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Ejnikì Kapodistriakì Panepist mio Ajhn¸n



Arijmhtik  kinht c upodiastol c,

sf�lmata stroggÔleushc.

Par�stash arijm¸n wc proc opoiad pote b�sh.

• Dekadikì sÔsthma.

B�sh: 10,

YhfÐa: 0, 1, 2, 3, · · · , 9.
Par�deigma: 3, 14159 = 3 · 100 + 1 · 10−1 + 4 · 10−2 + 1 · 10−3 + 5 · 10−4 + 9 · 10−5.

Genik�:

(αNαN−1 · · ·α0α−1α−2 · · · )10 = αN · 10N + αN−1 · 10N−1 + · · ·+ α0 · 100 + α−1 + · · · .

Akèraio mèroc: p(x) = αNx
N + αN−1x

N−1 + · · ·+ α0, x = 10,

Klasmatikì mèroc:
∑∞

κ=1 ακx
κ, x = 1

10
.

(p.q. o arijmìc 4.130 mporeÐ na grafeÐ se �periodik  morf � 4.129 = 4.129999??)

• SÔsthma me b�sh β

YhfÐa: 0, 1, 2, · · · , β − 1.

α = 0, 999 · · ·
10α = 9, 999 · · ·

10α = 9 + 0, 999 · · ·
10α = 9 + α

α = 1

???

ParadeÐgmata: Stouc upologistèc qrhsimopoioÔntai ta duadikì, to oktadikì kai to dekae-

xadikì sÔsthma me yhfÐa: 0, 1, 2, · · · , 9A, B, C, D, E, F,
p.q.(10011011)2 = 1 · 25 + 1 · 22 + 1 · 21 + 1 · 2−1 + 1 · 2−2.

α) Metatrop  enìc akeraÐou grammènou se sÔsthma me b�sh β, sto dekadikì sÔsthma

p.q. (53473)8 = 5 · 84 + 3 · 83 + 4 · 82 + 7 · 81 + 3 · 80 = (22331)10

(53473)8 = 3 + 8(7 + 8(4 + 8(3 + 8 · 5))) = (22331)10.

Genik� gia ton upologismì thc tim c tou p(x) = αNx
N + αN−1x

N−1 + · · · + α0, me αi
dedomènouc suntelestèc gia dedomèno x prokÔptei apì to sq ma Horner p(x) = α0 +

x(α1 + x(α2 + · · ·+ x(αN−1 + xαN))).

β) Metatrop  enìc klasmatikoÔ arijmoÔ x, 0 < x < 1 grammènou se sÔsthma me b�sh β, sto

dekadikì p.q. (.11)2 = (.75)10.

γ) Metatrop  enìc akeraÐou tou dekadikoÔ sust matoc s�ena �llo sÔsthma ìpou qrhsimo-

poioÔme ton algìrijmo thc diaÐreshc (kai to sq ma Horner).

1



p.q. Gia na metatrèyoume ton arijmì (369)10 sto oktadikì èqoume,

(369)10 = (· · ·α2α1α0)10 = α0 + 8(α1 + 8(α2 + · · · )).

– To α0 eÐnai to upìloipo thc diaÐreshc 369
8

dhlad  1. To de phlÐko

(46)10 = α1 + 8(α2 + 8(· · · )).

– To α1 eÐnai to upìloipo thc diaÐreshc 46
8
dhlad  6. To de phlÐko

(5)10 = α2 + 8(α3 + 8(· · · )).

– To α2 eÐnai to upìloipo thc diaÐreshc 5
8
dhlad  5 kai α3 = α4 = · · · = 0.

'Ara (369)10 = (561)8.

δ) Metatrop  enìc klasmatikoÔ arijmoÔ x, grammènou sto dekadikì sÔsthma, se èna �llo

sÔsthma me b�sh β. 'Estw x = (· · ·α−1α−2 · · · )β = α−1β
−1 + α−2β

−2 + · · · .
Pollaplasi�zoume kai ta dÔo mèlh me β,

βx = α−1β
0 + α−2β

−1 + · · ·

ìpou to akèraio mèroc eÐnai k�je for� to pr¸to yhfÐo tou arijmoÔ.

p.q. gia na metatrèyoume ton (0.372)10 sto duadikì èqoume (0.372)10 = (α−1α−2α−3 · · · )2
ìpou

2x = 0, 744 → α−1 = 0

2 · 0, 744 = 1, 488 → α−2 = 1

2 · 0, 488 = 0, 976 → α−3 = 0

2 · 0, 976 = 1, 952 → α−4 = 1

2 · 0, 952 = 1, 904 → α−5 = 1

'Ara (.372)10 = (.01011 · · · )2.

ε) 'Enac akèraioc se èna sÔsthma me b�sh β1 paramènei akèraioc ìtan metatrapeÐ se èna

sÔsthma me b�sh β2. To Ðdio isqÔei me ènan klasmatikì, all� to pl joc twn yhfÐwn apì

peperasmèno mporeÐ na gÐnei �peiro kai antÐstrofa gia par�deigma 1
10

=
∑∞

n=1(
1

24n
+ 1

24n+1 ),

�ra (.1)10 = (.0001100110011 · · · )2.

ArijmoÐ mhqan c.

Kanonik  morf  kinht c upodiastol c enìc pragmatikoÔ arijmoÔ x, x ̸= 0 : x = ±(d1d2 · · · )βe,
d1 ̸= 0 me di peperasmèna   �peira yhfÐa wc proc b�sh β kai e kat�llhloc akèraioc.
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Arijmìc mhqan c me peperasmèna yhfÐa x = ±.d1d2 · · · dtβe, d1 ̸= 0, me di yhfÐa wc proc th b�sh

β, e akèraioc me L ≤ e ≤ U ìpou L, U akèraioi gia touc opoÐouc L ∼= −U .
To sÔnolo twn arijm¸n mhqan c M =M(β, t, L, U) thc arijmhtik c mon�dac enìc upologist 

eÐnai oi parap�nw arijmoÐ kai to 0. Gia èna sugkekrimèno M me dedomèna β, t, L, U isqÔoun oi

akìloujec idiìthtec:

• To M eÐnai peperasmèno,

• To M èqei èna kat�pìluton tim  mègisto stoiqeÐo, autì me di = β − 1, 1 ≤ i ≤ t, ??,

• To M èqei èna kat�pìluton tim  el�qisto stoiqeÐo, to .10 · · · 0βL,

• To M den eÐnai s¸ma wc proc thn prìsjesh kai ton pollaplasiasmì. Gia par�deigma to

1. · βi epÐ ton eautìn tou den brÐsketai stom M . An β = 10, t = 5 oi arijmoÐ 1 = .1 · 101

kai 10−3 = .1 · 10−2 an koun sto M all� o 1 + 10−5 = 1.00001 den an kei sto M .

EÐnai idiaÐtera shmantikì to M na eÐnai ìso to dunatìn pio puknì.

ParadeÐgmata.

Upologist c β t L U β1−t

IEEE(apl  akrÐbeia) 2 24 −125 128 1.1910−7

IBM3090(apl  akrÐbeia) 16 6 −64 63 9.5410−7

HP33(qerioÔ) 10 10 98 100 1.0010−9

An prospaj soume na parast soume ènan arijmì megalÔtero tou mègistou stoiqeÐou tou M

paÐrnoume èna m numa overflow dhlad  stamat�ei to sÔsthma. AntÐstoiqa, an o arijmìc eÐnai

0 < x < .1βL paÐrnoume to m numa underflow ìpou sun jwc o arijmìc x antikajÐstatai me to 0.

H prosèggish enìc arijmoÔ x me apìluth tim  metaxÔ .1βL kai βU sumbìlÐzetai me fl(x). Autì

mporeÐ na gÐnei me dÔo trìpouc,

1. Me stroggÔleush.

An x = ±(.d1d2 · · · dtdt+1 · · · )βκ, tìte

fl(x) =

{
±(.d1d2 · · · dt)βκ, an 0 ≤ dt+1 <

β
2
,

±(.d1d2 · · · dt + β−t)βκ, an β
2
≤ dt+1 < β1.

2. Me apokop .

An x = ±(.d1d2 · · · dtdt+1 · · · )βκ, tìte

fl(x) = ±(.d1d2 · · · dt)βκ.
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Apìluto sf�lma orÐzetai h posìthta |fl(x) − x|. To sqetikì sf�lma thc prosèggishc me

stroggÔleush eÐnai

|fl(x)− x
x

| ≤ 1

2
β1−t.

Apìdeixh.

An fl(x) = x, tetrimmèno.

'Estw ìti x den eÐnai arijmìc mhqan c kai èstw x′, x′′ oi diadoqikoÐ arijmoÐ mhqan c

me x′ < x < x′′. Tìte profan¸c,

(sq ma)

|fl(x)− x| ≤ 1

2
|x′ = x′′|,

opìte

|fl(x)− x
x

| ≤ 1

2

|x′ − x′′|
|x|

.

'Estw, qwrÐc periorismì thc genikìthtac, x > 0. An x = −.d1d2 · · · dtdt+1 · βκ tìte

x′ = .d1d2 · · · dt · βκ kai x′′ = (.d1d2 · · · dt + β−t)βκ. Epomènwc,

|x′ − x′′| = βκ−t. (1)

Epiplèon,

β−1 ≤ .d1 ≤ .d1d2 · · · dtdt+1· < 1 ⇒
|x| = .d1d2 · · · dtdt+1 · βκ ≥ βκ−1 ⇒

|x| ≥ βκ−1. (2)

Apì (4)�(5) prokÔptei,

|fl(x)− x
x

| ≤ 1

2

βκ−t

βκ−1
=

1

2
β1−t.

To sqetikì sf�lma thc prosèggishc me apokop  eÐnai,

|fl(x)− x
x

| ≤ β1−t.

Telik� èqoume,

|fl(x)− x
x

| ≤ u =

{
1
2
β1−t, gia stroggÔleush,

β1−t, gia apokop .

An x, ψ eÐnai pragmatikoÐ arijmoÐ, mèsa sto eÔroc twn arijm¸n mhqan c, kai ⋆ eÐnai mÐa apo tic

gnwstèc pr�xeic +, −, ·, / tìte to apotèlesma thc pr�xhc x ⋆ ψ eÐnai o arijmìc mhqan c

z = fl(fl(x) ⋆ fl(ψ)).
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H pr�xh fl(x) ⋆ fl(ψ) gÐnetai me ��peirh� akrÐbeia, sun jwc me akrÐbeia 2t yhfÐwn kl�smatoc.

Par�deigma:

Se upologist  me β = 10, t = 5, U = −L = 10 kai fl me stroggÔleush, jewroÔme touc

x = 5891, 26 kai 0, 773414 kai zht�me to �jroism� touc z. 'Eqoume fl(x) = 58913 · 104 kai

fl(ψ) = 77341 · 10−1. Exis¸nontac, touc ekjètec paÐrnoume

fl(x) + fl(ψ) = 5891377341 · 104

�ra z = 58914 · 104. SugkrÐnete me x + ψ = 5891, 3373414, fl(x + ψ) = 58913 · 104 kai

fl(x) + fl(ψ). Sumperasmatik� o orismìc thc pr�xhc dhmiourgeÐ ta ex c par�doxa,

• Oi sun jeic idiìthtec twn pr�xewn sto R ìpwc h proseteraistik  den isqÔoun. Ston

upologist  tou prohgoÔmenou paradeÐgmatoc jewroÔme touc arijmoÔc mhqan c α = 1, β =

γ = 3 · 10−5 tìte fl(fl(α + β) + γ) = 1 en¸ fl(α + fl(β + γ)) = 1, 0001.

• An kat� thn lÔsh thc exÐswshc 1+x = 1 ston upologist  tou prohgoÔmenou paradeÐgmatoc

to x = 4 · 10−5(∈ M), tìte fl(1 + x) = 1. To Ðdio isqÔei gia opoiod pote x ∈ R me

0 < x < 5 · 10−5. Autì genik� isqÔei sthn stroggÔleush gia opoid pote x ∈ R me

0 < x < 1
2
β1−t, ìpou h posìthta 1

2
β1−t onom�zetai �mhdèn�   �èyilon� thc mhqan c.

Epirro  twn sfalm�twn stroggÔleushc stouc upologismoÔc.

Algìrijmoc gia to �mhdèn�   �èyilon� thc mhqan c

ε← 1

efìson 1 + ε > 1

ε← ε
2

EktÐmhsh tou sqetikoÔ sf�lmatoc:∣∣∣∣fl(fl(x) ⋆ fl(ψ))− (x ⋆ ψ)

x ⋆ ψ

∣∣∣∣ .
Parathr seic,

1. H ektÐmhsh |fl(x)−x
x
| ≤ u eÐnai isodÔnamh me th sqèsh fl(x) = x(1+ ε) gia k�poio ε ≡ ε(x),

|ε| ≤ u?. (H apìdeixh af netai wc �skhsh).
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2. An ta εi, 1 ≤ i ≤ m ikanopoioÔn th sqèsh |εi| ≤ u ≤ 1, tìte up�rqei ε me |ε| ≤ u ≤ 1

tètoio ¸ste
m∏
i=1

(1 + εi) = (1 + ε)m.

(Gia thn apìdeixh jewreÐste dedomèno ìti

(1− u)m ≤
m∏
i=1

(1 + εi) ≤ (1 + u)m

kai efarmìste to Je¸rhma Endi�meshc Tim c.)

'Estw x, ψ, x ⋆ ψ mh mhdenikoÐ arijmoÐ sto èuroc twn arijm¸n mhqan c.

Pollaplasiasmìc. 'Estw ìti fl(x) = x(1 + ε1), fl(ψ) = ψ(1 + ε2), me |εi| ≤ u tìte

z = fl(fl(x) · fl(ψ))
= fl(x(1 + ε1) · ψ(1 + ε2))

= xψ(1 + ε1)(1 + ε2)(1 + ε3) ìpou ε3 ≡ ε3(x, ψ), ∥ε3| ≤ u

= xψ(1 + ε)3, |ε| ≤ u.

'Etsi èqoume

|z − x · ψ
x · ψ

| = |x · ψ(1 + ε)3 − xψ
xψ

| = |((1 + ε)3 − 1|

= |ε3 + 3ε2 + 3ε| ≤ |ε|3 + 3|ε|2 + 3|ε|

≤ u3 + 3u2 + 3u ∼= 3u

giatÐ u << 1⇒ u2 << u, u3 ≤ u2 << u. DiaÐresh. Parìmoia me ton pollaplasiasmì.

Prìsjesh�AfaÐresh. 'Eqoume

z = fl(fl(x) + fl(ψ)) = fl(x(1 + ε1) + ψ(1 + ε2))

= x(1 + ε1)(1 + ε3) + ψ(1 + ε2)(1 + ε3), |ε3| ≤ u

= x(1 + ε)2 + ψ(1 + δ)2, |δ|, |ε| ≤ u

= x+ ψ + 2xε+ 2ψδ + xε2 + ψδ2

∼= x+ ψ + 2(xε+ ψδ)

'Etsi ∣∣∣∣z − (x+ ψ)

x+ ψ

∣∣∣∣ ∼= 2

∣∣∣∣xε+ ψδ

x+ ψ

∣∣∣∣ ≤ 2
|x||ε|+ |ψ||δ|
|x+ ψ|

≤ u
|x|+ |ψ|
|x+ ψ|

.

DiereÔnhsh:
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• An x, ψ eÐnai omìshmoi tìte |x|+ |ψ| = |x+ ψ| kai to sqetikì sf�lma eÐnai perÐpou 2u.

• An x, ψ eÐnai eterìshmoi kai x ∼= −ψ tìte to fr�gma tou sqetikoÔ sf�lmatoc gÐnetai polÔ

meg�lo�sf�lma akÔrwshc (cancelation error).

Par�deigma. Ston gwstì upologist  β = 10, t = 5, U = −L = 10 kai fl me stroggÔleush,

jewroÔme touc x = .45142708 kai ψ = −.45115944 me akribèc �jroisma x + ψ = .26764 · 10−3.

'Eqoume,

z = fl(fl(x) + fl(ψ))

= fl(.45143− .45116)
= fl(.00027) = .27000 · 10−3

Gia to sf�lma èqoume ∣∣∣∣z − (x+ ψ)

x+ ψ

∣∣∣∣ ∼= 88 · 10−4︸︷︷︸
 2u

= 88 · 2u.

PaÐrnoume meg�lo sf�lma lìgw thc morf c tou x kai ψ. To Ðdio mporeÐ na sumbeÐ kat� thn prì-

sjesh meg�lwn se apìluth tim  eterìshmwn arijm¸n. An gia par�deigma ston Ðdio upologist 

x = 451852000 kai ψ = −451851000 opìte x + ψ = 1000 kai z = fl(fl(x) + fl(ψ)) = 0. Se

k�poiec peript¸seic ta probl mata aÐrontai me tropopoÐhsh tou algorÐjmou.

ParadeÐgmata.

(α) Ston upologist  HP33 (β = 10, t = 10) qerioÔ jèloume na upologÐsoume
√
7892−

√
7891.

'Eqoume,
√
7892 = .8883692926 · 102 kai

√
7891 = .8883130079 · 102 �ra

√
7892−

√
7891 = .562847 0000︸︷︷︸

ap¸leia akribeÐac

·10−2.

IsqÔei
√
x −

√
ψ =

x− ψ√
x+
√
ψ

opìte
√
7892−

√
7891 =

1√
7892 +

√
7891

= 5628468294 · 10−2.

(β) Jèloume na upologÐsoume me akrÐbeia tic timèc thc sun�rthshc f(x) = x − sin x gia |x|
mikrì

lim
x→0

sinx

x
= 1 → (oi timèc tou sin x plhsi�zoun polÔ tic timèc tou x gia x→ 0).

Efarmìzoume Taylor gia thn

sin x, sinx = x− x3

6
+ ε(x), |ε(x)| ≤ |x|

5

24
.

'Ara f(x) ∼= x3

6
me sf�lma mikrìtero tou |x|5

24
.
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Sf�lmata ston upologismì ajroism�twn

Par�deigma. Ac upojèsoume ìti jèloume na upologÐsoume to �jroisma

Sn = 1 +
n∑
κ=1

1

κ2 + κ
= 1 +

n∑
κ=1

1

κ(κ+ 1)

= 1 +
n∑
κ=1

(
1

κ
− 1

κ+ 1
) = 1 + (1− 1

2
) + (

1

2
− 1

3
) + · · ·+ (

1

n
− 1

n+ 1
)

= 2− 1

n+ 1

1oc Algìrijmoc

s0 = 1

sκ = sκ−1 +
1

κ(κ+ 1)
, κ = 1, 2, · · · , n

2oc Algìrijmoc

T0 =
1

n(n+ 1)

Tκ = Tκ−1 +
1

(n− κ)(n− κ+ 1)
, κ = 1, 2, · · · , n− 1

Tn = Tn−1 + 1

T¸ra ston HP33 (β = 10, t = 10) paÐrnoume tic akìloujec timèc

n Sn S̃n T̃n

9 1, 9 1, 900000000 1, 900000000

99 1, 9 1, 990000003 1, 990000000

999 1, 999 1, 999000003 1, 999000000

9999 1, 9999 1, 999899972 1, 999900000

'Estw N arijmoÐ mhqan c αi, 1 ≤ i ≤ N . Gia ton upologismì tou ajroÐsmatoc §N =
∑N

κ=1

qrhsimopoioÔme ton algìrijmo

s1 = α1

sκ = sκ−1 + ακ, κ = 2, 3, · · · , N

o opoÐoc efarmozìmenoc ston upologist  par�gei wc merik� ajroÐsmata touc arijmoÔc S̃κ, κ =

1, 2, · · · , N ìpou

s̃1 = α1

s̃κ = fl(s̃κ−1 + ακ), κ = 2, 3, · · · , N
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MporeÐ na apodeiqjeÐ ìti ∣∣∣∣∣ S̃N − SNSN

∣∣∣∣∣ / γN
|SN |

u (3)

ìpou γN = |S2| + |S3| + · · · + |SN |. To phlÐko pN =
γN
|Sn|

lègetai suntelest c met�doshc tou

(sqetikoÔ) sf�lmatoc. An ακ > 0 gia κ = 1, 2, · · · , N tìte γN = (N−1)α1+(N−1)α2+(N−
2)α3 + · · ·+ αN , dhlad  gia na eÐnai o γN ìso to dunatìn mikrìtero, xekin�w apì ton mikrìtero

ston megalÔtero αi. Shmei¸noume ìti o 2oc algìrijmoc dÐnei kalÔtera apotelèsmata apì ton 1o.

Sf�lmata ston upologismì ajroism�twn(sunèqeia apì to prohgoÔmeno m�jhma).

'Estw ìti h ektÐmhsh (6) isqÔei gia ta S̃N kai T̃N , upojètontac ìti oi ìroi èqoun metatrapeÐ ek

twn protèrwn se arijmoÔc mhqan c.

1oc Algìrijmoc. Gia N = n + 1 èqoume α1 = 1, ακ =
1

(κ− 1)κ
, κ = 2, 3, · · · , N kai

sN = SN = 2− 1

1 + n
kai af netai wc �skhsh to γN = 2n− (1

2
+ 1

3
+ · · ·+ 1

n+1
).

(Orismìc: fm ∼ gm an limm→∞
fm
gm

= 1, gia meg�lo m.)

IsqurÐzomaste ìti 1 + 1
2
+ · · · + 1

m
∼ lnm gia meg�lo m. Gia thn apìdeixh autoÔ tou

isqurismoÔ proseggÐzoume to olokl rwma
∫ m
1

dx
x

= lnm, m > 1 me �jroisma Riemann

(p�nw kai k�tw) embad¸n orjogwnÐwn monadiaÐou pl�touc. 'Ara,

γN ∼ 2n− lnn ∼ 2n(gia meg�lo n).

Telik�, dedomènou ìti SN ∼ 2, ⇒ pN =
γN
|SN |

⇒ pN ∼ n.

2oc Algìrijmoc. Gia ton 2o algìrijmo èqoume:

s1 = T0 =
1

n(n+ 1)
,

sκ = Tκ−1 =
1

n− κ+ 1
− 1

n+ 1
, κ = 2, 3, · · · , N − 1

sN = Tn = 2− 1

n+ 1

Epomènwc,

γN = (
1

n− 1
− 1

n+ 1
) + (

1

n− 2
− 1

n+ 1
) + · · ·+ (1− 1

n+ 1
) + (2− 1

n+ 1
)

= 2 + (1 +
1

2
+ · · ·+ 1

n− 1
)− n

n+ 1

Isqurizìmaste ìti γN ∼ lnn. pN ∼
1

2
lnn afoÔ SN ∼ 2. Gia n = 104 tìte

1

2
lnn ∼= 4, 6.
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Par�deigma. Na proseggisteÐ to e−x gia x >> 1 apì merik� ajroÐsmata thc seir�c Taylor

SN(x) = 1− x+ x2

2!
− · · ·+ (−1)N−1 xN−1

(N − 1)!
. Gia x = 100 eÐnai e−x ∼= 0 en¸

s1 = 1, s2 = −99, s3 = 4901, s4 ∼= −161766

pou shmaÐnei ìti to pN =
γN
|SN |

ja eÐnai polÔ meg�lo. Epomènwc, to sf�lma ja eÐnai polÔ

meg�lo. O swstìc trìpoc upologismoÔ eÐnai e−x =
1

ex
, ìpou to ex proseggÐzetai me ajroÐsmata

thc seir�c Taylor.

Eust�jeia AlgorÐjmwn

O algìrijmoc mporeÐ na eÐnai arijmhtik� eustaj c   arijmhtik� astaj c.

ParadeÐgmata.

(α) O algìrijmoc thc prosèggishc tou e−x gia x >> 1 me merik� ajroÐsmata thc seir�c Taylor

eÐnai (arijmhtik�) astaj c.

(β) O algìrijmoc e−x =
1

ex
, ìpou to ex proseggÐzetai me ajroÐsmata thc seir�c Taylor eÐnai

(arijmhtik�) eustaj c.

(γ) 'Ena akìmh par�deigma. Na upologisteÐ to olokl rwma

In =

∫ 1

0

xnex−1dx, n = 1, 2, · · ·

gia arket� meg�lo n. Merikèc idiìthtec twn In eÐnai oi akìloujec:

1. In > 0, n = 1, 2, · · ·

2. In+1 < In, n ≥ 1 (gia thn apìdeixh:xn+1 < xn, x ∈ (0, 1)).

3. In ≤
∫ 1

0
xnds =

1

n+ 1
.

4. lim In = 0 gia n→∞.

5. In =
n!

(−1)n+1
[
1

e
−
∑n

κ=0

(−1)κ

κ!
], n = 1, 2, · · · (apìdeixh me epagwg ).

O tÔpoc autìc gia meg�lo n dÐnei ènan astaj  algìrijmo (giatÐ;). Qrhsimopoi¸ntac olo-

kl rwsh kat� mèrh èqoume,∫ 1

0

xnex−1dx = xnex−1
∣∣∣1
0
−
∫ 1

0

ex−1nxn−1ds = 1− n
∫ 1

0

xn−1ex−1ds
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⇒ In = 1− nIn−1, n = 2, 3, · · · , me I1 =
1

e
.

Efarmìzontac autìn ton algìrijmo se ènan upologist  β = 10, t = 6 paÐrnoume:

n Ĩn

1 .367879

2 .264242

3 .207274

7 .110160

8 .118720?

9 −.068480?!

to monadikì sf�lma stroggÔleushc ston upologist  tou

Ĩn = 1− nĨn−1, n = 2, 3, · · · me Ĩ1 = I1 + ε1, ìpou ε1 ∼= −4, 4 · 10−7.

'Eqoume sto n− stì b ma to sf�lma εn,

εn = Ĩn − In = 1− nĨn−1 − (1− nIn−1)

= −n(Ĩn−1 − In−1) = −nεn−1, n ≥ 2.

Epagwgik� prokÔptei,

εn = (−1)n−1n!ε1, n ≥ 2.

Par�deigma. Gia n = 9: ε9 = 9!, ε1 ∼= −0, 16. ParathroÔme ìti h �zhmi�� ston prohgoÔmeno
algìrijmo prokaleÐtai apì ton deÐkth n, thc anadromik c sqèshc In = 1− nIn−1.

JewroÔme ton anadromikì tÔpo In−1 =
1− In
n

. 'Etsi an gnwrÐzoume to Im, mporoÔme na upolo-

gÐsoume èna Iκ, κ < m, mèsw thc akoloujÐac Im−1, Im−2, Iκ. Epeid  den xèroume akrib¸c to Im,

o algìrijmoc èqei wc ex c Ĩm = Im + εm

Ĩn−1 =
1− Ĩn
n

, n = m, m− 1, · · ·κ+ 1.

'Eqoume,

εn−1 = Ĩn−1 − In−1 =
1

n
− 1

n
Ĩn = − 1

n
(Ĩn − In) = −

1

n
εn, m ≥ n ≥ κ+ 1.

'Ara,

εκ = (−1)m−κ 1

κ+ 1

1

κ+ 2

1

m
εm.
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O parap�nw eÐnai ènac eustaj c algìrijmoc.

Par�deigma. 'Estw m = 20 kai Ĩ20 = 0 (genik� isqÔei 0 < In <
1

n+ 1
) ⇒ |ε20| <

1

21
tìte ston

upologist  me β = 10, t = 6 paÐrnoume met� apì 11 b mata Ĩ9 = .916123 · 10−1.

Ask seic (apì biblÐo Akrib -Dougal )

1.2 BreÐte kat�llhlouc trìpouc upologismoÔ twn parak�tw parast�sewn, ètsi ¸ste na mhn

q�netai akrÐbeia, ìtan oi pr�xeic gÐnontai me arijmhtik  kinht c upodiastol c kai peperasmènh

akrÐbeia.

(α) 1− cosx, gia mikrì |x| qwrÐc Taylor,

(β) ex−ψ, gia meg�la jetik� x, ψ,

(γ) log x− logψ gia meg�la jetik� x, ψ,

(δ) sinα+ x− sinα gia mikrì |x|.

LÔsh.

(α) 1− cosx = 2 sin2(
x

2
) ìtan x kont� sto 0 tìte cos x kont� sto 1, �ra cancelation error,

(β) ex−ψ =
ex

eψ
,

(γ) log x− logψ =
log x

logψ
,

(δ) sinα+ x − sinα = 2 cos(α +
x

2
) sin

x

2
, ìtan α + x kont� sto α ⇒ sin(α + x) kont� sto

sinα �ra cancelation error.

1.3 JewreÐste th deuterob�jmia exÐswsh x2− 2αx+β = 0 ìpou α, β > 0 kai α2 >> β. D¸ste

ènan eustaj  algìrijmo gia ton upologismì twn riz¸n thc.

LÔsh.

x1,2 =
2α±

√
4α2 − 4β

2
= α±

√
α2 − β

⇒ x1 = α+
√
α2 − β, kaix2 = α−

√
α2 − β ∼= α−

√
α2 ∼= α− α,

parousi�zetai prìblhma giatÐ afairoÔme omìshmouc arijmoÔc x− ψ me x ∼= ψ. 'Ara,

x2 =
(α−

√
α2 − β)(α+

√
α2 − β)

(α +
√
α2 − β)

=
α2 − α2 + β

x1
=

β

x1
.
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1.6 (α) ApodeÐxte ìti h akoloujÐa ψκ = 2κ tan
π

2κ
, κ = 2, 3, · · · eÐnai fjÐnousa kai sugklÐnei sto

π.

(β) ApodeÐxte ìti h ψκ par�getai anadromik� apì ton algìrijmo

ψ2 = 4

ψκ+1 = 22κ+1

√
1 + (2−κψκ)2 − 1

ψκ
, κ = 2, 3, · · ·

(γ) An k�noume pr�xeic me arijmhtik  kinht c upodiastol c me peperasmènh akrÐbeia, parath-

roÔme ìti o algìrijmoc eÐnai astaj c. Poi� eÐnai h aitÐa thc ast�jeiac;

(δ) BreÐte ènan eustaj  algìrijmo gia ton upologismì tou ψκ.

LÔsh.

(α) 'Eqoume, ψκ = 2κ tan
π

2κ
= 2κ tan(

2π

2κ+1
). Mèsw tou tÔpou, tan 2φ =

2 tanφ

1− tan2 φ
, paÐrnou-

me

ψκ = 2κ
2 tan

π

2κ+1

1− tan2 π

2κ+1

=
2κ+1 tan

π

2κ+1

1− tan2 π

2κ+1

=
ψκ+1

1− tan2 π

2κ+1

≥ ψκ+1.

ParathroÔme ìti 0 < 1− tan2 π

2κ+1
< 1 giatÐ h akoloujÐa tan(

2π

2κ+1
) eÐnai fjÐnousa. 'Ara

h ψκ eÐnai fjÐnousa. Gia to ìriì thc èqoume,

lim
κ→∞

ψκ = lim
κ→∞

2κ tan
π

2κ
= lim

κ→∞
π
tan

π

2κ
π

2κ

= π lim
κ→∞

tan
π

2κ
π

2κ

= π · 1 = π,

diìti

lim
x→0

tanx

x
= 1, afoÔ lim

x→0

sin x

x
= 1.

(β) Gia ton anadromikì tÔpo èqoume,

22κ+1

√
1 + (2−κψκ)2 − 1

ψκ
= 22κ+1

√
1 + tan2 π

2κ
− 1

2κ tan
π

2κ

= 2κ+1

√√√√ 1

cos2(
π

2κ
)
− 1

tan
π

2κ
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= 2κ+1

1− cos
π

2κ

cos
π

2κ

sin
π

2κ

cos
π

2κ

= 2κ+1
1− cos

π

2κ

sin
π

2κ

= 2κ+1
2 sin2 π

2κ+1

2 sin
π

2κ+1
cos

π

2κ+1

= 2κ+1 tan
π

2κ+1
= ψκ+1.

(γ) ParathroÔme ìti,

ψκ → π, κ→∞⇒ 2−κψκ → 0, κ→∞→
√

1 + (2−κψκ)2 − 1 ∼= 1.

'Ara
√

1 + (2−κψκ)2 − 1 eÐnai astaj c pr�xh.

(δ)

ψκ+1 = 22κ+1 (
√

1 + (2−κψκ)2 − 1)(
√

1 + (2−κψκ)2 + 1)

ψκ
√
1 + (2−κψκ)2 + 1

= · · · = 2κ√
1 + (2−κψκ)2 + 1

,

eustaj c.

1.12 Jèloume na upologÐsoume gia dedomènh (meg�lh) stajer� α > 1, touc ìrouc thc akolou-

jÐac

ψn =

∫ 1

0

xn

x+ α
dx, n = 0, 1, 2, · · ·

(α) ApodeÐxte ìti gia k�je α > 0 h (ψn) eÐnai gnhsÐwc fjÐnousa kai ìti limn→∞ ψn = 0,

(β) ApodeÐxte ìti gia n ≥ 1,

ψn =
n−1∑
κ=0

(−1)κ
(
n

κ

)
ακ

(1 + α)n−κ − αn−κ

n− κ
+ (−α)n log 1 + α

α
,

eÐnai o trìpoc autìc upologismoÔ eustaj c,

(γ) ProsdiorÐste anadromikì tÔpo gia ton upologismì tou ψn sunart sei tou ψn−1 kai upolo-

gÐste analutik� to ψ0. ApodeÐxte ìti o algìrijmoc pou prokÔptei den eÐnai eustaj c,

(δ) D¸ste ènan eustaj  algìrijmo gia ton upologismì p.q. tou ψ10.

LÔsh. UpodeÐxeic.

14



(α) IsqÔei xn+1 < xn gia x ∈ (0, 1)

0 < ψn =

∫ 1

0

xn

x+ α
dx <

∫ 1

0

xn

x
dx =

∫ 1

0

xn−1dx =
1

n
⇒ ψn → 0, n→ 0.

(β)

ψn =

∫ 1

o

xn

x+ α
dx =

∫ 1

0

[(x+ α)− α]n

x+ α
dx =

∫ 1

0

n∑
κ=0

(−1)κ
(
n

κ

)
(x+ α)n−κακ

x+ α
dx

=

∫ 1

0

n∑
κ=0

(−1)κ
(
n

κ

)
(x+ α)n−κ−1ακdx = · · · ,

ìpou b�zoume olokl rwma mèsa kai paÐrnoume peript¸seic gia to κ. Gia thn eust�jeia

èqoume, an p.q. α = 10, n = 10, κ = 5 èqoume (−1)5
(
10

5

)
105

115 − 105

5
∼= −3 · 1011.

(γ)

ψn =

∫ 1

0

xn

x+ α
dx =

∫ 1

0

xn−1

x+ α
xdx =

∫ 1

0

xn−1

x+ α
[(x+ α)− α]dx

=

∫ 1

0

xn−1dx− α
∫ 1

0

xn+1

x+ α
dx =

1

n
− αψn−1,

kai ψ0 = log(
1 + α

α
) pou eÐnai astaj c.

(δ) Me to par�deigma sto tèloc tou prohgoÔmenou maj matoc apodeinÔoume thn ast�jeia kai

brÐskoume to zhtoÔmeno. ???
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M èjodoc thc diqotìmhshc

Parat rhsh: Ja akolouj soume ton ex c sumbolismì.

'Estw I ⊂ R, n ∈ N tìte

C(I) = {f |f : I → R, f suneq c}

kai

Cn(I) = {f |f ∈ C(I) kainforèc paragwgÐsimh sto I}

Gr�foume C([a, b]), C[a, b], C(a, b), Cn[a, b], Cn(a, b).

Je¸rhma Endi�meshc Tim c

'Estw f ∈ C[a, b] kai f(a)f(b) < 0 tìte up�rqei x⋆ ∈ (a, b) tètoio ¸ste f(x⋆) = 0.

Mèjodoc thc Diqotìmhshc

An f ∈ C[a, b], f(a)f(b) < 0 tìte up�rqei rÐza thc f sto [a, b]. 'Estw a1 = a, b1 = b, x1 =
a1 + b1

2
=
a+ b

2

(i) An f(x1) = 0⇒ x1 rÐza p.q. sq ma

(ii) An f(x1) ̸= 0 tìte

1. 1h PerÐptwsh: f(a1)f(x1) < 0⇒ ∃ rÐza sto [a1, x1] p.q. sq ma

Jètoume a2 = a1, b2 = x1.

2. 2h PerÐptwsh: f(a1)f(x1) > 0⇒ f(x1)f(b1) < 0 ∃ rÐza sto [x1, b1] p.q. sq ma

Jètoume a2 = x1, b2 = b1.

To [a2, b2] =

{
[a1, x1]

[x1, b1]
èqei m koc to misì tou [a1, b1]. Epanalamb�noume th diadikasÐa sto

[a2, b2].

Prìtash.

'Estw f ∈ C[a, b] kai f(a)f(b) < 0 kai (xn)n ∈ N h akoloujÐa thn opoÐa dÐnei h mèjodoc thc

diqotìmhshc. Tìte eÐte xN = x⋆ gia k�poio N , eÐte xn → x⋆, n → +∞, ìpou x⋆ ∈ (a, b) rÐza

thc f(x) = 0.

M�lista isqÔei gia thn ektÐmhsh sf�lmatoc |x⋆−xn| ≤
b− a
2n

, n = 1, 2, · · · (to apìluto sf�lma
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sto n− ostì b ma eÐnai
b− a
2

).

Apìdeixh.

'Eqoume

bn − an =
bn−1 − an−1

2
=
bn−2 − an−2

4
= · · · = b− a

2n−1

xn =
an + bn

2
, x⋆ ∈ [an, bn] sq ma

Epomènwc,

|x⋆ − xn| ≤
bn − an

2
=
b− a
2n

Apì je¸rhma isosugklinous¸n (sandwich) prokÔptoun kai ta upìloipa sumper�smata.

Arijmìc bhm�twn ètsi ¸ste |x⋆ − xn| ≤ ε.

ArkeÐ

b− a
2n
≤ ε⇒ 2n ≥ b− a

ε
⇒ n ln 2 ≥ ln(

b− a
ε

)⇒ n ≥
ln(

b− a
ε

)

ln 2

Par�deigma

Na brejeÐ o apaitoÔmenoc arijmìc bhm�twn ìtan [a, b] = [0, 1] kai ε = 5 · 10−7.

Apì ton parap�nw tÔpo arkeÐ n ≥ ln(0, 2 · 107)
ln 2

∼= 20, 93⇒ n = 21.

H akrÐbeia thc t�xhc 5 · 10−7 èqei san sunèpeia poll� b mata. An to sf�lma eÐnai εn = |xn−x⋆|
tìte εn ∼=

εn−1

2
(arg  sÔgklish).

Epanalhptikèc Mèjodoi

f(x) = 0⇔ f(x) + x = x. Jètoume φ(x) = x→ x: stajerì shmeÐo thc φ.

xn+1 = φ(xn), n = 0, 1, 2, · · ·
Dedomèno x0.

An h akoloujÐa (xn), n ∈ N sugklÐnei sto x⋆ kai h φ eÐnai suneq c sto x⋆, èqoume

x⋆ = lim
n→∞

xn = lim
n→∞

φ(xn−1) = φ( lim
n→∞

) = φ(x⋆)

Par�deigma

x3 + 5x− 4 = 0⇔ x =
4− x3

5
�ra φ(x) =

4− x3

5
.

'Ara xn+1 =
4− x3n

5
, n = 0, 1, 2, · · · (me dedomèno x0).

An xn → p, n → ∞ tìte limn→∞ xn+1 = limn→∞
4− x3n

5
=

4− (limn→∞ xn)
3

5
⇒ p =

4− p3

5
⇔ p3 + 5p− 4 = 0⇒ p rÐza thc exÐswshc.

17



Prìtash ('Uparxhc stajeroÔ shmeÐou)

K�je suneq c sun�rthsh φ : [a, b]→ [a, b] èqei sto di�sthma [a, b] (toul�qiston) èna stajerì

shmeÐo.

Apìdeixh.

sq ma

An φ(a) = a   φ(b) = b tìte isqÔei.

An ìqi, tìte φ(a) > a kai φ(b) < b. OrÐzoume g : [a, b]→ R me g(x) = φ(x)− x, g ∈ [a, b].

g(a) = φ(a)− a > 0

g(b) = φ(b)− b < 0

}
⇒ g(a)g(b) < 0

Apì je¸rhma Endi�meshc Tim c up�rqei x⋆ ∈ (a, b) : g(x⋆) = 0⇔ φ(x⋆) = x⋆.

Par�deigma

DeÐxte ìti h φ(x) = 3−x èqei (toul�qiston) èna stajerì shmeÐo sto [0, 1].

LÔsh:

H φ eÐnai suneq c, me arnhtik  par�gwgo φ′(x) = −3−x ln 3 < 0 �ra h φ eÐnai fjÐnousa.

⇒ φ([0, 1]) = [φ(1), φ(0)] = [
1

3
, 1] ⊂ [0, 1].

'Ara h φ èqei (toul�qiston) èna stajerì shmeÐo.

Parat rhsh: H sunj kh thc prìtashc eÐnai ikan  all� ìqi anagkaÐa.

p.q. H φ : [−1, 1] → [0, 2], φ(x) = 2x2 eÐnai suneq c kai me stajer� shmeÐa ta 0,
1

2
all� den

isqÔei φ([−1, 1]) ⊂ [−1, 1].

Sustol 

Orismìc. H sun�rthsh φ : [a, b] → R onom�zetai sustol  an up�rqei stajerì L, 0 ≤ L ≤ 1,

tètoia ¸ste |φ(x)− φ(ψ)| ≤ L|x− ψ|, ∀x, ψ ∈ [a, b].

p.q. Na deÐxete ìti h φ(x) =
1

2
x2 eÐnai sustol 

|φ(x)− φ(ψ)| = |1
2
x2 − 1

2
ψ2| = 1

2
(x+ ψ)|x− ψ| ≤ 1

2
(
1

2
+

1

2
)|x− ψ| = 1

2
|x− ψ|.

Sunep¸c h φ eÐnai sustol  me stajer� L =
1

2
.

Parat rhsh: An h φ ∈ C1[a, b] tìte,

|φ(x)− φ(ψ)| ≤ max
a≤ξ≤b

|φ′(ξ)|, ∀x, ψ ∈ [a, b].

Apìdeixh.

Efarmìzoume to Je¸rhma Mèshc Tim c (�skhsh, gia to max|g(x)| elègqoume �kra kai akrìtato
- dhlad  ekeÐ pou mhdenÐzetai h par�gwgoc kai ta �kra.)

Par�deigma

φ(x) =
x2 + 5

6
⇒ φ′(x) =

x

3
, |φ′(x)| = |x

3
| < 1 ⇒ |x| < 3 �ra h φ eÐnai sustol  se k�je
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[a, b] ⊆ (−3, 3).
(Sto [−3, 3]   se di�sthma pou èqei shmeÐa ektìc tou (−3, 3);)

Je¸rhma (MonadikoÔ stajeroÔ shmeÐou)

'Estw φ : [a, b] → [a, b] sustol  me stajer� L, 0 ≤ L ≤≤ 1. Tìte h φ èqei èna monadikì

stajerì shmeÐo sto [a, b].

Apìdeixh.

H Ôparxh apodeÐqthke (apì prohgoÔmenh prìtash). 'Estw ìti up�rqei x⋆, ψ⋆ ∈ [a, b] me x⋆ ̸= ψ⋆

tètoia ¸ste x⋆ = φ(x⋆) kai ψ⋆ = φ(ψ⋆), tìte

|x⋆ − ψ⋆| = |φ(x⋆)− φ(ψ⋆)| ≤ L|x⋆ − ψ⋆| < |x⋆ − ψ⋆| ̸= 0

�topo afoÔ L < 1.

Par�deigma

DeÐxte ìti h φ(x) =
x2 + 5

6
èqei monadikì stajerì shmeÐo sto [−2, 2]. Apì to prohgoÔmeno

par�deigma h φ eÐnai sustol  sto [−2, 2] ⊂ (−3, 3).

φ([−2, 2])→ [
5

6
,
3

2
] ⊂ [−2, 2] sq ma

'Ara h φ leqei monadikì stajerì shmeÐo sto di�sthma [−2, 2]. Gia na to broÔme jètoume

x = φ(x) ⇒ 6x2 = x2 + 5 ⇒ x = 1, x = 5(aporrÐptetai). 'Ara sto [−2, 2] to stajerì sh-

meÐo eÐnai to x = 1.

Je¸rhma (SÔgklish genik c epanalhptik c mejìdou)

'Estw φ : [a, b] → [a, b] sustol  me stajer� L, 0 ≤ L ≤ 1 kai x0 ∈ [a, b]. Tìte h akoloujÐa

(xn)n∈N me xn+1 = φ(xn) eÐnai kal¸c orismènh, dhlad  ∀n ∈ N0, xn ∈ [a, b], sugklÐnei sto

monadikì stajerì shmeÐo x⋆ thc φ kai gia to sf�lma isqÔoun oi ektim seic:

1. |xn − x⋆| ≤
Ln

1− L
|x1 − x0|

2. |xn − x⋆| ≤ Ln|x0 − x⋆|

3. |xn − x⋆| ≤
L

1− L
|xn − xn−1|

Apìdeixh.

H Ôparxh kai h monadikìthta tou stajeroÔ shmeÐou x⋆ èqoun apodeiqjeÐ.
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Epiplèon, h akoloujÐa (xn)n∈N eÐnai kal¸c orismènh efìson φ : [a, b]→ [a, b]. Ja deÐxoume ìti

h (xn) eÐnai akoloujÐa Cauchy. 'Eqoume

|xn+1 − xn| = |φ(xn)− φ(xn−1)| ≤ L|xn − xn−1| = L|φ(xn−1)− φ(xn−2)| ≤ L2|xn−1 − xn−2|

= · · · ≤ · · · ≤ Ln|x1 − x0|

Epomènwc, gia k ∈ N

|xn+k − xn| = |xn+k − xn+k−1 + xn+k−1 − xn+k−2 + · · ·+ xn+1 − xn|

≤ |xn+k − xn+k−1|+ |xn+k−1 − xn+k−2|+ · · ·+ |xn+1 − xn|

≤ (Ln+k−1 + Ln+k−2 + · · ·+ Ln)|x1 − x0| = Ln(1 + L+ · · ·+ Lk−1)|x1 − x0| =

Ln
1− Lk

1− L
|x1 − x0| ≤

Ln

1− L
|x1 − x0|.

'Ara |xn+k − xn| ≤
Ln

1− L
|x1 − x0| efìson 0 ≤ L < 1, akoloujÐa (xn)n∈N eÐnai Cauchy kai

epomènwc sugklÐnousa me ìrio x⋆ ∈ [a, b]. Epiplèon,

|x⋆ − xn| = lim
n→∞

x− n = lim
n→∞

φ(xn−1) =
lìgw sunèqeiac

φ( lim
n→∞

xn−1) = φ(x⋆)

1. T¸ra orÐzontac th suneq  sun�rthsh g(x) = |x− xn| èqoume

|x⋆ − xn| = g(x⋆) = g( lim
k→∞

xn+k) = lim
k→∞

g(xn+k) = lim
k→∞
|xn+k − xn| ≤

Ln

1− L
|x1 − x0|

2. EpÐshc

|xn − x⋆| = |φ(xn−1)− φ(x⋆)| ≤ L|xn−1 − x⋆| = L|φ(xn−2)− φ(x⋆)| ≤ L2|xn−2 − x⋆|

= · · · ≤ · · · ≤ Ln|x0 − x⋆|

3. T¸ra jètontac ψ0 = xn−1,ψ1 = φ(xn−1) = xn kai efarmìzontac thn ektÐmhsh 1 me n = 1,

paÐrnoume

|ψ1 − x⋆| ≤
L

1− L
|ψ1 − ψ0| ⇒ |xn − x⋆| ≤

L

1− L
|xn − xn−1|

Parathr seic

1. IsqÔei
Ln

1− L
|x1 − x0| ≤ Ln|x0 − x⋆|

1 + L

1− L
(�skhsh), dhlad  to fr�gma sthn ektÐmhsh 1

eÐnai to polÔ kat�
1 + L

1− L
megalÔtero apì to fr�gma sthn ektÐmhsh 2.
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2. IsqÔei
L

1− L
|xn − xn−1| ≤

Ln

1− L
|x1 − x0| (�skhsh), dhlad  h ektÐmhsh 3 eÐnai kalÔterh

apo thn 1.

3. H ektÐmhsh 1 eÐnai a priori en¸ h ektÐmhsh 3 eÐnai a posteriori

Parat rhsh: 'Estw εn = xn− x⋆. Lème ìti èqoume sÔgklish t�xewc p an isqÔei |εn+1| ≤ C|εn|p

ìpou C > 0 stajer�. An p = 1, lème ìti èqoume grammik  sÔgklish se aut n thn perÐptwsh

apaiteÐtai 0 < C < 1.

Poia eÐnai h t�xh sÔgklishc sth genik  epanalhptik  mèjodo; (�skhsh)

sq ma
x1 = φ(x0)

x2 = φ(x1)

Par�deigma

'Estw f(x) = x2 − 6x+ 5 me rÐzec ρ1 = 1 kai ρ2 = 5. LÔnontac wc proc x =
x2 + 5

6
= φ(x). H

φ eÐnai sustol  se k�je [a, b] ⊂ (−3, 3).

• 'Ara ∀x0 ∈ (−3, 3) h (xn) sugklÐnei sto x⋆ = ρ1 = 1 (apì je¸rhma).

• Gia x0 = ±3⇒ x1 =
14

6
=

7

3
< 3 �ra x1, x2, x3 ∈ (−3, 3) opìte xn → x⋆ = ρ1 = 1.

• Gia x0 = 4⇒ x1 =
21

6
> 3, x2 =

69

24
< 3 �ra x2, x3, x4 ∈ (−3, 3) opìte xn → x⋆ = ρ1 =

1.

• OmoÐwc gia x0 ∈ (−5, 5)⇒ xn → x⋆, n→∞.

• Gia x0 = ±5⇒ x1 = x2 = · · · = 5 , opìte xn → 5.

• Ti sumbaÐnei gia x > 5   x < −5; (�skhsh).

UpenjÔmish f(x) = 0⇔ x = φ(x)

xn+1 = φ(xn), xn = 0, 1, 2, · · ·
Dedomèno x0
φ : [a, b] → [a, b] sustol , x0 ∈ [a, b] tìte h xn eÐnai kal¸c orismènh kai xn → x⋆ = monadikì

stajerì shmeÐo th φ.

Gia genikì (tuqaÐo) φ:

|εn+1| = |xn+1 − x⋆| = |φ(xn)− φ(x⋆)| ≤ L|xn − x⋆| = L|εn| 0 ≤ L < 1

�ra sth genik  epanalhptik  mèjodo h sÔgklish eÐnai grammik  (p = 1).

H Mèjodoc tou NeÔtwna
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'Estw xn mÐa prosèggish thc rÐzac x⋆ thc f(x) = 0. An h f eÐnai dÔo forèc paragwgÐsimh se mÐa

perioq  U kai x, xn ∈ U .
TÔpoc tou Taylor.

f(x) = f(xn) + (x− xn)f ′(xn) +
1

2
(x− xn)2f ′′(ξ)

ìpou ξ metaxÔ twn x, xn. 'Opou x b�zw to x⋆,

0 = f(x⋆) = f(xn) + (x⋆ − xn)f ′(xn) +
1

2
(x⋆ − xn)2f ′′(ξ).

Upojètontac ìti to xn eÐnai “arket� kont�” sto x⋆ tìte f ′(xn) ̸= 0 kai

f(xn) + (x⋆ − xn)f ′(xn) ∼= 0⇒ x⋆ ∼= xn −
f(xn)

f ′(xn)
. Dhlad  an to xn eÐnai mÐa prosèggish tou x⋆

tìte to xn −
f(xn)

f ′(xn)
eÐnai kalÔterh prosèggish.

Jètoume xn+1 = xn−
f(xn)

f ′(xn)
, n = 0, 1, 2, · · · → mèjodoc tou NeÔtwna. PaÐrnw φ(x) = x− f(x)

f ′(x)

�ra isqÔei xn+1 = φ(xn) = xn −
f(xn)

f ′(xn)
.

sq ma
f ′(xn) = tanω =

f(xn)

xn − x⋆n
⇒ x⋆n = xn −

f(xn)

f ′(xn)
⇒ xn+1 = x⋆n

ParadeÐgmata:

(α) sq ma

(β) x2 − 6x+ 5 = 0 me rÐzec ρ1 = 1 kai ρ2 = 5. sq ma

• Genik  epanalhptik  mèjodoc

xn+1 =
x2n + 5

6
x0 = 2

x1 = 1, 5

x2 = 1, 2083̄

x3 = 1, 076678

· · ·
x7 = 1, 001002

x8 = 1, 000334

�ra ε8 = |x8 − x⋆| = 3, 34 · 10−4.

H genik  epanalhptik  mèjodoc den mporeÐ na sugklÐnei sth rÐza ρ2 = 5, ektìc an x0 = 5.

• Mèjodoc tou NeÔtwna

xn+1 = xn −
f(xn)

f ′(xn)
= xn −

x2n − 6xn + 5

2xn − 6
=

x2n − 5

2xn − 6
, n = 0, 1, 2, · · ·
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x0 = 2

x1 = 0, 5

x2 = 0, 95

x3 = 0, 9993902

x4 = 0, 999999907

'Ara |ε3| = 6, 1 · 10−4 kai ε4 = 9, 3 · 10−8.

Sth sugkekrimènh mèjodo an p�rw x0 > 3 sugklÐnw sth rÐza 5. Den up�rqei prìblhma me

thn epilog  tou x0:

èqoume sÔgklish sthn pr¸th rÐza gia x0 < 3,

èqoume sÔgklish sth deÔterh rÐza gia x0 > 3. Prìblhma up�rqei sto x0 = 3 giatÐ

f ′(x) = 2x− 6 = 0⇒ x = 3.

Sth mèjodo tou NeÔtwna eÐnai shmantikì h arqik  tim  x0 na eÐnai “kal ” (dhlad  sqetik� kont�

sth rÐza. Autì mporeÐ na isqÔei planta apl� h deÔterh par�gwgoc ston paranomast  mporeÐ na

dhmiourg sei prìblhma).

Par�deigma:

sq ma

Pijan� Krit ria TermatismoÔ thc mejìdou tou NeÔtwna

(α) |f(xk)| < ε

(β) |xk − xk−1| < ε

(γ) |xk − xk−1

xk
| < ε ìpou ε eÐnai “dedomènh anoq ”.

'Ola aut� ta krit ria den eÐnai asfal  kai up�rqoun peript¸seic pou h mèjodoc tou NeÔtwna

mporeÐ na ta xegel�sei.

ParadeÐgmata:

(α) sq ma |f(xk)| < ε all� den eÐmaste kont� se rÐza

(α) sq ma |xk − xk−1| < ε all� den eÐmaste kont� se rÐza

Gi�utì:

− B�zoume parap�nw apì èna krit ria.

− B�zoume ènan metrht  bhm�twn (counter)

N ← N + 1

An N > Nmax stamat�me kai elègqoume
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SÔgklish thc mejìdou tou NeÔtwna.

Je¸rhma (Tupik� tetragwnik  sÔgklish thc mejìdou).

'Estw x⋆ apl  rÐza mÐac sun�rthshc f , dhlad  f(x⋆) = 0, f ′(x⋆) ̸= 0 , kai èstw ìti h f eÐnai dÔo

forèc suneq¸c paragwgÐsimh se mia perioq  tou x⋆. Tìte up�rqei kleistì di�sthma I me mèson

to x⋆, tètoio ¸ste ∀x0 ∈ I h akoloujÐa (xn)n∈N pou sqhmatÐzetai me th mèjodo tou NeÔtwna

xn+1 = xn −
f(xn)

f ′(xn)
, n = 0, 1, 2, · · · sugklÐnei sto x⋆ kai m�lista isqÔei

lim
n→∞

εn+1

ε2n
= lim

n→∞

xn+1 − x⋆

(xn − x⋆)2
=

f ′′(x⋆)

2f ′(x⋆)
.

Apìdeixh.

'Estw φ(x) = x− f(x)

f ′(x)
. Tìte φ(x⋆) = x⋆ kai

φ′(x) = · · · = f(x) · f ′′(x)

[f ′(x)]2
⇒ φ′(x⋆) = 0.

'Eqoume φ′(x⋆) = 0 lìgw tou ìti h φ′ eÐnai suneq c se mÐa perioq  tou x⋆ up�rqei èna kleistì

di�sthma, me mèson to x⋆, tètoio ¸ste max
x∈I
|φ′(x)| = L < 1⇒ φ sustol  sto I me stajer� L.

Epiplèon, gia x ∈ I

|φ(x)− x⋆| = |φ(x)− φ(x⋆)| ≤ L|x− x⋆| < |x− x⋆| ⇒ φ(x) ∈ I ⇒ φ(I) ⊂ I

'Ara apì to Je¸rhma thc Sustol c, ∀x0 ∈ I h (xn)n∈N0 me xn+1 = xn −
f(xn)

f ′(xn)
, n = 0, 1, 2, · · ·

sugklÐnei sto x⋆.

Apì to an�ptugma tou Taylor èqoume

f(xn) = f(x⋆) + (xn − x⋆)f ′(x⋆) +
(xn − x⋆)2

2
f ′′(ξn1)

f ′(xn) = f ′(x⋆) + (xn − x⋆)f ′′(ξn2)

ìpou ξn1 kai ξn2 metaxÔ twn xn kai x⋆. 'Etsi xn+1 = xn −
f(xn)

f ′(xn)

⇒ xn+1 − x⋆ = xn − x⋆ −
(xn − x⋆)f ′(xn) +

(xn−x⋆)2
2

f ′′(ξn1)

f ′(x⋆) + (xn − x⋆)f ′′(ξn2)

⇒ · · · xn+1 − x⋆ = (xn − x⋆)2
f ′′(ξn2)− 1

2
f ′′(ξn1)

f ′(x⋆) + (xn − x⋆)f ′′(ξn2)

'Ara

lim
n→∞

εn+1

ε2n
= lim

n→∞

(xn+1 − x⋆)
(xn − x⋆)2

= lim
n→∞

f ′′(ξn2)− 1
2
f ′′(ξn1)

f ′(x⋆) + (xn − x⋆)f ′′(ξn2)
=

f ′′(x⋆)

2f ′(x⋆)
.
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Parathr seic

(α) H sÔgklish eÐnai toul�qiston tetragwnik  (p ≥ 2).

An f ′′(x⋆) ̸= 0 eÐnai akrib¸c tetragwnik .

(β) Sth genik  epanalhptik  mèjodo èqoume

εn+1 = xn+1 − x⋆ = φ(xn)− φ(x⋆) = φ′(ξn)(xn − x⋆) = φ′(ξn) · εn

ìpou ξn metaxÔ xn, x⋆. 'Ar�,

lim
n→∞

εn+1

εn
= lim

n→∞
φ′(ξn) = φ′(x⋆).

An φ′(x⋆) = 0 tìte mpor¸ na petÔqw kalÔterh (megalÔterh) sÔgklish apì thn grammik .

(γ) To limn→∞
εn+1

ε2n
= c⋆ =

f ′′(x⋆)

2f ′(x⋆)
shmaÐnei ìti gia n >> 1, εn+1 ∼ c⋆ε2n, t�xh sÔgklishc 2.

Bèbaia,
|εn+1|
|ε2n|

≤ A⇔ |εn+1| ≤ A|ε2n|, n = 0, 1, 2, · · ·

(oi dÔo trìpoi orismoÔ thc t�xhc sÔgklishc eÐnai isodÔnamoi; (�skhsh) ).

(δ) Meionekt mata tou jewr matoc

− Den lèei pwc na breic to I.

− To I mporeÐ na eÐnai mikrì.

(ε) Up�rqoun peript¸seic pou èqw sÔgklish gia x0 makru� apì th rÐza.

Par�deigma f(x) = x3 − 2x− 5 = 0

(

√
2

3
, −45 + 4

√
6

9
) topikì el�qisto

(−
√

2

3
, −45− 4

√
6

9
) topikì mègisto

sq ma

∀x0 >
√

2

3
èqw p�nta sÔgklish sth monadik  rÐza x⋆.

Prìtash

'Estw ìti h f eÐnai dÔo forèc suneq¸c paragwgÐsimh kai ìti f ′(x) > 0, f ′′(x) > 0 gia x ≥ 0. 'E-

stw f(a) < 0. Tìte h f èqei akrib¸c mÐa pragmatik  rÐza sto di�sthma [a, ∞). Gia opoiod pote

x0 ≥ a h akoloujÐa (xn)n∈N0 pou par�gei h mèjodoc tou NeÔtwna sugklÐnei sth p.
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Pollapl  RÐza

Par�deigma

sq ma

f(x) = x2 = 0

xn+1 = xn −
f(xn)

f ′(xn)
= xn −

x2n
2xn

=
xn
2
, n = 0, 1, 2 · · ·

Dedomèno x0

εn+1 = xn+1 − x⋆ = xn+1 =
xn
2

=
1

2
(xn − x⋆) =

1

2
εn ⇒ lim

n→∞

εn+1

εn
=

1

2
(grammik  sÔgklish).

Genik� apodeiknÔetai ìti:

An x⋆ eÐnai rÐza pollaplìthtac m(f(x⋆) = f ′(x⋆) = · · · = fm−1(x⋆) = 0) all� fm(x⋆) ̸= 0, tìte

lim
n→∞

εn+1

εn
= 1− 1

m
.

Prokeimènou na èqoume tetragwnik  sÔgklish qrhsimopoioÔme thn parallag  thc mejìdou tou

NeÔtwna

xn+1 = xn −m
f(xn)

f ′(xn)
.

Mèjodoc thc Tèmnousac.

Sth mèjodo thc tèmnousac

f ′(xn) ∼=
f(xn)− f(xn−1)

xn − xn−1

opìte to sq ma thc mejìdou tou NeÔtwna eÐnai

xn+1 = xn − f(xn)
xn − xn−1

f(xn)− f(xn−1)
, n = 1, 2, · · ·

gia dedomèna x0, x1.

sq ma

H mèjodoc thc tèmnousac eÐnai lÐgo pio stajer  kai lÐgo pio arg  apì th mèjodo tou NeÔtwna.

Sugkekrimèna apodeiknÔetai ìti

lim
n→∞

εn+1

εpn
= C ̸= 0, p =

1 +
√
5

2
∼= 1, 62.
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Ask seic sthn epÐlush MH GRAMMIKWN EXISWSEWN,

(biblÐo Akrib -Dougal ).

• �skhsh parìmoia thc 2.1

Gia thn exÐswsh f(x) = x3− 3x− 4 = 0 na upologisteÐ h deÔterh prosèggish x2 thc rÐzac

x⋆ pou dÐnei h mèjodoc diqotìmhshc. Pìso to polÔ apèqei h x2 apì th rÐza; Pìsa b mata

apaitoÔntai gia ton upologismì thc prosèggishc pou apèqei 10−6 to polÔ apì thn x⋆;

LÔsh.

f ′(x) = 3x2 − 3 = 3(x2 − 1) = 0⇒ x = ±1

f ′′(x) = 6x = 0⇒ x = 0

f(−1) = −2, f(0) = −4, f(1) = 6, f(2) = −2, f(3) = 14.

x −∞ −1 0 1 +∞
f ′(x) + 0 − − 0 +

f ′′(x) − − 0 + +

f(x) ↗ t.m. ↘ ↘ t.e. ↗

[a1, b1] = [2, 3]

x1 =
a1 + b1

2
=

2 + 3

2
= 2, 5

f(x1) = 4, 125 > 0

[a2, b2] = [2, 2, 5]

x2 =
a2 + b2

2
=

2 + 2, 5

2
= 2, 25

sq ma

|x2 − x⋆| ≤ |x1 − a1| =
1

2
|2, 5 − 2| = 1

4
alli¸c apì ton tÔpo |xn − x⋆| ≤ b1 − a1

2n
brÐ-

skoume to Ðdio. Gia sf�lma to polÔ 10−6 qrhsimopoi¸ p�li ton tÔpo

|xn − x⋆| ≤
b− a
2n

=
1

2n
≤ 10−6 ⇒ 1

2n
≤ 10−6 ⇒ 2n ≥ 106 ⇒ n ln 2 ≥ 6 ln 10

⇒ n ≥ 6 ln 10

ln 2
∼= 19, 93⇒ n = 20.

• �skhsh 2.9

'Estw x0 ∈ [0, 1]. ApodeÐxte ìti h akoloujÐa (xn)n∈N0 me xn+1 =
1

3
(2 + xn − exn), n ∈ N0

sugklÐnei kai to ìrio thc brÐsketai sto [0, 1].

LÔsh.
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JewroÔme thn φ(x) =
1

3
(2 + x − ex), opìte xn+1 = φ(xn), n = 0, 1, 2, · · · . ArkeÐ na

deÐxoume ìti

φ′(x) =
1

3
(1− ex) ≤ 0 gia x ∈ [0, 1]⇒ φfjÐnousa⇒ φ([0, 1]) = [φ(1), φ(0)]

= [
3− e
3

,
1

3
] ⊂ [0, 1]⇒ |φ′(x)| = |1

3
(1− ex)| = ex − 1

3
≤ e− 1

3

⇒ hφsustol  sto [0, 1] me stajer�L =
e− 1

3
< 1.

Sunep¸c, apì to Je¸rhma thc Sustol c h akoloujÐa (xn) sugklÐnei se èna shmeÐo

x⋆ ∈ [0, 1], x⋆ = φ(x⋆).

• �skhsh parìmoia thc 2.20

DeÐxte ìti h exÐswsh f(x) = x3 − 3x− 4 = 0 èqei mìno mÐa pragmatik  rÐza ρ. DeÐxte ìti

ρ ∈ [2, 3] kai ìti an x0 > 1, h akoloujÐa xn pou par�gei h mèjodoc tou NeÔtwna sugklÐnei

sth ρ.

Ti mporeÐ na sumbeÐ an x0 ≤ 1;

LÔsh.

Gia x > 1, f ′(x) > 0 kai f ′′(x) > 0. EpÐshc,

f(x) > 0⇔ x > ρ

f(x) < 0⇔ x < ρ

Mèjodoc tou NeÔtwna

xn+1 = xn −
f(xn)

f ′(xn)
p.q. gia x0 = 3⇒ x1 ∼= 2, 417

sq ma

PerÐptwsh A: Ac upojèsoume ìti 1 < x0 < ρ. Tìte x1 > ρ. Apì ton tÔpo thc me-

jìdou tou NeÔtwna

x1 = x0 −
f(x0)

f ′(x0)
ìpou f(x0) < 0 kai f ′(x0) > 0 �ra

f(x0)

f ′(x0)
< 0⇒

x0 −
f(x0)

f ′(x0)
> x− 0⇒ x− 1 > x0 > 1.

Apì ton tÔpo tou Taylor

f(x1) = f(x0) + (x1 − x0)f ′(x0)︸ ︷︷ ︸
0

+
(x1 − x0)2

2
f ′′(ξ), ξ metaxÔx0, x1

⇒ f(x1) =
(x1 − x0)2

2
f ′′(ξ) ìmwc ξ > 1⇒ f ′′(ξ) > 0⇒ f(x1) > 0⇒ x1 > ρ.
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PerÐptwsh B: Ac upojèsoume ìti x0 > ρ. Ja deÐxoume ìti xn > ρ, n = 1, 2, · · · kai
ìti xn+1 < xn, dhlad  h xn eÐnai fjÐnousa. 'Estw xn > ρ.

Apì ton tÔpo tou Taylor

f(xn+1) = f(xn) + (xn+1 − xn)f ′(xn)︸ ︷︷ ︸
0

+
(xn+1 − xn)2

2
f ′′(ξn), ξn metaxÔxn, xn+1

⇒ f(xn+1) =
(xn+1 − xn)2

2
f ′′(ξn).

Apì ton tÔpo thc mejìdou tou NeÔtwna

xn+1 = xn −
f(xn)

f ′(xn)
= xn −

x3n − 3xn − 4

3x2n − 3
=

2x3n + 4

3x2n − 3

An

xn > ρ > 1⇒ xn+1 > 0⇒ ξn > 0⇒ f ′′(ξn) > 0

opìte

f(xn+1) > 0⇒ xn+1 > ρ

EpÐshc, xn+1 = xn −
f(xn)

f ′(xn)
ìpou f(xn) > 0 kai f ′(xn) > 0⇒ xn −

f(xn)

f ′(xn)
< xn

xn+1 < x− n⇒ xn fjÐnousa.

Sunep¸c, h xn eÐnai sugklÐnousa kai èstw limn→∞ xn = ψ ≥ ρ (jèlw na deÐxw ìti ψ = ρ).

'Eqoume xn+1 = xn −
f(xn)

f ′(xn)
, h f, f ′ suneqeÐc ⇒ limxn+1 = limxn −

f(limxn)

f ′(limxn)

⇒ ψ = ψ − f(ψ)

f ′(ψ)
ìpou f ′(ψ) > 0 giatÐ ψ ≥ ρ > 1 > 0→ f(ψ) = 0

monìtonh⇒ ψ = ρ.

Akìmh, gia x0 ≤ 1 den mporoÔme na egguhjoÔme th sÔglish efìson gia k�poio xn mporeÐ

f ′(xn) = 0.

• �skhsh 2.19

α) Mèjodoc tou NeÔtwna gia ton upologismì tetragwnik c rÐzac.

Gr�yte th mèjodo tou NeÔtwna gia thn prosèggish thc jetik c rÐzac thc exÐswshc f(x) =

x2 − a = 0 ìpou a > 0, dhlad  tou arijmoÔ
√
a, kai apodeixtè ìti h akoloujÐa (xn), twn

proseggÐsewn sugklÐnei sthn
√
a gia k�je x0 > 0.

LÔsh.

xn+1 =
1

2
(xn +

a

xn
)

IsqÔei h prìtash tou biblÐou; sq ma
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Proteinìmenec Ask seic:

1.2− 1.6, 1.10, 1.12,

2.1, 2.8− 2.10, 2.16, 2.19− 2.23.

sq mata.

Grammik� Sust mata

Genik� perÐ grammik¸n susthm�twn

JewroÔme to grammikì sÔsthma:

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...+

...+ · · ·+ ... =
...

an1x1 + an2x2 + · · ·+ annxn = bn

  se morf  pin�kwn

A = (aij)i, j=1, 2, ··· ,n =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · · ...

an1 an2 · · · ann

 , b =


b1

b2
...

bn

 , x =


x1

x2
...

xn

 .

Ax = b ìpou oi suntelestèc aij kai ta deÔtera mèlh bi eÐnai dedomènoi arijmoÐ. To zhtoÔmeno

eÐnai ta xi.

To sÔsthma èqei akrib¸c mÐa lÔsh an kai mìnon an isqÔei mÐa apì tic parak�tw sunj kec

1. o pÐnakac A eÐnai antistrèyimoc, dhlad  up�rqei o A−1,

2. detA ̸= 0,

3. to sÔsthma Ax = 0 èqei wc monadik  lÔsh thn tetrimmènh x = 0,

4. oi st lec   oi grammèc tou A eÐnai grammik� anex�rthtec

Trìpoi upologismoÔ thc lÔshc (apì grammik  �lgebra):
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1. Kanìnac tou Cramer:

An A = (a1, a2, · · · , an), ai, i = 1, 2, · · · , n oi st lec tou, orÐzw

Ai = (a1, a2, · · · , ai−1, b, ai+1, · · · , an) tìte

xi =
detAi
detA

, i = i = 1, 2, · · · , n.

An gia ton upologismì thc detA anaptÔxoume wc proc th st lh j

detA =
n∑
i=1

(−1)i+jaij detAij,

ìpou Aij o pÐnakac pou prokÔptei apì ton A dia diagraf c thc i gramm c kai j st lhc

kai suneqÐzoume kat�utìn ton trìpo mèqri na katal xoume se orÐzousec 2 × 2. Tìte

apaitoÔntai perÐpou n!(n − 1) pollaplasiasmoÐ, p.q. gia n = 50 apaitoÔntai perÐpou

1, 49 · 1066 pollaplasiasmoÐ,

2. Prosdiorismìc tou antistrìfou A−1, opìte x = A−1b.

Autì gÐnetai lÔnontac n grammik� sust mataAx = ei, i = 1, 2, · · · , n ìpou {e1, e2, · · · , en}
h kanonik  b�sh tou Rn. An u1, u2, · · · , un eÐnai oi lÔseic aut¸n twn susthm�twn tìte

A−1 = (u1, u2, · · · , un).
Apìdeixh.

A · (u1, u2, · · · , un) = (Au1, Au2, · · · , Aun) = (e1, e2, · · · , en) = I

Arijmhtikèc Mèjodoi lÔsewc grammik¸n susthm�twn:

(i) 'Amesec mèjodoi

(ii) Epanalhptikèc mèjodoi

Trigwnik� Sust mata.

JewroÔme ton �nw trigwnikì sÔsthma

u11x1 + u12x2 + · · ·+ u1nxn = b1

u22x2 + · · ·+ u2nxn = b2

· · ·+ · · ·+ · · ·+ · · · = · · ·
unnxn = bn
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  
u11 u12 · · · u1n

0 u22 · · · u2n

0 0 · · · ...

0 0 0 unn



x1

x2
...

xn

 =


b1

b2
...

bn


ìpou uii ̸= 0, i = 1, 2, · · · , n. Dhlad  to sÔsthma èqei akrib¸c mÐa lÔsh h opoÐa upologÐzetai

me “opisjodrìmhsh”,

xn =
bn
unn

xn−1 =
bn−1 − un−1nxn

un−1n−1

...

Genik�,

xi =
bi −

∑n
j=i+1 uijxj

uii
, i = n− 1, n− 2, · · · , 2, 1.

H lÔsh aut  apaiteÐ:

− Prosjèseic: 1 + 2 + · · ·+ (n− 1) =
n(n− 1)

2
=
n2

2
− n

2
∼=
n2

2
,

− PollaplasiasmoÐ: 1 + 2 + · · ·+ (n− 1) =
n(n− 1)

2
=
n2

2
− n

2
∼=
n2

2
,

− Diairèseic: n,

− Jèseic mn mhc:

1. gia ton pÐnaka: n+ (n− 1) + · · ·+ 1 =
n(n+ 1)

2
=
n2

2
+
n

2
,

2. gia to di�nusma b: n,

3. sunolik�:
n2

2
+

3n

2

To x apojhkeÔetai sth jèsh tou b.

AntÐstoiqa lÔnontai ta k�tw trigwnik� sust mata.

Mèjodoc Apaloif c tou Gauss

H mèjodoc perilamb�nei dÔo st�dia:

− TrigwnopoÐhsh: sq ma
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− Opisjodrìmhsh: LÔsh tou �nw trigwnikoÔ sust matoc (ìpwc prin).

'Estw ìti to sÔsthma Ax = b èqei akrib¸c mÐa lÔsh.

TrigwnopoÐhsh

Jètoume A(1) = A, b(1) = b opìte to sÔsthma gr�fetai A(1)x = b(1)

ìpou A(1) =


a
(1)
11 a

(1)
12 · · · a

(1)
1n

a
(1)
21 a

(1)
22 · · · a

(1)
2n

...
... · · · ...

a
(1)
n1 a

(1)
n2 · · · a

(1)
nn

 kai b(1) =


b
(1)
1

b
(1)
2
...

b
(1)
n

.

1o b ma.

'Estw a(1)11 ̸= 0 diaforetik� me kat�llhlh allag  gram¸n brÐskoume p�nta a(1)11 ̸= 0 afoÔ |A| ̸= 0.

OrÐzoume touc pollaplasiastèc

ui1 =
a
(1)
i1

a
(1)
11

, i = 2, 3, · · · , n

Pollaplasi�zoume thn pr¸th exÐswsh me ui1 kai afairoÔme apì thn i-ost  exÐswsh gia i =

2, 3, · · · , n. 'Etsi paÐrnoume to isodÔnamo sÔsthma

A(2)x = b(2)

ìpou

A(2) =


a
(1)
11 a

(1)
12 · · · a

(1)
1n

0 a
(2)
22 · · · a

(2)
2n

...
... · · · ...

0 a
(2)
n2 · · · a

(2)
nn

 , b(1) =


b
(1)
1

b
(2)
2
...

b
(2)
n


me

a
(2)
ij = a

(1)
ij − ui1a

(1)
ij gia i, j = 2, 3, · · · , n

b
(2)
i = b

(1)
i − ui1b

(1)
i .

2o b ma.


⋆ ⋆ · · · ⋆

0 ⋆ · · · ⋆
...

... · · · ...

0 ⋆ · · · ⋆

→

⋆ ⋆ · · · ⋆

0 ⋆ · · · ⋆

0 0 ⋆ · · · ⋆
...

... · · · ...

0 0 ⋆ · · · ⋆


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ko b ma.

'Eqoume to isodÔnamo sÔsthma A(k)x = b(k), ìpou

A(k) =



a
(1)
11 a

(1)
12 · · · · · · · · · a

(1)
1n

0 a
(2)
22 · · · · · · · · · a

(2)
2n

0 0

· · · a
(k−1)
k−1k−1

...
... · · · 0 a

(k)
kk · · · a

(k)
kn

0 0 · · · 0 a
(k)
nk · · · a

(k)
nn


kai

b(k) =



b
(1)
1

b
(2)
2
...

b
(k−1)
k−1

b
(k)
k
...

b
(k)
n


'Estw a

(k)
kk ̸= 0. OrÐzoume touc pollaplasiastèc

mik =
a
(k)
ik

a
(k)
kk

, i = k + 1, k + 2, · · · , n.

Pollaplasi�zoume thn k-ost  exÐswsh me mik kai afairoÔme apì thn i-ost  exÐswsh gia i =

k + 1, k + 2, · · · , n. 'Etsi paÐrnoume to isodÔnamo sÔsthma A(k+1)x = b(k+1), ìpou

A(k+1) =



a
(1)
11 a

(1)
12 · · · · · · · · · a

(1)
1n

0 a
(2)
22 · · · · · · · · · a

(2)
2n

0 0

· · · a
(k−1)
k−1k−1

0 a
(k)
kk

...
... · · · 0 a

(k+1)
k+1k+1 · · · a

(k+1)
k+1n

0 0 · · · 0 a
(k+1)
nk+1 · · · a

(k+1)
nn


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kai

b(k+1) =



b
(1)
1

b
(2)
2
...

b
(k−1)
k−1

b
(k)
k
...

b
(k+1)
n


me

a
(k+1)
ij = a

(k)
ij −mika

(k)
kj kai b(k+1)

i = b
(k)
i −mikb

(k)
i ìpou i, j = k + 1, k + 2, · · · , n

kai èqw sunolik� n− 1 b mata.

H mèjodoc apaloif c tou Gauss (sunèqeia)

(n− 1)o b ma.

PaÐrnoume to isodÔnamo sÔsthma A(n)x = b(n), ìpou

A(n) =


a
(1)
11 a

(1)
12 · · · · · · · · · a

(1)
1n

0 a
(2)
22 · · · · · · · · · a

(2)
2n

...
... · · · ...

0 0 · · · a
(n)
nn

 , b(n) =


b
(1)
1

b
(2)
2
...

b
(n)
n


Opisjodrìmhsh

An sto telikì sÔsthma A(n)x = b(n) jèsoume

A(n) =


a
(n)
11 a

(n)
12 · · · · · · · · · a

(n)
1n

0 a
(n)
22 · · · · · · · · · a

(n)
2n

...
... · · · ...

0 0 · · · a
(n)
nn

 , b(n) =


b
(n)
1

b
(n)
2
...

b
(n)
n


èqoume

xn =
b
(n)
n

a
(n)
nn

xi =
b
(n)
i −

∑n
j=i+1 a

(n)
ij xj

a
(n)
ii

, i = n− 1, n− 2, · · · , 1.

Parat rhsh:

H trigwnopoÐhsh eÐnai dunat  kai sthn perÐptwsh pou o pÐnakacA eÐnai mh antistrèyimoc (pijan¸c
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me kat�llhlec enallagèc gramm¸n). BebaÐwc ston telikì pÐnaka A(n) k�poio/a apì ta diag¸nia

stoiqeÐa ja eÐnai mhdèn.

Par�deigma:

Na lujeÐ me th mèjodo apaloif c tou Gauss to grammikì sÔsthma

x2 + 2x3 = 3

2x1 − 2x2 + x3 = 6

5x1 + 3x2 + x3 = 4

LÔsh:

x2 + 2x3 = 3

2x1 − 2x2 + x3 = 6

5x1 + 3x2 + x3 = 4

⇔
x2 + 2x3 = 3

2x1 − 2x2 + x3 = 6

8x2 −
3

2
x3 = 11

⇔
2x1 − 2x2 + x3 = 6

x2 + 2x3 = 3

−35

2
x3 = 35

⇔
x3 = 2

x2 = 3− 2x3 = −1

x1 =
6 + 2x2 − x3

2
= 1

Telik� prokÔptei ìti,

x1 = 1, x2 = −1, x3 = 2.

ApaitoÔmenec Pr�xeic

• gia thn trigwnopoÐhsh

− Upologismìc pollaplasiast¸n

1o b ma jèlw uii ≤ 2, 3, · · · , n. 'Ara n− 1 diairèseic.

− Upologismìc stoiqeÐwn

1o b ma jèlw ta a(2)ij me i, j = 2, 3, · · · , n. 'Ara (n−1)2 pollaplasiasmoÐ kai (n−1)2

prosjèseic.

• PÐnakac sunolik�: pollaplasiasmoÐ/diairèseic

n−1∑
i=1

[(n− i)2 + (n− i)] = n3 − n
3

kai prosjèseic
n−1∑
i=1

(n− i)2 = 2n3 − 3n2 + n

6
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• Upologismìc twn stoiqeÐwn bi.

1o b ma jèlw ta b(2)i me i,= 2, 3, · · · , n. 'Ara n−1 pollaplasiasmoÐ kai n−1 prosjèseic.

• DeÔtero mèloc sunolik�: pollaplasiasmoÐ/diairèseic

n−1∑
i=1

(n− i) = n(n− 1)

2

kai ìmoia prokÔptoun oi prosjèseic

n−1∑
i=1

(n− i) = n(n− 1)

2
.

'Ara gia thn trigwnopoÐhsh èqoume sunolik�: pollaplasiasmoÐ/diairèseic

n3 − n
3

+
n(n− 1)

2
=

2n3 + 3n2 − 5n

6

kai prosjèseic
2n3 + 3n2 − 5n

6
+
n(n− 1)

2
=
n3 − n

3
.

Gia thn opisjodrìmhsh: pollaplasiasmoÐ/diairèseic

n2 + n

2

kai prosjèseic
n2 − n

2
.

Sunolik� apaitoÔmenec pr�xeic gia thn apaloif  Gauss.

− pollaplasiasmoÐ/diairèseic

2n3 + 3n2 − 5n

6
+
n2 + n

2
=
n3 + 3n2 − n

3

− prosjèseic
n3 − n

3
+
n2 − n

2
=

2n3 + 3n2 − 5n

6
.

Par�deigma:

Gia na lÔsete èna grammikì sÔsthma 20 exis¸sewn me 20 agn¸stouc se ènan upologist  pou

ekteleÐ 106 pr�xeic to deuterìlepto.
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− Me th mèjodo apaloif c tou Gauss (sumperilambanomènwn twn prosjèsewn) qrei�zontai
9180

3
pollaplasiasmoÐ kai

17100

6
prosjèseic kai �ra 5, 9 · 10−3 deuterìlepta.

− Me ton kanìna tou Cramer (upologismìc 21 orizous¸n t�xewc, dhlad  21(20!) · 19 polla-

plasiasmoÐ kai �ra perÐpou 3 · 105 ai¸nec.

ApaitoÔmenh Mn mh:

− Gia thn apoj keush tou pÐnaka A : n2 jèseic mn mhc,

− Gia thn apoj keush tou pÐnaka tou deÔterou mèlouc n jèseic mn mhc,

− Gia tic plhroforÐec enallag c gramm¸n: O(n) jèseic mn mhc (apì 0 èwc n−1 jèseic mn mhc),

− Oi polaplasiastèc mi1 apojhkeÔontai stic jèseic ai1 , ìpou i = 2, 3, · · · , n pou alli¸c

ja gèmizan me mhdenik�. Genik� ìloi oi pollaplasiastèc apojhkeÔontai stic jèseic twn

stoiqeÐwn aij, i > j tou pÐnaka, k�tw apì th diag¸nio,

− Ta kainoÔria stoiqeÐa tou pÐnaka apojhkeÔontai p�nw sta pali�. OmoÐwc, gia ta stoiqeÐa tou

deÔterou mèlouc,

− Kat� thn opisjodrìmhsh ta stoiqeÐa thc lÔshc x apojhkeÔontai stic jèseic tou deÔterou

mèlouc b.

Sunolik� apaitoÔntai n2 + n+O(n) jèseic mn mhc.

Parathr seic.

1. Sthn pr�xh gÐnetai pr¸ta h apaloif  ston pÐnaka A, dhlad  h trigwnopoÐhsh, h opoÐa

apaiteÐ
n3

3
+ O(n2) pr�xeic. Oi de pollaplasiastèc apojhkeÔontai sto k�tw mèroc tou

pÐnakaA. Sth sunèqeia gÐnontai oi allagèc sto deÔtero mèloc oi opoÐec apaitoÔn
n2

2
+O(n)

kai h opisjodrìmhsh pou apaiteÐ
n2

2
+O(n) pr�xeic. 'Ara sunolik� n2+O(n) pr�xeic. Gia

ìla aut� apaitoÔntai pr�xeic. Me ton trìpo autìn mporoÔme na lÔsoume oikonomik� poll�

sust mata me ton Ðdio pÐnaka.

2. To prohgoÔmeno brÐskei efarmog  ston upologismì tou antÐstrofou enìc pÐnaka A, pou

gÐnetai me thn epÐlush twn grammik¸n susthm�twn.

Ax = ei, i = 1, 2, · · · , n, {e1, e2, · · · , en} kanonik  b�sh tou Rn.

O sunolikìc arijmìc twn pr�xewn eÐnai

n3

3
+ nn2 +O(n2) =

4n3

3
+O(n2).

Epiplèon apaitoÔntai 2n2 +O(n) jèseic mn mhc.
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3. Par�deigma.

Pwc ja upologÐzate oikonomik� to di�nusma ψ = A−2b dojèntwn twn A, b ;

4. IsqÔei ìti detA = (−1)m detA(n) = (−1)ma(1)11 · a
(2)
22 · · · · a

(n)
nn ìpou m eÐnai o arijmìc tou

pl jouc twn enallag¸n zeug¸n gramm¸n.

Od ghsh.

Ta diag¸nia stoiqeÐa a(i)ii , i = 1, 2, · · · , n tou pÐnaka A(n) onom�zontai odhgoÐ.

− An k�poio apì aut� eÐnai mhdèn, a(i)ii = 0, tìte @A−1,

− Lìgw peperasmènhc akrÐbeiac perimènw probl mata an k�poio a(i)ii eÐnai kont� sto 0.

Par�deigma. Na lujeÐ me th mèjodo tou Gauss to grammikì sÔsthma

10−4x1 + x2 = 1

x1 + x2 = 2

se ènan upologist  me β = 10, t = 3, U = −L = 10 kai stroggÔleush.

LÔsh.

H akrib c lÔsh tou sust matoc eÐnai x1 = 1, 0001, x2 = 0, 9999. OrÐzousa tou pÐnaka tou

sust matoc eÐnai 10−4 − 1.

0, 1 · 10−3x1 + 0, 1 · 101x2 = 0, 1 · 101

0, 1 · 101x1 + 0, 1 · 101x2 = 0, 2 · 101

m21 =
0, 1 · 101

0, 1 · 10−3
= 104 = 0, 1 · 105 ⇒

{
a
(2)
22 = 0, 1 · 101 − 0, 1 · 105 · 0, 1 · 101 = −0, 9999 · 104 stroggÔleush

= −0, 1 · 105

b
(2)
2 = 0, 2 · 101 − 0, 1 · 105 · 0, 1 · 101 = −0, 9998 · 104 stroggÔleush

= −0, 1 · 105

'Ara èqoume

0, 1 · 10−3x1 + 0, 1 · 101x2 = 0, 1 · 101

−0, 1 · 105x2 = −0, 1 · 105

⇔ x2 =
−0, 1 · 105

−0, 1 · 105
= 1

kai

x1 =
0, 1 · 101 + 0, 1 · 101 · 1

0, 1 · 10−3
= 0.
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Sto sugkekrimèno par�deigma to prìblhma prokÔptei apì to meg�lo pollaplasiast  kai se

sqèsh me ta upìloipa stoiqeÐa.

Enall�sontac tic dÔo exis¸seic

0, 1 · 101x1 + 0, 1 · 101x2 = 0, 2 · 101

0, 1 · 10−3x1 + 0, 1 · 101x2 = 0, 1 · 101

m21 =
0, 1 · 10−3

0, 1 · 101
= 0, 1 · 10−3

{
a
(2)
22 = 0, 1 · 101 − 0, 1 · 10−3 · 0, 1 · 101 = 0, 9999

stroggÔleush
= 0, 1 · 101

b
(2)
2 = 0, 2 · 101 − 0, 1 · 10−3 · 0, 2 · 101 = −0, 9998 stroggÔleush

= 0, 1 · 101

'Eqoume

0, 1 · 101x1 + 0, 1 · 101x2 = 0, 2 · 101

+0, 1 · 101x2 = 0, 1 · 101

Opìte prokÔptoun kalèc proseggÐseic

x1 =
0, 2 · 101 − 0, 1 · 101 · 1

0, 1 · 101
kai x2 =

0, 1 · 101

0, 1 · 101
= 1.

Mèjodoc Apaloif c tou Gauss me merik  od ghsh (k−ostì b ma).

− BrÐskoume a(k)ρk tètoia ¸ste |a(k)ρk | = maxk≤i≤n |a(k)ik .

− Enall�soume tic grammèc k kai ρ.

Mèjodoc Apaloif c tou Gauss me olik  od ghsh (k−ostì b ma).

− BrÐskoume a(k)ρq tètoia ¸ste |a(k)ρq | = maxk≤i, j≤n |a(k)ij .

− Enall�soume tic grammèc k kai ρ kai tic st lec k kai q.

Sth merik  od ghsh qreiazìmaste

n−1∑
i=1

(n− i) = n(n− 1)

2
sugkrÐseic.

Sthn olik  od ghsh qreiazìmaste

n−1∑
i=1

(n− i)2 = 2n3 − 3n2 + n

6
sugkrÐseic.
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Kat�stash grammik¸n susthm�twn.

Par�deigma. Na lujeÐ me th mèjodo apaloif c tou Gauss me olik  od ghsh to grammikì sÔsthma

0, 913x1 + 0, 659x2 = 0, 254

0, 780x1 + 0, 563x2 = 0, 217

se upologist  me β = 10, t = 3, U = −L = 10 kai apokop . H akrib c lÔsh eÐnai x1 = 1, x2 =

−1 kai h orÐzousa tou pÐnaka tou sust matoc eÐnai −10−6.

LÔsh.

Met� thn trigwnopoÐhsh èqw

0, 913x1 + 0, 659x2 = 0, 254

0, 001x2 = 0, 001

}
⇒

x1 = −0, 443
x2 = 1

All�zontac lÐgo ta dedomèna tou deÔterou mèlouc

0, 913x1 + 0, 659x2 = 0, 253

0, 780x1 + 0, 001x2 = 0, 218
 

allag  kat� 10−3. H akrib c lÔsh eÐnai x1 = 1, 223 kai x2 = −1, 694.
To grammikì sÔsthma

0, 913 · 106x1 + 0, 659 · 106x2 = 0, 254 · 106

0, 780x1 + 0, 563x2 = 0, 217

èqei orÐzousa tou pÐnaka −1. Ston Ðdio upologist  h lÔsh pou paÐrnoume eÐnai x1 = −0, 443 kai

x2 = 1. 'Ara to jèma den eÐnai h tim  thc orÐzousac.

Nìrmec Dianusm�twn.

Orismìc. 'Estw X ènac K−grammikìc q¸roc me K = R   K = C. Mia apeikìnish ∥·∥ : X → R,
x→ ∥x∥ lègetai nìrma(norm), an isqÔoun

N1 x ∈ X ∥x∥ = 0⇔ x = 0

N2 ∀λ ∈ K kaix ∈ X ∥λx∥ = |λ| · ∥x∥

N3 ∀x, ψ ∈ X ∥x+ ψ∥ ≤ ∥x∥+ ∥ψ∥
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Parathr seic.

1. IsqÔei ∥x∥ ≥ 0

Pr�gmati,

0 = ∥x− x∥ = ∥x+ (−1)x∥ ≤ ∥x∥+ | − 1|∥x∥ = 2∥x∥

2. IsqÔei h trigwnik  anisìthta proc ta k�tw, dhlad 

∀x, ψ ∈ X
∣∣∥x∥ − ∥ψ∥∣∣ ≤ ∥x− ∥ψ∥ ⇔ −∥x− ψ∥ ≤ ∥x∥ − ∥ψ∥ ≤ ∥x− ψ∥

Pr�gmati,

∥x∥ = ∥x− ψ + ψ∥ ≤ ∥x− ψ∥+ ∥ψ∥ ⇒ ∥x∥ − ∥ψ∥ ≤ ∥x− ψ∥

OmoÐwc,

−∥x− ψ∥ ≤ ∥x∥ − ∥ψ∥.

ParadeÐgmata.

1. (Rn, ∥ · ∥1) me ∥x∥1 =
∑n

i=1 |xi|, x = (x1, x2, · · · , xn)T . Pr�gmati isqÔoun oi idiìthtec

N1 kai N2 oi opoÐec af nontai wc �skhsh. Gia thn idiìthta N3 èqoume,

x, ψ ∈ Rn ∥x+ ψ∥1 =
n∑
i=1

|xi + ψi| ≤
n∑
i=1

|xi|+
n∑
i=1

|ψi| = ∥x∥1 + ∥ψ∥1.

2. (Rn, ∥ · ∥2) me ∥x∥2 = (
∑n

i=1 |xi|2)
1
2 . Pr�gmati isqÔoun oi idiìthtec N1 kai N2 oi opoÐec

af nontai wc �skhsh. Gia thn idiìthta N3 èqoume,

H ∥ · ∥2 par�getai apì to sÔnhjec eswterikì ginìmeno

(·, ·) : Rn × Rn → R, (x, ψ)2 =
n∑
i=1

(xi, ψi).

Pr�gmati, ∥x∥2 =
√

(x, x)2. Epiplèon, isqÔei ∥(x, ψ)∥2 ≤ ∥x∥2∥ψ∥2 . Pr�gmati gia λ ∈ R
èqoume

o ≤ (x+ λψ, x+ λψ)2 = · · · = ∥x∥22 + 2λ(x, ψ)2 + λ2∥ψ∥22.

An ψ ̸= 0 (an ψ = 0, h anisìthta isqÔei) h diakrÐnousa tou triwnÔmou prèpei

4(x, ψ)22 − 4∥ψ∥22∥x∥22 ≤ 0⇒ |(x, ψ)2| ≤ ∥ψ∥2∥x∥2.

'Ara,

x, ψ ∈ Rn ∥x+ ψ∥2 = (x+ ψ, x+ ψ)2 = ∥x∥22 + 2(x, ψ)2 + ∥ψ∥22
= ∥x∥22 + 2∥x∥2∥ψ∥2 + ∥ψ∥22 = (∥x∥2 + ∥ψ∥2)2

⇒ ∥x+ ψ∥2 ≤ ∥x∥2 + ∥ψ∥2.
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3. (Rn, ∥ · ∥∞) me ∥x∥∞ = max1≤i≤n |xi|. Pr�gmati isqÔoun oi idiìthtec N1 kai N2 oi opoÐec

af nontai wc �skhsh. Gia thn idiìthta N3 èqoume,

x, ψ ∈ Rn, ∥x+ψ∥∞ = max
1≤i≤n

|xi+ψi| ≤ (giatÐ;)max(|xi|+|ψi|) ≤ (giatÐ;)max |xi|+max |ψi|

= ∥x∥∞ + ∥ψ∥∞

Nìrmec Dianusm�twn.

Parat rhsh: o Rn eÐnai grammikìc (  dianusmatikìc) q¸roc sunep¸c h apìstash pou orÐzei

metaxÔ twn dianusm�twn eÐnai metrik . Ston (Rn, ∥ · ∥) orÐzw p : Rn × Rn → R tìte h p : eÐnai

metrik  (af netai wc �skhsh) ((x, ψ)→ ∥x− ψ∥).
PaÐzei rìlo poia nìrma paÐrnw gia ton orismì thc metrik c. Oi timèc gia nìrma: ∥·∥1, ∥·∥2, ∥·∥∞
eÐnai diaforetikèc, all� sugkrÐnontai; H ap�nthsh eÐnai nai all� me isodunamÐa norm¸n.

Orismìc. Oi ∥ · ∥a, ∥ · ∥b eÐnai “isodÔnamec   sugkrÐsimec nìrmec” ston Rn an up�rqoun stajerèc

c1, c2 pou exart¸ntai apì ta a, b ètsi ¸ste

∀x ∈ Rn : c1∥x∥a ≤ ∥x∥b ≤ c2∥x∥a.

Prìtash. 'Olec oi nìrmec ston Rn eÐnai isodÔnamec.

(Apìdeixh: DeÐqnoume ìti ∀p : ∥ · ∥p ∼ ∥ · ∥∞).

Par�deigma.

An a = 1, b =∞⇒ ∥ · ∥a ∼ ∥ · ∥∞.

Pr�gmati,
1

n
∥x∥1 ≤ ∥x∥∞ ≤ ∥x∥1 ∀x ∈ Rn (4)

  isodÔnama

∥x∥∞ ≤ ∥x∥1 ≤ n∥x∥∞ ∀x ∈ Rn (5)

Apìdeixh thc prìtashc. ja apodeÐxoume thn sqèsh (4).

∥x∥1 =
n∑
k=1

|xk| ≤ n ·max |xk| = n∥x∥∞

∥x∥∞ = max
1≤k≤n

|xk| ≤
n∑
k=1

|xk| = ∥x∥1.

'Omoia apodeiknÔetai kai h sqèsh (5).

Pwc proèkuye h onomasÐa “sugkrÐsimec” ;

An

x = (−1, 2, −3)⇒ ∥x∥ = ∥x− 0∥ = ρ(x, 0) h apìstash tou x apì thn arq  twn axìnwn
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∥x∥1 = 6

∥x∥2 =
√
1 + 4 + 9 =

√
14

∥x∥∞ = 3.

Diaforetikèc timèc men, all� sugkrÐsimec. Oi timèc eÐnai “Ðdiac t�xhc”, den eÐnai p.q. h mÐa 5

kai h �llh 3 · 105 (“sugkrÐsimec”). Epomènwc, an gia mia akoloujÐa x(k), k ≥ 1 sthn Rn isqÔei

limk→∞ ∥x(k)∥a = 0 ⇒ isqÔei limk→∞ ∥x(k)∥b = 0, ∀b. 'Ara epilègw thn eukolìtera epilÔsimh

nìrma sto k�je prìblhma.

Nìrmec Pin�kwn

Se ì,ti akoloujeÐ o q¸roc eÐnai o Rn×n kai ta A, B eÐnai pÐnakec ston Rn×n.

IsqÔoun oi idiìthtec N1, N2, N3 kai h:

∥AB∥ ≤ ∥A∥ · ∥B∥, ∀A, B ∈ Rn×n.

Fusikèc   paragìmenec apì nìrmec dianusm�twn.

Orismìc. 'Estw ∥ · ∥ nìrma ston Rn. H apeikìnish

∥ · ∥ : Rn×n → Rn, ∥A∥ = max
x∈Rn, ∥x∥≤1

∥Ax∥

lègetai fusik  nìrma pin�kwn   nìrma pin�kwn paragìmenh apo thn ston Rn.

Pr¸ton: DeÐqnw ìti h apeikìnish eÐnai kal¸c orismènh. Ja deÐxoume ìti to sÔnolo

{∥Ax∥, x ∈ Rn, ∥x∥ ≤ 1}

eÐnai fragmèno:

∥Ax∥ ≤ c∥Ax∥∞ = c max
1≤i≤n

|
n∑
j=1

aijxj| ≤ c max
1≤i≤n

n∑
j=1

|aij| · |xj|

≤ c max
1≤j≤n

|xj| max
1≤i≤n

n∑
j=1

|aij| = c∥x∥∞ ·max
1≤i≤n

n∑
j=1

|aij| ≤ c·c1∥x∥ max
1≤i≤n

n∑
j=1

|aij| ≤ c·c1 max
1≤i≤n

n∑
j=1

|aij|

eÐnai fragmèno �ra èqei supremum. GiatÐ eÐnai max ;

(JewroÔme thn S : Rn → R, S(x) = ∥Ax∥ h opoÐa eÐnai suneq c. To sÔnolo ∥x∥ ≤ 1 eÐnai

sumpagec.)

Epiplèon, h parap�nw apeikìnish plhroÐ tic idiìthtec
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1. ∥A∥ ≥ 0 ∀A ∈ Rn×n kai ∥A∥ = 0⇔ A = 0,

2. ∥λA∥ = |λ|∥A∥ ∀λ ∈ R∀A ∈ Rn×n,

3. ∥A+B∥ ≤ ∥A∥+ ∥B∥ ∀A, B ∈ Rn×n,

4. ∥Ax∥ ≤ ∥A∥∥x∥ ∀A ∈ Rn×n, ∀x ∈ Rn,

5. ∥AB∥ ≤ ∥A∥ · ∥B∥ ∀A, B ∈ Rn×n,

6. ∥I∥ = 1.

Pr�gmati,

1. ∥A∥ ≥ 0 ∀A ∈ Rn×n.

'Estw

∥A∥ = 0⇒ max
x∈Rn, ∥x∥≤1

∥Ax∥ = 0⇒ ∥Ax∥ = 0 x ∈ Rn, ∥x∥ ≤ 1

Ax = 0 x ∈ Rn, ∥x∥ ≤ 1 den mpor¸ apì ed¸ na p�w A = 0 giatÐ den isqÔei gia k�je x.

OrÐzw ψ =
x

∥x∥
⇒ ∥ψ∥ = 1 (af netai wc �skhsh) tìte Aψ = 0⇒ Ax

∥x∥
= 0⇒ Ax = 0⇒

A = 0.

2. ∥λA∥ = maxx∈Rn, ∥x∥≤1 ∥(λA)x∥ = max ∥λ(Ax)∥ = max |λ| · ∥Ax∥
= ∥λ∥max ∥Ax∥ = |λ| · ∥A∥.

3. ∥A+B∥ = max ∥(A+B)x∥ = max ∥Ax+Bx∥ ≤ max(∥Ax∥+ ∥Bx∥)
≤ max ∥Ax∥+max ∥Bx∥ = ∥A∥+ ∥B∥.

4. An x = 0⇒ ∥Ax∥ = 0 = ∥A∥ · ∥x∥.
An x ̸= 0⇒ orÐzw ψ =

x

∥x∥
⇒ ∥ψ∥ = 1 tìte

∥Aψ∥ = ∥A x

∥x∥
∥ ≤ maxψ∈Rn, ∥ψ∥≤1 ∥Aψ∥ = ∥A∥. 'Ara,

∥Aψ∥ ≤ ∥A∥ ⇔ ∥ 1

∥x∥
· Ax∥ ≤ ∥A∥ ⇔ 1

∥x∥
∥Ax∥ ≤ ∥A∥ ⇔ ∥Ax∥ ≤ ∥A∥ · ∥x∥.

5. 'Estw x ∈ Rn, ∥x∥ ≤ 1, tìte

∥(AB)x∥ = ∥A(Bx)∥ ≤ ∥A∥ · ∥Bx∥ ≤ ∥A∥ · ∥B∥ · ∥x∥ ≤ ∥A∥ · ∥B∥

Sunep¸c

∥AB∥ = max
x∈Rn, ∥x∥≤1

∥(AB)x∥ ≤ ∥A∥ · ∥B∥ ∀A, B ∈ Rn×n
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6.

I = max
x∈Rn, ∥x∥≤1

∥I · x∥ = max
x∈Rn, ∥x∥=1

∥x∥ = 1.

Parathr seic

1.

∥A∥ = max
x∈Rn, ∥x∥≤1

∥Ax∥ = max
x∈Rn, ∥x∥=1

∥Ax∥ = max
x∈Rn, ∥x∥≠0

∥Ax∥
∥x∥

,

2. kai ston Rn×n ìlec oi nìrmec eÐnai isodÔnamec metaxÔ touc.

• 'Estw (Rn, ∥ · ∥∞). H paragìmenh apì thn ∥ · ∥∞ nìrma pÐnaka ston Rn×n eÐnai h legìmenh

nìrma tou ajroÐsmatoc gramm¸n

∥A∥∞ = max
1≤i≤n

n∑
j=1

|aij|.

Apìdeixh.

Gia A ̸= 0 (gia A = 0⇒ ∥A∥∞ = 0) kai ∥x∥∞ ≤ 1, èqw:

∥Ax∥∞ ≤ ∥x∥∞ max
1≤i≤n

n∑
j=1

|aij| ≤ max
1≤i≤n

n∑
j=1

|aij|

⇒ ∥A∥∞ = max
x∈Rn, ∥x∥∞≤1

∥Ax∥∞ ≤ max
1≤i≤n

n∑
j=1

|aij|.

DeÐxame to ≤, t¸ra ja deÐxoume to ≥.
An k tètoia ¸ste

∑n
j=1 |akj| = max1≤i≤n

∑n
j=1 |aij|, tìte orÐzw to di�nusma ψ ∈ Rn:

ψj =


akj
|akj|

, gia akj ̸= 0

0, alli¸c
⇒ ∥ψ∥∞ = 1.

epÐshc

∥Aψ∥∞ = max
∑

aijψj ≥ |
n∑
j=1

akjψj| =
∣∣ n∑
j=1

akj
akj
|akj|

∣∣ = ∣∣ n∑
j=1

a2kj
|akj|

∣∣ =∑ |akj|2

|akj|

=
∑
|akj| = max

1≤i≤n

∑
|aij|.

Dhlad 

∥Aψ∥∞ ≥ max
∑
|aij| ⇒ ∥A∥ = max

ψ∈Rn, ∥ψ∥≤
∥Aψ∥∞ ≥ ∥Aψ∥∞ ≥ max

∑
|aij|.
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• Apì thn ∥·∥1 par�getai h legìmenh nìrma tou ajroÐsmatoc sthl¸n ∥A∥1 = max1≤j≤n
∑n

i=1 |aij|.

• Apì thn ∥·∥2 h paragìmenh nìrma eÐnai h legìmenh fasmatik 1 nìrma ∥A∥2 = max1≤i≤n
√
λi(AAT )

ìpou λi idiotimèc tou AAT (o opoÐoc eÐnai summtrikìc ⇒ λi ≥ 0).

DeÐkthc kat�stashc pÐnaka - sust matoc.

0, 913x1 + 0, 659x2 = 0, 254

0, 780x1 + 0, 563x2 = 0, 217

Er¸thma: An sto sÔsthma Ax = b, A ∈ Rn×n, A antistrèyimoc, b ∈ Rn, b ̸= 0 epifèroume mÐ

allag  sto deÔtero mèloc δb = (δb1, δb2, · · · , δbn)⊥ mporoÔme na ektim soume thn allag  pou

epèrqetai sth lÔsh ; (δx1, δx2, · · · , δxn)⊥ ;

'Estw ∥ · ∥ mÐa nìrma ston Rn kai h antÐstoiqh epagìmenh (fusik ) nìrma ston Rn×n.

A(x+ δx) = b+ δb

Ax = b

}
afaÐresh kat� mèlh

=⇒ A(δx) = δb⇒ δx = A−1(δb)

⇒ ∥δx∥ = ∥A−1δb∥ ≤ ∥A−1∥∥δb∥ (6)

b = Ax⇒ ∥b∥ = ∥Ax∥ ≤ ∥A∥ · ∥x∥ ⇒ 1

∥x∥
≤ ∥A∥
∥b∥

(7)

Pollaplasi�zontac tic (6)-(7) kat� mèlh èqw

∥δx∥
∥x∥

≤ ∥A∥ · ∥A−1∥ · ∥δb∥
∥b∥

.

H posìthta ∥A∥ · ∥A−1∥ sumbolÐzetai me k(A) kai onom�zetai deÐkthc kat�stashc tou pÐnaka A.

Je¸rhma.

'Estw ∥ · ∥ mÐa nìrma ston Rn kai h paragìmenh apì aut n fusik  nìrma ston Rn×n. 'Estw A ∈
Rn×n ènac antistrèyimoc pÐnakac, δA ∈ Rn×n kai b, δb ∈ Rn, b ̸= 0. Tìte an k(A) = ∥A∥·∥A−1∥
eÐnai o deÐkthc kat�stashc tou A, èqoume

i An Ax = b kai A(x+ δx) = (b+ δb) , tìte

∥δx∥
∥x∥

≤ k(A) · ∥δb∥
∥b∥

1το p(A), δηλαδή το max των απολύτων τιμών των ιδιοτιμών του A λέγεται η ϕασματική ακτίνα του A.
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ii An Ax = b, (A + δA)((x + δx) = (b + δb) kai ∥A−1∥ · ∥δA∥ < 1 , tìte o A + δA eÐnai

antistrèyimoc kai
∥δx∥
∥x∥

≤ k(A)

1− ∥A−1∥ · ∥δA∥
·
(∥δA∥
∥A∥

+
∥δb∥
∥b∥

)
.

(H apìdeixh tou erwt matoc up�rqei sto biblÐo twn AkrÐbh-Dougal ).

Parathr seic.

1. O deÐkthc kat�stashc exart�tai apì th nìrma pou qrhsimopoioÔme, diaforetikèc nìrmec

dÐnoun diaforetikèc (all� sugkrÐsimec) timèc. Epiplèon,

k(A) = ∥A∥ · ∥A−1∥ ≥ ∥A · A−1∥ = ∥I∥ = 1.

An o deÐkthc kat�stashc eÐnai mikrìc, p.q. 1 ≤ k(A) ≤ ∞ lème ìti o pÐnakac A èqei kal 

kat�stash. AntÐjeta, an o deÐkthc kat�stashc eÐnai meg�loc, lème ìti o pÐnakac A èqei

kak  kat�stash.

2. To fr�gma sto i eÐnai kalì. (par�deigma ìpou epitugq�netai h isìthta ja dojeÐ stic

ask seic).

3. Sto grammikì sÔsthma

0, 913x1 + 0, 659x2 = 0, 254

0, 780x1 + 0, 563x2 = 0, 217

h allag  sto deÔtero mèloc kat� 10−3 , epèfere mÐa allag  sth lÔsh kat� 103. upeÔjunh

gi�utì eÐnai h kak  kat�stash tou pÐnaka A, pou wc proc thn ∥ · ∥1, èqei

k1(A) = ∥A∥1·∥A−1∥1 ∼= 2, 7·106 kai af netai wc �skhsh, me pÐnakaA =

(
0, 913 0, 658

0, 780 0, 583

)
.

4. H orÐzousa eÐnai kakìc deÐkthc gia thn kat�stash enìc pÐnaka (to mègejoc thc orÐzousac

oudemÐa sqèsh èqei me thn kal    kak  kat�stash tou pÐnaka). O pÐnakac

D =



1

10
0

1

10
...

0
1

10


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èqei detD = 10−n kai eÐnai antistrèyimoc me D−1 =


10 0

10
...

0 10

,

kai k1(A) = ∥D∥1∥D−1∥1 =
1

10
· 10 = 1.

5. An A =

(
1 0

0 ε

)
, A−1 =

 1 0

0
1

ε

, 0 < ε < 1 tìte

k1(A) = ∥A∥1 · ∥A−1∥1 = 1 · 1
ε
=

1

ε
.

Kaj¸c ε→ 0, opìte o pÐnakac teÐnei na gÐnei mh antistrèyimoc, o deÐkthc k1(A)→∞.

Genik�, gia mÐa nìrma ∥ · ∥ isqÔei ìti

1

k(A)
≤ inf{∥A−B∥

∥A∥
, B mh antistrèyimoc}

.

6. Mia ektÐmhsh tou deÐkth kat�stashc mporeÐ na gÐnei wc ex c:

Aw = ψ ⇔ w = A−1ψ ⇒ ∥w∥ = ∥A−1ψ∥ ≤ ∥A−1∥ · ∥ψ∥ ⇒ ∥A−1∥ ≥ ∥w∥
∥ψ∥

.

'Etsi, epilègoume k dianÔsmata ψi, i = 1, 2, · · · , k, lÔnoume ta k sust mata Awi = ψi, i =

1, 2, · · · , k kai katìpin paÐrnoume

∥A−1∥ ∼= max
1≤i≤k

∥wi∥
∥ψi∥

(max
1≤i≤k

∥A−1ψi∥
∥ψi∥

).

Akrib c tim  ∥A−1∥ = supψ∈Rn, ψ ̸=0

∥A−1ψi∥
∥ψi∥

.

Sun jwc, k = 2   3. Epiplèon kìstoc, eÐnai kn2 +O(n) pr�xeic.

Epirro  tou DeÐkth Kat�stashc sthn Apaloif .

An sf�lmata stroggÔleushc upeisèrqontai mìno kat� thn par�stash twn stoiqeÐwn tou deÔterou

mèlouc, en¸ ta stoiqeÐa tou pÐnaka parist�nontai akrib¸c, kai ìlec oi pr�xeic gÐnontai akrib¸c,

tìte
∥x− x̃∥
∥x∥

≤ k(A)
1

2
ββ−t af netai wc �skhsh.
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Sth genik  perÐptwsh o Wilkinson apèdeixe ìti

∥x− x̃∥
∥x̃∥

≤ k(A)pβ−t,

ìpou k(A) eÐnai h epirro  probl matoc, p h epirro  tou algorÐjmou kai β−t h epirro  thc

arijmhtik c.

To p eÐnai mikrì gia eustaj  algìrijmo kai meg�lo gia astaj .

To p ∼= 10 gia apaloif  tou Gauss me merik  od ghsh kai p ∼= 1 gia apaloif  tou Gauss me

olik  od ghsh.
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Ask seic sthn Arijmhtik  Grammik  'Algebra.

3.3 'Estw A, B ∈ Rn×n antistrèyimoc kai b ∈ Rn. Pwc upologÐzoume kat� to dunatìn oikono-

mikìtera apì �poyh pl jouc pr�xewn kai mn mhc ta dianÔsmata A−2b, A−1BA−1b ;

LÔsh.

A−4b = A−1 · A−1 · A−1 · A−1 · b.

SumbolÐzw

x = A−1b⇔ Ax = b

ψ = A−1x⇔ Aψ = x

w = A−1ψ ⇔ Aw = ψ

z = A−1w ⇔ Az = w

Kìstoc:
n3

3
+O(n2) pr�xeic.

Jèseic mn mhc: n2 + O(n) diìti thn trigwnopoÐhsh thn k�noume mÐa for� sto sÔsthma Ax = b

kai gia tic opisjodrom seic èqoume mìno èna upìloipo thc t�xhc n2.

3.35 'Estw ∥ · ∥ mÐa nìrma ston Rn kai ∥ · ∥ h nìrma ston Rn×n pou par�getai apì aut .

An A ∈ Rn×n me ∥A∥ < 1, apodeÐxte ìti o pÐnakac In − A eÐnai antistrèyimoc kai epiplèon ìti

isqÔei
1

1 + ∥A∥
≤ ∥(In − A)−1∥ ≤ 1

1− ∥A∥
.

LÔsh. 'Estw ìti o In − A den eÐnai antistrèyimoc. Tìte ∃x ∈ Rn, x ̸= 0 :

(In − A)x = 0⇒ x− Ax = 0⇒ x = Ax.

Sthn teleutaÐa sqèsh b�zoume nìrma,

∥x∥ = ∥A · x∥ ≤ ∥A∥ · ∥x∥ ⇔ ∥A∥ ≥ 1 'Atopo.
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Epiplèon,

(In − A)−1(In − A) = In

⇔ (In − A)−1 − (In − A)−1A = In

⇔ (In − A)−1 = In + (In − A)−1 · A
⇒ ∥(In − A)−1∥ = ∥In + (In − A)−1 · A∥ ≤

≤ ∥In∥+ ∥(In − A)−1 · A∥ ≤
≤ 1 + ∥(In − A)−1∥ · ∥A∥

⇒ ∥(In − A)−1∥ ≤ 1 + ∥(In − A)−1∥ · ∥A∥
⇒ ∥(In − A)−1∥(1− ∥A∥) ≤ 1

⇒ ∥(In − A)−1∥ ≤ 1

1− ∥A∥

kai

(In − A)−1∥(In − A) = In

⇒ ∥In∥ = ∥(In − A)−1(In − A)∥
⇒ 1 ≤ ∥(In − A)−1∥∥(In − A)∥ ≤ ∥(In − A)−1∥(∥In∥+ ∥A∥)

⇒ 1 ≤ ∥(In − A)−1∥(1 + ∥A∥)

⇒ 1

1 + ∥A∥
≤ ∥(In − A)−1∥.

Efarmog .

DeÐxte ìti o pÐnakac B =


4 1 · · · 0

1 4 1 · · · 0
...

...
...

0 · · · · · · 1 4

 tridiag¸nioc antistrèfetai kai ìti k∞(B) =

∥B∥∞∥B−1∥∞ ≤ 3.

LÔsh.

B =


4 1 · · · 0

1 4 1 · · · 0
...

...
...

0 · · · · · · 1 4

 = 4



1
1

4
1 · · · 0

1

4
1

1

4
· · · 0

...
...

...

0 · · · · · · 1

4
1


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= 4
[
In −



0 −1

4
0 · · · 0

−1

4
0 −1

4
· · · 0

...
...

...

0 · · · · · · −1

4
0


]
.

Dhlad ,

B = 4(In − A) ìpou A =



0 −1

4
0 · · · 0

−1

4
0 −1

4
· · · 0

...
...

...

0 · · · · · · −1

4
0


kai

∥A∥∞ = | − 1

4
|+ | − 1

4
| = 1

2
< 1.

'Ara, o In − A antistrèfetai, dhlad  o 4(In − A) antistrèfetai kai �ra o B antistrèfetai.

Epiplèon,

∥B−1∥∞ = ∥[4(In − A)]−1∥ = ∥1
4
(In − A)−1∥ ≤ 1

4
∥(In − A)−1∥ ≤ 1

4

1

1− ∥A∥∞
=

1

4

1

1− 1
2

=
1

2
.

∥B∥∞ = 1 + 4 + 1 = 6.

'Ara,

k∞(B) = ∥B∥∞∥B−1∥∞ ≤ 6 · 1
2
= 3.

3.39 'Estw A, B ∈ Rn×n , A antistrèyimoc. An ∥ · ∥ eÐnai mia fusik  nìrma pin�kwn kai

∥A− B∥ < 1

∥A−1∥
, apodeÐxte ìti o B eÐnai antistrèyimoc. OdhghjeÐte sto sumpèrasma, ìti gia

opoiond pote mh antristèyimo pÐnaka B ∈ Rn×n isqÔei

1

k(A)
≤ ∥A−B∥

∥A∥
.

LÔsh.

'Estw ìti o B den eÐnai antistrèyimoc tìte ∃x ∈ Rn, x ̸= 0 : Bx = 0. 'Eqoume,

(A−B)x = Ax−Bx = Ax⇒ A−1(A−B)x = x⇒ ∥x∥ = ∥A−1(A−B)x∥ ≤ ∥A−1∥·∥A−B∥·∥x∥,

ìpou ∥x∥ ̸= 0 ⇒ 1 ≤ ∥A−1∥ · ∥A − B∥ ⇒ ∥A − B∥ ≥ 1

∥A−1∥
, 'Atopo. Gia B mh antistrèyimo,

isqÔei
1

∥A−1∥
≤ ∥A−B∥ ∥A∥≠0

=⇒
A antistrèyimoc

1

∥A∥ · ∥A−1∥
≤ ∥A−B∥

∥A∥
⇒
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1

k(A)
≤ ∥A−B∥

∥A∥
.

3.40

a) 'Estw A antistrèyimoc �nw   k�tw trigwnikìc. ApodeÐxte ìti gia to deÐkth kat�stashc tou

A wc proc th nìrma ∥ · ∥∞ isqÔei,

k∞(A) ≥ ∥A∥∞
min |aii|

,

b) QwrÐc na upologÐsete ton A−1 apodeÐxte ìti gia ton A =

(
1, 01 0, 99

0, 99 1, 01

)
isqÔei ìti k∞(A) ≥ 100.

(Upìdeixh: qrhsimopoieÐste to teleutaÐo apotèlesma thc �skhshc 3.39.)

LÔsh.

a) 'EstwA =


a11 · · · · · ·
0 a22 · · ·
0 · · ·
0 0 · · · ann

 , aii ̸= 0. Ja deÐxoume ìtiA−1 =



1

a11
· · · · · ·

0
1

a22
· · ·

0 · · ·

0 0 · · · 1

ann


.

'Estw B =


b11 b12 · · · b1n

b21 b22 · · · b2n
...

... · · · ...

bn1 bn2 · · · bnn

 kai BA = In.

⇒


b11 b12 · · · b1n

b21 b22 · · · b2n
...

... · · · ...

bn1 bn2 · · · bnn



a11 a12 · · · a1n

0 a22 · · · a2n
...

... · · · ...

0 0 · · · ann

 =


1 0 · · · 0

0 1 · · · 0
...

... · · · ...

0 0 · · · 1



⇒

b11a11 = 1⇒ b11 =
1

a11
b21a11 = 0⇒ b21 = 0

· · · · · ·
bi1a11 = 1⇒ bi1 = 0


wc �skhsh to upìloipo.
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ArkeÐ na deÐxoume ìti ∥A−1∥∞ ≥
1

min |aii|
.

'Eqoume

∥A−1∥∞ = max
1≤i≤n

(
n∑
j=1

|(A−1)ij|) ≥ max |(A−1)ii| = max | 1
aii
| = 1

min |aii|
.

b) to 3.39 lèei

an B ∈ Rn×n mh antistrèyimoc, tìte

1

k(A)
≤ ∥A−B∥

∥A∥
⇒ k∞(A) ≥ ∥A∥∞

∥A−B∥∞
.

'Estw B =

(
1 1

1 1

)
tìte A−B =

(
0, 01 −0, 01
−0, 01 0, 01

)
⇒ ∥A−B∥∞ = 0, 02 kai ∥A∥∞ = 2.

'Ara k∞(A) ≥ ∥A∥∞
∥A−B∥∞

=
2

0, 02
= 100.

3.44 'Estw 0 ̸= x ∈ Rn h akrib c lÔsh tou sust matoc Ax = b, ìpou A ∈ Rn×n antistrèyimoc

kai b ∈ Rn. 'Estw x̃ ∈ Rn mia prosèggish thc x kai èstw r = Ax̃ − b to upìloipo thc

x̃. ApodeÐxte ìti gia k�je nìrma ∥ · ∥ ston Rn (kai antÐstoiqh fusik  nìrma pin�kwn) isqÔei
∥x̃− x∥
∥x∥

≤ k(A)
∥r∥
∥b∥︸ ︷︷ ︸ 2, ìpou k(A) = ∥A∥ · ∥A−1∥. P¸c ermhneÔete thn anisìthta aut ;

Upìdeixh.

'Eqoume

• r = Ax̃− b = Ax̃− Ax− A(x̃− x)⇒ x̃− x = A−1r ⇒ ∥x̃− x∥ ≤ ∥A−1∥ · ∥r∥ (1)

• b = Ax⇒ ∥b∥ ≤ ∥A∥ · ∥x∥ (2).

Apì (1) kai (2) prokÔptei to zhtoÔmeno.

(ShmeÐwsh:
x1 + x2 = 2

x1 + 1, 01x2 = 2, 01
. Akrib c lÔsh

x1 = 1

x2 = 1
. Proseggistik  lÔsh

x̃1 = 10

x̃2 = −8

kai r =

(
0

−0, 99

)
).

Proteinìmenec Ask seic:

3.32− 3.35, 3.38− 3.41, 3.44− 3.48.

2το υπόλοιπο από μόνο του δεν είναι καλός δείκτης για την ακρίβεια της προσέγγισης
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'Askhsh. JewroÔme to grammikì sÔsthm
4, 1x1 + 2, 8x2 = 4, 1

9, 7x1 + 6, 6x2 = 9, 7
me akrib  lÔsh x1 = 1 kai

x2 = 0. All�zoume lÐgo to deÔtero mèloc se

(
4, 11

9, 7

)
kai h akrib c lÔsh gÐnetai x1 = 0, 34

kai x2 = 0, 97. DeÐxte ìti isqÔei to i tou Jewr matoc wc isìthta wc proc thn ∥ · ∥1

∥δx∥1
∥x∥1

≤ k1(A)
∥δb∥1
∥b∥1

.

Parembol 

Prìblhma: H prosèggish sunart sewn f(x) (me gnwstèc idiìthtec, gnwstèc timèc, klp)   h

“anasugkrìthsh sunart sewn” apì pÐnakec tim¸n
xi · · ·
ψi · · ·

mèsw apl¸n sunart sewn. p(x)

polu¸numo, kat� tm mata polu¸numo, rht  sun�rthsh klp (pou na upologÐzetai eÔkola) ètsi

¸ste p(xi) = f(xi) ;h p(xi) = ψi ∀i .
Polu¸numo Parembol c Lagrange.

'Estw x0, x1, · · · , xn ∈ R an� dÔo di�fora metaxÔ touc shmeÐa (diakrit�). MporoÔme na broÔme

akrib¸c èna polu¸numo L− i ∈ Pn, i = 0, 1, · · · , n ètsi ¸ste

Li(xj) = δij =

{
1, i = j

0, i ̸= j, j = 0, 1, · · · , n.

To Li mhdenÐzetai sta x0, x1, · · · , xi−1, xi+1, · · · , xn, epomènwc

Li(x) = ai

n∏
j=0
j ̸=i

(x− xj)

ìpou ai ∈ R. 'Eqoume

1 = Li(xi) = ai ·
∏
j ̸=i

(xi − xj)⇒ ai =
1∏

j ̸=i(xi − xj)
.

Sunep¸c,

Li(x) =
n∏
j=0
j ̸=i

(x− xj)
(xi − xj)

, i = 0, 1, · · · , n,
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ta opoÐa kaloÔme (Stoiqei¸dh) polu¸numa tou Lagrange.

(Ôparxh) • T¸ra, to polu¸numo parembol c p ∈ Pn thc f sta shmeÐa x0, x1, · · · , xn gr�fetai

p(x) =
n∑
i=0

f(xi)Li(x).

Pr�gmati,

p(xk) =
n∑
i=0

f(xi)Li(xk) =
n∑
i=0

f(xi)δik = f(xk), k = 0, 1, · · · , n.

(monadikìthta) • 'Estw ìti up�rqei kai èna �llo polu¸numo p⋆n ∈ Pn gia to opoÐo isqÔei p⋆n(xi) =

f(xi), i = 0, 1, · · · , n. OrÐzoume to dn(x) = pn(x) − p⋆n(x). Katarq n dn ∈ Pn kai ikanopoieÐ

dn(xi) = pn(xi)− p⋆n(xi) = f(xi)− f(xi) = 0, i = 0, 1, · · · , n. To dn èqei (toul�qiston) n+ 1

diakritèc rÐzec. 'Ara

dn ≡ 0⇔ pn ≡ p⋆n.

Je¸rhma. (Sf�lma thc Parembol c)

'Estw n ∈ N0, f ∈ Cn+1[a, b], x0, x1, · · · , xn ∈ [a, b] an� dÔo diaforetik� metaxÔ touc shmeÐa

kai p ∈ Pn to polu¸numo to opoÐo paremb�lletai sthn f sta shmeÐa x0, x1, · · · , xn. Tìte

isqÔoun

∀x ∈ [a, b], ∃f = f(x) ∈ (a, b)

ètsi ¸ste

(1)• f(x)− p(x) = fn+1(ξ)

(n+ 1)!
·
∏n

i=0(x− xi) kai

(2)• ∥f − p∥∞ ≤ maxa≤x≤b |
∏n

i=0(x − xi)|
∥fn+1∥∞
(n+ 1)!

, ìpou ∥g∥∞ = maxa≤x≤b |g(x)| me ξ ∈

supp(x0, x1, · · · , xn, x).

Apìdeixh.

(1) An x ∈ {x0, x1, · · · , xn} tìte profan¸c isqÔei. 'Estw x ∈ [a, b], x /∈ {x0, x1, · · · , xn}.
OrÐzoume thn

φ(t) = f(t)− p(t)− f(x)− p(x)∏n
i=0(x− xi)

·
n∏
i=0

(t− xi) t ∈ [a, b].

Profan¸c, φ ∈ Cn+1[a, b]. Epiplèon,

φ(xi) = f(xi)− p(xi) = 0, i = 0, 1, · · · , n

φ(x) = f(x)− p(x)− f(x)− p(x)∏
(x− xi)

∏
(x− xi) = 0.
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Epomènwc, h φ èqei (toul�qiston) n+2 diakritèc rÐzec. Efarmìzontac epaneilhmmènwc to

je¸rhma tou Rolle èqoume

H φ′ èqei toul�qiston n+ 1 diakritèc rÐzec sto (a, b).

H φ′′ èqei toul�qiston n diakritèc rÐzec sto (a, b).

· · · · · · · · · · · ·
H φ(n+1) èqei toul�qiston 1 rÐza sto (a, b), èstw thn ξ = ξ(x).

T¸ra,

φ(n+1)(t) = f (n+1)(t)− f(x)− p(x)∏n
i=0(x− xi)

· (n+ 1)!

opìte

0 = φ(n+1)(ξ) = f (n+1)(ξ)− f(x)− p(x)∏n
i=0(x− xi)

· (n+1)!⇒ f(x)− p(x) = f (n+1)(ξ)

(n+ 1)!

n∏
i=0

(x−xi).

(2) H apìdeixh af netai wc �skhsh.

ParadeÐgmata.

(a) Grammik  Parembol  (n = 1). 'Estw x0 ≤ x ≤ x1, dhlad  [a, b] = [x0, x1] kai b = x1 − x0.
Tìte,

f(x)− p(x) = (x− x− 0)(x− x1)
f ′′(ξ)

2
, x0 < ξ < x1

kai

∥f − p∥∞ ≤ max
x0≤x≤x1

|(x− x− 0)(x− x1)|
∥f ′′∥∞

2
.

Af netai wc �skhsh maxx0≤x≤x1 |(x− x− 0)(x− x1)| =
h2

4
. 'Ara,

∥f − p∥ ≤ h2

8
∥f ′′∥∞.

(b) Tetragwnik  Parembol  (n = 2) me isapèqonta shmeÐa (omoiìmorfoc diamerismìc) x0,

x1 = x0 + h, x2 = x1 + h = x0 + 2h. Gia x0 ≤ x ≤ x2,

f(x)− p(x) = (x− x− 0)(x− x1)(x− x2)
f ′′′(ξ)

6

kai

∥f − p∥∞ ≤
h3

9
√
3
∥f ′′′∥∞.
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(c) Parembol  me n+ 1 isapèqonta shmeÐa xi = x0 + ih, i = 0, 1, · · · , n. 'Otan to h eÐnai mikrì

kai x0 ≤ x ≤ xn to ξ = ξ(x) eÐnai periorismèno se èna mikrì di�sthma kai to f (n+1)(ξ) den

metab�lletai polÔ. 'Etsi, h sumperifor� tou sf�lmatoc exart�tai kurÐwc apì to ginìmeno∏n
i=0(x− xi).

H grafik  par�stash gia èqei wc ex c

sq ma

Sta �kra mporeÐ to krit rio parembol c na èqei meg�lo sf�lma.

(UpernjÔmish)→ xi i = 0, 1, · · · , n diakrit� shmeÐa.

p(xi) = f(xi), i = 0, 1, · · · , n
p ∈ Pn

p(x) =
n∑
i=0

f(xi)Li(x),

ìpou

Li(x) =
n∏
j=0
j ̸=i

x− xj
xi − xj

, i = 0, 1, · · · , n

kai

Li(xj) = δij, i, j = 0, 1, · · · , n.

Meionèkthma aut c thc morf c eÐnai ìti an prosjèsw akìmh èna shmeÐo xn+1 prèpei na k�nw

ìlouc touc upologismoÔc xan�.

Par�stash PoluwnÔmwn Parembol c se morf  NeÔtwna.

'Estw x0, x1, · · · , xn ∈ R an� dÔo diaforetik� metaxÔ touc shmeÐa kai f(x0), f(x1), · · · , f(xn) ∈
R. An gr�youme to polu¸numo parembol c p ∈ Pn gia to opoÐo isqÔei p(xi) = f(xi), i =

0, 1, · · · , n sth morf 

p(x) = a0 + a1(x− x0) + a2(x− x0)(x− x1) + · · ·+ an(x− x0) · · · (x− xn − 1)

tìte mporoÔme na upologÐsoume touc suntelestèc anadromik�.

p(x0) = f(x0)⇒ a0 = f(x0)

p(x1) = f(x1)⇒ a0 + a1(x− x0) = f(x1)

· · · · · · ⇒ a1 =
f(x1)− a0
x1 − x0

=
f(x1)− f(x0)

x1 − x0
.

SÔgklish tou PoluwnÔmou Parembol c.

59



'Estw o trigwnikìc pÐnakac shmeÐwn parembol c

x
(0)
0 p0

x
(1)
0 x

(
11) p1

x
(2)
0 x

(2)
1 x

(2)
2 p2

· · · · · · · · · · · · · · ·
x
(n)
0 x

(n)
1 x

(n)
2 · · · pn

kai pn(x) = pn(f, x
(n)
0 , x

(n)
1 , · · · , x(n)2 , x) to polu¸numo parembol c gia th sun�rthsh f sta

shmeÐa x(n)0 , x
(n)
1 , · · · , x(n)2 . Lème ìti èqoume sÔgklish thc parembol c kat� Lagrange an pn(x)→

f(x) kaj¸c to n→∞.

Apì thn ektÐmhsh tou sf�lmatoc (2) èqoume

∥f − pn∥∞ ≤
1

(n+ 1)!
max
a≤x≤b

|
n∏
i=0

(x− xi)| · ∥fn+1∥∞.

An ta shmeÐa x0, x1, · · · , xn eÐnai isapèqonta (omoiìmorfoc diamerismìc), dhlad  me h =
b− a
n

èqoume xi = a+ ih, i = 0, 1, · · · , n tìte mporeÐ na apodeiqjeÐ ìti

max
a≤x≤b

|
n∏
i=0

(x− xi)| ≤
n!

4
hn+1.

Epomènwc,

∥f − pn∥∞ ≤
hn+1

4(n+ 1)
∥f (n+1)∥∞.

'Omwc isqÔei:

[∀f ∈ C[a, b] lim
n→∞

∥f − pn∥ = 0]; OQI

Par�deigma tou Runge:

f(x) =
1

1 + x2
, −5 ≤ x ≤ 5 sq ma

x
(n)
i = −5 + i

10

h
, i = 0, 1, · · · , n

lim
n→∞

|f(x)− pn(x)| =

{
0, an |x| < 3, 633...

∞, an |x| > 3, 633...

limn→∞ ∥f − pn∥ =∞.
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Par�deigma tou Bernstein:

f(x) = |x|, −1 ≤ x ≤ 1 sq ma

x
(n)
i = −1 + i

2

n
, i = 0, 1, · · · , n

limn→∞ ∥f − pn∥ =∞ ∀x ∈ [−1, 1] ektìc twn −1, 0, 1 shmeÐwn.

Je¸rhma.(Faber 1914)

Gia k�je pÐnaka shmeÐwn parembol c xni ∈ [−1, 1], i = 0, 1, · · · , n up�rqei sun�rthsh f ∈
C[−1, 1] tètoia ¸ste an pn ∈ Pn eÐnai to polu¸numo to opoÐo paremb�lletai sthn f sta shmeÐa

xn0, xn1, · · · , xnn tìte isqÔei

lim
n→∞

sup ∥f − pn∥∞ =∞.

Polu¸numa tou Chebyshev pr¸tou eÐdouc.

Tn(x) = cos(n · arccosx)), x ∈ [−1, 1]

dhlad ,

Tn(cos θ) = cosnθ, 0 ≤ θ ≤ π.

Epomènwc,

T0(x) = 1, T1(x) = x,

Tn+1(x) = 2xTn(x)− Tn−1(x), n = 1, 2, · · ·

p.q. T2(x) = 2x2 − 1, T3(x) = 4x3 − 3x.

RÐzec tou Tn(x)

xi = 8
2i− 1

2n
· π, i = 1, 2, · · · , n.

'Eqoume Tn(x) = 2n−1 · xn + · · · · · · , opìte orÐzoume

T̂n(x) =
1

2n−1
Tn(x)

to polu¸numo Chebyshev pr¸tou eÐdouc me suntelest  megistob�jmiou ìrou th mon�da.

Je¸rhma.

Gia èna opoiod pote polu¸numo p̂n, bajmoÔ n, me suntelest  megistob�jmiou ìrou th mon�da,

isqÔei

∥pn∥∞ = max
−1≤x≤1

|p̂n(x)| ≥ max
−1≤x≤1

|T̂n(x)| =
1

2n−1︸ ︷︷ ︸
wc �skhsh

.
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· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

∥f − pn∥∞ ≤ max
−1≤x≤1

|
n∏
i=0

(x− xi)|
∥f (n+1)∥∞
(n+ 1)!

max
−1≤x≤1

|p̂n+1(x)| ≥ max
−1≤x≤1

|T̂n+1(x)| =
1

2n
.

'Etsi an ta xi = cos
(2i+ 1)

2(n+ 1)
· π, i = 0, 1, · · · , n oi rÐzec tou T̂n+1, tìte

max
−1≤x≤1

|
n∏
i=0

(x− xi)| =
1

2n

opìte

∀f ∈ Cn+1[−1, 1] ∥f − pn∥∞ ≤
1

(n+ 1)!
2n · ∥f (n+1)∥∞.

Epiplèon, gia aut� ta shmeÐa parembol c isqÔei

∀f ∈ C1[−1, 1] lim
n→∞

∥f − pn∥∞ = 0.

upenjÔmish:

∥f − pn∥∞ ≤
hn+1

4(n+ 1)
∥f (n+1)∥∞

Gia n = 1 : h = b− a, ∥f − p1∥∞ ≤
h2

8
∥f ′′∥∞ (1) sq ma

Gia n = 2 : h =
b− a
2

, ∥f − p2∥∞ ≤
h3

12
∥f ′′′∥∞ (2) sq ma

Gia n = 3 : h =
b− a
3

, ∥f − p3∥∞ ≤
h4

16
∥f (4)∥∞ (3) sq ma

(1), ⇒ ∥f − p1∥∞ ≤
(b− a)2

8
∥f ′′∥∞

(2), ⇒ ∥f − p2∥∞ ≤
(b− a)3

96
∥f ′′′∥∞

(3), ⇒ ∥f − p3∥∞ ≤
(b− a)4

1296
∥f (4)∥∞

Gia mikrì di�sthma [a, b] kai lÐga shmeÐa (p.q. n = 3) to sf�lma prosèggishc thc f den eÐ-

nai idiaÐtera meg�lo.
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Parembol  me Splines.

Parembol  me tmhmatik� grammikèc sunart seic.

'Estw ∆ : a = x0 < x1 < · · · < xn = b mÐa diamèrish tou diast matoc [a, b] jèloume na kata-

skeu�soume èna tmhmatik� grammik� polu¸numo s(x).

sq ma

s(xi) = f(xi), i = 0, 1, · · · , n.
'Eqoume,

s(x) = f(xi) +
f(xi+1)− f(xi)

xi+1 − xi
(x− xi), x ∈ [xi, xi+1]

Je¸rhma.

'Estw f ∈ C2[a, b] , ∆ : a = x0 < x1 < · · · < xn = b mÐa diamèrish tou [a, b] kai s èna

tmhmatik� grammikì polu¸numo pou paremb�lletai sthn f sta shmeÐa x0, x1, · · · , xn. An h =

max0≤i≤n−1(xi+1 − xi) ìpou h leptìthta diamèrishc   pl�toc, tìte

∥f − s∥∞ ≤
h2

8
∥f ′′∥∞.

Apìdeixh.

'Eqoume,

∥f − s∥∞ = max
a≤x≤b

|f(x)− s(x)| = |f(x̄)− s(x̄)| =
x̄∈[xk, xk+1]

max
xk≤x≤xk+1

|f(x)− s(x)|

≤ (xk+1 − xk)2

8
max

xk≤x≤xk+1

∥f ′′(x)∥ ≤ h2

8
max
a≤x≤b

|f ′′(x)| = h2

8
∥f ′′∥∞

Par�deigma

Na brejeÐ o arijmìc twn shmeÐwn omoiìmorfhc diamèrishc ¸ste to sf�lma sthn parembol  thc

sun�rthshc f(x) = ex, x ∈ [0, 1] me mÐa grammik  spline, na eÐnai ≤ 10−6.

LÔsh.

'Eqoume,

|ex − s(x)| ≤ max
0≤x≤1

|ex − s(x)| ≤ h2

8
max
0≤x≤1

|ex| = h2

8
e

ìpou h =
b− a
n

=
1

n
.

Prèpei

h2

8
e ≤ 10−6 ⇒ e

8n2
≤ 10−6 ⇒ · · · ⇒ n ≥ 1000

√
e

8
⇒ n = 583 upodiast mata, (dhlad  584 shmeÐa).

63



Meionekt mata grammik c splines.

• qrei�zontai poll� shmeÐa gia apl  akrÐbeia (10−6)

• qamhl  t�xh sf�lmatoc (h2)

• h pr¸th par�gwgoc den proseggÐzetai suneq¸c

Parembol  me tmhmatik� kubikèc sunart seic.

'Estw ∆ : a = x0 < x1 < · · · < xn = b mÐa diamèrish tou diast matoc [a, b] jèloume na

kataskeu�soume èna tmhmatik� kubikì polu¸numo s(x) ètsi ¸ste

1. To s(x) na eÐnai (genik�) kubikì polu¸numo se k�je upodi�sthma [xi, xi+1], i = 0, 1, · · · , n,

2. s(x) ∈ C2[a, b]

3. s(xi) = f(xi), i = 0, 1, · · · , n

sq ma

An s(x)|x∈[xi, xi+1] = si(x), i = 0, 1, · · · , n tìte

si(x) = ai + bix+ cix
2 + dix

3.

Epomènwc, up�rqoun 4n stajerèc (par�metroi) pou prèpei na prosdioristoÔn.

T¸ra
si(xi) = f(xi), i = 0, 1, · · · , n− 1

si(xi+1) = f(xi+1)

}
2nsunj kec.

(me tic parap�nw sunj kec èqw kalÔyei th sunèqeia thc s).

s′i(xi+1) = s′i+1(xi+1) i = 0, 1, · · · , n− 2→ n− 1sunj kec

s′′i (xi+1) = s′′i+1(xi+1) i = 0, 1, · · · , n− 2→ n− 1sunj kec

SÔnolo 4n− 2 sunj kec.

'Ara qreiazìmaste dÔo epiplèon sunj kec pou mporeÐ na eÐnai

s′(a) = f ′(a), s′(b) = f ′(b)

 

s′′(a) = f ′′(a), s′′(b) = f ′′(b)

 

s′′(a) = 0, s′′(b) = 0.
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Basik� b mata thc kataskeu c.

An gnwrÐzoume ta s′′i (xi) = zi, x ∈ [xi, xi+1], i = 0, 1, · · · , n−1 tìte mporoÔme na upologÐsoume
thn s.

sq ma
hi = xi+1 − xi
2i, i = 0, 1, · · · , n

Pr�gmati,

si(x) =
zi+1

6hi
(x− xi)3 +

zi
6hi

(xi+1 − x)3 + (
f(xi+1)

hi
− zi+1hi

6
)(x− xi) + (

f(xi)

hi
− zihi

6
)(xi+1 − x)

me xi ≤ x ≤ xi+1, i = 0, 1, · · · , n− 1.

Qrhsimopoi¸ntac th sunèqeia thc s′, dhlad ,

s′i−1(xi) = s′i(xi), i = 0, 1, · · · , n− 1

paÐrnoume èna tridiag¸nio grammikì sÔsthma sto opoÐo èqoume n agn¸stouc zi kai n−1 exis¸seic.

hi−1zi−1 + 2(hi−1 + hi)zi + hizi+1 =
6[f(xi+1)− f(xi)]

hi
− 6[f(xi)− f(xi−1)]

hi−1

, 1 ≤ i ≤ n− 1.

Me tic dÔo epiplèon sunj kec pou p rame sthn arq  to sÔsthma èqei akrib¸c mÐa lÔsh.

Je¸rhma.

'Estw ∆ : a = x0 < x1 < · · · < xn = b mÐa diamèrish tou diast matoc

[a, b], b = maxx0≤i≤xn−1(xi+1 − xi),

M =
h

min(xi+1 − xi)
, f ∈ C4[a, b]

kai s h kubik  spline gia thn opoÐa isqÔei

s(xi) = f(xi), i = 0, 1, · · · , n, f ′(x0) = s′(x0), f
′(xn) = s′(xn)

tìte up�rqoun stajerèc Cm, m = 0, 1, 2, 3 anex�rthtec twn f kai h, tètoiec ¸ste

∥f (m) − s(m)∥∞ ≤ Cmh
4−m∥f (4)∥∞, m = 0, 1, 2, 3.

Parat rhsh: H prohgoÔmenh ektÐmhsh isqÔei me tic akìloujec timèc stajer¸n,

c0 =
5

384
, c1 =

1

24
, c2 =

3

8
, c3 = max{2, 1

2
(M +

1

M
)},

apì tic opoÐec bèltistec eÐnai oi dÔo pr¸tec.
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Ask seic sthn Parembol  (bÐblio AkrÐbh-Dougal ).

4.4 'Estw p ∈ P3 me p(xi) = log xi, xi = i + 1, i = 0, 1, 2, 3. ApodeÐxte ìti h sun�rthsh

ε, ε(x) = ln(x)− p(x) (sun�rthsh sf�lmatoc) èqei sto di�sthma [1, 4] akrib¸c tèsseric rÐzec.

LÔsh.

'Estw f(x) = ln(x), x ∈ [1, 4], to p eÐnai to polu¸numo parembol c thc f sta shmeÐa xi, i =

0, 1, 2, 3 to opoÐo up�rqei kai eÐnai monadikì.

'Eqoume,

ε(x) = ln(x)− p(x) = f(x)− p(x) = (x− x0)(x− x1)(x− x2)(x− x3)
f (4)(ξ)

4!
,

f ′(x) =
1

x
, f ′′(x) = − 2

x2
, f ′′′(x) =

2

x3
, f (4)(x) = − 6

x4
.

Sunep¸c,

ε(x) = (x− x0)(x− x1)(x− x2)(x− x3)
(
− 6

ξ4 · 4!
)
, 1 < ξ < 4, x ∈ [1, 4].

'Ara èqei 4 rÐzec x0, x1, x2, x3 ∈ [1, 4].

4.5 'Estw p ∈ P3 tètoio ¸ste p(i) = ei, i = 1, 2, 3, 4. ApodeÐxte ìti ∀x ∈ (2, 3) ex > p(x).

LÔsh.

To p eÐnai to polu¸numo parembol c thc sun�rthshc f(x) = ex sta shmeÐa 1, 2, 3, 4 to opoÐo

up�rqei kai eÐnai monadikì. EpÐshc f ∈ C4[1, 4]. Opìte

ex − p(x) = (x− 1)(x− 2)(x− 3)(x− 4)f (4)(ξ) · 1
4!

= (x− 1)(x− 2)(x− 3)(x− 4)
eξ

24
.

Gia

x ∈ (2, 3) : x− 1 > 0, x− 2 > 0, x− 3 < 0, x− 4 < 0, eξ > 0.

'Ara

ex − p(x) > 0⇔ ex > p(x)∀x ∈ (2, 3).

Jèma 40 (IoÔnioc 1997).

(a) UpologÐste to polu¸numo parembol c p ∈ P2 pou paremb�lletai stic timèc thc f(x) = lnx

sta shmeÐa 2, 3 kai 4 kai deÐxte ìti an ε(x) = f(x) − p(x), tìte − 1

64
≤ ε(3, 5) ≤ − 1

512
(qwrÐc

akrib  upologismì tou sf�lmatoc).

LÔsh.

Polu¸numo parembol c se morf  NeÔtwna

p(x) = a0 + a1(x− 2) + a2(x− 2)(x− 3)
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p(2) = ln 2⇔ a0 = ln 2

p(3) = ln 3⇔ a0 + a1 = ln 3⇒ a1 = ln 3− ln 2

p(4) = ln 4⇔ a0 + 2a1 + 2a2 = ln 4⇒ a2 =
ln 4− 2 ln 3 + ln 2

2
.

Sunep¸c,

p(x) = ln 2 + (ln 3− ln 2)(x− 2) +
ln 4− 2 ln 3 + ln 2

2
(x− 2)(x− 3)⇒

p(x) =
ln 4− 2 ln 3 + ln 2

2
x2 − 5 ln 4− 12 ln 3 + 7 ln 2

2
x+ 3ln4− 8 ln 3 + 6 ln 2.

'Eqoume, f ∈ C3[2, 4]

ε(x) = f(x)− p(x) = (x− 2)(x− 3)(x− 4) · f
′′′(ξ)

3!
, 2 < ξ < 4

⇒ ε(x) = (x− 2)(x− 3)(x− 4) · 2
ξ3

1

3!
.

'Ara

ε(3, 5) = (3, 5− 2)(3, 5− 3)(3, 5− 4) · 2
ξ3

1

3!
= −3

2

1

2
· 1
2

2

ξ3
1

3!
= −1

8
· 2
ξ3
.

H
2

ξ3
eÐnai fjÐnousa. 'Ara,

1

23
≥ 2

ξ3
≥ 1

43
⇒

⇒ −1

8

1

23
≤ −1

8

2

ξ3
≤ −1

8

1

43

⇒ − 1

64
≤ ε(3, 5) ≤ − 1

512
.

(b) Jewr ste thn f : [0, 4]→ R : f(x) =


x− 1, 1 ≤ x

3− x, 2 ≤ x ≤ 3

0, diaforetik�

.

'Estw s h kubik  spline parembol c thc f sta shmeÐa xi = i, 0 ≤ i ≤ 4, me sunoriakèc sunj kec

deutèrwn parag¸gwn sta �kra 0 kai 4. MÐa apì tic parak�tw eÐnai h swst  grafik  par�stash

thc s(x). ProsdiorÐste thn dikaiolog¸ntac pl rwc thc apìrriyh twn upoloÐpwn.

(i) s(x) = f(x)

sq ma

(ii) s ∈ C2[0, 4]

sq ma
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(iii) s ∈ C2[0, 4]

sq ma

(iv) s(x) = (x− 1)(3− x)
sq ma

LÔsh.

H (i) aporrÐptetai diìti den eÐnai C2[0, 4].

H (ii) aporrÐptetai gia ton Ðdio lìgo.

Gia thn (iii):

Sto di�sthma [1, 2] : s(x) = ax3 + bx2 + cx+ d.

'Eqoume

limx→1− s(x) = limx→1+ s(x)⇒ 0 = a+ b+ c+ d

limx→1− s
′(x) = limx→1+ s

′(x)⇒ 0 = 3a+ 2b+ c

limx→1− s
′′(x) = limx→1+ s

′′(x)⇒ 0 = 6a+ 2b

⇒
a = a

b = −3a
c = 3a

d = −a
Sunep¸c, s(x) = a(x− 1)3. 'Ara, s(x) = a(x− 1)3, x ∈ [1, 2]. AntÐstoiqa,

s(x) = b(x− 3)3, x ∈ [2, 3].

'Omwc prèpei

limx→2− s(x) = limx→2+ s(x) = 1⇒ a = −b = 1

limx→2− s
′(x) = limx→2+ s

′(x)⇒ 3a = 3b⇒ a = b

}
'Atopo.

'Ara h (iii) aporrÐptetai.

4.21

f(x) =

{
0, 0 ≤ x ≤ 1

(x− 1)4, 1 < x ≤ 2

(a) proseggÐste me kat� tm mata polu¸numo

p(x) =

{
0, 0 ≤ x ≤ 1

a+ b(x− 1) + c(x− 1)2 + d(x− 1)3, 1 < x ≤ 2

ètsi ¸ste

p ∈ C1[0, 2], p(0) = f(0), p′(0) = f ′(0), p(1) = f(1), p(2) = f(2), p′(2) = f ′(2).

(b) SumpÐptei h p me thn kubik  spline;

Proteinìmenec ask seic:

4.3− 4.6, 4.15, 4.18, 4.21, 4.25.
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Arijmhtik  Olokl rwsh

'Estw [a, b] ⊂ R kai f : [a, b] → R fragmènh kai (kat�rq n) oloklhr¸simh. Jèloume na

proseggÐsoume to
∫ b
a
f(x)dx.

An F eÐnai mia par�gousa thc f , tìte∫ b

a

f(x)dx = F (b)− F (a).

'Omwc:

- MÐa par�gousa F sp�nia mporeÐ na upologisteÐ analutik�.

- Pollèc forèc h par�gousa F mporeÐ na eÐnai idiaÐtera perÐplokh.

Par�deigma, mÐa par�gousa F thc f(x) =
1

1 + x4
eÐnai h

F (x) =
1

4
√
2
ln
x2 + x

√
2 + 1

x2 − x
√
2 + 1

− 1

2
√
2
·
(
arctan

x√
2− x

+ arctan
x√
2 + x

)
.

H prosèggish tou oloklhr¸matoc gÐnetai me èna �jroisma thc morf c

Qn+1(f) =
n∑
i=0

wif(xi)

ìpou xi ∈ [a, b]→kìmboi kai wi →b�rh.

O tÔpoc tou TrapezÐou.

O tÔpoc autìc prokÔptei apì thn efarmog  grammik c parembol c thc f sta shmeÐa x0 = a, x1 =

b. 'Etsi h = b− a kai

f(x) =
x− b
a− b

f(a) +
x− a
b− a

f(b) + (x− a)(x− b)f
′′(ξx)

2

ìpou f ∈ C2[a, b] (tÔpoc tou sf�lmatoc apì to polu¸numo Lagrange kai ξ = ξ(x) ∈ (a, b).

sq ma!!!

Opìte∫ b

a

f(x)dx =
( ∫ b

a

x− b
a− b

dx
)
f(a) +

( ∫ b

a

x− a
b− a

dx
)
f(b) +

∫ b

a

(x− a)(x− b)f
′′(ξx)

2
dx
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⇒
∫ b

a

f(x)dx = −a− b
2

f(a) +
b− a
2

f(b)− 1

2

∫ b

a

(x− a)(x− b)f ′′(ξx)dx.

Dedomènou ìti (x− a)(b− x) ≥ 0, x ∈ [a, b] ti Je¸rhma Mèshc Tim c gia oloklhr¸mata3 dÐnei∫ b

a

f(x)dx =
b− a
2

[f(a)−f(b)]− f
′′(ζ)

2

∫ b

a

(x−a)(b−x)dx =
b− a
2

[f(a)−f(b)]− f
′′(ζ)

2

(b− a)3

6
.

'Ara telik� èqoume,∫ b

a

f(x)dx =
b− a
2

[f(a)− f(b)]− f ′′(ζ)
(b− a)3

12
, ζ ∈ (a, b).

O parap�nw tÔpoc eÐnai o tÔpoc tou trapezÐou,∫ b
a
f(x)dx→olokl rwma

b− a
2

[f(a)− f(b)]→prosèggish

f ′′(ζ)
(b− a)3

12
→sf�lma (mikrì gia diast mata mikroÔ m kouc).

An t¸ra jewr soume ènan omoiìmorfo diamerismì tou [a, b] me b ma h =
b− a
n

, xi = a+ ih,

i = 0, 1, · · · , n kai efarmìsoume se k�je èna apì ta diast mata [xi, xi+1] ton tÔpo tou trapezÐou,

èqoume ∫ b

a

f(x)dx =
n−1∑
i=0

∫ xi+1

xi

f(x)dx =

=
n−1∑
i=0

xi+1 − xi
2

[f(xi) + f(xi+1)]−
(xi+1 − xi)3

12
f ′′(ξi), ξi ∈ (xi, xi+1)

=
n−1∑
i=0

h

2
[f(xi) + f(xi+1)]−

h3

12
f ′′(ξi)

=
h

2

n−1∑
i=0

[f(xi) + f(xi+1)]−
h3

12

n−1∑
i=0

f ′′(ξi)

=
h

2
[f(x0) + 2f(x1) + · · ·+ 2f(xn−1) + f(xn)]−

h3

12

n−1∑
i=0

f ′′(ξi)

= h[
1

2
f(x0) + f(x1) + · · ·+ f(xn−1) +

1

2
f(xn)]−

h3

12

n−1∑
i=0

f ′′(ξi)

3ΘΜΤ για ολοκληρώματα: g(x) ≥ 0 ή g(x) ≤ 0, f ∈ C[a, b] τότε υπάρχει η τέτοιο ώστε∫ b

a

g(x)f(x)dx = f(η)

∫ b

a

g(x)dx

όπου η ∈ (a, b).
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= h[
1

2
f(x0) + f(x1) + · · ·+ f(xn−1) +

1

2
f(xn)]−

(b− a)
12

h2
1

η

n−1∑
i=0

f ′′(ξi).

T¸ra dedomènou ìti f ∈ C2[a, b]

min
a≤x≤b

f ′′(x) ≤ f ′′(ξi) ≤ max
a≤x≤b

f ′′(x)

n ·min f ′′(x) ≤
n−1∑
i=0

f ′′(ξi) ≤ n ·max f ′′(x)

min f ′′(x) ≤ 1

n

n−1∑
i=0

f ′′(ξi) ≤ max f ′′(x).

Apì Je¸rhma Endi�meshc Tim c

∃ξ ∈ (a, b) tètoio ¸ste
1

n

n−1∑
i=0

f ′′(ξi) = f ′′(ξ).

Sunep¸c∫ b

a

f(x)dx = h[
1

2
f(x0) + f(x1) + · · ·+ f(xn−1) +

1

2
f(xn)]−

(b− a)
12

h2f ′′(ξ), ξ ∈ (a, b),

o opoÐoc eÐnai o SÔnjetoc tÔpoc tou trapezÐou.

QT
n+1(f) = h[

1

2
f(x0) + f(x1) + · · ·+ f(xn−1) +

1

2
f(xn)]

RT
n+1(f) = −

b− a
12

h2f ′′(ξ),

apì ìpou èpetai amèswc

|RT
n+1(f)| ≤

b− a
12

h2f ′′(ξ)⇒ lim
n→∞

RT
n+1(f) = 0, f ∈ C2[a, b].

An h f eÐnai grammik  sun�rthsh, tìte o tÔpoc tou trapezÐou dÐnei thn akrib  tim  tou oloklh-

r¸matoc. Lème ìti o tÔpoc tou trapezÐou èqei bajmì akribeÐac 1.

Genik�, o mègistoc bajmìc twn poluwnÔmwn pou ènac tÔpoc arijmhtik c olokl rwshc oloklh-

r¸nei akrib¸c (me sf�lma 0) onom�zetai bajmìc akribeÐac tou tÔpou autoÔ.
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