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Kef�laio 1Eisagwg 
1.1 Kurt� s¸mata'Ena sumpagè
 kurtì uposÔnolo K tou Rn lègetai kurtì s¸ma an èqei mh kenìeswterikì. Ja lème ìti to K e�nai summetrikì, an èqei kèntro summetr�a
 thn arq twn axìnwn 0. O ìgko
 tou K sumbol�zetai me jKj.1. 'EstwK summetrikì kurtì s¸ma ston Rn . H apeikìnish k�kK := k�k : Rn ! R+pou or�zetai apì thn kxk = minf� � 0 : x 2 �Kgèqei ti
 ex 
 idiìthte
:(�) kxk � 0 me isìthta mìno an x = 0,(�) k�xk = j�jkxk ; x 2 Rn ; � 2 R,(
) kx+ yk � kxk+ kyk ; x; y 2 Rn ,e�nai dhlad  nìrma ston Rn . O Rn efodiasmèno
 me thn nìrma k�kK ja sumbol�zetaime XK . Ant�strofa, an X = (Rn ; k �k) e�nai èna
 q¸ro
 me nìrma, tìte h monadia�atou mp�la KX = fx 2 Rn : kxk � 1g e�nai summetrikì kurtì s¸ma ston Rn .Apì ton orismì th
 nìrma
 èpetai �mesa ìti an K kai L e�nai dÔo summetrik�kurt� s¸mata ston Rn , tìte K � L an kai mìno an kxkL � kxkK gi� k�je x 2 Rn .Ep�sh
, kxkrK = 1rkxkK gi� k�je r > 0 kai k�je x 2 Rn .2. 'EstwX kai Y dÔo n-di�statoi q¸roi me nìrma ìpw
 parap�nw. An T : Rn ! Rne�nai èna
 grammikì
 metasqhmatismì
 (ja gr�foume T 2 L(Rn )), or�zoume thnnìrma kT : X ! Y k tou T w
 telest  apì ton X ston Y w
 ex 
:kT : X ! Y k = maxfkT (x)kY : x 2 KXg:IsodÔnama, h nìrma tou T e�nai o mikrìtero
 jetikì
 arijmì
 � gi� ton opo�oT (KX) � �KY :7



O T : X ! Y lègetai isomorfismì
 an e�nai antistrèyimo
 (dhlad , an T 2 GLn).H apìstash Bana
h-Mazur twn X kai Y e�nai o arijmì
d(X;Y ) = minfkTk kT�1k : T 2 GLng;kai metr�ei pìso kal� isìmorfoi e�nai oi X kai Y . Mia isodÔnamh gewmetrik ermhne�a e�nai h ex 
: h d(X;Y ) e�nai o mikrìtero
 � � 1 gia ton opo�o up�rqeiT 2 GLn pou ikanopoie� thnKY � T (KX) � �KY . EÔkola blèpoume ìti d(X;Y ) =d(Y;X) gia k�je X kai Y (h d e�nai summetrik ), kai d(X;Y ) = 1 an kai mìno anup�rqei T : X ! Y isometr�a.JewroÔme to sÔnolo Bn ìlwn twn kl�sewn isodunam�a
 n-di�statwn q¸rwn menìrma, ìpou o X e�nai isodÔnamo
 me ton X 0 an kai mìno an oi X kai X 0 e�naiisometriko�. O Bn e�nai sumpag 
 metrikì
 q¸ro
, me metrik  thn log d: h trigwnik anisìthta e�nai sunèpeia th
d(X;Y ) � d(X;Z) d(Z; Y )pou epalhjeÔetai eÔkola gia k�je tri�da X;Y; Z 2 Bn.O metrikì
 q¸ro
 (Bn; log d) sun jw
 lègetai Bana
h-Mazur 
ompa
tum   Min-kowski 
ompa
tum. Ant� gia thn log d, ja qrhsimopoioÔme thn d san mia polla-plasiastik  apìstash ston Bn.3. Upojètoume ìti o Rn e�nai efodiasmèno
 me mia Eukle�deia dom  h�; �i, kai sum-bol�zoume thn ant�stoiqh Eukle�deia nìrma me j � j. Gr�foume Bn gia thn Eukle�deiamonadia�a mp�la, kai Sn�1 gia th monadia�a sfa�ra. O ìgko
 th
 Bn ja sumbol�-zetai me !n. E�nai !n = �n=2=�(n2 + 1). Piì genik�, an me `np sumbol�soume tonq¸ro (Rn ; k � kp), p � 1, ìpou kxkpp = Pni=1 jxijp, tìte h monadia�a mp�la Bnp tou`np èqei ìgko jBnp j = [2�(1 + 1p )℄n�(1 + np ) :(gia thn apìdeixh, blèpe [Pi1℄). Gr�foume � gia to mètro pijanìthta
 sthn Sn�1pou e�nai anallo�wto w
 pro
 tou
 orjog¸niou
 metasqhmatismoÔ
 tou Rn . Hepif�neia th
 Sn�1 e�nai �sh me n!n.4. 'Estw K kurtì s¸ma ston Rn , me 0 2 int(K). H aktinik  sun�rthsh �K :Rnnf0g ! R+ tou K or�zetai apì thn�K(x) = maxf� > 0 : �x 2 Kg:Parathr ste ìti, gia k�je x 6= 0 �K(x) = kxk�1:H sun�rthsh st rixh
 hK : Rn ! R tou K or�zetai apì thnhK(x) = maxfhx; yi : y 2 Kg:8



H sqèsh an�mesa sthn aktinik  sun�rthsh �K kai thn sun�rthsh st rixh
 hK gi�dosmènh dieÔjunsh � 2 Sn�1 e�nai �K(�) � hK(�).To pl�to
 enì
 kurtoÔ s¸mato
 K sthn dieÔjunsh enì
 � 2 Sn�1 or�zetai apì thnwK(�) = hK(�) + hK(��):To mèso pl�to
 tou K e�nai tow(K) = ZSn�1 wK(�)�(d�) = 2 ZSn�1 hK(�)�(d�):To epifaneiakì mètro �K tou K or�zetai sta Borel uposÔnola th
 Sn�1 w
 ex 
:an A e�nai Borel uposÔnolo th
 Sn�1, jètoume �K(A) to (n � 1)-di�stato mètrotwn x 2 bd(K) ta opo�a èqoun exwterikì k�jeto di�nusma sto A. Exet�zonta
pr¸ta thn per�ptwsh pou to K e�nai polÔtopo (kurt  j kh peperasmènwn to pl jo
shme�wn), eÔkola elègqoume ìtijKj = 1n ZSn�1 hK(x)�K (dx)kai jP�?Kj = 12 ZSn�1 jhx; �ij�K (dx)ìpou P�?K h orjog¸nia probol  tou K ston k�jeto upìqwro tou � 2 Sn�1.5. To polikì s¸ma KÆ tou K e�nai toKÆ := fy 2 Rn : jhx; yij � 1;8x 2 Kg:Oi basikè
 idiìthte
 tou polikoÔ s¸mato
 perigr�fontai sthn akìloujh prìtash:Prìtash. 'Estw K kai L summetrik� kurt� s¸mata ston Rn . IsqÔoun ta ex 
:(1) Gia k�je � 2 Sn�1, �KÆ(�) = 1=hK(�).(2) An K � L, tìte LÆ � KÆ.(3) An T 2 GLn, tìte (TK)Æ = (T�1)�(KÆ).(4) (KÆ)Æ = K.(5) jTKjj(TK)Æj = jKjjKÆj. 2H duðk  nìrma k � k� th
 k � k or�zetai apì thnkyk� = maxfjhx; yij : kxk � 1g:Apì ton orismì e�nai fanerì ìti jhx; yij � kyk�kxkgi� k�je x; y 2 Rn . An X� e�nai o duðkì
 q¸ro
 tou X , tìte h monadia�a mp�laKX� tou X� e�nai to polikì s¸ma th
 monadia�a
 mp�la
 KX tou X . Ja gr�foumek � kKÆ   k � k�, kai k � kK   k � k qwr�
 autì na dhmiourge� sÔgqush.9



6. JewroÔme èna summetrikì kurtì s¸ma K ston Rn kai thn oikogèneia E(K)ìlwn twn elleiyoeid¸n pou perièqontai sto K. 'Ena elleiyoeidè
 ston Rn e�nai ènakurtì s¸ma th
 morf 
E = (x 2 Rn : nXi=1 hx; vii2�2i � 1) ;ìpou fvigi�n e�nai orjokanonik  b�sh tou Rn , kai �1; : : : ; �n e�nai jetiko� pragma-tiko� arijmo� (oi dieujÔnsei
 kai ta m kh twn hmiaxìnwn tou E ant�stoiqa). EÔkolaelègqoume ìti E = T (Dn), ìpou T e�nai o grammikì
 metasqhmatismì
 tou Rn pouor�zetai apì ti
 T (vi) = �ivi, i = 1; : : : ; n.O F. John ([Jo℄, 1948) èdeixe ìti up�rqei monadikì elleiyoeidè
 E pou perièqetaisto K kai èqei ton mègisto dunatì ìgko, kai ìti K � pnE. Sunèpeia autoÔ touapotelèsmato
 e�nai h d(X; `n2 ) � pngia k�je X 2 Bn, pou prokÔptei �mesa apì ton egkleismì E � K � pnE kai tonorismì th
 apìstash
 Bana
h-Mazur.7. To �jroisma Minkowski twn A;B � Rn e�nai to A+B = fa+ b : a 2 A; b 2 Bg.An � > 0, tìte �A = f�a : a 2 Ag.Gia ti
 apode�xei
 twn parap�nw isqurism¸n parapèmpoume ton anagn¸sth sta bi-bl�a twn R.J. Gardner [Gar℄, V.D. Milman kai G. S
he
htman [MS℄, kai R. S
hnei-der [S
h℄.
1.2 H anisìthta Brunn-MinkowskiH anisìthta Brunn-Minkowski sundèei to �jroisma Minkowski me ton ìgko stonRn :Je¸rhma 1.2.1 'Estw K kai T dÔo mh ken� sumpag  uposÔnola tou Rn . Tìte,(1) jK + T j1=n � jKj1=n + jT j1=n:Sthn per�ptwsh pou ta K kai T e�nai kurt� s¸mata, isìthta sthn (1) mpore� naisqÔei mìno an ta K kai T e�nai omoiojetik�.H (1) ekfr�zei me m�a ènnoia to gegonì
 ìti o ìgko
 e�nai ko�lh sun�rthsh w
 pro
thn prìsjesh kat� Minkowski. Gia to lìgo autì suqn� gr�fetai sthn akìloujhmorf : An K;T e�nai mh ken� sumpag  uposÔnola tou Rn kai � 2 (0; 1), tìte(2) j�K + (1� �)T j1=n � �jKj1=n + (1� �)jT j1=n:10



Qrhsimopoi¸nta
 thn (2) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, mpo-roÔme akìma na gr�youme:(3) j�K + (1� �)T j � jKj�jT j1��:H asjenèsterh aut  morf  th
 anisìthta
 Brunn-Minkowski èqei to pleonèkthmaìti e�nai anex�rthth th
 di�stash
.Up�rqoun pollè
 kai endiafèrouse
 apode�xei
 th
 (1). Ja d¸soume ed¸ thn apì-deixh th
 sunarthsiak 
 morf 
 th
 anisìthta
, pou ofe�letai stou
 Pr�ekopa kaiLeindler (blèpe [Pi1℄):Je¸rhma 1.2.2 'Estw f; g; h : Rn ! R+ trei
 metr sime
 sunart sei
, kai � 2(0; 1). Upojètoume ìti oi f kai g e�nai oloklhr¸sime
, kai ìti, gia k�je x; y 2 Rn(4) h(�x + (1� �)y) � f(x)�g(y)1��:Tìte, ZRn h � �ZRn f���ZRn g�1�� :Apìdeixh: Ja de�xoume thn anisìthta me epagwg  w
 pro
 thn di�stash n.(a) n = 1: MporoÔme na upojèsoume ìti oi f kai g e�nai suneqe�
 kai gn sia jetikè
.H apìdeixh pou ja d¸soume bas�zetai sthn idèa th
 metafor�
 tou mètrou.Or�zoume x; y : (0; 1)! R mèsw twnZ x(t)�1 f = t Z f ; Z y(t)�1 g = t Z g:Me b�sh ti
 upojèsei
 ma
 oi x; y e�nai paragwg�sime
, kai gia k�je t 2 (0; 1)èqoume x0(t)f(x(t)) = Z f ; y0(t)g(y(t)) = Z g:Or�zoume z : (0; 1)! R me z(t) = �x(t) + (1� �)y(t):Oi x kai y e�nai gn sia aÔxouse
. 'Epetai ìti h z e�nai ki aut  gn sia aÔxousa kai,apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,z0(t) = �x0(t) + (1� �)y0(t) � (x0(t))�(y0(t))1��:MporoÔme loipìn na ektim soume to olokl rwma th
 h k�nonta
 thn allag  me-tablht¸n s = z(t):Z h = Z 10 h(z(t))z0(t)dt 11



� Z 10 h(�x(t) + (1� �)y(t))(x0(t))�(y0(t))1��dt� Z 10 f�(x(t))g1��(y(t))� R ff(x(t))��� R gg(y(t))�1�� dt= �Z f���Z g�1�� :(b) Epagwgikì b ma: Upojètoume ìti n � 2 kai ìti to Je¸rhma èqei apodeiqje�gia k 2 f1; : : : ; n� 1g. 'Estw f; g; h ìpw
 sto Je¸rhma. Gia k�je s 2 R or�zoumehs : Rn�1 ! R+ me hs(w) = h(w; s), kai me an�logo trìpo or�zoume fs; gs :Rn�1 ! R+ . Apì thn (4) èpetai ìti, an x; y 2 Rn�1 kai s0; s1 2 R tìteh�s1+(1��)s0(�x+ (1� �)y) � fs1(x)�gs0(y)1��;kai h epagwgik  upìjesh ma
 d�neiH(�s1 + (1� �)s0) := ZRn�1 h�s1+(1��)s0� �ZRn�1 fs1���ZRn�1 gs0�1�� =: F �(s1)G1��(s0):Efarmìzonta
 t¸ra xan� thn epagwgik  upìjesh gia n = 1 sti
 sunart sei
 F;Gkai H , pa�rnoumeZ h = ZRH � �ZRF���ZRG�1�� = �Z f���Z g�1�� : 2Apìdeixh tou Jewr mato
 1.2.1: 'Estw K;T sumpag  mh ken� uposÔnola touRn , kai � 2 (0; 1). Or�zoume f = �K , g = �T , kai h = ��K+(1��)T . EÔkolaelègqoume ìti ikanopoioÔntai oi upojèsei
 tou Jewr mato
 1.2.2, opìtej�K + (1� �)T j = Z h � �Z f�� �Z g�1�� = jKj�jT j1��:Autì apodeiknÔei thn (3) gia k�je tri�da K;T; �. Gia na p�roume thn (1) jewroÔmeK kai T ìpw
 sto Je¸rhma 1.2.1 (me jKj > 0, jT j > 0), kai or�zoumeK1 = jKj�1=nK ; T1 = jT j�1=nT ; � = jKj1=njKj1=n + jT j1=n :Ta K1 kai T1 èqoun ìgko 1, opìte apì thn (3) pa�rnoume(�) j�K1 + (1� �)T1j � 1:'Omw
, �K1 + (1� �)T1 = K + TjKj1=n + jT j1=n ;12



epomènw
 h (�) pa�rnei thn morf jK + T j � �jKj1=n + jT j1=n�n : 2JewroÔme èna kurtì s¸ma K ston Rn , kai stajeropoioÔme m�a dieÔjunsh � 2 Sn�1.Or�zoume f = fK;� : R ! R+ w
 ex 
:f(t) = jK \ (�? + t�)j:O ìgko
 ed¸ e�nai (n � 1)-di�stato
. Dhlad , f(t) e�nai to {embadìn} th
 tom 
tou K pou e�nai k�jeth sto � kai se (proshmasmènh) apìstash t apì ton �?.Je¸rhma 1.2.3 'Estw K kurtì s¸ma, � 2 Sn�1, kai f(t) = jK\ (�?+ t�)j. Tìte,h f 1n�1 e�nai ko�lh ston forèa th
.Apìdeixh: MporoÔme na upojèsoume ìti � = en, opìte taut�zoume fusiologik�ton �? me ton Rn�1 . Gia k�je t or�zoumeK(t) = fx 2 Rn�1 �� (x; t) 2 Kg:'Estw I = ft �� K(t) 6= ;g. Gia k�je t 2 I , to K(t) e�nai kurtì, kai an t; s 2 I ,� 2 (0; 1), tìte �K(t) + (1� �)K(s) � K(�t+ (1� �)s):Apì thn anisìthta Brunn-Minkowski ston Rn�1 ,jK(�t+ (1� �)s)j 1n�1 � �jK(t)j 1n�1 + (1� �)jK(s)j 1n�1 :'Omw
 f(t) = jK \ (�? + t�)j = jK(t)j, ki autì d�nei to zhtoÔmeno. 2Parat rhsh. To Je¸rhma 1.2.3 prohg jhke th
 anisìthta
 Brunn-Minkowski.O Brunn èdeixe to parap�nw apotèlesma me thn mèjodo th
 summetrikopo�hsh
,kai o Minkowski èdwse mia apìdeixh tou Jewr mato
 1.2.1 qrhsimopoi¸nta
 to.Pìrisma 1.2.1 Me ti
 upojèsei
 tou Jewr mato
 1.2.3 h f e�nai logarijmik� ko�-lh ston forèa th
.Apìdeixh: Qrhsimopoi¸nta
 thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, pa�r-noume f(�t+ (1� �)s) � f(t)�f(s)1��gia k�je t; s 2 I kai � 2 (0; 1). Autì shma�nei ìti h log f e�nai ko�lh sto I . 2Pìrisma 1.2.2 An to K e�nai summetrikì me kèntro to 0, tìte kfk1 = f(0),dhlad  h mègisth tom  tou K e�nai h kentrik .13



Apìdeixh: Apì thn upìjesh th
 summetr�a
 èpetai ìti K(�t) = �K(t) gia k�jet 2 I . Apì to Pìrisma 1.2.1 h f e�nai �rtia kai logarijmik� ko�lh sto I . 'Ara, giak�je t 2 I , f(0) = f � t+ (�t)2 � �pf(t)pf(�t) = f(t): 2Ja qreiastoÔme �llh m�a efarmog  th
 anisìthta
 Brunn-Minkowski, thn anisì-thta twn Rogers kai Shephard: To s¸ma diafor¸n tou kurtoÔ s¸mato
 K e�naito K �K = fx� y j x; y 2 Kg:To K �K e�nai summetrikì (me kèntro summetr�a
 to 0), kai jK �Kj � jKj. OiRogers kai Shephard [RS℄ èdwsan akribè
 �nw fr�gma gia ton ìgko tou s¸mato
diafor¸n:Je¸rhma 1.2.4 'Estw K kurtì s¸ma ston Rn . Tìte,jK �Kj � �2nn �jKj:Apìdeixh: H anisìthta Brunn-Minkowski mpa�nei sthn apìdeixh me th morf  touex 
 l mmato
:L mma. An K kai T e�nai kurt� s¸mata ston Rn , h sun�rthshx 7! jK \ (x+ T )j1=ne�nai ko�lh ston forèa th
.[To L mma e�nai �mesh sunèpeia tou egkleismoÔ�(K \ (x+ T )) + (1� �)(K \ (y + T )) � K \ ((�x + (1� �)y) + T ):'Epetai ìtijK \ ((�x + (1� �)y) + T )j � j�(K \ (x+ T )) + (1� �)(K \ (y + T ))j;kai apì thn (2) sumpera�noume ìtijK \ (�x + (1� �)y + T )j1=n � �jK \ (x + T )j1=n + (1� �)jK \ (y + T )j1=n:℄Or�zoume f(x) = jK \ (x+K)j1=n. Jètonta
 T = K sto L mma, blèpoume ìti h fe�nai ko�lh sun�rthsh ston forèa th
, dhlad  sto K �K.Or�zoume mia deÔterh sun�rthsh g : K � K ! R+ w
 ex 
: k�je x 2 K � Kgr�fetai sthn morf  x = r�, ìpou � 2 Sn�1 kai 0 � r � �K�K(�). Tìte, jètoumeg(x) = f(0)(1 � r=�K�K(�)). Apì ton trìpo me ton opo�o or�sthke, h g e�nai14



grammik  sto eujÔgrammo tm ma [0; �K�K(�)�℄, mhden�zetai sto sÔnoro touK�K,kai g(0) = f(0). AfoÔ h f e�nai ko�lh, pa�rnoume f � g sto K �K. Epomènw
,ZK�K jK \ (x+K)jdx = ZK�K fn(x)dx � ZK�K gn(x)dx= [f(0)℄nn!n ZSn�1 Z �K�K (�)0 rn�1(1� r=�)ndr�(d�)= jKjn!n ZSn�1 �nK�K(�)�(d�) Z 10 tn�1(1� t)ndt= jKjjK �Kjn�(n)�(n+ 1)�(2n+ 1) = �2nn ��1jKjjK �Kj:Apì thn �llh pleur�, to je¸rhma tou Fubini ma
 d�neiZK�K jK \ (x+K)jdx = ZRn jK \ (x+K)jdx= ZRn ZRn �K(y)�x+K(y)dydx= ZRn �K(y)�ZRn �y�K(x)dx� dy= ZK jy �Kjdy = jKj2:Sundu�zonta
 ti
 dÔo sqèsei
 oloklhr¸noume thn apìdeixh. 21.3 K-kurtìthtaJewroÔme ènan q¸ro pijanìthta
 (
;A; P ) ston opo�o e�nai orismènh m�a akolouj�a(gj) anex�rthtwn tupik¸n kanonik¸n tuqa�wn metablht¸n. Dhlad , gia k�je n 2 Nkai k�je Borel uposÔnolo A tou Rn isqÔeiP (f(g1; : : : ; gn) 2 Ag) = 1(2�)n=2 ZA e�jxj2dx1 : : : dxn:To mètro tou Gauss 
n pou èqei puknìthta thn
n(x) = 1(2�)n=2 e�jxj2e�nai anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
, kai autì e�nai isodÔnamome to ex 
: an U = (uij) 2 O(n) kai~gi = nXj=1 uijgj ; i = 1; : : : ; n15



tìte(1) P �f(~g1; : : : ; ~gn) 2 Ag� = P �f(g1; : : : ; gn) 2 Ag�gia k�je Borel uposÔnoloA tou Rn . M�a sunèpeia th
 (1) e�nai ìti, an t1; : : : ; tn 2 Rtìte h t1g1 + � � � + tngn èqei thn �dia katanom  me thn tg1 ìpou t = �P t2i �1=2.Epomènw
, gia k�je p > 0 èqoume

 nXi=1 tigi

p = kg1kp� nXi=1 t2i �1=2:IsodÔnama èqoume to ex 
.L mma 1.3.1 Gia k�je p > 0 h apeikìnish Jp : `2 ! Lp := Lp(
;A; P ) pouor�zetai apì thn Jp(ei) = gi=kg1kp e�nai isometrik  emfÔteush. 2Apì to L mma 1.3.1 blèpoume ìti h eikìna th
 Jp e�nai anex�rthth tou p. Dhlad ,h kleist  j kh G = J(`2) th
 (gn) ston L2(
;A; P ) e�nai kleist  se ìlou
 tou
 Lpkai kfkp = kg1kpkfk2gia k�je f 2 G. Gr�foume Q1 gia thn orjog¸nia probol  Q1 : L2 ! G.MporoÔme na ulopoi soume ton (
;A; P ) pa�rnonta
 
 = RN� ìpou N� to sÔnolotwn fusik¸n arijm¸n, A thn Borel �-�lgebra, kai P to kanonikì mètro Gauss 
1.Tìte, oi sunart sei
 gi : RN� ! R me x 7! xi sqhmat�zoun akolouj�a anex�rthtwntupik¸n kanonik¸n tuqa�wn metablht¸n.Ja qreiastoÔme to gegonì
 ìti ta polu¸numa Hermite apoteloÔn orjog¸nia b�shtou L2(RN� ; 
1) (gia ti
 leptomèreie
 parapèmpoume ton anagn¸sth sto bibl�o touBoga
hev [Bog℄). Ta polu¸numa Hermite (hn) mi�
 metablht 
 or�zontai apì thnsqèsh exp�tx� t22 � = 1Xn=0 tnn!hn(x); x 2 R:Eidikìtera, h0(x) � 1 kai h1(x) = x. H akolouj�a (hn) sqhmat�zei orjog¸nia b�shtou L2(R; 
1 ).'Epetai ìti, gia k�je m 2 N h oikogèneia twn poluwnÔmwn th
 morf 
pa1;:::;am(x1; : : : ; xm) := ha1(x1) � � �ham(xm)ìpou a1; : : : ; am 2 N, sqhmat�zei orjog¸nia b�sh tou L2(Rm ; 
m).Gia na or�soume orjog¸nia b�sh tou L2(RN� ; 
1), douleÔoume w
 ex 
: JewroÔmeto sÔnolo A twn telik� mhdenik¸n akolouji¸n a = (a1; a2; : : :) apì stoiqe�a tou N,kai an a 2 A jètoume jaj = 1Xi=1 ai kai a! = a1!a2! : : : :16



Me 
00 sumbol�zoume to sÔnolo twn telik� mhdenik¸n akolouji¸n pragmatik¸narijm¸n. An x = (xn) kai t = (tn) 2 
00, jètoumeht; xi = 1Xn=1 tnxn;kai gia k�je a 2 A or�zoume ta = ta11 ta22 : : : :Me autìn ton sumbolismì, gia k�je a 2 A èqoume to polu¸numo HermiteHa(x) = ha1(x1)ha2(x2) : : : :Ta polu¸numa Hermite Ha or�zontai apì thnexp ht; xi � 12 1Xn=1 t2n! = Xa2A taa!Ha(x); x = (xn); t = (tn) 2 
00;kai apoteloÔn orjog¸nia b�sh tou L2(RN� ; 
1).Gr�foumeHk gia thn kleist  grammik  j kh tou fHa : jaj = kg ston L2 (autì e�naito q�o
 Wiener bajmoÔ k) kai jewroÔme thn orjog¸nia probol  Qk : L2 ! Hk.Gia k = 0 èqoume Q0(f) = Z
 fdP;en¸ gia k = 1 pa�rnoume thn probol  Q1 p�nw ston upìqwro tou L2(RN� ; 
1) poupar�gei h akolouj�a fxn : n � 1g.Prìtash 1.3.1 'Estw (
;A; P ) ìpw
 parap�nw. Up�rqei akolouj�a orjog¸niwnprobol¸n Qk, k � 0 ston L2 := L2(
;A; P ) tètoia ¸ste I = PkQk, h opo�aikanopoie� ta ex 
:1. Gia k�je f 2 L2, Q0(f) = Z
 fdP:2. Gia k�je " 2 [�1; 1℄, o telest 
T (") = 1Xk=0 "kQke�nai jetik  sustol  ston L2.Apìdeixh: MporoÔme na upojèsoume ìti (
;A; P ) = (RN� ; 
1). 'Estw S =spanfHa : a 2 Ag o q¸ro
 ìlwn twn poluwnÔmwn metablhtè
 x1; : : : ; xn; : : :. Apìto je¸rhma twn Stone-Weierstrass, o S e�nai puknì
 ston Lp gia k�je p > 0.17



'Estw �1 � " � 1. Gia k�je f 2 S or�zoumeT (")f(x) = Z f �"x+ (1� "2) 12 y� P (dy):E�nai fanerì apo ton orismì ìti o T (") metasqhmat�zei polu¸numa se polu¸numakai e�nai grammikì
 lìgw th
 oloklhrwtik 
 tou anapar�stash
. Akìmh, gia k�je1 � p <1 èqoumekT (")fkLp � �Z Z jf �"x+ (1� "2) 12 y� jp dP (x) dP (y)� 1p = kfkLpdiìti h tuqa�a metablht  (x; y)! "x+(1� "2) 12 y orismènh ston RN� �RN� èqei w
katanom  to P . 'Epetai ìti h T (")f or�zetai x-sqedìn pantoÔ kai ìti kT (")fkLp �kfkLp. Dhlad , o T (") e�nai grammik  sustol  ston Lp gia k�je p � 1. Epiplèon,gia k�je f � 0 isqÔei T (")f � 0, dhlad  o T (") e�nai jetikì
. Mènei na de�xoumeìti T (") =P1k=0 "kQk.JewroÔme thn oikogèneia twn sunart sewn f�tg; t = (tn) 2 
00 pou or�zontai apìthn �t(x) = exp ht; xi � 12 1Xn=1 t2n! = Xa2A taa!Ha(x); x = (xn):H f�tg par�gei puknì upìqwro tou L2 apì to je¸rhma Stone-Weierstrass, sunep¸
an dÔo grammiko� telestè
 sump�ptoun se k�je �t, tìte sump�ptoun kai ston L2.Arke� loipìn na de�xoume ìtiT (")�t =  1Xk=0 "kQk!�t:(a) Gia k�je x 2 RN� èqoumeT (")�t(x) = Z �t �"x+ (1� "2) 12 y� P (dy)= Z exp ht; "x+p1� "2yi � 12 1Xn=1 t2n!P (dy)= exp h"t; xi � 12 1Xn=1 "2t2n!� Z exp ht;p1� "2yi � 12 1Xn=1(1� "2)t2n!P (dy)= exp h"t; xi � 12 1Xn=1 "2t2n!= �"t(x); 18



�ra T (")�t = �"t.(b) Apì thn �llh meri�, gia k�je x 2 RN� èqoume ìti 1Xk=0 "kQk! (�t)(x) = 1Xk=0 "kQk(�t)(x)= 1Xk=0 "kQk  Xa2A taa!Ha(x)!= 1Xk=0Xa2A "k taa!Qk(Ha(x))= Xa2A "jaj taa!Ha(x) = �"t(x);dhlad , �P1k=0 "kQk��t = �"t. 'Ara, T (") =P1k=0 "kQk ston L2. 2Orismì
. 'Estw (
; �) q¸ro
 mètrou kai T : L2 ! L2 fragmèno
 grammikì
 te-lest 
, ìpou L2 = L2(
; �). 'Estw X q¸ro
 Bana
h kai IX : X ! X o tautotikì
telest 
.JewroÔme ton q¸ro L2 
X pou apotele�tai apì ìla ta peperasmèna ajro�smataPmi=1 fi
xi (k�je f 
x : 
! X or�zetai apì thn (f 
x)(!) = f(!)x). Or�zoumetelest  T 
 IX : L2 
X ! L2 
Xmèsw th
 (T 
 IX) mXi=1 fi 
 xi! = mXi=1(Tfi)
 xi:Ston L2 
X jewroÔme th nìrmak�kL2(X) = �Z
 k�(!)k2Xd�(!)�1=2kai gr�foume L2(X) gia thn pl rwsh tou L2 
X w
 pro
 aut  th nìrma.Prìtash 1.3.2 'Estw T : L2(
; �) ! L2(
; �) kai X q¸ro
 Bana
h ìpw
 para-p�nw. An o T e�nai jetikì
 telest 
   an o X e�nai isìmorfo
 me q¸ro Hilbert, tìteo T 
 IX epekte�netai se fragmèno telest  tou L2(X). An o T e�nai jetikì
, isqÔeikT 
 IXk � kTk;en¸ an o X e�nai isìmorfo
 me ton q¸ro Hilbert H , tìtekT 
 IXk � d(X;H)kTk:19



Apìdeixh: Exet�zoume pr¸ta thn per�ptwsh pou o T e�nai jetikì
. Gia k�jeakolouj�a ( j) ston L2 èqoumesupj jT ( j)j � T (supj j j j):'Estw � =P�i 
 xi 2 L2 
X kai èstw �(!) = k�(!)kX . Tìte,�(!) = supfjhx�;�(!)ij : kx�k � 1g;�rak(T 
 IX)(�)k =  Z kXi (T�i)(!)xik2Xd�(!)!1=2=  Z sup�T  Xi �i(!)x�(xi)! : kx�k � 1�2d�(!)!1=2� 0�Z T  sup�Xi �i(!)x�(xi) : kx�k � 1	!2 d�(!)1A1=2= �Z jT�j2d�(!)�1=2� kTk � k�kL2(
;�) = kTk � k�kL2(X):'Ara, o T 
 IX e�nai fragmèno
 ston L2(X) kai kT 
 IXk � kTk.A
 upojèsoume t¸ra ìti X = H . 'Estw fejg orjokanonik  b�sh tou H kai èstw� =Pi �i 
 xi 2 L2 
H . An uj = h�; eji, tìte(Tuj)(!) = T  Xi �i(!)hej ; xii!= Xi (T�i)(!)hej ; xii= hej ; [T 
 IH(�)℄(!)i:'Ara, 0�Xj j(Tuj)(!)j21A1=2 = k[(T 
 IX )(�)℄(!)kHkai 0�Xj juj(!)j21A1=2 = k�(!)kH :20



Epomènw
, k(T 
 IX)(�)kL2(H) = 0�Xj kTujk2L2(
;�)1A1=2
� kTk0�Xj kujk2L2(
;�)1A1=2= kTk � k�kL2(H):Dhlad , o T 
 IH e�nai fragmèno
 ston L2(H) kai kT 
 IHk � kTk. An t¸ra o Xe�nai isomorfikì
 me ton H kai " > 0, jewroÔme isomorfismì S : X ! H tètoion¸ste kSk�kS�1k = (1+")d(X;H). 'Estw � =Pi �i
xi 2 L2
X . An yi = S(xi),tìte 	 =Pi �i
 yi 2 L2
H . Efarmìzonta
 to prohgoÔmeno apotèlesma gia thn	, pa�rnoumek(T 
 IX)(�)kL2(X) � kS�1k � k(T 
 IX )(	)kL2(H) � kTk � kS�1k � k	kL2(H)� kTk � kS�1k � kSk � k�kL2(X)dhlad  kT 
 IXk � (1 + ")d(X;H)kTk:AfoÔ to " > 0  tan tuqìn, h apìdeixh e�nai pl rh
. 2Orismì
. 'Ena
 q¸ro
 Bana
hX lègetaiK-kurtì
 an o telest 
Q1
IX epekte�-netai se fragmèno telest  tou L2(X). Tìte, h K-stajer� tou X e�nai o arijmì
K(X) = kQ1 
 IXkL2(X)!L2(X):E�dame ìti an o X e�nai isìmorfo
 me ton q¸ro Hilbert H , tìte o X e�nai K-kurtì
kai K(X) � d(X;H). O Pisier apèdeixe ìti isqÔei polÔ isqurìterh ekt�mhsh.Je¸rhma 1.3.1 'Estw ìti o X e�nai isìmorfo
 me ton q¸ro Hilbert H . Tìte,K(X) � 
 log[d(X;H) + 1℄ìpou 
 > 0 apìluth stajer�.H apìdeixh tou Jewr mato
 1.3.1 ja basiste� sti
 dÔo prohgoÔmene
 prot�sei
 kaisto ex 
 l mma.L mma 1.3.2 'Estw X q¸ro
 Bana
h kai fxk : k � 0g telik� mhdenik  akolouj�aston X . Upojètoume ìti max�1�"�1 



 1Xk=0 "kxk



 � 1:An D = maxk�0 kxkk, tìte kx1k � 
 log(D + 1)ìpou 
 > 0 apìluth stajer�. 21



H apìdeixh tou L mmato
 1.3.2 qrhsimopoie� m�a apl  morf  th
 anisìthta
 touBernstein.L mma 1.3.3 Gia k�je trigwnometrikì polu¸numo Q(t) =Pnk=�n akeikt me miga-dikoÔ
 suntelestè
, isqÔei kQ0k1 � 2nkQk1:Apìdeixh: JewroÔme ton pur na tou F�ejerFn(t) = nXj=�n�1� jjjn+ 1� exp(ijt)kai jètoume  n(t) = 2n � sin(nt)Fn�1(t):Oi basikè
 idiìthte
 twn Fn kai  n d�nontai apì tou
 parak�tw isqurismoÔ
:Isqurismì
 1. An t =2 2�Z, tìteFn(t) = 1n+ 1  sin (n+1)t2sin t2 !2 :Dhlad , Fn(t) � 0 gia k�je t 2 R. Ep�sh
, kFnk1 = 12� R 2�0 Fn(t)dt = 1.Apìdeixh: ParathroÔme pr¸ta ìtiFn(t) = 1n+ 1 nXj=0 jXk=�j eikt:Jètoume z = eit, z 6= 1. Aplè
 pr�xei
 de�qnoun ìti(n+ 1)Fn(t) = 11� z �1� zn+11� z � z(1� zn+1)1� z �= 2� zn+1 � zn+1j1� zj2=  sin (n+1)t2sin t2 !2 :AfoÔ Fn � 0, e�nai fanerì ìtikFnk1 = 12� Z 2�0 Fn(t)dt= 12� nXk=�n�1� jkjn+ 1�Z 2�0 eiktdt = 1: 222



Isqurismì
 2. An Q e�nai trigwnometrikì polu¸numo bajmoÔ n, tìteQ �  n = �Q0:Apìdeixh: MporoÔme na gr�youme Q(t) =Pnk=�n akeikt. Tìte,(Q �  n)(t) = 12� Z 2�0 2n nXk=�n akeik(t�s)! n�1Xl=�n+1�1� jljn � eils! sin(ns)ds= 2n2� nXk=�n akeikt n�1Xl=�n+1�1� jljn �Z 2�0 ei(l�k)s sin(ns)ds:To olokl rwma mhden�zetai, ektì
 an jl � kj = n, opìteZ 2�0 eins sin(ns)ds = � Z 2�0 e�ins sin(ns)ds = i�:AfoÔ jkj � n kai jlj � n�1, prèpei na e�nai 1 � k � n kai l = k�n,   �n � k � �1kai l = k + n. Epomènw
,(Q �  n)(t) = n�  nXk=1 akeikt(�i)��1� n� kn �+ �1Xk=�n akeikti��1� k + nn �!= � Xk 6=0;jkj�n akkieikt= �Q0(t): 2MporoÔme t¸ra na apode�xoume to L mma 1.3.3. Apì ton prohgoÔmeno isqurismì,kQ0k1 = kQ �  nk1. Omw
,j(Q �  n)(t)j � 12� Z 2�0 jQ(t� s)j j n(s)jds;�ra kQ �  nk1 � 12� kQk1 Z 2�0 j n(s)jds:Apì ton orismì th
  n kai apì ton pr¸to isqurismì,12� Z 2�0 j n(s)jdt � 12� Z 2�0 2nFn�1(s)ds = 2n:'Ara, kQ0k1 � 2nkQk1: 223



Apìdeixh tou L mmato
 1.3.2: 'Estw P (t) =Pnk=0 xktk, xk 2 C èna polu¸nu-mo me migadikoÔ
 suntelestè
. Or�zoumeQ(s) = P � sin s2 � = nXk=0 bk (sin s)k2k :To Q e�nai trigwnometrikì polu¸numo bajmoÔ n, kaiQ0(0) = 12P 0(0):Apì thn anisìthta tou Bernstein,jQ0(0)j � 2nkQk1 = 2n maxjsj� 12 jP (s)j:'Ara,(�) jx1j = jP 0(0)j � 4n maxjsj� 12 jP (s)j:'Estw t¸ra fxk : k � 0g telik� mhdenik  akolouj�a se ènan q¸ro Bana
h X , hopo�a ikanopoie� ti
 upojèsei
 tou L mmato
 1.3.2. Gia k�je n 2 N jewroÔme topolu¸numo Pn(t) =Pnk=0 xktk. Qrhsimopoi¸nta
 to gegonì
 ìtikx1k = supfj�(x1)j : � 2 X�; k�k� � 1g;pa�rnoume kx1k = supfj�(x1)j : � 2 X�; k�k� � 1g� 2n � supfj�(Pn("))j : j"j � 12 ; � 2 X�; k�k� � 1g� 2n � supfkPn(")k : j"j � 12g:Suneq�zonta
, mèsw th
 trigwnik 
 anisìthta
 èqoume:kx1k � 2n � supfkPn(")k : j"j � 12g� 2n"sup�



 nXk=0 "kxk



 : j"j � 12�+ 1Xk=n+1 2�kD#� 2n �1 +D2�n�gia k�je n. Tèlo
, an epilèxoume n = [logD℄ + 1 èqoume to zhtoÔmeno. 2Apìdeixh tou Jewr mato
 1.3.1: Or�zoume ton telest T (")[f(x)℄ = 1Xk=0 "kQk[f(x)℄ = Z f �"x+p1� "2y�P (dy)24



E�dame prohgoumènw
 ìti o S = spanfHa : a 2 Ag e�nai puknì
 ston L2. Gia k�jef 2 S 
X me kfkL2(X) � 1 or�zoume:(T (")
 IX ) (f) = 1Xk=0 "k(Qk 
 IX )(f)Apì thn Prìtash 1.3.2 èqoume ta ex 
:(1) k (T (")
 IX ) (f)kL2(X) � 1.(2) k(Qk 
 IX )(f)kL2(X) � d(X;H).Efarmìzonta
 to L mma 1.3.2 gia ton q¸ro Bana
h L2(X) me D = d(X;H) kaixk = (Qk 
 IX )(f), èqoumek(Q1 
 IX )(f)kL2(X) � 
 log(1 + d(X;H)):Tèlo
, apì thn puknìthta tou S 
X ston L2(X) prokÔptei ìtiK(X) = kQ1 
 IXkL2(X)!L2(X) � 
 log(1 + d(X;H)): 2Qrhsimopoi¸nta
 thn K-kurtìthta mporoÔme na doÔme ton duðsmì an�mesa se sei-rè
 P gnxn ston X kai seirè
 P gnx�n ston X�: 'Estw n 2 N. Gr�foume An giathn �-upo�lgebra th
 A pou par�getai apì ti
 g1; : : : ; gn. Sumbol�zoume me Gn(X)ton upìqwro tou L2(X) pou par�getai apì ìle
 ti
 sunart sei
 ! 7!Pni=1 gi(!)xi,ìpou xi 2 X . Ep�sh
, sumbol�zoume me Nn(X) ton upìqwro tou L2(X) pou apote-le�tai apì ìle
 ti
 An-metr sime
 sunart sei
  gia ti
 opo�e
Z gi = 0; i = 1; 2; : : : :Tèlo
, gr�foume Gn�(X) gia ton Xn me nìrma thnjjjxjjj = inf (



 nXi=1 gixi +  



L2(X) :  2 Nn(X)) :Dhlad , o Gn�(X) e�nai isometrik� isìmorfo
 me ton L2(
;An;X)=Gn(X�)?.Prìtash 1.3.3 Oi q¸roi Gn(X�) kai (Gn�(X))� e�nai isometrik� isìmorfoi. 'Ara,gia k�je x = (x1; : : : ; xn) 2 Xn isqÔeijjjxjjj = sup( nXi=1hx�i ; xii : 



 nXi=1 gix�i 



L2(X�) � 1) :Apìdeixh: Oi q¸roi Gn(X�) kai (Gn�(X))� mporoÔn fusiologik� na tautistoÔnme tou
 (X�)n kai Xn ant�stoiqa. H sqèsh du�ismoÔ metaxÔ twn q¸rwn e�nai hhX gix�i ; xi =Xhx�i ; xii25



ìpou x = (xi) 2 Xn.'Estw � An-metr simh sun�rthsh ston L2(X). Gia k�je i = 1; : : : ; n or�zoumexi = E(gi�) = Z gi�:Tìte, h sun�rthsh  = ��Pni=1 gixi 2 Nn(X) diìtiZ gj = Z gj�� nXi=1 �Z gigj�xi= xj � nXi=1 Æijxi = xj � xj = 0;kai aplè
 pr�xei
 de�qnoun ìtiE �hX gix�i ;�i� =Xhx�i ; xii:Dedomènou ìti



 nXi=1 gix�i 



L2(X�) = sup�Eh nXi=1 gix�i ;�i : � 2 L2(An; X); k�k2 � 1�;mporoÔme na gr�youme



 nXi=1 gix�i 



Gn(X�) = sup� nXi=1hx�i ; xii : jjjxjjj � 1�Tèlo
, epeid  isqÔei jjjxjjj = supfh�; xi : jjj�jjj� � 1gjètonta
 ìpou � =Pni=1 gix�i blèpoume ìtijjjxjjj = sup� nXi=1hx�i ; xii : 



 nXi=1 gix�i 



L2(X�) � 1�: 2Prìtash 1.3.4 'Estw X èna
 K-kurtì
 q¸ro
 Bana
h. An x1; : : : ; xn 2 X ,K(X)�1



 nXi=1 gixi



L2(X) � sup( nXi=1hx�i ; xii : 



 nXi=1 gix�i 



L2(X�) � 1)� 



 nXi=1 gixi



L2(X):26



Apìdeixh: AfoÔ (Q1 
 IX)( ) = 0 gia k�je  2 Nn(X), apì ton orismì th
K(X) pa�rnoume 



 nXi=1 gixi



L2(X) � K(X)



 nXi=1 gixi +  



L2(X)gia k�je  2 Nn(X). Epomènw
,



 nXi=1 gixi



L2(X) � K(X)jjjxjjj:Apì thn Prìtash 1.3.3 èpetai h arister  anisìthta. H apìdeixh th
 dexi�
 anisì-thta
 e�nai �mesh. 21.4 H `-nìrmaH `-nìrma or�sthke apì tou
 T. Figiel kai N. Tom
zak-Jaegermann [FT℄. 'Estw Xq¸ro
 Bana
h kai u : `n2 ! X grammikì
 telest 
. Or�zoume`(u) = �Z ku(x)k2Xd
n(x)�1=2ìpou 
n to mètro tou Gauss ston Rn . Me ton sumbolismì th
 prohgoÔmenh
 para-gr�fou èqoume `(u) =  Z
 k nXi=1 gi(!)u(ei)k2dP!1=2= 



 nXi=1 gi 
 u(ei)



L2(X);ìpou feigni=1 h kanonik  b�sh tou Rn .Oi basikè
 idiìthte
 th
 ` d�nontai apì thn epìmenh prìtash.Prìtash 1.4.1 'Estw X kai Y q¸roi Bana
h.1. H ` e�nai nìrma ston L(`n2 ; X).2. Gia k�je T : `n2 ! `n2 isqÔei `(uT ) � `(u)kTk.3. Gia k�je S : X ! Y isqÔei `(Su) � kSk`(u). 2Orismì
. 'Estw X èna
 n-di�stato
 q¸ro
 me nìrma kai èstw � tuqoÔsa nìrmaston L(`n2 ; X). MporoÔme p�nta na or�soume mia duik  nìrma �� ston L(X; `n2 ),jètonta
 ��(v) = supftr(vu) : �(u) � 1g:Lème tìte ìti oi � kai �� e�nai duikè
 w
 pro
 to �qno
. To L mma tou Lewis [Le℄isqÔei gia opoiad pote nìrma ston L(`n2 ; X).27



Prìtash 1.4.2 Gia k�je nìrma � ston L(`n2 ; X), up�rqei u 2 L(`n2 ; `n2 ) tètoio
¸ste �(u) = 1 kai ��(u�1) = n.Apìdeixh: ParathroÔme pr¸ta ìti n � �(v)��(v�1) gia k�je v 2 L(`n2 ; X), afoÔn�(v) = 1�(v) tr(In) = tr�v�1 v�(v)� � ��(v�1):'Estw u 7! det(u) sun�rthsh or�zousa
 (w
 pro
 k�poia stajer  b�sh tou X).Pa�rnoume u 2 L(`n2 ; X) me �(u) � 1 ètsi ¸ste j detuj = maxfj det vj : v 2L(`n2 ; X); �(v) � 1g. Tètoio
 u up�rqei, afoÔ h or�zousa e�nai suneq 
 sun�r-thsh w
 pro
 thn fusiologik  nìrma, �ra kai w
 pro
 k�je nìrma ston L(`n2 ; X).E�nai ep�sh
 fanerì ìti �(u) = 1.'Estw " > 0 arket� mikrì, kai v 2 L(`n2 ; X) tuq¸n.Tìte, o (u+ "v)=�(u+ "v) èqei �-nìrma �sh me 1. Epomènw
,j det(u+ "v)j � (�(u+ "v))n j detuj:'Epetai ìti j det[u�1(u+ "v)℄j1=n � �(u+ "v);kai, afoÔ h � e�nai nìrma,j det(In + "u�1v)j1=n � �(u) + "�(v) = 1 + "�(v):Dhlad , [det(In + "u�1v)℄1=n � 1" � �(v);kai af nonta
 to "! 0+ pa�rnoumetr(u�1v)n � �(v):AfoÔ o v  tan tuq¸n, autì shma�nei ìti��(u�1) � n: 2'Estw X èna
 n-di�stato
 q¸ro
 me nìrma kai èstw v : X ! `n2 . An jèsoumex�i = v�(ei), tìte me ton sumbolismì th
 prohgoÔmenh
 paragr�fou,(�) `(v�) = sup( nXi=1hx�i ; xii : 



 nXi=1 gix�i 



L2(X�) � 1) :'Ara, h Prìtash 1.3.4 ma
 d�nei to ex 
.L mma 1.4.1 Gia k�je n-di�stato q¸ro me nìrma X kai k�je v : X ! `n2 , èqoume`(v�) � K(X�)`�(v):28



Apìdeixh: Apì thn Prìtash 1.3.4 kai thn (�),`(v�) = 



 nXi=1 gix�i 



L2(X�) � K(X�)`�(v): 2Qrhsimopoi¸nta
 kai thn Prìtash 1.4.2 pa�rnoume to ex 
.Je¸rhma 1.4.1 'Estw X èna
 n-di�stato
 q¸ro
 me nìrma. Up�rqei isomorfi-smì
 u : `n2 ! X tètoio
 ¸ste`(u)`(u�1)�) � 
n log[d(X; `n2 ) + 1℄:IsodÔnama, up�rqei diorjog¸nio sÔsthma fx1; : : : ; xng � X kai fx�1; : : : ; x�ng � X�tètoio ¸ste 



 nXi=1 gixi



L2(X)



 nXi=1 gix�i 



L2(X�) � 
n log[d(X; `n2 ) + 1℄:Apìdeixh: Apì thn prìtash 1.4.2 up�rqei isomorfismì
 u tètoio
 ¸ste `(u) =`�(u�1) = pn. Ep�sh
,apì to L mma 1.4.1 jètonta
 v = u�1 èqoume`((u�1)�) � K(X�)`�(u�1):Apì to Je¸rhma 1.3.1 èqoumeK(X�) � 
 log[d(X�; `n2 ) + 1℄ = 
 log[d(X; `n2 ) + 1℄;�ra `(u) � `((u�1)�) � K(X�)`(u) � `�(u�1)� 
n log[d(X; `n2 ) + 1℄:Pa�rnonta
 xi = u(ei) kai x�i = (u�1)�(ei), apì ton orismì th
 `-nìrma
 èqoumethn isodÔnamh diatÔpwsh tou jewr mato
. 2
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Kef�laio 2H eikas�a tou Mahler
Sthn x2.1 apodeiknÔoume thn anisìthta tou Santal�o: gia k�je summetrikì kurtìs¸ma K ston Rn , P (K) := jKj � jKÆj � jBnj2:H apìdeixh bas�zetai sthn summetrikopo�hsh kat� Steiner. Den e�nai gnwstì giapoi� summetrik� kurt� s¸mata elaqistopoie�tai to ginìmeno ìgkwn P . H eikas�atou Mahler e�nai ìti P (K) � 4n=n!gia k�je summetrikì kurtì s¸ma K ston Rn , dhlad  ìti to ginìmeno ìgkwn P (K)g�netai el�qisto ìtan to K e�nai kÔbo
. Sti
 paragr�fou
 x2.2 kai x2.3 epalh-jeÔoume thn eikas�a tou Mahler mèsa se dÔo eidikè
 kl�sei
 swm�twn: ta zwnoeid kai ta s¸mata pou e�nai summetrik� w
 pro
 ta kÔria uperep�peda.2.1 H anisìthta tou Santal�o'Estw K kurtì s¸ma ston Rn kai � 2 Sn�1. Gr�foume P�?(K) gia thn orjog¸niaprobol  tou K ston �? kai or�zoume dÔo sunart sei
 f; g : P�?(K)! R mef(x) = minft 2 R : x+ t� 2 Kg kai g(x) = maxft 2 R : x+ t� 2 Kg:EÔkola elègqoume ìti h f e�nai kurt , h g e�nai ko�lh kai(1) K = fx+ t� : x 2 P�?(K); f(x) � t � g(x)g:Or�zoume t¸ra thn Steiner summetrikopo�hsh tou K sthn kateÔjunsh tou � w
ex 
:(2) S�(K) = �x+ t� : x 2 P�?(K) ; jtj � g(x)� f(x)2 �:31



Dhlad , gi� k�je x 2 P�?(K) jewroÔme èna eujÔgrammo tm ma par�llhlo sto� me m ko
 g(x) � f(x) kai mèso to x, kai pa�rnoume thn ènwsh ìlwn aut¸n twneujugr�mmwn tmhm�twn.Apì ton orismì, to S�(K) e�nai summetrikì w
 pro
 �? (aut  h parat rhsh dikaio-loge� ton ìro {summetrikopo�hsh} ). Oi basikè
 idiìthte
 tou metasqhmatismoÔ S�perigr�fontai sto epìmeno l mma:L mma 2.1.1 'Estw K kurtì s¸ma ston Rn kai � 2 Sn�1. Tìte, to S�(K) e�naikurtì s¸ma kai jS�(K)j = jKj. 2'Estw K;L mh ken�, sumpag  uposÔnola tou Rn . H apìstash Hausdor� twn K kaiL e�nai o arijmì
(3) dH(K;L) = minf� � 0 : K � L+ �Bn kai L � K + �Bng:E�nai eÔkolo na doÔme ìti h dH e�nai metrik . Epiplèon, diadoqikè
 Steiner sum-metrikopoi sei
 fèrnoun opoiod pote kurtì s¸ma osod pote kont� se Eukle�deiamp�la.Je¸rhma 2.1.1 'Estw K kurtì s¸ma ston Rn . JewroÔme thn kl�sh ìlwn twndiadoqik¸n Steiner summetrikopoi sewn tou K(4) S(K) = fS�m : : : S�1(K) : �i 2 Sn�1; m 2 Ng:Tìte, gi� k�je " > 0 mporoÔme na broÔme C 2 S(K) tètoio ¸ste dH (C; �Bn) < ",ìpou � = �jKj=jBnj�1=n. 2To Je¸rhma 2.1.1 an�gei thn apìdeixh th
 anisìthta
 tou Santal�o sto ex 
.Je¸rhma 2.1.2 [MP℄ 'Estw K summetrikì kurtì s¸ma ston Rn kai � 2 Sn�1.An K1 = S�(K) e�nai h Steiner summetrikopo�hsh tou K sthn kateÔjunsh tou �,tìte jKjjKÆj � jK1jjKÆ1 j:Apìdeixh: AfoÔ h summetrikopo�hsh Steiner diathre� tou
 ìgkou
, arke� na de�-xoume ìti jKÆj � jKÆ1 j.Gia eukol�a upojètoume ìti �? = Rn�1 . Apì ton orismì th
 summetrikopo�hsh
mporoÔme na elègxoume ìtiS�(K) = K1 = ��x; t1 � t22 � : x 2 P�?K; (x; t1) 2 K; (x; t2) 2 K�:Gi� k�je A � Rn gr�foumeA(t) = fx 2 Rn�1 : (x; t) 2 Ag:32



Isqurismì
: Gi� k�je s 2 R isqÔeiKÆ(s) +KÆ(�s)2 � KÆ1 (s):Apìdeixh: 'Estw y1 2 KÆ(s) kai y2 2 KÆ(�s). Autì shma�nei ìti (y1; s) 2 KÆkai (y2;�s) 2 KÆ. Jèloume na de�xoume ìti (y1 + y2)=2 2 KÆ1 (s), dhlad  ìti�y1+y22 ; s� 2 KÆ1 .'Estw (x; t1�t22 ) 2 K1, dhlad  (x; t1) 2 K kai (x; t2) 2 K. Arke� na de�xoume ìti
�x; t1 � t22 �; �y1 + y22 ; s�� � 1:'Omw
, h posìthta aut  e�nai �sh me
x; y1 + y22 �+ st1 � st22 = h(x; t1); (y1; s)i+ h(x; t2); (y2;�s)i2 � 1: 2Apì thn anisìthta Brunn-Minkowski,jKÆ1 (s)j � jKÆ(s)j1=2jKÆ(�s)j1=2:Apì thn summetr�a tou KÆ èqoume jKÆ(s)j = jKÆ(�s)j, �rajKÆ1 (s)j � jKÆ(s)jgi� k�je s 2 R. Me olokl rwsh sumpera�noume ìtijKÆ1 j = Z +1�1 jKÆ1 (s)jds � Z +1�1 jKÆ(s)jds = jKÆj: 2H anisìthta tou Santal�o. 'Estw K summetrikì kurtì s¸ma ston Rn . Tìte,jKjjKÆj � jBnj2:Apìdeixh: 'Estw S(K) h kl�sh ìlwn twn diadoqik¸n Steiner summetrikopoi sewntou K. Me diadoqikè
 efarmogè
 tou Jewr mato
 2.1.2 blèpoume ìtijKjjKÆj � jCjjCÆjgi� k�je C 2 S(K). Apì to Je¸rhma 2.1.1 up�rqei akolouj�a fCmg stoiqe�wn th
S(K) me dH (Cm; �Bn) ! 0, ìpou � = �jKj=jBnj�1=n. Tìte, dH(CÆm; (�Bn)Æ) ! 0kai apì thn sunèqeia tou ìgkou w
 pro
 thn Hausdor� metrik  pa�rnoumejKjjKÆj � limm jCmjj(Cm)Æj = j�Bnjj(�Bn)Æj = jBnj2: 233



To prìblhma tou elaq�stou paramènei anoiqtì. SÔmfwna me thn eikas�a tou Mah-ler, gi� k�je summetrikì kurtì s¸ma K ston Rn isqÔei(5) jKjjKÆj � 4nn! :An to el�qisto e�nai ìntw
 autì, tìte èqoume isìthta sthn (5) an to K e�nai kÔbo
(kai se merikè
 akìma peript¸sei
). 'Opw
 ja doÔme sti
 epìmene
 dÔo paragr�-fou
, h eikas�a touMahler isqÔei an perioristoÔme se dÔo eidikè
 kl�sei
 swm�twn:sta zwnoeid  kai sta s¸mata pou e�nai summetrik� w
 pro
 ta kÔria uperep�peda.2.2 H eikas�a tou Mahler gia zwnoeid Gia k�je x 2 Rn gr�foume [�x; x℄ gia to eujÔgrammo tm ma ftx : �1 � t � 1g.Ta summetrik� kurt� s¸mata th
 morf 
A = mXj=1[�xj ; xj ℄lègontai zwnìtopa. Dhlad , zwnìtopo e�nai èna �jroisma Minkowski eujugr�mmwntmhm�twn me mèso to 0. An m = n kai ta xj e�nai grammik� anex�rthta, tìte to Alègetai n-kÔbo
 (parallhlep�pedo).Ta ìria akolouji¸n apì zwnìtopa w
 pro
 thnHausdor� metrik  lègontai zwnoeid .H kl�sh twn zwnoeid¸n qarakthr�zetai apì thn ex 
 prìtash.Prìtash 2.2.1 'Ena summetrikì kurtì s¸ma A ston Rn e�nai zwnoeidè
 an kaimìno an up�rqei jetikì, �rtio mètro Borel � sthn Sn�1 me thn idiìthtakykAÆ = 12 ZSn�1 jhx; yij d�(x)gia k�je y 2 Rn . 2To mètro � th
 Prìtash
 2.2.1 or�zetai monos manta kai lègetai mètro st rixh
tou A. Qrhsimopoi¸nta
 to gegonì
 ìtijPx?Aj = 12 ZSn�1 jhx; �ijd�A(�)ìpou �A to epifaneiakì mètro tou A, blèpoume ìti1n ZSn�1 jPx?Ajd�(x) = 12n ZSn�1 ZSn�1 jhx; �ijd�A(�)d�(x)= 12n ZSn�1 ZSn�1 jhx; �ijd�(x)d�A(�)= 1n ZSn�1 k�kAÆd�A(�)= jAj;34



afoÔ h teleuta�a isìthta isqÔei gia k�je summetrikì kurtì s¸ma. 'Eqoume loipìnton ex 
 {tÔpo} gia ton ìgko zwnoeid¸n.Prìtash 2.2.2 'Estw A zwnoeidè
 me mètro st rixh
 to �. Tìte,jAj = 1n ZSn�1 jPx?Ajd�(x): 2To basikì je¸rhma pou ja apode�xoume se aut n thn par�grafo e�nai to ex 
 (blèpe[GMR℄, arqik� apode�qjhke alli¸
 apì ton Reisner [R℄:Je¸rhma 2.2.1 'Estw A zwnoeidè
 ston Rn . Tìte,P (A) = jAj � jAÆj � 4nn!me isìthta an kai mìno an to A e�nai n-kÔbo
.Gia thn apìdeixh tou Jewr mato
 2.2.1 ja qreiastoÔme tr�a l mmata.L mma 2.2.1 'Estw A � Rn zwnoeidè
 kai � to mètro st rixh
 tou A. Tìte,(1) (n+ 1)jAj ZSn�1 ZAÆ jhx; yijdyd�(x) = 2jAÆj ZSn�1 jPx?Ajd�(x):Eidikìtera, up�rqei x0 2 Sn�1 tètoio ¸ste(2) (n+ 1)jAj ZAÆ jhx0; yijdy � 2jAÆj � jPx?0 Aj:Apìdeixh: Apì to je¸rhma tou Fubini èqoumeZSn�1ZAÆ jhx; yijdy d�(x) = ZAÆ �ZSn�1 jhx; yijd�(x)� dy= 2 ZAÆ kykAÆdy= 2 ZAÆ "Z kykAÆ0 dt# dy= 2 Z 10 jfy 2 Rn : t � kykAÆ � 1gjdt= 2 Z 10 jAÆntAÆjdt= 2 Z 10 (jAÆj � jtAÆj)dt:35



diìti tAÆ � AÆ gia k�je t 2 [0; 1℄. H teleuta�a posìthta isoÔtai me2 Z 10 jAÆj(1� tn)dt = 2jAÆj Z 10 (1� tn)dt = 2nn+ 1 jAÆj:Mia pr¸th isìthta loipìn e�nai h ex 
:(3) ZSn�1 ZAÆ jhx; yijdyd�(x) = 2nn+ 1 jAÆj:Apì thn �llh meri�, epeid  to A e�nai zwnoeidè
, apì thn Prìtash 2.2.2 isqÔei ìti(4) jAj = 1n ZSn�1 jPx?Ajd�(x):Apì ti
 (3) kai (4) prokÔptei h (1).H Ôparxh enì
 x0 2 Sn�1 pou na ikanopoie� thn (2) èpetai apì to gegonì
 ìti to� e�nai jetikì mètro. Pr�gmati apì thn (1) an ta metafèroume ìla sto aristerìmèlo
 èqoumeZSn�1 �(n+ 1)jAj ZAÆ jhx; yijdy � 2jAÆj � jPx?Aj� d�(x) = 0�ra up�rqei x0 2 Sn�1 tètoio ¸ste(n+ 1)jAj ZAÆ jhx0; yijdy � 2jAÆj � jPx?0 j � 0:Autì apodeiknÔei to zhtoÔmeno. 2L mma 2.2.2 'Estw f : R+ ! R+ me f(0) = 1 kaiZ 10 f(x)dx > 0:Upojètoume akìma ìti gia k�poio p > 0 h f1=p e�nai ko�lh sto fx : f(x) 6= 0g. Tìte,Z 10 t f(t) dt � p+ 1p+ 2 �Z 10 f(t) dt�2me isìthta an kai mìno an up�rqei � > 0 tètoio
 ¸ste f(t) = (1� �t)p+.Apìdeixh: Epeid  R10 f(x) dx > 0, up�rqei � > 0 tètoio
 ¸ste(5) Z 10 f(t) dt = Z 10 (1� �t)p+dt = 1�(p+ 1) :JewroÔme thn sun�rthsh g(x) = f(x)� (1� �t)p+. Tìte,g(0) = f(0)� 1 = 036



kai(6) Z 10 g(x) dx = Z 10 f(x) dx� Z 10 (1� �x)p+dx = 0:AfoÔ h f1=p e�nai ko�lh sto fx : f(x) 6= 0g kai h (1��x)+ grammik , sumpera�noumeìti up�rqei x0 � 0 me thn idiìthta g(x) � 0 an x 2 [0; x0℄ kai g(x) � 0 an x � x0.'Epetai ìti gia k�je x 2 R+(7) Z 1x g(t) dt � 0:Pragmatik�, gia k�je x � x0 isqÔei g(x) � 0 �ra R1x g(t) dt � 0. An p�liup rqe k�poio x1 2 [0; x0℄ tètoio ¸ste R1x1 g(t) dt > 0, apì thn (6) ja pa�rnameR x10 g(t) dt < 0 to opo�o e�nai �topo.T¸ra, Z 10 Z 1x f(t) dt dx = Z 10 Z 10 �ft�xg(t) f(t) dt dx= Z 10 f(t) Z 10 �ft�xg(t) dx dt= Z 10 f(t) Z t0 dx dt= Z 10 t f(t) dt;opìte, qrhsimopoi¸nta
 thn (7) gr�foumeZ 10 t f(t) dt = Z 10 �Z 1x f(t) dt� dx� Z 10 �Z 1x (1� �t)p+ dt� dx:'Omw
,Z 10 �Z 1x (1� �t)p+ dt� dx = 1(p+ 1)(p+ 2)�2 = p+ 1p+ 2 � 1[(p+ 1)�℄2= p+ 1p+ 2 �Z 10 f(t) dt�2apì thn epilog  tou �. 'Ara,Z 10 t f(t) dt � p+ 1p+ 2 �Z 10 f(t) dt�2 :Apì thn apìdeixh g�netai fanerì ìti isìthta isqÔei an kai mìno anZ 1x f(t) dt = Z 1x (1� �t)p+ dt37



gia k�je x 2 R+ , dhlad  an f(t) = (1� �t)p+ gia k�je t � 0. 2L mma 2.2.3 'Estw B summetrikì kurtì s¸ma ston Rn . Gia k�je x 2 Sn�1or�zoume B(x) = fy 2 B : hx; yi = 0g. Tìte,ZB jhx; yijdy � n2(n+ 1) � jBj2jB(x)j :Isìthta isqÔei an kai mìno an up�rqei y 2 Rn tètoio ¸ste B = 
onv(y;�y;B(x)).Apìdeixh: Or�zoume g(t) = jfy 2 B : hx; yi = tgj, t 2 R. Gia thn sun�rthsh gisqÔoun ta ex 
:(a) g(0) = jB(x)j apì ton orismì tou B(x).(b) H g e�nai �rtia, diìti fy 2 B : hx; yi = �tg = �fy 2 B : hx; yi = tg.(g) g(t) = 0 an jtj > kxkBÆ .(d) H g1=(n�1) e�nai ko�lh sto forèa th
 (�kxkBÆ ; kxkBÆ): autì prokÔptei apìthn anisìthta Brunn-Minkowski.(e) Apì to je¸rhma tou Fubini (mporoÔme na upojèsoume ìti x = en),jBj = 2 Z 10 ZRn�1 �B(z; t)dzdt= 2 Z 10 jfy 2 B : hx; yi = tgjn�1dt= 2 Z 10 g(t) dt:(z) Entel¸
 ìmoia,ZB jhx; yijdy = 2 Z 10 ZRn�1h(z; t); eni�B(z; t)dzdt= 2 Z 10 tjfy 2 B : hx; yi = tgjn�1dt= 2 Z 10 tg(t)dt:Gia thn sun�rthsh f(t) = g(t)=g(0) èqoume ìti: h f1=(n�1) e�nai ko�lh sto fx :f(x) 6= 0g me f(0) = 1 kaiZ 10 f(t)dt = Z 10 g(t)g(0)dt = 1jB(x)j Z 10 g(t) dt = jBj2jB(x)j > 0:Efarmìzonta
 to L mma 2.2.2 me p = n� 1 pa�rnoume(8) Z 10 tf(t)dt � nn+ 1 �Z 10 f(t) dt�238



me isìthta an kai mìno an up�rqei � > 0 tètoio
 ¸ste f(t) = (1� �t)n�1+ gia k�jet � 0.Sthn per�ptws  ma
, h (8) pa�rnei th morf 12jB(x)j ZB jhx; yijdy � n4(n+ 1) jBj2jB(x)j2ap� ìpou sumpera�noume ìtiZB jhx; yijdy � n2(n+ 1) � jBj2jB(x)j ;dhlad  to zhtoÔmeno.T¸ra, an f kai p e�nai ta parap�nw, apì to L mma 2.2.2 èqoume isìthta an kaimìno an f(t) = (1� �t)p+ gia k�je t � 0, dhlad  ang(t)g(0) = �1� tkxkBÆ�n�1+gia k�je t � 0 (parathr ste ìti 1=� = kxkBÆ diìti oi f(t) kai (1 � �t)n�1+ sump�-ptoun kai èqoun fore�
 ta [0; kxkBÆ ℄ kai [0; 1=�℄ ant�stoiqa).Apì to je¸rhma Hahn-Bana
h up�rqei y 2 B tètoio ¸ste jhx; yij = kxkBÆ . Lìgwkurtìthta
 kai summetr�a
 tou B èqoume B � B1 = 
onv(y;�y;B(x)). An loipìnisqÔei ZB jhx; yijdy = n2(n+ 1) jBj2jB(x)j ;tìte jBj � jB1j = 2jB(x)j � kxkBÆn = 2 Z 10 g(t) dt = jBjopìte B = B1.O ant�strofo
 isqurismì
 prokÔptei me apeuje�a
 upologismì. An B = B1 kai hto pl�to
 tou B sthn dieÔjunsh tou x, tìteZB jhx; yijdy = 2 Z h0 tg(t)dt= 2g(0) Z h0 t�1� th�n�1 dt= 2g(0)h2n(n+ 1)= n2(n+ 1) � jBj2jB(x)jdiìti 2g(0)h = njBj. 2T¸ra pi� e�maste ètoimoi na apode�xoume to je¸rhma.39



Apìdeixh tou jewr mato
: H apìdeixh ja g�nei me epagwg  w
 pro
 n. Gian = 1 èqoume A = [�
; 
℄ kai AÆ = [�
�1; 
�1℄, �ra P (A) = 4.'Estw ìti h anisìthta tou Jewr mato
 isqÔei gia n�1. Tìte apì ta L mmata 2.2.1kai 2.2.3 èqoume ìti: up�rqei x0 2 Sn�1 tètoio ¸ste2jAÆj � jPx?0 Aj � (n+ 1)jAj ZAÆ jhx0; yijdy� (n+ 1)jAj n2(n+ 1) jAÆj2jAÆ(x0)j�ra(9) jPx?0 Aj � jAÆ(x0)j � n4 jAj � jAÆj:Epeid  ìmw
 (AÆ(x0))Æ = Px?0 (A), h (9) pa�rnei th morf (10) P (A) � 4nP �Px?0 A� :T¸ra epeid  to A e�nai zwnoeidè
, h probol  tou Px?0 A e�nai ep�sh
 zwnoeidè
 di�-stash
 n� 1. Apì thn epagwgik  upìjesh èqoumeP (A) � 4nP �Px?0 A� � 4n � 4n�1(n� 1)! = 4nn! :'Ara to Je¸rhma isqÔei gia k�je n 2 N.An P (A) = 4n=n!, tìte gia to sugkekrimèno x0 2 Sn�1 th
 parap�nw apìdeixh
isqÔei P �Px?0 A� = 4n�1=(n� 1)! �ra apì thn epagwgik  upìjesh to Px?0 (A) e�nai(n� 1)-kÔbo
. Autì shma�nei ìti AÆ(x0) = 
onvf�y1;�y2; : : : ;�yn�1g gia k�poiay1; : : : ; yn�1 2 Rn . Epiplèon èqoume isìthta sthnZAÆ jhx0; yijdy � n2(n+ 1) � jAÆj2jAÆ(x0)j ;�ra up�rqei y0 2 Rn gia to opo�oAÆ = 
onv(y0;�y0; AÆ(x0)g) = 
onvf�y0; : : : ;�yn�1g:Dhlad  to A e�nai n-kÔbo
. 22.3 H eikas�a tou Mahler gia s¸mata summetrik�w
 pro
 ta kÔria uperep�pedaTo basikì je¸rhma pou ja apode�xoume ofe�letai ston Saint-Raymond [SR℄ kaiapant� jetik� sthn eikas�a tou Mahler gia mia �llh eidik  kl�sh swm�twn, aut¸npou e�nai summetrik� w
 pro
 ta kÔria uperep�peda.40



Je¸rhma 2.3.1 Gia k�je kurtì s¸ma K ston Rn to opo�o e�nai summetrikì w
pro
 k�je kÔrio uperep�pedo isqÔei ìtiP (K) := jKj � jKÆj � 4nn! :Apìdeixh: Lègonta
 ìti to K e�nai summetrikì w
 prì
 k�je kÔrio uperep�pedo,ennooÔme ìti up�rqei b�sh fe1; : : : ; eng tou Rn me thn idiìthta(1) k"1�1e1 + : : :+ "n�nenkK = �(j�1j; : : : ; j�nj)gia k�je epilog  pragmatik¸n arijm¸n �i kai pros mwn "i. Epeid  to ginìmenoìgkwn e�nai anallo�wto w
 pro
 antistrèyimou
 grammikoÔ
 metasqhmatismoÔ
,gia thn apìdeixh tou Jewr mato
 mporoÔme na upojèsoume ìti to fe1; : : : ; eng e�naih sun jh
 orjokanonik  b�sh tou Rn . Tìte, to s¸ma K e�nai summetrikì w
 prì
k�je kÔrio uperep�pedo. Dhlad ,(2) T (K) = Kgia k�je diag¸nio p�naka T me suntetagmène
 �1 sth diag¸nio. Apì thn [T (K)℄Æ =(T�1)�(KÆ) kai thn (2) èpetai ìti to polikì KÆ tou K e�nai ep�sh
 summetrikì w
prì
 k�je kÔrio uperep�pedo. Dhlad ,(3) k"1�1e1 + : : :+ "n�nenkKÆ = ��(j�1j; : : : ; j�nj)gia k�je epilog  pragmatik¸n arijm¸n �i kai pros mwn "i.An loipìn jèsoume K+ = K \ int(Rn+ ) kai KÆ+ = KÆ \ int(Rn+ ) èqoume ìtijKj = 2njK+jkai jKÆj = 2njKÆ+j:To �dio akrib¸
 isqÔei gia ton monadia�o kÔboW = fx 2 Rn : maxfj�1j; j�2j; : : : ; j�njg � 1gkai gia to polikì tou W Æ = �x 2 Rn : nXi=1 j�ij � 1�:Ta W kai W Æ e�nai summetrik� w
 pro
 ta kÔria uperep�peda, opìte an or�soumeW+ =W \ int(Rn+ ) kai W Æ+ =W Æ \ int(Rn+ ), èqoumejW j = 2njW+j = 2nkai jW Æj = 2njW Æ+j = 2nn! :41



Autì shma�nei ìti gia na apode�xoume thn zhtoÔmenh anisìthta arke� na de�xoumeìti jK+j � jKÆ+j � jW+j � jW Æ+j:K�noume thn allag  suntetagmènwn x = (�i) 7! y = (�i) ìpou �i = e��i kaigr�foume C1; C2;Rn+ ; T gia ti
 eikìne
 twn K+;KÆ+;W+;W Æ+ ant�stoiqa.Epeid  ta K;KÆ;W;W Æ e�nai kurt� kai summetrik� w
 pro
 ta kÔria uperep�peda,eÔkola elègqoume ìti gia to C = K+;KÆ+;W+;W Æ+ ikanopoie�tai h ex 
:Idiìthta (U): An x = (�1; �2; : : : ; �n) e�nai èna shme�o tou sunìlouC, tìte to �x = (�1�1; �2�2; : : : ; �n�n) an kei sto C gia k�je � =(�1; �2; : : : ; �n) 2 W+.Aut  h idiìthta ma
 bohj�ei epiplèon na de�xoume to ex 
.L mma 2.3.1 IsqÔoun oi isìthte
(a) C1 + Rn+ = C1.(b) C2 + Rn+ = C2.(g) T + Rn+ = T .Apìdeixh: Gia par�deigma ja de�xoume to (a). 'Estw � = (�1; : : : ; �n) 2 C1 kai� = (�1; : : : ; �n) 2 Rn+ . Tìte, èqoume� + � = (log(1=�1) + �1; : : : ; log(1=�n) + �n)ìpou x = (�1; �2; : : : ; �n) 2 K+, �ra �i > 0. Akìmh mporoÔme na gr�youme �i =log�i kai �i > 1 afoÔ �i > 0. 'Ara,� + � = (log(1=�1) + log�1; : : : ; log(1=�n) + log�n)= �log �1�1 ; : : : ; log �n�n �= �� log �1�1 ; : : : ;� log �n�n� :T¸ra, afoÔ 1=�i < 1 kai (�1; �2; : : : ; �n) 2 K+, èpetai ìti (�1=�1; : : : ; �n=�n) 2 K+sunep¸
 � + � 2 C1. Autì apodeiknÔei thn C1 + Rn+ � C1. Gia ton ant�strofoegkleismì, parathroÔme ìti k�je � = (log(1=�1); : : : ; log(1=�n)) gr�fetai sth morf � = (log(1=r�1) + log r; : : : ; log(1=r�n) + log r) 2 C1 + Rn+an epilèxoume to r > 1 all� polÔ kont� sto 1 (tìte log r > 0 kai (r�1; : : : ; r�n) 2K+ giat� to (�1; : : : ; �n) e�nai eswterikì shme�o tou K+). 2L mma 2.3.2 Ta sÔnola C1; C2; T e�nai kurt�. Epiplèon, up�rqei � 2 Rn me thnidiìthta C1; C2; T � �+ Rn+ :42



Apìdeixh: A
 upojèsoume gia par�deigma ìti �1; �2 2 C1 kai 0 < t < 1. Up�rqoun�1; �2 2 K+ tètoia ¸ste �ji = � log �ji , j = 1; 2. Tìte,t�1i + (1� t)�2i = � log[(�1i )t(�2i )1�t℄kai ([(�1i )t(�2i )1�t℄)i�n 2 K+ lìgw th
 summetr�a
 tou K w
 pro
 ta kÔria upere-p�peda kai th
 (�1i )t(�2i )1�t � t�1i + (1 � t)�21 . 'Ara t�1 + (1 � t)�2 2 C1, kai autìde�qnei ìti to C1 e�nai kurtì.Akìmh, epeid  ta s¸mata K;W e�nai sumpag  -�ra fragmèna- mporoÔme na broÔmeèna b 2 Rn+ ètsi ¸ste ta K+;KÆ+;W Æ+ na perièqontai sto fx : 0 < xi < big.Epomènw
, oi eikìne
 tou
 mèsw tou metasqhmatismoÔ �i = e��i perièqontai sto�+ Rn+ , ìpou � h ant�stoiqh eikìna tou b. 2ParathroÔme ìti jK+j = ZK+ dx = ZC1 e�hy;�eidy= ZRn e�hy;�ei�C1(y)dy= L(�C1)(�e)ìpou �e = (1; : : : ; 1) kai L(f) e�nai o metasqhmatismì
 Lapla
e th
 f . To parap�nwolokl rwma or�zetai kal� lìgw tou L mmato
 2.3.2.Me ìmoio trìpo blèpoume ìti jKÆ+j = L(�C2)(�e)jW+j = L(�Rn+)(�e)jW Æ+j = L(�T )(�e)Apì ta parap�nw blèpoume ìti gia thn apìdeixh tou jewr mato
 arke� na de�xoumethn(4) L(�C1)(�e) � L(�C2)(�e) � L(�Rn+)(�e) � L(�T )(�e):Ja qreiastoÔme k�poie
 aplè
 idiìthte
 tou metasqhmatismoÔ Lapla
e ti
 opo�e
parajètoume qwr�
 apìdeixh:L mma 2.3.3 O L e�nai jetikì
 grammikì
 telest 
: an f � g, tìte gia k�jey 2 Rn L(f)(y) � L(g)(y):Ep�sh
, an f � g e�nai h sunèlixh twn f kai g tìteL(f � g)(y) = L(f)(y) � L(g)(y)gia k�je y 2 Rn . 243



SÔmfwna me to L mma 2.3.3, zht�me na de�xoume ìti(5) (�C1 � �C2)(y) � (�Rn+ � �T )(y)gia k�je y 2 Rn . Ereun¸nta
 k�je mèlo
 th
 anisìthta
 parathroÔme ìti(�C1 � �C2)(y) = ZRn �C1(y � z)�C2(z)dz= ZC2 �C1(y � z)dz= j(y � C1) \ C2jkai me akrib¸
 ton �dio trìpo epalhjeÔoume ìti(�Rn+ � �T )(y) = j(y � Rn+ ) \ T j:L mma 2.3.4 T = C1 + C2.Apìdeixh: 'Estw y1 2 C1 kai y2 2 C2. Epeid  C1 = Im(K+) kai C2 = Im(KÆ+)mèsw tou metasqhmatismoÔ �i = e��i , up�rqoun x1 2 K+ kai x2 2 KÆ+ tètoia ¸stex1 = e�y1 kai x2 = e�y2 .Apì ton orismì tou polikoÔ s¸mato
 èqoume1 � hx1; x2i = nXi=1 e�(�(1)i +�(2)i )= ke�(y1+y2)kWÆìpou e�y = (e��1 ; : : : ; e��n) kai y = (�1; : : : ; �n). Autì shma�nei ìti e�(y1+y2) 2W Æ+ kai apì to gegonì
 ìti T = Im(W Æ+) g�netai fanerì ìti y1 + y2 2 T . 'Ara,C1 + C2 � T .Ant�strofa, èstw t = (t1; : : : ; tn) 2 T . Up�rqei s = (�1; : : : ; �n) 2W Æ+ tètoio ¸stes = e�t, kai apì ton orismì tou W Æ+ èqoume(6) 0 < kskWÆ = nXi=1 �i � 1:H sun�rthsh  (x) = �(�1; �2; : : : ; �n) = Pni=1 �i log �iPnj=1 �je�nai austhr� ko�lh sto K+, �ra up�rqei monadikì x1 = (�(1)1 ; �(1)2 ; : : : ; �(1)n ) =e�y1 2 K+ (dhlad  y1 2 C1) me�(x1) = maxf�(x) : x 2 K+g =: �:44



Gewmetrik�, apì thn oikogèneia twn uperepifanei¸n �(x) = � pou fr�ssoun takurt� qwr�a �(x) � � tou int(Rn+ ), h �(x) = � (dhlad  aut  pou or�zetai gia� = �) ef�ptetai sto K+ se èna shme�o x1 me thn idiìthta �(x1) = maxf�(x) : x 2K+g = �.To efaptìmeno uperep�pedo th
 uperepif�neia
 f�(x) = �g sto x1 èqei ex�swsh(7) nXi=1 Aiz }| {24 �i�Pnj=1 �j� �(1)i 35 �i = 1:Epeid  to shme�o meg�stou x1 an kei sto sÔnoro tou K+, to uperep�pedo autì e�naikai uperep�pedo st rixh
 touK+, kai akìmh perissìtero touK diìti oi suntelestè
Ai e�nai jetiko� kai toK e�nai summetrikì w
 pro
 k�je uperep�pedo suntetagmènwn.Apì thn (7) blèpoume ìti to shme�o 1Pnj=1 �j � �1�(1)1 ; : : : ; �n�(1)n � an kei sto KÆ+, kaiapì thn (6) èpetai ìti to shme�o x2 = � �1�(1)1 ; : : : ; �n�(1)n � = e�y2 an kei ki autì stoKÆ+. Tìte ìmw
 isqÔoun ta ex 
:x1 = e�y1 2 K+ kai x2 = e�y2 2 KÆ+kai y2 = t� y1; y1 2 C1; y2 2 C2;�ra t = y1 + y2 2 C1 + C2:Dhlad , T � C1 + C2. Autì apodeiknÔei thn isìthta T = C1 + C2. 2SÔmfwna me to L mma 2.3.4, gia thn apìdeixh th
 (5) (kai tou Jewr mato
) arke�na de�xoume thn ex 
 Prìtash.Prìtash 2.3.1 An C1; C2 ìpw
 parap�nw, gia k�je y 2 Rn isqÔei(�C1 � �C2)(y) � (�Rn+ � �C1+C2)(y):H apìdeixh th
 Prìtash
 ja g�nei me epagwg  w
 pro
 th di�stash n.B ma 1: Upojètoume ìti n = 1. Apì thn Ci + R+ = Ci, up�rqoun 
1; 
2 2 Rtètoioi ¸ste C1 = [
1;+1); C2 = [
2;+1) kai C1 + C2 = [
1 + 
2;+1). Tìte,(�C1 � �C2)(y) = j(y � C1) \ C2j= j(�1; y � 
1℄ \ [
2;+1)j= (y � (
1 + 
2))+ ;ìpou �+ = maxf�; 0g to jetikì mèro
 tou pragmatikoÔ arijmoÔ � 2 R.45



Entel¸
 ìmoia, gia to C1 + C2 = [
1 + 
2;+1) èqoume(�R+ � �C1+C2)(y) = j(y � R+ ) \ (C1 + C2)j= j(�1; y℄ \ [
1 + 
2;+1)j= (y � (
1 + 
2))+ :Dhlad , gia n = 1 h anisìthta isqÔei pio isqur� san isìthta. 2B ma 2: Upojètoume ìti h Prìtash isqÔei gia n = k kai ja de�xoume ìti isqÔeigia n = k + 1. Gia k�je kurtì s¸ma L ston Rk+1 = Rk � R kai gia k�je t 2 R,or�zoume L(t) = fy0 2 Rk : (y0; t) 2 Lg:Tìte, (�C1 � �C2)(y0; �k+1) = ZR j[(y0; �k+1)� C1℄(t) \ C2(t)j dt= ZR j[y0 � C1(�k+1 � t)℄ \ C2(t)j dt;diìti gia k�je t 2 R, [(y0; �k+1)� C1℄(t) = [y0 � C1(�k+1 � t)℄:Qrhsimopoi¸nta
 thn epagwgik  upìjesh, gr�foume(�C1 � �C2)(y0; �k+1) = ZR j[y0 � C1(�k+1 � t)℄ \ C2(t)j dt= ZR ��C1(�k+1�t) � �C2(t)� (y0) dt� ZR ��Rk+ � �C1(�k+1�t)+C2(t)� (y0) dt= ZR �ZRk �Rk+(y0 � z) � �C1(�k+1�t)+C2(t)(z) dz� dt= ZRk �ZR �Rk+(y0 � z) � �C1(�k+1�t)+C2(t)(z) dt� dz= ZRk �Rk+(y0 � z)26664 H(z)z }| {ZR �C1(�k+1�t)+C2(t)(z) dt37775 dz= ZRk �Rk+(z) �H(y0 � z) dVn(z)= ��Rk+ � ZR �C1(�k+1�t)+C2(t) dt� (y0):46



Dhlad  de�xame ìti(8) (�C1 � �C2)(y0; �k+1) � ��Rk+ � ZR �C1(�k+1�t)+C2(t) dt� (y0):'Omoia mporoÔme na elègxoume ìti(�Rk+1+ � �C1+C2)(y0; �k+1) = ZR ��Rk+1+ (�k+1�t) �X(C1+C2)(t)� (y0) dt= ��Rk+ � Z �k+1�1 X(C1+C2)(t) dt� (y0):Dhlad ,(9) (�Rk+1+ � �C1+C2)(y0; �k+1) = ��Rk+ � Z �k+1�1 X(C1+C2)(t) dt� (y0):Apì ti
 (8) kai (9) fa�netai ìti to epagwgikì b ma ja oloklhrwje� an de�xoume ìti��Rk+ � ZR �C1(�k+1�t)+C2(t) dt� (y0) � ��Rk+ � Z �k+1�1 X(C1+C2)(t) dt� (y0)gia k�je y0 2 Rk kai k�je �k+1 2 R. T¸ra apì ton orismì th
 sunèlixh
 dÔosunart sewn, arke� na de�xoume:(10) ZR �C1(�k+1�t)+C2(t)(y0) dt � Z �k+1�1 X(C1+C2)(t)(y0) dtgia k�je y0 2 Rk kai k�je �k+1 2 R. AnalÔonta
 k�je olokl rwma xeqwrist�parathroÔme ìti:(a) Gia to aristerì olokl rwma, parathroÔme ìti y0 2 C1(�k+1 � t) + C2(t) ankai mìno an (z2; t) 2 [(y0; �k+1) � C1℄ \ C2, dhlad  an to t 2 R e�nai stoiqe�o th
probol 
 [�k+1; bk+1℄ tou sunìlou [(y0; �k+1)�C1℄\C2 sthn euje�a pou e�nai k�jethsta e1; : : : ; ek. Dhlad ,(11) ZR �C1(�k+1�t)+C2(t)(y0) dt = bk+1 � �k+1:(b) Gia to dexiì olokl rwma, parathroÔme ìti an y0 2 (C1 + C2)(t) kai t � �k+1,tìte up�rqei (z2; s) 2 C2 tètoio ¸ste (y0 � z2; t� s) 2 C1. Apì ti
 Ci + Rk+ = Cikai t � �k+1 èpetai ìti (y0 � z2; �k+1 � s) 2 C1 kai (z2; �k+1 � t + s) 2 C2, �ra(z2; s) 2 ((y0; �k+1) � C1) \ C2 kai (z2; �k+1 � t + s) 2 ((y0; �k+1) � C1) \ C2.Epomènw
 �k+1 � s � (�k+1 � t) + s � bk+1, dhlad �k+1 � (bk+1 � �k+1) � t � �k+1:Tìte ìmw
 to dexiì olokl rwma gr�fetai:Z �k+1�1 X(C1+C2)(t)(y0) dt � Z �k+1�k+1�(bk+1��k+1) dt = bk+1 � �k+1:47



Dhlad  apode�xame ìti(12) Z �k+1�1 X(C1+C2)(t)(y0) dt � bk+1 � �k+1Apì ti
 (11) kai (12) prokÔptei h sqèsh (10) pou  tan to telikì ma
 zhtoÔmeno.Ed¸ loipìn telei¸nei h apìdeixh tou Jewr mato
 2.3.1. 2

48



Kef�laio 3H ant�strofh anisìthtaSantal�o
'Ena
 aplì
 upologismì
 de�qnei ìti an h eikas�a tou Mahler e�nai swst , tìte gi�k�je summetrikì kurtì s¸ma K ston Rn èqoume
1n � 4(n!)1=n � s(K) := (jKjjKÆj) 1n � jBnj2=n � 
2nìpou 
1; 
2 > 0 e�nai apìlute
 stajerè
. Sthn x3.2 ja doÔme ìti h asjenèsterhaut  morf  th
 eikas�a
 e�nai swst : h posìthta s(K) e�nai th
 t�xh
 tou 1=n giak�je summetrikì kurtì s¸ma K ston Rn .Je¸rhma (Bourgain-Milman, [BM℄) 'Estw K summetrikì kurtì s¸ma ston Rn .Tìte, 
1n � (jKjjKÆj) 1n � 
2n ;ìpou 
1; 
2 > 0 e�nai dÔo apìlute
 stajerè
.H apìdeixh tou Jewr mato
 bas�zetai sthn {isomorfik  summetrikopo�hsh} kaiqrhsimopoie� di�fora ergale�a th
 asumptwtik 
 jewr�a
 q¸rwn peperasmènh
 di�-stash
 (entrop�a, ektim sei
 ìgkwn, anisìthta tou Pisier) ta opo�a parousi�zontaisthn x3.1. Oi �die
 idèe
 odhgoÔn sthn ant�strofh anisìthta Brunn-Minkowski, thnopo�a apodeiknÔoume sthn x3.3:Je¸rhma (Milman, [Mi1℄) Gia k�je summetrikì kurtì s¸ma K ston Rn up�rqeiUK 2 SLn tètoio
 ¸ste: an K1;K2 e�nai summetrik� kurt� s¸mata ston Rn kait > 0, tìte jUK1(K1) + tUK2(K2)j1=n � C �jK1j1=n + tjK2j1=n� ;ìpou C > 0 e�nai mia arijmhtik  stajer� anex�rthth th
 di�stash
 tou q¸rou kaitwn swm�twn Ki; i = 1; 2. 49



3.1 Arijmo� k�luyh
Orismì
 'Estw X = (Rn ; k � k) èna
 n-di�stato
 q¸ro
 me nìrma kai èstw K hmonadia�a tou mp�la. JewroÔme thn posìthtaMX =MK = ZSn�1 kxkK d�(x)ìpou � to anallo�wto w
 pro
 ti
 strofè
 mètro pijanìthta
 sthn Sn�1. Ep�sh
or�zoume M�(X) =MX� =MKÆ . Parathr ste ìtiM�(X) = ZSn�1 kxkKÆd�(x) = ZSn�1 maxy2K jhx; yijd�(x) = w(K)=2:L mma 3.1.1 Gia k�je summetrikì kurtì s¸ma K ston Rn ,(1) I = ZRn kxkKd
n(x) ' pnMK :IsodÔnama, `(I : `n2 ! X) ' pnMK .Apìdeixh: Gr�foumeI = ZRn kxkKd
n(x))= n!n(2�)n2 ZSn�1 Z +10 kr�kK rn�1 exp ��r2=2� drd�(�)= � n!n(2�)n2 Z +10 rn exp ��r2=2� dr� �ZSn�1 k�kK d�(�)�' pnMK :Gia ton deÔtero isqurismì parathroÔme ìti`(I : `n2 ! X) = �ZRn kxk2Kd
n(x)�1=2 ' ZRn kxkKd
n(x): 2Apì to L mma 3.1.1 kai to Je¸rhma 1.4.1 prokÔptei to ex 
 basikì apotèlesma(anisìthta tou Pisier [Pi2℄).Je¸rhma 3.1.1 'Estw K summetrikì kurtì s¸ma ston Rn . Up�rqei grammik eikìna ~K tou K tètoia ¸ste(2) M ~K �M ~KÆ � 
 log[d(XK ; `n2 ) + 1℄:50



Apìdeixh: Apì to Je¸rhma 1.4.1 up�rqei u : `n2 ! XK me thn idiìthta`(u)`((u�1)�) � 
n log[d(XK ; `n2 ) + 1℄:Jètoume ~K = u�1(K). Tìte,nM ~K �M ~KÆ ' `(I : `n2 ! X ~K) � `(I : `n2 ! X ~KÆ)= `(u)`((u�1)�)� 
n log[d(XK ; `n2 ) + 1℄;ap� ìpou èpetai h (2). 2L mma 3.1.2 An a(K); b(K) e�nai oi mikrìteroi jetiko� arijmo� gia tou
 opo�ou
1b(K)kxkK � jxj � a(K)kxkKgia k�je x 2 Rn , tìte MK � b(K) � 
pnMK . Eidikìtera, an MK = 1 èqoume1 � b(K) � 
pn.Apìdeixh: Gia thn arister  anisìthta parathroÔme ìti1b(K) ZSn�1 kxkKd�(x) � ZSn�1 jxjd�(x) = 1;dhlad  MK � b(K).Gia th dexi� anisìthta ja qrhsimopoi soume ta ex 
.Isqurismì
 1. An x1; : : : ; xn 2 X kai k � n, tìteZ
 k kXi=1 gi(!)xikd! � Z
 k nXi=1 gi(!)xikd!:Apìdeixh: Arke� na de�xoume thn anisìthta sthn per�ptwsh n = k+1. Gr�foume2 kXi=1 gi(!)xi =  kXi=1 gi(!)xi + gk+1(!)xk+1!+ kXi=1 gi(!)xi � gk+1(!)xk+1!kai qrhsimopoi¸nta
 thn trigwnik  anisìthta,2 Z
 



 kXi=1 gi(!)xi



d! � Z
 



 k+1Xi=1 gi(!)xi



d!+ Z
 



 kXi=1 gi(!)xi � gk+1(!)xk+1!



d!= 2 Z
 



 k+1Xi=1 gi(!)xi
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diìti apì thn summetr�a th
 gk+1 oi tuqa�e
 metablhtè
kXi=1 gi(!)xi + gk+1(!)xk+1kai kXi=1 gi(!)xi � gk+1(!)xk+1èqoun thn �dia katanom . 2Isqurismì
 2. An k � n kai ta x1; : : : ; xk e�nai orjokanonik�, tìteZ
 k kXi=1 gi(!)xikd! ' pk M (K \ spanfx1; : : : ; xkg) :Apìdeixh: 'Amesh apì to L mma 3.1.1. 2Apì tou
 dÔo isqurismoÔ
 èpetai ìti gia k�je k-di�stato upìqwro F tou Rn isqÔeipk M(K \ F ) � 
pn MK :Eidikìtera gia k = 1 blèpoume ìti gia k�je x 2 Sn�1 isqÔei kxk � 
pnMK , dhlad b(K) = maxfkxk : x 2 Sn�1g � 
pnMK : 2Orismì
 'Estw K1;K2 kurt� s¸mata ston Rn . O arijmì
 k�luyh
 tou K1 apìto K2 e�nai oN(K1;K2) = min�N 2 N : 9x1 : : : xN 2 K1 t.w K1 � N[i=1(xi +K2)�:Or�zoume ep�sh
~N(K1;K2) = min�N 2 N : 9x1 : : : xN 2 Rn t.w K1 � N[i=1(xi +K2)�:EÔkola elègqoume ìti ~N(K1;K2) � N(K1;K2):Je¸rhma 3.1.2 'Estw K summetrikì kurtì s¸ma ston Rn . Tìte, gia k�je t > 0isqÔoun oi anisìthte
(3) N(Bn; tK) � exp�
n(MKt )2�kai(4) N(K; tBn) � exp�
n(MKÆt )2� :H deÔterh anisìthta e�nai gnwst  w
 anisìthta tou Sudakov kai h pr¸th e�nai hduðk  th
. H posìthta 
 e�nai mia jetik  apìluth stajer�.52



Apìdeixh th
 (3): [LT℄JewroÔme m�a megistik  epilog  shme�wn x1; : : : ; xN 2 Bnt.w kxi � xjkK � t gia k�je i; j = 1; : : : ; N me i 6= j. Tìte ta sÔnola xi + t2Kèqoun xèna eswterik�. 'Epetai ìti gia k�je b > 0 ta �bxi + bt2K	Ni=1 èqoun ep�sh
xèna eswterik�. Gia to mètro tou Gauss 
n pa�rnoumeN �min�
n�bxi + bt2K� : 1 � i � N� � NXi=1 
n�bxi + bt2 K�= 
n N[i=1(bxi + bt2 K)!� 1:Skopì
 ma
 e�nai na sugkr�noume to 
n �bxi + bt2K� me to 
n � bt2K� ¸ste h para-p�nw anisìthta na apodeusmeute� apì ta xi. Gia to lìgo autì ja apode�xoume thnex 
 idiìthta tou 
n.L mma 3.1.3 An A e�nai summetrikì kurtì uposÔnolo tou Rn kai y 2 Rn , tìte
n(y +A) � exp(�jyj2=2) 
n(A):Apìdeixh: Gr�foume
n(y +A) = 1(2�)n2 Zy+A exp(�jxj2=2) dx= 1(2�)n2 ZA exp(�jy + zj2=2) dz= 1(2�)n2 ZA exp(�jy � zj2=2) dz= 1(2�)n2 ZA exp(�jy + zj2=2) + exp(�jy � zj2=2)2 dz;ìpou qrhsimopoi jhke h summetr�a tou A. H x 7! exp(�x) e�nai kurt , �ra
n(y +A) � 1(2�)n2 ZA exp ��12 � jy + z j22 + jy � z j22 �� dz= 1(2�)n2 ZA exp(�jyj2=2) � exp(�jzj2=2) dz= exp(�jyj2=2) 
n(A): 2AfoÔ ìla ta xi an koun sthn Bn èqoume jxij � 1, �ra gia k�je i = 1; : : : ; N
n�bxi + bt2 K� � exp��jbxi j22 � 
n�bt2K�� exp��b22 � 
n�bt2 K� :53



'Ara,(5) N exp��b22 � 
n�bt2 K� � 1gia k�je b > 0.Epìmeno
 skopì
 ma
 e�nai na epilèxoume to mikrìtero dunatì b > 0 ètsi ¸ste
n � bt2K� � 12 . Apì thn anisìthta tou Markov kai ton orismì tou I prokÔptei ìti
n��x : kxkK > bt2 	� � 2Ibt :Eme�
 jèloume to mikrìtero b > 0 gia to opo�o
n��x : kxkK > bt2 	� < 12diìti tìte 
n�bt2 K� = 
n��x : kxkK � bt2 	� � 12 :Arke� loipìn na epilèxoume b = 4It , kai qrhsimopoi¸nta
 to L mma 3.1.1 èqoumeb := 4It ' pnMKt :Tèlo
, apì thn (5) blèpoume ìtiN � 2 exp�b22 � � 2 exp�
n(MKt )2� :Apì thn (megistik  w
 pro
 thn kxi � xjkK � t) epilog  twn xi èqoumeBn � N[i=1 (xi + tK) ;dhlad  apode�xame ìtiN(Bn; tK) � exp�
n(MKt )2� : 2Parat rhsh. H (3) e�nai isodÔnamh me thnAK = supftplogN(Bn; tK) : t > 0g � 
pnMK :Pr�gmati,N(Bn; tK) � exp�
n(MKt )2� ) t2 logN(Bn; tK) � 
n(MKt )2) tplogN(Bn; tK) � 
pnMK54



gia k�je t > 0, �ra AK � 
pnMK . O ant�strofo
 isqurismì
 apodeiknÔetaian�loga. An loipìn or�soumeBK = supftplogN(K; tBn) : t > 0gtìte, lìgw duðsmoÔ, gia thn apìdeixh th
 (4) arke� na apode�xoume thn ex 
 Prì-tash.Prìtash 3.1.1 [T℄ Gia k�je summetrikì kurtì s¸ma K ston Rn ,BKÆ � 
1AKìpou 
1 apìluth jetik  stajer�.Apìdeixh th
 Prìtash
 3.1.1: ParathroÔme pr¸ta ìti gia k�je t > 02K \� t22 KÆ� � tBn:Pr�gmati, an x 2 2K \ � t22 KÆ�, tìte kxkK � 2 kai kxkKÆ � t22 . 'Ara,jxj2 = hx; xi � kxkKkxkKÆ � 2 t22 = t2;dhlad  x 2 tBn.Apì ton orismì twn arijm¸n k�luyh
, an P � L tìte N(K;L) � N(K;P ). Epo-mènw
, N(K; tBn) � N �K; 2K \ (t2=2)KÆ)� :Isqurismì
 Gia k�je t > 0,N �K; 2K \ (t2=2)KÆ)� � N(K; t22 KÆ):Apìdeixh: 'Estw x1; : : : ; xN 2 K t.w K � SNi=1 �xi + t22 KÆ�. Jèloume na de�-xoume ìti K � SNi=1 �xi + t22 KÆ \ 2K�. 'Eqoumey 2 K ) y 2 N[i=1�xi + t22 KÆ�) 9i 2 f1; : : : ; Ng : y � xi 2 t22 KÆEpiplèon èqoume y 2 K kai xi 2 K ) �xi 2 K lìgw summetr�a
 tou K, opìtey� xi 2 2K gia k�poio i 2 f1; : : : ; Ng. 'Omw
 tìte y 2 xi + t22 KÆ \ 2K gia k�poioi 2 f1; : : : ; Ng, dhlad  to zhtoÔmeno. 255



An K;V;W summetrik� kurt� s¸mata, tìte gia k�je r; s > 0 isqÔei:N(K; rsW ) � N(K; rV ) �N(V; sW ):Se sunduasmì me ton isqurismì prokÔptei ìti an eis�goume m�a bohjhtik  meta-blht  s tìte N(K; tBn) � N �K; 2K \ (t2=2)KÆ)�� N(K; t22 KÆ)� N(K; sBn) �N(Bn; t22sKÆ)Epilègonta
 s = 2t pa�rnoumeN(K; tBn) � N(K; 2tBn) �N(Bn; t4KÆ);�ra t2 logN(K; tBn) � (2t)24 logN(K; 2tBn) + 16� t4�2 logN(Bn; t4KÆ):T¸ra an p�roume supremum w
 pro
 t > 0 èqoumeB2K � B2K4 + 16A2KÆ ) BK �p64=3AKÆ :'Omw
 AK � 
pnMK opìte b�zonta
 ìpou K to KÆ èqoumeBK � 
AKÆ � 
pnMKÆdhlad , N(K; tBn) � exp�
n�MKÆt �2�apì ton orismì tou BK . 2L mma 3.1.4 'Estw K summetrikì kurtì s¸ma ston Rn . Tìte, gia k�je s > 0(6) jKj � N(K; sBn) � jK \ sBnj:Apìdeixh: Apì ton orismì tou arijmoÔ k�luyh
 N = N(K; sBn) up�rqounx1 : : : xN 2 K tètoia ¸ste K � [Ni=1(xi + sBn), dhlad K = N[i=1[(xi + sBn) \K℄:56



JewroÔme thn sun�rthsh f(x) = j(x+sBn)\Kj1=n. H f e�nai �rtia kai ko�lh stonforèa th
 (dhlad  sto K �K), �ra kfk1 = f(0). 'Epetai ìtij(xi + sBn) \Kj � jsBn \Kj; i = 1; : : : ; N:Ajro�zonta
 w
 pro
 i = 1; : : : ; N pa�rnoumejKj = ����[ N[i=1(xi + sBn) \K℄����� NXi=1 j(xi + sBn) \Kj� N(K; sBn) � jK \ sBnj: 2L mma 3.1.5 'EstwK summetrikì kurtì s¸ma ston Rn . Upojètoume ìti Bn � bKgia k�poio b � 1. Tìte, gia k�je s � 1��
onv�K [ 1sBn� �� � 2enb ~N(Bn; sK)jKj:Apìdeixh: E�nai fanerì ìti N = ~N(Bn; sK) = ~N((1=s)Bn;K). Epiplèon, apìton orismì tou N up�rqoun x1; : : : ; xN 2 Rn tètoia ¸ste(7) 1sBn � N[i=1(xi +K):MporoÔme na upojèsoume ìti (xi +K) \ 1sBn 6= ;, opìte xi 2 1sBn +K kai apìthn Bn � bK èpetai ìti xi 2 �1 + bs�K gia k�je i = 1; : : : ; N .An 0 � � � 1 kai �+ � = 1, tìte��1sBn�+ �K � N[i=1(�xi + �K) + �K �= N[i=1 (�xi + (�+ �)K)= N[i=1(�xi +K):Apì ton orismì th
 kurt 
 j kh
 èqoume ìti:(8) 
onv�1sBn [K� � N[i=1 [0���1(�xi +K):JewroÔme [bT ℄ sto pl jo
 arijmoÔ
 �j , oi opo�oi e�nai isokatanemhmènoi sto di�-sthma [0; 1℄ me T = 2n kai j = 1; : : : ; [bT ℄. Apì thn sqèsh (8) prokÔptei ìti: gia57



k�je z 2 
onv � 1sBn [K� up�rqei �j t.w j� � �j j � 1bT (ìpou 1bT e�nai to pl�to
th
 diamèrish
) kai epiplèonz 2 �xi +K = (�� �j)xi + �jxi +K) z 2 �jxi + 1 + bsbT + 1!K:'Omw
 1 + bsbT = s+ bsbT = s+ b2nsb < 1ndiìti b � 1 kai s+b2 < sb, �ra z 2 �jxi +�1 + 1n�K:Epistrèfonta
 sthn (8) blèpoume ìti
onv�1sBn [K� � N[i=1 [bT ℄[j=1��jxi +�1 + 1n�K� :Epeid  o ìgko
 paramènei anallo�wto
 apì ti
 metaforè
 kai e�nai upoprosjetikì
èqoume: j
onv�1sBn [K� j � NbT �1 + 1n�n jKj� NbTejKj= 2nbe ~N(Bn; sK)jKj;dhlad  to zhtoÔmeno. 2Sto epìmeno l mma parajètoume qwr�
 apìdeixh epiplèon aplè
 idiìthte
 tou po-likoÔ enì
 summetrikoÔ,kurtoÔ s¸mato
.L mma 3.1.6 'Estw A kai B summetrik� kurt� s¸mata ston Rn . Tìte,(a) [
onv(A [ B)℄Æ = AÆ \ BÆ(b) (A \ B)Æ = 
onv (AÆ [ BÆ). 2L mma 3.1.7 'Estw D;K;P summetrik� kurt� s¸mata ston Rn . Tìte,maxx2Rn jf(x+D) \Kg+ P j = j(D \K) + P j:Dhlad  to maximum pi�netai gia x = 0.58



Apìdeixh: Jètoume Tx = f(x + D) \ Kg + P . Apì thn summetr�a twn D;K;Pèpetai ìti T�x = Tx �ra jT�xj = jTxj. Akìmh, lìgw kurtìthta
 èqoume:T�x + Tx2 = (x+D) \K + (�x+D) \K2 + P � (K \D) + P = T0:Apì thn anisìthta Brunn-Minkowski prokÔptei ìtijTxj � ��Tx + T�x2 �� � jT0jgia k�je x 2 Rn . 2L mma 3.1.8 Gia k�je summetrikì kurtì s¸ma P ston Rn isqÔeijK + P j � N(K; sBn) � j(sBn \K) + P j:Apìdeixh: Apì ton orismì tou N = N(K; sBn) èqoume: gia k�je summetrikìkurtì s¸ma P � Rn , up�rqoun x1; : : : ; xN 2 K t.w K � [Ni=1[(xi + sBn) \ P ℄.'Ara, K + P � [Ni=1[f(xi + sBn) \Kg+ P ℄:Apì to L mma 3.1.7 èpetai ìtijK + P j � N(K; sBn) jf(xi + sBn) \Kg+ P j� N(K; sBn) j(sBn \K) + P j: 2L mma 3.1.9 'Estw K;L summetrik� kurt� s¸mata ston Rn kai L � bK giak�poio b � 1. Tìte,~N (
onv(K [ L); (1 + 1=n)K) � 2bn ~N(L;K):Apìdeixh: Apì ton orismì tou N = ~N(L;K), up�rqoun x1; : : : ; xN 2 Rn tètoia¸ste L � SNi=1(xi + K). MporoÔme na upojèsoume ìti L \ (xi + K) 6= ;, �raxi 2 L+K � (b+ 1)K.An 0 � � � 1 kai �+ � = 1, tìte�L+ �K � N[i=1(�xi + �K) + �K� N[i=1 (�xi + (�+ �)K)= N[i=1(�xi +K);�ra 
onv (L [K) � N[i=1 [0���1(�xi +K):59



JewroÔme tou
 arijmoÔ
 �j = j2bn ; j = 1; : : : ; [2bn℄ isokatanemhmènou
 sto [0; 1℄.Gia k�je z 2 
onv (L [K) up�rqei �j t.w. j���j j � 12nb (ìpou 12nb e�nai to pl�to
th
 diamèrish
). EÔkola elègqoume ìti z 2 �jxi + � b+12bn + 1�K, sunep¸

onv (L [K) � [2bn℄[j=1 N[i=1��jxi +�b+ 12bn + 1�K�� [2bn℄[j=1 N[i=1��jxi +� 1n + 1�K� ;diìti b+12b � 1.Telo
, apì ton orismì tou arijmoÔ k�luyh
 èqoume:~N (
onv(K [ L); (1 + 1=n)K) � 2bn ~N(L;K): 2L mma 3.1.10 'Estw ìti Bn � sbK gia k�poiou
 s; b � 1. Gia k�je summetrikìkurtì s¸ma P ston Rn isqÔei ìti��
onv�K [ 1sBn�+ P �� � 2ebn ~N(Bn; sK) � jK + P j:Apìdeixh: Apì to L mma 3.1.9 me L = 1sBn èqoume
onv�K [ 1sBn�+ P � [2bn℄[j=1 N[i=1 (�jxi + (1 + 1=n)K) + P�ra ��
onv�K [ 1sBn�+ P �� � 2bnN � j(1 + 1=n)(K + P )j= 2bn ~N(Bn; sK)�1 + 1n�n jK + P j� 2bne ~N(Bn; sK) � jK + P j: 23.2 Isomorfik  summetrikopo�hsh kai h ant�stro-fh anisìthta Santal�oSthn par�grafo aut  apodeiknÔoume thn ant�strofh anisìthta Santal�o.Je¸rhma 3.2.1 Up�rqei apìluth stajer� 
 > 0 t.w gia k�je n 2 N kai gia k�jesummetrikì kurtì s¸ma K ston Rn na isqÔei:s(K) � 
s(Bn):60



Apìdeixh: [Mi2℄ An X = (Rn ; k�k) e�nai èna
 n-di�stato
 q¸ro
 me nìrma, or�zou-me dX := d(X; `n2 ). Xekin�me me èna summetrikì kurtì s¸ma K ston Rn . Apì toJe¸rhma 3.1.1 gnwr�zoume ìti up�rqei grammikì
 metasqhmatismì
 T 2 SLn tè-toio
 ¸ste to kurtì s¸ma ~K = T (K) pou ja prokÔyei na èqei ti
 epiplèon idiìthte
M ~K = 1 kai M ~KÆ � 
 log(dXK + 1). AfoÔ s(K) = s( ~K), mporoÔme na upojèsoumeìti to K ikanopoie� ti
 dÔo autè
 anisìthte
. Apì to L mma 3.1.2 kai to gegonì
ìti MK = 1 prokÔptei ìti 1 � b(K) � 
pn:Autì pou ja k�noume e�nai na antikatast soume to K me èna kainoÔrgio s¸ma K1pou ja èqei ton �dio per�pou ìgko me to K kai h apìstash Bana
h-Mazur dXK1 jae�nai {polÔ mikrìterh} apì thn dXK . Ep�sh
, ja èqoume ex�sou kalì èlegqo gia tonìgko tou KÆ1 , �ra oi posìthte
 s(K1) kai s(K) ja e�nai sugkr�sime
. H diadikas�aaut  lègetai {isomorfik  summetrikopo�hsh}.Gia dojèn � > 1 (to opo�o ja epilèxoume argìtera) jewroÔme tou
 arijmoÔ
�up =MKÆ� kai �down =MK� = �kai or�zoume K1 = 
onv �(K \ �upBn) [ 1�downBn� :Isqurismì
 1 IsqÔei h anisìthtajK1j � jKj exp�� 
n�2� :Apìdeixh: Apì ton orismì tou K1 kai to L mma 3.1.4,jK1j � jK \ �upBnj � jKjN(K;�upBn) :Qrhsimopoi¸nta
 kai thn anisìthta tou Sudakov, pa�rnoumejK1j � jKj � exp �
n�MKÆ�up �2! = jKj � exp�� 
n�2� : 2Isqurismì
 2 IsqÔei h anisìthtajK1j � jKj exp� 
n�2 � :Apìdeixh: Apì ton orismì tou K1, to L mma 3.1.5 (parathr ste ìti �down = � >1) kai thn duðk  anisìthta tou Sudakov,jK1j � �� �
onv�K [ 1�downBn��61



= �� �
onv�K [ 1�Bn�� ��� 2enb(K)N(Bn; �K) � jKj� 2enb(K)jKj � exp 
n�MK� �2!= 2enb(K)jKj � exp� 
n�2� :Ousiastik� mporoÔme na enswmat¸soume ton ìro 2enb(K) sthn stajer� 
 tou ekje-tikoÔ ìrou, diìti sthn anadromik  kataskeu  pou ja akolouj soume ja epilègoumek�je for� to � me tètoio trìpo ¸ste� � 
 logn;opìte 2enb(K) < exp�
0n�2 �afoÔ gia to b(K) isqÔei 1 � b(K) � 
pn. Sunep¸
, mporoÔme na gr�youme:jK1j � jKj � exp� 
n�2� : 2Sundu�zonta
 tou
 dÔo isqurismoÔ
 pa�rnoume(1) exp�� 
n�2� � jKjjK1j � exp� 
n�2 �Apì to L mma 3.1.6, to polikì KÆ1 tou K1 e�nai to sÔnoloKÆ1 = 
onv�KÆ [ � 1�upBn�� \ �downBn:Isqurismì
 3 IsqÔoun oi anisìthte
(2) exp�� 
n�2� � jKÆjjKÆ1 j � exp� 
n�2� :Apìdeixh: Apì ton orismì tou KÆ1 kai to L mma 3.1.4,jKÆ1 j � jKÆ \ �downBnj � jKÆjN(KÆ; �downBn) :Qrhsimopoi¸nta
 kai thn anisìthta tou Sudakov, pa�rnoumejKÆ1 j � jKÆj � exp �
n� MK�down�2! = jKÆj � exp�� 
n�2� :62



P�li apì ton orismì tou KÆ1 , to L mma 3.1.5 (parathr ste ìti �up =MKMKÆ� >1) kai thn duðk  anisìthta tou Sudakov,jKÆ1 j � �� �
onv�KÆ [ 1�upBn�� ��� 2enb(KÆ)N(Bn; �upKÆ) � jKÆj� 2enb(KÆ)jKÆj � exp 
n�MKÆ�up �2!= 2enb(KÆ)jKÆj � exp� 
n�2� :'Opw
 prin, mporoÔme na enswmat¸soume ton ìro 2enb(KÆ) sthn stajer� 
 touekjetikoÔ ìrou, dhlad  jKÆ1 j � jKÆj � exp� 
n�2 � : 2Me thn antikat�stash tou K apì to K1 autì pou katafèrnoume e�nai na belti¸-soume thn apìstash dXK1 : Epeid  � > 1, èpetai ìti1 �MKMKÆ�2 = �up�down ) 1�down � �up;opìte apì ton orismì tou K1 prokÔptei ìti:1�downBn � K1 � �upBn:'Ara, dXK1 � �up�down =MKMKÆ�2 � �2 log(dXK + 1):SÔmfwna ìmw
 me to je¸rhma tou John, gia k�je n-di�stato q¸ro X èqoumedX � pn) log dX � 
 logn:An loipìn epilèxoume � ' logn, tìte(3) dXK1 � 
(logn)3en¸ par�llhla,(4) exp�� 
�2� � s(K)s(K1) � exp� 
�2� :E�maste plèon ètoimoi na perigr�youme thn anadromik  diadikas�a.Anadromik  diadikas�a. 63



JewroÔme thn akolouj�a �j me �1 = logn; �2 = log(logn) = log(2) n; : : : ; �t =log(t) n ìpou t e�nai o mikrìtero
 fusikì
 me thn idiìthta:�t = log(t) n < 2:1o B ma: Xekin¸ me tuqìn summetrikì kurtì s¸ma K � Rn . 'Opw
 exhg same,mèsw kat�llhlou grammikoÔ metasqhmatismoÔ mporoÔme na upojèsoume ìtiMK =1 kaiMKÆ � log(dXK+1) (se ìlh thn diadikas�a, � shma�nei � 
 � � � ìpou 
 apìluthstajer� pou mpore� na epilege� telik�).Gia to �1 = logn pa�rnoume�up1 =MKÆ�1 kai �down1 =MK�1kai antikajistoÔme to s¸ma K me toK1 = 
onv �(K \ �up1 Bn) [ 1�down1 Bn� :'Opw
 e�dame, dXK1 �MKMKÆ�21 � (logn)2(logn) = (logn)3:Epiplèon, exp�� 
(logn)2� � s(K)s(K1) � exp� 
(log n)2� :2o B ma: T¸ra, to s¸ma me to opo�o xekin�me e�nai to K1, gia to opo�o mporoÔmeepiplèon na upojèsoume ìtiMK1 = 1 kaiMKÆ1 � log(dXK1+1). Gia to �2 = log(2) npa�rnoume �up2 =MKÆ1�2 kai �down2 =MK1�2kai antikajistoÔme to s¸ma K1 me toK2 = 
onv �(K1 \ �up2 Bn) [ 1�down2 Bn� :'Opw
 prin, dXK2 � MK1MKÆ1�22 � (log(2) n)2 log dX01� (log(2) n)2 log[(log n)3℄� (log(2) n)2(log(2) n) = (log(2) n)3:Ep�sh
, exp � 
(log(2) n)2! � s(K1)s(K2) � exp 
(log(2) n)2!64



�ra exp0��
 2Xj=1 ��2j 1A � s(K)s(K2) � exp0�
 2Xj=1 ��2j 1A :Suneq�zonta
 me ton �dio trìpo, met� apì t diadoqik� b mata katal goume se ènasummetrikì kurtì s¸ma Kt gia to opo�o isqÔei:dXKt � (log(t) n)3 � 
1:Akìma isqurìtera, h kataskeu  de�qnei ìti up�rqei r > 0 tètoio
 ¸sterBn � Kt � 
1rBn:Apì ti
 idiìthte
 tou polikoÔ s¸mato
 èqoume ìti:1
1rBn � KÆt � 1rBnkai apì ton orismì tou s(Kt) blèpoume ìti1
1 � s(Bn) � s(Kt) � 
1 � s(Bn):Apì ìlh th diadikas�a èqoume èlegqo gia tou
 ìgkou
:exp0��
 tXj=1 ��2j 1A � s(K)s(Kt) � exp0�
 tXj=1 ��2j 1A :Apì ti
 duo autè
 anisìthte
 prokÔptei ìtiC�1 exp0��
 tXj=1 ��2j 1A � s(Bn) � s(K) � C exp0�
 tXj=1 ��2j 1A � s(Bn):Gia to �jroismaPtj=1 ��2j = 1(log n)2 + 1(log(logn))2 + : : :+ 1(log(t) n)2 parathroÔme ìtigia k�je j < t,�j+1 = log�j ) �j = exp(�j+1)) �1 = exp(�2) = � � � = exp(: : : exp(�t) : : :)to opo�o shma�nei ìtitXj=1 ��2j = 1�2t + 1exp(�2t ) + : : :+ 1exp(: : : exp(�2t ) : : :) < C1:MporoÔme loipìn na poÔme ìti: 65



Up�rqei apìluth stajer� C2 > 0 tètoia ¸ste gia k�je n 2 N kai giak�je summetrikì kurtì s¸ma K ston Rn na isqÔei:1C2 � s(Bn) � s(K) � C2 � s(Bn): 2Mia teleuta�a parat rhsh e�nai ìti maz� me thn apìdeixh tou Jewr mato
 3.2.1proèkuye kai èna �nw fr�gma. H anisìthta aut  e�nai asjenèsterh apì thn anisì-thta Santal�o pou apode�xame sthn x2.1.3.3 H ant�strofh anisìthta Brunn-MinkowskiSe aut n thn par�grafo apodeiknÔoume thn ant�strofh anisìthta
 Brunn-Minkowski.Basikì
 ma
 skopì
 e�nai na de�xoume to ex 
.Je¸rhma 3.3.1 Gia k�je kurtì s¸ma K ston Rn up�rqei elleiyoeidè
 EK meìgko jEK j = jKj;to opo�o ikanopoie� to ex 
: gia k�je kurtì s¸ma P ston Rn isqÔei:jK + P j � CnjEK + P jìpou C > 0 e�nai mia apìluth stajer�.Parat rhsh. Arke� na jewr soume thn per�ptwsh ìpou ta s¸mata K;P e�naisummetrik� w
 pro
 to 0.Pr�gmati, gia k�je kurtì s¸ma mporoÔme na or�soume to K̂ = 12 (K � K), ìpouK �K e�nai to s¸ma diafor¸n tou K. Apì thn anisìthta twn Rogers-ShephardprokÔptei ìti: jKj � jK̂j � 2njKj:An deqtoÔme to je¸rhma gia summetrik� kurt� s¸mata, up�rqei elleiyoeidè
 EK̂tètoio ¸ste jEK̂ j = jK̂j kai jK̂ + P j � CnjEK̂ + P jgia k�je summetrikì kurtì s¸ma P .Ep�sh
 up�rqei � 2 � 12 ; 1� tètoio ¸ste j�EK̂ j = jKj. An or�soumeEK = �EK̂ ;66



tìte jEK j = jKj. Gia k�je kurtì s¸ma P ,jK + P j � jK̂ + P̂ j � CnV ol(EK̂ + P̂ )= Cnj 1�EK + P̂ j � �C��n jEK̂ + �P̂ j� �C��n jEK̂ + P̂ j= �C��n ���� �12(EK̂ �EK̂) + 12(P � P )� ����= �C��n ����12(EK̂ + P )� 12(EK̂ + P )����� �C��n 2n��12(EK̂ + P )��= Cn�n jEK̂ + P j� (2C)njEK̂ + P j:Apì ed¸ kai pèra loipìn ja jewroÔme ìti ta K;P ìti e�nai summetrik� kurt�s¸mata ston Rn .Apìdeixh tou Jewr mato
 3.3.1: [Mi2℄ H kataskeu  tou elleiyoeidoÔ
 EKg�netai me th mèjodo th
 isomorfik 
 summetrikopo�hsh
 pou e�dame sthn apìdeixhtou Jewr mato
 3.2.1, me k�poie
 ìmw
 basikè
 tropopoi sei
.K�je s¸ma W pou ja or�zoume ja èqei ìgko per�pou �so me jBnj. To pr¸topr�gma pou qreiazìmaste e�nai èlegqo
 gia ton par�gonta b(W ) pou emfan�zetaisto l mma 3.1.10 (e�nai mia posìthta pou jèloume na e�nai kal� fragmènh). Apìto l mma 3.1.2 gnwr�zoume ìti MW � b(W ) � 
pnMW ìpou b(W ) o mikrìtero
arijmì
 gia ton opo�o Bn � b(W )K. 'Ara gia na èqoume fr�gma gia to b(W )qreiazìmaste fr�gma gia to MW . Qrhsimopoi¸nta
 thn anisìthta tou Pisier jajewroÔme to W na ikanopoie� ti
 jW j = jBnj kaiMWMWÆ � logn:Apì thn anisìthta tou Urysohn,MWÆ � � jKjjBnj� 1n ' 1;�ra MW �MWMWÆ � logn:'Epetai ìti b(W ) � 
pnMW � pn logn:Perigraf  tou 1ou b mato
: 'Estw K = K0 summetrikì kurtì s¸ma ston Rnme jK0j = jBnj. JewroÔme grammikì metasqhmatismì T0 : Rn ! Rn me j detT0j =1, tètoion ¸ste gia to K 00 na isqÔoun ta ex 
:67



(a) 1 � b � 
pn � logn.(b) 1 �MK00 � 
 � logn.(
) MK0Æ �M(K00)Æ � log dXK0 � logn.Gia �1 = logn jètoume�up1 =M(K00)Æ�1 kai �down1 =MK00�1kai jewroÔme to s¸maK1 = 
onv �(K 00 \ �up1 Bn) [ 1�down1 Bn� :Tìte, dXK1 � �up1 �down1 =MK0Æ �M(K0Æ)Æ�21 � logn(logn)2 = (logn)3:Ep�sh
, gia k�je summetrikì kurtì s¸ma P qrhsimopoi¸nta
 to L mma 3.1.10 kaithn duðk  anisìthta tou Sudakov èqoume:jK1 + P j � �� �
onv�K 00 [ 1�down1 Bn�+ P� ��� 2ebnN(Bn; �down1 K 00) � jK 00 + P j� 2ebn � exp"
n�MK00�up1 �2# � jK 00 + P j= 2ebn � exp� 
n�21� � jK 00 + P j� exp� 
n�21� � jK 00 + P j:MporoÔme na apale�youme ton ìro 2ebn all�zonta
 thn stajer� 
 ston ekjetikìpar�gonta diìti b � 
pn logn kai ìla ta �i sthn kataskeu  pou ja k�noume jae�nai to polÔ th
 t�xh
 tou logn.Ant�strofa, qrhsimopoi¸nta
 to L mma 3.1.8 kai thn anisìthta tou Sudakov, blè-poume ìti gia k�je summetrikì kurtì s¸ma P ston Rn isqÔei kai to ex 
:jK1 + P j = ����
onv �(K 00 \ �up1 Bn) [ 1�down1 Bn�+ P ����� j(K 00 \ �up1 Bn) + P j� jK 00 + P jN(K 00; �up1 Bn)� jK 00 + P j � exp"�
n�M(K00)Æ�up1 �2#= jK 00 + P j � exp�� 
n�21� :68



Sundu�zonta
 ti
 duo anisìthte
, gia k�je summetrikì kurtì s¸ma P èqoumeexp�� 
n�21� jK 00 + P j � jK1 + P j � exp� 
n�21� jK 00 + P j:'Ara se k�je b ma mporoÔme na elègqoume thn metabol  twn ìgkwn.Eidikìtera, gia P = f0g èqoume ìti:exp�� 
n�21� jK 00j � jK1j � exp� 
n�21� jK 00j;dhlad  jK0j1=n = jK 00j1=n ' jK1j1=n:Oi parap�nw anisìthte
 ma
 epitrèpoun mia anadromik  diadikas�a panomoiìtuphme aut n tou Jewr mato
 3.2.1 kai m�lista me epilog  twn �i akrib¸
 thn �dia.Me ìmoio trìpo loipìn, gia k�je j ft�noume se èna summetrikì kurtì s¸ma Kjtètoio ¸ste: gia k�je summetrikì kurtì s¸ma P ston Rn ,(�) exp(�
n��2j )jK 0j�1 + P j � jKj + P j � exp(
n��2j )jK 0j�1 + P j:To K 0j = Tj(Kj) or�zetai sto tèlo
 k�je b mato
 ètsi ¸ste jK 0j j = jKj j kaiMK0jM(K0j)Æ � log dXKj .H diadikas�a stamat�ei ìtan dXKt � 8. Epeid  to �jroisma Ptj=1 ��2j e�nai (ane-x�rthta apì to t) fragmèno apì m�a stajer� 
1, pa�rnonta
 P = f0g kai pollapla-si�zonta
 ti
 (�) kat� mèlh, blèpoume ìti:jKtj1=n ' jK0j1=n:(to �dio isqÔei gia k�je Kj). AfoÔ dXKt � 8, èqoume ìti:�Bn � Kt � bBn me b� � 8:JewroÔme r > 0 tètoio ¸ste jrBnj = jKtj:Apì thn arqik  upìjesh ìti jK0j = jBnj kai apì ton èlegqo pou èqoume gia tou
ìgkou
, èpetai ìti �; r; b ' 1.T¸ra, apì th sqèsh Kt � bD, gia k�je summetrikì kurtì s¸ma P � Rn èqoumeìti: jKt + P j1=n � jbBn + P j1=n� � br� jrBn + P j1=n� 8jrBn + P j1=n69



diìti eÔkola elègqoume ìti b=r � 8. Jètonta
 Et = rBn èqoume bre� elleiyoeidè
me jEtj = jKtj tètoio ¸ste gia k�je summetrikì kurtì s¸ma P � Rn ,jKt + P j � 8njEt + P j:T¸ra, gia k�je P apì thn anisìthta gia thn metabol  tou ìgkou kat� to (t � 1)-ostì b ma èqoume:jK 0t�1 + P j1=n � exp� 
�2t � jKt + P j1=n� 8 � exp� 
�2t � jEt + P j1=nìpou K 0t�1 = Tt�1(Kt�1). An jewr soume to elleiyoeidè
 Et�1 = T�1t�1(Et), qrh-simopoi¸nta
 to gegonì
 ìti j detTt�1j = 1 gr�foumejTt�1(Kt�1) + Tt�1(P )j1=n � 8 � exp� 
�2t � jTt�1(Et�1) + Tt�1(P )j1=n) jTt�1(Kt�1 + P )j1=n � 8 � exp� 
�2t � jTt�1(Et�1 + P )j1=n) jKt�1 + P j1=n � exp� 
�2t � jEt�1 + P j1=n:Ep�sh
, parathroÔme ìti jEt�1j = jT�1t�1(Et)j = jEtjdhlad  o ìgko
 tou elleiyoeidoÔ
 parèmeine amet�blhto
. 'Ara gia to Kt�1 èqoumebre� elleiyoeidè
 Et�1 me ti
 zhtoÔmene
 idiìthte
.Suneq�zonta
 thn �dia diadikas�a me b mata pro
 ta p�sw kai afoÔ oi ìgkoi twnelleiyoeid¸n pou prokÔptoun e�nai �soi metaxÔ tou
, ft�noume telik� sto 1o b makai se mia anisìthta th
 morf 
jK0 + P j1=n � exp0�
 tXj=1 ��2j 1A jE0 + P j1=n;kai epeid  to parap�nw �jroisma e�nai omoiìmorfa fragmèno èqoume ìti:jK0 + P j1=n � CjE0 + P j1=ngia k�je summetrikì kurtì s¸ma P ston Rn , ìpou E0 elleiyoeidè
 mejE0j ' jK0j:Me mia apl  (omoiojetik ) tropopo�hsh tou E0 kai ant�stoiqh tropopo�hsh th
apìluth
 stajer�
 C, blèpoume ìti sto K = K0 antistoiqe� elleiyoeidè
 EK mejKj = jEK j pou ikanopoie� to sumpèrasma tou Jewr mato
. 2E�maste plèon ètoimoi na apode�xoume thn ant�strofh anisìthta Brunn-Minkowski:70



Je¸rhma 3.3.2 Gia k�je summetrikì kurtì s¸ma K ston Rn up�rqei UK 2 SLntètoio
 ¸ste: an K1;K2 e�nai summetrik� kurt� s¸mata ston Rn kai t > 0, tìtejUK1(K1) + tUK2(K2)j1=n � C �jK1j1=n + tjK2j1=n� ;ìpou C > 0 e�nai mia arijmhtik  stajer� anex�rthth th
 di�stash
 tou q¸rou kaitwn swm�twn Ki; i = 1; 2.Apìdeixh: Apì to Je¸rhma 3.3.1, sto s¸ma Ki, i = 1; 2 antistoiqe� elleiyoeidè
EKi tètoio ¸ste jEKi j = jKijkai gia k�je summetrikì kurtì s¸ma P ston Rn isqÔeijKi + P j1=n � CjEKi + P j1=n:JewroÔme grammikoÔ
 metasqhmatismoÔ
 UKi : Rn ! Rn me j detUKi j = 1 t.wUKi(EKi) = riBn:Gia k�je summetrikì kurtì s¸ma P èqoumejKi + P j1=n � CjEKi + P j1=n) jUKi(Ki) + UKi(P )j1=n � CjUKi(EKi) + UKi(P )j1=n) jUKi(K1) + P�j1=n � CjriBn + P�j1=ngia k�je summetrikì kurtì s¸ma P� ston Rn . Pa�rnonta
 i = 1 kai P� = tUK2(K2)kai katìpin i = 2 kai P� = r1Bn, èqoume ìti:jUK1(K1) + tUK2(K2)j1=n � Cjr1Bn + tUK2(K2)j1=n� C2jr1Bn + tr2Bnj1=n= C2 hjr1Bnj1=n + tjr2Bnj1=ni= C2 hjUK1(EK1)j1=n + tjUK2(EK2)j1=ni= C2 hjEK1 j1=n + tjEK2 j1=ni= C1 hjK1j1=n + tjK2j1=ni ;dhlad  to zhtoÔmeno. 2
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Kef�laio 4H mèjodo
 th
 migadik 
parembol 

4.1 Arijmo� prosèggish
'Estw X;Y q¸roi Bana
h kai u : X ! Y sumpag 
 grammikì
 telest 
. Oi arijmo�prosèggish
 tou u or�zontai gia k�je k � 1 apì thnak(u) = inffku� vk : v : X ! Y; rank(v) < kg;kai metroÔn pìso kal� prosegg�zetai o u apì telestè
 dosmènh
 peperasmènh
t�xh
. Oi arijmo� Gelfand tou u or�zontai gia k�je k � 1 apì thn
k(u) = inffkujSk : S � X ; 
odim(S) < kg:Gia k�je kleistì upìqwro S tou Y jewroÔme thn apeikìnish phl�ko QS : Y ! Y=S.Oi arijmo� Kolmogorov tou u or�zontai gia k�je k � 1 apì thndk(u) = inffkQSuk : S upìqwro
 tou Y; dim(S) < kg:Me sk sumbol�zoume opoiond pote apì tou
 ak, 
k kai dk. H akolouj�a fsk(u)ge�nai fj�nousa kai sk(u)! 0 ìtan k !1. Ep�sh
, s1(u) = kuk.Oi sqèsei
 an�mesa stou
 arijmoÔ
 perigr�fontai sto epìmeno l mma.L mma 4.1.1 'Estw X;Y q¸roi Bana
h kai u : X ! Y sumpag 
 grammikì
telest 
. Gia k�je k � 1 isqÔoun ta ex 
:(a) maxf
k(u); dk(u)g � ak(u).(b) 
k(u) = dk(u�).(g) dk(u) = 
k(u�).(d) ak(u) = ak(u�). 73



L mma 4.1.2 'Estw X;Y kai Z q¸roi Bana
h. Gia k�je k; n � 1 kai k�je zeug�risumpag¸n telest¸n u : X ! Y , v : Y ! Z,sk+n�1(vu) � sk(v)sn(u):Ep�sh
, an u1; u2 : X ! Y sumpage�
 telestè
, èqoumesk+n�1(u1 + u2) � sk(u1) + sn(u2)gia k�je k; n � 1.Oi arijmo� entrop�a
 tou u or�zontai gia k�je k � 1 apì thnek(u) = infft > 0 : N(u(BX); tBY ) � 2k�1g:Apì ti
 stoiqei¸dei
 idiìthte
N(K1;K3) � N(K1;K2)N(K2;K3)kai N(K1 +K2;K3 +K4) � N(K1;K3)N(K2;K4)twn arijm¸n k�luyh
, sumpera�noume ìti: an k; n � 1 kai u : X ! Y , v : Y ! Z,tìte ek+n�1(vu) � ek(v)en(u):Ep�sh
, an u1; u2 : X ! Y , èqoumeek+n�1(u1 + u2) � ek(u1) + en(u2):Profan¸
 h fek(u)g e�nai fj�nousa kai ek(u)! 0 an kai mìno an o u e�nai sumpag 
.L mma 4.1.3 'Estw k � k nìrma ston Rn . Gr�foume B kai S gia thn monadia�amp�la kai th monadia�a sfa�ra tou (Rn ; k � k) ant�stoiqa. Gia k�je Æ > 0 up�rqeiÆ-d�ktuo A th
 S w
 pro
 thn k � k, me plhj�rijmo 
ard(A) � (1 + 2=Æ)n.Apìdeixh: JewroÔme megistikì uposÔnolo A = (yi)i�m th
 S w
 pro
 thni 6= j =) kyi � yjk � Æ:To A e�nai peperasmèno lìgw th
 sump�geia
 th
 S. Ep�sh
,S � m[i=1(yi + ÆB);dhlad  to A e�nai Æ-d�ktuo. ParathroÔme ìti ta Bi = yi + (Æ=2)B èqoun xènaeswterik� kai ìti Bi = yi + Æ2B � B + Æ2B = (1 + Æ=2)B74



gia k�je i � m, afoÔ yi 2 S � B. 'Ara,mXi=1 jBij = ��[mi=1Bi�� � ��(1 + Æ=2)B�� = (1 + Æ=2)njBj:Ep�sh
, jBij = ��yi + (Æ=2)B�� = j(Æ=2)Bj = �Æ2�n jBj;�ra m�Æ2�n jBj = mXi=1 jBij � (1 + Æ=2)njBj:Apì thn teleuta�a anisìthta blèpoume ìtim � �1 + (Æ=2)Æ=2 �n = �1 + 2Æ�n :AfoÔ to A e�nai Æ-d�ktuo gia thn S, h apìdeixh e�nai pl rh
. 2L mma 4.1.4 'Estw X;X1; Y; Y1 q¸roi Bana
h. Upojètoume ìti o X e�nai isome-trikì
 me ènan q¸ro phl�ko tou X1 kai o Y e�nai isometrikì
 me ènan upìqwro touY1. 'Estw q : X1 ! X h apeikìnish phl�ko kai j : Y ! Y1 h isometrik  emfÔteush.Tìte, gia k�je telest  u : X ! Y èqoumeek(u) = ek(uq)kai ek(u)=2 � ek(ju) � ek(u)gia k�je k � 1. Epiplèon, an X1 = `1(I) tìte dk(u) = ak(uq) en¸ an Y1 = `1(I)tìte ak(ju) = 
k(u).Apìdeixh: H pr¸th isìthta prokÔptei �mesa apì to gegonì
 ìti q (BX1) = BX .Ep�sh
, gia k�je k � 1 isqÔei ìti:ek(ju) � kjkek(u) = ek(u):T¸ra, an to sÔnolo ju (BX) kalufje� me 2k�1 to pl jo
 mp�le
 akt�na
 " stonY1, tìte to sÔnolo u (BX) e�nai h ènwsh 2k�1 to pl jo
 uposunìlwn diamètrou 2"diìti h j e�nai isometr�a, opìte apì ton orismì tou arijmoÔ entrop�a
 èqoumeek(u) � 2ek(ju):Gia ton teleuta�o isqurismì qrhsimopoioÔme thn {idiìthta lifting} tou `1(I) kai thn{idiìthta epèktash
} tou `1(I). 275



L mma 4.1.5 Me sk sumbol�zoume opoiond pote apì tou
 ak, 
k kai dk . Gia k�je� > 0 up�rqei stajer� �� tètoia ¸ste: gia k�je u : X ! Y kai k�je n 2 N,supk�n k�ek(u) � �� supk�n k�sk(u):Apìdeixh: K�je q¸ro
 Bana
h X e�nai isometrikì
 me èna phl�ko tou `1(I) kaik�je q¸ro
 Bana
h Y emfuteÔetai isometrik� ston `1(I) gia k�poio sÔnolo I .Apì to prohgoÔmeno l mma, arke� na apode�xoume thn anisìthta sthn per�ptwshsk = ak.'Estw u : X ! Y . MporoÔme na upojèsoume ìti n = 2N gia k�poio N � 0 kaisupk�n k�ak(u) � 1. Tìte, gia k�je m � N up�rqei telest 
 vm : X ! Y merank(vm) < 2m kai ku� vmk < 2�m�:Jètoume T0 = v0, T1 = v1 � v0; : : : ; TN = vN � vN�1. Tìte,u = Xm�N Tm + (u� vN );kai èqoume kTmk � 2�+12�m� kai rank(Tm) < 2m+1:Jètoume K = u(BX), Km = Tm(BX ) kai jewroÔme tm > 0 ta opo�a ja prosdio-ristoÔn sth sunèqeia. Apì to L mma 4.1.3 kai thn Km � kTmkBY sumpera�noumeìti N(Km; tkTmkBY ) � �1 + 2t�rank(Tm) � �1 + 2t�2m+1gia k�je t > 0.'Estw r 2 (0; 1). Qrhsimopoi¸nta
 thn (1 + y)d � (1 + yr)d=r gr�foume�1 + 2t�2m+1 < exp��2t�r 2m+1r � :Gr�foume N(t) := N(K; tBY ). 'EqoumeK � N[m=0Km [ (u� vN )(BX )opìte, pa�rnonta
 up� ìyh kai thn ku� vNk < 2�N� pa�rnoumeN  NXm=0 t;kTmk+ 2�N�! � NYm=0N(Km; tmkTmkBY )� exp NXm=0� 2tm�r 2m+1r ! :76



Epilègoume � > � kai r 2 (0; 1) ètsi ¸ste r < 1=�. Gia k�je s > 0 or�zoumetm = s2m�2�N�. Me aut n thn epilog ,NXm=0 tmkTmk+ 2�N� � 2�N�(
1s+ 1)kai NXm=0� 2tm�r 2m+1r � 
2s�r2N ;ìpou 
1; 
2 e�nai stajerè
 pou exart¸ntai mìno apì ta �; � kai r. Tèlo
, dialègoumes arket� meg�lo (to opo�o ìmw
 exart�tai mìno apì ta �; � kai r), ètsi ¸ste2 exp(
2s�r2N) � 22N = 2n:Tìte, N(2�N�(
1s+ 1)) � 2n�1;dhlad , en(u) � 2�N�(
1s+ 1) = n��(
1s+ 1):Autì apodeiknÔei ìti, gia n = 2N ,n�en(u) � (
1s+ 1) supk�n k�ak(u);to opo�o apodeiknÔei to zhtoÔmeno sthn per�ptwsh n = 2N . H epèktash gia tuqìnn e�nai apl . 24.2 'Ena je¸rhma twn Pajor kai Tom
zakTo basikì apotèlesma aut 
 th
 paragr�fou e�nai to ex 
.Je¸rhma 4.2.1 [PT℄ Up�rqei stajer� C > 0 me thn ex 
 idiìthta. Gia k�jeq¸ro Bana
h X , gia k�je n � 1 kai gia k�je telest  u : `n2 ! X ,supk�1 �pk
k(u�)� � C`(u):H apìdeixh qrhsimopoie� tuqa�ou
 p�nake
 kai ja basiste� se m�a seir� apì L mmata.L mma 4.2.1 'Estw (gk)k�m akolouj�a anex�rthtwn tupik¸n kanonik¸n tuqa�wnmetablht¸n se ènan q¸ro pijanìthta
 (
;A; P ). 'Estw X q¸ro
 Bana
h kai èstwz1; : : : ; zm 2 X . JewroÔme thn tuqa�a metablht Z = mXk=1 gkzk77



kai or�zoume �(Z) = sup8<: mXk=1 jz�(zk)j2!1=2 : z� 2 X�; kz�k � 19=; :Tìte, gia k�je t > 0 isqÔeiP (�� kZk � EkZk �� > t) � 2 exp(�
t2=�2(Z));ìpou 
 > 0 apìluth stajer�.Apìdeixh: Or�zoume u : `m2 ! X me u(x) =Pmk=1 xkzk, ìpou x = (x1; : : : ; xm) 2Rm . ParathroÔme ìti �(Z) = ku�k = kuk, epomènw
 h zhtoÔmenh anisìthta gr�-fetai sth morf 
m�x 2 Rm : �� ku(x)k � Z ku(z)kd
m(z) �� > t� � 2 exp(�
t2=kuk2);ìpou 
m to tupikì mètro Gauss ston Rm .JewroÔme ton q¸ro pijanìthta
 (Rm � Rm ; 
m � 
m) kai gr�foume (x; y) gia totuqìn shme�o tou Rm � Rm . Gia k�je � 2 [0; 2�℄ or�zoumex(�) = x sin � + y 
os �H par�gwgo
 th
 x(�) w
 pro
 � e�nai �sh mex0(�) = x 
os � � y sin �:Gr�foume F (x) = ku(x)k. H F e�nai sun�rthsh Lips
hitz, �ra sqedìn pantoÔparagwg�simh ston Rm . 'Estw x; y 2 Rm . Upojètoume ìti h F e�nai diafor�simhsto x(�) �-sqedìn pantoÔ. Tìte,F (x) � F (y) = F (x(�=2))� F (x(0)) = Z �=20 � dd�F (x(�))� d�= Z �=20 hF 0(x(�)); x0(�)id�:'Estw � 2 R kai �� : R ! R h sun�rthsh ��(t) = exp(�t). Apì thn kurtìthta th
�� kai apì thn anisìthta Jensen èqoume��(F (x) � F (y)) = �� Z �=20 hF 0(x(�)); x0(�)id�!� 2� Z �=20 �� ��2 hF 0(x(�)); x0(�)i� d�:78



Oloklhr¸noume thn ��(F (x)�F (y)) w
 pro
 to 
m�
m. H F e�nai sqedìn pantoÔparagwg�simh, �ra gia sqedìn ìla ta (x; y) h F 0(x(�)) up�rqei �-sqedìn pantoÔ:èqoume Z Z ��(F (x) � F (y))d
m(x)d
m(y)� 2� Z �=20 Z Z �� ��2 hF 0(x(�)); x0(�)i� d�d
m(x)d
m(y):Apì thn kurtìthta th
 �� pa�rnoumeZ �� �F (x)� Z F (y)d
m(y)� d
m(x) � Z Z ��(F (x) � F (y))d
m(x)d
m(y):Apì thn �llh meri�, gia k�je � h apeikìnish (x; y) 7! (x(�); x0(�)) e�nai orjog¸nio
metasqhmatismì
 tou R2m . AfoÔ to 
m�
m e�nai anallo�wto w
 pro
 orjog¸niou
metasqhmatismoÔ
, èqoume2� Z �=20 Z Z �� ��2 hF 0(x(�)); x0(�)i� d�d
m(x)d
m(y)= Z Z �� ��2 hF 0(x); yi� d�d
m(x)d
m(y):Gia k�je x; y 2 Rm èqoume jF (x) � F (y)j � kuk � jx � yj, ìpou j � j h Eukle�deianìrma, �ra jF 0j � kuk sqedìn pantoÔ ston Rm . 'Ena
 aplì
 upologismì
 de�qneiìti Z exp(hv; yi)d
m(y) = exp(jvj2=2):'Ara, Z exp��2�hF 0(x); yi� d
m(y) = exp�12 ��2 �2 jF 0(x)j2�2�� exp�12 ��2 �2 kuk2�2� :Epomènw
,Z ���F (x)� Z F (y)d
m(y)� d
m(x) � exp�12 ��2�2 kuk2�2� :Apì thn anisìthta tou Markov, gia k�je � > 0 èqoume
m�x : F (x) � Z Fd
m > t� � exp��12 ��2�2 kuk2�2 � �t� :kai epilègonta
 � = (�kuk=2)�2t br�skoume
m�x : F (x) � Z Fd
m > t� � exp��12 ��2 kuk��2 t2� :Efarmìzonta
 thn �dia anisìthta gia thn �F èqoume to zhtoÔmeno. 279



L mma 4.2.2 'Estw gij , i � n, j � k dipl  akolouj�a anex�rthtwn kai isìno-mwn tupik¸n kanonik¸n tuqa�wn metablht¸n se ènan q¸ro pijanìthta
 (
;A; P ).JewroÔme ton tuqa�o telest  G = (gij) : `k2 ! `n2 . 'Estw X q¸ro
 Bana
h kaiu : `n2 ! X . Me pijanìthta megalÔterh apì 2/3 isqÔeikuG : `k2 ! Xk � C(`(u) +pkkuk);ìpou C > 0 apìluth stajer�.Apìdeixh: JewroÔme èna 1=2-d�ktuo A th
 S`k2 . Apì to L mma 4.1.3, 
ard(A) �5k.Isqurismì
: Gia k�je v : `k2 ! X isqÔeikv : `k2 ! Xk � 2maxx2A kv(x)k:Pr�gmati, gia k�je x 2 S`k2 up�rqei y 2 A me jx� yj � 1=2, �rakv(x)k = kv(x� y) + v(y)k � kv(x� y)k+ kv(y)k� kvk � jx� yj+ kv(y)k� kvk2 +maxy2A kv(y)k:Pa�rnonta
 supremum w
 pro
 x sumpera�noume ìtikvk � kvk2 +maxy2A kv(y)k;ap� ìpou èpetai o isqurismì
. 2JewroÔme ti
 tuqa�e
 metablhtè
Zj = nXi=1 giju(ei); j = 1; : : : ; k:Oi Z1; : : : ; Zk e�nai anex�rthte
 kanonikè
 kai kajem�a èqei thn �dia katanom  methn Z =Pni=1 giu(ei).'Estw x = (x1; : : : ; xk) 2 A. Tìte,uG(x) = u0� nXi=10� kXj=1 gijxj1A ei1A= nXi=10� kXj=1 gijxj1Au(ei)= kXj=1 xj  nXi=1 giju(ei)!= kXj=1 xjZj :80



AfoÔ jxj = 1, h uG(x) èqei thn �dia katanom  me thn Z. 'Ara,EkuG(x)k = EkZk:Epomènw
, gia k�je t > 0P (kuG(x)k > EkuG(x)k + t) = P (kZk > EkZk + t):Apì to L mma 4.2.1 kai thn parat rhsh ìti �(Z) = kuk èqoumeP (kZk � EkZk > t) � 2 exp(�
t2=kuk2);opìte P �maxx2A kuG(x)k > EkZk + t� = P  [x2AfkuG(x)k > EkZk + tg!� Xx2AP (fkuG(x)k > EkZk + tg)� 5kP (fkuG(x)k > EkZk + tg)� 2 � 5k exp(�Ct2=kuk2):Up�rqei 
1 > 0 tètoia ¸ste jètonta
 t = 
1pkkuk na exasfal�zoume thn2 � 5k exp(�Ct2=kuk2) < 1=3:'Ara, me pijanìthta megalÔterh apì 2/3 èqoumekuG : `k2 ! Xk � maxy2A kv(y)k� 2EkZk + 2
1pkkuk:Pa�rnonta
 upìyin kai thnEkZk = Ek nXi=1 giu(ei)k � `(u);blèpoume ìti me pijanìthta megalÔterh apì 2/3 isqÔeikuG : `k2 ! Xk � C(`(u) +pkkuk): 2L mma 4.2.3 'Estw X;G kai u ìpw
 sto prohgoÔmeno l mma. Gia k�je " > 0jewroÔme ton q¸ro X" pou èqei monadia�a mp�la to B" = BX + 1"u(B`n2 ). Tìte, mepijanìthta megalÔterh apì 2/3 isqÔeikuG : `k2 ! X"k � C(`(u) +pk"):81



Apìdeixh: ParathroÔme ìtiB" = BX + 1"u(B`n2 ) � 1"u(B`n2 );�ra ku : `n2 ! X"k � ".Ep�sh
, apì thn B" � BX èqoume ku(x)kX" � ku(x)kX gia k�je x 2 `n2 , �ra`(u : `n2 ! X") � `(u : `n2 ! X):Efarmìzonta
 to L mma 4.2.2 gia ton u : `n2 ! X" kai qrhsimopoi¸nta
 ti
 dÔoanisìthte
, pa�rnoume to zhtoÔmeno. 2Prìtash 4.2.1 'Estw G : `k2 ! `n2 ìpw
 sto L mma 4.2.2. Gia k�je k;m; n 2 Nkai k�je T � `n2 me 
ard(T ) � 2m up�rqei 
1 � 
 me P (
1) > 3=4 tètoio ¸ste:gia k�je ! 2 
1 kai k�je y 2 Ta2�m=kkyk`n2 � k�1=2k(G�!)(y)k`k2 � �2 + b�mk �1=2� kyk`n2 :Apìdeixh: Qwr�
 periorismì th
 genikìthta
 upojètoume ìti kyk`n2 = 1 gia k�jey 2 T . An y = (y1; : : : ; yn), tìteG�(y) = nXi=10� kXj=1 gijej1A :'Ara, h tuqa�a metablht G�(y) èqei thn �dia katanom  me thnPkj=1 gjej . Gr�foumeZy = k�1=2kG�yk`k2 :Apì thn prohgoÔmenh parat rhsh, h Zy èqei thn �dia katanom  me thnZk = k�1=20� kXj=1 g2j1A1=2 :Ja qreiastoÔme èna teqnikì l mma.L mma 4.2.4 Up�rqoun a1; b1 > 0 tètoioi ¸ste, gia k�je s > 0,P (Zk < s) � (a1s)kkai gia k�je t > 2 P (Zk > t) � exp(�b1kt2):82



Me dedomèno to L mma 4.2.4 mporoÔme na poÔme ìti gia k�je y 2 Sn�1 kai giak�je 0 < s < t me t > 2P (Zy =2 [s; t℄) = P (Zk =2 [s; t℄)= P (fZk < sg [ fZk > tg)� P (Zk < s) + P (Zk > t)� (a1s)k + exp(�b1kt2):'Ara,P (9y 2 T : Zy =2 [s; t℄) � 
ard(T )P (Zy =2 [s; t℄) � 2m[(a1s)k + exp(�b1kt2)℄:An loipìn epilèxoume s = 1=8a12m=k kait = 2 +� (m+ 4) log 2b1k �1=2 � 2 + b�mk �1=2 ;èqoume P (9y 2 T : Zy =2 [s; t℄) < 1=4;dhlad  me pijanìthta megalÔterh apì 3/4 èqoume: gia k�je y 2 T ,a2�m=k � k�1=2k(G�!)(y)k`k2 � �2 + b�mk �1=2� :Autì apodeiknÔei thn Prìtash me thn upìjesh ìti kyk`n2 = 1 gia k�je y 2 T . 2Apìdeixh tou L mmato
 4.2.4: Gia ton pr¸to isqurismì gr�foumeP (Zk < s) = (2�)�k=2 Zjxj2<s2k exp(�jxj2)dx : : : dxk= (2�)�k=2k!k Z spk0 �k�1e��2=2d�� (2�)�k=2k!k Z spk0 �k�1d�= skkk=22k=2�(k=2 + 1)� (a1s)k=2ìpou a1 > 0 apìluth stajer�. Gia ton deÔtero, parathroÔme ìtiP (Zk > t) = (2�)�k=2 Zjxj2>t2k exp(�jxj2)dx1 : : : dxk� (2�)�k=2 exp(�t2k=4) ZRk exp(�jxjt)dx1 : : : dxk :83



K�nonta
 thn allag  metablht 
 x = p2y kai upolog�zonta
 to teleuta�o olokl -rwma pa�rnoumeP (Zk > t) � 2k=2 exp(�t2k=4) = exp�k4(2 log 2� t2)�� exp(�b1kt2)ìpou b1 > 0 apìluth stajer�, k�nonta
 thn epiplèon upìjesh ìti t > 2. 2Apìdeixh tou Jewr mato
 4.2.1: 'Estw u : `n2 ! X . Jètoume K = u�(BX�).Apì thn anisìthta tou Sudakov,N(K; "kB`n2 ) � exp(
nM�(K)2="2k)= exp(
nM(u�1(BX))2="2k)� exp(
1`(u)2="2k) � 2karke� na epilèxoume "k ' `(u)=pk. Dhlad , up�rqei 
2 > 0 tètoia ¸steN(u�(BX�); (`(u)=
2pk)B`n2 ) � 2kgia k�je k � 1. IsodÔnama, up�rqei T � `n2 me 
ard(T ) � 2k tètoio ¸ste: gia k�jex 2 K up�rqei y 2 T me jy � xj � "k `(u)
2pk :Antikajist¸nta
 to "k me 2"k mporoÔme epiplèon na upojèsoume ìti T � K: giak�je y 2 T me (y+ "kB`n2 )\K 6= ;, epilègoume x(y) 2 K me jy�x(y)j � "k. Tìte,K � [y2T(y + "kB`n2 ) � [y2T(x(y) + 2"kB`n2 ):Upojètoume loipìn ìti T � K, 
ard(T ) � 2k kaiK � [y2T(y + 2"kB`n2 ):Tìte, gia k�je x 2 K up�rqei y 2 T tètoio ¸stey � x 2 2K \ (2"kB`n2 ):Apì to L mma 4.2.3 kai thn Prìtash 4.2.1 (me m = k) up�rqei n�k p�naka
 G pouikanopoie� thn(1) kuG : `k2 ! X"kk � C(`(u) +pk"k)kai, gia k�je y 2 T , thn(2) akyk`n2 � 1pk kG�(y)k`n2 :84



Jètoume F = Ker(G�u�). Tìte, o F e�nai upìqwro
 tou X� kai 
odim(F ) �dim(`k2) = k.'Estw z 2 BF . Tìte u�(z) 2 K, �ra up�rqei y 2 T tètoio ¸steu�(z)� y 2 2(K \ "kB`n2 ):Eidikìtera, ku�(z)� yk`k2 � 2"k:Apì thn �llh meri�, (G�u�)(z) = 0 �raG�y 2 2G�(K \ "kB`n2 ) = G�u�(BX� \ "k(u�)�1(B`n2 ))= (G�u�)( ~B);ìpou, apì ti
 idiìthte
 tou polikoÔ s¸mato
,~B = �
o(BX [ 1"k u(B`n2 )�Æ� �12BX + 12 1"k u(B`n2 )�Æ= 2(BX + 1"k u(B`n2 ))Æ= 2(BX"k )Æ:Epomènw
, G�y 2 4(G�u�)(BÆX"k ) kai afoÔ kG�u�k = kuGk, apì thn (1) pa�rnoumekG�yk`k2 � 4C(`(u) +pk"k):T¸ra apì thn (2) kai apì thn epilog  tou "k èpetai ìtikyk`n2 � 4Ca (`(u)=pk + "k) � C1`(u)=pk:Qrhsimopoi¸nta
 kai to gegonì
 ìti u�(z)� y 2 2"kB`n2 , sumpera�noume ìtiku�(z)k`n2 � ku�(z)� yk`n2 + kyk`n2� 2"k + C1`(u)=pk� C2`(u)=pk:AfoÔ 
odim(F ) < k, èqoume 
k(u�) � C2`(u)=pk, dhlad supk�1 �pk
k(u�)� � C2`(u): 2
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4.3 Migadik  Parembol 'Estw X0 kai X1 dÔo q¸roi Bana
h p�nw apì to C . Lème ìti oi X0 kai X1 e�nai{sumbibasto�} an embapt�zontai suneq¸
 se ènan megalÔtero q¸ro Bana
h, opìtemporoÔme na mil�me gia tou
 q¸rou
 X0+X1 kai X0\X1. Sthn per�ptwsh pou m�
endiafèrei, ja èqoume Xi = (C n ; k � ki), i = 1; 2 opìte h upìjesh aut  ikanopoie�taikat� tetrimmèno trìpo.Or�zoume S = fz 2 C : 0 < Rez < 1gS = fz 2 C : 0 � Rez � 1gS0 = fz 2 C : Rez = 0gS1 = fz 2 C : Rez = 1g:JewroÔme ton q¸ro F(X0; X1) ìlwn twn sunart sewn f me timè
 ston X0+X1 oiopo�e
 e�nai fragmène
 kai suneqe�
 sth lwr�da S, analutikè
 sthn anoiqt  lwr�daS kai, epiplèon, oi sunart sei
 f jS0 kai f jS1 pou or�zontai apì thn t 7! f(j + it)(j = 0; 1) e�nai suneqe�
 apì to R ston Xj kai te�noun sto 0 kaj¸
 jtj ! 1. OF(X0; X1) e�nai profan¸
 grammikì
 q¸ro
.Ston F(X0; X1) or�zoume th nìrmakfkF = max�supt2R kf(it)kX0 ; supt2R kf(1 + it)kX1� :L mma 4.3.1 O q¸ro
 F(X0; X1) e�nai q¸ro
 Bana
h. 2Gia k�je � 2 (0; 1) or�zoume t¸ra ton q¸ro parembol 
 X� := (X0; X1)� san tosÔnolo ìlwn twn x 2 X0 + X1 = C n gia ta opo�a up�rqei f 2 F(X0; X1) tètoia¸ste x = f(�). Ston q¸ro X� or�zoume th nìrmakxk� = inffkfkF : f 2 F(X0; X1); f(�) = xg:L mma 4.3.2 Gia k�je x 2 X�,kxkX� � kxk1��X0 kxk�X1 :H apìdeixh autoÔ tou isqurismoÔ e�nai apl . An M0 = kxkX0 , M1 = kxkX1 kai anf(z) =M1��0 M�1 (M1�z0 Mz1 )�1x;tìte f 2 F(X0; X1), kfkF = M1��0 M�1 kai f(�) = x. Apì ton orismì th
 k � k�èpetai to zhtoÔmeno. 2Ja qreiastoÔme ep�sh
 thn duðk  anisìthta. Gia k�je � 2 (0; 1) kai k�je grammikìsunarthsoeidè
 u 2 (X0 \X1)� or�zoumekuk�� = supfju(x)j : x 2 C n ; kxkX� � 1g:Tìte, isqÔei to ex 
. 86



L mma 4.3.3 Gia k�je u 2 (X0 \X1)�,kuk�� � (kuk�0)1�� (kuk�1)� :H apìdeixh autoÔ tou isqurismoÔ e�nai apl  sunèpeia tou {l mmato
 twn tri¸neujei¸n}:L mma 4.3.4 'Estw g : S ! C sun�rthsh fragmènh, suneq 
 kai analutik  stoS. Tìte, gia k�je � 2 (0; 1) kai k�je t 2 Rjg(�)j � �supS0 jgj�1�� �supS1 jgj�� :Apìdeixh: Jètoume M0 = supS0 jgj kai M0 = supS0 jgj. 'Estw r > 0 kai s 2 R.Or�zoume Fr(z) = exp(rz2 + sz)F (z):Tìte, Fr(z)! 0 kaj¸
 Imz ! �1kai jFr(it)j �M0; jFr(1 + it)j �M1er+s:Apì thn arq  Phragm�en-Lindel�of èpetai ìtijFr(z)j � maxfM0;M1er+sg;dhlad  jF (� + it)j � exp(�r(�2 � t2))maxfM0e��r;M1e(1��)s+rg:H anisìthta aut  isqÔei gia k�je stajerì � kai t. Af nonta
 to r ! 0 blèpoumeìti jF (� + it)j � maxfM0���;M1�1��gìpou � = es. To dexiì mèlo
 elaqistopoie�tai ìtan M0��� =M1�1��, dhlad  ìtan� =M0=M1. Gi� aut n thn tim  tou � pa�rnoumejF (� + it)j �M1��0 M�1 : 2Efarmìzonta
 to l mma twn tri¸n eujei¸n gia thng(z) = hu; f(z)ipa�rnoume jhu; xij = jg(�)j � (kuk�0)1�� (kuk�1)� ;to opo�o apodeiknÔei to L mma 4.3.3. 2'Estw t¸ra Y èna
 �llo
 migadikì
 q¸ro
 Bana
h kai èstw T : X0 +X1 ! Y kaiR : Y ! X0 \ X1 fragmènoi C -grammiko� telestè
. Tìte, o T : X� ! Y kai oR : Y ! X� e�nai fragmènoi telestè
. Sumbol�zoume autoÔ
 tou
 telestè
 me T�kai R�. 87



L mma 4.3.5 IsqÔoun oi anisìthte

k(R�) � kR0k1��(
k(R1))�kai dk(T�) � kT0k1��(dk(T1))�:Apìdeixh: H pr¸th anisìthta e�nai �mesh sunèpeia tou l mmato
 4.3.2. Gia thdeÔterh anisìthta mporoÔme gia aplìthta na upojèsoume ìti oi telestè
 T�; T1e�nai sumpage�
 kai ìti o X0\X1 e�nai puknì
 tìso ston X0 ìso kai ston X1 (sthnper�ptwsh pou ma
 endiafèrei, ta parap�nw ikanopoioÔntai kat� tetrimmèno trìpo).T¸ra, apì ti
 isìthte
 dk(T�) = 
k(T �� ) kai dk(T1) = 
k(T �1 ) h deÔterh anisìthtaprokÔptei apì to L mma 4.3.3. 2To basikì apotèlesma aut 
 th
 paragr�fou e�nai to epìmeno je¸rhma. Ja anti-katast sei thn anisìthta tou Pisier h opo�a èpaixe basikì rìlo sto prohgoÔmenokef�laio.Je¸rhma 4.3.1 'Estw (X0; X1) zeÔgo
 sumbibast¸n migadik¸n q¸rwn Bana
h.An o X1 e�nai q¸ro
 Hilbert, tìte gia k�je � 2 (0; 1) isqÔeiK(X�) � �(�)ìpou �(�) stajer� pou exart�tai mìno apì to �. Epiplèon, �(�) = O(1=�) kaj¸
� ! 0.Gia thn apìdeixh ja qreiastoÔme èna l mma.L mma 4.3.6 Gia k�je z 2 C sumbol�zoume me Arg(z) to ìrisma tou z pou ika-nopoie� thn �� < Arg(z) � �. 'Estw D0 = [�1; 1℄, D1 = fz 2 C : jzj = 1gkai D� = �z 2 C : ����Arg�z + 1z � 1� ���� = ��2 � ; � 2 (0; 1):Tìte, gia k�je u 2 D� up�rqei G : S ! C analutik  sto S, tètoia ¸ste G(S0) �D0, G(S1) � D1 kai G(�) = u.Apìdeixh: ParathroÔme ìti to D� e�nai to sÔnolo twn shme�wn tou migadikoÔepipèdou ta opo�a sqhmat�zoun me to eujÔgrammo tm ma [�1; 1℄ gwn�a akrib¸
 �shme � � ��=2.'Estw u 2 D�. An Imu > 0, up�rqei pragmatikì
 arijmì
 t tètoio
 ¸ste u =i tan(��4 + it). Or�zoume G(z) = i tan��4 z + it�kai elègqoume ìti ikanopoie�tai to zhtoÔmeno. An Imu < 0, up�rqei pragmatikì
arijmì
 t tètoio
 ¸ste u = �i tan(��4 + it). Tìte, or�zoumeG(z) = �i tan��4 z + it� : 288



Apìdeixh tou Jewr mato
 4.3.1: [Pi3℄ QrhsimopoioÔme to sumbolismì th
x1.3. Gia k�je z 2 C me jzj � 1 or�zoumeT (z) =Xk�0 zkQk:O T (z) e�nai telest 
 nìrma
 1 ston L2 = L2(
;A; P ). 'Estw 0 < � < 1. JabroÔme Æ = Æ(�) > 0 tètoio ¸ste: gia k�je z 2 C me jzj � ÆkT (z)
 IX�kL2(X�)!L2(X�) � 1:Jètoume T�(z) = T (z) 
 IX� kai Q1;� = Q1 
 IX� . Apì ton tÔpo tou Cau
hyblèpoume ìti Q1 = 1Æ Z 2�0 e�isT (Æeis) ds2� ;kai ìmoia Q1;� = 1Æ Z 2�0 e�isT�(Æeis) ds2� :Apì thn anisìthta tou Jensen,K(X�) = kQ1;�kL2(X�)!L2(X�) � 1Æ supjzj=Æ kT�(z)kL2(X�)!L2(X�):Mènei loipìn na de�xoume ìti up�rqei tètoio Æ.Apì thn Prìtash 1.3.2, gia k�je q¸ro Bana
h kai k�je z 2 D0 èqoume(1) kT (z)
 IX0kL2(X0)!L2(X0) � 1:Ep�sh
, afoÔ o X1 e�nai q¸ro
 Hilbert, gia k�je z 2 D1 èqoume(2) kT (z)
 IX1kL2(X1)!L2(X1) � 1:Qrhsimopoi¸nta
 to L mma 4.3.6 ja apode�xoume ìti gia k�je z 2 D� isqÔeikT (z)
 IX�kL2(X�)!L2(X�) � 1:L mma 4.3.7 Oi q¸roi (L2(X0); L2(X1))� kai L2(X�) e�nai isometrik� isìmorfoi.Apì to l mma, gia k�je � 2 L2(X�) me k�k < 1, up�rqei f 2 F(L2(X0); L2(X1))tètoia ¸ste kfkF < 1 kai f(�) = �. StajeropoioÔme z 2 D� kai jewroÔme thnsun�rthsh G tou L mmato
 4.3.6. Eidikìtera, G(�) = z.JewroÔme thn W : S ! L2(X0) + L2(X1) meW (u) = T (G(u))f(u):H W e�nai analutik  sto S kai W (�) = T (z)�:89



An Y0 = L2(X0) kai Y1 = L2(X1), tìtekT (z)�k(Y0;Y1)� � maxfkWkL1(S0;Y0); kWkL1(S1;Y1)g:Apì ti
 (1), (2) kai apì to L mma 4.3.6,kT (z)�k(Y0;Y1)� � 1:Apì to L mma 4.3.7 èpetai ìti: gia k�je z 2 D�,(3) kT (z)kL2(X�)!L2(X�) � 1:ParathroÔme ìti T (z1z2) = T (z1)T (z2). Aut  h parat rhsh maz� me ti
 (1) kai (3)de�qnei ìti h (3) isqÔei gia k�je z sto qwr�o pou perikle�ei to D�. Eidikìtera, h(3) isqÔei gia k�je z 2 C me jzj � tan(��=4). Epomènw
,K(X�) � (tan(��=4))�1 :Autì apodeiknÔei to Je¸rhma. 2Parat rhsh. H anisìthta tou Pisier (piì sugkekrimmèna, to Je¸rhma 1.3.1)e�nai sunèpeia tou Jewr mato
 4.3.1. A
 upojèsoume ìti X = C n (h pragmatik per�ptwsh èpetai). MporoÔme ep�sh
 na upojèsoume ìti o tautotikì
 telest 
I : `n2 ! X ikanopoie� ti
 kIk = d(X; `n2 ) kai kI�1k = 1. JewroÔme ton q¸roparembol 
 X� = (X; `n2 )�. Apì to L mma 4.3.5 me k = 1, èqoumed(X;X�) � [d(X; `n2 )℄�:Apì to Je¸rhma 4.3.1 èqoume K(X�) � �(�). 'Ara,K(X) � d(X;X�)K(X�) � �(�)[d(X; `n2 )℄� � 
� [d(X; `n2 )℄�:Epilègonta
 to bèltisto �(' 1= log[d(X; `n2 ) + 1℄), pa�rnoumeK(X) � 
1 log[d(X; `n2 ) + 1℄:4.4 To basikì je¸rhmaJe¸rhma 4.4.1 Gia k�je � > 1=2 up�rqei m�a stajer� C = C(�) > 0 me thnidiìthta: gia k�je n 2 N, gia k�je n-di�stato (pragmatikì   migadikì) q¸ro menìrma X , up�rqei isomorfismì
 u : `n2 ! X tètoio
 ¸stedk(u) � C(n=k)� kai 
k(u�1) � C(n=k)�gia k�je k = 1; : : : ; n. Epiplèon, h stajer� C(�) e�nai O((� � 1=2)�1=2) kaj¸
�! 1=2. 90



Parat rhsh. An upojèsoume ìti h K-stajer� tou X e�nai fragmènh, to zhtoÔ-meno prokÔptei �mesa. Giat�, up�rqei isomorfismì
 u : `n2 ! X tètoio
 ¸ste`(u) � pn kai `((u�1)�) � K(X)pnopìte to Je¸rhma 4.2.1 ma
 d�neidk(u) = 
k(u�) � C1(n=k)1=2 kai 
k(u�1) � C1K(X)(n=k)1=2:Apìdeixh tou jewr mato
 4.3.1: [Pi4℄ JewroÔme pr¸ta thn migadik  per�ptwshkai gr�foume `n2 gia ton migadikì n-di�stato Eukle�deio q¸ro. StajeropoioÔme� > 1=2 kai sumbol�zoume me C thn mikrìterh jetik  stajer� gia thn opo�a isqÔeito sumpèrasma tou jewr mato
.Apì ton orismì th
 C, gia k�je n-di�stato migadikì q¸ro me nìrma X up�rqeiC -grammikì
 isomorfismì
 u : `n2 ! X tètoio
 ¸stedk(u) � C(n=k)� kai 
k(u�1) � C(n=k)�gia k�je k = 1; : : : ; n. MporoÔme ep�sh
 na upojèsoume ìti X = (C n ; k � k) kai ue�nai o tautotikì
 telest 
.Or�zoume � = (��1=2)=� 2 (0; 1) kai jewroÔme ton q¸ro parembol 
X� = (X; `n2 )�pou antistoiqe� sto zeug�ri (X; `n2 ). Gr�foume u� : X� ! X gia ton tautotikìtelest , o opo�o
 t¸ra phga�nei apì ton X� ston X . Apì thn parat rhsh kai apìto Je¸rhma 4.2.1, up�rqei isomorfismì
 v : `n2 ! X� tètoio
 ¸stedk(v) = 
k(u�) � C1(n=k)1=2 kai 
k(v�1) � C1�(�)(n=k)1=2gia k�je k = 1; : : : ; n.Pa�rnonta
 � = 0; 1, èqoume u0 = I : X ! X kai u1 = u : `n2 ! X . Apì to L mma4.3.5, dk(u�) � ku0k1��dk(u1)� = dk(u)�kai 
k(u�1� ) � ku�10 k1��
k(u�11 )� = 
k(u�1)�:Apì ton orismì th
 C èpetai ìtidk(u�) � (C(n=k)�)� kai 
k(u�1� ) � (C(n=k)�)�gia k�je k = 1; : : : ; n.JewroÔme ton telest  w = u�v : `n2 ! X . Apì ti
 idiìthte
 twn arijm¸n prosèg-gish
 èqoume d2k�1(w) � dk(u�)dk(v)� C1C�(n=k)��+1=2= C1C�(n=k)�91



kai 
2k�1(w�1) � 
k(u�1� )
k(v�1)� C1�(�)C�(n=k)�:An or�soume r = 2�C1C�, oi anisìthte
 autè
 ma
 d�noundk(w) � r(n=k)� kai 
k(w�1) � r�(�)(n=k)�gia k�je k = 1; : : : ; n. An jèsoume w1 = �(�)1=2w, pa�rnoumedk(w1) � r�(�)1=2(n=k)� kai 
k(w�11 ) � r�(�)1=2(n=k)�gia k�je k = 1; : : : ; n. Apì ton orismì th
 C,C � r�(�)1=2 = C1C�2��(�)1=2;�ra C � C(�) = �C12��(�)1=2� 11�� ;ìpou � = (�� 1=2)=�. Parathr ste ìti apì thn ekt�mhsh pou èqoume gia thn �(�)kaj¸
 � ! 0 èpetai ìti C(�) = O((� � 1=2)�1) kaj¸
 �! 1=2.Pern�me t¸ra sthn pragmatik  per�ptwsh. 'Estw X èna
 n-di�stato
 pragmatikì
q¸ro
 me nìrma. Up�rqei migadikì
 n-di�stato
 q¸ro
 ~X tètoio
 ¸ste o X naemfuteÔetai isometrik� se ènan pragmatikì n-di�stato upìqwro tou ~X (an tondoÔme san 2n-di�stato pragmatikì q¸ro) kai na up�rqei R-grammik  probol  P :~X ! X nìrma
 1. Gia par�deigma, mporoÔme na p�roume ~X = C
X , ton q¸ro ìlwntwn R-grammik¸n telest¸n apì to C ston X . MporoÔme ep�sh
 na upojèsoume ìtiX � ~X an taut�soume ton X me thn eikìna tou mèsw th
 parap�nw emfÔteush
.Apì thn migadik  morf  tou jewr mato
, up�rqei isomorfismì
 u1 : `n2 (C ) ! ~Xtètoio
 ¸ste dk(u1) � C(n=k)� kai 
k(u�11 ) � C(n=k)�gia k�je k = 1; : : : ; n. Jètoume H = u�11 (X). Tìte, mporoÔme na taut�soumeton H me ton `n2 (R). An or�soume u = Pu1jH : H ! X , o u e�nai R-grammikì
isomorfismì
 kai d2k�1(u) � dk(u1) kai 
2k�1(u�1) � 
k(u�11 )ìpou oi arijmo� prosèggish
 jewroÔntai me thn pragmatik  ènnoia gia tou
 u; u�1kai me thn migadik  ènnoia gia tou
 u1; u�11 . 'Epetai ìti o u ikanopoie� to sumpèra-sma tou jewr mato
 me stajer� thn C 0 = 2�C. H stajer� 2� prost�jetai gia naper�soume apì tou
 d2k�1; 
2k�1 stou
 dk; 
k. 292



4.5 Efarmogè
'Estw K kai T summetrik� kurt� s¸mata ston Rn . JewroÔme thn posìthtaM(K;T ) = � jK + T jjK \ T j � jKÆ + T ÆjjKÆ \ T Æj�1=n :Je¸rhma 4.5.1 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: Gia k�jen 2 N kai gia k�je summetrikì kurtì s¸ma K ston Rn up�rqei elleiyoeidè
 E stonRn tètoio ¸ste M(K;E) � C:Apìdeixh: 'Estw X o n-di�stato
 q¸ro
 me nìrma pou or�zetai apì to K kai u oisomorfismì
 tou Jewr mato
 4.4.1. Apì to L mma 4.1.5 èqoumemaxfen(u); en(u�1); en(u�); en((u�1)�)g � t = ��C(�):Jètoume E = u(B`n2 ). Tìte,maxfN(K; tE); N(E; tK); N(KÆ; tEÆ); N(EÆ; tKÆ)g � 2n�1:L mma 4.5.1 An A;B kai C e�nai summetrik� kurt� s¸mata ston Rn , tìtejA+ Cj � N(A;B)jB + Cjkai N(A; 2(A \ B)) � N(A;B): 2Apì to L mma 4.5.1 me A = K, B = tE,jK +Ej1=n � 2(t+ 1)jEj1=nkai ìmoia jKÆ +EÆj1=n � 2(t+ 1)jEÆj1=n:Apì to �dio L mma, N(E; 2(tK \E)) � 2n�1�ra jEj1=n � 4(t+ 1)jK \Ej1=nkai ìmoia, jEÆj1=n � 4(t+ 1)jKÆ \ EÆj1=n:'Epetai ìti M(K;E) � 64(t+ 1)4:Epilègonta
, gia par�deigma, � = 1 kai jewr¸nta
 ton ant�stoiqo u = u� èqoumeto zhtoÔmeno. 2Pr¸th sunèpeia tou Jewr mato
 4.5.1 e�nai h anisìthta Santal�o kai h ant�strof th
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Je¸rhma 4.5.2 Gia k�je n 2 N kai k�je summetrikì kurtì s¸ma K ston Rn ,isqÔei 1C � � jKj � jKÆjjBnj2 �1=n � C;ìpou C h stajer� tou Jewr mato
 4.5.1.Apìdeixh: To ginìmeno ìgkwn jKj � jKÆj e�nai anallo�wto w
 pro
 antistrèyimou
grammikoÔ
 metasqhmatismoÔ
, epomènw
 mporoÔme na upojèsoume ìti E = Bnsto prohgoÔmeno je¸rhma.ParathroÔme ìtijBnj2 � jK +Bnj � jKÆ +Bnj � jKjjK \Bnj � jKÆjjKÆ \Bnj= M(K;Bn)njKj � jKÆjkai jKj � jKÆj � jBnjjK \ Bnj � jBnjjKÆ \ Bnj � jK +Bnj � jKÆ +Bnj= M(K;Bn)njBnj2;ap� ìpou èpetai to zhtoÔmeno. 2Efarmìzonta
 piì prosektik� to Je¸rhma 4.4.1 se sunduasmì me to L mma 4.1.5,pa�rnoume to ex 
.L mma 4.5.2 Gia k�je � > 1=2 up�rqei m�a stajer� C1 = C1(�) > 0 tètoia¸ste: gia k�je n 2 N kai k�je n-di�stato q¸ro me nìrma X up�rqei isomorfismì
u : `n2 ! X tètoio
 ¸stemaxfek(u); ek(u�); ek(u�1); ek((u�1)�)g � C1(n=k)�gia k�je k = 1; : : : ; n. Epiplèon, C1(�) = O((� � 1=2)�1) kaj¸
 to �! 1=2. 2H gewmetrik  diatÔpwsh tou l mmato
 e�nai h ex 
.L mma 4.5.3 Gia k�je p < 2 up�rqei stajer� Ap tètoia ¸ste gia k�je summetrikìkurtì s¸maK ston Rn na mporoÔme na broÔme elleiyoeidè
E ston Rn pou ikanopoie�thn maxfN(K; tE); N(E; tK); N(KÆ; tEÆ); N(EÆ; tKÆ)g � exp(Apn=tp)gia k�je t � 1. 294



Orismì
. 'Estw � > 1=2. Lème ìti èna summetrikì kurtì s¸maK e�nai �-kanonikìan o q¸ro
 XK ikanopoie� to L mma 4.5.1 me u thn tautotik  apeikìnish. Tìte,up�rqei r > 0 tètoio
 ¸stemaxfN(K; tBn); N(Bn; tK); N(KÆ; tBn); N(Bn; tKÆ)g � exp(Apn=tp)gia k�je t � 1, ìpou p = 1=�. To Je¸rhma 4.4.1 de�qnei ìti k�je summetrikì kurtìs¸ma èqei grammik  eikìna pou e�nai �-kanonik .Gia ta �-kanonik� s¸mata èqoume m�a isqur  morf  th
 ant�strofh
 anisìthta
Brunn-Minkowski.Je¸rhma 4.5.3 'Estw � > 1=2 kai K1; : : : ;Km �-kanonik� summetrik� kurt�s¸mata ston Rn . Tìte,jK1 + � � �+Kmj1=n � b(�)m� mXj=1 jKj j1=nìpou b(�) stajer� pou exart�tai mìno apì to �.Apìdeixh: Apì ton orismì tou �-kanonikoÔ s¸mato
, gia k�je t � 1 isqÔeimaxfN(Kj ; trjBn); N(rjBn; tKj)g � exp(Apn=tp)ìpou p = 1=�. Epomènw
,N(K1 + � � �+Km; t(r1Bn + � � �+ rmBn)) � mYj=1N(Kj ; trjBn) � exp(Apnm=tp):'Epetai ìtijK1 + � � �+Kmj1=n � t exp(Apm=tp)jr1Bn + � � �+ rmBnj1=n= t exp(Apm=tp)�jr1Bnj1=n + � � �+ jrmBnj1=n� :Apì thn N(rjBn;Kj) � exp(Apn) blèpoume ìtijrjBnj1=n � exp(Ap)jKj j1=n�ra jK1 + � � �+Kmj1=n � t exp(Ap +Apm=tp)�jK1j1=n + � � �+ jKmj1=n� :An epilèxoume t = m� = m1=p pa�rnoume to zhtoÔmeno. 2Me an�logo trìpo apodeiknÔetai to ex 
 duðkì apotèlesma.Je¸rhma 4.5.4 'Estw � > 1=2 kai K1; : : : ;Km �-kanonik� summetrik� kurt�s¸mata ston Rn . Tìte,jK1 \ � � � \Kmj1=n � Æ(�)m�1�� inf njK1j1=n; : : : ; jKmj1=noìpou Æ(�) stajer� pou exart�tai mìno apì to �. 295
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