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Sumbolismì

N to sÔnolo twn mh arnhtik¸n akera�wn {0, 1, 2, . . .}
N+ to sÔnolo twn jetik¸n akera�wn {1, 2, . . .}Gia n ∈ N+,

[n] := {1, 2, . . . , n}.Gia akolouj�a sunìlwn (An)n≥1,
lim sup

n
An := ∩∞

n=1 ∪∞
k=n Ak,

lim inf
n

An := ∪∞
n=1 ∩∞

k=n Ak.

A ⊂ B: to A e�nai uposÔnolo tou B (ìqi apara�thta gn sio).Gia X sÔnolo,
P(X) := {A : A ⊂ X},to dunamosÔnolo tou X.Gia X topologikì q¸ro,

B(X) : h s-�lgebra twn Borel uposunìlwn tou X.Gia x, y ∈ R,
x ∧ y := min{x, y},
x ∨ y := max{x, y}.Gia x ∈ R,

x+ = x ∨ 0 =

{
x an x > 0,

0 an x ≤ 0,
x− = (−x) ∨ 0 =

{
−x an x < 0,

0 an x ≥ 0.
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1s-�lgebre

1.1 s-�lgebre
'Estw X sÔnolo. Sumbol�zoume me P(X) to dunamosÔnolo tou X dhlad , P(X) = {A : A ⊂ X}.Orismì
 1.1 'Estw X sÔnolo. M�a oikogèneia A ⊂ P(X) lègetai �lgebra sto X an èqei ti
 ex 
idiìthte
,(i). ∅ ∈ A.(ii). An A ∈ A tìte X\A ∈ A.(iii). Gia k�je n ≥ 2, an A1, A2, ..., An ∈ A, tìte ∪n

i=1Ai ∈ A. Dhlad  h A e�nai kleist  sti
 peperasmène
en¸sei
 dhlad ,Parat rhsh 1.2 Gia m�a �lgebra A isqÔei ep�sh

• X ∈ A lìgw twn (i) kai (ii), efìson to X e�nai to sumpl rwma tou ∅.
• H A e�nai kleist  sti
 peperasmène
 tomè
, efìson ∩n

i=1Ai = X\{∪n
i=1(X\Ai)} kai �ra lìgw twn (ii)kai (iii) isqÔei ∩n

i=1Ai ∈ A.
• An A,B ∈ A tìte A\B ∈ A, efìson A\B = A ∩ (X\B).Par�deigma 1.3 An X sÔnolo, tìte oi oikogèneie


A1 := {∅,X},
A2 := P(X),e�nai �lgebre
 sto X.Par�deigma 1.4 Sto X = R h A = {A ∈ R : A peperasmènh ènwsh diasthm�twn} e�nai �lgebra('Askhsh)Orismì
 1.5 'Estw X sÔnolo. M�a oikogèneia A ⊂ P(X) lègetai s-�lgebra sto X an èqei ti
ex 
 idiìthte
:(i). ∅ ∈ A.(ii). An A ∈ A tìte X\A ∈ A.(iii). H A e�nai kleist  sti
 arijm sime
 en¸sei
, dhlad  an (An)n∈N ∈ A, tìte ∪n∈NAn ∈ A.Parat rhsh 1.6 Apì tou
 OrismoÔ
 1.1, 1.5, e�nai xek�jaro ìti m�a s-�lgebra e�nai �lgebra. Ep�sh
,an�loga me thn per�ptwsh twn algebr¸n, gia m�a s-�lgebra A isqÔei ìti

• X ∈ A.
• H A e�nai kleist  sti
 arijm sime
 tomè
, efìson ∩n∈NAn = X\{∪n∈N(X\An)}.
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1.1 σ-άλγεβρες 3

• An A,B ∈ A tìte, A\B ∈ A.Parat rhsh 1.7 Den isqÔei panta ìti mia �lgebra e�nai s-�lgebra. Sto Par�deigma 1.4, h oikogèneia
A den einai s-�lgebra, giat� en¸ (2n, 2n + 1) ∈ C gia k�je n ∈ N, h arijm simh ènwsh ∪∞

n=1(2n, 2n + 1)den an kei sthn A.Par�deigma 1.8 Oi oikogèneie
 A1, A2 sto Par�deigma 1.3 e�nai s-�lgebre
. H pr¸th e�nai h el�qisthdunat  kai h deÔterh h mègisth dunat  s-�lgebra sto X.Par�deigma 1.9 'EstwX = {1, 2, . . . , 10}. JètoumeB1 := {1, 2, 3}, B2 := {4, 5, 6}, B3 := {7, 8, 9, 10}.H oikogèneia
A = {∅,X,B1, B2, B3, B1 ∪B2, B1 ∪B3, B2 ∪B3}e�nai s-�lgebra sto X. Gia par�deigma, to sumpl rwma tou B2 e�nai to B1 ∪ B3 to opo�o br�sketai kaiautì sthn A.

B1 B2 B3

Σχήμα 1.1 Μία διαμέριση του {1, 2, . . . , 10}.Ant�jeta, h
B = {∅,X,B1, B2, B1 ∪B2}den e�nai s-�lgebra giat�, en¸ e�nai kleist  sti
 en¸sei
, den e�nai kleist  sta sumplhr¸mata. Ta sum-plhr¸mata twn B1, B2, B1 ∪B2 den perièqontai sthn B.Par�deigma 1.10 'Estw X = R. H oikogèneia

A := {A ⊂ R : A arijm simo   R\A arijm simo}e�nai s-�lgebra (eÔkolh �skhsh). To kenì e�nai arijm simo kai to R èqei arijm simo sumpl rwma (to kenì),�ra kai ta dÔo an koun sthn A.Prìtash 1.11 'Estw X sÔnolo kai (Ai)i∈I oikogèneia s-algebr¸n sto X. Tìte, h
H = ∩i∈IAi := {A ∈ X : A ∈ Ai ∀i ∈ I}e�nai s-�lgebra sto X.Apìdeixh Profan¸
 ta ∅, X an koun sthn H giat� kai ta dÔo e�nai stoiqe�a k�je s-�lgebra
 Ai sto X.An A ∈ Ai gia k�je i ∈ I tìte, epeid  k�je Ai e�nai s-�lgebra, èpetai ìti

X\A ∈ Ai ∀i ∈ I,dhlad  X\A ∈ ∩i∈IAi. 'Omoia apodeiknÔoume ìti h ∩i∈IAi e�nai kleist  sti
 arijm sime
 en¸sei
. 'Epetailoipìn ìti h H e�nai s-�lgebra. �



4 σ-άλγεβρες1.2 Paragìmenh σ-�lgebraOrismì
 1.12 'Estw X sÔnolo kai C ⊂ P(X). Or�zoume
H := {A ⊂ P(X) : A ⊃ C kai h A e�nai s-�lgebra},dhlad  to sÔnolo twn s-algebr¸n sto X pou kajem�a tou
 perièqei thn oikogèneia C. H s-�lgebra poupar�getai apì thn C or�zetai w
 h tom  ìlwn twn s-�lgebrwn pou perièqoun thn C kai sumbol�zetai me

σ(C), dhlad 
σ(C) = ∩A∈HA.H σ(C) perièqei akrib¸
 ìla ta B ⊂ X me thn idiìthta B ∈ A gia k�je s-�lgebra A sto X me A ⊃ C.Apì thn Prìtash 1.11, èpetai ìti h σ(C) e�nai pr�gmati s-�lgebra pou perièqei thn oikogèneia C kaiapì thn kataskeu  th
 e�nai h mikrìterh me thn idiìthta aut . Pr�gmati, an up rqe m�a s-�lgebra A0 me

C ⊂ A0 ( σ(C) tìte A0 ∈ H kai �ra σ(C) ⊂ A0, pou e�nai �topo. Profan¸
, an h C e�nai s-�lgebra, tìte
σ(C) = C.Par�deigma 1.13 'Estw X m  kenì sÔnolo me toul�qiston dÔo stoiqe�a kai ∅ ( A ( X. H s-�lgebrapou par�getai apì thn oikogèneia C := {A} e�nai h B := {∅,X,A,Ac}. Pr�gmati, h B e�nai s-�lgebra, kaiopoiad pote s-�lgebra A perièqei to A ja prèpei na perièqei kai to Ac (kai ta ∅,X bèbaia), �ra A ⊃ B.Par�deigma 1.14 Epistrèfoume sto Par�deigma 1.9. H oikogèneia B den e�nai s-�lgebra, kai meskeptikì ìpw
 sto prohgoÔmeno par�deigma diapist¸noume ìti σ(B) = A.Par�deigma 1.15 (S-�lgebra paragìmenh apì diamèrish) 'Estw X sÔnolo kai C := {Ai : i ∈ I}diamèrish tou X (dhlad  ta Ai e�nai mh ken� sÔnola, xèna an� dÔo, me ènwsh to X), me I = {1, 2, . . . , k}gia k�poio k ∈ N\{0}   I = N. Gia thn s-�lgebra pou par�gei h C èqoume thn ex 
 apl  perigraf ,

σ(C) =
{
∪i∈J Ai : J ⊂ I

}
. (⋆)Dhlad  èna sÔnolo th
 σ(C) e�nai ènwsh k�poiwn stoiqe�wn th
 diamèrish
 C.A
 onom�soume A to sÔnolo sto dex� mèlo
 th
 parap�nw sqèsh
. Tìte èqoume ta ex 
:

• H oikogèneia A perièqei thn C. Pr�gmati, opoiod pote sÔnolo th
 C e�nai th
 morf 
 Ai0 gia k�poio
i0 ∈ I. H epilog  J = {i0} ⊂ I sthn perigraf  stoiqe�wn th
 A d�nei ∪i∈JAi = Ai0 ∈ A.

• Opoiad pote s-�lgebra A1 perièqei thn C prèpei na perièqei thn A. Giat� opoiad pote ènwsh ∪i∈JAie�nai arijm simh afoÔ to I e�nai arijm simo. Kai efìson h A1 e�nai s-�lgebra kai perièqei ta Ai me i ∈ J ,ja perièqei kai thn ènws  tou
.
• H A e�nai s-�lgebra. Pr�gmati, h epilog  J = ∅ d�nei ∪i∈JAi = ∅. Ep�sh
, an p�roume A th
 morf 


A = ∪i∈JAi gia k�poio J ⊂ I, tìte X\A = ∪i∈I\JAi pou e�nai stoiqe�o th
 A. Tèlo
, an èqoumeakolouj�a (Bn)n≥1 stoiqe�wn th
 A me Bn = ∪i∈Jn
Ai ìpou Jn ⊂ I gia k�je n ≥ 1, tìte gia J := ∪∞

n=1Jnèqoume ∪∞
n=1Bn = ∪i∈JAi pou p�li e�nai stoiqe�o th
 A.Sundu�zonta
 autè
 ti
 trei
 parathr sei
 pa�rnoume thn (⋆).



1.3 Τα σύνολα Borel 51.3 Ta sÔnola BorelUpenjum�zoume ìti an X e�nai èna sÔnolo, mia topolog�a sto X e�nai mia oikogèneia T uposunìlwn tou Xètsi ¸ste,
(i) X, ∅ ∈ T .
(ii) H T e�nai kleist  sti
 peperasmène
 tomè
.
(iii) H T e�nai kleist  sti
 auja�rete
 en¸sei
.To zeÔgo
 (X,T ) lègetai topologikì
 q¸ro
 kai ta stoiqe�a th
 T anoikt� sÔnola. Ta sumplhr¸matatwn anoikt¸n sunìlwn lègontai kleist� sÔnola.Dedomènou enì
 sunìlou, mporoÔme genik� na or�soume pollè
 topolog�e
 se autì. Gia tou
 gnwstoÔ
ma
 q¸rou
, Rn,Cn,Z, mìno merikè
 apì autè
 èqoun endiafèron.Par�deigma 1.16 (Topolog�a tou R) JewroÔme to q¸ro R. 'Ena sÔnolo A ⊂ R to onom�zoumeanoiqtì an gia k�je x ∈ A up�rqei ε > 0 ¸ste (x − ε, x+ ε) ⊂ A. MporoÔme na doÔme ìti to sÔnolo Ttwn anoiqt¸n sunìlwn pou or�same ètsi e�nai m�a topolog�a. E�nai aut  pou onom�zoume “sun jh topolog�a′′sto R.Par�deigma 1.17 (Topolog�a tou R ∪ {−∞,∞}) Ston R ∪ {−∞,∞} gia na onom�soume èna upo-sÔnolo tou A anoiqtì zht�me apì k�je shme�o x ∈ A ta ex 
:An x ∈ A ∩ R, tìte up�rqei ε > 0 ¸ste (x− ε, x+ ε) ⊂ A,An x = −∞ ∈ A, tìte up�rqei M ∈ R ¸ste [−∞,M) ⊂ A,An x = ∞ ∈ A, tìte up�rqei M ∈ R ¸ste (M,∞] ⊂ A.Ta anoiqt� sÔnola pou or�zoume ètsi apoteloÔn thn “sun jh topolog�a′′ tou R ∪ {−∞,∞}.Par�deigma 1.18 (Topolog�a tou Rn) JewroÔme to q¸ro Rn, n ≥ 1, efodiasmèno me thn Eukle�deiametrik 

d(x, y) =

√√√√
n∑

k=1

(xk − yk)2.'Ena sÔnolo A ⊂ Rn to onom�zoume anoiqtì an gia k�je x ∈ A up�rqei ε > 0 ¸ste {y ∈ Rn : d(x, y) <

ε} ⊂ A. 'Opw
 sto prohgoÔmeno par�deigma, to sÔnolo T twn sunìlwn pou onom�same anoiqt� e�nai m�atopolog�a. Th lème “sun jh topolog�a′′ sto Rn.Genik� h oikogèneia T twn anoikt¸n sunìlwn se èna topologikì q¸ro den e�nai s-�lgebra, kai sun jw
,oÔte kan �lgebra. Gia par�deigma, sto R, to A = (0, 1) e�nai anoiqtì, en¸ to sumpl rwma tou den e�nai.Ja ma
 fane� qr simo ìmw
 na jewr soume thn s-�lgebra pou par�goun ta anoiqt� sÔnola.Orismì
 1.19 'Estw (X,T ) topologikì
 q¸ro
. H s-�lgebra σ(T ) pou par�getai apì thn oikogèneia
T sto X onom�zetai Borel s-�lgebra kai ta stoiqe�a th
 sÔnola Borel. Sun jw
 sumbol�zoume thn σ(T )me B(X).H B(X) e�nai h mikrìterh s-�lgebra pou perièqei ta anoiqt� sÔnola.Prìtash 1.20 K�je anoiktì   kleistì uposÔnolo enì
 topologikoÔ q¸rou (X,T ) e�nai sÔnolo Borel.



6 σ-άλγεβρεςApìdeixh Apo ton orismì twn sunìlwn Borel èqoume T ⊂ σ(T ) =: B(X). An F e�nai kleistì, tìte
X\F ∈ B(X) w
 anoiktì. All� h B(X) e�nai s-�lgebra, opìte prèpei kai to sumpl rwma tou X\F naperièqetai sthn B(X). 'Ara F ∈ B(X). �Sto ex 
, ìtan mil�me gia ta sÔnola Borel enì
 uposunìlou k�poiou eukle�deiou q¸rou, ennooÔme aut�pou par�gontai apì thn sun jh topolog�a tou (Parade�gmata 1.16, 1.17, 1.18).Prìtash 1.21 K�je upodi�sthma tou R e�nai sÔnolo Borel.Apìdeixh Ta di�fora sen�ria gia èna upodi�sthma e�nai

(−∞, a], [a,∞), (−∞, a), (a,∞), (a, b), [a, b], (a, b], [a, b).Ta pr¸ta dÔo e�nai kleist� sÔnola, ta epìmena tr�a e�nai anoiqt� kai to [a, b] e�nai kleistì. Gia to (a, b]gr�foume
(a, b] = R\

(
(−∞, a] ∪ (b,∞)

)
.Epeid  h B(R) e�nai s-�lgebra kai (−∞, a], (b,∞) ∈ B(R) èpetai ìti (−∞, a] ∪ (b,∞) ∈ B(R) kai

R\
(
(−∞, a] ∪ (b,∞)

)
∈ B(R). 'Omoia de�qnoume ìti [a, b) ∈ B(R). �Epeid  h B(R) e�nai s-�lgebra kai perièqei ìla ta diast mata, èpetai ìti ìla ta sÔnola pou fti�qnoumexekin¸nta
 apo diast mata kai efarmìzonta
 arijm simo pl jo
 for¸n ti
 pr�xei
 th
 ènwsh
, th
 tom 
,kai tou sumplhr¸mato
 ja e�nai ep�sh
 stoiqe�a th
 B(R).Je¸rhma 1.22 'Estw F h oikogèneia twn kleist¸n sunìlwn tou R kai

A1 = {(−∞, b] : b ∈ R},
A2 = {(a, b] : a < b, a, b ∈ R},
A3 = {(a, b) : a < b, a, b ∈ R}.Tìte B(R) = σ(F) = σ(A1) = σ(A2) = σ(A3).Apìdeixh Ja de�xoume ìti

B(R) ⊃ σ(F) ⊃ σ(A1) ⊃ σ(A2) ⊃ σ(A3) ⊃ B(R).H B(R) perièqei ta anoikt� sÔnola �ra kai ta sumplhr¸mat� tou
, dhlad  ta kleist� sÔnola, sunep¸
 kaithn σ(F). Ta diast mata th
 A1 e�nai kleist� �ra σ(F) ⊃ σ(A1). Gia thn σ(A1) ⊃ σ(A2) parathroÔmeìti (a, b] = (−∞, b]\(−∞, a] kai gia thn σ(A2) ⊃ σ(A3) ìti (a, b) = ∪∞
n=1(a, b −

1

n
]. Tèlo
, gia thn

σ(A3) ⊃ B(R) gnwr�zoume ìti k�je mh kenì anoiktì sÔnolo sto R gr�fetai w
 arijm simh ènwsh anoikt¸ndiasthm�twn. �Me parìmoia epiqeir mata kane�
 mpore� na de�xei ìti h B(R) par�getai apì thn oikogèneia
A = {(−∞, q) : q ∈ Q}.



1.4 Liminf και limsup ακολουθίας συνόλων 71.4 Liminf kai limsup akolouj�a
 sunìlwn'Estw X sÔnolo, kai (An)n≥1 akolouj�a uposunìlwn tou. Or�zoume ta sÔnola
lim inf

n≥1
An := ∪∞

n=1 ∩∞
k=n Ak, (1.1)

lim sup
n≥1

An := ∩∞
n=1 ∪∞

k=n Ak, (1.2)ta opo�a lème liminf kai limsup ant�stoiqa th
 akolouj�a
 (An)n≥1. E�nai kai ta dÔo uposÔnola th
 ènwsh

∪∞

n=1An.Me lìgia, èna x ∈ X an kei sto lim inf An an apì èna de�kth kai met� an kei se ìla ta stoiqe�a th
akolouj�a
 (An)n≥1, en¸ an kei sto lim supAn an an kei se �peira apì ta (An)n≥1. Apì ton tupikìorismì   apì aut  thn perigraf  e�nai safè
 ìti lim infn≥1 An ⊂ lim supn≥1 An. To na e�nai èna x mèlo
tou lim infn≥1 An e�nai isqurìterh apa�thsh, kai ètsi ligìtera x thn ikanopoioÔn.Par�deigma 1.23 An X = R kai An = [−n, n] gia k�je n ≥ 1, tìte lim infn≥1 An := R. Gia k�jepragmatikì arijmì x up�rqei fusikì
 n(x) ¸ste o x na an kei se ìla ta An me n ≥ n(x) (�ra aut�ta opo�a exairoÔntai èqoun peperasmèno pl jo
). K�je x èqei to dikì tou n(x). Malista, mporoÔme nap�roume n(x) := [|x|] + 1.Par�deigma 1.24 An X = R kai An = {x : nx e�nai akèraio
} = Z/n gia k�je n ≥ 1, tìte
lim inf

n≥1
An := Z,

lim sup
n≥1

An := Q.Sqetik� me ton deÔtero isqurismì, gia k�je rhtì x = p/q me q jetikì akèraio èqoume ìti x ∈ An gia k�je
n pou e�nai pollapl�sio tou q. 'Ara èqoume thn ⊃. Kai epeid  ìla ta An e�nai uposÔnola tou Q èqoumeìti kai lim supn≥1 An ⊂ Q. H apìdeixh tou pr¸tou isqurismoÔ af netai ston anagn¸sth.An oi ìroi th
 akolouj�a
 (An)n≥1 e�nai stoiqe�a mia s-�lgebra
A, tìte kai ta lim infn≥1 An, lim supn≥1 Ane�nai ep�sh
 stoiqe�a th
 A. A
 to doÔme gia to lim sup. Epeid  h A e�nai kleist  sti
 arijm sime
 en¸sei
,gia k�je k ≥ 1 èqoume Bn := ∪k=nAk ∈ C gia k�je n ≥ 1, kai epeid  e�nai kleist  sti
 arijm sime
 tomè
èqoume lim supn≥1 An = ∩n≥1Bn ∈ C. Ask sei
1.1 'Estw X := {α, β, γ, δ} kai

A1 := {∅, X, {β, γ}},
A2 := {∅, X, {β, γ}, {α, δ}}.(a) E�nai oi A1,A2 s-�lgebre
?(b) Na de�xete ìti σ(A1) = A2.1.2 Se aut  thn �skhsh pa�rnoume X := R.(a) Na de�xete ìti h A := {A ⊂ R : A arijm simo   R\A arijm simo} e�nai s-�lgebra kai A ⊂ B(R).(b) Gia thn oikogèneia A0 := {{x} : x ∈ R} na de�xete ìti σ(A0) = A.(g) Na de�xete ìti h oikogèneia A1 := {A ⊂ R : A peperasmèno   R\A peperasmèno} den e�nai s-�lgebra.1.3 An sto Par�deigma 1.15 h diamèrish C tou X èqei uperarijm simo pl jo
 stoiqe�wn (dhlad  to I e�nai uperarijm simo,�ra kai to X uperarijm simo), na doje� perigraf  th
 paragìmenh
 s-�lgebra
 σ(C).



8 σ-άλγεβρες1.4 Gia thn oikogèneia C := {(−∞, x] : x ∈ Q} na de�xete ìti σ(C) = B(R).1.5 Na de�xete ìti h B(R) den par�getai apì diamèrish.1.6 'Estw (An)n≥1 akolouj�a stoiqe�wn mi�
 s-�lgebra
 A. Na de�xete ìti up�rqei akolouj�a (Bn)n≥1 stoiqe�wn th

A, ta opo�a e�nai xèna an� dÔo, ¸ste Bn ⊂ An gia k�je n ≥ 1, kai ∪∞

n=1An = ∪∞
n=1Bn.1.7 'Estw f : X → Y sun�rthsh.(a) An A e�nai s-�lgebra sto X, jètoume

B := {B ⊂ Y : f−1(B) ∈ A}.Na de�xete ìti h B e�nai s-�lgebra sto Y .(b) An B e�nai s-�lgebra sto Y , jètoume
A := {f−1(B) : B ∈ B}.Na de�xete ìti h A e�nai s-�lgebra sto X.Upenjum�zoume ìti gia B ⊂ Y , sumbol�zoume me f−1(B) to sÔnolo {x ∈ X : f(x) ∈ B}. To f−1 ed¸ den shma�nei

“ant�strofh th
 f”. H f den e�nai apara�thto na e�nai antistrèyimh.1.8 'Estw X sÔnolo kai A m�a �lgebra sto X. An isqÔei m�a apì ti
 parak�tw sunj ke
 h A e�nai s-�lgebra.1. Gia k�je aÔxousa akolouj�a {An}n∈N sthn A isqÔei ∪n∈NAn ∈ A.2. Gia k�je fj�nousa akolouj�a {An}n∈N sthn A isqÔei ∩n∈NAn ∈ A.3. Gia k�je akolouj�a {An}n∈N xènwn an� dÔo stoiqe�wn sthn A, isqÔei ∪n∈NAn ∈ A.



2Mètra
2.1 Mètra se metr simo q¸ro'Estw X sÔnolo kai A s-�lgebra sto X. Onom�zoume to zeÔgo
 (X,A) metr simo q¸ro.Orismì
 2.1 Mètro ston (X,A) lème k�je sun�rthsh µ : A → [0,∞] pou ikanopoie� ti
 idiìthte
:(i). µ(∅) = 0.(ii). µ(∪∞

n=1An) =
∞∑

n=1

µ(An) gia k�je akolouj�a (An)n≥1 xènwn ana dÔo stoiqe�wn th
 A.H tri�da (X,A, µ) lègetai q¸ro
 mètrou kai ta stoiqe�a th
 A metr sima sÔnola.
A1

A2

A3

A4
...Ω

Σχήμα 2.1 Για την ιδιοτητα (ii) του ορισμού του μέτρου.Par�deigma 2.2 (Arijmhtikì mètro) 'Estw X èna sÔnolo, A = P(X), kai
µ(A) :=

{
n an to A e�nai peperasmèno kai èqei akrib¸
 n stoiqe�a,
∞ an to A e�nai �peirosÔnolo,gia k�je A ∈ A. To µ e�nai to arijmhtikì mètro sto X.Par�deigma 2.3 (Mètro Dirac) 'Estw X èna sÔnolo, A = P(X), kai

δx(A) :=

{
1 an x ∈ A,

0 an x ∈ X\A,gia k�je A ∈ A. H sun�rthsh δx e�nai mètro, kai onom�zetai mètro Dirac sto x.Par�deigma 2.4 (Mètro Lebesgue sto R) Pa�rnoume X = R,A = B(R). E�nai dunatìn na oriste�èna mètro λ ston q¸ro (R,B(R)) ¸ste
λ(I) = m ko
(I), (∗)

9



10 Μέτραgia k�je di�sthma I ⊂ R. Gia par�deigma, gia a < b pragmatikoÔ
, èqoume λ((a, b)) = λ([a, b]) = b −
a, λ((a,∞)) = ∞ kai λ([0.1, 2) ∪ (3, 4) ∪ (5, 5.3)) = 1.9 + 1 + 0.3 = 3.2.Pw
 mporoÔme na or�soume m�a tètoia sun�rthsh? Xèroume ti
 timè
 th
 sta diast mata, ta opo�a e�naistoiqe�a tou B(R), kai oi idiìthte
 tou mètrou kajor�zoun monadik� ti
 timè
 th
 se en¸sei
 diasthm�twn.Autì ìmw
 den arke�. Qrei�zetai na thn epekte�noume se ìlo to B(R). ApodeiknÔetai ìti m�a tètoiaepèktash e�nai dunat  kai ginetai monadik�. Dhlad  up�rqei monadikì mètro sto B(R) pou ikanopoie�thn (∗). Thn kataskeu  autoÔ tou mètrou mpore� na brei o anagn¸sth
 se bibl�a jewr�a
 mètrou (giapar�deigma, Kef�laio 3 tou Koumoull 
 kai Negrepìnth
 (1991)).Mpore� �rage to λ na epektaje� se ìlo to P(R)? Dhlad  na apod¸soume se k�je uposÔnolo tou R ènanarijmì pou ja e�nai to “m ko
” tou. ApodeiknÔetai ìti mpore� na epektaje� mèqri èna sÔnolo Mλ, pou e�naim�lista s-�lgebra, me B(R) ( Mλ ( P(R), all� ìqi parap�nw. Giat� ìqi parap�nw? E�nai tìso dÔskolona epekte�noume mia sun�rthsh? To dÔskolo den e�nai na thn epekte�noume, all� na thn epekte�noume ¸stena ikanopoie� thn (ii) tou OrismoÔ 2.1. Aut  h sunj kh b�zei tìse
 pollè
 apait sei
 sthn λ ¸ste na mhnup�rqei kam�a λ : P(R) → [0,∞] pou na mpore� na ti
 ikanopoi sei ìle
.Orismì
 2.5 'Ena mètro µ se ènan metr simo q¸ro (X,A) lègetai peperasmèno an µ(X) < ∞, kaimètro pijanìthta
 an µ(X) = 1.Ant�stoiqa, o q¸ro
 mètrou (X,A, µ) lègetai q¸ro
 peperasmènou mètrou   q¸ro
 pijanìthta
. Giaènan q¸ro pijanìthta
 sun jw
 qrhsimopoie�tai o sumbolismì
 (Ω,F , P ).Par�deigma 2.6 (Diakritì mètro pijanìthta
) 'Estw Ω arijm simo sÔnolo kai F = P(Ω). 'Estw
f : Ω → [0,∞) ¸ste ∑

x∈Ω

f(x) = 1. Gia A ∈ F , or�zoume
P(A) :=

∑

x∈A

f(x).H sun�rthsh P e�nai mètro pijanìthta
 sto Ω. Se k�je shme�o x ∈ Ω d�nei m�za f(x). To diakritìmètro pijanìthta
 e�nai gen�keush tou mètrou Dirac. Perissìtera tou enì
 shme�a pa�rnoun èna tm ma th
sunolik 
 m�za
 1.Par�deigma 2.7 (R�yh nom�smato
) Gia to pe�rama r�yh
 enì
 nom�smato
 pou èqei pijanìthta p ∈ [0, 1]na fèrei kor¸na, kai 1− p na fèrei gr�mmata, èna
 fusiologikì
 q¸ro
 pijanìthta
 prokÔptei w
 eidik per�ptwsh tou prohgoÔmenou parade�gmato
. Pa�rnoume Ω := {K,Γ}, f(K) = p, f(Γ) = 1− p. ProkÔpteiètsi èna mètro pijanìthta
, èstw P
(p), kai telik� o q¸ro
 pijanìthta
 e�nai o ({K,Γ},P({K,Γ}),P(p)).Par�deigma 2.8 (Mètro periorismì
) An µ e�nai èna mètro ston (X,A) kai A0 ∈ A tìte, h sun�rthsh

µA0
: A → [0,∞] pou or�zetai w
 µA0

(A) = µ(A∩A0) gia k�je A ∈ A e�nai mètro ('Askhsh). To µA0
èqeisugkentrwmènh ìlh tou thn m�za sto A0 afoÔ µA0

(X\A0) = µ((X\A0) ∩A0) = µ(∅) = 0.Par�deigma 2.9 (Kanonikopoihmèno mètro periorismì
) Se sunèqeia tou prohgoÔmenou parade�gma-to
. A
 upojèsoume ìti to µ e�nai èna mètro pijanìthta
 kai ìti 0 < µ(A0) < 1 (oi akra�e
 peript¸sei
 0kai 1 den èqoun endiafèron), tìte to µA0
èqei sunolik  m�za µA0

(Ω) = µ(A0) < 1, dhlad  den e�nai mètropijanìthta
. To kanonikopoioÔme or�zonta
 èna nèo mètro, to PA0
: A → [0, 1], w
 ex 


PA0
(A) =

µA0
(A)

µA0
(Ω)

=
µ(A ∩A0)

µ(A0)
,gia k�je A ∈ F . To PA0

e�nai mètro pijanìthta
, kai d�nei ìlh tou thn m�za sto sÔnolo A0.



Ασκήσεις 11Ta axi¸mata ston orismì tou mètrou sunep�gontai arketè
 idiìthte
 gia m�a tètoia sun�rthsh. Kata-gr�foume k�poie
 sthn parak�tw prìtash pou ja qrhsimopoi soume epanhleimmèna sto ex 
. H apìdeix th
 af netai w
 �skhsh.Prìtash 2.10 'Estw µ èna mètro ston (X,A). Tìte,(i). µ(∪∞
n=1An) ≤

∞∑

n=1

µ(An) gia k�je akolouj�a (An)n≥1 stoiqe�wn th
 A.(ii). An A,B ∈ A, me A ⊂ B, tìte µ(A) ≤ µ(B) kai an µ(A) < ∞, tìte µ(B\A) = µ(B)− µ(A).(iii). An (An)n≥1 e�nai aÔxousa akolouj�a stoiqe�wn th
 A, tìte µ(∪∞
n=1An) = lim

n→∞
µ(An).(iv). An (An)n≥1 e�nai fj�nousa akolouj�a stoiqe�wn th
 A me µ(A1) < ∞, tìte µ(∩∞
n=1An) = lim

n→∞
µ(An).Ask sei
2.1 'Estw (Ω,F , P ) q¸ro
 pijanìthta
, kai (An)n∈N akolouj�a xènwn an� dÔo stoiqe�wn th
 F . Na de�xete ìti

lim
n→∞

P(An) = 0.2.2 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai (An)n≥1 akolouj�a stoiqe�wn th
 F .(a) An P(An) = 0 gia k�je n ≥ 1, tìte P
(
∪∞
n=1An

)
= 0.(b) An P(An) = 1 gia k�je n ≥ 1, tìte P

(
∩∞
n=1An

)
= 1.2.3 Na breje� q¸ro
 pijanìthta
 (Ω,F ,P) kai (Ai)i∈I , (Bi)i∈I′ oikogèneie
 stoiqe�wn th
 F ¸ste(a) P(Ai) = 0 gia k�je i ∈ I, ∪i∈IAi ∈ F , all� P (∪i∈IAi) 6= 0.(b) P(Bi) = 1 gia k�je i ∈ I ′, all� ∩i∈I′Bi = ∅.2.4 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai (Aβ)β∈B oikogèneia xènwn an� dÔo stoiqe�wn th
 F . An P(Aβ) > 0 gia k�je

β ∈ B, na de�xete ìti to B e�nai arijm simo.2.5 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai (An)n≥1 akolouj�a stoiqe�wn th
 F . Na deiqje� ìti
P(lim inf

n≥1
An) ≤ lim

n→∞
P(An) ≤ lim

n→∞
P(An) ≤ P(lim sup

n≥1
An). (2.1)



3Isìthta peperasmènwn mètrwn
Sto kef�laio autì ja doÔme èna teqnikì apotèlesma, to legìmeno Je¸rhma p-l, pou stìqo èqei nadieukolÔnei thn apìdeixh idiot twn gia ta stoiqe�a mia
 s-�lgebra
.3.1 Kl�sei
 DynkinOrismì
 3.1 'Estw X sÔnolo. M�a oikogèneia D ⊂ P(X) lègetai kl�sh Dynkin sto X an èqei ti
ex 
 idiìthte
,(i). X ∈ D.(ii). An A,B ∈ D kai A ⊂ B, tìte B \ A ∈ D.(iii). An (An)n∈N aÔxousa akolouj�a sthn D, tìte ⋃

n∈N

An ∈ D.Parat rhsh 3.2 K�je s-�lgebra e�nai kl�sh Dynkin. To ant�strofo ìmw
 den isqÔei ('Askhsh 3.2).Dhlad  e�nai eukolìtero èna sÔnolo na e�nai kl�sh Dynkin.'Opw
 kai sthn per�ptwsh twn s-algebr¸n, gia k�je oikogèneia C ⊂ P(X) enì
 sunìlou X, up�rqeih el�qisth kl�sh Dynkin pou thn perièqei. Aut  perigr�fetai w
 h tom  ìlwn twn kl�sewn Dynkin pouperièqoun thn C. Sun jw
 th sumbol�zoume me δ(C). Sunoy�zonta
 pa�rnoume thn akìloujh prìtash, th
opo�a
 h apìdeixh e�nai parìmoia me aut  sthn per�ptwsh twn s-algebr¸n.Prìtash 3.3 'Estw X sÔnolo kai C ⊂ P(X). Tìte h oikogèneia
δ(C) :=

⋂
{D : D kl�sh Dynkin kai C ⊂ D}

• e�nai kl�sh Dynkin sto X, kai
• e�nai h mikrìterh kl�sh Dynkin pou perièqei thn C.Th δ(C) th lème kl�sh Dynkin pou par�getai apì thn C.Parat rhsh 3.4 EÔkola parathre� kane�
 ìti δ(C) ⊂ σ(C) efìson h σ(C) e�nai kl�sh Dynkin kaiperièqei thn C.Lème ìti m�a oikogèneia C sunìlwn e�nai kleist  sti
 peperasmène
 tomè
 an gia k�je n ≥ 1 kai
A1, A2, . . . , An ∈ C isqÔei ìti A1 ∩ A2 ∩ · · · ∩ An ∈ C. Profan¸
 arke� na isqÔei h sunj kh aut  gia
n = 2, kai èpeita oi upìloipe
 peript¸sei
 apodeiknÔontai epagwgik�.H epìmenh prìtash d�nei m�a apl  sunj kh ¸ste m�a kl�sh Dynkin na e�nai s-�lgebra.Prìtash 3.5 'Estw X sÔnolo kai D kl�sh Dynkin sto X. An h D e�nai kleist  sti
 peperasmène
tomè
, tìte h D e�nai s-�lgebra sto X.

12



3.2 Θεώρημα μονότονης κλάσης 13Apìdeixh Apì ton Orismì 3.1 th
 kl�sh
 Dynkin èqoume ìti X ∈ D lìgw tou (i) kai an A ∈ D tìte
X \A ∈ D lìgw twn (i) kai (ii). Ep�sh
, h D e�nai kleist  sti
 peperasmène
 en¸sei
 efìson e�nai kleisthsti
 peperasmène
 tomè
 kai sta sumplhr¸mata. 'Ara e�nai �lgebra. Autì se sundiasmì me thn idiìthta
(iii) tou OrismoÔ 3.1 kai thn 'Askhsh 1.8 ma
 exasfal�zei ìti h D e�nai s-�lgebra. �3.2 Je¸rhma monìtonh
 kl�sh
Je¸rhma 3.6 (Je¸rhma monìtonh
 kl�sh
) 'Estw X sÔnolo kai C ⊂ P(X) oikogèneia kleist  sti
peperasmène
 tomè
. Tìte δ(C) = σ(C).To Je¸rhma Monìtonh
 Kl�sh
 lègetai kai Je¸rhma p-l.Apìdeixh IsqÔei ìti δ(C) ⊂ σ(C). 'Ara, an de�xoume ìti h δ(C) e�nai s-�lgebra tìte σ(C) ⊂ δ(C), efìsonh σ(C) e�nai h el�qisth s-�lgebra pou perièqei thn C. Me b�sh thn Prìtash 3.5, arke� na de�xoume ìti h
δ(C) e�nai kleist  sti
 peperasmène
 tomè
, dhlad 

A,B ∈ δ(C) ⇒ A ∩B ∈ δ(C). (3.1)To sumpèrasma th
 sunepagwg 
 to xèroume gia A,B ∈ C, opìte to sqèdio e�nai na thn enisqÔsoume sedÔo b mata. Dhlad  na de�xoume ìti isqÔei pr¸ta gia A ∈ C, B ∈ δ(C) kai èpeita gia A ∈ δ(C), B ∈ δ(C).Gia k�je A ⊂ X jètoume
D(A) = {U ∈ δ(C) : A ∩ U ∈ δ(C)}.Autì to sÔnolo perièqei ta sÔnola pou “tèmnontai wra�a′′ me to A.B ma 1. Gia A ∈ C, èqoume

• C ⊂ D(A) efìson h C e�nai kleist  sti
 peperasmène
 tomè
.
• H D(A) e�nai kl�sh Dynkin (af netai w
 �skhsh).'Ara D(A) ⊃ δ(C), efìson h δ(C) e�nai h el�qisth kl�sh Dynkin pou perièqei thn C. 'Omw
 D(A) ⊂ δ(C)apì ton orismì th
 D(A). Telik� D(A) = δ(C), pou shma�nei ìti

A ∈ C, B ∈ δ(C) ⇒ A ∩B ∈ δ(C). (3.2)B ma 2. Gia B ∈ δ(C), èqoume
• C ⊂ D(B) apì thn (3.2).
• H D(B) e�nai kl�sh Dynkin (af netai w
 �skhsh).'Ara, ìpw
 sto B ma 1, èqoume ìti D(B) = δ(C), dhlad  isqÔei h (3.1), kai to je¸rhma apode�qjhke. �M�a shmantik  sunèpeia tou Jewr mato
 p-l e�nai to akìloujo apotèlesma.Pìrisma 3.7 'Estw X sÔnolo, A ⊂ P(X), s-�lgebra, kai µ, ν peperasmèna mètra ston (X,A), me
µ(X) = ν(X), ta opo�a sumfwnoÔn se m�a oikogèneia C ⊂ A, kleist  sti
 peperasmène
 tomè
.An σ(C) = A, tìte µ = ν sthn A.Apìdeixh 'Estw B = {A ∈ A : µ(A) = ν(A)}. Tìte,
• C ⊂ B ⊂ σ(C).
• H B e�nai kl�sh Dynkin.



14 Ισότητα πεπερασμένων μέτρωνPr�gmati, o pr¸to
 isqurismì
 e�nai profan 
 kai gia ton deÔtero èqoume,(i). X ∈ B apì upìjesh.(ii). An A,B ∈ B, A ⊂ B, tìte µ(B \ A) = µ(B)− µ(A) = ν(B)− ν(A) = ν(B \ A).(iii). An (An)n∈N aÔxousa akolouj�a sthn B, tìte
µ (∪n∈NAn) = lim

n→∞
µ(An) = lim

n→∞
ν(An) = ν (∪n∈NAn) .'Ara ∪n∈NAn ∈ B.Efìson h B e�nai kl�sh Dynkin, èqoume ìti δ(C) ⊂ B. 'Omw
, apì to Je¸rhma Monìtonh
 Kl�sh
,

δ(C) = σ(C), kai telik� B = σ(B) = A, apì to opo�o prokÔptei to zhtoÔmeno. �Ask sei
3.1 'Estw (Ω,A,P) q¸ro
 pijanìthta
, kai U ∈ A dedomèno. Jètoume
C := {A ∈ A : P(A ∩ U) = P(A)P(U)}.Na deiqje� ìti h C e�nai kl�sh Dynkin.3.2 'Estw Ω := {1, 2, 3, 4} kai

A := {{1, 2}, {2, 3}, {3, 4}, {1, 4}, {1, 2, 3, 4}, ∅}.Na deiqje� ìti h A e�nai kl�sh Dynkin all� den e�nai s-�lgebra sto Ω.



4Kataskeu  mètrwn pijanìthta

4.1 Mètra pijanìthta
 se arijm simo deigmatikì q¸roSthn par�grafo aut  ja mil soume gia mètra pijanìthta
 se arijm simo deigmatikì q¸ro, pou apoteloÔnthn aploÔsterh morf  mètrwn pijanìthta
 kai den apaitoÔn qr sh exeidikeumènwn ergale�wn.An Ω arijm simo sÔnolo, sto Par�deigma 2.6 e�dame p¸
 mporoÔme na or�soume èna tètoio mètro me thnqr sh m�a
 kat�llhlh
 sun�rthsh
 f : Ω → [0,∞). H s-�lgebra pou epilèxame  tan h F = P(Ω). AutìprokÔptei fusiologik� dedomènou ìti zht�me {ω} ∈ A gia k�je ω ∈ Ω, sunep¸
 anagkastik� F = P(Ω)efìson k�je A ⊂ Ω gr�fetai w
 arijm simh ènwsh stoiqe�wn th
 F , dhlad  A = ∪ω∈A{ω}.Je¸rhma 4.1 'Estw Ω arijm simo sÔnolo kai F = P(Ω). Tìte(i). 'Ena mètro pijanìthta
 P ston (Ω,F) kajor�zetai pl rw
 apì ti
 timè
 pω = P({ω}), ω ∈ Ω.(ii). 'Estw (qω)ω∈Ω akolouj�a arijm¸n sto R.Up�rqei mètro pijanìthta
 P ston (Ω,F) me P({ω}) = qω, gia k�je ω ∈ Ω an kai mìno an qω ≥ 0 giak�je ω ∈ Ω kai ∑
ω∈Ω

qω = 1.Apìdeixh (i). 'Estw A ⊂ Ω. Tìte A = ∪ω∈A{ω}, kai efìson Ω arijm simo,
P(A) =

∑

ω∈A

P({ω}) =
∑

ω∈A

pω.(ii). ⇒ IsqÔei ìti qω = P({ω}), �ra qω ≥ 0 efìson P mètro sto Ω. Ep�sh
,
∑

ω∈Ω

qω =
∑

ω∈ω

P({ω}) = P(∪ω∈Ω{ω}) = P(Ω) = 1,efìson P mètro pijanìthta
 sto Ω.

⇐ ProkÔptei apì to Par�deigma 2.6.
�Par�deigma 4.2 (Katanom  Poisson) 'Estw Ω = N kai λ > 0. Gia k�je k ∈ N èstw pk = e−λ λk

k!
. H

(pk)k∈N ikanopoie� th
 apait sei
 tou Jewr mato
 4.1. Pr�gmati, pk > 0 gia k�je k ∈ N kai∑
k∈N

e−λλ
k

k!
= 1.Sunep¸
 or�zetai mètro pijanìthta
 P ston (N,P(N)) ètsi ¸ste P({k}) = pk gia k�je k ∈ N. To mètroautì lègetai katanom  Poisson.Orismì
 4.3 'Estw Ω peperasmèno sÔnolo. 'Ena mètro pijanìthta
 P ston (Ω,P(Ω)) lègetai omoiì-morfo an up�rqei a > 0 ètsi ¸ste P({ω}) = a gia k�je ω ∈ Ω, dhlad  to P d�nei thn �dia m�za se k�je

ω ∈ Ω.
15



16 Κατασκευή μέτρων πιθανότηταςParat rhsh 4.4 Apì ton Orismì 4.3 sumpera�noume ìti
P(A) =

|A|
|Ω| ∀A ⊂ Ω.Pr�gmati, efìson to P e�nai mètro pijanìthta
,

1 =
∑

ω∈Ω

P({ω}) =
∑

ω∈Ω

a = a|Ω|.'Ara a = 1/|Ω|. 'Omw
 P(A) =
∑

ω∈Ω

P({ω}) =
∑

ω∈Ω

a = a|A|, apì to opo�o prokÔptei to zhtoÔmeno.Ta omoiìmorfa mètra montelopoioÔn peir�mata pou èqoun “isop�jana”apotelèsmata.Par�deigma 4.5 JewroÔme to pe�rama r�yh
 enì
 amerìlhptou zarioÔ. Tìte Ω = {1, 2, 3, 4, 5, 6} kai
A = P(Ω). To kat�llhlo mètro pou montelopoie� to pe�rama e�nai to P me P({ω}) = 1/6 gia k�je ω ∈ Ω.Dhlad  to to omoiìmorfo mètro pijanìthta
 ston (Ω,P(Ω)).Par�deigma 4.6 (Upergewmetrik  katanom ) M�a k�lph perièqei N �spra kai M maÔra arijmhmènasfair�dia, (1, 2, . . . , N) kai (N+1, N+2, . . . , N+M) ant�stoiqa. Epilègoume n apì aut� qwr�
 epan�jesh,ìpou 1 ≤ n ≤ N +M . Tìte o deigmatikì
 ma
 q¸ro
 e�nai,

Ω =
{
A ⊂ {1, 2, . . . , N +M} : |A| = n

}
,kai k�je stoiqe�o tou Ω e�nai m�a dunat  exagwg . Gia ton plhj�rijmo tou Ω èqoume

|Ω| =
(
N +M

n

)
.Gia lìgou
 summetr�a
, ìla ta endeqìmena e�nai isop�jana.To omoiìmorfo mètro pijanìthta
 P pou or�zetai ston (Ω,P(Ω)) èqei P(A) = |A|

(N+M
n )

, gia k�je A ⊂ Ω.'Estw t¸ra k ∈ {1, 2, . . . , N} kai D = {A ⊂ Ω : A èqei k �spra sfair�dia}. Tìte
P(D) =

|D|(
N+M

n

) =

(
N
k

)(
M

n−k

)
(
N+M

n

) .4.2 Epekt�sei
 mètrwnSthn per�ptwsh enì
 arijm simou deigmatikoÔ q¸rou, ìpw
 èqoume de�, e�nai eÔkolo na perigr�youme kaina kataskeu�soume ìla ta mètra pijanìthta
. 'Otan o q¸ro
 e�nai uperarijm simo
, eke�ne
 oi teqnikè
kataskeu 
 den arkoÔn. T¸ra, autì pou ja k�noume e�nai na or�zoume me k�poio trìpo èna mètro se m�a�lgebra, kai met� autì ja epekte�netai “fusiologik�”se m�a s-�lgebra. Ja ma
 qreiaste� o ex 
 orismì
.Orismì
 4.7 'Estw Ω sÔnolo, kai F0 �lgebra sto Ω. M�a sun�rthsh P : F0 → [0, 1] lègetai mètropijanìthta
 sthn F0 an(i). P(Ω) = 1.(ii). Gia k�je akolouj�a (An)n∈N xènwn an� dÔo stoiqe�wn sthn F0 me ∪n∈NAn ∈ F0 èqoume ìti
P (∪n∈NAn) =

∑

n∈N

P(An).



4.3 Κατασκευή μέτρων πιθανότητας στο R 17Je¸rhma 4.8 (Epèktash
 Karajeodwr ) 'Estw Ω sÔnolo kai F0 �lgebra sto Ω. An P mètro pijanì-thta
 sthn F0 tìte up�rqei monadikì mètro pijanìthta
 P̃ sthn σ(F0) ètsi ¸ste P̃
∣∣
F0

= P.Apìdeixh Ja apode�xoume mìno th monadikìthta. Thn apìdeixh th
 Ôparxh
 mpore� na bre� o anagn¸sth
se bibl�a jewr�a
 mètrou   metrojewrhtik¸n pijanot twn (gia par�deigma, 'Askhsh 3.12 sto Koumoull 
kai Negrepìnth
 (1991),   Par�rthma A1 sto Durrett (2010)).'Estw P,Q mètra pijanìthta
 sthn σ(F0) pou sumfwnoÔn sthn F0. Tìte, apì to Pìrisma 3.7, afoÔ h
F0 e�nai kleist  sti
 peperasmène
 tomè
, èqoume ìti ta P kai Q sumfwnoÔn sthn σ(F0). �4.3 Kataskeu  mètrwn pijanìthta
 sto RSthn par�grafo aut  ja mil soume gia mètra pijanìthta
 ston (R,B(R)). Aut� ta mètra ta lème kaikatanomè
 sto R.Orismì
 4.9 'Estw P mètro pijanìthta
 ston (R,B(R)). Sun�rthsh katanom 
 tou P lègetai hsun�rthsh F : R → [0, 1] me

F(x) = P
(
(−∞, x]

)
, ∀x ∈ R.Dhlad , h F(x) metr�ei th m�za pou de�nei to mètro sthn hmieuje�a (−∞, x].Parak�tw qrhsimopoioÔntai oi ex 
 sumbolismo�:

F(x0+) = lim
x→x+

0

F(x) kai F(x0−) = lim
x→x−

0

F(x), x0 ∈ R.Prìtash 4.10 'Estw P mètro pijanìthta
 ston (R,B(R)) kai F h sun�rthsh katanom 
 tou P. Tìte:(i). H F e�nai aÔxousa sun�rthsh.(ii). lim
x→−∞

F(x) = 0 kai lim
x→∞

F(x) = 1.(iii). P
(
(x, y]

)
= F(y)− F(x), gia k�je −∞ ≤ x ≤ y ≤ ∞me ti
 sumb�sei
 (x,∞] = (x,∞) kai (x, x] = ∅.Apìdeixh (i). 'Estw x ≤ y. Tìte,

F(y)− F(x) = P
(
(−∞, y]

)
−P

(
(−∞, x]

)
= P

(
(−∞, y] \ (−∞, x]

)
= P

(
(x, y]

)
≥ 0.(ii). Epeid  h F e�nai aÔxousa, ta ìria up�rqoun, kai

lim
x→−∞

F(x) = lim
n→∞

F(−n) = lim
n→∞

P
(
(−∞,−n]

)
= P

(
∩n∈N (−∞,−n]

)
= P(∅) = 0,en¸,

lim
x→∞

F(x) = lim
n→∞

F(n) = lim
n→∞

P((−∞, n]) = P
(
∪n∈N (−∞, n]

)
= P(R) = 1.(iii). Gia x, y ∈ R to e�dame sthn apìdeixh tou (i). Oi upìloipe
 peript¸sei
 af nontai w
 �skhsh.

�Je¸rhma 4.11 'Estw P,Q mètra pijanìthta
 ston (R,B(R)) me thn �dia sun�rthsh katanom 
. Tìte
P = Q.



18 Κατασκευή μέτρων πιθανότηταςApìdeixh 'Estw C = {(−∞, x] : x ∈ R}. Tìte ta P,Q taut�zontai sthn C efìson èqoun thn �diasun�rthsh katanom 
. 'Omw
 h C e�nai kleist  sti
 peperasmène
 tomè
, kai gnwr�zoume ìti σ(C) = B(R).Apì to Pìrisma 3.7 èqoume ìti ta P,Q taut�zontai sthn B(R). �Parat rhsh 4.12 An xèroume th sun�rthsh katanom 
 F enì
 mètrou pijanìthta
 P, tìte gnw-r�zoume th sumperifor� tou se sÔnola pou prokÔptoun apì diast mata th
 morf 
 (x, y] me sun jei
sunolojewrhtikè
 pr�xei
 qrhsimopoi¸nta
 thn P
(
(x, y]

)
= F(y)−F(x).'Otan èqoume èna mètro pijanìthta
 P ston (R,B(R)) e�nai eÔkolo na broÔme th sun�rthsh katanom 
tou. Pìte ìmw
 m�a sun�rthsh F : R → R or�zei mètro pijanìthta
 ston (R,B(R))? H ap�nthsh d�netaisto epìmeno je¸rhma.Je¸rhma 4.13 M�a sun�rthsh F : R → R e�nai sun�rthsh katanom 
 enì
 mètrou pijanìthta
 Pston (R,B(R)) an kai mìno an isqÔoun ta ex 
:(i). H F e�nai aÔxousa.(ii). H F e�nai dexi� suneq 
.(iii). F(−∞) = 0 kai F(∞) = 1ìpou F(−∞) = lim

x→−∞
F(x) kai F(∞) = lim

x→∞
F(x).Apìdeixh “ ⇒′′ Ta (i) kai (iii) ta e�dame sthn Prìtash 4.10. Gia to (ii), èstw x0 ∈ R. Epeid  F aÔxousato lim

x→x+
0

F(x) up�rqei, kai èqoume
F(x0+) = lim

n→∞
F

(
x0 +

1

n

)
= lim

n→∞
P

((
−∞, x0 +

1

n

])
= P

(
∩n∈N(−∞, x0 +

1

n
]

)
= P

(
(−∞, x0]

)
= F(x0).

“ ⇐′′ 'Estw F pou ikanopoie� ta (i), (ii) kai (iii). Jètoume
B0 = {A ⊂ R : A peperasmènh ènwsh xènwn an� dÔo diasthm�twn th
 morf 
 (x, y] me −∞ ≤ x ≤ y ≤ ∞},p�li me ti
 sumb�sei
 (x,∞] = (x,∞) kai (x, x] = ∅, x ∈ R. Gia A ∈ B0 èqoume ìti

A = ∪n
i=1(xi, yi], gia k�poio n ∈ N,kai ta stoiqe�a th
 ènwsh
 e�nai xèna an� dÔo. Or�zoume,

P(A) =
n∑

i=1

{F(yi)− F(xi)} .EÔkola elègqei kane�
 ìti h B0 e�nai �lgebra kai ìti σ(B0) = B(R). Ep�sh
, isqÔei ìti to P e�nai mètropijanìthta
 sthn �lgebra B0 (h apìdeixh tou isqurismoÔ autoÔ e�nai apaititik  kai gia ton lìgo autìparale�petai). Apì to Je¸rhma 4.8 up�rqei monadik  epèktash tou P sthn σ(B0) = B(R). H sun�rthshkatanom 
 th
 epèktash
 tou P e�nai h F. �Pìrisma 4.14 'Estw F sun�rthsh katanom 
 enì
 mètrou P ston (R,B(R)). Gia x, y ∈ R èqoume taex 
:(i). P
(
(x, y]

)
= F(y)− F(x).(ii). P

(
{x}

)
= F(x)− F(x−).(iii). P

(
[x, y]

)
= F(y)− F(x−).(iv). P

(
[x, y)

)
= F(y−)− F(x−).



4.3 Κατασκευή μέτρων πιθανότητας στο R 19(v). P
(
(x, y)

)
= F(y−)− F(x).Apìdeixh To (i) to èqoume de�. Gia to (ii), èqoume

P({x}) = P
(
∩n∈N

(
x− 1

n
, x

] )
= lim

n→∞
P

((
x− 1

n
, x

])
= lim

n→∞

(
F(y)− F

(
x− 1

n

))
(i)
=
(
F(y)−F(x−)

)
.Gia to (iii),

P
(
[x, y]

)
= P

(
{x}

)
+P

(
(x, y]

) (i),(ii)
= F(x)− F(x−) + F(y)− F(x) = F(y)− F(x−).Ta (iv) kai (v) prokÔptoun me ton �dio trìpo. �Parat rhsh 4.15 'EstwP1,P2, . . . ,Pn, n ∈ N, mètra pijanìthta
 ston (R,B(R)) kai λ1, λ2, . . . , λn ∈

R jetiko� arijmo� me n∑

i=1

λi = 1. EÔkola blèpei kane�
 ìti to Q =
n∑

i=1

λi Pi e�nai mètro ston (R,B(R)).To Q e�nai o kurtì
 sunduasmì
 twn mètrwn Pi, i = 1, 2, . . . , n.Par�deigma 4.16 'Estw x0 ∈ R kai δx0
to mètro Dirac sthn P(R) sto x0. H sun�rthsh katanom 
tou δx0

e�nai h
F(x) =

{
0 an x < x0

1 an x ≥ x0

.ParathroÔme ìti δx0
({x0}) = 1 = F(x0)− F(x0−).Par�deigma 4.17 (Diakritì mètro pijanìthta
) 'Estw S ⊂ R arijm simo kai (ai)i∈S akolouj�ajetik¸n arijm¸n ètsi ¸ste ∑

i∈S

ai = 1. Or�zoume P(A) =
∑

i∈S

ai1i∈A. To P e�nai mètro pijanìthta
 sthn
P(R) ('Askhsh). Gia th sun�rthsh katanom 
 tou P èqoume

F({x})− F({x−}) = P({x}) =
{
ax an x ∈ S,

0 an x ∈ R \ S.Dhlad , h F e�nai asuneq 
 akrib¸
 sta shme�a tou S.Par�deigma 4.18 (Mètro pijanìthta
 apì puknìthta) 'Estw f : R → [0,∞) sun�rthsh ¸ste togenikeumèno olokl rwma Riemann
∫∞
−∞ f(x) dx na or�zetai, kai na isoÔtai me 1. JewroÔme thn sun�rthsh

F : R → [0, 1] me
F(x) :=

∫ x

−∞
f(t) dtgia k�je x ∈ R. H F èqei ti
 idiìthte
 (i), (ii), (iii) tou Jewr mato
 4.13 (m�lista, h F e�nai suneq 
), �raup�rqei mètro pijanìthta
 pou èqei sun�rthsh katanom 
 thn F. Gia A ⊂ R pou e�nai arijm simh ènwshdiasthm�twn mporoÔme na doÔme ìti isqÔei

P(A) =

∫

A

f(x) dx.H f lègetai puknìthta tou P. Gia sugkekrimène
 epilogè
 th
 sun�rthsh
 f , pa�rnoume gnwstè
 katano-mè
. P. q., gia f(x) := e−x1x>0, pa�rnoume thn ekjetik  katanom  me par�metro 1.Parat rhsh 4.19 Den prokÔptoun ìla ta mètra pijanìthta
 sto R apì puknìthte
. Sta Parade�g-mata 4.16 kai 4.17 oi sunart sei
 katanom 
 twn dÔo mètrwn èqoun shme�a asunèqeia
.



20 Κατασκευή μέτρων πιθανότηταςAsk sei
4.1 'Estw P mètro pijanìthta
 sto R, kai F h sun�rthsh katanom 
 tou P. Na de�xete ìti h F mpore� na èqei arijm simopl jo
 �lmata.4.2 'Estw P1 katanom  sto R, me puknìthta f(x) = e−x1x>0, kai P2 katanom  sto R pou d�nei m�za 1
2 sta −2, 3. Gia

λ ∈ (0, 1), kai jewr¸nta
 ton kurtì sunduasmì P = λP1 +(1− λ)P2 twn P1 kai P2, na upologistoÔn(a) h P
(
(0, 4)

),(b) h sun�rthsh katanom 
 tou P.



5Metr sime
 sunart sei

5.1 Metr sime
 sunart sei
Orismì
 5.1 'Estw (Ω,F), (E, E) metr simoi q¸roi. M�a sun�rthsh f : Ω → E lègetai F/E-metr simh an

f−1(A) ∈ F gia k�je A ∈ E . (5.1)To sÔnolo {f−1(A) : A ∈ E} to sumbol�zoume me f−1(E). Opìte h apa�thsh tou orismoÔ th
 metrhsi-mìthta
 gr�fetai f−1(E) ⊂ F .
f

Ω E

f−1(A) A

Σχήμα 5.1 Μία f όπως στον Ορισμό 5.1Orolog�a: 1. M�a F/E-metr simh thn lème F-metr simh   E-metr simh   apl¸
 metr simh an e�naisafè
 poi� e�nai h s-�lgebra pou den anafèroume.2. 'Otan o q¸ro
 Ω  /kai o E e�nai topologikì
 q¸ro
 (p.q. uposÔnolo enì
 apì tou
 q¸rou
 Rd

[−∞,∞], [0,∞], C), ektì
 an anafèroume k�ti diaforetikì, ja jewroÔme ìti h s-�lgebra ston Ω kaiston E e�nai aut  twn Borel uposunìlwn tou Ω kai tou E. Kai tìte p.q. F-metr simh shma�nei F/B(E)metr simh. Sthn per�ptwsh pou o Ω (ant�stoiqa, o E) e�nai topologikì
 q¸ro
 kai h E (ant�stoiqa, h
F) ennoe�tai, onom�zoume Borel-metr simh m�a f h opo�a e�nai B(Ω)/E-metr simh (ant�stoiqa F/B(E)-metr simh).3. Se èna q¸ro pijanìthta
 (Ω,F ,P), mi� metr simh sun�rthsh th lème tuqa�a metablht . Sumbo-

21



22 Μετρήσιμες συναρτήσειςl�zoume ti
 tuqa�e
 metablhtè
 me kefala�a gr�mmata X,Y, ..., se ant�jesh me thn sÔmbash pou qrhsimo-poioÔme ston apeirostikì logismì kai thn pragmatik  an�lush,Gia to sÔnolo f−1(A) := {ω ∈ Ω : f(ω) ∈ A}, sun jw
 qrhsimopoioÔme to sumbolismì {f ∈ A}.'Omoia, an E = R, to {f < a} sumbol�zei to sÔnolo {ω ∈ Ω : f(ω) < a}, kai {f 2 < f + 1} to
{ω ∈ Ω : f 2(ω) < f(ω) + 1}.Parat rhsh 5.2 Giat� apaitoÔme apì m�a sun�rthsh X : Ω → E na èqei thn idiìthta (5.1)? Giat� ìtanor�soume èna mètro pijanìthta
 P sthn F , jèloume na mporoÔme na mil�me gia pijanìthte
 th
 morf 

P(X ∈ A), ìpou A ∈ E , dhlad  P

(
X−1(A)

). Prèpei epomènw
 to X−1(A) na an kei sto ped�o orismoÔth
 P, to opo�o e�nai h F .Je¸rhma 5.3 'Estw (Ω,F), (E, E) metr simoi q¸roi, f : Ω → E sun�rthsh, kai C ⊂ E oikogèneia¸ste σ(C) = E . Tìte f−1(C) ⊂ F an kai mìno an f−1(E) ⊂ F .Apìdeixh ⇒ 'Estw B = {A ∈ E : f−1(A) ∈ F}. Tìte h C ⊂ B kai eÔkola blèpoume ìti h B e�nais-�lgebra ('Askhsh 1.7). Sunep¸
, σ(C) ⊂ B. 'Omw
 σ(C) = E kai B ⊂ E . 'Ara B = E .
⇐ Profanè
 afoÔ C ⊂ E . �Pìrisma 5.4 'Estw f : (Ω,F) → (R,B(R)) sun�rthsh. Tìte h f e�nai metr simh an kai mìno an

f−1
(
(−∞, a]

)
∈ F gia k�je a ∈ R.Apìdeixh An C = {(−∞, a] : a ∈ R}, gnwr�zoume ìti σ(C) = B(R). 'Ara, apì to Je¸rhma 5.3, prokÔpteito zhtoÔmeno. �To �dio apotèlesma isqÔei an antikatast soume ta diast mata (−∞, a] me (−∞, a)   genik� apì o-poiad pote oikogèneia diasthm�twn pou par�goun thn B(R). Ep�sh
, ant�stoiqo sumpèrasma prokÔpteian èqoume metr simh sun�rthsh me timè
 sto [−∞,∞].Par�deigma 5.5 (Metr sime
 sunart sei
 se s-�lgebra paragìmenh apo diamèrish) Epistrèfonta
sto Par�deigma 1.15, èqoume mi� arijm simh diamèrish C := {Ai : i ∈ I} enì
 sunìlou Ω, kai F := σ(C).Isqurismo
: Mi� metr simh sun�rthsh f : Ω → R prèpei na e�nai stajer  se k�je sÔnolo th
 diamèrish
.Pr�gmati, èstw f metr simh kai i0 ∈ I. A
 upojèsoume ìti h f pa�rnei dÔo diaforetikè
 timè
 a < bsto Ai0 . Ja èprepe loipìn to sÔnolo Ai0 ∩ {f < b} na an kei sthn F . 'Omw
, autì to sÔnolo e�nai m kenì kai gn sio uposÔnolo tou Ai0 . Tètoio sÔnolo den up�rqei sthn F (de
 sto Par�deigma 1.15 gia thnperigraf  th
 F).Ep�sh
, e�nai eÔkolo na de�xei kane�
 ìti m�a sun�rthsh pou e�nai stajer  se k�je sÔnolo th
 diamèrish
e�nai metr simh. 'Ara, autè
 e�nai akrib¸
 ìle
 oi met sime
 sunart sei
 ston (Ω,F)Parajètoume qwr�
 apìdeixh ti
 basikè
 idiìthte
 kleistìthta
 tou sunìlou twn metrhs�mwn sunart -sewn. En ol�goi
, èqoume ìti an xekin sei kane�
 me metr sime
 sunart sei
 kai ti
 sundu�sei me k�poio

“fusiologikì”trìpo, prokÔptoun p�li metr sime
 sunart sei
.Prìtash 5.6 'Estw f, g metr sime
 sunart sei
 me timè
 sto [−∞,∞] kai a ∈ R. Tìte metr sime
e�nai ep�sh
 oi sunart sei

af, |f |, f + g, fg, f/g,min{f, g},max{f, g}, f+, f−,ìpou kajem�a or�zetai ¸ste na e�nai stajer  kai �sh me m�a auja�reth peperasmènh stajer� sto sÔnolotwn shme�wn aprosdiorist�a
 (∞−∞, 0·∞, 0/0).



5.1 Μετρήσιμες συναρτήσεις 23Prìtash 5.7 'Estw (fn)n≥1 akolouj�a metr simwn sunart sewn. Tìte:(i). Oi sunart sei

inf
n≥1

fn, sup
n≥1

fn, lim
n→∞

fn, lim
n→∞

fn,e�nai ep�sh
 metr sime
.(ii). An h (fn)n≥1 sugkl�nei shmeiak� se m�a sun�rthsh f , tìte h f = limn→∞ fn e�nai metr simh sun�r-thsh.Je¸rhma 5.8 'Estw (Ω,F), (E, E), (G,G) metr simoi q¸roi kai f : Ω → E, g : E → G metr sime
sunart sei
. Tìte h g ◦ f : Ω → G e�nai F/G metr simh.Apìdeixh 'Estw A ∈ G. Tìte, (g ◦ f)−1
(A) = f−1

(
g−1(A)

). 'Omw
 g−1(A) ∈ E , �ra f−1
(
g−1(A)

)
∈ F ,apì to opo�o prokÔptei to zhtoÔmeno. �Upenjum�zoume ìti an (Ω,T ), (E,S) topologiko� q¸roi, m�a sun�rthsh f : X → Y e�nai suneq 
 an giak�je V ∈ S èqoume ìti f−1(V ) ∈ T . Dhlad  h ant�strofh eikìna k�je anoiqtoÔ sunìlou e�nai anoiqtìsÔnolo.Je¸rhma 5.9 'Estw (Ω,T ), (E,S) topologiko� q¸roi kai f : Ω → E suneq 
 sun�rthsh. An F =

B(Ω) kai E = B(E), tìte h f e�nai F/E metr simh.Apìdeixh Gia thn oikogèneia S èqoume ìti σ(S) = E kai f−1(S) ⊂ T ⊂ F , diìti f suneq 
. To sumpè-rasma èpetai apì to Je¸rhma 5.3. �Je¸rhma 5.10 'Estw (Ω,F) metr simo
 q¸ro
. Tìte:(i). Gia A ⊂ Ω, h A e�nai metr simh an kai mìno an A ∈ F .(ii). An f1, f2, . . . , fn : Ω → R, n ≥ 1 e�nai F/B(R) metr sime
 sunart sei
 kai g : Rn → R e�nai
B(Rn)/B(R) metr simh, tìte h g(f1, f2, . . . , fn) : Ω → R e�nai metr simh.Apìdeixh Ja de�xoume mìno to (i). An B ∈ B(R), èqoume

(1A

)−1
(B) =





∅ an 0, 1 /∈ B,

Ω \A an 0 ∈ B, 1 /∈ B,

A an 0 /∈ B, 1 ∈ B,

Ω an 0, 1 ∈ B.

(5.2)An h 1A e�nai metr simh, tìte gia B = {1}, èqoume (1A

)−1
(B) ∈ F , dhlad  A ∈ F . Ant�strofa, an

A ∈ F , tìte apì thn (5.2) èqoume (1A

)−1
(B) ∈ F gia k�je B ∈ B(R). �Orismì
 5.11 Mi� sun�rthsh f : Ω → [−∞,∞] lègetai apl  an h eikìna th
 e�nai peperasmènosÔnolo.An oi diaforetikè
 timè
 pou pa�rnei mia apl  sun�rthsh e�nai a1, a2, . . . , an, kai jèsoumeAi := X−1

(
{ai}

)tìte h {A1, A2, . . . , An} e�nai mia diamèrish tou Ω, kai h f gr�fetai
f =

n∑

i=1

ai1Ai
. (5.3)



24 Μετρήσιμες συναρτήσειςProfan¸
 m�a apl  f e�nai metr simh an kai mìno an ta sÔnola A1, A2, . . . , An e�nai metr sima.Mia apl  sun�rthsh den gr�fetai monadik� w
 grammikì
 sunduasmì
 deiktri¸n. An ta A1, A2, . . . , Anden e�nai apara�thta xèna, tìte h sqèsh (5.3) or�zei p�li m�a apl  sun�rthsh. An ìmw
 zht soume ta
A1, A2, . . . , An na e�nai xèna ana dÔo kai oi arijmo� a1, . . . , an tìte h graf  (5.3) e�nai monadik  (me mìnheleujer�a ston trìpo pou arijmoÔme ta sÔnola kai tou
 arijmoÔ
), kai onom�zetai kanonik  morf  th
 f .Prìtash 5.12 'Estw f : Ω → [0,∞] metr simh sun�rthsh. Tìte up�rqei mia aÔxousa akolouj�a1
(fn)n≥1 mh arnhtik¸n, apl¸n, metrhs�mwn sunart sewn me peperasmène
 timè
 ¸ste f = lim

n→∞
fn kat�shme�o.Apìdeixh Gia n ≥ 1, jètoume

fn(ω) :=

{
k
2n

an f(ω) ∈
[

k
2n
, k+1

2n

) me k ∈ N, 0 ≤ k ≤ n2n − 1,

n an f(ω) ≥ n.

k
2n

k+1
2nf(ω) n0

fn(ω)

Σχήμα 5.2 Ο ορισμός της προσέγγισης fn. ΄Ολες οι τιμές πάνω από n απεικονίζονται στο n. Στο
διάστημα [0, n] η προσέγγιση γίνεται με λάθος το πολύ 1/2n.K�je fn e�nai mh arnhtik , metr simh, kai apl  afoÔ to sÔnolo tim¸n th
 e�nai peperasmèno, kai pa�rneithn tim  k/2n, ìpou 0 ≤ k ≤ n2n − 1, sto metr simo sÔnolo f−1([k2−n, (k + 1)2−n)), kai thn tim  n sto

f−1([n,∞]).T¸ra, an f(ω) < ∞, èqoume fn(ω) ≤ f(ω) ≤ fn(ω) + 2−n, �ra |fn(ω)− f(ω)| < 2−n kai lim
n→∞

fn(ω) =

f(ω). An f(ω) = ∞, tìte fn(ω) = n → ∞ gia n → ∞.Gia to ìti h akolouj�a e�nai aÔxousa, parathroÔme ta ex 
:
• An f(ω) = ∞, tìte fn(ω) = n, pou e�nai aÔxousa akolouj�a.
• An f(ω) < ∞, èstw n ≥ 1, ja de�xoume ìti fn(ω) ≤ fn+1(ω). 'Eqoume ti
 ex 
 peript¸sei
,(a) f(ω) < n.(b) f(ω) ∈ [n, n+ 1).(g) f(ω) ≥ n+ 1.Gia to (a) parathroÔme ìti to fn(ω) ja isoÔtai me to aristerì �kro tou diast mato
 [k2−n, (k+1)2−n)sto opo�o an kei to f(ω). Gia ton kajorismì tou fn+1(ω), qwr�zoume to [k2−n, (k + 1)2−n) se dÔo mis�,ta [

2k

2n+1
,
2k + 1

2n+1

)
,

[
2k + 1

2n+1
,
2k + 2

2n+1

)

1 Dhlad  fn(ω) ≤ fn+1(ω) gia k�je ω ∈ Ω kai n ≥ 1.



5.2 Παραγόμενη σ-άλγεβρα από συναρτήσεις 25kai to fn+1(ω) isoÔtai me to aristerì �kro tou misoÔ sto opo�o an kei to f(ω). 'Ara e�nai toul�qiston
k2−n = fn(ω). Oi peript¸sei
 (b) kai (g) af nontai w
 �skhsh. �5.2 Paragìmenh s-�lgebra apì sunart sei
Orismì
 5.13 'Estw Ω sÔnolo. Gia m�a sun�rthsh f : Ω → [−∞,∞], paragìmenh s-�lgebra apì thn
f onom�zoume to sÔnolo

σ(f) := {f−1(A) : A ∈ B([−∞,∞])}.To ìti autì to sÔnolo e�nai s-�lgebra to èqoume dei sthn 'Askhsh 1.7 (b). Aut  e�nai h el�qisth s-�lgebra sto Ω h opo�a k�nei thn f metr simh ston (Ω, σ(f)). Bèbaia an h f e�nai metr simh ston (Ω,F),tìte ja èqoume σ(f) ⊂ F .Par�deigma 5.14 Pa�rnoume Ω = {−1, 1}N+ . MporoÔme na doÔme autì to sÔnolo w
 to deigmatikìq¸ro gia m�a akolouj�a r�yewn enì
 nom�smato
. To −1 parist� to apotèlesma “Kor¸na” kai to 1 toapotèlesma “Gr�mmata”. Gia n ∈ N+, or�zoume thn sun�rthsh Xn : Ω → R me
Xn(ω) =

{
−1 an ωn = −1,

1 an ωn = 1,ìpou ω = (ωn)n≥1 ∈ Ω. HXn pa�rnei mìno dÔo timè
. Opìte h σ(Xn) e�nai akrib¸
 to sÔnolo {∅,Ω, An,−1, An,1},me
An,−1 := X−1

n

(
{−1}

)
= {ω ∈ Ω : ωn = −1} = {−1, 1}n−1 × {−1} × {−1, 1}N+\[n],

An,1 := X−1
n

(
{1}
)
= {ω ∈ Ω : ωn = 1} = {−1, 1}n−1 × {1} × {−1, 1}N+\[n],ìpou [n] := {1, 2, . . . , n}.Orismì
 5.15 'Estw Ω sÔnolo. An {fi : i ∈ I} e�nai oikogèneia sunart sewn sto Ω me timè
 sto

[−∞,∞], paragìmenh s-�lgebra apì ti
 sunart sei
 {fi : i ∈ I} onom�zoume to sÔnolo
σ
(
{fi : i ∈ I}

)
:= σ

(
∪i∈I σ(fi)

)
. (5.4)To sÔnolo sto dex� mèlo
 èqei oriste� sthn Par�grafo 1.2. Aut  e�nai h el�qisth s-�lgebra pou k�neiìle
 ti
 {fi : i ∈ I} metr sime
.Par�deigma 5.16 Suneq�zoume apì to prohgoÔmeno par�deigma. Ja perigr�youme thn s-�lgebra

Fn := σ
(
{X1,X2, . . . ,Xn}

). Gia dedomènh akolouj�a s = (s1, s2, . . . , sn) ∈ {−1, 1}n jewroÔme to sÔnolo
As : =

{
(s1, s2, . . . , sn, xn+1, xn+2, . . .) : xi ∈ {−1, 1} gia k�je i ≥ n+ 1

}

= X−1
1

(
{s1}

)
∩X−1

2

(
{s2}

)
∩ · · · ∩X−1

n

(
{sn}

)
.Dhladh to As perièqei ìle
 ti
 �peire
 akolouj�e
 apì −1 kai 1 pou to arqikì tou
 tm ma e�nai to s kaimet� e�nai eleÔjere
 na èqoun ìti jèloun. Gia mi� akolouj�a pou an kei sto As, h sumperifor� th
 w
 tonqrìno n e�nai gnwst .Isqurismo
: H Fn e�nai h s-�lgebra pou par�getai apì thn diamèrish C := {As : s ∈ {−1, 1}n} tou Ω.Apì ton orismì th
, h Fn prèpei na perièqei ta X−1

i

(
{si}

) gia i = 1, 2, . . . , n. 'Ara, w
 s-�lgebra,



26 Μετρήσιμες συναρτήσειςperièqei kai to As, pou e�nai peperasmènh tom  twn X−1
i

(
{si}

). Epomènw
 σ(C) ⊂ Fn. Apì thn �llh, k�je
Xi me 1 ≤ i ≤ n e�nai metr simh w
 pro
 thn σ(C). Gia par�deigma,

X−1
i

(
{1}
)
=
⋃

{As : s ∈ {−1, 1}n me si = 1}e�nai peperasmènh ènwsh stoiqe�wn th
 σ(C), �ra stoiqe�o th
. Apì thn elaqistìthta th
 Fn, èpetai ìti
Fn ⊂ σ(C), kai o isqurismì
 apode�qjhke. Ask sei
5.1 'Estw (Ω,F ,P) q¸ro
 pijanìthta
. Na de�xete ìti gia m�a X : Ω → R, ta akìlouja e�nai isodÔnama:(a) X−1(A) ∈ F , gia k�je A ∈ B(R).(b) X−1(A) ∈ F , gia k�je A ⊂ R anoiqtì sÔnolo.(g) X−1([a, b]) ∈ F , gia k�je a < b pragmatikoÔ
 arijmoÔ
.5.2 'Estw Ω topologikì
 q¸ro
 kai f : Ω → R suneq 
. Na de�xete ìti h f e�nai Borel-metr simh.5.3 'Estw X : Ω → [−∞,∞] tuqa�a metablht . Na de�xete ìti {X = −∞}, {X = ∞} ∈ F .5.4 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n se èna q¸ro pijanìthta
 me timè
 sto R. Na de�xete ìti ta parak�twsÔnola e�nai stoiqe�a th
 F :(a) {lim

n
Xn = −∞}, {lim

n
Xn = ∞}.(b) {lim

n
Xn up�rqei kai e�nai pragmatikì
 arijmì
}.5.5 'Estw (Ω,F) metr simo
 q¸ro
. An f, g : Ω → R metr sime
, na de�xete ìti to {f = g} e�nai metr simo.5.6 Na deiqje� ìti pr�gmati to dex� mèlo
 th
 (5.4) e�nai h mikrìterh s-�lgebra A pou k�nei ìle
 ti
 {fi : i ∈ I}

A-metr sime
.



6Olokl rwsh
6.1 Olokl rwma Lebesgue. Orismì
'Estw (X,A, µ) q¸ro
 mètrou. Sthn par�grafo aut  ja or�soume to olokl rwma mia
 A/B([−∞,∞])metr simh
 sun�rthsh
 f : X → [−∞,∞]. Autì ja to k�noume se tr�a b mata. Pr¸ta gia f ≥ 0 apl metr simh, èpeita gia f ≥ 0 metr simh, kai tèlo
 gia f metr simh me timè
 sto [−∞,∞].B ma 1: f ≥ 0 apl  metr simh.Orismì
 6.1 'Estw (X,A, µ) q¸ro
 mètrou kai f : X → [0,∞] apl  metr simh sun�rthsh. Or�zoumeto olokl rwma Lebesque th
 f w
 pro
 to mètro µ, kai to sumbol�zoume me ∫ f dµ, w
 ex 
:

∫
f dµ :=

n∑

i=1

aiµ(Ai), (6.1)ìtan f =
n∑

i=1

ai1Ai
se kanonik  morf , me th sÔmbash ìti 0·(+∞) = 0.To olokl rwma e�nai stoiqe�o tou [0,∞].B ma 2: f ≥ 0 metr simh.Orismì
 6.2 'Estw f : X → [0,∞] metr simh sun�rthsh. To olokl rwma Lebesgue th
 f w
 pro
to mètro µ or�zetai w
 ex 
:

∫
fdµ := sup

{∫
s dµ : s apl , 0 ≤ s ≤ f

}
.Parat rhsh 6.3 O Orismì
 6.2, sthn per�ptwsh pou h f e�nai apl , sumfwne� me ton Orismì 6.1.B ma 3: f : X → [−∞,∞] metr simh.Orismì
 6.4 'Estw (X,A, µ) q¸ro
 mètrou kai f : X → [−∞,∞] metr simh sun�rthsh. To olokl -rwma Lebesgue th
 f w
 pro
 to mètro µ or�zetai w
 ex 
:

∫
f dµ :=

∫
f+ dµ−

∫
f− dµefìson sto dex� mèlo
 th
 isìthta
 den emfan�zetai aprosdiorist�a th
 morf 
 +∞−∞. Sthn per�ptwshpou to olokl rwma e�nai pragmatikì
 arijmì
, lème ìti h sun�rthsh f e�nai (Lebesgue) oloklhr¸si-mh.

27



28 ΟλοκλήρωσηGia to ∫ f dµ qrhsimopoioÔme ep�sh
 ton sumbolismì ∫ f(x) dµ(x).Parat rhsh 6.5 (i). Ta ∫ f+ dµ kai ∫ f− dµ pou emfan�zontai ston Orismì 6.4 or�zontai apì tonOrismì 6.2.(ii). To olokl rwma m�a
 metr simh
 sun�rthsh
, ìtan autì or�zetai, e�nai stoiqe�o tou [−∞,∞].(iii). Mi� metr simh sun�rthsh f e�nai oloklhr¸simh an kai mìno an kai ta dÔo oloklhr¸mata ∫ f− dµ,
∫
f+ dµe�nai peperasmèna.(iv). Gia m�a f ≥ 0 metr simh sun�rthsh, jewroÔme thn akolouj�a (fn) twn apl¸n sunart sewn pou or�-sthkan sthn Prìtash 5.12. ApodeiknÔetai ìti

∫
f dµ = lim

n→∞

∫
fn dµ.Dhlad  to olokl rwma e�nai to ìrio twn oloklhrwm�twn aut¸n twn apl¸n sunart sewn. Autì e�naiant�stoiqo th
 prosèggish
 tou oloklhr¸mato
 Riemann mia
 Riemann oloklhr¸simh
 sun�rthsh
apì ta oloklhr¸mata klimakwt¸n sunart sewn.6.2 Eidikè
 peript¸sei
Ja doÔme ed¸ ti
 peript¸sei
 pou to mètro µ th
 prohgoÔmenh
 paragr�fou e�nai to arijmhtikì mètro sto

N   to mètro Lebesgue se èna di�sthma sto R.Arijmhtiko metro: An p�roume µ to arijmhtikì mètro ston X = N (Par�deigma 2.2) kai f : N → [0,∞]apl  sun�rthsh (dhlad  me peperasmèno sÔnolo tim¸n) tìte ('Askhsh)
∫

f dµ =
∞∑

n=0

f(n).'Epeita e�nai aplì na doÔme ìti h �dia isìthta isqÔei gia k�je f : N → [0,∞]. Kai epekte�netai kai sti

f : N → [−∞,∞] me ∑∞

n=0 |f(n)| < ∞. 'Ara to �jroisma jetik 
   apolÔtw
 sugkl�nousa
 seir�
 e�naieidik  per�ptwsh tou oloklhr¸mato
 Lebesgue. 'Omw
 ajro�smata seir¸n pou sugkl�noun upì sunj kh,ìpw
 h∑∞
n=1

(−1)n

n
, den kalÔptontai. To olokl rwma Lebesgue den prosjètei posìthte
 me k�poia “seir�”all� mazik�.Metro Lebesgue se fragmeno diasthma 'Estw a < b pragmatiko� arijmo�. To olokl rwma Lebesguesto q¸ro mètrou (R,B([a, b]), λ) m�a
 Borel metr simh
 sun�rthsh
 f : [a, b] → R to sumbol�zoume sun -jw
 me ∫ b

a
f(x) dx, kai sthn per�ptwsh pou h f e�nai Riemann oloklhr¸simh taut�zetai me to olokl rwma

Riemann (De
 Stein and Shakarchi (2005), Kef�laio 2, Je¸rhma 1.5).Metro Lebesgue sto R: To olokl rwma Lebesgue sto q¸ro mètrou (R,B(R), λ) m�a
 Borel me-tr simh
 sun�rthsh
 f : R → R to sumbol�zoume sun jw
 me ∫
R
f(x) dx. Sump�ptei me to genikeumènoolokl rwma ∫∞

−∞ f(x) dx an h f e�nai Riemann oloklhr¸simh se k�je kleistì kai fragmèno upodi�sthmatou R, kai e�nai jetik    to genikeumèno olokl rwma ∫∞
−∞ |f(x)| dx e�nai peperasmèno.6.3 H optik  tou oloklhr¸mato
 LebesgueE�nai endiafèron na sugkr�noume ti
 oriakè
 diadikas�e
 pou d�noun ta oloklhr¸mata Riemann kai Lebesguese m�a per�ptwsh sun�rthsh
/q¸rou pou kai ta dÔo oloklhr¸mata èqoun nìhma (W
 oriak  diadikas�a giato Lebesgue pa�rnoume aut n pou perigr�fetai sthn Parat rhsh 6.5 (iv)). Piì sugkekrimèna, pa�rnoume
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a < b pragmatikoÔ
 arijmoÔ
 kai mia f : [a, b] → [0,∞) fragmènh, Riemann oloklhr¸simh, kai metr simh.To fragmènh e�nai proapaitoÔmeno gia to Riemann, to metr simh gia to Lebesgue. Kai epeid  e�nai m arnhtik , to olokl rwma Lebesgue ep�sh
 or�zetai.Gia to Riemann, diamer�zoume to ped�o orismoÔ th
 f se tm mata �sou m kou
 (De
 sq ma 6.1). Sekajèna apì aut�, h f èqei mia dedomènh el�qisth tim . Pollaplasi�soume aut  thn el�qisth tim  me tom ko
 tou tm mato
 gia na broÔme th suneisfor� tou tm mato
 sthn prosèggish tou oloklhr¸mato
.'Epeita prosjètoume ti
 suneisforè
 ìlwn twn tmhm�twn. Kaj¸
 to m ko
 twn tmhm�twn te�nei sto mhdèn,pa�rnoume thn tim  tou oloklhr¸mato
 Riemann th
 f .

Riemann

Lebesgue

u1

u2

u3

u4

u5

u6

Σχήμα 6.1 Η διαφορά οπτικής των ολοκληρωμάτων Riemann και Lebesgue.Gia to Lebesgue, diamer�zoume to sÔnolo tim¸n th
 f se tm mata �sou m kou
. Aut  h diamèrish d�neim�a apl  sun�rthsh (to gr�fhma th
 e�nai ta qontr� eujÔgramma tm mata sthn eikìna, ektì
 eke�na poue�nai ston �xona), pou e�nai m�a apì ti
 fn th
 Prìtash
 5.12. A
 p�roume èna tm ma, p.q. to [u3, u4).H suneisfor� tou sthn prosèggish ∫ fndλ tou oloklhr¸mato
 e�nai to embadìn u3λ (f
−1([u3, u4))). tou

“parallhlogr�mmou” me Ôyo
 u3 kai b�sh f−1([u3, u4)) (sqèsh (6.1)). Sthn sugkekrimènh per�ptwsh, to
f−1([u3, u4)) e�nai ènwsh tri¸n diasthm�twn, shmeiwmèna me qontr  gramm  ston x-�xona. To m ko
 aut 
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 b�sh
 e�nai to mètro Lebesgue tou sunìlou f−1([u3, u4)). P�li prosjètoume ti
 suneisforè
 ìlwn twntmhm�twn, kai kaj¸
 to m ko
 tou
 te�nei sto mhdèn (n → ∞), pa�rnoume thn tim  tou oloklhr¸mato

Lebesgue th
 f .To mh tetrimmèno th
 diadikas�a
 gia to olokl rwma Lebesgue e�nai ìti prèpei na e�maste se jèsh naupolog�soume to m ko
 tou sunìlou f−1([uk−1, uk)). Sto pio p�nw par�deigma, ètuqe autì na e�nai ènwshtri¸n diasthm�twn, kai e�nai profanè
 poiì prèpei na onom�soume m ko
 tou. Ja mporoÔse ìmw
 na e�naièna polÔ per�ergo sÔnolo, eidik� ìtan h f den e�nai suneq 
. H ènnoia m kou
 gia sÔnola Borel d�netaiakrib¸
 apì to mètro Lebesgue tou
, tou opo�ou h kataskeu  den e�nai apl , kai gi' autì akrib¸
 thnparale�yame se autè
 ti
 shmei¸sei
.Kle�nonta
 aut  thn sÔgkrish, na parathr soume to ex 
 polÔ shmantikì. Gia ton orismì tou oloklh-r¸mato
 Lebesgue, to ped�o orismoÔ, X, th
 sun�rthsh
 f : X → R pou jèloume na oloklhr¸soumearke� na e�nai efodiasmèno me m�a s-�lgebra kai èna mètro. Den e�nai anagka�o na èqei k�poia �llh dom (metrikì
   dianusmatikì
 q¸ro
) ìpw
 e�nai oi Rd stou
 opo�ou
 èqoume or�sei to olokl rwma Riemann.Eke� thn epiplèon dom  thn qrhsimopoioÔme me kr�simo trìpo.6.4 Idiìthte
 tou oloklhr¸mato
Prìtash 6.6 'Estw f, g : X → [−∞,+∞] metr sime
 sunart sei
 twn opo�wn to olokl rwma or�zetai.Tìte(i). ∫ af dµ = a

∫
f dµ, gia a ∈ R.(ii). ∫ (f + g) dµ =

∫
f dµ+

∫
g dµ.(iii). An f ≤ g, tìte ∫ f dµ ≤

∫
g dµ.(iv). ∣∣∣∣∫ f dµ

∣∣∣∣ ≤
∫

|f |dµ.H (ii) isqÔei me thn pro�pìjesh ìti sto dex� th
 mèlo
 den emfan�zetai h morf  ∞−∞.Parat rhsh 6.7 Gia f ìpw
 sthn prohgoÔmenh prìtash, h sqèsh |f | = f− + f+ kai h idiìthta (ii)d�noun ìti ∫
|f |dµ =

∫
f− dµ+

∫
f+ dµ. (6.2)Epomènw
, h f e�nai oloklhr¸simh, dhlad  èqei olokl rwma pragmatikì arijmì, an kai mìno an ∫ |f |dµ <

∞.Parak�tw, d�noume ton orismì tou oloklhr¸mato
 mia
 metr simh
 sun�rthsh
 se uposÔnola.Orismì
 6.8 'Estw (X,A, µ) metr simo
 q¸ro
, f : X → [−∞,∞] metr simh sun�rthsh, kai A ∈ A.Or�zoume to olokl rwma (Lebesgue) th
 f w
 pro
 to mètro µ sto A w
 ex 
:
∫

A

f dµ :=

∫
f1A dµefìson to dex� mèlo
 th
 isìthta
 or�zetai.



6.4 Ιδιότητες του ολοκληρώματος 31Parat rhsh 6.9 Ston Orismì 6.8, an A = X, to ∫
X

f dµ e�nai to olokl rwma th
 f ston Orismì6.4. Ep�sh
, eÔkola blèpoume ìti an f ≥ 0 kai A ⊂ B stoiqe�a th
 A, isqÔei ìti ∫
A

f dµ ≤
∫

B

f dµ.Parat rhsh 6.10 Sthn per�ptwsh enì
 q¸rou pijanìthta
 (Ω,F ,P), to olokl rwma m�a
 tuqa�a
metablht 
 X : Ω → R to lème mèsh tim  th
 X kai ant� tou ∫ X dP qrhsimopoioÔme to sumbolismì
E(X).Sunoy�zoume ston epìmeno orismì.Orismì
 6.11 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai X : Ω → [−∞,∞] tuqa�a metablht . H mèshtim  E(X) th
 X or�zetai w


E(X) :=

∫
X dPefìson to dex� mèlo
 th
 isìthta
 or�zetai.Parat rhsh 6.12 Ant�stoiqa, an A ∈ F , or�zoume th mèsh tim  th
 X p�nw sto A w
 E(X1A), kaithn sumbol�zoume me E(X;A), efìson h E(X1A) mpore� na oriste�.DÔo eidikè
 peript¸sei
 mèsh
 tim 
 e�nai oi ex 
:(i). An h X isoÔtai me m�a stajer� c ∈ R, tìte E(X) = c giat� h X e�nai apl .(ii). An X = 1A, A ∈ F , tìte E(X) = P(A).To (ii) se sunduasmì me ti
 idiìthte
 th
 mèsh
 tim 
 (Prot�sei
 6.6, 6.16) e�nai polÔ qr simh (Ask sei
6.3 -6.5).Parat rhsh 6.13 Se èna q¸ro mètrou (X,A, µ), lème ìti m�a idiìthta Ψ isqÔei sqedìn pantoÔ anto sÔnolo sto opo�o den isqÔei, dhlad  to {x ∈ X : h Ψ den isqÔei}, èqei mètro 0. 'Omw
 epeid  autì tosÔnolo den e�nai apara�thta metr simo, o prosektikì
 orismì
 e�nai ìti up�rqei A ∈ A me A ⊃ {x ∈ X :h Ψ den isqÔei} kai µ(A) = 0. Ant�stoiqa, se èna q¸ro pijanìthta
 (Ω,F ,P), lème ìti h Ψ isqÔei mepijanìthta 1   sqedìn bèbaia.Prìtash 6.14 'Estw (X,A, µ) q¸ro
 mètrou kai f, g : X → [0,∞] metr sime
 sunart sei
. Tìte:(i). An µ({f 6= g}) = 0, tìte ∫ f dµ =

∫
g dµ.(ii). ∫ f dµ = 0 an kai mìno an µ({f 6= 0}) = 0.(iii). An ∫ f dµ < ∞, tìte µ(f = ∞) = 0.Apìdeixh Ja apode�xoume mìno to (ii). Ta (i) kai (iii) apodeiknÔontai ìmoia.

⇒ 'Estw ìti ∫ f dµ = 0. Jètoume An =
{
f ≥ 1

n

}, n ∈ N \ {0}. Tìte,
0 =

∫
f dµ ≥

∫

An

f dµ =

∫
f1An

dµ ≥
∫

1

n
1An

dµ =
1

n
µ(An), ∀n ∈ N \ {0}.'Ara µ(An) = 0, gia k�je n ∈ N \ {0}. 'Omw
, {f > 0} = ∪n≥1An kai µ({f > 0}) ≤

∑

n≥1

µ(An) = 0.
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, µ({f 6= 0}) = 0.
⇐ 'Estw ìti µ({f 6= 0}) = 0. Tìte,

∫
f dµ =

∫

{f=0}
f dµ+

∫

{f 6=0}
f dµ =

∫

{f=0}
f dµ = 0.

�Parat rhsh 6.15 EÔkola blèpoume ìti h idiìthta (i) th
 Prìtash
 6.14 isqÔei kai gia metr sime
sunart sei
 me timè
 sto [−∞,∞] twn opo�wn to olokl rwma or�zetai.Sthn per�ptwsh enì
 q¸rou pijanìthta
 (Ω,F ,P), h Prìtash 6.14 pa�rnei thn ex 
 morf :Prìtash 6.16 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai X,Y : Ω → [0,∞] tuqa�e
 metablhtè
. Tìte(i). An P(X = Y ) = 1, tìte E(X) = E(Y ).(ii). E(X) = 0 an kai mìno an P(X = 0) = 1.(iii). An E(X) < ∞, tìte P(X = ∞) = 0.Parak�tw d�netai qwr�
 apìdeixh m�a qr simh idiìthta tou oloklhr¸mato
 Lebesgue.Prìtash 6.17 (Anisìthta Jensen) 'Estw (Ω,F ,P) q¸ro
 pijanìthta
, X : Ω → R tuqa�a metablht me E |X| < ∞, kai Φ : I → R kurt  sun�rthsh se èna di�sthma I ⊂ R me P({X ∈ I}) = 1 kai
E |Φ(X)| < ∞. Tìte

Φ(E{X}) ≤ E{Φ(X)}.Orismì
 6.18 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai X : Ω → R tuqa�a metablht , me E |X| < ∞.Or�zoume th diaspor� Var(X) th
 X w
 ex 
:
Var(X) := E({X −E(X)}2).Parat rhsh 6.19 H mèsh tim  E(X), ìpw
 èqoume  dh shmei¸sei (Parat rhsh 6.7), e�nai pragmatikì
arijmì
 lìgw th
 E |X| < ∞. H diaspor�, ìmw
, endèqetai na pa�rnei thn tim  ∞. 'Ena
 �llo
 qr simo
tÔpo
 gia th diaspor� mia
 tuqa�a
 metablht 
 e�nai Var(X) = E(X2) − E(X)2. 'Etsi blèpoume ìti an

E(X2) < ∞, tìte Var(X) < ∞.Tèlo
, d�noume dÔo shmantikè
 anisìthte
 diatupwmène
 sth gl¸ssa twn pijanot twn. Ant�stoiqe
isqÔoun kai sthn per�ptwsh metr simwn sunart sewn se tuqìnta q¸ro mètrou. Ekfr�zoun to gegonì
ìti h pijanìthta mia tuqa�a metablht  na breje� makri� apì thn mèsh th
 tim  e�nai mikr .Prìtash 6.20 'Estw (Ω,F ,P) q¸ro
 pijanìthta
. Tìte isqÔoun ta ex 
:(i). (Anisìthta Markov) An X : Ω → [0,∞] tuqa�a metablht  kai a > 0, tìte
P(X ≥ a) ≤ E(X)

a
.(ii). (Anisìthta Chebyshev) An X : Ω → [−∞,∞] tuqa�a metablht  me E |X| < ∞ kai a > 0, tìte

P(|X −E(X)| ≥ a) ≤ Var(X)

a2
.



6.5 Οι χώροι Lp 33Apìdeixh (i) QrhsimopoioÔme th monoton�a th
 mèsh
 tim 
. 'Eqoume X ≥ a1X≥a. 'Ara
E(X) ≥ E(a1X≥a) = aP(X ≥ a).

(ii) Efarmìzoume to (i) sthn tuqa�a metablht  |X −E(X)|2. Dhlad 
P(|X −E(X)| ≥ a) = P(|X −E(X)|2 ≥ a2) ≤ E{|X −E(X)|2}

a2
=

Var(X)

a2
.

�6.5 Oi q¸roi LpOrismì
 6.21 'Estw (Ω,F ,P) q¸ro
 pijanìthta
,X : Ω → [−∞,∞] tuqa�a metablht  kai p ∈ [1,∞).Or�zoume
||X||p :=

(
E(|X|p)

)1/pkai
Lp(Ω,F ,P) := {X : X : Ω → [−∞,∞] tuqa�a metablht  sto Ω, kai ||X||p < ∞}.'Otan e�nai safè
 poiì
 e�nai o q¸ro
 Ω kai poi� h s-�lgebra F , ja gr�foume Lp(P) ant� Lp(Ω,F ,P).Parat rhsh 6.22 ApodeiknÔetai ìti h sun�rthsh || · ||p : Lp → [0,∞), ikanopoie� ti
 idiìthte
:(i). ||λX||p = |λ|||X||p, λ ∈ R.(ii). ||X + Y ||p ≤ ||X||p + ||Y ||p.'Epetai ìti to sÔnolo Lp(P ) e�nai dianusmatikì
 q¸ro
. 'Omw
, h sun�rthsh || · ||p den e�nai nìrma giat�den ikanopoie� thn idiìthta “||X||p = 0 ⇒ X ≡ 0”, efìson m�a tuqa�a metablht  X endèqetai na mhn e�naih mhdenik  all� na isoÔtai me 0 me pijanìthta 1, dhlad  P(X = 0) = 1, kai epomènw
 ||X||p = 0.Prìtash 6.23 (Anisìthta Cauchy-Schwarz) 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai X,Y : Ω → Rtuqa�e
 metablhtè
. Tìte

|E(XY )| ≤ ||X||2||Y ||2.Apìdeixh Gia k�je λ ∈ R èqoume
0 ≤ E

(
(λX + Y )2

)
= λ2 E(X2) + 2λE(X)E(Y ) +E(Y 2). (∗)H diakr�nousa th
 tetragwnik 
 ex�swsh
 w
 pro
 λ sthn (∗) e�nai

4E(XY )2 − 4E(X2)E(Y 2),kai efìson h ex�swsh e�nai mh arnhtik  gia k�je λ ∈ R, èqoume ìti
|E(XY )| ≤ E(X2)1/2 E(Y 2)1/2,to opo�o e�nai to zhtoÔmeno. �Genikìterh th
 Cauchy-Schwarz e�nai h anisìthta Hölder. Thn diatup¸noume sthn epìmenh prìtash,all� parale�poume thn apìdeixh.



34 ΟλοκλήρωσηPrìtash 6.24 (Anisìthta Hölder) 'Estw (Ω,F ,P) q¸ro
 pijanìthta
,p, q ∈ (1,∞) me p−1+q−1 = 1,kai X,Y : Ω → R tuqa�e
 metablhtè
 me ||X||p < ∞, ||Y ||q < ∞. Tìte
|E(XY )| ≤ ||X||p||Y ||q.Prìtash 6.25 'Estw X tuqa�a metablht  se èna q¸ro pijanìthta
 (Ω,F ,P), kai me timè
 sto

[−∞,∞]. Tìte, gia 1 ≤ r < s, isqÔei ìti
||X||r ≤ ||X||s.Apìdeixh E�nai sunèpeia th
 anisìthta
 Hölder ìpou thn jèsh th
 X èqei h |X|r, thn jèsh th
 Y èqeih stajer  sun�rthsh 1 kai p = s/r, q = s/(s − r). Tìte,

E |X|r = E(|X|r1) ≤ E(|X|s)r/s(E(1q))1/q = E(|X|s)r/s,kai ètsi prokÔptei to zhtoÔmeno. �Parat rhsh 6.26 H Prìtash 6.25 ma
 lèei ìti an 1 ≤ r < s tìte, Ls(P) ⊂ Lr(P). O egkleismì
autì
 ìmw
 èpetai kai pio eÔkola parathr¸nta
 ìti |X|r ≤ |X|s + 1 (to 1 kalÔptei thn per�ptwsh pou
|X(ω)| < 1).'Otan e�nai safè
 poiì e�nai to mètro P, tìte gr�foume Lp ant� Lp(P).Orismì
 6.27 'Estw (Ω,F ,P) q¸ro
 pijanìthta
, kai X,Y : Ω → R tuqa�e
 metablhtè
 ¸ste
E |X|,E |Y | < ∞ kai h E(XY ) or�zetai (sto [−∞,∞]). SundiakÔmansh twn X,Y onom�zoume thn posì-thta

Cov(X,Y ) = E{(X −EX)(Y −EY )}h opo�a e�nai stoiqe�o tou [−∞,∞].Prìtash 6.28 'Estw X,Y ∈ L2. Tìte
|Cov(X,Y )| ≤

√
Var(X)

√
Var(Y ).Apìdeixh H anisìthta Caychy-Schwarz d�nei

|Cov(X,Y )| = |E{(X −EX)(Y −EY )}| ≤
√
E{(X −EX)2}

√
E{(Y −EY )2} =

√
Var(X)

√
Var(Y )

�6.6 Ta basik� oriak� jewr mataAn èqoume mia akolouj�a (fn)n∈N metr simwn sunart sewn me timè
 sto [−∞,∞], pollè
 forè
 ma
endiafèrei o upologismì
 tou or�ou limn→∞
∫
fn dµ. Kai mpa�noume ston peirasmì na mantèyoume ìti

lim
n→∞

∫
fn dµ =

∫
lim
n→∞

fn dµ, (6.3)dhlad  to ìrio mpa�nei mèsa sto olokl rwma. Autì ìmw
 den g�netai p�ntote. To prìblhma autì e�naito antike�meno twn basik¸n jewrhm�twn sÔgklish
 gia to olokl rwma Lebesque. Ta diatup¸noume, all�parale�poume ti
 apode�xei
 tou
.



6.6 Τα βασικά οριακά θεωρήματα 35Je¸rhma 6.29 (Je¸rhma monìtonh
 sÔgklish
) 'Estw (X,A, µ) q¸ro
 mètrou, kai (fn)n∈N me fn :

X → [0,+∞] gia k�je n ∈ N aÔxousa akolouj�a metr simwn sunart sewn. Jètoume f = lim
n→∞

fn. Tìte
lim
n→∞

∫
fn dµ =

∫
f dµ.To ìrio limn→∞ fn up�rqei giat� h (fn)n∈N e�nai aÔxousa. Kai ìmoia, to ìrio sto aristerì mèlo
 th
teleuta�a
 isìthta
 up�rqei giat� h akolouj�a twn oloklhrwm�twn e�nai aÔxousa.Je¸rhma 6.30 (L mma Fatou) 'Estw (X,A, µ) q¸ro
 mètrou, kai fn : X → [0,∞] metr simhsun�rthsh gia k�je n ∈ N. Tìte

∫
lim
n→∞

fn dµ ≤ lim
n→∞

∫
fn dµ.Je¸rhma 6.31 (Je¸rhma kuriarqhmènh
 sÔgklish
) 'Estw (X,A, µ) q¸ro
 mètrou, kai fn : X → Rmetr simh gia k�je n ∈ N ètsi ¸ste lim

n→∞
fn = f sqedìn pantoÔ, kai |fn| ≤ g, ìpou g : X → [0,∞] me

∫
g dµ < ∞. Tìte ∫ |f |dµ < ∞ kai

lim
n→∞

∫
fn dµ =

∫
f dµ. (6.4)'Otan |fn| ≤ g gia k�je n ∈ N lème ìti h akolouj�a (fn)n∈N kuriarqe�tai apì th sun�rthsh g. Hkr�simh sunj kh tou Jewr mato
 kuriarqhmènh
 sÔgklish
 e�nai ìti h akolouj�a (fn)n∈N kuriarqe�tai apìoloklhr¸simh sun�rthsh.Se èna q¸ro peperasmènou mètrou, oi stajerè
 sunart sei
 e�nai oloklhr¸sime
. Giat� m�a g = M(ìpou M ∈ R stajer�) èqei olokl rwma Mµ(X), to opo�o e�nai pragmatikì
 arijmì
. 'Etsi to Je¸rhmakuriarqhmènh
 sÔgklish
 èqei thn ex 
 qr simh sunèpeia.Je¸rhma 6.32 (Je¸rhma fragmènh
 sÔgklish
) 'Estw (X,A, µ) q¸ro
 peperasmènou mètrou kai

fn : X → R metr simh gia k�je n ∈ N, me lim
n→∞

fn = f kai |fn| ≤ M , ìpou M < ∞ stajer�. Tìte
∫
|f |dµ < ∞ kai

lim
n→∞

∫
fn dµ =

∫
f dµ.Antipar�deigma (Apotuq�a isqÔo
 th
 (6.3)): JewroÔme ton q¸ro pijanìthta
 (R,B(R),P), ìpou tomètro P èqei puknìthta f(x) = 1(0,1)(x) gia k�je x ∈ R. Jètoume

Xn(x) = n1(0,1/n)(x), gia k�je x ∈ R.H Xn e�nai apl  tuqa�a metablht , kai lim
n→∞

Xn = 0. 'Eqoume ìti
E( lim

n→∞
Xn) = E(0) = 0,kai

E(Xn) = nP
(
(0, 1/n)

)
= n

1

n
= 1.'Ara E( lim

n→∞
Xn) < lim

n→∞
E(Xn). Dhlad  èqoume gn sia anisìthta sto L mma Fatou, kai to Je¸rhmakuriarqhmènh
 sÔgklish
 den efarmìzetai. Autì den ma
 k�nei entÔpwsh giat� h akolouj�a Xn den kuriar-qe�tai apì k�poia oloklhr¸simh sun�rthsh.



36 ΟλοκλήρωσηDedomènou ìti m�a seir� e�nai to ìrio twn merik¸n ajroism�twn th
 kai ìti to olokl rwma e�nai grammikì,ta parap�nw jewr mata d�noun to ex 
 pìrisma.Pìrisma 6.33 'Estw (X,A, µ) q¸ro
 mètrou, kai (fn)n≥1, fn : X → [−∞,∞], akolouj�a metr simwnsunart sewn.(i). (Je¸rhma Beppo-Levi) An fn mh arnhtik  gia k�je n ∈ N, tìte
∫ ( ∞∑

n=1

fn

)
dµ =

∞∑

n=1

∫
fn dµ. (6.5)(ii). An oi fn pa�rnoun timè
 sto [−∞,∞] kai ∞∑

n=1

∫
|fn|dµ < ∞, tìte h seir� ∞∑

n=1

fn sugkl�nei sqedìnpantoÔ se m�a metr simh sun�rthsh me timè
 sto R, isqÔei h (6.5), kai ta dÔo mèlh th
 e�nai pragmatiko�arijmo�.Apìdeixh (i) Jètoume gn =
∑n

k=1 fk, gia k�je n ≥ 1. Tìte h (gn)n≥1 e�nai aÔxousa akolouj�a mharnhtik¸n sunart sewn, kai an g =
∑∞

k=1 fk, isqÔei ìti limn→∞ gn = g. Ep�sh
, ∫ gn dµ =
∑n

k=1

∫
fk dµlìgw grammikìthta
. To zhtoÔmeno prokÔptei apì to Je¸rhma motìtonh
 sÔgklish
 (Je¸rhma 6.29).(ii) Efarmìzoume to (i) gia thn akolouj�a (|fn|)n≥1. Tìte

∫ ( ∞∑

n=1

|fn|
)
dµ =

∞∑

n=1

∫
|fn|dµ. (6.6)'Omw


∣∣∣
n∑

k=1

fk

∣∣∣ ≤
∞∑

k=1

|fk|gia k�je n ≥ 1, kai apì upìjesh, h g =
∑∞

k=1 |fk| èqei peperasmèno olokl rwma. Sunep¸
, efarmìzonta
to Je¸rhma kuriarqhmènh
 sÔgklish
 (Je¸rhma 6.31), èqoume ìti
∫ ( ∞∑

n=1

fn
)
dµ =

∞∑

n=1

∫
fn dµ,kai apì thn (6.6) kai thn Prìtash 6.14(iii), isqÔei ìti h∑∞

n=1 fn pa�rnei pragmatikè
 timè
 sqedìn pantoÔ.
�Parat rhsh 6.34 Oi seirè
 ∑∞

n=1 fn,
∑∞

n=1

∫
fn dµ sto (i) kai h ∑∞

n=1 |fn| sto (ii) sugkl�noun, meendeqìmenh tim  to ∞, giat� e�nai seirè
 mh arnhtik¸n ìrwn.Par�deigma 6.35 (Orismì
 mètrou mèsw puknìthta
) 'Estw X ≥ 0 tuqa�a metablht  se èna q¸ropijanìthta
 (Ω,F ,P). Tìte h sun�rthsh Q : F → [0,∞] me
Q(A) := E(X;A) =

∫

A

X dPgia k�je A ∈ F e�nai mètro. Epiplèon, gia A ∈ F , isqÔei ìti an P(A) = 0, tìte Q(A) = 0.Pr�gmati, h Q e�nai mh arnhtik  kai Q(∅) = E(X1∅) = E(0) = 0. 'Epeita, gia (An)n≥1 akolouj�a xènwnana dÔo stoiqe�wn th
 F , èqoume 1∪∞
n=1An

=
∑∞

n=1 1An
. Sunep¸


Q(∪∞
n=1An) = E

(
X

∞∑

n=1

1An

)
=

∞∑

n=1

E(X1An
) =

∞∑

n=1

Q(An).



6.7 Κατανομή τυχαίας μεταβλητής 37Sth deÔterh isìthta qrhsimopoioÔme to Je¸rhma Beppo-Levi (Pìrisma 6.33 (i)). Tèlo
, an P(A) = 0,tìte P(X1A = 0) = 1, kai apì thn Prìtash 6.16 (ii) èqoume ìti Q(A) = E(X1A) = 0.Parat rhsh 6.36 H tuqa�a metablht  X sto Par�deigma 6.35 lègetai puknìthta tou Q w
 pro
 tomètro P. An epiplèon E(X) = 1, to Q e�nai mètro pijanìthta
 ston (Ω,F), kai h X lègetai par�gwgo

Radon-Nikodym tou Q w
 pro
 P.6.7 Katanom  tuqa�a
 metablht 
Orismì
 6.37 'Estw (Ω,F ,P) q¸ro
 pijanìthta
, (E, E) metr simo
 q¸ro
, kai X : Ω → E tuqa�ametablht . To mètro pijanìthta
 P

X : E → [0, 1] ston E me
P

X(B) = P
(
X−1(B)

)
= P(X ∈ B)gia k�je B ∈ E lègetai katanom  th
 X.EÔkola elègqei kane�
 ìti to P

X èinai mètro pijanìthta
 ston (E, E). To P
X lègetai kai eikìna tou Pmèsw th
 X.Parat rhsh 6.38 An X : (Ω,F) → R tuqa�a metablht , h katanom  P
X th
 X e�nai mètro pija-nìthta
 ston (R,B(R)). H sun�rthsh katanom 
 F : R → [0, 1] tou P

X , h opo�a upenjum�zoume èqeitimè

F(t) = P

X
(
(−∞, t]

)
= P(X ≤ t)gia k�je t ∈ R, lègetai sun�rthsh katanom 
 th
 X. An epiplèon to P

X prokÔptei apì puknìthta, èstw
f : R → [0,∞], tìte h f lègetai puknìthta th
 X.Prìtash 6.39 'Estw (Ω,F ,P) q¸ro
 pijanìhta
, (E, E) metr simo
 q¸ro
, kai X : Ω → E tuqa�ametablht  me katanom  P

X . Gia k�je h : E → [0,∞] metr simh sun�rthsh isqÔei
EP{h(X)} = EPX (h)

(
=

∫
hdPX

)
. (6.7)Ep�sh
, an h : E → [−∞,∞] metr simh,   kai ta dÔo mèlh th
 (6.7) or�zontai kai e�nai �sa   kai ta dÔoden or�zontai.To aristerì mèlo
 th
 (6.7) e�nai h mèsh tim  th
 h ◦X sto Ω w
 pro
 to mètro P kai to dex� mèlo
th
 (6.7) e�nai h mèsh tim  th
 h sto E w
 pro
 to mètro P

X .Apìdeixh Bhma 1. An h = 1A me A ∈ E , tìte h(X(ω)) = 1{ω:X(ω)∈A}. Dhlad ,
h(X) = 1X−1(A)me X−1(A) ∈ F . 'Eqoume loipìn

EP(1A(X)) = P(X−1(A)) = P
X(A) = EPX (1A),�ra h (6.7) isqÔei.Bhma 2. An h h e�nai mh arnhtik  apl , tìte h =

∑n
i=1 ai1Ai

, me ai ∈ [0,∞] kai Ai ∈ E , gia k�je
i ∈ {1, 2, . . . , n}. Tìte
EP(h(X)) = EP

( n∑

i=1

ai1Ai
(X)

)
=

n∑

i=1

ai EP(1Ai
(X)) =

n∑

i=1

aiEPX (1Ai
) = EP

( n∑

i=1

ai1Ai

)
= EPX (h).



38 ΟλοκλήρωσηBhma 3. An h ≥ 0 metr simh, tìte, apo thn Prìtash 5.12, up�rqei aÔxousa akolouj�a (hn)n∈N apl¸nsunart sewn me lim
n→∞

hn(x) = h(x) gia k�je x ∈ E . Tìte lim
n→∞

hn(X(ω)) = h(X(ω)) gia k�je ω ∈ Ω, kaiapì to prohgoÔmeno b ma
E(hn(X)) = EPX (hn) gia k�je n ∈ N.Gia n → ∞, apì to Je¸rhma monìtonh
 sÔgklish
 (Je¸rhma 6.29), èqoume

EP(h(X)) = lim
n→∞

EP(hn(X)) = lim
n→∞

EPX (hn) = EPX (h).Bhma 4. An h metr simh sun�rthsh me timè
 sto [−∞,∞], tìte thn gr�foume w
 h = h+ − h−. Apì toprohgoÔmeno b ma,
EP(h

+(X)) =EPX (h+), (6.8)
EP(h

−(X)) =EPX (h−). (6.9)To aristerì mèlo
 th
 (6.7) den or�zetai an kai mìno an to aristerì mèlo
 twn (6.8), (6.9) isoÔtai me ∞,en¸ to dex� mèlo
 th
 (6.7) den or�zetai an kai mìno an to dex� mèlo
 twn (6.8), (6.9) isoÔtai me ∞. 'Ara  kai ta dÔo mèlh th
 (6.7) or�zontai   kai ta dÔo den or�zontai.T¸ra, sthn per�ptwsh pou kai ta dÔo mèlh th
 (6.7) or�zontai, oi (6.8), (6.9) d�noun
EP(h(X)) = EP(h

+(X))−EP(h
−(X)) = EPX (h+)−EPX (h−) = EPX (h).

�6.8 Katanomè
 sto R me puknìthtaH Prìtash 6.39 ma
 endiafèrei kur�w
 sthn per�ptwsh ìpou E = R kai h katanom  th
 X prokÔptei apìpuknìthta. O epìmeno
 orismì
 genikeÔei thn ènnoia th
 puknìthta
 ìpw
 aut  dìjhke sto Par�deigma4.18. Plèon h puknìthta den e�nai apara�thto na e�nai Riemann oloklhr¸simh.Orismì
 6.40 'Estw P mètro pijanìthta
 ston (R,B(R)), λ to mètro Lebesgue (Par�deigma 2.4) kai
f : Ω → [0,∞] Borel metr simh sun�rthsh. H f lègetai puknìthta tou P an

P(A) =

∫

A

f(x) dλ(x) gia k�je A ∈ B(R). (6.10)H puknìthta enì
 mètrou (an autì èqei) den e�nai monadik . Dhlad , an èna mètro P èqei puknìthta f ,tìte all�zonta
 thn f se èna sÔnolo Borel pou èqei mètro Lebesgue mhden, pa�rnoume m�a nèa sun�rthsh
f̃ , h opo�a e�nai kai aut  puknìthta tou P. Autì èpetai apì ton orismì th
 puknìthta
 kai to Je¸rhma6.14(i). 'Omw
 isqÔei to ex 
.Prìtash 6.41 An dÔo Borel metr sime
 sunart sei
 f1, f2 e�nai puknìthte
 gia èna mètro pijanìthta

P sto R, tìte λ({f1 6= f2}) = 0.Apìdeixh 'Estw to Borel sÔnolo A := {f1 − f2 > 0}. H P(A) =

∫
A
f1dλ =

∫
A
f2dλ d�nei

0 =

∫

A

(f1 − f2) dλ =

∫
(f1 − f2)1A dλIsqÔei (f1− f2)1A ≥ 0, kai ètsi h Prìtash 6.14(ii) d�nei ìti λ((f1− f2)1A 6= 0) = 0. 'Omw
 {(f1− f2)1A 6=

0} = A. Epomènw
 λ({f1 > f2}) = 0. All�zonta
 tou
 rìlou
 twn f1, f2 pa�rnoume λ({f1 < f2}) = 0, kaiètsi to zhtoÔmeno. �



6.8 Κατανομές στο R με πυκνότητα 39Sundu�zonta
 aut  thn prìtash me to Je¸rhma 6.14(i), sumpera�noume ìti gia upologismoÔ
 oloklhrw-m�twn w
 pro
 to mètro λ pou emplèkoun mia puknìthta tou P, opoiad pote �llh puknìthta tou P d�neito �dio apotèlesma, kai epomènw
 jewroÔme thn puknìthta ousiastik� monadik .H sqèsh (6.10), gia A = R, d�nei ìti ∫
R
f dλ = 1. T¸ra, an èqoume m�a f : [0, 1] → [0,∞] pou e�nai

Borel-metr simh me ∫
R
f dλ = 1 tìte e�nai eukolo na doÔme ìti h (6.10) or�zei èna mètro pijanìthta
 sto

R. 'Ara puknìthte
 katanom¸n sto R e�nai akrib¸
 oi mh arnhtikè
 Borel-metr sime
 sunart sei
 sto Rme olokl rwma 1 w
 pro
 to mètro Lebesgue.Orismì
 6.42 'Estw (Ω,F ,P) q¸ro
 pijanìthta
, X : Ω → R tuqa�a metablht  kai f : R → [0,∞]

Borel metr simh sun�rthsh. Lème ìti h f e�nai m�a puknìthta th
 tuqa�a
 metablht 
 X an e�nai puknìthtath
 katanom 
 P
X th
 X.Epistrèfoume sthn eidik  per�ptwsh th
 Prìtash
 6.39 ìpou E = R.Prìtash 6.43 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai X : Ω → R tuqa�a metablht  me puknìthta

f : R → [0,∞]. An h h : R → [−∞,∞] e�nai metr simh, tìte
EP(h(X)) = EPX (h) =

∫
h(x)f(x) dx (6.11)an h ≥ 0   E(|h(X)|) < ∞.Autì pou katorj¸nei aut  h prìtash e�nai na an�gei ton upologismì mia
 mèsh
 tim 
 sto q¸ro (Ω,F ,P)arqik� se upologismì sto q¸ro (R,B(R),PX), kai telik� se èna sunhjismèno olokl rwma m�a
 metablh-t 
. H teleuta�a èkfrash sthn (6.11) e�nai o trìpo
 me ton opo�o upolog�zame thn mèsh tim  E{h(X)}gia suneqe�
 tuqa�e
 metablhtè
 sti
 stoiqei¸dei
 pijanìthte
.Apìdeixh Arke� na de�xoume th deÔterh isìthta efìson h pr¸th èqei apodeiqje� sthn Prìtash 6.39. Jaakolouj soume thn �dia mèjodo me thn apìdeixh eke�nh
 th
 prìtash
.An h = 1A me A ∈ B(R), tìte

∫
hdPX =

∫ 1A dPX = P
X(A) = P(X ∈ A) =

∫

A

f(x) dx =

∫ 1A(x)f(x) dx =

∫
h(x)f(x) dx.H tr�th isìthta e�nai o orismì
 th
 katanom 
 P

X . H tètarth e�nai o orismì
 th
 puknìthta
.An h ≥ 0 apl  metr simh, tìte lìgw grammikìthta
, apì ta prohgoÔmena prokÔptei to zhtoÔmeno.An h ≥ 0 metr simh, tìte apì thn Prìtash 5.12 up�rqei aÔxousa akolouj�a (hn)n∈N mh arnhtik¸n,apl¸n, metr simwn sunart sewn me lim
n→∞

hn = h. 'Ara, se sundiasmì me to Je¸rhma monìtonh
 sÔgklish
(Je¸rhma 6.29), èqoume
∫

hdPX = lim
n→∞

∫
hn dP

X = lim
n→∞

∫
hn(x)f(x) dx =

∫
h(x)f(x) dx.Tèlo
, an h metr simh, apì ta prohgoÔmena èqoume

∫
h+ dPX =

∫
h+(x)f(x) dx,

∫
h− dPX =

∫
h−(x)f(x) dx,



40 Ολοκλήρωσηkai epomènw
, afoÔ h = h+ − h−, èqoume
∫

hdPX =

∫
h+ dPX −

∫
h− dPX =

∫
h+(x)f(x) dx−

∫
h−(x)f(x) dx =

∫
h(x)f(x) dx.'Ola ta oloklhr¸mata sthn teleuta�a sqèsh e�nai peperasmèna afoÔ E(|h(X)|) < ∞. �Par�deigma 6.44 'Estw X : R → R tuqa�a metablht  me puknìthta f(x) = 1

π(1+x2)
, gia k�je x ∈ R.H E(X) den or�zetai. Pr�gmati, apì thn Prìtash 6.43, gia th sun�rthsh h : R → R me h(a) = a+ giak�je a ∈ R, èqoume

E(X+) = E(h(X)) =

∫
h(x)f(x) dx =

∫
x+f(x) dx

=

∫ ∞

0

x
1

π(1 + x2)
dx ≥ 1

π

∫ ∞

1

x

1 + x2
dx

≥ 1

π

∫ ∞

1

1

2x
dx =

1

2π

∫ ∞

1

1

x

= ∞.'Omoia, E(X−) = ∞. Ask sei
6.1 'Estw X tuqa�a metablht  me katanom  thn kanonik  N(0, 1). Gia k�je x > 0 na deiqje� ìti
x

x2 + 1

1√
2π

e−x2/2 ≤ P(X > x) ≤ 1

x

1√
2π

e−x2/2. (6.12)Dhlad , gia meg�lo x, èqoume P(X > x) ∼ cx−1e−x2/2 me c = 1/
√
2π.6.2 'Estw (qk)k≥1 mi� ar�jmhsh twn rht¸n tou (0, 1). Or�zoume f : R → [0,∞] w


f(x) =

∞∑

n=1

1

n2

1√
|x− qn|

.gia k�je x ∈ R. Na de�xete ìti to mètro Lebesgue twn shme�wn tou (0, 1) sta opo�a h f apeir�zetai e�nai 0, dhlad  ìtih f e�nai sqedìn pantoÔ peperasmènh.6.3 (H arq  egkleismoÔ-apokleismoÔ gia pijanìthte
) 'Estw A1, A2, . . . , An ∈ F . Tìte,
P(∪n

i=1Ai) =

n∑

k=1

(−1)k−1
∑

1≤i1<i2<···<ik≤n

P(Ai1 ∩ Ai2 ∩ · · · ∩ Aik).6.4* An n ≥ 1 kai ta A1, A2, . . . , An ∈ F ikanopoioÔn P(A1) + · · · + P(An) > k − 1, gia k�poio jetikì akèraio k, tìteup�rqoun 1 ≤ i1 < . . . < ik ≤ n me P(Ai1 ∩ · · · ∩Aik) > 0.6.5 'Estw X tuqa�a metablht  me timè
 sto N ∪ {∞}. Na de�xete ìti,
E(X) =

∑

k≥1

P(X ≥ k).6.6 'Estw X tuqa�a metablht  me timè
 sto [0,∞]. Na de�xete ìti
∞∑

k=1

P(X ≥ k) ≤ EX ≤ 1 +

∞∑

k=1

P(X ≥ k).



Ασκήσεις 416.7 'Estw X tuqa�a metablht  me timè
 sto [0,∞), kai g : [0,∞) → [0,∞) paragwg�simh me suneq  par�gwgo. Na deiqje�ìti
E(g(X)) = g(0) +

∫ ∞

0

g′(t)P(X > t) dt.Eidikìtera, gia p > 0,
E(Xp) = p

∫ ∞

0

tp−1
P(X > t) dt.6.8* 'Estw X tuqa�a metablht  me timè
 sto [0,∞), kai E(X) < ∞. 'Estw kai c > 1. Na de�xete ìti

∞∑

k=1

ck P(X ≥ ck) < ∞.6.9 'Estw X m  arnhtik  tuqa�a metablht  me 0 < EX < ∞ kai a ∈ (0, 1). Tìte(a)
P(X ≤ a EX) ≤ Var(X)

(1− a)2(EX)2
.*(b) (Anisìthta Paley-Zygmund)

P(X > a EX) ≥ (1− a)2
(EX)2

E(X2)
.6.10 'Estw X tuqa�a metablht , kai èstw ìti gia k�poio a > 0 isqÔei E(eaX) < ∞. Na deiqje� ìti up�rqei C > 0 stajer�¸ste gia k�je t ∈ R na isqÔei P(X > t) ≤ Ce−at. Dhlad  h “our�” th
 X pro
 ta dexi� fj�nei gr gora, toul�qistonme taqÔthta e−at.6.11* 'Estw X tuqa�a metablht  me timè
 sto R ¸ste E(X2) = ∞. Na deiqje� ìti

lim
M→∞

{E(X1|X|≤M )}2

E(X21|X|≤M )
= 0.6.12 'Estw X,Y tuqa�e
 metablhtè
 me timè
 sto (0,∞) ¸ste XY ≥ 1 pantoÔ. Na deiqje� ìti

E(X)E(Y ) ≥ 1.Eidikìtera
E

(
1

X

)
≥ 1

E(X)
.6.13 (H anisìthta Jensen) 'Estw X tuqa�a metablht  me timè
 se èna di�sthma I ⊂ R, kai φ : I → R kurt  sun�rthsh.An oi EX,E(φ(X)) or�zontai kai e�nai pragmatiko� arijmo�, tìte

φ(EX) ≤ E(φ(X)).[Upìdeixh: 'Estw a := EX. Up�rqei λ ∈ R ¸ste φ(x) ≥ φ(a) + λ(x − a) gia k�je x ∈ I (apeirostikì
 logismì
).Jètoume ìpou x thn t. m. X.℄6.14 'Estw X tuqa�a metablht  me timè
 sto [0,∞). Tìte
(EX)p




≤ E(Xp) an p ≥ 1,

≥ E(Xp) an 0 ≤ p < 1.An oi EX,E(logX) or�zontai kai e�nai pragmatiko� arijmo�, tìte
logEX ≥ E(logX).6.15 'Estw X tuqa�a metablht  me timè
 sto R. Na de�xete ìti lim

n→∞
P(|X| > n) = 0.



42 Ολοκλήρωση6.16 'Estw X ∈ L1(P) kai En := {|X| ≥ n}. Na de�xete ìti nP(En) → 0.6.17 'Estw X tuqa�a metablht  me timè
 sto [0,∞]. Na de�xete ìti(a)
lim

ε→0+

1

ε
E(X;X < ε) = 0,(b)

lim
M→∞

1

M
E(X;X < M) = 0.6.18 'Estw (Ω,F ,P) q¸ro
 pijanìthta
, kai X, Q ìpw
 sto Par�deigma 6.35. An Y : Ω → R tuqa�a metablht , na de�xeteìti

EQ(Y ) = EP(Y X)gia Y ≥ 0 kai gia Y me EP(|Y |X) < ∞.



7E�dh sÔgklish
 tuqa�wn metablht¸n
'Estw (Xn)n∈N akolouj�a tuqa�wn metablht¸n se q¸ro pijanìthta
 (Ω,F ,P), me timè
 sto [−∞,∞]. Apìthn apeirostikì logismì   thn pragmatik  an�lush, gnwr�zoume dÔo basik� e�dh sÔgklish
 th
 akolouj�a

(Xn)n∈N, thn kat� shme�o kai thn omoiìmorfh. Gia akolouj�e
 tuqa�wn metablht¸n, ja or�soume k�poie
nèe
, fusiologikè
 ènnoie
 sÔgklish
 w
 pro
 ti
 opo�e
 mia akolouj�a e�nai eukolìtero na sugkl�nei, kaioi opo�e
 e�nai qr sime
 sti
 efarmogè
 twn pijanot twn sthn Statistik  kai alloÔ.Orismì
 7.1 'Estw (Xn)n∈R akolouj�a tuqa�wn metablht¸n ìpw
 pio p�nw.(i). Lème ìti h (Xn)n∈N sugkl�nei se m�a tuqa�a metablht  X me pijanìthta 1   sqedìn bèbaia, kai gr�foume

Xn
σ.β→ X, an

P
(
lim
n→∞

Xn = X
)
= 1,dhlad 

P
(
{ω : lim

n→∞
Xn(ω) = X(ω)}

)
= 1.(ii). Gia p > 0 kai Xn,X ∈ Lp, gia k�je n ∈ N, lème ìti h (Xn)n∈N sugkl�nei sthn X ston Lp, kai gr�foume

Xn
Lp

→ X, an
lim
n→∞

E(|Xn −X|P ) = 0.(iii). Lème ìti h (Xn)n∈N sugkl�nei sthn X kat� pijanìthta, kai gr�foume Xn
P→ X, an

lim
n→∞

P(|Xn −X| > ǫ) = 0gia k�je ǫ > 0.An Xn → X kat� shme�o, tìte eÔkola blèpoume ìti Xn
σ.β.→ X. Sto epìmeno je¸rhma, blèpoume ep�sh
ìti h sqedìn bèbaia sÔgklish kai h sÔgklish kat� Lp e�nai isqurìtere
 th
 sÔgklish
 kat� pijanìthta.Je¸rhma 7.2 'Estw X, (Xn)n∈N tuqa�e
 metablhtè
 kai p ≥ 1.(i). An Xn

Lp

→ X, tìte Xn
P→ X.(ii). An Xn

σ.β.→ X, tìte Xn
P→ X.Apìdeixh 'Estw ǫ > 0.

(i). Gia k�je n ∈ N, qrhsimopoi¸nta
 thn anisìthta tou Markov, èqoume
P(|Xn −X| > ǫ) = P(|Xn −X|p > ǫp)|) ≤ 1

ǫp
E(|Xn −X|p).

43



44 Είδη σύγκλισης τυχαίων μεταβλητώνGia n → ∞ prokÔptei to zhtoÔmeno.
(ii). Gia k�je n ∈ N,

P(|Xn −X| > ǫ) = E(1|Xn−X|>ǫ) = E(gn),ìpou gn = 1|Xn−X|>ǫ. H Xn
σ.β.→ X d�nei gn σ.β→ 0. Ep�sh
 |gn| ≤ 1, �ra apì to Je¸rhma Fragmènh
SÔgklish
,

lim
n→∞

E(gn) = E( lim
n→∞

gn) = 0.

�Par�deigma 7.3 (i). 'Estw Ω = [0, 1], F = B([0, 1]) kai P = λ|[0,1], ìpou λ to mètro Lebesgue ston
(R,B(R)). JewroÔme thn tuqa�a metablht  X = 0, kai gia n ∈ N, thn tuqa�a metablht 

Xn(ω) =

{
n an ω ∈ (0, 1

n
),

0 an ω ∈ [0, 1]\(0, 1
n
).Tìte Xn(ω) → X(ω) gia k�je ω ∈ Ω, �ra Xn

σ.β→ X. Epiplèon, Xn
P→ X. 'Omw
 Xn

Lp

9 X. Pr�gmati,
E(|Xn −X|) = E(|Xn|) = nP(Xn = n) + 0P(Xn = 0) = n

1

n
= 1.(ii). 'Estw (Ω,F ,P) ìpw
 prin. Gia k�je k ∈ N qwr�zoume to [0, 1] se 2k diadoqik� kleist� diast mata�diou m kou
, Jk

1 , J
k
1 , . . . , J

k
2k . ArijmoÔme ta {Jk

r : k ≥ 1, 1 ≤ r ≤ 2k} se m�a akolouj�a (In)n∈N ¸ste to
Jµ
r1

emfan�zetai nwr�tera apì to Jν
r2

an µ < ν   an µ = ν kai r1 < r2. JewroÔme thn tuqa�a metablht 
Xn = 1In , gia k�je n ∈ N. Tìte, gia p ≥ 1,

E(|Xn − 0|p) = E(|Xn|p) = P(In) → 0 gia n → ∞.'Ara Xn
Lp

→ 0. Sunep¸
, Xn
P→ 0. 'Omw
, h Xn den sugkl�nei se k�poia tuqa�a metablht  sqedìn bèbaia.Pr�gmati,

limXn(ω) = 0 < 1 = limXn(ω)gia k�je ω ∈ Ω. 'Ara P( lim
n→∞

Xn up�rqei) = 0.Je¸rhma 7.4 'Estw (Xn)n∈N+ akolouj�a tuqa�wn metablht¸n kai X tuqa�a metablht  ètsi ¸ste
Xn

P→ X. Tìte up�rqei upakolouj�a (Xkn
)n∈N+ ètsi ¸ste Xkn

σ.β.→ X.Apìdeixh Epilègoume anadromik� gnhs�w
 aÔxousa akolouj�a fusik¸n, (kn)n∈N, ètsi ¸ste
P

(
|Xkn

−X| > 1

n

)
<

1

2ngia k�je n ∈ N+. Autì e�nai dunatìn giat� Xn
P→ X. JewroÔme to sÔnolo An = {|Xkn

− X| > 1/n},
n ∈ N+. Tìte

∞∑

n=1

P(An) ≤
∞∑

n=1

1

2n
< ∞.Apì to 1ō̄ L mma Borel-Cantelli, P(lim sup

n∈N

An) = 0.Tìte to sÔnolo Ω\ lim supn∈N An èqei pijanìthta 1, kai gia ω ∈ Ω\ lim sup
n∈N

An up�rqei n(ω) ∈ N ètsi



Είδη σύγκλισης τυχαίων μεταβλητών 45¸ste gia k�je n ≥ n(ω) na isqÔei ω /∈ An, dhlad  |Xkn
(ω) − X(ω)| ≤ 1/k, sunep¸
 Xkn

(ω) → X(ω).'Ara Xkn

σ.β.→ X. �Je¸rhma 7.5 'Estw p ≥ 1 kai (Xn)n∈N, X ìpw
 sto Je¸rhma 7.4 me thn epiplèon upìjesh ìti up�rqei
Y ∈ Lp ¸ste |Xn| ≤ Y gia k�je n ∈ N. Tìte X ∈ Lp kai Xn

Lp

→ X.Apìdeixh Apì to Je¸rhma 7.4 up�rqei upakolouj�a (Xkn
)n∈N tètoia ¸ste Xkn

σ.β.→ X. Sunep¸
,
E(|X|p) = E( lim

n→∞
|Xkn

|p) ≤ lim
n→∞

E(|Xkn
|p) ≤ E(|Y |p),sÔmfwna me to L mma Fatou. 'Ara X ∈ Lp.'Estw ìti Xn

Lp

9 X. Tìte up�rqei ǫ > 0 kai upakolouj�a (Xλn
)n∈N ètsi ¸ste,

E(|Xλn
−X|p) ≥ ǫ, ∀n ∈ N. (7.1)Efìson Xλn

P→ X, apì to Je¸rhma 7.4, up�rqei upakolouj�a (Xλnk
)k∈N th
 (Xλn

)n∈N ètsi ¸ste Xλnk

σ.β.→
X. Beba�w
 |X| ≤ Y . Gia k�je k ∈ N, èstw Zk = |Xλnk

− X|p. H akolouj�a (Zk)k≥1 sugkl�nei sto 0sqedìn beba�w
, kai epeid  1

|Zk| ≤ 2p(|Xλnk
|p + |X|p) ≤ 2p · 2 · Y p,kuriarqe�tai apì thn 2p+1Y p pou èqei peperasmènh mèsh tim  afoÔ Y ∈ Lp. Apì to Je¸rhma Kuriarqhmènh
SÔgklish
,

lim
n→∞

E(Zn) = E( lim
n→∞

Zn) = 0,to opo�o sugkroÔetai me thn (7.1). Sunep¸
, Xn
Lp

→ X. �Je¸rhma 7.6 'Estw f : R → R suneq 
 sun�rthsh, kai (Xn)n∈N, X tuqa�e
 metablhtè
.(i). An Xn
σ.β.→ X, tìte f(Xn)

σ.β→ f(X).(ii). An Xn
P→ X, tìte f(Xn)

P→ f(X).Apìdeixh (i) 'Estw A = {ω : Xn(ω) → X(ω)}. Tìte P(A) = 1, kai gia ω ∈ A isqÔei ìti f(Xn(ω)) →
f(X(ω)) efìson h f e�nai suneq 
. 'Ara, an B = {ω : f(Xn(ω)) → f(X(ω))} èqoume ìti A ⊂ B, sunep¸

P(B) = 1, apì to opo�o prokÔptei to zhtoÔmeno.

(ii) 'Estw ìti f(Xn)
P
9 f(X). Tìte up�rqoun ǫ > 0, δ > 0, kai gn sia aÔxousa akolouj�a (kn)n∈N ètsi¸ste P(|f(Xkn

) − f(X)| > ǫ) ≥ δ, gia k�je n ∈ N. MporoÔme na upojèsoume ìti P(|f(Xn) − f(X)| >
ǫ) ≥ δ, gia k�je n ∈ N, diaforetik� douleÔoume ìmoia me thn akolouj�a tuqa�wn metablht¸n (Yn)n∈N,ìpou Yn = Xkn

.EfìsonXn
P→ X, apì to Je¸rhma 7.4 up�rqei upakolouj�a (Xλn

)n∈N th
 (Xn)n∈N ètsi ¸steXλn

σ.β.→ X.Apì to (i), f(Xλn
)

σ.β.→ f(X), �ra f(Xλn
)

P→ f(X) to opo�o e�nai �topo efìson P(|f(Xλn
) − f(X)| >

ǫ) ≥ δ, gia k�je n ∈ N. Sunep¸
, f(Xn)
P→ f(X). �

1 QrhsimopoioÔme to ìti |a+ b|p ≤ {2max(|a|, |b|)}p ≤ 2p(|a|p + |b|p).
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7.1 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n. Gia ε > 0 kai n ≥ 1 jètoume Aε
n := {|Xn| ≥ ε}. Na de�xete ìti taex 
 e�nai isodÔnama:(a) P( lim

n→∞
Xn = 0) = 1.(b) P(lim sup

n
Aε
n) = 0, gia k�je ε > 0.



8Anexarths�a
8.1 Anexarths�a gia oikogèneie
 sunìlwn kai tuqa�e
 metablhtè
Sthn par�grafo aut  douleÔoume se q¸ro pijanìthta
 (Ω,F ,P).D�noume kat' arq�
 ton orismì th
 anexarths�a
 gia endeqìmena, sÔnola endeqomènwn, kai tuqa�e
metablhtè
.Orismì
 8.1 'Estw (Ai)i∈I stoiqe�a th
 F . Ta (Ai)i∈I lègontai anex�rthta an gia k�je J ⊂ Ipeperasmèno isqÔei ìti

P (∩i∈JAi) =
∏

i∈J

P(Ai). (8.1)H tom  kai to ginìmeno sthn teleuta�a isìthta èqoun peperasmèno pl jo
 ìrou
.Orismì
 8.2 'Estw (Fi)i∈I oikogèneia sunìlwn ètsi ¸ste Fi ⊂ F gia k�je i ∈ I. Ta (Fi)i∈I lègontaianex�rthta an gia k�je J ⊂ I peperasmèno kai Ai ∈ Fi gia k�je i ∈ J isqÔei h (8.1).Orismì
 8.3 'Estw {(Ei, Ei) : i ∈ I} metr simoi q¸roi kai (Xi)i∈I oikogèneia tuqa�wn metablht¸n me
Xi : Ω → Ei gia k�je i ∈ I. Oi (Xi)i∈I lègontai anex�rthte
 an oi ant�stoiqe
 s-�lgebre
 (σ(Xi))i∈Ie�nai anex�rthte
.Parat rhsh 8.4 O Orismì
 8.3, sÔmfwna me ton Orismì 8.2, apaite�

P(Xi1 ∈ Ai1 ,Xi2 ∈ Ai2 , . . . ,Xin ∈ Ain) = P(Xi1 ∈ Ai1)P(Xi2 ∈ Ai2) · · ·P(Xin ∈ Ain) (8.2)gia k�je n ≥ 2, k�je epilog  deikt¸n i1, i2, . . . , in ∈ I, kai k�je Ai1 ∈ Ei1 , . . . , Ain ∈ Ein afoÔ k�jestoiqe�o m�a
 σ(Xi) e�nai th
 morf 
 X−1
i (Ai) = {Xi ∈ Ai} me Ai ∈ Ei. To endeqìmeno sto aristerìmèlo
 th
 teleuta�a
 sqèsh
 e�nai suntomograf�a tou endeqomènou X−1

i1 (Ai1)∩X−1
i2 (Ai2)∩· · ·∩X−1

in (Ain).SÔmbash. Sto ex 
, ìpote lème ìti k�poie
 tuqa�e
 metablhtè
 e�nai anex�rthte
, ja ennooÔme ìtior�zontai ston �dio q¸ro pijanìthta
, dhlad  èqoun to �dio ped�o orismoÔ. Autì e�nai anagka�a sunj kh¸ste na èqei nìhma h pijanìthta sto aristerì mèlo
 th
 (8.2).Par�deigma 8.5 (Duì anex�rthte
 tuqa�e
 metablhtè
) JewroÔme to pe�rama dÔo r�yewn enì
 nom�-smato
 pou fèrnei korìna me pijanìthta p. Ed¸, o deigmatikì
 ma
 q¸ro
 e�nai o Ω = {K,Γ} × {K,Γ},kai s-�lgebra h F = P(A). Gia ω ∈ Ω jètoume
pω =





p(1− p) an ω = (K,Γ)   (Γ,K),

p2 an ω = (K,K),

(1− p)2 an ω = (Γ,Γ).
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48 Ανεξαρτησία'Estw P to monadikì mètro pijanìthta
 sthn F me P(ω) = pω. 'Estw E = {K,Γ} kai E = P(E).JewroÔme ti
 tuqa�e
 metablhtè
 X,Y : Ω → E, me X
(
(x, y)

)
= x kai Y ((x, y)) = y. Tìte, h X e�nai hèndeixh th
 pr¸th
 r�yh
 kai h Y h èndeixh th
 deÔterh
.Isqurismo
: Oi X,Y e�nai anex�rthte
.Ja de�xoume ìti gia k�je A,B ∈ E isqÔei

P(X ∈ A,Y ∈ B) = P(X ∈ A)P(Y ∈ B). (8.3)
• An A = ∅   B = ∅, h (8.3) isqÔei.
• An A = {K,Γ}, tìte {X ∈ A,Y ∈ B} = {Y ∈ B}, kai P(X ∈ A) = 1. 'Ara h (8.3) p�li isqÔei.
• An B = {K,Γ}, h (8.3) apodeiknÔetai ìmoia.Tèlo
, mènoun oi peript¸sei
 pou ta A,B e�nai monosÔnola. Gia par�deigma, an A = {K} kai B = {Γ},èqoume

P(X = K,Y = Γ) = P({(K,Γ), (K,K)} ∩ {(K,Γ), (Γ,Γ)}) = P({K,Γ}) = p(1− p).'Omw

P({(K,Γ), (K,K)}) = p(1− p) + pp = p

P({(K,Γ), (Γ,Γ)}) = p(1− p) + (1− p)2 = 1− p.Pollaplasi�zonta
 kat� mèlh èqoume ìti
P({(K,Γ), (K,K)})P({(K,Γ), (Γ,Γ)}) = p(1− p),kai ètsi h (8.3) isqÔei p�li.'Omoia apodeiknÔontai kai oi upìloipe
 peript¸sei
 ìpou ta A,B e�nai monosÔnola.To epìmeno je¸rhma dieukolÔnei ton èlegqo anexarths�a
 dÔo tuqa�wn metablht¸n.Je¸rhma 8.6 'Estw (E, E), (G,G) metr simoi q¸roi kai X : Ω → E, Y : Ω → G tuqa�e
 metablhtè
.JewroÔme th sqèsh

P(X ∈ A,Y ∈ B) = P(X ∈ A)P(Y ∈ B). (∗)Ta ex 
 e�nai isodÔnama:(i). Oi X,Y e�nai anex�rthte
.(ii). H (∗) isqÔei gia k�je A ∈ E kai B ∈ G.(iii). H (∗) isqÔei gia k�je A ∈ C, B ∈ D, ìpou C, D oikogèneie
 kleistè
 sti
 peperasmène
 tomè
 me
σ(C) = E , σ(D) = G.Shmantik  e�nai h isodunam�a twn (i) kai (iii). Dhlad  arke� na elègxoume thn (∗) gia ligìtera sÔnola¸ste na diapist¸soume thn anexarths�a twn X,Y .Apìdeixh H (ii) e�nai anadiatÔpwsh tou orismoÔ th
 anexarths�a
, kai sunep�getai thn (iii) profan¸
.Mènei na de�xoume ìti h (iii) sunep�getai thn (ii).'Estw A ∈ C, kai

D1(A) := {B ∈ G : h (∗) isqÔei gia ta A,B}.'Eqoume ìti D ⊂ D1(A) apì upìjesh, kai h D1(A) e�nai kl�sh Dynkin ('Askhsh 3.1). 'Ara δ(D) ⊂ D1(A).



8.1 Ανεξαρτησία για οικογένειες συνόλων και τυχαίες μεταβλητές 49Epeid  h D e�nai kleist  sti
 peperasmène
 tomè
, to Je¸rhma monìtonh
 kl�sh
 d�nei ìti σ(D) = δ(D).'Ara σ(D) ⊂ D1(A), dhlad  h (∗) isqÔei gia k�je A ∈ C kai B ∈ G. T¸ra gia B ∈ G jètoume
D2(B) := {A ∈ E : h (∗) isqÔei gia ta A,B}.'Omoia ìpw
 me to D1(A), de�qnoume ìti D2(B) = E , kai ètsi apode�qjhke h (ii). �Sti
 stoiqei¸dei
 pijanìthte
 maja�noume (qwr�
 apìdeixh) ìti dÔo tuqa�e
 metablhtè
 X,Y e�nai anex�r-thte
 an kai mìno an h apì koinoÔ sun�rthsh katanom  tou
, FX,Y , gr�fetai w
 FX,Y (x, y) = FX(y)FY (y)gia k�je x, y ∈ R. T¸ra e�maste se jèsh na to apode�xoume.Pìrisma 8.7 'Estw X,Y : Ω → R tuqa�e
 metablhtè
. Tìte oi X,Y e�nai anex�rthte
 an kai mìno an
P(X ≤ x, Y ≤ y) = P(X ≤ x)P(Y ≤ y)gia k�je x, y ∈ R.Apìdeixh ProkÔptei apì to Je¸rhma 8.6 an p�roume C = D = {(−∞, a] : a ∈ R}. �Je¸rhma 8.8 'Estw X,Y ìpw
 sth diatÔpwsh tou Jewr mato
 8.6. Ta ex 
 e�nai isodÔnama:(i). Oi X,Y e�nai anex�rthte
.(ii). Oi f(X), g(Y ) e�nai anex�rthte
, gia k�je f : E → R, g : G → R metr sime
.(iii).

E{f(X)g(Y )} = E(f(X))E(g(Y )) (8.4)gia k�je f : E → [−∞,∞], g : G → [−∞,∞] metr sime
 pou e�nai mh arnhtikè
   ikanopoioÔn
E |f(X)|,E |g(Y )| < ∞.Apìdeixh (i) ⇒ (ii) 'Estw A,B ∈ R. Tìte,

P(f(X) ∈ A, g(Y ) ∈ B) = P(X ∈ f−1(A), Y ∈ g−1(B))kai efìson oi X,Y e�nai anex�rthte
 kai f−1(A) ∈ E , g−1(B) ∈ G, èqoume ìti
P(X ∈ f−1(A), Y ∈ g−1(B)) = P(X ∈ f−1(A))P(Y ∈ g−1(B)).'Omw

P(X ∈ f−1(A))P(Y ∈ g−1(B)) = P(f(X) ∈ A)P(g(Y ) ∈ B),apì to opo�o prokÔptei to zhtoÔmeno.

(ii) ⇒ (i) Efarmìzoume to (ii) gia f = 1A kai g = 1B.
(iii) ⇒ (i) ApodeiknÔetai ìpw
 h (ii) ⇒ (i).
(i) ⇒ (iii) Ja de�xoume thn (8.4) stadiak� me ton gnwstì trìpo.An f = 1A kai g = 1B, ìpou A ∈ E , B ∈ G, èqoume ìti

E(f(X)g(Y )) = E(1X∈A1Y ∈B) = E(1{X∈A}∩{Y∈B}) = P(X ∈ A,Y ∈ B).'Omw
 oi X,Y e�nai anex�rthte
, �ra
P(X ∈ A,Y ∈ B) = P(X ∈ A)P(Y ∈ B) = E(1X∈A)E(1Y ∈B),



50 Ανεξαρτησίαkai ètsi prokÔptei h (8.4) gia ti
 sugkekrimène
 f, g.An f, g ≥ aplè
 metr sime
, èstw
f =

m∑

i=1

ai1Ai
, g =

n∑

j=1

bj1Bj
,se kanonik  morf , ìpou Ai ∈ E , Bj ∈ G, tìte

E(f(X)g(Y )) = E
( m∑

i=1

n∑

j=1

aibj1Ai
(X)1Bj

(Y )
)
.Kai lìgw grammikìthta
, h teleuta�a mèsh tim  isoÔtai me

m∑

i=1

n∑

j=1

aibj E(1Ai
(X))E(1Bj

(Y )) = E(f(X))E(g(Y )).An f, g ≥ 0 metr sime
, tìte up�rqoun aÔxouse
 akolouj�e
 (rn)n∈N kai (sn)n∈N mh arnhtik¸n apl¸nsunart sewn ètsi ¸ste
lim
n→∞

rn = f, lim
n→∞

sn = g.Sunep¸
, apì ta prohgoÔmena, èqoume ìti
E(rn(X)sn(Y )) = E(rn(X))E(sn(Y )) ∀n ∈ N.Epeid  oi akolouj�e
 (rn)n∈N kai (sn)n∈N e�nai aÔxouse
, gia n → ∞, apì to Je¸rhma Monìtonh
 SÔg-klish
 èqoume ìti

E(f(X)g(Y )) = E(f(X))E(g(Y )).Dhlad  h (8.4) isqÔei gia ti
 f, g.Tèlo
, an oi f, g e�nai metr sime
 me E |f(X)|,E |g(Y )| < ∞, èqoume
E{f(X)g(Y )} = E{(f+(X) − f−(X))(g+(Y )− g−(Y ))}

= E{f+(X)g+(Y )} −E{f+(X)g−(Y )} −E{f−(X)g+(Y )}+E{f−(X)g−(Y )}
= E(f+(X))E(g+(Y ))−E(f+(X))E(g−(Y ))−E(f−(X))E(g+(Y )) +E(f−(X))E(g−(Y ))

= E(f(X))E(g(Y )).Sthn tr�th isìthta qrhsimopoi same to ìti h (8.4) isqÔei gia mh arnhtikè
 metr sime
. Ep�sh
 ston teleu-ta�o upologismì den emfan�zetai poujen� k�poia aprosdiìristh morf  ∞ − ∞ giat� oi f, g ikanopoioÔn
E |f(X)|,E |g(Y )| < ∞. �Pìrisma 8.9 'Estw X,Y : Ω → [−∞,∞] anex�rthte
 tuqa�e
 metablhtè
 mh arnhtikè
   me
E |X|,E |Y | < ∞. Tìte

E(XY ) = E(X)E(Y ).Apìdeixh An X,Y ≥ 0 efarmìzoume to Je¸rhma 8.8 gia
f(x) = g(x) =

{
x an x ∈ [0,∞],

0 an x < 0.Sthn per�ptwsh pou E |X|,E |Y | < ∞, efarmìzoume to Je¸rhma 8.8 gia f(x) = g(x) = x gia k�je
x ∈ R. �



8.2 Χώροι γινόμενο 51Parat rhsh 8.10 An�loga twn jewrhm�twn 8.6, 8.8 isqÔoun an ant� dÔo èqoume perissìtere
 ane-x�rthte
 tuqa�e
 metablhtè
, èstw X1,X2, . . . ,Xn. Gia par�deigma
E{f1(X1)f2(X2) · · · fn(Xn)} = E{f1(X1)}E{f2(X2)} · · ·E{fn(Xn)}me ti
 f1, f2, . . . , fn metr sime
 kai mh arnhtikè
   me E |fk(Xk)| < ∞ gia k�je k. H apìdeixh twn ant�-stoiqwn aut¸n isqurism¸n g�netai me epagwg .Upenjum�zoume ed¸ ìti gia (Xk)1≤k≤n tuqa�e
 metablhtè
 ston �dio q¸ro pijanìthta
, me pragmatikè
timè
, kai me E(X2
k) < ∞ gia k�je k ∈ {1, 2, . . . , n}, isqÔei

Var(X1 +X2 + · · ·+Xn) = Var(X1) + · · · +Var(Xn) + 2
∑

1≤i<j≤n

Cov(Xi,Xj). (8.5)H apìdeixh g�netai ìpw
 akrib¸
 thn èqoume dei sti
 stoiqei¸dei
 pijanìthte
. 'Otan oi (Xk)1≤k≤n e�naianex�rthte
, to prohgoÔmeno pìrisma d�nei ìti ìle
 oi sundiakum�nsei
 e�nai 0, opìte
Var(X1 +X2 + · · · +Xn) = Var(X1) + · · ·+Var(Xn) (8.6)8.2 Q¸roi ginìmenoUp�rqoun anex�rthte
 tuqa�e
 metablhtè
? Pw
 mporoÔme na kataskeu�soume tètoie
, kai bèbaia ton q¸ropijanìthta
 ston opo�o autè
 or�zontai? Th lÔsh se aut� ta probl mata d�noun oi q¸roi ginìmeno.'Estw sÔnolo deikt¸n I 6= ∅ kai (Ωi,Fi,Pi) q¸ro
 pijanìthta
 gia k�je i ∈ I. JewroÔme to q¸roginìmeno

Ω =
∏

i∈I

Ωi = {(ωi)i∈I : ωi ∈ Ωi gia k�je i ∈ I} = {ω : I → ∪i∈IΩi : ωi ∈ Ωi gia k�je i ∈ I}.Orismì
 8.11 'Estw q¸ro
 ginìmeno Ω ìpw
 prohgoumènw
. Metr simo kÔlindro lème k�je
A ⊂ Ω th
 morf 


A =
∏

i∈I

Ai¸ste Ai ∈ Fi gia k�je i ∈ I, kai me to sÔnolo J = {i ∈ I : Ai 6= Ωi} peperasmèno.Dhlad  èna
 metr simo
 kÔlindro
 e�nai kartesianì ginìmeno metr simwn sunìlwn, all� mìno pepera-smèna apì aut� diafèroun apì ton deigmatikì q¸ro tou opo�ou e�nai uposÔnola.EÔkola blèpoume ìti to sÔnolo {A ⊂ Ω : A metr simo
 kÔlindro
} e�nai �lgebra. Aut  par�gei m�as-�lgebra, thn opo�a sumbol�zoume me ⊗i∈IFi. Dhlad  jètoume
⊗i∈IFi := σ({A ⊂ Ω : A metr simo
 kÔlindro
}).Gia èna metr simo kÔlindro A ìpw
 prin, or�zoume

P(A) :=
∏

i∈I

Pi(Ai) =
∏

i∈J

Pi(Ai).To pr¸to ginìmeno den prèpei na ma
 anhsuqe� giat� akìma kai to I na e�nai �peiro, mìno peperasmènoiìroi tou ginomènou e�nai diaforetiko� tou 1. H deÔterh isìthta isqÔei giat� akrib¸
 parale�poume ìrou
tou ginomènou pou e�nai s�goura 1, dhlad  autoÔ
 me i ∈ I\J .ApodeiknÔetai ìti to P e�nai mètro pijanìthta
 sthn �lgebra {A ⊂ Ω : A metr simo
 kÔlindro
},



52 Ανεξαρτησίαkai �ra apì to Je¸rhma Karajeodwr  (Je¸rhma 4.8) to P epekte�netai monadik� se mètro pijanìthta
sthn paragìmenh s-�lgebra ⊗i∈IFi. Aut  thn epèktash onom�zoume mètro ginìmeno twn (Pi)i∈I , kaito sumbol�zoume me ⊗i∈IPi. An to I e�nai peperasmèno, èstw I = {1, 2, . . . , n}, to sumbol�zoume me
P1 ⊗P2 ⊗ · · · ⊗Pn.'Eqoume loipìn or�sei èna nèo q¸ro pijanìthta
, to q¸ro ginìmeno

(∏

i∈I

Ωi,⊗i∈IFi,⊗i∈IPi

)twn {(Ωi,Fi,Pi) : i ∈ I}.Par�deigma 8.12 ('Ena
 upologismì
 se q¸ro ginìmeno) JewroÔme to pe�rama r�yh
 enì
 nom�smato
�peire
 (arijm sime
) forè
 pou fèrnei K me pijanìthta p ∈ (0, 1). A
 doÔme to q¸ro pijanìthta
 toupeir�mato
.Gia i = 1, 2, 3, . . . h i−ost  r�yh èqei q¸ro pijanìthta
 (Ωi,Fi,Pi) = ({K,Γ},P({K,Γ}),Pp), ìpou
P

p to mètro me Pp({K}) = p kai Pp({Γ}) = 1− p. O q¸ro
 pijanìthta
 gia ìlo to pe�rama e�nai o q¸ro
ginìmeno twn {(Ωi,Fi,Pi) : i ∈ N+}.A
 upolog�soume t¸ra thn pijanìthta sti
 r�yei
 2, 3 kai 5 to apotèlesma na e�nai K,K,Γ ant�stoiqa.To endeqìmeno e�nai o metr simo
 kÔlindro

A = {K,Γ} × {K} × {K} × {K,Γ} × {Γ} ×

∏

i≥6

Ωi.'Ara
P(A) = P2({K})P3({K})P5({Γ}) = p2(1− p).Prìtash 8.13 (Anexarths�a=Mètro ginìmeno) 'Estw X := (X1,X2, . . . ,Xn) tuqa�a metablht  metimè
 ston Rn. Tìte oi X1,X2, . . . ,Xn e�nai anex�rthte
 an kai mìno an

P
X = P

X1 ⊗P
X2 ⊗ . . .⊗P

Xn .Apìdeixh ⇒ H tim  tou mètrou P
X se ènan metr simo kÔlindro A := A1 ×A2 × · · · ×An tou Rn e�nai

P
X(A) = P(X1 ∈ A1, · · · ,Xn ∈ An) = P(X1 ∈ A1)P(X2 ∈ A2) · · ·P(Xn ∈ An)

= P
X1(A1)P

X2(A2) · · ·PXn(An).Sthn deÔterh isìthta qrhsimopoi same thn anexarths�a twn X1, . . . ,Xn. 'Omw
 to P
X1 ⊗P

X2 ⊗ . . .⊗P
Xne�nai to monadikì mètro pou pa�rnei thn tim  P

X1(A1)P
X2(A2) · · ·PXn(An) sto A. H zhtoÔmenh isìthtaèpetai.

⇐ Elègqoume thn sqèsh (8.2). 'Estw A1, A2, . . . , An ∈ B(R). Tìte
P(X1 ∈ A1, · · · ,Xn ∈ An) = P

X1 ⊗P
X2 ⊗ . . .⊗P

Xn(A1 ×A2 × · · · ×An)

= P
X1(A1)P

X2(A2) · · ·PXn(An)

= P(X1 ∈ A1)P(X2 ∈ A2) · · ·P(Xn ∈ An)Sthn pr¸th isìthta qrhsimopoi same thn upìjesh, kai sthn deÔterh, ton orismì tou mètrou ginomènou. �



8.3 Ανεξαρτησία και ομαδοποίηση 538.3 Anexarths�a kai omadopo�hshAn oi tuqa�e
 metablhtè
 X,Y,Z, V,W e�nai anex�rthte
 metaxÔ tou
, perimènoume kai oi X +Y,Z2W, |V |na e�nai anex�rthte
 efìson qrhsimopoioÔn diaforetik� anex�rthta sustatik�. Ja diatup¸soume èna je-¸rhma pou d�nei apotelèsmata aut 
 th
 morf 
. Prohgoumènw
, d�noume to ant�stoiqo apotèlesma gias-�lgebre
.Je¸rhma 8.14 'Estw (Fi)i∈I anex�rthth oikogèneia s-algebr¸n, kai {Ij : j ∈ J} diamèrish 1 tousunìlou deikt¸n I. Gia k�je j ∈ J jewroÔme thn s-�lgebra
Gj := σ

(
∪i∈IjFi

)
.Oi (Gj)j∈J e�nai anex�rthte
.Apìdeixh Epeid  h oikogèneia (Gj)j∈J e�nai anex�rthth an kai mìno an k�je peperasmènh upooiogèneiath
 e�nai, arke� na de�xoume to je¸rhma sthn per�ptwsh pou to J e�nai peperasmèno. Upojètoume loipìnìti J = {1, 2, . . . , n} gia k�poio n ≥ 2. Gia k�je k ∈ J , onom�zoume Ck to sÔnolo twn sunìlwn th
 morf 


Ai1 ∩Ai2 · · · ∩Air ìpou r ≥ 1 kai Ai1 , Ai2 , . . . , Air ∈ ∪i∈IkFi. ParathroÔme ìti σ(Ck) = Gk. Jètoume
D1 := {A ∈ G1 : P(A ∩A2 ∩ · · · ∩An) = P(A)P(A2) · · ·P(An) gia k�je A2 ∈ C2, . . . , An ∈ Cn}Apì upìjesh, C1 ⊂ D1. EÔkola de�qnoume ìti h D1 e�nai kl�sh Dynkin, �ra δ(C1) ⊂ D1. 'Omw
 h C1 e�naikleist  sti
 peperasmène
 tomè
, opìte to Je¸rhma monìtonh
 kl�sh
 d�nei ìti δ(C1) = σ(C1) = G1. 'Arata G1, C2, C3, . . . , Cn e�nai anex�rthta.Me an�logo epiqe�rhma de�qnoume ìtita G1,G2, C3, . . . , Cn e�nai anex�rthta,kai telik� to je¸rhma. �Gia to epìmeno je¸rhma, se pr¸th an�gnwsh kalì e�nai na upojèsei kane�
 ìti ta sÔnola I, Ij e�naipeperasmèna, kai epomènw
 oi sunart sei
 fj or�zontai se q¸rou
 th
 morf 
 Rd.JewroÔme ìti o RIj e�nai efodiasmèno
 me thn s-�lgebra ginìmeno⊗i∈IjB(R) (ìloi oi ìroi tou ginomènoue�nai �dioi).Je¸rhma 8.15 'Estw (Xi)i∈I anex�rthte
 tuqa�e
 metablhtè
, {Ij : j ∈ J} diamèrish tou sunìloudeikt¸n I, kai gia k�je j ∈ J , metr simh sun�rthsh fj : RIj → R. Gia k�je j ∈ J jewroÔme thnsun�rthsh Yj := fj((Xi)i∈Ij ) : Ω → R. Oi (Yj)j∈J e�nai anex�rthte
 tuqa�e
 metablhtè
.Apìdeixh 'Estw Gj := σ(∪i∈Ijσ(Xi)). Apì thn upìjesh anexarths�a
 twn (Xi)i∈I kai to prohgoÔmenoje¸rhma, oi s-�lgebre
 (Gj)i∈J e�nai anex�rthte
. Arke� epomènw
 na de�xoume ìti gia k�je j ∈ J , h Yje�nai Gj-metr simh. 'Estw Wj := (Xi)i∈Ij : Ω → RIj , opìte Yj = fj ◦ Wj, kai gia A ⊂ R Borel sÔnolo,èqoume Y −1

j (A) = W−1
j (f−1

j (A)). Dedomènou ìti h fj e�nai metr simh, mènei na de�xoume ton ex 
 isqurismì.Isqurismo
: H Wj e�nai Gj metr simh.Pr�gmati, h oikogèneia Bj := {B ⊂ RIj : W−1
j (B) ∈ Gj} e�nai s-�lgebra ('Askhsh 1.7(a)) kai perièqeitou
 metr simou
 kul�ndrou
 giat� an p�roume ènan tètoio B =

∏
i∈Ij

Bi, ja èqoume
W−1

j (B) = ∩i∈IjX
−1
i (Bi).

1 Dhlad  ta Ij(j ∈ J), e�nai m  ken�, xèna ana dÔo, kai èqoun ènwsh to I.



54 ΑνεξαρτησίαSe aut  thn tom , mìno peperasmèna sÔnola e�nai diaforetik� apì to Ω afoÔ to {i ∈ Ij : Bi 6= R}e�nai peperasmèno. 'Ara, w
 arijm simh (peperasmènh m�lista) tom  stoiqe�wn th
 s-�lgebra
 Gj e�naistoiqe�o th
 Gj . Kai epeid  h s-�lgebra ginìmeno par�getai apì tou
 metr simou
 kul�ndrou
, èpetai ìti
⊗i∈IjB(R) ⊂ Bj. O isqurismì
 apode�qjhke. �Gia par�deigma, an oi tuqa�e
 metablhtè
 (Xn)n≥1 e�nai anex�rthte
, tìte kai oi (Yn)n≥1 me Yn :=∑2n+1

i=2n+1 Xi gia k�je n ≥ 1 e�nai anex�rthte
. 'Omoia e�nai anex�rthta kai ta sÔnola {X2n + X2n+1 >

0}, n ≥ 1.8.4 Kataskeu  anex�rthtwn tuqa�wn metablht¸n me dedomènh katanom Se aut  thn par�grafo ja qrhsimopoi soume ton q¸ro ginìmeno gia na kataskeu�soume anex�rthte
tuqa�e
 metablhtè
 me epijumhtè
 idiìthte
.Upenjum�zoume ìti an (E, E) e�nai metr simo
 q¸ro
 kai X : Ω → E tuqa�a metablht , katanom  th
 Xlème to mètro pijanìthta
 P
X pou or�zetai ston (E, E) me P

X(A) = P(X−1(A)) gia k�je A ∈ E .'Estw I sÔnolo deikt¸n kai (Ei, Ei,Pi)i∈I oikogèneia q¸rwn pijanìthta
. Jèloume na kataskeu�soumeènan q¸ro pijanìthta
 (Ω,F ,P) kai tuqa�e
 metablhtè
 Xi : Ω → Ei ètsi ¸ste(a) H katanom  th
 Xi na e�nai h Pi, gia k�je i ∈ I.(b) Oi (Xi)i∈I na e�nai oikogèneia anex�rthtwn tuqa�wn metablht¸n.To na k�noume èna apì ta (a)   (b) e�nai eÔkolo. Autì pou e�nai mh tetrimmèno e�nai na k�noume kai tadÔo maz�. Kai to katorj¸noume me qr sh tou q¸rou ginomènou w
 ex 
:'Estw Ω =
∏

i∈I

Ei,F = ⊗i∈IEi, kai P to mètro ginìmeno twn Pi, i ∈ I. Gia k�je r ∈ I, or�zoume
Xr : Ω → Er w


Xr

(
(ωi)i∈I

)
= ωr,dhlad  h Xr e�nai h probol  sthn r-suntetagmènh.EÔkola blèpoume ìti h Xr e�nai tuqa�a metablht  giat�, gia A ∈ Er, èqoume

X−1
r (A) =

∏

i∈I

Ai, me Ai =

{
Ω an i 6= r,

A an i = r.'Ara X−1
r (A) ∈ F w
 metr simo
 kÔlindro
.Ja de�xoume t¸ra ìti pr�gmati aut  h kataskeu  ikanopoie� ti
 apait sei
 tou probl mato
.Prìtash 8.16 'Estw (Ω,F ,P), (Ei, Ei,Pi)i∈I ìpw
 prin kai Xr : Ω → Er, r ∈ I, h r-probol . Tìte(i). H Xr èqei katanom  Pr.(ii). Oi (Xr)r∈I e�nai anex�rthte
.Apìdeixh (i) 'Estw A ∈ Er. 'Eqoume,

P
Xr (A) = P(X−1

r (A)) = P
(∏

i∈I

Ai

)
=
∏

i∈I

Pi(Ai) = Pr(A),gr�fonta
 to X−1
r (A) w
 metr simo kÔlindro ìpw
 prohgoumènw
. 'Ara, PXr = Pr.
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(ii) 'Estw J = {j1, j2, . . . , jn} ⊂ I, kai Bj1 ∈ Ej1 , Bj2 ∈ Ej2 , . . . , Bjn ∈ Ejn . Tìte
P({Xj1 ∈ Bj1} ∩ {Xj2 ∈ Bj2} ∩ · · · ∩ {Xjn ∈ Bjn}) = P

(∏

i∈I

Ai

)
,ìpou

Ai =

{
Ωi an i ∈ I\J,

Bi, an i ∈ J.Apì ton orismì tou P èqoume ìti
P
(∏

i∈I

Ai

)
=
∏

i∈I

P(Ai) =
∏

i∈J

P(Ai) = Pj1(Bj1)Pj2(Bj2) . . .Pjn(Bjn)

= P(Xj1 ∈ Bj1)P(Xj2 ∈ Bj2) · · ·P(Xjn ∈ Bjn).Sunep¸
 oi {Xr : r ∈ I} e�nai anex�rthte
. �Orolog�a: 'Estw (Xi)i∈I tuqa�e
 metablhtè
 ston �dio q¸ro pijanìthta
 (Ω,F ,P). Lème ìti e�naianex�rthte
 kai isìnome
 an e�nai anex�rthte
 kai èqoun thn �dia katanom , dhlad  P
Xj = P

Xi gia k�je
i, j ∈ I.'Ena pìrisma aut 
 th
 paragr�fou e�nai ìti gia dedomènh katanom  Q kai sÔnolo I, up�rqei sÔnoloanex�rthtwn kai isìnomwn tuqa�wn metablht¸n (Xi)i∈I pou kajem�a èqei katanom  Q.8.5 Olokl rwsh se q¸ro ginìmeno'Ena olokl rwma w
 pro
 to mètro ginìmeno se èna q¸ro ginìmeno an�getai ston upologismì oloklhrw-m�twn stou
 q¸rou
 pou e�nai par�gonte
 tou ginomènou. 'Opw
 akrib¸
 ston apeirostikì logismì, ènadiplì olokl rwma mpore� na upologiste� me dÔo diadoqikè
 oloklhr¸sei
 ston R.Sthn par�grafo aut  ja doÔme to an�logo apotèlesma sthn per�ptwsh tou ginomènou dÔo q¸rwnpijanìthta
, (E1, E1,P1) kai (E2, E2,P2). Den ja d¸soume ìmw
 ti
 apode�xei
 gia ta jewr mata pou jadiatup¸soume2.'Estw Ω = E1 × E2 kai F = E1 ⊗ E2 = σ({A × B : A ∈ E1, B ∈ E2}), kai P to mètro ginìmenotwn P1 kai P2. Gia f : Ω → [−∞,∞] metr simh sun�rthsh, jèloume na upolog�soume to olokl rwma∫
f(x, y) dP(x, y).To epìmeno apotèlesma afor� th s-�lgebra ginìmeno. Lèei ìti an se m�a metr simh sun�rthsh dÔo meta-blht¸n stajeropoi soume th m�a, pa�rnoume m�a sun�rthsh mi�
 metablht 
 h opo�a e�nai p�li metr simh.Je¸rhma 8.17 'Estw (E1, E1,P1), (E2, E2,P2) q¸roi pijanìthta
 kai f : E1 × E2 → [−∞,∞],

E1 ⊗ E2/B([−∞,∞]) metr simh sun�rthsh. Tìte(i). Gia x ∈ E1, h sun�rthsh y 7→ f(x, y) e�nai E2/B([−∞,∞]) metr simh.(ii). Gia y ∈ E2, h sun�rthsh x 7→ f(x, y) e�nai E1/B([−∞,∞]) metr simh.
2 H apìdeixh tou
 akolouje� to sÔnhje
 mot�bo apode�xewn prohgoumènwn kefala�wn. Pr¸ta apodeiknÔoume ton isqurismì giade�ktrie
 metr simwn sunìlwn, èpeita gia aplè
 metr sime
, gia jetikè
 metr sime
, kai tèlo
 gia metr sime
 sunart sei
 mepeperasmèno olokl rwma.



56 ΑνεξαρτησίαOi sunart sei
 x 7→ f(x, y) kai y 7→ f(x, y) lègontai tomè
 th
 f .To pr¸to apotèlesma gia to olokl rwma w
 pro
 to mètro ginìmeno afor� mh arnhtikè
 sunart sei
.Je¸rhma 8.18 (Tonelli) 'Estw (E1, E1,P1), (E2, E2,P2) q¸roi pijanìthta
, (Ω,F ,P) o q¸ro
 ginì-meno kai f : Ω → [0,∞] metr simh sun�rthsh. Tìte oi sunart sei

x 7→

∫
f(x, y) dP2(y), y 7→

∫
f(x, y) dP1(x) (8.7)e�nai E2/B([−∞,∞]), E2/B([−∞,∞]) metr sime
, ant�stoiqa, kai

∫
f(x, y) dP(x, y) =

∫ ( ∫
f(x, y) dP2(y)

)
dP1(x) =

∫ ( ∫
f(x, y) dP1(x)

)
dP2(y).Ta oloklhr¸mata sthn (8.7) or�zontai giat� apì to Je¸rhma 8.17 oi sunart sei
 ti
 opo�e
 oloklhr¸-noume e�nai metr sime
.'Otan h sun�rthsh thn opo�a oloklhr¸noume den diathrei apara�thta prìshmo, èqoume to ex 
 apotèle-sma.Je¸rhma 8.19 (Fubini) 'Estw (E1, E1,P1), (E2, E2,P2), (Ω,F ,P) ìpw
 prin, kai f : Ω → [−∞,∞]metr simh sun�rthsh. An ∫ |f(x, y)|dP(x, y) < ∞, tìte isqÔoun oi isqurismo� tou Jewr mato
 8.18(Tonelli).Apì to Je¸rhma Tonelli,

∫
|f(x, y)|dP(x, y) =

∫ ∫
|f(x, y)|dP2(y) dP1(x) =

∫ ∫
|f(x, y)|dP1(x) dP2(y). (8.8)'Etsi ìtan efarmìzoume to Je¸rhma Fubini kai jèloume na elegxoume an to olokl rwma ∫ |f(x, y)|dP(x, y)e�nai peperasmèno, elègqoume an e�nai peperasmèno k�poio apì ta dÔo diadoqik� oloklhr¸mata sthn (8.8).Ask sei
8.1 'Estw F1,F2 ⊂ F s-�lgebre
 ston (Ω,F ,P). An gia k�je A ∈ F1 isqÔei ìti P(A) = 0   P(A) = 1, na de�xete ìti h

F1 e�nai anex�rthth th
 F2.8.2 'Estw X,Y anex�rthte
 tuqa�e
 metablhtè
 me timè
 sto R ¸ste P(X = Y ) = 1. Na deiqje� ìti up�rqei c ∈ R ¸ste
P(X = c) = 1.8.3 'Estw (Xn)n∈N akolouj�a anex�rthtwn kai isìnomwn tuqa�wn metablht¸n ètsi ¸ste P(X1 = −1) = P(X = 1) = 1

2 .Jètoume Sn =
∑n

k=1 Xk gia k�je n ≥ 1. Na de�xete ìti Sn
n

P→ 0.[Upod.: Qrhsimopoi ste thn anisìthta Chebyshev.℄8.4 'Estw (Xn)n≥1 akolouj�a anex�rthtwn kai isìnomwn tuqa�wn metablht¸n kajem�a me thn omoiìmorfh katanom  sto
(0, 1). Gia k�je n ≥ 1 jewroÔme ti
 tuqa�e
 metablhtè


mn = min{X1, X2, . . . , Xn},
Mn = max{X1, X2, . . . , Xn}.Na deiqje� ìti mn → 0 kai Mn → 1 kat� pijanìthta kaj¸
 n → ∞.



9Ta l mmata Borel-Cantelli kaio nìmo
 0-1 tou KolmogorovTa basikìtera ergale�a gia thn apìdeixh jewrhm�twn pou aforoÔn sqedìn bèbaia sÔgklish e�nai dÔo apl�apotelèsmata, ta dÔo l mmata Borel-Cantelli, ta opo�a ja doÔme se autì to kef�laio. Ep�sh
 ja doÔme tonnìmo 0-1 tou Kolmogorov o opo�o
 e�nai polÔ qr simo
 ìtan jèloume na de�xoume ìti mia idiìthta isqÔeime pijanìthta 1. SÔmfwna me autì to nìmo, an h idiìthta èqei mia sugkekrimènh morf , tìte anagkastik�èqei pijanìthta 0   1. Epomènw
 gia na de�xoume ìti isqÔei me pijanìthta 1, arke� na de�xoume ìti isqÔeime jetik  pijanìthta. Kai to teleuta�o, pollè
 forè
, e�nai shmantik� eukolìtero.9.1 Ta l mmata Borel-Cantelli'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai (An)n∈N akolouj�a stoiqe�wn th
 F . Upenjum�zoume ìti
lim sup

n≥1
An =

∞⋂

n=1

∞⋃

k=n

Ak = {ω ∈ Ω : ω an kei se �peira An}.To �dio sÔnolo to gr�foume merikè
 forè
 w
 {An sumba�nei gia �peira n}.Prìtash 9.1 (Pr¸to L mma Borel-Cantelli) 'Estw (An)n∈N akolouj�a endeqomènwn ston (Ω,F ,P).'An ∑∞
n=1 P(An) < ∞, tìte

P(lim sup
n≥1

An) = 0.Apìdeixh JewroÔme thn tuqa�a metablhth X =
∞∑

n=1

1An
. Tìte

lim sup
n≥1

An = {X = ∞},kai
E(X) =

∞∑

n=1

E(1An
) =

∞∑

n=1

P(Ak) < ∞.Epeid  E(X) < ∞ kai X ≥ 0, h Prìtash 6.16(iii) d�nei ìti P(X = ∞) = 0, dhlad  P(lim sup
n≥1

An) = 0. �L mma 9.2 AnA1, A2, . . . , An, n ≥ 2, anex�rthta endeqìmena ston (Ω,F ,P), tìte kai ta Ac

1, A
c

2, . . . , A
c

ne�nai anex�rthta.Apìdeixh De�qnoume pr¸ta ton ex 
 isqurismì.Isqurismo
: Ta A1, A2, . . . , An−1, A
c
n e�nai anex�rthta.Pr�gmati, gia k ≤ n, èstw de�kte
 1 ≤ i1 < i2 < . . . < ik ≤ n.

57
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• An ik < n, tìte ta Ai1 , Ai2 , . . . , Aik e�nai anex�rthta apì upìjesh. Epomènw

P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1

∩Aik) = P(Ai1)P(Ai2) · · ·P(Aik) (9.1)
• An ik = n, tìte

P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1
∩Ac

n) = P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1
)−P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1

∩An)

= P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1
)−P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1

)P(An)

= P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1
)(1−P(An))

= P(Ai1 ∩Ai2 ∩ · · · ∩Aik−1
)P(Ac

n)

= P(Ai1)P(Ai2) · · ·P(Ac
n).Sthn deÔterh kai sthn teleuta�a isìthta qrhsimopoi same thn anexarths�a twn A1, A2, . . . , Aik .'Ara kai sti
 dÔo peript¸sei
 h pijanìthta th
 tom 
 isoÔtai me to ginomeno twn pijanot twn, kai oisqurismì
 apode�qjhke.Qrhsimopoi¸nta
 ton isqurismì de�qnoume epagwgik� ìti ta Ac
1, A

c
2, . . . , A

c
n e�nai anex�rthta. �To deÔtero L mma Borel-Cantelli afor� thn per�ptwsh pou h seir�∑∞

n=1 P(An) apeir�zetai. 'Omw
 t¸raupojètoume epiplèon ìti ta (An)n≥1 na e�nai anex�rthta. H akrib 
 diatÔpwsh e�nai w
 ex 
.Prìtash 9.3 (DeÔtero L mma Borel-Cantelli) 'Estw (An)n∈N akolouj�a anex�rthtwn endeqomènwnston (Ω,F ,P). 'An ∑∞
n=1 P(An) = ∞, tìte

P(lim sup
n≥1

An) = 1.Apìdeixh Ja de�xoume ìti P({lim supn≥1 An}c) = 0. 'Eqoume ìti
P({lim sup

n≥1
An}c) = P(∪∞

n=1 ∩∞
k=n Ac

k) = lim
n→∞

P(∩∞
k=nA

c
k)efìson h akolouj�a (Bn)n∈N me Bn = ∩∞

k=nA
c
k gia k�je n ≥ 1 e�nai aÔxousa. Gia dedomèno n ≥ 1 èqoume

P(∩∞
k=nA

c
k) = lim

m→∞
P(∩m

k=nA
c
k) = lim

m→∞

m∏

k=n

P(Ac
k)

= lim
m→∞

m∏

k=n

(1−P(An)) ≤ lim
m→∞

m∏

k=n

e−P(Ak)

= lim
m→∞

e−
∑m

k=n P(Ak) = e−
∑∞

k=n P(Ak)

= e−∞ = 0.Sthn deÔterh isìthta qrhsimopoi same to L mma 9.2, en¸ h anisìthta prokÔptei apì thn 1 + x ≤ ex giak�je x ∈ R. 'Ara P((lim sup
n≥1

An)
c) = 0, kai to zhtoÔmeno apode�qjhke. �Par�deigma 9.4 JewroÔme to pe�rama r�yh
 enì
 nom�smato
, �peire
 (arijm sime
) forè
, pou fèrneikor¸na (K) me pijanìthta p ∈ (0, 1). Ja upolog�soume thn pijanìthta P(K èrqetai apeire
 forè
).O q¸ro
 pijanìthta
 tou peir�mato
 e�nai o q¸ro
 ginìmeno (Ω,F ,P) twn (Ωn,Fn,Pn)n≥1, ìpou, giak�je n ≥ 1, Ωn = {K,Γ} (Γ = to endeqìmeno “gr�mmata”) , Fn = P(Ωn) kai Pn = P

(p) (P(p) to mètropijanìthta
 me P
(p)({K}) = p). Gia n ≥ 1, jewroÔme to endeqìmeno An = {èrqetai K sthn n r�yh} kaithn tuqa�a metablht  Xn : Ω → {K,Γ} me Xn(ω) = ωn = to apotèlesma th
 n r�yh
.



9.1 Τα λήμματα Borel-Cantelli 59Gnwr�zoume ìti oi (Xn)n∈N e�nai anex�rthte
 (Prìtash 8.16), kai efìson An = X−1
n ({K}), èqoume ìtita (An)n∈N e�nai anex�rthta. Epiplèon, P(An) = p, �ra

∞∑

n=1

P(An) = ∞.Apì to 2ō̄ L mma Borel-Cantelli èqoume ìti P(lim supn≥1 An) = 1, dhlad  P(K èrqetai �peire
 forè
) =
1.Par�deigma 9.5 ['Ena pr¸to oriakì apotèlesma℄ 'Estw (Ω,F ,P) q¸ro
 pijanìthta
, kai (Xn)n≥1anex�rthte
 tuqa�e
 metablhtè
 se autìn ètsi ¸ste Xn ∈ {K,Γ} kai P(Xn = K) = P(Xn = Γ) = 1

2
. Oi

(Xn)n≥1 montelopoioÔn akolouj�a r�yewn amerìlhptou nom�smato
.Jètoume
Cn := max{m ≥ 1 : Xn = Xn+1 = . . . = Xn+m−1}.Gia par�deigma an èqoume to apotèlesma (K,K,Γ,Γ,K,Γ,Γ,Γ,K, . . .) tìte C1 = 2, C5 = 1, kai C6 = 3.Ja de�xoume ìti:(a) lim

n→∞

Cn

log2 n
≤ 1, me pijanìthta 1.(b) lim

n→∞
Cn = 1, me pijanìthta 1.IsqÔei m�lista ìti limn→∞

Cn

log2 n
= 1 me pijanìthta 1, all� den ja to apode�xoume (de
 Par�deigma 2.3.3sto Durrett (2010)).(a) 'Estw ǫ > 0. Jètoume Bǫ =

{
lim
n→∞

Cn

log2 n
≤ 1 + ǫ

}. Ja de�xoume ìti P(Bǫ) = 1.'Estw An = { Cn

log2 n
> 1 + ǫ}. Tìte

P(An) =P(Cn > (1 + ǫ) log2 n) = P(Xn = Xn+1 = . . . = Xn+[(1+ǫ) log2 n]−1 = K   Γ)

=2P(Xn = Xn+1 = . . . = Xn+[(1+ǫ) log2 n]−1 = K)

= 2

(
1

2

)[(1+ǫ) log2 n]

≤ 2

(
1

2

)(1+ǫ) log2 n−1

=
4

2(1+ǫ) log2 n
=

4

n1+ǫ
.Sunep¸
,

∞∑

n=1

P(An) < ∞,kai apì to 1ō̄ L mma Borel-Cantelli, P(lim supn≥1 An) = 0, dhlad  P({lim supn≥1 An}c) = 1.'Estw t¸ra ω ∈ (lim sup
n≥1

An)
c. Tìte up�rqei n0(ω) ∈ N tètoio ¸ste gia k�je n ≥ n0(ω) na isqÔei:

Cn(ω)

log2 n
≤ 1 + ǫ,�ra

lim
n→∞

Cn(ω)

log2 n
≤ 1 + ǫ.ProkÔptei, loipìn, ìti ω ∈ Bǫ. 'Ara (lim sup

n≥1
An)

c ⊂ Bǫ, opìte P(Bǫ) = 1.
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{
lim
n→∞

Cn

log2 n
≤ 1

}
= ∩∞

k=1B 1
kkai P(B1/k) = 1 gia k�je k ≥ 1, apì thn 'Askhsh 2.2 (β) èqoume

P(∩∞
k=1B 1

k
) = 1.'Etsi to (a) apode�qjhke.(b) Epeid  k�je Cn pa�rnei tim  pou e�nai èna
 jetikì
 akèraio
   ∞, to zhtoÔmeno isoduname� me

P(Cn = 1 �peire
 forè
) = 1 (dhlad  o mìno
 trìpo
 na plhsi�sei h Cn to 1 e�nai na pèsei p�nw tou).'Estw
Bn = {X2n = K,X2n+1 = Γ}gia k�je n ≥ 1. EÔkola blèpoume ìti ta (Bn)n≥1 e�nai anex�rthta kai isqÔei ìti P(Bn) =

1
2
1
2
= 1

4
. 'Ara,

∞∑

n=1

P(Bn) = ∞.Apì to 2ō̄ L mma Borel-Cantelli, èqoume ìti P(lim supn≥1 Bn) = 1. 'Omw

lim sup

n≥1
Bn ⊂ {Cn = 1 �peire
 forè
}.'Ara kai to teleuta�o endeqìmeno èqei pijanìthta 1.Parat rhsh 9.6 Sto prohgoÔmeno par�deigma, or�same k�poia sÔnola (ta Bε kai An) kai mil samegia ti
 pijanìthte
 tou
. Tupik� ja prepe prohgoumènw
 na de�xoume ìti e�nai stoiqe�a th
 F , dhlad  e�naimetr sima sÔnola. Den to k�name, oÔte ja to k�noume sto ex 
 gia ta sÔnola pou ja or�zoume. 'Ola jae�nai metr sima. 'Opoio
 èqei di�jesh, mpore� na to k�nei, den e�nai dÔskolo.Par�deigma 9.7 'Estw (Xn)n≥1 anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 meX1 ∼ Exp(1), dhlad me puknìthta f(x) = e−x1x>0. Ja de�xoume ìti

lim
n→∞

Xn

log n
= 1 me pijanìthta 1.Gia k�je n ≥ 1 kai r > 0, jètoume A(r)

n = {Xn ≥ r log n}. Tìte,
P(A(r)

n ) = P(Xn ≥ r log n) = e−r logn =
1

nr
.'Estw r > 1. Tìte

∞∑

n=1

P(An) < ∞kai apì to pr¸to L mma Borel-Cantelli èqoume ìti P(lim supn≥1 A
(r)
n ) = 0, �ra

P

(
lim
n→∞

Xn

log n
≥ r

)
= 0.
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, jètonta
 Cr =

{
lim
n→∞

Xn

log n
≥ r

}, èqoume ìti
{
lim
n→∞

Xn

log n
> 1

}
= ∪∞

k=1C1+ 1
k
,�ra P

(
lim
n→∞

Xn

log n
> 1

)
= 0 efìson P(C1+ 1

k
) = 0 gia k�je k ≥ 1. Epomènw
,

P

(
lim
n→∞

Xn

log n
≤ 1

)
= 1. (9.2)'Estw r = 1. Tìte, efìson ta (An)n≥1 e�nai anex�rthta (oi (Xn)n≥1 e�nai anex�rthte
) kai

∞∑

n=1

P(A(1)
n ) =

∞∑

n=1

1

n
= ∞,apì to 2ō̄ L mma Borel-Cantelli, èqoume ìti P(lim supn≥1 A

(1)
n ) = 1. Sunep¸
, gia ω ∈ lim sup

n≥1
A(1)

n , isqÔeiìti Xn(ω) ≥ log n gia �peira n ≥ 1. Dhlad ,
lim
n→∞

Xn(ω)

log n
≥ 1,apì to opo�o prokÔptei ìti P( lim

n→∞

Xn

log n
≥ 1

)
= 1. H teleuta�a isìthta maz� me thn (9.2) d�noun tozhtoÔmeno. 9.2 O nìmo
 0-1 tou Kolmogorov'Estw (Ω,F ,P) q¸ro
 pijanìthta
, ((En, En))n≥1 metr simoi q¸roi, kai Xn : Ω → En, n ≥ 1, tuqa�e
metablhtè
. Gia n ≥ 1 jètoume

Cn := σ({Xk : k ≥ n+ 1}),th s-�lgebra pou par�getai apì ti
 Xn+1,Xn+2, . . ..Orismì
 9.8 H telik  s-�lgebra pou par�getai apì ti
 (Xn)n≥1 or�zetai w

C∞ = ∩∞

n=1Cn.Ti shma�nei praktik� gia èna endeqìmeno A na an kei sthn C∞? Shma�nei ìti gia k�je n ≥ 1 h pragma-topo�sh   ìqi tou A den exart�tai apì thn tim  pou pa�rnoun oi pr¸te
 n apì ti
 Xi. Dhlad  opoiod potededomèno peperasmèno pl jo
 apì ti
 Xi den ephre�zei thn pragmatopo�hsh tou A. Autì
 o asaf 
qarakthrismì
 ja g�nei pio xek�jaro
 sto epìmeno par�deigma.Par�deigma 9.9 'Estw (Xn)n≥1 ìpw
 prohgoumènw
, me timè
 sto R. Tìte ta sÔnola(a) A = {ω : lim
k→∞

Xk(ω) ≥ 1},(b) B = {ω : lim
n→∞

1

n

∞∑

k=1

Xk(ω) ≥ 0}an koun sthn C∞, en¸ ta sÔnola
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n∈N

Xn(ω) ≤ 0}(d) ∆ = {ω :
∞∑

n=1

Xn(ω) ≤ 10}den an koun anagkastik� sthn C∞.Pr�gmati, gia ta (a), (b) èqoume ìti gia k�je m ≥ 1 isqÔei
A = {ω : lim

k→∞
Xk(ω) ≥ 1} = {ω : lim

k→∞
Xm+1+k(ω) ≥ 1} ∈ Cmkai

B =

{
ω : lim

n→∞

1

n

∞∑

k=1

Xk(ω) ≥ 0

}
=

{
ω : lim

n→∞

(
1

n

m∑

k=1

Xk(ω) +
1

n

∞∑

k=m+1

Xk(ω)

)
≥ 0

}

=

{
ω : lim

n→∞

1

n

∞∑

k=m+1

Xk(ω) ≥ 0

}
∈ Cmefìson

lim
n→∞

1

n

m∑

k=1

Xk(ω) = 0.'Ara A,B ∈ C∞.Gia ta (g) kai (d) arke� na parathr soume ìti gia sugkekrimène
 epilogè
 twn tuqa�wn metablht¸n
(Xn)n≥1, ta sÔnola Γ kai ∆ exart¸ntai apì thn tim  tou X1. Gia par�deigma, sto (g), an X1 ≤ 0 kai
Xn > 0 gia k�je n ≥ 2, tìte Γ /∈ C∞.Prin k�noume ti
 parap�nw apode�xei
 gia ta (a), (b), blèpoume ìti gia dedomèno ω (dhlad  gia m�apragmatopo�hsh tou peir�mato
), to an ω ∈ A, dhlad  to an to A pragmatopoi jhke, den exart�tai apìti
 pr¸te
 timè
 th
 (Xn(ω))n≥1. Gia to (a), h tim  tou lim mènei h �dia an all�xoume p.q. tou
 pr¸tou
1000 ìrou
 th
 akolouj�a
. To �dio sumba�nei kai me to (b). Aut  h parat rhsh ma
 pe�jei ìti A,B ∈ C∞kai thn qrhsimopoioÔme sthn tupik  apìdeixh.To basikì apotèlesma aut 
 th
 paragr�fou afor� thn telik  s-�lgebra akolouj�a
 anex�rthtwntuqa�wn metablht¸n.Je¸rhma 9.10 (Nìmo
 0-1 tou Kolmogorov) 'Estw (Xn)n≥1 anex�rthte
 tuqa�e
 metablhtè
 ston
(Ω,F ,P) kai C∞ h telik  s-�lgebr� tou
. An C ∈ C∞, tìte P(C) = 0   1.Apìdeixh Ja de�xoume ìti to C e�nai anex�rthto apì ton eautì tou. Giat� autì d�nei P(C ∩ C) =

P(C)P(C), dhlad  P(C) = P
2(C), pou gr�fetai P(C){1 − P(C)} = 0, apì to opo�o prokÔptei tozhtoÔmeno.Isqurismo
 1: Gia k�je n ≥ 1, oi s-�lgebre
 Dn = σ({Xk : k ≤ n}), Cn e�nai anex�rthte
.Autì èpetai apo to ìti oi (Xn)n≥1 e�nai anex�rthte
, tou
 orismoÔ
 8.3, 5.15 , kai to Je¸rhma 8.14 giath diamèrish {{1, 2, . . . , n}, {n + 1, n + 2, . . .}} tou N+.Jètoume t¸ra D = ∪n∈NDn.Isqurismo
 2: To C e�nai anex�rthto apì k�je stoiqe�o th
 σ(D).Epeid  to C e�nai stoiqe�o th
 Cn gia k�je n ≥ 1, èpetai ìti to C e�nai anex�rthto apì k�je Dn kai�ra apì k�je stoiqe�o th
 ènwsh
 tou
, pou e�nai to D . To sÔnolo E twn stoiqe�wn th
 σ(D) pou e�nai



Ασκήσεις 63anex�rthta apì to C e�nai mia kl�sh Dynkin ('Askhsh 3.1) pou perièqei thn D , kai h D e�nai kleist  sti
peperasmène
 tomè
. 'Ara, apì to Je¸rhma monìtonh
 kl�sh
, σ(D) = δ(D). 'Omw
 δ(D) ⊂ E ⊂ σ(D),opìte E = σ(D).T¸ra C∞ ⊂ σ(D) giat� eÔkola blèpoume ìti σ(D) = σ({Xn : n ≥ 1}). 'Ara apì ton Isqurismì 2 èqoumeìti to C e�nai anex�rthto apì ton eautì tou. �Pìrisma 9.11 'Estw (Xn)n∈N anex�rthte
 tuqa�e
 metablhtè
 ston (Ω,F ,P) kai X : Ω → [−∞,∞]tuqa�a metablht  C∞-metr simh. Tìte h X e�nai stajer  me pijanothta 1.Apìdeixh Efìson h X e�nai C∞-metr simh, ta sÔnola {X = −∞}, {X = ∞} e�nai stoiqe�a th
 C∞,kai epomènw
 èqoun pijanìthta 0   1. 'An k�poio apì aut� èqei pijanìthta 1, de�qjhke to zhtoÔmeno.Diaforetik�, èqoume ìti h X pa�rnei timè
 sto R. Se aut  thn per�ptwsh, gia thn sun�rthsh katanom 
th
, F , to Je¸rhma 9.10 d�nei ìti gia k�je x ∈ R isqÔei
F (x) = P(X ≤ x) = P(X−1((−∞, x])) ∈ {0, 1}. (9.3)Xèroume ìmw
 ìti h F e�nai aÔxousa, dexi� suneq 
 kai F(−∞) = 0, F(∞) = 1. Autè
 oi idiìthte
 maz�me thn (9.3) sunep�gontai ìti up�rqei c ∈ R tètoio ¸ste

F (x) =

{
0 an x < c,

1 an x ≥ c.Sunep¸
 P(X = c) = F(c)− F(c−) = 1, dhlad  h X isoÔtai me thn stajer� c me pijanìthta 1. �Parat rhsh 9.12 Sthn apìdeixh tou Por�smato
 9.11, apì to ìti h X e�nai C∞-metr simh qrhsimo-poi same mìno ìti ìla ta sÔnola th
 C∞ èqoun pijanìthta 0   1. 'Etsi, to �dio epiqe�rhma d�nei ìti an he�nai X tuqa�a metablht  ston (Ω,F ,P) me timè
 sto [−∞,∞], kai A ⊂ F s-�lgebra tètoia ¸ste h X nae�nai A/B([−∞,∞])-metr simh kai P(A) ∈ {0, 1}, gia k�je A ∈ A, tìte h X e�nai stajer  me pijanìthta1. Epistrèfoume sto Par�deigma 9.7. Eke� h Z := limn→∞(Xn/ log n) e�nai m�a C∞-metr simh tuqa�ametablht  me timè
 sto [0,∞], kai oi (Xn)n≥1 e�nai anex�rthte
. To Pìrisma 9.11 efarmìzetai. 'Ara ektwn protèrwn xèroume ìti h Z e�nai stajer  me pijanìthta 1.Ask sei
9.1* 'Estw (An)n≥1 akolouj�a anex�rthtwn endeqomènwn me P(An) < 1 gia k�je n ≥ 1, kai P(∪∞
n=1An) = 1. Na de�xeteìti ∞∑

n=1

P(An) = ∞.9.2 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n me P(Xn 6= 0) = 1
n , gia k�je n ≥ 1. Na de�xete ìti me pijanìthta 1,gia k�je ω ∈ Ω, up�rqei n(ω) ∈ N ¸ste Xn(ω) = 0, gia k�je n ≥ n(ω). (Sunep¸
 Xn → 0, me pijanìthta 1.)9.3 Sthn 'Askhsh 8.4, na deiqje� ìti ep�sh
 mn → 0 kai Mn → 1 sqedìn bèbaia kaj¸
 n → ∞.9.4 'Estw (Xn)n≥1 akolouj�a anex�rthtwn tuqa�wn metablht¸n ¸ste

P(Xn = 1) =
1

n
,P(Xn = 0) = 1− 1

n
.Na deiqje� ìti(a) Xn → 0 kat� pijanìthta kaj¸
 n → ∞,(b) all� den isqÔei Xn → 0 sqedìn beba�w
. M�lista P(limn→∞ Xn = 0) = 0.



64 Τα λήμματα Borel-Cantelli και ο νόμος 0-1 του Kolmogorov9.5 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n me timè
 stoR. Na de�xete ìti up�rqei akolouj�a (an)n≥1 pragmatik¸njetik¸n arijm¸n tètoia ¸ste P

(
lim

n→∞
Xn

an
= 0
)
= 1.9.6 'Estw (Xn)n≥1 akolouj�a anex�rthtwn tuqa�wn metablht¸n me timè
 sto R. Na de�xete ìti, gia thn tuqa�a metablht 

X∗ = sup
n≥1

Xn isqÔei ìti P(X∗ < ∞) = 1 an kai mìno an up�rqei M ∈ R ètsi ¸ste ∞∑

n=1

P(Xn > M) < ∞.9.7* 'Estw (Xn)n≥1 akolouj�a anex�rthtwn tuqa�wn metablht¸n me Xn ∼ N(0, 1), gia k�je n ≥ 1. Na de�xete ìti mepijanìthta 1 isqÔei
lim

n→∞
Xn√
2 log n

= 1. (9.4)9.8 'Estw (Xn)n≥1 akolouj�a anex�rthtwn tuqa�wn metablht¸n meXn ∼ Exp(1) gia k�je n ≥ 1. AnMn := max{X1, X2, . . . , Xn}gia k�je n ≥ 1, na de�xete ìti me pijanìthta 1 isqÔei
lim

n→∞
Mn

log n
= 1. (9.5)9.9* 'Estw (Xn)n≥1 akolouj�a anex�rthtwn kai isìnomwn tuqa�wn metablht¸n. Na de�xete ìti ta akìlouja e�nai isodÔnama:(a) lim

n→∞
Xn

n
= 0.(b) E |X1| < ∞.9.10* 'Estw (Xn)n≥1 akolouj�a isìnomwn kai anex�rthtwn tuqa�wn metablht¸n me timè
 sto R ¸ste h katanom  th
 X1na mhn e�nai sugkentrwmènh se èna shme�o (dhlad  den up�rqei c ∈ R me P(X = c) = 1). Na deiqje� ìti

P( lim
n→∞

Xn up�rqei ) = 0.9.11 'Estw (Xn)n≥1 jetikè
 tuqa�e
 metablhtè
. Na deiqje� ìti me pijanìthta 1 isqÔei
lim

1

n
logXn ≤ lim

1

n
logEXn. (9.6)9.12 'Estw (Xi)i≥1 akolouj�a tuqa�wn metablht¸n me timè
 sto R, kai C∞ := ∩∞

n=1σ(Xn, Xn+1, ...) h telik  s-�lgebra.(a) Upojètoume ìti oi Xi èqoun jetikè
 timè
. Poiè
 apì ti
 parak�tw tuqa�e
 metablhtè
 e�nai C∞ metr sime
?
(i) lim

n→∞

Xn

n
, (ii) lim

n→∞

X1 +X2 + · · ·+Xn

n
, (iii) lim

n→∞
n(X1 +X2 + · · ·+Xn),

(iv)

∞∑

k=1

Xk

2k
, (v) lim

n→∞
(Xn +Xn+1).(b) Poi� apì ta parak�tw sÔnola e�nai stoiqe�a th
 C∞?

(i)

{ ∞∑

n=1

|Xn| < ∞
}

, (ii) {X1 +X2 + · · ·+Xn = 0 gia �peira n} ,

(iii)
{

lim
n→∞

n|X1 +X2 + · · ·+Xn| ≤ 1
}
, (iv)

{ ∞∑

n=1

Xn sugkl�nei se pragmatikì �rijmì}
(v)

{
2n∑

k=n

Xk > 0 gia �peira n

}
.[Sqìlio: Kat' arq�
, ta erwt mata na apanthjoÔn diaisjhtik�. 'Epeita, gia to (b), gia ta sÔnola ta opo�a e�nai stoiqe�ath
 C∞ na apodeiqje� autì tupik�. Gia ta upìloipa, na mhn apodeiqje� t�pote. Gia eke�na den isqurizìmaste ìti p�ntoteden e�nai stoiqe�a th
 C∞. Exart�tai apì thn sugkekrimènh epilog  th
 akolouj�a
 (Xi)i≥1. Parìmoio sqìlio isqÔeigia to mèro
 (a) th
 �skhsh
.℄



Ασκήσεις 659.13 'Estw (Xn)n≥1 akolouj�a anex�rthtwn tuqa�wn metablht¸n, kajem�a me katanom  thn tupik  kanonik  N(0, 1). Giak�je n ≥ 1 jètoume Sn := X1 +X2 + · · ·+Xn.(a) Gia k�je A > 0 kai n ≥ 1 na deiqje� ìti
P

(
Sn√
n

≥ A

)
= 1− Φ(A) > 0,ìpou Φ e�nai h sun�rthsh katanom 
 th
 N(0, 1). [Ed¸ mpore�te na qrhsimopoi sete pr�gmata gia kanonikè
 tuqa�e
metablhtè
 kai ajro�smata tou
 apì ti
 stoiqei¸dei
 pijanìthte
℄.(b) Gia k�je A > 0, me pijanìthta 1 isqÔei

lim
n→∞

Sn√
n

≥ A.(g) Me pijanìthta 1 isqÔei
lim

n→∞
Sn√
n

= ∞.9.14 'Estw {Ai : i ∈ I} stoiqe�a th
 A.(a) JewroÔme ti
 tuqa�e
 metablhtè
 Xi := 1Ai
, i ∈ I. Na deiqje� ìti oi {Xi : i ∈ I} e�nai anex�rthte
 an kai mìno anta {Ai : i ∈ I} e�nai anex�rthta.(b) An ta {An : n ∈ N} e�nai anex�rthta, tìte ta sÔnola lim infn An, lim supn An èqoun pijanìthta 0   1.9.15 'Estw (Xn)n≥1 akolouj�a anex�rthtwn tuqa�wn metablht¸n. JewroÔme thn dunamoseir�
f(z) =

∞∑

n=0

Xnz
n.(a) Na deiqje� ìti h akt�na sÔgklish
 R th
 f e�nai metr simh w
 pro
 thn telik  s-�lgebra twn (Xn)n≥1 kai �rae�nai stajer  me pijanìthta 1.(b) An upojèsoume epiplèon ìti kajem�a apì ti
 (Xn)n≥1 èqei katanom  N(0, 1), tìte me pijanìthta 1 isqÔei R = 1.9.16 'Estw {An : n ≥ 1} stoiqe�a th
 A ta opo�a e�nai ana dÔo anex�rthta. Jètoume

Sn :=

n∑

i=1

1Aikai
sn :=

n∑

i=1

P(Ai).(a) Na deiqje� ìti
E(S2

n) = sn + s2n −
n∑

i=1

P(Ai)
2 ≤ sn + s2n.[Upod. : 'Askhsh 6.9℄(b) Gia k�je ε > 0, na deiqje� ìti

P(Sn ≥ εsn) ≥ (1− ε)2
s2n

s2n + sn
.(g)* An epiplèon isqÔei ìti ∑∞

i=1 P(Ai) = ∞, na deiqje� ìti P(lim supn An) = 1.[H �skhsh aut  genikeÔei to 2o L mma Borel-Cantelli kat� to ìti upojètoume ta {An : n ≥ 1} an� dÔo anex�rthtakai ìqi apara�thta pl rw
 anex�rthta.℄



66 Τα λήμματα Borel-Cantelli και ο νόμος 0-1 του Kolmogorov9.17 'Estw {An : n ≥ 1} stoiqe�a th
 A gia ta opo�a isqÔei∑∞
i=1 P(Ai) = ∞ kai up�rqei C ∈ (0,∞) ¸ste

P(Ai ∩ Aj) ≤ C P(Ai)P(Aj)gia k�je i, j ≥ 1. Na deiqje� ìti
P(lim sup

n
An) ≥ 1/C > 0.



10O Nìmo
 twn Meg�lwn Arijm¸n
Sthn par�grafo aut  parousi�zoume èna apì ta shmantikìtera apotelèsmata th
 Jewr�a
 Pijanot twn,to Nìmo twn Meg�lwn Arijm¸n. To je¸rhma pou akolouje� den apotele� thn isqurìterh morf  tou. 'Omw
h apìdeix  tou e�nai eukolìterh teqnik� kai diathre� arket� apì ta stoiqe�a th
 apìdeixh
 th
 isqur 
morf 
.Je¸rhma 10.1 (Isqurì
 Nìmo
 twn Meg�lwn Arijm¸n) 'Estw (Xn)n≥1 anex�rthte
 kai isìnome
tuqa�e
 matablhtè
 ston (Ω,F ,P) me timè
 sto R ètsi ¸ste E

(
X2

1

)
< ∞. Jètoume µ = E(X1) kai

Sn =
∑n

k=1 Xk gia k�je n ≥ 1. Tìte
lim
n→∞

Sn

n
= µ me pijanìthta 1.Apìdeixh 'Estw σ2 = Var(X1).Pr¸ta ja apode�xoume to zhtoÔmeno gia (Xn)n∈N me timè
 sto [0,∞]. Gia n ≥ 1, jètoume Yn = Sn

n
− µ.Tìte

E(Yn) =
1

n
E(Sn)− µ =

1

n
nE(X1)− µ = 0,kai

E
(
Y 2
n

)
= Var(Y 2

n ) = Var

(
Sn

n

)
=

1

n2
Var(Sn).'Omw
 Var(Sn) = nVar(X1) efìson oi (Xn)n∈N e�nai anex�rthte
. Epomènw
,

E
(
Y 2
n

)
=

σ2

n
.'Etsi, gia thn upakolouj�a (Yn2)n≥1, èqoume ìti

E

{ ∞∑

n=1

Y 2
n2

}
=

∞∑

n=1

σ2

n2
< ∞.'Ara, me pijanìthta 1, ∑∞

n=1 Y
2
n2 < ∞, sunep¸
 limn→∞ Yn2 = 0.T¸ra, apì to limn→∞ Yn2 = 0, jèloume na per�soume sto limn→∞ Yn = 0.'Estw k ≥ 1. Jètoume n(k) = [
√
k]. Tìte

Sn(k)2

(n(k) + 1)2
≤ Sk

k
≤ S(n(k)+1)2

n(k)2efìson n(k) ≤
√
k ≤ n(k)+ 1 kai h Sn e�nai �jroisma jetik¸n ìrwn. 'Omw
, gia n → ∞, me pijanìthta 1,

Sn(k)2

(n(k) + 1)2
=

Sn(k)2

n(k)2

( n(k)

n(k) + 1

)2
→ µ,
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68 Ο Νόμος των Μεγάλων Αριθμώνkai
S(n(k)+1)2

n(k)2
=

S(n(k)+1)2

(n(k) + 1)2

(n(k) + 1

n(k)

)2
→ µ.'Ara, me pijanìthta 1, èqoume ìti lim

k→∞

Sk

k
= µ.Sthn per�ptwsh pou oi (Xn)n≥1 pa�rnoun timè
 sto [−∞,∞], èqoume

Sn

n
=

X1 +X2 + . . .+Xn

n
=

X+
1 +X+

2 + . . .+X+
n

n
− X−

1 +X−
2 + . . .+X−

n

n
.Oi (X+

n )n∈N, ìpw
 kai oi (X−
n )n∈N, e�nai anex�rthte
 kai isìnome
, kai E ((X+

1 )
2
)
< ∞, E ((X−

1 )
2
)
< ∞efìson (X+

1 )
2 ≤ X2

1 , (X−
1 )

2 ≤ X2
1 . Apì ta prohgoÔmena, èqoume ìti
lim
n→∞

X+
1 +X+

2 + . . .+X+
n

n
= E(X+

1 ),kai
lim
n→∞

X−
1 +X−

2 + . . . +X−
n

n
= E(X+

1 )me pijanìthta 1. Sunep¸
, me pijanìthta 1,
lim
n→∞

Sn

n
= E(X+

1 )−E(X−
1 ) = µ.

�To sumpèrasma tou jewr mato
 isqÔei kai an ant� th
 E(X2
1 ) < ∞ upojèsoume ìti E(|X1|) < ∞,dhlad  k�ti ligìtero. Aut  e�nai h genik  morf  tou nìmou twn meg�lwn arijm¸n, kai sto ex 
 ja tonjewroÔme dedomèno me aut , thn isqurìterh morf .Ep�sh
, an (Xn)n≥1 e�nai tuqa�e
 metablhtè
 me timè
 sto R, sto ex 
, ja sumbol�zoume me Sn to n-ostìmerikì �jroism� tou
. Ask sei
10.1 (Asjen 
 Nìmo
 twn Meg�lwn Arijm¸n) 'Estw (Xn)n∈N anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 me timè
 sto

R, ètsi ¸ste E
(
X2

1

)
< ∞. Jètoume µ = E(X1). Na deiqje� ìti

lim
n→∞

P

(∣∣∣∣
Sn

n
− µ

∣∣∣∣ > ǫ

)
= 0, gia k�je ǫ > 0.Dhlad  h akolouj�a Sn

n sugkl�nei sto µ kat� pijanìthta.10.2* 'Estw (Xn)n∈N anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 me timè
 sto R ètsi ¸ste E(X+
1 ) = ∞ kai E(X−

1 ) < ∞.Na de�xete ìti
lim

n→∞
Sn

n
= ∞me pijanìthta 1.10.3* (Ant�strofo tou Nìmou twn Meg�lwn Arijm¸n) 'Estw (Xn)n≥1 anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 metimè
 sto R ètsi ¸ste lim

n→∞
Sn

n
= µ sqedìn beba�w
, me µ ∈ R. Na de�xete ìti E(|X1|) < ∞ kai E(X1) = µ.10.4 'Estw (Xn)n≥1 anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 me X1 ∼ N(1, 3). Na de�xete ìti

lim
n→∞

X1 +X2 + . . .+Xn

(X1)2 + (X2)2 + . . .+ (Xn)2
=

1

4
,me pijanìthta 1.



Ασκήσεις 6910.5 'Estw (Xn)n∈N anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 me timè
 sto R ètsi ¸ste E(|X1|) < ∞ kai E(X1) > 0.Na de�xete ìti
lim

n→∞
Sn = ∞me pijanìthta 1.10.6 'Estw (Ui)i≥1 akolouj�a anex�rthtwn kai isìnomwn tuqa�wn metablht¸n, kajem�a me katanom  U(0, 1), dhlad  omoiì-morfh sto (0, 1). Na deiqje� ìti(a) limn→∞(U1U2 · · ·Un)

1/n = e−1 me pijanìthta 1.(b) limn→∞ U1U2 · · ·Un = 0 me pijanìthta 1.(g) limn→∞
Ua

1 +···+Ua
n

n =





1
1+a me pijanìthta 1 an a > −1,

∞ me pijanìthta 1 an a ≤ −1.10.7 'Estw (Xi)i≥1 akolouj�a anex�rthtwn kai isìnomwn tuqa�wn metablht¸n me µ = E(X1) ∈ R kai σ2 = V (X1) < ∞.Na deiqje� ìti
lim

n→∞
1

n

n∑

k=1

(Xk − µ)2 = σ2 me pijanìthta 1.



11Poludi�state
 tuqa�e
 metablhtè

11.1 Puknìthte
 ston Rn'Estw λ to mètro Lebesgue ston (R,B(R)) (Par�deigma 2.4). JewroÔme to q¸ro ginìmeno (Rn,B(Rn)),

n ≥ 1, tou (R,B(R)) n forè
 efodiasmèno me to mètro ginìmeno, pou ja sumbol�zoume me λn, ìpw
 autìor�sthke sthn Par�grafo 8.1. Tìte to mètro λn e�nai to monadikì mètro ston (R,B(R)) me thn idiìthta
λn(A1 ×A2 × . . . ×An) = λ(A1)λ(A2) . . . λ(An), ∀A1, A2, . . . , An ∈ B(R).Gia to olokl rwma Lebesgue w
 pro
 to mètro λn ston (Rn,B(Rn)) mia
 B(Rn)/B([−∞,∞]) metr -simh
 sun�rthsh
 f : Rn → [−∞,∞] gr�foume

∫
f(x) dλn(x)   ∫ f(x1, x2, . . . , xn) dλ(x1)dλ(x2) . . . dλ(xn).GenikeÔoume t¸ra ton Orismì 6.42 th
 puknìthta
 enì
 mètrou pijanìthta
 sthn per�ptwsh tou Rn.Orismì
 11.1 'Estw P mètro pijanìthta
 ston (Rn,B(Rn)) kai f : Rn → [0,∞] Borel metr simhsun�rthsh. H f lègetai puknìthta tou P an

P(A) =

∫

A

f(x) dλn(x)gia k�je A ∈ B(Rn).'Opw
 kai sthn per�ptwsh tou R:
• Den èqoun ìla ta mètra ston Rn puknìthta.
• Gia èna mètro pijanìthta
 P ston Rn kai f1, f2 : Rn → [0,∞] Borel-metr sime
, an h f1 e�nai puknìthtatou P, tìte h f2 e�nai ep�sh
 puknìthta tou P an kai mìno an λn({f1 6= f2}) = 0.Orismì
 11.2 'Estw X tuqa�a metablht  se q¸ro pijanìthta
 (Ω,F ,P) me timè
 ston Rn. M�ametr simh sun�rthsh f : Rn → [0,∞] lègetai puknìthta th
 X an h f e�nai puknìthta th
 katanom 
 PXth
 X.Gia lìgou
 aplìthta
 periorizìmaste t¸ra sthn per�ptwsh pou n = 2. To epìmeno je¸rhma genikeÔetaieÔkola sthn per�ptwsh tou Rn, n > 2.Je¸rhma 11.3 'Estw X tuqa�a metablht  se q¸ro pijanìthta
 (Ω,F ,P), me timè
 ston R2 kaipuknìthta f : R → [0,∞]. An X = (Y,Z), me Y,Z : Ω → R tuqa�e
 metablhtè
, isqÔoun ta ex 
:(i). Oi Y,Z èqoun ant�stoiqa puknìthte


fY (y) =

∫
f(y, z) dz kai fZ(z) = ∫ f(y, z) dy.

70



11.1 Πυκνότητες στον Rn 71(ii). Oi Y,Z e�nai anex�rthte
 an kai mìno an f(y, z) = fY (y)fZ(z) sqedìn pantoÔ ston R2.Apìdeixh (i) Ja de�xoume ìti h fY (y) e�nai puknìthta th
 Y . Gia thn fZ(z) douleÔoume ìmoia. 'Estw
A ∈ B(R). Tìte

P(Y ∈ A) = P
(
(Y,Z) ∈ A× R

)
=

∫

A×R

f(y, z) dλ2(y, z)

=

∫
f(y, z)1A×R(y, z) dλ2(y, z) =

∫ ∫
f(y, z)1A×R(y, z) dz dy

=

∫

A

∫
f(y, z) dz dy =

∫

A

fY (y) dy.me thn fY ìpw
 sthn ekf¸nhsh. Apode�qjhke to zhtoÔmeno.
(ii) 'Estw ìti oi Y,Z e�nai anex�rthte
. JewroÔme to sÔnolo

C =

{
C ∈ B(R2) :

∫

C

f(y, z) dλ2(y, z) =

∫

C

fY (y)fZ(z) dλ2

}
.Efìson oi Y,Z e�nai anex�rthte
, gia A,B ∈ B(R) kai C = A×B, èqoume

P
(
(Y,Z) ∈ C

)
= P(Y ∈ A)P(Z ∈ B).'Omw


P
(
(Y,Z) ∈ C

)
=

∫

A×B

f(x, y) dλ2(y, z),�ra
∫

A×B

f(x, y) dλ2(y, z) =

∫

A

fY (y) dy

∫

B

fZ(z) dz

=

∫

A

∫

B

fY (y)fZ(z) dy dz

=

∫

A×B

fY (y)fZ(z) dλ2(y, z),sÔmfwna me to Je¸rhma 8.19 (Tonelli-Fubini). Sunep¸
, h oikogèneia D = {A × B: A,B ∈ B(R)}perièqetai sth C. Epiplèon, h D e�nai kleist  sti
 peperasmène
 tomè
 kai par�gei th s-�lgebra B(R2),en¸ h C e�nai kl�sh Dynkin (giat�?). Apì to Je¸rhma 3.6, èqoume ìti B(R2) = σ(D) = δ(D) ⊂ C. 'Ara
C = B(R2). Dhlad 

P
(
(Y,Z) ∈ C

)
=

∫

C

f(y, z) dλ2(y, z) =

∫

C

fY (y)fZ(z) dλ2(y, z) gia k�je C ∈ B(R2).Apì thn sqedìn pantoÔ monadikìthta th
 puknìthta
, èqoume f(y, z) = fY (y)fZ(z) sqedìn pantoÔ ston
R2. Ant�strofa, an f(y, z) = fY (y)fZ(z) sqedìn pantoÔ sto R2, gia A,B ∈ B(R2) èqoume

P
(
(Y,Z) ∈ A×B

)
=

∫

A×B

f(y, z) dλ2(y, z) =

∫

A×B

fY (y)fZ(z) dλ2(y, z)

=

∫
fY (y)fZ(z)1A×B(y, z) dλ2(y, z) =

∫ ∫
fY (y)fZ(z)1A(y)1B(z) dy dz

=

∫
fY (y)1A(y) dy

∫
fZ(z)1B(z) dZ = P(Y ∈ A)P(Z ∈ B).Sunep¸
, oi Y,Z e�nai anex�rthte
. �



72 Πολυδιάστατες τυχαίες μεταβλητέςAsk sei
11.1 'Estw A ∈ B(R2). Jètoume Ax = {y ∈ R : (x, y) ∈ A} kai Ay = {x ∈ R : (x, y) ∈ R}. Na de�xete ìti ta ex 
 e�naiisodÔnsama:(a) λ2(A) = 0.(b) λ({x ∈ R : λ(Ax > 0)}) = 0.(g) λ({y ∈ R : λ(Ay > 0)}) = 0.



12Qarakthristikè
 sunart sei

12.1 Metasqhmatismì
 Fourier mètrou pijanìthta
 sto R'Estw (Ω,F , µ) q¸ro
 mètrou, kai f : Ω → C Borel metr simh sun�rthsh. To pragmatikì kai fantastikìmèro
 th
 f , pou ta sumbol�zoume me Re(f), Im(f), e�nai sunart sei
 sto Ω me pragmatikè
 timè
, kai e�naieÔkolo na dei kane�
 ìti e�nai Borel metr sime
.Or�zoume to olokl rwma Lebesgue th
 f w
 pro
 to mètro µ w
 ex 
:

∫
f dµ =

∫
Re(f) dµ+ i

∫
Im(f) dµ.IsqÔei ìti

∣∣∣
∫

f dµ
∣∣∣ ≤

∫
|f |dµìpou | · | sumbol�zei to mètro migadikoÔ, kai

∫
f dµ =

∫
f dµ.H deÔterh idiìthta e�nai profan 
 en¸ gia thn pr¸th arke� kane�
 na parathr sei ìti an z migadikì
 arijmì
up�rqei θ ∈ [0, 2π) ètsi ¸ste

∣∣∣
∫

f dµ
∣∣∣ = eiθ

∫
f dµ.Tìte ∣∣∣

∫
f dµ

∣∣∣ = eiθ
∫

f dµ =

∫
eiθf dµ,kai efìson ∫ eiθf dµ =

∫
Re(eiθf) dµ (giat�?), èqoume ìti

∫
Re(eiθf) dµ ≤

∫
|eiθf |dµ =

∫
|f |dµ,apì to opo�o prokÔptei to zhtoÔmeno.D�noume t¸ra ton orismì tou metasqhmatismoÔ Fourier enì
 mètrou pijanìthta
 µ ston (R,B(R)).Orismì
 12.1 'Estw µ mètro pijanìthta
 ston (R,B(R)). Metasqhmatismì Fourier tou µ onom�zoumethn sun�rthsh µ̂ pou or�zetai w


µ̂(u) :=

∫
eiux dµ(x) =

∫
cos(ux) dµ(x) + i

∫
sin(ux) dµ(x)gia k�je u ∈ R. H µ̂ pa�rnei timè
 sto C.

73



74 Χαρακτηριστικές συναρτήσειςJe¸rhma 12.2 'Estw µ mètro pijanìthta
 ston R. Tìte(i). |µ̂(u)| ≤ 1, gia k�je u ∈ R.(ii). µ̂(0) = 1.(iii). H µ̂ e�nai omoiìmorfa suneq 
.Apìdeixh (i) Gia u ∈ R, eqoume ìti
|µ̂(u)| = |

∫
eiux dµ(x)| ≤

∫
|eiux|dµ(x) =

∫
1 dµ(x) = 1.

(ii) µ̂(0) =

∫
e0 dµ(x) = 1.

(iii) Arke� na de�xoume ìti gia k�je akolouj�a (δk)k∈N ston R me δk → 0 isqÔei ìti
lim
k→∞

sup
u∈R

|µ̂(u+ δk)− µ̂(u)| = 0.'Estw u, ζ ∈ R. Tìte,
|µ̂(u+ ζ)− µ̂(u)| =

∣∣∣∣
∫
(ei(u+ζ)x − eiux) dµ(x)

∣∣∣∣ =
∣∣∣∣
∫

eiux(eiζx − 1) dµ(x)

∣∣∣∣

≤
∫

|eiux||eiζx − 1|dµ(x) =
∫

|eiζx − 1|dµ(x).'Ara, an (δk)k∈N mhdenik  akolouj�a, gia k ∈ N èqoume,
sup
u∈R

|µ̂(u+ δk)− µ̂(u)| ≤
∫

|ei<δk ,x> − 1|dµ(x).'Estw fk(x) = |eiδkx − 1| gia k�je k ∈ N. Tìtea. lim
k→∞

fk(x) = 0 gia k�je x ∈ R.b. |fk(x)| ≤ g(x) ìpou g(x) = 2, gia k�je x ∈ R.g. ∫ g(x) dµ(x) = 2 < ∞.Sunep¸
, apì to Je¸rhma Kuriarqhmènh
 SÔgklish
, èqoume
lim
k→∞

∫
fk(x) dµ(x) = 0,kai ètsi prokÔptei to zhtoÔmeno. �12.2 Qarakthristikè
 sunart sei
Orismì
 12.3 'Estw X tuqa�a metablht  se q¸ro pijanìthta
 (Ω,F ,P) me timè
 ston R. Qarakth-ristik  sun�rthsh th
 X lème th sun�rthsh φX : R → C me

φX(u) = E(eiuX ).Apì thn Prìtash 6.39, φX(u) =

∫
eiux dPX(x), dhlad  φX = P̂

X .Prìtash 12.4 'Estw X,Y tuqa�e
 metablhtè
 ston (Ω,F ,P) me timè
 ston R, kai a, b ∈ R. Tìte giak�je u ∈ R èqoume



12.2 Χαρακτηριστικές συναρτήσεις 75(i). φX(−u) = φX(u),(ii). φaX+b(u) = eiubφX(au)(iii). An X,Y anex�rthte
, tìte φX+Y = φX(u)φY (u).Apìdeixh (i). φX(−u) = E(ei(−u)X ) = E
(
eiuX

)
= E(eiuX>) = φX(u).

(ii). φaX+b(u) = E(eiu(aX+b)) = eiub E(eiauX ) = eiubφX(au).
(iii). φX+Y (u) = E(eiu(X+Y )) = E(eiuXeiuY ) = E(eiuX )E(eiuY ) = φX(u)φY (u), ìpou sthn tr�th isìthtaqrhsimopoi same thn anexarths�a twn X,Y kai to Je¸rhma 8.8.

�Sto epìmeno par�deigma, upolog�zoume th qarakthristik  sun�rthsh tuqa�wn metablht¸n pou akolou-joÔn k�poia apì ti
 gnwstè
 katanomè
.Par�deigma 12.5 (i). 'Estw X ∼ Bin(n, p). Tìte, φX(u) = (peiu + 1− p)n. Pr�gmati,
φX(u) = E(eiuX) =

n∑

k=0

eiuk
(
n

k

)
pk(1− p)n−k

=
n∑

k=0

(
n

k

)
(eiup)k(1− p)n−k

=(eiup+ 1− p)n.(ii). 'Estw X ∼ Poisson(λ), λ > 0. Tìte, φX(u) = eλ(e
iu−1) (apodeiknÔetai ìmoia me to (i)).(iii). 'Estw X ∼ U(−a, a). Tìte

φX(u) =

{
sin(au)

au
an u ∈ R\{0},

1 an u = 0.
.Pr�gmati, h X èqei puknìthta

fX(x) =

{
1
2a
, x ∈ (−a, a)

0, x ∈ R \ (−a, a)
.'Ara, gia u 6= 0, èqoume

φX(u) = E(eiuX) =

∫ a

−a

eiux
1

2a
dx

=
1

2a

∫ a

−a

cos(ux) dx+ i
1

2a

∫ a

−a

sin(ux) dx

=
1

2a

sin(ux)

u

∣∣∣∣∣

a

−a

=
1

2a

(sin(ua)
u

− sin(−ua)

u

)

=
sin(ua)

ua
.Gia u = 0, profan¸
 φX(0) = 1.(iv). 'Estw X ∼N(0, 1). Tìte, φX(u) = e−u2/2.O upologismì
 th
 qarakthristik 
 sun�rthsh
 sthn per�ptwsh aut  e�nai pio per�ploko
. 'Ena




76 Χαρακτηριστικές συναρτήσειςtrìpo
 e�nai me qr sh epiqeirhm�twn apì th Migadik  An�lush.1 'Ena
 �llo
, ìqi kai tìso profan 
trìpo
, e�nai o ex 
:
φX(u) = E(eiux) =

∫ ∞

−∞
eiux

1√
2π

e−x2/2 dx

=
1√
2π

∫ ∞

−∞
cos(ux)e−x2/2 dx+ i

1√
2π

∫ ∞

−∞
sin(ux)e−x2/2 dx

=
1√
2π

∫ ∞

−∞
cos(ux)e−x2/2 dx.H teleuta�a isìthta isqÔei giat� h sun�rthsh x 7→ sin(ux)e−x2/2 e�nai peritt . Plèon h sun�rthsh

φX(u) e�nai pragmatik , paragwg�simh kai isqÔei ìti
φ′
X(u) =

1√
2π

∫ ∞

−∞
(−x) sin(ux)e−x2/2 dx.H parag¸gish k�tw apì to olok rwma apaite� dikaiolìghsh thn opo�a parale�poume. Oloklhr¸nonta
kat� mèrh, èqoume

φ′
X(u) = − 1√

2π

∫ ∞

−∞
u cos(ux)e−x2/2 dx = −uφX(u).'Esti katal goume sth sun jh diaforik  ex�swsh φ′

X(u) = −uφX(u), h opo�a èqei genik  lÔsh
φX(u) = Ce−u2/2.Kai efìson φX(0) = 1, èqoume ìti C = 1. 'Ara φX(u) = e−u2/2.(v). 'Estw X ∼N(µ, σ2). Tìte
φX(u) = eiuµ−u2 σ2

2 .Apì ta prohgoÔmena, jewr¸nta
 thn tuqa�a metablht  Z = X−µ
σ

, èqoume ìti Z ∼ N(0, 1) kai X =

σZ + µ. 'Ara, φX(u) = φσZ+µ(u) = eiuµφY (uσ) = eiuµe−u2 σ2

2 .(vi). 'Estw X ∼ Exp(λ), λ > 0. Tìte, φX(u) =
λ

λ−iu
, gia k�je u ∈ R. Pr�gmati,

φX(u) = E(eiuX ) =

∫ ∞

0

eiuxλe−λx dx

= λ

∫ ∞

0

ex(iλ+iu) dx = lim
M→∞

λ

∫ M

0

ex(−λ+iu) dx

= lim
M→∞

λ
ex(−λ+iu)

−λ+ iu

∣∣∣∣∣

M

0

= lim
M→∞

λ
eM(−λ+iu) − 1

−λ+ iu

=
λ

λ− iu
,afoÔ |eiuM | = 1, �ra lim

M→∞
e−λMeiuM = 0.

1 O trìpo
 autì
 qrhsimopoie� to Je¸rhma Analutik 
 Sunèqish
 gia olìmorfe
 migadikè
 sunart sei
. Sugkekrimèna, pr¸tade�qnoume ìti E(etX) = et
2/2, gia k�je t ∈ R (autì
 e�nai upologismì
 me pragmatikoÔ
 arijmoÔ
). 'Epeita jewroÔme ti
 migadikè
sunart sei
 ψ(z) = ez

2/2, g(z) = E(ezX). De�qnoume ìti h g analÔetai se dunamoseir� tou z me akt�na sÔgklish
 R = ∞, �rae�nai olìmorfh se ìlo to C. Epiplèon, gia k�je t ∈ R, g(t) = E(etX) = et
2/2 = ψ(t). Apì thn arq  analutik 
 suneq�sew
,efìson oi g kai ψ taut�zontai sto R, taut�zontai se ìlo to C. Sunep¸
, φX(t) = g(it) = ψ(it) = e−t2/2 gia k�je t ∈ R.Perissìtera gia aut  th mèjodo prosdiorismoÔ th
 qarakthristik 
 sun�rthsh
 ja doÔme sthn epìmenh par�grafo.



12.3 Χαρακτηριστικές συναρτήσεις και ροπογεννήτριες 7712.3 Qarakthristikè
 sunart sei
 kai ropogenn trie
Gia m�a tuqa�a metablht  X me timè
 sto R h ropogenn tria th
 e�nai h sun�rthsh MX : R → [0,∞]me MX(t) = E(etX). Mia diafor� th
 ropogenn tria
 apì thn qarakthristik  sun�rthsh e�nai ìti hteleuta�a e�nai p�ntote peperasmènh w
 olokl rwma sun�rthsh
 me mètro (migadikoÔ) to polÔ 1. Ant�jeta,h ropegenn tria e�nai s�goura peperasmènh sto 0 me tim  1, all� gia ti
 upìloipe
 timè
 tou t endèqetaina e�nai ∞. To an e�nai peperasmènh se èna t 6= 0 ma
 d�nei pollè
 plhrofor�e
 gia thn tuqa�a metablht 
X.H epìmenh prìtash katagr�fei k�poie
 sunèpeie
 th
 upìjesh
 ìti mia ropogenn tria e�nai peperasmènhse mia perioq  tou 0.Prìtash 12.6 An up�rqei ε > 0 ¸ste MX(−ε),MX(ε) < ∞, tìte(i). MX(t) < ∞ gia k�je t ∈ (−ε, ε).(ii). E(|X|k) < ∞ gia k�je k ∈ N.(iii). H MX analÔetai se dunamoseir� w


MX(t) =
∞∑

k=0

E(Xk)

k!
tk (12.1)me akt�na sÔgklish
 toul�qiston ε.(iv). E(Xk) = M (k)

X (0) gia k�je k ∈ N.Apìdeixh (i) 'Epetai apì thn anisìthta etX ≤ e|tX| ≤ e−εX + eεX kai to ìti MX(−ε) +MX(ε) < ∞.
(ii) To an�ptugma se dunamoseir� th
 eε|X| d�nei εk|X|k ≤ k! e|ε|X| ≤ k!(e−εX + eεX). To sumpèrasmaèpetai apì thn upìjesh.
(iii) Gia t ∈ (−ε, ε) èqoume

MX(t) = E

( ∞∑

k=0

tkXk

k!

)
=

∞∑

k=0

E

(
tkXk

k!

)
=

∞∑

k=0

tk E(Xk)

k!
.H enallag  oloklhr¸mato
 kai ajro�smato
 èpetai apì to je¸rhma Fubini (efarmosmèno sta mètra P,arijmhtikì mètro sto N) giat�

E

( ∞∑

k=0

|tkXk|
k!

)
= E(e|tX|) < ∞ìpw
 e�dame sthn apìdeixh tou (i).

(iv) 'Epetai apì to (iii) kai th jewr�a twn dunamoseir¸n. �Gia na jum�tai kane�
 ton tÔpo E(Xk) = M
(k)
X (0) qr simh e�nai h ex 
 “apìdeixh” tou. Sthn MX(t) =

E(etX) paragwg�zoume k forè
 kai pa�rnoume
M

(k)
X (t) = E(XketX). (12.2)Dhlad  pern�me thn par�gwgo mèsa apì thn mèsh tim . To ìti autì e�nai swstì apodeiknÔetai me qr shtou jewr mato
 kuriarqhmènh
 sÔgklish
, all� to parale�poume. 'Epeita jètoume t = 0 sthn (12.2).Apì to (ii) th
 prohgoÔmenh
 prìtash
 èpetai ìti mia tuqa�a metablht  me E(X+) = E(X−) = ∞ èqeiautìmata MX(t) = ∞ gia k�je t ∈ R\{0}. H ropogenn tria th
 den thn qarakthr�zei.



78 Χαρακτηριστικές συναρτήσειςApì thn �llh, o upologismì
 th
 ropegenn tria
 afor� pragmatikoÔ
 arijmoÔ
, kai e�nai sun jw
 euko-lìtero
 kaj¸
 an�getai se oloklhr¸mata   ajro�smata pragmatik¸n sunart sewn. 'Eqonta
 upolog�seikane�
 thn MX , e�nai deleastikì na upojèsei ìti
φX(t) = E(eitX)

?
= MX(it).'Ena pr¸to prìblhma e�nai ìti to sÔmbolo MX(it) den èqei nìhma afoÔ h MX èqei ped�o orismoÔ to R.A
 to parablèyoume. H �dèa e�nai na broÔme ènan tÔpo gia thn MX ston opo�o na mporèsoume na b�loumeìpou t to it. Kai èqoume parade�gmata pou autì douleÔei. P.q. sthn per�ptwsh pou h X akolouje� k�poiakanonik    ekjetik  katanom .A
 doÔme ti g�netai an h X ∼ N(0, 1). Br�skoume ìti MX(t) = et

2/2. B�zonta
 ìpou t to it br�skoume
e−t2/2 pou e�nai o swstì
 tÔpo
 gia thn qarakthristik  sun�rthsh th
 X. E�nai dunatìn ìmw
 na peikane�
 ìti MX(t) = e|t|

2/2 gia k�je t ∈ R, kai h antikat�stash t → it d�nei et2/2, pou e�nai l�jo
. TikalÔtero èqei o tÔpo
 et
2/2 apì ton e|t|

2/2?Prìtash 12.7 'Estw X pragmatik  tuqa�a metablht  me ropegenn triaMX . Upojètoume ìti up�rqei
ε > 0 ¸ste(i). H MX e�nai peperasmènh sto (−ε, ε).(ii). Up�rqei analutik  sun�rthsh f : {z ∈ C : |Re(z)| < ε} → C ¸ste to sÔnolo twn shme�wn t ∈ R pouikanopoioÔn MX(t) = f(t) na èqei shme�o suss¸reush
 sto (−ε, ε).Tìte φX(t) = f(it) gia k�je t ∈ R.Apìdeixh 'Estw Aε := {z ∈ C : |Re(z)| < ε}. Jètoume g : Aε → C me g(z) := E(ezX) gia k�je z ∈ Aε.Isqurismo
: H g e�nai kal� orismènh2 kai analutik  sto Aε.Epeid  |ezX | = eX Re z kai E(eX Re z) < ∞ apì thn upìjesh (i), èpetai ìti h g e�nai kal� orismènh. T¸ragia z0 ∈ Aε kai z ∈ C me |z| < ε− |Re(z0)| isqÔei

g(z0 + z) = E(ez0XezX) = E

{
ez0X

∞∑

k=0

(zX)k

k!

}
=

∞∑

k=0

E
{
Xkez0X

}

k!
zk. (12.3)Qrei�zetai dikaiolìghsh mìno h teleuta�a isìthta. Dhlad  h allag  seir�
 mèsh
 tim 
 kai �jroish
.Autì èpetai apì to je¸rhma Fubini afoÔ

E

{ ∞∑

k=0

∣∣∣∣ez0X
(zX)k

k!

∣∣∣∣

}
= E

{
eRe(z0)X+|zX|

}
≤ E(|X|(|z|+|Re(z0)|)) < ∞.To ìti h teleuta�a posìthta e�nai peperasmènh èpetai apì to ìti |z| + |Re(z0)| < ε kai thn upìjesh (i).Ed¸ loipon e�nai kr�simh h upìjesh ìti h MX e�nai peperasmènh sto (−ε, ε). Ep�sh
 sumpera�noume ìti stodex� mèlo
 th
 (12.3) èqoume mia dunamoseir� tou z me peperasmènou
 suntelestè
 h opo�a sugkl�nei afoÔh g(z0 + z) e�nai peperasmènh. 'Epetai ìti h g analÔetai se dunamoseir� me kèntro z0 kai akt�na sÔgklish
toul�qiston ε− |Re(z0)| > 0, pr�gma pou apodeiknÔei ton isqurismì.Apì thn upìjesh (ii), to sÔnolo twn shme�wn pou g(z) = f(z) èqei shme�o suss¸reush
 sto (−ε, ε) ⊂

Aε. Apì thn arq  analutik 
 sunèqish
, oi sunart sei
 f, g taut�zontai sto Aε. 'Ara, gia t ∈ R,
φX(t) = g(it) = f(it)

2 To kal� orismènh shma�nei ìti h mèsh tim  mpore� na oriste� kai e�nai stoiqe�o tou C. Den emfan�zetai k�poia morf  ∞−∞.



12.4 Μετασχηματισμός Fourier στο Rn 79afoÔ it ∈ Aε. �Epistrèfonta
 sthn suz thsh prin thn prìtash, to prìblhma me thn e|z|
2/2 e�nai ìti den e�nai analutik sun�rthsh. 'Etsi den mpore� na pa�xei ton rìlo th
 f pou anefèrei h prìtash.Par�deigma 12.8 (i) Mia X ∼ N(0, 1) èqei ropogenn ria MX(t) = et

2/2 gia k�je t ∈ R. H MXe�nai saf¸
 peperasmènh se perioq  tou 0. H sun�rthsh f : C → C me f(z) = ez
2/2 gia k�je z ∈ C e�naianalutik  se ìlo to C kai sumfwne� me thn MX sto R (E�nai h mình analutik  pou to k�nei autì). 'Arah Prìtash 12.7 efarmìzetai, kai d�nei ìti φX(t) = f(it) = e−t2/2 gia k�je t ∈ R.

(ii) Mia X ∼ Exp(λ) (λ > 0) èqei ropogenn tria
MX(t) =

{
λ

λ−t
an t < λ,

∞ an t ≥ λ.H MX e�nai peperasmènh sthn perioq  (−λ, λ) tou 0. H sun�rthsh f : C\{λ} → C me f(z) = λ/(λ − z)e�nai analutik  sto ped�o orismoÔ th
 (to opo�o perièqei mia lwr�da th
 morf 
 {z : |Re(z)| < ε} me ε > 0.P.q. me ε = λ.) kai sumfwne� me thn MX sto (−∞, λ). 'Ara h Prìtash 12.7 efarmìzetai, kai d�nei ìti
φX(t) = f(it) = λ/(λ− it) gia k�je t ∈ R.12.4 Metasqhmatismì
 Fourier sto Rn'Estw n ≥ 1. Gia x, y ∈ Rn me x = (x1, x2, . . . , xn) kai y = (y1, y2, . . . , yn), to sÔnhje
 eswterikì ginìmenotwn x kai y, < x, y >, or�zetai w
:

< x, y >:=
n∑

k=1

xiyi.Orismì
 12.9 'Estw µ mètro pijanìthta
 ston (Rn,B(Rn)). Metasqhmatismì Fourier tou µ onom�-zoume thn sun�rthsh µ̂ pou or�zetai w

µ̂(u) :=

∫
ei〈u,x〉 dµ(x) =

∫
cos(〈u, x〉) dµ(x) + i

∫
sin(〈u, x〉) dµ(x)gia k�je u ∈ Rn. H µ̂ pa�rnei timè
 sto C.Kai se aut  thn per�ptwsh h sun�rthsh µ̂ e�nai omoiìmorfa suneq 
, èqei mètro fragmèno apì 1, kai

µ̂(0) = 1.Orismì
 12.10 'Estw X tuqa�a metablht  se q¸ro pijanìthta
 (Ω,F ,P) me timè
 ston Rn. Qara-kthristik  sun�rthsh th
 X lème th sun�rthsh φX : R → C me
φX(u) = E(ei〈u,X〉).To an�logo th
 Prìtash
 12.11 e�nai h ex 
.Prìtash 12.11 'Estw X,Y tuqa�e
 metablhtè
 ston (Ω,F ,P) me timè
 ston Rn, A ∈ Rm×n, kai

b ∈ R. Tìte gia k�je u ∈ R èqoume(i). φX(−u) = φX(u),(ii). φAX+b(u) = ei〈u,b〉φX(A
tu)(iii). An X,Y anex�rthte
, tìte φX+Y = φX(u)φY (u).
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At e�nai o an�strofo
 tou p�naka A.12.5 Je¸rhma monadikìthta
 kai efarmogè
Sthn par�grafo aut  basizìmaste sto epìmeno je¸rhma, to opo�o e�nai apìrroia tou Jewr mato
 Mo-nadikìthta
 tou metasqhmatismoÔ Fourier kai h apìdeix  tou parale�petai giat� xefeÔgei apì ta pla�siatou skopoÔ ma
. O anagn¸sth
 mpore� na anazht sei thn apìdeixh tou se bibl�a An�lush
 Fourier  Pijanot twn (p.q., Je¸rhma 14.1 sto Jacod and Protter (2003)).Je¸rhma 12.12 (Je¸rhma Monadikìthta
) 'Estw µ, ν mètra pijanìthta
 ston (Rn,B(Rn)) ¸ste
µ̂(u) = ν̂(u) gia k�je u ∈ Rn. Tìte, µ = ν.To je¸rhma metafèrei ton èlegqo µ(A) = ν(A) gia k�je A ∈ B(Rn) ston µ̂(u) = ν̂(u) gia k�je
u ∈ Rn, pou e�nai èna
 èlegqo
 p�nw se arijmoÔ
.AnadiatÔpwsh tou jewr mato
 e�nai to akìloujo pìrisma, to opo�o afor� tuqa�e
 metablhtè
.Pìrisma 12.13 'Estw X,Y tuqa�e
 metablhtè
 me timè
 ston Rn. An φX(u) = φY (u) gia k�je
u ∈ Rn, tìte oi X,Y èqoun thn �dia katanom , dhlad  P

X = P
Y .Apìdeixh Epeid  φX(u) = P̂

X(u), apì to Je¸rhma Monadikìthta
 prokÔptei to zhtoÔmeno. �Pìrisma 12.14 'Estw X = (X1,X2, . . . ,Xn) tuqa�a metablht  me timè
 ston Rn. Tìte oi {Xj :

1 ≤ j ≤ n} e�nai anex�rthte
 an kai mìno an φX(u1, u2, . . . , un) = φX1
(u1)φX2

(u2) · · · φXn
(un), gia k�je

(u1, u2, . . . , un) ∈ Rn.Apìdeixh ⇒ 'Estw ìti oi X1,X2, . . . ,Xn e�nai anex�rthte
. Tìte
φX(u1, u2, . . . , un) = E

(
ei

∑n
j=1 ujXj

)
= E(eiu1X1eiu2X2 · · · eiunXn).Efìson oi X1,X2, . . . ,Xn e�nai anex�rthte
, apì to Je¸rhma 8.8, oi eiu1X1eiu2X2 . . . eiunXn e�nai anex�r-thte
 (kai profan¸
 fragmène
), �ra

E(eiu1X1eiu2X2 · · · eiunXn) = E(eiu1X1)E(eiu2X2) · · ·E(eiunXn),apì to opo�o prokÔptei to zhtoÔmeno.
⇐ Apì thn upìjesh, gia u = (u1, u2, . . . , un), èqoume

P̂X(u) = φX(u) = φX1
(u1)φX2

(u2) · · · φXn
(un)

= P̂
X1(u1)P̂

X2(u2) · · · P̂Xn(un)

=

∫
eiu1x1 dPX1

∫
eiu2x2 dPX2 · · ·

∫
eiunxn dPXn

=

∫
ei

∑n
j=0 ujxj dPX1 ⊗P

X2 ⊗ . . .⊗P
Xn

= ̂
P

X1 ⊗P
X2 ⊗ . . .⊗P

Xn(u).Sunep¸
, apì to Je¸rhma Monadikìthta
, èqoume ìti
P

X = P
X1 ⊗P

X2 ⊗ . . .⊗P
Xn ,to opo�o apì thn Prìtash 8.13 isoduname� me to zhtoÔmeno. �



12.5 Θεώρημα μοναδικότητας και εφαρμογές 81'Estw X,Y tuqa�e
 metablhtè
 me timè
 ston �dio q¸ro. An oi X kai Y èqoun thn �dia katanom , dhlad 
P

X = P
Y , ja gr�foume X d

= Y .3Orismì
 12.15 'Estw X tuqa�a metablht  me timè
 sto R. Lème ìti h X èqei summetrik  katanom an X
d
= −X, dhlad , gia k�je A ∈ B(R), isqÔei P(X ∈ A) = P(−X ∈ A).Par�deigma 12.16 'Estw X tuqa�a metablht  me timè
 sto R kai puknìthta, f , �rtia sun�rthsh.Tìte h X èqei summetrik  katanom . Pr�gmati,

P(X ∈ A) =

∫

A

f dλ =

∫

−A

f dλ = P(X ∈ −A).Par�deigma tètoia
 tuqa�a
 metablht 
 e�nai m�a X ∼ N(0, σ2). 'Omw
 m�a X ∼ Exp(λ), λ > 0, den èqeisummetrik  katanom .Par�deigma 12.17 (i). 'Estw X1,X2, . . . ,Xn anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 tètoie
¸steX1 ∼ Bernoulli(p). An Y =
n∑

j=1

Xj , tìte Y ∼ Bin(n, p). Pr�gmati, h qarakthristik  sun�rthshkajem�a
 apì ti
 Xj isoÔtai me φX1
(t) = eitp+ 1− p, kai apì thn Prìtash 12.4(iii) èpetai ìti

φY (t) = φX1
(t)n = (eitp+ 1− p)n,pou e�nai h qarakthristik  sun�rthsh th
 Bin(n, p). To Je¸rhma monadikìthta
 (Pìrisma 12.13) d�neiìti Y ∼ Bin(n, p).(ii). 'Estw X,Y anex�rthte
 tuqa�e
 metablhtè
 tètoie
 ¸ste X ∼ Poisson(λ) kai Y ∼ Poisson(µ).Tìte, gia th Z ∼ X + Y , èqoume ìti Z ∼ Poisson(λ + µ). Pr�gmati, kat�rq�
 parathroÔme ìti hqarakthristik  sun�rthsh th
 Z e�nai

φZ(u) = φX(u)φY (u) = eλ(e
iu−1)eµ(e

iu−1) = e(λ+µ)(eiu−1),ìpou h pr¸th isìthta isqÔei giat� oi X,Y e�nai anex�rthte
. Sunep¸
, h φZ e�nai qarakthristik sun�rthsh th
 katanom 
 Poisson(λ + µ), kai apì to Je¸rhma Monadikìthta
, h Z èqei katanom 
Poisson(λ+ µ).(iii). 'Estw X ∼ Bin(n, p) kai Y ∼ Bin(m, p), anex�rthte
 tuqa�e
 metablhtè
. Tìte, h Z = X + Yèqei katanom  Bin(n + m, p). Autì prokÔptei eÔkola me th qr sh qarakthristik¸n sunart sewn  ,me qr sh tou (i), anaparist¸nta
 ti
 X,Y w
 �jroisma anex�rthtwn tuqa�wn metablht¸n katanom 

Bernoulli(p).(iv). 'Estw X ∼ N(µ, σ2) kai Y ∼ N(ν, τ 2) anex�rthte
 tuqa�e
 metablhtè
. Tìte, h Z = X + Y èqeikatanom  N(µ + ν, σ2 + τ 2). Autì giat� h qarakthristik  sun�rthsh th
 Z e�nai

φZ(u) = φX(u)φY (u) = eiuµ−u2 σ2

2 eiuν−u2 τ2

2 = eiu(µ+ν)−u2 σ2+τ2

2 .H teleuta�a sun�rthsh e�nai h qarakthristik  sun�rthsh th
 katanom 
 N(µ+ ν, σ2 + τ 2), kai apì toJe¸rhma Monadikìthta
 prokÔptei to zhtoÔmeno.(v). 'Estw X ∼ Gamma(a1, λ) kai Y ∼ Gamma(a2, λ) anex�rthte
 tuqa�e
 metablhtè
. Tìte, ergazìme-noi ìmoia me ta prohgoÔmena, h Z = X + Y èqei katanom  Gamma(a1 + a2, λ).
3 To d proèrqetai apì to arqikì th
 lèxh
 distribution



82 Χαρακτηριστικές συναρτήσεις(vi). Upenjum�zoume ìti an X ∼ χ2
p, p ∈ N+, tìte X ∼ Gamma(p

2
, 1
2
). Sthn per�ptwsh p = 1, isodÔnama

X = Y 2, ìpou Y ∼ N(0, 1). 'Ara, an Y1, Y2, . . . , Yp anex�rthte
 tuqa�e
 metablhtè
 me katanom N(0, 1), tìte h X = Y 2
1 + Y 2

2 + . . . + Y 2
p èqei katanom  Gamma(p

2
, 1
2
), dhlad  χ2

p. Sunep¸
, k�jetuqa�a metablht  me katanom  χ2
p e�nai �jroisma tetrag¸nwn p anex�rthtwn tuqa�wn metablht¸n mekatanom  N(0, 1).12.6 'Ajroisma anex�rthtwn tuqa�wn metablht¸nOrismì
 12.18 'Estw µ, ν mètra pijanìthta
 sto R. Sunèlixh twn µ, ν lème to mètro pijanìthta


µ ∗ ν sto R pou or�zetai w
 ex 
:
µ ∗ ν(A) =

∫ ∫ 1A(x+ y) dµ(x) dν(y).gia k�je A ∈ B(R).Parat rhsh 12.19 EÔkola blèpoume ìti h sunèlixh e�nai summetrik , dhlad  µ ∗ ν = ν ∗ µ. Ep�sh
,isqÔei ìti
µ ∗ ν(A) =

∫ ∫ 1(A−y)(x) dµ(x) dν(y) =

∫
µ(A− y) dν(y) =

∫
ν(A− x) dµ(x).Je¸rhma 12.20 'Estw X,Y anex�rthte
 tuqa�e
 me timè
 sto R kai katanomè
 P

X ,PY ant�stoiqa.Tìte P
X+Y = P

X ∗PY .Apìdeixh Efìson oi X,Y èinai anex�rthte
, h katanom  th
 (X,Y ) e�nai to mètro ginìmeno P
X ⊗P

Yston R2 (Prìtash 8.13). Gia A ∈ B(R) èqoume
P

X+Y (A) = P(X + Y ∈ A) = E{1A(X + Y )}

=

∫ 1A(x+ y) d(PX ⊗P
Y )(x, y) =

∫ ∫ 1A(x+ y) dPX(x) dPY (y)

= P
X ∗PY (A).Sthn pr¸th isìthta th
 deÔterh
 gramm 
 qrhsimopoi same thn Prìtash 6.39 gia thn sun�rthsh g : R2 →

R me g(x, y) = 1A(x+ y), kai thn tuqa�a metablht  (X,Y ). �Je¸rhma 12.21 'Estw X,Y anex�rthte
 tuqa�e
 metablhtè
 me timè
 sto R kai Z = X + Y . Tìte(i). An h X èqei puknìthta fX , tìte h Z èqei puknìthta, kai m�a tètoia e�nai h
fZ(z) =

∫
fX(z − y) dPY (y)gia k�je z ∈ R.(ii). An oi X,Y èqoun ant�stoiqa puknìthte
 fX , fY , tìte h

fZ(z) =

∫
fX(z − y)fY (y) dy =

∫
fX(x)fY (z − x) dxgia k�je z ∈ R e�nai puknìthta th
 Z.



Ασκήσεις 83Apìdeixh (i) 'Estw A ∈ B(R). Tìte, apì to Je¸rhma 12.20,
P(Z ∈ A) =

∫
P

X(A− y) dPY (y) =

∫ ∫

A−y

fX(x) dxdP
Y (y)

x=z−y
=

∫ ∫

A

fX(z − y) dz dPY (y) =

∫

A

∫
fX(z − y) dPY (y) dz,�ra h fZ(z) =

∫
fX(z − y) dPY (y) e�nai puknìthta th
 Z. (ii) 'Estw z ∈ R. Tìte, apì to (i) kai thnPrìtash 6.43 èqoume

fZ(z) =

∫
fX(z − y) dPY (y) =

∫
fX(z − y)fY (y) dyH deÔterh isìthta sthn ekf¸nhsh prokÔptei me m�a apl  allag  metablht 
. �To prohgoÔmeno je¸rhma sumplhr¸nei thn teqnik  prosdiorismoÔ katanom 
 ajro�smato
 pou e�damesto Par�deigma 12.17. To je¸rhma e�nai qr simo ìtan h qarakthristik  sun�rthsh tou ajro�smato
den e�nai k�poia apì ti
 gnwstè
 qarakthristikè
 sunart sei
. M�a tètoia per�ptwsh perigr�fetai sthn'Askhsh 12.4. Ask sei
12.1 'Estw X ∼ Γ(a, λ). Dhlad  h X èqei puknìthta

fX(x) =
λa

Γ(a)
xa−1e−λx

1x≥0.Na deiqje� ìti h X èqei qarakthristik  sun�rthsh
φX(t) =

1(
1− it

λ

)agia k�je t ∈ R.12.2 'Estw X tuqa�a metablht  me timè
 sto R. Na de�xete ìti X d
= −X an kai mìno an φX(u) ∈ R gia k�je u ∈ R.12.3 'Estw X,Y anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 me timè
 sto R. Na de�xete ìti h X − Y èqei summetrik katanom .12.4 'Estw X,Y ∼ U(0, 1) anex�rthte
 tuqa�e
 matablhtè
. Na de�xete ìti h Z = X + Y èqei puknìthta

fZ(z) =





z z ∈ (0, 1]

2− z z ∈ (1, 2)

2 z ∈ R \ (0, 2)
.12.5 Lème ìti h tuqa�a metablht  X èqei katanom  Cauchy an èqei puknìthta f(x) = 1

π(1+x2) , x ∈ R. JewroÔme gnwstìgia aut  thn askhsh ìti φX(u) = e−|u|, gia k�je u ∈ R. Na de�xete ìti:(a) An X,Y ∼ Cauchy anex�rthte
, tìte X+Y
2 ∼ Cauchy.(b) An X1, X2, . . . , Xn ∼ Cauchy anex�rthte
, tìte X1+X2+...+Xn

n ∼ Cauchy.



13SÔgklish kat� katanom  (Asjen 
 sÔgklish)
13.1 Asjen 
 SÔgklishSthn par�grafo aut  ja melet soume m�a asjenèsterh, apì ìse
 èqoume dei èw
 t¸ra, morf  sÔgklish
,th sÔgklish kat� katanom . Ja jewr soume mètra pijanìthta
 sto R kai tuqa�e
 metablhtè
 me timè
 sto

R.Orismì
 13.1 'Estw (µn)n∈N akolouj�a mètrwn ston R. Lème ìti h (µn) sugkl�nei asjen¸
 se ènamètro µ ston Rd an
µn((−∞, x]) → µ((−∞, x])gia k�je x ∈ R tètoio ¸ste µ({x}) = 0.Orismì
 13.2 'Estw (Xn)n∈N, X tuqa�e
 metablhte
 me timè
 sto R. Lème ìti h (Xn) sugkl�nei kat�katanom  sthn X, kai gr�foume1

Xn ⇒ X   Xn
d→ X   Xn

L→ X,an h akolouj�a katanom¸n (PXn)n∈N twn Xn sugkl�nei asjen¸
 sthn katanom  P
X th
 X.Je¸rhma 13.3 'Estw (Xn)n∈N, X ìpw
 ston Orismì 13.2. Tìte Xn ⇒ X an kai mìno an

FXn
(x) → FX(x)gia k�je x ∈ R tètoio ¸ste FX(x) = FX(x−), dhlad  gia k�je shme�o sunèqeia
 th
 FX .Apìdeixh ProkÔptei apì ton Orismì 13.1, ton orismì th
 sun�rthsh
 katanom 
, kai to ìti PX({x}) =

P(X = x) = FX(x)− FX(x−) gia k�je x ∈ R. �M�a sun�rthsh katanom 
 F èqei arijmhsimo pl jo
 shme�wn asunèqeia
 ('Askhsh 4.1). Dhlad  e�nail�ga. Se opoiod pote di�sthma mporoÔme na broÔme shme�o sunèqeia
 th
 F .Parat rhsh 13.4 (i). Ston Orismì 13.2 oi X, {Xn : n ∈ N}, den e�nai apara�thto na or�zontai ston�dio q¸ro pijanìthta
. K�je m�a or�zetai se q¸ro pijanìthta
 (Ωn,Fn,Pn) kai h X se q¸ro pijanìth-ta
 (Ω,F ,P). Autì ja dhmiourgoÔse prìblhma an jèlame na jewr soume thn diafor� Xn(ω)−X(ω).(ii). An oi {Xn : n ∈ N}, kai X or�zontai ston �dio q¸ro pijanìthta
 èqei nìhma na exet�zoume pw
 hsÔgklish kat� katanom  sundèetai me ta upìloipa e�dh sÔgklish
 pou e�dame sto Kef�laio 7 (sqedìnbèbaia, ston Lp, kat� pijanìthta). To Je¸rhma 13.7 pio k�tw afor� autì to er¸thma.Gia thn an�ptuxh th
 jewr�a
, e�nai pio bolikì ant� na douleÔoume me ton orismì th
 sÔgklish
 kat�katanom  na qrhsimopoioÔme to qarakthrismì th
 pou d�netai apì to epìmeno je¸rhma.
1 d apì to distribution, kai L apì to Law.

84



13.1 Ασθενής Σύγκλιση 85Je¸rhma 13.5 'Estw (Xn)n∈N tuqa�e
 metablhtè
 se q¸rou
 pijanìthta
 (Ωn,Fn,Pn), n ∈ N, kai
X tuqa�a metablht  se q¸ro pijanìthta
 (Ω,F ,P) me timè
 sto R. Tìte Xn ⇒ X an kai mìno an

E(f(Xn)) → E(f(X)) (13.1)gia k�je f : R → R suneq  kai fragmènh.H mèsh tim  sto aristerì mèlo
 th
 (13.1) e�nai w
 pro
 to mètro Pn, en¸ sto dex� w
 pro
 to mètro
P.Apìdeixh ⇒ An ta a, b e�nai shme�a sunèqeia
 th
 FX , tìte gia thn f := 1(a,b] isqÔei h (13.1). Pr�gmati

E{1(a,b](Xn)} = P(a < Xn ≤ b) = FXn
(b)− FXn

(a) → FX(b)− FX(a) (13.2)gia n → ∞.'Estw t¸ra f suneq 
 kai fragmènh. Jètoume ||f ||∞ := supx∈R |f(x)|. Pa�rnoume ε > 0. Br�skoume
K > 0 ¸ste ta −K,K na e�nai shme�a sunèqeia
 th
 F kai F (−K) ≤ ε, 1 − F (K) ≤ ε. StajeropoioÔme
ε1 > 0. Epeid  h f e�nai omoiìmorfa suneq 
 sto [−K,K], up�rqei δ > 0 ¸ste

x, y ∈ [−K,K], |x − y| < δ ⇒ |f(x)− f(y)| < ε1. (13.3)Br�skoume sto [−K,K] shme�a −K = a0 < a1 < a2 < · · · < aN−1 < aN = K ¸ste 0 < ai − ai−1 < δ giak�je i = 1, 2, . . . , N kai h F na e�nai suneq 
 se kajèna apì ta a1, a2, . . . , aN−1. 'Estw Ii := (ai−1, ai] gia
i = 1, 2, . . . , N , kai

s(x) :=
N∑

i=1

f(ai−1)1(ai−1,ai](x)Tìte
• limn→∞ E s(Xn) = E s(X) lìgw th
 (13.2) kai tou ìti ta a0, a1, . . . , aN e�nai shme�a sunèqeia
 th
 F .
• |f(x)− s(x)| < ε1 gia k�je x ∈ (−K,K]. 'Ara

|E(f(Xn))−E(s(Xn))| ≤ E |f(Xn)− s(Xn)| (13.4)
≤ E |{f(Xn)− s(Xn)}1Xn≤−K |+E |{f(Xn)− s(Xn)}1Xn>−K |+E |{f(Xn)− s(Xn)}1Xn∈(−K,K]|
≤ ||f ||∞{P(Xn ≤ −K) +P(Xn > K)}+ ε1 P(−K < Xn ≤ −K) (13.5)
≤ ||f ||∞{FXn

(−K) + 1− FXn
(K)}+ ε1 (13.6)'Ara limn→∞ |E(f(Xn))−E(s(Xn))| ≤ 2ε||f ||∞ + ε1.

• 'Omoia, |E(f(X)) −E(s(X))| ≤ 2ε||f ||∞ + 2ε1.'Ara, apì thn trigwnik  anisìthta,
lim
n→∞

|E(f(Xn))−E(f(X))| ≤ 4ε||f ||∞ + ε1.To aristerì mèlo
 den exart�tai apì ta ε, ε1. JewroÔme loipìn ε, ε1 → 0+, kai to zhtoÔmeno èpetai.
⇐ 'Estw x0 ∈ R shme�o sunèqeia
 th
 F . Gia ε > 0, jewroÔme thn suneq  kai fragmènh sun�rthsh

f(x) =





1 an x ≤ x0,

−(x− x0 − ε)/ε an x ∈ (x0, x0 + ε],

0 an x ≥ x0 + ε.

(13.7)



86 Σύγκλιση κατά κατανομή (Ασθενής σύγκλιση)h opo�a ikanopoie� 1(−∞,x0](x) ≤ f(x) ≤ 1(−∞,x0+ε](x). 'Ara
lim
n→∞

FXn
(x0) ≤ lim

n→∞
E f(Xn) = E f(X) ≤ F (x0 + ε).'Omw
 to ε e�nai auja�reto. Kai epeid  h F e�nai dexi� suneq 
 sto x0, gia ε → 0 pa�rnoume

lim
n→∞

FXn
(x0) ≤ F (x0). (13.8)Gia to k�tw fr�gma, pa�rnoume ε > 0, kai jewroÔme th sun�rthsh

g(x) =





1 an x ≤ x0 − ε,

−(x− x0)/ε an x ∈ (x0 − ε, x0],

0 an x ≥ x0,

(13.9)h opo�a ikanopoie� 1(−∞,x0−ε](x) ≤ g(x) ≤ 1(−∞,x0](x). 'Opw
 pr�n, pa�rnoume
lim
n→∞

FXn
(x0) ≥ lim

n→∞
E g(Xn) = E g(X) ≥ F (x0 − ε).Epeid  h F e�nai arister� suneq 
 sto x0 (ed¸ mìno qrhsimopoioÔme to ìti to x0 e�nai shme�o sunèqeia
th
 F ), gia ε → 0 pa�rnoume

lim
n→∞

FXn
(x0) ≥ F (x0).H teleuta�a sqèsh maz� me thn (13.8) d�noun to zhtoÔmeno. �D�noume akìmh ènan qarakthrismì th
 sÔgklish
 kat� katanom . Autì
 e�nai qr simo
 sti
 efarmogè
.Je¸rhma 13.6 'Estw (Xn)n∈N tuqa�e
 metablhtè
 se q¸rou
 pijanìthta
 (Ωn,Fn,Pn), n ∈ N, kai

X tuqa�a metablht  se q¸ro pijanìthta
 (Ω,F ,P) me timè
 ston R. Tìte ta ex 
 e�nai isodÔnama.(i). Xn ⇒ X(ii). Gia k�je A ∈ B(R) me P(X ∈ ∂A) = 0 isqÔei
lim
n→∞

P(Xn ∈ A) = P(X ∈ A).Apìdeixh (ii) ⇒ (i). Aut  h kateÔjunsh e�nai eÔkolh. An to x0 e�nai shme�o sunèqeia
 th
 F , tìte tosÔnolo A = (−∞, x0] èqei ∂A = {x0} kai P(X ∈ {x0}) = F (x0)− F (x0−) = 0. 'Ara
FXn

(x0) = P(Xn ∈ A) → P(X ∈ A) = F (x0)kaj¸
 n → ∞.
(i) ⇒ (ii). Isqurismo
: An to A e�nai kleistì, tìte

lim
n→∞

P(Xn ∈ A) ≤ P(X ∈ A).StajeropoioÔme c > 0, kai jewroÔme thn sun�rthsh fc(x) := 1/(1+d(x,A))c , ìpou d(x,A) := inf{|x−y| :
y ∈ A} e�nai h apìstash tou x apì to A. H fc e�nai suneq 
, fragmènh, kai ikanopoie� 1A ≤ fc. 'Ara

lim
n→∞

P(Xn ∈ A) ≤ lim
n→∞

E fc(Xn) = E fc(X). (13.10)T¸ra, limc→∞ fc(x) = 1A(x) gia k�je x epeid  k�je x ∈ R\A èqei d(x,A) > (to A e�nai kleistì). Opìtepa�rnonta
 c → ∞ sthn (13.10) kat� m ko
 mia
 akolouj�a
 (p.q. c = k fusikì
) to je¸rhma fragmènh
sÔgklish
 d�nei ìti limk→∞ E fk(X) = E1A(X) = P(X ∈ A). Kai o isqurismì
 apode�qjhke.



13.1 Ασθενής Σύγκλιση 87An to A e�nai anoiqtì, tìte efarmìzonta
 ton isqurismì gia to kleistì R\A pa�rnoume
lim
n→∞

P(Xn ∈ A) ≥ P(X ∈ A).T¸ra gia èna A ìpw
 sthn ekf¸nhsh èqoume P(X ∈ Ā) = P(X ∈ A◦) +P(X ∈ ∂A) = P(X ∈ A◦). Kaiapì ta pio p�nw
P(X ∈ A◦) ≤ lim

n→∞
P(Xn ∈ A◦) ≤ lim

n→∞
P(Xn ∈ A) ≤ lim

n→∞
P(Xn ∈ A) ≤ lim

n→∞
P(Xn ∈ Ā) ≤ P(X ∈ Ā).To zhtoÔmeno èpetai. �To epìmeno je¸rhma de�qnei ìti h sÔgklish kat� katanom  e�nai h asjenèsjerh morf  sÔgklish
 tuqa�wnmetablht¸n apì ìse
 èqoume dei w
 t¸ra.Je¸rhma 13.7 'Estw (Ω,F ,P) q¸ro
 pijanìthta
 kai (Xn)n∈N, X tuqa�e
 metablhtè
 orismène
 seautìn kai me timè
 ston R. An Xn

P→ X, tìte Xn ⇒ X.Apìdeixh 'Estw ìti Xn ; X. Tìte up�rqoun f : R → R suneq 
 kai fragmènh, ε > 0, kai upakolouj�a
(Xnk

)k∈N th
 (Xn)n∈N ètsi ¸ste:
|E(f(Xnk

))−E(f(X))| ≥ ε. (13.11)Epeid  Xnk

P→ X, apì to Je¸rhma 7.4, up�rqei upakolouj�a (Xnkr
)r∈N th
 (Xnk

)k∈N ètsi ¸ste Xnkr

σ.β.→
X. AfoÔ h f e�nai suneq 
, apì to Je¸rhma 7.6, èqoume ìti f(Xnkr

)
σ.β.→ f(X). H f e�nai fragmènh, �raup�rqei M > 0 ètsi ¸ste |f(x)| ≤ M gia k�je x ∈ Rd. Epomènw
, èqoume |f(Xnkr

)| ≤ M gia k�je r ∈ N(kai k�je ω ∈ Ω). Apì to Je¸rhma Kuriarqhmènh
 SÔgklish
,
E(f(Xnkr

)) → E(f(X)),to opo�o sugkroÔetai me thn (13.11). 'Ara, Xn ⇒ X. �M�a per�ptwsh kat� thn opo�a h sÔgklish kat� katanom  sunep�getai aut n kat� pijanìthta e�nai eke�nhkat� thn opo�a to ìrio e�nai mia stajer  tuqa�a metablht .Je¸rhma 13.8 'Estw (Xn)n∈N akolouj�a tuqa�wn metablht¸n orismène
 se koinì q¸ro pijanìthta
,me timè
 sto R, kai C ∈ R. An Xn ⇒ C, tìte Xn
P→ C.Apìdeixh 'Estw ε > 0. Tìte

P(|Xn − C| > ε) = P(Xn > C + ε) +P(Xn < C − ε)

= 1− FXn
(C + ε) +P(Xn < C − ε)

≤ 1− FXn
(C + ε) +Fn(C − ε).Ta C − ε, C + ε e�nai shme�a sunèqeia
 th
 FC (FC(x) = 1[C,∞)(x)), �ra apì to Je¸rhma 13.3,

lim
n→∞

FXn
(C − ε) = FC(C − ε) = 0kai

lim
n→∞

FXn
(C + ε) = FC(C + ε) = 1.Sunep¸
 lim

n→∞
P(|Xn − C| > ε) = 0. �



88 Σύγκλιση κατά κατανομή (Ασθενής σύγκλιση)Je¸rhma 13.9 (Je¸rhma Slutsky) 'Estw (Xn)n∈N, (Yn)n∈N akolouj�e
 tuqa�wn metablht¸n se q¸ropijanìthta
 (Ω,F ,P), me timè
 sto R, ètsi ¸ste Xn − Yn
P→ 0. An X tuqa�a metablht  kai Xn ⇒ X,tìte Yn ⇒ X.Apìdeixh 'Estw x shme�o sunèqeia
 th
 FX . Ja de�xoume ìti limn→∞ FYn

(x) = FX(x).

(i) Pr¸ta de�qnoume ìti limn→∞ FYn
(x) ≤ FX(x).'Estw ε > 0. Tìte

FYn
(x) = P(Yn ≤ x) = P(Yn ≤ x,Xn ≤ x+ ε) +P(Yn ≤ x,Xn > x+ ε)

≤ P(Xn ≤ x+ ε) +P(Xn − Yn > ε)

= FXn
(x+ ε) +P(Xn − Yn > ε).An to x+ ε e�nai shme�o sunèqeia
 th
 FX , tìte

lim
n→∞

FXn
(x+ ε) = FX(x+ ε),kai

lim
n→∞

P(Xn − Yn > ε) = 0efìson Xn − Yn
P→ 0. 'Ara

lim
n→∞

FYn
(x) ≤ FX(x+ ε).Ta shme�a asunèqeia
 th
 FX e�nai arijm sima, �ra up�rqei fj�nousa mhdenik  akolouj�a (εk)k∈N ètsi¸ste to x+ εk na e�nai shme�o sunèqeia
 th
 FX . Apì ta parap�nw, gia k�je k ∈ N isqÔei

lim
n→∞

FYn
(x) ≤ FX(x+ εk).Efìson h FX e�nai suneq 
 sto x, èqoume limk→∞ FX(x+ εk) = F(x), kai �ra

lim
n→∞

FYn
(x) ≤ FX(x).

(ii) De�qnoume t¸ra ìti limn→∞ FYn
(x) ≥ FX(x).Gia ε > 0,

FYn
(x) = P(Yn ≤ x) ≥ P(Xn ≤ x− ε)−P(Yn −Xn ≥ ε).Sunep¸
 limn→∞ FYn

(x) ≥ FX(x − ε). Akolouj¸nta
 thn �dia diadikas�a ìpw
 prohgoumènw
 blèpoumeìti limn→∞ FYn
(x) ≥ FX(x).Apì ta (i) kai (ii) prokÔptei to zhtoÔmeno. �13.2 Sfiqtìthta kai sump�geiaOrismì
 13.10 M�a oikogèneia {pi : i ∈ I} mètrwn pijanìthta
 sto R lègetai sfiqt  an gia k�je

ε > 0 up�rqei M > 0 ètsi ¸ste
pi(R\[−M,M ]) < εgia k�je i ∈ I.



13.2 Σφιχτότητα και συμπάγεια 89Dhlad  gia mia sfiqt  oikogèneia, up�rqei èna fragmèno uposÔnolo K tou R ¸ste k�je stoiqe�o th
 nad�nei “sqedìn ìlh” tou thn m�za sto K (to polÔ m�za ε br�sketai ektì
 tou K := [−M,M ]). To sÔnolo
K e�nai to �dio gia ìla ta stoiqe�a th
 oikogèneia
.H apa�thsh tou orismoÔ mpore� na diatupwje� kai w
 ex 
:

lim
M→∞

sup
i∈I

pi(R\[−M,M ]) = 0.Parat rhsh 13.11 An p mètro pijanìthta
 sto R, tìte eÔkola blèpoume ìti gia k�je ε > 0 up�rqei
M > 0 ètsi ¸ste p(R\[−M,M ]) ('Askhsh 13.3).Orismì
 13.12 'Estw {Xi : i ∈ I} oikogèneia tuqa�wn metablht¸n me timè
 sto R. H {Xi : i ∈ I}lègetai sfiqt  an h oikogèneia katanom¸n {PXi : i ∈ I} e�nai sfiqt .Epeid  P

Xi(R\[−M,M ]) = P(|Xi| > M), h oikogèneia {PXi : i ∈ I} e�nai sfiqt  an kai mìno an
lim

M→∞
sup
i∈I

P(|Xi| > M) = 0.Parat rhsh 13.13 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n ètsi ¸ste Xn ∼ Exp( 1
n
). Tìteh (Xn)n≥1 den e�nai sfiqt . Pr�gmati, gia M > 0,

sup
n≥1

P(|Xn| > M) = sup
n≥1

e−
M
N = 1.Autì sumba�nei giat� h Xn èqei mèsh tim  n, kai h katanom  th
 d�nei thn perissìterh th
 m�za gÔrwapì to n (dhlad  h Xn pèftei kont� sto n me meg�lh pijanìthta). Kaj¸
 ìmw
 to n → ∞ autì to shme�osugkèntrwsh
 apomakrÔnetai. Den mporoÔme na broÔme èna fragmèno sÔnolo ¸ste ìle
 oi Xn na pèftouneke� me pijanìthta kont� sto 1.H ènnoia th
 sfiqtìthta
 sta mètra pijanìthta
 e�nai an�logh th
 ènnoia
 th
 sqetik 
 sump�geia
se metrikì q¸ro. Oi ìroi mia
 sugkl�nousa
 akolouj�a
 se metrikì q¸ro or�zoun èna sqetik� sumpagè
sÔnolo. To ant�stoiqo ed¸ e�nai to akìloujo apotèlesma.Prìtash 13.14 'Estw (pn)n∈N+ , p mètra pijanìthta
 sto R ètsi ¸ste pn ⇒ p. Tìte h {pn : n ∈ N+}e�nai sfiqt .Apìdeixh 'Estw ε > 0. Up�rqei M > 0 ètsi ¸ste p(R\[−M,M ]) < ε/2 kai µ({−M}) = µ({M}) = 0.Apì thn upìjesh èqoume

pn(R\[−M,M ]) = pn((−∞,−M ]) + 1− pn((−∞,M ]) → p(R\[−M,M ])(< ε/2)gia n → ∞. 'Ara up�rqei n0 ∈ N+ ètsi ¸ste
pn(R\[−M,M ]) < εgia k�je n ≥ n0.'Epeita, gia ta p1, p2, . . . , pn0−1, up�rqei M̃ > 0 ètsi ¸ste pi(R\[−M̃, M̃ ]) < ε, gia k�je i = 1, 2, . . . , n0−1('Askhsh 13.5).'Estw L = max{M,M̃}. Tìte, p(R\[−L,L]) < ε gia k�je n ∈ N+. �To an�logo tou ìti mia akolouj�a se ènan sumpag  metrikì q¸ro èqei sugkl�nousa upakolouj�a e�naito epìmeno apotèlesma. H apìdeixh tou e�nai apaithtik  kai thn parale�poume. Mpore� na thn bre� kane�
sto Jacod and Protter (2003) (Je¸rhma 18.6).



90 Σύγκλιση κατά κατανομή (Ασθενής σύγκλιση)Je¸rhma 13.15 'Estw (pn)n∈N akolouj�a mètrwn pijanìthta
 sto R. An h {pn : n ∈ N} e�nai sfiqt ,tìte up�rqei upakolouj�a (pkn
)n∈N th
 (pn)n∈N pou sugkl�nei asjen¸
 se k�poio mètro pijanìthta
 sto

R. Ask sei
13.1 'Estw (pn)n∈N akolouj�a sto (0, 1) ètsi ¸ste pn → 0 kai (Xn)n∈N akolouj�a tuqa�wn metablht¸n ètsi ¸ste
Xn ∼ Gewmetrik (pn), gia k�je n ∈ N. Na de�xete ìti pnXn ⇒ X, ìpou X tuqa�a metablht  tètoia ¸ste
X ∼ Exp(1).13.2 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n ¸ste h Xn na e�nai omoiìmorfh diakrit  sto sÔnolo {1, 2, . . . , n}.Gia k�je n ≥ 1 jètoume Yn := Xn/n. Na deiqje� ìti Yn ⇒ U kaj¸
 n → ∞, ìpou U e�nai tuqa�a metablht  pouakolouje� thn omoiìmorfh katanom  sto (0, 1).13.3 'Estw p mètro pijanìthta
 sto R. Na de�xete ìti gia k�je ε > 0 up�rqei M > 0 ètsi ¸ste p(R\[−M,M ]) < ε.13.4 'Estw (Xn)n∈N akolouj�a tuqa�wn metablht¸n ètsi ¸ste sup

n∈N

E(X2
n) < ∞. Na de�xete ìti h (Xn)n∈N e�nai sfiqt .13.5 'Estw {pi : i ∈ I} oikogèneia mètrwn pijanìthta
 sto R me I peperasmèno. Na de�xete ìti h {pi : i ∈ I} e�nai sfiqt .13.6 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n pou sugkl�nei kat� katanom  se m�a tuqa�a metablht  X. Gia kajènaapì ta akìlouja zeÔgh katanom 
 gia thn X kai sunìlou A ⊂ R, sunep�getai h sÔgklish kat� katanom  Xn ⇒ Xthn

lim
n→∞

P(Xn ∈ A) = P(X ∈ A);Katanom  th
 X SÔnoloA
(i) Poisson(2), (2, 32.1) ∪ {100}
(ii) Poisson(2), Q

(iii) Gewmetrik (1/3), (−1.5, 2.8)

(iv) N(0, 1) (−2, π)

(v) U(0, 1) (0, 1/3)\Q
(vi) Bernouli(2/5) sto {0, 1} (0, 1/2) ∪ (2, 4)



14SÔgklish kat� katanom  kai qarakthristikè
sunart sei
14.1 To Je¸rhma Sunèqeia
 tou LevyL mma 14.1 'Estw µ mètro pijanìthta
 sto R kai µ̂ o metasqhmatismì
 Fourier tou. Tìte
µ

({
x : |x| > 2

u

})
≤ 1

u

∫ u

−u

(1− µ̂(t)) dtgia k�je u > 0.Apìdeixh Apì ton orismì tou metasqhmatismoÔ Fourier tou mètrou µ èqoume
∫ u

−u

(1− µ̂(t)) dt =

∫ u

−u

∫
(1− eitx) dµ(x) dt =

∫ ∫ u

−u

(1− cos(tx) + i sin(tx)) dt dµ(x).H deÔterh isìthta prokÔptei apì to Je¸rhma 8.19 (Tonelli-Fubini). Efìson h sun�rthsh 1− cos(tx) e�nai�rtia kai h sun�rthsh sin(tx) e�nai peritt , to teleuta�o olokl rwma isoÔtai me
2

∫ ∫ u

−u

(1− cos(tx)) dt dµ(x) = 2

∫ (
u− sin(ux)

x

)
dµ(x) = 2u

∫ (
1− sin(ux)

ux

)
dµ(x).ParathroÔme t¸ra ìti h sun�rthsh sto teleuta�o olokl rwma e�nai mh arnhtik  (1− sin(ux)

ux
≥ 0 gia k�je

x ∈ R. 'Ara an oloklhr¸soume se mikrìtero qwr�o, to olokl rwma mikra�nei) kai gia |ux| > 2 èqoume
∣∣∣sin(ux)

ux

∣∣∣ ≤ 1

ux
≤ 1

2
.Sunep¸
,

∫ u

−u

{1− µ̂(t)}dt ≥ 2u

∫

{x:|x|>2/u}

1

2
dµ(x) = uµ

({
x : |x| > 2

u

})
. (14.1)pou e�nai to zhtoÔmeno. �Je¸rhma 14.2 (Sunèqeia
 tou Levy) 'Estw (µn)n∈N akolouj�a mètrwn sto R kai (µ̂n)n∈N h akolouj�ametasqhmatism¸n Fourier tou
.(i). An µ mètro pijanìthta
 sto R ètsi ¸ste µn ⇒ µ, tìte lim

n→∞
µ̂n(t) = µ̂(t), gia k�je t ∈ R.(ii). An to lim

n→∞
µ̂n(t) up�rqei gia k�je t ∈ R, kai h f(t) = lim

n→∞
µ̂n(t) e�nai suneq 
 sto 0, tìte up�rqeimètro pijanìthta
 µ sto R ¸ste µ̂(t) = f(t) kai µn ⇒ µ.Apìdeixh (i) Apì upìjesh, gia k�je sun�rthsh f : R → R suneq  kai fragmènh èqoume

∫
f(x) dµn(x) →

∫
f(x) dµ(x).

91



92 Σύγκλιση κατά κατανομή και χαρακτηριστικές συναρτήσειςEfìson oi sunart sei
 cos y, sin y e�nai suneqe�
 kai fragmène
,
µ̂n(t) =

∫
eitx dµn(x) =

∫
cos(tx) dµn(x) + i

∫
sin(tx) dµn(x)

→
∫

cos(tx) dµ(x) + i

∫
sin(tx) dµ(x) = µ̂(t)gia n → ∞.(ii) Bhma 1: H {µn}n∈N e�nai sfiqt .'Estw ε > 0. Gia u > 0 kai gia k�je n ≥ 1, apì to L mma 14.1, èqoume ìti

µn

({
x : |x| > 2

u

})
≤ 1

u

∫ u

−u

(1− µ̂n(t)) dt. (1)Epeid  h f e�nai suneq 
 sto 0 kai f(0) = 1 (µn(0) = 1, gia k�je n ∈ N), up�rqei u0 > 0 ètsi ¸ste
|1− f(t)| < ε

4
, gia k�je t ≤ u0. 'Ara,

1

u0

∫ u0

−u0

(1− f(t)) dt <
1

u0

2u0

ε

4
=

ε

2
. (2)Apì to Je¸rhma Kuriarqhmènh
 SÔglish
,

lim
n→∞

∫ u0

−u0

(1− µ̂n(t)) dt =

∫ u0

−u0

(1− f(t)) dt. (3)Lìgw twn (2) kai (3) up�rqei n0 ∈ N tètoio ¸ste,
1

u0

∫ u0

−u0

(1− µ̂n(t)) dt < εgia k�je n ≥ n0. Kai se sunduasmì me thn (1) d�nei
µn

({
x : |x| > 2

u0

})
< ε gia k�je n ≥ n0. (4)Apì thn (4), kai efìson h {µk : 1 ≤ k ≤ n0 − 1} e�nai sfiqt  ('Askhsh 13.4), èpetai ìti h {µn : n ≥ 1}e�nai sfiqt .Bhma 2: Up�rqei mètro µ ¸ste f(t) = µ̂(t), gia k�je t ∈ R.Pr�gmati, h (µn)n∈N e�nai sfiqt  kai apo to Je¸rhma 13.15 prokÔptei ìti up�rqei upakolouj�a (µkn

)n∈Ntètoia ¸ste na sugkl�nei asjen¸
 se èna mètro pijanìthta
 µ (µkn
⇒ µ). Lìgw tou (i),

lim
n→∞

µ̂kn
(t) = µ̂(t), ∀t ∈ R.'Omw


lim
n→∞

µ̂kn
(t) = f(t), ∀t ∈ R.Sunep¸
, f(t) = µ̂(t), gia k�je t ∈ R.Bhma 3: An m�a upakolouj�a th
 (µn)n∈N sÔgklinei asjen¸
 se èna mètro pijanìthta
 ν, tìte ν = µ.Pr�gmati, an (λn)n∈N akolouj�a sto N kai ν mètro pijanìthta
 sto R ètsi ¸ste µλn

⇒ ν, apì to (i),
lim
n→∞

µ̂λn
(t) = ν̂(t), ∀t ∈ R.



14.1 Το Θεώρημα Συνέχειας του Levy 93'Omoia me prin (B ma 2), ν̂(t) = f(t) gia k�je t ∈ R, kai lìgw monadikìthta
 tou metasqhmatismoÔ Fourier,
ν = µ.Bhma 4:1 H (µn)n∈N sugkl�nei asjen¸
 sto µ.'Estw ìti autì den isqÔei. Tìte up�rqei h : R → R suneq 
 kai fragmènh, ε > 0 kai (λn)n∈N akolouj�asto N etsi ¸ste

∣∣∣
∫

h(x) dµλn
(x)−

∫
h(x) dµ(x)

∣∣∣ ≥ ε, ∀n ∈ N. (5)H (µλn
)n∈N e�nai sfiqt , �ra up�rqei upakolouj�a th
, èstw (µλrn

)n∈N, kai mètro pijanìthta
 ν sto R ètsi¸ste µλrn
⇒ ν (Je¸rhma 13.15). Apì ta prohgoÔmena (B ma 3) prokÔptei ìti ν = µ, dhlad  µλrn

⇒ µ.Sunep¸
,
lim
n→∞

∫
h(x) dµλrn

(x) =

∫
h(x) dµ(x),to opo�o e�nai �topo lìgw th
 (5). �Pìrisma 14.3 'Estw (Xn)n∈N, X tuqa�e
 metablhtè
 me timè
 sto R. Tìte Xn ⇒ X an kai mìno an

φXn
(t) → φX(t) gia k�je t ∈ R kaj¸
 n → ∞.Apìdeixh IsqÔei ìti φXn

(t) = P̂
Xn(t) kai P̂X(t) = P̂

X(t), ìpou P
Xn , PX oi katanomè
 twn Xn kai Xant�stoiqa. To sumpèrasma èpetai me efarmog  tou jewr mato
 sunèqeia tou Levy gia ta mètra (PXn)n∈Nkai PX . �To teleuta�o pìrisma e�nai o basikìtero
 trìpo
 gia na de�xei kane�
 sÔgklish kat� katanom . Ja toonom�zoume kai autì Je¸rhma Sunèqeia
 tou Levy. Ja to qrhsimopoi soume pollè
 forè
 sto ex 
, kaiidia�tera gia na apode�xoume to kentrikì oriakì je¸rhma.Se upologismoÔ
 or�wn th
 morf 
 limn→∞ φXn

(t) qr simo e�nai to ex 
 aplì apotèlesma.L mma 14.4 Gia (Cn)n∈N akolouj�a sto C tètoia ¸ste Cn → C, C ∈ C, isqÔei ìti
(
1 +

Cn

n

)n
→ eC .Par�deigma 14.5 'Estw Xn ∼ Bin(n, λ

n
), gia k�je n ∈ N+, kai X ∼ Poisson(λ). Tìte

φXn
(t) = E(eitXn) =

n∑

k=0

eitk
(
n

k

)(
λ

n

)k(
1− λ

n

)n−k

=
n∑

k=0

(
n

k

)(eitλ
n

)k(
1− λ

n

)n−k

=
(
1− λ

n
+

λeit

n

)n

=
(
1 +

λ(eit − 1)

n

)n

1 Gia thn kalÔterh katanìhsh th
 apìdeixh
 jewre�ste thn ex 
 an�logh �skhsh apeirostikoÔ logismoÔ: 'Estw ℓ ∈ R kai (xn)n∈Nakolouj�a pragmatik¸n arijm¸n ètsi ¸ste k�je upakolouj�a th
 (xnk )k≥1 na èqei upakolouj�a (xnkr
)r≥1 pou sugkl�nei sto ℓ.Tìte, xn → ℓ.



94 Σύγκλιση κατά κατανομή και χαρακτηριστικές συναρτήσειςkai
lim
n→∞

(
1 +

λ(eit − 1)

n

)n
= eλ(e

it−1).'Omw

φX(t) = E(eitX) =

∞∑

k=0

eitke−λλ
t

kt
= e−λ

∞∑

k=0

(λeit)k

k!
= eλ(e

it−1).'Ara, φXn
(t) → φX(t). Sunep¸
, apì to Je¸rhma Sunèqeia
 tou Levy, prokÔptei ìti Xn ⇒ X.Par�deigma 14.6 'Estw Xn ∼ Poisson(n) kai Z ∼ N(0, 1). Jètoume Zn = Xn−n√

n
. Tìte

φZn
(t) = E(eitZn) = E

(
eit(

Xn−n√
n )
)

= e−it
√
n E(ei

t√
n
Xn

)
= e−it

√
nφXn

(
t√
n

)

= eit
√
nen(e

i t√
n −1) = en(e

i t√
n −1)−it

√
n.Jètoume ε = 1√

n
. Tìte o ekjèth
 sthn teleuta�a posìthta isoÔtai me

eiεt − 1

ε2
− it

ε
=

eiεt − 1− iεt

ε2
.Qrhsimopoi¸nta
 ton kanìna tou L’ Hospital,

lim
ε→0

eiεt − 1− iεt

ε2
=

−t2

2
.'Ara φZn

(t) → φZ(t) = e
−t2

2 , kai apì to Je¸rhma Sunèqeia
 tou Levy prokÔptei ìti Zn ⇒ Z.Ask sei
14.1 (a) 'Estw X tuqa�a metablht  me katanom  ekjetik  me par�metro a > 0. Na upologiste� h qarakthristik  sun�rthshth
 X.(b) 'Estw Y tuqa�a metablht  me katanom  gewmetrik  me par�metro p ∈ (0, 1]. Dhlad 
P(Y = k) = p (1− p)k−1gia k = 1, 2, . . .. Na upologiste� h qarakthristik  sun�rthsh th
 Y .(g) 'Estw a > 0, kai (Xn)n≥1 akolouj�a tuqa�wn metablht¸n ¸ste h Xn na akolouje� thn gewmetrik  katanom  mepar�metro pn = a/n. Na deiqje� ìti h akolouj�a (Xn/n)n≥1 sugkl�nei kat� katanom  sthn tuqa�a metablht  X touerwt mato
 (a) qrhsimopoi¸nta


(i) ton qarakthrismì th
 sÔgklish
 kat� katanom  mèsw sunart sewn katanom 
,
(ii) qarakthristikè
 sunart sei
.14.2 (a) 'Estw X tuqa�a metablht  me katanom  Poisson me par�metro λ > 0. Na upologiste� h qarakthristik  sun�rthshth
 X.(b) 'Estw Y tuqa�a metablht  me katanom  diwnumik  me paramètrou
 n ∈ N+, p ∈ [0, 1]. Na upologiste� h qarakth-ristik  sun�rthsh th
 Y .(g) 'Estw (Xn)n≥1 akolouj�a tuqa�wn metablht¸n ¸ste h Xn na akolouje� thn diwnumik  katanom  me paramètou

n, pn ∈ (0, 1). An limn→∞ npn = λ, na deiqje� ìti h akolouj�a (Xn)n≥1 sugkl�nei kat� katanom  sthn tuqa�ametablht  X tou erwt mato
 (a).



15To kentrikì oriakì je¸rhma
15.1 Proetoimas�aSe aut  thn par�grafo ja doÔme dÔo teqnik� apotelèsmata pou qreiazìmaste gia thn apìdeixh toukentrikoÔ oriakoÔ jewr mato
.L mma 15.1 Gia n ∈ N kai x ∈ R, jètoume
Rn(x) = eix −

n∑

k=0

(ix)k

k!
.Tìte

|Rn(x)| ≤ min

{
2|x|n
n!

,
|x|n+1

(n+ 1)!

} (15.1)gia k�je n ∈ N kai x ∈ R.Gia to |Rn(x)|, qreiazìmaste kai ta dÔo fr�gmata twn opo�wn pa�rnoume to el�qisto. To 2|x|n/n! e�naikalÔtero gia meg�la |x|, en¸ to |x|n+1/(n+1)! e�nai kalÔtero gia mikr� |x|. Autì ja fane� sthn apìdeixhtou L mmato
 15.2 pio k�tw.Apìdeixh Ja qrhshmopoi soume epagwg . Pr¸ta de�qnoume ìti Rn+1(x) = i
∫ x

0
Rn(t) dt. Pr�gmati, upo-log�zoume to olokl rwma sto dex� mèlo
.

∫ x

0

Rn(t) dt =
1

i
(eix − 1)−

n∑

k=0

ik

k!

xk+1

k + 1
.Sunep¸
,

i

∫ x

0

Rn(t) dt = eix − 1−
n∑

k=0

ik+1xk+1

(k + 1)!
= eix −

n+1∑

k=0

(ix)k

k!
= Rn+1(x).T¸ra, gia n = 0,

R0(x) = eix − 1 = i

∫ x

0

eit dt.'Ara, |R0(x)| ≤ |eix|+ 1 = 2 kai an x > 0, èqoume |R0(x)| ≤
∫ x

0
|eit|dt = x = |x|, en¸ an x < 0

|R0(x)| =
∣∣∣− i

∫ 0

x

eit dt
∣∣∣ ≤

∫ 0

x

|eit|dt = −x = |x|.'Estw ìti h (15.1) isqÔei gia k�poio n ∈ N gia ìla ta x ∈ R. Ja thn apode�xoume gia n + 1. Gia x > 0,
95



96 Το κεντρικό οριακό θεώρημαqrhsimopoi¸nta
 thn epagwgik  upìjesh, èqoume ìti
|Rn+1(x)| =

∣∣∣∣
∫ x

0

Rn(t) dt

∣∣∣∣ ≤
∫ x

0

|Rn(t)|dt ≤





∫ x

0
2|t|n
n!

dt = 2
n!

∫ x

0
tn dt = 2xn+1

(n+!)!∫ x

0
|t|n+1

(n+1)!
dt = 1

(n+1)!

∫ x

0
tn+1 dt = xn+1

(n+2)!apì to opo�o prokÔptei h zhtoÔmenh anisìthta. 'Omoia ergazìmaste gia x < 0. �L mma 15.2 'Estw X tuqa�a metablht  me timè
 sto R tètoia ¸ste E(X2) < ∞. Jètoume E(X) = µkai E(X2) = β. Tìte
φX(t) = 1 + itµ− t2β

2
+ ν(t),ìpou h ν ikanopoie� limt→∞

ν(t)

t2
= 0.Dhlad  h sun�rthsh ν pou or�zetai w
 ν(t) := φX(t) − 1 − itµ + (1/2)t2β te�nei sto 0 grhgorìteraapì to t2.Apìdeixh Apì to L mma 15.1, gia n = 2 kai gia k�je t ∈ R, èqoume

∣∣∣∣eitX − 1− itX + t2
X2

2

∣∣∣∣ ≤ min

{
2t2X2

2!
,
|t3||X|3

3!

}
= t2 min

{
X2,

|t||X|3
3!

}
.Jètoume Y (t) = min

{
X2, |t||X|3

3!

} gia k�je t ∈ R. Tìte
∣∣∣∣E
(
eitX − 1− itX + t2

X2

2

)∣∣∣∣ ≤ t2 E(Y (t)) ∀ t ∈ R, (15.2)kai bèbaia
E

(
eitX − 1− itX + t2

X2

2

)
= φX(t)− 1− itµ+

t2β

2
.Jètoume ν(t) = φX(t)− 1− itµ+ t2β

2
. H (15.2) lèei
|ν(t)| ≤ t2 E(Y (t)), ∀ t ∈ R.Epomènw
, arke� na de�xoume ìti limt→∞ E(Y (t)) = 0. 'Estw akolouj�a (tn)n∈N tètoia ¸ste tn → 0. Tìte

• 0 ≤ Y (tn) ≤ |tn||X|3
3!

→ 0 gia n → ∞.
• |Y (tn)| ≤ X2 gia k�je n ∈ N, kai E(X2) < ∞.Apì to Je¸rhma Kuriarqhmènh
 SÔgklish
, lim

n→∞
E(Y (tn)) = E( lim

n→∞
Y (tn)) = 0. �15.2 To kentrikì oriakì je¸rhmaJe¸rhma 15.3 (To kentrikì oriakì je¸rhma) 'Estw (Xn)n∈N+ akolouj�a anex�rthtwn kai isìnomwntuqa�wn metablht¸n me E(X1) = µ kai Var(X1) = σ2. 'Estw Sn = X1 +X2 + . . .+Xn, n ≥ 1. Tìte

Sn − nµ√
nσ2

⇒ Z, ìpou Z ∼ N(0, 1).



Ασκήσεις 97Apìdeixh Ja apode�xoume arqik� thn per�ptwsh ìpou µ = 0, opìte σ2 = E(X2). Ja qrhsimopoi soume toJe¸rhma sunèqeia
 tou Levy (Pìrisma 14.3). Upolog�zoume th qarakthristik  sun�rthsh th
 Sn/
√
nσ2.Gia t ∈ R\{0},

φ Sn√
nσ2

(t) = E
(
e
it Sn√

nσ2

)
= E

(
e
it

X1√
nσ2 · · · eit

Xn√
nσ2

)

= E
(
e
it

X1√
nσ2

)
· · ·E

(
e
it Xn√

nσ2

) (lìgw anexarths�a
)
= φX1

(
t√
nσ2

)
· · ·φXn

(
t√
nσ2

)

=
(
φX1

(
t√
nσ2

))n (lìgw isonom�a
).Apì to L mma 15.2,
φX1

(
t√
nσ2

)
= 1 +

it√
nσ2

E(X1)−
t2

2nσ2
E
(
(X1)

2
)
+ ν

(
t√
nσ2

)
= 1− t2

2n
+ ν

(
t√
nσ2

)
,ìpou

lim
n→∞

ν
(

t√
nσ2

)

(
t√
nσ2

)2 = 0,dhlad 
lim
n→∞

nν

(
t√
nσ2

)
= 0.'Ara

φ Sn√
nσ2

(t) =

(
1− t2

2n
+ ν

(
t√
nσ2

))n

=

(
1 +

Cn

n

)n

,me Cn = − t2

2n
+ ν

(
t√
nσ2

)
→ −t2/2. Sunep¸
, to L mma 14.4 d�nei

lim
n→∞

φ Sn√
nσ2

(t) = e−t2/2.H �dia sqèsh isqÔei profan¸
 kai gia t = 0. M�a Z ∼ N(0, 1) èqei qarakthristik  sun�rthsh e−t2/2. Apìto Je¸rhma Sunèqeia
 tou Levy, Sn/
√
nσ2 ⇒ Z.Sthn per�ptwsh ìpou E(X1) = µ 6= 0, jewroÔme ti
 anex�rthte
 kai isìnome
 tuqa�e
 metablhtè


Yn = Xn − µ, gia k�je n ∈ N+, kai efarmìzoume ta prohgoÔmena. �Ask sei
15.1 'Estw (Xn)n∈N anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
 ètsi ¸ste X1 ∼ Poisson(1) kai Sn to n-ostì merikì�jroisma aut¸n. Na de�xete ìti,
Sn − n√

n
⇒ Z, ìpou Z ∼ N(0, 1).15.2 Na de�xete ìti

lim
n→∞

e−n
n∑

k=0

nk

k!
=

1

2
.



98 Το κεντρικό οριακό θεώρημα15.3 'Estw (Xi)i≥1 akolouj�a anex�rthtwn kai isìnomwn tuqa�wn metablht¸n, me EX1 = 2,Var(X1) = 1. Jètoume
Sn := X1 +X2 + · · ·+Xn gia k�je n ≥ 1. Na upologistoÔn ta ìria(a) limn→∞ P(Sn > 2.1n),(b) limn→∞ P(Sn > 2n+

√
n),(g) limn→∞ P(Sn > 10

√
n),(d) limn→∞ P(Sn < 3n),(e) limn→∞ P(Sn > 1010).15.4 'Estw (Xn)n≥1 akolouj�a anex�rthtwn isìnomwn tuqa�wn metablht¸n me Var(X1) = 1. Na upologiste� to ìrio

lim
n→∞

P

(∣∣∣∣
X1 +X2 + · · ·+Xn − (Xn+1 + · · ·+X2n)√

n

∣∣∣∣ ≤ 1

)
.15.5 'Estw (Xn)n≥1 akolouj�a anex�rthtwn isìnomwn tuqa�wn metablht¸n me E(X1) = 0, Var(X1) = 1. Na deiqje� ìti

lim
n→∞

Sn√
n

= ∞.[Upod.: H strathgik  th
 'Askhsh
 9.13 leitourge�. Apl¸
 to (a) mèro
 qrei�zetai mia mikr  tropopo�hsh.℄



Upode�xei
 gia epilegmène
 ask sei

Kef�laio 11.5 An paragìtan, tìte h diamèrish ja  tan anagkastik� h C := {{x} : x ∈ R}. 'Epeita, qrhsimopoioÔmethn 'Askhsh 1.3.1.6 B1 = A1, B2 = A2 \ A1, B3 = A3 \ (A1 ∪A2), ...1.7 (a) ∅ ∈ B giat� f−1(∅) = ∅ kai ∅ ∈ F . 'Epeita, an A ∈ B tìte f−1(Y \ A) = X \ f−1(A) kai efìson

f−1(A) ∈ A kai A s-�lgebra èqoume ìti Y \ f−1(A) ∈ F . 'Ara Y \ A ∈ B. Tèlo
, an (An)n∈N e�naiakolouj�a sthn B, tìte
f−1 (∪n∈NAn) = ∪n∈Nf

−1(An) ∈ A.1.9 Ja apode�xoume ìti h A e�nai s-�lgebra sthn per�ptwsh pou isqÔei to 1. Me parìmoio trìpo apodei-knÔontai kai oi �lle
 duo peript¸sei
. AfoÔ h A e�nai �lgebra, arke� na de�xoume ìti e�nai kleist  sti
arijm sime
 en¸sei
. 'Estw {Bn}n∈N akolouj�a sthn A. Jètoume An = ∪n
i=1Bi n = 1, 2, . . . . Tìte, h Ane�nai aÔxousa kai ∪n∈NAn = ∪n∈NBn. 'Ara, lìgw tou 1 èqoume ∪n∈NBn ∈ A.Kef�laio 22.1 'Eqoume ìti ∑∞

n=1 P(An) = P(∪∞
n=1An) ≤ 1. AfoÔ h seir� sugkl�nei, limn→∞ P(An) = 0.2.2 (a) IsqÔei ìti P(∪∞

n=1An) ≤
∑∞

n=1 P(An) = 0.(b) IsqÔei ìti P(∩∞
n=1An) = 1−P(∪∞

n=1A
c
n) = 1 afoÔ P(∪∞

n=1A
c
n) = 0 lìgw tou (a).2.3 Lìgw th
 prohgoÔmenh
 �skhsh
, prèpei ta I, I ′ na e�nai uperarijm sima. 'Estw Ω = (0, 1),F =

B((0, 1)),P = λ1 to mètro Lebesgue, I = I ′ = (0, 1), Ax := {x}, Bx := (0, 1)\{x} gia k�je x ∈ (0, 1).Tìte(a) P(Ax) = P({x}) = 0, gia k�je x ∈ (0, 1), ìmw
 P(∪x∈(0,1)Ax) = P((0, 1)) = 1.(b) P(Bx) = 1, gia k�je x ∈ (0, 1), ìmw
 P(∩x∈(0,1)Bx) = P(∅) = 0.2.4 Gia n ≥ 1, jètoume Bn = {β ∈ B : P(Aβ) ≥ 1
n
}. Tìte |Bn| ≤ n, giat� P(∪β∈Bn

Aβ) ≤ 1 kai
P(∪β∈Bn

Aβ) =
∑

β∈Bn
P(Aβ) ≥ 1

n
|Bn|. AfoÔ B = ∪∞

n=1Bn, ìpou |Bn| < ∞ gia k�je n ≥ 1, èqoume tozhtoÔmeno afoÔ to Q e�nai arijm simo, kai oi f, g e�nai metr sime
.2.5 Gia thn pr¸th anisìthta èqoume
P(lim inf An) = P(∪∞

n=1 ∩∞
k=n Ak) = lim

n→∞
P(∩∞

k=nAk) ≤ lim
n→∞

P(An).

99



100 Υποδείξεις για επιλεγμένες ασκήσειςH deÔterh isìthta isqÔei giat� h akolouj�a Bn := ∩∞
k=nAk e�nai fj�nousa, en¸ h anisìthta isqÔei giat�

Bn ⊂ An. H anisìthta
lim
n→∞

P(An) ≤ P(lim supAn)apodeiknÔetai ìmoia. Kef�laio 33.1 Qr simh e�nai h Prìtash 2.103.2 H A den perièqei to {2} pou e�nai tom  twn {1, 2}, {2, 3}.Kef�laio 44.1 'Estw A(F ) := {x ∈ R : H F e�nai asuneq 
 sto x}. Epeid  h F e�nai aÔxousa, se k�je shme�oasunèqeia
, h F èqei �lma pro
 ta p�nw, dhlad , F (x−) < F (x+) (bèbaia, F (x+) = F (x), all� den toqreiazìmaste). Gia x ∈ A(F ) epilègoume ènan rhtì qx ∈ (F (x−), F (x+)). Epeid  h F e�nai aÔxousa, hapeikìnish x 7→ qx e�nai 1-1 apì to A(F ) sto Q.Enallaktik�, jewroÔme to sÔnolo B = {x ∈ R : h F e�nai asuneq 
 sto x} kai jètoume Aβ = {β},
β ∈ B. Tìte P(Aβ) = F(β) − F(β−) > 0, afoÔ h F èqei �lma sto x, kai efarmìzoume to sumpèrasmath
 'Askhsh
 2.4.4.2 (a) 'Eqoume ìti

P((0, 4)) = λP1((0, 4)) + (1− λ)P2((0, 4)) = λ

∫ 4

0

e−x dx+ (1− λ)
1

2

= λ(1− e−4) + (1− λ)
1

2
.(b) Gnwr�zoume ìti F (x) = P((−∞, x]) = λP1((−∞, x]) + (1− λ)P2((−∞, x]). EÔkola mpore� kane�
 naelègxei ìti

F (x) =





0 an x < −2,

(1− λ)1
2

an − 2 ≤ x ≤ 0,

λ(1− e−x) + (1− λ)1
2

an 0 < x < 3,

1− λe−x an x ≥ 3.Kef�laio 55.1 To sÔnolo A := {A ⊂ R : f−1(A) ∈ B(Ω)} e�nai s-�lgebra ('Askhsh 1.7(i)). 'Estw T h oikogèneiatwn anoiqt¸n uposunìlwn tou R. Profan¸
 to (a) sunep�getai ta (b), (g). An upojèsoume to (b), dhlad 
T ⊂ A, tìte σ(T ) ⊂ A, pou e�nai to (a). 'Epeita jètoume A4 := {[a, b] : a < b, a, b ∈ R}. An isqÔei to (g),dhlad  A4 ⊂ A, tìte σ(A4) ⊂ A. Mènei na de�xoume ìti σ(A4) = B(R).5.2 To sÔnolo A := {A ⊂ R : f−1(A) ∈ B(Ω)} e�nai s-�lgebra ('Askhsh 1.7(i)), kai lìgw sunèqeia
 th

f , perièqei ta anoiqt� uposÔnola tou R. 'Ara B(R) ⊂ A.5.3 Ta sÔnola {−∞}, {∞} e�nai kleist�.5.4 {ω ∈ Ω : limn Xn(ω) = ∞} = ∩∞

k=1 ∪∞
j=1 ∩∞

r=j{Xr > k}. 'Epeita, to limn Xn(ω) up�rqei sto
R an kai mìno an h akolouj�a (Xn(ω))n≥1 e�nai basik . Dhl. gia k�je k ≥ 1 up�rqei j ≥ 1 ¸ste
|Xr(ω)−Xs(ω)| < 1/k gia k�je r, s ≥ j. 'Ara, to dosmèno sÔnolo gr�fetai w
 ...



Υποδείξεις για επιλεγμένες ασκήσεις 1015.5 JewroÔme thn sun�rthsh h = f − g. Tìte h h e�nai metr simh kai isqÔei ìti {f = g} = h−1({0}) ∈ A,efìson {0} ∈ B(R).Enallaktik�,
Ω \ {f = g} = {f 6= g} = {f > g} ∪ {g > f}

= (∪q∈Q ({f > q} ∩ {g < q})) ∪ (∪q∈Q ({g > q} ∩ {f < q}))apì to opo�o profan¸
 èpetai to zhtoÔmeno. Kef�laio 66.1 Gia thn pr¸th anisìthta, parathroÔme ìti h sun�rthsh x 7→ P(X > x) èqei par�gwgo −e−x2/2/
√
2π,kai meletoÔme thn sun�rthsh th
 diafor�
 twn dÔo mel¸n.6.2 ∫ 1

0

f(x) dx =
∞∑

n=1

1

n2

∫ 1

0

1√
|x− rn|

dx ≤ 2
∞∑

n=1

1

n2

∫ 1

0

1√
x
dx < ∞Apì gnwst  prìtash (Prìtash 6.14(iii)) èpetai ìti to sÔnolo twn x ∈ (0, 1) me f(x) = ∞ èqei mètro

Lebesgue 0.6.3 Sthn isìthta 1−1∪n
i=1Ai

= (1−1A1
)(1−1A2

) · · · (1−1An
), anaptÔssoume to dex� mèlo
 kai pa�rnoumemèsh tim .6.4 JewroÔme thn tuqa�a metablht  X =

∑n
k=1 1Ak

.6.5 X =
∑X

k=1 1 =
∑∞

k=1 1k≤X , kai Je¸rhma Beppo Levi.6.6 [X] ≤ X ≤ [X] + 1.6.76.86.9 (a) DouleÔoume ìpw
 sthn apodeixh th
 anisìthta
 Chebyshev.
P (X ≤ aEX) = P(X −EX ≤ −(1− a)EX)

≤ P(|X −EX| ≥ (1− a)EX) ≤ Var(X)

(1− a)2(EX)2
.Qrhsimopoi same to ìti (1− a)EX > 0.(b) 'Estw A := {ω : X(ω) > aEX}.

EX = E(X1Ac) +E(X1A) ≤ aEX +E(X2)1/2 P(A)1/2 ⇒
(1− a)EX ≤ E(X2)1/2 P(A)1/2 ⇒ P(A) ≥ (1− a)(EX)2/E(X2)6.10 P(X > t) = P(aX > at) = P(eaX > eat) ≤ E(eaX)/eat. Pa�rnoume C = E(eaX) ∈ (0,∞).6.12 QrhsimopoioÔme thn anisìthta Cauchy-Schwarz.

1 ≤ E(
√
XY ) ≤ (E(X))1/2(E(Y ))1/2.6.14 QrhsimopoioÔme thn prohgoÔmenh �skhsh.6.15 H akolouj�a An := {|X| > n}, n ≥ 1 e�nai fj�nousa me tom  to ∅ afoÔ h X pa�rnei timè
 sto R.'Ara limn→∞ P(An) = P(∅) = 0.
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 anisìthta
 Markov mporoÔme na e�maste ligìtero genaiìdwroi, kai na parathr -soume ìti h posìthta nP(|X| ≥ n) fr�ssetai apì thn mèsh tim  E(|X|1|X|≥n).6.17 Gia to (a), arke� na to de�xoume gia k�je akolouj�a (εn)n≥1 jetik¸n arijm¸n me εn → 0. Qrhsimo-poioÔme to je¸rhma kuriarqhmènh
 sÔgklish
 me kuriarqoÔsa sun�rthsh thn 1 afoÔ
∣∣∣∣
X

ε
1X<ε

∣∣∣∣ ≤ 1.6.18 EÔkola elègqoume thn isìthta gia Y =
∑n

i=1 ai1Ai
, Ai ∈ A, apl , afoÔ EQ(1A) = Q(A) =

EP(X1A), gia k�je A ∈ A, kai lìgw grammikìthta
. An t¸ra h Y e�nai jetik , gnwr�zoume ìti up�rqeiakolouj�a (Yn)n∈N apl¸n sunart sewn ètsi ¸ste Yn ր Y . Apì to Je¸rhma Monìtonh
 SÔgklish
,èqoume ìti limn→∞ EQ(Yn) = EQ(Y ) kai limn→∞ EP(YnX) = EP(Y X). 'Omw
, EQ(Yn) = EP(YnX), giak�je n ∈ N, �ra kai p�li to zhtoÔmeno isqÔei. Tèlo
, an EP(|Y |X) < ∞, apì ta prohgoÔmena èqoume ìti
EQ(Y

−) = EP(Y
−X), EQ(Y

+) = EP(Y
+X) ìpou kai oi tèsseri
 auto� arijmo� e�nai peperasmènoi efìson

EP(Y
−X) + EP(Y

+X) = EP(|Y |X) < ∞, EQ(Y
−) + EQ(Y

+) = EQ(|Y |) = EP(|Y |X) (h teleuta�aisìthta isqÔei afoÔ h |Y | e�nai jetik ). Sunep¸
,
EQ(Y ) = EQ(Y

+)−EQ(Y
−) = EP(Y

+X)−EP(Y
−X) = EP(Y X).Kef�laio 77.1 Gia ta ω sto sÔnolo lim supn A

ε
n èqoume |Xn| ≥ ε gia �peira n, kai �ra lim supn A

ε
n ⊂ Ω \

{limn→∞ Xn = 0}. Gia to ìti to (b) d�nei to (a), parathroÔme ìti Ω\{limn→∞ Xn = 0} = ∪∞
k=1 lim supn A

1/k
n ,kai qrhsimopoioÔme thn 'Askhsh 2.2 (a). Kef�laio 88.1 Jèloume P(A ∩ B) = P(A)P(B) gia k�je A ∈ F1, B ∈ F2. JewroÔme ta dÔo sen�ria P(A) = 0,

P(A) = 1.8.2. 'Estw ìti den up�rqei tètoio c. Tìte up�rqei a ∈ R ¸ste P(X < a) = p ∈ (0, 1) kai epomènw

P(X ≥ a) = 1− p ∈ (0, 1). H anexarths�a d�nei

P(X < a, Y ≥ a) = P(X < a)P(Y ≥ a) > 0,en¸ to aristerì mèlo
 e�nai mikrìtero apo P(X 6= Y ) = 0 apì upìjesh. 'Atopo.8.3 'Eqoume ìti E(Sn) = nE(X1) kai lìgw anexarths�a
 ìti Var(Sn) = nVar(X1). Epiplèon, E(X1) =

(−1)1
2
+ 11

2
= 0 kai Var(X1) = E(X2

1 )−E(X1)
2 = E(X2

1 ) = 1. 'Estw ǫ > 0. Tìte,
P

(∣∣∣∣
Sn

n

∣∣∣∣ > ǫ

)
= P(|Sn| > nǫ) = P(S2

n > n2ǫ2)

≤ E(S2
n)

n2
ǫ2 =

VarSn

n2ǫ2

=
n

n2ǫ2
=

1

nǫ2
→ 0gia n → ∞.8.4. Gia ε > 0, qrhsimopoi¸nta
 thn anexarths�a twn X1,X2, . . . , br�skoume

P(|mn| > ε) = P(mn > ε) = P(X1 > ε, . . . ,Xn > ε) = (1− ε)n → 0,
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P(|Mn − 1| > ε) = P(Mn < 1− ε) = P(X1 < 1− ε, . . . ,Xn < 1− ε) = (1− ε)n → 0.Kef�laio 99.3. ApodeiknÔoume to zhtoÔmeno gia thn Mn. To ìrio e�nai to polÔ 1 afoÔ k�je m�a Xi e�nai to polÔ 1.Gia to k�tw fr�gma, efarmìzoume to pr¸to L mma Borel-Cantelli. Gia ε > 0, jètoume Aε

n := {Mn ≤ 1−ε}.Epeid  P(Aε
n) ≤ (1− ε)n, kai ∑n≥1 P(An) < ∞, me pijanìthta 1 gia ìla ta meg�la n isqÔei Mn ≥ 1− ε.'Ara to sÔnolo Bε := {limn→∞ Mn ≥ 1 − ε} èqei pijanìthta 1, kai epomènw
 to �dio isqÔei kai gia to

∩∞
k=1B1/k = {limn→∞ Mn ≥ 1}.Enallaktik�, mpore� na parathr sei kane�
 ìti P(A1/

√
n

n ) = (1−n−1/2)n ≤ e−
√
n (me qr sh th
 1− x ≤

e−x), kai ∑n≥1 e
−√

n < ∞. To sumpèrasma èpetai apì to pr¸to L mma Borel-Cantelli.9.5 Arke� gia k�je n ≥ 1 na broÔme stajer�Mn ¸ste P(|Xn| > Mn) ≤ n−2. Tìte h an = nMn ikanopoie�to zhtoÔmeno (pr¸to L mma Borel-Cantelli).9.6 H kateÔjunsh ⇐ e�nai pio eÔkolh. An up�rqei tètoio M tìte (apì to pr¸to l mma Borel-Cantelli) mepijanìthta 1, isqÔei Xn ≤ M gia ìla ta meg�la n, kai èpetai to sumpèrasma.[Na to gr�youme kai tupik�. To sÔnolo A := lim supn≥1{Xn > M} èqei pijanìthta 0, kai gia k�je
ω ∈ Ω \A up�rqei fusikì
 n0(ω) ¸ste Xn ≤ M gia k�je n ≥ n0(ω). 'Ara

X∗(ω) ≤ max{X1,X2, . . . ,Xn0(ω)−1,M} < ∞,w
 mègisto peperasmènou arijmoÔ pragmatik¸n arijm¸n.℄Gia thn �llh kateÔjunsh, èstw ìti den up�rqei tètoio M , tìte gia k�jeK ∈ N, to deÔtero l mma Borel-

Cantelli d�nei ìti P(lim supn{Xn > K}) = 1 (ed¸ qrhsimopoioÔme thn anexarths�a twn Xn). Epomènw
 to
CK := {X∗ ≥ K} èqei pijanìthta 1, kai �ra kai to ∩∞

K=1CK (arijm simh tom  sunìlwn me pijanìthta1). 'Omw
 ∩∞
K=1CK = {X∗ = ∞}, to opo�o apì upìjesh èqei pijanìthta 0, kai èqoume �topo.9.7 Qr simh e�nai h 'Askhsh 6.1.9.8. To ìrio e�nai to polÔ 1 lìgw th
 'Askhsh
 2.6. Gia to k�tw fr�gma, efarmìzoume to pr¸to L mma

Borel-Cantelli. Gia ε > 0

P

(
Mn

log n
≤ 1− ε

)
= P(X1 ≤ (1− ε) log n)n = (1− n−(1−ε))n ≤ (e−nε−1

)n = e−nε

,kai suneq�zoume ìpw
 sthn prohgoÔmenh �skhsh.9.9 Me qr sh th
 'Askhsh
 7.1, de�qnoume pr¸ta ìti o isqurismì
 gia to ìrio e�nai isodÔnamo
 me thn∑
n=1 P(|Xn| ≥ εn) < ∞ gia k�je ε > 0. 'Epeita qrhsimopoioÔme thn 'Askhsh 6.6.9.14. (b) Apì to prohgoÔmeno er¸thma, oi (Xi)i∈I e�nai anex�rthte
. 'Ara o nìmo
 0-1 tou Kolmogorovefarmìzetai gia thn telik  s-algebra tou


C∞ := ∩∞
n=1σ(Xn,Xn+1, . . .).Bèbaia to an èna ω ∈ Ω an kei se èna apì ta lim inf Ai, lim supAi den exart�tai apì opoiad pote pepera-smèno pl jo
 X1(ω), . . . ,Xk(ω), opìte kai ta dÔo sÔnola an koun sthn C∞. Tupik� to apodeiknÔoume w
ex 
. Gia k�je n ≥ 1,

lim inf
i

Ai = ∪∞
j=1 ∩∞

k=j Ak = ∪∞
j=n ∩∞

k=j Ak = ∪∞
j=n ∩∞

k=j X
−1
k ({1}) ∈ σ(Xn,Xn+1, . . .).



104 Υποδείξεις για επιλεγμένες ασκήσειςH deÔterh isìthta isqÔei giat� èqoume ènwsh mia
 aÔxousa
 akolouj�a
 sunìlwn. 'Omoia
lim sup

i
Ai = ∩∞

j=1 ∪∞
k=j Ak = ∩∞

j=n ∪∞
k=j Ak = ∩∞

j=n ∪∞
k=j X

−1
k ({1}) ∈ σ(Xn,Xn+1, . . .).9.15. (a) Apì ton apeirostikì logismì xèroume ìti R−1 = limn→∞ |Xn|1/n.(b) De�qnoume ìpw
 sthn 'Askhsh 9.7 ìti limn→∞ |Xn|1/n = 1 me pijanìthta 1. M�lista ed¸ arke� hqr sh tou pr¸tou l mmato
 Borel-Cantelli gia na de�xoume ìti limn→∞ |Xn|1/n = 1.9.17. DouleÔoume ìpw
 sthn prohgoÔmenh �skhsh.Kef�laio 1010.1 'Estw Y = Sn

n
. Tìte E(Y ) = 1

n
E(X1 +X2 + ...+Xn) =

1
n
nE(X1) = µ kai Var(Y ) = Var( 1

n
Sn) =

1
n2 Var(X1 +X2 + ...+Xn) =

1
n
Var(X1). 'Estw ǫ > 0. Tìte,

P

(∣∣∣∣
Sn

n
− µ

∣∣∣∣ ≥ ǫ

)
= P(|Y −E(Y )| ≥ ǫ) ≤ 1

ǫ2
Var(Y ) =

1

ǫ2
Var(X1)

n
→ 0,gia n → ∞, apì to opo�o prokÔptei to zhtoÔmeno.10.2 'Estw M > 0. Gia k�je i ≥ 1 jètoume Y M

i = Xi ∧ M . Oi Y M
i e�nai anex�rthte
 kai isìnome
,kai isqÔei ìti (Y M

i )− = X−
i , (Y M

i )+ ≤ M . Sunep¸
 E(|Y M
i |) ≤ E(X−

i ) + M < ∞. Jètoume SM
n =

Y M
1 + Y M

2 + ...+ Y M
n gia k�je n ≥ 1. Tìte, me pijanìthta 1,

lim
n→∞

Sn

n
≥ lim

n→∞

SM
n

n
= E(Y M

1 ),ìpou h isìthta prokÔptei apì to Nìmo twn Meg�lwn Arijm¸n. 'Estw t¸ra
ΩM =

{
ω ∈ Ω : lim

n→∞

Sn(ω)

n
≥ E(X1 ∧M)

}
.De�xame ìti P(ΩM ) = 1, gia k�je M > 0. Jewr¸nta
 to sÔnolo A = ∩∞

k=1Ωk, èqoume ìti P(A) = 1, kaigia ω ∈ A, isqÔei ìti
lim
n→∞

Sn(ω)

n
≥ E(X1 ∧ k), ∀k ≥ 1. ( .3)Apì to Je¸rhma Monìtonh
 SÔgklish
 E(Y k
1 ) = E(X+

1 ∧ k) − E(X−
1 ) → E(X+

1 ) − E(X−
1 ) = ∞,gia k → ∞. 'Ara, gia ω ∈ A, pa�rnonta
 k → ∞ sthn ( .3) èqoume ìti limn→∞ Sn(ω)/n = ∞, opìte

limn→∞ Sn(ω)/n = ∞, pou e�nai to zhtoÔmeno.10.3 ParathroÔme ìti
Xn

n
=

Sn

n
− Sn−1

n− 1
=

Sn

n
− n− 1

n

Sn−1

n− 1
→ µ− µ = 0 ( .4)gia n → ∞ me pijanìthta 1. 'Ara ∑∞

n=1 P
(

|Xn|
n

≥ 1
)
< ∞ giat� an ∑∞

n=1 P
(

|Xn|
n

≥ 1
)
= ∞ tìte to 2oL mma Borel-Cantelli efarmozìmeno sthn akolouj�a anex�rthtwn endeqomènwn An =

{
|Xn|
n

≥ 1
}, n ≥ 1ja èdine ìti lim |Xn|/n ≥ 1 me pijanìthta 1, to opo�o sugkroÔetai me thn ( .4). Tèlo
, isqÔei ìti ('Askhsh6.6)

∞∑

n=1

P (|Xn| ≥ n) ≤ E(|X1|) ≤
∞∑

n=1

P (|Xn| ≥ n) + 1



Υποδείξεις για επιλεγμένες ασκήσεις 105'Ara E(X1) ∈ R kai apì to Nìmo twn Meg�lwn Arijm¸n Sn

n
→ E(X1). 'Omw
, apì upìjesh Sn

n
→ µ,epomènw
 E(X1) = µ.10.4 'Eqoume ìti E(X1) = 1 kai E(X2

1 ) = Var(X1) + E(X1)
2 = 4, kaj¸
 ep�sh
 kai ìti oi {X2

i , i ≥ 1}e�nai anex�rthte
 kai isìnome
. Gr�foume
X1 +X2 + . . .+Xn

(X1)2 + (X2)2 + . . .+ (Xn)2
=

X1+X2+...+Xn

n
(X1)2+(X2)2+...+(Xn)2

n

.Apì to Nìmo twn Meg�lwn Arijm¸n o arijmht 
 sugkl�nei sto 1 me pijanìthta 1 kai ant�stoiqa oparonomast 
 sto 2. Tupik�, gia ta A1 = {ω ∈ Ω : limn→∞
X1+X2+...+Xn

n
= 1} kai A2 = {ω ∈ Ω :

limn→∞
(X1)

2+(X2)
2+...+(Xn)

2

n
= 1} èqoume ìti P(A1) = P(A2) = 1. 'AraP(A1∩A2) = 1, kai gia ω ∈ A1∩A2èqoume
lim
n→∞

X1(ω) +X2(ω) + . . .+Xn(ω)

(X1)2(ω) + (X2)2(ω) + . . .+ (Xn)2(ω)
=

1

4
,apì to opo�o prokÔptei to zhtoÔmeno.10.5. Sn = n(Sn/n) → ∞×E(X1) = ∞ afoÔ E(X1) > 0.10.6. (a) (U1U2 · · ·Un)

1/n = e
1
n (logU1+···+logUn) Epeid  E(logU1) =

∫ 1

0 log x dx = . . . = −1, o isqurì
nìmo
 twn meg�lwn arijm¸n gia thn akolouj�a (logUi)i≥1 d�nei ìti
lim
n→∞

logU1 + · · ·+ logUn

n
= −1 me pijanìthta 1.To sumpèrasma èpetai.(b) 'Epetai apì to (a). Epilègoume θ ¸ste e−1 < θ < 1. Me pijanìthta 1, up�rqei n0 ∈ N ¸ste gia n > n0na isqÔei (U1U2 · · ·Un)

1/n < θ. 'Ara gia n > n0

0 < U1U2 · · ·Un < θn → 0kaj¸
 n → ∞ epeid  0 < θ < 1.Enallaktik� U1U2 · · ·Un = en
log U1+···+log Un

n → 0 afoÔ to ìrio tou ekjèth e�nai ∞× (−1) = −∞.(g) H akolouj�a (Ua
i )i≥1 apotele�tai apì anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
, kajem�a me mèshtim 

E(Ua
1 ) =

∫ 1

0

xa dx =

{
1

1+a
an a > −1,

∞ an a ≤ −1.To sumpèrasma èpetai apì ton isqurì nìmo twn meg�lwn arijm¸n kai thn 'Askhsh 10.210.7. Oi ìroi th
 akolouj�a
 ((Xi − µ)2)i≥1 e�nai anex�rthte
 isìnome
 tuqa�e
 metablhtè
, kajem�a memèsh tim  E((X1 − µ)2) = V (X1) = σ2. O isqurì
 nìmo
 twn meg�lwn arijm¸n d�nei to sumpèrasma.Kef�laio 11
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λ2(A) =

∫ 1A(x, y) dλ2(x, y)

=

∫ (∫ 1A(x, y) dλ(y)

)
dλ(x)

=

∫ ∫ 1Ax
(y) dλ(y) dλ(x)

=

∫
λ(Ax) dλ(x).Dedomènou ìti gia m�a sun�rthsh f ≥ 0 metr simh isqÔei ìti ∫ f dλ = 0 ⇔ λ({x : f(x) > 0}) = 0, apìta parap�nw pa�rnoume thn isodunam�a twn (a) kai (b). 'Omoia de�qnoume ìti ta (a), (g) e�nai isodÔnama kaiètsi èqoume to zhtoÔmeno. Kef�laio 1212.1 DouleÔoume ìpw
 sto Par�deigma 12.8.12.2 'Estw u ∈ R. Tìte φ−X(u) = E(eiu(−X)) = φX(−u) = φX(u). Sunep¸
, an X

d
= −X, èqoume ìti

φX(u) = φX(u), gia k�je u ∈ R, dhlad  φX(u) ∈ R. Ant�strofa, an φX(u) ∈ R, èqoume ìti φX(u) =

φX(u), ìmw
 apì ta parap�nw φX(u) = φ−X(u), �ra X
d
= −X.12.3 'Estw u ∈ R. Tìte,

φZ(u) = E(eiuXe−iuY ) = E(eiuX)E(e−iuY )

= φX(u)φY (−u) = φx(u)φX(−u)

= φX(u)φX(u) = |φX(u)|2 ∈ R,ìpou h deÔterh isìthta prokÔptei lìgw anexarths�a
. Apì thn 'Askhsh 12.2 prokÔptei ìti h Z èqeisummetrik  katanom .12.4 'Eqoume ìti fX(x) = fY (y) = 1(0,1)(x), gia k�je x ∈ R. Apì to Je¸rhma 12.21 h X + Y èqeipuknìthta fX+Y (z) =

∫

R

fX(x)fY (z − x) dx. O oloklhrwtèo
 e�nai mh mhdenikì
 gia (x, z) tètoia ¸ste
0 < x < 1 kai 0 < z − x < 1, dhlad ,

0 < x < 1, kai
z − 1 < x < z.

( .5)
• An z ≤ 0   z ≥ 2, tìte den up�rqoun x pou ikanopoioÔn thn ( .5).
• An z ∈ (0, 1), tìte apì ( .5), 0 < x < z kai fX+Y (z) =

∫ z

0
1 dx = z.

• An z ∈ (1, 2) tìte apì ( .5), z − 1 < x < 1 kai fX+Y (z) =
∫ 1

z−1
1 dx = 2− z.Sundu�zonta
 ta parap�nw, prokÔptei to zhtoÔmeno.12.5 (a) H qarakthristik  sun�rthsh th
 tuqa�a
 metablht 
 X+Y
2

e�nai
φX+Y

2
(t) = E(eiXt/2eiY t/2) = E(eiXt/2)E(eiY t/2) = φX

(
t

2

)
φY

(
t

2

)
= e−|t|/2e−|t|/2 = e−|t|,ìpou h deÔterh isìthta prokÔptei lìgw anexarths�a
. Gnwr�zoume ìti h e−|t| e�nai qarakthristik  su-n�rthsh m�a
 tuqa�a
 metablht 
 me katanom  Cauchy. Apì to Je¸rhma Monadikìthta
 12.12 èpetai ìti
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X+Y
2

∼ Cauchy.(b) Ergazìmaste ìmoia me to (a) basizìmenoi sthn anexarths�a twn X1,X2, . . . ,Xn.Kef�laio 1313.1 H FX e�nai suneq 
 sto R. Sugkekrimèna, èqoume ìti
FX(x) =

∫ x

−∞
e−t1t>0 dt =

{
0 an x ≤ 0,

1− e−x an x > 0.Gia x ≤ 0,
FpnXn

(x) = P(pnXn ≤ 0) = 0,afoÔ pn > 0 kai Xn ≥ 1. Gia x > 0,
FpnXn

(x) = P

(
Xn ≤ x

pn

)
= 1−P

(
Xn >

x

pn

)

= 1−P

(
Xn >

[
x

pn

])
= 1− (1− pn)

[ x
pn ],efìson gia Y ∼ Gewmetrik (p) isqÔei P(Y ≥ k) = (1− p)k−1. T¸ra parathroÔme ìti

(1− pn)
[ x
pn ] = e[

x
pn ]pn

log(1−pn)
pn → e−xgia n → ∞. 'Ara, FpnXn

(x) → 1− e−x. Apì to Je¸rhma 13.3 èpetai to zhtoÔmeno.13.2. H sun�rthsh katanom 
 th
 Z e�nai
FZ(x) =





0 an x < 0,

x an x ∈ [0, 1],

1 an x > 1,kai ta shme�a sunèqeia
 th
 e�nai ìlo to R. Gia x ∈ [0, 1],
FYn

(x) = P(Xn ≤ nx) =
[nx]

n
→ x = FZ(x)gia n → ∞ (p.q. nx− 1 < [nx] ≤ nx, k.lp). H sÔgklish gia ta upìloipa x ∈ R e�nai pio eÔkolh.13.3 'Estw An = R\[−n, n]. Tìte h An e�nai fj�nousa akolouj�a, �ra,

lim
n→∞

p(An) = p(∩∞
n=1An) = p(∅) = 0.Epomènw
, gia k�je ǫ > 0 up�rqei n0 ètsi ¸ste µ(R \ [−n0, n0]) < ǫ.13.4 Apì thn anisìthta tou Markov èqoume,

P(|Xn| > M) = P(X2
n > M2) ≤ 1

M2
E(X2

n) ≤
1

M2
C,ìpou C = supn≥1 E(X2

n) < ∞. 'Ara supn≤1 P(|Xn| > M) ≤ C
M2 → 0 gia M → ∞.13.5 Apì thn 'Askhsh 13.2, gia k�je i ∈ I up�rqei Mi > 0 ètsi ¸ste pi([−Mi,Mi]) > 1 − ǫ. Jètonta


M = max{Mi : i ∈ I} èqoume ìti pi([−M,M ]) ≥ pi([−Mi,Mi]) > 1 − ǫ, apì to opo�o prokÔptei ìti h
(pi)i∈I e�nai sfiqt .



108 Υποδείξεις για επιλεγμένες ασκήσεις13.6. Me b�sh to Je¸rhma 13.6, h sÔgklish Xn ⇒ X sunep�getai (m�lista isoduname� me) thn
P(Xn ∈ A) → P(X ∈ A) gia ìla ta A ⊂ R Borel me P(X ∈ ∂A) = 0.E�nai dunatìn bèbaia h sqèsh P(Xn ∈ A) → P(X ∈ A) na isqÔei gia èna sÔnolo Borel A sumptwmatik�,�sw
 exait�a
 th
 fÔsh
 th
 akolouj�a
 (Xn)n≥1. P�ntw
 den ma
 thn eggu�tai h Xn ⇒ X.

(i) 'Oqi. Giat� ∂A = {2, 32.1, 100}, sto opo�o h katanom  th
 X d�nei jetik  pijanìthta afoÔ perièqei tou
jetikoÔ
 akèraiou
 2, 100.
(ii) 'Oqi. Giat� ∂A = Ā \Ao = R \ ∅ = R, kai P(X ∈ R) = 1 > 0.
(iii) Nai. Giat� ∂A = {−1.5, 2.8} kai P(X ∈ {−1.5, 2.8}) = 0, afoÔ mia gewmetrik  tuqa�a metablht pa�rnei mìno akèraie
 jetikè
 timè
.
(iv) Nai. Giat� ∂A = {−2, π} kai P(X ∈ ∂A) = 0 afoÔ h X e�nai suneq 
 tuqa�a metablht  kai to ∂Ae�nai peperasmèno.
(v) 'Oqi. Giat� ∂A = Ā \ Ao = [0, 1/3] \ ∅ = [0, 1/3], kai P(X ∈ [0, 1/3]) = 1/3 > 0.
(vi) 'Oqi. Giat� ∂A = {0, 1/2, 2, 4}, kai P(X ∈ {0, 1/2, 2, 4}) = P(X = 0) = 3/5 > 0.Kef�laio 1414.1. (a) Par�deigma 12.17.(b) Gia t ∈ R èqoume

φX(t) = E(eitX) =
∞∑

k=1

eitk(1− p)k−1p = peit
∞∑

j=0

(eit(1− p))j =
peit

1− (1− p)eit
.Ajro�same mia gewmetrik  prìodo th
 opo�a
 o lìgo
 èqei mètro |(1 − p)eit| = 1− p < 1 afoÔ p > 0.(g) (i) Ta shme�a sunèqeia
 th
 sun�rthsh
 katanom 
 FX th
 X e�nai ìlo to R. 'Estw x > 0. Tìte

FXn/n(x) = P

(
Xn

n
≤ x

)
= P(Xn ≤ [nx]) = 1−P(Xn > [nx])

= 1− (1− pn)
[nx] = 1−

((
1− a

n

)n)[nx]/n
.Epeid  [nx]/n → x kai (1 − an−1)n → e−a, èpetai ìti limn→∞ FXn/n(x) = 1 − e−ax = FX(x). Profan¸
to �dio isqÔei kai gia x ≤ 0.

(ii) Gia t ∈ R èqoume
φXn/n(t) = φXn

(t/n) =
pne

it/n

1− (1− pn)eit/n
=

eit/n

1−eit/n

a/n
+ eit/n

→ 1

1− it
a

= φX(t)kaj¸
 n → ∞ afoÔ
lim
n→∞

1− eit/n

a/n
= lim

n→∞

it

a

1− eit/n

it/n
= − it

a
.'Ara h sÔgklish Xn/n ⇒ X èpetai apì gnwstì je¸rhma.14.2. (a) Gia t ∈ R èqoume

φX(t) = E(eitX) =
∞∑

k=0

eitke−λλ
k

k!
= e−λ

∞∑

k=0

(eitλ)k

k!
= eλ(e

it−1).
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φX(t) = E(eitX) =

n∑

k=0

eitk
(
n

k

)
pk(1− p)n−k =

n∑

k=0

(
n

k

)
(peit)k(1− p)n−k(peit + 1− p)n.(g) Gia t ∈ R èqoume

φXn
(t) = (pne

it + 1− pn)
n = (1 + pn(e

it − 1))n → eλ(e
it−1) = φX(t)afoÔ limn→∞ pn(e

it − 1)n = λ(eit − 1). 'Ara h sÔgklish Xn ⇒ X èpetai apì gnwstì je¸rhma.Kef�laio 1515.1 ParathroÔme ìti E(X1) = VarX1 = 1 kai efarmìzoume to Kentrikì Oriakì Je¸rhma.15.2 ParathroÔme ìti P(X = k) = e−n nk

k!
, ìpou X ∼ Poisson(n). 'Estw (Xk)k∈N anex�rthte
 kaiisìnome
 tuqa�e
 metablhtè
 me X1 ∼ Poisson(1). Gnwr�zoume ìti h Sn =

∑n
k=1 Xk ∼ Poisson(n). 'Ara,

e−n
n∑

k=0

nk

k!
=

n∑

k=0

P(Sn ≤ n)

= P

(
Sn − n√

n
≤ 0

)

= FSn−n√
n
(0).Apì thn 'Askhsh 15.1, afoÔ Sn−n√

n
⇒ Z, me Z ∼N(0, 1), èqoume ìti FSn−n√

n
(0) → FZ(0) =

1
2
gia n → ∞.15.3. Gia thn akolouj�a (Sn)n≥1 èqoume ìti Sn/n → 2 kat� pijanìthta (asjen 
 nìmo
 twn meg�lwnarijm¸n) kai

Sn − 2n√
n

⇒ Z ∼ N(0, 1)(kentrikì oriakì je¸rhma).(a) H sÔgklish Sn/n → 2 kat� pijanìthta d�nei
P(Sn > 2.1n) = P

(
Sn

n
> 2.1

)
≤ P

(∣∣∣∣
Sn

n
− 2

∣∣∣∣ > 0.1

)
→ 0kaj¸
 n → ∞.(b) 'Eqoume

P(Sn > 2n+
√
n) = P

(
Sn − 2n√

n
> 1

)
→ P(Z > 1) = 1− Φ(1)kaj¸
 n → ∞ lìgw tou kentrikoÔ oriakoÔ jewr mato
.(g) Xèroume ìti Sn ∼ 2n, �ra to endeqìmeno Sn > 10

√
n e�nai polÔ pijanì. Tupik� proqwroÔme w
 ex 
.

P(Sn > 10
√
n) = P

(
Sn

n
>

10√
n

)
= 1− P

(
Sn

n
≤ 10√

n

)
.Gia n > 100,

P

(
Sn

n
≤ 10√

n

)
≤ P

(∣∣∣∣
Sn

n
− 2

∣∣∣∣ > 1

)
→ 0
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√
n) = 1.(d)
P(Sn ≥ 3n) = P

(
Sn

n
≥ 3

)
≤ P

(∣∣∣∣
Sn

n
− 2

∣∣∣∣ >
1

2

)
→ 0kaj¸
 n → ∞. 'Ara limn→∞ P(Sn < 3n) = 1.(e) Gia n > 1010 èqoume

P(Sn ≤ 1010) = P

(
Sn

n
≤ 1010

n

)
≤ P

(∣∣∣∣
Sn

n
− 2

∣∣∣∣ >
1

2

)
→ 0kaj¸
 n → ∞. 'Ara limn→∞ P(Sn > 1010) = 1.15.4. 'Estw akolouj�e
 (Yn)n≥1, (Zn)n≥1 tuqa�e
 metablhtè
 ston �dio q¸ro pijanìthta
 ¸ste oi {Yn, Zn :

n ≥ 1} na e�nai anex�rthte
 kai isìnome
 kai kajem�a na èqei thn �dia katanom  me thn X1.Tìte epeid  to di�nusma (X1, · · · ,X2n) èqei thn �dia katanom  me to (Y1, Y2, . . . , Yn, Z1, Z2, . . . , Zn) (tomètro ginìmeno ⊗2n
i=1 P

X1 th
 katanom 
 P
X1 2n forè
 me ton eautì th
), èqoume ìti

P

(∣∣∣∣
X1 +X2 + · · · +Xn − (Xn+1 + · · ·+X2n)√

n

∣∣∣∣ ≤ 1

)

= P

(∣∣∣∣
Y1 + Y2 + · · ·+ Yn − (Z1 + · · ·+ Zn)√

n

∣∣∣∣ ≤ 1

)
= P

(∣∣∣∣
W1 +W2 + · · ·+Wn√

n

∣∣∣∣ ≤ 1

)
,ìpou jèsameWi = Yi−Zi gia k�je i ≥ 1. Apì thn upìjesh, oi {Wi : i ≥ 1} e�nai anex�rthte
 kai isìnome
,kajem�a me mèsh tim  E(W1) = 0 kai diaspor� V (W1) = V (X1) + V (Y1)− 2Cov(X1, Y1) = 1 + 1− 0 = 2.'Ara, efarmìzonta
 to kentrikì oriakì je¸rhma, br�skoume

lim
n→∞

P

(∣∣∣∣
W1 +W2 + · · ·+Wn√

n

∣∣∣∣ ≤ 1

)
= lim

n→∞
P

(∣∣∣∣
W1 +W2 + · · ·+Wn√

n2

∣∣∣∣ ≤
1√
2

)

= P(|Z| ≤ 1/
√
2) = Φ(1/

√
2)−Φ(1/

√
2)

= 2Φ(1/
√
2)− 1.
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