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Eisagwg 

Se aut  thn ergasÐa perigr�foume ta wc t¸ra gnwst� apotelèsmata sqetik� me to
prìblhma thc sqedìn isometrik c   isomorfik c emfÔteushc n�di�statwn upoq¸rwn twn
q¸rwn Lp, 1 ≤ p < 2 ston `N1 .

§1. AfethrÐa aut c thc perioq c problhm�twn eÐnai to klasikì je¸rhma tou Dvoret-
zky gia thn di�stash twn {sqedìn sfairik¸n} tom¸n summetrik¸n kurt¸n swm�twn.
H diatÔpwsh tou jewr matoc sth gl¸ssa thc sunarthsiak c an�lushc faner¸nei ìti
prìkeitai gia èna je¸rhma pou exasfalÐzei thn Ôparxh sqedìn isometrik c emfÔteushc
tou `k2 se tuqìnta n�di�stato q¸ro me nìrma, me thn proôpìjesh ìti k ≤ c(ε) log n:
Je¸rhma 1. (Dvoretzky, 1961) 'Estw ε > 0. Up�rqei stajer� c(ε) > 0 me thn
akìloujh idiìthta: An E = (Rn, ‖ · ‖) tìte o E perièqei upìqwro F di�stashc k =
[c(ε) log n], o opoÐoc eÐnai (1 + ε)�isomorfikìc me ton `k2 .

Up�rqoun di�forec apodeÐxeic tou Jewr matoc 1. H arqik  apìdeixh tou Dvoretzky
exasf�lize di�stash tou F thc t�xhc thc

√
log n. H bèltisth wc proc n ex�rthsh tou k

(k ≥ c(ε) log n) exasfalÐsthke gia pr¸th for� apì ton Milman (1971) o opoÐoc qrhsi-
mopoÐhse th sfairik  isoperimetrik  anisìthta. MetaxÔ �llwn, o Pisier (1985) èdwse
apìdeixh tou jewr matoc tou Dvoretzky qrhsimopoi¸ntac mejìdouc apì th jewrÐa twn
anelÐxewn Gauss.

Parousi�zoume aut  thn apìdeixh sto Kef�laio 2: an X =
∑N

i=1 gizi, ìpou (gi)i≤N

anex�rthtec tupikèc kanonikèc tuqaÐec metablhtèc kai zi ∈ Rn, eÐnai mia Gaussian tuqaÐa
metablht , tìte h X èqei peperasmènec ropèc k�je t�xhc, dhlad : E‖X‖p <∞ gia k�je
0 < p <∞. An E = (Rn, ‖ · ‖) jètoume

σ(X) = sup{(E|ξ(X)|2)1/2 : ξ ∈ E∗, ‖ξ‖ ≤ 1}.

Tìte, h di�stash thc X eÐnai h posìthta

d(X) =
(

E‖X‖2

σ2(X)

)
.

EÐnai eÔkolo na elegqjeÐ ìti 1 ≤ d(X) ≤ dim(E). To an�logo thc sfairik c isoperimetrik -
c anisìthtac se autì to plaÐsio eÐnai h epìmenh prìtash, h opoÐa exasfalÐzei th {sug-
kèntrwsh} twn tim¸n thc nìrmac ‖ · ‖ tou E gÔrw apì th mèsh tim  thc:
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Prìtash 2. Gia k�je t > 0 isqÔei h anisìthta

P
(∣∣‖X‖ − E‖X‖

∣∣ > t
)
≤ 2 exp(−Kt/σ(X)2),

ìpou K = 2π−2.

Katìpin, to je¸rhma tou Pisier diatup¸netai wc ex c:

Je¸rhma 3. (Pisier) 'Estw ε > 0. Up�rqei stajer� η(ε) > 0 me thn akìloujh idiìthta:
An X eÐnai mia Gaussian metablht  ston (Rn, ‖ · ‖), tìte up�rqei upìqwroc F tou Rn,
di�stashc k = [η(ε)d(X)] o opoÐoc eÐnai (1 + ε)�isomorfikìc me ton `k2 .

H apìdeixh tou jewr matoc 3 basÐzetai sthn pijanojewrhtik  mèjodo: jewroÔme mia
akoloujÐa X1, . . . , Xk anex�rthtwn kai isìnomwn antigr�fwn thc metablht c X se èna
q¸ro pijanìthtac (Ω,A,P). 'Estw M = E‖X‖. DeÐqnoume ìti up�rqei Ω0 ⊂ Ω me
P(Ω0) > 0 ¸ste gia k�je ω ∈ Ω0, na isqÔei

(1 + ε)−1/2

(
n∑

i=1

|αi|2
)1/2

≤ 1
M

∥∥∥∥∥
k∑

i=1

αiXi(ω)

∥∥∥∥∥ ≤ (1 + ε)1/2

(
n∑

i=1

|αi|2
)1/2

gia k�je akoloujÐa suntelest¸n (αi)i≤k. MporoÔme tìte na jewr soume ton upìqwro
Fω := {X1(ω), . . . , Xk(ω)} gia ω ∈ Ω0. Sunep¸c, gia thn apìdeixh tou je¸rhmatoc tou
Dvoretzky arkeÐ na apodeÐxoume thn Ôparxh Gaussian metablht c X me timèc ston Rn

gia thn opoÐa h di�stash d(X) na eÐnai ìso gÐnetai megalÔterh. Autì eÐnai dunatìn, me
qr sh tou jewr matoc tou John kai tou l mmatoc Dvoretzky–Rogers (ta sustatik� aut�
up�rqoun kai sto epiqeÐrhma tou Milman).

§2. Sthn perÐptwsh pou E = `N1 , o el�qistoc N ¸ste o `n2 na emfuteÔetai (1 + ε)
isomorfik� ston `N1 eÐnai thc t�xhc tou n (je¸rhma Figiel–Lindenstrauss–Milman, 1977).
Sta plaÐsia thc topik c jewrÐac q¸rwn Banach eÐnai fusiologikì na exet�sei kaneÐc to
Ðdio prìblhma gia thn emfÔteush twn q¸rwn `np (1 < p < 2) ston `N1 . To prìblhma
autì parousi�zei shmantikèc teqnikèc duskolÐec afoÔ den èqoume pia sth di�jes  mac ta
isoperimetrik� ergaleÐa (sth sfaÐra   ston q¸ro tou Gauss) pou paÐzoun kentrikì rìlo
sthn apìdeixh tou jewr matoc tou Dvoretzky. 'Omwc, h ap�nthsh eÐnai kai s� aut  thn
perÐptwsh ìti o el�qistoc N ¸ste o `np na emfuteÔetai (1 + ε) isomorfik� ston `N1 eÐnai
thc t�xhc tou n:

Je¸rhma 4. (Johnson–Schechtman, 1982) Gia k�je ε > 0 kai 1 < p < 2 up�rqei
stajer� β = β(ε, p) > 0 ¸ste o `mp na emfuteÔetai (1+ε)-isomorfik� ston `n1 an m ≤ βn.

Basikì rìlo sthn apìdeixh tou jewr matoc 4 paÐzoun oi p�stable tuqaÐec metablhtèc
(0 < p ≤ 2): eÐnai ekeÐnec oi tuqaÐec metablhtèc g pou èqoun qarakthristik  sun�rthsh

Eeitg = e−cp|t|p
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gia k�je t ∈ R. Gia p = 2 paÐrnoume tic gnwstèc tupikèc kanonikèc tuqaÐec metablhtèc. Oi
p�stable metablhtèc mporoÔn na qrhsimopoihjoÔn gia na emfuteÔsoume ton `p, 1 < p ≤ 2
ston L1. Pr�gmati: an g1, g2, . . . eÐnai akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn
p�stable metablht¸n kai (aj)1≤j≤n pragmatikoÐ arijmoÐ, tìte

E exp(it
n∑

j=1

ajgj) =
n∏

j=1

E exp(itajgj) = E exp(−c|t|p
n∑

j=1

|aj |p).

'Epetai ìti oi metablhtèc
∑n

j=1 ajgj kai (
∑n

j=1 |aj |p)1/pg1 èqoun thn Ðdia katanom . 'Ara,∥∥∥∥∥∥
n∑

j=1

ajgj

∥∥∥∥∥∥
1

=

 n∑
j=1

|aj |p
1/p

‖g1‖1,

gia k�je n kai gia k�je n��da suntelest¸n (aj)j≤n. Me �lla lìgia, o upìqwroc pou
par�goun oi (gj)∞j=1 mèsa ston L1 eÐnai isometrikìc me ton `p.

Gia to prìblhma thc emfÔteushc tou `np ston `N1 , akolouj¸ntac touc Johnson kai
Schechtman, qrhsimopoioÔme kat�llhlh diakritopoÐhsh twn p�stable metablht¸n: 'Est-
w 1 < p < 2 kai ε > 0. 'Estw g mia p�stable metablht  sto q¸ro pijanìthtac
([0, 1],B([0, 1]), λ) me ‖g‖1 = 1, ìpou λ(·) to mètro Lebesgue. 'Estw g∗ h fjÐnousa
anadi�taxh thc g kai ai = g∗(i/n) gia i = 1, . . . , n. Tìte, up�rqei α = α(ε, p) > 0 me
m ≤ αn ¸ste, an y1, . . . , ym eÐnai summetrikèc, anex�rthtec tuqaÐec metablhtèc me k�je
|yi| na èqei thn Ðdia katanom  me th metablht 

y =
n∑

i=1

aiχ( i−1
n , i

n ],

tìte

(1− ε)

 m∑
j=1

|bj |p
1/p

≤

∥∥∥∥∥
m∑

i=1

biyi

∥∥∥∥∥
1

≤ (1 + ε)

 m∑
j=1

|bj |p
1/p

gia k�je epilog  suntelest¸n b1, . . . , bm.
Katìpin, jewroÔme to q¸ro pijanìthtac Ω = {−1, 1}nm × [Sn]m, dhlad  to q¸ro

twn zeug¸n (ε̄, π̄), ìpou ε̄ eÐnai ènac pÐnakac (εij)mn
i,j=1 me ±1 stoiqeÐa kai π̄ eÐnai èna

di�nusma (π1, . . . , πm) ìpou k�je πi eÐnai mia met�jesh tou sunìlou {1, 2, . . . , n}, me to
kanonikopoihmèno arijmhtikì mètro pijanìthtac

P (ε̄, π̄) =
1

2mn(n!)m
,

gia ìla ta (ε̄, π̄) ∈ Ω. StajeropoioÔme 1 < p < 2, ε > 0 kai m ≤ αn (α ìpwc parap�nw).
Gia k�je (ε̄, π̄) ∈ Ω orÐzoume mia tuqaÐa m��da dianusm�twn x1(ε̄, π̄), . . . , xm(ε̄, π̄) tou `n1
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ìpou
xi(ε̄, π̄) =

1
n

n∑
j=1

εi,jajeπi(j), i = 1, . . . ,m

ìpou aj = g∗(j/n) kai ei eÐnai h sun jhc b�sh tou `n1 . DeÐqnoume ìti up�rqei (ε̄, π̄) ∈ Ω
¸ste ∥∥∥∥∥

m∑
i=1

bixi(ε̄, π̄)

∥∥∥∥∥
`n
1

≈

 m∑
j=1

|bj |p
1/p

gia ìlouc touc b1, . . . , bm, me to m ìso gÐnetai megalÔtero. Autì epitugq�netai se duo
b mata: Pr¸ta deÐqnoume ìti, gia stajer� b1, . . . , bm, autì eÐnai swstì gia th mèsh tim 
thc posìthtac ∥∥∥∥∥

m∑
i=1

bixi(ε̄, π̄)

∥∥∥∥∥
`n
1

.

Sth sunèqeia qrhsimopoieÐtai h akìloujh anisìthta apìklishc (h opoÐa apodeiknÔetai
me th mèjodo twn martingales pou qrhsimopoi jhke gia pr¸th for� sthn topik  jewrÐa
q¸rwn Banach apì ton Maurey:
Prìtash 5. (Johnson–Schechtman) 'Estw 1 < p < 2, b = (b1, . . . , bm) ∈ Rm kai
a1 ≥ a2 ≥ · · · ≥ an ≥ 0. OrÐzoume f : Ω = {−1, 1}nm × [Sn]m → R me

f(ε̄, π̄) =

∥∥∥∥∥∥
m∑

j=1

bj

n∑
i=1

εijaieπj(i)

∥∥∥∥∥∥
1

.

Tìte,
P (|f − E f | ≥ t) ≤ 2 exp

(
−4qδp t

q‖(aibj)‖−q
p,∞
)

gia k�je t > 0, ìpou 1
p + 1

q = 1 kai δp = (2 − p)/8p(q + 1)q kai ‖ · ‖p,∞ eÐnai h asjen c
`p�nìrma.

Qrhsimopoi¸ntac thn prìtash 5 deÐqnoume ìti me meg�lh pijanìthta h f(ε̄, π̄) eÐnai
kont� sth mèsh tim  thc. 'Ena klasikì epiqeÐrhma diktÔou sumplhr¸nei thn apìdeixh.

§3. Sto Kef�laio 3 asqoloÔmaste me to duðkì prìblhma: en¸ sto Kef�laio 2 en-
diaferìmastan na doÔme pìso mikrì mporeÐ na epilegeÐ to N ¸ste na mporoÔme na em-
futeÔsoume ton `np , 1 < p < 2 ston `N1 (1 + ε)-isometrik�, t¸ra exet�zoume an mporoÔme
na emfuteÔsoume {kal�} ton `np ston `(1+ε)n

1 . Lègontac {kal�} ennooÔme: an up�rqei
isomorfik  emfÔteush `np → `

(1+ε)n
1 me stajer� isomorfismoÔ h opoÐa na exart�tai apì

to ε all� na eÐnai anex�rthth apì th di�stash. Me �lla lìgia to er¸thma eÐnai to ex c:

'Estw 1 < p < 2 kai ε > 0. EÐnai swstì ìti up�rqoun stajer� C = C(ε, p)
kai upìqwroc Y tou `(1+ε)n

1 ¸ste d(`np , Y ) ≤ C?
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To er¸thma autì, to opoÐo tèjhke apì touc Milman kai Schechtman, èqei wc afethrÐa
to je¸rhma tou Kashin to opoÐo apant� katafatik� sto antÐstoiqo er¸thma ìtan p = 2.
Sthn arq  tou KefalaÐou perigr�foume mia apìdeixh tou jewr matoc tou Kashin, h
opoÐa ofeÐletai ston Szarek kai basÐzetai sthn parat rhsh ìti oi `N1 èqoun omoiìmorfa
fragmèno lìgo ìgkwn.

H pr¸th apìpeira gia thn ap�nthsh sto er¸thma ìtan 1 < p < 2, ègine apì touc
Naor kai Zvavitch. H prosèggis  touc eÐnai pijanojewrhtik  kai basÐzetai sth mèjodo
twn tuqaÐwn telest¸n: StajeropoioÔme n < m ≤ 2n kai jewroÔme kat�llhlh oikogèneia
tuqaÐwn grammik¸n telest¸n Tω : `np → `m1 , ìpou ω ∈ Ω kai (Ω,A,P) o q¸roc pijanìthtac
ston opoÐo douleÔoume. ApodeiknÔoume ìti, me jetik  pijanìthta, o S = Tω : `np → `m1
ikanopoieÐ tic

‖x‖p ≤ ‖Sx‖1 ≤ (K log n)
1
q (

m/n
m/n−1 )‖x‖p

gia k�je x ∈ `np . Me �lla lìgia isqÔei to akìloujo:
Je¸rhma 6. (Naor–Zvavitch, 2001) Gia k�je 1 < p < 2 up�rqei stajer� K =
K(p) > 0 me thn ex c idiìthta: Gia k�je n < m ≤ 2n up�rqei n-di�statoc upìqwroc W
tou `m1 ¸ste

d(W, `np ) ≤ (K log n)
1
q (

m/n
m/n−1 )

ìpou d(·, ·) eÐnai h apìstash Banach–Mazur.
Jètontac m = (1 + ε)n paÐrnoume to zhtoÔmeno. H tuqaÐa emfÔteush pou qrhsi-

mopoieÐtai sthn apìdeixh eÐnai diaforetik  apì tic emfuteÔseic pou èqoume dei wc t¸ra kai
perigr�fetai eÔkola apì èna tuqaÐo pÐnakam×n tou opoÐou ta stoiqeÐa eÐnai anex�rthtec
kai isìnomec tuqaÐec metablhtèc Xij sto q¸ro pijanìthtac (Ω,A,P). Pio sugkekrimèna
èqoume ton akìloujo (tuqaÐo) pÐnaka

Γ(ω) =
1
m


X11(ω) X12(ω) . . . X1n(ω)
X21(ω) X22(ω) . . . X2n(ω)

...
... . . .

...
Xm1(ω) Xm2(ω) . . . Xmn(ω)

 =
1
m

(
Xij(ω)

)m,n

i,j
.

K�je Xij eÐnai antÐgrafo miac summetrik c tuqaÐac metablht c X, h opoÐa orÐzetai mèsw
miac kat�llhla {kommènhc} summetrik c kanonikopoihmènhc p-stable: JewroÔme mia sum-
metrik  kanonikopoi menh p-stable tuqaÐa metablht  g kai b�sei aut c orÐzoume th sum-
metrik  tuqaÐa metablht  X wc ex c:

P(X < t) =


0 t < −m1/p

P(−m1/p≤g≤t)
P(|g|≤m1/p)

|t| ≤ m1/p

1 t > m1/p

Sunep¸c, oi Xij eÐnai mn anex�rthta isokatanemhmèna antÐgrafa thc X. 'Etsi, orÐzetai o
tuqaÐoc pÐnakac Γω kai, mèsw autoÔ, o tuqaÐoc telest c Tω. Gia k�je b = (b1, . . . , bn) ∈
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`np isqÔei

Tω(b) =
1
m

Γωb =
1
m

m∑
i=1

 n∑
j=1

bjXij

 ei,

ìpou ei eÐnai ta kanonik� basik� dianÔsmata tou Rn. Autì pou mac endiafèrei eÐnai
h nìrma ‖Tω‖ = sup{‖Tω(b)‖1 : ‖b‖p = 1}. H ektÐmhs  thc eÐnai arket� teqnik  kai
basÐzetai se ektim seic gia tic pijanìthtec

P(ω : ‖Tω(b)‖1 < t‖b‖p)

kai
P(ω : ‖Tω(b)‖1 > s‖b‖p)

gia tic opoÐec qrhsimopoioÔntai oi idiìthtec kai h anexarthsÐa twn Xij .

§4. Oristik  katafatik  ap�nthsh sto prìblhma thc §3 dìjhke to 2003 apì touc
Johnson kai Schechtman, oi opoÐoi apèdeixan to ex c:
Je¸rhma 7. (Johnson–Schechtman, 2003) 'Estw 1 < p < 2 kai ε > 0. Up�rqei
stajer� C = C(ε, p) > 0 ¸ste o `np na eÐnai C-emfuteÔsimoc ston `m1 me m ≤ (1 + ε)n.
H apìdeixh tou jewr matoc 7 qrhsimopoieÐ ta ex c teqnik� ergaleÐa:
(i) To (1+ε)�isomorfikì apotèlesma twn Johnson–Schechtman pou parousi�zetai sto

Kef�laio 2.

(ii) To je¸rhma tou Elton: Gia k�je δ ∈ (0, 1) up�rqoun stajerèc c ≡ c(δ) > 0 kai
β ≡ β(δ) > 0 ¸ste: an (ei)n

i=1 eÐnai dianÔsmata sth monadiaÐa mp�la enìc q¸rou
Banach X me thn idiìthta

Aveεi=±1

∥∥∥∥∥
n∑

i=1

εiei

∥∥∥∥∥ ≥ δn,

tìte up�rqei σ ⊆ {1, . . . , n} me |σ| = m ≥ cn ¸ste∥∥∥∥∥∑
i∈σ

αiei

∥∥∥∥∥ ≥ β
∑
i∈σ

|αi|

gia k�je epilog  pragmatik¸n suntelest¸n (αi)i∈σ.

(iii) 'Ena apotèlesma gia q¸rouc phlÐko tou `n1 twn Bourgain–Kalton–Tzafriri: up�rqei
apìluth stajer� 0 < c < 1 ¸ste, an E eÐnai ènac upìqwroc tou `n1 sundi�stashc k
kai F = `n1/E eÐnai o q¸roc phlÐko, tìte∫

En
2

∥∥∥∥∥
n∑

i=1

εiQei

∥∥∥∥∥
F

dε ≥ cn/kn,

ìpou (ei)n
i=1 h kanonik  b�sh tou `n1 kai Q : `n1 → F h fusiologik  apeikìnish.
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Oi apodeÐxeic twn dÔo teleutaÐwn apotelesm�twn parousi�zontai leptomer¸c. 'Eqontac
ta parap�nw sth di�jes  mac, mporoÔme na proqwr soume sthn apìdeixh tou jewr matoc
7:

(i) Apì to je¸rhma twn Johnson–Schechtman mporoÔme na emfuteÔsoume ton `np ston
`βn
1 , ìpou β = β(p) > 0, me stajer� isomorfismoÔ Ðsh me 2.

(ii) Qrhsimopoi¸ntac to je¸rhma twn B-K-T se sunduasmì me to je¸rhma tou Elton,
deÐqnoume ìti k�je d-di�statoc upìqwroc tou `m1 eÐnai (1+ c−α)-emfuteÔsimoc ston
`
(1−cα)m
1 , gia k�poia apìluth stajer� 0 < c < 1 kai α = m

m−d .

(iii) Me diadoqikèc efarmogèc tou prohgoÔmenou apotelèsmatoc, mporoÔme na petÔqoume
meÐwsh thc di�stashc me antÐstoiqo kìstoc sth stajer� isomorfismoÔ, petuqaÐnon-
tac ìmwc aut  na paramènei anex�rthth tou m.

(iv) Sto teleutaÐo b ma, sundu�zontac ta prohgoÔmena, apodeiknÔoume thn ex c prì-
tash: 'Estw 1 < p < 2 kai λ > 0. Up�rqoun stajerèc β = β(p) > 0 kai
K = K(λ) < ∞ ¸ste an X eÐnai upìqwroc tou `np tìte o X eÐnai K-isomorfikìc
me ènan upìqwro tou `r1, ìpou r ≤ dimX + λβn.

Apì thn teleutaÐa prìtash mporoÔme na sun�goume to kentrikì apotèlesma wc ex c.
'Estw 1 < p < 2 kai ε > 0. Jewr¸ntac, sth jèsh tou X, ìlo to q¸ro `np kai epilègontac
λ = ε

β(p) , blèpoume ìti up�rqei stajer� C = C(ε, p) = K(λ) ¸ste o `np na eÐnai C-
isomorfikìc me ènan upìqwro tou `r1, ìpou r ≤ n+ εn.

§5. To teleutaÐo prìblhma pou melet�me genikeÔei ta probl mata twn prohgoÔmenwn
KefalaÐwn: DÐnontai ènac n-di�statoc upìqwroc X tou L1 kai ε > 0. To er¸thma eÐnai
na brejeÐ o mikrìteroc N = N(X, ε) gia ton opoÐo up�rqei n-di�statoc upìqwroc Y tou
`N1 ¸ste d(X,Y ) ≤ 1 + ε. Akribèstera, h posìthta pou mac endiafèrei eÐnai h

N(ε) = max{N(X, ε) : X ≤ L1, dim(X) = n}.

Perigr�foume duo proseggÐseic sto prìblhma:

(i) H pr¸th ofeÐletai ston Schechtman kai perièqei thn pr¸th qronik� mèjodo an-
timet¸pishc tou probl matoc. SthrÐzetai sth mèjodo thc empeirik c katanom c kai
deÐqnei, me aplì kai komyì trìpo, ìti mporoÔme na emfuteÔsoume sqedìn isometrik�
k�je n-di�stato upìqwro tou L1 ston `N1 , arkeÐ to N na epilegeÐ an�logo tou n2.

(ii) H deÔterh eÐnai to kalÔtero mèqri stigm c apotèlesma kai ofeÐletai ston Talagrand.
H mèjodìc tou dÐnei fr�gma gia thn posìthta N(X, ε) sunart sei thc stajer�c K�
kurtìthtac enìc q¸rou Banach.

To prìblhma paramènei anoiktì: den eÐnai gnwstì an o logarijmikìc wc proc n par�gontac
sthn ektÐmhsh tou Talagrand eÐnai aparaÐthtoc. Parak�tw dÐnoume mia sÔntomh perigraf 
twn dÔo apotelesm�twn:
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§5.1 O Schechtman eis�gei se aut  thn ergasÐa th mèjodo thc empeirik c katanom c.
JewroÔme q¸ro L1(Ω, µ) kai ènan n�di�stato upìqwrì tou X. Epilègoume tuqaÐa kai
anex�rthta x1, . . . , xN sto q¸ro pijanìthtac (Ω, µ) kai orÐzoume tuqaÐo grammikì telest 
T : X → `N1 jètontac T (f) = 1

N (f(x1), . . . , f(xN )). Jèloume gia k�je ε > 0 (mikrì) na
broÔme N (arket� meg�lo) ¸ste gia k�je f ∈ L1(µ) na isqÔei

(1− ε)‖f‖L1 ≤ ‖Tf‖`N
1

=
1
N

N∑
i=1

|f(xi)| ≤ (1 + ε)‖f‖L1

 , isodÔnama,

sup

{∣∣∣∣∣1− 1
N

N∑
i=1

|f(xi)|

∣∣∣∣∣ : f ∈ X, ‖f‖L1 = 1

}
≤ ε.

DiakritopoioÔme to prìblhma apodeiknÔontac antÐstoiqh ektÐmhsh gia ìlec tic f se èna
dÐktuo thc sfaÐrac SX tou X kai oloklhr¸noume thn apìdeixh me èna sÔnhjec epiqeÐrhma
prosèggishc. To basikì ergaleÐo pou qrhsimopoieÐtai eÐnai mia anisìthta tÔpou Bernstein
apì thn klasik  jewrÐa pijanot twn:

'Estw (gi)N
i=1 anex�rthtec tuqaÐec metablhtèc me se èna q¸ro pijanìthtac

(Ω, µ), oi opoÐec ikanopoioÔn tic

Egi = 0, ‖gi‖L1 ≤ 2, ‖gi‖∞ ≤M, 1 ≤ i ≤ N,

gia k�poia stajer� M > 0. Tìte, gia k�je 0 < ε < 1 isqÔei h anisìthta

Prob

(∣∣∣∣∣
N∑

i=1

gi

∣∣∣∣∣ ≥ Nε

)
≤ 2 exp(−ε2N/8M).

Skopìc mac eÐnai na efarmìsoume thn anisìthta Bernstein gia tic tuqaÐec metablhtèc
gi(x1, . . . , xN ) = |f(xi)|−1, ìpou f ∈ L1(µ) me ‖f‖L1 = 1. To prìblhma me thn efarmog 
thc anisìthtac Bernstein eÐnai h apaÐthsh ìti oi {gi}N

i=1 prèpei na eÐnai fragmènec kai na
èqoun sqetik� mikr  nìrma ston L∞(µ). Se autì to shmeÐo qrhsimopoieÐtai to akìloujo
l mma {allag c puknìthtac}:

'Estw (Ω, µ) q¸roc pijanìthtac kai X n-di�statoc upìqwroc tou L1(Ω, µ).
Tìte, up�rqoun mètro pijanìthtac ν ston Ω kai grammikìc telest c S :
L1(Ω, µ) → L1(Ω, ν) me tic ex c idiìthtec: o periorismìc tou S ston X eÐnai
isometrÐa kai

‖Sf‖L∞(ν) ≤ n‖f‖L1(µ)

gia k�je f ∈ X. Eidikìtera, ‖Sf‖L∞(ν) ≤ n gia k�je f ∈ X me ‖f‖L1(µ) = 1.
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SÔmfwna me to l mma, qwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti
‖f‖L∞(µ) ≤ n gia k�je f ∈ X me ‖f‖L1(µ) = 1, ìpou X o upìqwroc pou eÐqame jewr sei
arqik�. Akolouj¸ntac thn poreÐa pou perigr�yame, odhgoÔmaste sto ex c:

Je¸rhma 8. (Schechtman, 1987) Up�rqei apìluth stajer� c > 0 ¸ste gia k�je
0 < ε < 1

2 kai k�je n-di�stato upìqwro X tou L1 na isqÔei N(X, ε) ≤ cε−2 log ε−1n2.

§5.2. H ektÐmhsh tou Talagrand eÐnai h ex c: up�rqoun apìlutec stajerèc C kai ε0 > 0
¸ste: an X eÐnai ènac n-di�statoc upìqwroc tou L1 kai an 0 < ε < ε0, tìte

N(X, ε) ≤ Cε−2n log(n+ 1).

H apìdeixh qrhsimopoieÐ thn ènnoia thc K-kurtìthtac. Akribèstera, apodeiknÔetai to
ex c:

Je¸rhma 9. (Talagrand, 1990) Up�rqoun apìlutec stajerèc C kai ε0 > 0 ¸ste: an
X eÐnai ènac n-di�statoc upìqwroc tou L1 kai an 0 < ε < ε0, tìte

N(X, ε) ≤ Cε−2K2(X)n.

EÐnai gnwstì ìti, an X eÐnai ènac n-di�statoc upìqwroc tou L1 tìte K(X) ≤
c
√

log(n+ 1), ìpou c > 0 apìluth stajer�. Sunep¸c, h genik  ektÐmhsh eÐnai �mesh
sunèpeia tou Jewr matoc 9.

Gia thn apìdeixh, mporoÔme kat' arq n na upojèsoume ìti o X eÐnai n-di�statoc upì-
qwroc tou `M1 gia k�poion M ∈ N arket� meg�lo (gia par�deigma, apì to prohgoÔmeno
apotèlesma tou Schechtman gnwrÐzoume  dh ìti o X emfuteÔetai sqedìn isometrik� ston
`N1 , ìpou N = O(n2)).

JewroÔme akoloujÐa ε = (ε1, . . . , εM ) anex�rthtwn tuqaÐwn metablht¸n Rademacher
kai orÐzoume ton tuqaÐo telest  Sε : `M1 → `M1 me

Sε(x) = ((1 + ε1)x1, . . . , (1 + εM )xM ).

ParathroÔme ìti o Sε(`M1 ) eÐnai isometrikìc me ton `M ′

1 , ìpou M ′ = card{i : εi = 1} kai
me pijanìthta toul�qiston 1/2 èqoume ìti M ′ ≤ M/2. Gia k�je x ∈ `M1 jewroÔme thn
tuqaÐa metablht  Zx = ‖Sε(x)‖1 − ‖x‖1 kai jètoume

A := sup
x∈X, ‖x‖1≤1

|Zx|.

Tìte, o Tε ikanopoieÐ tic ‖Tε‖ ≤ 1 + A, ‖T−1
ε ‖ ≤ (1− A)−1. 'Etsi, an A ≤ 1/2, èqoume

ìti d(X,Tε(X)) ≤ 1 + 3A.
Sth sunèqeia, qrhsimopoi¸ntac to krit rio sÔgkrishc gia anelÐxeic Rademacher kai

th sÔgkrish thc mèshc tim c tou supremum miac anèlixhc Rademacher kai thc antÐstoiqhc
anèlixhc Gauss, katal goume sto ex c:
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Up�rqoun apìlutec stajerèc α,C > 0 me thn akìloujh idiìthta: An X eÐnai
upìqwroc tou `M1 kai

H := E sup
x∈X, ‖x‖1≤1

∣∣∣∣∣∣
∑
i≤M

gixi

∣∣∣∣∣∣ < α

tìte up�rqoun M ′ ≤M/2 kai Y upìqwroc tou `M ′

1 me d(X,Y ) ≤ 1 + CH.

Gia na qrhsimopoi soume kat�llhla thn parap�nw prìtash ja prèpei na exasfalÐsoume
ìti h posìthta H eÐnai mikr . Autì epitugq�netai me qr sh thc K�kurtìthtac:

'Estw X upìqwroc tou `M1 di�stashc n. Tìte, up�rqoun M ′ ≤ 3M/2 kai
upìqwroc Y tou `M ′

1 isometrikìc me ton X ¸ste

E sup
x∈Y, ‖x‖1≤1

∣∣∣∣∣∣
∑
i≤M

gixi

∣∣∣∣∣∣ ≤ CK(X)
( n
M

)1/2

.

Me diadoqikèc efarmogèc aut¸n twn dÔo prot�sewn paÐrnoume to akìloujo:

Up�rqoun apìlutec stajerèc α,C > 0 ¸ste: an o X eÐnai upìqwroc tou
`M1 di�stashc n, gia ton opoÐo isqÔei K(X)(n/M)1/2 ≤ α, tìte up�rqoun
M ′ ≤ 3M/4 kai upìqwroc Y tou `M ′

1 gia ton opoÐo

d(X,Y ) ≤ 1 + CK(X)(n/M)1/2.

H apìdeixh tou jewr matoc oloklhr¸netai me diadoqikèc epanal yeic thc teleutaÐac prì-
tashc.



Kef�laio 1

ErgaleÐa apì th jewrÐa

pijanot twn

1.1 FjÐnousa anadi�taxh tuqaÐwn metablht¸n

Orismìc 1.1.1 (anadi�taxh sunìlou). 'Estw (Ω,A, P ) q¸roc pijanìthtac kai A ∈ A.
H anadi�taxh tou A sto [0, 1] eÐnai to sÔnolo A∗ = [0, P (A)].

ParathroÔme ìti h sun�rthsh ∗ : A → B([0, 1]) eÐnai monìtonh sunolosun�rthsh: an
A,B ∈ A kai A ⊆ B, tìte A∗ ⊆ B∗.

Skopìc mac eÐnai na orÐsoume th fjÐnousa anadi�taxh miac tuqaÐac metablht c. Gi�
autì to skopì orÐzoume pr¸ta th fjÐnousa anadi�taxh miac qarakthristik c sun�rthshc.

Orismìc 1.1.2. 'Estw A ∈ A. H fjÐnousa anadi�taxh thc χA eÐnai h χ∗A : [0, 1] → R me
χ∗A = χA∗ . Gia th genik  perÐptwsh t¸ra: an f : Ω → R eÐnai tuqaÐa metablht  orÐzoume
f∗ : [0, 1] → R wc ex c:

f∗(x) =
∫ ∞

0

χ∗{|f |>t}(x) dt =
∫ ∞

0

χ{|f |>t}∗(x) dt,(1.1)

ìpou to olokl rwma up�rqei efìson gia stajerì x ∈ [0, 1] h sun�rthsh t 7→ χ{|f |>t}∗(x)
eÐnai fjÐnousa kai �ra Borel metr simh.

Oi idiìthtec thc f∗ perigr�fontai sto akìloujo l mma:

L mma 1.1.3. 'Estw f, g : (Ω,A, P ) → R tuqaÐec metablhtèc. Tìte isqÔoun ta akìlou-
ja:
(a) f∗ ≥ 0.
(b) H f∗ eÐnai fjÐnousa.
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(g) {x : f∗(x) > s} = {x : |f(x)| > s}∗ kai �ra h f∗ eÐnai metr simh.
(d) An |f | ≤ |g| tìte f∗ ≤ g∗.
(e) An 1 ≤ p <∞, tìte ‖f‖p = ‖f∗‖p.
(st)

∫
Ω
|fg| dP ≤

∫ 1

0
f∗g∗ dλ.

Apìdeixh. (a) 'Ameso apì ton orismì.
(b) 'Estw 0 ≤ x < y ≤ 1. An t > 0 kai y ∈ {|f | > t}∗, tìte x ∈ {|f | > t}∗. 'Ara,

χ{|f |>t}∗(y) ≤ χ{|f |>t}∗(x),

gia k�je t > 0.
(g) IsqÔei h isodunamÐa:

f∗(x) > s⇐⇒
∫ ∞

0

χ{|f |>t}∗(x) dt > s⇐⇒ x ∈ {|f | > s}∗.

(d) 'Epetai �mesa apì to (g).
(e) An 1 ≤ p <∞ èqoume diadoqik� me pr�xeic:

‖f‖p
p =

∫ ∞

0

ptp−1P (|f | > t) dt =
∫ ∞

0

ptp−1λ(f∗ > t) dt = ‖f∗‖p
p.

(st) Gr�foume∫
Ω

|fg| dP =
∫ ∞

0

∫ ∞

0

∫
Ω

χ{|f |>t}(ω)χ{|g|>s}(ω) dP (ω)dtds.

'Omoia paÐrnoume∫ 1

0

f∗g∗ dλ =
∫ ∞

0

∫ ∞

0

∫ 1

0

χ{f∗>t}(x)χ{f∗>s}(x) dλ(x)dtds.

ArkeÐ na deÐxoume ìti gia k�je t, s > 0 isqÔei:

λ ({f∗ > t} ∩ {g∗ > s}) ≥ P ({|f | > t} ∩ {|g| > s}) .

All� eÐnai {f∗ > t} = {|f | > t}∗, opìte ta {f∗ > t}, {g∗ > s} eÐnai diast mata thc
morf c [0, a] �ra k�poio perièqetai sto �llo. 'Etsi,

λ({f∗ > t} ∩ {g∗ > s}) = min{λ(f∗ > t), λ(g∗ > s)}
= min{P (|f | > t), P (|g| > s)}
≥ P ({|f | > t} ∩ {|g| > s}) .

H apìdeixh èqei oloklhrwjeÐ. 2
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1.2 Martingales

Se aut  thn Par�grafo dÐnoume pr¸ta touc basikoÔc orismoÔc thc desmeumènhc mèshc
tim c kai tou martingale se ènan q¸ro pijanìthtac (Ω,F , P ). Sth sunèqeia apodeiknÔ-
oume mia gnwst  anisìthta gia martingales, thn anisìthta tou Azuma. Tèloc, parousi�-
zoume san efarmog  thc, mia anisìthta sugkèntrwshc tou Maurey gia th summetrik 
om�da.

Sto Kef�laio 2 ja qrhsimopoi soume dÔo parallagèc aut¸n twn apotelesm�twn. H
pr¸th ofeÐletai ston Pisier kai dÐnei beltiwmènh èkdosh thc anisìthtac tou Azuma, en¸
h deÔterh eÐnai mia anisìthta apìklishc apì th mèsh tim , sto pneÔma tou jewr matoc tou
Maurey, pou ja paÐxei basikì rìlo sto je¸rhma emfÔteushc twn Johnson–Schechtman.
Parousi�zoume ed¸ tic apodeÐxeic aut¸n twn dÔo Prot�sewn.

Orismìc 1.2.1 (desmeumènh mèsh tim ). 'Estw (Ω,F , P ) ènac q¸roc pijanìthtac.
An G eÐnai mia upo-σ-�lgebra thc F kai an f ∈ L1(Ω,F , P ), tìte h sunolosun�rthsh

µ(A) =
∫

A

fdP, A ∈ G(1.2)

orÐzei èna mètro sthn G, to opoÐo eÐnai apolÔtwc suneqèc wc proc to P |G . Apì to je¸rhma
Radon–Nikodym, up�rqei monadik  h ∈ L1(Ω,G, P ) me thn idiìthta∫

A

hdP =
∫

A

fdP(1.3)

gia k�je A ∈ G. H h onom�zetai desmeumènh mèsh tim  thc f wc proc thn G kai sum-
bolÐzetai me h = E(f |G).

Basikèc idiìthtec thc desmeumènhc mèshc tim c eÐnai oi ex c:

L mma 1.2.2. (a) O telest c f 7→ E(f |G) eÐnai jetikìc, grammikìc kai èqei nìrma 1 se
k�je Lp, 1 ≤ p ≤ ∞.

(b) An G1 eÐnai mia upo-σ-�lgebra thc G, tìte E(E(f |G)|G1) = E(f |G1).
(g) An g ∈ L∞(Ω,G, P ) tìte E(f · g|G) = g · E(f |G).
(d) An G = {∅,Ω} eÐnai h tetrimmènh σ-�lgebra, tìte h E(f |G) eÐnai stajer  kai

isoÔtai me th mèsh tim  thc f :

E(f |G) = Ef =
∫
fdP.(1.4)

Apìdeixh. (a) H grammikìthta èpetai �mesa apì ton orismì thc desmeumènhc mèshc tim c.
DeÐqnoume ìti eÐnai jetikìc: An f ∈ L1(Ω,A, P ) kai f ≥ 0, tìte up�rqei h ∈ L1(Ω,G, P )
¸ste ∫

A

h dP =
∫

A

f dP ≥ 0
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gia k�je A ∈ G. An jewr soume En = {ω : h(ω) ≤ − 1
n} èqoume ìti En ∈ G kai

0 ≤
∫

En

f dP =
∫

En

h dP ≤ − 1
n
P (En),

ap� ìpou èpetai ìti P (En) = 0. 'Ara,

P (ω : h(ω) < 0) = P

( ∞⋃
n=1

En

)
= 0.

Apì to gegonìc ìti o telest c T (f) = E(f |G) eÐnai jetikìc kai grammikìc èpetai ìti eÐnai
monìtonoc: an f, g ∈ L1(Ω,A, P ) me f ≤ g, tìte E(f |G) ≤ E(g|G). Eidikìtera, èpetai ìti

|E(f |G)| ≤ E(|f ||G)(1.5)

gia k�je f ∈ L1(Ω,A, P ). Tìte, h desmeumènh mèsh tim  T : L1 → L1 eÐnai fragmènoc
telest c nìrmac 1. Pr�gmati;

‖E(f |G)‖1 =
∫
|E(F |G)| dP ≤

∫
E(|f ||G) dP =

∫
|f | dP = ‖f‖1,(1.6)

ìpou sthn proteleutaÐa isìthta èqoume qrhsimopoi sei ton orismì thc desmeumènhc mèshc
tim c. EpÐshc, eÐnai E(1|G) = 1. Apì thn anisìthta Hölder èpetai ìti Lp ⊆ L1 gia k�je
1 ≤ p ≤ ∞. Epomènwc, an f ∈ L∞, tìte

|E(f |G)| ≤ E(|f ||G) ≤ E(‖f‖∞|G) = ‖f‖∞.(1.7)

Sunep¸c, gia k�je f ∈ L∞ èpetai ìti kai E(f |G) ∈ L∞ kai m�lista ‖E(f |G)‖∞ ≤ ‖f‖∞.
M� �lla lìgia h desmeumènh mèsh tim  T : L∞ → L∞ eÐnai kal� orismènoc telest c
nìrmac 1. Tèloc, autì pou mènei na deÐxoume eÐnai ìti o T : Lp → Lp eÐnai epÐshc kal�
orismènoc. Autì èpetai apì ton akìloujo isqurismì1:
Isqurismìc. 'Estw f ∈ L1 kai ϕ : R → R kurt  ¸ste E|ϕ(f)| <∞. Tìte isqÔei

ϕ(E(f |G)) ≤ E(ϕ(f)|G).(1.8)

Apìdeixh tou isqurismoÔ. EÐnai gnwstì ìti up�rqoun akoloujÐec pragmatik¸n arijm¸n
(an), (bn) ¸ste ϕ(x) = supn(anx+ bn) gia k�je x ∈ R. Tìte, gia k�je n ∈ N isqÔei

anf(x) + bn ≤ ϕ(f(x))

sqedìn pantoÔ. 'Epetai ìti gia k�je n ∈ N up�rqei En ∈ G me P (En) = 0 kai

anE(f |G) + bn ≤ E(ϕ(f)|G)
1To sumpèrasma autì prokÔptei kai apì to je¸rhma parembol c tou Marcinkiewicz (prbl. [3]).
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gia k�je x ∈ Ω \ En. An jèsoume E = ∪∞n=1En, tìte P (E) = 0 kai an x ∈ Ω \ E eÐnai

anE(f |G) + bn ≤ E(ϕ(f)|G)

gia k�je n ∈ N. Opìte paÐrnontac supremum wc proc n èqoume ìti

ϕ(E(f |G)) ≤ E(ϕ(f)|G)

sqedìn gia k�je x ∈ Ω. Efarmìzontac aut n thn anisìthta gia thn ϕ(t) = |t|p èqoume
ìti

|E(f |G)|p ≤ E(|f |p|G)

kai oloklhr¸nontac brÐskoume ìti ‖E(f |G)‖p ≤ ‖f‖p gia k�je f ∈ Lp.
(b) 'Estw g = E(f |G). Tìte gia k�je A ∈ G isqÔei

∫
A
f dP =

∫
A
g dP . An B ∈ G1 ⊆ G

tìte èqoume
∫

B
g dP =

∫
B
f dP . Apì ton orismì èpetai ìti E(g|G1) = E(f |G1).

(g) ArkeÐ na to deÐxoume gia qarakthristikèc sunart seic pou eÐnai G-metr simec. Gia
g = χA kai A,B ∈ G èqoume∫

B

E(fg|G) dP =
∫

B

fg dP =
∫

A∩B

f dP =
∫

A∩B

E(f |G) dP =
∫

B

gE(f |G) dP.

'Etsi, E(fg|G) = gE(f |G), efìson χAE(f |G) ∈ L1(Ω,G, P ).
(d) 'Ameso apì ton orismì. 2

Orismìc 1.2.3 (martingale). 'Estw F0 ⊆ F1 ⊆ . . . ⊆ F mia akoloujÐa σ-algebr¸n.
Mia akoloujÐa f0, f1, . . . sunart sewn fi ∈ L1(Ω,Fi, P ) lègetai martingale wc proc thn
{Fi} an E(fi|Fi−1) = fi−1 gia k�je i ≥ 1.

1.2.1 Anisìthta tou Azuma

H anisìthta tou Azuma dÐnei ektÐmhsh thc pijanìthtac apìklishc miac fragmènhc sun�rthsh-
c apì thn mèsh tim  thc.

Prìtash 1.2.4. 'Estw f ∈ L∞(Ω,F , P ) kai èstw {∅,Ω} = F0 ⊆ F1 ⊆ F2 ⊆ . . . ⊆
Fn = F mia akoloujÐa σ-algebr¸n. Jètoume di = E(f |Fi) − E(f |Fi−1), i = 1, . . . , n.
Tìte, gia k�je t > 0 èqoume

P (|f − Ef | ≥ t) ≤ 2 exp

(
−t2/4

n∑
i=1

‖di‖2∞

)
.(1.9)

Apìdeixh. ParathroÔme pr¸ta ìti h akoloujÐa {E(f |Fi)}n
i=0 eÐnai martingale wc proc

{Fi}n
i=0. Pr�gmati, èqoume

E(E(f |Fi)|Fi−1) = E(f |Fi−1)(1.10)
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kai E(f |Fi) ∈ L1(Ω,Fi, P ) apì ton orismì thc desmeumènhc mèshc tim c. Epiplèon, èqoume
E(di|Fi−1) = 0 gia k�je i ≥ 1:

E(di|Fi−1) = E
(
E(f |Fi)− E(f |Fi−1)|Fi−1

)
= E(E(f |Fi)|Fi−1)− E

(
E(f |Fi−1)|Fi−1

)
= E(f |Fi−1)− E(f |Fi−1) = 0.

SugkrÐnontac tic dunamoseirèc twn ex kai ex2/2 blèpoume ìti ex ≤ x+ex2 gia k�je x ∈ R.
AfoÔ o telest c f 7→ E(f |F) eÐnai jetikìc, sumperaÐnoume oti gia k�je λ ∈ R

E(eλdk |Fk−1) ≤ E(λdk|Fk−1) + E(eλ2d2
k | Fk−1).(1.11)

Apì th grammikìthta thc f 7→ E(f |Fk−1) èqoume E(λdk|Fk−1) = λE(dk|Fk−1) = 0.
EpÐshc, èqoume upojèsei ìti f ∈ L∞(Ω,F , P ), �ra k�je dk ∈ L∞(Ω,Fk, P ). Sunep¸c,

E(eλdk |Fk−1) ≤ E(eλ2d2
k | Fk−1) ≤ E(eλ2‖dk‖2∞ |Fk−1) = eλ2‖dk‖2∞ .(1.12)

Isqurismìc. IsqÔei h anisìthta

E
(
e
∑n

i=1 λdi

)
≤ eλ2 ∑n

i=1 ‖di‖2∞ .(1.13)

Apìdeixh. Me epagwg  deÐqnoume ìti E (eλ
∑k

j=1 dj ) ≤ e
∑k

j=1 λ2‖dj‖2 gia k�je k ≤ n: Gia
k = 1 èqoume E (eλd1) = E

[
E (eλd1 |F0)

]
≤ eλ2‖d1‖2∞ . Upojètoume ìti

E (eλ
∑k

j=1 dj ) ≤ e
∑k

j=1 λ2‖dj‖2(1.14)

gia k�poion k < n. AfoÔ e
∑k

j=1 λdj ∈ L∞(Ω,Fk, P ), apì to L mma 1.2.2(g) paÐrnoume

E(e
∑k

j=1 λdjeλdk+1 |Fk) = e
∑k

j=1 λdj E(eλdk+1 |Fk).(1.15)

Qrhsimopoi¸ntac kai thn epagwgik  upìjesh èqoume:

E (eλ
∑k+1

j=1 dj ) = E
[
E (e

∑k
j=1 λdjeλdk+1 | Fk)

]
= E

[
e
∑k

j=1 λdj E (eλdk+1 | Fk)
]

≤ E
[
e
∑k

j=1 λdjeλ2‖dk+1‖2∞
]

= eλ2‖dk+1‖2∞E (e
∑k

j=1 λdj )

≤ eλ2‖dk+1‖2∞eλ2 ∑k
j=1 ‖di‖2∞

= eλ2 ∑k+1
j=1 ‖dj‖2∞ .
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Gia k�je λ > 0 èqoume

P (f − Ef ≥ t) = P (E(f |Fn)− E(f |F0) ≥ t)

= P

 n∑
j=1

dj ≥ t


≤ E eλ

∑n
j=1 dj−λt

≤ eλ2 ∑n
j=1 ‖dj‖2∞−λt.

Elaqistopoi¸ntac wc proc λ blèpoume ìti

P (f − Ef ≥ t) ≤ exp

−t2/4 n∑
j=1

‖dj‖2∞

 .(1.16)

Efarmìzontac to Ðdio epiqeÐrhma gia thn −f , paÐrnoume

P (−f + Ef ≥ t) ≤ exp

−t2/4 n∑
j=1

‖dj‖2∞

 .(1.17)

Sundu�zontac tic dÔo anisìthtec paÐrnoume to zhtoÔmeno. 2.
Ja qrhsimopoi soume mia beltiwmènh èkdosh thc anisìthtac tou Azuma (h parat rhsh

aut  ofeÐletai ston Pisier).

Orismìc 1.2.5 (asjen c `p-nìrma). Gia k�je 1 ≤ p <∞ kai gia k�je x = (x1, . . . , xn) ∈
Rn orÐzoume

‖x‖p,∞ = max
1≤i≤n

(
x∗i i

1/p
)
,(1.18)

ìpou (x∗1, . . . , x
∗
n) eÐnai h fjÐnousa anadi�taxh thc (|xi|)n

i=1.

Prìtash 1.2.6. 'Estw f ∈ L∞(Ω,F , P ) kai èstw {∅,Ω} = F0 ⊆ F1 ⊆ F2 ⊆ . . . ⊆
Fn = F mia akoloujÐa σ-algebr¸n. Jètoume di = E(f |Fi) − E(f |Fi−1), i = 1, . . . , n.
Tìte, gia k�je 1 < p < 2 kai gia k�je t > 0 èqoume

P (|f − Ef | ≥ t) ≤ 2 exp
(
−δptq/‖d‖q

p,∞
)
,(1.19)

ìpou d = (‖di‖∞)n
i=1, 1

p + 1
q = 1 kai δp = (2− p)/8p(q + 1)q.

Apìdeixh. QwrÐc periorismì thc genikìthtac upojètoume ìti ‖d‖p,∞ = 1 kai epilègoume
met�jesh π : [n] → [n] ¸ste

‖dπ(i)‖∞ = d∗i , i = 1, . . . , n.(1.20)
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Apì ton orismì thc ‖ · ‖p,∞ èpetai ìti

‖dπ(i)‖∞ ≤ i−1/p, i = 1, . . . , n.(1.21)

ParathroÔme ìti, gia k�je N ≤ n,

P

(∣∣∣∣∣
n∑

i=1

di

∣∣∣∣∣ ≥ (q + 1)N1/q

)
≤ P

(∣∣∣∣∣
N∑

i=1

dπ(i)

∣∣∣∣∣ ≥ qN1/q

)
+ P

(∣∣∣∣∣
n∑

i=N+1

dπ(i)

∣∣∣∣∣ ≥ N1/q

)

kai ∣∣∣∣∣
N∑

i=1

dπ(i)

∣∣∣∣∣ ≤
N∑

i=1

‖dπ(i)‖∞ ≤
N∑

i=1

i−1/p <

∫ N

0

x−1/pdx = qN1/q.(1.22)

Apì thn Prìtash 1.2.4 èpetai ìti

P

(∣∣∣∣∣
n∑

i=1

di

∣∣∣∣∣ ≥ (q + 1)N1/q

)
≤ P

(∣∣∣∣∣
n∑

i=N+1

dπ(i)

∣∣∣∣∣ ≥ N1/q

)

≤ 2 exp

(
−N2/q/

[
4

n∑
k=N+1

‖dπ(i)‖2∞

])
≤ 2 exp

(
−N2/q(2/p− 1)/

[
4N1−2/p

])
= 2 exp (−(2− p)N/(4p)) .

DiakrÐnoume dÔo peript¸seic: (a) An t ≥ q + 1 epilègoume N =
[(

t
q+1

)q]
. Tìte,

N ≤
(

t

q + 1

)q

≤ 2N,(1.23)

kai

P

(∣∣∣∣∣
n∑

i=1

di

∣∣∣∣∣ ≥ t

)
≤ P

(∣∣∣∣∣
n∑

i=1

di

∣∣∣∣∣ ≥ (q + 1)N1/q

)
≤ 2 exp (−(2− p)N/(4p)) ≤ 2 exp (−(2− p)tq/(8p(q + 1)q)) .

(b) An t ≤ q + 1 tìte

2 exp (−(2− p)tq/(8p(q + 1)q)) ≥ 2 exp (−(2− p)/(8p)) ≥ 2e−1/8 > 1,(1.24)

opìte h anisìthta thc Prìtashc isqÔei oÔtwc   �llwc kat� tetrimmèno trìpo. 2
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1.2.2 Sugkèntrwsh tou mètrou sthn Sn

JewroÔme thn oikogèneia Sn twn metajèsewn tou sunìlou [n] := {1, 2, . . . , n} me metrik 
thn d(σ, τ) = 1

n |{i : σ(i) 6= τ(i)}| kai me to omoiìmorfo mètro P pou dÐnei m�za 1
n! se k�je

met�jesh.

Prìtash 1.2.7. 'Estw f : Sn → R sun�rthsh Lipschitz me stajer� 1. Tìte,

P (|f − Ef | ≥ t) ≤ 2e−t2n/16

gia k�je t > 0.

Apìdeixh. 'Estw Fj h �lgebra pou par�getai apo ta sÔnola

Ai1,...,ij = {σ : σ(1) = i1, . . . , σ(j) = ij}

ìpou i1, . . . , ij diakekrimèna stoiqeÐa tou {1, . . . , n}. JewroÔme thn akoloujÐa

{∅, Sn} = F0 ⊆ F1 ⊆ . . . ⊆ Fn = 2Sn .

Tìte, Fj ⊆ Fj+1 gia k�je j = 0, 1, . . . , n − 1. Pr�gmati, k�je �tomo thc Fj gr�fetai
sth morf 

Ai1,i2,...,ij
=

⋃
k∈[n]\{i1...,ij}

Ai1,i2,...,ij ,k,

dhlad  an kei sthn Fj+1.
'Estw f : Sn → R sun�rthsh Lipschitz me stajer� 1 kai èstw (fj)n

j=0 to martingale
fj = E(f |Fj) pou ep�getai apo thn f .

L mma 1.2.8. Gia k�je �tomo A = Ai1,i2,...,ij
thc Fj kai k�je zeug�ri atìmwn B =

Ai1,i2,...,ij ,r kai C = Ai1,...,ij ,s thc Fj+1 pou perièqontai sto A, mporoÔme na broÔme mia
1− 1 kai epÐ apeikìnish φ : B → C ¸ste d(b, φ(b)) ≤ 2

n gia k�je b ∈ B.

Apìdeixh. 'Estw π h met�jesh pou antimetajètei ta r kai s kai af nei amet�blhta ta
upìloipa stoiqeÐa tou {1, . . . , n}. OrÐzoume φ : B → C me φ(σ) = π ◦ σ.

Tìte, φ(σ)(i) = σ(i) gia i 6= j + 1 kai i 6= σ−1(s). An i = j + 1 tìte φ(σ)(j + 1) =
π ◦ σ(j + 1) = π(r) = s kai an i = σ−1(s) tìte φ(σ)(i) = π(s) = r. 'Ara,

d(b, φ(b)) ≤ 2
n
.(1.25)

H φ eÐnai ex orismoÔ 1-1 kai afoÔ |B| = |C| èpetai oti h φ eÐnai epÐ. 2

StajeropoioÔme A,B,C ìpwc sto L mma 1.2.8. AfoÔ ta B,C eÐnai �toma thc Fj+1,
h fj+1 eÐnai stajer  sta B,C. 'Eqoume∫

B

E(f |Fj+1)dP =
∫

B

fdP =
1
n!

∑
σ∈B

f(σ).(1.26)
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'Omwc h fj+1 = E(f |Fj+1) eÐnai stajer  sto B, �ra

fj+1|B ≡ 1
P (B)

1
n!

∑
σ∈B

f(σ) =
1
|B|

∑
σ∈B

f(σ).(1.27)

'Omoia deÐqnoume oti fj+1|C = 1
|C|
∑

σ∈C f(σ). Gr�foume

fj+1|C =
1
|C|

∑
σ∈C

f(σ) =
1

|φ(B)|
∑
σ∈B

f(φ(σ)) =
1
|B|

∑
σ∈B

f(φ(σ)),(1.28)

ìpou φ h sun�rthsh tou L mmatoc 1.2.8. AfoÔ h f eÐnai sun�rthsh Lipschitz me stajer�
1,

|fj+1|B − fj+1|C| ≤ 1
|B|

∑
σ∈B

|f(σ)− f(φ(σ))| ≤ 1
|B|

∑
σ∈B

d(σ, φ(σ))

≤ 1
|B|

∑
σ∈B

2
n

=
2
n
.

'Epetai ìti |fj+1|B − fj |A| ≤ 2
n . Pr�gmati, èqoume

|A| =

∣∣∣∣∣∣
⋃

s 6∈{i1,...,ij}

Ai1,...,ij ,s

∣∣∣∣∣∣ =
∑

s 6∈{i1,...,ij}

|Ai1,i2,...,ij ,s| = (n− j)|C|.(1.29)

Tìte,

fj |A =
1
|A|

∑
σ∈A

f(σ) =
1

(n− j)|C|
∑

s 6∈{i1,...,ij}

∑
σ∈Ai1,...,ij ,s

f(σ)

=
1

(n− j)|C|
∑
C⊆A

∑
σ∈C

f(σ) =
1

n− j

∑
C⊆A

fj+1|C.

Sunep¸c,

|fj+1|B − fj |A| =
∣∣∣∣fj+1|B − 1

n− j

∑
C⊆A

fj+1|C
∣∣∣∣ = ∣∣∣∣ ∑

C⊆A

1
n− j

(fj+1|B − fj+1|C)
∣∣∣∣

≤
∑
C⊆A

1
n− j

|fj+1|B − fj+1|C| ≤
∑
C⊆A

1
n− j

2
n

=
2
n
.

'Eqoume Ω =
⋃
Bi ìpou Bi ∈ Fj+1. Ja deÐxoume oti |dj+1|Bi| ≤ 2

n , ìpou oi dj orÐzontai
ìpwc sthn anisìthta tou Azuma. Pr�gmati,

|dj+1|Bi| = |fj+1|Bi − fj |Bi| = |fj+1|Bi − fj |Ai| ≤
2
n

(1.30)
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ìpou Ai to �tomo thc Fj pou perièqei to Bi. 'Ara,

‖dj+1‖∞ ≤ 2
n
.(1.31)

H f profan¸c an kei ston L∞(Sn,Fn, P ), �ra h prohgoÔmenh anisìthta kai h anisìthta
tou Azuma dÐnoun

P (|f − Ef | ≥ t) ≤ 2e−t2n/16(1.32)

gia k�je t > 0. 2

Oi Johnson–Schechtman qrhsimopoioÔn mia parallag  autoÔ tou epiqeir matoc gia na
deÐxoun antÐstoiqh anisìthta apìklishc gia sunart seic f oi opoÐec orÐzontai ston q¸ro
pijanìthtac Ω = {−1, 1}nm × [Sn]m (me to omoiìmorfo mètro pijanìthtac) kai èqoun
sugkekrimènh morf .

Prìtash 1.2.9 (Johnson–Schechtman, 1981). 'Estw 1 < p < 2, b = (b1, . . . , bm) ∈
Rm kai a1 ≥ a2 ≥ · · · ≥ an ≥ 0. OrÐzoume f : Ω = {−1, 1}nm × [Sn]m → R me

f(ε̄, π̄) =

∥∥∥∥∥∥
m∑

j=1

bj

n∑
i=1

εijaieπj(i)

∥∥∥∥∥∥
1

.(1.33)

Tìte,

P (|f − E f | ≥ t) ≤ 2 exp
(
−4qδp t

q‖(aibj)‖−q
p,∞
)

(1.34)

gia k�je t > 0, ìpou 1
p + 1

q = 1 kai δp = (2− p)/8p(q + 1)q.

Apìdeixh. Jètoume L = [n]× [m] kai orÐzoume thn dexi� lexikografik  grammik  di�taxh
sto {0} ∪ L:

0 < (1, 1) < (2, 1) < · · · < (n, 1) < (1, 2) < · · · < (n, 2) < (1, 3) < · · ·

Dhlad , (l, k) < (i, j) an k < j   k = j kai l < i.
OrÐzoume t¸ra mia aÔxousa akoloujÐa algebr¸n sto Ω me deÐktec sto L, wc ex c:

jètoume F0 = {∅,Ω} kai gia k�je (i, j) ∈ L jewroÔme thn �lgebra F(i,j) pou èqei san
�toma ekeÐna ta uposÔnola tou Ω pou èqoun stoiqeÐa me stajer  tim  gia ta εlk kai πk(l)
ìtan (l, k) ≤ (i, j). H oikogèneia {Fu : u ∈ {0} ∪ L} eÐnai aÔxousa (wc proc thn ≤) kai
F0 = {∅,Ω}, F(n,m) = 2Ω.

Gia k�je (i, j) ∈ L sumbolÐzoume me (i, j)′ to amèswc prohgoÔmeno stoiqeÐo tou (i, j)
sto {0} ∪ L kai orÐzoume

dij = E (f | F(i,j))− E (f | F(i,j)′).(1.35)
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L mma 1.2.10. Gia k�je (i, j) ∈ L,
‖d(i,j)‖∞ ≤ 4|aibj |.(1.36)

Apìdeixh. 'Estw (i, j) ∈ L. StajeropoioÔme èna �tomo A thc F(i,j)′ kai jewroÔme
thn oikogèneia A ìlwn twn atìmwn thc F(i,j) pou perièqontai sto A. Sto A èqoume
E (f | F(i,j)′) = Ave{f(ε̄, π̄) : (ε̄, π̄) ∈ A} kai se k�je B ∈ A èqoume E (f | F(i,j)) =
Ave{f(ε̄, π̄) : (ε̄, π̄) ∈ B}. Sunep¸c, an deÐxoume ìti

|AveBf −AveCf | ≤ 4|aibj |(1.37)
gia k�je B,C ∈ A, tìte sto A ja èqoume

|E (f | F(i,j))− E (f | F(i,j)′)| ≤ 4|aibj |(1.38)
(me èna epiqeÐrhma parìmoio me ekeÐno thc apìdeixhc thc Prìtashc 1.2.8). 'Estw B,C ∈ A.
Ta B kai C perièqontai sto A, �ra ta stoiqeÐa touc èqoun thn Ðdia stajer  tim  gia ta
εlk kai πk(l) ìtan (l, k) ≤ (i, j). EpÐshc, up�rqoun εB , εC ∈ {−1, 1} kai s, t ∈ [n] ¸ste:
gia k�je (ε̄, π̄) ∈ B èqoume

εij = εB kai πj(i) = s,

en¸ gia k�je (ε, π) ∈ C èqoume
εij = εC kai πj(i) = t.

OrÐzoume φ : B → C me φ(ε̄, π̄) = (ε̄∗, π̄∗), ìpou:
• ε∗uv = εuv an (u, v) 6= (i, j) kai ε∗ij = εC ,

• (i) π∗j (i) = t, (ii) π∗v(u) = s an v = j kai πj(u) = t, (iii) π∗v(u) = πv(u) alli¸c.
'Estw (ε̄, π̄) ∈ B. Up�rqei monadikìc z ∈ [n] ¸ste πj(z) = t. An t = s tìte z = i en¸
an t 6= s tìte z > i (diìti π∗j (y) = πj(y) an y < i kai π∗j (i) = t). 'Eqoume upojèsei ìti
a1 ≥ a2 ≥ · · · ≥ an ≥ 0, �ra ai ≥ az ≥ 0. Apì thn trigwnik  anisìthta blèpoume ìti

|f(ε̄, π̄)− f(φ(ε̄, π̄))| =

∥∥∥∥∥
m∑

w=1

n∑
y=1

(bwεywayeπw(y) − bwε
∗
ywayeπ∗w(y))

∥∥∥∥∥
1

= ‖bjεBaies − bjεCaiei + bjεzjazet − bjεzjazes‖1
≤ 2|bj |

(
ai + az

)
≤ 4|bj | ai = 4|aibj |.

PaÐrnontac ton mèso ìro p�nw apì ìla ta (ε̄, π̄) ∈ B katal goume sthn (1.33). 2

Apì to L mma 1.2.10 kai thn Prìtash 1.2.6 sumperaÐnoume ìti
P (|f − E f | ≥ t) ≤ 2 exp

(
−δptq/‖d‖q

p,∞
)
,(1.39)

ìpou
‖d‖p,∞ ≤ 4‖(aibj)‖p,∞.(1.40)

Autì apodeiknÔei thn (1.34). 2
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1.3 TuqaÐec metablhtèc se q¸rouc me nìrma

1.3.1 p–stable metablhtèc
Orismìc 1.3.1. Mia tuqaÐa metablht  g se èna q¸ro pijanìthtac (Ω,A, P ) lègetai
summetrik  p�stable, gia k�poio 0 < p ≤ 2, an

Eeitg =
∫

Ω

exp(it · g(ω)) dP (ω) = e−cp|t|p

gia k�poio cp > 0 kai gia k�je t ∈ R.

H apìdeixh thc Ôparxhc p–stable metablht¸n sthrÐzetai se mejìdouc an�lushc Fourier
kai ofeÐletai ston Levy (1923). Sthn pragmatikìthta, up�rqoun tètoiec tuqaÐec metabl-
htèc mìnon gia tic timèc p ∈ (0, 2], en¸ apì to krit rio tou Pólya gia qarakthristikèc
sunart seic apodeiknÔetai ìti den up�rqoun tètoiec gia p > 2.

Gia p = 2, h 2-stable tuqaÐa metablht  eÐnai h gnwst  tupik  kanonik  tuqaÐa metabl-
ht , en¸ gia p = 1 eÐnai h gnwst  tuqaÐa metablht  tou Cauchy.

Ja qrhsimopoi soume dÔo basikèc idiìthtec twn p�stable metablht¸n:
(a) Up�rqei stajer� C > 0 pou exart�tai mìno apì to c kai to p, ¸ste

P (|g| > t) ≤ Ct−p, t > 0.

(b) K�je summetrik  p�stable metablht  an kei ston Lr(Ω) gia ìla ta 0 < r < p, all�
ìqi ston Lp(Ω).

Oi p�stable metablhtèc autèc paÐzoun basikì rìlo sth melèth twn q¸rwn Lp, 1 <
p ≤ 2. Eidikìtera, mporoÔn na qrhsimopoihjoÔn gia na emfuteÔsoume isometrik� ton
`p, 1 < p ≤ 2 ston L1. Pr�gmati: an g1, g2, . . . eÐnai akoloujÐa anex�rthtwn tuqaÐwn
p�stable metablht¸n me thn Ðdia katanom  (autì shmaÐnei ìti to cp ston orismì eÐnai to
Ðdio gia ìlec tic gi) kai (aj)1≤j≤n pragmatikoÐ arijmoÐ, tìte

E exp(it
n∑

j=1

ajgj) =
n∏

j=1

E exp(itajgj) =
n∏

j=1

exp(−cp|t|p|aj |p) = E exp(−cp|t|p
n∑

j=1

|aj |p).

Apì to gegonìc ìti h katanom  miac tuqaÐac metablht c eÐnai pl rwc kajorismènh apì thn
qarakthristik  thc sun�rthsh èpetai ìti oi metablhtèc

∑n
j=1 ajgj kai (

∑n
j=1 |aj |p)1/pg1

èqoun thn Ðdia katanom . 'Ara, eÐnai∥∥∥∥∥∥
n∑

j=1

ajgj

∥∥∥∥∥∥
1

=

 n∑
j=1

|aj |p
1/p

‖g1‖1,

gia k�je n kai gia k�je n��da suntelest¸n (aj)j≤n. M� �lla lìgia o upìqwroc pou
par�goun oi (gj)∞j=1 mèsa ston L1 eÐnai isometrikìc me ton `p.
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Ap� autì èpetai (me k�poia teqnik� epiqeir mata) ìti gia k�je ε > 0 kai gia k�je
k ∈ N, up�rqoun n = n(ε, k, p) kai k�di�statoc upìqwroc Y tou `n1 me d(`kp, Y ) < 1 + ε.
H ektÐmhsh pou prokÔptei gia th di�stash n, me autoÔ tou eÐdouc ta epiqeir mata, eÐnai
ekjetik  wc proc k kai den eÐnai ikanopoihtik . 'Opwc ja doÔme argìtera, to n mporeÐ na
epilegeÐ thc t�xhc tou k.

1.3.2 Gaussian metablhtèc
Orismìc 1.3.2. 'Estw (Ω,A, P ) q¸roc pijanìthtac kai E q¸roc Banach. Mia tuqaÐa
metablht  X : Ω → E lègetai Gaussian an gia k�je ξ ∈ E∗, h pragmatik  tuqaÐa
metablht  ξ∗(X) eÐnai kanonik  (summetrik ).

EÐnai gnwstì ìti mia Gaussian tuqaÐa metablht  X èqei peperasmènec ropèc k�je
t�xhc, dhlad : E‖X‖p < ∞ gia k�je 0 < p < ∞. Mia epÐshc shmantik  ènnoia gia th
melèth twn Gaussian tuqaÐwn metablht¸n eÐnai aut  twn asjen¸n rop¸n:

σ(X) = sup{(E|ξ(X)|2)1/2 : ξ ∈ E∗, ‖ξ‖ ≤ 1}.

EpÐshc, mia akìmh ènnoia, h opoÐa ja paÐxei shmantikì rìlo sthn pijanojewrhtik  apìdeix-
h tou jewr matoc tou Dvoretzky eÐnai h ènnoia thc di�stashc thc X:

d(X) =
(

E‖X‖2

σ2(X)

)
.

EÐnai profanèc apì ton trìpo orismoÔ ìti isqÔei σ(X) ≤ (E‖X‖2)1/2 kai �ra gia th
di�stash isqÔei d(X) ≥ 1. EpÐshc, eÐnai eÔkolo na elegqjeÐ ìti d(X) ≤ dim(E).

Je¸rhma 1.3.3. 'Estw X : (Ω,P) → E = (Rn, ‖·‖) mia Gaussian tuqaÐa metablht  thc
morf c X =

∑m
i=1 gizi, ìpou (gi)i≤m anex�rthtec, tupikèc, kanonikèc t.m kai zi ∈ Rn.

Tìte, gia k�je t > 0 isqÔei h anisìthta

P
(∣∣‖X‖ − E‖X‖

∣∣ > t
)
≤ 2 exp(−Kt2/σ(X)2),

ìpou K = 2π−2.

Apìdeixh. MporoÔme na upojèsoume ìti h metablht  X eÐnai mh ekfulismènh, ¸ste h
katanom  thc eÐnai isodÔnamh me to mètro Lebesgue ston Rn. OrÐzoume èna grammikì
telest  u : `m2 → E me u(x) =

∑m
i=1 xizi.

An γm eÐnai to m�di�stato mètro Gauss ston `m2 tìte h zhtoÔmenh anisìthta gr�fetai
isodÔnama wc ex c:

γm

(
x ∈ Rm :

∣∣∣∣‖u(x)‖ − ∫ ‖u(x)‖ dγm(x)
∣∣∣∣ > t

)
≤ exp(−Kt2/‖u‖2)
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afoÔ eÐnai σ(X) = ‖u∗‖ = ‖u‖. Gia na apodeÐxoume thn teleutaÐa ja doulèyoume ston
Rm × Rm efodiasmèno me to mètro ginìmeno γm × γm. 'Estw (x, y) tuqìn shmeÐo ston
Rm × Rm. Gia k�je θ ∈ [0, 2π] èqoume

x(θ) = x sin θ + y cos θ
x′(θ) = x cos θ − y sin θ

Jètoume F : Rm → R me F (x) = ‖u(x)‖ kai parathroÔme ìti h F eÐnai Lipschitz, �ra,
apì to je¸rhma tou Rademacher, eÐnai diaforÐsimh sqedìn pantoÔ. 'Estw x, y stajer�
kai èstw ìti h F eÐnai diaforÐsimh sto x(θ) sqedìn gia k�je θ ∈ [0, 2π]. Tìte, mporoÔme
na gr�youme

F (x)− F (y) = F (x(π/2))− F (x(0))

=
∫ π/2

0

d

dθ
F (x(θ)) dθ

=
∫ π/2

0

F ′(x(θ)) · x′(θ) dθ

Gia stajerì λ an jewr soume th sun�rthsh t Φλ7−→ eλt tìte apì thn anisìthta Jensen
èqoume:

exp(λ(F (x)− F (y))) ≤ 2
π

∫ π/2

0

exp(λ
π

2
F ′(x(θ)) · x′(θ)) dθ.

Ja jèlame t¸ra na oloklhr¸soume thn teleutaÐa wc proc x, y me to mètro γm × γm.
Parathr ste ìti efìson h F ′(x) up�rqei sqedìn gia k�je x ∈ Rm, tìte sqedìn gia k�je
zeÔgoc (x, y) h F ′(x(θ)) up�rqei sqedìn gia k�je θ ∈ [0, 2π]. Oloklhr¸nontac loipìn
èqoume:∫∫

Φλ(F (x)−F (y)) dγm(x)dγm(y) ≤ 2
π

∫ π/2

0

∫∫
Φλ(F ′(x(θ)) ·x′(θ)) dγm(x)dγm(y) dθ

P�li apì thn kurtìthta thc Φλ kai thn anisìthta tou Jensen èqoume ìti∫
Φλ

(
F (x)−

∫
F dγm

)
dγm(x) ≤

∫∫
Φλ(F (x)− F (y)) dγm(x)dγm(y).

EpÐshc, apì to analloÐwto tou mètrou Gauss wc proc orjog¸niouc metasqhmatismoÔc
èqoume ìti

2
π

∫ π/2

0

∫∫
Φλ(F ′(x(θ)) · x′(θ)) dγm(x)dγm(y) dθ =

∫∫
Φλ(F ′(x) · y) dγm(x)dγm(y)

afoÔ h apeikìnish (x, y) 7→ (x(θ), x′(θ)) eÐnai tètoia. Apì thn �llh eÐnai gnwstì ìti gia
k�je grammikì sunarthsoeidèc ξ : `m2 → R isqÔei∫

exp(ξ(y)) dγm(y) = exp(
1
2
‖y‖22).
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Opìte, prokÔptei ìti∫
Φλ(F ′(x) · y) dγm(y) = exp

(
1
2

(π
2

)2

‖F ′(x)‖22λ2

)
.

Apì to gegonìc ìti h F eÐnai diaforÐsimh sqedìn pantoÔ kai ìti èqei stajer� Lipschitz
‖u‖ èqoume ìti

‖F ′(x)‖2 ≤ ‖u‖

sqedìn gia k�je x ∈ Rm. Sundu�zontac ta parap�nw paÐrnoume ìti∫
Φλ

(
F (x)−

∫
F dγm

)
dγm(x) ≤ exp

(
1
2

(π
2

)2

‖u‖2λ2

)
.

Apì thn anisìthta tou Markov brÐskoume ìti

γm

(
x : F (x)−

∫
F dγm > t

)
≤ exp

(
1
2

(π
2

)2

‖u‖2λ2 − λt

)
.

Dialègoume λ = (π
2 ‖u‖)

−2t kai h teleutaÐa dÐnei:

γm

(
x : F (x)−

∫
F dγm > t

)
≤ exp

(
−1

2

(π
2
‖u‖
)−2

t2
)
.

Efarmìzontac thn Ðdia anisìthta gia thn −F sth jèsh thc F kai sundu�zontac tic dÔo
ektim seic èqoume to zhtoÔmeno. 2

To je¸rhma 1.3.3 mac epitrèpei na sugkrÐnoume tic ropèc k�je t�xhc gia mia Gaussian
metablht  X thc parap�nw morf c.

Pìrisma 1.3.4. 'Estw X ìpwc sto prohgoÔmeno je¸rhma kai p > 1. Tìte,

E‖X‖ ≤ (E‖X‖p)1/p ≤ C(p)E‖X‖,

ìpou C(p) jetik  stajer�, h opoÐa exart�tai mìno apì to p.

Apìdeixh. H pr¸th anisìthta eÐnai �mesh en¸ gia th deÔterh mporoÔme na upojèsoume
(lìgw omogèneiac) ìti E‖X‖ = 1. K�nontac qr sh thc qarakthristik c sun�rthshc thc
ξ(X) gia ξ ∈ E∗ brÐskoume ìti

(
E|ξ(X)|2

)1/2
=
(π

2

)1/2

E|ξ(X)|,

opìte eÐnai:
σ(X) ≤ (π/2)1/2E‖X‖.
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'Etsi, h anisìthta tou prohgoÔmenou jewr matoc gÐnetai

P(‖X‖ > t+ 1) ≤ 2e−4π−3t2 , t > 0.

'Omwc,

E‖X‖p =
∫ ∞

0

psp−1P(‖X‖ > s) ds ≤ 1 +
∫ ∞

0

p(t+ 1)p−1P(‖X‖ > t+ 1) dt,

opìte èqoume to zhtoÔmeno. 2

Apì thn E ‖X‖ '
(
E ‖X‖2

)1/2 èpetai �mesa ìti up�rqei apìluth stajer� c > 0 ¸ste
na isqÔei

cd(X) ≤
(

E‖X‖
σ(X)

)2

≤ d(X).

'Ara, kai to phlÐko
(

E‖X‖
σ(X)

)2

parist�nei kat� k�poio trìpo th di�stash thc metablht c.

Prìtash 1.3.5. 'Estw g1, g2, . . . , gn anex�rthtec, tupikèc, kanonikèc metablhtèc. Tìte,
up�rqei stajer� c > 0 ¸ste

E max
i≤n

|gi| ≥ c(log n)1/2.

Apìdeixh. Gia k�je δ > 0 isqÔei

E max
i≤n

|gi| ≥
∫ δ

0

P
(

max
i≤n

|gi| > t

)
dt

≥
∫ δ

0

{1− [P(|g1| ≤ t)]n} dt

ìpou sthn teleutaÐa anisìthta èqoume qrhsimopoi sei thn anexarthsÐa twn gi. Sunep¸c,
eÐnai

E max
i≤n

|gi| ≥
∫ δ

0

[1− (1− P(|g1| > t))n] dt ≥ δ[1− (1− P(|g1| > δ))n],

gia k�je δ > 0. IsqÔei ìmwc

P(|g1| > δ) =
√

2/π
∫ ∞

δ

e−s2/2 ds.

Epiplèon, gia k�je δ > 0 èqoume

δ

1 + δ2
e−δ2/2 ≤

∫ ∞

δ

e−s2/2 ds ≤ 1
δ
e−δ2/2.
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Opìte, up�rqei èna α > 0 ¸ste gia to δn = (2α log n)1/2 na isqÔei

δn
1 + δ2n

e−δ2
n/2 ≥ 1/n

gia n = 1, 2, . . .. 'Etsi, gia δ = δn isqÔei

E max
i≤n

|gi| ≥ δn(1− 1/e) = c
√

log n

kai èqoume to zhtoÔmeno. 2

1.3.3 Rademacher metablhtèc
Orismìc 1.3.6. 'Estw (Ω,A, P ) q¸roc pijanìthtac kai r : Ω → R tuqaÐa metablht . H
r lègetai Rademacher an P (ω : r(ω) = 1) = P (ω : r(ω) = −1) = 1

2 .

To epìmeno je¸rhma mac exasfalÐzei ìti k�je peperasmènoc grammikìc sunduasmìc
anex�rthtwn metablht¸n Rademacher eÐnai upokanonik  tuqaÐa metablht .

Je¸rhma 1.3.7 (subgaussian ektÐmhsh). 'Estw (εi)i≤n mia peperasmènh akoloujÐ-
a anex�rthtwn, isokatanemhmènwn Rademacher metablht¸n. An (αi)i≤n peperasmènh
akoloujÐa pragmatik¸n suntelest¸n, gia k�je t > 0 isqÔei

P

(∣∣∣∣∣
n∑

i=1

αiεi

∣∣∣∣∣ > t

)
≤ 2 exp

(
−t2/2‖α‖22

)
,

ìpou ‖α‖22 =
∑n

i=1 α
2
i .

Apìdeixh. Gia k�je λ > 0 apì thn anisìthta tou Markov èqoume

P

(∑
i

αiεi > t

)
≤ e−λtE exp

(
λ
∑

i

αiεi

)
= e−λt

∏
i

Eeλαiεi

= e−λt
∏

i

cosh(λαi).

SugkrÐnontac ta anaptÔgmata Taylor brÐskoume ìti coshx ≤ ex2/2, x ∈ R. 'Ara, èqoume

P

(∑
i

αiεi > t

)
≤ exp

(
−λt+

1
2
λ2
∑

i

α2
i

)
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Beltistopoi¸ntac wc proc λ to dexiì mèloc brÐskoume ìti

P

(∑
i

αiεi > t

)
≤ exp

(
−t2/2‖α‖22

)
.

Efarmìzontac to Ðdio epiqeÐrhma gia ta −αi sth jèsh twn αi èqoume to zhtoÔmeno. 2

Je¸rhma 1.3.8 (contraction principle). 'Estw F : [0,∞) → [0,∞) kurt  kai aÔx-
ousa. An x1, . . . , xn eÐnai dianÔsmata se èna q¸ro Banach B kai αi pragmatikoÐ sunte-
lestèc me |αi| ≤ 1 gia i = 1, 2, . . . , n, tìte isqÔei

EF
(∥∥∥ n∑

i=1

εiαixi

∥∥∥) ≤ EF
(∥∥∥ n∑

i=1

εixi

∥∥∥).
Apìdeixh. JewroÔme th sun�rthsh φ : Rn → R me

φ(α1, . . . , αn) = EF
(∥∥∥∑

i

εiαixi

∥∥∥).
ParathroÔme ìti h φ eÐnai kurt  efìson h F kai h ‖ · ‖ eÐnai kurtèc sunart seic kai h F
eÐnai aÔxousa. Tìte h φ periorismènh sto kurtì sumpagèc [−1, 1]n parousi�zei mègisth
tim  se èna akraÐo shmeÐo α = (α1, . . . , αn) ìpou αi = ±1. Lìgw summetrÐac twn (εi)i≤n

èqoume to zhtoÔmeno. 2

H epìmenh prìtash apoteleÐ mia �llh morf  tou contraction principle.

Prìtash 1.3.9. 'Estw F : R+ → R+ kurt , aÔxousa kai èstw (ηi) mia akoloujÐa
pragmatik¸n, summetrik¸n tuqaÐwn metablht¸n me E|ηi| <∞ gia k�je i. Tìte, gia k�je
akoloujÐa (xi) se èna q¸ro Banach E isqÔei,

EF

(
inf

i
E|ηi|

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥
)
≤ EF

(∥∥∥∥∥∑
i

ηixi

∥∥∥∥∥
)
.

Pìrisma 1.3.10. 'Estw (gi)i≤N akoloujÐa anex�rthtwn kanonik¸n tuqaÐwn metablht¸n
kai (xi)i≤N akoloujÐa dianusm�twn se èna q¸ro Banach E. Tìte, isqÔei h anisìthta(

2
π

)1/2

E

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥ ≤ E

∥∥∥∥∥∑
i

gixi

∥∥∥∥∥ ≤ K(logN)1/2E

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥ ,
ìpou K eÐnai mia arijmhtik  stajer�.
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Je¸rhma 1.3.11 (sÔgkrishc gia Rademacher anelÐxeic). 'Estw F : R+ → R+

kurt  kai aÔxousa. 'Estw φi : R → R, i = 1, 2, . . . , N sustolèc ¸ste φi(0) = 0. Tìte,
gia k�je fragmèno sÔnolo T ⊆ RN isqÔei

EF

(
1
2

∥∥∥∥∥∑
i

εiφ(ti)

∥∥∥∥∥
T

)
≤ EF

(∥∥∥∥∥∑
i

εiti

∥∥∥∥∥
T

)
,

ìpou gia mia sun�rthsh h : T → R sumbolÐzoume ‖h‖T = supt∈T |h(t)|.

Gia apodeÐxeic twn parap�nw jewrhm�twn prbl. [12].



Kef�laio 2

Sqedìn isometrikèc

emfuteÔseic

2.1 H afethrÐa: to je¸rhma tou Dvoretzky

Je¸rhma 2.1.1 (Dvoretzky, 1961). 'Estw ε > 0. Up�rqei stajer� c(ε) > 0 me
thn akìloujh idiìthta: an E = (Rn, ‖ · ‖) tìte o E perièqei upìqwro F di�stashc k =
[c(ε) log n], o opoÐoc eÐnai (1 + ε)�isomorfikìc me ton `k2 .

To 1985, o Pisier (bl. [16]) èdwse pijanojewrhtik  apìdeixh tou jewr matoc tou D-
voretzky me Gaussian mejìdouc (merikèc apì tic opoÐec èqoume perigr�yei sthn par�grafo
1.3.2). Sth sunèqeia, apodeiknÔoume aut  th morf  tou jewr matoc.

Je¸rhma 2.1.2 (Pisier). 'Estw ε > 0. Up�rqei stajer� η(ε) > 0 me thn akìloujh
idiìthta: an X eÐnai mia Gaussian metablht  ston (Rn, ‖ · ‖) kai d(X) eÐnai h di�stash
thc X, tìte up�rqei upìqwroc F tou Rn di�stashc k = [η(ε)d(X)] o opoÐoc eÐnai (1 + ε)�
isomorfikìc me ton `k2 .

'Etsi, to je¸rhma tou Dvoretzky an�getai sthn paragwg  Gaussian metablht c X me
timèc ston Rn, h opoÐa na èqei ìso gÐnetai megalÔterh di�stash d(X).

H apìdeixh tou jewr matoc qrhsimopoieÐ thn {pijanojewrhtik  mèjodo}: JewroÔme
mia akoloujÐa X1, . . . , Xk anex�rthtwn kai isìnomwn antigr�fwn thc metablht c X se
èna q¸ro pijanìthtac (Ω,A,P). Jètoume M = E‖X‖. DeÐqnoume ìti up�rqei Ω0 ⊂ Ω me
P(Ω0) > 0 ¸ste: an ω ∈ Ω0 tìte, gia k�je akoloujÐa suntelest¸n (αi)i≤k,

(1 + ε)−1/2

(
n∑

i=1

|αi|2
)1/2

≤ 1
M

∥∥∥∥∥
k∑

i=1

αiXi(ω)

∥∥∥∥∥ ≤ (1 + ε)1/2

(
n∑

i=1

|αi|2
)1/2

.
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MporoÔme tìte na jewr soume ton upìqwro F := Fω := span{X1(ω), . . . , Xk(ω)} gia
ω ∈ Ω0.

To pr¸to b ma thc apìdeixhc tou jewr matoc eÐnai h diakritopoÐhsh tou probl matoc
eÔreshc sqedìn EukleideÐou upoq¸rou. Gia to skopì autì qrhsimopoioÔme thn ènnoia tou
diktÔou.

Orismìc 2.1.3 (δ�diktÔou). 'Estw (E, ‖ · ‖) q¸roc me nìrma, 0 < δ < 1 kai A ⊆ E.
'Ena sÔnolo N ⊆ A lègetai δ-dÐktuo gia to A an gia k�je a ∈ A up�rqei x ∈ N ¸ste
‖x− a‖ < δ.

To epìmeno l mma mac exasfalÐzei ìti se k�je q¸ro E peperasmènhc di�stashc up�r-
qei δ-dÐktuo gia th monadiaÐa sfaÐra tou, me plhj�rijmo pou den xepern� to (1+2/δ)dim E .

L mma 2.1.4. 'Estw E = (Rn, ‖ · ‖) q¸roc me nìrma kai SE = {x ∈ Rn : ‖x‖ = 1} h
monadiaÐa sfaÐra tou E. An 0 < δ < 1 tìte up�rqei δ-dÐktuo N thc SE me plhj�rijmo
|N | ≤ (1 + 2

δ )n.

Apìdeixh. JewroÔme èna megistikì uposÔnolo N thc SE wc proc th sqèsh ‖x − y‖ ≥
δ, x, y ∈ SE . Autì eÐnai peperasmèno, apì th sump�geia thc SE . Epiplèon, lìgw megis-
tikìthtac, eÐnai δ-dÐktuo. Apì thn �llh pleur�, oi mp�lec Bi = xi + δ

2BE , xi ∈ N èqoun
xèna eswterik� kai isqÔei

⋃
xi∈N

(
xi +

δ

2
BE

)
⊆
(

1 +
δ

2

)
BE

ìpou BE = {x : ‖x‖ ≤ 1}. Apì to analloÐwto wc proc metaforèc kai thn prosjetikìthta
tou ìgkou, èqoume

|N |
(
δ

2

)n

≤
(

1 +
δ

2

)n

ap� ìpou èpetai to zhtoÔmeno. 2

To epìmeno l mma mac exasfalÐzei ousiastik� ìti k�je shmeÐo sth sfaÐra tou E
mporeÐ na {parastajeÐ} apì stoiqeÐa tou diktÔou.

L mma 2.1.5. 'Estw E q¸roc me nìrma kai N èna δ-dÐktuo (0 < δ < 1) sth monadiaÐa
sfaÐra SE = {x ∈ E : ‖x‖ = 1} tou X. Tìte k�je x ∈ SX gr�fetai sth morf 

x = x0 +
∞∑

n=1

tnxn

me (xn)∞n=0 ⊆ N kai 0 ≤ tn ≤ δn, n = 1, 2, . . ..
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Apìdeixh. 'Estw x ∈ SE . Tìte up�rqei x0 ∈ N ¸ste ‖x−x0‖ < δ. Jètoume t1 = ‖x−x0‖.
An t1 = 0 tìte jètoume tn = 0 gia n ≥ 1 kai èqoume to zhtoÔmeno. An 0 < t1 < δ tìte
to t−1

1 (x − x0) ∈ SX , �ra up�rqei x1 ∈ N ¸ste ‖t−1
1 (x − x0) − x1‖ < δ. IsodÔnama,

‖x−x0−t1x1‖ < δt1 < δ2. Jètoume t2 = ‖x−x0−t1x1‖ kai suneqÐzoume me ton Ðdio trìpo.
'Etsi, prokÔptei mia akoloujÐa (xn)∞n=0 apì stoiqeÐa tou N kai 0 ≤ tn ≤ δn, n = 1, 2, . . .
¸ste x = x0 +

∑∞
n=1 tnxn. 2

'Ameso pìrisma tou prohgoÔmenou l mmatoc eÐnai h akìloujh prìtash:

Prìtash 2.1.6. Gia k�je ε > 0 up�rqei δ = δ(ε) > 0 pou ikanopoieÐ to ex c: èstw
E = (Rn, ‖| · ‖|) kai èstw δ-dÐktuo N sthn SE ¸ste

1− δ ≤

∥∥∥∥∥
n∑

i=1

αixi

∥∥∥∥∥ ≤ 1 + δ(2.1)

gia k�je α = (α1, . . . , αn) ∈ N , ìpou x1, . . . , xn dianÔsmata se èna q¸ro Banach (B, ‖·‖).
Tìte,

(1 + ε)−1/2‖|α‖| ≤

∥∥∥∥∥
n∑

i=1

αixi

∥∥∥∥∥ ≤ (1 + ε)1/2‖|α‖|(2.2)

gia k�je α = (α1, . . . , αn) ∈ E. Eidikìtera, o upìqwroc F tou B, pou par�goun ta xi

eÐnai (1 + ε)-isomorfikìc me ton E.

Apìdeixh. Lìgw omogèneiac thc sqèshc arkeÐ na deÐxoume ìti

(1 + ε)−1/2 ≤

∥∥∥∥∥
n∑

i=1

αixi

∥∥∥∥∥ ≤ (1 + ε)1/2

gia k�je α = (α1, . . . , αn) ∈ SE . Gia 0 < δ < 1 kai α ∈ SE apì to prohgoÔmeno l mma
èqoume ìti up�rqoun (zj)j≥0 sthn SE kai 0 ≤ tj ≤ δj , j = 1, 2, . . . me α = z0 +

∑∞
j=1 tjzj ,

ìpou zj = (zj,1, . . . , zj,n). 'Etsi, prokÔptei∥∥∥∥∥
n∑

i=1

αixi

∥∥∥∥∥ =

∥∥∥∥∥∥
n∑

i=1

∞∑
j=0

tjzi,jxi

∥∥∥∥∥∥ ≤
∞∑

j=0

δj

∥∥∥∥∥
n∑

i=1

zj,ixi

∥∥∥∥∥ ≤ (1 + δ)
∞∑

j=0

δj =
1 + δ

1− δ
.

Apì thn �llh pleur�, èqoume∥∥∥∥∥
n∑

i=1

αixi

∥∥∥∥∥ ≥
∥∥∥∥∥

n∑
i=1

z0,ixi

∥∥∥∥∥−
∞∑

j=1

δj

∥∥∥∥∥
n∑

i=1

zj,ixi

∥∥∥∥∥ ≥ (1− δ) + (1 + δ)
∞∑

j=1

δj =
1− 3δ
1 + δ

.

Epilègontac to δ arket� mikrì ¸ste 1+δ
1−δ < (1 + ε)1/2 kai 1−3δ

1−δ > (1 + ε)−1/2, èqoume to
zhtoÔmeno. 2
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MporoÔme t¸ra na per�soume sthn apìdeixh tou jewr matoc tou Dvoretzky.
Apìdeixh tou Jewr matoc 2.1.2. 'Estw ε > 0 kai δ = δ(ε) ìpwc prosdiorÐzetai sthn
prìtash 2.1.6. 'Estw X mia Gaussian metablht  sto q¸ro Banach (Rn, ‖ · ‖) ìpwc
sto Je¸rhma 1.3.3. JewroÔme anex�rthta kai isìnoma antÐgrafa X1, X2 . . . , Xk thc
X. Ja apodeÐxoume ìti me jetik  pijanìthta ta dianÔsmata X1(ω), . . . , Xk(ω) par�goun
ènan k�di�stato upìqwro Fω, o opoÐoc eÐnai (1 + ε)�isomorfikìc me ton `k2 . Gia k�je
α = (α1, . . . , αk) ∈ Rk me

∑k
i=1 α

2
i = 1, parathroÔme ìti h metablht  Zα =

∑k
i=1 αiXi

èqei thn Ðdia katanom  me thn X. Epomènwc, eÐnai

E‖Zα‖ = E‖X‖ = M.

Apì to Je¸rhma 1.3.3, ton orismì twn asjen¸n rop¸n kai to pìrisma 1.3.4. èqoume

P
(∣∣‖Zα‖ − E‖X‖

∣∣ > tE‖X‖
)
≤ 2 exp(−Ct2d(X))

gia k�je t > 0. JewroÔme èna δ�dÐktuo N sth sfaÐra {x ∈ Rk : ‖x‖2 = 1}, ìpwc sto
l mma 2.1.4. kai thn prìtash 2.1.6. Tìte, apì thn prohgoÔmenh anisìthta gia t = δ
èqoume

P(∃α ∈ N : |M−1‖Zα‖ − 1| > δ) ≤ 2|N |e−Cδ2d(X) ≤ 2 exp
(

2k
δ
− Cδ2d(X)

)
.

An loipìn eÐnai 2k/δ < C
2 δ

2d(X),   isodÔnama, an

k ≤ 1
4
Cδ3d(X)

tìte h pijanìthta den eÐnai megalÔterh apì 2 exp(− 1
2Cδ

2d(X)) kai mporoÔme na upojè-
soume ìti to d(X) eÐnai arket� meg�lo (diaforetik� den èqoume na apodeÐxoume k�ti) ¸ste
2 exp(− 1

2Cδ
2d(X)) < 1. Tìte, up�rqei ω ∈ Ω ¸ste gia k�je α ∈ N na isqÔei

1− δ ≤ ‖Zα‖ ≤ 1 + δ.

'Ara, ta xi = Xi(ω) ikanopoioÔn thn (2.1). Apì thn prìtash 2.1.6 èqoume ìti isqÔei

(1 + ε)−1/2‖α‖2 ≤
1
M

∥∥∥∥∥
k∑

i=1

αixi

∥∥∥∥∥ ≤ (1 + ε)1/2‖α‖2

ki autì sumbaÐnei an ikanopoieÐtai h k ≤ 4−1Cδ3d(X). Sunep¸c, mporoÔme na jewr soume
to k = [4−1Cδ3(ε)d(X)]. Tìte, o Fω = span{x1, . . . , xk} eÐnai (1 + ε)�isomorfikìc me
ton `k2 ki èqoume to sumpèrasma tou jewr matoc 2.1.2. 2

To epìmeno b ma eÐnai na kataskeu�soume se tuqìnta n�di�stato q¸ro mia Gaussian
metablht  me ìso to dunatìn megalÔterh di�stash. Pio sugkekrimèna ja apodeÐxoume
thn akìloujh ektÐmhsh:
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Prìtash 2.1.7. 'Estw E = (Rn, ‖ · ‖) q¸roc me nìrma. Up�rqei Gaussian metablht 
X : Ω → E me di�stash

d(X) ≥ c log n.

Gia thn apìdeixh thc prìtashc ja qreiastoÔme thn ex c asjen  morf  tou gnwstoÔ
l mmatoc twn Dvoretzky-Rogers apì to 1950.

L mma 2.1.8. 'Estw E ènac n�di�statoc q¸roc me nìrma. An N = [n/2], tìte up�rqoun
dianÔsmata (xi)i≤N tou E pou ikanopoioÔn ta ex c:∥∥∥∥∥∥

∑
i≤N

αixi

∥∥∥∥∥∥ ≤
∑

i≤N

|αi|2
1/2

(2.3)

gia k�je (αi)i≤N ∈ RN , kai

‖xi‖ ≥ 1/2(2.4)

gia i ≤ N .

Apìdeixh. QrhsimopoioÔme èna epiqeÐrhma tou Lewis pou basÐzetai ston akìloujo isquris-
mì:
Isqurismìc. Up�rqei grammikìc telest c u : `n2 → E ¸ste ‖u‖ ≤ 1 kai gia k�je upìqwro
F tou `n2 na isqÔei

‖u|F ‖ ≥
dimF

n
.

Eidikìtera, ‖u‖ = 1. Pr�gmati; jewroÔme to sÔnolo

S = {v ∈ L(`n2 , E) : ‖v‖ ≤ 1}.

To S eÐnai sumpagèc, opìte h sun�rthsh v 7→ det(v) parousi�zei mègisth tim  periorismènh
sto S. 'Estw u ènac telest c ¸ste

det(u) = max{det(v) : v ∈ S}.

S� autì to shmeÐo parathr ste ìti detu > 0. Qrhsimopoi¸ntac th mèjodo twn mikr¸n
diataraq¸n brÐskoume ìti gia k�je ε > 0 kai k�je v : `n2 → E isqÔei

det(u+ εv) ≤ det(u)‖u+ εv‖n.

Apì thn �llh pleur� èqoume ìti

det(u+ εv) = det(u) det(1 + εu−1v)
= det(u)(1 + εtr(u−1v) + o(ε))
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Tìte, sundu�zontac ta parap�nw paÐrnoume

(1 + εtr(u−1v) + o(ε)) ≤ (‖u‖+ ε‖v‖)n

≤ (1 + nε‖v‖+ o(ε)).

Telik�, èqoume

tr(u−1v) ≤ n‖v‖,

gia k�je v ∈ L(`n2 , E). An F ⊆ `n2 eÐnai upìqwroc tou `n2 kai P : `n2 → F h orjog¸nia
probol  ston F tìte jètontac v = uP èqoume ìti

dimF = tr(P ) = tr(u−1v) ≤ n‖uP‖

kai èqoume oloklhr¸sei thn apìdeixh tou isqurismoÔ. T¸ra, h apìdeixh tou l mmatoc
oloklhr¸netai wc ex c: 'Estw u o telest c tou isqurismoÔ. Epilègoume y1 ∈ `n2 ¸ste
‖y1‖2 = 1 kai ‖u(y1)‖ = ‖u‖ = 1. Sth sunèqeia epilègoume y2 ∈ {y1}⊥ me ‖y2‖2 = 1
kai ‖u(y2)‖ = ‖uP‖ ≥ 1− 1/n, ìpou P h orjog¸nia probol  ston {y1}⊥. SuneqÐzontac
me ton Ðdio trìpo prosdiorÐzoume akoloujÐa (yi)i≤n ¸ste yi ∈ {y1, . . . , yi−1}⊥, ‖yi‖2 = 1
kai ‖u(yi)‖ ≥ 1 − i−1

n . An jèsoume xi = u(yi) gia i = 1, . . . , N èqoume ìti ‖xi‖ ≥ 1/2
kai epiplèon eÐnai ∥∥∥∥∥

N∑
i=1

αixi

∥∥∥∥∥ ≤
∥∥∥∥∥

N∑
i=1

αiyi

∥∥∥∥∥
2

=

(
N∑

i=1

|αi|2
)1/2

gia k�je (αi)i≤N ston RN . 2

Apìdeixh thc prìtashc 2.1.7. 'Estw N = [n/2] kai g1, . . . , gN , anex�rthtec kai isìnomec,
tupikèc kanonikèc metablhtèc. JewroÔme ta dianÔsmata (xi)i≤N pou mac dÐnei to l mma
2.1.8 kai orÐzoume thn tuqaÐa metablht 

X =
∑
i≤N

gixi.

Apì thn (2.3) èpetai ìti σ(X) ≤ 1. Pr�gmati; apì duðsmì èqoume diadoqik�

σ(X) = sup


(

N∑
i=1

|ξ(xi)|2
)1/2

: ξ ∈ E∗, ‖ξ‖ ≤ 1


= sup

{
sup

{∣∣∣∣∣
N∑

i=1

αiξ(xi)

∣∣∣∣∣ :
N∑

i=1

|αi|2 ≤ 1

}
: ξ ∈ E∗, ‖ξ‖ ≤ 1

}

= sup

{
sup

{∣∣∣∣∣ξ
(

N∑
i=1

αixi

)∣∣∣∣∣ : ξ ∈ E∗, ‖ξ‖ ≤ 1

}
:

N∑
i=1

α2
i ≤ 1

}

= sup

{∥∥∥∥∥
N∑

i=1

αixi

∥∥∥∥∥ :
N∑

i=1

|αi|2 ≤ 1

}
.
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Apì thn �llh pleur� èqoume ton akìloujo isqurismì:
Isqurismìc. IsqÔei h anisìthta

E max
i≤N

‖gixi‖ ≤ E‖X‖.

Pr�gmati; Gr�foume Bj = {ω : |gj(ω)|‖xj‖ = maxi≤N ‖gi(ω)xi‖}. Profan¸c eÐnai⋃
j Bj = Ω kai �ra ta Aj = Bj \ (

⋃
k<j Bk) apoteloÔn diamèrish tou q¸rou Ω, ìpou

Aj ⊆ Bj gia j = 1, 2, . . . , N . Tìte isqÔei

max
i≤N

‖gixi‖ =

∥∥∥∥∥∥
∑

j

gjχAj
xj

∥∥∥∥∥∥
Jètontac Y =

∑N
j=1 gj(1− 2χAj

)xj parathroÔme ìti lìgw summetrÐac oi X kai Y èqoun
thn Ðdia katanom , �ra E‖X‖ = E‖Y ‖. Epiplèon, eÐnai X − Y = 2

∑
j gjχAj

xj , opìte

E max
i≤N

‖gixi‖ = E

∥∥∥∥∥∥
∑

j

gjχAj
xj

∥∥∥∥∥∥
=

1
2

E‖X − Y ‖

≤ E‖X‖.

Se sunduasmì me th (2.4) sumperaÐnoume ìti E‖X‖ ≥ 1
2E maxi≤N |gi|. Apì thn anisìthta

Cauchy–Schwarz kai thn prìtash 1.3.5. èpetai ìti E‖X‖2 ≥ c′ log n. 'Etsi, eÐnai d(X) ≥
c′ log n. H apìdeixh eÐnai pl rhc. 2

To je¸rhma 2.1.1 eÐnai t¸ra �meso pìrisma tou jewr matoc 2.1.2 kai thc prìtashc
2.1.7. 2

KleÐnoume aut  thn par�grafo me mia eidik  perÐptwsh tou jewr matoc 2.1.2. An
jèloume na emfuteÔsoume (1+ε)�isomorfik� ton `n2 ston `N1 tìte mporoÔme na petÔqoume
{grammik  ex�rthsh} tou n apì to N :

Je¸rhma 2.1.9. Gia k�je ε > 0 up�rqei β(ε) > 0 ¸ste: gia k�je n ∈ N, o `n2 emfuteÔetai
(1 + ε)�isomorfik� ston `N1 , an N ≥ β(ε)n.

Gia thn apìdeixh ja akolouj soume th mèjodo pou anaptÔqjhke wc ed¸. Ja prospa-
j soume na par�goume mia tuqaÐa metablht  X : Ω → `N1 arket� meg�lhc di�stashc,
sthn prokeimènh perÐptwsh, an�loghc tou N .
Apìdeixh. 'Estw (ei)i≤N h kanonik  b�sh tou `N1 kai (gi)i≤N tupikèc kanonikèc t.m.
JewroÔme thn X =

∑
i≤N giei kai ja deÐxoume ìti up�rqei apìluth stajer� c > 0 ¸ste
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d(X) ≥ cN . UpologÐzoume arqik� thn E‖X‖1. 'Eqoume:

E

∑
i≤N

|gi|

 = NE|g1| = N

√
2
π
.

Apì thn anisìthta Cauchy–Schwarz paÐrnoume E‖X‖21 ≥ 2
πN

2. Apì thn �llh meri� eÐnai

σ2(X) = sup

∑
i≤N

|x∗(ei)|2 : ‖x∗‖∞ ≤ 1


= sup

∑
i≤N

|xi|2 : max
i≤N

|xi| ≤ 1

 ≤ N.

Sundu�zontac tic parap�nw anisìthtec kai lamb�nontac upìyin ton orismì thc di�stashc
paÐrnoume d(X) ≥ cN . 2

2.2 EmfÔteush tou `np ston `m1

Sthn prohgoÔmenh par�grafo eÐdame ìti o el�qistoc N ¸ste o `n2 na emfuteÔetai (1+ ε)
isomorfik� ston `N1 eÐnai thc t�xhc tou n. Sth sunèqeia exet�zoume to Ðdio prìblhma gia
touc q¸rouc `np me 1 < p < 2. Kai s� aut n thn perÐptwsh h ex�rthsh tou n apì to N
eÐnai grammik :

Je¸rhma 2.2.1 (Johnson–Schechtman, 1982). Gia k�je ε > 0 kai 1 < p < 2 up�rqei
stajer� β = β(ε, p) > 0 ¸ste o `mp na emfuteÔetai (1+ε)-isomorfik� ston `n1 an m ≤ βn.

Gia thn apìdeixh tou jewr matoc èqei gÐnei arket  proergasÐa sthn par�grafo 1.2.2.
Pr¸ta ap� ìla ja qreiastoÔme èna l mma to opoÐo ja mac epitrèyei na antikatast soume
tic p�stable metablhtèc apì diakritèc.

L mma 2.2.2 (diakritopoÐhsh twn p–stable metablht¸n). 'Estw 1 < p < 2 kai
ε > 0. 'Estw g mia p�stable metablht  sto q¸ro pijanìthtac ([0, 1],B([0, 1]), λ) me
‖g‖1 = 1, ìpou λ(·) to mètro Lebesgue. JewroÔme th fjÐnousa anadi�taxh g∗ thc g.
Jètoume ai = g∗(i/n) gia i = 1, . . . , n. Tìte, up�rqei α = α(ε, p) > 0 me thn ex c
idiìthta: anm ≤ αn kai an y1, . . . , ym eÐnai summetrikèc, anex�rthtec tuqaÐec metablhtèc
¸ste k�je |yi| èqei thn Ðdia katanom  me th metablht 

y =
n∑

i=1

aiχ( i−1
n , i

n ],
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tìte isqÔei

(1− ε)

 m∑
j=1

|bj |p
1/p

≤

∥∥∥∥∥
m∑

i=1

biyi

∥∥∥∥∥
1

≤ (1 + ε)

 m∑
j=1

|bj |p
1/p

gia k�je epilog  suntelest¸n b1, . . . , bm.

Apìdeixh. Arqik� ektimoÔme thn ‖g∗ − y‖1. Apì th monotonÐa thc g∗ èqoume:

‖g∗ − y‖1 =
n∑

i=1

∫ i
n

i−1
n

|g∗ − ai| dλ =
n∑

i=1

∫ i
n

i−1
n

g∗ dλ− 1
n

n∑
i=1

ai ≤
∫ 1/n

0

g∗ dλ.

EpÐshc gia k�je t > 0 isqÔei g∗(t) ≤ (c/t)1/p. Pr�gmati: an t > 0 kai s me s < g∗(t)
èqoume P (g∗ > s) ≥ t efìson h g∗ eÐnai fjÐnousa. 'Ara,

t ≤ P (g∗ > s) = P (|g| > s) ≤ cs−p.

M� �lla lìgia eÐnai s ≤ (c/t)1/p gia k�je s < g∗(t). 'Epetai ìti g∗(t) ≤ (c/t)1/p. 'Ara,
eÐnai

‖g∗ − y‖1 ≤
∫ 1/n

0

g∗ dλ ≤ c1/p

∫ 1/n

0

t−1/p dt = c1/p

(
p

p− 1

)
n1/p−1.

JewroÔme anex�rthta antÐgrafa g1, . . . , gm thc g kai orÐzoume tic tuqaÐec metablhtèc

zj =
n∑

i=1

aisgn(gj)χ{ai≤|gj |≤ai−1}, j = 1, 2, . . . ,m

oi opoÐec akoloujoÔn thn Ðdia katanom  me tic yj . EÔkola blèpoume ìti

‖gj − zj‖1 = ‖g∗ − y‖1 ≤ c1/p

(
p

p− 1

)
n1/p−1.

Opìte qrhsimopoi¸ntac thn anisìthta Hölder brÐskoume:∥∥∥∥∥∥
m∑

j=1

bj(gj − zj)

∥∥∥∥∥∥
1

≤
(m
n

) p−1
p

c1/p

(
p

p− 1

) m∑
j=1

|bj |p
1/p

.

An loipìn epilèxoume α > 0 ¸ste α
p−1

p c1/p( p
p−1 ) < ε paÐrnoume:∥∥∥∥∥∥

m∑
j=1

bjzj

∥∥∥∥∥∥
1

≤ ε

 m∑
j=1

|bj |p
1/p

+

∥∥∥∥∥∥
m∑

j=1

bjgj

∥∥∥∥∥∥
1

= (1 + ε)

 m∑
j=1

|bj |p
1/p

.
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'Omoia, brÐskoume ìti ‖
∑

j bjzj‖1 ≥ (1− ε)(
∑

j |bj |p)1/p. 2

Gia thn apìdeixh tou jewr matoc ja ergastoÔme sto akìloujo plaÐsio: JewroÔme
to q¸ro pijanìthtac Ω = {−1, 1}nm × [Sn]m, dhlad  to q¸ro twn zeug¸n (ε̄, π̄), ìpou
ε̄ eÐnai ènac pÐnakac (εij)mn

i,j=1 me ±1 stoiqeÐa kai π̄ eÐnai èna di�nusma (π1, . . . , πm) ìpou
k�je πi eÐnai mia met�jesh tou sunìlou {1, 2, . . . , n}, me to kanonikopoihmèno arijmhtikì
mètro pijanìthtac

P (ε̄, π̄) =
1

2mn(n!)m
,

gia ìla ta (ε̄, π̄) ∈ Ω. EpÐshc, stajeropoioÔme 1 < p < 2, ε > 0 kai jewroÔme m ≤ αn (α
ìpwc sto L mma 2.2.2). Tìte, gia k�je (ε̄, π̄) ∈ Ω orÐzoume mia tuqaÐam��da dianusm�twn
x1(ε̄, π̄), . . . , xm(ε̄, π̄) tou `n1 ìpou

xi(ε̄, π̄) =
1
n

n∑
j=1

εi,jajeπi(j), i = 1, . . . ,m

ìpou ta aj orÐsjhkan sto L mma 2.2.2 kai ei eÐnai h sun jhc b�sh tou `n1 . Ja broÔme
èna (ε̄, π̄) ∈ Ω ètsi ¸ste

∥∥∥∥∥
m∑

i=1

bixi(ε̄, π̄)

∥∥∥∥∥
`n
1

≈

 m∑
j=1

|bj |p
1/p

gia ìlouc touc b1, . . . , bm kai to m ìso to dunatìn megalÔtero. Autì ja gÐnei se duo
b mata: Pr¸ta ja deÐxoume ìti, gia stajer� b1, . . . , bm, autì eÐnai swstì gia to mèso
ìro thc posìthtac ∥∥∥∥∥

m∑
i=1

bixi(ε̄, π̄)

∥∥∥∥∥
`n
1

.

Sth sunèqeia, qrhsimopoi¸ntac thn prìtash 1.2.9. ja deÐxoume ìti me meg�lh pijanìthta h
parap�nw posìthta eÐnai kont� sth mèsh tim  thc. Sth sunèqeia me èna klasikì epiqeÐrhma
diktÔou ja èqoume to sumpèrasma.

L mma 2.2.3. 'Estw (b1, . . . , bm) sth sfaÐra tou `mp , dhlad 
∑m

i=1 |bi|p = 1. Tìte,

1− ε ≤ E

∥∥∥∥∥
m∑

i=1

bixi(ε̄, π̄)

∥∥∥∥∥
`n
1

≤ 1 + ε.
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Apìdeixh. 'Eqoume diadoqik�

E

∥∥∥∥∥
m∑

i=1

bixi(ε̄, π̄)

∥∥∥∥∥
`n
1

=
1
n

E

∥∥∥∥∥∥
n∑

j=1

m∑
i=1

ajεijbieπi(j)

∥∥∥∥∥∥
=

1
n

∥∥∥∥∥
n∑

k=1

m∑
i=1

biεiπ−1
i (k)aπ−1

i (k)ek

∥∥∥∥∥
`n
1

=
1
n

n∑
k=1

E

∣∣∣∣∣
m∑

i=1

biεiπ−1
i (k)aπ−1

i (k)

∣∣∣∣∣ .
Gia stajerì 1 ≤ k ≤ n jewroÔme tic tuqaÐec metablhtèc u1, . . . , um ston Ω me

ui(ε̄, π̄) = εiπ−1
i (k) · aπ−1

i (k), i = 1, . . . ,m.

Autèc eÐnai summetrikèc kai anex�rthtec kai èqoun thn Ðdia katanom  ìpwc oi y1, . . . , ym

sto l mma. 'Ara, ja eÐnai

1− ε ≤ E

∣∣∣∣∣
m∑

i=1

biui

∣∣∣∣∣ ≤ 1 + ε.

An p�roume mèso ìro, h anisìthta exakoloujeÐ na isqÔei. 2

Sundu�zontac ta parap�nw, qrhsimopoi¸ntac thn prìtash 1.2.9. kai to epiqeÐrhma
diktÔou pou eÐdame sthn prohgoÔmenh par�grafo prokÔptei to je¸rhma 2.2.1.
Apìdeixh tou Jewr matoc 2.2.1. 'Estw 1 < p < 2 kai ε > 0. JewroÔme ton (tuqaÐo)
grammikì telest  T : `mp → `n1 me T (b) =

∑m
j=1 bjxj(ε̄, π̄), gia b = (b1, . . . , bm) ∈ Rm,

ìpou
xj(ε̄, π̄) =

1
n

n∑
i=1

εijaieπj(i)

me ai ìpwc sto L mma 2.2.2 Ja deÐxoume ìti me jetik  pijanìthta o T eÐnai (1 + ε)�
isomorfismìc ston `m1 gia n ≥ βm, ìpou β stajer� h opoÐa exart�tai mìno apì to p kai
to ε.

Apì to L mma 2.2.2 se sunduasmì me to L mma 2.2.3 èpetai ìti up�rqei stajer�
α = α(ε, p) > 0 ¸ste an m ≤ αn tìte

(1− ε)

 m∑
j=1

|bj |p
1/p

≤ E ‖T (b)‖`n
1
≤ (1 + ε)

 m∑
j=1

|bj |p
1/p

.(2.5)

Katìpin, apì thn prìtash 1.2.9 èqoume

P (|‖T (b)‖`n
1
− E‖T (b)‖`n

1
| ≥ t) ≤ 2 exp(−4qδpn

qtq‖(aibj)‖−q
p,∞)(2.6)
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gia k�je t > 0, ìpou δp = (2−p)/[8p(q+1)q] kai q o suzug c ekjèthc tou p. Qreiazìmaste
mia ektÐmhsh gia thn posìthta ‖(aibj)‖p,∞. IsqÔei

‖(aibj)
n,m
i,j ‖p,∞ ≤

 m∑
j=1

‖(aibj)n
i=1‖p

p,∞

1/p

= ‖(ai)n
i=1‖p,∞

 m∑
j=1

|bj |p
1/p

.

EÐnai ìmwc |ai| = g∗(i/n) ≤ C−1/p(n/i)1/p, �ra ‖(ai)‖p,∞ ≤ (n/C)1/p. Sundu�zontac ta
parap�nw, gia k�je b = (b1, . . . , bm) ∈ S`m

p
èqoume:

1− ε ≤ E‖T (b)‖`n
1
≤ 1 + ε

kai
P (|‖T (b)‖ − E‖T (b)‖| ≥ t) ≤ 2e−ζpntq

gia k�je t > 0, ìpou ζp mia jetik  stajer� h opoÐa exart�tai mìno apì to p. Sth sunèqeia
jewroÔme èna θ�dÐktuo N sth sfaÐra tou `mp . Tìte, an h pijanìthta

P (∃y ∈ N : |‖T (y)‖ − E‖T (y)‖| ≥ ε) ≤ 2|N |e−ζpnεq

≤ 2e2m/θ−ζpnεq

eÐnai mikrìterh tou 1 èqoume ìti: me jetik  pijanìthta isqÔei

1− 2ε ≤ ‖T (y)‖ ≤ 1 + 2ε

gia k�je y ∈ N kai apì thn prìtash 2.1.6 èpetai ìti mia parìmoia anisìthta isqÔei s�
ìlh th sfaÐra tou `mp arkeÐ to θ na epilegeÐ mikrì sunart sei tou ε. Tèloc, gia na isqÔei
to zhtoÔmeno me jetik  pijanìthta arkeÐ na eÐnai n ≥ (2m/θ + 1)ε−qζ−1

p = c(ε, p)m. An
loipìn jèsoume β(ε, p) = max{α(ε, p), (̧ε, p)} > 0 blèpoume ìti an n ≥ βm, tìte isqÔei
to sumpèrasma. 2



Kef�laio 3

Isomorfikèc emfuteÔseic

Se autì to kef�laio melet�me to {duðkì} tou probl matoc tou prohgoÔmenou kefalaÐou.
En¸ mèqri t¸ra endiaferìmastan na doÔme pìso mikr c t�xhc mporeÐ na epilegeÐ to N
¸ste na eÐmaste se jèsh na emfuteÔsoume ton `np , 1 < p < 2 ston `N1 (1+ ε)�isomorfik�,
t¸ra exet�zoume an mporoÔme na emfuteÔsoume {kal�} ton `np ston `(1+ε)n

1 . Lègontac
{kal�} ennooÔme an up�rqei isomorfik  emfÔteush `np → `

(1+ε)n
1 me stajer� isomorfismoÔ

anex�rthth apì th di�stash. M� �lla lìgia to er¸thma eÐnai to ex c:

Prìblhma: 'Estw 1 < p < 2 kai ε > 0. Up�rqei stajer� C = C(ε, p) > 0
kai upìqwroc Y tou `(1+ε)n

1 ¸ste d(`np , Y ) ≤ C?

To autì er¸thma tèjhke apì touc Milman kai Schechtman, me afethrÐa to je¸rhma tou
Kashin, kai apant jhke katafatik� mìlic to 2003 apì touc Johnson kai Schechtman. H
prosèggis  touc perigr�fetai analutik� sthn par�grafo 3.3.

Mia pr¸th merik  ap�nthsh dìjhke lÐgo nwrÐtera apì touc Naor kai Zvavitch. Parousi�-
zoume to epiqeÐrhm� touc sthn par�grafo 3.2.

H ap�nthsh sto Ðdio er¸thma gia ton EukleÐdeio q¸ro `n2 eÐnai katafatik  kai p�ei
pÐsw sto 1977 kai to je¸rhma tou Kashin [11]. O Kashin apèdeixe to akìloujo je¸rhma:

(Kashin, 1977) Up�rqei apìluth stajer� C > 0 me thn ex c idiìthta: gia k�je n ∈ N
up�rqoun n-di�statoi upìqwroi F1, F2 tou `2n

1 oi opoÐoi eÐnai orjog¸nioi (ston `2n
2 ) kai

isqÔei d(Fi, `
n
2 ) ≤ C gia i = 1, 2.

To je¸rhma tou Kashin qrhsimopoi jhke sth jewrÐa proseggÐsewn gia thn epÐlush
k�poiwn problhm�twn kai èpeita qrhsimopoi jhke gia thn kataskeu  n-di�statou q¸rou
tou opoÐou h stajer� thc topik� unconditional dom c tou na eÐnai thc t�xhc tou

√
n (h

megalÔterh dunat ). H apìdeixh tou Kashin  tan polÔplokh kai to 1978 o Szarek [8]
èdwse mia �llh apìdeixh tou jewr matoc eis�gontac mia nèa ènnoia, aut n tou lìgou
ìgkwn, h opoÐa br ke arketèc efarmogèc sthn topik  jewrÐa q¸rwn Banach (prbl. [9]).
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3.1 H mèjodoc tou Szarek gia to je¸rhma tou Kashin

O Szarek ([19],[20]) to 1978 eis gage gia k�je n-di�stato q¸ro me nìrma X = (Rn, ‖ ·‖),
mia afinik� analloÐwth par�metro thn opoÐa onìmase lìgo ìgkwn (volume ratio) kai
orÐzetai wc ex c:

vr(X) = min
E∈E

(
|B|
|E|

)1/n

ìpou E eÐnai h oikogèneia ìlwn twn elleiyoeid¸n pou perièqontai sto B kai B = {x ∈
X : ‖x‖ ≤ 1} h monadiaÐa mp�la tou q¸rou. Qrhsimopoi¸ntac aut  thn ènnoia apèdeixe
to ex c je¸rhma:

Je¸rhma 3.1.1 (Szarek, 1978). 'Estw c > 0 kai 0 < θ < 1 stajerèc. Up�rqei jetik 
stajer� C(θ, c) ¸ste gia k�je n-di�stato q¸ro E me vr(E) ≤ c kai gia k�je jetikì
akèraio k ≤ θn na up�rqei k-di�statoc upìqwroc F tou E me d(F, `k2) ≤ C(θ).

H apìdeixh tou jewr matoc 3.1.1 qrhsimopoieÐ thn pollaplìthta Grassmann Gn,k

twn k-di�statwn upoq¸rwn tou Rn kai to analloÐwto, wc proc thn om�da orjog¸niwn
metasqhmatism¸n, mètro Haar νn,k. 'Etsi, wc proc thn ènnoia tou mètrou Haar to para-
p�nw je¸rhma mac exasfalÐzei ìti oi {perissìteroi} k-di�statoi upìqwroi F tou E èqoun
thn idiìthta d(E, `k2) ≤ C(θc). 'Eqontac to parap�nw je¸rhma, to je¸rhma tou Kashin
eÐnai �meso pìrisma autoÔ, thc parat rhshc ìti vr(`n1 ) ≤

√
2π/e kai tou gegonìtoc ìti

h sun�rthsh F 7→ F⊥ ìtan dra sthn G2n,n diathreÐ to mètro.
Ja apodeÐxoume to je¸rhma sthn eidik  perÐptwsh ìpou E = `n1 . Pio sugkekrimèna

ja apodeÐxoume to ex c:

Je¸rhma 3.1.2. Up�rqei apìluth stajer� C > 0 ¸ste gia k�je 1 ≤ k ≤ n na up�rqei
upìqwroc F tou `n1 me dimF = k kai

d(E, `k2) ≤ C
n

n−k+1 .

An, gia dojèn 0 < θ < 1, jèsoume k = [θn] tìte èqoume to ex c:

Pìrisma 3.1.3. Gia k�je 0 < θ < 1 up�rqei stajer� C(θ) > 0 ¸ste: gia k�je n up�rqei
k-di�statoc upìqwroc F tou `n1 me k = [θn] kai d(F, `k2) ≤ C(θ).

'Etsi, èqoume jetik  ap�nthsh sto prìblhma tou kefalaÐou sthn perÐptwsh tou Euk-
leideÐou q¸rou (p = 2). H apìdeixh tou jewr matoc 3.1.2 akoloujeÐ se genikèc grammèc
aut  tou [20] kai basÐzetai sto akìloujo aplì gewmetrikì l mma:

L mma 3.1.4. 'Estw Sn−1 h monadiaÐa sfaÐra tou `n2 . Gia k�je x ∈ Sn−1 kai r > 0
gr�foume B(x, r) = {θ ∈ Sn−1 : ‖x− θ‖2 ≤ r}. An 0 < r <

√
2 isqÔei

σ(B(x, r)) ≥ 1
2

(r
2

)n−1

ìpou σ to omoiìmorfo mètro pijanìthtac sth sfaÐra Sn−1.
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Epiplèon, qr simh ja faneÐ h tautìthta thc parak�tw prìtashc:

Prìtash 3.1.5. 'Estw f : Sn−1 → R suneq c sun�rthsh. Gia k�je 1 ≤ k ≤ n isqÔei∫
Sn−1

f(θ) dσ(θ) =
∫

Gn,k

∫
SF

f(θ) dσF (θ) dνn,k(F )

ìpou SF h monadiaÐa EukleÐdeia sfaÐra ston k-di�stato upìqwro F kai σF to omoiìmorfo
(epifaneiakì) mètro pijanìthtac sthn SF .

Apìdeixh tou jewr matoc 3.1.2. ParathroÔme ìti ‖x‖1 ≤ n1/2‖x‖2 gia k�je x ∈ Rn.
KanonikopoioÔme thn ‖ · ‖1 jètontac ‖x‖ = n−1/2‖x‖1 gia k�je x ∈ Rn. Tìte èqoume
‖x‖ ≤ ‖x‖2 gia k�je x ∈ Rn. Sth sunèqeia upologÐzoume ton ìgko thc Bn

1 se polikèc
suntetagmènec qrhsimopoi¸ntac th nìrma ‖ · ‖. 'Eqoume, diadoqik�,

|Bn
1 | =

∫
Rn

χBn
1
(x) dx

= n|Bn
2 |
∫

Sn−1

∫ ∞

0

tn−1χBn
1
(tθ) dt dσ(θ)

= n|Bn
2 |
∫

Sn−1

∫ 1
‖θ‖1

0

tn−1 dt dσ(θ)

= |Bn
2 |
∫

Sn−1
‖θ‖−n

1 dσ(θ)

= n−n/2|Bn
2 |
∫

Sn−1
‖θ‖−n σ(θ).

IsodÔnama, ∫
Sn−1

‖θ‖−n dσ(θ) = nn/2 |Bn
1 |

|Bn
2 |
.

K�nontac qr sh tou tÔpou tou Stirling brÐskoume nn/2 |Bn
1 |

|Bn
2 |
∼ ( 2π

e )n/2
√
nπ. 'Ara, up�rqei

arijmhtik  stajer� A > 1 ¸ste ∫
Sn−1

1
‖θ‖n

dσ(θ) ≤ An

Qrhsimopoi¸ntac thn prìtash 3.1.5 blèpoume ìti∫
Gn,k

∫
SF

‖θ‖−n dσF (θ) dνn,k(F ) ≤ An

Apì thn anisìthta tou Markov èpetai ìti

νn,k

(
F ∈ Gn,k :

∫
SF

‖θ‖−n dσF (θ) ≥ (2A)n

)
≤ 1

2n
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'Ara, me pijanìthta toul�qiston 1− 1/2n ≥ 1/2 up�rqei F ∈ Gn,k ¸ste∫
SF

‖θ‖−n dσF (θ) < (2A)n

kai ‖x‖ ≤ ‖x‖2 gia k�je x ∈ F . Gia k�je r > 0, p�li apì thn anisìthta tou Markov,
èqoume

σF (θ ∈ SF : ‖θ‖ ≤ r) ≤ rn

∫
SF

‖θ‖−n dσF (θ) ≤ (2rA)n(3.1)

ParathroÔme ìti an broÔme r > 0 arket� mikrì ¸ste gia k�je x ∈ SF na isqÔei

(∗) B(x, r/2) ∩ {θ ∈ SF : ‖θ‖ > r} 6= ∅

tìte gia k�je x ∈ SF ja up�rqei θ ∈ SF me ‖θ − x‖2 ≤ r/2 kai ‖θ‖ > r. 'Ara

‖x‖ ≥ ‖θ‖ − ‖x− θ‖ ≥ r − ‖x− θ‖2 ≥ r/2

kai lìgw omogèneiac thc nìrmac ja èqoume ‖x‖ ≥ r
2‖x‖2 gia k�je x ∈ F . 'Etsi, ja èqoume

brei èna upìqwro F ∈ Gn,k ston opoÐo oi duo nìrmec sugkrÐnontai {kal�}, dhlad :

r

2
‖x‖2 ≤ ‖x‖ ≤ ‖x‖2

gia k�je x ∈ F . Gia na isqÔei h (∗) arkeÐ na eÐnai σF (B(x, r/2)) > σF ({θ : ‖θ‖ ≤ r}).
'Omwc apì to l mma 3.1.4 èqoume ìti σF (B(x, r/2)) ≥ 1

2

(
r
4

)k−1 kai apì thn (3.1) ìti
σF (θ : ‖θ‖ ≤ r) ≤ (2rA)n. Opìte, arkeÐ na eÐnai 1

2

(
r
4

)k−1
> (2rA)n   r = (20A)−

n
n−k+1 .

Tìte, isqÔei
rn1/2

2
‖x‖2 ≤ ‖x‖1 ≤ n1/2‖x‖2

gia k�je x ∈ F . Apì aut n èpetai ìti

d(F, `k2) ≤ 2
r

gia ton k-di�stato upìqwro F tou `n1 . H apìdeixh eÐnai pl rhc. 2

3.2 To je¸rhma twn Naor kai Zvavitch

To 2001 oi Naor kai Zvavitch èdwsan merik  ap�nthsh sto prìblhma deÐqnontac ìti h
stajer� isomorfismoÔ fr�ssetai apì (C(p) log n)

1
q ( 1

ε +1), ìpou q = p
p−1 kai C(p) jetik 

stajer� h opoÐa exart�tai mìno apì to p.
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3.2.1 Perigraf  thc apìdeixhc
H prosèggish twn Naor kai Zvavitch eÐnai pijanojewrhtik  kai basÐzetai sth mèjodo
twn tuqaÐwn telest¸n: StajeropoioÔme n < m ≤ 2n (h sunj kh m ≤ 2n den eÐnai
perioristik , jumhjeÐte ìti ja fèroume to m ìso kont� jèloume sto n: jèloume m =
(1+ε)n) kai jewroÔme kat�llhlh oikogèneia tuqaÐwn grammik¸n telest¸n Tω : `np → `m1 ,
ìpou ω ∈ Ω kai (Ω,A,P) o q¸roc pijanìthtac ston opoÐo douleÔoume. Ja apodeÐxoume
ìti me jetik  pijanìthta up�rqei ènac telest c S : `np → `m1 (apì touc Tω, ω ∈ Ω) ¸ste
na isqÔei

‖x‖p ≤ ‖Sx‖1 ≤ (K log n)
1
q (

m/n
m/n−1 )‖x‖p

gia k�je x ∈ `np , ìpou K = K(p) jetik  stajer�. M� �lla lìgia isqÔei to akìloujo:

Je¸rhma 3.2.1 (Naor–Zvavitch, 2001). Gia k�je 1 < p < 2 up�rqei stajer� K =
K(p) > 0 me thn ex c idiìthta: gia k�je n < m ≤ 2n up�rqei n-di�statoc upìqwroc W
tou `m1 ¸ste

d(W, `np ) ≤ (K log n)
1
q (

m/n
m/n−1 )

ìpou d(·, ·) h apìstash Banach–Mazur.

Ap� autì to je¸rhma, paÐrnontac m = (1 + ε)n èqoume to zhtoÔmeno.
H tuqaÐa emfÔteush pou qrhsimopoieÐtai sthn apìdeixh eÐnai diaforetik  apì tic em-

futeÔseic pou èqoume dei wc t¸ra kai perigr�fetai eÔkola apì èna tuqaÐo pÐnaka m× n
tou opoÐou ta stoiqeÐa eÐnai anex�rthtec, isokatanemhmènec tuqaÐec metablhtèc Xij sto
q¸ro pijanìthtac (Ω,A,P). Pio sugkekrimèna èqoume ton akìloujo (tuqaÐo) pÐnaka

Γ(ω) =
1
m


X11(ω) X12(ω) . . . X1n(ω)
X21(ω) X22(ω) . . . X2n(ω)

...
... . . .

...
Xm1(ω) Xm2(ω) . . . Xmn(ω)

 =
1
m

(
Xij(ω)

)m,n

i,j
(3.2)

ìpou k�je Xij eÐnai antÐgrafo miac summetrik c tuqaÐac metablht c X, h opoÐa orÐze-
tai mèsw miac kat�llhla {kommènhc} summetrik c kanonikopoihmènhc p-stable tuqaÐac
metablht c. JewroÔme mia summetrik  kanonikopoihmènh p-stable tuqaÐa metablht  g kai
b�sei aut c orÐzoume th summetrik  tuqaÐa metablht  X wc ex c:

P(X < t) =


0 t < −m1/p

P(−m1/p≤g≤t)
P(|g|≤m1/p)

|t| ≤ m1/p

1 t > m1/p

(3.3)

T¸ra, oi Xij eÐnai mn anex�rthta isokatanemhmèna antÐgrafa thc X. 'Etsi, orÐzetai o
tuqaÐoc pÐnakac Γω kai wc ek toÔtou o tuqaÐoc telest c Tω. ParathroÔme ìti gia k�je



38 · Isomorfikès emfuteÔseis

b = (b1, . . . , bn) ∈ `np isqÔei

Tω(b) =
1
m

Γωb =
1
m

m∑
i=1

 n∑
j=1

bjXij

 ei,(3.4)

ìpou ei ta kanonik� basik� dianÔsmata tou Rn. Autì pou kurÐwc mac endiafèrei eÐnai h
nìrma ‖Tω‖ = sup{‖Tω(b)‖1 : ‖b‖p = 1} kai sugkekrimèna ektim seic gia tic pijanìthtec

P(ω : ‖Tω(b)‖1 < t‖b‖p)(3.5)

kai

P(ω : ‖Tω(b)‖1 > s‖b‖p).(3.6)

Sunep¸c, h posìthta

Zb(ω) = ‖Tω(b)‖1 =
1
m

m∑
i=1

∣∣∣∣∣∣
n∑

j=1

bjXij(ω)

∣∣∣∣∣∣ = 1
m

m∑
i=1

|Yi(ω)|,(3.7)

ìpou Yi =
∑n

j=1 bjXij =
〈
X(i), b

〉
me X(i) = (Xi1, . . . , Xin) h i-gramm  tou pÐnaka Γ, ja

eÐnai to kÔrio antikeÐmeno melèthc sth sunèqeia.

3.2.2 Ta basik� l mmata
Arqik� ektimoÔme thn pijanìthta (3.5). Lìgw thc omogèneiac arkeÐ na upologÐsoume thn
parap�nw pijanìthta sthn perÐptwsh ìpou ‖b‖p = 1.

Prìtash 3.2.2. Up�rqei stajer� C = C(p) > 0 ¸ste gia k�je t > 0 kai gia k�je
b ∈ `np me ‖b‖p = 1 na isqÔei

P(Zb < t) ≤ (Ct)m.(3.8)

Gia thn apìdeixh thc prìtashc ja qreiastoÔme dÔo l mmata. Apì thn morf  thc Zb

blèpoume ìti prèpei na ektim soume mia small ball probability gia to mèso ìro twn
anex�rthtwn tuqaÐwn metablht¸n |Yi|, i = 1, 2, . . . ,m. Proc toÔto prèpei pr¸ta na gnwrÐ-
zoume mia ektÐmhsh gia thn pijanìthta P(|Y | < t) ìpou Y eÐnai tuqaÐa metablht  isìnomh
me tic Yi. 'Etsi èqoume to akìloujo l mma:

L mma 3.2.3. Up�rqei stajer� C = C(p) > 0 me thn ex c idiìthta: An b = (b1, . . . , bn) ∈
`np me ‖b‖p = 1 kai Y =

∑n
j=1 bjXj , ìpou X1, . . . , Xn anex�rthta isìnoma antÐgrafa thc

X, tìte isqÔei

P(|Y | < t) ≤ Ct(3.9)

gia k�je t > 0.
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Apìdeixh. ParathroÔme ìti k�je Xj èqei puknìthta fXj ≡ fX kai �ra h Y èqei puknìthta
fY . Lìgw thc anexarthsÐac èqoume

fY (u) = f∑n
j=1 bjXj

(u) = (fb1X1 ∗ · · · ∗ fbnXn
)(u)

=

(
fX( ·

|b1| )

|b1|

)
∗ · · · ∗

(
fX( ·

|bn| )

|bn|

)
(u).

EpÐshc, apì ton trìpo orismoÔ thc X èqoume ìti

fX ≤ fg

P(|g| ≤ m1/p)
≤ fg

1− cp/m
(3.10)

ìpou sthn teleutaÐa anisotik  sqèsh èqoume qrhsimopoi sei thn anisìthta P(|g| > t) ≤
cp

tp gia thn our� thc katanom c thc g. Opìte èqoume ìti

fY (u) ≤ 1
(1− cp

m )n

(
fg( ·

|b1| )

|b1|

)
∗ . . . ∗

(
fg( ·

|bn| )

|bn|

)
(u)

=
1

(1− cp

m )n
f∑n

j=1 bjgj
(u)

≤ Cfg(u)

ìpou sthn teleutaÐa anisìthta èqoume qrhsimopoi sei to gegonìc ìti h posìthta (1 −
cp/m)n eÐnai k�tw fragmènh ìtan n < m ≤ 2n kai akìmh ìti h

∑n
j=1 bjgj èqei thn

Ðdia katanom  me thn g efìson ‖b‖p = 1. EpÐshc, h fg eÐnai fragmènh afoÔ fg(x) =∫
e−itxϕg(t) dt. Ed¸, me ϕg(t) = e−cp|t|p sumbolÐzoume th qarakthristik  sun�rthsh thc

p-stable (prbl. [4]). 'Etsi, paÐrnoume thn ektÐmhsh

P(|Y | < t) =
∫ t

−t

fY (u) du ≤ C

∫ t

−t

fg(u) du ≤ C ′t

h opoÐa eÐnai kai h zhtoÔmenh. 2

To epìmeno l mma apoteleÐ mia klasik  ektÐmhsh gia small ball probability ìtan è-
qoume to mèso ìro anex�rthtwn tuqaÐwn metablht¸n Y1, . . . , Ym me sun�rthsh katanom c
FYi

ìpou FYi
(t) ≤ Ct gia i = 1, . . . ,m.

L mma 3.2.4. 'Estw Y1, . . . , Ym anex�rthtec tuqaÐec metablhtèc me P(|Yi| < t) ≤ Ct
gia i = 1, . . . ,m. Tìte gia k�je t > 0 isqÔei

P

(
1
m

m∑
i=1

|Yi| < t

)
≤ (Kt)m(3.11)

ìpou K = eC apìluth stajer�.
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Apìdeixh. Apì thn anisìthta tou Markov, gia k�je λ > 0 èqoume

P

(
1
m

m∑
i=1

|Yi| < t

)
≤ eλmtEe−λ

∑m
i=1 |Yi|

= eλmt
m∏

i=1

Ee−λ|Yi|

= eλmt
m∏

i=1

(∫ ∞

0

e−sP(λ|Yi| ≤ s) ds
)
.

Apì thn upìjesh èqoume ìti∫ ∞

0

e−sP(|Yi| ≤ s/λ) ds ≤ C

λ

∫ ∞

0

se−s ds =
C

λ
.

'Etsi, prokÔptei

P( 1
m

m∑
i=1

|Yi| < t) ≤ eλmt(C/λ)m.(3.12)

Epil;egontaw λ = 1/t paÐrnoume to zhtoÔmeno. 2

Sundu�zontac ta parap�nw l mmata paÐrnoume thn Prìtash 3.2.2. To epìmeno b ma eÐnai
na ektim soume thn pijanìthta (3.6). Gi� autì to skopì ja eÐnai qr simh h akìloujh
ektÐmhsh:
L mma 3.2.5. Up�rqei stajer� C = C(p) > 0 ¸ste gia k�je t > 0 na isqÔei

EetX ≤ 1 +
1
m

(cosh(Ctm1/p)− 1).(3.13)

Apìdeixh. Apì to je¸rhma Beppo-Levi kai to gegonìc ìti hX eÐnai summetrik , paÐrnoume

EetX = E cosh(tX) =
∞∑

k=0

t2k

(2k)!
EX2k = 1 +

∞∑
k=1

t2k

(2k)!
EX2k.(3.14)

Epomènwc, qreiazìmaste mia ektÐmhsh gia tic �rtiec ropèc thc X. An k ≥ 1, tìte

EX2k = 2k
∫ ∞

0

t2k−1P(|X| > t) dt

= 2k
∫ m1/p

0

t2k−1 P(|g| > t)
P(|g| ≤ m1/p)

dt

≤ 2kcp
1− cp/m

∫ m1/p

0

t2k−1−p dt

≤ C ′m
2k/p

m
.
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Sunep¸c, èqoume thn anisìthta

EetX ≤ 1 +
1
m

∞∑
k=1

(Ctm1/p)2k

(2k!)
= 1 +

1
m

(cosh(Ctm1/p)− 1)(3.15)

h opoÐa eÐnai h zhtoÔmenh. 2

Sth sunèqeia ja ektim soume th mèsh tim  Eet|Yi| gia k�je i = 1, 2, . . . ,m.

L mma 3.2.6. Up�rqei stajer� C = C(p) > 0 ¸ste an b ∈ `np kai Y =
∑n

j=1 bjXj , ìpou
X1, . . . , Xn anex�rthta kai isìnoma antÐgrafa thc X, tìte gia k�je t > 0 isqÔei

Eet|Y | ≤ 1 + Ct+ 2
{

exp
(

‖b‖1
m‖b‖∞

[cosh(Ct‖b‖∞m1/p)− 1]
)
− 1
}
.(3.16)

Apìdeixh. 'Opwc kai sto l mma 3.2.3 eÔkola deÐqnoume ìti up�rqei stajer� c = cp ¸ste
f|Y | ≤ cf|g|, �ra èqoume E|Y | ≤ C1. Apì th stoiqei¸dh anisìthta ex ≤ 1+x+2(coshx−1)
kai to gegonìc ìti h cosh eÐnai �rtia, paÐrnontac mèsh tim  blèpoume ìti

Eet|Y | ≤ 1 + C1t+ 2(EetY − 1)

= 1 + C1t+ 2

 n∏
j=1

Eet|bj |X − 1


ìpou sthn teleutaÐa isìthta èqoume qrhsimopoi sei thn anexarthsÐa twn Xj kai th sum-
metrÐa thc X. Qrhsimopoi¸ntac t¸ra to prohgoÔmeno l mma, paÐrnoume

n∏
j=1

Eet|bj |X ≤
n∏

j=1

(
1 +

1
m

[cosh(C2t|bj |m1/p)− 1]
)

(3.17)

≤ exp

 1
m

n∑
j=1

(cosh(C2t|bj |m1/p)− 1)


Apì thn kurtìthta thc sun�rthshc x 7→ coshx− 1 èqoume:

cosh(C2t|bj |m1/p)− 1 ≤ |bj |
‖b‖∞

(cosh(C2t‖b‖∞m1/p)− 1).(3.18)

Sundu�zontac tic sqèseic (3.17) kai (3.18) èqoume thn (3.16). 2

T¸ra eÐmaste se jèsh na apodeÐxoume th deÔterh basik  prìtash, h opoÐa eÐnai mia
anisìthta gia thn our� thc metablht c Zb me ‖b‖p = 1.
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Prìtash 3.2.7. Up�rqei stajer� C0 = C0(p) > 0 ¸ste gia k�je s > C0 kai gia k�je
b ∈ `np me ‖b‖p = 1 na isqÔei

P(Zb > s) ≤ exp
(
−sm1/q

C0‖b‖∞

)
,(3.19)

ìpou 1/p+ 1/q = 1.
Apìdeixh. Apì thn anisìthta tou Markov, gia k�je λ > 0 èqoume

P(Zb > s) ≤ e−λsEeλZb

= e−λs
m∏

i=1

Ee
λ
m |Yi|

= e−λs
(
Ee

λ
m |Y |

)m

.

Qrhsimopoi¸ntac to l mma 3.2.6 kai th stoiqei¸dh anisìthta 1 + x ≤ ex paÐrnoume(
Ee

λ
m |Y |

)m

≤ exp
{
Cλ+ 2m

[
exp

(
‖b‖1
m‖b‖∞

[cosh(Cλ‖b‖∞m−1/q)− 1]
)
− 1
]}

An epilèxoume λ = m1/q

C‖b‖∞ tìte èqoume

‖b‖1
m‖b‖∞

[cosh(Cλ‖b‖∞m−1/q)− 1] =
(e− 1)2

2e
‖b‖1
m‖b‖∞

<
2‖b‖1
em‖b‖∞

< 1.

'Omwc gia k�je 0 ≤ x < 1 isqÔei ex − 1 ≤ 2x, �ra eÐnai

P(Zb > s) ≤ e−λs exp
(
m1/q

‖b‖∞
+ 4

‖b‖1
‖b‖∞

)
(3.20)

Apì thn anisìthta tou Hölder kai to gegonìc ìti n < m èqoume ‖b‖1 ≤ n1/q‖b‖p < m1/q.
'Etsi, paÐrnoume

P(Zb > s) ≤ exp
(
− sm1/q

C‖b‖∞
+ 5

m1/q

‖b‖∞

)
.

Jètontac C0 := 6C blèpoume ìti, an s > C0 tìte

P(Zb > s) ≤ e
− sm1/q

C0‖b‖∞

kai h apìdeixh thc prìtashc eÐnai pl rhc. 2

Tèloc, apodeiknÔoume èna klasikì gewmetrikì apotèlesma pou afor� se eidikoÔ tÔpou
uposÔnola thc monadiaÐac sfaÐrac tou `np : OrÐzoume to sÔnolo

F =
{

ε1A

|A|1/p
: A ⊆ {1, 2, . . . , n}, A 6= ∅, ε ∈ {−1, 1}n

}
(3.21)

ìpou o pollaplsiasmìc ε1A eÐnai kat� shmeÐo. To sÔnolo F èqei thn akìloujh idiìthta:
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Prìtash 3.2.8. Up�rqei stajer� C = C(p) > 0 ¸ste na isqÔei

Bn
p ⊆ C(log n)1/qconv(F).(3.22)

ìpou 1/p+ 1/q = 1.

Apìdeixh. ArkeÐ na deÐxoume ìti k�je ‖b‖p = 1 gr�fetai wc (kat�llhlo) pollapl�sio
kurtoÔ sunduasmoÔ stoiqeÐwn tou F . 'Estw b ∈ S`n

p
. Ja prospaj soume na gr�youme to

b wc kurtì sunduasmì twn 1
k1/p

∑k
i=1 ei ∈ F gia k = 1, . . . , n epÐ mia kat�llhlh stajer�.

AnazhtoÔme tk ≥ 0 me
∑n

k=1 tk = 1 ¸ste

b = c(b)
n∑

k=1

tk
k1/p

k∑
i=1

ei(3.23)

ìpou c(b) kat�llhlh jetik  stajer�. All�zontac thn �jroish sto dexiì mèloc brÐskoume
ìti

b = c(b)
n∑

i=1

n∑
k=i

tk
k1/p

ei

Opìte an b = (b1, b2, . . . , bn) tìte eÐnai bi = c(b)
∑n

k=i
tk

k1/p gia i = 1, 2, . . . , n. 'Ara,

bi − bi+1 = c(b)
ti
i1/p

⇒ ti =
i1/p(bi − bi+1)

c(b)

gia 1 ≤ i ≤ n − 1 kai tn = n1/pbn

c(b) . Efìson, jèloume ti ≥ 0 prèpei na eÐnai b1 ≥
. . . ≥ bn ≥ 0 kai apì th sunj kh

∑n
i=1 ti = 1 prosdiorÐzetai h stajer� c(b): jètoume

c(b) =
∑n

i=1(bi − bi+1)i1/b, ìpou bn+1 ≡ 0. S� aut n thn perÐptwsh loipìn èqoume ìti:
gia th stajer� c(b) up�rqoun t1, . . . tn ≥ 0 me

∑n
k=1 tk = 1 (ìpwc orÐsjhkan) ¸ste na

isqÔei h (3.23).
Gia th genik  perÐptwsh parathroÔme ìti to sÔnolo F eÐnai analloÐwto wc proc

allagèc pros mwn kai anadiat�xeic. 'Ara, se k�je perÐptwsh isqÔei h (3.23) me thn Ðdia
stajer� c(b).

Gia th stajer� c(b) parathroÔme ìti

c(b) =
n∑

i=1

(bi − bi+1)i1/p =
n∑

i=1

[i1/p − (i− 1)1/p]bi

≤ ‖b‖p

(
n∑

i=1

[i1/p − (i− 1)1/p]q
)1/q

Gia k�je i > 1 isqÔei i1/p − (i− 1)1/p < 1
p i
−1/q opìte eÐnai

[i1/p − (i− 1)1/p]q <
p−q

i
.
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Epìmenwc,

c(b) ≤

(
1 + p−q

n∑
i=2

1
i

)1/q

≤
(

1 +
1
pq

∫ n

1

1
x
dx

)1/q

≤ c

p
(log n)1/q

ìpou c > 0 arijmhtik  stajer�. 2

3.2.3 Apìdeixh tou jewr matoc kai sqìlia
'Eqontac ìla ta basik� ergaleÐa sta qèria mac mporoÔme t¸ra na proqwr soume sto
epiqeÐrhma thc apìdeixhc. Arqik� qreiazìmaste èna �nw fr�gma gia thn pijanìthta

P(∃u ∈ F : Zu > s),

ìpou F h oikogèneia pou orÐsjhke sthn (3.21) kai sth sunèqeia gia thn pijanìthta

P(∃b ∈ N : Zb < t),

ìpou to N ja eÐnai èna kat�llhlo dÐktuo sth monadiaÐa sfaÐra tou `np .
Apìdeixh tou jewr matoc 3.2.1. Apì thn upoprosjetikìthta thc pijanìthtac kai thn
ektÐmhsh (3.19) èqoume

P(u ∈ F : Zu > s) ≤
∑
u∈F

P(Zu > s) =
n∑

k=1

∑
u=ε1A/|A|1/p

|A|=k,ε∈{−1,1}n

P(Zu > s)

≤
n∑

k=1

∑
u=ε1A/|A|1/p

|A|=k,ε∈{−1,1}n

exp
(
−sCm1/q

‖u‖∞

)
=

n∑
k=1

(
n

k

)
2ke−sCm1/qk1/p

≤
n∑

k=1

(
n

k

)
e−sC′m1/qk1/p

gia k�poio s > 1/C, ìpou C ′ mia stajer� pou exart�tai mìno apì to p.
DiakrÐnoume dÔo peript¸seic:

(a) An k < n/2 tìte jètontac x = k
n èqoume x ∈ [1/n, 1/2) kai(

n

k

)
e−sC′m1/qk1/p

=
(
n

nx

)
e−sC′m1/q(nx)1/p

≤
[
xx(1− x)(1−x)

]−n

e−sC′nx1/p

= e−n(h(x)+sC′x1/p)
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ìpou h(x) = x log x+(1−x) log(1−x) h sun�rthsh entropÐac. AnazhtoÔme k�tw fr�gma
gia th sun�rthsh H(x) = h(x) + sC ′x1/p. ParagwgÐzontac brÐskoume

x1/qH ′(x) = x1/q log
(

x

1− x

)
+
sC ′

p

≥ x1/q log x+
sC ′

p

≥ −q
e

+
sC ′

p

ìpou sth teleutaÐa anisìthta èqoume qrhsimopoi sei th stoiqei¸dh anisìthta x1/q log x ≥
−q/e gia k�je x > 0. SumperaÐnoume ìti gia ìla ta s > s1 := max{1/C, pq/(eC ′)}, h H
eÐnai aÔxousa �ra eÐnai

H(x) ≥ H(1/n) = (1/n) log(1/n) + (1− 1/n) log(1− 1/n) + sC ′n−1/p

  isodÔnama

−nH(x) ≤ log n+ (n− 1) log
(

1 +
1

n− 1

)
− sC ′n1/q

Opìte, paÐrnoume (
n

k

)
e−sC′m1/qk1/p

≤ e−nH(x) ≤ e−sC1n1/q(3.24)

gia ìla ta s > s2, ìpou C1 mia stajer� h opoÐa exart�tai mìno apì to p kai s2 = s2(p)
kat�llhlh jetik  stajer�.
(b) An k ≥ n/2 mporoÔme na fr�xoume wc ex c:(

n

k

)
e−sC′m1/qk1/p

≤
(

n

[n/2]

)
e−sC′m1/q(n/2)1/p

≤ 2ne−sC2n ≤ e−sC3n,

an s > 2/c2 kai C3 jetik  stajer� h opoÐa exart�tai mìno apì to p. 'Etsi, se k�je
perÐptwsh eÐnai

(
n
k

)
e−sC′m1/qk1/p ≤ e−sC′′n1/q opìte paÐrnoume

P(∃u ∈ F : Zu > s) ≤ ne−sC′′n1/q(3.25)

gia ìla ta s > s3 = s3(p), ìpou s3 kat�llhlh stajer�. StajeropoioÔme èna tètoio s
¸ste ne−sC′′n1/q

< 1/2.
Gia thn �llh pijanìthta jewroÔme èna δ-dÐktuo N sth monadiaÐa sfaÐra tou `np me

plhj�rijmo |N | ≤ (3/δ)n. 'Eqoume diadoqik�

P(∃b ∈ N : Zb < t) ≤ |N |P(Zb < t) ≤
(

3
δ

)n

(C4t)m.
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Epilègoume δ = 6C2
4 t

m/n opìte eÐnai P(∃b ∈ N : Zb < t) < 1/2 gia k�je t > 0.
Ap� ìla ta parap�nw prokÔptei ìti up�rqei ω ∈ Ω ¸ste Zu(ω) ≤ s gia k�je u ∈ F

kai Zb(ω) ≥ t gia k�je b ∈ N . Epomènwc,

sup
{
‖Tω(b)‖1 : b ∈ 1

C5(log n)1/q
Bn

p

}
≤ sup {‖Tω(u)‖1 : u ∈ conv(F)} ≤ s

diìti h Zu eÐnai grammik  wc proc u. 'Ara,

‖Tω(b)‖1 ≤ sC5(log n)1/q(3.26)

gia k�je b ∈ Bn
p . Apì thn �llh pleur� èqoume: an x ∈ S`n

p
tìte up�rqei y ∈ N me

‖x− y‖p < δ, �ra

‖Tω(x)‖1 ≥ ‖Tω(y)‖1 − ‖T‖ · ‖x− y‖p

≥ t− sA(log n)1/qtm/n,

ìpou A = 6C5C
2
4 . Epilègoume t > 0 tètoio ¸ste tm/nsA(log n)1/q = t/2, dhlad  t =

[2sA(log n)1/q]n/(n−m), opìte isqÔei
t

2
≤ ‖Tω(x)‖1 ≤ sC5(log n)1/q

gia k�je x ∈ S`n
p
. An jèsoume W = Tω(`np ) ⊆ `m1 , tìte

d(`np ,W ) ≤ 2
t
sC5(log n)1/q ≤ [K(p) log n]

1
q ( m

m−n )

kai h apìdeixh eÐnai pl rhc. 2

Parathr seic 3.2.9. AxÐzei ton kìpo na prosèxoume k�poiec teqnikèc duskolÐec tou
epiqeir matoc pou perigr�yame: autèc anagk�zoun touc Naor kai Zvavitch na akolouj -
soun thn parap�nw poreÐa kai na katal xoun se mia telik  ektÐmhsh pou den apofeÔgei
thn (logarijmik ) ex�rthsh apì to n.

Ac upojèsoume ìti èqoume X ′
ij anex�rthtec tuqaÐec metablhtèc, oi opoÐec èqoun thn

Ðdia katanom  me mia summetrik  tuqaÐa metablht  X ′, b = (b1, b2, . . . , bn) me ‖b‖p = 1
kai èstw Z ′b = 1

m

∑m
i=1 |

∑n
j=1 bjX

′
ij |. An gnwrÐzoume (me k�poio trìpo, ìpwc sto l mma

3.2.3) ìti P(Z ′b < t) ≤ (Ct)m tìte èqoume

EZ ′b ≥
∫
{Z′

b≥
1

2C }
Z ′b dP ≥

1
2C

P
(
Z ′b ≥

1
2C

)
≥ 1

2C

(
1− 1

2m

)
≥ C ′.(3.27)

Apì thn anisìthta Cauchy–Schwarz kai thn anexarthsÐa twn X ′
ij paÐrnoume

C ′ ≤ EZ ′b = E

∣∣∣∣∣∣
n∑

j=1

bjX
′
ij

∣∣∣∣∣∣ ≤
E

∣∣∣∣∣∣
n∑

j=1

bjX
′
ij

∣∣∣∣∣∣
2


1/2

= ‖b‖2(E|X ′|2)1/2.(3.28)
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Efìson, h teleutaÐa isqÔei gia k�je ‖b‖p = 1 ja isqÔei kai gia to b = (n−1/p, . . . , n−1/p).
Opìte, prokÔptei h ex c anisìthta

E|X ′|2 ≥ C ′′n2/p−1.(3.29)

Apì thn anisìthta tou Lyapounov kai thn (3.29) èpetai ìti gia k�je k ≥ 2 isqÔei(
E|X ′|k

)1/k ≥
(
E|X ′|2

)1/2 ≥ C1n
1/p−1/2.(3.30)

Apì thn anexarthsÐa kai th summetrÐa twn X ′
ij , gia k�je t > 0 èqoume

EetZ′
b = Eet|

∑n
j=1 bjX′

ij | ≥ Eet
∑n

j=1 bjX′
ij

=
n∏

j=1

Eet|bj |X′
=

n∏
j=1

E cosh(t|bj |X ′)

≥
n∏

j=1

cosh(t|bj |C1n
1/p−1/2)

ìpou sthn teleutaÐa anisìthta èqoume qrhsimopoi sei thn (3.30). Eidikìtera, an b =
(1, 0, . . . , 0) tìte èqoume

EetZ′
b ≥ cosh(tC1n

1/p−1/2)

kai �ra oi ourèc thc Z ′b de mporeÐ na eÐnai ekjetikèc wc proc n kai s. 'Etsi, to sÔnhjec
epiqeÐrhma diktÔou den efarmìzetai kai autìc eÐnai o lìgoc pou qrhsimopoieÐtai h prìtash
3.2.8.

3.3 To `n1 je¸rhma tou Elton

Je¸rhma 3.3.1 (Elton, 1983). 'Estw X pragmatikìc q¸roc Banach kai δ ∈ (0, 1).
Tìte, up�rqoun stajerèc c ≡ c(δ) > 0 kai β ≡ β(δ) > 0 ¸ste: an (ei)n

i=1 eÐnai dianÔsmata
sth monadiaÐa mp�la tou X me thn idiìthta

Aveεi=±1

∥∥∥∥∥
n∑

i=1

εiei

∥∥∥∥∥ ≥ δn(3.31)

tìte up�rqei σ ⊆ [n] me |σ| = m ≥ cn ¸ste∥∥∥∥∥∑
i∈σ

αiei

∥∥∥∥∥ ≥ β
∑
i∈σ

|αi|(3.32)

gia k�je epilog  pragmatik¸n suntelest¸n (αi)i∈σ.
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Sqìlia 3.3.2. (a) To je¸rhma tou Elton èdwse jetik  ap�nthsh se èna er¸thma tou
Rosenthal: to arqikì er¸thma  tan an mporeÐ na isqÔei to sumpèrasma tou jewr matoc
me thn upìjesh ìti ‖

∑n
i=1 εiei‖ ≥ δn gia k�je epilog  pros mwn (εi) ∈ {−1, 1}n. 'Opwc

ja faneÐ apì thn apìdeixh, gia na mporèsoume na deÐxoume k�ti tètoio prèpei na èqoume
sthn euqèrei� mac mia upìjesh gia pollèc epilogèc pros mwn kai ìqi apl¸c gia to mèso
ìro. 'Omwc, apì thn upìjesh gia to mèso ìri mporoÔme na exasfalÐsoume ìti to Ðdio
isqÔei gia k�poio arket� {meg�lo} uposÔnolo twn koruf¸n tou n-diast�tou kÔbou.
(b) LÐgo argìtera, o Pajor apèdeixe ìti to apotèlesma isqÔei kai gia migadikoÔc q¸rouc
Banach. Sth sunèqeia to je¸rhma tou Elton melet jhke kai apì ton Talagrand (1992)
o opoÐoc apèdeixe to bèltisto twn stajer¸n c(δ), β(δ) sto sumpèrasma.
(g) To je¸rhma tou Elton exasfalÐzei ìti an se k�poion pragmatikì q¸ro Banach èqoume
n dianÔsmata sth monadiaÐa tou mp�la kai o mèsoc ìroc touc wc proc ìla ta dunat�
prìshma eÐnai an�logoc tou n tìte up�rqei èna uposÔnolì touc, megèjouc m an�logo
tou n, to opoÐo eÐnai isodÔnamo me thn kanonik  b�sh tou `m1 . 'Etsi, èqoume ìti o X
perièqei upìqwro di�stashc m ∼ n, o opoÐoc eÐnai isìmorfoc me ton `m1 . M� �lla lìgia
to je¸rhma tou J.Elton èqei ènan isomorfikì qarakt ra.
(d) Sto Ðdio �rjro, o Elton prosjètei mia sqedìn isometrik  èkdosh tou jewr matoc,
apodeiknÔontac ìti an δ ↑ 1 tìte mporoÔme na epilèxoume β ↑ 1 kai c → 1/2. Se mia pio
apl  gl¸ssa o sqedìn isometrikìc qarakt rac tou jewr matoc diatup¸netai wc ex c:
Je¸rhma. 'Estw θ ∈ (0, 1

2 ) kai ε ∈ (0, 1). Tìte up�rqei δ := δ(ε, θ) < 1 tètoio ¸ste an
(ei)n

i=1 eÐnai dianÔsmata sth monadiaÐa mp�la enìc pragmatikoÔ q¸rou Banach me

Aveεi=±1

∥∥∥∥∥
n∑

i=1

εiei

∥∥∥∥∥ ≥ δn ,

tìte up�rqei sÔnolo τ ⊆ {1, 2, . . . , n} me |τ | ≥ θn ¸ste∥∥∥∥∥∑
i∈τ

αiei

∥∥∥∥∥ ≥ (1− ε)
∑
i∈τ

|αi|

gia k�je epilog  pragmatik¸n suntelest¸n (αi)i∈τ .
To 2002 oi Dilworth kai Patterson apèdeixan thn sqedìn isometrik  èkdosh tou jew-

r matoc gia migadikoÔc q¸rouc Banach, ìpou h posìthta θ plèon exart�tai apì to ε,
oi anex�rthtec metablhtèc Rademacher εi = ±1 den arkoÔn kai antikajÐstantai apì
anex�rthtec migadikèc tuqaÐec metablhtèc Steinhaus en¸ to sunduastikì komm�ti thc
apìdeixhc apaiteÐ èna pio isqurì l mma ap� autì twn Sauer kai Shelah (pou qrhsimopoieÐ
o Elton), thn genÐkeus  tou apì touc Karpovsky kai Milman.

Ja apodeÐxoume thn isomorfik  èkdosh tou jewr matoc tou Elton. Prin per�soume
sto kÔrio mèroc thc apìdeixhc, parousi�zoume k�poia l mmata pijanojewrhtikoÔ kai
sunduastikoÔ qarakt ra, ta opoÐa ja paÐxoun basikì rìlo. To pr¸to l mma eÐnai mia



3.3 To `n1 je¸rhma tou Elton · 49

anisìthta sugkèntrwshc ston omoiìmorfo q¸ro pijanìthtac (En
2 ,P) gia th sun�rthsh

ft : En
2 → R me ft(ε) =

∑n
i=1 tiεi := 〈t, ε〉 ìpou ε = (εi) ∈ En

2 = {−1, 1}n kai t = (ti) ∈
Rn.

L mma 3.3.3. 'Estw (εi)i≤n anex�rthtec tuqaÐec metablhtèc Rademacher kai |ci| ≤ 1
gia i = 1, . . . , n. Tìte gia k�je α > 0 isqÔei h anisìthta apìklishc

P
(
c1ε1 + . . .+ cnεn

n
≥ α

)
≤ exp

(
−nα

2

2

)
.(3.33)

Apìdeixh. Apì to pr¸to mèroc tou jewr matoc 1.3.3 gia t = nα èqoume

P

(
n∑

i=1

ciεi ≥ nα

)
≤ exp

(
−n2α2/2

∑
i

c2i

)

Katìpin qrhsimopoioÔme thn anisìthta
∑

i c
2
i ≤ n kai prokÔptei to zhtoÔmeno. 2

Sth sunèqeia apodeiknÔoume èna fr�gma gia ajroÐsmata diwnumik¸n suntelest¸n.
Pio sugkekrimèna isqÔei to akìloujo:

L mma 3.3.4. 'Estw 0 < α ≤ 1
2 . Tìte isqÔei h anisìthta

αn−1∑
i=0

(
n

i

)
≤ [αα(1− α)(1−α)]−n(3.34)

Apìdeixh. Upojètoume qwrÐc bl�bh thc genikìthtac ìti o αn eÐnai akèraioc. Tìte to
�jroisma sto pr¸to mèloc ekfr�zetai wc pijanìthta gia anex�rthtec tuqaÐec dokimèc
Bernoulli εj ∈ {0, 1} me par�metro 1

2 . Sugkekrimèna,

αn−1∑
i=0

(
n

i

)
= 2nP

 n∑
j=1

εj ≤ αn


Katìpin ektimoÔme thn pijanìthta akolouj¸ntac parìmoio epiqeÐrhma ìpwc prin me th
mình diafor� ìti aut  h pijanìthta eÐnai mia small ball probability. 'Eqoume diadoqik�,
gia k�je λ ≥ 0

P

−λ n∑
j=1

εj ≥ −λnα

 ≤ eλnαE exp(−
n∑

j=1

λεj)

= eλnα
n∏

j=1

1 + e−λ

2

= 2−n(eλα(1 + e−λ))n



50 · Isomorfikès emfuteÔseis

ElaqistopoioÔme thn posìthta eλα(1 + e−λ) epilègontac λ = log( 1
α − 1) kai èqoume to

zhtoÔmeno. 2

To teleutaÐo l mma to opoÐo eÐnai polÔ gnwstì sthn perioq  thc sunduastik c apodeÐqthke
anex�rthta apì touc Sauer (1972) kai Perles kai Shelah (1972) dÐnontac arnhtik  ap�nthsh
se èna er¸thma pou èjese o Paul Erdös to 1970. 'Ektote èqoun up�rxei genikeÔseic tou
apì touc Karpovsky kai Milman (1978), apì ton Alon (1983) k.�.

L mma 3.3.5. 'Estw X èna sÔnolo me plhj�rijmo |X| = n kai 1 ≤ k ≤ n. An F eÐnai
mia oikogèneia uposunìlwn tou X me

|F| >
k−1∑
i=0

(
n

i

)
tìte up�rqei A ⊆ X me |A| ≥ k kai A ∩ F = P(A).

Apìdeixh. H apìdeixh ja gÐnei me epagwg  sto n + k. An n + k = 1 tìte den èqoume
tÐpota na apodeÐxoume. Upojètoume ìti n+ k ≥ 2 kai ìti to sumpèrasma isqÔei gia ìlec
tic mikrìterec timèc tou n+ k. 'Estw x ∈ X. JewroÔme thn oikogèneia

Fx = F ∩ (X \ {x}) = {F \ {x} : F ∈ F}

Tìte h sun�rthsh ϕx : F → Fx me ϕx(A) = A \ {x}, A ∈ F eÐnai epÐ tou Fx. M�lista,
an |ϕ−1

x (B)| ≥ 2 tìte ϕ−1
x (B) = {B,B ∪{x}} me B ∈ F kai x /∈ B. 'Etsi an jewr soume

tic oikogèneiec

Ax = {A ∈ F : x /∈ A,A ∪ {x} ∈ F}
Bx = {B ∈ F : x ∈ B,B \ {x} ∈ F}

tìte isqÔoun oi akìloujec isìthtec1 plhj�rijmwn

|F| − |Fx| = |Ax| = |Bx|(3.35)

DiakrÐnoume dÔo peript¸seic:

(a) An |Fx| >
∑k−1

i=0

(
n−1

i

)
tìte apì thn epagwgik  upìjesh, gia to sÔnolo X \ {x}

up�rqei A ⊆ X \ {x} me |A| ≥ k ¸ste A ∩ Fx = P(A). Eidikìtera, A ⊆ X kai
A ∩ F = P(A).

1H sun�rthsh ϕx|F\Ax
: F \ Ax → Fx eÐnai 1-1 kai epÐ. Pr�gmati; isqÔei F \ Ax = {F ∈ F : x ∈

F} ∪ {F ∈ F : x /∈ F, F ∪ {x} /∈ F}. Gia to epÐ: an C ∈ Fx, tìte up�rqei A ∈ F me C = A \ {x}. An
x ∈ A, tìte A ∈ F \ Ax me ϕx(A) = A \ {x}. An x /∈ A, tìte eÐte A ∪ {x} /∈ F , �ra A ∈ F \ Ax me
ϕx(A) = A \ {x} = A   A ∪ {x} ∈ F , �ra A ∪ {x} ∈ F \ Ax me ϕx(A ∪ {x}) = A = A \ {x}. Gia to 1-1:
An A, B ∈ F \ Ax, A 6= B me A \ {x} = B \ {x}, tìte eÐte A ∪ {x} = B me x /∈ A   B ∪ {x} = A me
x /∈ B. Se k�je perÐptwsh up�rqei sÔnolo sthn F \ Ax pou den perièqei to x all� episun�ptont�c to
an kei sthn F . Autì antif�skei ston orismì thc F \ Ax. OmoÐwc gia thn �llh perÐptwsh.
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(b) An |Fx| ≤
∑k−1

i=0

(
n−1

i

)
, tìte apì thn isìthta twn plhj�rijmwn (3.35) kai thn

upìjesh tou epagwgikoÔ b matoc èqoume

|Ax| >
k−1∑
i=0

(
n

i

)
−

k−1∑
i=0

(
n− 1
i

)
=

k−2∑
i=0

(
n− 1
i

)
Apì thn epagwgik  upìjesh up�rqei Y ⊆ X me |Y | ≥ k − 1 ¸ste Y ∩Ax = P(Y ).
JewroÔme to sÔnolo Z = Y ∪{x} (diìti x /∈ Y ) kai parathroÔme ìti (Ax∪Bx)∩Z =
P(Z). Pr�gmati; an D ⊆ Z tìte diakrÐnoume tic upopeript¸seic:

– An x ∈ D, tìte D \ {x} ⊆ Y . 'Etsi, up�rqei A ∈ Ax ¸ste D \ {x} = A∩ Y =
Z ∩A. 'Ara, D = Z ∩ (A ∪ {x}) ∈ Z ∪ Bx.

– An x /∈ D, tìte D ⊆ Y . 'Ara, up�rqei A ∈ Ax ¸ste D = Y ∩ A = A ∩ Z ∈
Z ∩ Ax.

Telik� eÐnai Z ∩ (Ax ∪ Bx) = P(Z), opìte kai Z ∩ F = P(Z). Dhlad , to sÔnolo
Z èqei plhj�rijmo |Z| ≥ k kai Z ∩ F = P(Z).

Se k�je perÐptwsh loipìn, up�rqei A ⊆ X me |A| ≥ k kai A ∩ F = P(A). Apì thn arq 
thc majhmatik c epagwg c èpetai to sumpèrasma. 2

EÐmaste t¸ra se jèsh na proqwr soume sto kÔrio mèroc thc apìdeixhc tou jewr -
matoc.

Apìdeixh tou jewr matoc 3.2.1. Pr¸ta ap� ìla parathroÔme ìti mporoÔme na apallagoÔme
apì to mèso ìro metabaÐnontac se èna uposÔnolo twn koruf¸n tou kÔbou arkeÐ na jew-
r soume èna mikrìtero δ. Pio sugkekrimèna, an 0 < δ′ < δ tìte up�rqei S ⊆ {−1, 1}n

me

|S| ≥ 2n

(
δ − δ′

1− δ′

)
(3.36)

¸ste gia k�je (εi) ∈ S na isqÔei ∥∥∥∥ n∑
i=1

εiei

∥∥∥∥ ≥ δ′n.(3.37)

Pr�gmati; an de sunèbaine autì, tìte ja eÐqame ‖
∑n

i=1 εiei‖ < δ′n gia 2n
(
1− δ−δ′

1−δ′

)
dianÔsmata pros mwn apì to {−1, 1}n. Opìte,

Aveεi=±1

∥∥∥∥∥
n∑

i=1

εiei

∥∥∥∥∥ ≤
(

1− δ − δ′

1− δ′

)
δ′n+ n

(
δ − δ′

1− δ′

)
= δn,
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k�ti pou antif�skei proc thn upìjesh. Apì to je¸rhma Hahn–Banach, gia k�je ε ∈ S
up�rqei grammikì sunarthsoeidèc fε sth monadiaÐa mp�la tou duðkoÔ X∗ tou X, ¸ste
fε(
∑n

i=1 εiei) = ‖
∑n

i=1 εiei‖ ≥ δ′n. Jètoume fε
i = fε(ei) ètsi to di�nusma (fε

i )n
i=1

an kei sth monadiaÐa mp�la tou `n∞.
To epìmeno b ma eÐnai na {aporrÐyoume} merik� apì ta sunarthsoeid  (fε

i ) ¸ste ta
upìloipa na mporoÔn na omadopoihjoÔn se pollèc kl�seic, oi opoÐec na diaqwrÐzontai
apì èna sugkekrimèno pl joc dianusm�twn ston `n∞. Autì ja epiteuqjeÐ diamerÐzontac
kat�llhla to di�sthma [−1, 1]. Gia eukolÐa upojètoume ìti δ′ = 2−p, ìpou p ∈ N.
DiamerÐzoume to di�sthma [−1, 1] se diadoqik� isom kh diast mata Jk m kouc δ′

2 . 'Etsi,
eÐnai [−1, 1] =

⋃2p+2

k=1 Jk. Sth sunèqeia upodiamerÐzoume ìla ta eswterik� diast mata
thc prohgoÔmenhc diamèrishc se isom kh diast mata m kouc (δ′)3

64 . 'Etsi, gia k�je 1 <

k < 2p+2 èqoume diast mata Lk,m me Jk =
⋃

m Lk,m ìpou to λ(Lk,m) = (δ′)2

32 λ(Jk)
(ed¸ me λ(·) sumbolÐzoume to mètro Lebesgue, dhlad  to m koc tou diast matoc). Sth
sunèqeia ja qrhsimopoi soume thn parap�nw diamèrish gia na orÐsoume epagwgik� mia
fjÐnousa, peperasmènh akoloujÐa S = S0 ⊇ S1 ⊇ · · · ⊇ Sn uposunìlwn tou S, ìpou o
teleutaÐoc ìroc thc ja mac exasfalÐsei ìti èqoume arket� prìshma ¸ste na periorisjoÔme
sta antÐstoiqa sunarthsoeid  (fε

i )ε∈Sn . Aut� me th seir� touc ja omadopoihjoÔn stic
proanaferìmenec kl�seic.

H epagwgik  kataskeu  epitugq�netai wc ex c: Jètoume S0 = S kai koit�me ta prìsh-
ma ε ∈ S ekeÐna gia ta opoÐa to antÐstoiqo sunarthsoeidèc normarÐsmatoc apeikonÐzei to
e1 sto Jk. 'Etsi orÐzetai h oikogèneia twn S1

k gia k = 1, . . . , 2p+2, dhlad  eÐnai

S1
k = {ε ∈ S : fε

1 ∈ Jk}, 1 ≤ k ≤ 2p+2

kai me parìmoio trìpo orÐzoume

S1
k,m = {ε ∈ S : fε

1 ∈ Lk,m}, 1 < k < 2p+2

M� autìn ton trìpo èqoume diamerÐsei to S sÔmfwna me tic diamerÐseic tou [−1, 1] gurn¸n-
tac tic pÐsw mèsw twn fε efarmìzont�c ta sto sugkekrimèno e1. 'Etsi, eÐnai

S =
2p+2⋃
k=1

S1
k , S1

k =
⋃
m

S1
k,m gia 1 < k < 2p+2

kai oi parap�nw en¸seic eÐnai xènec. Gia k�je 1 < k < 2p+2 up�rqei m(1, k) ¸ste

|S1
k,m(1,k)| ≤

(δ′)2

32
|S1

k |

(autì eppitugq�netai epilègontac ekeÐno to di�sthma Lk,m sto opoÐo to e1 apeikonÐzetai
apì to el�qisto dunatì pl joc twn ε ∈ S), epomènwc∣∣∣∣∣⋃

k

S1
k,m(1,k)

∣∣∣∣∣ ≤ (δ′)2

32
|S|.
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Jètoume
S1 = S \

⋃
k

S1
k,m(1,k)

kai parathroÔme ìti to S1 èqei plhj�rijmo

|S1| ≥
(

1− (δ′)2

32

)
|S|

SuneqÐzontac me to Ðdio trìpo, an èqoume orÐsei ta S0 ⊇ S1 ⊇ · · · ⊇ Sn−1 tìte jewroÔme
ta sÔnola

Sn
k = {ε ∈ Sn−1 : fε

n ∈ Jk}, 1 ≤ k ≤ 2p+2

kai
Sn

k,m = {ε ∈ Sn−1 : fε
n ∈ Lk,m}, 1 < k < 2p+2.

'Opwc prin isqÔoun oi xènec en¸seic

Sn−1 =
2p+2⋃
k=1

Sn
k , Sn

k =
⋃
m

Sn
k,m

kai gia k�je 1 < k < 2p+2 up�rqei m(n, k) ¸ste

|Sn
k,m(n,k)| ≤

(δ′)2

32
|Sn

k |

�ra, ∣∣∣∣∣⋃
k

Sn
k,m(n,k)

∣∣∣∣∣ ≤ (δ′)2

32
|Sn−1|.

Jètoume
Sn = Sn−1 \

⋃
k

Sn
k,m(n,k)

kai parathroÔme ìti to Sn èqei plhj�rijmo |Sn| ≥ (1 − (δ′)2

32 )|Sn−1|  , se sqèsh me ton
plhj�rijmo tou S, isqÔei

|Sn| ≥
(

1− (δ′)2

32

)n

|S|.(3.38)

'Estw Ii,k to (tetrimmèno endeqomènwc) di�sthma metaxÔ twn Lk,m(i,k) kai Lk+1,m(i,k+1) gi-
a k = 1, . . . , 2p+2−1 kai i = 1, . . . , n (gia aplìthta sto sumbolismì jètoume L1,m = {−1}
kai L2p+2,m = {1}). Se k�je perÐptwsh isqÔei λ(Ii,k) < δ′ diìti ta diast mata Jk èqoun
m koc δ′

2 kai ta Lk,m(i,k), Lk+1,m(i,k+1) perièqontai sta diadoqik� Jk, Jk+1 antÐstoiqa.
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K�je peperasmènh akoloujÐa (ki)n
i=1 m kouc n apì touc arijmoÔc 1, 2, . . . , 2p+2−1 orÐzei

mia geitoni� sth monadiaÐa mp�la tou `n∞ wc ex c:

N (ki) = {(xi) ∈ `n∞ : xi ∈ Ii,ki , i = 1, . . . , n}.

Epeid  k�je Ii,ki
eÐnai di�sthma me m koc mikrìtero tou δ′ to sÔnolo N (ki) mporeÐ na

jewrhjeÐ uposÔnolo mp�lac tou `n∞ me aktÐna r ≤ δ′

2 . Aut� ta sÔnola eÐnai ekeÐna pou
ja orÐsoun tic kl�seic twn sunarthsoeid¸n pou ja diaqwrÐzontai. Gi� autì to lìgo ja
prèpei na ektim soume ton plhj�rijmo tou sunìlou

{ε ∈ Sn : (fε
i ) ∈ N (ki)}

ìpou h akoloujÐa (ki)n
i=1 eÐnai ìpwc perigr�yame. Proc toÔto ja qrhsimopoi soume to

l mma 3.3.3.
Isqurismìc. 'Estw (ki)n

i=1 akoloujÐa akeraÐwn me pedÐo tim¸n to sÔnolo {1, 2, . . . , 2p+2−
1}. Tìte isqÔei h anisìthta

|{ε ∈ Sn : (fε
i ) ∈ N (ki)}| ≤ 2n exp

(
−n(δ′)2

16

)
Apìdeixh isqurismoÔ. MporoÔme na upojèsoume ìti to sÔnolo N (ki) eÐnai mp�la aktÐnac
0 < r ≤ δ′

2 me kèntro k�poio c = (ci)n
i=1, ìpou −1 ≤ ci ≤ 1, dhlad  N (ki) = B∞(c, r).

ParathroÔme ìti

{ε ∈ Sn : (fε
i ) ∈ B∞(c, r)} ⊆

{
ε ∈ Sn :

n∑
i=1

ciεi ≥
nδ′

2

}

Pr�gmati; an ε ∈ Sn ¸ste (fε
i ) ∈ B(c, r) tìte afenìc max1≤i≤n |fε

i − ci| ≤ r, afetèrou∑n
i=1 εif

ε
i ≥ δ′n, diìti ε ∈ Sn ⊆ S. 'Etsi, prokÔptei

n∑
i=1

ciεi ≥
n∑

i=1

εif
ε
i −

∣∣∣∣∣
n∑

i=1

εici − εif
ε
i

∣∣∣∣∣ ≥ nδ′ − nr ≥ n
δ′

2

Katìpin, apì th monotonÐa thc pijanìthtac kai to l mma 3.3.3 èqoume

P
(
ε ∈ Sn : (fε

i ) ∈ N (ki)
)
≤ exp

(
−n(δ′)2

16

)
  isodÔnama

|{ε ∈ Sn : (fε
i ) ∈ N (ki)}| ≤ 2ne−

n(δ′)2
16 .
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Epistrèfontac sthn apìdeixh, apì thn arq  tou peristere¸na èpetai ìti o arijmìc twn
diaforetik¸n (ki) gia tic opoÐec (fε

i ) ∈ N (ki) gia k�poio ε ∈ Sn eÐnai toul�qiston

|Sn|2−n exp
(
n(δ′)2

16

)
≥

(
1− (δ′)2

32

)n

|S|2−n exp
(
n(δ′)2

16

)
≥

(
1− (δ′)2

32

)n

2n

(
δ − δ′

1− δ′

)
2−n exp

(
n(δ′)2

16

)

Qrhsimopoi¸ntac thn anisìthta e−x ≤ 1− 3
4x gia 0 ≤ x ≤ 1

2 paÐrnoume (1− (δ′)2/32)n ≥
e−n(δ′)2/24. H parap�nw seir� twn anisot twn tìte, dÐnei

|Sn|2−n exp
(
n(δ′)2

16

)
≥
(
δ − δ′

1− δ′

)
exp

(
n(δ′)2

48

)
≥ exp

(
n(δ′)2

64

)
an n > 192

(δ′)2 log
(

1−δ′

δ−δ′

)
.

OrÐzoume
A = {(ki) : (fε

i ) ∈ N (ki) gia k�poio ε ∈ Sn}.
Tìte, oi geitonièc {N (ki) : (ki) ∈ A} orÐzoun tic kl�seic twn sunarthsoeid¸n pou di-
aqwrÐzontai austhr� kai èqoun plhj�rijmo |A| ≥ exp(n(δ′)2/64).

Sth sunèqeia ja qrhsimopoi soume to l mma twn Sauer - Shelah, p + 2 forèc an
qreiasteÐ, ¸ste na par�goume èna {meg�lo} (dhlad , an�logo tou n) uposÔnolo deikt¸n
tou {1, 2, . . . , n} b�sei tou opoÐou ja mporoÔme p�ntote na broÔme èna zeÔgoc sunarth-
soeid¸n, diakekrimènwn deikt¸n, twn opoÐwn oi diaforèc ja èqoun opoiad pote epilog 
jetikoÔ   arnhtikoÔ pros mou s� autoÔc touc deÐktec. Parousi�zoume analutik� to
epiqeÐrhma:
Gia k�je (ki) ∈ A jètoume

I(ki) =
{
i : 0 < ki ≤

2p+2

2

}
, I = {I(ki) : (ki) ∈ A}.

'Etsi, k�je kl�sh sunarthsoeid¸n orÐzei sÔnolo deikt¸n, sto opoÐo ta antÐstoiqa sunarth-
soeid  thc kl�shc paÐrnoun timèc sto pr¸to misì apì tic dunatèc timèc. Endèqetai di-
aforetik� (ki) na orÐzoun Ðdia I(ki), ètsi to I mporeÐ na eÐnai plhjarijmik� mikrì. Gia
na mporèsoume na efarmìsoume to sunduastikì l mma prèpei o plhj�rijmoc |I| na eÐnai
{meg�loc}. DiakrÐnoume tic peript¸seic:

• An eÐnai
|I| ≥ |A|1/(p+2) ≥ exp(n(δ′)2/64(p+ 2))

tìte qrhsimopoi¸ntac to l mma 3.3.5 ja deÐxoume ìti up�rqei σ ⊆ {1, . . . , n} me

|σ| ≥ αn, α =
(δ′)2

128(p+ 2) log( 64(p+2)
(δ′)2 )
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¸ste gia k�je B ⊆ σ na up�rqei I ∈ I ¸ste B = σ ∩ I. Gia na èqoume to
parap�nw arkeÐ na eÐnai |I| ≥

∑αn−1
i=0

(
n
i

)
. Apì to l mma 3.3.4 èqoume ìti gia k�je

0 < α ≤ 1/2 isqÔei
αn−1∑
i=0

(
n

i

)
≤ [αα(1− α)1−α]−n.

ArkeÐ loipìn na prosdiorÐsoume to megalÔtero dunatì α ≤ 1/2 ¸ste

exp
(

n(δ′)2

64(p+ 2)

)
> [αα(1− α)1−α]−n

IsodÔnama, lÔnontac thn anisìthta
(δ′)2

64(p+ 2)
> h(a),

ìpou h(x) = −x log x − (1 − x) log(1 − x) h sun�rthsh entropÐac, brÐskoume ìti h
tim 

α =
(δ′)2

128(p+ 2) log
[ 64(p+2)

(δ′)2

](3.39)

eÐnai apodekt .
An t¸ra (αi)i∈σ eÐnai pragmatikoÐ suntelestèc jètoume B = {i ∈ σ : αi < 0}.
'Estw (ki) ∈ A ¸ste I(ki) ∩ σ = B kai (k′i) ∈ A ¸ste I(k′i) ∩ σ = (σ \ B). 'Estw
fε

i ∈ N (ki) kai fε′

i ∈ N (ki) me ε, ε′ ∈ Sn. Tìte isqÔei

fε
i − fε′

i ≤ − (δ′)3

64
, i ∈ B,

fε
i − fε′

i ≥ (δ′)3

64
, i ∈ σ \B

diìti ta diast mata Ii,ki èqoun metaxÔ touc ken� me m koc toul�qiston (δ′)3

64 . 'Etsi,∥∥∥∥∥∑
i∈σ

αiei

∥∥∥∥∥ ≥ fε − fε′

‖fε − fε′‖∗

∑
i∈σ

αiei =
1

‖fε − fε′‖∗

∑
i∈σ

αi(fε
i − fε′

i ) ≥ (δ′)3

128

∑
i∈σ

|αi|.

S� aut n thn perÐptwsh èqoume to sumpèrasma tou jewr matoc me β = (δ′)3

128 .

• An eÐnai |I| < |A|
1

p+2 , tìte up�rqoun2 sÔnola σ ⊆ {1, 2, . . . , n} kai A1 ⊆ A me

|A1| ≥ |A|
p+1
p+2 ≥ exp[n(δ′)2(p+ 1)/64(p+ 2)]

2JewroÔme thn apeikìnish φ : A → I me (ki) 7→ I(ki). Tìte eÐnai A =
⋃

I∈I φ−1(I). 'Ara, |A| ≤
|I|maxI∈I |φ−1(I)|. Opìte, max |φ−1(I)| ≥ |A|

|I| kai dedomènou ìti |I| < |A|1/(p+2) prokÔptei ìti

max |φ−1(I)| ≥ |A|
|A|1/(p+2) = |A|

p+1
p+2 . Jètoume σ ekeÐno to sÔnolo I gia to opoÐo èqoume |φ−1(I)| = max

kai A1 = φ−1(I).
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¸ste I(ki) = σ gia k�je (ki) ∈ A1. Jètoume l1i = 0 kai u1
i = 2p+1 an i ∈ σ, en¸

l1i = 2p+1 kai u1
i = 2p+2 an i /∈ σ. Se k�je perÐptwsh, eÐnai l1i < ki ≤ u1

i gia
i = 1, . . . , n kai k�je (ki) ∈ A1. Epiplèon, isqÔei u1

i − l1i = 2p+1 gia k�je i. Gia
k�je (ki) ∈ A1 jètoume

I1(ki) =
{
i : l1i < ki ≤

l1i + u1
i

2

}
, I1 = {I1(ki) : (ki) ∈ A1}.

EÐmaste ètoimoi gia to deÔtero epanalhptikì epiqeÐrhma: An isqÔei

|I1| ≥ |A1|
1

p+1 ≥ |A|
1

p+2

tìte p�li apì to l mma 3.2.5 katal goume sto sumpèrasma me tic Ðdiec stajerèc,
ìpwc prin. An ìqi, ergazìmaste an�loga.

An isqÔei |I1| < |A1|
1

p+1 tìte up�rqoun sÔnola σ ⊆ {1, . . . , n} kai A2 ⊆ A1 me

|A2| ≥ |A1|
p

p+1 ≥ exp[n(δ′)2p/64(p+ 2)]

¸ste I1(ki) = σ gia k�je (ki) ∈ A2. Jètoume l2i = l1i kai u2
i = l1i +u1

i

2 an i ∈ σ, en¸
l2i = l1i +u1

i

2 kai u2
i = u1

i an i /∈ σ. Tìte isqÔei l2i < ki ≤ u2
i gia k�je i = 1, . . . , n

kai k�je (ki) ∈ A2, ìpou u2
i − l2i = 2p. SuneqÐzoume ìpwc prin. An se kanèna b ma

mèqri thn p+ 1 epan�lhyh den èqoume

|Ij | ≥ |Aj |
1

p+2−j ≥ exp[n(δ′)2(p+ 2− j)/64(p+ 2)]

gia k�poio 1 ≤ j ≤ p, autì shmaÐnei ìti oloklhr¸nontac thn p + 1 diadoqik 
epan�lhyh, èqoume |Ip| < |Ap|1/2. Tìte, up�rqoun σ ⊆ {1, . . . , n} kai Ap+1 ⊆ Ap

me
|Ap+1| ≥ |Ap|1/2 ≥ exp[n(δ′)2/64(p+ 2)]

¸ste Ip(ki) = σ gia k�je (ki) ∈ Ap+1. Jètoume lp+1
i = lpi kai up+1

i = lpi +up
i

2

an i ∈ σ, en¸ lp+1
i = lpi +up

i

2 kai up+1
i = up

i an i /∈ σ. ParathroÔme ìti up+1
i −

lp+1
i = up

i−lpi
2 = 2 kai lp+1

i < ki ≤ up+1
i gia k�je (ki) ∈ Ap+1. 'Etsi, an gia k�je

(ki) ∈ Ap+1 jèsoume

Ip+1(ki) =

{
i : lp+1

i < ki ≤
lp+1
i + up+1

i

2

}
, Ip+1 = {Ip+1(ki) : (ki) ∈ Ap+1}

parathroÔme ìti ta Ip+1(ki) eÐnai to polÔ monosÔnola. PolÔ perissìtero, ta di-
ast mata (lp+1

i ,
lp+1
i +up+1

i

2 ] eÐnai akèraia, m kouc 1. Epomènwc, gia k�je (ki), (k′i) ∈
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Ap+1 isqÔei (ki) = (k′i) an kai mìnon an Ip+1(ki) = Ip+1(k′i). Autì apodeiknÔei3
ìti |Ip+1| = |Ap+1|, �ra

|Ip+1| = |Ap+1| ≥ |Ap|1/2 ≥ |Ap−1|(2/3)(1/2) ≥ · · · ≥ |A|1/(p+2)

ètsi brÐskoume èna sÔnolo σ to opoÐo ikanopoieÐ to sumpèrasma tou jewr matoc,
ìpwc k�name sto pr¸to epiqeÐrhma.

'Etsi èqoume katafèrei na apodeÐxoume to je¸rhma gia k�poio 0 < δ′ < δ thc morf c
δ′ = 2−p kai gia n > 192

(δ′)2 log( 1−δ′

δ−δ′ ). Sth genik  perÐptwsh, jewroÔme èna jetikì akèraio
p ¸ste na eÐnai δ

4 < 2−p ≤ δ
2 kai èqoume to sumpèrasma me stajer�

β(δ) ≥ 2−13δ3,

dedomènou ìti δ′ = 2−p > δ
4 . Lamb�nontac upìyin ìti δ′ = 2−p kai δ′ > δ

4 , upologÐzoume
th stajer� α kai brÐskoume ìti mporoÔme na thn antikatast soume apì th

c(δ) ≥ 2−19 δ2[
log(4

δ )
]2 .

Tèloc, aut  h tim  gia th stajer� c, epalhjeÔei tetrimmèna thn perÐptwsh ìpou n ≤
192
(δ′)2 log[(1− δ′)/(δ− δ′)] qrhsimopoi¸ntac ton periorismì δ′ ≤ δ

2 . H apìdeixh tou jewr -
matoc eÐnai pl rhc. 2

3.4 PolÔ sfiqtèc emfuteÔseic

Se aut  thn par�grafo parousi�zetai h telik  ap�nthsh sto er¸thma twn Milman–
Schechtman (kai, fusik�, belti¸netai h merik  ap�nthsh twn Naor kai Zvavitch). To
2003 oi Johnson kai Schechtman apèdeixan to akìloujo je¸rhma, kleÐnontac to er¸thma
pou afor� se isomorfikèc emfuteÔseic tou `np , 1 < p < 2 ston `(1+ε)n

1 me th stajer�
isomorfismoÔ anex�rthth thc di�stashc.

Je¸rhma 3.4.1. 'Estw 1 < p < 2 kai ε > 0. Up�rqei stajer� C = C(ε, p) > 0 tètoia
¸ste o `np eÐnai C-emfuteÔsimoc ston `m1 me m ≤ (1 + ε)n.

H apìdeixh tou jewr matoc basÐzetai sto pr¸to apotèlesma twn Johnson–Schechtman,
sto je¸rhma tou Elton kai s� èna apotèlesma gia q¸rouc phlÐko tou `n1 twn Bourgain–
Kalton–Tzafriri. To apotèlesm� touc parousi�zetai se mia ekten  melèth me jèma th
gewmetrÐa peperasmènhc di�stashc upoq¸rwn kai phlÐkwn twn q¸rwn Lp, h opoÐa dhmosieÔthke
to 1988. To diatup¸noume parak�tw:

3M� �lla lìgia, h antÐstoiqh sun�rthsh φ thc uposhmeÐwshc, ìtan periorisjeÐ sto Ap+1 gÐnetai èna
proc kai epÐ tou Ip+1.
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Je¸rhma 3.4.2. 'Estw E upìqwroc tou `n1 sundi�stashc k kai èstw F = `n1/E o q¸roc
phlÐko. Up�rqei apìluth stajer� 0 < c < 1 ¸ste an Q : `n1 → F eÐnai h fusiologik 
apeikìnish, tìte ∫

En
2

∥∥∥∥∥
n∑

i=1

εiQei

∥∥∥∥∥
F

dε ≥ cn/kn,(3.40)

ìpou (ei)n
i=1 h kanonik  b�sh tou `n1 .

Apìdeixh. Parousi�zoume thn apìdeixh se pènte b mata:
(a) IsqÔei h anisìthta∫

En
2

∥∥∥∥∥
n∑

i=1

εiQei

∥∥∥∥∥
F

dε ≥ 1
2n

∫
Cn

∥∥∥∥∥
n∑

i=1

αiQei

∥∥∥∥∥
F

dα(3.41)

ìpou Cn = [−1, 1]n. Pr�gmati; an |αi| ≤ |βi|, tìte

Aveεi=±1‖
n∑

i=1

αiεiyi‖ ≤ Aveεi=±1

∥∥∥∥∥
n∑

i=1

βiεiyi

∥∥∥∥∥
Autì sumbaÐnei diìti h sun�rthsh f(α1, . . . , αn) = Aveεi=±1‖

∑n
i=1 αiεiyi‖ eÐnai kurt  kai

unconditional dhlad , isqÔei f(α1, . . . , αn) = f(|α1|, . . . , |αn|) gia k�je α = (α1, . . . , αn) ∈
Cn. Epomènwc, sto orjog¸nio

∏n
i=1[−|βi|, |βi|] h f parousi�zei akrìtato se k�poia ko-

ruf , dhlad 
f(α1, . . . , αn) ≤ f(β1, . . . , βn)

Efarmìzontac ta parap�nw gia |βi| = 1 (dhlad , to orjog¸nio eÐnai o kÔboc Cn) kai
yi = Qei èqoume∫

Cn

∫
En

2

∥∥∥∥∥
n∑

i=1

εiαiQei

∥∥∥∥∥
F

dε dα ≤
∫

Cn

Aveεi=±1

∥∥∥∥∥
n∑

i=1

εiQei

∥∥∥∥∥
F

dα

= 2n

∫
En

2

∥∥∥∥∥
n∑

i=1

εiQei

∥∥∥∥∥
F

dε.

'Omwc eÐnai ∫
En

2

(∫
Cn

∥∥∥∥∥
n∑

i=1

εiαiQei

∥∥∥∥∥
F

dα

)
dε =

∫
Cn

∥∥∥∥∥
n∑

i=1

αiQei

∥∥∥∥∥
F

dα

Apì tic duo teleutaÐec sqèseic èpetai h (3.41).
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(b) Efarmìzoume thn anisìthta tou Markov gia na metaboÔme apì to olokl rwma ston
ìgko:

1
2n

∫
Cn

∥∥∥∥∥
n∑

i=1

αiQei

∥∥∥∥∥
F

dα ≥ ρ

2n
voln(α ∈ Cn : ‖Qα‖F ≥ ρ)

Efìson anazhtoÔme k�tw fr�gma arkeÐ na upologÐsoume èna �nw fr�gma gia to sumplhrw-
matikì sÔnolo.
(g) Lamb�nontac upìyin thn Cn ⊆ nBn

1 , paÐrnoume

voln(α ∈ Cn : ‖Qα‖F < ρ) = voln(Cn ∩Q−1(ρBF ))
≤ voln(nBn

1 ∩Q−1(ρBF ))
= nnvoln

(
Bn

1 ∩Q−1
(

ρ
nBF

))
Sth sunèqeia jètontac ρ

n = θ
1−θ gia 0 < θ < 1 blèpoume ìti

voln(Bn
1 ∩Q−1( ρ

nBF )) =
(
1 +

ρ

n

)n

voln((1− θ)Bn
1 ∩Q−1(θBF ))

'Etsi, èqoume na ektim soume ton ìgko tou s¸matoc Kθ = (1− θ)Bn
1 ∩Q−1(θBF ).

(d) JewroÔme èna θ-dÐktuo {v1, . . . , vN} sthn BE me plhj�rijmo N ≤
(
1 + 2

θ

)n−k ≤(
3
θ

)n−k. An x ∈ Kθ, tìte up�rqei w ∈ E me ‖x − w‖1 ≤ θ (diìti ‖Qx‖F ≤ θ). Tìte,
‖w‖E ≤ ‖x−w‖1 + ‖x‖1 ≤ θ+(1− θ) = 1. 'Wste, w ∈ BE . 'Ara, up�rqei j ∈ {1, . . . , N}
¸ste ‖w − vj‖E ≤ θ. IsqÔei,

‖x− vj‖1 ≤ ‖x− w‖1 + ‖w − vj‖1 ≤ θ + θ = 2θ ,

dhlad  Kθ ⊆
⋃N

j=1(vj + 2θBn
1 ).

(e) PaÐrnontac ìgkouc sthn teleutaÐa sqèsh sumperaÐnoume ìti

voln(Kθ) ≤ N(2θ)nvoln(Bn
1 ).

Apì ta b mata (g) kai (d) èpetai ìti

voln(α ∈ Cn : ‖Qα‖F < ρ) ≤ nn
(
1 +

ρ

n

)n
(

3
θ

)n−k

(2θ)n 2n

n!
.

Jètoume ρ
n = t, �ra θ = t

1+t . Apì thn anisìthta nn

n! < en èqoume

voln(α ∈ Cn : ‖Qα‖F < ρ) ≤ (1 + t)n(12e)n

(
t

1 + t

)k

≤ (1 + t)n(12e)ntk

≤ ent(12e)ntk

≤ (12e2)ntk
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upojètontac ìti t < 1. Epilègoume t tètoio ¸ste (12e2)ntk = 1. Tìte, prokÔptei

1
2n

∫
Cn

∥∥∥∥∥
n∑

i=1

αiQei

∥∥∥∥∥
F

dα ≥ 1
2
n

(
1

12e2

)n/k

≥ n

(
1

24e2

)n/k

to opoÐo eÐnai to zhtoÔmeno. 2

'Eqontac sth di�jes  mac to apotèlesma tou Elton kai autì twn Bourgain–Kalton–
Tzafriri, mporoÔme na proqwr soume sthn apìdeixh tou jewr matoc 3.4.1. H apìdeixh
de daneÐzetai kanèna apì ta epiqeir mata twn Naor kai Zvavitch kai den eÐnai {teleÐwc}
pijanojewrhtik . Perigr�foume sunoptik� ta b mata pou ja akolouj soume:

• Apì to je¸rhma twn Johnson–Schechtman mporoÔme na emfuteÔsoume me stajer�
2 ton `np ston `βn

1 , ìpou β = β(p) > 0.

• Sto deÔtero b ma, qrhsimopoi¸ntac to je¸rhma twn Bourgain–Kalton–Tzafriri se
sunduasmì me to je¸rhma tou Elton, deÐqnoume ìti k�je d-di�statoc upìqwroc
tou `m1 eÐnai (1 + c−α)-emfuteÔsimoc ston `(1−cα)m

1 , gia k�poia apìluth stajer�
0 < c < 1 kai α = m

m−d . Autì to b ma eÐnai kajoristikì, diìti eÐnai ekeÐno pou ja
mac epitrèyei me diadoqikèc epanal yeic na petÔqoume meÐwsh thc di�stashc me to
kìstoc na megal¸soume arket� th stajer� isomorfismoÔ, h opoÐa ìmwc paramènei
anex�rthth tou m.

• Sto teleutaÐo b ma sundu�zoume ta duo prohgoÔmena. Qrhsimopoi¸ntac kurÐwc to
pìrisma tou deÔterou b matoc sumperaÐnoume thn ex c genikìterh prìtash

Prìtash 3.4.3. 'Estw 1 < p < 2 kai λ > 0. Tìte up�rqoun stajerèc β = β(p) > 0 kai
K = K(λ) <∞ ¸ste an X eÐnai upìqwroc tou `np tìte o X eÐnai K�isomorfikìc me ènan
upoq¸ro tou `r1, ìpou r ≤ dimX + λβn.

Apì thn prìtash 3.4.3 mporoÔme na sun�goume to kentrikì apotèlesma thc para-
gr�fou:
Apìdeixh tou jewr matoc 3.4.1. 'Estw 1 < p < 2 kai ε > 0. PaÐrnontac X = `np sthn
prìtash 3.4.3, kai gia λ = ε

β(p) , blèpoume ìti up�rqei stajer� C = C(ε, p) = K(λ) ¸ste
o `np na eÐnai C-isomorfikìc me ènan upìqwro tou `r1, ìpou r ≤ n+ εn. 2

Skopìc mac loipìn eÐnai na apodeÐxoume thn prìtash 3.4.3. Proc toÔto ja qreiasjoÔme
èna je¸rhma pou ofeÐletai epÐshc stouc Bourgain–Kalton–Tzafriri kai ja qrhsimopoihjeÐ
gia na apodeÐxoume to l mma meÐwshc thc di�stashc.

Je¸rhma 3.4.4. 'Estw E upìqwroc tou `m1 kai F = `m1 /E o q¸roc phlÐko. An Q :
`m1 → F h fusiologik  apeikìnish kai α > 1 me α dimF ≥ m, tìte up�rqei apìluth
stajer� 0 < c < 1 kai σ ⊆ {1, . . . ,m} me plhj�rijmo |σ| ≥ cαm ¸ste h Q|[ei]i∈σ

na eÐnai
c−α-isomorfismìc.
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Apìdeixh. 'Estw dimF = k. Apì to je¸rhma 3.4.2 up�rqei apìluth stajer� 0 < c1 < 1
¸ste na isqÔei

Aveεi=±1

∥∥∥∥∥
m∑

i=1

εiQei

∥∥∥∥∥
F

≥ c
m/k
1 m

Apì thn αk ≥ m èpetai ìti

Aveεi=±1

∥∥∥∥∥
m∑

i=1

εiQei

∥∥∥∥∥
F

≥ cα1m.

Katìpin, apì to je¸rhma tou Elton up�rqei σ ⊆ {1, . . . ,m} me

|σ| ≥ 2−19m
(cα1 )2

[log( 4
cα
1
)]2

≥ 2−23m(c41)
α ≥ m[(2−6c1)4]α

¸ste gia k�je epilog  pragmatik¸n suntelest¸n (αi)i∈σ na isqÔei

β
∑
i∈σ

|αi| ≤

∥∥∥∥∥∑
i∈σ

αiQei

∥∥∥∥∥
F

≤
∑
i∈σ

|αi|(3.42)

ìpou β = 2−13(cα1 )3 ≥ [(2−5c1)3]α. Jètontac c = (2−6c1)4 parathroÔme ìti β ≥ cα kai
apì thn (3.42) èpetai ìti o Q|[ei]i∈σ

eÐnai c−α-isomorfismìc. H apìdeixh eÐnai pl rhc. 2

Sth sunèqeia apodeiknÔoume to l mma el�ttwshc thc di�stashc.

Pìrisma 3.4.5. 'Estw X (gn sioc) d-di�statoc upìqwroc tou `m1 . Up�rqei apìluth
stajer� 0 < c < 1 ¸ste o X na eÐnai (1+c−α)-isomorfikìc me ènan upìqwro tou `(1−cα)m

1 ,
ìpou α = m

m−d .

Apìdeixh. 'Estw F = `m1 /X kai Q : `1 → F h apeikìnish phlÐko. Jètoume α = m
m−d kai

parathroÔme ìti α dimF ≥ m. Apì to prohgoÔmeno je¸rhma up�rqoun apìluth stajer�
0 < c < 1 kai σ ⊆ {1, 2, . . . ,m} me |σ| ≥ cαm ¸ste h Q|[ei]i∈σ

na eÐnai c−α isomorfismìc.
Jètoume σ̃ to sumplhrwmatikì sÔnolo tou σ wc proc to {1, . . . ,m} kai jewroÔme th
fusik  probol  P : X → [ei]i∈σ̃. Lamb�nontac upìyin thn kerQ = X paÐrnoume to ex c:
an x ∈ X

‖Px‖1 = ‖x− (x− Px)‖1 ≥ ‖Q(x− Px)‖F ≥ cα‖x− Px‖1

ìpou h teleutaÐa anisìthta èpetai apì to gegonìc ìti x− Px ∈ [ei]i∈σ kai o Q ekeÐ eÐnai
c−α isomorfismìc. Opìte, isqÔei

‖x‖1 ≤ ‖Px‖1 + ‖x− Px‖1 ≤ (1 + c−α)‖Px‖1.
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SumperaÐnoume ìti o X eÐnai isomorfikìc me ènan upìqwro tou [ei]i∈σ̃. Epeid  de, |σ̃| ≤
(1− cα)m èqoume ìti o [ei]i∈σ̃ eÐnai isometrikìc me èna upìqwro tou `(1−cα)m

1 . Sunep¸c,
o X eÐnai (1 + c−α)-isomorfikìc m� ènan upìqwro tou `(1−cα)m

1 . 2

'Eqontac telei¸sei thn aparaÐthth proergasÐa eÐmaste ètoimoi na apodeÐxoume thn
prìtash.

Apìdeixh thc prìtashc 3.4.3. 'Estw 1 < p < 2 kai λ > 0. JewroÔme ènan d-di�stato
upìqwro X tou `np . Apì to je¸rhma 2.2.1 up�rqei β = β(p) > 0 ¸ste o `np na eÐnai 2-
isomorfikìc m� èna upìqwro tou `βn

1 . Jètoume m = βn > n kai Y thn eikìna tou X mèsa
ston `βn

1 mèsw tou isomorfismoÔ. ParathroÔme ìti, an m ≥ k > d+ λm, tìte k
k−d ≤

1
λ

kai an o Y eÐnai 1-isomorfikìc m� èna upìqwro tou `k1 tìte apì to pìrisma 3.4.5 èpetai
ìti eÐnai (1 + c−

1
λ )-isomorfikìc me ènan upìqwro tou `(1−c

1
λ )k

1 . Epanalamb�nontac to
Ðdio epiqeÐrhma s forèc, k�je for� gia ton telikì q¸ro, ìpou s eÐnai o el�qistoc jetikìc
akèraioc me (1 − c1/λ)sm ≤ d + λm, brÐskoume ìti o Y eÐnai (1 + c−1/λ)s-isomorfikìc
me ènan upìqwro tou `r1, me r := (1 − c1/λ)sk ≤ d + λm ≤ d + λβn. Efìson, o s
upologÐzetai sunart sei tou λ (p.q. s = [ log λ

log(1−c1/λ)
] + 1) èpetai to sumpèrasma me

stajer� isomorfismoÔ K(λ) = 2(1+c−1/λ)
[ log λ

log(1−c1/λ)
]+1, anex�rthth thc di�stashc. 2





Kef�laio 4

EmfuteÔseic upoq¸rwn tou L1

To prìblhma pou melet�me se autì to Kef�laio eÐnai genikìtero apì aut� twn prohgoÔ-
menwn KefalaÐwn: DÐnontai ènac n-di�statoc upìqwroc X tou L1 kai ε > 0. To er¸thma
eÐnai na brejeÐ o mikrìteroc N = N(X, ε) gia ton opoÐo up�rqei n-di�statoc upìqwroc
Y tou `N1 ¸ste d(X,Y ) ≤ 1 + ε.

Akribèstera, h posìthta pou mac endiafèrei eÐnai h

N(ε) = max{N(X, ε) : X ≤ L1, dim(X) = n}.

Ja perigr�youme duo proseggÐseic sto prìblhma:

• H pr¸th ofeÐletai ston Schechtman kai sthrÐzetai sth mèjodo thc empeirik c
katanom c, h opoÐa parousi�zetai analutik� sthn epomènh par�grafo. To apotè-
lesma tou Schechtman dÐnei ìti mporoÔme na emfuteÔsoume sqedìn isometrik� k�je
n-di�stato upìqwro tou L1 ston `N1 , arkeÐ to N na epilegeÐ an�logo tou n2.

• H deÔterh eÐnai to kalÔtero mèqri stigm c apotèlesma kai ofeÐletai ston Talagrand.
H mèjodìc tou exelÐssei aut n tou Schechtman kai qrhsimopoieÐ thn ènnoia thc K�
kurtìthtac enìc q¸rou Banach.

To prìblhma paramènei anoiktì: den eÐnai gnwstì an o logarijmikìc wc proc n par�gontac
sthn ektÐmhsh tou Talagrand eÐnai aparaÐthtoc.

AsqoloÔmaste epÐshc me to isomorfikì prìblhma gia ton L1: DÐnontai n�di�statoc
upìqwroc X tou L1 kai ε > 0. To er¸thma eÐnai an up�rqoun stajer� C = C(ε) > 0 pou
exart�tai mìno apì to ε kai upìqwroc Y tou `(1+ε)n

1 ¸ste d(X,Y ) ≤ C(ε). H kalÔterh
ektÐmhsh ed¸ ofeÐletai stouc Johnson–Schechtman, oi opoÐoi deÐqnoun ìti to apotèlesma
eÐnai {swstì} an epitrèyoume ènan ìro logarijmikì wc proc th di�stash sth stajer�
isomorfismoÔ. Den eÐnai gnwstì an autìc o ìroc eÐnai aparaÐthtoc.
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Sto tèloc tou kefalaÐou exet�zoume ta duo parap�nw probl mata gia upoq¸rouc tou
Lp, 1 < p < 2. Se aut n thn perÐptwsh oi apant seic eÐnai bèltistec kai antÐstoiqec me
autèc twn prohgoÔmenwn KefalaÐwn.

4.1 Allag  puknìthtac kai mia pr¸th ektÐmhsh

H pr¸th parat rhsh pou k�nei k�poioc sqetik� me to prìblhma eÐnai h ex c: an Np(X, ε)
eÐnai o el�qistoc fusikìc N ¸ste o X ≤ Lp na eÐnai (1+ε)�isomorfikìc me ènan upìqwro
tou `N1 , tìte o N exart�tai mìno apì th di�stash tou X. 'Etsi, isqÔei

Np(k, ε) = sup{Np(X, ε) : X ≤ Lp, dimX = k} <∞.

Autì eÐnai qr simo sthn pr�xh afoÔ mporoÔme p�ntote na upojètoume ìti an èqoume X ≤
Lp tìte X ⊆ `Mp gia k�poio meg�lo M ∈ N. Bèbaia, h pio eÔkolh ektÐmhsh pou paÐrnei
kaneÐc eÐnai (megalÔterh apì) ekjetik  wc proc th di�stash. To epìmeno epiqeÐrhma
deÐqnei ìti k�je n�di�statoc upìqwroc X tou Lp emfuteÔetai (1 + ε)�isomorfik� ston
`Np gia N � (2/ε)n.

Je¸rhma 4.1.1. 'Estw X n�di�statoc upìqwroc tou Lp(µ) kai ε > 0. Tìte, Np(X, ε) ≤
exp(n log(2Mn/ε)), ìpou Mn jetik  stajer�, h opoÐa exart�tai mìno apì to n.

Apìdeixh. Arqik� parathroÔme ìti mporoÔme na upojèsoume to ex c: up�rqei stajer�
Cn > 1 ¸ste: gia k�je f ∈ X me ‖f‖p = 1 isqÔei ‖f‖∞ ≤ Cn.

An den sumbaÐnei autì tìte ergazìmaste wc ex c: an {x1, . . . , xn} eÐnai mia b�sh
tou X tìte h sun�rthsh ϕ = 1 +

∑n
i=1 |xi| eÐnai jetik . JewroÔme to mètro ν me

puknìthta dν = ϕpdµ. Tìte, up�rqei grammik  isometrÐa apì ton Lp(µ) ston Lp(ν): h
T : Lp(µ) → Lp(ν) me T (f) = 1

ϕ · f . Sth sunèqeia blèpoume ìti an g ∈ T (X) tìte
up�rqoun t1, . . . , tn ∈ R ¸ste ϕ · g =

∑n
i=1 tixi. Opìte, èqoume:

|g| ≤ 1
ϕ

n∑
i=1

|ti| · |xi| ≤ max
1≤i≤n

|ti|,

dhlad  g ∈ L∞(ν). 'Ara, orÐzetai kai h nìrma ‖ · ‖∞ ston T (X). 'Etsi, up�rqei stajer�
Cn > 1 ¸ste ‖g‖∞ ≤ Cn‖g‖p gia k�je g ∈ T (X). TautÐzontac ton X me ton T (X)
èqoume thn arqik  upìjesh qwrÐc periorismì thc genikìthtac.

StajeropoioÔme mia b�sh {x1, . . . , xn} tou X pou apoteleÐtai apì monadiaÐa dianÔsma-
ta kai proseggÐzoume k�je stoiqeÐo thc me kat�llhlh apl  sun�rthsh. Epiplèon, up�rqei
stajer� Kn > 1 me thn idiìthta: gia k�je t1, . . . , tn ∈ R me ‖

∑n
i=1 tixi‖p = 1 èpetai ìti∑n

i=1 |ti| ≤ Kn. Sth sunèqeia jewroÔme N ∈ N ¸ste N > 2KnCn

ε kai gia k�je 1 ≤ i ≤ n
orÐzoume ta sÔnola

Ai,k = {ω : ak−1 ≤ xi(ω) < ak}
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gia k = 1, 2, . . . , N , ìpou ak = −Cn + 2Cn
k
N . JewroÔme epÐshc tic aplèc sunart seic

si =
N∑

k=1

ak−1χAi,k
, 1 ≤ i ≤ N.

Gr�foume Σ ≡ Σ(n,N) gia to sÔnolo twn sunart sewn σ : [n] → [N ] kai jewroÔme thn
oikogèneia twn sunìlwn (Eσ)σ∈Σ, ìpou Eσ =

⋂n
i=1Ai,σ(i). Sth sunèqeia orÐzoume ton

telest  U : X → `
|Σ|
p me

U

(
n∑

i=1

tixi

)
=
∑
σ∈Σ

{
(µ(Eσ))1/p

(
n∑

i=1

tisi

)∣∣∣∣∣
Eσ

}
eσ,

ìpou me (eσ) sumbolÐzoume th sun jh b�sh tou `|Σ|p . Parathr ste ìti o U eÐnai kal�
orismènoc afoÔ h sun�rthsh ω 7→ (

∑n
i=1 tisi(ω))χEσ

(ω) eÐnai stajer  gia k�je σ ∈ Σ.
EÔkola elègqetai ìti o U eÐnai grammikìc, efìson o periorismìc enìc grammikoÔ sundu-
asmoÔ sunart sewn se èna uposÔnolo Eσ eÐnai o grammikìc sunduasmìc twn periorism¸n
se autì to sÔnolo. EpÐshc, parathr¸ntac ìti ta sÔnola (Eσ)σ∈Σ apoteloÔn diamèrish
tou Ω paÐrnoume∥∥∥∥∥U

(
n∑

i=1

tixi

)∥∥∥∥∥
p

`
|Σ|
p

=
∑
σ∈Σ

µ(Eσ)

∣∣∣∣∣
(

n∑
i=1

tisi

)∣∣∣∣∣
Eσ

∣∣∣∣∣
p

=
∑
σ∈Σ

∫
Eσ

∣∣∣∣∣
n∑

i=1

tisi

∣∣∣∣∣
p

dµ

=

∥∥∥∥∥
n∑

i=1

tisi

∥∥∥∥∥
p

Lp(µ)

.

Epomènwc, gia k�je t1, . . . , tn ∈ R me ‖
∑

i=1 tixi‖p = 1 èqoume∣∣∣∣∣∣
∥∥∥∥∥U
(

n∑
i=1

tixi

)∥∥∥∥∥
`
|Σ|
p

− 1

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∥∥∥∥∥

n∑
i=1

tisi

∥∥∥∥∥
p

−

∥∥∥∥∥
n∑

i=1

tixi

∥∥∥∥∥
p

∣∣∣∣∣∣ ≤
∥∥∥∥∥

n∑
i=1

ti(si − xi)

∥∥∥∥∥
p

≤
n∑

i=1

|ti| · ‖xi − si‖p ≤
ε

Kn

n∑
i=1

|ti| < ε.

Autì mac dÐnei ìti 1 − ε < ‖U(x)‖
`
|Σ|
p

< 1 + ε gia k�je x ∈ X me ‖x‖p = 1. Dhlad ,
o X emfuteÔetai (1 + ε)�isomorfik� ston `

|Σ|
p . Tèloc, blèpoume ìti |Σ| = Nn '

en log(2KnCn/ε). 2

H parap�nw diadikasÐa {allag c puknìthtac} eÐnai suqn  kai ja efarmìzetai tak-
tik� se poll� epiqeir mata autoÔ tou KefalaÐou. H basik  idèa eÐnai h ex c: me ton
ìro puknìthta se èna q¸ro mètrou (Ω, µ) ennooÔme mia (gn sia) jetik  µ�metr simh
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sun�rthsh f ston Ω me thn idiìthta
∫
f dµ = 1. Mia tètoia puknìthta ep�gei, gia s-

tajerì 0 < p < ∞ mia isometrÐa S = Sf,p : Lp(µ) → Lp(ν) epÐ, me Sx = f−1/px kai
dν = fdµ. Pollèc forèc (ìpwc ja diapist¸soume kai sth sunèqeia) to kèrdoc apì mia
allag  puknìthtac, dhlad  thn taÔtish tou Lp(µ) me to isometrikì tou antÐgrafo Lp(ν),
eÐnai meg�lo. To pleonèkthma me autìn ton trìpo eÐnai ìti gia k�poio upìqwro X tou
Lp(µ) kai gia k�poia tim  r 6= p o q¸roc S(X) eqei {kalÔterh jèsh} sto q¸ro Lr(ν).

'Ena tètoio par�deigma eÐnai to epiqeÐrhma sto prohgoÔmeno je¸rhma. Sth sunèqeia ja
anafèroume k�poia l mmata allag c puknìthtac ta opoÐa ja qrhsimopoihjoÔn ousiastik�
sth sunèqeia. To pr¸to pou anafèroume afor� se upoq¸rouc tou L1 kai exasfalÐzetai
apì thn Ôparxh normarismènou diorjog¸niou sust matoc. Anafèroume touc aparaÐthtouc
orismoÔc.

Orismìc 4.1.2 (diorjog¸nio sÔsthma). 'Estw (X, ‖·‖) q¸roc me nìrma kai (xi, x
∗
i )i∈I

mia oikogèneia sto X ×X∗. H oikogèneia (xi, x
∗
i ) kaleÐtai diorjog¸nio sÔsthma tou X

an

x∗i (xj) = δij =
{

1, i = j
0, i 6= j

(4.1)

To sÔsthma kaleÐtai epiplèon normarismèno, an ‖xi‖ = ‖x∗j‖ = 1 gia k�je i, j ∈ I.

Basikèc idiìthtec enìc diorjog¸niou sust matoc eÐnai oi akìloujec:

(a) Ta (xi)i∈I apoteloÔn grammik¸c anex�rthto sÔnolo kai

(b) gia k�je i ∈ I isqÔei ‖xi‖ · ‖x∗i ‖ ≥ 1.

To l mma tou Auerbach mac exasfalÐzei ìti se k�je q¸ro peperasmènhc di�stashc me
nìrma up�rqei normarismèno diorjog¸nio sÔsthma.

L mma 4.1.3 (Auerbach). An X eÐnai n�di�statoc q¸roc me nìrma, tìte up�rqei nor-
marismèno diorjog¸nio sÔsthma (xi, x

∗
j )

n
i,j=1 ston X. Epiplèon, ta (xi)n

i=1 apoteloÔn
b�sh tou X.

Apìdeixh. 'Estw e1, e2, . . . , en mia b�sh tou X. Tìte k�je y ∈ X gr�fetai monos manta
sth morf  y =

∑n
i=1 yiei. Gia k�je epilog  n dianusm�twn y1, . . . , yn ∈ X, gr�foume

yk =
n∑

i=1

ykiei, k = 1, . . . , n.

Tìte, ta y1, . . . , yn eÐnai grammik� anex�rthta an kai mìno an

|det(yki)n
i,k=1| > 0.

JewroÔme th monadiaÐa sfaÐra SX = {x ∈ X : ‖x‖ = 1}, kai orÐzoume f : SX×· · ·×SX →
R me

f(y1, y2, . . . , yn) = det(yki).
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H sun�rthsh aut  eÐnai suneq c: An y(m)
k ∈ SX , kai y(m)

k → yk, tìte

‖
n∑

i=1

(yki − y
(m)
ki )ei‖ ≥ c

n∑
i=1

|yki − y
(m)
ki |

gia k�poia stajer� c > 0 pou exart�tai mìno apì ta ei. 'Ara, y(m)
ki → yki gia k�je

i, k ≤ n. Tìte,

f(y(m)
1 , . . . , y(m)

n ) = det(y(m)
ki ) → det(yki) = f(y1, . . . , ym),

dhlad  h f eÐnai suneq c. AfoÔ h f orÐzetai sto sumpagèc SX × · · · × SX , èpetai ìti
paÐrnei mègisth tim  se k�poia n-�da (x1, . . . , xn) ∈ SX × · · · × SX . H f eÐnai peritt 
wc proc k�je yk, kai profan¸c up�rqoun grammik� anex�rthtec n-�dec (y1, . . . , yn) sto
pedÐo orismoÔ thc. 'Ara, sto shmeÐo megÐstou èqoume

f(x1, . . . , xn) > 0.

Tìte, orÐzoume

x∗i (x) =
f(x1, . . . , xi−1, x, xi+1, . . . , xn)

f(x1, . . . , xn)
, i = 1, . . . , n.

ParathroÔme ìti o paronomast c eÐnai stajerìc kai di�foroc tou mhdenìc, en¸ o ari-
jmht c eÐnai orÐzousa thc opoÐac metab�letai mìno h st lh tou x. EpÐshc,

(a) x∗i (xj) = δij , �ra ‖x∗i ‖ ≥ x∗i (xi) = 1, kai
(b) An ‖x‖ = 1, tìte

|x∗i (x)| =
|f(x1, . . . , xi−1, x, xi+1, . . . , xn)|

|f(x1, . . . , xn)|
≤ 1,

�ra ‖x∗i ‖ ≤ 1. Ta (a) kai (b) dÐnoun to zhtoÔmeno. 2

Qrhsimopoi¸ntac to l mma tou Auerbach ja deÐxoume ìti an X eÐnai upìqwroc tou
L1(Ω, µ) me dimX = k, tìte up�rqei mètro pijanìthtac ν ston Ω ¸ste to sÔnolo {f :
‖f‖L1(ν) ≤ 1} na eÐnai omoiìmorfa fragmèno ston L∞(ν).

L mma 4.1.4. 'Estw (Ω, µ) q¸roc mètrou kai X n-di�statoc upìqwroc tou L1(Ω, µ).
Tìte, up�rqoun mètro pijanìthtac ν ston Ω kai grammikìc telest c S : L1(Ω, µ) →
L1(Ω, ν), me thn ex c idiìthta: o S periorismènoc ston X eÐnai isometrÐa kai

‖Sf‖L∞(ν) ≤ n‖f‖L1(µ)(4.2)

gia k�je f ∈ X. Eidikìtera, ‖g‖L∞(ν) ≤ n gia k�je g ∈ S(X) me ‖g‖L1(ν) ≤ 1.
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Apìdeixh. JewroÔme èna diorjog¸nio sÔsthma (fi, f
∗
j )n

i,j=1 tou X (up�rqei, apì to l mma
tou Auerbach). Tìte, gia k�je epilog  pragmatik¸n suntelest¸n (ti)n

i=1 èqoume

max
1≤i≤n

|ti| ≤
∫

Ω

∣∣∣∣∣
n∑

i=1

tifi

∣∣∣∣∣ ≤
n∑

i=1

|ti|.(4.3)

Pr�gmati; h dexi� anisìthta prokÔptei �mesa apì trigwnik  anisìthta kai apì to gegonìc
ìti ‖fi‖L1(µ) = 1, en¸ gia thn arister  parathroÔme ìti∥∥∥∥∥

n∑
i=1

tifi

∥∥∥∥∥
L1(µ)

≥

∣∣∣∣∣f∗j
(

n∑
i=1

tifi

)∣∣∣∣∣ = |tj |

gia k�je 1 ≤ j ≤ n. Jètoume F =
∑n

i=1 |fi| kai orÐzoume mètro ν me puknìthta dν = F
n dµ.

Tìte isqÔoun ta akìlouja:

• ‖F‖L1(µ) = n kai

• to ν eÐnai mètro pijanìthtac ston Ω.

Katìpin, orÐzoume ton telest  S : L1(µ) → L1(ν) wc ex c: gia k�je f jewroÔme thn
Sf ∈ L1(ν) me

(Sf)(t) =
{ n

F (t) · f(t), F (t) 6= 0
0, F (t) = 0

O S eÐnai profan¸c grammikìc, kal� orismènoc kai isometrÐa ston X: An f ∈ X tìte,∫
Ω

|Sf | dν =
∫
{t:F (t) 6=0}

n

F
|f | dν =

∫
{t:F (t) 6=0}

|f | dµ =
∫

Ω

|f | dµ(4.4)

diìti {t : F (t) = 0} ⊆ {t : f(t) = 0}. Tèloc, apodeiknÔoume th zhtoÔmenh ektÐmhsh: An
f ∈ X me ‖f‖L1(µ) ≤ 1 tìte epeid  h f gr�fetai f =

∑n
i=1 tifi gia k�poiouc suntelestèc

(ti), apì th sqèsh (4.3) èpetai ìti max1≤i≤n |ti| ≤ 1. 'Ara, eÐnai

|f(t)| ≤
n∑

i=1

|ti| · |fi| ≤ F (t).

Sunep¸c,

|Sf(t)| ≤ n

F (t)
|f(t)| ≤ n(4.5)

gia k�je t ∈ Ω me F (t) > 0. 'Epetai, ìti ‖Sf‖L∞(ν) ≤ n‖f‖L1(µ) gia k�je f ∈ X. 2

Qrhsimopoi¸ntac aut  thn puknìthta kai akolouj¸ntac thn Ðdia poreÐa me aut  tou
Jewr matoc 4.1.1 mporoÔme na d¸soume mia pio akrib  ektÐmhsh tou N upologÐzontac



4.1 Allag  puknìthtas kai mia pr¸th ektÐmhsh · 71

akrib¸c tic stajerèc Cn,Kn pou upeisèrqontai sto epiqeÐrhma gia thn perÐptwsh p = 1.
Pr�gmati; jewr¸ntac arqik� thn allag  puknìthtac pou mac dÐnei to parap�nw l mma
èqoume ìti Cn ≤ n. Apì thn �llh pleur�, gia k�je t1, . . . , tn ∈ R me ‖

∑
i≤n tifi‖L1(ν) = 1

paÐrnoume ìti max |ti| ≤ 1, �ra Kn ≤ n. Opìte èqoume thn ektÐmhsh N ≥ ( 2n2

ε )n.
Akìmh kai sth genik  perÐptwsh ìpou 1 ≤ p ≤ 2 mporoÔme na èqoume èna l mma

allag c puknìthtac me thn idiìthta

sup{‖f‖∞ : f ∈ X, ‖f‖p ≤ 1} ≤ (2 dimX)1/p.

Autì prokÔptei �mesa apì to akìloujo:

L mma 4.1.5 (Schechtman, 1987). 'Estw (Ω, µ) q¸roc pijanìthtac, 1 ≤ p ≤ 2 kai X
ènac k�di�statoc upìqwroc tou Lp(µ). Tìte, isqÔoun ta akìlouja:

(a) Up�rqoun mètro pijanìthtac ν ston Ω kai upìqwroc Y tou Lp(Ω, ν) isometrikìc me
ton X ¸ste

sup{‖y‖L∞(ν) : y ∈ Y, ‖y‖L1(ν) ≤ 1} ≤ (2k)1/2d(X, `k2)

kai

(b) d(X, `k2) ≤ (2k)1/p−1/2,

ìpou d(X, `k2) h apìstash Banach–Mazur tou X apì ton `k2 .

Apìdeixh. Apì ton orismì thc apìstashc Banach–Mazur up�rqei mia b�sh {x1, . . . , xk}
tou X ¸ste gia k�je t1, . . . , tk ∈ R na isqÔei(

k∑
i=1

t2i

)1/2

≤

∥∥∥∥∥
n∑

i=1

tixi

∥∥∥∥∥
Lp(µ)

≤ d(X, `k2) ·

(
n∑

i=1

t2i

)1/2

.

JewroÔme to mètro pijanìthtac ν ston Ω me puknìthta

dν =
fp

‖f‖p
Lp(µ)

dµ,

ìpou f = (
∑k

i=1 |xi|2)1/2. OrÐzoume ton telest  T : X → Lp(ν) me

(Tx)(ω) =

{
x(ω)
f(ω)‖f‖Lp(µ), f(ω) 6= 0
0, f(ω) = 0

T¸ra, eÔkola blèpoume ìti o T eÐnai grammik  isometrÐa, efìson {ω : f(ω) = 0} ⊆⋂k
i=1{ω : xi(ω) = 0}. 'Estw, x =

∑k
i=1 tixi ∈ X me ‖x‖Lp(µ) = 1. Tìte, gia ω ∈ Ω me
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f(ω) 6= 0 sundu�zontac thn anisìthta Cauchy–Schwarz, thn anisìthta tou Khintchine,
thn trigwnik  anisìthta kai thn anisìthta pou ikanopoieÐ h b�sh paÐrnoume ìti:

|Tx| =
|x|
f
‖f‖Lp(µ) ≤

(
k∑

i=1

t2i

)1/2

‖f‖Lp(µ)

≤ ‖f‖Lp(µ) ≤
√

2Aveεi=±1

∥∥∥∥∥
k∑

i=1

εixi

∥∥∥∥∥
Lp(µ)

≤ (2k)1/2d(X, `k2).

Gia to (b) parathroÔme ìti

‖y‖p ≤ ‖y‖2 ≤ ‖y‖1−p/2
∞ · ‖y‖p/2

p ≤ [(2k)1/2d(X, `k2)]1−p/2‖y‖p

gia k�je y ∈ T (X), ìpou sthn teleutaÐa anisìthta èqoume qrhsimopoi sei thn ektÐmhsh
apì to (a). 'Ara, apì ton orismì thc apìstashc Banach–Mazur paÐrnoume ìti

d(X, `k2) = d(T (X), `k2) ≤ [(2k)1/2d(X, `k2)]1−p/2.

Apì thn teleutaÐa èpetai to zhtoÔmeno. 2

T¸ra qrhsimopoi¸ntac to parap�nw l mma mporeÐ kaneÐc na èqei akribèsterh ektÐmhsh
sto je¸rhma 4.1.1 upologÐzontac tic stajerèc Cn,Kn. Jewr¸ntac thn puknìthta tou
parap�nw l mmatoc mporoÔme na èqoume Cn = (2n)1/p kai Kn =

√
n. 'Etsi, to je¸rhma

4.1.1 isqÔei me N ≥ ( 21/pn1/p+1/2

ε )n.
Gia thn perÐptwsh p > 2 qrhsimopoioÔme antÐstoiqo apotèlesma, to opoÐo ofeÐletai

ston Lewis:

L mma 4.1.6 (Lewis, 1978). 'Estw p > 2 kai X ènac k�di�statoc upìqwroc tou Lp.
Tìte, up�rqoun mètro pijanìthtac ν kai upìqwroc Y tou Lp(ν) isometrikìc me ton X
¸ste sup{‖y‖L∞(ν) : y ∈ Y, ‖y‖L1(ν) ≤ 1} ≤ k1/2.

H arqik  apìdeixh tou Lewis qrhsimopoioÔse ousiastik� thn ènnoia tou duðsmoÔ wc
proc to Ðqnoc, èna je¸rhma paragontopoÐhshc telest¸n twn Kwapien–Maurey, kaj¸c kai
th jewrÐa twn p�apolÔtwc ajroizìntwn telest¸n. To 1999, oi Schechtman kai Zvavitch
br kan mia stoiqei¸dh apìdeixh, tou Ðdiou l mmatoc, h opoÐa eÐnai koin  gia ìla ta 0 <
p < ∞. To epiqeÐrhm� touc moi�zei polÔ me autì pou qrhsimopoi same gia thn apìdeixh
tou l mmatoc tou Auerbach: to mètro ν ep�getai apì puknìthta pou prokÔptei wc lÔsh
kat�llhlou probl matoc megistopoÐhshc. Diatup¸noume kai apodeiknÔoume th genik 
morf  tou l mmatoc sth sunèqeia.

L mma 4.1.7 (Schechtman–Zvavitch, 1999). 'Estw (Ω, µ) q¸roc mètrou, 0 < p <∞
kai X ènac n�di�statoc upìqwroc tou Lp(µ). Tìte, isqoÔn ta akìlouja:
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(a) Up�rqei mia b�sh {f1, . . . , fn} ston X me thn idiìthta∫
fp−2fifj dµ = δij =

{
1, i = j
0, i 6= j

,

ìpou f = (
∑n

k=1 f
2
k )1/2.

(b) Up�rqoun mètro pijanìthtac ν ston Ω kai upìqwroc Y tou Lp(ν) ¸ste: o X eÐnai
isometrikìc me ton Y kai up�rqei mia b�sh {h1, . . . , hn} tou Y h opoÐa eÐnai orjokanonik 
ston L2(ν), me

∑n
i=1 h

2
i ≡ n.

(g) Gia k�je f ∈ Y isqÔei ‖f‖L∞(ν) ≤ c(n, p)‖f‖Lp(ν), ìpou

c(n, p) =
{
n1/p, 0 < p ≤ 2
n1/2, 2 < p <∞ .

Prin per�soume sthn apìdeixh tou l mmatoc parathr ste ìti genikeÔei ta duo pro-
hgoÔmena l mmata kai epiplèon isqÔei kai sthn perÐptwsh ìpou 0 < p < 1. M�lista h
ex�rthsh thc stajer�c pou prokÔptei sto (g) eÐnai bèltisth wc proc n, p.
Apìdeixh tou l mmatoc 4.1.7. (a) Upojètoume pr¸ta ìti o Ω eÐnai peperasmènoc. EpÐshc,
qwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti o X èqei megistikì forèa,
dhlad  gia k�je ω ∈ Ω up�rqei x ∈ X ¸ste x(ω) 6= 0 (Diaforetik�, jewroÔme NX =
{ω : x(ω) = 0 ∀x ∈ X} kai douleÔoume sto Ω′ = Ω \NX , to opoÐo exakoloujeÐ na eÐnai
peperasmèno). StajeropoioÔme mia b�sh {x1, . . . , xn} tou X. Gia k�je pÐnaka B = (bij)
jewroÔme èna telest  B : Rk → X ¸ste Bei :=

∑k
j=1 tijxj , ìpou e1, . . . , ek h sun jhc

b�sh tou Rk. 'Estw t¸ra A = (aij) ènac pÐnakac o opoÐoc megistopoieÐ thn det(B) wc
proc th sunj kh ‖(

∑
i=1(Bei)2)1/2‖p ≤ 1. ParathroÔme ìti s� aut n thn perÐptwsh

ta (Aei)k
i=1 eÐnai kat� an�gkhn grammik¸c anex�rthta (�ra b�sh tou X) kai m�lista∑k

i=1(Aei)(ω)2 > 0 gia k�je ω ∈ Ω (efìson upojèsame ìti o X èqei megistikì forèa).
EpÐshc, gia k�je ω ∈ Ω, h sun�rthsh B = (bij) 7→ (

∑k
i=1(Bei)(ω)2)p/2 eÐnai suneq¸c

paragwgÐsimh me

∂
∂bml

∑
ω∈Ω

(∑k
i=1

(∑k
j=1 bijxj(ω)2

)p/2
)

=

p
∑

ω∈Ω

{(∑k
i=1(

∑k
j=1 bijxj(ω)2)

)p/2−1 (∑k
j=1 bmjxj(ω)

)
xl(ω)

}
'Opwc eÐnai gnwstì apì th grammik  �lgebra (anaptÔxte thn orÐzousa det(B) wc proc
thn m st lh) to ∂

∂ml det(B) eÐnai to lm stoiqeÐo tou pÐnaka det(B) ·B. EpÐshc, apì touc
pollaplasiastèc Lagrange paÐroume ìti o pÐnakac C = (∂

∂ aml(
∑

i=1(Aei)2)p/2)k
m,l eÐnai

pollapl�sio tou ( ∂
∂aml

det(A))k
m,l, o opoÐoc apì thn prohgoÔmenh parat rhsh isoÔtai me

(At)−1. M� �lla lìgia o AtC eÐnai pollapl�sio tou tautotikoÔ. An loipìn jèsoume
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fi =
∑k

j=1 aijxj , tìte èpetai apì ta parap�nw ìti gia k�poio λ ∈ R isqÔei

∫ ( k∑
i=1

f2
i

)p/2−1

fifj dµ = λδij .

Kanonikopoi¸ntac èqoume to zhtoÔmeno. Autì telei¸nei thn apìdeixh sthn perÐptwsh
pou to mètro µ èqei peperasmèno forèa. Ousiastik� aut  eÐnai h morf  sthn opoÐa ja
qrhsimopoihjeÐ to l mma sth sunèqeia aut c thc ergasÐac, gi� autì apl¸c skiagrafoÔme
thn apìdeixh sth genik  perÐptwsh. K�nontac pr¸ta mia allag  puknìthtac ìpwc sto
je¸rhma 4.1.1, mporoÔme na upojèsoume ìti k�je sun�rthsh nìrmac 1 ston X eÐnai frag-
mènh apì mia stajer�K h opoÐa exart�tai apì th di�stash. T¸ra, gia k�je ε > 0 up�rqei
upìqwroc Xε tou Ðdiou q¸rou Lp, o opoÐoc apoteleÐtai apì aplèc sunart seic kai eÐnai
ε�kont� ston X me thn akìloujh ènnoia: gia k�je f ∈ X me ‖f‖p = 1 up�rqei g ∈∈ Xε

¸ste ‖f − g‖p < ε. Apì to pr¸to mèroc thc apìdeixhc up�rqei mia b�sh {fε
1 , . . . , f

ε
k}

ston Xε h opoÐa ikanopoieÐ to zhtoÔmeno. Opoiod pote ìrio aut¸n twn b�sewn, mèsw
k�poia upakoloujÐac kaj¸c to ε → 0 ja ikanopoieÐ epÐshc to sumpèrasma kai ja eÐnai
epÐshc ston X.
(b) JewroÔme tic (fi) kai f tou pr¸tou erwt matoc kai orÐzoume to mètro pijanìthtac
ν me puknìthta dν = fp‖f‖−p

p dµ. OrÐzoume th grammik  isometrÐa T : X → Lp(ν) me
Tx = (x/f)k1/p. Se autì to shmeÐo parathr ste ìti ‖f‖p

p = k. Tèloc, oi sunart seic
hi = n1/2(fi/f) apoteloÔn orjokanonik  b�sh ston L2(ν) kai isqÔei

∑k
i h

2
i ≡ k.

(g) An f ∈ Y kai f =
∑k

i=1 tihi tìte

‖f‖∞ ≤

(
k∑

i=1

t2i

)1/2 ∥∥∥∥∥
( k∑

i=1

h2
i

)1/2
∥∥∥∥∥
∞

= n1/2‖f‖2

kai an 0 < p < 2 tìte

‖f‖22 ≤ ‖f‖2−p
∞ ‖f‖p

p ≤ n(2−p)/2‖f‖2−p
2 ‖f‖p

p.

Apì aut� èpetai sto sumpèrasma. H perÐptwsh 2 ≤ p <∞ eÐnai �mesh. 2

Se epìmenh par�grafo ja anafèroume �lla duo l mmata allag c puknìthtac ta opoÐa
eÐnai �meso pìrisma enìc jewr matoc tou Pisier [18] gia paragontopoÐhsh telest¸n mèsw
asjen¸n q¸rwn sunart sewn.

4.2 H mèjodoc tou Schechtman

Se aut  thn par�grafo parousi�zoume to apìtelesma tou Schechtman. H mèjodoc ek-
tÐmhshc eÐnai pijanojewrhtik  kai eis�gei th {mèjodo thc empeirik c katanom c}. To
epiqeÐrhma perigr�fetai gia upoq¸rouc tou L1, ìpwc ìmwc ja doÔme sth sunèqeia pern�ei
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kai sto genikìtero plaÐsio upoq¸rwn tou Lp, 1 ≤ p < 2. H apìdeixh pou parajètoume
sth sunèqeia akoloujeÐ touc Bourgain–Lindenstrauss–Milman [2].

JewroÔme q¸ro L1(Ω, µ) kai ènan upìqwrì tou X di�stashc n. Epilègoume tuqaÐa
kai anex�rthta x1, . . . , xN sto q¸ro pijanìthtac (Ω, µ). Katìpin jewroÔme ton tuqaÐo
grammikì telest  T : X → `N1 pou orÐzetai apì thn

T (f) =
1
N

(f(x1), . . . , f(xN ))(4.6)

ParathroÔme ìti

‖T (f)‖`N
1

=
1
N

N∑
i=1

|f(xi)| ≈
∫

Ω

|f | dµ = ‖f‖L1(µ)(4.7)

ìpou h akrib c ènnoia thc prosèggishc ≈ ja faneÐ sth sunèqeia. Jèloume gia k�je ε > 0
(mikrì) na broÔme N (arket� meg�lo) ¸ste gia k�je f ∈ L1(µ) na isqÔei

(1− ε)‖f‖L1 ≤ ‖Tf‖`N
1
≤ (1 + ε)‖f‖L1 ,

  isodÔnama, jèloume h posìthta

sup

{∣∣∣∣∣1− 1
N

N∑
i=1

|f(xi)|

∣∣∣∣∣ : f ∈ X, ‖f‖L1 = 1

}
(4.8)

na eÐnai mikrìterh tou ε gia arket� meg�lo N . 'Etsi, periorizìmaste sth monadiaÐa
sfaÐra tou X. Sth sunèqeia diakritopoioÔme to prìblhma apodeiknÔontac mia antÐstoiqh
ektÐmhsh gia èna dÐktuo thc sfaÐrac tou. 'Ena sÔnhjec epiqeÐrhma proseggÐsewn ja mac
d¸sei thn ektÐmhsh se ìlh th sfaÐra.

To basikì ergaleÐo gia na deÐxoume mia sqèsh san thn (4.3) all� kai gia na d¸soume
mia pio austhr  ènnoia thc prosèggishc sthn (4.2) eÐnai mia anisìthta tÔpou Bernstein apì
thn klasik  jewrÐa pijanot twn. H gnwst  anisìthta tou Bernstein eÐnai mia anisìthta
apìklishc tou mèsou ìrou anex�rthtwn tuqaÐwn metablht¸n Bernoulli apì th mèsh tim 
touc. To epìmeno l mma genikeÔei aut  th je¸rhsh.

L mma 4.2.1. 'Estw (gi)N
i=1 anex�rthtec tuqaÐec metablhtèc se èna q¸ro pijanìthtac

(Ω, µ), oi opoÐec ikanopoioÔn tic sqèseic

Egi = 0, ‖gi‖L1 ≤ A, ‖gi‖∞ ≤M, 1 ≤ i ≤ N,(4.9)

gia k�poia jetik  stajer� M . Tìte, gia k�je 0 < ε < 2A isqÔei h anisìthta

Prob

(∣∣∣∣∣
N∑

i=1

gi

∣∣∣∣∣ ≥ Nε

)
≤ 2 exp(−ε2N/(4AM))(4.10)
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Apìdeixh. 'Estw λ > 0. Apì thn anisìthta tou Markov kai thn anexarthsÐa twn gi

èqoume

Prob

(
N∑

i=1

gi ≥ εN

)
≤ e−λεNE exp

(
λ

N∑
i=1

gi

)

= e−λεN
N∏

i=1

E exp(λgi)

Gia k�je x ≤ 1 isqÔei h stoiqei¸dhc anisìthta ex ≤ 1 + x + x2. Qrhsimopoi¸ntac tic
sqèseic (4.9) gia 0 < λ < 1

M blèpoume ìti

E exp(λgi) ≤ 1 + λ2

∫
g2

i dµ ≤ 1 + λ2‖gi‖∞‖gi‖1 ≤ exp(λ2AM)(4.11)

Telik� paÐrnoume

Prob

(
N∑

i=1

gi ≥ Nε

)
≤ e−λNεe2λ2MN

Epilègontac λ = ε
2AM (parathr ste ìti ikanopoieÐtai h sunj kh 0 < λM < 1) paÐrnoume

Prob

(
N∑

i=1

gi ≥ Nε

)
≤ exp(−ε2N/4AM).(4.12)

Jewr¸ntac tic −gi sth jèsh twn gi paÐrnoume

Prob

(
−

N∑
i=1

gi ≥ εN

)
≤ exp(−ε2N/4AM).(4.13)

To sumpèrasma èpetai apì tic (4.12) kai (4.13). 2

ParathroÔme ìti gia thn efarmog  thc anisìthtac Bernstein prèpei oi {gi}N
i=1 na

an koun kai ston L∞(µ), k�ti to opoÐo mporeÐ, gia ton tuqìnta upìqwro X tou L1(Ω, µ),
na mhn isqÔei genik�.

'Opwc  dh perigr�yame, sthn prohgoÔmenh par�grafo, autì eÐnai efiktì mèsw allag c
puknìthtac. 'Etsi, kat� thn apìdeixh tou jewr matoc jewroÔme ìti to mètro µ èqei thn
idiìthta pou exasfalÐzei to l mma 4.1.4.

Sth sunèqeia diatup¸noume austhr� to je¸rhma tou Schechtman kai pern�me sthn
apìdeix  tou.

Je¸rhma 4.2.2 (Schechtman, 1987). Up�rqei apìluth stajer� c > 0 ¸ste gia k�je
0 < ε < 1

2 kai k�je n-di�stato upìqwro X tou L1 na isqÔei N(X, ε) ≤ cε−2 log ε−1n2.

Pio sugkekrimèna ja deÐxoume to ex c:
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Je¸rhma 4.2.3. 'Estw 0 < ε < 1
2 kai X n-di�statoc upìqwroc tou L1. Tìte, up�rqei

grammikìc telest c T : X → `N1 ¸ste

(1− ε)‖f‖L1(µ) ≤ ‖Tf‖`N
1
≤ (1 + ε)‖f‖L1(µ)

gia k�je f ∈ X, an N ≥ cn2ε−2 log(ε−1). 'Ara, up�rqei upìqwroc Y tou `N1 me d(X,Y ) ≤
1+ε
1−ε .

Apìdeixh. Kat' arq n mporoÔme na upojèsoume ìti to mètro µ eÐnai tètoio ¸ste ‖f‖L∞(µ) ≤
n gia k�je f ∈ X me ‖f‖L1(µ) = 1. JewroÔme ton ΩN kai san mètro pijanìthtac s-
ton ΩN paÐrnoume to mètro ginìmeno µN := ⊗Nµ. Dhlad , o q¸roc pijanìthtac ston
opoÐo douleÔoume eÐnai o (ΩN , µN ). Gia k�je ω ∈ ΩN orÐzoume ton tuqaÐo telest 
T = Tω : X → `N1 me

Tf =
1
N

(f(ω1), . . . , f(ωN )).(4.14)

KÔrioc skopìc mac eÐnai na epitÔqoume h posìthta (4.8) na eÐnai arket� mikr  (mikrìterh
tou ε) toul�qiston gia èna peperasmèno, {kalì} sÔnolo thc monadiaÐac sfaÐrac tou X.
Gia θ = ε

3 ∈ (0, 1/3) JewroÔme èna θ-dÐktuo N sth sfaÐra tou X me |N | ≤ ( 3
θ )N . Gia

k�je g ∈ N orÐzoume hj : ΩN → R me hj(ω) = |g(ωj)| − 1, gia j = 1, 2, . . . , N . Oi hj

èqoun tic ex c idiìthtec:

• Ehj = 0

• ‖hj‖L1(µ) ≤ 2 kai

• ‖hj(ω)‖ ≤ n+ 1 gia k�je ω ∈ ΩN

'Etsi, plhroÔntai oi upojèseic tou l mmatoc 4.2.1. 'Ara, gia k�je g ∈ N isqÔei h ektÐmhsh

Prob

(
ω :

∣∣∣∣∣
N∑

i=1

hj(ω)

∣∣∣∣∣ ≥ Nθ

)
≤ 2 exp(−Nθ2/8(n+ 1)).(4.15)

Epomènwc,

Prob

(
ω : ∃g ∈ N ,

∣∣∣∣∣
N∑

i=1

hj(ω)

∣∣∣∣∣ ≥ Nθ

)
≤

∑
g∈N

2 exp(−Nθ2/8(n+ 1))

= 2e−Nθ2/8(n+1)(3/θ)n

ApaitoÔme na isqÔei h
2 exp(−Nθ2/8(n+ 1))(3/θ)n < 1,

dhlad 
8 log 2(n+ 1) + (n2 + n) log(3/θ) < Nθ2.
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Dedomènou ìti θ < 1/3, arkeÐ na p�roume

N ≥ (16 log 2 + 4)n2θ−2 log(1/θ)

Kaj¸c θ = ε/3 kai ε < 1/2, h sunj kh paÐrnei th morf 

N ≥ 33(24 log 2 + 4)n2ε−2 log(ε−1) = cn2ε−2 log(ε−1)

Tìte h pijanìthta

Prob

ω : ∀g ∈ N ,

∣∣∣∣∣∣
N∑

j=1

hj(ω)

∣∣∣∣∣∣ < Nθ


eÐnai jetik , �ra up�rqei ω ∈ ΩN ¸ste gia k�je g ∈ N na isqÔei∣∣∣∣∣∣1− 1

N

N∑
j=1

g(ωj)

∣∣∣∣∣∣ < θ(4.16)

Sunep¸c, h sqèsh (4.8) isqÔei gia to dÐktuo N thc sfaÐrac tou X:

1− θ ≤ ‖Tg‖ ≤ 1 + θ(4.17)

gia k�je g ∈ N . H apìdeixh oloklhr¸netai me èna klasikì epiqeÐrhma prosèggishc
stoiqeÐwn thc sfaÐrac apì stoiqeÐa tou diktÔou.

Qrhsimopoi¸ntac to l mma 2.1.5 èqoume ìti k�je f ∈ X me ‖f‖L1(µ) = 1 gr�fetai
sth morf  f = g0 +

∑∞
n=1 tngn me 0 ≤ tn ≤ θn kai (gn)∞n=0 ⊆ N . Tìte, paÐrnoume∣∣‖Tf‖ − ‖Tg0‖
∣∣ ≤ ‖T (f − g0)‖ ≤

∞∑
n=1

tn‖Tgn‖ ≤ (1 + θ)
θ

1− θ
.(4.18)

QrhsimopoioÔme to gegonìc ìti
∣∣1− ‖Tg0‖

∣∣ ≤ θ, opìte apì th sqèsh (4.18) paÐrnoume

1− 3θ
1− θ

≤ ‖Tf‖`N
1
≤ (1 + θ)2

1− θ
.(4.19)

Qrhsimopoi¸ntac thn isìthta θ = ε/3 blèpoume ìti (1+θ)2

1−θ ≤ 1 + ε kai 1−3θ
1−θ ≥ 1 − ε,

opìte èqoume to zhtoÔmeno. 2

O prosektikìc anagn¸sthc ja parathr sei ìti autoÔ tou eÐdouc to epiqeÐrhma dÐnei
kai mia ektÐmhsh sthn perÐptwsh ìpou X ≤ Lp, 1 ≤ p < 2. Pr�gmati, sthn parap�nw
poreÐa autì pou èpaixe ousi¸dh rìlo  tan to gegonìc ìti

MLp(ν) = sup{‖x‖L∞(ν) : ‖x‖Lp(ν) ≤ 1} <∞

gia p = 1 kai k�poio mètro pijanìthtac ν. Sthn perÐptwsh loipìn ìpou 1 < p < 2
blèpoume ìti mporoÔme na upojèsoume X ⊆ L1 (eÐnai gnwstì apotèlesma sthn isomorfik 
jewrÐa q¸rwn Banach ìti o Lp[0, 1] emfuteÔetai isometrik� ston L1[0, 1], gia 1 ≤ p < 2).
Epomènwc, prokÔptoun ta ex c:
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(a) O X emfuteÔetai (1 + ε)�isomorfik� ston `N1 an N ≥ cε−2 log(ε−1)nMp.

(b) Apì thn �llh meri� eÐdame (L mma 4.1.5) ìti up�rqei mètro pijanìthtac ν ston Ω
¸ste Mp ≤ (2n)1/p.

'Etsi, sun�goume to akìloujo apotèlesma:

Je¸rhma 4.2.4 (Schechtman, 1987). 'Estw ε > 0 kai 1 ≤ p < 2. Up�rqei stajer�
c = c(ε) > 0 me thn idiìthta: k�je k�di�statoc upìqwroc X tou Lp emfuteÔetai (1 + ε)�
isomorfik� ston `N1 , an N ≥ c(ε)k1+1/p.

4.3 K-kurtìthta

4.3.1 Sunart seic Rademacher kai Walsh

OrismoÐ 4.3.1. (a) Estw n ∈ N. OrÐzoume En
2 = {−1, 1}n. To sÔnolo {−1, 1} eÐnai

pollaplasiastik  om�da, epomènwc kai o En
2 eÐnai om�da me pr�xh ton pollaplasiasmì

kat� suntetagmènec.
(b) Gia k�je i = 1, . . . , n orÐzoume ri : En

2 → {−1, 1} me

ri(ε) = ri(ε1, . . . , εi, . . . , εn) = εi.

Oi ri, i = 1, . . . , n, eÐnai oi sunart seic Rademacher.
(g) Estw ∅ 6= A ⊆ {1, . . . , n}. OrÐzoume wA : En

2 → {−1, 1} me

wA(ε) =
∏
i∈A

ri(ε).

An A = ∅, jètoume wA(ε) = 1. Oi wA, A ⊆ {1, . . . , n}, eÐnai oi sunart seic Walsh.
Parathr ste oti ri = w{i}.

Oi sunart seic Walsh ikanopoioÔn ta parak�tw:

Prìtash 4.3.2. (a) K�je wA eÐnai omoiomorfismìc om�dwn.
(b) Gia k�je A kai k�je ε ∈ En

2 , w2
A(ε) = 1.

(g) IsqÔoun oi sunj kec orjogwniìthtac∑
A

wA(ε)wA(ζ) = 2nδεζ

kai ∑
ε

wA(ε)wB(ε) = 2nδAB ,

ìpou δxy = 1 an x = y kai δxy = 0 an x 6= y.
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JewroÔme ton En
2 san q¸ro pijanìthtac me to omoiìmorfo diakritì mètro pijanìthtac

P . Ja sumbolÐzoume dε = dP (ε). An f : En
2 → R, tìte∫

En
2

f(ε)dε =
1
2n

∑
ε∈En

2

f(ε).

Piì genik�, an X q¸roc Banach kai f : En
2 → X, tìte orÐzoume∫

En
2

f(ε)dε =
1
2n

∑
ε∈En

2

f(ε) ∈ X.

O q¸roc twn sunart sewn f : En
2 → X gÐnetai q¸roc Banach me nìrma thn

‖f‖L2(X;En
2 ) = ‖f‖L2(X) =

(∫
En

2

‖f(ε)‖2dε

)1/2

Ja qrhsimopoi soume kai thn nìrma

‖f‖L1(X;En
2 ) = ‖f‖L1(X) =

∫
En

2

‖f(ε)‖dε.

Prìtash 4.3.3. K�je f : En
2 → X gr�fetai kat� monadikì trìpo sth morf 

f(ε) =
∑
A

wA(ε)xA,

gia k�poia xA ∈ X.

Apìdeixh. Gia k�je A ⊆ {1, . . . , n} orÐzoume

xA =
∫

En
2

wA(ε)f(ε)dε.

Tìte, qrhsimopoi¸ntac thn Prìtash 4.3.2.(g) blèpoume oti gia k�je ε ∈ En
2∑

A

wA(ε)xA =
∑
A

wA(ε)

(∫
En

2

wA(ζ)f(ζ)dζ

)
=
∫

En
2

f(ζ)

(∑
A

wA(ε)wA(ζ)

)
dζ

= f(ε).

Gia thn monadikìthta, ac upojèsoume oti f(ε) =
∑

A wA(ε)yA gia k�poia yA ∈ X. Tìte,

xA =
∫

En
2

wA(ζ)f(ζ)dζ =
∫

En
2

(∑
B

wB(ζ)yB

)
wA(ζ)dζ

=
1
2n

∑
B

yB

∑
ζ∈En

2

wB(ζ)wA(ζ)

 = yA,
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p�li apì thn Prìtash 4.3.2.(g). 2

Orismìc 4.3.4. (a) An f : En
2 → X kai g : En

2 → R, orÐzoume thn sunèlixh f ∗g : En
2 →

X twn f kai g wc ex c:
(f ∗ g)(ε) =

∫
En

2

f(εζ)g(ζ)dζ.

(b) H Rademacher probol  thc f : En
2 → X eÐnai h sun�rthsh Radnf : En

2 → X me

Radnf(ε) =
n∑

i=1

ri(ε)x{i},

ìpou f =
∑
wAxA.

Prìtash 4.3.5. OrÐzoume g : En
2 → R me g(ε) =

∑n
i=1 ri(ε). Tìte, gia k�je f : En

2 →
X, isqÔei

Radnf = f ∗ g.

Apìdeixh. 'Eqoume

(f ∗ g)(ε) =
∫

En
2

(∑
A

wA(εζ)xA

)(
n∑

i=1

ri(ζ)

)
dζ

=
n∑

i=1

∑
A

xAwA(ε)

(∫
En

2

wA(ζ)ri(ζ)dζ

)

=
n∑

i=1

ri(ε)x{i} = Radnf(ε).

H apìdeixh eÐnai pl rhc. 2

4.3.2 H ektÐmhsh tou Pisier gia th Rademacher probol 
H Radn : L2(X) → L2(X) me f 7→ Radnf eÐnai grammikìc telest c. 'Opwc ja doÔme,
o Radn eÐnai fragmènoc telest c. H nìrma ‖Radn(X)‖ enìc n�di�statou q¸rou X
lègetai stajer� K�kurtìthtac tou q¸rou kai sumbolÐzetai me K(X). O Pisier apèdeixe
to akìloujo gia th nìrma ‖Radn(X)‖ thc Rademacher probol c Radn:

Je¸rhma 4.3.6. 'Estw X n-di�statoc q¸roc me nìrma. An f : En
2 → X, tìte

‖Radnf‖L2(X) ≤ c log n ‖f‖L2(X),

ìpou c > 0 apìluth stajer�. Dhlad , ‖Radn(X)‖ ≤ c log n   K(X) ≤ c log n.
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Gia di�forouc q¸rouc h ektÐmhsh eÐnai polÔ kalÔterh: An jewr soume to q¸ro X =
`n1 tìte K(`n1 ) '

√
log n. Autì to apotèlesma ja mac qreiasjeÐ sthn epìmenh par�grafo

gia thn ektÐmhsh tou Talagrand.
EpÐshc, polÔ shmantik  eÐnai h akìloujh parat rhsh h opoÐa ofeÐletai sthn Tomczak–

Jaegermann: An orÐsoume ìla ta parap�nw sto Gaussian plaÐsio, dhlad  an antikatast -
soume tic metablhtèc Rademacher apì kanonikèc kai orÐsoume me an�logo trìpo thn
Gaussian probol  Γn : L2(X) → L2(X), ìpou Γn(f) =

∑n
i=1 gi

∫
gif dµ tìte, h antÐs-

toiqh ènnoia {stajer�c kurtìthtac} (orÐzontac K̃(X) = ‖Γn‖) pou prokÔptei gia ton
q¸ro X me autìn ton trìpo, eÐnai isodÔnamh me thn prohgoÔmenh. Pio sugkekrimèna,
isqÔei to akìloujo:

Je¸rhma 4.3.7. An X eÐnai n�di�statoc q¸roc me nìrma, tìte

2
π
K(X) ≤ K̃(X) ≤ K(X).

4.4 To je¸rhma tou Talagrand

Je¸rhma 4.4.1 (Talagrand, 1990). Up�rqoun apìlutec stajerèc C kai ε0 > 0 ¸ste:
an X eÐnai ènac n-di�statoc upìqwroc tou L1 kai an 0 < ε < ε0, tìte

N(X, ε) ≤ Cε−2n log(n+ 1).

H apìdeixh tou Jewr matoc 4.4.1 qrhsimopoieÐ thn K-kurtìthta. Akribèstera, ja
apodeÐxoume to ex c:

Je¸rhma 4.4.2 (Talagrand, 1990). Up�rqoun apìlutec stajerèc C kai ε0 > 0 ¸ste:
an X eÐnai ènac n-di�statoc upìqwroc tou L1 kai an 0 < ε < ε0, tìte

N(X, ε) ≤ Cε−2K2(X)n.

'Opwc eÐdame sthn prohgoÔmenh Par�grafo, an X eÐnai ènac n-di�statoc upìqwroc
tou L1 tìte K(X) ≤ c

√
log(n+ 1), ìpou c > 0 apìluth stajer�. Sunep¸c, to Je¸rhma

4.4.1 eÐnai �mesh sunèpeia tou Jewr matoc 4.4.2.
Gia thn apìdeixh, mporoÔme kat' arq n na upojèsoume ìti o X eÐnai n-di�statoc upì-

qwroc tou `M1 gia k�poion M ∈ N arket� meg�lon, ton opoÐo stajeropoioÔme (jumhjeÐte
ìti sthn §4.1 èqoume  dh apodeÐxei ìti o X emfuteÔetai sqedìn isometrik� ston `N1 , ìpou
N = O(n2)).

JewroÔme akoloujÐa ε = (ε1, . . . , εM ) anex�rthtwn tuqaÐwn metablht¸n Rademacher
kai orÐzoume ton tuqaÐo telest  Sε : `M1 → `M1 me

Sε(x) = ((1 + ε1)x1, . . . , (1 + εM )xM ).

Ja prospaj soume na d¸soume ikanèc sunj kec k�tw apì tic opoÐec, me meg�lh pi-
janìthta o Tε = Sε|X eÐnai sqedìn isometrÐa. ParathroÔme ìti o Sε(`M1 ) eÐnai isometrikìc
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me ton `M ′

1 , ìpou M ′ = card{i : εi = 1} kai me pijanìthta toul�qiston 1/2 èqoume ìti
M ′ ≤M/2.

Gia k�je x ∈ `M1 jewroÔme thn tuqaÐa metablht  Zx = ‖Sε(x)‖1 − ‖x‖1 kai èstw

A := sup
x∈X, ‖x‖1≤1

|Zx|.

Tìte, o Tε ikanopoieÐ tic ‖Tε‖ ≤ 1 + A, ‖T−1
ε ‖ ≤ (1− A)−1. 'Etsi, an A ≤ 1/2, èqoume

ìti d(X,Tε(X)) ≤ 1 + 3A.
Sth sunèqeia parathroÔme ìti an x ∈ `M1 tìte:

Zx = ‖Tε(x)‖1 − ‖x‖1 =
∑
i≤M

(1 + εi)|xi| −
∑
i≤M

|xi| =
∑
i≤M

εi|xi|.

Opìte, apì to krit rio sÔgkrishc gia anelÐxeic Rademacher paÐrnoume ìti

EA = E sup
x∈X, ‖x‖1≤1

∣∣∣∣∣∣
∑
i≤M

εi|xi|

∣∣∣∣∣∣ ≤ 2E sup
x∈X, ‖x‖1≤1

∣∣∣∣∣∣
∑
i≤M

εixi

∣∣∣∣∣∣ .
Apì thn �llh pleur�, eÐnai gnwstì ìti up�rqei stajer� C > 0 ¸ste

E sup
x∈X, ‖x‖1≤1

∣∣∣∣∣∣
∑
i≤M

εixi

∣∣∣∣∣∣ ≤ C E sup
x∈X,‖x‖1≤1

|
∑
i≤M

gixi|

ìpou (gi)i≤M anex�rthtec tupikèc kanonikèc tuqaÐec metablhtèc.
Efìson P (A ≤ 3EA) ≥ 2/3 kai P (M ′ ≤M/2) ≥ 1/2, èqoume deÐxei to ex c:

Prìtash 4.4.3. Up�rqoun apìlutec stajerèc α,C > 0 me thn akìloujh idiìthta: An
X eÐnai upìqwroc tou `M1 kai

H := E sup
x∈X, ‖x‖1≤1

∣∣∣∣∣∣
∑
i≤M

gixi

∣∣∣∣∣∣ < α

tìte up�rqoun M ′ ≤M/2 kai Y upìqwroc tou `M ′

1 me d(X,Y ) ≤ 1 + CH.
Gia na qrhsimopoi soume kat�llhla thn parap�nw prìtash ja prèpei na exasfalÐsoume

ìti h posìthta H eÐnai mikr . An gr�youme y = (g1, . . . , gM ) ∈ `M1 tìte h

H =
∫

sup
x∈X, ‖x‖1≤1

〈x, y〉 dγM (y)

ìpou γM eÐnai to M�di�stato mètro Gauss ston RM . EpÐshc, an y1, . . . , yn eÐnai mia
orjokanonik  b�sh tou X ⊆ `M2 tìte:

H = E sup
x∈X ‖x‖1≤1

〈x,
∑
i≤n

giyi〉.
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Prìtash 4.4.4. 'Estw X upìqwroc tou `M1 di�stashc n. Tìte, up�rqoun M ′ ≤ 3M/2
kai ènac upìqwroc Y tou `M ′

1 isometrikìc me ton X ¸ste

E sup
x∈Y, ‖x‖1≤1

∣∣∣∣∣∣
∑
i≤M

gixi

∣∣∣∣∣∣ ≤ CK(X)
( n
M

)1/2

.

Gia thn apìdeixh thc prìtashc ja qrhsimopoi soume to l mma allag c puknìthtac 4.1.7:
'Estw X ènac n�di�statoc upìqwroc tou L1(Ω, µ) gia k�poio peperasmèno q¸ro pi-

janìthtac (Ω, µ). Tìte, up�rqoun mètro pijanìthtac ν ston Ω kai upìqwroc Y tou
L1(Ω, ν) me tic ex c idiìthtec:

(a) O Y eÐnai isometrikìc me ton X.
(b) O Y dèqetai orjokanonik  b�sh {h1, . . . , hn} ston L2(Ω, ν), ètsi ¸ste

∑n
i=1 h

2
i ≡

n.
Apìdeixh thc prìtashc 4.4.4. Efarmìzoume to l mma gia ton q¸ro pijanìthtac Ω =
{1, 2, . . . ,M} me to mètro arÐjmhshc µ. Up�rqoun mètro pijanìthtac ν sto {1, 2, . . . ,M},
upìqwroc Y tou L1(ν) isometrikìc me ton X kai mia b�sh (ψi)i≤n tou Y , h opoÐa eÐnai
orjog¸nia ston L2(ν) kai ikanopoieÐ tic

n∑
i=1

ψ2
i = 1, ‖ψi‖L2(ν) = n−1/2.

MporoÔme na upojèsoume ìti k�je �tomo tou ν èqei m�za ≤ 2/M (diaforetik� k�je
�tomo me m�za a ≥ 2/M to qwrÐzoume se 1+ baM/2c Ðsa komm�tia) kai tìte to ν fèretai
sto {1, 2, . . . ,M ′} me M ′ ≤ 3M/2. EpÐshc, mporoÔme na upojèsoume ìti ν({i}) > 0 gia
k�je i ≤ M ′. Gr�foume 〈·, ·〉 gia to sÔnhjec eswterikì ginìmeno ston L2(ν). Up�rqei
f ∈ Y ∩ L∞(ν) me ‖f‖∞ ≤ 1 ¸ste na isqÔei:

sup
x∈Y, ‖x‖1≤1

〈∑
i≤n

giψi, x

〉
=

〈∑
i≤n

giψi, f

〉
=

〈∑
i≤n

ψi, gif

〉
.

Opìte, paÐrnoume

E sup
x∈Y, ‖x‖1≤1

〈∑
i≤n

giψi

〉
=
∑
i≤n

〈ψi,E(gif)〉.

Jètontac xi = E(gif) kai qrhsimopoi¸ntac thn parat rhsh thc Tomczak-Jaegermann
sthn prohgoÔmenh par�grafo, èqoume ‖

∑
i≤n gixi‖L2(X) ≤ K(Y )‖f‖L2(Y ) = ‖f‖L2(X).

EpÐshc, eÐnai

∥∥∥∑
i≤n

gixi

∥∥∥2

L2(X)
= E

∫ ∑
i≤n

gixi(t)

2

dν(t) =
∫ ∑

i≤n

x2
i (t)

 dν(t).
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T¸ra, apì thn
∑

i≤n ψ
2
i = 1 kai apì thn anisìthta Cauchy–Schwarz prokÔptei ìti

n∑
i=1

〈ψi, xi〉 =
∫ ∑

i≤n

ψi(t)xi(t) dν(t) ≤
∫ ∑

i≤n

x2
i (t)

1/2

dν(t)

≤

∥∥∥∥∥∥
∑
i≤n

gixi

∥∥∥∥∥∥
L2(X)

≤ K(X).

Gia k�je i ≤M ′ jètoume ai = ν({i}) kai vi = χ{i}. Tìte, h (a−1/2
i ui) eÐnai orjokanonik 

b�sh tou L2(ν). 'Opwc, parathr same nwrÐtera, isqÔei

E sup
x∈(Y ),‖x‖≤1

〈∑
i≤M ′

gia
−1/2
i vi, xx

〉
= E sup

x∈Y, ‖x‖1≤1

〈∑
i≤n

gin
1/2ψi, x

〉
≤ n1/2K(X).

JewroÔme thn isometrÐa T : L1(ν) → `M
′

1 me T (x) =
∑

i≤M ′〈vi, x〉ei, ìpou (ei) h sun jhc
b�sh tou `M ′

1 , kai parathroÔme ìti

E sup
x∈T (Y ), ‖x‖1≤1

〈∑
i≤M ′

giei, x

〉
= E sup

x∈Y, ‖x‖1≤1

〈∑
i≤M ′

givi, x

〉

≤ max
i≤M ′

a
1/2
i E sup

x∈Y, ‖x‖1≤1

〈∑
i≤M ′

gia
−1/2
i vi, x

∑〉

≤ C
( n
M

)1/2

K(X)

apì to gegonìc ìti ai ≤ 2/M gia i ≤M ′. 2

Me diadoqikèc efarmogèc twn prot�sewn 4.4.3 kai 4.4.4 paÐrnoume to akìloujo apotè-
lesma:

Prìtash 4.4.5. Up�rqoun apìlutec stajerèc α,C > 0 ¸ste an o X eÐnai upìqwroc tou
`M1 di�stashc n, gia ton opoÐo isqÔei K(X)(n/M)1/2 ≤ α, tìte up�rqoun M ′ ≤ 3M/4
kai upìqwroc Y tou `M ′

1 gia ton opoÐo isqÔei

d(X,Y ) ≤ 1 + CK(X)(n/M)1/2.

H apìdeixh tou jewr matoc oloklhr¸netai me diadoqikèc epanal yeic thc prìtashc
4.4.6 se sunduasmì me thn parat rhsh ìti K(Y ) ≤ d(X,Y )K(X).
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4.5 EmfuteÔseic upoq¸rwn tou Lp

Se aut  thn par�grafo parousi�zoume to basikì apotèlesma twn Bourgain–Lindenstrauss–
Milman [2] to opoÐo belti¸nei autì tou Schechtman (Je¸rhma 4.2.4) kai eÐnai bèltisto
wc proc thn ex�rthsh apì th di�stash:
Je¸rhma 4.5.1. 'Estw 1 < p < 2 kai ε > 0. Up�rqei stajer� c = c(ε, p) > 0 me thn
ex c idiìthta: k�je n�di�statoc upìqwroc X tou Lp(µ) emfuteÔetai (1 + ε)�isomorfik�
ston `N1 an N ≥ cn. 'Ara, Np(n, ε) ≤ cn.

Sth sunèqeia, apì to Je¸rhma 4.5.1 (gia ε = 1) se sunduasmì me thn Prìtash 3.4.3
mporoÔme na deÐxoume ìti to prìblhma se ìti afor� tic isomorfikèc emfuteÔseic upoq¸rwn
tou Lp èqei jetik  ap�nthsh, apodeiknÔontac ìti:
Je¸rhma 4.5.2. 'Estw ε > 0 kai 1 < p < 2. Up�rqei stajer� C = C(p, ε) > 0 me thn
idiìthta: k�je n�di�statoc upìqwroc tou Lp(µ) eÐnai C�emfuteÔsimoc ston `(1+ε)n

1 .
Gia thn apìdeixh tou jewr matoc 4.5.1 ja qreiasjoÔme thn ènnoia tou type enìc q¸rou

Banach:
Orismìc 4.5.3 (type–p). 'Estw X ènac q¸roc Banach kai 1 ≤ p ≤ 2. Lème ìti o X
èqei (Rademacher) type�p an up�rqei mia stajer� C = Cp ¸ste

E

∥∥∥∥∥
n∑

i=1

εixi

∥∥∥∥∥ ≤
(

n∑
i=1

‖xi‖p

)1/p

gia k�je peperasmènh akoloujÐa x1, . . . , xn ∈ X. H mikrìterh stajer� C > 0 gia thn
opoÐa isqÔei h parap�nw anisìthta (anexart twc epilog c twn x1, . . . , xn) sumbolÐzetai
me Tp(X) kai lègetai stajer� type�p tou X.

EÐnai �mesh sunèpeia thc trigwnik c anisìthtac ìti k�je q¸roc Banach X èqei type�1
me T1(X) = 1. EÔkola blèpoume, k�nontac qr sh thc tautìthtac tou parallhlogr�mmou,
ìti k�je q¸roc Hilbert X èqei type-2 me T2(X) = 1. EpÐshc, h perioristik  sunj kh 1 ≤
p ≤ 2 prokÔptei apì to gegonìc ìti, jètontac x1 = · · · = xn = x 6= 0 kai qrhsimopoi¸ntac
thn anisìthta tou Khintchine blèpoume ìti ènac apeirodi�statoc q¸roc den mporeÐ na èqei
type�p an p > 2. Tèloc, eÐnai axioshmeÐwto to gegonìc ìti ston orismì, o L1�mèsoc ìroc
sta arister� mporeÐ na anikatastajeÐ apì opoiod pote �llo Lq�mèso ìro me allag 
fusik� sth stajer� type�p tou q¸rou. Autì eÐnai �mesh sunèpeia twn anisot twn tou
Kahane, sÔmfwna me thn opoÐa, gia k�je p, q, oi Lp kai Lq mèsoi ìroi eÐnai metaxÔ touc
sugkrÐsimoi.
Je¸rhma 4.5.4 (Kahane). 'Estw 0 < p <∞. Up�rqei mia stajer� Cp me thn idiìthta:
Gia k�je q¸ro Banach X kai gia k�je peperasmènh akoloujÐa x1, . . . , xn stoiqeÐwn tou
X isqÔei:

E
∥∥∥∥ n∑

i=1

εixi

∥∥∥∥ ≤
(

E
∥∥∥∥ n∑

i=1

εixi

∥∥∥∥p
)1/p

≤ CpE
∥∥∥∥ n∑

i=1

εixi

∥∥∥∥.
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Autì pou ja mac qreiasjeÐ sth sunèqeia eÐnai to ex c:

Je¸rhma 4.5.5. An 1 ≤ p ≤ 2, o Lp(µ) èqei type p.

EpÐshc, ja mac qreiasjeÐ h ènnoia twn asjen¸n Lp q¸rwn. JumÐzoume ìti mia metr -
simh sun�rthsh f : (Ω,A, µ) → R an kei ston asjen  Lp (sumb. Lp,∞(µ)) an isqÔei

sup
t>0

{tµ(ω : |f(ω)| > t)1/p} < +∞.

To parap�nw supremum sumbolÐzetai me ‖f‖p,∞. EÔkola elègqetai ìti o Lp,∞(µ) eÐnai
grammikìc q¸roc, all� h parap�nw posìthta den eÐnai nìrma (den ikanopoieÐ thn trigwgik 
anisìthta). Par� ìla aut� mporeÐ na orisjeÐ sto q¸ro autì mia isodÔnamh posìthta, h
opoÐa eÐnai nìrma kai me thn opoÐa gÐnetai plèon pl rhc q¸roc me nìrma. Gi� autì, lème
ìti o q¸roc Lp,∞(µ) eÐnai quasi–Banach. Parathr ste epÐshc ìti Lp(µ) ⊆ Lp,∞(µ), afoÔ
an f ∈ Lp(µ) apì thn anisìthta tou Chebyshev èqoume ‖f‖p,∞ ≤ ‖f‖p.

Autì pou ja deÐxoume sthn pragmatikìthta eÐnai to akìloujo:

Je¸rhma 4.5.6 (Johnson–Schechtman, 2001). 'Estw 0 < p < q < 2 kai 0 < ε, t <
∞. Up�rqei mia stajer� C = C(ε, p, q, t) ¸ste gia ìlouc touc k�di�statouc upìqwrouc
X tou Lp me Tq(X) ≤ t isqÔei Np(X, ε) ≤ Ck.

T¸ra to Je¸rhma 4.5.1 èpetai apì ta jewr mata 4.5.5 kai 4.5.6. Sthn apìdeixh
parak�tw akoloujoÔme touc Johnson–Schechtman [10].

To pr¸to l mma pou ja qreiastoÔme eÐnai èna l mma allag c puknìthtac, to opoÐo
ofeÐletai ston Pisier [18]:

L mma 4.5.7 (Pisier). An X eÐnai upìqwroc tou Lp(µ) me type q > p, tìte up�rqei mia
mh arnhtik  sun�rthsh f ∈ L1(µ) ¸ste

‖f‖L1(µ) = 1, {ω : f(ω) = 0} ⊆ {ω : x(ω) = 0 ∀x ∈ X}

kai akìmh gia k�je x ∈ X isqÔei

‖x/f‖Lq,∞(ν) ≤ C(p, q)‖x‖Lp(µ),

ìpou ν to mètro pijanìthtac me puknìthta dν = fdµ.

Apìdeixh tou jewr matoc 4.5.6. Arqik� mporoÔme na upojèsoume ìti X ⊆ `mp (gi-
a k�poio meg�lo m). Apì to prohgoÔmeno L mma mporoÔme na upojèsoume ìti X ⊆
Lp({1, . . . ,m}, ν) gia k�poio mètro pijanìthtac ν ¸ste

‖x‖Lq,∞(ν) ≤ C1‖x‖Lp(ν)

gia k�je x ∈ X. EpÐshc, mporoÔme na upojèsoume ìti ν(i) ≥ 1/2m (antikajist¸ntac
thn puknìthta f tou mètrou apì thn (1 + f)/2 ki autì ja ephrre�sei apl¸c th stajer�
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C1, antikajist¸ntac thn apì mia �llh apìluth stajer�). 'Opwc sthn Prìtash 4.4.4
mporoÔme na qwrÐsoume ta �toma tou ν me mètro megalÔtero tou 4/m kai tìte h di�stash
ja antikatastajeÐ apì m′ ≤ 3m/2 kai ν(i) ≤ 4/m gia 1 ≤ i ≤ 3m/2. Gia r = q/p
èqoume:

‖{νi|xi|p}3m/2
i=1 ‖r,∞ = max

t>0
t(card{i : νi|xi|p ≥ t})1/r.

Apì to gegonìc ìti k�je νi = O(1/m) èqoume ìti

‖x‖q,∞ = max
t>0

(ν(i : |xi| ≥ t))1/q ≈ max
t>0

[
tm−1/q(card(i : |xi| ≥ t))1/q

]
.

Sundu�zontac ta parap�nw paÐrnoume ìti

‖{νi|xi|p}3m/2
i=1 ‖r,∞ ≤ C2m

1/r−1

gia k�poia stajer� C2 h opoÐa exart�tai mìno apì ta p, q, Tq(X). Apì thn anisìthta tou
Pisier gia martingales (Prìtash 1.2.6) kai lamb�nontac upìyin thn parap�nw ektÐmhsh
blèpoume ìti:

P

(
|
3m/2∑
i=1

εiνi|xi|p| > t

)
≤ 2 exp(−δ′tsm),

ìpou s o suzug c ekjèthc tou r (kai dedomènou ìti r = q/p < 2). Autì ìmwc den periorÐzei
to apotèlesma. Apì èna klasikì epiqeÐrhma t�diktÔou se sunduasmì me thn parap�nw
anisìthta katanom c brÐskoume ìti

P

 sup
x∈X,‖x‖≤1

∣∣∣∣ 3m/2∑
i=1

εiνi|xi|p
∣∣∣∣ > t

 ≤ 2 exp(k log(3/t)− δ′tsm).

'Epetai ìti an δ′tsm(log(3/t))−1 > 2k tìte mporoÔme na broÔme èna uposÔnolo tou
{1, . . . , 3m/2} me plhj�rimo to polÔ 3m/4 ¸ste o periorismìc tou parap�nw telest 
se autì na eÐnai (1 + 2t)�isomorfismìc. Epilègontac t ' ( k

m log m
k )1/s paÐrnoume ìti up-

�rqei èna sÔnolo me to polÔ 3m/4 suntetagmènec ¸ste o periorismìc tou telest  ekeÐ
na eÐnai (1 + C( k

m log m
k )1/s)1/p�isomorfismìc, ìpou h stajer� C exart�tai mìno apì ta

q, p, Tq(X). Epanalamb�nontac to epiqeÐrhma ìso exakoloujeÐ na isqÔei h
l∏
i

(
1 + C(

k

m(3/4)i
log(

m

k(3/4)i
))1/s

)1/p

≤ 1 + ε,

blèpoume ìti o X emfuteÔetai (1 + ε)�isomorfik� ston `Np gia k�poio N ≤ m(3/4)l+1.
Parathr ste ìti se k�je epanalhptikì epiqeÐrhma paÐrnoume èna q¸ro o opoÐoc eÐnai
to polÔ 2�isomorfikìc me ton X. Efìson o q¸roc autìc èqei stajer� type�q to polÔ
dipl�sia aut c tou arqikoÔ q¸rou, to epanalhptikì epiqeÐrhma eÐnai efiktì. T¸ra èpetai
eÔkola to sumpèrasma. 2
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4.6 Isomorfikèc emfuteÔseic upoq¸rwn tou L1

Se aut  thn enìthta jewroÔme ènan n�di�stato upìqwro X tou L1 kai asqoloÔmaste me
to akìloujo er¸thma: An dojeÐ ε > 0 up�rqei stajer� C = C(ε) > 0 anex�rthth thc
di�stashc ¸ste o X na emfuteÔetai ston `(1+ε)n

1 me stajer� isomorfismoÔ C?
Me �lla lìgia, to er¸thma pou exet�zoume se aut  thn par�grafo genikeÔei autì

tou KefalaÐou 3 kai sugkekrimèna thc §3.4. H kalÔterh ap�nthsh ed¸ eÐnai thc morf c
C log n kai ofeÐletai stouc Johnson–Schechtman.

Ja qreiasjoÔme arqik� èna l mma, to opoÐo eÐnai {gewmetrik } met�frash enìc jew-
r matoc tou Pisier [18].
L mma 4.6.1. 'Estw 0 < r < p < ∞. Up�rqoun stajer� C = C(p, r) > 0 kai y ∈ Rn

me ‖y‖1 = 1 ¸ste: gia k�je σ ⊆ [n] kai gia k�je x ∈ Bn
r isqÔei

‖Pσx‖r ≤ C‖Pσy‖
1
r−

1
p

1 ,

ìpou Pσ h probol  ston upìqwro [ei]i∈σ.
Sth sunèqeia k�noume thn ex c anagwg : tautÐzoume k�je q¸ro `nr me ton q¸ro

sunart sewn Lr(Ω, µ), ìpou Ω = {1, 2, . . . , n} kai µ(·) to mètro arÐjmhshc ston (Ω,P(Ω)).
Tìte, apì to parap�nw l mma èpetai to ex c:
Prìtash 4.6.2. 'Estw 0 < r < p < ∞. Up�rqei mètro pijanìthtac ν ston (Ω,P(Ω)),
¸ste oi q¸roi Lp,∞(ν) kai Lr(µ) na eÐnai isomorfikoÐ.

Apìdeixh. JewroÔme to y ∈ Rn me ‖y‖1 = 1 ìpwc sto prohgoÔmeno l mma kai orÐzoume
to mètro ν ston Ω me puknìthta dν = |y|dµ, dhlad  ν(i) = |yi| gia k�je 1 ≤ i ≤ n.
Epiplèon, o telest c T : Lr(µ) → Lr(ν) me (Tx)i = |yi|−1/rxi eÐnai grammik  isometrÐa.
(parathr ste ìti yi 6= 0). Sunep¸c, gia na deÐxoume to sumpèrasma arkeÐ na deÐxoume ìti
up�rqoun stajerèc c = c(p, r) kai C = C(p, r) > 0 ¸ste na isqÔei

c‖x‖r ≤ ‖x‖p,∞ ≤ C‖x‖r

gia k�je x : (Ω, ν) → R. H pr¸th anisìthta prokÔptei apì to gegonìc ìti to ν eÐnai mètro
pijanìthtac, en¸ h deÔterh apì thn anisìthta tou prohgoÔmenou l mmatoc. Pr�gmati:
èqoume

‖x‖r
r =

∫
Ω

|x|r dν =
∫ ∞

0

rtr−1ν(i : |xi| > t) dt

≤
∫ ‖x‖p,∞

0

rtr−1 dt+
∫ ∞

‖x‖p,∞

rtr−p−1‖x‖p
p,∞ dt

= ‖x‖r
p,∞ +

r

p− r
‖x‖p

p,∞‖x‖r−p
p,∞

=
(

1 +
r

p− r

)
‖x‖r

p,∞.
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'Etsi, h zhtoÔmenh stajer� eÐnai h c(p, r) = (1+ r
p−r )−1/r. Gia thn �llh anisìthta èqoume:

‖x‖p,∞ = sup
t>0

{
t
[
ν(i ∈ supp(y) : |yi|−1/r|xi| > t)

]1/p
}

≤ sup
t>0

{
t
[
ν(i : |xi| > t|yi|1/r)

]1/p
}
.

Jètoume Et,x = {i : |xi| > t|yi|1/r}, opìte ν(Et,x) =
∑

i∈Et,x
|yi|. Apì ton orismì tou

Et,x èqoume
ν(Et,x) =

∑
i∈Et,x

|yi| ≤
1
tr

∑
i∈Et,x

|xi|r.

An loipìn ‖x‖r ≤ 1, apì to l mma èpetai ìti

∑
i∈Et,x

|xi|r ≤ Cr

 ∑
i∈Et,x

|yi|

1−r/p

= Cr[ν(Et,x)]1−r/p.

Sundu�zontac tic duo parap�nw sqèseic sumperaÐnoume ìti

t(ν(Et,x))1/p ≤ C

gia k�je t > 0 kai gia k�je ‖x‖r ≤ 1. Autì apodeiknÔei ìti ‖x‖p,∞ ≤ C‖x‖r gia k�je x.
2

EÐmaste t¸ra ètoimoi na apodeÐxoume to kentrikì apotèlesma thc paragr�fou. H
perÐptwsh pou mac endiafèrei kurÐwc eÐnai gia p = 1, par� ìla aut� apodeiknÔoume to
genikìtero:

Je¸rhma 4.6.3 (Johnson–Schechtman, 2003). 'Estw 1 ≤ p < 2 kai ε > 0. Up�rqei
apìluth stajer� C = C(p, ε) > 0 ¸ste: k�je n�di�statoc upìqwroc X tou Lp eÐnai
C(log(2 + n))1/p�emfuteÔsimoc ston `(1+ε)n

p .

Apìdeixh. 'Estw λ > 1 kai X ⊆ Lp me dimX = n. Ja deÐxoume ìti up�rqei C =
C(p, λ) > 0 ¸ste o X na emfuteÔetai C(log(λn))1/p�isomorfik� ston `bλnc

p . Apì thn
Prìtash 3.4.3 èpetai ìti arkeÐ na to apodeÐxoume gia k�poio λ = λ(p). 'Epetai apì to
Je¸rhma 4.5.6 ìti o X emfuteÔetai 2�isomorfik� ston `λn

r gia 0 < r < p kai k�poio λ
pou exart�tai apì to p kai r. MporoÔme na upojèsoume ìti o λn eÐnai fusikìc. Apì
thn prohgoÔmenh prìtash èqoume ìti up�rqei èna mètro pijanìthtac ν ston {1, 2, . . . , λn}
¸ste oi q¸roi `λn

r kai Lp,∞(ν) na eÐnai isomorfikoÐ. 'Epetai ìti, o X eÐnai isomorfikìc me
ènan upìqwro Y tou Lp,∞(ν) gia ton opoÐo isqÔei

c‖y‖r ≤ ‖y‖p,∞ ≤ C‖y‖r
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gia k�je y ∈ Y . Sth sunèqeia deÐqnoume ìti up�rqei A ⊆ [n] me kat�llhla mikrì mètro
¸ste h probol  ston [ei]i∈Ac na eÐnai isomorfismìc. Pr�gmati; an jewr soume èna sÔnolo
A jetikoÔ mètrou, tìte parathroÔme ìti gia ton q¸ro pijanìthtac (A, ν|A

ν(A) ) isqÔei

‖x|A‖r ≤ c−1(ν(A))1/r−1/p‖x|A‖p,∞ ≤ C

c
(ν(A))1/r−1/p‖x‖r.

Opìte, an epilèxoume èna M > 0 ¸ste (C/c)M1/p−1/r < 1/2 èpetai ìti gia to sÔnolo
AM = {i : ν(i) ≤ 1/(Mλn)} èqoume ν(AM ) ≤ 1/M . 'Etsi, h probol  sto sumpl rwma
tou AM eÐnai 2�isomorfismìc. Parathr ste ìti toM exart�tai mìno apì ta p, r. EpÐshc,
h anisìthta c‖x‖r ≤ ‖x‖p,∞ ≤ C‖x‖r exakoloujeÐ na isqÔei an perioristoÔme ekeÐ,
antikajist¸ntac tic c, C apì �llec apìlutec stajerèc. 'Etsi, gia k�je i /∈ AM èqoume
ν(i) ≥ 1/(Mλn). T¸ra, eÐnai eÔkolo na doÔme ìti o Lp(ν|Ac

M
) eÐnai isometrikìc me ton

`λn
p (afoÔ to mètro ν|Ac

M
eÐnai �krwc atomikì). Tèloc, h (fusik ) apìstash metaxÔ

twn Lp,∞(ν|Ac) kai Lp(ν|Ac) eÐnai thc t�xhc (log(λn))1/p. Pr�gmati: isqÔei p�ntote
‖ · ‖p,∞ ≤ ‖ · ‖p, epomènwc arkeÐ na deÐxoume ìti up�rqei stajer� c = c(p) > 0 ¸ste

‖x‖p ≤ c(log(λn))1/p‖x‖p,∞,

gia k�je x periorismèno sto Ac. 'Eqoume diadoqik�:

‖x‖p
p =

∫ ∞

0

ptp−1ν(i : |xi| > t) dt

≤
∫ ‖x‖p,∞

0

ptp−1 dt+
∫ ‖x‖∞

‖x‖p,∞

pt−1‖x‖p
p,∞ dt

= ‖x‖p
p,∞ + p‖x‖p

p,∞ log(
‖x‖∞
‖x‖p,∞

).

Apì to gegonìc ìti èqoume apaleÐyei ta mikr� �toma èpetai ìti ‖x‖∞ ≤ (λnM)1/p‖x‖p,∞
kai antikajist¸ntac èqoume to zhtoÔmeno. 2
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