIXIE,, -

Proof of Claim. Let by = bi(X) = fsn,] [(x, 2Pt sgn(x, 2))z du(2). Using duality we
may write:
2

max
feSn-1

2
(fs K% 2P sgn(x. 2))z du(Z))

zn: b6,
i=1

2
.., 1x 2P son(x 2)2.0)duc2

n
i=1

max
9eS™1

< fs % 2P du(2),

where we have used Cauchy-Schwarz inequality and the isotropic condition. O
Therefore, using the Claim and the inequality we get for every a,b e Sk

_ 1/r
(3.4) (EIf(Ga) - f(Gb)")"" < Cpr'/?lla— bil; (BIXIg" 1)

11



for all r > 1. By employing Lemma we find:

p-1

o U2 r—2)(p-11"

(Elf(Ga)—f(Gb)r)“fsCprl/zna-b||2(E||xnggpjw) { _( )(p )]
ne

O9p-2
pt

r(p—l)]z

1
ol  nei

<Cpr'?|la- b||20'2p N [1+
2p-2

rP2(p-1
< Cplla - bll,oP!, n/22"% max{r'2, M ,
2p— 2 1/2
0-2 2n
for all r > 2. We define
P2(p-1
(3.5) a(n, p,r) ;= max{r L , >0
p-1 172
Tgpo

and we summarize the above discussion to the following:

Proposition 3.1. Let 2 < p < oo and let u be Borel isotropic measure on S™'. If
G=(g j)P’jk:l is Gaussian matrix and a,b € S, then we have:

r
(3.6) (EliGaly,, - IGbIE )" < Cplla— bllof:!,n?2 " a(n. p.r).
for all r > 2, where a(n, p, ) is defined in (3.5)
We are now ready to prove the main result of this Section:

Theorem 3.2. Let 2 < p < oo and let u Borel isotropic measure on S™ with n > €P.
Then, we have

@D P([IXlleye = EIXIIE ,)"? = (EIXIIG ,))"?) < Cexpcy(n, p, s),
for every & > 0, where y(n, p, -) is defined as:

(3.8) w(n, p,t) = mm{; (tn)z/p} t>0

and C,c > 0 are absolute constants.

Proof. Using Proposition 3] for a,b € S¥! with (a,b) = 0 and applying Jensen’s
inequality we obtain:

nl1/r —
(3.9) (EIIXIE ¢y = EIXIB () < Cpofy,nt*2”2a(n, pr),

12



for all r > 2. Therefore Markov’s inequality yields:

— r
Cpojy!,n'22P2a(n, p,r)

p p
(3.10) P(|||X||Bp(#) - E||X||Bp(#)| > &) < .
note that:
2p-2

Sz/pr]l/po-2 P 9

(3.11) a’l(n,p,s) = min{ &, —pf_ , s>0,
(p-1+"

thus we may choose r, > 2 such that a(n,p,r;) = W, as long as the

range of & > 0 satisfies a(n, p,re) > a(n, p,2). Otherwise a(n, p,re) < a(n, p,2) =
max1, (eP/n)"/?} =~ 1 provided that n is large enough with respect to p. Thus, we get:

B P < —a! &
(3.12) P(|I|X||Bp(#) EIIXIIBP(#)| > g) <G exp[ a [n, p, eCpaS;an/Zzp/Z ]]
for all € > 0. We may check that:
(3.13) o' |n p, ————|~min % /P ,

eCpoy,_,nt/22p/2 np2Poy,y, P
thus, we arrive at:
2 2/p

P p e mi € £

(3.14) P(JIXIE ¢y = EIXIE (] > ) < Ci exp[ clmun{anZP(szz, . }]
2p-2

for every & > 0. It follows that:

(3.15)

p22pg2P2’ p

p p p i
P(|||X||Bp(ﬂ) - E||X||Bp(ﬂ)| > aEIIXIIBp(H)) <G exp[—q mm{
2p-2

g2 no-?,p (en)? pO’% }]

2p-2

for every € > 0. The asymptotic estimate (Z.3) implies that o-%,p/ Top2

~ p27P and that
op = pl/ 2 thus we conclude:

, . (&n
316) P (JIXIIZ ) — BIXIE | > €EIXI ) < Ci exp(—c1 mln{w, (gn)z‘/p}),

for all € > 0. This further implies that:

3.17)

p 1/p p 1/p , . £n 2/p
P (11,0 ~ (BIXI, )| > o (X1 ) 7) < 21 exp{ ¢ min{ T2, (en)?P ).

13



for all € > 0. In order to verify that we write as follows:
p VP p p
P(IXlleyg > (1-+ &) (BIXI, ) )'*) < P(IXI, ) > 1+ SEIXIE, )
£’n 9
—c min{ Z— /p
<G exp( clm|n{p4p, (en) })

for all € > 0 by the estimate (3.16). We argue similarly for the other case. m]

Remark. By the well known symmetrization argument for any random variable &:

(3.18) P(& ~ med(§)] > 1) < 4inf P(& ~al > /2). t>0,

we may replace (II-E’,IIXIIEP(IJ))”p by a median of X ~ [[X|lg,¢) (or the expected value
E[Xllg,¢)) with respect to the Gaussian measure y, (see also Appendix V).

4 Embedding 5'25 in subspaces of L, for p> 2

In this paragraph we prove the main result of the note:

Theorem 4.1. Let 2 < p < co. Then for every n-dimensional subspace X of Lp and
any 0 < & < 1 there exists K > cpy(n, p, &) and linear map T : f; — X such that
X2 < ITXIx < (1+ &)l|X||e for all X € 5'2‘, where Cp > 0 is constant depending only on p
and y(n, p, ) is given by B.8).

We shall need the next variant of Theorem

Theorem 4.2. Let 2 < p < oo and let u be a Borel isotropic probability measure on S™!
with n > €P. If (g j)irj’jkzl are i.i.d standard Gaussian random variables and a,b € Sk,

then:
t
p p p
@n  P(liGalg , - IGbIE | > BIXIE ) < Cexp(—w (n, P. 1 buz))’

forallt> 0.

Proof. The proof is similar to the proof of Theorem We omit the details. O
Now we turn in the proof of the main result:

Proof of Theoremd. 1l Let 2 < p < co and let X be n-dimensional normed space of Lp.
Then, Theorem [Z.4] yields the existence of an isotropic Borel measure p on S™! and
a linear isometry S : Xp(u) — X. The next step is to establish an almost isometric
embedding G : 5'2‘ — Xp(u) with k as large as possible. Let {g; j(a))}irj’jk=1 be i.i.d.
standard normals in some probability space (2, P) and consider the random gaussian
operator G, = (g j(a)))irj’jk:1 : f; — Xp(u). We are going to show that with positive
probability the operator G is (1+&)-isomorphic embedding when K is sufficiently large.
To this end, we employ Proposition and a chaining argument from [20]: For each

14



j =1,2,... consider 6j-nets Nj on Sk1 with cardinality INjl < (3/6,')k (see Lemma
2.6]). Note that for any 6 € S and for all | there exist u; € Nj with |6 — ujllz < 6;
and by triangle inequality it follows that [[Uj — Uj_illz < 6j + dj_1. Moreover, if we
assume that d; — 0 as j — co and (tj) is sequence of numbers with t; > 0 and
2jtj <1 then, for any & > 0 we have the next:

Claim. If we define the following sets:

4.2) A= {wl 30 € S“ 1 [IGLOI )~ 15] > £lf).
A= {w] 3ure N [IG(W)IIE ) — 18] > tielf)

and for j >2
43) A= {a) | 3U; € NG Ujs € N2 [IGu(UiIg g — IGu(i-Ig | > tjg|g},

where |p = lp(yn, Bp(u)), then the following inclusion holds:

-

A.4) Acl| |A.

Il
—_

Proof of Claim. If w ¢ [JjZ; Aj then for any j and any uj € Nj we have:

IG(IE ) = 1Bl <1} and  [IGLIB ) ~ IGu(U-IB | <tlB 1=25.....

For any 0 there exist 6; € N such that [|§ — 6jllz < d; for j =1,2,.... Hence, for any
N > 2 we may write:

N
|”Gw(0)”gp(/1) — |8‘ < ||g - ||Gw(91)||gp(y)| + Z '”Gw(gj—l)”gp(ﬂ) - ”Gw(gl)ng(ﬂ) +
j=2
p P
+]IGL(ONIB ) ~ GO |
N
< > etjlB+2p- 6 - Gl
j=1

which proves the assertion, since N is arbitrary.
Fix 0 < & < 1. Choose 6j = €, tj = jP2e7/S, with Sp 1= P jP2e7) (thus,
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2.itj £ 1. Then, according to the previous Claim we may write:

P(A) < CINi| expEciy(n, p, ety)) + C Z INj-il - INjl expc(n, p, etjel /4))

j=2

<C ) (3¢))*exp(—ciy (n. p.j”’S}"))

(o]
=1

<C i exp(czjk - ¢Sy (n, P, £j p/z))
=

<C Z exp(czjk - ¢S, jw(n. p, g))

<C exp(_CS(ze/ p)pjw(rh p, ‘9)) < (o4 exp(—CS(Ze/ p) p‘ﬁ(rh p, ‘9)) .

M 1

Il
—_

as long as k < (2e/p)Py(n, p,&). Therefore, there exists w € Q with the following
property:

4.5) (1-&)"Ply < 1IGu(B)llg,g) < (1+ )Pl

for all @ € S¥!. Then, the mapping T = T, : 5'2‘ — X defined as T := (1- 8)_1/p|EISGw
satisfies:

1+¢ 7p
4.6) IXlz < [ITXx < (:) [1Xl2,

for all X € f;, as required. O

-2
Note. Let us note that if N %D <p € < 1 then we get k < C(en)*P/p by taking into
account the form of ¥(n, p,-).

9 Further remarks

1. Optimality of the result. If the isotropic measure g on S™! is the one supported
on +&’s ie. Xp(u) = €3, then Theorem is optimal (up to constants depending on
p) as was proved in [18]. Moreover, Theorem [41 is optimal, in the sense that if the
typical k-dimensional subspace of £} is (1+ &)-spherical, then k < Cp(en)?P for some
absolute constant C > 0 (see [18]). We should mention that it is known, that for
concrete values of p one can embed 5'2‘ into ZB even isometrically (see for details).
However, this is not a typical subspace. Let us note that once we have established
the concentration estimate of Theorem then the standard net argument yields
the result with an extra logarithmic on & term. Section 4 serves exactly the purpose
of removing this term: We utilize Theorem to prove the distributional inequality
of Theorem Then we use this inequality along with the chaining method to

16



conclude the logarithmic-free dependence on & in our main result. This approach
has been inspired by [20]. In probabilistic terms Theorem says that the process
(||G9||B i p)gesm has two-level tail behavior described by ¥(n, p, -).

2. Selection of randomness. Embeddings of 5'2‘ into Lg, q > 2 under different
randomness have appeared in the literature in [4]. The authors there consider large
random matrices with independent Rademacher entries in order to K(g)-embed 5'2‘
into qu with N =~ k%2 where K(g) > 0 depends only on g. Then, they use this
result in order to prove that for any 1 < p < 2 there exists uncomplemented subspace
of Lp which is isomorphic to Hilbert space. It is worth mentioning, that one can
prove a concentration result similar to that of Theorem using other randomness
than Gaussian. In particular, if v is isotropic Borel probability measure on R" which
satisfies log-Sobolev inequality with constant p > 0 then we may prove the following:

Theorem 5.1. Let 2 < p < oo let u be Borel isotropic measure on S"™' and let v be
isotropic Borel probability measure on R" which satisfies log-Sobolev inequality with
constant p > 0. Then, we have:

1/r rp/g

1/2
<Clpongo B max{ () .

6. ( [ 12 = 918, 90 -

for allr > 2, where C(p, p) > 0 is constant depending only on p and p.

Having proved Theorem 5.1l we apply Markov’s inequality as in Section 3 to get
the corresponding concentration inequality. For the proof of Theorem we argue
as follows: Consider the function f(X) = ||x||gp(ﬂ) and define F = f —E,f. Then, a
direct application of Lemma yields:

1 [T 2
(6.2) IFIE ) < IFIIE, ) + —f IVl ds,
Lr(v) Lo (v) 0 Jo ” 2”LS(V)

for all r > 2. Recall the known fact (e.g. see [12]]) that if a measure v satisfies
log-Sobolev with p, also satisfies Poincaré with p:

©.3) ||h - EVh||L2(y) f ”VhHZ dv = ””VhHZHL )’

for any smooth function h. Therefore, (3.2) becomes:

2 (" 2
(5.4) ||F||E,(V)s; fz 19 £ls||; ,, ds < ;r||||Vf||z||irM,

for all r > 3, where we have used the fact that S+ |||, is non-decreasing function.
Taking into account the Claim in Section 4 we get:

/r

2p°r
(65) IFIE < 227 ( f [ ||fB‘sz,,)dv(x)) . r23
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Again, Lemma implies that:

2/r p-1
_ _ r—2
(.6) (f IXIEPD x) < 12P2(y, By, (1 + ) ,
&0 B2pf2(/~‘) ( ) 2p 2( 2p 2(/1)) plgp_z(V, BZp—Z(/l))

for r > 2. Plug this back in (8.5) we obtain:

p_—l
2p? 1/212 " r—2 ’
G.7) ||F||L,<V)<(—) 2120 (v, Bopa(u)) [ 1+ ;
p 2o P P12, (7, Bap2(u)

for all r > 3. Note that the isotropicity and Lemma 2.2 for X = (X, ) imply

_o\P/2
n < 180, By(w)) < (1 + p—z) n,
P

for all p > 2. Taking into account these estimates, we argue as in Section 3 to
complete the proof. The details are left to the reader.

3. The variance in Lewis’ position. Let us point out that our method also provides
upper estimate for the variance of the norm of any finite dimensional subspace of
Lp in Lewis’ position. We should mention that the following estimate turns out to
be optimal (up to the constant C) as the example of fB shows (see Section 3] for
details).

Theorem 5.2. Let 1 < p < oo. Then, for any n-dimensional subspace X of Ly there
exists position B of the unit ball Bx of X such that:

(5.8) Varllglls < CPn ",
where C > 0 is an absolute constant.

Sketch of Proof. It suffices to prove the assertion for 2 < p < oco. If B is Lewis’
position, we may identify X with Xp(u) for some Borel isotropic measure u on Sias
Then, we may write:

(NG gy B Y
P }

5.9) Varllglie,e) = EIgls,) — 19'llg,00)° < —E
i p-1 /1 |P-1
min{ligli ;). I3 ¢,

where we have use the numerical inequality |aP — bP| > pla — bjmin{aP~!, bP-!} for
a,b> 0 and p> 1. Thus, Cauchy-Schwarz inequality implies:

a\1/4

B Il ) - 19718,| )
2( | Bu(u) By(s)

(5.10) Varllgllg, @) < — .
V P e Bol)

The numerator is estimated by Proposition [3.1] while for the denominator we employ
the main result of along with the fact that k(Bp(i)) > ¢;pn*P for n > €“P. Putting
them all together we arrive at the desired estimate. |
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