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Abstract

We study lower tails of support functions of isotropic convex bodies. An endpoint negative
moment estimate, combined with a spherical cap argument, gives polynomial deviation estimates
for the inradius of random projections in every dimension; in the unconditional class this yields the
optimal order of the median inradius and shows that the cube is extremal. The same argument gives
estimates for convex hulls of independent rotations and, after an additional projection, a mixed
rotation—projection theorem. We also prove weighted lower and upper estimates for Minkowski
averages of rotated polars and their random projections, as well as an inradius dependent estimate
for the geometric distance of global averages from the Euclidean ball. A family of isotropic product
cylinders shows that the latter estimate is sharp, up to absolute constants, throughout the possible
range of the inradius. For the cube, an explicit negative moment computation gives a quantitative
projected (m, k, n)-profile and, in full dimension, recovers the classical order n/In(en) for bounded
geometric distance. Finally, we determine the sharp volume profile of intersections of independent
rotations in the unconditional isotropic class and show that the cube is extremal.

1 Introduction

The geometry of an isotropic convex body is often studied through the distribution of its norm, support
function and radial function in random directions. Random projections and random rotations provide
two natural ways of revealing Euclidean structure, while negative moments measure the lower tail which
is not seen by the usual concentration inequalities. The purpose of this paper is to combine these points
of view. Our main results concern small values of the support function, inradii of random projections,
intersections of independently rotated isotropic convex bodies, Minkowski averages and the geometric
distance of global averages from the Euclidean ball in the isotropic position.

Let K C R™ be a convex body with the origin in its interior. We denote by hx and pg its support
function and Minkowski functional. For ¢ # 0 we set

0= ([ owora@) . wo= ([ i)

and write M (K) = M1 (K), w(K) = wy(K) and b(K) = maxgn-1 pi.
Polar integration gives

K° K
w_p(K)™" = LSl ‘, vrad(K)" = u,

Wn, Wn

where vrad(K) is the volume radius of K, and therefore



If K is centered, the Blaschke—-Santal6 inequality [11] gives
(1.1) w_p(K) > vrad(K), o{0 : hg(0) < tvrad(K)} < min{l,¢"}, ¢t>0.

Equality in the first inequality holds exactly for ellipsoids centered at the origin. In particular, if |K| = 1,
then

(1.2) {0 : hx(0) < tv/n} < min{l, (Ct)"}, t>0.

This is the endpoint power mean form of the volume product inequality; related formulations appear in
Santalé [48] and Lutwak [38].
For 0 < ¢ <1 put
di(K,¥) =min{—Ino{hg < Jw(K)},n}.

The parameter d.(K,1/2) was introduced by Klartag and Vershynin [32]. The endpoint estimate has
the following consequence.

Theorem 1.1. Let K C R" be a centered convex body of volume one. Then, for every 0 < v < 1,

dy(K,¥) > min {n,nmax {O,ln <19€122/f?)) }} .

In particular, d.(K,9) = n whenever

9 < .
= ()

For isotropic convex bodies, the optimal mean-width estimate of Bizeul [6], after rescaling from
covariance-one normalization, gives w(K) < CLg+/nln(en). Together with the slicing theorem of
Klartag and Lehec [30], this implies w(K) < Cy/nln(en), and hence d.(K,9¥) = n whenever ¢ <
c/+/In(en).

Our first projection result follows from an estimate of Klartag and Vershynin [32] relating negative
moments of projection inradii to negative moments of the support function, together with the estimate
of Pajor and Tomczak-Jaegermann [42] for the low-M* theorem.

Theorem 1.2. There exist absolute constants ¢,¢’ > 0 such that the following holds. Let K C R™ be
a symmetric convexr body of volume one and let 1 < k < (n —1)/4. Then a Haar-distributed F' € G,
satisfies

rreny > o { s ot

with probability at least 1 — e~ <% where r(PrpK) denotes the inradius of PpK.
In particular, if K is symmetric and isotropic, then ({2.3)) gives

r(PrK) 2 ¢ n

In(en)

with probability at least 1 — e~ in the range of Theorem

We also obtain two all dimensional projection results. Random sections of isotropic convex bodies
were studied in [21I]; high-probability regular positions and random Gelfand numbers were developed
in [40]. Let K C R"™ be isotropic, let 1 < k < n, let F' be Haar-distributed on G,, , and put A = n—k+1.

Theorem 1.3. There exist absolute constants ¢,C' > 0 such that, for every T > 1,

(1.3) P {T(PFK) < @ exp (—i’“)} <7t
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In particular, writing d =n — k, for every 0 < § < 1 there is c5 > 0 such that, whenever d > én,

]P){PFK 2 C(;\/EBF} g T*(d%’l).
T

For d = n/2, the constant cs may be chosen absolute.

A second argument, based on Gordon’s theorem [28], gives, with probability at least 1 — Ce=°?, the

complementary bound
d
r(PpK) > cy| —, d=n—k.
(PrK) > In(en)

In the unconditional class the optimal order of the median inradius can be determined. Let Z" be the
class of volume-one unconditional isotropic bodies and, for 1 < d < n and Haar-distributed F' € G, 5,—4,
set

unc — : 1 2 > — .
g = Sup {s >0 Kgg;m P{r(PrK) > s} }

Theorem 1.4. For every 1 < d <n,

unc . d
(1.4) T _max{l’”ln(en/d)}'

In particular, the volume-one cube is extremal, up to absolute constants, among unconditional isotropic
bodies in every projection dimension.

We next turn to independent random rotations. The comparison between sections and intersections
of a few rotations originates in [41l 22]; quantitative local-to-global forms were obtained in [49]. The
theorem below follows from a mixed rotation-projection statement proved in Section [4]

Theorem 1.5. There exist absolute constants ¢,C > 0 such that the following holds. Let n > 2 and
m = 2, let Ky,...,K,;; C R" be isotropic convex bodies and let Uy = I,,Us,...,U,, be independent
Haar-distributed orthogonal transformations. Put ¢, = (m — 1)n + 1. Then, for every 7 > 1,

= o Cr _
PR | (UK; > m( ST

Jj=1

Equivalently, with probability at least 1 — 77 9m
(1.5) conv{U1 K1, ..., UpKp} D —C\T/ﬁBg.

For every fixed 75 > 1 the exceptional probability is exponentially small in (m — 1)n + 1. The factor
v/n in this inclusion is optimal: for the volume-one cube @, = [-1/2,1/2]",
n
conv{U1Qn, ..., UnQn} C %BS
for every choice of the rotations. More generally, if an independent F' € G, ; is introduced, the tail
exponent becomes mn — k + 1.

The next result is obtained as the equal body consequence of a weighted estimate for heterogeneous
bodies.

Theorem 1.6. Let K C R™ be a symmetric convex body and let Uy,...,U,, be independent Haar-



distributed orthogonal transformations. Put
1 m
Ap = — Y UFK®), M=M(K), b=>bK).
j=1

Assume that, for some py > 0,
M_y(K) > oM (0<p<po).

Let 2n < g < mpg and put A = q—n+ 1. Then, for every u > 0, with probability at least 1 —e™™

)

n—1
M AT
(1.6) Ap D eM (Cb> e—u/Apn.

Moreover, with probability at least 1 — e~ ",

(1.7) A, CC (M + &) By

u —Ccn

—e s

(1.8) da(Am, B}) < C 1+t (& = u/A
. G ms 2 X M\/m M € .

The same method also applies after an independent random projection. In Section [5| we prove a

Consequently, with probability at least 1 — e~

projected weighted estimate in which the residual exponent is ¢ — k + 1 and the upper deviation term is
reduced by the factor \/k/n. In particular, if F' is an independent Haar-distributed element of G, , and

LS oo . mn
A, = E;Uj (@) Ly =1In <e + min {n, kln(en)}) ,

then, with probability at least 1 — C'e™*,

In(en) k
< .
da(PrAm, Br) < € (\/ Lk * \/mLm,k>

Next, we consider the global averaging problem. Bourgain, Lindenstrauss and V. Milman [T0] proved

that sufficiently many random rotations of a symmetric convex body give an almost Euclidean average,
while Chasapis and Giannopoulos [14] obtained an isomorphic version for fixed number of rotations of
bodies in John’s position. Litvak, V. D. Milman and Schechtman [35] 6] determined, up to absolute
constants, the number of rotations needed for a uniformly Euclidean average in terms of (b(K)/M(K))?.
Combining the Bourgain—Lindenstrauss—Milman theorem with the Euclidean regularization scheme of
Fresen [18] and Chasapis—Giannopoulos [14], adapted to the isotropic position, gives the following inradius
dependent form.

Theorem 1.7. There exist an absolute integer kg > 2 and absolute constants ¢,C > 0 such that the
following holds. Let K C R™ be a symmetric isotropic convex body. For every integer k > kg, independent
Haar-distributed orthogonal transformations Uy, ..., Uy € O(n) satisfy

k
(1.9) da (;ZU:(KO),BS> < Cmax{l, Tz_) Z}

cn

with probability at least 1 — e~



Since K has volume one, r(K) < wn ™ v/n, while every isotropic body satisfies r(K) > ¢. Thus

(1.9) gives bounded geometric distance as soon as k > Cn/r(K)2. In particular, the number of rotations
ranges from order n when r(K) ~ 1 to an absolute number when r(K) ~ y/n. Proposition shows
that this dependence on the inradius is optimal, up to absolute constants, throughout this range.
Finally, we consider the volume of intersections of independent rotations. General estimates for the
volume and radius of C N U(C) were obtained by Brazitikos and Stavrakakis [I2]. In the unconditional
isotropic class we determine the correct order for every number of rotations and show that the cube is

extremal. Put
Qn = [_1/25 1/2]71’ Am,n = min{n, 111(6 + m)}

The lower estimate below is deterministic, while the matching upper estimate for the cube holds with
exponentially high probability.

Theorem 1.8. There exist absolute constants ¢, C,c’ > 0 with the following property. Let n,m > 2, let
Kiq,...,K; CR™ be unconditional isotropic convex bodies, and let Uy, ..., Uy, € O(n). Then

1/n
>

=

m

(UiK;

i=1

(1.10)

Am,n

On the other hand, if Uy = I, and Us,...,U,, are independent Haar-distributed orthogonal transforma-

tions, then

m C n
(1.11) E ﬂUiQn < ( ) .

i=1 VAmn
Consequently,

m 1/n C

c /
(1.12) P < U;Qn < >1—e°m
vV Am,n Q vV Am,n

In particular, the volume-one cube is extremal, up to absolute constants, for the median volume radius
of intersections of m independent rotations in the unconditional isotropic class.

The paper is organized as follows. Section[2]recalls notation and preliminary facts. Section [3]contains
the endpoint estimates and their applications to projections. Section [4] treats independent rotations
and the mixed rotation—projection theorem. Section [5] studies small deviations, weighted Minkowski
averages and their random projections. Section [f] proves Theorem its application to the cube and
the sharpness of its dependence on the inradius. Section[7] determines the sharp volume profile of random
intersections in the unconditional isotropic class. The calculations for the cube and the estimates for the
weak projection profile introduced in Section [3] are collected in Appendix [A]

2 Notation and preliminary facts

We work in R™ with its standard Euclidean structure. The Euclidean norm, unit ball and unit sphere

are denoted by | - |, BY and S™~!, respectively. Lebesgue measure in R™ is also denoted by | - |, and
wn, = |BF|. For 1 < p < oo, By denotes the unit ball of £; in particular, BY, = [~1,1]". We write

o for the rotationally invariant probability measure on S~ ! and v for Haar probability measure on
the orthogonal group O(n). For 1 < k < n, G, denotes the set of k-dimensional linear subspaces
of R™, and v, denotes its rotationally invariant probability measure. If E C R™ is a nonzero linear
subspace, we write Bp = BY N E, Sp = S" ! N E and op for the rotationally invariant probability
measure on Sg. If F € G, then Pp is the orthogonal projection onto F. For I C {1,...,n},
let Ef = span{e; : i € I}, let Pr = Pg, and write Bé = By N Er, where eq,...,e, are the standard



coordinate vectors. We write I,, for the identity operator on R™ and U* for the adjoint of U; in particular,
U* =U~! for U € O(n). The symbols P and E denote probability and expectation with respect to all
random objects under consideration. Throughout, G denotes a standard Gaussian vector in R™. The
symbols ¢,C,c1,C1, ... denote positive absolute constants whose values may change from line to line;
a =~ b means that cia < b < Cha for absolute constants ¢;,C; > 0, and a subscript indicates the
parameters on which these constants may depend. For a set A, 14 denotes its indicator function. For
x € R™ and a nonempty set A C R™ put dist(z, A) = inf{|z — y| : y € A}

A convex body is a compact convex set with nonempty interior. It is symmetric if K = —K and
centered if its barycenter is the origin. It is unconditional if (z1,...,z,) € K implies (121, ...,e,2y) €
K for every choice of ¢; € {—1,1}. For a body K containing the origin in its interior, its radial function,
support function and Minkowski functional are defined by

pr(0) =sup{t >0:t0 € K}, hi(z) = sup(x,y), pr(x) =inf{t >0: 2 € tK}.
yeK

Its polar body is
K°={x eR":(z,y) <1lforally e K}.

If K is symmetric, then px = || - ||x. On the sphere, px = pi}l, PKo = hi}l and hgo = px. We shall
also use without further comment that (UK)° = U(K°), that (PpK)$% = K°NF (the polar being taken
in F), and that

(o)
m m
ﬂ K; = conv U KJC-’
i=1 =1

Moreover, hx 11 = hi + h, heonv(xur) = max{hr,hr} and hy- (ko) (v) = pr(Uz) for U € O(n).
We write

K 1/n
R(K) = meal)((|x\, r(K) =max{r >0:rBy C K}, vrad(K) = <||) _

Thus 7(K) = 1/R(K°) and r(K) = mingn—1 hg, while b(K) = maxgn-1 px = 1/r(K). Polar integration
gives

(21) |K|:wn/ p?(dg:wn/ p;(ndO', |KO| :Wn/ h;{ndg,
Sﬂ/—l Sw—l Sn—l

and wy/™ ~ n~1/2. We use the notation My (K), wg(K), M(K), w(K), b(K) and d.(K,?) introduced
in the Introduction. Polarity gives wy(K) = M,(K°) and both M,(K) and wy(K) are nondecreasing
functions of ¢. For a symmetric body K, the function py is b(K)-Lipschitz on S™~*.

For a non-negative random variable Y and ¢ > 0 we write

1Yz, . =supsP{Y > s}l/q.
' s>0

This is the usual weak L,, or Lorentz Lg o, quasi-norm. For A > 0, the inequality [|Y|z, < A is
equivalent to
P{Y > Ar} <77¢ (1 >0).

For a symmetric convex body C' C R™ and 0 < d < n we use the convention
ci(Cly) =inf{R(CNF):Fe€Gpn_d}

for its d-th Gelfand width in ¢5. This is equivalent to the convention in [I7], where the infimum is taken



over the kernels of d x n matrices. For symmetric bodies
do(K,L) =inf{ab:a 'L C K CbL, a,b > 0}

is the geometric distance of K and L.
A convex body K is isotropic if |K| = 1, its barycenter is the origin and

/ (r,0)%de = L3 (e S" 1
K

for some Lg > 0. Every convex body has an isotropic affine image, unique up to orthogonal transfor-
mations; see [24]. The slicing problem was posed by Bourgain [9]. We shall use its solution by Klartag
and Lehec [30], which gives

(22) C < LK < LO

for an absolute constant Ly. We also use the optimal mean-width estimate of Bizeul [6], which improves
the earlier bound of E. Milman [39], and the gauge estimate of Bizeul and Klartag [7]. After rescaling
from covariance-one normalization, and using the dimension-free bound for the third-moment parameter
of Letwin [33] as recorded in [6], these give

In(en) -

(2.3) w(K) < CLg+/nln(en), M(K)<C

n

We refer to [11] for background on isotropic convex bodies and log-concave measures and to [2, 3] for
the local theory of finite-dimensional normed spaces.

3 Small support values and random projection inradii

We first justify the endpoint estimate used in the Introduction. By (2.1)) and the Blaschke—Santal6
inequality [I1], every centered convex body C' satisfies

2

c°| = wn/ ho(0)~" do(0) < .
Snfl |C|
This is equivalent to the first inequality in ((1.1). Markov’s inequality yields the tail estimate

o{hc < tvrad(C)} < t"vrad(C)”/ ho™ do < t".
Sn—1

Finally, if |C| = 1, then vrad(C) = wy, Un o n, and the volume-one form (1.2]) follows as well.

Proof of Theorem[L1.1l Apply (1.2) with ¢ = Yw(K)/y/n and take minus logarithms. The last assertion
follows by decreasing the absolute constant ¢ > 0 so that the resulting probability is at most e™". O

For the proof of Theorem we recall two standard estimates. Klartag and Vershynin [32] proved
that, if K is symmetric, 1 < ¢ <mn and 1 < k < ¢/4, then

1/k (K)
(/GM r(PpK)~k de(F)) < Cm.

We shall also use the low M* estimate in the following form (see, for example, [2]): for a symmetric



convex body C and 1 < k < n, a Haar-distributed F' € G, ;; satisfies

R(CNF)<C

with probability at least 1 — exp(—c(n — k)).

Proof of Theorem[1.2] Apply the first estimate with ¢ = n—1. By (1.1])) and monotonicity of the spherical
moments,
W_ (1) (K) = w_pn(K) > w;l/” > cy/n.

“1/k
(/Gn’k r(PpK)~* dl/nyk.(F)> > cm.

Markov’s inequality gives r(PrK) > cn/w(K) with probability at least 1 — e ™.
Applying the low M* estimate to C' = K° and using w(K°) = M(K), we get

R(K° N F) gc,/nko(K)

outside a set of probability at most e=¢("~*), Since (PrK)S = K°NF,

ko1
PrKDey/l— > — Bp.
P = n M(K)"F

Since k < (n — 1)/4, the factor \/1 — k/n is bounded below by an absolute constant. Intersecting the
two good events completes the proof. O

Hence

Let X be uniformly distributed on an isotropic convex body K. Paouris’ deviation inequality [43]
gives

(3.1) P{|X|> CtvnLg} <e V"  t>1.

Lemma 3.1. There exist absolute constants ¢,C > 0 such that every isotropic conver body K C R™,
n = 2, admits a centered convezr body K of volume one satisfying

(3.2) R(K) < Cv/n,

(3.3) KCMK, 1<A <1+4Ce oV,
and

(3.4) K° CAK°, K°>-Zpr

Moreover, for every t > 0,

(3.5) o{pre > t} < min {1, (%)n} .

Proof. Choose a sufficiently large absolute A and put

K():KQA\/ELKBS, ”U:|Ko|, R():A\/’ELK



By (3.1), 1 —v < e~V and in particular v > 1/2. If z is the barycenter of Ky, the fact that K is
centered gives

Consequently,

Integration of the tail gives
E[IX[Lqx1> 0] = RaB{IX| > Rob + [ P{IX|> s}ds < CLice™V™,
Ro

and therefore |z| < CLge V™. On the other hand, for every 6 € S"~ !, the one-dimensional reverse
Holder inequality for log-concave random variables (see, for example, [I1]) applied to (X, 8) gives

hic(0) > E(X,0), = %]E\(X, 0)| > cL.

Here the equality follows from E(X,60) = 0 and the identity y+ = (Jy| + y)/2. Thus r(K) > cLk and
—z € Ce~ V™K. Therefore
K=v"Y"(Ky—2)C(1+Ce VK.

The body K is centered, has volume one and satisfies R(K) < Cv/nLx < Cy/n by (2.2)). Polarity gives
(3.4), while centered Santal6 and polar integration yield (3.5)). Consequently, every monotone positively
homogeneous operation applied to K° is controlled, up to the factor \,, by the same operation applied
to K°. O

The following lemma is the spherical cap step underlying the low-M* and escape through a mesh
methods of Pajor and Tomczak-Jaegermann [42] and Gordon [2§].

Lemma 3.2. Let D be a convex body in a k-dimensional Fuclidean space E, k > 1, and assume that
rBg CD. If R>r and Ru € D for some u € Sg, then

R
pp(0) > ) whenever |0 — u| < r

s B} )

Proof. 1f |0 — u| < r/R, then R(6 —u) € rBg C D. Since Ru € D and D is convex,

Moreover,

1
ge SRu+ R(e w) € D.

For k > 2, the usual estimate for the measure of a spherical cap, applied with Euclidean radius r/(2R),

oxfost-ui< 5} 1)

see, for example, [, pp. 10-12]. For k = 1, the sphere consists of two points of mass 1/2, and one of
them is the extremal direction u. O

gives

Theorem 3.3. Let (C,F) be a random pair such that C is a conver body in R™ and F € Gy, and
assume that
rBy CC



for every realization. Put d =k — 1 and
a(t) =E (op{0 € Sp : pc(0) > t}).

Then, for every s > 0,

e 2€+4
(3.6) P{R(CNF)>s} <2y < > (207 1s).

(=
Proof. For ¢ > 0 put

& ={2s < R(CNF) <2 s).
On &, Lemma gives
0cSe:po0) =21t > S (=)
orp{f € Sp:pc(0) > 5}/§(m)

Markov’s inequality therefore yields

Summing over ¢ > 0 proves (3.6]). O

Corollary 3.4. Assume in addition that, for some a, > 0,

alt) < min{l, (‘;)B} t>0.

IfA=5—-d>0, then

(3.7) P{R(CNF)> s} < % (%)d (g)A .

If moreover 8 > 2d and A > 1, then, for every T > 1,
d/A
(3.8) ]P’{R(COF) >C’a(r> T} <778,

where C > 0 is absolute.

Proof. Insert the assumed bound into (3.6). The ¢-th term is at most

9dd+pB+1 (E)d (E)A 9—tA

r s '
Summation gives . If B > 2d, then d/A < 1 and /A < 2, so all numerical factors in (3.7) are
absorbed by an absolute dilation of s. O

The use of negative moments to pass from one-dimensional small-ball information to diameters of
random sections goes back to Klartag and Vershynin [32]; the formulation above records explicitly the
residual exponent A = § — k + 1 for a random pair (C, F).

The loss of k — 1 is unavoidable: for D = conv(rBg, Re1), the directions on which pp is comparable
to R form a cap of measure comparable to (r/R)*~!

We now apply Theorem to random sections. Let C' C R™ be a convex body and F' € G, . For
t > 0 put

Zy(F)=op{0 € Sp : pc(0) > t}.

10



The invariant probability measure on the incidence space gives
(3.9) / Zi(F) v (F) = o{8 € 5" < pe(0) > 1.
Gn,k

Proof of Theorem[L.3] Let K be the body from Lemma and set C = K°. Then

C>-—By
n

and

olpe > 1) <min {1, (%)}

Apply ([3.9) and Corollary [3.4] to the pair (C,F) with a ~ r ~ n=Y/2 3 = n and d = k — 1. Then
A=pf—-d=n—-k+1 Ifn > 2(k—1), the estimate (3.8 gives the stronger bound without the
exponential factor. In general, (3.7)) gives

P {R(C NFE)> %exp (?) T} <T7A,

Indeed, n = (k — 1) + A, so the factor 2**=1D+7+1 in ([37) is absorbed after taking the A-th root by
Cexp(Ck/A). Since K° C \,,C,
R(K°NF) < \R(CNF).

Using (PrK)% = K°NF and r(PrK) = R(K° N F)~! proves (1.3). Writing d = n — k, the remaining
assertions follow because k/(d + 1) is bounded in the stated ranges. O

A second estimate follows by applying Gordon’s theorem to the set of directions on which the support
function is small. For a closed set T C S™~! put

w(T) = Esup(G, 0),
0T

and, for ¢t > 0,
T,(K)={0 € S" ' : hg(h) < ty/n}, wi (t) = w(T(K)).

Proposition 3.5. Let K C R" contain the origin, let 1 < d < n, and let F' be Haar-distributed on
Grn—d- If wg(t) < coVd for a sufficiently small absolute constant c¢o > 0, then

PrK D t\/nBp
with probability at least 1 — Ce™°*. If K is isotropic, then

(3.10) wi (t) < CtnM(K) < Cty/nln(en),
and consequently

Pek e -4 By
In(en)

with the same probability estimate.

Proof. Gordon’s theorem [28, Corollary 3.4] implies that F' N T3(K) = @ outside a set of probability at
most Ce™°? whenever wg (t) < coV/d. On this event, hp.x = hx on F and hence PrK D t\/nBp.
For isotropic K, put Ly = ty/nK° N BY. Then T3(K) C L; and

w[{(t) < Eth(G) < t\/ﬁEpK(G) < Ct’I’LM(K)

11



The estimate M (K) < C+/In(en)/n gives (3.10); take t = ¢y/d/(nln(en)). O

Combining Theorem and Proposition a Haar-distributed F' € G, ,,—q satisfies

(3.11) r(PrK) > cy/nmax {exp (— Cln — d)) Y- }

d+1 nln(en)

with probability at least 1 — Cee™°.
For the cube, the Gaussian width of the set T3(Q,,) is computed in Lemma in Appendix

Proposition 3.6. Let Q,, = [—1/2,1/2]". For ﬁ <t < %, one has

wq, (t) ~ty [nln <e+ t12)

For 0 <t <1/(2y/n), the set Ty(Qy) is empty.
The proof is given in Appendix [A]

Corollary 3.7. Let Q, =[-1/2,1/2]", let 1 < d < n, and let F be Haar-distributed on G, ,—q. Then

PrQn 2 ¢4/ 7111(;2/@ Bp
B d/n
" enja)

If t < 1/(2y/n), then T3(Q,) = @ and the conclusion is immediate. Otherwise, Proposition gives

with probability at least 1 — Ce .

Proof. Put

1
wg, (1)* < Ct?nln <e + t2> < Céld.

Choose ¢; sufficiently small and apply Proposition [3.5 O
The same argument applies to every body which contains a coordinate cube.

Proposition 3.8. Let K C R"™ be a convex body containing the origin, assume that
K D aB7,

for some a >0, let 1 < d < n, and let F' be Haar-distributed on Gy, ,—q. Then

d
(3.12) r(PrK) > camax {17 ln(en/d)}

with probability at least 1 — Ce™°?,

The proof is given in Appendix [A]
For a volume-one isotropic body K and Haar-distributed F' € Gy, ,,—q put

Yi(F) = VnR(K°NF).
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For 1 < d < n and g > 0 define
A,a(q) = sup 1Yk /|2y o

where the L, o, quasi-norm is taken with respect to the randomness of F' and the supremum is over all
volume-one isotropic bodies.

The cube gives a deterministic lower bound for 2, 4(q). The relevant width estimate goes back to
Kashin [29] and Garnaev—Gluskin [I9]; we use the sharp formulation [I7, Theorem 1.1].

Proposition 3.9. For every 1 < d < n, every q > 0 and every subspace F' C R™ of codimension d,

(3.13) VnR(Q; NF) Ecﬁmin{l, ln(eg/d)}

Consequently,

(3.14) A,..a(q) > cv/nmin {1, hl(eg/@} .

The proof is given in Appendix [A]
We next prove Theorem[1.4] The cube containment used below goes back to Bobkov and Nazarov [8];
we use the formulation in [20, Proposition 2.3].

Proof of Theorem[1.4. Let K € 7. By [20} Proposition 2.3],
(3.15) K D cBn.

Proposition [3.8 now gives

d
r(PrK) > cmax {1, ln(en/d)}

with probability at least 1 —Ce~°?. For all sufficiently large d this probability is at least 1/2; for bounded

d, the deterministic inclusion (3.15)) gives the same conclusion after changing the absolute constant. This
proves the lower estimate in (|1.4)).
For the reverse estimate, take K = @Q,,. Proposition [3.9| gives, for every codimension-d subspace F,

R(Q;, NF) > cmin{l, ln(e;z/d)}

Since r(PrQ,) = R(QS N F)~1, we obtain

d
r(PrQn) < CmaX{L ln(en/d)}

for every F. This proves the upper estimate and completes the proof. O

The comparison between 2, 4(d) and 2, 4(d + 1) is given in Appendix

4 Random intersections and independent rotations

Comparisons between sections and intersections of a few rotations go back to V. D. Milman [41] and
Giannopoulos and V. D. Milman [22]. We first recall two known estimates for the intersection of two

13



random rotations. A result of Klartag and E. Milman [31], together with [24] Theorem 3.3], implies that
for every symmetric isotropic convex body K a Haar rotation U satisfies

c
o o C n
K°NU(K®) C N

with probability at least 1 — exp(—cn). The local-to-global theorem of Rudelson and Vershynin [49]
Appendix], combined with the low M* estimate, gives the related bound

In(en)

R(K°NU(K®) < OM(K) < C\/ =

with the same type of probability, where the last inequality follows from . Related estimates may
be found in [41] 23] 37, 12]. Our proof of Theorem is different and starts from an exact radial-tail
identity.

A star body is a compact set, star shaped about the origin, with positive continuous radial function.
For such a body C put

ac(t) = {0 po(6) > t}.
Lemma 4.1. Let Cy,...,C,, be star bodies, let Uy,..., Uy, be independent Haar rotations and put
D,, = ﬂ;n:l U;Cy. If

ac, (1) = {0 : pc, (0) > 1},

then, for every p > 0,
(4.1) E / pp,, (0)? do(0) = p / = [ ac, (t) dt.
gn—1 0 *
J=1

The same identity holds with Uy = I,,. In particular, if the C; are polars of centered volume-one bodies,

then, for 0 < p < mn,
1/p 1/p
o)< Gl
gno1 ™ Vn \mn—p

Proof. If all rotations are random, then for fixed @, independence and rotational invariance give

P{pp,. (0) > t} = [ ac, ().
j=1
Layer cake and Tonelli prove (4.1). If U; = I,,, the pointwise probability equals
Lipe, 0201 [ [ o, (1),
j=2

and integration in 6 gives the same product. For centered volume-one bodies, (1.2)) gives ac,(t) <
min{1, (C'/(ty/n))"}, and integration yields the last estimate. O

Theorem 4.2. There exist absolute constants ¢,C' > 0 such that the following holds. Let n > 2,
m = 2, let Kq,...,K,, € R" be isotropic convex bodies, and let Uy = I,,Us,...,U,, be independent
Haar rotations. Independently, let F' be Haar-distributed on G, i, where 1 < k < n. Put

H,, = conv{U, K1,..., UK}, Gme =mn —k+ 1.

14



Then, for every T > 1,
(42) P{PFHm 2 CBF} L 77 dmk,

Equivalently,

m C
P{R|Fn (UK >\/—;

< T_qrn,k 3

Jj=1

Proof. For every j, let K ; be the body given by Lemma and put
Cj=K;,  Dm=[)UC;.

Then

and

For ¢t > 0 define
Zt(UvF) = O'F{e S SF : pﬁm(e) > t}

The incidence identity (3.9)), independence and rotational invariance give

Ey.rZ:(U, F) = f[lacj (t) < min {1, (%)mn} .

The same formula is valid with U; = I,,, because the averaging over F' makes the first sampled direction
uniform on S™~1.

Apply Corollaryto the pair (lA)m,F) witha ~r~n""2 B=mnandd=k—1. Then A = G k-
Since m > 2 and k < n then mn > 2(k — 1), so the absolute-constant conclusion applies. Therefore

< T_QTn,k .

~ Cr
P{ R(D,, NF) > ——=
{ ( )> ﬁ}
By (3.4)),
() UK € A\nDi,
j=1

so the same estimate holds, after changing the absolute constant, for F N () ,; Uj K3
Finally,

Hy, = (U;K;,  (PrHp)3 = Hy N F.
j=1

Taking polars in F' proves (4.2]). O

Taking k& = n in Theorem [4.2) proves Theorem|[I.5 In particular, for every fixed 7o > 1 the exceptional
probability is at most exp[—c,, ((m — 1)n + 1)], where ¢,, > 0 depends only on 7. Integration of the tail
gives the corresponding circumradius moments for every 0 < p < mn — k + 1.

The following isotropic cylinder shows that the cap-incidence exponent has the correct dimensional
order. Put

Zp = [-V3, VB x Vn+1By"Y, K, =|Z,"""Z,.

15



Then K, is isotropic, |Z,|'/™ ~ 1, and, writing § = (6y,6’),

1
[62] + v |0

Consequently, there exist absolute constants A, ¢, C' > 0 such that, for A < 7 < ey/n,

(4.3) prcs (6) =~

CT

(4.4) {dist(e, {er,—e1}) < ;} c {ng(o) > \/ﬁ} c {dist(e, {e1,—e1}) < f}

Proposition 4.3. Let m > 2, let Uy = I,,,Us, ..., U, be independent Haar rotations, and put

Dppn = ﬁ UK.
j=1

There are absolute constants A, c,co,C > 0 such that, for A <7 < cov/n,

(m—1)(n—1) (m—1)(n—1)
(%) < P{R(Dm,n> CT} < (C) .
T Vn T

Proof. For the lower estimate, require U, le; to lie within ¢/7 of e; for every j > 2 and use the first
inclusion in (4.4)). For the upper estimate, if R(D,, ) = ¢7/+/n, then some direction lies simultaneously in
the correspondmg high-radius caps, so Uje; lies within C/7 of {e1, —e1 } for every j > 2. For 0 < a < ¢y,
a spherical cap of Euclidean radius a has measure between (ca)”~! and (Ca)"~!; independence completes
the proof. O

WV

The endpoint argument gives the exponent (m—1)n+1, while the cylinder has exponent (m—1)(n—1);
for fixed m, the two have the same leading dimensional order.

5 Small deviations, negative moments and Minkowski averages

We begin by recalling the small-deviation information needed below. For a symmetric convex body K
put
d(K) =d«(K°,1/2) = min{—Inc{0 : 2px (0) < M(K)},n},

and
Varpg (G)

(Epx (G))*

We shall also use the critical dimension

K(K) n(ﬂj(%))

Paouris and Valettas [46, Proposition 4.3] proved the general comparison

VarhK( )

0= Ehr(@)

Bu(K) = B(K®) =

1 C
(5.1) In 5y < CRK) < s

The estimates of Klartag—Vershynin [32], Paouris—Valettas [45] and Paouris-Pivovarov—Valettas [44]
imply, for absolute constants ¢, C' > 0,

(5.2) M_y(K) > eM(K)  (0<q<cd(K)),
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and d(K) > ¢/B(K). More precisely, for 0 < ¢ < ¢/B(K),

. q
My () > 1= Cmin { L max( VTR, () | a1,
In particular,
(53) M_y(K) > eM(K)  (0<q<¢/B(K)).

Equivalently, w_,(C) > cw(C) in the ranges 0 < ¢ < ¢d.(C,1/2) and 0 < g < ¢/B(C).

The use of random Minkowski averages as an empirical regularization goes back to Bourgain, Linden-
strauss and V. Milman [I0]. Litvak, V. D. Milman and Schechtman [35} [36] studied g-averages of norms
and identified families of projective caps as a central geometric mechanism, while concentration and net
implementations were developed by Artstein-Avidan, Friedland and V. D. Milman [I]. In particular,
the bounded-distance threshold corresponding to (b(K)/M(K))? is classical. The new point below is
the quantitative estimate below this threshold: weighted negative moments provide the lower inclusion,
while the upper inclusion follows the classical empirical method.

It is nevertheless false that w_,(C) is always comparable to w(C) for isotropic convex bodies. The
standard cross-polytope gives a simple example.

Example 5.1. Let C,, = a, B}, where

n! 1/n
Qp = |B{L|_1/n = <2n> ~n.

Then C, is a symmetric isotropic convez body of volume one and
(5.4) w(Cp) = v/l + 1),
For every fized a € (0,1),
(5.5) W_an(Cr) < Cor/n.
Here C,, > 0 depends only on a. Consequently, w_qn,(Cy)/w(Cp) — 0 as n — oo.
Indeed, if G = (g1,...,9n) is standard Gaussian and © = G/|G|, then © is uniform on S"~1

independent of |G|, and
E|G| ~ v/n, E||Glloe = v/In(n + 1).

Hence
In(n+1)
B0l = 1/ 2,

and (5.4]) follows from h¢, (0) = an||0||co- For (5.5)), use the event 1 < |g;| < 2 for all i. It has probability
pyy for an absolute pg € (0,1) and implies ||G||oo/|G| < 2/+/n. Therefore

2
. <7 2 Tl’
o {05 1010 < 2=} 200

which gives w_4,(Cy) < Cov/n.

Let Ki,..., K,, contain the origin, let Uj,...,U,, be independent Haar rotations and let A\; > 0,
Zj )‘j =1. Put

A= NUNKS), b =bK;), b= _\bj,
=1 =
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and, for g > 0,
N) =TT Mg, (K5),
=1

with the usual interpretation when A; = 0.

Theorem 5.2. Let the notation be as above. Assume that ¢ > 2n and put

A=qg—n+1.

u

Then, for every u > 0, with probability at least 1 —e™,

n—1

(5.6) Ay Dcag(N) (ca{ﬁk)) : e /ARy,

Moreover, if
1/2
m

My = iAjM(Kj), ZAQbQ ,

j=1

cn

then, with probability at least 1 —e™",
(5.7) Ay C C(M)\—FB)\)B;L.

Proof. For fixed § € S"~! put X; = Pk, (U;0). Then
ha,(0) = i/\ij.
By weighted arithmetic-geometric mean,
ha ()70 < [T X,

Independence and rotational invariance give

Eha, (0 H (/Sn » 2 do> = a,(\) 7Y

Let L = AS. Since ha, < by, we have L D b, ' By. Also,
Eo{pr >t} = Eo{ha, <t™'} < (tag(N) ™7

Apply Corollary to the pair (L,R™) with r = b;17 a = a;N\)7!, B =¢qand d = n — 1. Since
q = 2n > 2(n — 1), the absolute-constant form applies and yields

n—1
C Cby \ & /A _
P R(L)><> S
{ aq(A) \aq(A)
Taking polars proves ([5.6).

For the upper inclusion we follow the standard empirical concentration-and-net scheme; see [I0] [1].
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Each pg; is b;j-Lipschitz on the sphere. For fixed 6, tensorized spherical concentration gives

NV ent?
IP{|hAA (0) — M| >t} <2exp <_BQ> )
X
Take t = CoBy and use a 1/2-net ' C §"~! with [N] < 5™. Outside a set of probability at most e~“",
hAA(H) SMAJFC()B)\ (9€N).

For every convex body A containing the origin,

< .
R(A) <2 max ha(0)

This proves ([5.7)). O

For a single body and equal weights put
L oo
Ap = — Zl Us (K°).
o

Proof of Theorem[1.6] Apply Theorem With K; = K, \; = 1/m and the order ¢ from the statement.
Then
aq()‘):M—q/m(K) >COM(K)7 b)\:b(K),

and the lower inclusion is exactly (|1.6)), after changing the absolute constant. Moreover,

_ b(K
M)\:M(K)a B)\:\(/Ti)v
so (5.7 gives (1.7). Combining the two inclusions proves (L.8]. O

Corollary 5.3. Let K, Uy,...,U,, and A, be as in Theorem. If md(K) = Cn, then, with probability

at least 1 — e~ ",

wtne <o o 518) (9

The same conclusion holds with the last factor replaced by

(G

under the assumption m/B(K) = Cn.

Proof. Use (5.2)), respectively (5.3]), in Theorem choose the order to be a sufficiently small multiple
of md(K), respectively m/5(K), and take u = cn. O

The same argument gives a projected estimate without changing the negative-moment input.
Theorem 5.4. Let Ki,...,K,, contain the origin, let Uy,...,U,, be independent Haar rotations and

let )\j > O, Zj )\j =1. Put

A=Y NUSKS),  ba=Y_ Nb(K;),  ag(\) =[] Mg, (K;)V.
j=1 j=1

j=1
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As before, the last expression has the usual interpretation when A\; = 0. Independently, let F' be Haar-
distributed on G, 1, where 1 < k < n. Assume that ¢ > 2k and put A = g —k + 1. Then, for every

u

u = 0, with probability at least 1 —e™",

k—1
A AT
(5.9) PrAy D cag()) (Cag( )) e /2 Bp.
A
Moreover, if
1/2
My=> NM(K;),  By= (> ANbK;)? ,
j=1 j=1
ck

then, with probability at least 1 — e~ %,

_ k
(5.10) PpA, CC (MA + \/;BA> Bp.

Proof. The calculation in the proof of Theorem gives, for every fixed # € S*1,
Euha, (0)7 < a,(0) 7.
Let L = AS. Since ha, < by, we have L D b;lBg. For ¢t > 0 put
Zy(U,F)=0p{0 € Sp: pr(0) > t}.

Since F' is independent of the rotations, the preceding negative-moment estimate and the incidence
identity give
IEprZt(U, F) = EF/ IP)U{hAA (9) < til}dUF(a) < (taq()\))fq.
Sk
Apply Corollary to the pair (L, F) with r = b;l, a = a;AN)7', B =qand d = k— 1. Since
q > 2k > 2(k — 1), we obtain

C [/ Ch\'5 N
P{R(LHFD%(A)(%(A)) G/A}ge'

Since (PrAx)% = LN F, taking polars in F proves (5.9)).
For the upper inclusion, condition on F and let Nz be a 1/2-net of Sp with |[Nz| < 5%. The
concentration estimate used above, with ¢ = Cy+/k/n B, and a union bound give, outside a set of

probability at most e =¥,

— k
hAA(G)ng+C’0\/;BA (0 € NF).

Since
R(PrAy) < 25161%;; ha, (0),
this proves ([5.10)). O]

For equal bodies and equal weights we obtain the following consequence.

Corollary 5.5. Let K CR" be a symmetric convez body, let Uy, ...,U,, be independent Haar rotations
and put

Am:%iU;(KO), M=MEK), b=>bK)
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Independently, let F' be Haar-distributed on G, i, where 1 < k < n. Assume that, for some pg > 0,

M_p(K) = coM  (0<p<po)

u

Let 2k < g < mpy and put A =g —k+ 1. Then, for every u > 0, with probability at least 1 —e™",

k

s
(5.11) PrA,, DcM (%‘f) e “ABp.

1

Moreover, with probability at least 1 — e~F,

mn

Consequently, with probability at least 1 — e~ — e~ ¢,
b [k ) (Cb\'E
(5.13) dg(PpA,,Br) <C (1 + i mn> <M) e

Proof. Apply Theoremwith K; = K and \; = 1/m. Then
ag(N) = M_g/m(K) = coM (K), by = b(K), My = M(K), By =

The two inclusions and their combination give the assertion. O

Corollary 5.6. Let K, Uy,...,U,,, F and A,, be as in Corollary . If md(K) > Ck, then, with

probability at least 1 — e~ °F,

The same conclusion holds with the last factor replaced by

(T

under the assumption m/B(K) > Ck.

Proof. Use (5.2), respectively (5.3), in Corollary choose ¢ to be a sufficiently small multiple of
md(K), respectively m/3(K), and take u = ck. O

The projected theorem also accepts inputs from L,-centroid bodies. Let T" C R™ be isotropic
and let Z,(T) denote its L,-centroid body. Letwin and Mikulincer [34, Proposition 2.4] proved that
w_2p(Zp(T)) =~ /p for 1 < p < 2¢con. Moreover, w(Z,(T)) < Cy/pln(ep) by [25, Lemma 3.4]. Since
Pz,ry> = hz,(r) and R(Z,(T)) < Cp, put Ay, = m™' Y Ur Z,(T). The two parts of Theorem
applied with K; = Z,(T)°, equal weights and ¢ = 2mp, show, with U; and F as above, that if mp > k,
then, for every u > 0,

PFAm,p D) C\/I)pi 2(2mkpilk+l) e TR Bp,
s | k
PFAm,ng< pln(ep)+p mn) BF:

ck

with probability at least 1 —e™ and 1 — e™“%, respectively.
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For the cube, M_,(B%)) can be estimated for every p > 0. Chasapis, Konig and Tkocz [I5] ob-
tained sharp negative-moment estimates for one-dimensional sums associated with cube sections. The
proposition below concerns instead the spherical /., gauge.

Proposition 5.7. There exist absolute constants c¢,C > 0 such that, for every n > 2 and every p > 0,

The proof is given in Appendix [A]
The preceding proposition makes the projected estimate explicit for the cube.

Corollary 5.8. Letn,m =22 and 1 < k < n. Let Uy,...,U,, be independent Haar-distributed orthogonal
transformations, let F' be an independent Haar-distributed element of Gy, i, and put

An= D SUN@), Qu=11/21/2"
j=1

Forp > 2k/m set

n
Zp:ln(e—i—lﬂ)), A, =mp—k+1.

Then, with probability at least 1 — Ce™°F,

5.16) ddpFAm,BFKC(W W) WZ)’“A?GXP (%5

In particular, if

mn
1 =1 i -
(5.17) Ly =In (e + min {n, Fn(en) }) ,

then

In(en) k
. ms <
(5.18) de(Pr Ay, Br) < C <\/ It \/an%k)

with probability at least 1 — Ce™ .

The proof is given in Appendix [A]

6 Isomorphic global Dvoretzky theorem for isotropic convex
bodies

We use two standard estimates. Let EZ = wn 1 "B be the Euclidean ball of volume one. The reverse

Brunn—Minkowski estimate for isotropic convex bodies gives
(6.1) |K +sBy | < C(14s), s3>0,

for every isotropic K; see [24, Theorem 3.9]. We shall also use the theorem of Bourgain, Lindenstrauss
and V. Milman [I0] in the Chernoff form of Artstein-Avidan, Friedland and V. D. Milman [I]: if K is
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symmetric, M = M(K), b=5b(K), 0 <e <1/2 and

2
C1 b
5 ()
then independent Haar rotations Uy, ..., Uy satisfy

M

(62) 1+¢

k
1
=] < EZ Uizl < (1 +e)M|z|  (z €R")
i=1

M\ 2
1—exp <—0262nk (b) ) .

The regularization by adjoining a Euclidean ball follows Fresen [I8] and Chasapis—Giannopoulos [14].

with probability at least

We compare K with a body obtained by adjoining a Euclidean ball. In the isotropic setting the inradius
determines the value of the parameter ¢ used in the comparison below.

Proof of Theorem[L.7 Let r = r(K), so rBy C K. For t > 1 set
K; = conv(K U trBj), M,; = / ||| k, do(x), by = max 1]l &, -
Sn—1 "
Since rBy C K,
1
(6.3) KCK: CtK,  Sllzllx <llzllx, <llzllx-

Also, hg, = max{hg,tr} and mingn—1 hxx =, so r(K;) = tr and

By (2.1) and Holder’s inequality,

—1/n 1/n
n c
M; > o d = > .
t (Lnl ||‘rHK, O'(Jj)) |Kt|1/n \/ﬁthP/n

Moreover,

n tr —n
K,CK+trBy CK + CﬁB;,

and (6.1]) gives

t
|K | < C’max{l,\/%}.

Consequently,

bt 2 n
. 22 < )
(6.4) <Mt) \Cmax{t2r2,1}

Fix e = 1/4 and set
Ui
tr =max<1l,—/— ¢,
r\k

where A is a sufficiently large absolute constant. Then n/(t2r?) < k/A?, and (6.4)) shows, after choosing A
and then an absolute kg, that the hypothesis of the Bourgain—Lindenstrauss—Milman theorem is satisfied
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for every k > ko. Thus (6.2)) applied to K, gives, with probability at least 1 — e=<n,

4 1< 5
s My 2| < EZHUixIIK% < Ml

Using (6.3)),
4 1o
(6.5) My o] < o Z Vsl < 2 My 2]

Finally,
h% k_ U(K° Z”UﬁfHK

It follows from (6.5)) that

k
1 1 n
=S UF(K®), By | <2t < 1, — /2t
dg (k 2 Ur(K°), 2) tr C’max{ r(K)\/;}

which proves (|1.9). O

Let K C R™ be a symmetric isotropic convex body, let m > kg, and let Uy, ..., U,, be independent

Haar rotations. Put .

1
Ay =— F(K°).
m= 3 UG (K)
Jj=1
Combining Theorem [1.7] - with the estimate of Section |5 ' we obtain, for every p > 2n/m, outside an event
CTL

of probability at most 2e~

") < Cmin d max {1, —— /- M(K) + 1/(r(K)/m)
da(Anm,By) < C { {1, r(K) \/;} ’ M_,(K) (cr(K)M,p(K))m%;l oo/ (mp—n-+1) }

For the cube this gives an improvement over the inradius-dependent estimate. Put

Qn=[-1/2,1/2]",  Ln=I (e + min {n 1”1}) .

n(en)

Corollary 6.1. Let m > 2, let Uy,...,U,, be independent Haar-distributed orthogonal transformations
and put

cn

Then, with probability at least 1 —e™",

(6.6) de(Am, By) \/7 \/7

In particular, if m > Cn/1In(en), then

da(Anm, By) < C.

Proof. This is also the case k = n of Corollary [5.8 we retain the direct argument for the full-dimensional
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statement. Since pg, = 2| - ||oo, Proposition [5.7] gives

In(e+ ﬁ nlen
M—p(Qn) = <+)’ M(Qn) = M’ b(Qn) =2

n n

Choose p = Anln(en)/m, with A a sufficiently large absolute constant. Then mp > 2n and

Ly,
M_,(Qn) 2 ¢ e
Moreover, (n —1)/(mp —n+1) < C/In(en), and hence
(r(Qu)M_p(Qu) 7 2 ¢, e/ tmpntl) 5 ¢,
Substitution gives (6.6)); the last assertion follows from L,, ~ In(en) in the stated range. O

Since 7(Q,) = 1/2, Theorem alone gives bounded geometric distance only for m > Cn. Thus
Corollary improves the number of rotations by the factor In(en).
The following deterministic observation gives a lower estimate for every number of rotations.

Proposition 6.2. Let K C R” be a symmetric convexr body containing the origin, let m > 1, let
Ui,...,Un € O(n) and put

1 = * o
Am:EZ;Uj(K ).
]:

Then

b(K
6.7 dg(Am, BY) > 1, —————>%.
(6.7 (A B 2 max 1, 175
In particular, for the cube,

n

. m, By) = A TN (-
(6.8) da(Am, BY) cmax{l mln(en)}

Proof. For every j choose z; € U7 (K°) with |z;| = b(K) = R(K®). Since K° is symmetric,

1 m
a Z:léjxj S Am
j=

for every choice of signs €; € {—1,1}. On averaging over the signs,

2

Ec |y ejaj| =D |u* = mb(K)?,
j=1 j=1

and hence R(A,,) > b(K)/y/m. On the other hand, rotation invariance and additivity of the mean
width give w(4,,) = w(K°) = M(K), so r(4,,) < M(K). Since A, is symmetric, dg(4,,, BY) =
R(Apn)/r(Ap,), and follows. The cube estimate follows from b(Q,,) = 2 and M (Q,) ~ /In(en)/n.

O

It follows that bounded geometric distance for the cube requires m > cn/In(en). The match-
ing sufficiency also follows from the classical theorem of Litvak—Milman—Schechtman [35, [36], since
(b(Qn)/M(Qy))? ~ n/In(en). Thus the additional content of Corollary [6.1|is the quantitative estimate
below this threshold.
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We finally show that the dependence on the inradius in Theorem [I.7)is optimal throughout its possible
range.

Proposition 6.3. Let n > 2 and let 1 < s < n/2 be an integer. Put
Zns=Vs+2B5x\n—s+2By°, Koo = Zno| V" Z0 6.

Then K, s is symmetric and isotropic, and

1 1
(6.9) r(Kn,s) = Vs, b(Kn,s) =~ %a M(K,, ) ~ %
Consequently, for every m > 1 and every Uy, ..., U, € O(n),
1 ¢ * [e] n n
(6.10) da | — z;Uj (K70, Bs | = cmax 1,4/ — .
j:

If m > kg and the rotations are independent and Haar-distributed, then, with probability at least 1 —e™ ",

1 - * o] n n
(6.11) dg E;Uj(K,Lﬁs),BQ zmax{l, Sm}

In particular, the threshold m ~ n/r(K)? in Theorem is optimal, up to absolute constants, throughout
the possible range of the inradius.

Proof. The uniform probability measure on v/d + 2 BY has covariance matrix I5. It follows that the
uniform probability measure on Z,, ; has covariance matrix I,,, and hence its volume-one homothetic
image K, s is isotropic. Moreover,

1/n
‘Zn,s‘l/n = [WS(S + 2)8/2wn,s(n — s+ 2)(n—s)/2:| ~1.

Writing 6 = (6,0”) € S"~! C R* x R"*, we have

pz, (0) =max{ L __1¥"]
e Vs+2 Vn—s+2/J°

This proves the first two estimates in (6.9). The same formula gives pz, () > 1/v/n + 4, while

' <2 " <=2
/S"1|9|da<9>\\/; e <

Since the maximum is bounded by the sum, we obtain M(K, ) ~ n~'2. Now (6.10) follows from
Proposition while the reverse estimate in (6.11)) follows from Theorem [1.7 O

7 Volumes of random intersections

We finally turn to the proof of Theorem [I.8] The deterministic part is a consequence of polarity and the
classical estimates for polytopes with few vertices. The random upper estimate uses the complete radial
profile of the cube. We isolate the only estimate that is needed.
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Lemma 7.1. There exist absolute constants A,C > 0 such that the following holds. Let n,m > 2, put

A=A, and
n 1 1
= —_ = : oo < e .
a A”A’ an (t) 0{965 116]| Qt}
Then

(7.1) an(a)™ < (\%)n

Proof. Let G = (g1,...,9n) be a standard Gaussian vector and write G = RO, where R = |G| and O is
uniform on S”~! and independent of R. Put

1 VA

S = —

_ VA
20 2A\/n’ A

T =2s\n =
On the event {R < 24/n}, the inequality ||O]|c < s implies max; |g;| < x. Thus, if ¢ = P{|¢g1| > z}, then
(7.2) an(a) < (1—q@)" +P{R >2y/n} <e " +e "

for an absolute constant ¢y > 0. The standard Gaussian tail estimate gives

c 2 c A
: > ——e /2> — —— .
(7.3) 92 T ¢ ﬂexp< 2A2)

Choose A sufficiently large and put n = 1/(242). Since A < n, after changing the absolute constants in
the bounded range of n we may combine (7.2 and (7.3]) to obtain

an(a) < e ",

For all sufficiently large A, the definition of A gives m — 1 > ce®. Hence
e(l_n)A
VA

and the last quantity dominates nln A for all sufficiently large A. It follows that

(m—1)ng = cn > CinlnA,
an(a)™ P < AT

For bounded A the assertion follows after increasing C. O

Proof of Theorem[1.8 We first prove the deterministic lower estimate. By [20, Proposition 2.3], every
unconditional isotropic convex body K satisfies K D ¢BJ.. Since @, = %B” it is enough to prove

(1.10) for K1 =--- = K,;, = Q. Put
Ppn =conv{xUe; : 1 <i<m, 1 <j<n}

Since Q9 = 2BY, polarity gives

i=1

The body P, , is contained in By and has at most 2mn vertices. The classical few-vertex estimates of
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Carl and Pajor [13] and Bardny and Firedi [5] imply

1
vrad(Pp,,,) < C'min {1, M} <C =

By the reverse Santald inequality and (7.4)),

1/TL 1/n
Wn c

> > .
Cvrad(Pmm) Amn

=1

This proves (|1.10)).
We next prove (1.11). Since pg, (0) = (2]|0]|oc) ™!, the exact radial-tail identity ([4.1) with p = n

gives
m
i=1

Let a be as in Lemma Since a, is non-increasing and |Q.,| = 1,

E :nwn/ t" Lo, ()™ dt.
0

oo
< wpa” + an(a)mflnwn/ t" Lo, (t) dt
a

<wnpa" + ay(a)™ !

C n
< .
h ( vV Am,n )

This proves (|1.11). Finally, Markov’s inequality gives

Ao C
POIUiQu| > —F=— <() :
i=1 Am,n AO
Choosing Ay sufficiently large and using the deterministic lower estimate proves ((1.12]). O

We finish by recording some more general consequences of the same point of view, without pursuing
them further here. For symmetric convex bodies C1, ..., C), of volume one and every non-empty proper
subset S C {1,...,m}, the exact radial-tail identity gives

m ) 2 n
Q U;C;| < min {Lwn (HMW> + exp < Zd(cz)> } :

€S

Indeed, one splits the radial integral at 2/ min;cg M (C;), uses the definition of d(C;) on the tail factors
corresponding to i € S, and keeps one remaining radial factor in order to integrate the tail. The
Euclidean term in is necessary, as is seen from the volume-one Euclidean ball. More generally,
for B, = |B?|~Y/"B? and p > 2 one has \/n M(B,) ~ \/min{p,In(en)}; compare [I2, Remark 4.7].
If /n M(C;) = By on a set of r indices, gives an exponential estimate involving the sum of the
corresponding d(C;)’s, with one index omitted when 7 = m. Since d(C) > ¢y/n for symmetric isotropic
bodies by [12] Section 4], this yields

(7.5) E

m

() U:C:

i=1

E < Cexp [—cmin {n, min{r,m — 1}\/771}]

whenever 7 of the bodies satisfy the above non-Euclideanity condition.
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There is also a general deterministic lower estimate which contains all positive spherical moments
simultaneously. If Ki,...,K,, contain the origin in their interiors, then for every ¢ > 0 and every
Ul;"'aUm € O(n)7

m

(UiK;

i=1

m -n/q
(7.6) > wy (Z Mq(Km) :
i=1
This follows immediately from pn, 1, k, = max; pg, oU;", the power-mean inequality and polar integration.

For isotropic bodies, the standard spherical concentration inequality applied to the gauge gives M, (K) <
M(K)+ Cy/q/n for 1 < ¢ < n. Combining this with (2.3)) and choosing ¢ ~ In(em) in (7.6) gives

m

(UK;

i=1

> - B
( V/min{n,In(enm)} )

For a fixed number of isotropic bodies one can do better and obtain | N; U; K;| > ¢ One way to
see this is to represent the volume of the intersection as the value at the origin of a convolution-type

n(m—1) .

log-concave density, use Prékopa’s theorem [47] and Fradelizi’s barycentric estimate [16], and then apply
the reverse Brunn—Minkowski estimate in isotropic M-position [26, Theorem 4.5 and Remark 4.6]. We do
not develop these extensions here, since Theorem gives a complete sharp answer in the unconditional
class.

A Calculations for the cube and estimates for 2, 4(¢q)

We collect here the calculations for the cube, including the optimization in Corollary and the
comparison of 2, 4(d) with 2, 4(d + 1).

Lemma A.1. For1<a</n,

n—1 n
: < ~ — |-
w{fes 101 < a} ~ ay/In (e + a2)

2

Proof. Let m =~ a*. The set of m-sparse unit vectors is contained in By N aB7, while the usual block

decomposition gives
By NaB} C2conv ] Bj.

[|<m

The assertion follows from the sparse Gaussian-width estimate
E lrrllax |P;G| ~ y/mln(e +n/m);
I|l=m

see [b0, Exercise 9.27]. O

Proof of Proposition[3.6] Since hq, (6) = 1||0||1, we have
T:(Qn) = {6 € ™' :||0]1 < 2tv/n}.
Apply Lemmal[A 1| with a = 2¢y/n. Ift < 1/(2/n), the assertion follows from ||f]|; > 1 on the sphere. [J

Proof of Proposition[3.8 Since h(6) > al|f||1, for every ¢ > 0,

Ty(K) C {9 €51 |0|]h < t*f}
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Put

en d tv/n d
L = 1 —_— t = —_— A = — = —_—.
ST N Ly a VI,

If A <1, then T3(K) is empty. Otherwise, Lemma gives

L
wi(t) < CAy/In (e + %) < C’cm/l% In (e—|— T;;) < ClepVd.
0

Choose ¢y > 0 sufficiently small and apply Proposition [3.5] This gives

d
r(PrK) > ca Tn(en/d)

with the stated probability. Finally, K O aB% 2 aB¥, so r(PrK) > a deterministically. Combining the
two estimates proves (3.12)). O

Proof of Proposition[3.9] Since QS = 2B,
R(Q, NF)=2sup{|z|:z € F, ||z]1 < 1}.

The right-hand side is bounded below by twice the d-th Gelfand width of B} in ¢5. By [I7, Theorem 1.1],

1+1
cal f,f’g)f:min{L —i_I;(n/d)},

which is equivalent to the right-hand side of (3.13)). Since the estimate holds for every F', it gives (|3.14))
for every ¢ > 0. O
We next compare the two quantities A, 4(d) and 2, 4(d + 1).

Theorem A.2. For every 1l <d <mn,

)

If led = an’d(d), then

(A.2) cv/nmin {1, ln(eg/d)} < Ap.q < Cmin {\/ﬁ exp (W) } .

Proof. Monotonicity gives the first inequality in (A.1]). Moreover, r(K) > cLk > ¢, so
Yi(F)=+vnR(K°NF)<Cyn
for every F € G, n—q. If a non-negative random variable Y < M satisfies P{Y > A7} < 7=4 then

Y (| Lsy, o < AY D AL/ (L),

Applying this with Y = Yx and using Proposition which gives A, 4(d) > ¢\/n/d, proves the
second inequality in (A.1)). The lower bound in (A.2)) is Proposition the upper bound follows from
Theorem and the deterministic estimate Yx < C'v/n. O

Consequently, 2, 4 ~ v/n when d < cln(en/d), while 2, 4 ~5 1 when d > dn.
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Proof of Proposition[5.7l Let G = (g1,...,9,) be a standard Gaussian vector and write G = RO, R =
|G|, where © is uniform on S"~! and independent of R. Put Z = ||G||s. We first assume 0 < p < n/2.
Since Z = R||O||00,

(A.3) M_,(BY) = (ER™?)'/P(EZ77)~1/P.
Since R? has the chi-square distribution with n degrees of freedom,

ER® =g vl =2)/2)

I'(n/2)
The standard gamma-ratio estimates give
1
A4 ERP)V/P ~ — 0<p<n/2
(A.4) ER7)/P =~ = p<n
We claim that
A. EZ7P)"1P o~ [1 S <n/2.
(A.5) ( ) n<e+1+p , 0<p<n/

Let H(t) = P{|g1| < t}. For 1 < p < n/2 define t, by H(t,) = e ?/". The two-sided Gaussian tail

estimates imply
tp~ 4 [1 ( + ”)
~,/lnle+— ).
? p

Since P{Z < t,} = e7? then EZ™P > e Pt P, which gives (EZ=P)~1/P L et
For the reverse inequality, the variables H(|g;|) are independent and uniform on [0,1]. Hence S =
—nlIn H(Z) has the standard exponential distribution. If f,,(s) = H~'(e=%/™), then

(A.6) EZ7P :/ fn(s) Pe % ds.
0
Uniform Gaussian estimates give
(A7) Fuls) ln% 0<s<n/2),  fa(s)~e /" (s>n/2).

Put L = In(en/p) and sy = pe*/2 = \Jenp. On 0 < s < p we have f,(s) > fu(p) =t,. Onp < s <
min{sg,n/2}, we have f,(s) > cvV'L > ct,. If sp < n/2, then the contribution of [sy,n/2] is at most
CPe~*0, which is bounded by (C/t,)? because so > cpL. Finally, by the second estimate in (A.7) and
p<n/2,

oo

o0
/ fu(s) Pe™?ds < Cp/ ePs/n=s ds < 20Pe ™M < (Cft,)P.
n/2 n/2

Together with ([A.6)), this proves EZ~? < (C/t,)P. Thus (AF) holds for 1 < p < n/2. If 0 < p < 1,
monotonicity of power means gives (EZ~1)~! < (EZ~P)~'/? < EZ, and both endpoints are comparable

to y/In(en).
Combining (A.3)), (A.4) and (A.5) proves (5.15) for p < n/2. If p > n/2, monotonicity and
mingn-1 ||0]|c = 1/v/n give

1 C
< M_,(B") < M_, 5(B") < —.
\/ﬁ p( oo) /2( oo) \/ﬁ

Since In(e +n/(1+ p)) ~ 1 in this range, the proof is complete. O
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Proof of Corollary[5.8l Apply Theorem with K; = Qn, A\; = 1/m, ¢ = mp and v = k. Since
P@, = 2| - |0, Proposition [5.7] gives

L In(en)

aQ(A) = M—P(Qn) = Ea M(Qn) = n 5 b(Qn) =2.

Moreover, My = M(Q,) and By = 2/y/m. Combining the two inclusions in Theorem [5.4| proves (5.16].
For the second assertion choose p = (Akln(en))/m, where A > 0 is a sufficiently large absolute
constant. Then mp > 2k and A, > ckln(en). Moreover,

I+ AkIn(en) ~ o {1 k1n(en) } 7

m T om

and hence ¢, ~ L, ;. Since

-1
(e /MY <o Eo O
A, I A, " In(en)
the last two factors in ([5.16)) are bounded by an absolute constant. This proves (5.18)). O
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