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DECOMPOSITIONS OF FINITE HIGH-DIMENSIONAL RANDOM
ARRAYS

PANDELIS DODOS, KONSTANTINOS TYROS AND PETROS VALETTAS

ABSTRACT. A d-dimensional random array on a nonempty set [ is a stochastic process
X =(Xs:s€ (2)) indexed by the set (é) of all d-element subsets of I. We obtain
structural decompositions of finite, high-dimensional random arrays whose distribu-
tion is invariant under certain symmetries.

Our first main result is a distributional decomposition of finite, (approximately)
spreadable, high-dimensional random arrays whose entries take values in a finite set;
the two-dimensional case of this result is the finite version of an infinitary decompo-
sition due to Fremlin and Talagrand. Our second main result is a physical decom-
position of finite, spreadable, high-dimensional random arrays with square-integrable
entries which is the analogue of the Hoeffding/Efron—Stein decomposition. All proofs
are effective.

We also present applications of these decompositions in the study of concentration

of functions of finite, high-dimensional random arrays.
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1. INTRODUCTION

1.1. Overview. Our topic is probability with symmetries, a classical theme in probability
theory which originates in the work of de Finetti and whose basic objects of study are
the following classes of stochastic processes.

Definition 1.1 (Random arrays, and their subarrays). Let d be a positive integer, and
let T be a (possibly infinite) set with |I| > d. A d-dimensional random array on I is a
stochastic process X = (X, : s € (é)) indexed by the set ({i) of all d-element subsets of I.
If J is a subset of I with |J| > d, then the subarray of X determined by J is the
d-dimensional random array Xy = (X :s € (‘;)}

The infinitary branch of the theory was developed in a series of foundational papers
by Aldous [Ald81], Hoover [Hoo79] and Kallenberg [Kal92], with important earlier con-
tributions by Fremlin and Talagrand [F'T85]. The subject is presented in the monographs
of Aldous [Ald85] and Kallenberg [Kal05]; more recent expositions, which also discuss
several applications, are given in [Ald10, Au08, Aul3, DJO0§].

However, the focus of this paper is on the finitary case which is significantly less
developed (see, e.g., [Aul3, page 16] for a discussion on this issue). Our motivation stems
from certain applications, in particular, from the concentration results obtained in the
companion paper [DTV20] which are inherently finitary; we shall comment further on
these connections in Section 8.

1.2. Notions of symmetry. Arguably, the most well-known notion of symmetry of ran-
dom arrays is exchangeability. Let d be a positive integer, and recall that a d-dimensional
random array X = (X, : s € (2)) on a (possibly infinite) set I is called exchangeable® if
for every (finite) permutation 7 of I, the random arrays X and X, = (X (5 : s € (£)>
have the same distribution. Another well-known notion of symmetry, which is weaker?
than exchangeability, is spreadability: a d-dimensional random array X on [ is called
spreadable® if for every pair J, K of finite subsets of I with |J| = |K| > d, the subarrays
X and X g have the same distribution.

Beyond these two notions, in this paper we will consider yet another notion of symmetry
which is a natural weakening of spreadability (see also [DTV20, Definition 1.3]).

Definition 1.2 (Approximate spreadability). Let X be a d-dimensional random array on
a (possibly infinite) set I, and letn > 0. We say that X is n-spreadable (or approximately
spreadable if n is understood), provided that for every pair J, K of finite subsets of I with

ISome authors refer to this notion as joint exchangeability.

2Actually7 the relation between these two notions is more subtle. For infinite sequences of random
variables, spreadability coincides with exchangeability (see [Kal05]), but it is a weaker notion for higher-
dimensional random arrays.

3We note that this is not standard terminology. In particular, in [FT85] spreadable random arrays

are referred to as deletion invariant, while in [Kal05] they are called contractable.
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|J| = |K| > d we have

(1.1) prv(Pr, Px) <1

where Py and Py denote the laws of the random subarrays X j and X respectively, and
prv stands for the total variation distance.

The following proposition—whose proof is a fairly straightforward application of Ram-
sey’s theorem [Ra30]—justifies Definition 1.2 and shows that approximately spreadable
random arrays are ubiquitous.

Proposition 1.3. For every triple m, n, d of positive integers with n > d, and everyn > 0,
there exists an integer N > n with the following property. If X is a set with |X| = m
and X is an X-valued, d-dimensional random array on a set I with |I| > N, then there

exists a subset J of I with |J| = n such that the random array Xy is n-spreadable.

1.3. Random arrays with finite-valued entries. Our first main result is a distribu-
tional decomposition of finite, approximately spreadable, high-dimensional random arrays
whose entries take values in a finite set. In order to state this decomposition we need
to recall a canonical way for defining finite-valued spreadable random arrays. In what
follows, by N = {1,2,...} we denote the set of positive integers, and for every positive
integer n we set [n] == {1,...,n}.

1.3.1. Let X be a finite set; to avoid degenerate cases, we will assume that |X'| > 2. Also
let d be a positive integer, let (€2, %, 1) be a probability space, and let Q¢ be equipped
with the product measure. We say that a collection H = (h® : a € X)) of [0, 1]-valued
random variables on Q% is an X -partition of unity if 1ga = > qcx P almost surely. With
every X-partition of unity H we associate an X'-valued, spreadable, d-dimensional random
array Xy = (X* : s € (§)> on N whose distribution® satisfies the following: for every
nonempty finite subset F of (S) and every collection (as)sex of elements of X', we have

(1.2) IP’( ﬂ (X7 = as]) = / H h (ws) dp(w)

SEF SEF
where p stands for the product measure on QY and, for every s = {i; < --- < iy} € @I)
and every w = (w;) € OV, by wy = (Wi, ..,ws,) € 2 we denote the restriction of w on
the coordinates determined by s.

These distributions were considered by Fremlin and Talagrand who showed that if
“d=2" and “X = {0,1}”, then they are precisely the extreme points of the compact con-
vex set of all distributions of boolean, spreadable, two-dimensional random arrays on N;
see [FT85, Theorem 5H]. This striking probabilistic/geometric fact together with Cho-
quet’s representation theorem yield that the distribution of an arbitrary boolean, spread-
able, two-dimensional random array on N is a mixture of distributions of the form (1.2).

43ee [FT85, Section 1G] for a justification of the existence of this random array.
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1.3.2. The decomposition alluded to earlier—which applies to any dimension d and any
finite set X—is the finite analogue of the Fremlin—Talagrand decomposition. Of course,
instead of mixtures, we will consider finite convex combinations. Specifically, let J be a
nonempty finite index set, let A = (\; : j € J) be convex coefficients (that is, positive
coefficients which sum-up to 1) and let H = (H; : j € J) be X-partitions of unity such
that each H; = <h31 :a € X) is defined on Q? where () is the sample space of a probability
space (€2;,%;, ;). Given these data, we define an X-valued, spreadable, d-dimensional
random array Xy 3 = (XM s € (§)> on N whose distribution satisfies

(13) (% =al) =3 [ 1w dus(w)

seF jed seF

for every nonempty finite subset F of (S) and every collection (as)ser of elements of X.
1.3.3. We are now in a position to state the first main result of this paper.

Theorem 1.4 (Distributional decomposition). Let d,m,k be positive integers with m > 2
and k> d, let 0 <e <1, and set

98y Th?
(1.4) C =C(d,m,k,e) = exp®? (?72)
where for every positive integer ¢ by exp®(-) we denote the (-th iterated exponential’.
Also let n = C be an integer, let X be a set with |[X| =m, and let X = (X5 :s € ([Z})>
be an X-valued, (1/C)-spreadable, d-dimensional random array on [n]. Then there exist

e two nonempty finite sets J and Q with |J|,|Q| < C,
o convex coefficients A= (\; : j € J), and
o for every j € J a probability measure 11; on the set Q and an X -partition of unity
Hj = (h}:a € X) defined on 0d
such that, setting H = (H; : j € J) and letting Xx 3 be as in (1.3), the following holds.
If L is a subset of [n] with |L| =k, and Py, and Qr, denote the laws of the subarrays of
X and X 34 determined by L respectively, then we have

(1.5) prv(PL,Qr) <e.

An immediate consequence® of Theorem 1.4 is that every, not too large, subarray of
a finite, finite-valued, approximately spreadable random array is “almost extendable” to
an infinite spreadable random array.

Closely related to Theorem 1.4 is the following theorem.

Theorem 1.5. Let the parameters d, m,k,e be as in Theorem 1.4, and let the constant
C=C(d,m,k,e) be asin (1.4). Also let n > C be an integer, let X be a set with |X| = m,

5Thus, we have expM) (z) = exp(z), exp@ (z) = exp (exp(z)), exp®) (z) = exp (exp(exp(x))), etc.
6This fact can also be proved using an ultraproduct argument but, of course, this sort of reasoning is

not effective.
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and let X = (X5 : s € ([Z])> be an X-valued, (1/C)-spreadable, d-dimensional random
array on [n]. Then there exists a Borel measurable function f:[0,1]%t! — X with the
following property. Let Xy = (Xf:se (S)) be the X -valued, spreadable, d-dimensional
random array on N defined by setting for every s = {iy < --- <iq} € (IZI),

(1.6) X1 = (¢ &L Gi)

where (,&1,...) are i.i.d. random variables uniformly distributed in [0,1]. Then, for
every subset L of [n] with |L| = k, denoting by P, and Qy, the laws of the subarrays of
X and Xy determined by L respectively, we have prv(Pr,Qr) < €.

Theorem 1.5 is akin to the Aldous—Hoover—Kallenberg representation theorem. The
main difference is that in Theorem 1.5 the number of variables which are needed in order
to represent the random array X is d 4+ 1, while the corresponding number of variables
required by the Aldous-Hoover-Kallenberg theorem is 2¢. This particular information is a
genuinely finitary phenomenon, and it is important for the results related to concentration

which are presented in Section 8.

1.4. Random arrays with square-integrable entries. Our second main result is a
physical decomposition of finite, spreadable, high-dimensional random arrays with square
integrable entries which is in the spirit of the classical Hoeffding/Efron—Stein decompo-
sition [Hoe48, ES81]. It is less informative than Theorem 1.4, but this is offset by the
fact that it applies to a fairly large class of distributions (including bounded, gaussian,

subgaussian, etc.).

1.4.1. At this point it is appropriate to introduce some terminology and notation which
will be used throughout the paper. Given two subsets F, L of N, by PartIncr(F, L) we
denote the set of strictly increasing partial maps p whose domain, dom(p), is contained
in F and whose image, Im(p), is contained in L. (The empty partial map is included in
PartIncr(F, L), and it is denoted by 0.) For every p € PartIncr(F, L) and every subset G
of dom(p) by p [ G € PartIncr(F, L) we denote the restriction of p on G.

Next, let p1,p2 € PartIncr(F, L) be distinct partial maps. We say that the pair {p1, p2}
is aligned if there exists a (possibly empty) subset G of dom(p;) N dom(pz) such that:
(i) p1 | G =pa | G, and (ii) py (dom(pl) \ G) N po (dom(pg) \G) = (. We shall refer to
the (necessarily unique) set G as the root of {p1,p2} and we shall denote it by r(p1, p2);
moreover, we set p; A pe = p1 | r(p1,p2) € PartIncr(F, L).

1.4.2. Whenever necessary, we identify subsets of N with strictly increasing partial maps
as follows. Let L be a nonempty finite subset of N, set ¢ := |L|, and let {i1y < -+ < is}
denote the increasing enumeration of L. We define the canonical isomorphism I : [¢] — L
assoctated with L by setting 11 (j) = i; for every j € [¢]. Note that I, € PartIncr([¢], L).
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dom(py) @

pi(dom(p1) \ 7(p1,p2))

' /\
‘ p1 [ 7(pr,p2) = pa [ 7(p1,p2)

dom(ps)
pa(dom(ps) \ r(p1,p2))
F1cURE 1. Aligned pairs of partial maps.

1.4.3. After this preliminary discussion, and in order to motivate our second decomposi-
tion, let us consider the model case of a spreadable, d-dimensional random array X on
N whose entries are of the form Xy = h(§;,,...,&,) for every s = {i1 < -+ < i4q} € (§),
where h: [0,1]¢ — [0, 1] is Borel measurable and (¢;) are i.i.d. random variables uniformly
distributed in [0, 1]. For every subset F' of N let A denote the o-algebra generated by
the random variables (¢; : ¢ € F). (In particular, Ay is the trivial o-algebra.) Since the
random variables (§;) are independent, the o-algebras (Ar : F' C N) generate a lattice
of projections: for every pair F, G of subsets of N and every random variable Z we have
E[E[Z | Ar]| Ac| = E[Z | Apnc]. This lattice of projections can be used, in turn, to
decompose the random array X in a natural (and standard) way.

Specifically, for every p € PartIncr([d], N) we select” s € (I;]) such that I | dom(p) = p,
and we set Y, := E[X, | Aqom(p)]. (Notice that Y}, is independent of the choice of 5.) Via
inclusion-exclusion, the process Y = (Y, : p € PartIncr([d], N)) induces the “increments”
A = (A, : p € PartIncr([d],N)) defined by

A, = Z (=1)ldem®NGly
GCdom(p)

Then, for every s € (IE), we have
XS = Z AIS |F-
FC[d]

More importantly, the fact that the random variables (§;) are independent yields that
if p1, pa € Partner([d],N) are distinct and the pair {p1,p2} is aligned, then the random
variables A, and A, are orthogonal; in particular, we have || X1, = EFC[d] AL 7] L, -

"Note that this selection is not always possible, but it is certainly possible if Im(p) C {d,d +1,...}.

Here, we ignore this minor technical issue for the sake of exposition.
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1.4.4. The following theorem—which is our second main result—shows that an approxi-
mate version of the decomposition described above can be obtained in full generality.

Theorem 1.6 (Physical decomposition). Let d be a positive integer, let € > 0, and set
(17) c= c(d7 5) = 2716 54/(d+1)
(1.8) ng =no(d, e) = 220(d+1)? .~ (d+5)

Then for every integer n > ng there exists a subset N of [n] with |[N| > ¢ */n and
satisfying the following property. If X = (X, : s € (@)} is a real-valued, spreadable,
d-dimensional random array on [n] such that || Xs||L, = 1 for all s € ([Z]), then there
exists a real-valued stochastic process A = (A, : p € Partlncr([d], N)) such that the

following hold true.

(i) (Decomposition) For every s € (1(\1[) we have

(1.9) Xo= Y Appr.
FC[d)

(ii) (Approximate zero mean) If p € PartIncr([d], N) with p # 0, then
(1.10) IE[A]] <e.

(iii) (Approximate orthogonality) If p1,p2 € Partlner([d], N) are distinct and the pair
{p1,p2} is aligned, then

(1.11) IE[A,,AL]] <e.

(iv) (Uniqueness) The process A is unique in the following sense. There exists a
subset L of N with |L| > ((e™' + 22d)d)71\N| such that for every real-valued
stochastic process Z = (Z, : p € Partlncr([d], N)) which satisfies (i) and (iii)
above, we have |A, — Z,||L, < 2("+*) /2e for all p € PartIncr([d], L).

1.5. Outline of the proofs/Structure of the paper. The proofs of Theorems 1.4, 1.5
and 1.6 are a blend of analytic, probabilistic and combinatorial ideas.

1.5.1. The proofs of Theorems 1.4 and 1.5 rely on two preparatory steps which are largely
independent of each other and can be read separately.

The first step is to approximate, in distribution, any finite-valued, approximately
spreadable random array by a random array of “lower-complexity”. We note that a similar
approximation is used in the proof of the Aldous—Hoover theorem; see, e.g., [Aul3, Sec-
tion 5]. However, our argument is technically different since we work with approximately
spreadable, instead of exchangeable, random arrays. The details of this approximation
are given in Section 2.

The second step, which is presented in Section 3, is a coding lemma for distributions of
the form (1.2). It asserts that the laws of their finite subarrays can be approximated, with

arbitrary accuracy, by the laws of subbarrays of distributions of the form (1.2) which are
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generated by genuine partitions instead of partitions of unity. The proof of this coding is
based on a random selection of uniform hypergraphs.

Section 4 is devoted to the proofs of Theorems 1.4 and 1.5. We actually prove a slightly
stronger result—Theorem 4.1 in the main text—which encompasses both Theorem 1.4
and Theorem 1.5 and it is more amenable to an inductive scheme.

1.5.2. The proof of Theorem 1.6 is somewhat different, and it is based exclusively on
Ls methods. The main goal is to construct an appropriate collection of o-algebras for
which the corresponding projections behave like the lattice of projections described in
Paragraph 1.4.3.

This goal boils down to classify all two-point correlations of finite, spreadable random
arrays with square-integrable entries. Sections 5 and 6 are devoted to the proof of this
classification; we note that this material is of independent interest, and it can also be
read independently. The proof of Theorem 1.6 is completed in Section 7.

1.5.3. Finally, as we have already mentioned, in the last section of this paper, Section 8,
we present an application of Theorem 1.4 which is related to the concentration results
obtained in [DTV20].

2. APPROXIMATION BY A RANDOM ARRAY OF LOWER COMPLEXITY

The main result in this section—Proposition 2.1 below—asserts that any large subarray
of a finite-valued, approximately spreadable random array X can be approximated, in
distribution, by a random array which is obtained by projecting the entries of X on
certain o-algebras of “lower complexity”.

2.1. The o-algebras X(G;, X). Our first goal is to define the aforementioned o-algebras.
To this end we need to introduce some notation which will be used throughout this section
and Section 4. Let n > d be positive integers, and let G be a nonempty subset of ([ZJ).
For every finite-valued, d-dimensional random array X = (X, : s € ([Z])> on [n] we set

(2.1) (G, X) =0({Xs:s€G});

that is, 3(G, X) denotes the o-algebra generated by the random variables (X, : s € G).
Moreover, for every pair F' = {i; < --- < i} and G = {j; < -+ < jg} of nonempty
subsets of N with |F| = |G| = k, we define Ipg: F — G by setting

(2.2) IrG(ir) = jr

for every r € [k]. Notice that Ipg = Ig o I;l where Ir and I denote the canonical
isomorphisms associated with the sets F' and G respectively. (See Paragraph 1.4.2.)
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2.1.1. Next let n,d, ¢ be positive integers with n > d. Also let F' be a nonempty subset
of [n], and let {j; < --- < jjp|} denote the increasing enumeration of F'. We say that F
is £-sparse provided that

e /< min(F),

e max(F) < n— ¢, and

o if [F| > 2, then jiyy —j; > £ for alli € {1,...,|F| — 1}.

2.1.1.1. Now assume that d > 2. For every f-sparse z = {j; < -+ < jy_1} € (d[fll) we set

(2.3) RY — ((Uff_}{jr—ul,...,jr}) U{n—é—i—l,...,n}).

d
l l l
NN NN NN
o R -
1 J1 Ja—1 n

FIGURE 2. The set Ry.

Moreover, for every f-sparse s € ([Z]) we define
(2.4) g = |J R
zG(dil)

Finally, if X is a finite-valued, d-dimensional random array on [n], then ¥(G;, X') denotes
the corresponding o-algebra defined via formula (2.1); notice that

(2.5) 6. X)=\/ Z(R{X).

ze(djl)

2.1.1.2. If d = 1, then for every f-sparse s € ([?]) we set
< n—f+1,....,n
(2.6) G, = ({ 1 }>
Of course, for every finite-valued, d-dimensional random array X on [n], the corresponding
o-algebra 3(G;, X) is also defined via formula (2.1).

2.2. The approximation. We have the following proposition.

Proposition 2.1. Let n,d, m,k be positive integers with k > d and m > 2, and let 6 > 0.
Assume that

(2.7) n > (k+1)kmL/01+1
and set by = k™% Then every (kly)-sparse subset L of [n] of cardinality k has the

following property. For every set X with |X| = m, every n = 0 and every X-valued,
n-spreadable, d-dimensional random array X = (X5 : s € (“j)) on [n] there exists £ € [{o]
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such that for every nonempty subset F of (5’) and every collection (as)ser of elements

of X we have

(2.8) ‘]P’( NX =al]) ~E| T] Bt
seF

sEF

2(g;, X)]]| < K10+ 1sgmito@r)?,

The rest of this section is devoted to the proof of Proposition 2.1.

2.2.1. Step 1. We start with the following lemma which is a consequence of spreadability.

Lemma 2.2 (Shift invariance of projections). Let n,d be positive integers with n > d,
let s € ([Z]), and let F be a nonempty subset of ([Z]). Set F:=sU (UF). Also let G be a
subset of [n] with |F| = |G|, and set

(2.9) t=Ipc(s) and G:={Ipc(s):se F}.

Finally, let X be a finite set, let n > 0, and let X = (X5 : s € (@)) be an X -valued,
n-spreadable, d-dimensional random array on [n]. Then for every a € X we have

2 2
210)  [[ER g B X2, ~ (B |56 X2, < 5ul] 7
Proof. Fix a € X. For every collection a = (a,,)yer of elements of X we set

(2.11) B, = ﬂ [Xu = ay] and C, = ﬂ X1y ) = ul-
ueF ucF

Since the random array X is n-spreadable, for every a € X7 we have
(2.12) |P(Ba) —P(Ca)| <7 and |P([X, =a] N Ba) — P([X; = a] N Ca)| <.

Set B:={a € X7 : P(B,) > 0 and P(C,) > 0}. By (2.12), for every a € X7 \ B we have
P(Ba) < n and P(C,) < 1 and, consequently,

(2.13) IP([X, = a] | Ba)’ P(Ba) — P([X; = a] | Ca)’ P(Ca)| < 2.
Next, let a € B be arbitrary, and observe that

(2.14) |P([Xs =a]|Ba) —P([X: = 0] |Ca)| =
_ ‘IP’([XS =alN Ba) ]P’([Xt =alNn C’a)

P(Ba) - P(Ca)
< @ [P([X, = a] N Ba) — B([X, = a] 1 Ca)| + P(Ca) P(;a) - P(lca)
P L by - BBy S 2

= P(Ba)  P(Ba) P(Ba)

On the other hand, we have P([X, = a] | Ba) + P([X; = a]| Ca) < 2 and so, by (2.14),

(2.15) IP([X, = da]| Ba) — P([X; = a]| Ca)’| < BB
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Therefore, for every a € B,
(2.16) |P([X, = a] | Ba)’ P(Ba) — P([X; = a] | Ca)’ P(Ca)| <
< P(Ba) [P([X, = a] | Ba) — P([X, = a] | Ca )| +

(2.15) (2.12

+PB([X, = ]| Ca) [P(Ba) ~ P(Ca)| 5.
By (2.13) and (2.16), we conclude that
@17)  ||E x| 2F X017, ~ Bl |26, X7, !
:‘ 3" P([X. = a]| Ba)' P(Ba) — P([X; = a] | Ca)' P 11
acex”
as desired. O

2.2.2. Step 2. The next lemma follows from elementary properties of martingale difference

sequences.

Lemma 2.3 (Basic approximation). Let n,d,m,k be positive integers with k > d and
m > 2, and let > 0. Assume that

(2.18) n > (d+ 1)km/01+1

and set by = k™U/%). Moreover, let X be a set with |X| = m, let n > 0, and let
X =(Xs:s5¢€ ( )> be an X-valued, n-spreadable, d-dimensional random array on [n].
Then for every (kfy)-sparse t € ([d]) there exists £ € [o] such that for every a € X,

(2.19) [E[1px,=a) | Z(Ghe, X)] — E[11x,—a | 5(GF, X)]||,, < VO.
Proof. Fix t € ([Z]) which is (kfp)-sparse. For every a € X and r € [m[1/60] + 1], we set
(2:20) D} = E[lx,=a) | 2(Gir, X)] = E[1ix,=a) | B(Gpr-1, X)].

Clearly, it enough to show that there exists € [m|1/6] + 1] such that ||D%||z, < V@
for every a € X. Assume, towards a contradiction, that for every r € [m|1/6] + 1] there
exists a, € X such that |[D% ||z, > V0. Since |X| = m, by the pigeonhole principle,
there exist b € X and a subset R of [m[1/6] + 1] with |R| = |1/60] + 1 such that a, = b,
which is equivalent to saying that ||D||z, > V@ for every r € R. Now, observe that the
sequence (Gt, ..., g}imu s0141) 18 increasing with respect to inclusion, which in turn implies,
by (2.1), that the sequence (DY, ... ’Dfn[l/t‘)jJrl) is a martingale difference sequence. By
the contractive property of conditional expectation, we obtain that

m|1/60]+1
(2:21) 1> x—gllz, > Yo DRI, = DO IDNIE, > |RI6 > 1
r=1 reER
which is clearly a contradiction. The proof is completed. O

We will need the following consequence of Lemma 2.3.
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Corollary 2.4. Let n,d,m,k,{o, X,n, X be as in Lemma 2.3. Then there exists £ € [{y)
such that for every (kfp)-sparse s € ([2]) and every a € X we have

(2.22)  ||E[1ix,=a | 2(Gie, X)] = E[1ix,=a) | Z(GF, X)]|,, < \/9+ 10mm/(kto(d+1))¢

Proof. Fix a (kfp)-sparse t € ([Z]). By Lemma 2.3, there exists £ € [{y] such that for
every a € X we have
(2.23) |E[1px,=a) | S(Gie, X)] — E[1px,—a) | 5(G5, X)]|, < V0.

Since the set G} is contained in G}, we see that (G}, X)) is a sub-o-algebra of X(Gf,, X).
Hence, by (2.23), for every a € X we have

(2'24) “‘E[]-[Xt:a] |Z(gltcéaX)] Hig - HE[]-[Xt:a] |Z(g§7X)] Hig‘ <.

Now let s € ([Z]) be an arbitrary (kfy)-sparse subset of [n]. Set F := t U (UG}) and
G = sU (UG}), and notice that
(2.25) s=1Ipe(t) and G = {Ipc(u) :u e Gj}

where I ¢ is as in (2.2). By Lemma 2.2 and the fact that |G| < ((d+1)0)¢ < (kfo(d+1))<,
for every a € X we have

(2.26) ‘HE[]-[X,,:(I] | 2(G7, X)] ||2L2 — B[ x.—a | =G5, X)] Hi‘ < Symlo(@+ 1),
With identical arguments we obtain that
@27 ||E[Lpc=a| G X7, = [E[Lpx,=al | Z(Gie O], | < spmlBto0)",

Finally, the fact that G is contained Gj, yields that X(G;,X) is a sub-c-algebra of
Y(G;p, X), and so, for every a € X we have

(2.28) B[, | (G X)) = E[Lpx,—a) | 2G5 X)), =
IE[Lpc,=a |G X7, = [E[Lix,=a | 567 2] 7, |

The desired estimate (2.22) follows from (2.24), (2.26), (2.27), (2.28) and the triangle
inequality. O

2.2.3. Step 3. For the next step of the proof of Proposition 2.1 we need to introduce some
auxiliary o-algebras. Let n,d, £ be positive integers with n > ¢(d + 1). Also let L be an
{-sparse subset of [n] of cardinality at least d, set k := |L| and let {i; < --- < iy} denote
the increasing enumeration of L. Moreover, let s = {ij, < -+ < i;,} € (5) First, we
define the following subsets of [n].
(D1) We set Ry = Uij:l{iu — 041, hy )
(D2) If we have that d > 2, then we set Ry™" == Ui::l,,,1+1{iu — 4+ 1,...,4,} for
every r € {2,...,d}.
(D3) If g < k, then we set AP™" = {n—C+1,...,nyUUL_, , {iu—C+1, . iu}s
otherwise, we set AE’L’H ={n—0+1,...,n}
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Next, we set

As,L,n U U RS,L,T
s, L. __ 14 réx -~
(2.29) gt= U ( y )
ZDE( [d] )
Finally, for every d-dimensional random array X on [n] we define the corresponding
g-algebra X(G;"", X) via formula (2.1).
We have the following lemma.

Lemma 2.5 (Absorbtion). Let n,d, m,k be positive integers with k > d, and let 8 > 0.
Assume that

(2.30) n > (k+1)kmL/ol+t

and set £y = k™01 Then every (kfy)-sparse subset L of [n] with |L| = k has the
following property. For every set X with |X| = m, every n > 0 and every X -valued,

n-spreadable, d-dimensional random array X = (X : ([ ]) [n], there exists

)

L € [ly] such that for every a € X and every s € (5) we have

231)  |[E[1x,—a) [ 26, X)) —E[Lix,—a) | 2(G7, X)] |, < \/9 + 15nm(ko(d+1)?,

Proof. For notational convenience, we will assume that d > 2. The case “d = 1” is similar.
At any rate, in order to facilitate the reader, we shall indicate the necessary changes.
Let L, X,n, X be as in the statement of the lemma. We apply Corollary 2.4 and we
obtain ¢ € [{g] such that for every a € X and every (kfy)-sparse s € ([Z]) we have the
estimate (2.22). In what follows, this ¢ will be fixed.
Let s = {j1 < -+ < ja} € (5) be arbitrary; notice that s is (kfp)-sparse. Let
A, Ry,..., Ry denote the unique subintervals of [n] with the following properties.
o We have |A| = |AS""| and max(A) = n, where A?"™ is as in (D3).
e For every r € [d] we have |R,| = |RS 7| and max(R,) = j,, where R"™" is as in
(D1) and Ry™" is as in (D2) if r >
We set

— A U UT‘EQZ
(2.32) g= U ( p )
ze( )
(If “d = 17, then we set G = (f)) Next, we define Ay = {n — ¢+ 1,...,n} and
Ape = {n—kl+1,...,n}; moreover, for every r € [d] we set R} := {j, —¢+1,...,j,}

and Ry, = {j, —k¢+1,...,j,.}. With these choices, by (2.4) and (2.29), we have

(233) gg — U (AE U Urer ) and gzz _ U (Akl U L;re_r Rzﬁ) .
ze(dlg]l) me(d[gll)

(If “d =17, then we have G} = (Al") and G, = (Ake) ) Observing that

(2.34) C<|APET RS, RSEY) < |LJE = ke < Kby,
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we see that A C Ay and R, C Ry, for every r € [d], and moreover, A; C A and Rj C R,
for every r € [d]. By (2.32) and (2.33), we obtain that G; C G C G}, which, in turn,
implies that
(2.35) %(G7, X) € 5(G, X) € 5(GF, X).
By (2.22) and (2.35), for every a € X we have

2 s 2 d
(236) |[E[1px.=a) |G X, — [E[1px.=a 562, X)] |17, | < 6+ 10gmEeote’,
On the other hand, setting F := AU U;lzl R; and G == A" U Ule Ry™" . we have
(2.37) s =1Ipqg(s) and QZ’L ={Ipg(t):t€ G}
where I ¢ is as in (2.2). By Lemma 2.2 and the fact that |G| < ((k+1)0)? < (klo(d+1))<,
for every a € X we have

(2.38) ‘HIE[l[sta] |2(G,X)] HZ — B[ .= | (G5, X)) HZ’ < 5m(kto(d+ 1)

Finally recall that, by (2.35), we have X(G;, X) C E(QE’L,X). Therefore, the estimate
(2.31) follows from (2.36), (2.38) and the triangle inequality. O

2.2.4. Completion of the proof. For every positive integer d let <jox denote the lexico-
graphical order on (13). Specifically, for every distinct s = {i; < .-+ < ig} € (IZI) and
t={j1<---<ja} € (5)7 setting 7o := min {r € [d] : i, # j, }, we have
(2.39) $ <lex t < lpy < Jirg-

We also isolate, for future use, the following fact. Although it is an elementary obser-
vation which follows readily from the relevant definitions, it is quite crucial for the proof

of Proposition 2.1 and, to a large extend, it justifies the definition of the families of sets
in (2.4) and (2.29).
Fact 2.6. Let n,d,{ be positive integers with n > ¢(d 4+ 1). Also let L be an {-sparse
subset of [n] with |L| > d. Then the following hold.
(i) For every s,t € (5) we have G C QE’L.
(ii) For every s € (s) we have {t € (s) 18 <lex t} C g;’L.
We are now ready to give the proof of Proposition 2.1.

Proof of Proposition 2.1. Fix a (kfp)-sparse subset L of [n] of cardinality k, and let
X,n, X be as in the statement of the proposition. By Lemma 2.5, there exists £ € [¢q]
such that for every a € X and every s € ({;) we have

(240)  ||B[1x,—a) [ 2(G0", X)] —E[1x,—a) [ £(G7, X)]||,, < \/9+ 15nm(klo(d+1))¢

We claim that ¢ is as desired.
Indeed, let F be subset of (];) and let (as)ser be a collection of elements of X. Set
k= |F| and let {s1 <jex - - <lex Sk} denote the lexicographical increasing enumeration
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of F. Notice that k = |F| < |( )| < k4. Thus, in order to verify (2.8), by a telescopic
argument, it is enough to show that for every r € [k] we have

(2.41) ‘ [(HE Lix,,=a.,) | 2(G7", X ) (HTl[X —adﬂ

_ E[(HE[l[Xsi—asi] ‘ E(QEZX)D . ( H l[Xs,i:asi])” < \/9+ 15nm (kfo(d+1))?

i=r+1

(Here, we use the convention that the product of an empty family of functions is equal
to the constant function 1.) So, fix r € [k]. By Fact 2.6, we see that

(2.42) {(HE (X, =a.,] | 2(G77, ) (Hlxsﬁas ])} =
= E[E[(f[E[l[x%-asi] 5(G5, X)) - (Hl[xsi:w) |Gt x| =
{(HE e 130G X0)) B, 1265 30) - (T 1 )]

1=r+1

Inequality (2.41) follows from (2.40), (2.42) and the Cauchy—Schwarz inequality. The
proof of Proposition 2.1 is completed. 0

3. A CODING FOR DISTRIBUTIONS

The following proposition is the main result in this section.

Proposition 3.1. Let d,m, kg be positive integers with d,m > 2, let € > 0, and set
(3.1) up = uo(d, m, ko, &) = bd2d mrd e 2"

Let X be a set with |X| =m, and let H = (h* : a € X) be an X -partition of unity defined
on Y where (Y,v) is a finite probability space. (See Paragraph 1.3.1.) Then there exists
a partition (E® : a € X) of (¥ x [uo])? such that for every nonempty subset F of (13) with
|F| < ko and every collection (as)scr of elements of X we have

(32) [T w) = [ ] e () dute)| < 2

SEF SEF
where: (i) v denotes the product measure on Y™ obtained by equipping each factor with the
measure v, (ii) p denotes the product measure on (Y x [ug])N obtained by equipping each
factor with the product of v and the uniform probability measure on [ug], and (iii) for every
y € YN, every w € (Y x [ug))N and every s € ( ) by ys and w, we denote the restrictions
on the coordinates determined by s of y and w respectively. (See also Paragraph 1.3.1.)

Proposition 3.1 immediately yields the following corollary.
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Corollary 3.2. Let d,m,k > 2 be integers with k > d, let € > 0, and set
(33) u6 _ ui)(d, m, k,é‘) — m4kd+1k2d+1572d+1'

Let X, H,(Y,v) be as in Proposition 3.1. Then there exists a partition (E® : a € X) of
(Y x [up])? with the following property. Set & == (1ga : a € X), and let X and X¢
denote the spreadable, d-dimensional random arrays on N defined via (1.2) for H and &
respectively. Then for every subset L of N of cardinality at most k we have

(3.4) prv(Pr, QL) <e

where P, and Q. denote the laws of the subarrays X ™ and X¢ determined by L respec-
tively.

Corollary 3.2 asserts that the finite pieces of all® distributions of the form (1.2) are
essentially generated by genuine partitions instead of partitions of unity. Besides its
intrinsic interest, this information is important for the proof of Theorem 1.4.

The rest of this section is devoted to the proof of Proposition 3.1. We start by pre-
senting some preparatory material.

3.1. Box norms. We will use below—as well as in Section 8—the box norms introduced
by Gowers [Go07]. We shall recall the definition of these norms and a couple of their basic
properties; for proofs, and a more complete presentation, we refer to [GT10, Appendix B]
and [DKK20, Section 2].

Let d > 2 be an integer, let (€2, %, 1) be a probability space, and let Q¢ be equipped
with the product measure. For every integrable random variable h: Q% — R we define its
box norm ||h||g by setting

65) = ([ T1 weoane)”

ec{0,1}4
where p denotes the product measure on 22 and, for every w = (w9, wi,...,wl,wl) € Q¢
and every € = (€1,...,€q) € {0,1}% we have we == (w{',...,w?) € Q% by convention, we

set ||h||g == +oo if the integral in (3.5) does not exist.

The quantity ||-||g is a norm on the vector space {h € L; : |h||g < 400}, and it satisfies
the following Holder-type inequality, known as the Gowers—Cauchy—Schwarz inequality:
for every collection (he : € € {0,1}9) of integrable random variables on Q¢ we have

(36) [ rewodu@)|< T Ihelo.
ec{0,1}4 ec{0,1}

We will need the following simple fact which follows from Fubini’s theorem and the
Gowers—Cauchy—Schwarz inequality.

8We have stated Proposition 3.1 and Corollary 3.2 for finite probability spaces mainly because this
is the context of Theorem 1.4. But of course, by an approximation argument, one easily sees that these

results hold true in full generality.
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Fact 3.3. Let (2,X,u) be a probability space, and let p denote the product measure
on QN Let d, k be positive integers with d > 2, and let f,g,h1,..., hp: QF — [—1,1] be

random variables. Also let sg,81,...,8% € (E) with sg # s; for every i € [k]. Then,
k

(37) | [ () = glwa) [T o) duseo)| < 117 = gl
i=1

(Here, we follow the notational conventions in Paragraph 1.3.1.)
3.2. Random selection. We will also need the following lemma.

Lemma 3.4. Let d,m > 2 be integers, let ¢ > 0, and set

(3.8) ng = no(d, m,e) = 5d?d! me=2""

Also let A1, ..., \pm = 0 such that \y + --- + X\, = 1. Then for every finite set V' with

|V| = ng there exists a partition (Eq,. .., Ey) of V& into nonempty symmetric” sets such

that ||1g, — Aj||g < € for every j € [m]. (Here, we view V as a probability space equipped
J J J )

with the uniform probability measure.)

Lemma 3.4 is based on a (standard) random selection and the bounded differences
inequality. We present the details in Appendix A.

3.3. Proof of Proposition 3.1. Let X,H = (h® : a € X), (Y, v) be as in the statement
of the proposition. Without loss of generality, we may assume that v(y) > 0 for every
y € ), and consequently, we have ), h*(y) = 1 for every y € Y?. By Lemma 3.4 and
the choice of ug in (3.1), for every y € Y there exists a partition (Eg : a € X) of [uo]?
such that for every a € X we have

a 3
(3.9) 15— h @)l < =

For every a € X we set

(3.10) B = J {y} x E,
yeyd

and we observe that the family (E® : a € X) is a partition of (J x [ug])? into nonempty
sets. We claim that this partition (E® : a € X) is as desired.

Indeed, let F be a nonempty subset of (I:l]) with |F| < ko and let (as)seF be a collection
of elements of X. Set x := |F|, and let {s1,...,s.} be an enumeration of F. Also let A
denote the product measure on [ug]" obtained by equipping each factor with the uniform

9Recall that a subset E of a Cartesian product V¢ is called symmetric if for every (v1,...,vq) € V¢
and every permutation 7 of [d] we have that (vi,...,v4) € E if and only if (vr(1),...,Vx(q)) € E; in
particular, for any symmetric set F, the set {(v1,...,v4) € E : v1,...,vq are mutually distinct} can be

identified with a d-uniform hypergraph on V.
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probability measure. First observe that, by Fact 3.3 and (3.9), for every y € YV and
every j € [k] we have

(3.11) \/ [T 7 ) - (% () - Lz (2,)) (T s () dr=)| < =

Ki
1<j i>7 0

where, as in Section 2, we use the convention that the product of an empty family of
functions is equal to the constant function 1. Hence, by a telescopic argument and the
fact that k < kg, we obtain that for every y € N

(3.12) ’ I1 /H 1. (25) dA( )‘
seF seF
On the other hand, by Fubini’s theorem, we have
(3.13) / H 1gaes (ws) dp(w // H 1pas (25) dAX(2)dv(y).
seF seF
Therefore, (3.2) follows from (3.12) and (3.13). The proof of Proposition 3.1 is completed.

4. PROOFS OF THEOREMS 1.4 AND 1.5

In this section we present the proofs of Theorems 1.4 and 1.5. As already noted, we
will actually prove a slightly stronger theorem—Theorem 4.1 below—whose proof occupies
Subsections 4.1 up to 4.6. The deduction of Theorems 1.4 and 1.5 from Theorem 4.1 is
given in Subsection 4.7.

4.1. Initializing various numerical invariants. We start by introducing some numer-
ical invariants. The reader is advised to skip this section at first reading.

4.1.1. First, we define #: N2 x Rt — R, 4;: N3 x Rt = N, m: N3 x Rt — N and
z: N3 x Rt = Rt by setting
2

3
(4.1) 0(d,k,0) = g
(4.2) lo(d,m, k, &) = km1/0(dke)]
d
(43) m(d, m, k7 6) — m(fg(d,m,k,s)d)
(44 2 m k) = S, k)

4.1.2. By recursion on d, for every pair m, k of positive integers with k > d and every € >0,
we define the quantities n(d, m, k, ), no(d, m, k,e) and v(d, m, k, ). For “d =1" we set

3

€ - m
(4.5) n(m,ke) = s m 3lo(1,m.k.€)
(4.6) no(1,m, k,e) = (k+ 1)k Lo(1,m, k&)

(4.7) v(l,m, k,e) = 222y lo(1m k.e)+1 18 —8
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Next, let d > 2 be an integer and assume that n(d — 1,m, k,¢), no(d — 1,m, k,e) and
v(d—1,m, k, ) have been defined for every choice of admissible parameters. For notational
simplicity set m := m(d, m, k, ) and € := &(d, m, k, e), and define

. e - mke))” L
(4.8) n(d, m,k,¢e) := mm{m m (k(dﬂ)&’(d’ ok )) ,n(d—1,m, k,e)}
(4.9) no(d,m, k,e) = ky(d,m,k,e) - (no(d —1,m, k,E) + 1)
(4.10) o(d,m, k€)= 42*m k272 y(d — 1,m, k, 7).

4.2. The main result. We are ready to state the main result in this section.

Theorem 4.1. Let d,m,k be positive integers with m > 2 and k > d, let € > 0, and
let n(d, m, k,e), no(d,m, k,e) and v(d,m, k,€) be the quantities defined in Subsection 4.1.
Also let n = no(d,m,k,e) be a positive integer, let X be a set with |X| = m, and let
X =(X;:s5€ ([Z])> be an X-valued, n(d, m,k,c)-spreadable, d-dimensional random
array on [n]. Then there exist a finite probability space (2, p) with | < v(d,m,k,e) and
a partition (E* : a € X) of QO sych that for every M € ([Z]), every nonempty subset
F of (Jg) and every collection (as)ser of elements of X we have

(4.11) ’IP’( N x, = as]) - / T 150 (@ioyus) du(w)‘ <e
seF

seF
where p denotes the product measure on QYN and, for every s = {j1 <--<ja} € (S)
and every w = (W;)iefoyun € QUOFUN -y wioyus = (Wo,wj,,-.-,wj,) we denote the
restriction of w on the coordinates determined by {0} U s.

4.3. Toolbox. Our next goal is to collect some preliminary results which are part of the
proof of Theorem 4.1, but they are not related with the main argument. Specifically, we
have the following lemma.

Lemma 4.2. Let n,d,m,{ be positive integers with m > 2 and n > (d + 1)¢, and let
s,t € ([Z]) be L-sparse. (See Paragraph 2.1.1.) Also let X be a set with |X| =m, let n > 0,
and let X = (X, 1 u € ([Z])> be an X -valued, n-spreadable, d-dimensional random array
on [n]. Set F = sU (UG§) and G =t U (UGL) where G§ and G} are as Subsection 2.1.
Moreover, for every collection a = (ayw)ucg; of elements of X set
(4.12) B, = ﬂ [Xu =ay] and Cy = n (X1 o(u) = Oul

u€gy u€egy
where Ip ¢ is as in (2.2). (Note that Irg(s) =t.) Finally, for every a € X define
(4.13) far=">_ P(X:=ad]|Ca)1p,.

acx9i

Then, for every a € X we have

(4.14) 1o — E[Lix, o | 565, X)] |, < 2¢/n2/3mecne,
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Proof. Observe that for every a € X we have

(415) fu~ B[l |26 X)) = 30 (P(Xe=a]|Ca) ~ (X, = a]| Ba)) 15

acx9i

Hence, if n = 0, then (4.14) follows immediately by (4.15) and the spreadability of X.
So in what follows we may assume that 7 > 0. Set A := {a € X9 : P(B,) < n*?} and
B := X9 \ A. Notice that for every a € X and every a € A we have the trivial estimate

(4.16) |P([X; =a]|Ca) —P([Xs =da]|Ba)| < 1

Moreover, by the n-spreadability of X, for every a € X and every a € X9 we have
(4.17) IP(Ca) —P(Ba)| <7 and |P([X;=a]NCa) —P([Xs=a]NBa)| <7
Hence, for every a € X and every a € B we have

Xt—a]ﬂC) IP’([XS:a}OBa)

1.18) |P([X; = a]| Ca) — P([X, = a] | Ba) —‘
1 1
< — = — = - _
< BBy IP([X: =a]NCa) —P([Xs =a]N Ba)| +P(Ca) (L)~ BB
1
<nt/3 P(Ba) — P(Ca)| < 2n'/3.
1+ sy IP(Ba) — B(Ca) < 20
By (4.15), (4.16) and (4.18), we conclude that for every a € X,
2 .
419)  |fa—E[lx,—a | 2(G2, X)), < D 4n**P(Ba) + |Alp>? < 4n*/Pmlil.
aeB
Inequality (4.14) follows from (4.19) after observing that |G5| < (¢(d + 1))%. O

We will also need the following consequence of Proposition 3.1.

Corollary 4.3. Let d,m, kg be positive integers with m = 2, let € > 0, and set

2d+2 _gd+2
g .

(4.20) ug = ug(d, m, ko) == 5(d + 1)*(d + 1)!'m

Let X be a set with |X| =m, and let H = (h® : a € X) be an X -partition of unity defined
on Y103l yhere (V,v) is a finite probability space. Then there exist a finite probability
space (Q, i) with |Q| < uo|Y| and a partition (E* : a € X) of QUMW such that for every
nonempty subset F of (S) with |F| < ko and every collection (as)ser of elements of X
we have

(4.21) /H h%s y{O}US )dv(y /H 1pa. ( Wioyus )dp(w)| <

seF seF

(Here, we follow the conventions in Proposition 3.1 and Theorem 4.1.)
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4.4. The inductive hypothesis. We have already mentioned in the introduction that
the proof of Theorem 4.1 proceeds by induction on d. Specifically, for every positive
integer d by P(d) we shall denote the following statement.

Let the parameters m, k, e, no(d, m, k, ), n(d,m, k,e), v(d,m,k,e) and the notation be as
in Theorem 4.1. Then for every integer n = no(d, m, k, &), every set X with |X| = m and
every X -valued, n(d, m, k, €)-spreadable, d-dimensional random array X = (X : s € ([Z})>
on [n] there exist a finite probability space (2, w) with | < v(d,m, k,e) and a partition
(B*:a € X) of QO sych that for every M € ([2]), every nonempty subset F of (Aj)
and every collection (as)scr of elements of X we have

(422) B(N1X=al) - [ T] tem o) dule)| <.
s seF

Notice that Theorem 4.1 is equivalent to the validity of P(d) for every integer d > 1.

4.5. The base case “d = 1”. In this subsection we establish P(1). We note that this
case is, essentially, the analogue of the results of Diaconis and Freedman [DF80] for
approximately spreadable random vectors. The proofs, however, are rather different, and
the bounds we obtain are quite weaker than those in [DF80]; this is mainly due to the
fact that we are dealing with random vectors whose distribution is much less symmetric.

We proceed to the details. Let m,k be positive integers with m > 2, and let € > 0.
For notational convenience, we set 6 := 0(1,k,¢), £y == o(1,m, k, &) and n == n(1,k,m,€)
where 6(1,k, ), £o(1,m, k,e) and n(1, k, m, ) are as in (4.1), (4.2) and (4.5) respectively.
Let n, X and X = (X, :s € ([le])> be as in P(1), and define

(4.23) L= {jkly:j € [k]}.

Notice that L is a (kf)-sparse subset of [n] with |L| = k. Since n > ng(1,m, k,€), by the
choice of ng(1,m, k,e) in (4.6), Proposition 2.1 and the choice of £y, there exists £ € [{g]
such that for every nonempty subset F of (?) and every collection (as)ser of elements
of X we have

(20 [P( 1% =) ~E[ ] E[1px.=a
seF

sEF

z(gg,X)H ( < k\/e + 15ym2km /o

Fix ty € (f) and set G = g§°. By (2.6), we see that G] = G for every s € (f) By Lemma
4.2, the previous observation and the fact that ¢ < ¢y, for every s € (f) and every a € X
we have

(4.25) [E[11x,=a | 2(G7, X)] = E[lx, =) | (G, X)]|, < ol /3mto.

Moreover, notice that

(4.26) k\/g F 15ym2km /O op /3t o £

W~
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By (4.24)—(4.26), the Cauchy—Schwarz inequality, the fact that |(f)\ = k and a telescopic
argument, we conclude that for every nonempty subset F of (ji) and every collection
(as)ser of elements of X,

(4.27) P((X = a]) ~E[ TT E[tix=e

seEF seF

29, %)]]| <

= M

Next, set ) := X9 and define a probability measure v on Y by the rule
(4.28) v(a) == P( (X, = a.])
s€g

for every a = (as)seg € Y. Moreover, for every a € X define hl,: Y — [0, 1] by setting for
every a = (as)seg € V,

(4.29) K. (a) —P(Xto—a ‘ ﬂ —as)

Observe that (hl, : a € X) is an X-partition of unity, and for every nonempty subset F
of (f) and every collection (as)ser of elements of X we have

(4.30) E[T]E[1p,=a | / [] #..(a) dv(a

SEF SEF

This information is already strong enough, but we need to write it in a form which is
suitable for the induction.

Specifically, for every a € X we define the function h®: Y1020 — [0,1] by setting
he(ag,a;) = h' (ag) for every (ap,a;) € YOV Again observe that (h® : a € X) is
an X-partition of unity, and for every nonempty subset F of (f) and every collection
(as)ser of elements of X' we have

(431) J T @t = [ T] 2 (wiopoe) dvtw)

seF seF

where v denotes the product measure on Y{9'YN obtained by equipping each factor with
the measure v. By the choice of v(1,k, m,e) in (4.7), the fact that |Y| < m*"" and
Corollary 4.3 applied for “kg = k7, “d = 1”7 and “c = /47, there exist a finite probability
space (€, 1) with |Q| < v(1,k,m,e) and a partition (E® : a € X) of Q19 such that for
every nonempty subset F of (f) and every collection (as)ser of elements of X' we have

(4.32) /H h% (yioyus) dv(y /H 1gas (wioyus) dp(w )’ Z

seF seF

and so, by (4.27), (4.30), (4.31) and (4.32),

(433) BN =a) ~ [ T] e (o) du(w)] <
sEF

sEF

N ™
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Finally, by (4.33) and the n-spreadability of X, we see that if M € ([Z]) is arbitrary, then
for every nonempty subset F of (Af) and every collection (as)ser of elements of X,

s [e( 0 =al) = [ T 1o o) dutw)| <5 +0'< =
seF

sEF
The proof of the case “d =17 is completed.
4.6. The general inductive step. Let d > 2 be an integer, and assume that P(d — 1)
holds true. We will show that P(d) also holds true. Clearly, this is enough to complete
the proof of Theorem 4.1.

We fix a pair m, k of positive integers with k > d and m > 2, and € > 0. As in the

previous subsection, for notation convenience, we set
(4.35) by = tlo(d,m,k,0), m:=mm(d,m,k,£) and z:=2(d, m,k,?).

where ¢y(d, m, k,£), m(d, m, k,£) and €(d,m, k,¢) are as in (4.2), (4.3) and (4.4) respec-
tively. Also let the parameters ng(d, m, k,¢) and

(4.36) n =n(d,m,k,e)

be as in Subsection 4.1, and let n, X and X = (X, :s € (@)) be as in P(d). We set

(4.37) Q = {jkly: j € [no(d — 1,m,k,2)]}
and
(4.38) L= {jkly: j € [k]}.

Notice that both L and @ are (kfy)-sparse subsets of [n]. All these data will fized in the

rest of this subsection.

4.6.1. Step 1: application of the approzimation. First observe that, by the selection in
Subsection 4.1, we have

(4.39) kd\/e(d, k,e) + 15n(d, m, k, e)m(s(d+1o)? <

oo

Since L is a (kfy)-sparse subset of [n] with |L| = k and n > ng(d, m, k, €), by Proposition
2.1 and (4.39), there exists ¢ € [{y] such that for every nonempty subset F of (s) and
every collection (as)scr of elements of X we have

| ™

(4.40) ‘IP( M X, = as]> —E[ TTEtx. e Z(Q;,X)m <
seF

sEF
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4.6.2. Step 2: application of the shift invariance property. Fix tg € (g), and set G == g;o
and My, =1ty U (UQ;O). Moreover, for every s € (g), every a = (ay)ueg € XY and every
a € X set

(441) M, :=sU(UG;), By:= () [Xtar,, v, () = @] and A =P([Xy, = a] | BY)

ueg
where I, u, is as in (2.2). Finally, for every s € (2) and every a € X set
(4.42) fo= > Mg
acX9

and notice that, by Lemma 4.2 and the fact that £ < £,

(4.43) |l f¢ —E[Lx,—a | 2(G5, X)] HL2 < 24/ n2/3mto(d+1)?,

On the other hand, it is easy to see that

(4.44) 2%\ /n2/3mtbe(d+1)? %

By (4.43) and (4.44), the Cauchy—Schwartz inequality, the observation that || f%||r. <1,
the fact that |(%)] < k? and a telescopic argument, we obtain that for every nonempty
subset F of (s) and every collection (as)ser of elements of X,

(4.45) [ T] Etixman =6, X)) —E[ [T £2°]
seF

seF

g
<z

4.6.3. Step 3: application of the inductive hypothesis. Fix yg € (dle), and set R = R}’

and Ly, = UR}® where R}" is as in (2.3). Furthermore, for every = € ( d‘i’l) and every
b = (by)uer € X set

(4.46) Ly =UR} and Cf:= () (X1, 0G0 = bul.
ueER

(Here, Ir,, 1. is as in (2.2).) Next, set

Yo

(4.47) Z=xR

and let Y == (Y, : = € ( d&)) denote the Z-valued, (d — 1)-dimensional random array
on @Q defined by setting [Y, = b] = C¥ for every x € (d?l) and every b € Z. Since the
random array X is n-spreadable and n = n(d,m, k,e) < n(d — 1,™m, k,Z), we see that Y’
is n(d — 1,7, k, €)-spreadable. Moreover, by (4.37), we have that |Q| = no(d — 1,m, k, €).
Therefore, by the fact that |Z| < m and our inductive hypothesis that property P(d — 1)
holds true, there exist a finite probability space (¥, v) with |Y| < v(d — 1,7, k,€) and a
partition (E} : b € Z) of Y10}Uld=1] gych that for every nonempty subset I' of (dEI) and
every collection (b,)zer of elements of Z we have

(4.49) PO =b.)) - [ T] 15, w1010 dvto)| < =
zel

zel’
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4.6.4. Step 4: compatibility. It is convenient to introduce the following notation. For
every s € (IZ]) set

(4.49) s = (di 1).

Next, given a = (ay)ueg € X9 and B = (b?).cat, = (7 : u € R,z € dtg) € 2% we say
that the pair (a,3) is compatible provided that for every u € G, every v/ € R and every
z € Oto, if we have Ir, r.(u) = u, then a, = b},. Set

(4.50) B := {5 € 29 : there exists a € X9 such that the pair (a, 3) is compatible}.

Notice that for every B € B there exists a unique a € XY such that the pair (a,3) is
compatible, and conversely, for every a € X9 the exists a unique 3 € B such that the
pair (a,3) is compatible. This observation enables us to define the map 7: B — X9 by
setting T'(3) to be the unique element of X9 such that the pair (T(83),3) is compatible.
Observe that for every 8 = (b?).co:, € B and every s € (Cj) we have the identity
(4.51) Big = [ Couo
TE€Ds

where Bj. g is as in (4.41), and for every x € Os the event Cgls,m(z) is as in (4.46); on
the other hand, notice that for every (b?).cas, € Z%% \ B and every s € (3) we have
(4.52) N Conyr = 0.

T€Ds

Having these observations in mind, for every a € X and every 3 € Z9% we define
(4.53) A = At HPEB.
0 otherwise

where A%, g) 1s as in (4.41). By (4.51), (4.52), (4.53) and (4.42), it follows in particular

that for every s € (g) and every a € X we have

(454) 5= Z s H 1Cils,to<w>'
B=(b*).cot, €2°%0 z€ds

4.6.5. Step 5: definition of the partition of unity. Now, for every a € X we define a
function h®: Y10}V — [0,1] by setting for every y € {0Vl

(4.55) h(y) = Z AB H 1E]/;.It0(1‘) (Y{03uz)-

B=(b*)scor€2%  wedld]
For every B = (b*).cot, € 2% the map

d
(456) y{O}U[ ] Sy 1;][: ] 1E;It0(1> (y{O}Ux>
zed[d

is clearly boolean, and so, it is equal to the indicator function of some subset of Y10Vl
which we shall denote by Dg. Using the fact that the family (Ef : b € Z) is a partition
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of Y{OIVI=11 " we see that the family (Dg : 8 € Z9%) is also a partition of Y{0HVId with
possibly empty parts; therefore, by (4.53) and (4.41), we conclude that the collection
H = (h*:a € X) is an X-partition of unity.

4.6.6. Step 6: application of the coding. Recall that |Y| < v(d — 1,m, k,&). Therefore,
by (4.10) and Corollary 4.3 applied for “xy = (Z)” and “c = ¢/8”, there exist a finite
probability space (2, ;1) with [ < v(d, m,k, ) and a partition (E® : a € X) of Qi0IVld
such that for every nonempty subset F of (2’) and every collection (as)ser of elements

of X we have

@sn | [T o) dvw) - [ T e o) dutew)| <

seF SEF

OO\(T)

4.6.7. Step 7: wverification of the inductive hypothesis. Let F be an arbitrary nonempty
subset of (s) and let (as)ser be an arbitrary collection of elements of X. We set

L
(4.58) F.:{xe<d_1>.x685forbomes€}"}.

By (4.54), we have

459 J[re=1] > 25 T e,

bi
SEF SEF B=(b%).co €290  x€ds of
a
= > II (A(ﬁz%eam II 10213,t0<z),s>
b*5:2€0t0,s€ F)€(Z9%0)F s€ reds
( 0 Ye(29t0) F 2
= 2 (TT %%y T TT 16z,
(b:5:2€0t0,s€F)E(Z%%0)F  SEF s€F x€0s
= 2 (I o) IT IT 10
(b¥5:2€0t0,5€F)E(Z2%0)F  sEF z€l' {se F:xe€ds}

Fix x € T and let s1,s9 € F such that x € 9s; and = € 9so. Note that if we have
blerto(#):51 £ plezto(#):52 then the events CF (0),s; and CEI

b1t are disjoint; in
particular, all these terms in the above sum vanish. On the other hand, in the remaining

az.tg (2),52

terms, the last product collapses since it consists of indicators of the same event. Thus,

we have

0y (1:39)
(4.60) [T X (o) zl;[rlcﬁm

seF (b®)zer€Zl’  seF

B 2 (H (bl0:+(2). E%) xH Lv=be)-

(b’“)zer‘GZF SEF

Since | 27| < (m)*" " and & = (¢/8)(m)~*""", by (4.60) and (4.48), we have

(4.61) ‘E{Hﬁs] B Z (HA(b“o “Z“)zem /HIE Wioyue) dv(w)] <
seF

(b®),er €20 SEF

| ™
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Moreover, arguing precisely as above and using the fact that the family (Ef : b € Z) is
a partition, we obtain that

(4.62) > (H/\?ﬂltoﬁw o >/H1E (Y{oyua) dv(y) =

(b*)ger €2l s€F

:/ Z (H )‘b“)zeato) H H B 1 g (@)s (Yop) dv(y)

(b=:5:2€0t,s€F)E(Z0t0)F  sEF sE€EF x€Is

- / > 11 (A“g”)zemo H 1E;151t0(z),5(y{o}u$)) dv(y)
€0s

(b%°:2€0t0,s€ F)€(Z%0)F s€F

/ II > e, Il Let, o Wioyue) dv(y)

SEF ( (b*).eoty € € Z%t0 T€0Ds
/ II X e, 1 e, o Wooee) dve)
SEF (b%) o €2010 ved|d]
(4.55) a
= [T v o) dvtw).
SEF

By (4.40), (4.45), (4.61), (4.62) and (4.57), for every nonempty subset F of (5) and every
collection (as)ser of elements of X we have

€
(4.63) ‘IP’( ﬂ (X5 = as ) - / H 1gas (wioyus) d(w )‘ <5
sEF
Finally, using the n-spreadability of X and (4.63), we conclude that for every M € ([Z]),
every nonempty subset F of (J;[ ) and every collection (as)scx of elements of X we have

c (4.8)

oy [p(NX=al) - [ T] 1w @i duw)| < 5 +n < e
sEF sEF

This shows that property P(d) is satisfied, and so the entire proof of Theorem 4.1 is

completed.

4.7. Proofs of Theorems 1.4 and 1.5. Invoking the definition of all relevant parame-
ters in Subsection 4.1 and proceeding by induction on d, it is not hard to see that

m2 k34

(4.65) n(d,m,k,e)~! < exp®d ( k )
28 de

(4.66) no(d, m, k,e) < exp®? ( )
28 1m de

(4.67) v(d,m, k,e) < exp®? ( )

for every triple d, m, k of positive integers with m > 2 and k > d, and every 0 < e < 1.
Thus, both Theorem 1.4 and Theorem 1.5 follow from Theorem 4.1 after taking into
account the estimates in (4.65)—(4.67) and the choice of the constant C(d, m, k,¢) in (1.4).
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Remark 4.4. The tower type dependence of the parameters n(d, m, k, ), no(d, m, k, ) and
v(d,m, k,e) with respect to the dimension d is, of course, a byproduct of the inductive
nature of the proof of Theorem 4.1. It would be very interesting—and also important
for certain applications—if these bounds could be improved to a single, or even double,
exponential behavior.

5. ORBITS

The following definition plays an important role in the proof of Theorem 1.6.

Definition 5.1 (Orbits). Let X = (X, : i € I) be a family of real-valued random variables
defined on a common probability space, indexed by a set I with |I| > 2, and such that
IXillL, =1 for every i € I. Also let n > 0. We say that X is an n-orbit (and simply an
orbit if n = 0) if for every pair {i1,j1} and {i2,ja} of doubletons of I we have

(51) ’E[Xille] - ]E[XiszzH <7

Arguably, the simplest example of an orbit is a (finite or infinite) sequence of indepen-
dent random variables with zero mean and unit variance. Note, however, that the notion
of an orbit is significantly less restrictive than independence—we will see several more
refined examples of orbits in Sections 6 and 7.

It is intuitively clear that an orbit is a stochastic process which “everywhere looks the
same”. We formalize this basic intuition in the following proposition.

Proposition 5.2 (Universality). Let n > 0, and let X = (X, : i € I) be an n-orbit. Also
let F,G be finite subsets of I with |]:| |G| > 2, and set

.2 LF = X; d Z X;.

1EF i€G

Then we have

1 1/2
(5.3) 1Zr — Zg||L, < Q(W +77) .

Proof. Fix k,£ € I with k # ¢, and set § := E[X,X,]. Since X is an n-orbit, we see that
§—n < E[X;X;] < d+nfor every i,j € I with i # j; also recall that E[X?] = 1 for every
i € I. Therefore,

1
(4 Bz = 3 NN - DR+ g 3 BN

i,jJEF i,JEF
i)
1 1
<= +(1- 5
|]-'|+( |]-'|)( +n).

Similarly, we obtain that

9 1
(5.5) M@<@+Olwwﬂ)
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On the other hand, we have

1
5.6 ElZrZg] = — E[X; X,
1 1
= E[XY] 4+ —— E[X; X,
e, 2, e, 2 P
i
|F NG| |[FNg
> 1- .
Fe (- g6

Finally, by the Cauchy—Schwarz inequality, we have |§| < 1. Using this observation, the
estimate (5.3) follows from the identity ||Zr — Zg||7, = E[Z%] + E[Z3] — 2E[ZF Zg] and
inequalities (5.4)—(5.6). O

Proposition 5.2 will mostly be used in the following form. (The proof follows immedi-
ately from Proposition 5.2 and the Cauchy—Schwarz inequality.)

Corollary 5.3. Let n
subsets of I with |F|,|G|

/
(5.7) M;E Xﬁ'|qiﬁxy‘\(mﬂ%“m+®1%

In particular, if 9 > 0 is such that
a) |[E[X;Y] - E[X,Y]| <9 for everyi,j € F, and
) |E[X:Y] — E[X;Y]| <9 for everyi,j € G,

0, let X = (X, : i € I) be an n-orbit, and let F,G be finite
2. Then for every random variable Y with |Y]|L, < 1 we have

v Vv

then for every i € F and every j € G we have

(5.8) [EBXY] - EXY| < 2( nfﬂ+2&

1
————
wmin{[ 7, 6]}

6. COMPARING TWO-POINT CORRELATIONS OF SPREADABLE RANDOM ARRAYS

6.1. Motivation. Let n > 4 be an integer, and assume that X = (X : s € ([g])> is a
real-valued, two-dimensional random array on [n] such that || X||z, =1 for all s € ([g]).
We wish to compare the correlations

o = E[X{LQ}X{gA}] and ﬁ = E[X{Lg}X{QA}].

Of course, if X is exchangeable, then = 5. On the other hand, in X is spreadable,
then Kallenberg’s representation theorem [Kal92] and an ultraproduct argument yield
that & = 8 + 05— 00(1) but with an ineffective error term. We will see, however, that

6
6.1 a— [l < —.
(6.1) A< -
In other words, the symmetries of a finite, spreadable, high-dimensional random array
with square-integrable entries, impose explicit restrictions on its two-point correlations.
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In order to see that (6.1) is satisfied, let n > 10 be an integer (if n < 9, then (6.1)
is straightforward), let ¢ be the largest positive integer such that 2¢ + 3 < n, and notice
that £ > n/4. Also observe that, by the spreadability of X, for every i € {2,...,£+ 1}
we have 3 = E[X{; 421X (i ny], and on the other hand for every j € {¢+3,...,2( + 3}
we have a = E[X{y 449} X{; n1]. Therefore, setting

041 20+3
Y= (1/0) > Xny and Z:=(1/0) > Xy,
i=2 j=0+3
we obtain that
(62) o = ]E[X{17£+2}Z] and 5 = E[X{17[+2}Y].

The main observation, which follows readily from the spreadability of X, is that the
process (X(xny : k € {2,..., 0+ 1} U{l+3,...,2¢ + 3}) is an orbit in the sense of
Definition 5.1. This information together with (6.2) and Corollary 5.3 yield (6.1).

6.2. Our goal in this section is to study of the phenomenon outlined above and to char-
acterize, combinatorially, when two two-point correlations of a spreadable random array
essentially coincide. To this end, we need the following analogue of the notion of an
aligned pair of partial maps which was introduced in Paragraph 1.4.1.

Definition 6.1 (Aligned pair of sets). Let d be a positive integer, and let s1, 85 € (S) be
distinct. We say that the pair {s1, sa2} is aligned if there exists a proper (possibly empty)
subset G of [d] such that: (i) I, | G =1, | G, and (i) Ly, ([d] \ G) N1, ([d] \ G) = 0.
(Here, 15, and Iy, denote the canonical isomorphisms associated with the sets s1 and Sa;
see Paragraph 1.4.2.) We call the set G the root of {s1,s2} and we denote it by r(sy, s2).

We have the following proposition.

Proposition 6.2. Let n,d be positive integers with n > 4d+2, and let s1, S2,t1,t2 € ([Z])
with 81 # s and t1 # to. Assume that the pairs {s1, s2} and {t1,t2} are aligned and have
the same root. If X = (X5 :s € ([Z])> is a real-valued, spreadable, d-dimensional random
array on [n] such that | Xs||z, =1 for all s € ([Z]), then

s
o

Remark 6.3. By considering spreadable, high-dimensional random arrays whose distri-

(6.3) |E[X, Xo,] — E[Xe, X0, ]| <

bution is of the form (1.2), it is not hard to see that the assumption in Proposition 6.2
(namely, the fact that the pairs {s1,s2} and {t1,t2} are aligned and have the same root)
is essentially optimal.

The proof of Proposition 6.2 is based on the following lemma.

Lemma 6.4. Letn,d, s1, s2,t1,t2 be as in Proposition 6.2. Assume that the pairs {s1, s2}
and {t1,t2} are aligned, and that there exists iy € [d] with the following properties.
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(i) We have I, (i9) < Is,(i0) and I, (ig) < Iy, (io).

(ii) We have Ly, | ([d]\{io}) =Ly, [ ([d]\{i0}) and Ly, T ([d]\{io}) = Lo, [ ([d]\{i0})-
IfX=(Xs:s5¢ ([Z])> is a real-valued, spreadable, d-dimensional random array on [n]
such that | Xs||L, =1 for all s € ([Z]), then

4

N
Proof. Since X is spreadable, we may assume that there exist subintervals L; and Lo
of [n] with |Ly| = |Ls| = [(n — 2d + 1)/2] and satisfying the following properties.

(P1) We have max(L1) < I, (i9) < min(Ls).

(P2) If ig > 1, then I, (ip — 1) < min(L;) and I, (ip — 1) < min(L4).

(P3) If ip < d, then max(Ls) < Iy, (ip + 1) and max(Ls) < I, (ig + 1).
Set L := L1 U Ls and £ := [ (n — 2d + 1)/2]; also set

95 = (52 \ {Is, (i) }) U {1 ()} € <[Z}>

for every j € [2{]. Using the spreadability of X again, we obtain that

(P4) E[X,, X,,] = E[Xy, X3,] for every j € [¢], and

(P5) E[Xs, Xy,] = E[X,, X,,] for every j € [24]\ [£].
By the spreadability of X once again, we see that the collection (X, :j € [2/]) is an
orbit and, moreover, E[X, X, ] = E[X,, X, if either 4,5 € [¢], or 4,5 € [2(] \ [(]. The
result follows using the previous remarks, Corollary 5.3 and the fact that n > 4d+2. O

(64) ‘E[XleSZ] - E[Xt1Xt2H <

We are ready to give the proof of Proposition 6.2.

Proof of Proposition 6.2. Note that, by applying successively Lemma 6.4 at most d?
times, we obtain the following.

Let $1,59,83,54 € ([2}) with $1 # s9 and 3 # 64. Assume that the pairs {s1,52} and
{83,854} are aligned and have the same root G. Assume, moreover, that
(i) Isl I G = Isg I G:
(i) I, | G=1;, | G, and
(iii) for every interval I of [d]\ G we have max (L, (I)) < min (I, (I)).
Then we have |E[Xs, Xs,] — E[Xs, X, ]| < 4d?//n.

The estimate (6.3) follows using this observation, the triangle inequality and the spread-
ability of the random array X. O

7. PROOF OF THEOREM 1.6

In this section we give the proof of Theorem 1.6. As already noted, the proof is based
on the results obtained in Sections 5 and 6; in particular, the reader is advised to review
this material, as well as the terminology and notation introduced in Paragraphs 1.4.1 and

1.4.2, before reading this section.
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7.1. Existence of decomposition. The main step is the following proposition which
establishes the existence of the desired decomposition.

Proposition 7.1. Let n,d, x,k be positive integers with k > 2 and n > 2x2d(k + 1)d+1,
and set
1 8d?\1/2
7.1 — ~(n,d, k) = (f 7) .
(r.1) 1= d )= (1 +

Then there exists a subset N of [n] with |N| = k and satisfying the following property.
IFX=(Xs:s¢€ ([Z])> is a real-valued, spreadable, d-dimensional random array on [n]
such that || Xs||p, = 1 for all s € ([ZJ), then there exists a real-valued stochastic process
A = (A, : p € PartIncr([d], N)) such that the following hold true.

(i) For every s € (g) we have Xs = pcig AL 1P
(ii) For every p € PartIncr([d], N) with p # () we have [E[A,]| < 2.
(iii) If p1,p2 € PartIner([d], N) are distinct and the pair {p1,p2} is aligned, then we
have |E[A,, A, ]| < 224725,

The bulk of this section is devoted to the proof of Proposition 7.1—it spans Paragraphs
7.1.1 up to 7.1.4. The proof of Theorem 1.6 is completed in Subsection 7.2.

7.1.1. Definitions/Notation. This is the heart of the proof of Proposition 7.1. Our goal
is to define the set N and the process A. This task is combinatorially delicate, and
it requires a number of preparatory steps. In what follows, let d,n,k,k, X be as in
Proposition 7.1.

7.1.1.1. We start by selecting two sequences (L1, ..., L) and (D1, ..., Dy, Di41) of subin-
tervals of [n — 1] with the following properties.

e For every i € [k] we have |L;| = &.
e For every i € [k + 1] we have |D;| = dr?(k + 1)%.
e For every i € [k] we have max(D;) < min(L;) < max(L;) < min(D;41).

We set
(7.2) N :={min(L;) : i € [k]} and N :=NuU{n}.

Moreover, for every i € [k + 1] we select a collection (I'; , : p € Partlncr([d], N)) of
pairwise disjoint subintervals of D; of length dx?. Next, for every i € [k + 1] and every
p € PartIncr([d], N) let (©; p.1,...,©;p.q) denote the unique finite sequence of successive
subintervals of T'; , of length k2. Finally, for every i € [k + 1], every p € PartIncr([d], N)
and every j € [d] by (Hipjn1,...,Hip k) we denote the unique finite sequence of succes-
sive subintervals of ©; , ; of length x.
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Ty pr |
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Hip 1 Hipjn

FiGURE 3. The sets D;, Fi,p, @i,p,j and Hi,p,j,r~

7.1.1.2. Next, for every p € PartIncr([d], N) we define a subset O, of ([Z]) as follows. If
dom(p) = [d], then we set

(7.3) O, = {Im(p)}.

Otherwise, if dom(p) & [d], then let (Ky,...,K}) denote the unique finite sequence of
subintervals of [d] \ dom(p) of maximal length which cover the set [d] \ dom(p)—that is,
[d]\dom(p) = K;U---UK,—and such that max(K,) < min(K,y1)ifb > 2and a € [b—1].
(Note that, in b > 2, then for every a € [b — 1] we have that max(K,) + 1 € dom(p).)
Also let p: dom(p) U{d + 1} — N denote the extension of p which satisfies p(d + 1) = n.
For every r € [k] we set

sp,r = Im(p) U{min(Hip ) : a € [b],i = I (Bmax(K,) +1)) and j € {1,...,|Kq[}}
and we define

(7.4) Op = {spr : 7 € [r]}.

We also set

(7.5) G= |J Onc

GCdom(p)
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and
(7.6) 0= U O,.
pePartIncr([d],N)

Note that if p,p’ € PartIncr([d], N) are distinct, then O, N O, = 0.

Finally, for every s € O and every G C dom(p)—where p € PartIncr([d], N) denotes
the unique partial map such that s € O,—we define a subset O;,G of ([Z]) as follows. For
every r € [k] we set ty g, =p(G)U{v+r—1:ves\p(G)} € ([Z]) and we define

(7.7) O, ¢ = {tsgr:relxl}.

7.1.1.3. We are now in a position to introduce the stochastic process A. First, for every
p € PartIncr([d], N) we set

(7.8) Y, = S X,
(@

s€0,

(notice that, by (7.3), we have Y1, = X for every s € ([Z])L and we define

(7.9) Ay= Y (~p)ldemenCly,
GCdom(p)

We also set

(7.10) Ay =c({Xs:s€G,});

that is, A, is the o-algebra generated by the random variables (X, : s € Gp).

7.1.2. Basic properties. We isolate, for future use, the following basic properties of the

construction presented in Paragraph 7.1.1.

(P1) For every p € PartIncr([d], N) and every subset G of dom(p) the random variable
Y, i¢ is Ap-measurable.

(P2) Let p1,p2 € Partlner([d], N) be distinct and such that the pair {p1,p2} is aligned,
and assume that r(pi,p2) # dom(pi). Then for every s € O,, the family of
random variables (X¢ : t € Opypp, UO, ., 1) is an (8d?/y/n)-orbit in the sense
of Definition 5.1.

(P3) Let p1,p2 € PartIncr([d], N) be distinct and such that the pair {p1,p2} is aligned,
and assume that r(p1,p2) # dom(p;). Also let s € Op, be arbitrary. Then for
every s’ € Of .y we have that E[X | Ap,] = E[X, [ Ap,].

Property (P1) follows immediately by (7.8) and the fact that Op¢ € Gp. In order to see
that property (P2) is satisfied notice that, since p1 # p1 Ap2, if t1,t2 € Op, ap, UO;,r(m,pa)
are distinct, then Iy, | r(p1,p2) = L, | 7(p1,p2) = p1 A p2 and the pair {t1,t2} is
aligned with r(¢1,t3) = r(p1,p2). Using this observation, property (P2) follows from
Proposition 6.2. Finally, for property (P3) we first observe that for every F' C dom(p2)
we have that py # (p2 | F) and dom(p; Apa | F) C r(p1,p2). Therefore, for every

i € [d]\ r(p1,p2) and every F' C dom(pz) we have that I,(i) € UO,,r and, consequently,
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I(i) € UGp,. On the other hand, by the definition of the set Of ., . in (7.7), there
exists a collection (J; : i € [d] \ r(p1,p2)) of disjoint intervals of length x such that for
every i € [d] \ r(p1,p2) we have that I;(i) = min(.J;), Iy (i) € J; and J; N (UG,,) = 0.
Taking into account these remarks, property (P3) follows from the spreadability of X.

7.1.3. Compatibility of projections. The following lemma shows that the projections as-
sociated with the o-algebras defined in (7.10) behave like a lattice of projections when
applied to the random variables defined in (7.8).

Lemma 7.2. Let d,n,k,k, X be as in Proposition 7.1, and let v be as in (7.1). Also
let N C [n], Y = (Y, : p € Partlner([d], N)) and (A, : p € PartIncr([d], N)) be as
in Paragraph 7.1.1. Then for every distinct p1,ps € PartIncr([d], N) such that the pair
{p1,p2} is aligned we have

(7.11) H]E o | Ap,] — P1/\P2HL2 <2

Proof. If dom(p1) = r(p1,p2), then p; = p1 Aps and, by property (P1), the random vari-
able Y}, is A,,-measurable; hence, in this case, the result is straightforward. Therefore,
we may assume that dom(p;) \r(p1,p2) # 0. By (7.8), it is enough to show that for every
s € Op, we have

(7.12) HE [Xs [ Ap,] — Pl/\P2||L2 <27

To this end, let s € O, be arbitrary. Since p1 A pa = p2 | 7(p1,p2), using property (P1)
again, we see that Y, rp, is Ap,-measurable and, consequently,

(713) Ypl/\pz = E[Ypl/\p’z |Ap2]'

By property (P2), the process (X; : t € Op ap, UO! ) is an (8d?/y/n)-orbit in the

5,7(p1,p2)
sense of Definition 5.1. Moreover, |Op,ap,| = |O; ., ,.,)| = #- By Proposition 5.2, the
definition of Y}, op, in (7.8) and the choice of vy, we have
1
(7.14) ‘ Yo nps — . Z Xt’ L2
teo,, i (P1,P2)

and so, by the contractive property of conditional expectation and (7.13),

1
(715) H}/pl/\l)z - E Z E[Xt "Apz] Ly < 2.
tEO’S r(p1,p2)
The estimate (7.12) follows from (7.15) and property (P3). O

The following corollary of Lemma 7.2 is the last ingredient needed for the proof of
Proposition 7.1.

Corollary 7.3. Let d,n,k,k,X be as in Proposition 7.1, and let v be as in (7.1). Also
let N C[n] andY = (Y, : p € PartIncr([d], N)) be as in Paragraph 7.1.1. Then for every
distinct p1,p2 € Partlner([d], N) such that the pair {p1,p2} is aligned we have

(7.16) |E[Yp1sz] - E[YpiApz]‘ <4y
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Proof. We first observe that

(717) ’E[Yplypz] - E[Y;)zl/\pg” < ‘E[Y;z (Ypl - Y;h/\;l?z)” + ‘E[Ypl/\Pz (sz - Y;n/\;l?z)”'
By (7.8), we see that ||Yp,|lz, < 1. Since Y,, and Y}, rp, are A, ,-measurable—which
follows from property (P1)—by the Cauchy—Schwartz inequality and Lemma 7.2, the
first term in the right hand-side of (7.17) can be estimated by

(7-18) |E[sz (Ym - YpMpz)H = ’E[E[sz (Ypl - Yp1/\p2) |‘AP2H ’

= ’E[sz (E[Ypl | Apz] - Ypl/\P2 )H

(7.11)

< HE[YVP1 |'Ap2] - Ypl/\P2HL2 < 27'

Similarly, we obtain that
(7.11)

(7'19) |E[YP1/\P2 (Yp2 - YplApz)H < ||E[YP2 |AP1/\I72] - Ypl/\p2HL2 < 2’7'
Inequality (7.16) follows by combining (7.17), (7.18) and (7.19). O

7.1.4. Proof of Proposition 7.1. Let N be as in (7.2). Moreover, given the random ar-
ray X, let Y = (Y}, : p € PartIncr([d], N)) and A = (A, : p € PartIncr([d], N)) be the
real-valued stochastic processes defined in (7.8) and (7.9) respectively.

We claim that N and A are as desired. To this end we first observe that |N| = k. For
part (i), let s € (1(\1[ ) be arbitrary. Notice that for every G C [d] the quantity

(7.20) 3 (-l

GCFC[d)

is equal to 1 if G = [d], and 0 otherwise. Therefore,

(7.21) Z Ay, NEL Z ( Z(_1)|F\G| YISFG)
FCld]

FCld] GCF
LS (T o)y,
GC[d] GCFCd]

For part (ii), fix p € PartIncr([d], N) with p # 0 and observe that

(7.22) > (—plomnCl < g,
GCdom(p)
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Since ||Yy||r, < 1, by the Cauchy—Schwarz inequality and Lemma 7.2, we obtain that

(723) [BA) | DT (-plem NGl g

GCdom(p)
:‘ > (-U'dom(p)\G']E[E[YprG|A®]H
GCdom(p)
<| X (CDHemeNIE] + Y [E[EYpie | 4] - Y|
GCdom(p) 0#GCdom (p)
(7.22) (7.11)
< > ENpelAd -Vl < 2%
0#GCdom(p)

Finally, for part (iii), let p1, po € PartIncr([d], N) be distinct such that the pair {p1,p2} is
aligned. Without loss of generality we may assume that dom(p;) \ 7(p1,p2) # 0. (If not,
then we will work with ps.) By Corollary 7.3, we have

|E[Ap1Ap2]| (29) ‘ Z (71>|dom(P1)\G| (,1)\dom(pz)\H| E[Ypl 1Y, [H]’
GCdom(py)
HCdom(p2)
(7.16) d d G|+|H 2 2d+2
< ‘ 3 (—plemGeolomEHGHH gy ] 922y,
GCdom(p1)
HCdom(pz)
on the other hand, our assumption that dom(py) \ r(p1,p2) # 0 yields that
> (=o
GCdom(p1)\r(p1,p2)
and so,
Z (_1)Idom(m)\+|dom(pz)|+\G|+\Hl [E[y;1 erHw(phm)] —
GCdom(py)
HCdom(p2)
— ‘ 3 ER2 ] (-1 S~ 3 (,1)\@‘ —0.
G)gg'((;'ll’g’;))\l( HCdom(pa)\r(p1,p2)  GCdom(p1)\r(p1,p2)

GNH=0
Therefore, |E[A,, A,,]| < 227725, The proof of Proposition 7.1 is completed.

7.2. Proof of Theorem 1.6. Let d be a positive integer, let ¢ > 0, and let ¢ and ng be

as in (1.7) and (1.8) respectively. Fix an integer n > ng. We set

94d+5
22

5 (5a) " il

29 \25d

and we observe that x > 2 and n > 2k2d(k + 1)1, Let N be the subset of [n] obtained
by Proposition 7.1 applied for n,d and the positive integers k, k defined above. By the
choices of ¢,ng, k and the fact that |[N| = k, it is easy to see that |[N| > ¢ ¢/n. Next,

let X be a d-dimensional, spreadable, random array on [n] as in Theorem 1.6, and let A

(7.24) K= { —‘ and k= {
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be the real-valued stochastic process obtained by Proposition 7.1 when applied to X. By
the definition of the constant « in (7.1) and using again the choices of x and k, it is not
hard to check that parts (i), (ii) and (iii) of Proposition 7.1 yield the corresponding parts
of Theorem 1.6. Thus, we only need to verify part (iv), that is, the fact that the process
A is (essentially) unique.
Indeed, set

k—4(d-1)
d—1)+1

and observe that L is a subset of N with |L| > (7 + 22d)d)71k =(e1+ 22d)d)71|N|.
We will show that the set L is as desired. To this end, we first observe the following

(7.25) €= [e" 14224, ko= L J and L= {In((6(d—1)+1)7) : j € [ko]}

property which follows from the definition of the set L.

(A) For every p € PartIncr([d], L) there exists a sequence (s} )5:1 in (Jc\l[ ) such that for

every distinct i,5 € [¢] the pair {s},s}} is aligned in the sense of Definition 6.1,
and satisfies I» A Is§ =p.
Now, let Z = (Z, : p € Partlncr([d], N)) be a real-valued stochastic process which
satisfies parts (i) and (iii) of Theorem 1.6. By part (i) applied for A and Z, for every
s € (1(\{) we have
1=|X7, = D lALeli, + D ElALirArd]

FC[d] F,GC[d]
F£G

and

L=|1X7, = D 1 Zueli, + D ElZuirZiicl
FCld) FGCld)
£G

and therefore, by part (iii), for every F' C [d] we have
(7.26) |ALF3, < 1+2% and || Zi, 7|3, < 1+ 2%

Claim 7.4. Let p € PartIncr([d], L), and let (sf)le be the corresponding sequence in (]Z)
described in property (A). Then for every F C [d] the following hold.

(i) If F Cdom(p), then we have
1 1
(727) ZZAI%’[F:AP[F and ZZZI%?[F :ZPTF'
j=1
(ii) If F\ dom(p) # 0, then we have

1
é\/% and HZZZISP[F’

J

~

< V2e.

14
1
7.28 Hf A ‘
( ) 4 Z ISJP ¥ Lo -
j=1 j=1
Proof of Claim 7.4. By property (A), for every j € [n] we have that Ly | dom(p) = p;
(7.27) follows from this observation. On the other hand, invoking property (A) again,

we see that if F'\ dom(p) # 0, then for every distinct ji,j2 € [¢] the partial maps
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I, 3 and I, » are distinct and the pair {I 3 , I 3 } is aligned. Taking into account this
remark (7. 28) follows from (7.26), the fact that the processes A and Z satisfy part (iii)
of Theorem 1.6, and the choice of ¢ in (7.25). O

After this preliminary discussion, for every p € PartIncr([d], L) we will show that
(7.20) 18y = Zyll, < 20" o

with the convention that (é) = 0; clearly, this is enough to complete the proof. We
will proceed by induction on the cardinality of dom(p). If “dom(p) = 07, then this is
equivalently to saying that p = (); in this case, by (7.27) and using the fact that part (i)
of Theorem 1.6 is satisfied for A and Z, we see that

£ V4 14
XXy dt N DA wd (3 Xy=Zt 3 LY

j=1 0#£FC[d]  j=1 ° 0+#FC[d] g T

and so, by (7.28), we obtain that
18 = Zp|l L, <274 V2e.

Next, let u € [¢] and assume that (7.29) has been proved for every partial map whose
domain has size strictly less than u. Fix p € PartIncr([d], L) with |dom(p)| = u. Using
again (7.27) and the validity of part (i) of Theorem 1.6 for A and Z, we see that

14 14
1 1
2 Xa= D A+ ) gZ 1ol
j=1 FCdom(p) FC[d] j=1
F\dom(p)#
1 L
= Yzt ¥ Sz
FCdom(p) FCld  j=1
F\dom(p)#0

Invoking this identity, (7.28) and the inductive assumptions, we conclude that

18 = Zylla = || 30 Goir = dpir) + Y Z i = Sugie)]

F&dom(p) FCld] Jj=1
F\dom(p)#0

< (2" - 1)2(3)”“\/%4_ 2(2% — 2%)v/2¢ < o(“3h)+d+1, /o0

This completes the proof of the general inductive step, and consequently, the entire proof

of Theorem 1.6 is completed.

8. CONNECTION WITH CONCENTRATION

8.1. Overview. We are about to present an application of Theorem 1.4 which supple-
ments the concentration results obtained in [DTV20]. To put things in a proper context,
we first recall the main problem addressed in [DTV20).
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Problem 8.1. Letn > d > 2 be integers, and let X = (X, : s € ([Z])> be an approximately
spreadable, d-dimensional random array on [n] whose entries take values in a finite set X.
Also let f: x(9) SR bea function, and assume that E[f(X)] =0 and || f(X)[|, =1
for some p > 1. Under what condition on X can we find a large subset I of [n] such that,
setting Fr =0 ({X,: s € (é)}), the random variable E[f (X)) | F1] is concentrated around

1ts mean?

Note that Problem 8.1 is somewhat distinct from the traditional setting of concen-
tration of smooth functions (see, e.g., [Le01, BLM13]). It is particularly relevant in a
combinatorial context since functions on discrete sets are, usually, highly nonsmooth. We
refer the reader to the introduction of [DTV20] for further motivation, and to [DK16] for
a broader discussion on this “conditional concentration” and its applications.

8.1.1. The box independence condition. In [DTV20] it was shown'® that an affirmative
answer to Problem 8.1 can be obtained if—and essentially only if—the random array
X satisfies a certain correlation condition to which we refer as the box independence
condition. In order to state this condition we need to introduce some terminology. Let
n,d be integers with n > 2d and d > 2; we say that a subset of ([Z]) is a d-dimensional
boz of [n] if it is of the form

(8.1) {se (“j) |sNH;| =1forallie [d]}.

where Hy,..., Hy are 2-element subsets of [n] which satisfy max(H;) < min(H;41) for
every i € [d — 1].

Definition 8.2 (Box independence condition). Let n,d be integers with n > 2d and
d>2, let X be a finite set with |X| > 2, and let X = (X5 :s € ([Z])> be a d-dimensional
random array on [n] with X-valued entries. Also let ¥ > 0. We say that X satisfies the
¥-box independence condition if there exists a subset S of X with |S| = |X|— 1 such that
for every d-dimensional box B of [n] and every a € S we have
(8.2) ’]P’( N X :a]) - II B, :a])’ < 9.

seB sEB

Thus, for instance, if “d = 2” and “X = {0,1}”, then the ¥-box independence condition
is equivalent to saying that for every ¢, j,k, £ € [n] with i < j < k < £ we have

(83) [E[X (i Xy X 5.0 X G.0y] — BIX (o EIX 11,0y E[X (5 1y ) E[X (5.09]] < 9

8.1.2. The main result in this section—Proposition 8.3 below—is a characterization of
the box independence condition in terms of the distributional decomposition obtained
in Theorem 1.4; as will become clear in the ensuing discussion, the main advantage of
this characterization lies in the fact that that it enables us to employ further analytical
and combinatorial tools in the broader context of Problem 8.1. In a nutshell, it asserts

1OSee, in particular, [DTV20, Theorems 1.5 and 2.3].
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that a random array X satisfies condition (8.2) if and only if its distribution is close to
a distribution of the form (1.3) where for “almost every” j € J and every a € X the
random variable h§ is box uniform and its average E[h?] is roughly equal to the expected
value P([X|q = d]).

8.1.3. Box uniformity. The aforementioned box uniformity is a well-known pseudoran-
domness property—see, e.g., [R615]—which is defined using the box norms. Specifically,
let d > 2 be an integer, let (2,3, 1) be a probability space, and let Q¢ be equipped
with the product measure. Also let o > 0. We say that an integrable random variable
h: Q% — R is p-box uniform provided that

6.9 In B < 0

where || - |g denotes the corresponding box norm. (See Subsection 3.1.)
8.2. The characterization. We have the following proposition.

Proposition 8.3. Let d,m > 2 be integers, and let 0 < e < 1. Let C = C(d,m,2d,¢) be
asin (1.4), let n, X, X be as in Theorem 1.4, and set 0, = ([X[d] = ]) for everya € X.
Finally, let J, QX = (\; : j € J) and H = (h} : j € J,a € X) be as in Theorem 1.4
when applied to the random array X for the parameters d,m,c and k = 2d. Then the
following hold.

(i) Let o> 0, and set
(8.5) ¥ =9(d, e, 0) = 2%(2 + 4p).

Assume that there is a subset G of J such that: (a) 3 ;cqAj > 1— g, (md (b) for
every j € G and every a € X we have [E[h}] — 04| < 0 and Hh? —
Then, X is 9-box independent.

(ii) Conversely, let ¥ > 0, and set

(86) 0= o(d,m,e,0) = 2d+7m3(51/12d + 191/12d).

hi, HD Seo

Assume that X is ¥-box independent. Then there exists a subset G of J such
that: (a) > ;cq i =2 1 — o, and (b) for every j € G and every a € X we have
[E[h9] - 6a| < o and ||k — E[hi]||5 < o

Proof. First we argue for part (i). Let B be a d-dimensional box of [n], and fix a € X.
By (1.6) and part (a) of our assumptions, we have

(8.7) ‘IP’( Z)\ /Hh ws) dpj(w ))ge—&—g.
seB sEB

Let j € G be arbitrary, and observe that [|h{||g < 1. By the g-box uniformity of h{, the
Gowers—Cauchy—Schwarz inequality (3.6) and a telescopic argument, we see that

(8.8) ‘/Hh ws) dpj(w) — ] ER]| <

seB seB




42 PANDELIS DODOS, KONSTANTINOS TYROS AND PETROS VALETTAS

and so, using the fact [E[h}] — 04| < o, we obtain that

(59) [T dus() - 32| < 21410,
seB
On the other hand, since X is (1/C)-spreadable, we have
(8.10) 52— T[] P(x. = a])’ <2
a : C

sEB

By (8.7)—(8.10), assumption (a), the fact that 1/C < e and the choice of ¥ in (8.5), we

conclude that
’IP’( N x, = a]) - T Bix, = a])) <

which yields that the random array X is ¢-box independent.

We proceed to the proof of part (ii). We will need the following fact which follows
from [DTV20, Lemma 4.6 and Subsection 5.2] and the fact that n > C > e~ 1. It shows
that the box independence condition is inherited to subsets of d-dimensional boxes.

Fact 8.4. Let the notation and assumptions be as in part (ii) of Proposition 8.3, and set
(8.11) O = 100 224m?2" (214" 4+ 91/4),

Then for every d-dimensional box B of [n], every nonempty subset F of B and every
a € X we have

(8.12) ‘11»( N x. :a]) - [I B, :a])‘ <e.

seF

Now, fix a € X, and set s; .= {2i —1:45 € [d]} € ([Z]) and sg == {2i:4i € [d]} € ([ZJ).
By (1.6), we have

(8.13) ](sa ~SONERY| <,
jeJ
(8.14) ‘P([Xsl —a)N[X,, =a]) - AjE[hgﬂ <e.
jeJ

By Fact 8.4, the (1/C)-spreadability of X and (8.14), we see that

2

(8.15) 52—2)\]-1[43%?]2‘ <e+0+ 2
jeJ

Thus, setting

(8.16) 01 = 2m(4e + ©)Y/*,

by (8.13), (8.15), the fact that 1/C < e, Chebyshev’s inequality and a union bound, we
obtain a subset G; of J such that Aj =2 1— 01 and [E[h{] — 64| < o1 for every
j € Gy and every a € X.

j€G
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Again, let a € X be arbitrary. We shall estimate the quantity

B17) X A fn BRI 23 (-

JEG, HC{0,1}4
d
X ( S N ERe / I1 h;(we)du(w)).
JE€Gq eeH

(Here, as in Section 2, we use the convention that the product of an empty family of
functions is equal to the constant function 1.) To this end, let H be an arbitrary subset
of {0,1}4. Notice first that, by the choice of Gy, we have

(18) | 32 AE M [ ] o) dulw)-

jEG1 ecH

oo [T rwo duw)| < @27+ e

jeJ ecH

Next observe that if H is nonempty, then, by (1.6), we may select a d-dimensional box B
of [n] and a nonempty subset F' of B with |F| = |H| and such that

(8.19) (X =a)) - ij/ T 7w duw)] < =

Thus, by Fact 8.4, the (1/C)-spreadability of X and the fact that |F| = |H|, we have
d

(8.20) ‘51{7" - Z/\j/ 11 h;(we)du(w)‘ <e+O+ %

JjeJ ecH

By (8.18) and (8.20), we see that for every (possibly empty) subset H of {0,1},

d
(8.21) ‘ > A E[Re 1 / I 1 (we) dp(w) — 2l <e+0+ z. 2%+ 1) 0.

JjEG1 ecH O
By (8.17) and (8.21), we conclude that for every a € X we have
27 _ od 2 d
(8.22) 3 nllne —ERY|Z <2 (g+9+5+(2 +1)gl).

JE€EG1

Using once again the fact that 1/C < e, (8.22), the choice of g, © and p; in (8.6), (8.11)
and (8.16) respectively, Markov’s inequality and a union bound, we may select a subset G
of Gi with 3,5 A; 21— 0 and such that ||h? - E[h?}”u < p for every j € G and every
a € X. Since G C G1 and 97 < o, we see that G is as desired. The proof of Proposition
8.3 is completed. g
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APPENDIX A. PROOF OF LEMMA 3.4

Let d,m,e be as in the statement of Lemma 3.4, and let ny be as in (3.8). Fix
coefficients A1, ..., A\, = 0 with A\; +---4+ X\, =1, and let V be a finite set with |[V| > ng.
Observe that, by the choice of ng, we have

1 (1 + d!'m)2d>\1/2* 2 4/3
(A.1) (IVld/3+ o )" <e and 172mexp<fM\V\ ) >o0.
We define an equivalence relation ~ on V¢ by setting
(A.2) (v1,y...,vq) ~ (v],...,v);) < there exists a permutation 7 of [d]

such that v; = v for all i € [d],

and for every e € V¥ by [e] :== {¢/ € V?: ¢’ ~ e} we denote the ~-equivalence class of e.
We also set Sym(V4) :=V?/ ~.

Next, we fix a collection X = (X, : e € Sym(V?)) of [m]-valued, independent random
variables defined on some probability space (2,3, P) which satisfy ]P’([Xe = ]]) =\
for every e € Sym(V?) and every j € [m]. Moreover, for every j € [m] we define

fi: [m]sym(Vd) — R by setting for every = (xe)GGSym(Vd) c [m]sym(vd)7

d
(A.3) fi(@®) = [ Leevai, = — Ml -
Recall that for every v = (v9,v},...,09,0}) € V2 and every € = (e1,...,€e4) € {0,1}¢
we set ve = (vil,...,v5?) € V9 Let Z denote the subset of V¢ consisting of all strings
with distinct entries. Observe that for every & = (Ze)ecsym(va) € [m]Sym(Vd’) and every
J € [m] we have

(A.4) fi@) 2 ‘V1|2d o I Gy =2

veV?2d ec{0,1}4

= ﬁ SN T 1y ) +

veEZ HC{0,1}4 ecH

+ |V1|2d > I au@ps) =)

vEV2I\T €e€{0,1}¢

and
1 |V2I\Z|  2d?
(A’5) ‘ |V|2d Z H (l{j}(x[”e]) - )‘j)‘ < |V|2d < m
veV2I\T ec{0,1}4
On the other hand, by the definition of Z, for every v = (v?,v{,...,v3,v}) € T and every

distinct €;,€e; € {0,1}¢ we have [ve,] # [ve,]. Therefore, by the independence of the
entries of X and linearity of expectation, for every v = (v{,v{,...,v%,v}) € Z and every
J € [m] we have

(A.G) E|: Z (_)\j>2d—|H| H l{j}(X[ve])} = Z (_)\j)Qd—\H\/\IjH| -0.

HC{0,1}4 ccH HC{0,1}4
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By (A.4), (A.5) and (A.6), for every j € [m] we obtain that

(A7) Elf, ()] < 22

Moreover, by (A.4) again, if £ = (Ze)ecsym(ve) a0d Y = (Ye)eecSym(ve) N [m]Sym(Vd) are
such that [{e € Sym(V?) : xe # ye}| < 1, then for every j € [m] we have

2 \d
(A.8) i)~ fiw)l < (7)
By (A.8) and the bounded differences inequality (see, e.g., [BLM13, Theorem 6.2]), for
every j € [m] and every ¢ > 0 we have the estimate

2t2|V |4
(A.9) P(1£(X) ~ Elf;(X)]| > 1) < 2exp (- )
Applying (A.9) for “t = 1/|V|%3” and using (A.7), for every j € [m] we have
1 2d? 2 4

. (X)) et )21 - |V]4/3).
(A.10) ]P’(fj(X)\ |V|d/3+|v|)/1 26Xp( V] )
By (A.10), a union bound and (A.1), we select wp € 2 which belongs to the event

1 2d>
. i < =%+ ==

We select a partition (Dy, ..., D,,) of Sym(V%) into nonempty sets such that
(A.12) |D; A {e € Sym(V?) : Xe(wo) =5} <m

for every j € [m]. Finally, we set E; :== {e € V¥ : [e] € D;} for every j € [m]. By (A.8),
the choice of wg and (A.1), we see that the partition (E1,..., E,,) is as desired. The proof
of Lemma 3.4 is completed.
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