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Abstract

We establish a family of isoperimetric inequalities for sets that interpolate between inter-
section bodies and dual L, centroid bodies. This provides a bridge between the Busemann
intersection inequality and the Lutwak-Zhang inequality. The approach depends on new em-
pirical versions of these inequalities.

1 Introduction

The focus of this paper is on connections between fundamental inequalities in Brunn-Minkowski
theory and dual Brunn-Minkowski theory. The former details the behavior of the volume of
Minkowski sums of convex bodies. The standard isoperimetric inequality is emblematic of deep
principles within Alexandrov’s theory of mixed volumes [83]. A central line of research is on
affine-invariant strengthenings of kindred isoperimetric principles, especially around projections
of convex sets; as a sample, see Lutwak’s survey [58], Schneider’s monograph [83], the funda-
mental papers [60, 64 [65], and [71] for a recent breakthrough. In dual Brunn-Minkowski theory,
the emphasis is on star-shaped sets and radial addition. Dual mixed volumes, put forth by Lut-
wak [53], parallel many aspects of mixed volumes. They provide a rich framework for studying
intersections of star bodies with subspaces; for example, see [54, [55] for foundational results;
the monographs by Koldobsky [47] and Gardner [24] for the resolution of the Busemann-Petty
problem and interplay with geometric tomography; the papers [38] [39] [7} 8] for striking new
developments. Establishing an important family of isoperimetric inequalities linking the two
theories has remained a principle challenge.

A common root for the inequalities we treat is the Busemann intersection inequality [14] for
the volume of central slices of a compact set K C R™:
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where du denotes integration with respect to the normalized Haar probability measure on the
sphere S"~1, |-| is volume and w,, is the volume of the Euclidean unit ball BY. The result
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itself (with hindsight) is an invariant inequality for the volume of the intersection body I(K)
of K, which is defined by its radial function via p(I(K),u) = |K Nut| (see §3 for notation
and definitions). Intersection bodies were introduced by Lutwak [55] in connection with the
Busemann-Petty problem and play a crucial role in dual Brunn-Minkowski theory [24] [47]. The
proof of (LI]) used an essential ingredient known as the Busemann random simplex inequality,
which says that the expected volume of certain random simplices in a convex body are minimal
for ellipsoids. Petty used the latter to establish a conjecture of Blaschke on the volume of centroid
bodies [79], which is now known as the Busemann-Petty centroid inequality. Geometrically, given
an origin-symmetric convex body K in R™, the centroids of halves of K cut by hyperplanes
through the origin form the surface of its centroid body. Centroid bodies are zonoids i.e.,
Hausdorff limits of Minkowski sums of segments, and thus naturally belong to Brunn-Minkowski
theory. Zonoids play an important role in functional analysis and related fields, e.g., [4,84][9] [72].

Lutwak raised the question of connecting the Busemann intersection inequality and the
Busemann-Petty centroid inequality in [58]. The latter is one of several fundamental results that
lead to strengthenings of the standard isoperimetric inequality; in particular, it is equivalent to
an inequality of Petty [80] on polar projection bodies, as shown in [58]. Projection bodies are
also zonoids and play a central role in Brunn-Minkowski theory [24].

A functional analytic perspective has shaped the development of both intersection bodies
and polar projection bodies. Early work in the isometric theory of Banach spaces, going back
to Lévy, introduced stable laws in connection with embeddings in L, for p € (0,2]. Positive
definite distributions, stable laws and associated change of density arguments play a central role
[3, 85 [74] [68]. Koldobsky developed a parallel theory, based on a Fourier-analytic approach, for
embedding in Ly, for p < 0. This led to fundamental characterizations of intersection bodies
and their higher-dimensional analogues [44) [46] [47]. With this view, intersection bodies are unit
“balls” of finite-dimensional subspaces of L_1. At the other end, polar projection bodies arise
naturally as unit balls of subspaces of Ly [4]. In between L_; and L; is a continuum of spaces
that are no longer Banach spaces. A result of Koldobsky shows that the classes in between
decrease as p varies from —1 to 1; in particular, every polar projection body is an intersection
body [45] [47]. A longstanding question of Kwapien from 1970 [50], in geometric form, asks if
every intersection body is isomorphic to a polar projection body, which remains unsolved; see
work of Kalton and Koldobsky [40] for progress on this question.

A rich theory of isoperimetric inequalities has flourished around centroid bodies and polar
projection bodies. Two fundamental papers in this development are those of Lutwak—Zhang
[66] and Lutwak—Yang—Zhang [60]. For a star-shaped body K and 1 < p < oo, the L, centroid
body Z,(K) is defined by its support function (see §3)) via

1
W (Zy(5).0) = s [ Nl e (12)
K| Jk
Lutwak and Zhang proved that for 1 < p < oo,
12, (K)| < [Z,(K™)l; (1.3)

here K* is the dilate of the unit ball centered at the origin of the same volume as K. When
p = oo, ([[3) is the Blaschke-Santalé inequality, which is equivalent to the affine isoperimetric
inequality [68]. When p = 1, (LL3) follows from the Busemann-Petty centroid inequality. Lutwak,
Yang, and Zhang [60] later proved a stronger inequality for Z,(K) itself. These are central results
within the framework of L,-Brunn-Minkowski theory, which is governed by a different elemental
notion of summation, called L,-addition [23] [57, [59]. This theory provides a basis for wide-
ranging inequalities in geometry, analysis, and probability, e.g., [61] 62 [63] B3] [34, B7]. Campi
and Gronchi developed an alternate approach to isoperimetric inequalities for L,-centroid bodies
in [15, [16]. In particular, they further developed the notion and applications of shadow systems,
as introduced by Rogers and Shephard [82]. These systems generalize Steiner symmetrization



and have far-reaching extensions and applications; see, e.g., [I7, [18]. There is significant interest
in L,-Brunn-Minkowski theory for the challenging setting of p < 1 [6]; see the survey [§], and
recent advances in [49] [70], and the references therein.

A common framework for polar projection bodies and intersection bodies has been pursued
from several perspectives. Drawing on [66], the notion of the dual Ly-centroid body was extended
by Gardner and Giannopoulos in [25] to p € (—1,1) via

P 0) = i [ ol e (1.4)

The bodies Z]DQ (K) interpolate between intersection bodies and polar L,-centroid bodies using

——1t

1
p(I(K),u) = [Knut|= lim 251 / [, w? d;
P 2 Jk

see [25] 29 47, [31]. Forp < 1, ZZ?(K) need not be convex, which we emphasize here by the use of
the -¢ notation. Busemann-Petty type volume comparison problems for ZZ? (K), motivated by
earlier work of Grinberg and Zhang [29] and Lutwak [56] were treated by Yaskin and Yaskina in
[88]. For p < 0, these bodies have also been termed L,-intersection bodies and characterizations
of such operators as radial valuations were established by Haberl and Ludwig [33]; see also [32]
for p > —1. Properties of L,-intersection bodies were further developed by Haberl in [31]. When
K is an origin-symmetric convex body, a result of Berck [2] shows that Z]DQ (K) is actually convex
for —1 < p < 1, which extends Busemann’s seminal result for intersection bodies [13].

We develop methods to bridge the gap between the Busemann intersection inequality (L)
and the Lutwak—Zhang theorem ([L3]). Each of these can be proved using Steiner symmetrization,
but in very different ways. The former applies to the star bodies I(K) and uses integral geometric
identities (of Blaschke-Petkantschin type) that are particular to slices of K. The latter relies
on convexity of the polar centroid bodies Z (K) for p > 1. We develop a new approach that
applies to star bodies in between these two classes, that sees (LI) and (3] from the same
viewpoint. We will show that () is one of a large family of inequalities for unit balls of finite-
dimensional subspaces of L,. We merge several techniques that have been used for p = +1.
These include symmetrization, embedding via random linear operators, and a classical change
of density technique used in Koldobsky’s Fourier analytic treatment of intersection bodies.

We follow a probabilistic approach in which L,-centroid bodies are attached to probability
densities rather than sets. This view was put forth by the second-named author [75] in the study
of high-dimensional measures and their concentration properties; see also [42, [51]. Fundamental
inequalities of Lutwak, Yang and Zhang, in [60], were extended to probability measures by
the second and third-named authors in [76] [77]. An empirical approach to dual L,-centroid
bodies, for p > 1 was developed in further joint work with Cordero-Erausquin and Fradelizi [20],
motivated by [I7]. To fix the notation, we set

P= iR o 0.09)] [ r(e)e =111 < oo},

where || f]|,, denotes the essential supremum. For f € P,, the empirical L, centroid body
Z, n(f) is defined by its support function via

N
1
WP (Zp v (f) ) = 5 D1 )l (1.5)
i=1
where X, ..., X are independent random vectors with density f. In [20], a stronger stochastic
version of (L3]) was established for radial measures v with decreasing densities,
Ev (2 n(f)) < Ev(Z) N (), (1.6)



where f* is the symmetric decreasing rearrangement of f (see §8)). By the law of large numbers,
(CE) implies the Lutwak—Zhang inequalities (IL3)) when N — oo and f = ﬁx K-

The empirical inequality (IL6]) follows from a general theorem about random operators acting
in normed spaces [20]. The random operator viewpoint is from the asymptotic theory of normed
spaces. In seminal work, Gluskin used random operators to construct counter-examples to a
longstanding question on the maximal Banach-Mazur distance between finite-dimensional spaces
[26]. The expository article of Mankiewicz and Tomezak-Jaegermann [67] details its far-reaching
extensions in Banach space theory. This viewpoint was also fruitful in developing stochastic
versions of a number of isoperimetric inequalities [77, [78]. However, inherent in the method
was a restriction to convex sets. The main new feature we develop here is its applicability to
star-shaped sets. We will show how this change provides a bridge between the aforementioned
inequalities in Brunn-Minkowski theory and dual Brunn-Minkowski theory.

2 Main results
Our first result establishes a sharp isoperimetric inequality that extends the Lutwak-Zhang

inequality (L3) to the case p € (0,1). For f € P, and p € (0,1), define the dual L,-centroid
body Z]DQ (f) via its radial function:

Pz (D) = [ Nl fode @)

To define the empirical version ZpO ~N(f), welet N > n and consider independent random vectors
X1,..., Xy according to f as above, and set

N
_ 1
PP(ESN()u) = N > X, )P (2.2)
i=1
Theorem 2.1. Let f € P, and let 0 < p < 1. Then
120 (] < 128 (). (2.3)
Moreover,
E|Z0n ()] S EIZ9 5 (f7)] (2.4)

Theorem [Z.T] relies on first establishing the empirical version ([24)), while ([2.3) is derived as
a consequence. This is a key difference from the empirical approach in [77, 20, [78] in which
(non-random) inequalities of Lutwak, Yang and Zhang [606] [60, [64] inspired the development of
their empirical versions (e.g., (I3) motivated its stochastic form (I6))). Recently, Yaskin proved
[23) and extensions raised in [48] in the case when f = xx, where K is an origin-symmetric
star body sufficiently close to the Euclidean ball [87].

Our original inspiration is a recent volume formula for sections of finite-dimensional L,, balls
by Nayar and Tkocz [73] that builds on ideas involving Gaussian mixtures of random variables
from [22]. Kindred probabilistic representations have been indispensible in the study of sections
of convex bodies, e.g., [69, 43| []. In our case, it allows for a reduction from star-shaped sets to
convex sets that interfaces well with the empirical approach from [77), 20, [78].

The methods we develop here go beyond centroid bodies, to families of subspaces of L,,. For
f € Py, an origin-symmetric convex body C in R™, m > 1, and p # 0, we define Zﬁc(f) CR"
by its radial function: for p # 0,

m

prZge D = [ wC () [] fd, 25)

(Rnyn i=1



where dT = dx1 . ..dz,,, and for p =0,

m

log (2 c(f)u) =~ [ 10gh(C, (aruhy) [ S (o). (2.6)
i=1
(Rm)™

We also define empirical versions involving multiple bodies C and densities f. Specifically, let
C4,...,Cy be origin-symmetric convex bodies with m; = dim(C;) > 1 fori € [N] ={1,...,N},
where N > n. Let (X;;), i € [N], j € [m;] be independent random vectors with X;; distributed
according to f;; € P,. Write C = (C1,...,Cn) and F = ((fi;);)i- For p # 0, we define a

star-shaped set Zﬁc (F) CR" by

pHESF)u) = 3 Do Ch (X, u) ) (2.7

for p = 0, we define ZO? o(F) CR" by its radial function

N
p N (ZSe(F),u) = [ WG, ((Xij,w))2y). (2.8)

i=1
For p > 1, the -© notation agrees with usual polarity. When p > 0 and C' = [~1,1], then
Zpo,{fl,l](f) = Zpo(f); similarly, if p > 0, F = (f)X; and C = ([-1,1])¥,, then Zﬁc(}') =

ZPQ) ~(f). For p > 0, we have the following generalization of Theorem 2] going from F = (f;;)
to the family of rearranged densities F# = ( f5)-
Theorem 2.2. Let f € P, and let p > 0. If C is an origin-symmetric convex body of dimension
m > 1, then

125N <122 (f)]- (2.9)
Moreover, if F = (fij) € Pn and C = (Ch,...,Cn), where each C; is an origin-symmetric
convez body of dimension m; > 1, then

E|Z90(F)| < EIZ0(F#)I. (2.10)

The theorem is new for all values of p. For p > 1, the proof uses tools that have already
been developed in [20]. The main novelty here is in techniques to deal with the star-shaped
sets Zﬁc (F) in the range p € [0,1). In particular, we provide a separate treatment for p = 0
including a new volume formula for Zé> o(F). For p < 0, the expected volume of the empirical
bodies Zpo) ¢ (F) need not be finite when dim(C;) < n (see Remark [0.8)); here the use of higher-
dimensional convex bodies C,...,Cy is essential. For certain values of p, namely when p €
[-1,0) and n/p is an integer, we establish the following theorem.

Theorem 2.3. Let f € P, and let p € [-1,0). Let C be an origin-symmetric convezr body with
dim(C) > 1. If p > —1 and n/|p| € N, then

1ZS (N < 1Z3a(f)]. (2.11)

Furthermore, let F = (fi;) € Pn and C = (C4,...,Cn), where each C; is an origin-symmetric
convex body of dimension m; > n+1. If p> —1 and n/|p| € N, then

E|Z0c(F)| < E|Z8(FH)). (2.12)



Empirical versions of isoperimetric inequalities from [77, 20} [78] have involved operations
in Brunn-Minkowski theory; e.g., for p > 1, the sets Z,¢(f) in (LH) are L, sums of random
line segments (see §l). Theorems 2] - 23] are the first to treat empirical forms of inequalities
for star-shaped sets in dual Brunn-Minkowski theory. In particular, we develop randomized
analogues of approximation results of Goodey and Weil [27], and Kalton, Koldobsky, Yaskin
and Yaskina [41], in which intersection bodies and their L, analogues are limits of radial sums
of ellipsoids. The use of higher-dimensional bodies C; in Theorem [2.3]is needed for this purpose
and such bodies are crucial for establishing the corresponding isoperimetric inequalities. In
particular, we define a variant of the L,-intersection body as follows: for f € P,, a > 0 and

€ [-1,0), we set

Ipl/2

P ) = [ ()P0 ul) " s

For the empirical version, we consider N > n independent random vectors Xi,..., Xy from
f € P and define 7P, N(f) via

o 1 & 2y 2y~ IP/2
(Zon () Z(qu +a? ) "

The star-shaped bodies Z¢, \(f) are Ly-radial sums of ellipsoids (see §3 for definitions). In fact,
the bodies Zi7, \(f) are special (limiting) cases of Z;?,c(]:) for a suitable choice of C and F,
involving ellipsoids and uniform measures on balls.

Corollary 2.4. Let f € Py, >0, p€ [-1,0) and n/|p| € N. Then

i (O < 15 (F)I- (2.13)

Moreover,
EIZi ~ (D] < EZf) v ()] (2.14)

When p = —1, [Z14) is a stochastic form of the Busemann intersection inequality (L)), as it
implies the latter when N — oo and a@ — 0. Indeed, if f € P,,, we write I(f) for the intersection
body of f, defined by its radial function via

u) = /A F(x)dz

and (2I4) implies the following functional version of ([I.TJ).

Corollary 2.5. Let f be a continuous and compactly supported function in Py. Then

(A < 1I(f)]- (2.15)

Thus the Busemann intersection inequality (L)) is one limiting case of a family of extremal
inequalities about L,-radial sums in Theorem 2.3l For (non-random) functional versions of the
Busemann intersection inequality, see [21], and [36] for recent developments.

Lastly, we can further reduce inequalities to uniform measures on balls in each of the above
theorems whenever the convex bodies C' and C; are unconditional, i.e., invariant under reflections
in the coordinate hyperplanes.

Theorem 2.6. Let f € P,. Suppose that p € [0,1], or p € [-1,0) and n/|p| € N. Let C be an
unconditional convex body in R™, m > 1. Set g = ||f|| ., XrBy, where r > 0 satisfies [g = 1.
Then for p > —1,

|Z;?,c(f)| < |Z;§>,c(9)|7



while for p > —1,
EZ5 (D] < EIZj v (9)]-

Furthermore, assume that F = (fij) € Pn and G = (gi5), where gij = | fijll o Xri;By with
i > 0 satisfying [ gi; = 1. If C = (C4,...,Cn), where each C; is an unconditional convez body
of dimension m; as above, then

E|Z00(F)| < E|Z2.(G))-

The paper is organized as follows: §3lintroduces notation and basic tools; §lis devoted to the
non-random bodies Zz?) o(f) and variants of Ly-intersection bodies; §5l develops the randomized
versions of these objects. New volume formulas and representations for radial functions are
developed in §6l The theorems are proved in §7

3 Preliminaries

3.1 Notation and definitions

For a compact set K C R"™, we denote its convex hull by conv(K). The set of all compact,
convex sets in R™ will be denoted by K™. For K € K", its support function is defined by
h(K,u) = sup ¢ g (z,u), u € R". The Hausdorff metric on K™ is defined by

5H(K7L) = Ssup |h(K79)_h(L50)|7
fesn—1

where S™~! is the unit sphere. We call K € K™ a convex body if it has interior points. We say
that K € K" is origin-symmetric if —z € K whenever x € K. The set of all origin-symmetric
convex bodies in R™ will be denoted by K?. Each K € K7 gives rise to a norm on R” given by

lul| x = inf{\ > 0:ue AK}.

The polar body of K € K” is defined by K° = {u € K : hg(u) < 1}.

For measurable sets A C R™, we use |A| for the Lebesgue measure of A. By w,, we mean
the volume of the Euclidean ball in R™ with radius 1, i.e., w, = 7*/2/T'(n/2 + 1).

We will call a set K in R™ star-shaped if 0 € K and oz € K whenever z € K and « € [0, 1].
The radial function of a star-shaped set K is defined as p(K,u) = sup{a > 0 : au € K} for
u € S"71. Here we allow K to be unbounded and p(K,u) may take the value +oo. As our focus
is volumetric inequalities, we are particularly interested in radial functions of star-shaped sets
K with p(K,-) € L,(S"!,0) in which case we write

1/n
okl = ([ orn) =

Throughout, du denotes do(u), where o is the normalized Haar probability measure on S™~1.
We will call K a star-body if it is a compact, star-shaped set with the origin in its interior
and its radial function is continuous. When K € K7, we have for u € R™\{0},

p(K,u) = Jlull  and  p(K° u) = hi! (u).

We recall a core notion of addition of convex bodies from L, Brunn-Minkowski theory, e.g.
123, 57, 59]. For K,L € K" containing the origin and p > 1, we will write K +, L for their L,
sum, i.e.,

hP(K +, L,u) = h?(K,u) + h?(L,u) (u € R™).



In dual Brunn-Minkowski theory, (e.g., [66, [83]), for star-bodies K, L, and p # 0, their L,-radial
sum K+,L is defined by

PP(KT,L,u) = pP(K,u) + pP(L,u) (ue€ S™ ).

For a measurable set A in R™ with finite volume, we define its rearrangement A* to be the
(open) Euclidean ball centered at the origin satisfying |A*| = |A|. We will use the following
bracket notation for indicator functions:

[u € Al = xa(u). (3.1)

For a non-negative integrable function f on R", its layer-cake representation is given by

fx) = / ey @)t = / Tlee{f > . (3.2)

The symmetric decreasing rearrangement of a non-negative integrable function f on R”™ is defined
using rearrangement of its level sets {x € R™ : f(x) >t} = {f >t} (t > 0) via

ff(x) = /000 X{f>tp+(z)dt = /Ooo[x e {f > t}*dt. (3.3)

For a general reference on rearrangements, we refer the reader to [52]. We will use the fact that
f and f* are equimeasurable; in particular, f* preserves all L, norms of f. Note also that if
f < g, then f* < g*. Moreover, rearrangements satisfy the following contractive property: for
1 <p<ooandfor f,g €Ly,

1= =g, <If —gll,- (34)

For f € P,, the marginal density of f on a subspace E of dimension k, is defined as
me()@ = [ fw (35)
El+4x

where E+ denotes the orthogonal complement of E. Note that when f € P, and has compact
support, then 7g(f) is also bounded and has compact support.

3.2 Probabilistic tools

We will make repeated use of the following fact about uniformly integrable collections of random
variables (e.g., [86, pg. 189]).

Proposition 3.1. Let n,11,1m2,... be non-negative random wvariables on a probability space
(Q, M, P) such that n, — 1 as k — oo almost surely. If {ni} is uniformly integrable, then

lim En, = En < oc.
k—o0

Remark 3.2. A sufficient condition for uniform integrability of a family of random variables {n}
is boundedness in Lq44(Q2, M, P), for some § > 0 ([86, pg. 190]).

We will also use Kolmogorov’s strong law of large numbers ([86, pg. 391]).

Proposition 3.3. Let 11,72,... be independent identically distributed random wvariables on a
probability space (Q, M,P) such that E|n1| < co. Then, almost surely, as N — oo,

1
—an — Eny.
Nk:l

We will frequently use a.s. as an abbreviation for almost sure convergence; similarly, we use
1.3.d. for a sequence of independent identically distributed random variables.



3.3 Volume in terms of Gaussian integrals

We will use the following elementary lemma which relates the volume of star-shaped sets to
certain Gaussian integrals.

Lemma 3.4. Let K be a star-shaped set with 0 € int(K) and p(K,-) € L,(S" 1,0). If€ isa
standard Gaussian vector in R™, and s € (0,n), then

B’ (.6 = oo [ o (o), (36)

where

—s nl'(“7%)
bn,s = Ee [|€]|" = /2T (2 4 1) (3.7)

Furthermore, if p(K,-) is additionally the pointwise limit of an increasing sequence of radial
functions {p(Ky,-)} of star shaped sets {K,}, then

E nfl/lK
K| = lim Eep"” /(Ke,§) (3.8)

£—00 bn,nfl/l

Proof. Using polar coordinates, we have for 0 < s < n,
s . Nnwn, > n—s—1 77“2/2 s
B’ (K.€) = o |orete [ g
= P — s K d .
22110 (2 1 1) /Snlp (K, u)du

The conditions 0 € int(K) and p(K,-) € L,(S" !, o) ensure that p(K,u) is positive and finite
for all u outside of a null set on S"~!. For such u, since p(K;,u) — p(K,u), we have

1Og p(Kla u)

7 ) — p"(K,u).

oMK u) = (e uesp (-

Next, since {p(Ky¢,u)} is increasing,
P VUK, u) < max(1, p" (Ky,u)) < max(1, p"(K,u)) < 1+ p"(K, u). (3.9)

By dominated convergence and ([B.6]), we get

E n—1/¢ K
w, K] :/ p" (K, u)du = lim VK w)du = Tim el e E)
Sn—1

=00 Jgn—1 t—ro0 bun—1/e

4 Dual L, c-centroid bodies

Let f € Py, p > —1 and let C be an origin-symmetric convex body in R™, m > 1. For ease of
reference, we recall that for p # 0,

P (Zoc(f),u) = / WP (C, (i u)2y) [ ] f(@i)dz (4.1)

(Rn)m =t



and for p = 0,

log p(Z3 ¢ (f),u) = — / log he (i, u)iy) [ | (i) dz. (4.2)
(®n)™ =t

As noted in the introduction, the latter bodies are not convex in general. We will use the term
dual Ly c centroid body as these bodies fit within dual Brunn-Minkowski theory. This agrees
with the convex case when p > 1, however, the term here is meant in a broader sense than
duality for convex bodies. When p > 1, Z;%N(f) = Zy n(f).

We start by noting a few elementary properties of the bodies Z;% o(f)-
Lemma 4.1. Let f € Py, p,p1,p2 > —1 and C € KT

m,m > 1.
(a) If p1 < pa, then

Z9 () € 28 o (f).

(b) If D € K", and C C D, then
Z50(f) 2 Z9p(f).

(¢) pP(Zo(f), ) € La(5™ " o).
(d) For k € N such that ka; f(x)dz >0, let ) = fleBy and o) = ")/ [ ") Then

p(ZEc(f)ou) = lim p(Z8o(6™),u) (ue 5.

Proof. Part (a) is a consequence of Holder’s inequality. For (b), the condition C' C D is equiv-
alent to h(C,-) < h(D,-), hence p(ZﬁD(f),u) < p(Zﬁc(f),u) for each u € S" 1.
By using (a), it is sufficient to treat (c) for p € (—1,0). Since C' € K7*, we can assume

s

C C span{ey,...,en}, and there exists ro > 0 such that ro[—ey, e1] C C, hence p(Z;%C(f), u) <
ro_lp(ZpQ(f),u) for uw € S"~1. For p € (—1,0), we have for each u € S"~1,

lallz = By [ V)™
Sn—1
where 83, p = by, |p/b1,jp| (cf. B). Since z ||x|\;|p| is locally integrable and f € P,,, we have

[ ez f@yde < 1 [ flalgdot [ fapde <o,
R™ By "\ By

Thus part (c) follows from

/Snilp\p\(ZpQ(f),u)du - /Sm/n|<w’“>|7‘p‘f<$>dwdu

= 6} A 2|5 £ (2)de.

To prove (d), we note that part (c¢) implies p(ZﬁC(f),u) < oo for a.e. u € S"71. Since

e®) — f, and f € P,, we have [¢*) — [f = 1. For p # 0, (d) follows by monotone
convergence:

/( gy (G (G ) [T (@i)dz — WP (C, (o)) [ fladm: (43)

i=1 (Rm)m™ i=1
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the latter holds even when the righthand side of (3] is infinite, which may occur for p > 0, in
which case p(Zz?)C(f), u) = 0. To treat p = 0, we set

Pr(u) = {(z:)iZs € R")™ : h(C, ({zi,w))iZy) > 1}

and Py(u) = (R™)™\P;(u). Applying the same argument to each factor in

p(Z3c(6"), ) = [ exp (— /

log h(C, ((wi, u))jy [T 6 (mdf) :
i=1
shows that (d) holds for p = 0 as well. O

4.1 ij-intersection bodies

For f € P, we write I(f) for its intersection body, defined by its radial function via
p1(f)0) = [ fad (1.4

where the integration is with respect to Lebesgue measure on u™; for background on intersection
bodies, see [55] [47] 24]. Motivated by approximation results for intersection bodies involving
radial sums of ellipsoids [27, 4], we define a variant of (£4): for @ > 0 and p € [-1,0), the
L -intersection body of f is given by

P () = [ (P ul) " s

As mentioned, when f is the indicator of a star-body and a = 0, the latter bodies were studied
in [88] 33, BI]. When p = —1 and o > 0, we write I*(f) = IY(f).

Proposition 4.2. Let f be a continuous, compactly supported function in P,. For a > 0, let
So =sinh ™' (1/a). Then
1()] = lim (250) | T(1)].

We will prove this using an approximate identity, i.e., a family of non-negative functions
(ka)ae(o,1) on R satisfying the following conditions, for each a € (0, 1),

(i) I]R ko (t)dt =1

(i) for any 6 > 0, lima—o J,js 4 ka(t)dt = 0.
In this case, if g is continuous and supported on a compact set K, then [|(ka * g) — gll__(x) = 0
(see, e.g., [28, pg. 27]).

Proof. For a > 0, let
_ -1/2
ka(t) = (2s0) 7" (£ +?) / X[-1,1)(t)-

Standard computations show that (ks ) is an approximate identity. Fix v € S"~! and recall
the notation for the marginal of f on [u] = span{u} (cf B.5)), and set f,(t) = 7, (f)(t). Then

@) o1 (D) = @5 [ (24 a?) 2 puw
R
:/ ka(t)fu(t)dt+(2sa)’1/ (2 +a2) " fut)dt  (4.5)
t1<1

[t]>1
-1/2

- (ka*fu)(0)+(2sa)’1/ (£ +a®) 7 fu(t)dt.

[t]>1

11



We have ko * fu(0) = fu(0) = p(I(f),u). Since [ fu(t)dt =1 and s, — oo as a — 0, we have

1hn(2sa)1LA;>1(t24—a2)_1/2fua)dt__0.

a—0

It follows that
(25a) """ (I%(f),u) = p"(I(f),w).
Using (&), the latter convergence is dominated on (S™ ™', o) by (sup,, || full.,+(251) 7)™, hence

T = [ Tim " (250) ™ 17 (), = Jim (250) " 176

n—1 a—0

5 Empirical dual L, c-centroid bodies

An empirical approach to L,-centroid bodies was initiated in [77] and developed further in
[20, [78]. It relies on random linear operators acting on various sets in finite-dimensional normed
spaces. In this section, we recall the main theorem from [20]. We lay the groundwork to re-
interpret the random star-shaped bodies Zﬁ o(F) of our main theorems as random sections of
£,-balls. We also develop new notions of randomly generated intersection bodies.

5.1 Tools from the empirical approach

It will be useful to fix some notation for matrices acting as linear operators. For an n x N
matrix X = [21...2y], we write X7 for the transpose of X and we view X : RY — R" and
XT :R™ — R" as linear operators. In particular, for an origin-symmetric convex body C C R,

N
XC—{XC:CGC’}—{Zcixi:c—(ci)GC’}.

i=1

Principal examples include (i) C = BY = conv{+ey,...,+ex} and (ii) C = BY = [-1,1]" in

which case
N

()XBY = conv{£Xy,...,+Xx} ()XBY =) [-X;, X,].
i=1

Volumetric inequalities for convex hulls of random points and random zonotopes [30, [I0] moti-
vated work in [77] to interpolate between these two extremes and led to an empirical study of
L, centroid bodies; see the survey [78] and the references therein.

All of the theorems in the introduction will be derived from the following result about polars
of convex bodies from [20]. It concerns radial measures with decreasing densities (“decreasing”
is meant in a non-strict sense).

Theorem 5.1. Let X and X# be n x N random matrices with independent columns drawn
from F = (f)X, C P, and F#* = (f7)N,, respectively. Let v be a radial measure with a

decreasing density, i.e., dv(x) = h(||z|,)dz with h : [0,00) — [0,00) decreasing. Then for any
origin-symmetric convex body C in RY,

Ev ((XC)°) < Ev ((X#C)°) . (5.1)

Assume additionally that each f; is bounded and Z is an n X N random matriz with indepen-

dent columns drawn from g; = | fill . Xr;By, where r; > 0 satisfies [g; = 1. Then for any
unconditional convez body C in RN,

Ev((XC)°) < Ev((ZC)°). (5.2)

12



The latter theorem relies on rearrangement inequalities of Rogers [81], Brascamp-Lieb-
Luttinger [12] and Christ [I9]. It also relies on the Borell-Brascamp-Lieb inequalities [ 11]. It
was motivated by work of Campi and Gronchi on symmetrization of polar convex bodies [17].

The following lemma is a useful re-interpretation of the bodies (XC')°, stated in terms of the
transpose X and its pre-image X~ 7.

Lemma 5.2. Let X be an n x N matriz of full rank, viewed as a linear operator X : RV — R™.
Then for C € KY,
(X0)° =X"T[Ce). (5.3)

Proof. When N = n, then X and X7 are invertible and (5.3) is a standard identity:

(XC)? = {zeR":(z,Xc)<1forallceC}
= {xER”:(XTx,c>§1 for all c € C}
xX-T[ce).

When N < n, the same computation is valid by viewing X ~7[C°] as the pre-image of C° under
XT. When N > n, X7 is injective and X7 is also the inverse of X7 on Im(X”) = ker(X)*,
in which case

X~ T[C°] = X~ T[C° nIm(XT)). (5.4)

O

Remark 5.3. When N < n, we note that (XC')° denotes polarity in R™ and (XC')° may be
unbounded. When N > n, (4] implies that

|(XC)°| = det(XXT)~12|C° nIm(XT). (5.5)

5.2 Random slices of finite-dimensional /,-balls

For p > 1, the centroid body Z,(f) can be viewed in terms of limits of images of finite-
dimensional ¢, balls, where 1/p + 1/¢ = 1. To fix the notation, for p # 0, we denote by
Bév, the £, ball in RN ie.,

Bév = {:17 ceRY . (Zil |<x,ei>|p)1/p < 1} , (5.6)

where ej,. .., ey is the standard unit vector basis for RY. For p = 0, we set

1/N
BY = {x cRY . <H?V1 |<x,ei>|) < 1} : (5.7)

1=

Note that BZ])V is a convex body when p € [1,00) and a star-body when p > 0. When p < 0, Bév
is unbounded but remains star-shaped.
Let X be an n x N random matrix with independent column vectors Xy, ..., Xy drawn from
f € Py. For 1 < p < oo, the empirical L,-centroid body Z, v (f) defined above in (I.5) has the
equivalent description
Z,n(f) = N"PXBY,

where 1/p+1/q = 1. Indeed,
N 1/p
WXBY u) = h(BY, XTu) = (Z |<Xz-,u>|”> .

13



Using Lemma 52l and 1/p+ 1/¢g = 1, we have
S (f) = NVPXTTBY], (5.8)

where, as above, X7 [A] denotes the pre-image of A under X?. We will mimic identity (5.5
to realize the bodies Z;?N (f) defined in ([22)) as sections of B} for p € (0,1).

Lemma 5.4. Let X be an n X N random matriz with independent columns distributed according
to f € Pn. Then for p € (0,1),

Z04(f) = NYPXT[BY).
Proof. For u € S, we have
P(Z0 5 (F)u) = p(NYPBY XTu) = p(NY?X T [BY], u).
O

We can similarly view the bodies Zp? o(F) (cf. Z1)) using random linear operators. For
C = (C1,...,Cn) with C; € K", we place them in orthogonal subspaces R™' = span{e;; } 1",
1=1,...,N. Then for p # 0, we define

N N ) N 1/p
B, (C) =1 (21,...,2N) € @le : (Zizl hp(Ci,a:i)) <1y; (5.9)
i=1

when p = oo, we replace the sum by max; h(C;, x;). For p = 0, we set

N N 1/N
i=1 h
When the Cjs are identical copies of [~1,1], we have B)Y = B} (([—e1,e1],...,[—en,en])). As

for Bév , the set Bév (C) is a convex body, star-body or unbounded star-shaped set, according

to whether p > 1, p € (0,1) or p < 0, respectively. Note that we have defined BZJ)V(C) using
support functions h(Cj, ) rather than norms associated to the C;’s, as some computations are
more convenient with this convention. By standard duality arguments, for 1 < p,q < co with
1/p+1/q¢ =1, we have for C = (C4,...,Chy),

(BY(C))" = BY(c°), (5.11)

where we have set C° = (Cf,...,C%). We will use the particular case of p = 1 and ¢ = o0,
combined with Lemma in the following form.

Lemma 5.5. Let C = (C,...,Cn), where C; € KM, m; > 1, and C° = (C},...,C%). Set

M=mi+...+mpy. Let X = [X;...Xy] be an n x M matriz with n x m; blocks X; of full

rank. Then
N

((XiCi)° = (XBY (C°))°.
i=1
Proof. By Lemma [5.3]

N N N
XiCi)° = X7C) = (V{ueR": XTueCy},

i=1 =1 =1

while

(XBY(C%)° =X"TBY () = {u eR": ﬁ%h(ci,xfu) < 1} .

14



Using the above notation, the empirical bodies Zp? o(F) defined in 27) and (2.8) can be
realized as sections of BZJ)V (C) as follows.

Lemma 5.6. For i € [N], let C; € K", m;y > 1 and let M = my + ... + mn. Let
X = [Xy---Xpn] be an n x M random matriz with n x m; blocks X; = [X;1... Xim,] hav-
ing independent columns X;; distributed according to fij € Pn. Then for p # 0,

204(F) = NYPX-T[BY(C)], (5.12)

and, for p=20,
Z9.(F) =X"T[BY(C)]. (5.13)

Proof. For u € S"~ 1,
XM= (X{u, ..., X{u) = (((X1j,u) 72, (X, ) 7).
For any set S in R™™ | we have
X TS]={ueR": X"ueS}.
For p # 0, we have
pNVIXTTBY (@) u) = p(NVPBY(0). X" w)

N —1/p
- (i

= o2 (f)aU)

p,C

2 |

For p = 0, we have

N
p(XT By (€)],u) = [TA(Ci, XTu) "N = p(Z5c(F),w).
i=1

([l
Remark 5.7. For p > 1, we have by Lemma [5.2] and (5.11),
Z0.(F) = Z5o(F) = NVPX-T[BY(C)] = NV/P(XB) (C°))°. (5.14)

Remark 5.8. For p < 0, the bodies Z ¢ o (F) are pre-images of slices of unbounded sets and hence
need not be bounded. This is reﬂected in our notation as their radial functions take the value
+00. When m; = dim(C}) < n, the matrix X;f has a non-trivial kernel and, for p # 0,

N 1/Ipl
p(X—T[B;)V(C)],u) = (Z h_p(C’i,X?u)> > h_l(Cj,X;‘-Fu),

=1

which is infinite for u € ker(XJT) and arbitrarily large in any neighboorhood of such u. When
each C; has dimension m; > n, the absolute continuity of f;; ensures that the n x m; matrix
X; has rank n a.s.. This implies that h(C,X7-) > 0 a.s., hence each summand in the radial
function p(Zp?C (F),-) is necessarily finite a.s..

For N-tuples of origin-symmetric convex sets C = (C1,...,Cn) and D = (D, ..., Dy), with
dim(C;) < dim(D;), we will write

CCD<=C;CD;foralli=1,...,N.
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Lemma 5.9. Let F = (fij) € Pp and =1 < p,p1,p2 < oo. Let C = (C1,...,Cn) with
C; € K™, m; > 1, fori € [N].

(a) If p1 < pa, then

Z0 (F) C 22 o(F). (5.15)

p1,C
(b) IfD = (Dy,...,Dy) with D; € KT, m, > my, for i € [N], and C C D, then
Z0.(F) 2 Z8p(F). (5.16)

Proof. Part (a) is a consequence of Holder’s inequality, which gives monotonicity of the normal-
ized means in the definition of /’(Z;?c( ),u) (cf. 7)) and ([22F).
For part (b), C; C D; is equivalent to h(Cj,-) < h(D;, ) for each i, which implies (B16). O

5.3 Convergence of volumes

The next proposition provides sufficient conditions to obtain the volume of Zp? o(f) as a limit

of the expected volumes of the random bodies Zﬁ o (F).
Proposition 5.10. Fori €N, let C; € K7, m; > 1 and (fi;) C Pn, j € [my]. For N € N, let

s 7

Cn = (C1,...,Cn) and Fn = ((fij)j=1)it,. Assume that
a. there is an ro > 0 such that ro B3 C C; for each i.
b. fij are supported on a common compact set and sup, ; || fijl ., < oo-

Ifp€0,1], orp € [-1,0) and m; > n+1 for each i, then for any e € (0,1),

sup  sup IEp"JrE(Z]?CN (Fn),u) < o0, (5.17)
N>n+1yesSn—1
and hence
sup E|Z° en (FN)| < oo (5.18)
N>n+1
Furthermore, if C1,Cs,... are copies of a given convex body C of dimension m and f;; are
identical and satisfy (&IT), then
Zyc(Hl = lim E[Z7c (Fi)l- (5.19)

Proof. Without loss of generality, we may assume that ro = 1. By assumption (b), we can fix
a Gaussian density ¢, and a constant A > 0 such that for each i, j,

%fij(l') < ¢alz) = We—”w”g/w (z € R™). (5.20)

Fix e > 0 and v € S"~!. Assume first that p € [0,1]. By Lemma 5.9, we need only treat
the case p =0, m; =1 fori = 1,..., N, and Cy = ([—ei,e;])Y,. In the notation of Lemma [5.6]

this means that Fy = (fi1)¥, and X [X;1] are n x 1 matrices. By Fubini’s theorem,
N
E n+€(Zé>CN(J—"N),u) = HE|<X“,U>|*(71+5)/N

i=1

Set 7 = (n+¢)/N. Let g1,...,gn be iid. standard Gaussian vectors in R”. Fixi e {1,...,N}.
Then (g;,u) is a standard Gaussian random variable. Assume first that N > 2(n + ¢) so that
7 < 1/2. By Hoélder’s inequality,

Ex,, |(Xu,u) 7 < (B|{Xa,u)|"/2)*
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Using (5.20) and the notation for b, s from (B.1), we have
AT B, (X, u) [T < By, (i) = by,
hence for N > 2(n + ¢€),
EP"+€ (Zé?cN (]-'N),u) < (Aa_1/2b1,1/2)2TN = (Aa_1/2b1,1/2)2(n+8)- (5-21)

Assume now that n+1 < N < 2(n+¢). Then 7 < 1 and by » < co. By (G.20),

Ailo‘TEXil <Xi17u>|_T < Egi <gia u>|_T = bl,‘r'
It follows that for n +1 < N < 2(n +¢),
Ep" (230 (Fn),u) < (Ao Tby )N < max(1, (Ao~ by -)2"F9). (5.22)

The bounds in (521)) and (5.22]) are independent of uw and N. This establishes (517 for p € [0, 1].

Assume now that p € [—1,0). By Lemma 5.0 we can assume that p = —1, m; = n + 1, for
i=1,...,Nand C = (Byt)N,. Set s = n+ ¢ and let s’ be defined by 1/s+ 1/s’ = 1. By
Holder’s inequality,

i=1

n+-e
1 N — / a —(n
pn+s<z<>1,cN<fN>v“>—(wanm;) < N
=1

For i € [N], let G; be i.i.d. n x (n+ 1) random matrices with i.i.d. N(0, 1) entries. For i € [N],

—(n+e)

A gty HX?“H;(MLE) < Eg, ) = bnt1,nte-

Using N'=*N*/¢' = 1, (517) now follows from
Exp" (2% o (Fn)yu) < A" amF9b,

here we have used that m; = dim(C;) > n + 1, which ensures finiteness of by41,n+4e. To justify
(EI8), for general Cn and Fy, set 6 = ¢/n so that n(1 + 6) = n + . By Hoélder’s inequality,

" 149 o 146
(/S 71Epn(zpycN(]-"N),u)du) < /S (Ep"(ZpyCN(]:N),u)) du

< / Ep" (22, (Fn),u)du.
Snfl

Therefore, (B.I8) follows from

)1+5

(Bl20c, (FN))  <wit® sup Ep"*=(Z2%. (Fn) u). (5.23)

ueSn—1

Towards proving (5.19), we fix u € S™"~1, identical bodies C; = C of dimension m and
fij = f. For p # 0, the family of ii.d. random variables {hp(C, X?u)}ieN has finite first
moment, i.e.,

ERP(C, X u) = /( o RP(C, (x5, u))™ ) H f(z:)dT < 0. (5.24)

Indeed, for p > 0, this is a direct consequence of f being bounded and compactly supported.
For p < 0, the function Er?(C,X7T.) = p*p(Zﬁc(f), -) is integrable by part (c) of Lemma AT}
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in particular, (5.24) holds for all u outside of a null set on S"~! (henceforth disregarded). Thus
by Proposition B3] for our fixed v € S"1,

N
1
& 2 MP(C X u) = BB (C, X[ u) = p"(Z)c(f).u) - (as);
i=1
similarly, for p = 0, the i.i.d. collection {1og h(C, XiTu)}ieN satisfies

m

Bllogh(C,XTw) = [ flogh(C. (@i, u))| [ Fwir < .

(R )™ i=1

hence

N

Z log h(C, XFu) — Elog h(C, XTu) (as.).
In all cases, we have

PHZS e (FN),w)=p™(Z00(f) ) (as.),
Using (E17), the collection { (ZZ?CN (Fn),u): N >n+ 1} (for our fixed w) is bounded in
Ly, where, as above, 6 = ¢/n. By Proposition Bl and Remark 3.2 as N — oo,
Ep™(Z3c, (Fn),u) = Bp™(ZE o (f),u) = p" (296 (f),w). (5.25)

Lastly, the collection {EP (Z8ey(FN),-) i N =n+ 1} is uniformly integrable on (S"~1, o)
(by the inequality preceding (5:23))). Using (5.25]), Proposition BIland Fubini’s theorem, we get

28Nl = wn [ 2.0

= w, lim Ep™ (29, (Fn),u)du

N—o00 Sn—l

= hm E|Z% oen (FN)I
which establishes (5.19) and completes the proof of the proposition. O

5.4 Empirical L,-intersection bodies

In this section, we show how particular choices of C and F in the bodies Z; < o(F) lead naturally
to empirical versions of L,-intersection bodies. As mentioned, unit balls of normed spaces that
embed in L,, p € [—1,1] can be obtained as limits of p-radial sums of ellipsoids [27, 4I]. The
next proposition can be seen as a complementary volumetric random approximation. Since our
main interest is when p = —1, we have stated this only for p € [—1,0); similar considerations
lead to an analogous result for p > 0.

For p € [~1,0) and a > 0, we define the empirical Lg-intersection body 75, Ny (f) via

N
P (1)) = 5 D PPHE (X)),

=1

where X1,..., Xy are i.i.d. with density f € P,, and £*(X;) = ([-X;, Xi] +2 aB§)°.
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Proposition 5.11. Let f be a compactly supported function in P,. Let p € [-1,0) and a > 0.
Then for N > n+1,
E| |?7| v(I= ILIHOOE'Z;?C%(-Fm)L

where C&, = (C2)N.| and F,, = ((J“U)"H'l)Z 1 are given by

o m f ifie[N],j=1
Cy = [—e1,e1] +2 aconv{:l:ej}jzgl, fij = {w_len fic N> 1
n 3 ) .

Proof. Let Xi,...Xy be iid. n x (m + 1) random matrices with X; = [X;1Zi1 - Zim)],
where X;; has density f;1 = f, and Z;; has density fi;j11) = w;le;, and the columns are
independent. Then fori=1,..., N,

XZO% = [_Xih Xﬂ] —|—2 Q COHV{:l:Zij};nzl,

which for m — oo, converges a.s. in the Hausdorff metric to [~ X;1, X;1] +2 aBg. For u € S"71,
we have as m — oo,

N N
1 ~ N 1 _ "
~ Z:h PI(X,C% ,u) — NE W= X, Xa] +2 aBY,u)  (as.),

i=1

and hence
(20 e (Fun)ou) = 0" (L n(f)ou)  (as.):

For m > n, the latter convergence is dominated by p"(Zcha (Fn),u) (cf. (&I5)). The inradius
of C% is min(1, a/+/n). Using Proposition BI0 with fixed N > n + 1,

/S 1 IEEp”(ZfLCS (Fn),u)du < oo.

By dominated convergence, we get

E/S 71p”(I|‘?‘D|)N(f),u)du: lim IE/S B (Z;?Ca (Fm), w)du.

m—r oo
(|
Proposition 5.12. Let f € P,, p € [-1,0), and « > 0. Then
15 (F)] = Jim_ BT ()]
. n—1 . . 2 2 2 _|p|/2
Proof. Fix u € S™'. Since f € P, the random variables (|<Xi,u>| +a ||u||2) have
finite first moment. By the law of large numbers, as N — oo, we have
5 1/2 2 oy n2\—1/2
Z( [(Xi,u)? +a? [uf3) T — A (Ko, w)? + o [lully) " fx)dz  (as),
hence
P (L () w) = p" (T (), u)  (ass.).
Since p(I“;‘)‘ ~(f),u) <1/a for each u, we can use dominated convergence to get
B[ @aDade B [ e = 150
O
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6 Volume formulas

As mentioned, our work is inspired by a formula for the volume of sections of Bév , p € (0,2),
due to Nayar and Tkocz [(3]. We will recall the basic ingredients and then derive a formula
for the volume of the random sets Zg o(F). For p <0, we will present an alternative path and
complementary volume formulas.

6.1 Volume via Gaussian mixtures for p > 0

Recall that for 0 < a < 1, a positive random variable w is called normalized positive a-stable if
Ee '™ =t (t>0). (6.1)

We will denote the density of such a random variable by g,; for background on stable random
variables, see [89]. The following Nayar—Tkocz volume formula was proved in [73], where it is
stated explicitly for p = 1 and explained how the same method applies to p € (0, 2).

Proposition 6.1. Let0 < p < 2 and let X be a n x N matriz with columns x1,--- , TN spanning
R™. Let W = (w1, -+ ,wn) be a random vector with i.i.d. entries w; having common density
proportional to s — s_l/Qgp/Q(s). Then

[N

|BY NIm(XT)| /2 < < N T))—
S A N R T By /Wy - - - det T . 6.2
det(X XT)z ANnpT T BW V0L N €e Zi:l Wit (62)
where an np=1"N2T (1 +1/p)N T (1 +n/p) "

The proof of the formula relies on two ingredients. The first is that the volume of a star-body
K in R™ with radial function p(K,-) is given by

K| = cnp /Rn exp (—p P(K,)) dz, (6.3)

where ¢, , = I'(1 +n/p)~t. The second ingredient is the following fact from [22, Lemma 23]:
if £ is a standard Gaussian random variable, independent of a positive random variable w with
density proportional to t — t=1/2g, 5(t), then ﬁ{“ has density [2T (1 +1/p)] " e~ !!" and

e 17" = d,Eyvwe " (z €R), (6.4)

where d, =T (14 1/p) //7 (as can be seen by integrating (6.4)) on R).
We will adapt the Nayar-Tkocz argument to derive a volume formula for ZZ? o(F) for p €
(0,2), using the pre-image interpretation in (G.12]).

Proposition 6.2. Let C = (C1,...,Cn), F and X be as in Lemma 50 Let 0 < p < 2 and
let W = (wy, - ,wn) be a random vector with i.i.d. entries w; having a common density

proportional to s — s~Y/2g, 5(s). Set C, = ((/wiCh)°,...,(y/wNCN)°). Then
|Z5¢(F) = annpp sN™PEw/wr - wn | (XBY (Ciy)) -

Proof. Note that (B3 (Cw))° = B (Cg,) (cf. (53)), hence

N
S WA (VG XTu) = h2(XBY (C5y), u) (6.5)

i=1
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Using ([@3)—-([@.5), we have

e XTTIB (O]

/n exp (—pfp(BZJ)V(C), XTu)) du

N
/ Hexp (—=hP(C, X;Tu)) du
"i=1

N
dév / Ew H Vw; exp (—wihz(ci, X7 w)) du
" i=1

N
dév/ Ew+/w1 - wy exp <—Z 1h2(\/wi CZ-,X;?FU)) du
R™ =

= cpady Ewywr—wnXTTBY (Cw)l,
where Cyy = (JwiCy,...,JwnCy) and we used (63) again in the last equality. The result

now follows from Lemmas 5.2 and 5.6 and the identity an np = cnpd)) . O
Remark 6.3. To see that the latter proposition implies ([6.2]), we take C; = [—e;, e;] and write

Xw = [ywui Xy, ..., \/’L_UNXN] so that XwBév = XBéV(CIC,}V) By (E3),

Nyo| __ N Y. T))
|(XwBY)°| = wn, (det (Zizl w X; X,

When p = 1 in ([@2)), w; is the reciprocal of an exponential random variable [73] and we have
maintained this convention here, though the exact normalization is immaterial in what follows.

1
2

6.2 Volume via Gaussian measure for p =0

The set Zé?c (F) can be treated as a limiting case of Z;?,c (F) when p — 0 but it will be handy
to derive a different volume formula using the pre-image representation (5I3]) directly. This
approach will also be helpful for p < 0. The formula involves standard Gaussian measure 7,
and negative moments of the Gaussian random vectors by, s defined in B.7).

Proposition 6.4. Let C = (Cy,...,Cn), F and X be as in Lemma[58 Fort = (t1,...,tN)
in RY and s >0, set C3, = ((tiv/sCl)o, ce (t%/SCN)O). Then

BIZ§e(F) = lim bL [ v (KB (€3)°) dr (6.6)

RY

Proof. We will first show that for u € R™\{0},

P (E8e(F)u) = /R ue (xBY (e20)°] (6.7)
+
Note that
N
P(Z5e(F)u) = J]n* /(G XTw)
i=1
N
RY 321
For eachi=1,..., N, we have

(h=N(Ci, XT) >t} = {7 n(XiCy, ) <1} = (th/SXici)c’.
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By Lemma [5.5]

[e]

(1 x:0:)" = (xBN(c2,)°

-

N
Il
-

Therefore,

pS(Zé?C(]:),u) :/ u € mj\; {h_S/N(Ci,X;TFy) > tl}} dt

N
R

= [ e (xBY (€2))°] e

Let ¢ be a standard Gaussian random vector in R™ and s € (0,n). Using Lemma [3.4] and (6.7),

B (Z5e(7).6) = [ ((XBY (€2))°) . (6)
+
Assume first that
E|Z$0(F)| = waE / p"(zgc(f),u)du < 0. (6.9)
Sn—l

Then p(Zo?C (F),-) € Ln(S"1,0) a.s.. Arguing as in the proof of Lemma [3.4]
/S EeF i [ (E P (ws), (6.10)
and the convergence is dominated by 1+ w;ﬂZé?c (F)] (cf. E3)). Thus, using (B.0]), we get

1E|zgfc(f)| = w,Ex lim pS(ngc(f),u)du

s—=n~ Jgn-1

wy, lim Ex/ pS(Zé>C(]:),u)du
Sn—1 ’

s—n—

= wa lim b \ExEep*(Z50(F), ).
s—=n— ?
Applying ([G.8) gives the proposition when E|Zé? o(F)| is finite. The proposition also remains

valid when IE|Z§>C (F)| is infinite. Indeed, we can replace S*~! in (6I0) by {p(Zé>C (F),-) > 1},
in which case the convergence is monotone and both sides of (6:6) are divergent. |

6.3 Volume via Gaussian measure for p < 0

We will start with a volume formula for the non-random bodies Z;% o(f)-

Proposition 6.5. Let f € P, and C € KI*, where m > 1. Let p € (—1,0) and set n(p) =

Cd

n/|lp| € N. Let X be an n x n(p)m random matriz with independent columns distributed
according to f. For £ € N, let py = p(1 —1/(n)). For t1,... .ty > 0 and £ € N, let

o, = (170, (17 0)°). Then

t,pe — n(p)

Z8c (D] = Jim b, /an ExYn ((XB?@) €s,)) )dt. (6.11)
+
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Proof. Fix k € N. Let Xq,..., X be independent n x m random matrices with independent
columns drawn from f. We will first show that for v € R™\{0},

PM(Z0 0 (F), ) = / E[ue (XB(C,)°] dt. (6.12)

k
RY

Note that

k
k
PP ZE () u) = (Bx, b P1(C, XTw))" = Bx, - Ex, [[h7P/(C, XTw)

=1

and
k

k
th\p\(c, XiTu) = / H [u € {h*\p\(C, XiT.) > ti}} dt.
]Rk

i=1 +i=1

For each:=1,...,k,
{hPlC, XT ) >t} = {W(X;C,) < t;l/\p\} - (tg/lplXi(;')O .

By Lemma [5.5]

o

k o
N._ (1/"1x,0) " = (xB}(C7,)°
Therefore,
k
Ex, - -Ex, [] 170, X ) = / Ex [ue (XBI(CE,) ] dt,
i=1 RY

which implies (612). If € is a standard Gaussian vector in R”, then

Ee P (Z00(f),€) = / Exyn ((XBf(C7,))°) dt. (6.13)

k
RY

Note that n(p) = 1 = nrp—z/l. It remains to apply Lemma B4 with K = Zﬁc(f) and the

increasing sequence Ky = Zz<)>e o(f) (cf. LemmaT|(a)). With an eye on (6.I3) with p, and n(p)
in place of p and k, respectively, we conclude by

Z5c(D] = wn lim b Eep"WIP(ZE (£).€).

6.4 Radial function representation for p < 0

The volume formulas for Zé? ¢(F) and Z;% «(f) each rely on a representation of the radial function
as a mixture of indicator functions of origin-symmetric convex bodies. In this subsection, we
develop an analogous representation for the radial function of the empirical bodies Zﬁ c (F) for
p < 0 and n/|p| € N. A similar volume formula for Zg ¢(F) holds but the notation becomes
lengthy, so we will derive only the radial function for later use.

To fix the notation, for k € N, we let k = (k1,...,kn) € [k]"Y and define S(k) = k1 +...+kn
and m(k) = {i € [N] : k; # 0}; we write |m(k)| for the cardinality of m(k).
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Proposition 6.6. Let C = (Cy,...,Cn), F and X be as in Lemmalid Let p € (—1,0) and
k € N. Then for u € R™\{0},

P (Z0(F)u) = NE Y (ﬁ) / [we (xuB"®l(ct, )] at
ke[k)Y

T plm@)]
Sw=k

where () = iy Xie = XeJiemao and €2, = (677 C)*)iemo) -

Proof. Using the fact that k € N, we have for any u € R",
_ k ks
PPXTTBY L) = Y] (k) [T »"PiC X ).

ke[k]Y N/ iem(k)
S(k)=k

Fix k = (k1,...,kn) with S(k) = k. Then

[T » e xtu) = /\ | 11 [“ e {(h W, xXT) > ti}} dt.
iem(k) R iem)

For each i € m(k),

{h—kz|P|(C“X';T) > ti} = {h(XiCi, ) < t-ﬁw = ( -ki‘p‘XiCi) .

By Lemma 5.5

ﬂi@n(k) (tiki\p\XiCi)o _ <X58|1m(1_()|(ci,t,p)) '

Thus the proposition follows from

[T »*c, XTu) = /

o [we (xuB"®(cy, ) ] dt
iem(io) ¥

7 Main proofs

Proof of Theorem[Z4. Suppose that X and X# are n x M random matrices with independent
columns drawn from F = (f;;) C P, and F# = (f};) respectively, where M = mq + ...+ mx.
Suppose that each f;; is supported on a Euclidean ball RBj5. Denote the expectation in X and
X# by Ex and Ex#, respectively.

We will use Theorem 5.1} combined with the volume formulas for Zg ¢(F) as indicated. For
p > 1, we have by Remark [5.7]

E|Z0.(F)| = Ex|NY?(XBY(C)°|
Exs |[N'/7(X#BY(C%))°|
= EIZ0(FH).

IN

For p € (0,1), using Proposition and Fubini’s theorem,

E|Z0:(F) = anmEwExywr x| (XBY(Cq))°|
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< aN,n,pEWEX# VWi - wN' (X#Bév(c%/))o|
= EIZZ.(F*)].

For p = 0, we apply Proposition [6.4] to get

E|zo?c(f)| = lim Exn ((XB{(C2,))°) dt

s—n— Rf

< lim Ex#vn (X#B1(C2,))°) dt
s—n— Rf ’
= EIZ5c(FH)
When the C;’s are identical, we have by Proposition E.10,

|Z9c (Dl = Jim EIZ00 (Fx)l, (7.1)

which proves [23) for f compactly supported. For a general f € P, we define {¢(*)} as in
Lemma [l By Fatou’s lemma and the compactly supported case,

128 0(F)] < limint| Z80(6%)] < liminf| 200 (60)")] = | 286 (),

where the last equality holds as each set Zﬁ o((#*))*) is a Euclidean ball and the convergence

is ensured by (3.4).

Lastly, we turn to the case when F = (f;;) consists of functions that are not supported
on a common compact set. In the notation of Lemma FEI|d), we set o) = fijlesy and

ij
o =i/ ] i) andset Fi = (¢1])). Then

n/p
k|20 WP (C, ((z; i &) (2, ) dudz.
| p,C ]:k /(R" N /S" N ( Z ZE], )J—l)) H(bz] (x.]) uar

=1 i,J

(k)

Using f%(?) — [ fij = 1 and monotone convergence for ¢;;”,

E|Z;?,c(]:k)| = kli_{{)lo]mzﬁc(]:kﬂ < kli_{{)lomzﬁc(}f” = E|Z§c(f#)|-

O
Proof of Theorem [Z1l Taking C = C; = [-1,1] and F = (f) gives ZﬁN(f) = Z;?,c(]:) and
Zp? o(f) = Z2(f), hence Theorem 2Tl follows from Theorem O

Proof of Theorem[Z.3. Let X and X* be n x n(p)m random matrices with i.i.d. columns drawn
from f and f*, respectively. By Proposition [6.5] and Theorem [5.1]

Zgc(Nl = Jimbl o, / L Exa ((xB17c,,))”) at

{— 00

lim bnn 1/2/ . )IEX#%I ((X#B?(P)(sz))O) dt

£—00
= 125

Next, we prove (2.12)). Fix origin-symmetric convex bodies C1,...,Cy with dim(C;) = m; >
n+1. Set M = my + ...+ my. Suppose that X and X# are n x M random matrices with

IN
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independent columns drawn from F = (f;;) and F# = ( fjj), respectively. Fix £ € N and
p € [—1,0) with k[p| < n.
Assume first that f is supported on a Euclidean ball RBY. By Proposition [B.10]

E|Z00(F)| = wnEX/ p" (X [BY(C)], u)du < oc.

Sn—1 p

Applying Proposition for a standard Gaussian random vector £ in R™, we have

B P(Z00(F).6) = Y @ [ e (Bl g )) .

ke(k]™
S(k)=k
Fix k = (k1,...,kn) € [k]Y with S(k) = k and t; € (0,00) for i € m(k). By Theorem [5.1]
m k fe) © m k fe) °
EX&'Yn ((XKBI1 (7)‘(015,15)) ) < Exﬁ”Yn ((Xﬁﬁ[ﬂ (7)‘(015,15)) ) .

Consequently,

[m ()|
Ry

ExEep"" (Z00(F), €) < Ex#Eep"VI(Z0:(F#).€). (7.2)
As in the proof of Proposition[6.5, when n/|p| € N, we choose py € QN(p, 0) such that & = n-1/¢

Il = Ipl
for j € N. For u € S"~!, we have

&
p(Zpe,C

(F)yu) = p(Z5c(F)yu)  (as.).
As in the proof of Lemma B:4] using (3:9) with K, = Zz?z,c (F), we have
L@ P [ ES @ (@)

and the convergence is dominated by 1+ w;HZﬁC (F)|. Thus,

Ex|Z0c(F)l = wBx lim [ pWI(Z0 (), u)du

o Jgn—1
- . n—1/¢ <&
= o fimBx [ o)
= w, lim b;l Engpnfl/l(Z;Z,c(f)ag)v

(o0 ML/t

where b, ,_1,¢ is the constant in @B). The same identities apply for X# and F#. Thus

applying (T2), we get
E|Z0c(F)| < EIZ8(F#)|.

Lastly, we can remove the assumption that the functions are compactly supported by arguing
as in the proof of Theorem O

Proof of Corollary[24) By Proposition [5.11] and Theorem [2.3]
BTy ()] = lm EIZ0e, (Fu) € I EIZ0e, (FE =BT (Ml (73)
Using ([3) with Proposition 512, we get
(Dl = Jim EIZg ()] < Jim BT y(7)] = [1, (7)) (74)
Finally, we apply Proposition 2 and ([Z4]) for p = —1, to obtain
()l = lim [(2s0) " o (f)] < lim [(250) " Lo (f5)] = [I(f*)]-
a—0t a—0t

26



Proof of Theorem[2.8. We have reduced Theorems2.Ilto2.3]and CorollariesP.4] 2.5lto a suitable
application of (&) in Theorem 51l When the convex bodies C,...,Cy are unconditional, we
can instead apply (2] in Theorem (11 O
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