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1 Introduction and main results

The aim of this article is to present a general “large deviations approach” to the ge-
ometry of polytopes spanned by random points with independent coordinates. The
origin of our work is in the study of the structure of £1-polytopes, the convex hulls
of subsets of the combinatorial cube Ef = {—1,1}". Understanding the complexity
of this class of polytopes is important for the “polyhedral combinatorics” approach
to combinatorial optimization, and was put forward by Ziegler in [20]. Many natu-
ral questions regarding the behavior of £1-polytopes in high dimensions are open,
since, for many important geometric parameters, low-dimensional intuition does
not help to identify the extremal +1-polytopes. The study of random +1-polytopes
sheds light to some of these questions, the main reason being that random behavior
is often the extremal one.

A natural way to define random +1-polytopes is to fix N > n and to consider
N independent random points Xl, e ,)? ~, uniformly distributed over E3. Let
K, N = conv{:l:X 1y--- ,j:X N} denote their absolute convex hull. This “Bernoulli
model” of random polytopes was studied in [10]; the emphasis there was on the
structure of the corresponding random normed spaces X,, y as IV varies from “poly-
nomial” to “exponential” in n. An observation in [10], demonstrating that random
behavior is extremal, is that a random polytope K,, v has the largest possible vol-
ume among all +1-polytopes with N vertices, at every scale of n and N. This is a
consequence of the following fact: if n = ng and if N > n(lnn)?, then

K,n2c (\/WB; N Bgo)

with probability greater than 1 —e™", where ¢ > 0 s an absolute constant; here B3

is the Euclidean unit ball in R™ and BZ, is the unit cube [—1, 1]".
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In [14], Litvak, Pajor, Rudelson and Tomczak—Jaegermann considered a more
general class of symmetric random polytopes K, n, spanned by the rows of a matrix
I v = (&j)1<i<N,1<j<n, Whose entries ;; are independent symmetric random
variables satisfying the following conditions: [|§;;]|,. > 1 and [|&;;||;», < b for some
b > 1, where [|-|| .y, is the Orlicz norm corresponding to the function ¥, (t) = et —1.
In this setting, which contains the Bernoulli model as well as the Gaussian model,
the authors generalized and improved the estimates from [10] in two ways. First,
they obtained estimates for N as small as N = (1 + §)n, where § > 0 can be as
small as 1/Inn. And second, they proved that, for every 0 < 8 < 1, the inclusion

Ky 2 e(b) (V/BIn(N/n) By N BL,)

holds true with probability greater than 1 — exp(—cin® N1=8) — exp(—coN), where
c(b) is a constant depending only on the parameter b, and ¢1 and co are constants
depending on the underlying probabilistic model. The approach in [14] is through
random matrices; the authors obtain a lower bound of the order of /N for the
smallest singular value of the random matrix I, ;v (under the assumptions above),
with probability greater than 1 — exp(—cN).

Finally, the study of +1-polytopes was continued by Mendelson, Pajor and
Rudelson in [15], where it was shown that the behavior of random +1-polytopes is
indeed extremal also for other geometric parameters, such as combinatorial dimen-
sion and entropy, at every scale of n and N.

Our approach in this paper has a different origin; namely the work of Dyer, Fiiredi
and McDiarmid [4], which establishes a sharp threshold for the expected volume
of random +1-polytopes (see Section 8 for the precise statement and a recent
generalization of this result). The method introduced in [4] proved to be extremely
useful and accurate, and plays a key role in the proof of the fact that there exist
+1-polytopes with superexponential number of facets; it was first used for this
purpose by Bardny and Pér in [2], and it was recently further exploited in [8] and
[9]. We will call this the “large deviations approach”. Our aim is to present a
general version of this approach, and to compare the results to those obtained by
the “random matrices approach”, wherever possible.
We start with a description of the model and then state our main results.

1.1 The Model: Independent Coordinates

We first fix some standard notation. We work in R™ which is equipped with a
Euclidean structure (-,-). We denote by ||-||, the corresponding Euclidean norm,
by |||, the max-norm, and write BY for the Euclidean unit ball and S"~! for
the unit sphere; we also write BY for the unit ball of the norm ||| . Volume,
surface area and the cardinality of a finite set are denoted by |-| (this will cause no
confusion). The boundary of a set A C R™ is denoted by 0A. All logarithms are
natural. Whenever we write a ~ b, we mean that there exist absolute constants
c1,c2 > 0 such that cia < b < caa. The letters ¢, ¢/, C, cq, co etc. denote absolute
positive constants which may change from line to line.



We fix a Borel probability measure p on the real line, and let X be a random
variable, on some probability space (2, F, P), with distribution p, i.e., u(B) :=
P(X € B), B € B(R) (B(R) the Borel o-field of R). We shall assume that p is

symmetric, i.e.,

(1.1) u(B) =p(-=B)  VBeB(R),

and that

(1.2) / e du(z) = E(e') < 00 for all ¢ in an open interval.
R

Given (1.1), condition (1.2) ensures that X has finite moments of all orders, and
we shall assume throughout that p is normalized to have

(1.3a) Var(X) = 1;

of course, by (1.1), we automatically also have that

(1.3b) E(X) =0.

Let also

(1.4) o = sup {z € R: p([z,00)) > 0}
and

(1.5) p:=max P(X = z);

notice that, by our assumption that Var(X) # 0, we have that
(1.6) p< L

Thus in particular, the only condition that we impose on X is that it be t; (besides
symmetry, which merely serves to simplify exposition). Recall that a variable X is
said to be ¥, a > 0, precisely when || X|| v, :=inf{t > 0: E(¢)o(X/t)) <1} < 00
where 1), is the Orlicz function v, (x) := exp(|z|*) — 1.

Let Xq,...,X, be independent and identically distributed random variables,
defined on the product space (2, F®" P™), each with distribution p. Set X =
(X1,...,X,) and, for a fixed N satisfying N > n, consider N independent copies
X1,..., Xy of X, defined on the product space (N FonN Prob). This proce-
dure defines the random polytope

(1.7) Ky = conv{)?l,... ,XN}.

The random polytope K is the principal object of study of this paper.



1.2 Main results

In order to state our results, we briefly introduce some terminology; see the next
Section for details. Let ¢(t) := E(e'™) (t € R) denote the moment generat-
ing function of X, 9(t) := lnp(t) its cumulant generating function, and let J :=
{t € R: p(t) < oo}. The function ¢ is C* on J° — the interior of J — and con-
tinuous on .J. Furthermore, 1) is strictly convex and )’ is strictly increasing on J°,
and v’(J°) is an open interval contained in I° := (—z*,z*).

The Legendre transform of 1 is the function

Az) :=sup {tx —¥(t): t € R} (x € R).

For & = (x1,... ,2n) € (—a™, ™)™ set
L1y
A@) =~ > A@i).
i=1
Let r* = sup {A\(z): z € I°}. For 0 < r < r*, define A, by
A =A{F e (—z",2")": A(¥) <r}.
Since A is a convex function on I°, A, is a convex body contained in (—xz*, z*)".
The key quantity for our description of the typical Ky is the function ¢, defined
for & € (—x*,2*)", by

¢(Z) = inf {P" (X € H):Z€0H, H a closed half—space} .
Using convexity arguments and the definition of g, one can prove the following two
facts:

Fact 1.1. Lety >0 and 0 < r < r* be such that A(y) = r. Then

—n

1-— Prob(KN DA N ’yBgo) < <JZ> pN 42 (f) (1 - infq(f))N ,

where the inf is over all & € d(A,) NyBYL, and p is given by (1.5).
Fact 1.2. Lety >0 and 0 < r < r* be such that \(~y) > r. Then

E(10(A,) NyBL, 0 Knl) < N - supg(®) - [9(A,) 1 7B
where the sup is over all ¥ € d(A,.) NyBYL.

Our main task is to give precise estimates for the quantities inf ¢(Z) and sup ¢(&)
over all ¥ € 9(A,) NyBZ. We prove:

Theorem 1.3. If v > 0 is sufficiently small, there exists no = no(vy) € N with the
following property: if n = ng and A(y) > r, then

q(%) < exp(—rn — %ln(rn) + c('y))

for every & € 9(A,) NyBL, where c(7) is a constant depending only on v and p.

00



Theorem 1.4. If v > 0 is sufficiently small, there exists nog = no(y) € N with the
following property: for n > ng, and € > 3lnn/n,

q(Z) = exp(—(r +€)n)
for every & € A, NyBZL and r in the range 0 < r < A(y).

Fix N > n and define p := (In N)/n. Using the above we show that, with high
probability, Ky NyBL is “weakly sandwiched” between A,_>. NyBZ and A,_s:

Theorem 1.5. For v sufficiently small, and N in the range n® < N < "),
Prob(Ky 2 Ay—2. NyBL) >1—2"""!
for alle = 3Inn/n, and all sufficiently large n.

Theorem 1.6. For v sufficiently small, n large enough, and n < N < eV

(&
Prob( [0(A,—s) NYBL NKx| > a|d(A,—s) NYBL] ) < an(\;Y))l/ﬁ’

Jor all § < $(InlnN)/n (6 > 0) and any 0 < o < 1, where c(y) is a constant
depending only on v and p.

Using the method of proof of Theorem 1.5 one also obtains the following result:

Theorem 1.7. For v > 0 sufficiently small, and for any f € (0,1) and o €

(0,—1Inp) the following holds: for all n sufficiently large, and N in the range
nlH4/B < N L plt4/BenBA()

Prob(KN o4,N WBZO) >1—e NV - —nfN1T0
with ¢ == fn~ ' In(N/n) —4n~'lnn.
As will be seen in the next Section (Proposition 2.13), nA(Z) ~ § ||ac||3 when ||Z||

is small; more precisely, for any e > 0, there exists v = ~,(¢) > 0 such that
11-¢) ||xH2 < nA@) < $(1+¢) H:E||2 for all ¥ € yBZ,. Thus for v small, 4, N
YBY ~ (y2noBY) NyBY = (1/28In(N/n) —8lnn By) NyBL. In this way, we
give a different proof of [14, Theorem 4.2] and actually extend it to the case where
the underlying distribution u of the coordinates of the random vertex X is P1.

We next turn to an application of a different flavor. For a polytope P in R™
with non-empty interior, we shall write f,_1(P) for the number of its facets, i.e.,
its (n — 1)-dimensional faces. We then have the following:

Theorem 1.8. There exist two positive constants a and b such that, for all suffi-
ciently large n, and all N satisfying n® < N < exp(bn), one has that

Blfus(hin)] > (122 )/

alnn




Using Theorem 1.8 for the special case where the distribution u is the distribution
p({=1}) = u({1}) = 3, it was shown in [9] that there exist 1-polytopes with as
many as (cn/Inn)"/? facets, where ¢ > 0 is a universal constant.

Our last application concerns a generalization of the result in [4]. Given a
compactly supported (symmetric) probability measure p, define

(1.8) k=r(p): ! /m Mz) dz.

2z* J_ -

In [7], we establish the following threshold for the expected volume of Ky, for a
large class of distributions pu:

Theorem 1.9. Let p be an even, compactly supported, Borel probability measure
on the real line and assume that 0 < k() < oo. Then, for every e > 0,

lim sup{(2z*)""E(|Kn|): N <exp((k —e)n)} =0,
n—oo
and whenever the distribution p satisfies

(1.9) lim M

= 1,
xTx* A(Jf)

also

lim inf{(22*)""E(|Kn|): N Z exp((k+¢)n)} = 1.

n—00

The main technical estimate needed to prove Theorem 1.9 is the following.

Proposition 1.10. Assume that the probability distribution u satisfies (1.9). Then,
for every € > 0, there exists n,(e) € N, depending only on € and p, such that for
all 0 <r < Xa) and all n > ny,(e) we have that

4 (4y) = exp(=(1 +&)rn —en),
where q_(A,) = inf{q(¥) : ¥ € I(4,)}.

Naturally, many of the arguments in this paper generalize the ones introduced
in [4], [2], [8] and [9]. We chose to present complete proofs in the general setting in
order to make the presentation self-contained, and to facilitate future references.

2 Large Deviations Preliminaries
In this Section we recall some basic facts concerning moment generating and cu-

mulant generating functions. For more information on large deviations techniques
the reader may wish to consult the books [3] and [18].



Let
(2.1) p(t) = E(etx) (t eR)
denote the moment generating function of X,

(2.2) P(t) :==Inp(t)

its cumulant generating function (or logarithmic moment generating function), and
let

(2.3) J:={teR: p(t) <oo}.

Observe that, by Hoélder’s inequality, v is a convex function on J. Therefore, ¢
is also convex. By our assumption (1.2), i.e., that X is 11, J is a non-degenerate
interval (necessarily centered at zero, by assumption (1.1)). We shall write

(2.4) t* :=supJ,
whence J°® = (—t*,t*).
Lemma 2.1. E(|X|") < oo for all n € N, and
0 4n
o) =3 S px

n!
n=0

for all t with |t| < t*.
Lemma 2.2. The function ¢ is C* on J° and

dn

T elt) = E(X™e™)  (neN).
Furthermore, ¢ is continuous on J.

Note. In fact, by Fatou’s lemma, when ¢* < oo, limye p(t) = @(t*) also when
p(t*) = 0.

Definition 2.3. For ¢ € J define the probability measure P; on (§2, F) by
Py(A):=E(e*W1,) (A€ F).
Define also pt(A) := P,(X € A) for A € B(R). Notice that Py = P and po = p.
Lemma 2.4. Fort € J°, uy has finite moments of all orders, and
By(X)=¢'(t) , Van(X)=9"(t) , E(X-¢'@))=1v"().

Corollary 2.5. The function ¢ is C* on J° and continuous on J. Furthermore, 1
is strictly convex and i)’ is strictly increasing on J°, and ' (J°) is an open interval
contained in (—x*, x*).



Proof. The fact that 1 is C*° on J° follows from Lemma 2.2 and the fact that ¢
is (strictly) positive. The continuity of ¢ on J also follows from Lemma 2.2. Since

(W) (t) = ¢"(t) = Vary(X) > 0,

by Lemma 2.4, v is also non-decreasing and in fact strictly increasing if X is not
constant almost surely. Finally, the continuity and strict monotonicity of ¢’ imply
that ¢'(J°) is an open interval when X is not constant; the inclusion ¢'(J°) C
(—2*,2*) follows from the inequality —z*e!* < Xe!X < a*e!X, which holds with
probability one for each fixed ¢, and the formula ¢/(t) = E(Xe'™)/E(e™X) of
Lemma 2.4. O

We shall write

(2.5) P (—t*) := lim ¢'(¢t) and '(t*) :=lim ¢’ (¢).

tl—t t1t*
Thus ¢'(J°) = (¢'(—t*), 4’ (t*)). We shall also write I := ¢’(J), whence
(2.6) 17 =4/(J%) = (' (=t7),9'(t")).

Remark 2.6. If P(X = z) = 1 for some x € R (a case that we have explicitly
excluded, see (1.6)), then obviously ¢(t) = €'® and ¥ (t) = tx is linear, —2* = 2* =z
and I = {z}, and J = J° =R.

Remark 2.7. The inclusion ¢'(J°) C (—z*,z*) may be proper. Consider, for ex-
ample, the measure p with density f,(z) := ¢, 2| " e~ 1*I1[; ) (|z|) with respect
to Lebesgue measure , where p > 2 and ¢, is the normalizing constant making u a
probability measure.

Remark 2.8. If t* € J, then ¢'(£t*), as defined by (2.5), agrees with the one-sided
derivative of ¥ at +t*; i.e., ¥ has a continuous derivative on J.

Given that condition (1.6) is in force throughout the paper, we may give the
following definition:

Definition 2.9. Define h: I° — J° by h:= (¢/)~L.
Lemma 2.10. h: I° — J° is a strictly increasing C* function, and

, _ 1
@) = Grn@y

Definition 2.11. The Legendre transform of v is the function
Az) :=sup {tx —¢(t): t € R}, x eR.
Proposition 2.12. (i) A > 0.
(i) zeI° MNz)=tex—¢({) < ¥'(t) ==z, t € J° hence

Az) = ah(z) —v(h(z)) foraxzel®.



(iii) X is a strictly convex C* function on I°, and

dn dn—l

(iv) A(0) = 0; in particular, X attains its unique minimum on I° at x = 0.
(v) A(z) =00 forz € R\ [—z*, 2]

Proof. Assertion (i) follows from the fact that the function t — txz — (t) takes on
the value 0 at t = 0.

For (ii) suppose first that ¢t € J° and ¢'(¢) = . Then = € I°, by definition
of I°, and s — sz — 9(s) has a local extreme point at s = ¢, which by the strict
concavity of this function on J° must be a global maximum; i.e.,

tx —(t) = max{sx —Y(s): s € J°} = A(x),

the second equality being a consequence of the continuity of ¥ on J and the fact
that ¢(s) = oo for s € R\ J.

Conversely, suppose that x € I° and that \(x) = tz — ¢(¢) for some ¢. Since
st —P(s) = —oo for s € R\ J, and since A > 0, we must have that t € J. On
the other hand, by definition of I°, there exists s € J° with ¢’(s) = x, and by the
argument of the preceding paragraph, we must then have that A\(x) = sz — ¥ (s).
The strict concavity of the function u — wux — ¢(u) and its continuity on J imply
then that s = ¢, and hence 9’(t) = x.

For (iii) observe that since ¢ and h are C*°, (ii) shows that A also is. Further-
more,

d

@) = h(@) + 2l (@) = ¢ (h(2))W () = h(=),

by (i) and the definition of h as (1')~!, whence

dr dnfl
el -
dzm Alz) dgn—1 (@)

for all n € N. Finally,

& A ' 1 0
a2 N =) = Gy
on I°; hence \ is strictly convex on I°.

For assertion (iv) observe first that ¢'(0) = E(X), by Lemma 2.2. This implies
that h(E(X)) = 0, and assertion (ii) then implies that A(E(X)) = 0. By (1.3b)
then, A\(0) = 0.

Finally, for (v) observe that, if 2* < oo, then ¢(t) < e for all + > 0. This
implies that

te —p(t) = t(x —x") fort >0, x € R,



and hence

Az) =suplte — ()] = lim [t(z —2*)] = 00

z€R t—o0o

for z > z*. For t < 0 on the other hand, ¢(t) < e %", and hence A(z) >
lim;, o [t(z + 2*)] = 0o when z < —z*. O

Proposition 2.13. For any a > 0 with [—a,a] C I°, there exist constants cy, ... ,cg
in (0,00) for which:

(1) c1 < Y"(h(z)) < cg for all x € [—a,a].
(i) |h(z) — x| < c32? for all x € [—a,a].
(id) |A(z) — 2% < e z|* for all z € [—a,d].
(iv) e5 < Mx)/[h(x)]? < c6 for all x € [—a,al.

Proof. The facts that 1, and hence ¥, is C*° and that " > 0 on J° imply that

cg= min ¢"(h(xz)) >0 and ¢ = max ¢"(h(z)) < oo,

z€[—a,a] z€[—a,al

for any interval [—a,a] contained in I°. Here we also use the fact that h is C*°,
hence continuous, on I°, whence h([—a,a]) is a compact subset of J° (in fact a
symmetric interval, ¢’ and hence h, being increasing and odd).

Next note that

(2.7) $(0) = B(X) = h(E(X)) =0,
and
(2.8) W (B(X)) ! ! :

T (A(E(X)))  ¢"(0)  Var(X)’

by Lemma 2.4, and by Proposition 2.12,

(2.9 ME(X)) = B(X)h(E(X)) — (h(E(X))) = 0,
(2.10) N(E(X)) = h(E(X)) =0,
(2.11) V(X)) = W(E(X) = Gy

By our assumptions E(X) =0, Var(X) = 1, and Taylor’s theorem,
h(z) = h(0) + 1/ (0)z + 22°h" (z),) = 0+ = + $2°h" (z),)

for some x between 0 and z, and since A" is bounded on any interval [—a,a]
contained in I°, h being C'° on I°, assertion (ii) follows.

10



Similarly,

@) = M0) + X' (0) + $22N(0) + 12°\"(2)
=127+ L%\ (2))

for some x) between 0 and x, and A"’ is bounded on any interval [—a, a] contained
in I°, X being C'*° on I°.

Finally, since h is strictly increasing and h(0) = 0, we have that h(z) # 0
for any x # 0. It follows that the function x ~— A(x)/[h(z)]? is continuous on
I°\ {0}. Since also A(z)/[h(z)]* — % as @ — 0, by (ii) and (iii), the function
x +— M) /[h(x)]? extends to a continuous function on I°, f say. Notice also that
A(z) > 0 for « # 0, by Proposition 2.12 (i) and (iv), and therefore also f(z) # 0
for all x € I°. Therefore [cs, cg] := f([—a,a]) must be a compact interval contained
in (0, 00). O

If the random variable X is bounded, i.e., if * < oo (recall the notation (1.4)),
then clearly

E (X — ' (1))
(X OP) .
Ey(IX =o' ()
The ratio on the left hand side of (2.12) need not be bounded for unbounded X

however; the Laplace distribution, with density f(z) = e~ V2lal /+/2 with respect to
Lebesgue measure on R, provides a counterexample. In the general case we have
the following.

(2.12)

Lemma 2.14. Fort € J° and € > 0 such that (t —e,t +¢) C J°,

B (X —y'(0)]%) Yt ltt+e)  YW(t—e) plt—e)

E (X —w'@®))?) — ¢t eolt) Pr(t)  ep(t)

¥/ (t+e) — ') et +e) G V) ot —e)
P(t) ep(t) P(t) ep(t)

+ + [ (t)] .

Proof. Since

B (X —¢'®)F) < EB(X — o' 0O IX]) + [0 0] B (1X — ¢/ (1))

B(X /(0P 1X]eX) | o
0 @19,

and |X| < e teflXl <e71(esX 4 e7=X) for any € > 0, it follows that

E(X —v'@®)’) <

1 E(|X — /(1) et+oX)

B o(t)

E(|X — ¢/ (t)[? et=9)X)
e(t)

2 O]9 ()

11



for any € > 0 with (¢t —e,t +¢) C J°. Now
E(|X o l//(t)|2 e(tie)X) _ E(|X . ¢I(ti€)|2 e(tie)X)
+ |¢/(t + 8) . w’(t)|2 E(e(t:te)X)
=y (tke)p(tte) + W (t+e) — v () p(t o),

and hence
/ 3 " 90(75 + 5) " @(t — 5)
E(|X —¢'(t)]°) <¢"(t+e) 0 + (t—f)m
e~ Lo p e -9 - voF L2 1 oo,
from where the Lemma follows. O

Corollary 2.15. For any interval [—b,b] contained in J°, there exists C' € (0, 00)
for which

E (X —¢'(t))
<C or all —b, bl.
B(x _wep) SC Frarehy

Proof. Apply Lemma 2.14 with e such that b+¢ < t*, and use the facts that ¢ and
¥" are bounded away from zero and infinity on the interval [—(b+¢),b+ ] C J°,
and that ¢’ is bounded on [—b, b]. O

3 Weakly Sandwiching Ky

For & = (z1,... ,zp) € (—2*,2%)" set
(3.1) A(Z) = %Z)\(xi).

Let r* = sup {\(z): z € I°}. For 0 < r < r*, define A, by
(3.2) A =A{Z e (—a",a")": A(Z) <r}.

Since A is an even convex function on I°, A, is an origin symmetric convex body
contained in (—z*,z*)".

We will show that there exists a constant v = (i) > 0 with the following
property: for any fixed N > n, one can find » = r(N,n) and € = ¢(n) such that
Ky NyBY is “weakly sandwiched” between A,_. NyBZ and A,, in the following
sense:

(i) Ar—c NyB% C Ky for the typical Ky;
(ii) most of the surface area of A, N+yB is missed by the typical K.

12



The key quantity for the proof of these two facts is introduced in the next definition.

Definition 3.1. For every & € (—a*, 2*)", set

q(Z) := inf {P" ()? € H): Z € H, H a closed half—space} .
Clearly,
(3.3) q(Z) = inf {P" ()? € H):Z€0H, H a closed half—space}

for any .

The function ¢(Z) was introduced in [4], and Fact 1.1, which we restate in the
following Proposition, is a generalization of [4, Lemma 2.1 (b)] (see also [2, Lemma
4.2] and [8, Lemma 4.1]).

Proposition 3.2. Lety >0 and 0 < r < r* be such that \(y) = r. Then

—n

1 —Prob(Ky 2 A, NyBLY) < <JZ> pNTm 42 (ij) (1-— infq(f))N ,

where the inf is over all ¥ € d(A,) NyBYL, and p is given by (1.5).

[}

Proof. Fix r and ~ as in the statement of the Proposition and write g, for the
infimum of ¢(Z) over & € 9(A,) NyBL. Let also E denote the event that Kx has
non-empty interior.

For every subset J = {j1,...,4n} of {1,..., N}, of cardinality n, define the
event F'; as follows: X PR ,)? . are affinely independent, and for one of the two
closed half-spaces Hy, Hs they determine, say H;, we have simultaneously Ky C H;
and P"(X ¢ Hl) > Q.

Consider now the event E where Ky has non-empty interior. If (A, NyB%) ¢
K, then there exists & € 9(A,) NyB% \ K. This is a consequence of the next
claim, whose proof we postpone until the end of this proof:

Claim 3.3. The convex hull conv(89(A,) NyBL) of d(A,) NyBL is A, NyBL.

Since ¥ ¢ K, there exists a facet F' of Ky with the following property: one
of the two closed half-spaces H; and Hs determined by F contains Ky but does
not contain #. Thus, if H; is this half-space, we have simultaneously Ky C H;
and P" (X ¢ H;) > q(@), and since ¥ € 9(A,) N yB%, we actually have that

[o op]

pPr (X ¢ HZ-) > .. Since the hyperplane bounding H; is determined by some
affinely independent vertices X JT X jn Of K (which lie in F'), this shows that

(3.4) En{(A.nyBL) ¢ Kx} C | JEs.
J

By (3.4) we have that

(3.5) {A, NyBL ¢ Ky} C E°U| JE,.
J

13



It follows that

Prob (A, NyB%, ¢ Ky) < Prob(E°) + _ Prob(E,)

(3.6) = Prob(E°) + (]D Prob(E'),

where E' := E(y . ).
It is not hard to see that

(3.7) Prob(E') < 2(1 — ¢,)V ™.

Indeed, let E” denote the event that Xi,..., X, are affinely independent. On E”,
Xl, .. X determine two closed half—spaces H, = H; (Xl, .. ,Xn)7 1=1,2. Let
E' be the event that Xi,..., X, are affinely independent and P" ()? ¢ Hi) >q
Then, with Exp denoting expectation with respect to the measure Prob,

Prob(E ZProb {Xps1,... . Xy € H;} N EY)

= ZEXp(Prob({Xn+1, e ,XN € Hz} ‘ Xl, e ,Xn)lEz)
=1
2
<(1- q*)N_" ZProb(Ei).

i=1
To obtain a bound on Prob(E*¢) we argue as follows. If Ky has empty interior,
there exists J = {ji,...,jn} C {1,...,N} such that the set {X;:j ¢ J} is
contained in the affine hull of {X}-: j € J}. We now claim the following:
Claim 3.4. If S has affine dimension smaller than n, then P™ (X' € S) <p

It follows that

N
(3.8) Prob(E°) < (n>pN_".
This proves the Proposition, modulo the proofs of the two claims. O

Proof of Claim 3.3. Since obviously conv(@(/lr) N 'yBQO) C A, Nn~vyBL, we only
have to show the reverse inclusion. Let & € A, N~yBZ, and assume that A(Z) < r
(otherwise there is nothing to prove). Since & € yBZ, there exist A1,... ,Aon =0
with >~ A\; =1 and

(3.9) =\,

14



where ¥,...,0on denote the vertices of yB™ . The condition A(y) > r that we
have assumed that r and v satisfy implies that A(¢;) > r for all i; since we are
assuming that A(Z) < r, there exist t; € (0,1], such that A(¢t,0; + (1 — t;)%) = r.
Write 4 := t;0; + (1 — t;)@; then g; € 9(A,) and ¥; = t_lyl — ti_l(l — ;)@ for all i.
By (3.9) we then get that

-1

. 1-¢ A

xr = E Y,
i i ti

and this is a convex combination of the points ¥; € 9(A,) NyBL. O

Proof of Claim 3.4. Suppose that S is a Borel set contained in some hyperplane
H. ThenH—{yER (@, § — &) = 0} for some @ = (ug,...,u,) # 0 and & =
(21,...,2n). Suppose that u; # 0. Then

P (XeS)<pP(XeH)=pP" (Xi =zi—u; > ui(X; - xj)>.
J#i
Since P(X; = z) < p for any = € R, the Claim follows. O
We next prove Fact 1.2 stated in the Introduction:
Proposition 3.5. Let v > 0 and 0 < r < r* be such that \(y) > r. Then
E(|0(4;) NyBY, N KEn|) < N -supq(Z) - [0(4,) NyBL |,
where the sup is over all ¥ € d(A,) NyBL.

Proof. Let ¥ € 8( ») N~yBY. If H is a closed half-space containing Z, and if
re Ky = conv{Xl, .. XN} then there exists ¢ < N such that X € H (otherwise
we would have ¥ € Ky Q H¢, where H¢ is the complementary half-space). It follows
that

Prob(# € Ky) < N-P"(X € H) < N - ().
Hence
E(|o(A;) NyBL N Kn|) < / Prob(¥ € Ky) d
(A )Ny B
< N -supq(@) - |0(A,) NYBL,
as asserted. O

Proposition 3.5 and an application of Markov’s inequality show that, for every
n > 0, we have

(3.10) Prob(|0(A,) N yB% N Kn| = n|0(A.) NyBL|) <n~' - N -supq(Z).
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The estimates in Propositions 3.2 and 3.5 will become useful if we can give sharp
estimates for the quantities

(3.11) q«(r,7) := inf {q(Z): = € 9(A;) NyBL}
and
(3.12) q*(r,) = sup{q(Z): x € O(A,) NyBL}.

In fact, we will see that ¢ is “almost constant” on 9(A,) NyBL, provided v = v(u)
is small enough. This main technical step is described in the next Section.

4 Large Deviations Estimates for ¢(7)
Given x1,...,x, in I°, set

(4.1) ti=hz) = N(z) (i <n).

In what follows, we will always assume that ¢; and x; are in this relation. Observe
that z; = ¢/(t;). We define the probability measure Py, . . on (2" F®™) by

14 -exp (i[tiXi - w(tz)]>1

=1

(4.2) Poy.... o (A) = E"

, T

for A € F®" (E™ denotes expectation with respect to the product measure P on
Fem). Direct computation shows the following.

Lemma 4.1. Under P, . . .., the random variables t1 X1, ... ,t, X, are indepen-
dent, with mean, variance and absolute central third moment given by

By wn (6X5) = 60 () = tiay,
Eay,.. oo (Jti(Xi — 25)%) = 20" (&),
oy o (11X = 20)[) = [ B (1X =/ ()]°),
respectively. O

Using Corollary 2.15, one immediately obtains the following bound on the ra-
tio Egy ..z, (|ti(XZ- — 1’1)|3)/EI1 o (|ti(XZ- — x1)|2) when the x; stay in a closed
interval contained in [°:

Lemma 4.2. Assume that [—a,a] C I°. Then there exists a constant C = C(a, )
in (0,00), depending only on a and p, with the following property: if |x;| < a, then

E:vlq,... 7avn( tl(XZ - Il)lg)
Eoy.... w, (t:( X5 — l’z)|2)

foralli=1,... ,n and allmn € N. O
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Notation 4.3. From now on, and until the end of this Section, we fix an a with
[—a,a] C I°, and denote by C the corresponding constant C(a, ) of Lemma 4.2.
We also fix

(4.3) c:=6C.

Set

(4.4) 0% =3 Eay o ([t:(Xs — 2:)%) = Zn:tfﬂfﬂ(ti)
: =1

and

(4.5) S, = UiZti(Xi — ),

and let F,,: R — R be the cumulative distribution function of the random variable
Sy, under the probability law Py, . ,:

(4.6) Fo(z) .= Py, 2, (S, <) (z € R).
Write also ., for the probability measure on R defined by
(4.7) fn(—00,7] = Fu(z) (v €R).

Finally, set

(4.8) PP = By, (X — 2)).
i=1

Lemma 4.2 shows that

(3)

(4.9) pa% < € max |t

for all n € N, provided z1, ... ,z, € [—a,a]. Notice also that

(4.10) Ey.. 2,(S,)=0 and Varg . .. (S,) =1,

for any x1,...,2y.

Lemma 4.4. For any z1,...,Zy,

(4.11) pP» (i; ti(X; —x) = O) = [/[0 . eIl dpn(u)] exp (— z”; /\(ch)> )
i= ; i—
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Proof. We may write

pP" (zn: ti(Xi - a:i) 2 0)
= E:le,..‘ T ll[o’m) (Z ti(Xi — :L‘Z)> - exp (— Zt1X1>‘| H(p(tl)
i=1 =1 =

It follows that

pP" (Z (X —xy) > O> = /[0 ) e 7" dun(u) exp (Z[w(tZ) — tixi}> ,

i=1
and the result follows from Proposition 2.12. O
Write
1 .
(4.12) b(z) = —e /2 (z€R)

for the standard gaussian density,

(4.13) o) = [ )y (xeR)

for the standard gaussian c.d.f., and v for the standard gaussian probability mea-
sure: v(—oo,z] := P(x), * € R. By the Berry—Esseen theorem [6, Theorem
XVIL.5.2] one has that
A
|Fo(z) — &(z)| <6 —5-

o3
for all z € R, whence, by (4.9) and (4.3),
c
(4.14) [Fn(z) = P2)] < ~ max [t
for all x € R and n € N, provided 1, ... ,2, € [—a,a].
Lemma 4.5. The following inequality holds for any x1,... ,x, € [—a,a], n € N:
2c
e 7" dup (u )—/ e " dy(u)| < — max |t;].
/(0,00) (0,00) Op 1<i<n

Proof. Since

/ " d g, (u / {u e 7" 0,00) (1) = r}) dr
(0700) 0

1
tin (0, =0y, M log 7] dr

0

/0 —Llog r) — F,(0)] dr,
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and similarly

/0 e du(u) = /0 [0(—o logr) — B(0)] dr.

the result follows from (4.14).

We will use the estimates

1 e 1
(4.15) - my(x) e /2 g / o(u) du < - mo(z) e /2 (x > 0),
xT
where
1 2 1 4
(4.16)  my(x) = ° and ma(x) i

Vor x4+ Va2 +4 - V2r 3z + Va2 +8

(see [11, p. 17] and, for the upper estimate, [19]). Since

oo 0721/2 [e%e] o0
(4.17) /0 e " dv(u) = e\/ﬂ ; e (ontw)?/2 gy — e"i/Q/ o(u) du,
it follows that
(4.18) m1(7n) g/ e” 7" dv(u) < mg(on).
On 0 On

Combining (4.18) with Lemma 4.5, we obtain the estimates

2 2
(4.19) ma(on) _ 2¢ max [t;] < / e dpp (u) < m2(9n) + 25 max 2]
on oy 1<i<n (0,00) on oy 1<i<n
for x1,...,x, € [—a,a]. Lemma 4.4 then yields the following estimates:
Theorem 4.6. Let z1,... ,x, € [—a,a] and t; = h(z;), i =1,... ,n. Then,

n 1 .
(4.20) P (Z ti(Xi — x) = o) > — ¢ nA@) (ml(an) — 2¢ max |ti|>
i=1 In

1<ign

and
n 1 i
: g (Xi =) 20 ) < —e 4@ n il ) -
(4.21) P (;t,(xz ;) o) — <m2(a )—|—4clrgigxn|t )
Proof. Observe that the first factor on the right hand-side of (4.11) is

(4.22) / e~ 7" dy (u) = / e~ 7" duy (u).
[0,00)

(0,00)
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Hence, we obtain the first inequality (4.20) by combining (4.11) with (4.19). For
the second inequality, first observe that

/ e dup (u) = / e " dpn (u) + Py, ... oz, (Sn =0),
[0,00) (0,00)
and then use (4.14) to obtain,
2
Pay . w (Sn = 0) < Fu(e) — F(—¢) < D) — B(—¢) + — max [t;]

for all € > 0. Thus

2c
(4.23) Pey,.. 2, (S =0) < o 1%?31 Itil,
and the second inequality (4.21) follows now as well, using (4.11), (4.19) and (4.23)
this time. O

Corollary 4.7. There exists & > 0, and constants c¢1(0),... ,ca(d) € (0,00), de-
pending only on 0 and p, with the following property: if x1,... ,x, € (=4,0), and
t; =h(x;), i=1,...,n, then

p" <Z ti(X; —xp) = O) > 617@6_7“1(5) m1< 02(5)71/1(3_:')) — 2¢ max [t;]
i=1 ]

nA(Z) 1<i<n

and

P <Z (X — ) = 0> < _c300) e @) m2< 04(5)71/1(@')) + 4c max ;]
i=1 sesne

nA(Z) L
for all n € N, where nA(Z) = Y| Ma;).
Proof. By Proposition 2.13, we can choose § € (0, a] such that

(4.24) 2> <Mz) <2® and 1Lz| < |h(2)] < 2]z

=

for all z € (—4,9). Let x1,... ,z, € (—0,0). Theorem 4.6 shows that

n 1 .
(4.25) P"<§ (X — i) > o) > — ¢ nA@) <m1(0n) — 2¢ max |ti> .
=1

On 1<i<n

By (4.4), Proposition 2.13 and (4.24), we get

(4.26) op =Y 0 (t;) <dey Y a? <160y A(wi)
=1 =1 =1
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and, similarly,

(4.27) o2 = Zt?w”(ti) > 1o 23722 > tal Z)\(xi),
i=1 i=1

i=1
where ¢; and ¢z come from Proposition 2.13 (i), and depend only on ¢ and p. Insert-

ing these estimates into (4.25) yields the first inequality asserted in the Corollary.
For the upper estimate we work in the same way, starting from (4.21) this time. O

Corollary 4.8. There exist v > 0, k = k(v) € N and ¢(y) > 0, depending only on
v and p, with the following property: for everyn € N, if x1,... ,x, € (—,7) are
such that Y1 Mz;) = k(7), and if t; = h(z;), i = 1,... ,n, then

n S C(’Y) —nA(Z)
P ti Xi — T = 0 > —e .
(Sen-m20) > 2

Proof. First fix a 6 for which Corollary 4.7 holds true, and then choose v € (0, ]
so that 2ch(vy) < (2v/27)~1; this is possible because lim, . h(s) = 0.
We know that m(z) increases to (2r)~/2 as & — oo; therefore, there exists
k = k() € N such that
)

ma(c2(8)k(7)) > PWors

From the first assertion of Corollary 4.7 we then easily conclude the result for
212 € (=) with nA(@) = Y Azy) > k(7). O

Definition 4.9. Given a Borel probability measure i on the real line satisfying
our assumptions (1.1)—(1.3), fix a constant § for which the assertion of Corollary
4.7 and also (4.24) hold true, a constant v < § for which the assertion of Corollary
4.8 holds true, and set 7, := min {v,¢'(1)}.

We can now estimate ¢(Z) for & € 9(A,) NyBL. We start with Theorem 1.3:

Theorem 4.10. For v € (0,7,], there exists ng = no(y) € N with the following
property: if n = ng and r < A(y), then

q(%) < exp(—rn — %ln(rn) + c(’y))
for every & € 9(A,) NyBL, where c(7) is a constant depending only on v and p.
Proof. Let ¥ € 0(A,) NyBL . By the definition of ¢(Z) we have that

q(#) < P" (Z (X — ;) > 0) :
i=1
where t; = h(z;), i =1,...,n, and by Corollary 4.7 that
- c(v) —nA(7)
(2} ) V()
Since A(Z) = r, the result follows. O
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The upper estimate of Theorem 4.10 is complemented by the following lower
estimate (this is the result stated as Theorem 1.4 in the introduction):

Theorem 4.11. For v € (0,7,], there exists ng = no(y) € N with the following
property: forn = ng, and € > 31lnn/n,

q(T) = exp(=(r +¢)n)
for every ¥ € A, NyBL and r € (0, A(7)].

The proof of this will be based on Corollary 4.8 and on two additional facts.
The first one generalizes a result of Montgomery-Smith from [16] (its proof appears
in [14]):

Lemma 4.12. For alln € N and any §= (s1,...,8,) € R", the inequality

p" (Z siX; > 30 §||2> > O
=1

holds for all 8 > 0 with 0 < ||5]|, /|51l , with C(p) = 2In(27/x) —|—4lnE(|X\3).

Proof. This is Lemma 4.3 of [14] (with the constants replaced by the ones that
actually appear in the proof), plus the additional fact that hy(5) = 16|5]|, for
0<60< |5y /18], Where hr(3) = sup{(3,0): ¥ € 3(B% NOBY)}. O

The second one combines [2, Lemma 8.2] with a theorem of Bahadur and Ranga
Rao [1]. Recall (2.6), defining I°.

Lemma 4.13. Assume that v € I°. There exists mg = mo(7y) such that, for all
m > mo, and any si1,... Sy, € R with " s; >0,

i=1

pP™ (Z si(Xs —7) = 0) > c(v) m=3/2 ¢=mAM)

where the constant c() > 0 depends only on v and p.

Proof. The first part of the argument in [2, Lemma 8.2] shows that

(4.28) pm <i si(Xi—7) > 0) > % P (i(xi PSS 0) .

i=1

Indeed, for ¢ = 1,... ,m define §; := (s;,... ,Sm,S1,... ,8i-1), set 1:= (1,...,1),
and notice that

Pm<Zsi(Xi -v) = O) = Pm<<§i,X—'yf> > O) foralli=1,... ,m
i=1

22



(since (X71,...,X,) and (X4, ..., Xm, X1,...,X;—1) have the same distribution,
namely p X -+ X p). It follows that

Pm<§m:si(Xi—7)>0> %ip 71>>0)

=1 i=1
i {gtesoea
2% (sl+ -+ 8n) i(Xi ’v)>0>

= um<zm:(Xi—7) > 0) :
i=1

By [1, Theorem 1] on the other hand, there exists a sequence b,, of positive
numbers, such that

2mm emA) pm <2:(XZ —-v) = O) —1 as m — 0o,

b ‘
=1
with In b, bounded, and hence b,, bounded away from 0. O

Proof of Theorem 4.11. Fix v € (0,7,], and let ¢ and r be as in the statement of
the Theorem. We first assert the following:

Claim 4.14. It suffices to show that

(4.29) P (X eH)ze o

for any closed half-space H whose bounding hyperplane supports 4, N yBY and
for which (A, NyBL)NH® =& (i.e., H just “touches” A, N~yBL),

We postpone the proof of the claim until the end of this Section.

Next fix a closed half-space H of the form described in Claim 4.14. We will
show (4.29) for this half-space.

Claim 4.15. There exists & € H N (0(A,) NyBL).
The proof of this claim is also postponed until the end of the Section.

Now fix & € H N (0(A,) NyBY). By symmetry we may assume that & =
(X1,...,2p) with 0 < 1 < -+ < 2. There exists ny € {1,... ,n} such that
Ty, <vand z,, 41 =7. Set £ = (t1,... ,t,) = n VA(Z) and write 5= (s1,... ,5,)
for the normal to the bounding hyperplane of H, so that

H= {3,76 R"™: Zsl(yz—z,) 20}.

i=1
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By the form we have assumed of H, § lies in the normal cone to A, NyBY at &
i.e., in the notation of [17],

§e N(@ A NyBL)={0eR": (#,§— %) <0Vye A.N~yBL}.
According to [17, Theorem 2.2.1],
N(Z, A, NyBL) = N(Z, A.) + N(Z,vBL).
Now
N(#,A) ={t VA(Z): t > 0}
and

N(#,7BL) = {7 € R™: (7,5 — &) <0 Vi € yBL}
={TeR":v1=...=vy, =0, vp,41,-..,0, = 0}.

It follows that we may assume that
si=t;=N(z;)=h(x;) ifi<ng and s; =>t;=N(y)=h(y) ifi>n.

Now write

n
Pn(XEH)ZPn< Si(Xi—.’Ei)>0>
1

S
Il

3
S

:P”( ti( X — @) + i 5i(Xi—7v) 2 O>

1 i=ny1+1

ti(Xi_zi)>0> 'Pn< z": Si(Xz‘—V)>0>-

i1=ni+1

<.
Il

3
oy

(4.30) > p" (

1=1

We estimate the second probability in the last product using Lemma 4.13:
(4.31)

Pn( Z 5i(Xi—v) > O) > exp(—(n —n1)A(Y) — $In(n —ny) — e1(7)).

i=ni1+1
To estimate the first probability we distinguish two cases:

CASE 1: > A(z;) = k(). We may then use Corollary 4.8 to estimate the first
probability:

(4.32) P" <Zl (X — i) = O) > exp ( Zl)\(xl) - %lni Az) — @(’y))
i=1 i=1 i=1
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Combining (4.30) with (4.31) and (4.32), we obtain

P"()Z €H exp( Z)\ x;) 1nzl:)\($i) - C2(7)>

X exp(—(n —n1)A(7) — 3In(n —ny) — c1(7))

provided n is sufficiently large (Inn > ¢(v)).

CASE 2: Y% AM@;) < k(). In this case we use Lemma 4.12 to estimate the first
probability. We have that

ni ni
(4.33) P (Z (X — ) > 0> =P >t
i=1 3

with

ni t ;
(4.34) 0 =2 Z+”52
Zz 1 tz

To use Lemma 4.12 we need to check that
m1 t2
(4.35) 0 < @
maxigigng ti

Recall that, by the choice of v, (cf. Definition 4.9), we have that |z| < 2 |h(z)]|
for all © € (—v,7) (cf. (4.24)). Hence > i, t;z; <23 12, t2, and therefore,

=1 ">

ni Ty t2
(4.36) 0<4 Zt2<4h V2in B

max t;
1<i<ng

since also t; = h(z;) < h() for all i, by the monotonicity of h. Since v < ¢/(1) is
small enough, we have that h(v) < 1 and 6 satisfies (4.35).
By (4.33) and Lemma 4.12 we get the bound

ni
Pt (Z ti(Xs —x3) > 0) > e O
=1

which upon using the Cauchy—Schwartz inequality and (4.24) yields the bound
ni ni
pP" (Z (X — ) = 0) > exp <4C(u) sz) > exp( 16C (u Z Az, ) .
j i=1
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Combining this with (4.30) and (4.31) again, we see that

pn ()? € H) > exp (—(n —n1)A(7) = 3In(n —ny) — c1(y) — e3(9) Z /\(acl)>

i=1

in this case as well, provided again that n is large enough to have Inn > %c’ (7).

The proof of the Theorem is now complete, modulo the proofs of the two claims. [

Proof of Claim 4.14. Let & € A, NyBY and let H be any closed half-space with
Z € OH. We can then write H = {g € R™: Y | s;(y; — x;) = 0} for some § =
(81,-+,8n) # 0. For z > 0, define H, := {F€R": 1" s;(yi — 2:) > 2}, and
observe that the half-spaces H, decrease as z increases. Notice also that Hy = H.
Let

ze :=sup{z > 0: H,N (A, NyBY) # @} ;

by compactness z, < 0o, and we may set H, = H,_. Since a decreasing intersection
of nonempty compact sets is nonempty,

H.N (A NyBL)= (| H.N (4, NyBL) # 2,

0<2< 24

while

H? N (A.NBL) = | HIN (A, NyBY) = 2.

2> 2Zx

Thus H, is of the form de_spribed in the statement of the Claim. Furthermore,
H D H,, and hence P”(X € H) > P"(X € H*) By (3.3), this proves the
Claim. 0

Proof of Claim 4.15. By the form we have assumed of H (i.e., that it “touches”
A, NyBL), there exists ¥ € HN (A, NyBL). If A(y) = r, then & = ¥ is the sought
for point. Assume next that A(y) < r. Then ¢ € d(yB7) and ¥ belongs to some
face F() of vBZ, of minimal dimension. Notice that F'(§) must be contained in the
hyperplane bounding H, and hence also be contained in H. By joining i with any
vertex ¥ of yB™ belonging to F'(i), we see that there exists & € F(§) with A(Z) = r,
by the intermediate value theorem, and since A(y) < r and A(¢) = A(y) = r. Since
F(j) C 8H, it follows that & € H N d(A,) NyB~. O
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5 Geometry of Ky

In this Section we prove Theorems 1.5, 1.6 and 1.7. Throughout the Section ~ will
always be in the interval (0,~,] (cf. Definition 4.9). Recall that ~, only depends on
the underlying distribution p of the coordinates of the random vertex X. We also
fix the following notation:

Notation 5.1.
_ InN

n

p:
We begin with Theorem 1.5:
Theorem 5.2. For v € (0,7,] and N in the range n® < N < " V),
Prob(Ky 2 A,—2. NyBYL) >1—2"%
for alle = 3Inn/n, and all sufficiently large n.

Proof. By the choice of 7, we may apply Theorem 4.11; let ng = ng(y) be the
integer whose existence is asserted there, and let n > ng. Fix also e = 3Inn/n. By
Theorem 4.11,

(5.1) inf ¢(Z) = exp(—(p — €)n),
where the inf is over & € 0(A,—2.) N vBL; notice that the condition A(y) + 2¢ >

p > 2¢, required to apply Theorem 4.11, is satisfied here, by our choice of N.
Combining this with Proposition 3.2, we obtain that

(5.2)
1 —Prob(Ky 2 A,—2. NyBL) < @Z) pNT" 42 (JD (1 —exp(—(p—€)n))

N—n

Claim 5.3. For n sufficiently large and N > nS,

N
< )pN” <277,
n

Proof of Claim 5.3. Since (ZX) < (eN/n)™, it suffices to check that

N N —
(5.3) 1 +ln(> + =" lmp<-—In2
n n
Set « := N/n. Then, (5.3) is equivalent to
—(z—=1)Inp—Inz >1+1np.

The claim follows from the facts that the function on the left-hand side increases
to infinity as z — oo, and x = N/n > n’. O
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Claim 5.4. If n is large enough and N > 2n, then

N n
2 <n> (1 —exp(—(p— 5)n))N < 27"
Proof of Claim 5.4. Since 1 — z < e~ ", it suffices to check that
4eN\"
(e) exp(—(N - n)ef(pfs)") < 1.
n
Observe that e~ (P=5)" = ¢" /N, Since nIn(4eN/n) < n?A(7y) (assume that n > 4e)
and (N —n)/N > 3, we want
202\ () < €.
This is satisfied when € = 3lnn/n and n is sufficiently large. O
Combining (5.2) with the two Claims above, we obtain that
Prob(KN 24, 0.N fyBgO) >1-2""-27"
for n sufficiently large. O

We next complement Theorem 5.2 by showing that, for some sufficiently small
§ € (0,1), a fixed proportion of the surface area of A,_s lying in yBZ is missed
by the typical Ky, with high probability. This, in conjunction with Theorem 5.2,
shows that, with high probability, Ky N vyBJ is “weakly sandwiched” between
Ay_o. NyBY and A,_s5. The following is Theorem 1.6 of the Introduction.

Theorem 5.5. Fizy € (0,7,]. Forn large enough and n < N < e )

1 c(y)

for all 5 < $(InlnN)/n (6§ > 0) and any 0 < o < 1, where c(v) is a constant
depending only on v and u.

Proof. Fix § = 6, < $(InInN)/n, 6 > 0. Proposition 3.5 shows that

(5.4) E(|0(Ap—s) NyBL N Kn|) < N -supq(Z) - |8(A,—5) N yBL|

where the sup is over all ¥ € 9(A,_5) NyBL,. Theorem 4.10 shows that

(5.5) A7) < exp(~(p - 6n — LIn((p— 8)n) + ()

for every & € 0(A,_s) NyBL, provided n is large enough. Since Inz < z — 1 for
z > 0, the inequality

(5.6) r— iz >

Wi

T
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holds for all > 0. By (5.5) we then have that

N -sup () < exp(on — +In(In N — 6n) + c(v))
<exp(3InlnN — JIn(InN — L InIn N) + ¢(7))
<exp(—3InInN + (7)),

the last inequality following from (5.6) for z = In N. Inserting this into (5.4) yields
then that

B(10(4,5) N B 0 Kl) < (7)1 N)~/5 [9(A, ) B,
whence for any 0 < a < 1,

"(7)

n n 1
Prob( |0(A,—5) NyBY N Kn| > a|0(Ay—s5) NyBL| ) < S I V)76

by Markov’s inequality. O

Remark 5.6. An examination of the proof of Theorem 5.5 reveals that it remains
valid whenever § and N satisfy (InN)/n — A(7) < § < :(InlnN)/n (whence 0 <
p — 30 < A(7)). This may include negative values of ¢.

Weaker inclusion, improved probability estimates

As already observed, Theorems 5.2 and 5.5 show that Ky NyBZ is “weakly sand-
wiched” between A,_».NyBZ and A,_s, with high probability. A result in the spirit
of Theorem 5.2 also appears in [14], under different conditions on the underlying
distribution p of the coordinates of the random vertex X:

Theorem 5.7 ([14], Theorem 4.2). Let &;, 1 <i < N, 1< j < n, be independent
symmetric random variables satisfying

1< B(E) and E(&;)%) <b  foralli,j,

ij
and
(5.7) P(|IT|| = a1V N) < em®2¥,

for some b > 1 and aj,ay > 0, where I' is the random N X n matriz I’ =
(&ij)1<i<N, 1<j<n, and let K} = I'*Bl be the absolute convex hull of the rows
of I'. Let B € (0,1). Then there exists a constant cg such that for all N in the
range 2" > N 2 ncg,

Prob(K) 2 0.125(B NoBY)) > 1—e N — g 0-2n NP

)

with 0 = \/BIn(N/n)/(121n(eb)).
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In comparison, using the method of proof of Theorem 5.2 one obtains the fol-
lowing result (stated as Theorem 1.7 in the Introduction):

Theorem 5.8. Let vy € (0,7,]. For any 3 € (0,1) and o € (0, —1Inp) the following
holds: for all n sufficiently large, and n*t%/8 < N < nl+4/BenBA(),

Prob(KN 24,N ng‘o) >1—e N — P
with ¢ == fn~ ' In(N/n) —4n~'lnn.
Remark. As already observed in the Introduction,
A, N B, = (v/2n0B3) NyBY, = (V261n(N/n) —81lnn By) NyBY,

for v small enough, and of course

V26In(N/n) —8Inn BY © 0.1251/61n(N/n)/(121n(eb)) BY

for N in a range n® < N < n%?" (") with a sufficiently large. On the other hand,
Theorem 5.8 gives no information whatsoever for small values of N/n, e.g. when
N is linear in n, as opposed to Theorem 5.7. Notice however, that in order to
apply Theorem 5.7 one needs to verify condition (5.7), and it is at present unclear
precisely when this condition is satisfied; in [14] it is verified for the case where the
random variables ;; are 12 [14, Fact 2.4].

Proof of Theorem 5.8. We repeat the proof of Theorem 5.2. The argument in the
proof of Claim 5.3 shows that, for any 0 < o < —Inp, there exists a constant
o € (0,00) such that

(5.8) (N> pN T < e N

n
whenever N > nc,. Since, for n sufficiently large,

N—n

1 —Prob(Ky 2 A,NyBL) < (Z)pN” +2 (:) (1 —exp(—(o+e)n))

whenever 0 < ¢ < A(y), by Proposition 3.2 and Theorem 4.11, and where ¢ =
31lnn/n, it suffices to prove the following Claim.

Claim 5.9. Let 8 € (0,1). There exists ¢g € (0,00) such that, for N > ncg, one
has that

5.9 o (V) (1 _emrm)Vm < gnN17
(5.9 )

for r = Bn~"tIn(N/n) —n=tn2.
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Proof of Claim 5.9. Since 1—x < e™® and (JZ) < (eN/n)™, it suffices to verify that
N\" -
(5.10) 2 (en) exp (—e ™ (N —n)) < e N

Setting x := N/n we need to check that r satisfies

r—1

5.11 mo_ ®-1l
(5.11) € 24 logx + 215

Observe that
x—1 3

5.12 _—— ~
(5.12) 2+ logx + 21— o

as © — oo (~ meaning that the ratio of the two sides tends to one as x — ©0), 80
that

rz—1 3

5.13 P ——
(5.13) 24logz+al P 2"

when = > cg for an appropriate cg € (0,00). This shows that (5.11) is satisfied for
N In2
(5.14) r= ﬁm(> _ e

when N > ncg.

The proof of Theorem 5.8 is now complete.

6 Surface area of A,

In this Section we prove the following Proposition:

Proposition 6.1. There exists R > 0 with the following property: for any v €
I°nJe, and all r < ¢(v)/R and n = 4, one has that

(6.1) |0(A,) NYBL| = [e(y)rn) "1/ |57
where ¢(y) € (0,00) is a constant depending only on v (and w).

For the proof we first estimate the product curvature k() of the surface A(Z) =
r at a point ¥ € yBL.

Lemma 6.2. Let 0 < r < r*, and for T € 0(A,) let k(Z) denote the product
curvature of the surface O(A,) at Z. Then, for every vy € I°, there exists a constant
c1(y) € (0,00) (depending only on v and ) such that

(6.2) K(Z) < [e1(y) r]~ (/2

for all € O(A,) NyBL.
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Proof. Let v(Z) = VA(Z)/ |VA(Z)||, be the outward unit normal vector of A, at
Z. Following [17, Section 2.5], we write Tz, for the tangent space of A, at &, and
consider the Weingarten map Wz: TzA, — TzA,. This is the restriction to TzA,
of the differential Dz of the map & +— v(&). Then Wz is symmetric and positive
definite, therefore

n—1
(6.3) k() = det Wy < (W)

by the arithmetic-geometric means inequality. Let (aij);f j=1 denote the matrix of
Dz with respect to the standard basis of R™. It is easily checked that v(Z) is an
eigenvector of the adjoint of Dz, with corresponding eigenvalue 0; it follows from
this and the fact that the eigenvalues of W3 are also eigenvalues of Dz and none of
them is zero, that trace(Wz) = trace(Dz). A simple calculation also shows that

_ N (InVA@) 3~ N (@)]?) b ) (] Ty - [a()]?)

(64) (0777 - = -~
InVA@)]l3 E
Set
(6.5) R*(y):= sup A'(x).
z€[=v,7]

It then follows from (6.4) that, if Z € 9(A,) NyBZ, then

trace(Wz)  trace(Dgz) _ zn: h/(xi)(H FH; - [h(ﬂfz)P)

n—1 n-1 i—1 (n=1) ] 7l
02
nllt|, -S>, 2
(=D £,
_ )
11l
and (6.3) shows that
(6.6) wl@ < 71, e

Since also A(z;) < cg(7y)t?, by Proposition 2.13 (iv), we finally conclude (6.2) with
c1(y) = [es(y) " (7)°] -

Notation 6.3. For r > 0 set
(6.7) M, ={ie st \/nfrieBL}.

We shall need the following Lemma, which generalizes Lemmata 6.2 and 6.3 of [2].
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Lemma 6.4. (i) Let @ = (u1,...,u,) € S™7Y, set u} = t*uiHEH;ol,

1...,n, with the convention 0 - oo = 0 when t* = oo and u; = 0, and
assume that

7; =

(6.8) 0<r< %ZA(W(U?))-

Then there exists a unique point T(u,r) € O(A,) such that

(6.9) VAE(ud,r)) = o(d,r)d (a(d@,7) > 0)

s a positive multiple of .

(i) Given v € I° N J°, there exists a constant ca(y) € (0,00) (depending only
on vy and p) such that (u,r) is well defined and in the interior of yBL
whenever 0 < r < ca(y)/R and @ € Mg (where R > 0 is arbitrary).

Proof. Fix @ = (u,... ,u,) € S*~'. For s € (0, [|@]|)), set

(6.10) (i, 8) == (' (su1), ..., ¢ (sup)) .

Since N = h and h = (')~ (recall Proposition 2.12 and Definition 2.9), we have
that

(6.11) VA(y(d,s)) =
Since the function

(6.12) s A(y(d, 5)) =

is continuous on the interval (0,¢* ||@]|.), takes on the value 0 at s = 0, and has
limit n=t 327, MA@ (u)) as s — ¢* |||, for each r satisfying (6.8), there exists a
value s(r) of s for which A(y(w, s(r))) = r; for such r we define Z(@, r) := g(d, s(r)).
Notice that

(6.13) L (@, ) =

ds Z N (@' (suq)) ¥" (su;) ui > 0,
i=1

3=

and hence the function defined by (6.12) is strictly increasing; thus s(r) is unique.
Notice further that the monotonicity of the function in (6.12) also implies that the
constant a(i, r) in (6.9), which by (6.11) is s(r)/n, is strictly increasing in r. This
proves assertion (i)

For the proof of assertion (ii) fix R > 0, & € Mg, and let v > 0 belong to
I°nJe. Define & = (x1,... ,@,) by z; := ¢/ (yy/n/Ru;), i =1,... ,n; notice that,
by our assumptions that v € J° and @ € Mg, z; is well defined for each i. Let also
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5 = c5(7) be as in Proposition 2.13 (iv) with a = ¢’ (). Then A(z;) > c5v?(n/R)u?
for each ¢ and therefore

2
_. C57Y

6.14 A(T) > .

(6.14) @®>

Next let A denote the function defined by (6.12). Then A(Z) = /i(’y n/R) and
therefore, if r < c57?/R < /I('y n/R), then Z(i,r) is well defined because s(r) is
well defined. Furthermore, s(r) < v4/n/R, and hence the i-th coordinate x;(,r)
of Z(,r) satisfies

- n
(6.15) (i, )| = () sl < 7 il <.

In fact this inequality is strict unless uw; = 0, which shows that Z(u,r) belongs to
the interior of yBZ.. O

Lemma 6.5. There exists R > 0 such that
(6.16) |Mp| > e~ ("=D/2|gn~|
for alln > 4.

Write «,, for the standard Gaussian measure on R™ and o,, for the rotation-
invariant Borel probability measure on S”~!. For the proof of Lemma 6.5 we shall
use the following fact:

Fact 6.6. If K is a symmetric convex body in R™, then
(6.17) 10,(8" PN IK) <y (VRK) < 0, (S" P NeK) + e /2,

Proof of Fact 6.6. A proof appears in [12]. We sketch the proof of the right hand
side inequality (which is the one we need). Observe that

(6.18) VK C (\/WB;) U 0(\/71/75”*1 N \/HK>

where, for A C y/n/e2S"! we write C(A) for the positive cone generated by A.
It follows that

(619)  (VAK) <3 (V0B ) +o(Vnf@s T nVaK)),

where o denotes the rotation-invariant probability measure on /n/e2S" 1. Now
(6.20) a(WS”—l N \/HK) =0,(S" ' NeK),

and a direct computation shows that

(6.21) Yo (rV/nBy) < (ry/e)"e " /2
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for all 0 < r < 1. It follows that

(6.22) ’Vn(\/TL/?BQ) exp(—n/2).

(6.19), (6.20) and (6.22) together show the right hand side inequality in (6.17).

Proof of Lemma 6.5. Observe that

(6.23) M, =S""1ne (\/r/(BQn) O) .
Hence, by the previous Fact,
| M, |

[ = on(M;)
P ’yn((\/?/e) C) — e /2
= D(\/;“/e)n —e 2,
where
(6.24) D(r) = &(r) — B(—r) = \/% /j 67u2/2du.

Observe that (\/EJr 1) /2 < e="/* for n > 4. Choose R > 0 so that
(6.25) D(\/E/e) > e /4,

this is possible, since lim,_, 1o, D(r) = 1. Then,

(6.26) D(VR/e)" > (Ve+1)e™

for n > 4, which completes the proof.

We are now ready to finish the proof of Proposition 6.1.

O

Proof of Proposition 6.1. Let R be as in Lemma 6.5. For v € I° N J°, let ¢1(v)

and co(y) be as in Lemma 6.2 and Lemma 6.4, respectively. Let also r > 0 satisfy

r < ca(y)/R. Writing & for Z(@, r) and expressing surface area in terms of product

curvature (cf. [17, Theorem 4.2.4]), we can write

1
K(T)

di > e—(n—l)/Z[cl(,y) rn](n—l)/Q

621 oA naBLl > [

and the result follows.
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7 Facets of Ky

In this Section we prove Theorem 1.8. For a polytope P in R™ with non-empty inte-
rior, we shall write f,,_1(P) for the number of its facets, i.e., its (n — 1)-dimensional
faces. We then have the following:

Theorem 7.1. There exist two positive constants a and b such that, for all suffi-
ciently large n, and all N satisfying n® < N < exp(bn), one has that

alnn

(7.1) EmHuwn>(mN)Ma

For the proof of Theorem 7.1 we shall need the following auxiliary geometric
lemma.

Lemma 7.2. Let v > 0 be in I° and assume that r,e > 0 satisfy r+e <r*. If H
is a half-space whose interior is disjoint from A, NyBlL, then

0(Ars0) B, (1 H] < [ely) en] D72 |77
where ¢(y) is a constant depending only on v (and w).

Proof. Let H be a closed half-space whose interior is disjoint from A, NyBZ. We
may without loss assume that 0H is a supporting hyperplane for A, N yBZ and
then we may write

H={yeR": (4,§j—-17) >0}

for some @ # 0 and & € &(A, NyBL). In fact we may assume that Z € 9(A,),
whence A(Z) = r.

By symmetry we may assume that 0 < z7 < ... < xp,. If 2; <y for all ¢ then
we may take @ = VA(Z). fO0< x < ... <2 <y =Tgy1 = ... = Ty, U must
belong to the normal cone to A, NyBZL at ¥; we then may assume (see the proof
of Theorem 4.11) that

w = N(x;) for 1 <i<k and wu; = MN(z;) for k <j<n.

Let ¥ € HNyBXL; then, as y; — x; < 0 for k < i < n, we have that
(7.2) S ON(@) (i — i) =Y iy — ) > 0.
i=1 i=1

Suppose now that § € A,y N yB% N H. By Taylor’s theorem, there exist
Ci € zi ANyiyzi Vyi] (@ Ab:=min{a,b}, aVb:=max{a,b}) such that
Ai) = M) + N (@) (i — 25) + 3N (6) (s — 24)?
= Na;) + b)) (yi — 2) + 21/ (G) (yi — 24)?
(yi - xz‘)Z
1

= Mai) + h(zi) (yi — =) + %m
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Since Z,y € yBL, we must have that |(;] < 7, and then ¥ (h(¢;)) < c2, where
¢a = ca(7y) is the constant in Proposition 2.13 (i) corresponding to a = «. Thus

(yi — xi)z.

AMyi) 2 M) + h(zi)(yi — i) + 50,

It follows that

A@) > AE)+ (TA@), T + 50— > (s - 20

17 713
_ VAR .7 — 3 2
P (VA@) T -3 +

" 2
17— 2l

>r+
2con

)

the last inequality by (7.2). On the other hand, since § € A,1., we also have that
A(y) <7+,
implying that
17—, < Vacame.

This shows that A, . NyBJ N H is contained in a ball of radius v/2cane around &,
and, by convexity, its surface area is at most (2cone)(™=1)/2 |5t ’ O

Proof of Theorem 7.1. Fix v € (0,7,]. Let c1(7y) be the constant from Proposition
6.1 that corresponds to this 7, and set b := min {c;(y), A(y)/R}.

Given N with n8 < N < e, recall the notation p = (In N)/n. From Theorem
5.2, and with €, = 61nn/n, we have that

(73) Ky D Ap_g n ")/Bgo

holds with probability at least 1 — 27"*1, for all sufficiently large n, and from
Theorem 5.5 we also have that

(7.4) (0(4,) NYBL) \ Kn| = 510(4,) NvBL|

with probability 1— o0, (1). Thus the event, F,, say, where both (7.3) and (7.4) hold
has probability at least % when n is sufficiently large.

Now apply Lemma 7.2 with r = p —¢,, and € = ¢,,: if F' is a facet of Ky and
Hp is the corresponding half-space which has interior disjoint from K, then

(7.5) 9(4,) NV YBLL 1 Hp| < [ea()enn] /2 571,
It follows that
Fa1(Kn) [ea(0)enn) =172 15771 = > " |0(4,) N yBL N Hp|
F

> [(9(4,) NyBL) \ K|
(7.6) > 110(A,) NyBL|
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on E,. Since p < b= ¢1(y)/R, Proposition 6.1 gives that

(7.7) 0(A,) NyBL| = [er(v) pn] "~ D/2 |77
and (7.6) and (7.7) yield the inequality

(7.8) Fa1(Kn) [ea()enn] D72 = Jer (y) pn] =172

on E,, for sufficiently large n. Since pn = In N and €,n = 61nn, this shows that

/2
c(y)In N\"
7.9 n-1(En) 2 | ———
(7.9) frn—1(Kn) ( nn
with probability greater than %7 for all sufficiently large n. O

Call a polytope P in R™ a £1-polytope if its vertices are a subset of the vertices
of the cube BZ,. Using Theorem 7.1 for the special case where the distribution pu
is the distribution p({—1}) = u({1}) = 3, we recover the result from [9] that there
exist +1-polytopes with as many as (en/In n)"/ 2 facets, where ¢ > 0 is a universal
constant.

8 Threshold for the volume

In this final Section, which is only descriptive, we restrict ourselves to the case
where 4 is compactly supported; that is we assume that z* < oo (recall (1.4)).
Notice that (1.2) is then automatically satisfied. Furthermore, we cease to assume
the normalization (1.3a) for x4 (but assume that (1.6) holds).

In [7], and for a large class of distributions p, we establish the following thresh-
old for the expected volume of K using the “large deviations approach”: for every
e >0,

(8.1) nlgr;o sup{(2z*)""E(|Kn|): N <exp((k —e)n)} =0
and
(8.2) nler;o inf{(22*)""E(|Kn|): N > exp((k +&)n)} = 1.

In [4], Dyer, Fiiredi and McDiarmid studied the following two cases:

[DFM 1] If pu({1}) = p({—1}) = 3 then ¢(t) = In(cosht). Then, A: (-1,1) > R
is given by

Mz)=31(142)In(1+2)+ 3(1 —2)In(1l — ),

and (8.1)—(8.2) hold with x =In2 — £. This is the case of +1-polytopes.
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[DFM 2] If p is the uniform distribution on [—1, 1], then v (¢) = In(sinh¢/t), and

(8.1)—(8.2) hold with
> 1 1\’
K :/ ( — > du.
0 u et —1

Our result in [7] reads precisely as follows:

Theorem 8.1. Let p be an even, compactly supported, Borel probability measure
on the real line and assume that 0 < k(p) < co. Then (8.1) holds for every e > 0.
Furthermore, (8.2) holds for every e > 0, whenever the distribution p satisfies

(8.3) lim —nP(X > ) -1
et )\(.’L‘)

In [7] we provide an example which shows that (8.3) does not hold for every
distribution p. It can be verified for a large class of compactly supported dis-
tributions, however. We first recall the following definition (cf. [6, p. 276]). A
measurable function L: (0,00) — (0,00) is slowly varying at zero if, for any a > 0,
L(az)/L(x) — 1 as « | 0. Let us also agree that, for functions f,g: J — (0, 00),
where J is an interval in R, and ug € J, f(u) ~ g(u) as u — ug shall mean that
limy, sy, f(u)/g(u) = 1. Finally, recall that, by writing f(u) ~ g(u) as u — ug, we
mean that there exist a neighborhood U of ug, and constants ¢; > 0 and ¢ < o0,
such that c1g(u) < f(u) < cag(u) for uw € U. Theorem 8.1 is then complemented
by the following result:

Theorem 8.2. Condition (8.3) is satisfied in the following cases:
(i) When P(X =2*)> 0.

(it) When P(X 2 x) ~ (z* — 2)*L(z* — x) as x T z*, with a > 0 and L slowly
varying at zero.

(i) When —InP(X > z) ~b(z* —2)~* as x | «*, with a,b > 0.

Notice that, in the presence of (8.3),

z*

K(p) < 00 <= —InP(X > z)dx < cc.

—x*

This gives a criterion for the existence of a threshold for the volume, directly in
terms of the distribution function of pu.

Notice that case (i) is subsumed by (ii) in Theorem 8.2 (take a = 0 and L(x) =
P(X > a* —z) for all z > 0). Note also that [DFM 1] is covered by Theorem
8.2 (i), while [DFM 2] is covered by (ii) (take a = 1 and L(z) = 3 for all = > 0).
It is perhaps also worth mentioning that case (ii) also covers, for example, the
case where P(X > a* — ) behaves like the Cantor function near the origin; in
this case a = logg 2, L = 1. Finally, we note that case (iii) covers the case where
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P(X > x* — x) behaves like the distribution function of a positive stable random
variable with index « in (0,1), near the origin.

Final Remark. After this work was completed, R. Latala [13] showed us an argument
which establishes the following sharp version of Theorem 1.4: if v > 0 is sufficiently
small, and if n > ng(7), then

q() > exp(—rn — 3 1In(rn) — (7))

for every & € A, NyBZ and r in the range 0 < r < A(7). In view of Theorem 1.3,
this shows that ¢(Z) is “constant” on 9(A,) N yBL.
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