COMPLEX INTERSECTION BODIES
A. KOLDOBSKY, G. PAOURIS, AND M. ZYMONOPOULOU

ABSTRACT. We introduce complex intersection bodies and show
that their properties and applications are similar to those of their
real counterparts. In particular, we generalize Busemann’s the-
orem to the complex case by proving that complex intersection
bodies of symmetric complex convex bodies are also convex. Other
results include stability in the complex Busemann-Petty problem
for arbitrary measures and the corresponding hyperplane inequal-
ity for measures of complex intersection bodies.

1. INTRODUCTION

The concept of an intersection body was introduced by Lutwak [37],
as part of his dual Brunn-Minkowski theory. In particular, these bodies
played an important role in the solution of the Busemann-Petty prob-
lem. Many results on intersection bodies have appeared in recent years
(see [10, 22, 34] and references there), but almost all of them apply to
the real case. The goal of this paper is to extend the concept of an
intersection body to the complex case.

Let K and L be origin symmetric star bodies in R". Following [37],
we say that K is the intersection body of L if the radius of K in every
direction is equal to the volume of the central hyperplane section of L
perpendicular to this direction, i.e. for every & € S"~1,

lllz" = 1L e, (1)

where ||z||x = min{a >0: z € aK}, ¢ ={z e R": (z,£) =0}, and
| - | stands for volume. By a theorem of Busemann [8] the intersection
body of an origin symmetric convex body is also convex. However,
intersection bodies of convex bodies form just a small part of the class of
intersection bodies. In particular, by results of Hensley [20] and Borell
4], intersection bodies of symmetric convex bodies are isomorphic to
an ellipsoid, i.e. dpy(I(K), BY) < ¢ where dg); is the Banach-Mazur

distance and ¢ > 0 is a universal constant.
1
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The right-hand side of (1) can be written using the polar formula for
volume:

1 1
-1 _ 0 —n+1d6): L ||=nt1
felid = =5 [, el R ) €),

where the operator R : C(S"™') — C(S™!) is the spherical Radon
transform defined by

RIO= [ Hr

This means that a star body K is the intersection body of a star body
if and only if the function || - || is the spherical Radon transform of a
continuous positive function on S"71.

A more general class of bodies was introduced in [18]. A star body K
in R™ is called an intersection body if there exists a finite Borel measure
p on the sphere S"~! so that || - ||z = Rp as functionals on C(S™ 1),
i.e. for every continuous function f on S™"!,

[ bl a=@en= [ R am o

Snfl

We introduce complex intersection bodies along the same lines. In
Section 2 we define complex intersection bodies of complex star bodies,
and in Section 7 we study complex intersection bodies of convex bodies.
While the complex version of Busemann’s theorem requires a serious
effort, the extension of the Hensley-Borell theorem to the complex case
follows from a result of Ball [2]. In Section 3 we prove that the complex
spherical Radon transform and the Fourier transform of distributions
coincide (up to a constant) on a class of (—2n + 2)-homogeneous func-
tions on R?" with symmetries determined by the complex structure. A
similar result in the real case was crucial for the study of real intersec-
tion bodies. We use this result in Section 4, where we define complex
intersection bodies and prove a Fourier characterization of intersection
bodies: an origin symmetric complex star body K in R?*" is a complex
intersection body if and only if the function || - || represents a positive
definite distribution. We use this characterization in Section 5 to show
that the class of complex intersection bodies coincides with the class
of real 2-intersection bodies in R?" and, at the same time, with the
class of generalized 2-intersection bodies, provided that bodies from
the real classes possess symmetries determined by the complex struc-
ture of R?". The latter allows to extend to the complex case a result of
Goodey and Weil [19] by showing that all symmetric complex intersec-
tion bodies can be obtained as limits in the radial metric of complex
radial sums of ellipsoids. Finally, Section 6 deals with stability in the
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complex Busemann-Petty problem for arbitrary measures and related
hyperplane inequalities.

2. COMPLEX INTERSECTION BODIES OF STAR BODIES

The theory of real convex bodies goes back to ancient times and
continues to be a very active field now. The situation with complex
convex bodies is different, as no systematic studies of these bodies have
been carried out, and results appear only occasionally; see for example
31, 35, 1, 42, 49, 50].

origin symmetric convex bodies in C" are the unit balls of norms on
C". We denote by || - ||k the norm corresponding to the body K :

K={zeC": |z|x <1}.
In order to define volume, we identify C* with R?" using the standard
mapping
5 = (517 ceey gn) = (511 + Z£127 sy gnl + Z£n2> = (5117 5127 ceey 5%17 §n2)

Since norms on C” satisfy the equality
IXz]| = |M]lz]l, VzeC", VAeC,

origin symmetric complex convex bodies correspond to those origin
symmetric convex bodies K in R?" that are invariant with respect to
any coordinate-wise two-dimensional rotation, namely for each 6 €

{O, 27'('] and each 5 = (511,612, -'-7£n17£n2) S RQTL
1€l = [ Ro(&11, &12), -, Ro(En, Ena) (3)

where Ry stands for the counterclockwise rotation of R? by the angle
0 with respect to the origin. We shall say that K is a complex convex
body in R?™ if K is a convex body and satisfies equations (3).

A compact set K in R” is called a star body if the origin is an interior
point of K, every straight line passing through the origin crosses the
boundary of K at exactly two points and the Minkowski functional of

K defined by
|z||x = min{a > 0: z € aK}, Vr € R"
is a continuous function on R™. The radial function of K is given by
pr(z) =max{a >0: ar € K}.

If z € S"!, then pg(z) is the radius of K in the direction of z. Note
that for any unit vector &, pr(€) = [|€]|%". The radial metric in the
class of star bodies is defined by

p(K,L) = ax, P (&) — prL(§)]-
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If the Minkowski functional of a star body K in R?" is Rs-invariant
(i.e. satisfies equations (3)), we say that K is a complex star body in
R2".

For ¢ € C™, €| = 1, denote by

n

He={z€C": (2,6 =) z& =0}
k=1
the complex hyperplane through the origin, perpendicular to £&. Under
the standard mapping from C™ to R*" the hyperplane H¢ turns into a
(2n — 2)-dimensional subspace of R?" orthogonal to the vectors

§= (5117512, ---7£n1;€n2) and §L = (—5127511, ey —§n2,§n1)-

The orthogonal two-dimensional subspace Hg has orthonormal basis
{&,&+}. A star (convex) body K in R®™ is a complex star (convex)
body if and only if, for every & € S?"7! the section K N Hj is a
two-dimensional Euclidean circle with radius px (&) = [|€]| 5"

We introduce complex intersection bodies of complex star bodies us-
ing a definition under which these bodies play the same role in complex
convexity, as their real counterparts in the real case. We use the nota-
tion | K| for the volume of K; the dimension where we consider volume
is clear in every particular case.

Definition 1. Let K, L be origin symmetric complex star bodies in
R?". We say that K is the complex intersection body of L and write
K = I.(L) if for every £ € R*™

|K N Hg | =|LNHy. (4)

Since K N Hj is the two-dimensional Euclidean circle with radius
€1l ", (4) can be written as

rlel;2,, = L Hel. (5)

All the bodies K that appear as complex intersection bodies of different
complex star bodies form the class of complex intersection bodies of star
bodies. In Section 4, we will introduce a more general class of complex
intersection bodies.

3. THE RADON AND FOURIER TRANSFORMS OF FRg-INVARIANT
FUNCTIONS

Denote by C.(S5?"!) the space of Rg-invariant continuous functions,
i.e. continuous real-valued functions f on the unit sphere S?*~! in R?"
satisfying f(£) = f(Rg(€)) for all £ € S**~1 and all § € [0,27]. The
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complex spherical Radon transform is an operator R, : C.(S*"71) —
C.(S*"~1) defined by

RSO~ [ flayie

Writing volume in polar coordinates, we get that for every complex
star body L in R?" and every & € S?71,

1 1

T 2n+2dl_ — R 242 é‘ ’
5 fo o 1ol e (1) 0

LNH =
| ¢l 5

so the condition (5) reads as

1 —2n42
- - n 7
€l = g =gy e (1 12 @) @
This means that a complex star body K is a complex intersection body
of a star body if and only if the function || - ||z* is the complex spher-

ical Radon transform of a continuous positive Ry-invariant function
on S?"~1. We use this observation in Section 4, where we introduce a
more general class of complex intersection bodies (not depending on
the underlying star body), like it was done in the real case in [18]. But
before that we need several facts connecting the Radon transform to
the Fourier transform in the complex setting.

We use the techniques of the Fourier transform of distributions; see
[14] for details. As usual, we denote by S(R") the Schwartz space of
rapidly decreasing infinitely differentiable functions (test functions) in
R”, and &' (R") is the space of distributions over S(R™).

Suppose that f is a locally integrable complex-valued function on R"”
with power growth at infinity, i.e. there exists a number 3 > 0 so that

f ()

oha—co [2[3

=0,

where | - |5 stands for the Euclidean norm on R™. Then f represents a
distribution acting by integration: for every ¢ € S,

(f.0) = | [flx)o(x) dx

R

The Fourier transform of a distribution f is defined by (f, ¢) = (f, ¢)
for every test function ¢. If ¢ is an even test function, then (qg)/\ =
(2m)"¢, so the Fourier transform is self-invertible (up to a constant)
for even distributions.

A distribution f is called even homogeneous of degree p € R if

(f(@), d(x/a)) = |a["P(f,¢)
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for every test function ¢ and every a € R, o # 0. The Fourier transform
of an even homogeneous distribution of degree p is an even homoge-
neous distribution of degree —n — p.

We say that a distribution is positive definite if its Fourier transform
is a positive distribution in the sense that ( f ,¢) > 0 for every non-
negative test function ¢. Schwartz’s generalization of Bochner’s theo-
rem (see, for example, [15, p.152]) states that a distribution is positive
definite if and only if it is the Fourier transform of a tempered measure
on R™. Recall that a (non-negative, not necessarily finite) measure
is called tempered if

[ e duta) < o0

for some 3 > 0.

Our definition of a star body K assumes that the origin is an interior
point of K. If 0 < p < n, then || - ||z” is a locally integrable function
on R™ and represents an even homogeneous of degree —p distribution.
If || - || represents a positive definite distribution for some p € (0,n),
then its Fourier transform is a tempered measure which is at the same
time a homogeneous distribution of degree —n + p. One can express
such a measure in polar coordinates, as follows.

Proposition 1. ([22, Corollary 2.26]) Let K be an origin symmetric
convex body in R™ and p € (0,n). The function || - || represents a
positive definite distribution on R™ if and only if there exists a finite
Borel measure j on S*! so that for every even test function ¢,

[ eliow as= [ ([T etdaoar) auo,

For any even continuous function f on the sphere S"~! and any non-
zero number p € R, we denote by f - rP the extension of f to an even
homogeneous function of degree p on R™ defined as follows. If x € R",
then x = rf, where r = |z|y and 0 = z/|z|y. We put

forv@) = £(0)r

It was proved in [22, Lemma 3.16] that, for any p € (—n,0) and in-
finitely smooth function f on S™~!, the Fourier transform of f -r~? is
equal to another infinitely smooth function h on S" ! extended to an
even homogeneous of degree —n + p function h - r~"*? on the whole of
R™. The following Parseval formula on the sphere was proved in [22,
Corollary 3.22].
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Proposition 2. Let f, g be even infinitely smooth functions on S™ 1,
and p € (0,n). Then

[ G @g o) = @ [ 1)) .
Sn—1 gn—1 (8)

We need a simple observation that will, however, provide the basis
for applications of the Fourier transform to complex bodies.

Lemma 1. Suppose that f € C.(S*') is an even infinitely smooth
function. Then for every 0 < p < 2n and & € S*! the Fourier

transform of the distribution f -r~P is a constant function on S*~1 N
HE.
£

Proof : By [22, Lemma 3.16], the Fourier transform of f-r~" is a con-
tinuous function outside of the origin in R?". The function f is invariant
with respect to all Ry, so by the connection between the Fourier trans-
form of distributions and linear transformations, the Fourier transform
of f-r7P is also invariant with respect to all Ry. Recall that the two-
dimensional space H, g is spanned by vectors £ and &+ (see the Intro-
duction). Every vector in S?*"~' N H 5L is the image of £ under one of
the coordinate-wise rotations Ry, so the Fourier transform of f-r77 is
a constant function on S** ' N H ,EL

O

The following connection between the Fourier and Radon transforms
is well-known; see for example [22, Lemma 3.24].

Proposition 3. Let 1 < k < n, and let ¢ € S(R™) be an even test
function. Then for any (n — k)-dimensional subspace H of R"

/H o(x)dz — ﬁ /H bl

We also use the spherical version of Proposition 3; see [22, Lemma
3.25].

Proposition 4. Let ¢ be an even infinitely smooth function on S™ 1,
let 0 < k <mn, and let H be an arbitrary (n — k)-dimensional subspace

of R™. Then
1 A
0)db = TR (9)de.
/Sn—lmH ¢( ) (27T)k /Sn—lmHi (¢ " ) ( )

Let us translate the latter fact to the complex situation.
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Lemma 2. Let ¢ € C.(S*71) be an even infinitely smooth function.
Then for every & € S*—!

Reb(€) = 5 (67747 (©)

Proof : By Proposition 4,

Re(€) = / o(60)d0 = # /S (o) @)

SQ"*10H5
and, by Lemma 1, the function under the integral in the right-hand side
is constant on S~ 'N H ? The value of this constant is the function

value at & € "' N H{. Also, recall that S*"~!' N H{ is the two-
dimensional Euclidean unit circle, so

/ (62 2) " (0)do = 27 (- r2"2)" (€).
Sn—1nHg
t

Lemma 3. The complex spherical Radon transform is self-dual, i.e.
for any even functions f,g € C.(S?"71),

Ref(€)g(£)dE = f(0)Reg(0)db.

SQn— 1 SQn— 1

Proof : By approximation, it is enough to consider the case where
f, g are infinitely smooth. For some infinitely smooth even function
h e C.(S* 1), we have g - r~2"*2 = (h-r=2)" | then (g-r 2"+?)" =
(2m)?"h - r~2. By Lemma 2 and the spherical Parseval formula (8),

R0 = 5= [ (77 (@60

_ (2;2 " /52n_1 (f- T—2n+2)/\ (©)(h - r2)N(€)de

76) (g7 2) @8 = [ FORg(O)0

S2n—1

S2n—1

1

N 2 §2n—1

O

We now prove Lemma 2 without smoothness assumption. This result

is a complex version of [22, Lemma 3.7]. We say that a distribution f on

R?" is Rg-invariant if (f, ¢(Re(-))) = (f, @) for every test function ¢ €

S(R?") and every 6 € [0, 2n]. If f and g are Ry-invariant distributions,

and (f, @) = (g, ¢) for any test function ¢ that is invariant with respect

to all Ry, then f = g. This follows from the observation that the value

of an Ry-invariant distribution on a test function ¢ does not change if
¢ is replaced by the function 5- OQW d(Rg(+))do.
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Lemma 4. Let f € C.(S*1) be an even function. Then the Fourier
transform of f-r=2"*2 is a continuous function on the sphere extended
to a homogeneous function of degree -2 on the whole R**. Moreover,
on the sphere this function is equal (up to a constant) to the complex
spherical Radon transform of f: for any & € S*~1,

Ref(€) = o (7 7) (&)

Proof : Let ¢ € S(R?") be any even Ry-invariant test function. Then

¢ is also an even Ry-invariant test function. By Lemma 1, for any
g c Sanl

| iz = /H ([ rotonar) as =2 [ o

£

By Proposition 3 and Lemma 3,

(P72 o) = [l 2ol da

— [ r@([ réroa)d= [ s ([ o] a
§2n-1 0 2m Jgen-a 1
_or /5 NG ( 3 as(x)dx) ¢
=27 /Szn_1 f(& ([g2n_1mH£ (/OOO T2”3¢(7’9)dr> dH) d¢

— o /S O R ( /0 h r2”3¢(7")d7”) (€)d¢

= o /S - ( /O h r2”3¢(r6)dr) R.f(0)do

—2r [ ol Ref o/ fel)o(a)da,
RQn
We get that for every even Ry-invariant test function ¢,
(- r722)" 6) = 2m (|l Ref (a/ 2l2), ),

so even Rg-invariant distributions (f - 7~2"*2)" and 2 |z|; *Ref (z/|z2)
are equal.

O
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Lemma 4 implies the following Fourier transform formula for the
volume of sections of star bodies. Note that the real version of this
formula was proved in [23], and that the complex formula below was
proved in [31] for infinitely smooth bodies by a different method; here
we remove the smoothness condition.

Theorem 1. Let K be an origin symmetric complex star body in R®*™, n >
2. For every £ € S, we have

—2n+2
K0 H = s () ©)

Proof: By (6) and Lemma 4 applied to the function f(0) = 110]|:2",

Re (I 152+%) (6) = i (I212")" (€).

O

We use Theorem 1 to prove the complex version of the Minkowski-
Funk theorem saying that an origin symmetric star body is uniquely
determined by volume of its central hyperplane sections; see [22, Corol-
lary 3.9].

Corollary 1. If K, L are origin symmetric complex star bodies in R*",
and their intersection bodies 1.(K) and I.(L) coincide, then K = L.

1
KN He| =

Proof : The equality of intersection bodies means that, for every
¢ € 5?1 |KNH¢| = |LN He|. By Theorem 1, homogeneous of degree
-2 continuous on R?" \ {0} functions (|| -5 2””) and (]| - HL2"+2)
coincide on the sphere S?"~!, so they are also equal as distributions on
the whole of R?". The result follows from the uniqueness theorem for
the Fourier transform of distributions.
O

4. COMPLEX INTERSECTION BODIES

We are going to define the class of complex intersection bodies by
extending the equality (7) to measures, as it was done in the real case
n [18]. We say that a finite Borel measure p on S**~! is Ry-invariant
if for any continuous function f on S**~! and any 6 € [0, 27],

/S . f(z)dp(z) = /S . f(Rox)dp(z).

The complex spherical Radon transform of an Rp-invariant measure p
is defined as a functional R.u on the space C.(S**~1) acting by

(Rc,ua f) = Rcf(x)d:u(x)

S2n—1
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Definition 2. An origin symmetric complex star body K in R?" is
called a complex intersection body if there exists a finite Borel Ry-

invariant measure ji on S*~1 so that || - ||* and Reu are equal as
functionals on C.(S*"71), i.e. for any f € C,(S*71),

[ el o= [ Ref@)no)

S2n—1 S2n—1

Clearly, R.u is a finite Borel Ry-invariant measure on S?"~!. Also,
an easy consequence of self-duality of the complex spherical Radon
transform (see Lemma 3) is that if p has density f on S?"~!  then
the measure R.u has density R.f. The latter, in conjunction with (7),
immediately implies that every complex intersection body of a star
body is a complex intersection body in the sense of Definition 2.

Many results on real intersection bodies depend on the following
Fourier characterization (see [26, Theorem 1]): an origin symmetric
star body K in R™ is an intersection body if and only if the function
| - || represents a positive definite distribution. Complex intersection
bodies admit a similar characterization. To see the connection with
the Fourier transform, combine the definition of the intersection body
of a star body (4) with the result of Theorem 1: for every £ € S?"1,

_ 1 1 onaonA
€0 = —ILNHe| = 20— 1) (e lIZ**2)" (©)

Both sides of the latter equality are even homogeneous functions of
degree -2, so these functions are equal as distributions on the whole of
R?". Since the Fourier transform of even distributions is self-invertible
(up to a constant), we get

(27T)2n

() = Fo =

so the distribution || - [|.(r) is positive definite. Moreover, if the Fourier
transform of || - || % is an even strictly positive Ry-invariant function on
the sphere, then one can use the latter equality to construct a complex
star body L such that K = I.(L). This connection holds for arbitrary
complex intersection bodies, as shown in the following theorem.

I 1IZ*"*= >,

Theorem 2. An origin symmetric complex star body K in R*" is a
complex intersection body if and only if the function ||z||> represents
a positive definite distribution on R*".

Proof : Suppose that K is a complex intersection body with the
corresponding measure . To prove that || - ||* is a positive definite
distribution, it is enough to show that ((|| - [|z*)",¢) > 0 for every
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even Ry-invariant non-negative test function ¢. By Definition 2 and
Proposition 3,

(- 16) = [ lallote)ds

_ /S e < /0 h r2n—3g5(r9)dr) d
= [ re ([T rdtear ) @aute

- / ( é(m)dw) ap(€)
sn-1 \ JH,

Sy ( 5 ¢<x>dx> IGE

3

Now suppose that ||| is a positive definite distribution. By Propo-
sition 2, there exists a finite Borel measure x4 on S?"~! such that for
any even test function ¢

/R% || o(x) do = /S%l (/OOO té(tf)dt) dp(£). (10)

Recall that K is Ry-invariant, so we can assume that p is Rg-invariant
and the latter equality holds only for even Ry-invariant test functions
¢. For each such test function, we have by (9) that

/0 Tyt = = [ o).

27T HEL

Using this and Proposition 3 and then writing the interior integral in
polar coordinates, we get that the right-hand side of (10) is equal to

% - ( s é(:c)c@) du(§) =2 /S o ( " ¢(m)dw> du(€)

—or [ R ([T eteiar) © du

Writing the left-hand side of (10) in polar coordinates we get

—2 % o3
/Szn1 10| </0 r ¢(r¢9)dr) do

—o [ R ([T )@ ade

0
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for any even Rg-invariant test function ¢. Now let ¢(z) = u(r)v(d)
for every z € R?", where x = 70, r € [0,00), 6 € S* 1 u € S(R)
is a non-negative test function on R, and v is an arbitrary infinitely
differentiable Ry-invariant function on S?*~!. Then

/00 r*" 3¢ (rd)dr = v(0) /OO 23 (r)dr,
0 0

so the equality (11) turns into
[ ol =2 [ Rae) due)

SQn—l

Since infinitely smooth functions are dense in C.(S?"!), the latter
equality also holds for any function v € C.(S**~1), which means that
K is a complex intersection body.

O

5. CHARACTERIZATIONS OF COMPLEX INTERSECTION BODIES

Complex intersection bodies are related to two generalizations of the
concept of a real intersection body. These relations allow to apply to
the complex case many results established originally in the real case.

The concept of a k-intersection body was introduced in [24, 25]. For
an integer k, 1 < k < n and star bodies D, L in R", we say that D is
the k-intersection body of L if for every (n — k)-dimensional subspace
H of R™,

\DNH*| = |LNH|.
The class of k-intersection bodies was defined in [25] (see also [22,
Section 4.2]) as follows.

Definition 3. Let 1 < k < n. We say that an origin symmetric star
body D in R™ is a k-intersection body if there exists a finite Borel
measure i1 on S ! so that for every even test function ¢ in R™,

[ o as= [ ([T e due ar) a2

The class of k-intersection bodies is related to a certain generaliza-
tion of the Busemann-Petty problem in the same way as intersection
bodies are related to the original problem (see [22] for details; this
generalization offers a condition that allows to compare volumes of two
bodies in arbitrary dimensions). An equivalent and probably more geo-
metric way to define k-intersection bodies would be to say that these
bodies are limits in the radial metric of k-intersection bodies of star
bodies (see [38] or [41] for a proof of equivalence of this property to the
original definition from [25]).
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It was shown in [25] that an origin symmetric star body K in R”
is a k-intersection body if and only if the function || - || " represents a
positive definite distribution. By Theorem 2,

Corollary 2. An origin symmetric complex star body K in R?" is a
complez intersection body if and only if it is a 2-intersection body in
R?™ satisfying (3).

It was proved in [31, Theorem 3] that every origin symmetric complex
convex body K in R*" is a (2n —4)-, (2n—3)- and (2n — 2)-intersection
body in R?". It follows that

Corollary 3. Every origin symmetric complex convex body in RS and
R* is a complex intersection body.

This is no longer true in R**, n > 4 as shown in [31, Theorem 4].
The unit balls of complex /,-balls with ¢ > 2 are not k-intersection
bodies for any 1 < k < 2n — 4.

Zhang in [46] introduced another generalization of intersection bod-
ies. For 1 < k < n — 1, the (n — k)-dimensional spherical Radon
transform is an operator R, : C(S"™!) — C(G(n,n — k)) defined by

R x(f)(H) = /Snw f(@)dz, H e Glnn—k).

Here G(n,n — k) is the Grassmanian of (n — k)-dimensional subspaces
of R™. Denote the image of the operator R,,_; by X:

Rk (C(S"Y) = X C C(G(n,n —k)).

Let M7 (X) be the space of linear positive continuous functionals on
X, ie. for every v € M*(X) and non-negative function f € X, we
have v(f) > 0.

Definition 4. (Zhang [46]) An origin symmetric star body K in R™
15 called a generalized k-intersection body if there exists a functional
v € M*(X) so that for every f € C(S™1),

[ el f @i = v(Roih)

It is easy to see that every complex intersection body in R?*" is a
generalized 2-intersection body in R?". If K is a complex intersection
body, then there exists an even Rg-invariant measure g on S**~! such
that for every f € C(S%"1),

L el @ = [ Rernte

S2n—1
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_ / Ronof (H)dv(H),
G(2n,2n—2)

where v is a measure on G(2n,2n — 2) which is the image of p under
the mapping £ — H; from S?"! to G(2n,2n — 2). The measure v can
be considered as a positive continuous functional on X acting by

VRaf) = [ Reuf(H)i(H),
G(2n,2n—2)
which implies that K is a generalized 2-intersection body in R?".
On the other hand, it was shown in [25] (see also [22, Theorem 4.23])
that every generalized k-intersection body in R™ is a k-intersection
body. So we have shown the following

Proposition 5. An origin symmetric complex star body K in R*" is a
complex intersection body if and only if it is a generalized 2-intersection
body in R*" satisfying (3).

Let us point out that the latter result is surprising. Combined with
Corollary 2 implies that under the invariance assumption (3) the class
of 2-intersection bodies is exactly the class of generalized 2-intersection
bodies. Without the invariance assumption (3) this is no longer true
as it follows from an example of E. Milman [39].

Goodey and Weil in [19] proved that any intersection body is the
limit (in the radial metric topology) of finite radial sums of ellipsoids.
This result has been extended by Grinberg and Zhang [17] (see another
proof in [38]) to the case of generalized k-intersection bodies where the
radial sum is replaced by the k-radial sum. Now we are going to prove
a complex version of the result of Goodey and Weil. We do it by
adjusting to the complex case the proofs from [38] and [34, Theorem
3.10].

We define the complex radial sum K; +¢ K5 of two complex star
bodies K1, K5 as the complex star body that has radial function

2 _ 2 2
Priteky = Py T Pry-

The latter can be written as

I e =1 i + 11 Ml

Theorem 3. Let K be an origin symmetric complex star body in R?".
Then K is a complex intersection body if and only if || - || > is the limit
(in the metric of the space Co(S*"™1)) of finite sums ||| 5>+ -+ |||,
where Ey,...,E,, are complex ellipsoids in R*™ (i.e. those ellipsoids in
R?" that are complex convex bodies).
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In other words, an origin symmetric complex star body is an intersec-
tion body if and only if it is the limit (in the radial metric) of complex
radial sums of complex ellipsoids.

To prove this result we need a few lemmas. For fixed £ € S?" 1,
a>0,b>0,let F,,(&) be an ellipsoid in R*® with the norm

((%f)z ZQ(I’G)Q N |$|2 _ (ngz — (%fLV)% e R27.

21206 =

Clearly, E,;(€) is a complex ellipsoid. In fact, (z,€)? + (z,&4)? =
[(z,&).|?* is the modulus squared of the complex scalar product of z and
¢ considered as vectors from C™. The latter does not change when x
is multiplied by any complex number of modulus 1, which means that
the norm of E,;(§) is invariant with respect to all rotations Ry.

Using the formula for the Fourier transform of powers of the Eu-
clidean norm in R?" (see [14, p.192]), we get

(I22%)" (8) = C(n)l6]; "+,

where C(n) = 22" =37"T'(n—1). By the connection between linear trans-
formations and the Fourier transform,

_1I\A _ _1I\A oy —

(IT=I7")" (y) = [det | (=] 7")" ((T*)"y) (13)
one can easily compute the following:
Lemma 5. For all § € S~ 1,

Vo C0) o
(Ioll2,e)). ) = ez loll2 .

Proof : By (13) with T being the composition of a rotation and a
diagonal operator,

" C(n
(Inll2,0) " 6) = Clmatien2pa ez, o = S oy

O

Lemma 6. Let K be an origin symmetric complex star body, then the
function ||€]| % can be approzimated in the space C.(S*" 1) by functions

of the form

C
ol = s [ 101012300, (1)

as a — 0 and b is chosen appropriately.
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Proof : Using Parseval’s formula (8) and the previous Lemma we get

é;Zn

a2n74

—1 n
= azn_4/ H@HE2 & (=[5 " (6)db
S n—

. 1 2n+2 -2 _ 1 —2
= [ (1) 00500 = s [ el e
§

:% / | ((x,o ;(ac,e)g L (. >2b2— (x,eﬂ)‘ldx

For every fixed a, the latter integral goes to infinity when b — oo,
and it goes to zero when b — 0, so for every a > 0 there exists b = b(a)

such that Cn)
n mn
/S ||6’||E2 +2 dQ =1.

a2n—4 b(a),a

Note that, by rotation invariance, the value of b(a) does not depend on
the choice of &.
Now for every & € S*"~! we have

5 Cn n
lel - S [ IoIR2IolE d@'
a S2n—

C(n n
< on [ 0l = 1o ez e

b(a),a
~ C(n) /
@ Jg.ey2 40,6025

C(n) _ _
G / 2|92
a (0,6)2+(0,61)2<6

for every 6 € (0, 1).

Since K is a complex star body, the norm of K is constant on vectors
of the form ué +vé+ with u? +v? = 1. Vectors of this form are the only
solutions on the sphere of the equation (6,£)?+ (0, £4)? = 1. Using this
and the uniform continuity of ||z x> on the sphere $?*~!, for any given
€ > 0 we can find § € (0,1), close to 1, so that (#,£)? + (0,&4)?

implies (nggg —11012| < €/2. Therefore

C’(n)/
I = ’ 0~ ‘ 0 2"” d9

Cln) .
<3 [ / 10 ey ote de] <3
(0,€)2+(0,64)2=6

€12 = 1012161522 ¢ o

—2n+2 _
( (g)dQ =0+ L.

a),a




18 A. KOLDOBSKY, G. PAOURIS, AND M. ZYMONOPOULOU

Now fix 0 chosen above and estimate the integral I, as follows

C’(n)/ _ _
IL=——7 111" = 191"
@t Jeproeeas " *

—2n+42
1011, )40

b(a),a

C K C K
e o220 = SR
a n (9,5)2+(97£L)2<6 b(a),a a n
(0, + (0,65 1-(0,9%— (0,69 "
) + 5 df
(0,6)2+(0,6+)2<6 (b(a)) a

< a3(1 = 8) ™My (n, K)[ S,
where

Cu(n, K) = 2C(n) max [l
Now we can choose a so small that I, < ¢e/2. J

Lemma 7. If p is a finite measure on S**~1 and a,b > 0, then the
function

1O = [ 1012 )

can be approzimated in C.(S*"~1) by the sums of the form

m
> llellz?
i=1

where E1,...,E,, are complex ellipsoids.

Proof : Let 0 > 0 be a small number and choose a finite covering
of the sphere by spherical o-balls B, (n;) = {n € S 1 : |n—n| < o},
n € S* 1t i=1,...,m=m(5). Define

B,(&) = B,(&)

and

i—1
B,(&) = Bo(&)\|J B-(&), fori=2..m.
j=1

Let 1/pi = p(By(&)). Clearly, 1/py + -+ +1/pp = p(S*71).
Let p(Eq (), z) be the value of the radial function of the ellipsoid
E. (&) at the point z, that is
p(Ea,b(f)vx) - ||‘T||Ei,b(§)
Note that p(E.p(€),x) = p(Eqp(z), ), because both depend only on
the modulus of the complex scalar product of x and &, therefore

1P (Eap(€),2) — p*(Eap(0),2)] < Coplé — 0],
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with a constant C,; that depends only on a and b.
Then,

[ Pl = 3 S Fuste).

i=1 "

é(@@ﬂm&mw@wé%fwm@mwmﬂ

D NECHCEELRCRIETS

=1
<§Z/ - Cualé = GH(E) < Cup (5™,

Since o is arbitrarily small, the result follows after we define ellipsoids
1
= ;Pz(Ea,b(fi)Jf)- O

(3

Proof of Theorem 3. The “if” part immediately follows from The-
orem 2, since for any ellipsoid E the distribution || - ||z* is positive
definite, as the linear perturbation of the the same function for the
Euclidean ball.

To prove the converse, suppose that K is a complex intersection body
and p is the measure on S?"~! corresponding to K by the definition
of complex intersection body. By Lemma 6, ||£]|5* can be uniformly
approximated by the integrals of the form

C(n) .
27(1_4 0111611z, 658 (15)
a SQn
as a — 0.
By Lemma 5 and Lemma 4,
C (n)

a2n—4 Re(]| - ||E2n+§) (27T)2n—1|| . ||Ejb(§)’

and by the definition of complex intersection body, (15) is equal to

0 [ 1012, g ulo)

Now, by Lemma 7, [¢, HQHEib(g)dU(Q) can be uniformly approxi-

mated by sums of the form Y 7", [|€[|5!, where E; are complex ellip-
soids. U
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6. STABILITY IN THE BUSEMANN-PETTY PROBLEM AND
HYPERPLANE INEQUALITIES

Intersection bodies played an important role in the solution of the
Busemann-Petty problem posed in [9] in 1956. Suppose that K and L
are origin symmetric convex bodies in R" so that, for every £ € "1,

K NeH| < |Lnéh.

Does it follow that |K| < |L|? The problem was completely solved at
the end of 1990’s, and the answer is affirmative if n < 4 and negative
if n > 5. The solution appeared as the result of a sequence of papers
36, [3], [16], [7], [37), [40], [11], [12], [44], [45], [26], [30], [47], [13]
(see [10, Chapter 8] or [22, Chapter 5] for details). One of the main
ingredients of the solution was a connection between intersection bodies
and the Busemann-Petty problem established by Lutwak [37]: if K is
an intersection body then the answer to the Busemann-Petty problem is
affirmative for any star body L. On the other hand, if L is a symmetric
convex body that is not an intersection body then one can construct
K giving together with L a counterexample.

The complex Busemann-Petty problem can be formulated as follows.
Suppose that K, L are origin symmetric complex convex bodies in R?"
and, for every £ € S*"~! we have |K N H¢| < |L N He|. Does it follow
that |K| < |L|? As proved in [31], the answer is affirmative if n < 3,
and it is negative if n > 4. The proof is based on a connection with
intersection bodies, similar to Lutwak’s connection in the real case (see
(31, Theorem 2]):

(i) If K is a complex intersection body in R?" and L is any origin
symmetric complex star body in R?", then the answer to the question
of the complex Busemann-Petty problem is affirmative;

(ii) if there exists an origin symmetric complex convex body in R?*"
that is not a complex intersection body , then one can construct a
counterexample to the complex Busemann-Petty problem.

These connections were formulated in [31] in terms of positive definite
distributions, so one has to use Theorem 2 to get the statements in
terms of convex intersection bodies.

Zvavitch [48] found a generalization of the Busemann-Petty problem
to arbitrary measures, namely, one can replace volume by any measure
~v with even continuous density in R”. In particular, if n < 4, then for
any origin symmetric convex bodies K and L in R” the inequalities

YENE) <v(Lngh),  vees!

imply
Y(K) < ~(L).
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Zvavitch also proved that this is generally not true if n > 5, namely,
for any v with strictly positive even continuous density there exist K
and L providing a counterexample. In [49] the result of Zvavitch was
extended to complex convex bodies.

In this section we are going to prove stability in the affirmative part
of the result from [49]; see Theorem 4 below. Note that stability in
the original Busemann-Petty problem was established in [27], and for
the complex Busemann-Petty problem it was done in [28]. Stability
in Zvavitch’s result was proved in [29], and in [32] the result of [29]
was extended to sections of lower dimensions in place of hyperplane
sections.

Let f be an even continuous non-negative function on R**, and de-
note by v the measure on R?" with density f so that for every closed
bounded set B C R"

(B = [ 1le) .

Since we apply v only to complex star bodies, we can assume with-
out loss of generality that the measure v and the function f are Rgy-
invariant.

We need a polar formula for the measure of a complex star body K :

Y(K) = /Kf(:c) dr = /Snl (/OIIHIIK1 ) dr) de. 1)

For every £ € S? 1,

K H) = [ fads

KNH

— / . (/HHHK r2”3f(r0)dr> do
Il %"
=R, ( /O 3 f () dr) (), (17)

We need the following elementary lemma, which was also used by
Zvavitch in [48].

Lemma 8. Leta,b € [0,00), n € N,n > 2, and let g be a non-negative
integrable function on [0, max{a,b}|. Then

/ " lg(r) dt — a2/ r*"3g(r) dr
0 0



22 A. KOLDOBSKY, G. PAOURIS, AND M. ZYMONOPOULOU

b b
< / " lg(r) dr — &2/ r*" g (r) dr.
0 0

Denote by
LB
B
where B} stands for the unit Euclidean ball in R", and
n/2

n T

B3| = sy

L(1+3%)

Note that d,, < 1 for every n € N; this easily follows from the log-
convexity of the I'-function.

It is well-known (see for example [22, p.32]) that the surface area of
the sphere S"! in R is equal to

5™ = n|B3]. (18)

The following stability result extends [29, Theorem 2] to the complex
case. The proof is similar to that of [32, Theorem 2].

Theorem 4. Let K and L be origin symmetric complex star bodies
in R?™, let ¢ > 0 and let v be a measure on R*™with even continuous
non-negative density f. Suppose that K is a complex intersection body,
and that for every & € S?"1

V(K N He) < (LN He) + <. (19)
Then n
Y(K) <~(L) + mdnﬂmz-

Proof : By (17), the condition (19) can be written as

Il %"
R, (/0 > f(r) dT) (€)

(Bl
<R. (/ 23 f () dr) (&) + ¢, vE e St
0

Integrating the latter inequality with respect to the measure p on S?" 1,
corresponding to the body K by Definition 2, and then using the equal-
ity of Definition 2, we get

16117
/S el < /0 P23 £ () dr) a6 (20)
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lelz*
-2 2n—3
<[ el ( [ ) dr) vz [ auo)

Applying Lemma 8 with a = ||0]|", b = [|0]|;' and g(r) = f(rf) and
then integrating over the sphere, we get

1ol
1 f(r) dr | df
Lo ([ s a)
ol
_/S 167" (/0 P23 £ (rf) dr) d

(Clls
— -k r2" 73 £(rl) dr )
L ( / £(r6) d ) a (21)

Adding (20) and (21) and using (16) we get
W) <o)+ [ dute)

S2n—1

Since R.1 = |S?"73|1, where 1(£) = 1, we again apply Definition 2,
Holder’s inequality, the polar formula for volume and (18):

1
o 9 = gy [ RO
S2n S2n

1
1 K —1 - B _1 =t
- |52n*3| /SQHI ||:I;||K2dx S ‘SQn,B‘ (/S‘in ||x||K2ndx) |52” 1| "

_ (@n)H]sm
|5’2n—3|

1 n 1
K[ = ——du| K.
n_
O

Interchanging K and L in Theorem 4, we get a complex version of
29, Corollary 1].

Corollary 4. If K and L are complex intersection bodies in R*", then
[V (K) — (L))

< ——dy max (K 0 He) = 4(L 0 He)|max {|K|7, L]+ }.
n—1 ges2n—1

Putting L = () in the latter inequality, we extend to the complex
case the hyperplane inequality for real intersection bodies from [29,
Theorem 1].
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Theorem 5. If K is a complex intersection body in R*", and v is an
arbitrary measure on R®*™ with even continuous density, then

y(K) <

o1 Jax V(KN He) (K]

By Corollary 3, this inequality holds for any origin symmetric complex
convex body K in R* or RS.

The constant in Theorem 5 is optimal, as can be easily seen from
the same example as in [29]. Let K = BJ and, for every j € N, let
f; be a non-negative continuous function on [0, 1] supported in (1 —
%, 1) and such that fol f;(t)dt = 1. Let ; be the measure on R*" with
density f;(|z|2), where |z|; is the Euclidean norm in R?". Then a simple
computation shows that

4 (B3") n

li = dy,.
e maxgegen—1 y; (B3 N He) |B3"|Y/» n—1

Note that in the case of volume (when the density f = 1) the in-
equality of Theorem 5 follows from [28, Corollary 1] and the constant
is just d,, without the term n/(n — 1). One has to follow the proof of
Theorem 1 from [28] to restore the constant d,, which is estimated by
1 everywhere in [28].

The result of Theorem 5 is related to the famous hyperplane problem
asking whether there exists an absolute constant C' so that for any
origin symmetric convex body K in R"

Voln([()%1 < Cgrrgaxl Vol,, (K N&Y), (22)

esn—
where ¢ is the central hyperplane in R" perpendicular to &. The prob-
lem is still open, with the best-to-date estimate C' ~ n'/* established by

Klartag [21], who slightly improved the previous estimate of Bourgain
[6].

7. COMPLEX INTERSECTION BODIES OF CONVEX COMPLEX BODIES

In this section we extend two classical results about intersection bod-
ies of convex bodies to the complex setting. The well-known result of
Busemann [8] is that the intersection body of a symmetric convex body
is also symmetric convex. We prove a complex version of this result.

Theorem 6. Let K be an origin symmetric convexr body in C" and
I.(K) the complex intersection body of K. Then I.(K) is also an origin
symmetric convex body in C".
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Before we prove Theorem 6 we need some preparations. We write O,
for the set or all rotations in R? as described in (3) and Hjy for the (real)
2-dimensional subspace of R?", spanned by the standard unit vectors
ey, e9. If Vi, is any orthogonal transformation in Hy (Vy, € O,), we
define UVHO € O, to be the orthogonal transformation in R?" that has
(as a matrix) n copies of Vp, on its diagonal. Then (3) implies that
Uv,, I = K. We will use this property in the following form:

1K(UVH0$) = 1K<I>, Ve € R2n, Y VHQ S 02. (23)

Assume that n > 3. Let uy,us € C", |us]o = |uglo = 1, with Hy =
span{u;, uj}, as introduced earlier, and 6; € S L, 1 =1,2. We define
Us 1= |;‘111;‘22|2, with Hy, and 05 := |9911:9922|2 € SHHL3 such that [|0; + 65], =
|ug 4 usls. We can assume that Hjl N Hué = {0}.

Now, let r1,r3 > 0. We define r3,t (as functions of 71, 75) such that

1 1
t:= ) = . 24
T+ T ' i—I—iyu:l+lt2’2 (24)

T1 T2

If S:= (H, + H,,)", we write E; :== span{H,,S}, i =1,2,3. We
define the functions g; : Hji — R, h; : [0,00) — [0,00), i = 1,2,3 to
be

gilz) = /S L)y =K N(S+ )] hlr) = a6,

(25)
In the following we exploit the fact that K satisfies (23).
Lemma 9. For:=1,2,3, we have that
|[K N E;| = 27T/ rhi(r)dr. (26)
0

Proof : First we will show that the functions g; are rotation invariant.
Let Sy := span{es, - - - , €, } and oM 9 ¢ SH[j i = 1,2,3. There exists

U; € Oy, such that UiHji = Hy and U;S = Sy, and ¢§1)7¢§2) € Su,,
such that U (¢) = 6 and U] () = 6, i = 1,2,3. Moreover,
there exists V' € O, such that V(gbl@)) = qbl(-l). Let Vo € Oy, be the
diagonal operator with V' on its diagonal entries. Then, it is clear that
V[)(éz(?)) = ¢§1) and VpSy = Sp. Then, by (23), we have that for every
r >0,

a6 = [ ey = [ 1c(y)dy
S+ro) U So+rU;T (¢11)
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-/ ey = | LeU)dy
UT (So+ro) So+re”

:/ lK(Uiy)dy:/ 1k (Uiy)dy
V050+7”V0(¢52)) VO(SO+T¢Z(‘2))

=/ o 1K(V0TUz-y)dy=/ o, L (Uiy)dy
SO+7"¢’¢ SO+T¢Z‘

_ / 1 (y)dy = / Lic(y)dy = gi(r0?).
U So+rU;T (¢17)) S+r0l?)

i

So, by Fubini’s theorem we have that for ¢« = 1, 2, 3,

KN E| = / / 1k (y)dydz = / gi(x)de
HE JSta HiE

i

:/ / rgi(rf)drdd = 27?/ rgi(r0;)dr = 27?/ rhi(r)dr.
Syt 0 0 0

This finishes the proof. O
The convexity of K is exploited in the following

Lemma 10. With the above notation we have that
hs(rs) > i~ (r)h(rs). (27)

Proof : Note that h;(r) := [K N (S +r6;)|, for i = 1,2,3. Also
observe that the sets K N (S + r;6;) all lie in the same hyperplane, and
by convexity,

(1= 1) (K N (S +7161)) + HE N (S + o)) C (K N (S +1365)).

The result follows from the Brunn-Minkowski inequality. O

Finally we need the following result of K. Ball [2]. It can be seen as
an extension of the inequality of Busemann (see also [5]). In [2] this
proposition has been proved but has not been stated in this form. In
this form it can be found in [21].

Proposition 6. Let r1,r5 > 0. Define t,r3 as follows:
T 2

t.= s (= ﬁ (28)

)
1+ 7

T1 T2

Assume that hq, he, hs : [0,00) — [0,00) such that
ha(rs) > B0 (r)hh (ra), Vi, ma > 0. (29)
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Let p > 1 and denote

A= (/000 rplhl(r)dr); :
B = (/000 Tp_1h2<7“)d7’)11) ,
C = </O° T’p_lhg(T’)dT); :
Then, ’
C> # (30)

We rewrite the previous proposition in a form that fits our setting:

Corollary 5. Let ri,79 > 0 and let a > 0. Define t,r3 as follows:
(&1 (0%

t:= e 31
T+ 7"2’ " % % ( )

Assume that hy, hg, hs : [0,00) — [0,00) such that
h3(7’3) > hglit) (Tl)hg(rg), VTl,T’Q > 0. (32)

Let p > 1 and denote

|

A= </OOO rplhl(r)dr> ’
pm ([ i)
C = (/OOO rp_lhg(r)dr); .

Then,
¢ >

. (33)

= e
T + e
Sl

Proof : Let Hj: [0,00) — [0,00) be such that Hs(r) = hs(57), and
let C' := ["rP~ Hy(r)dr. Let rj := 2r5. Then ry, 7o, 1} satisfy (28)
and

Hy(r}) = ha(rs) = b~ (ro)hi(r),
so hy, ho, Hy satisfy also (29). So by Proposition 6 we have that

1 1
2 & Qo P 2 oe p
< (= (/ P hs (=1 dr) = — (/ P ha(s ds)
% + % 0 3 (2 ) a \Jo 3(5)




28 A. KOLDOBSKY, G. PAOURIS, AND M. ZYMONOPOULOU

o
or C2=>+ T
ATE
This completes the proof. O
Proposition 7. In the notation introduced above, if a = |0y + 022
then
o 1 1

1 S 1 + 1°- (34)
|KﬂE3|5 |I(ﬁE'1|§ |KﬂE2|§

Proof : By Lemma 10 we have that hq, ho, hs, 71,79, 73, ¢ satisfy (31)
and (32). By Corollary 5, applied to p = 2, we have that for A, B,C

as in Corollary 5,

o' 1 1
< 4
C-A'B (35)

Note that by Lemma 9,

> KNE > KNE
A? ::/ rhy(r)dr = M, B? ::/ rhy(r)dr = —’ N 5| and
0 27 0 2w
> KNE
C? = / P~ ha(r)dr = —‘ i 3|. (36)
0 2m
By (35) and (36), we complete the proof. O

Corollary 6. Let K be a symmetric complex convex body in R™. Let
H be an (n — 2)-dimensional subspace of C*. Let u € H* complex
unit vector and let H, := span{H,u} and r(u) := |K N H,|2. Then
r: H+ NS — (0,00) is the boundary of a complex convex body in
H+.

Proof : In order to show that the curve r is the boundary of a
convex body in C" it is enough to show that r~! is the restriction of a
norm to Ht. So if uy,uy are two non-parallel unit vectors in H+, let

Ug = % =: L (uy + up). It is enough to show that

o 1 1
r(us) = r(ur)  r(u2)’
In the notation of this section we have that H,, = E; and r(u;) =

|K N E;|2. The result follows from Proposition 7. O

Proof of Theorem 6: In the case where n = 2 the body I.(K) is sim-
ply a rotation of K, so the result is obvious. Let n > 3. Then Corollary
6 implies that I.(K)N H* is convex for every (n — 2)-dimensional sub-
space H of C". This implies that I.(K) is convex. The symmetry of
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I.(K) is obvious from the definition. Finally, it is not difficult to see
that I.(K) satisfies (3). This implies that I.(K) is a complex convex
body. O

In the case where K C R" is convex, by results of Hensley [20] and
Borell [4], one has that the intersection body of K, I(K), is isomorphic
to an ellipsoid; i.e. dpy(I(K),BY) < ¢ where dg); stands for the
Banach-Mazur distance and ¢ > 0 is a universal constant. Recall that
the Banach-Mazur distance of two symmetric convex bodies K, K5 in
R"™ as

dBM(K17K2) = Té%fL inf{a >0: Kl Q TK2 Q CLKl}.

One can show that the same result holds also in the complex case by
using a result of K. Ball [2]. However, we can immediately deduce the
“complex Hensley” theorem by using a more general fact (where the
result of K. Ball has been used) proved in [33]:

Proposition 8. Let K be an origin symmetric convex body in R™ and
assume that the 2-intersection body, I5(K), exists and it is convex.
Then

dpm(I2(K), By) <c,
where ¢ > 0 is an absolute constant.

Combining the above result with Proposition 2 and Theorem 7, we
immediately get the following

Theorem 7. Let K be an origin symmetric convex body in C". Then
dpn(Ie(K), B3 (C)) < ¢,

where ¢ > 0 is an absolute constant and By(C) := B3" is the Euclidean

ball in C".
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