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Kef�laio 1

Eisagwg 

1.1 Isotropik� kurt� s¸mata

'Ena kurtì s¸ma K ston Rn lègetai isotropikì an èqei ìgko |K| = 1, kèntro
b�rouc sthn arq  twn axìnwn kai up�rqei mia stajer� LK > 0 tètoia ¸ste∫

K
〈x, θ〉2dx = L2

K(1.1)

gia k�je θ sthn EukleÐdeia monadiaÐa sfaÐra Sn−1. Den eÐnai dÔskolo na deÐ kaneÐc
ìti gia k�je kurtì s¸ma K ston Rn up�rqei ènac afinikìc metasqhmatismìc T tou
Rn tètoioc ¸ste to T (K) na eÐnai isotropikì. Epiplèon, aut  h isotropik  eikìna
tou K eÐnai monadik  an agno soume orjog¸niouc metasqhmatismoÔc. MporoÔme
loipìn na orÐsoume thn isotropik  stajer� LK wc analloÐwth thc afinik c kl�shc
tou K. MporeÐ kaneÐc na elègxei ìti h isotropik  jèsh tou K elaqistopoieÐ thn
posìthta

1

|T (K)|1+ 2
n

∫
T (K)

‖x‖2
2dx(1.2)

p�nw apì ìlouc touc mh ekfulismènouc afinikoÔc metasqhmatismoÔc T tou Rn.
Eidikìtera,

nL2
K 6

1

|K|1+ 2
n

∫
K
‖x‖2

2dx.(1.3)

IdiaÐtero endiafèron parousi�zei h ex c eikasÐa: up�rqei mia apìluth stajer�
C > 0 tètoia ¸ste LK 6 C gia k�je n ∈ N kai gia k�je kurtì s¸ma K ston Rn.
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To kalÔtero wc t¸ra apotèlesma p�nw se aut  thn eikasÐa apodeÐqjhke prìsfata
apì ton Klartag [26], o opoÐoc èdeixe ìti LK 6 c 4

√
n. O Bourgain eÐqe deÐxei sto [6]

ìti LK 6 c 4
√
n lnn. H eikasÐa sqetÐzetai me to prìblhma twn tom¸n ènoc kurtoÔ

s¸matoc, pou rwt�ei an up�rqei mia apìluth stajer� c > 0 tètoia ¸ste gia k�je
kurtì s¸ma K me ìgko 1 up�rqei èna uperepÐpedo h tom  tou opoÐou me to K èqei
ìgko megalÔtero apì c. H sÔndesh twn dÔo aut¸n problhm�twn eÐnai �mesh apì
th dipl  anisìthta

c1 6 LK · |K ∩ θ⊥| 6 c2(1.4)
pou isqÔei gia k�je θ ∈ Sn−1 kai k�je isotropikì kurtì s¸ma K (c1, c2 > 0 eÐnai
apìlutec stajerèc). Parapèmpoume sto �rjro [41] twn Milman kai Pajor gia tic
basikèc idiìthtec twn isotropik¸n kurt¸n swm�twn.

Se aut  th diatrib  melet�me probl mata pou prokÔptoun apì th melèth thc
eikasÐac gia thn isotropik  stajer�.

1.2 Sumbolismìc kai basikoÐ orismoÐ

1.2aþ Kurt� s¸mata
DouleÔoume ston Rn, ton opoÐo jewroÔme efodiasmèno me mia EukleÐdeia dom 
〈·, ·〉. SumbolÐzoume me ‖ · ‖2 thn antÐstoiqh EukleÐdeia nìrma. Gr�foume Bn

2 gia
thn EukleÐdeia monadiaÐa mp�la kai Sn−1 gia th monadiaÐa sfaÐra. O ìgkoc sum-
bolÐzetai me | · |. SumbolÐzoume me ωn ton ìgko thc Bn

2 kai me σ to analloÐwto
wc proc orjog¸niouc metasqhmatismoÔc mètro pijanìthtac sth sfaÐra Sn−1. H
pollaplìthta Grassmann Gn,k twn k-di�statwn upoq¸rwn tou Rn eÐnai efodi-
asmènh me to mètro pijanìthtac tou Haar µn,k. Gia k�je k 6 n kai F ∈ Gn,k
sumbolÐzoume me PF thn orjog¸nia probol  apì ton Rn ston F .

Ta gr�mmata c, c′, c1, c2 klp, sumbolÐzoun apìlutec, jetikèc stajerèc oi opoÐec
mporeÐ na all�zoun apì gramm  se gramm . Opoted pote gr�foume a ' b, en-
nooÔme ìti up�rqoun apìlutec stajerèc c1, c2 > 0 tètoiec ¸ste c1a 6 b 6 c2a.
EpÐshc an K,L ⊆ Rn ja gr�foume K ' L an up�rqoun apìlutec stajerèc
c1, c2 > 0 tètoiec ¸ste c1K ⊆ L ⊆ c2K.

Se aut  thn ergasÐa, kurtì s¸ma lème èna sumpagèc kurtì uposÔnolo K tou
Rn me 0 ∈ int(K). To K lègetai summetrikì an x ∈ K ⇒ −x ∈ K. To K èqei
kèntro b�rouc to 0 an
(1.5)

∫
K
〈x, θ〉dx = 0
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gia k�je θ ∈ Sn−1. H aktinik  sun�rthsh ρK : Rn\{0} → R+ tou K orÐzetai apì
thn
(1.6) ρK(x) = max{λ > 0 : λx ∈ K}.

H sun�rthsh st rixhc hK : Rn → R tou K orÐzetai apì thn
(1.7) hK(x) = max{〈x, y〉 : y ∈ K}.

To pl�toc tou K sth dieÔjunsh tou θ ∈ Sn−1 eÐnai h posìthta w(K, θ) = hK(θ)+
hK(−θ), kai to mèso pl�toc tou K orÐzetai apì thn

(1.8) w(K) =
1
2

∫
Sn−1

w(K, θ)σ(dθ) =
∫
Sn−1

hK(θ)σ(dθ).

H aktÐna tou K eÐnai h posìthta
(1.9) R(K) = max{‖x‖2 : x ∈ K}.

An 0 ∈ int(K), to polikì s¸ma K◦ tou K eÐnai to
(1.10) K◦ := {y ∈ Rn : 〈x, y〉 ≤ 1 gia k�je x ∈ K}.

H anisìthta Brunn-Minkowski sundèei ton ìgko me thn prìsjesh kat� Minkowski:
An A kai B eÐnai dÔo mh ken� sumpag  uposÔnola tou Rn, tìte
(1.11) |A+B|1/n ≥ |A|1/n + |B|1/n,

ìpou A+B := {a+ b | a ∈ A, b ∈ B}. 'Epetai ìti, gia k�je λ ∈ (0, 1)

(1.12) |λA+ (1− λ)B|1/n ≥ λ|A|1/n + (1− λ)|B|1/n,

kai, apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,
(1.13) |λA+ (1− λ)B| ≥ |A|λ|B|1−λ.

'Estw K summetrikì kurtì s¸ma ston Rn. H apeikìnish
(1.14) ‖x‖K = min{λ ≥ 0 : x ∈ λK}

eÐnai nìrma ston Rn. O Rn efodiasmènoc me thn nìrma ‖ · ‖K ja sumbolÐzetai me
XK . AntÐstrofa, an X = (Rn, ‖ · ‖) eÐnai ènac q¸roc me nìrma, tìte h monadiaÐa
tou mp�la KX = {x ∈ Rn : ‖x‖ ≤ 1} eÐnai summetrikì kurtì s¸ma ston Rn.
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1.2bþ Ψα-nìrma
'Estw K èna kurtì s¸ma ìgkou 1 ston Rn. An f : K → R eÐnai mia fragmènh
metr simh sun�rthsh kai an α ≥ 1, h Orlicz nìrma ‖f‖ψα thc f orÐzetai apì thn

(1.15) ‖f‖ψα = inf
{
t > 0 :

∫
K

exp ((|f(x)|/t)α) dx ≤ 2
}
.

H Orlicz nìrma t�xhc α thc f perigr�fetai isodÔnama wc ex c.
Prìtash 1.2.1. An f : K → R eÐnai mia fragmènh metr simh sun�rthsh kai an

α ≥ 1, tìte

(1.16) ‖f‖ψα ' sup
{
‖f‖p
p1/α

: p ≥ α

}
.

'Estw α ≥ 1 kai y 6= 0 ston Rn. Lème ìti to K ikanopoieÐ ψα-ektÐmhsh me stajer�
bα sth dieÔjunsh tou y an
(1.17) ‖〈·, y〉‖ψα ≤ bα‖〈·, y〉‖1.

Lème ìti to K eÐnai ψα-s¸ma me stajer� bα an h (1.17) isqÔei gia k�je y 6= 0.
Aplìc upologismìc deÐqnei ìti an to K ikanopoieÐ ψα-ektÐmhsh me stajer� bα sth
dieÔjunsh tou y kai an T ∈ SL(n), tìte to T (K) ikanopoieÐ ψα-ektÐmhsh me thn
Ðdia stajer� sth dieÔjunsh tou T ∗(y). 'Epetai ìti to T (K) eÐnai ψα-s¸ma me
stajer� bα an kai mìno an to K eÐnai ψα-s¸ma me thn Ðdia stajer�.

Sunèpeia thc anisìthtac Brunn–Minkowski eÐnai to ex c polÔ genikì apotè-
lesma.
Je¸rhma 1.2.2. Up�rqei apìluth stajer� C > 0 me thn ex c idiìthta: gia k�je

kurtì s¸ma K ston Rn kai gia k�je y 6= 0,

(1.18) ‖〈·, y〉‖ψ1 ≤ C‖〈·, y〉‖1.

Me �lla lìgia, up�rqei apìluth stajer� C > 0 tètoia ¸ste k�je kurtì
s¸ma K na eÐnai ψ1-s¸ma me stajer� C. Sthn prìtash aut  enswmat¸netai ìlh h
plhroforÐa pou mporeÐ na mac d¸sei h anisìthta Brunn-Minkowski gia ta grammik�
sunarthsoeid  se kurt� s¸mata: an to K eÐnai {k¸noc} sth dieÔjunsh tou y tìte,
sthn (1.18) den mporoÔme na antikatast soume thn ψ1-nìrma me thn ψα-nìrma gia
k�poio α > 1.
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1.3 Apotelèsmata thc diatrib c

1.3aþ Isotropik  stajer� tuqaÐwn polutìpwn
Sto Kef�laio 2, skopìc mac eÐnai na d¸soume katafatik  ap�nthsh sto prìblhma
thc isotropik c stajer�c gia k�poiec kl�seic tuqaÐwn kurt¸n swm�twn. H melèth
tou sugkekrimènou probl matoc xekÐnhse apì touc Klartag kai Kozma sto [27],
oi opoÐoi melèthsan thn perÐptwsh twn Gaussian tuqaÐwn polutìpwn. Apèdeixan
ìti an N > n kai G1, . . . , GN eÐnai anex�rthta tupik� kanonik� tuqaÐa dianÔsmata
ston Rn, tìte h isotropik  stajer� twn tuqaÐwn polÔtopwn
(1.19) KN := conv{±G1, . . . ,±GN} kai SN := conv{G1, . . . , GN}

eÐnai fragmènh apì mia apìluth stajer� C > 0 me pijanìthta megalÔterh apì
1− Ce−cn. To epiqeÐrhm� touc (sto [27]) douleÔei kai gia �llec kl�seic tuqaÐwn
polutìpwn me korufèc pou èqoun anex�rthtec suntetagmènec (gia par�deigma, an
oi korufèc eÐnai omoiìmorfa katanemhmènec ston kÔbo Qn := [−1/2, 1/2]n   ston
diakritì kÔbo En2 := {−1, 1}n). Prìsfata, o Alonso–Gutiérrez (sto [1]) ap�nthse
katafatik� kai sthn perÐptwsh pou to KN   to SN par�gontai apì N anex�rthta
tuqaÐa shmeÐa, omoiìmorfa katanemhmèna sthn EukleÐdeia sfaÐra Sn−1. Melet�me
to parak�tw prìblhma:

Prìblhma. 'Estw K èna kurtì s¸ma ston Rn. Gia k�je N > n

jewroÔme N tuqaÐa shmeÐa x1, . . . , xN , anex�rthta kai omoiìmorfa

katanemhmèna sto K, kai orÐzoume ta tuqaÐa polÔtopa

(1.20) KN := conv{±x1, . . . ,±xN} kai SN := conv{x1, . . . , xN}.

EÐnai al jeia pwc, me pijanìthta pou teÐnei sto 1 kaj¸c n → ∞,

èqoume ìti LKN 6 CLK kai LSN 6 CLK ìpou C > 0 eÐnai mia stajer�

anex�rthth apì ta K, n kai N ?

AxÐzei na shmeiwjeÐ ìti, parìlo pou ta shmeÐa x1, . . . , xN epilègontai anex�rth-
ta kai omoiìmorfa apì to K, oi suntetagmènec touc den eÐnai anex�rthtec. Me
�lla lìgia, o tuqaÐoc N × n pÐnakac (xij) pou èqei wc i-gramm  to di�nus-
ma xi èqei anex�rthtec st lec all�, gia k�je i = 1, . . . , N , oi suntetagmènec
xij = 〈xi, ej〉, j = 1, . . . , n, den eÐnai anex�rthtec. To pr¸to par�deigma autoÔ tou
eÐdouc, to opoÐo antimetwpÐsthke, eÐnai autì sthn ergasÐa tou Alonso–Gutiérrez.
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Sto plaÐsio ìmwc thc Sn−1, lìgw twn summetri¸n thc sfaÐrac, oi omoiìthtec me
thn perÐptwsh twn Gaussian tuqaÐwn polutìpwn eÐnai pollèc.
DÐnoume katafatik  ap�nthsh sthn perÐptwsh pou to s¸maK eÐnai 1-unconditional.
K�noume dhlad  tic epiplèon upojèseic ìti to s¸ma K eÐnai summetrikì wc proc
thn arq  twn axìnwn kai ìti, Ðswc met� apì ènan grammikì metasqhmatismì, h
sun jhc orjokanonik  b�sh {e1, . . . , en} tou Rn eÐnai 1-unconditional b�sh gia
thn ‖ · ‖K . Dhlad , gia k�je epilog  pragmatik¸n arijm¸n t1, . . . , tn kai gia k�je
epilog  pros mwn εj = ±1,
(1.21) ‖ε1t1e1 + · · ·+ εntnen‖K = ‖t1e1 + · · ·+ tnen‖K .

Tìte, elègqetai eÔkola ìti mporoÔme na fèroume to K sthn isotropik  jèsh me
ènan diag¸nio telest . EÐnai epÐshc gnwstì ìti h isotropik  stajer� tou K sthn
perÐptwsh aut  ikanopoieÐ thn LK ' 1. To �nw fr�gma èpetai apì thn anisìthta
Loomis–Whitney (blèpe epÐshc to [12] ìpou apodeiknÔetai h anisìthta 2L2

K 6 1).
Gia thn antÐstrofh anisìthta, arkeÐ na jumhjoÔme ìti gia k�je kurtì s¸ma K
ston Rn isqÔei h sqèsh LK > LBn2 > c, ìpou c > 0 eÐnai apìluth stajer� (blèpe
[41]).

H akrib c diatÔpwsh tou apotelèsmatìc mac eÐnai h akìloujh:
Je¸rhma 1.3.1. 'Estw K èna isotropikì kai 1-unconditional kurtì s¸ma ston

Rn. Gia k�je N > n jewroÔme N tuqaÐa shmeÐa x1, . . . , xN , anex�rthta kai omoiì-

morfa katanemhmèna sto K. Tìte, me pijanìthta megalÔterh apì 1−C1 exp(−cn)
an N > c1n kai megalÔterh apì 1 − C1 exp(−cn/ lnn) an n < N < c1n, ta

tuqaÐa polÔtopa KN := conv{±x1, . . . ,±xN} kai SN := conv{x1, . . . , xN} èqoun

isotropik  stajer� fragmènh apì mia apìluth stajer� C > 0.

H mejodìc mac basÐzetai sto [27] kai sta akrib  apotelèsmata twn Bobkov
kai Nazarov apì to [13], gia thn ψ2 sumperifor� twn grammik¸n sunarthsoeid¸n
p�nw se isotropik� kai 1-unconditional kurt� s¸mata.

1.3bþ Asumptwtikì sq ma tuqaÐwn polutìpwn
'Estw K èna kurtì s¸ma ìgkou 1 ston Rn. Gia k�je q > 1 orÐzoume to Lq�
kentroeidèc s¸ma Zq(K) tou K mèsw thc sun�rthshc st rix c tou:

(1.22) hZq(K)(x) = ‖〈·, x〉‖q :=
(∫

K
|〈y, x〉|qdy

)1/q

.
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Sto Kef�laio 3 perigr�foume to {asumptwtikì sq ma} enìc tuqaÐou polutìpou
KN = conv{x1, . . . , xN} pou par�getai apìN anex�rthta tuqaÐa shmeÐa x1, . . . , xN
omoiìmorfa katanemhmèna sto K, sugkrÐnontac to KN me to Lq�kentroeidèc s¸ma
Zq(K) tou K gia q ' ln(N/n).

AfethrÐa gia th doulei� mac eÐnai h melèth thc sumperifor�c twn summetrik¸n
tuqaÐwn ±1�polutìpwn (o ìroc ±1�polÔtopo qrhsimopoieÐtai sth bibliografÐa
gia thn kurt  j kh enìc uposunìlou tou diakritoÔ kÔbou En2 = {−1, 1}n). O
fusiologikìc trìpoc gia na {fti�xei} kaneÐc tuqaÐa tètoia polÔtopa eÐnai na sta-
jeropoi seiN > n kai na jewr sei thn kurt  j khKn,N = conv{± ~X1, . . . ,± ~XN}
N tuqaÐwn shmeÐwn ~X1, . . . , ~XN ta opoÐa eÐnai anex�rthta kai omoiìmorfa katanemh-
mèna ston En2 . ProkÔptei (blèpe [19]) ìti èna tuqaÐo polÔtopo Kn,N èqei ton
megalÔtero dunatì ìgko an�mesa se ìla ta ±1�polÔtopa me N korufèc, gia k�je
klÐmaka megèjouc twn n kai N . Autì eÐnai sunèpeia thc akìloujhc prìtashc: an
n > n0 kai N > n(lnn)2, tìte
(1.23) Kn,N ⊇ c

(√
ln(N/n)Bn

2 ∩Bn
∞

)
me pijanìthta megalÔterh apì 1− e−n, ìpou c > 0 eÐnai mia apìluth stajer�, Bn

2

eÐnai h EukleÐdeia monadiaÐa mp�la ston Rn kai Bn
∞ = [−1, 1]n.

Sto [31] oi Litvak, Pajor, Rudelson kai Tomczak–Jaegermann melèthsan èna
genikìtero plaÐsio pou emperièqei to prohgoÔmeno montèlo Bernoulli (all� kai
autì twn Gaussian tuqaÐwn polutìpwn). 'Estw Kn,N h apìluth kurt  j kh twn
gramm¸n enìc tuqaÐou pÐnaka Γn,N = (ξij)16i6N, 16j6n, ìpou ξij eÐnai anex�rthtec
kai summetrikèc tuqaÐec metablhtèc pou ikanopoioÔn k�poiec sugkekrimènec sun-
j kec: ‖ξij‖L2 > 1 kai ‖ξij‖Lψ2 6 ρ gia k�poio ρ > 1, ìpou ‖ · ‖Lψ2 eÐnai h Orlicz
nìrma pou antistoiqeÐ sth sun�rthsh ψ2(t) = et

2−1. Gia thn eurÔterh aut  kl�sh
tuqaÐwn polutìpwn, oi ektim seic tou [19] genikeÔthkan kai belti¸jhkan se dÔo
kateujÔnseic: sto �rjro [31] dÐnontai ektim seic gia k�je N > (1 + δ)n, ìpou
to δ > 0 mporeÐ na katèbei mèqri thn tim  1/ lnn, kai apodeiknÔetai o akìloujoc
egkleismìc: gia k�je 0 < β < 1,
(1.24) Kn,N ⊇ c(ρ)

(√
β ln(N/n)Bn

2 ∩Bn
∞

)
me pijanìthta megalÔterh apì 1 − exp(−c1nβN1−β) − exp(−c2N). H apìdeixh
sto [31] basÐzetai se èna sugkekrimèno k�tw fr�gma thc t�xhc tou √N , gia thn
mikrìterh idi�zousa tim  tou tuqaÐou pÐnaka Γn,N , to opoÐo isqÔei me pijanìthta
megalÔterh apì 1− exp(−cN).
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Upì mÐa ènnoia, oi dÔo proseggÐseic pou perigr�yame pio p�nw, antistoiqoÔn
sth melèth tou megèjouc enìc tuqaÐou polutìpou KN = conv{x1, . . . , xN} pou
par�getai apì N anex�rthta tuqaÐa shmeÐa x1, . . . , xN pou katanèmontai omoiì-
morfa sto monadiaÐo kÔbo Qn := [−1/2, 1/2]n. H akìloujh parat rhsh mac dÐnei
th sÔndesh twn parap�nw ektim sewn me ta Lq�kentroeid  s¸mata.
Parat rhsh. Gia x ∈ Rn kai t > 0, orÐzoume
(1.25) K1,2(x, t) := inf {‖u‖1 + t‖x− u‖2 : u ∈ Rn} .

An gr�youme (x∗j )j6n gia thn fjÐnousa anadi�taxh twn (|xj |)j6n tìte apì ton tÔpo
prosèggishc tou Holmstedt èqoume

(1.26)
1
c
K1,2(x, t) ≤

[t2]∑
j=1

x∗j + t

 n∑
j=[t2]+1

(x∗j )
2

1/2

6 K1,2(x, t)

ìpou c > 0 eÐnai mia apìluth stajer� (blèpe [25]).
An, gia k�je α > 1 orÐsoume C(α) = αBn

2 ∩Bn
∞, tìte

(1.27) hC(α)(θ) = K1,2(θ, α)

gia k�je θ ∈ Sn−1. Apì thn �llh pleur� èqoume ìti

(1.28) ‖〈·, θ〉‖Lq(Qn) '
∑
j6q

θ∗j +
√
q

 ∑
q<j6n

(θ∗j )
2

1/2

gia k�je q > 1 (blèpe, gia par�deigma, [14]). Me �lla lìgia,
(1.29) C(

√
q) ' Zq(Qn)

ìpou Zq(K) eÐnai to Lq�kentroeidèc s¸ma touK. Autì deÐqnei ìti ta apotelèsmata
twn [19] kai [31] mporoÔn na graftoÔn sthn akìloujh morf :
(1.30) Kn,N ⊇ c(ρ)Zβ ln(N/n)(Qn).

Xekin¸ntac apì aut  thn parat rhsh, jewroÔme to tuqaÐo polÔtopo
KN = conv{x1, . . . , xN}
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pou par�getai apì N anex�rthta tuqaÐa shmeÐa x1, . . . , xN pou katanèmontai o-
moiìmorfa se èna isotropikì kurtì s¸ma K kai prospajoÔme na sugkrÐnoume to
KN me to Zq(K) gia kat�llhlh tim  thc paramètrou q = q(N,n) ' ln(N/n). To
pr¸to basikì mac apotèlesma eÐnai pwc èna an�logo apotèlesma isqÔei se pl rh
genikìthta.
Je¸rhma 1.3.2. 'Estw β ∈ (0, 1/2] kai γ > 1. An

(1.31) N > N(γ, n) = cγn,

ìpou c > 0 eÐnai mÐa apìluth stajer�, tìte gia k�je isotropikì kurtì s¸ma K

ston Rn èqoume

(1.32) KN ⊇ c1 Zq(K) gia k�je q 6 c2β ln(N/n),

me pijanìthta megalÔterh apì

(1.33) 1− exp
(
−c3N1−βnβ

)
− P(‖Γ : `n2 → `N2 ‖ > γLK

√
N)

ìpou Γ : `n2 → `N2 eÐnai o tuqaÐoc telest c Γ(y) = (〈x1, y〉, . . . 〈xN , y〉) pou orÐzetai

apì tic korufèc x1, . . . , xN tou KN .

Prèpei na tonisteÐ ìti den mporoÔme na perimènoume antÐstrofo egkleismì thc
morf cKN ⊆ c4 Zq(K) me pijanìthta kont� sto 1, ektìc kai an to q eÐnai thc t�xhc
tou n. Autì prokÔptei apì èna aplì epiqeÐrhma ìgkou, me qr sh thc ektÐmhshc
tou G. PaoÔrh (blèpe [48]) gia ton ìgko tou Zq(K). Parousi�zoume to epiqeÐrhma
autì sthn trÐth par�grafo tou trÐtou kefalaÐou. En toÔtoic, eÔkola mporeÐ kaneÐc
na dei ìti to KN {sumpièzetai asjen¸c} an�mesa se dÔo Zqi(K) (i = 1, 2), ìpou
qi ' ln(N/n), me thn akìloujh ènnoia:
Prìtash 1.3.3. Gia k�je α > 1 èqoume

(1.34) E
[
σ(θ : (hKN (θ) > αhZq(K)(θ))

]
6 Nα−q.

H prìtash aut  mac deÐqnei ìti an q > c5 ln(N/n) tìte, gia ta perissìter-
a θ ∈ Sn−1, èqoume hKN (θ) 6 c6hZq(K)(θ). Etsi loipìn prokÔptei ìti di�forec
gewmetrikèc par�metroi touKN , gia par�deigma to mèso pl�toc, mporoÔn na pros-
dioristoÔn apì tic antÐstoiqec paramètrouc tou Z[ln(N/n)](K).
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1.3gþ H aktÐna ìgkou tuqaÐwn polutìpwn
Sto kef�laio 5, dÐnoume akrib  ektÐmhsh (an krat soume thn isotropik  stajer�
san par�metro) gia thn aktÐna ìgkou |KN |1/n tou KN . 'Estw K èna kurtì s¸ma
ìgkou 1 ston Rn. Sto [22] dÐnetai mia ektÐmhsh gia th mèsh tim 

(1.35) E(K,N) = E |KN |1/n =
∫
K
· · ·
∫
K
|conv(x1, . . . , xN )|1/ndxN · · · dx1

tou KN . ApodeiknÔetai ìti gia k�je isotropikì s¸ma K ston Rn kai gia k�je
N > n+ 1,

(1.36) E(B(n), N) 6 E(K,N) 6 cLK
ln(2N/n)√

n
,

ìpou B(n) eÐnai h mp�la ìgkou 1. H ektÐmhsh aut  eÐnai asjen c gia meg�lec timèc
tou N : mia isqurìterh eikasÐa eÐnai ìti

(1.37) E(K,N) ' min

{√
ln(2N/n)√

n
, 1

}
LK

gia k�je N > n+ 1. Autì epalhjeÔthke sto [20] sthn unconditional perÐptwsh,
ìpou epÐshc apodeÐqjhke ìti to genikì prìblhma sqetÐzetai me thn {ψ2-sumperifor�}
twn grammik¸n sunarthsoeid¸n p�nw se isotropik� kurt� s¸mata. QrhsimopoioÔme
èna prìsfato apotèlesma tou G. PaoÔrh [49] gia tic arnhtikèc ropèc thc sun�rthsh-
c st rixhc hZq(K) tou Zq(K) (h sqetik  jewrÐa twn kentroeid¸n swm�twn peri-
gr�fetai sto Kef�laio 4, qrhsimopoieÐtai de akìma pio èntona sto Kef�laio 6).
'Etsi, mporoÔme na d¸soume ikanopoihtik  ap�nthsh sto prìblhma, gia thn pl rh
klÐmaka tim¸n tou N .

Je¸rhma 1.3.4. Gia k�je N ≤ exp(n), èqoume

(1.38) c4

√
ln(2N/n)√

n
6 |KN |1/n 6 c5LK

√
ln(2N/n)√

n

me pijanìthta megalÔterh apì 1− 1
N , ìpou c4, c5 > 0 eÐnai apìlutec stajerèc.
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1.3dþ H eikasÐa tou uperepipèdou
AfethrÐa gia to Kef�laio 6 eÐnai to epiqeÐrhma tou Bourgain, o opoÐoc apèdeixe
sto [6] ìti LK 6 c 4

√
n lnn gia k�je isotropikì kurtì s¸ma K ston Rn. Basik 

idèa tou Bourgain eÐnai h anagwg  tou probl matoc sthn perÐptwsh twn kurt¸n
swm�twn pou ikanopoioÔn ψ2-ektÐmhsh (me stajer� β = O( 4

√
n)). Lème ìti to K

ikanopoieÐ ψ2-ektÐmhsh me stajer� β an
(1.39) ‖〈·, y〉‖ψ2 6 β‖〈·, y〉‖2

gia k�je y ∈ Rn. Pio prìsfata, o Bourgain apèdeixe sto [8] ìti, an toK ikanopoieÐ
ψ2-ektÐmhsh me stajer� β, tìte
(1.40) LK 6 Cβ lnβ.

Skopìc mac ed¸ eÐnai na eis�goume mia kainoÔria mèjodo pou dÐnei �nw fr�gma
gia thn LK . ApodeiknÔoume ìti h katafatik  ap�nthsh sthn eikasÐa tou up-
erepipèdou eÐnai isodÔnamh me mia polÔ isqur  ektÐmhsh gia th {sumperifor� se
mikrèc mp�lec} thc EukleÐdeiac nìrmac p�nw se isotropik� kurt� s¸mata. Pio
analutik�, gia −n < p 6 ∞, p 6= 0, orÐzoume

(1.41) Ip(K) :=
(∫

K
‖x‖p2dx

)1/p

kai gia δ > 1, jewroÔme thn par�metro
(1.42) q−c(K, δ) := max{p > 1 : I2(K) ≤ δI−p(K)}.

ApodeiknÔoume ìti h eikasÐa tou uperepipèdou eÐnai isodÔnamh me to akìloujo:
Up�rqoun apìlutec stajerèc C, ξ > 0 tètoiec ¸ste, gia k�je isotropikì
kurtì s¸ma K ston Rn,
(1.43) q−c(K, ξ) > Cn.

H kÔria idèa sthn prosèggis  mac gia to prìblhma, eÐnai na xekin soume apì èna
akraÐo isotropikì kurtì s¸ma K ston Rn me megistik  isotropik  stajer�
(1.44) LK ' Ln := sup{LK : K kurtì s¸ma ston Rn}.
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Qrhsimopoi¸ntac idèec apì to �rjro [15] twn Bourgain, Klartag kai Milman,
kataskeu�zoume èna deÔtero isotropikì kurtì s¸ma K1 to opoÐo eÐnai epÐsh-
c akraÐo kai, sugqrìnwc, eÐnai se α-kanonik  M -jèsh me thn ènnoia tou Pisi-
er. 'Etsi, ekmetalleuìmenoi to gegonìc ìti oi ektim seic gia th {sumperifor� se
mikrèc mp�lec} eÐnai sten� sundedemènec me ektim seic gia touc arijmoÔc k�luyhc,
paÐrnoume
(1.45) LK1I−c n

(2−α)tα
(K1) ≤ Ct

√
n

gia t ≥ C(α), ìpou c, C > 0 eÐnai apìlutec stajerèc. ApodeiknÔoume èna genikì
je¸rhma apì to opoÐo paÐrnoume �mesa ta ex c porÐsmata:
Je¸rhma 1.3.5. An èna kurtì s¸ma K ikanopoieÐ ψ2-ektÐmhsh me stajer� β,

tìte

(1.46) LK ≤ Cβ
√

lnβ.

Je¸rhma 1.3.6. Gia k�je isotropikì kurtì s¸ma K ston Rn,

(1.47) LK ≤ C 4
√
n
√

lnn.

To pr¸to apotèlesma belti¸nei lÐgo thn ektÐmhsh tou Bourgain apì to [8]. To
deÔtero eÐnai asjenèstero apì to fr�gma O( 4

√
n) tou Klartag sto [26]. Par�

ìla aut�, h mejodìc mac èqei to pleonèkthma ìti sunupologÐzei k�je prìsjeth
plhroforÐa sqetik� me thn ψα�sumperifor� tou K.



Kef�laio 2

Isotropik  stajer� tuqaÐwn

polutìpwn

2.1 To prìblhma

Se autì to kef�laio melet�me to ex c genikì prìblhma:
Prìblhma. 'Estw K èna kurtì s¸ma ston Rn. Gia k�je N > n

jewroÔme N tuqaÐa shmeÐa x1, . . . , xN , anex�rthta kai omoiìmorfa

katanemhmèna sto K, kai orÐzoume ta tuqaÐa polÔtopa

KN := conv{±x1, . . . ,±xN} kai SN := conv{x1, . . . , xN}.(2.1)

EÐnai al jeia pwc, me pijanìthta pou teÐnei sto 1 kaj¸c n → ∞,

èqoume ìti LKN 6 CLK kai LSN 6 CLK ìpou C > 0 eÐnai mia stajer�

anex�rthth apì ta K, n kai N ?

DÐnoume katafatik  ap�nthsh sthn perÐptwsh pou to s¸maK eÐnai 1-unconditional.
K�noume dhlad  tic epiplèon upojèseic ìti to s¸ma K eÐnai summetrikì wc proc
thn arq  twn axìnwn kai ìti, Ðswc met� apì ènan grammikì metasqhmatismì, h
sun jhc orjokanonik  b�sh {e1, . . . , en} tou Rn eÐnai 1-unconditional b�sh gia
thn ‖ · ‖K . Dhlad , gia k�je epilog  pragmatik¸n arijm¸n t1, . . . , tn kai gia k�je
epilog  pros mwn εj = ±1,

‖ε1t1e1 + · · ·+ εntnen‖K = ‖t1e1 + · · ·+ tnen‖K .(2.2)
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Tìte, elègqetai eÔkola ìti mporoÔme na fèroume to K sthn isotropik  jèsh me
ènan diag¸nio telest . EÐnai epÐshc gnwstì ìti h isotropik  stajer� tou K sthn
perÐptwsh aut  ikanopoieÐ thn LK ' 1. H akrib c diatÔpwsh tou apotelèsmatìc
mac eÐnai h akìloujh:
Je¸rhma 2.1.1. 'Estw K èna isotropikì kai 1-unconditional kurtì s¸ma ston

Rn. Gia k�je N > n jewroÔme N tuqaÐa shmèia x1, . . . , xN , anex�rthta kai omoiì-

morfa katanemhmèna sto K. Tìte, me pijanìthta megalÔterh apì 1−C1 exp(−cn)
an N > c1n kai megalÔterh apì 1 − C1 exp(−cn/ lnn) an n < N < c1n, ta

tuqaÐa polÔtopa KN := conv{±x1, . . . ,±xN} kai SN := conv{x1, . . . , xN} èqoun

isotropik  stajer� fragmènh apì mia apìluth stajer� C > 0.

H mejodìc mac basÐzetai sto [27] kai sta akrib  apotelèsmata twn Bobkov
kai Nazarov apì to [13], gia thn ψ2 sumperifor� twn grammik¸n sunarthsoeid¸n
p�nw se isotropik� kai 1-unconditional kurt� s¸mata.

2.2 Fr�gma gia thn isotropik  stajer�

'Opwc anafèrjhke sthn eisagwg , an D eÐnai èna kurtì s¸ma ston Rn tìte

|D|2/nnL2
D 6

1
|D|

∫
D
‖x‖2

2dx.(2.3)

Ja qrhsimopoi soume mia isqurìterh anisìthta gia thn LD wc proc thn `n1 -nìrma
(blèpe [41, Par�grafoc 3.6]):
L mma 2.2.1. 'Estw D èna kurtì s¸ma ston Rn. Tìte,

|D|1/nnLD 6 c
1
|D|

∫
D
‖x‖1 dx,(2.4)

ìpou c > 0 eÐnai mia apìluth stajer�.

B�sei tou l mmatoc 2.2.1, gia na apodeÐxoume ìti toKN := conv{±x1, . . . ,±xN}
(  to SN := conv{x1, . . . , xN}) èqei fragmènh isotropik  stajer� me pijanìthta
kont� sto 1, arkeÐ na broÔme kat�llhlo k�tw fr�gma gia ton ìgko |KN |1/n (  ton
ìgko |SN |1/n antÐstoiqa) kai èna �nw fr�gma gia th mèsh tim  thc ‖ · ‖1 sto KN

(  sto SN antÐstoiqa). ParathroÔme ìti to prìblhma eÐnai afinik� analloÐwto,
opìte mporoÔme na upojèsoume ìti to K eÐnai èna isotropikì kurtì s¸ma.
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2.2aþ K�tw fr�gma gia ton ìgko
Miac kai gia opoiad pote epilog  shmeÐwn x1, . . . , xN ∈ K isqÔei ìti KN ⊇ SN ,
arkeÐ na d¸soume èna k�tw fr�gma gia ton ìgko |SN |1/n. Autì me th seir� tou
eÐnai apìrroia twn parak�tw parathr sewn:
Parat rhsh 1. 'Eqei apodeiqjeÐ sto [22, L mma 3.3] (blèpe epÐshc [24, L mma 2.5])
ìti an to K eÐnai èna kurtì s¸ma ston Rn me ìgko 1 kai Bn

2 eÐnai h mp�la ston
Rn me ìgko 1, tìte

Prob(|SN | > ρ) > Prob(|[Bn
2 ]N | > ρ)(2.5)

gia k�je ρ > 0. Autì an�gei to prìblhma sthn perÐptwsh thc mp�lac. Dhlad ,
ìtan K = B

n
2 .

Parat rhsh 2. Sto [20] èqei apodeiqjeÐ ìti up�rqoun stajerèc c1 > 1 kai c2 >
0 tètoiec ¸ste an N > c1n kai x1, . . . , xN eÐnai tuqaÐa shmeÐa anex�rthta kai
omoiìmorfa katanemhmèna sthn Bn

2 , tìte

SN := conv{x1, . . . , xN} ⊇ c2 min

{√
ln(2N/n)√

n
, 1

}
B
n
2(2.6)

me pijanìthta megalÔterh apì 1− exp(−n). M�lista, apì to epiqeÐrhma sto [20]
prokÔptei ìti, gia k�je δ > 0, an N > (1 + δ)n tìte h (2.6) isqÔei gia to tuqaÐo
KN me c2 = c2(δ). Blèpe [1, L mma 3.1].

Sundu�zontac ta parap�nw èqoume to pr¸to mèroc thc epìmenhc prìtashc:
Prìtash 2.2.2. 'Estw K èna kurtì s¸ma ston Rn me ìgko |K| = 1 kai èstw

x1, . . . , xN tuqaÐa shmeÐa anex�rthta kai omoiìmorfa katanemhmèna sto K.

(i) An N > c1n tìte, me pijanìthta megalÔterh apì 1− exp(−n) èqoume ìti

|KN |1/n > |SN |1/n > c2 min

{√
ln(2N/n)√

n
, 1

}
,(2.7)

ìpou c1 > 1 kai c2 > 0 eÐnai apìlutec stajerèc.

(ii) An n < N < c1n tìte h (2.7) isqÔei me pijanìthta megalÔterh apì 1 −
exp(−cn/ lnn), ìpou c > 0 eÐnai mia apìluth stajer�.

To deÔtero mèroc thc prìtashc (h perÐptwsh ìpou n < N < c1n) qrei�zetai
diaforetikoÔc qeirismoÔc. Pr¸ta ja asqolhjoÔme me to summetrikì tuqaÐo polÔ-
topo KN . Apì thn parat rhsh 1, mporoÔme na upojèsoume ìti K = B

n
2 , kai apì
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th monotonÐa wc proc to N arkeÐ na apodeÐxoume ìti, me pijanìthta kont� sto 1,
to Kn = conv{±x1, . . . ,±xn} èqei ton kat�llhlo ìgko. Gr�foume loipìn

|Kn| =
2n

n!

n∏
k=1

d(xk, span{x1, . . . , xk−1})(2.8)

ìpou span(∅) = {0} kai d(z,A) eÐnai h EukleÐdeia apìstash tou z apì to A. 'Opwc
kai sto [27], parathroÔme ìti oi tuqaÐec metablhtèc Yk := d(xk, span{x1, . . . , xk−1})
eÐnai anex�rthtec. H aktÐna thc Bn

2 eÐnai thc t�xhc tou √n kai apì to analloÐwto
wc proc metaforèc, paÐrnoume ìti up�rqei mia apìluth stajer� c2 > 0 tètoia ¸ste

Prob(Yk 6 c2t
√
n) 6 Prob(d(x,Ek−1) 6 t)(2.9)

gia k�je t > 0, ìpou to x katanèmetai omoiìmorfa sthnBn
2 kaiEk = span{e1, . . . , ek}.

'Ena parìmoio prìblhma èqei melethjeÐ sto [2] (ekeÐ to x katanèmetai omoiì-
morfa sthn Sn−1, all� h apìdeixh kai oi ektim seic gia thn perÐptws  mac, ìpou
x ∈ Bn

2 , eÐnai ìmoiec). Ja qrhsimopoi soume to [2, Je¸rhma 4.3]: upojètoume ìti
3 6 k 6 n− 3 kai jètoume λ = k/n. An

1
n

6
sin2 ε

1− λ
6 n kai 1

n
6

cos2 ε
λ

6 n,

tìte
c1
e−αnu√

u
6 Prob(ρ(x,Ek) 6 ε) 6 c2

e−αnu√
u
,(2.10)

ìpou ρ eÐnai h gewdaisiak  apìstash, αn > 0 kai αn → 1, c1, c2 > 0 eÐnai apìlutec
stajerèc kai

u =
n

2

[
(1− λ) ln

1− λ

sin2 ε
+ λ ln

λ

cos2 ε

]
.

Efarmìzoume to parap�nw apotèlesma wc ex c: Ac upojèsoume ìti λ = k
n 6

1− 1
lnn . OrÐzoume εk mèsw thc exÐswshc sin2 εk = (1− λ)/4. Tìte,

uk =
n

2

[
(1− λ) ln 4 + λ ln

4λ
3 + λ

]
=
n

2

[
ln 4 + λ ln

λ

3 + λ

]
.(2.11)

JewroÔme th sun�rthsh H : [0, 1] → R me tÔpo H(λ) = ln 4+λ ln λ
3+λ − δ(1−λ),

ìpou δ = ln 2− 3/8 > 0. Tìte, H ′(λ) < 0 sto [0, 1] kai H(1) = 0. 'Ara loipìn,

uk >
δ(1− λ)n

2
>

δn

2 lnn
.(2.12)
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Miac kai oi ρ, d eÐnai isodÔnamec, èpetai ìti

Prob(Yk 6 c3
√
n− k) 6 exp(−cn/ lnn)(2.13)

gia ìla ta k 6 k0 := bn − n
lnnc. Gia k > k0 orÐzoume εk mèsw thc exÐswshc

sin2 εk = (1 − λ)/n. Se aut  thn perÐptwsh eÐnai eÔkolo na elègxoume ìti uk >
cn lnn.

Me aut  thn epilog  tou εk eÐnai fanerì ìti, me pijanìthta megalÔterh apì
1− exp(−cn/ lnn), èqoume ìti

|Kn| >
2n

n!

k0∏
k=1

(c3
√
n− k)×

n∏
k=k0+1

c4√
n

>

(
c√
n

)n
.(2.14)

Autì epekteÐnei thn ektÐmhsh thc sqèshc (2.7) thc prìtashc 2.2.2 kai sthn perÐptwsh
pou n 6 N < c1n (sth summetrik  perÐptwsh, tou KN ) me elafr¸c qeirìterh ek-
tÐmhsh thc pijanìthtac.

Gia to tuqaÐo polÔtopo SN akoloujoÔme to [27]: mporoÔme na upojèsoume ìti
N = n + 1. OrÐzoume yi = xi − x1, i = 1, . . . , n + 1 kai jewroÔme to summetrikì
tuqaÐo polÔtopo K ′

n+1 = conv{±y2, . . . ,±yn+1}. Apì thn anisìthta Rogers–
Shephard (blèpe [55]) èqoume

|Sn+1| = |conv{0, y2, . . . , yn+1}| > 4−n|K ′
n+1|,(2.15)

kai �ra, arkeÐ na ektim soume ton ìgko |K ′
n+1| apì k�tw. JewroÔme ton gram-

mikì metasqhmatismì F pou orÐzetai apì tic F (xi) = xi − x1, 2 6 i 6 n + 1.
Me pijanìthta 1 èqoume ìti ta x2, . . . , xn+1 eÐnai grammik¸c anex�rthta, kai ìti
K ′
n+1 = F (Dn), ìpou Dn = conv{±x2, . . . ,±xn+1}. Epomènwc,

|K ′
n+1| = |detF | · |Dn|.(2.16)

'Estw v ∈ Rn tètoio ¸ste 〈v, xi〉 = 1, 2 6 i 6 n+ 1. AfoÔ ‖xi‖2 6 c
√
n gia ìla

ta i, apì thn anisìthta Cauchy–Schwarz èqoume ìti ‖v‖2 > c1/
√
n . Parathr ste

ìti F (x) = x − 〈x, v〉x1 gia k�je x ∈ Rn, �ra detF = 1 − 〈v, x1〉. 'Epetai ìti h
P(|detF | < 2−n) eÐnai Ðsh me

Ev
[
P(|〈v, x〉 − 1| < 2−n)

]
6

∣∣∣∣{x : |〈x, θv〉| 6
1

‖v‖22n
}
∣∣∣∣ ,(2.17)
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ìpou θv = v/‖v‖2, afoÔ h kentrik  tom  èqei to megalÔtero ìgko an�mesa apì ìlec
tic tomèc me pl�toc 2−n pou eÐnai k�jetec sto θv. Tèloc miac kai ‖v‖2 > c/

√
n, eu-

kola elègqoume ìti h teleutaÐa posìthta sthn (2.17) fr�setai apì √n exp(−cn).
'Eqoume  dh dei ìti, me pijanìthta megalÔterh apì 1−exp(−cn/ lnn), o ìgkoc thc
Dn eÐnai megalÔteroc apì (c/

√
n)n. EpÐshc eÐnai |detF | > 2−n, �ra h apìdeixh

eÐnai pl rhc.

2.2bþ 'Anw fr�gma gia th mèsh tim  thc `n1�nìrmac
Skopìc mac eÐnai t¸ra o upologismìc thc mèshc tim c thc ‖x‖1 sto KN   to SN .
Perigr�foume pr¸ta ta pijanojewrhtik� ergaleÐa pou ja qrhsimopoi soume.

'Estw (Ω, µ) ènac q¸roc pijanìthtac kai èstw φ : R+ → R+ mia gnhsÐwc
aÔxousa kai kurt  sun�rthsh me φ(0) = 0. O q¸roc Orlicz Lφ(µ) eÐnai o q¸roc
ìlwn twn metr simwn sunart sewn f ston Ω gia tic opoÐec isqÔei ∫Ω φ(|f |/t)dµ <
∞ gia k�poio t > 0, efodiasmènoc me th nìrma ‖f‖φ = inf{t > 0 :

∫
Ω φ(|f |/t)dµ 6

1}. EmeÐc ja qreiastoÔme mìno tic sunart seic ψα(t) = et
α − 1. Eidikìtera,

‖f‖ψ2 = inf
{
t > 0 :

∫
e(f(x)/t)2dµ(x) 6 2

}
.(2.18)

Ja qrhsimopoi soume thn parak�tw anisìthta tÔpou Bernstein (blèpe [11]):
L mma 2.2.3. 'Estw g1, . . . , gm anex�rthtec tuqaÐec met�blhtèc me E gj = 0 se

èna q¸ro pijanìthtac (Ω, µ). Upojètoume ìti ‖gj‖ψ2 6 A gia k�je j 6 m kai gia

k�poia stajer� A > 0. Tìte,

Prob


∣∣∣∣∣∣
m∑
j=1

gj

∣∣∣∣∣∣ > αm

 6 2 exp(−α2m/8A2)(2.19)

gia k�je α > 0.

'Estw K èna isotropikì kai 1-unconditional kurtì s¸ma ston Rn. H ψ2

sumperifor� twn grammik¸n sunarthsoeid¸n x 7→ 〈x, θ〉 p�nw sto K perigr�fetai
apì to parak�tw apotèlesma twn Bobkov kai Nazarov sto [13].
L mma 2.2.4. 'Estw K èna isotropikì kai 1-unconditional kurtì s¸ma ston Rn.

Gia k�je θ ∈ Rn,

‖〈·, θ〉‖ψ2 6 c
√
n‖θ‖∞,(2.20)

ìpou c > 0 eÐnai mia apìluth stajer�.
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'Estw t¸ra y1, . . . , yn anex�rthta tuqaÐa shmeÐa omoiìmorfa katanemhmèna sto
K. StajeropoioÔme èna θ ∈ Rn me ‖θ‖∞ = 1, mia epilog  pros mwn εj = ±1, kai
efarmìzoume to l mma 2.2.3 (mem = n) gia tic tuqaÐec metablhtèc gj(y1, . . . , yn) =
〈εjyj , θ〉 ston Ω = Kn. PaÐrnoume

Prob {|〈ε1y1 + · · ·+ εnyn, θ〉| > αn} 6 2 exp(−cα2)(2.21)
gia k�je α > 0.

JewroÔme èna 1/2-dÐktuo N gia thn Sn∞ me plhj�rijmo |N | 6 5n. Epilègontac
α = C

√
n
√

ln(2N/n) ìpou C > 0 eÐnai mia kat�llhla meg�lh apìluth stajer�,
blèpoume ìti, me pijanìthta megalÔterh apì 1− exp(−c1n ln(2N/n)), èqoume

|〈ε1y1 + · · ·+ εnyn, θ〉| 6 Cn3/2
√

ln(2N/n)(2.22)
gia k�je θ ∈ N kai gia k�je epilog  pros mwn εj = ±1. Qrhsimopoi¸ntac
èna sunhjismèno epiqeÐrhma diadoqik¸n proseggÐsewn kai jewr¸ntac ìlec tic 2n

dunatèc epilogèc pros mwn εj = ±1, paÐrnoume ìti, me pijanìthta megalÔterh apì
1− exp(−c2n ln(2N/n)), èqoume

max
εj=±1

‖ε1y1 + · · ·+ εnyn‖1 6 Cn3/2
√

ln(2N/n).(2.23)

'Estw t¸ra N > n kai èstw x1, . . . , xN anex�rthta tuqaÐa shmeÐa, omoiìmor-
fa katanemhmèna sto K. AfoÔ to pl joc twn uposunìlwn {y1, . . . , yn} tou
{±x1, . . . ,±xN} eÐnai fragmèno apì (2eN/n)n, paÐrnoume apeujeÐac thn epìmenh
prìtash.
Prìtash 2.2.5. 'Estw K èna isotropikì kai 1-unconditional kurtì s¸ma s-

ton Rn. StajeropoioÔme N > n kai jewroÔme x1, . . . , xN anex�rthta tuqaÐa

shmeÐa, omoiìmorfa katanemhmèna sto K. Tìte, me pijanìthta megalÔterh apì

1− exp(−cn ln(2N/n)) èqoume ìti

max
εj=±1

‖ε1xi1 + · · ·+ εnxin‖1 6 Cn3/2
√

ln(2N/n)(2.24)

gia k�je {i1, . . . , in} ⊆ {1, . . . , N}.

EktÐmhsh thc mèshc tim c thc ‖x‖1 sto KN . ParathroÔme ìti, me pijanìthta 1,
ìlec oi èdrec tou KN   tou SN eÐnai simplices. Akìma, an F = conv{y1, . . . , yn}
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eÐnai mia èdra tou KN tìte yj = εjxij kai ij 6= is gia k�je 1 6 j 6= s 6 n. Me
�lla lìgia, ta xi kai −xi den mporeÐ na an koun sthn Ðdia èdra tou KN .

Pr¸ta jewroÔme thn perÐptwsh tou sumetrikoÔ tuqaÐou polÔtopou KN . To
epìmeno l mma an�gei ton upologismì thc mèshc tim c thc ‖x‖1 sto KN se èna
ìmoio prìblhma p�nw stic èdrec tou KN (h idèa aut  proèrqetai apì to [27]).
L mma 2.2.6. 'Estw F1, . . . , Fm oi èdrec tou KN . Tìte,

1
|KN |

∫
KN

‖x‖1dx 6 max
16s6m

1
|Fs|

∫
Fs

‖u‖1du.(2.25)

Apìdeixh. Akolouj¸ntac to [27, L mma 2.5], mporeÐ kaneÐc na elègxei ìti
1

|KN |

∫
KN

‖x‖1dx =
1

|KN |

m∑
s=1

d(0, Fs)
n+ 1

∫
Fs

‖u‖1du,(2.26)

ìpou d(0, Fs) eÐnai h EukleÐdeia apìstash tou afinikoÔ upìqwrou pou par�gei h
Fs apì thn arq  twn axìnwn. AfoÔ

|KN | =
1
n

m∑
s=1

d(0, Fs)|Fs|,(2.27)

to apotèlesma eÐnai �meso. 2

'Estw y1, . . . , yn ∈ Rn kai F = conv{y1, . . . , yn}. Tìte, F = T (∆n−1) ìpou
∆n−1 = conv{e1, . . . , en} kai Tij = 〈yj , ei〉 =: yji. Upojètoume ìti detT 6= 0.
'Ara,

1
|F |

∫
F
‖u‖1du =

1
|∆n−1|

∫
∆n−1

‖Tu‖1du

=
1

|∆n−1|

∫
∆n−1

n∑
i=1

∣∣∣∣∣∣
n∑
j=1

yjiuj

∣∣∣∣∣∣ du
=

n∑
i=1

1
|∆n−1|

∫
∆n−1

∣∣∣∣∣∣
n∑
j=1

yjiuj

∣∣∣∣∣∣ du
6

n∑
i=1

 1
|∆n−1|

∫
∆n−1

 n∑
j=1

yjiuj

2

du

1/2

.
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Qrhsimopoi¸ntac th sqèsh
1

|∆n−1|

∫
∆n−1

uj1uj2 =
1 + δj1,j2
n(n+ 1)

,(2.28)

paÐrnoume ìti

1
|F |

∫
F
‖u‖1du 6

1√
n(n+ 1)

n∑
i=1

 n∑
j=1

y2
ji +

 n∑
j=1

yji

21/2

6
1
n

n∑
i=1


 n∑
j=1

y2
ji

1/2

+

∣∣∣∣∣∣
n∑
j=1

yji

∣∣∣∣∣∣
 .

Apì thn klasik  anisìthta tou Khintchine (blèpe [59] gia thn kalÔterh stajer�√
2) paÐrnoume ìti

1
|F |

∫
F
‖u‖1du ≤

√
2 + 1
n

max
εj=±1

‖ε1y1 + · · ·+ εnyn‖1 .(2.29)

T¸ra, h Prìtash 2.2.5 kai to L mma 2.2.6 dÐnoun to �nw fr�gma:
Prìtash 2.2.7. 'Estw K èna isotropÐkì kai 1-unconditional kurtì s¸ma s-

ton Rn. StajeropoioÔme N > n kai jewroÔme x1, . . . , xN anex�rthta tuqaÐa

shmeÐa, omoiìmorfa katanemhmèna sto K. Tìte, me pij�nìthta megalÔterh apì

1− exp(−cn ln(2N/n)), èqoume ìti

1
|KN |

∫
KN

‖x‖1dx 6 C
√
n
√

ln(2N/n)(2.30)

ìpou C > 0 eÐnai mia apìluth stajer�.

2.2gþ EktÐmhsh thc mèshc tim c thc ‖x‖1 sto SN

H perÐptwsh tou SN qrei�zetai k�poiec mikrèc tropopoi seic. Kat� arq n, to
rìlo tou 0 ja paÐxei t¸ra to di�nusma w = 1

N (x1 + · · ·+ xN ) to opoÐo an kei sto
SN := conv{x1, . . . , xN}. H sqèsh pou ja antikatast sei thn (2.26) eÐnai h

1
|SN |

∫
SN

‖x‖1dx =
1

|SN |

m∑
s=1

d(0, Fs)
n+ 1

∫
Fs

‖u− w‖1du,(2.31)
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ìpou F1, . . . , Fm eÐnai oi èdrec tou SN (blèpe [27, L mma 2.5]). Tìte ìpwc kai sto
L mma 2.2.6 (kai afoÔ ‖u − w‖1 6 ‖w‖1 + ‖u‖1 gia k�je s 6 m kai gia k�je
u ∈ Fs) èqoume ìti

1
|SN |

∫
SN

‖x‖1dx 6 max
16s6m

1
|Fs|

∫
Fs

‖u− w‖1du

6 ‖w‖1 + max
16s6m

1
|Fs|

∫
Fs

‖u‖1du.

Apì thn (2.29) kai thn Prìtash 2.2.5 paÐrnoume ìti

max
16s6m

1
|Fs|

∫
Fs

‖u‖1du 6 C
√
n
√

ln(2N/n)(2.32)

Mènei t¸ra na ektim soume thn ‖w‖1. All�, efarmìzontac thn anisìthta Bern-
stein (l mma 2.2.3, me m = N) stic tuqaÐec metablhtèc gj(x1, . . . , xN ) = 〈xj , θ〉,
ìpou θ ∈ Sn−1

∞ , blèpoume ìti
Prob

{
|〈x1 + · · ·+ xN , θ〉| > C

√
n
√

ln(2N/n)N
}

6 2e−cN ln(2N/n)(2.33)
kai suneqÐzontac ìpwc kai sthn §2.2b' me èna epiqeÐrhma diktÔwn, èqoume ìti

‖w‖1 =
1
N
‖x1 + · · ·+ xN‖1 6 C

√
n
√

ln(2N/n)(2.34)
me pijanìthta megalÔterh apì 1−C exp(−cN ln(2N/n)). 'Eqoume loipìn to an�l-
ogo thc Prìtashc 2.2.7 gia to SN .

2.2dþ Apìdeixh tou fr�gmatoc gia thn isotropik  stajer�
To L mma 2.2.1 mac lèei ìti

|KN |1/nnLKN 6 c
1

|KN |

∫
KN

‖x‖1 dx,(2.35)

ìpou c > 0 eÐnai mia apìluth stajer�. Ac upojèsoume pr¸ta ìti N 6 exp(cn).
Oi Prot�seic 2.2.2 kai 2.2.7 deÐqnoun ìti, me pijanìthta megalÔterh apì 1 −
C1 exp(−cn) an N > c1n kai megalÔterh apì 1− C1 exp(−cn/ lnn) an n < N <

c1n, èqoume ìti √
ln(2N/n)√

n
· nLKN 6 c · C

√
n
√

ln(2N/n).(2.36)
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'Epetai ìti LKN 6 C1 := c · C.
Sto [21, Par�grafoc 5] apodeiknÔetai ìti an N > exp(cn) tìte, me pijanìthta

megalÔterh apì 1− exp(−cn), èqoume ìti
c1K ⊆ SN ⊆ KN ⊆ K ⊆ c2B

n
1 .(2.37)

O teleutaÐoc egkleismìc apodeÐqjhke sto [12] gia isotropik� kai 1-unconditional
kurt� s¸mata. 'Etsi, |KN |1/n > |SN |1/n > c1 kai

1
|KN |

∫
KN

‖x‖1 dx 6
1

|KN |

∫
KN

c3n‖x‖KN dx 6 c3n.(2.38)

'Ara, apì thn (2.35) paÐrnoume kai se aut n thn perÐptwsh ìti LKN 6 c4 := c3/c1.
'Omoia epiqeir mata douleÔoun kai gia thn perÐptwsh tou SN . 2

2.3 Parathr seic

§2.3.1. 'Estw K èna isotropikì kurtì s¸ma ston Rn me thn idiìthta ‖〈·, θ〉‖ψ2 6
C‖〈·, θ〉‖2 gia k�je θ ∈ Rn, ìpou C > 0 mia apìluth stajer�. Aut  h kl�sh twn
ψ2�swm�twn perilamb�nei tic mp�lec Bn

q twn `nq , 2 6 q ≤ ∞ (blèpe [14]). EÐnai
epÐshc gnwstì ìti ta ψ2�s¸mata èqoun fragmènh isotropik  stajer�: autì èqei
apodeiqjeÐ apì ton Bourgain sto [8]. Xekin¸ntac apì thn (1.3) antÐ gia to L mma
2.2.1 kai akolouj¸ntac th mèjodo thc paragr�fou 2 mporeÐ kaneÐc na deÐxei ìti,
me pijanìthta megalÔterh apo 1− exp(−cn), oi isotropikèc stajerèc twn KN kai
SN eÐnai fragmènec apì apìluth stajer�. To epiqeÐrhma m�lista eÐnai entel¸c
par�llhlo me autì tou Alonso-Gutiérrez sto [1] gia thn perÐptwsh twn tuqaÐwn
shmeÐwn apì th sfaÐra Sn−1. Shmei¸noume ìti ta 1-unconditional isotropik�
kurt� s¸mata den eÐnai anagkastik� ψ2�s¸mata.
§2.3.2. 'Estw x1, . . . , xN anex�rthta tuqaÐa shmeÐa omoiìmorfa katanemhmèna se
èna kurtì s¸ma K ìgou 1 ston Rn. OrÐzoume

E(K,N) = E |SN |1/n = E|conv{x1, . . . , xN}|1/n.(2.39)
Sto [20] èqei apodeiqjeÐ ìti an K eÐnai èna isotropikì 1-unconditional kurtì s¸ma
ston Rn, tìte, gia k�je N > n+ 1,

E(K,N) 6 C

√
ln(2N/n)√

n
,(2.40)
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ìpou C > 0 eÐnai mia apìluth stajer�. Parathr ste ìti autì eÐnai �mesh sunèpeia
thc Prìtashc 2.2.7. 'Eqoume

|KN |1/nnLKN 6 C
√
n
√

ln(2N/n)(2.41)
me pijanìthta megalÔterh apì 1 − exp(−cn), �ra to apotèlesma prokÔptei apì
thn LKN > c1, ìpou c1 > 0 eÐnai mia apìluth stajer�. Aut  eÐnai mia parat rhsh
tou A. Pajor.

Sto [22] èqei apodeiqjeÐ ìti an K eÐnai opoiod pote kurtì s¸ma ston Rn, tìte
E(K,N) 6 CLK

ln(2N/n)√
n

. Efarmìzontac tic mejìdouc apì ta [22], [20] kai ta
apotelèsmata sugkèntrwshc tou G. PaoÔrh (blèpe [48]) mporeÐ kaneÐc na apodeÐxei
ìti gia k�je kurtì s¸ma K ston Rn, an n+ 1 6 N 6 ne

√
n isqÔei ìti

E (K,N) 6 CLK

√
ln(N/n)√

n
,(2.42)

ìpou C > 0 eÐnai mia apìluth stajer�. Autì ja  tan sunèpeia (kai m�lista gia
ìlec tic dunatèc timèc thc paramètrou N) miac jetik c ap�nthshc gia to prìblhma
autoÔ tou kefalaÐou. Sto Kef�laio 5 dÐnoume, metaxÔ �llwn, apìdeixh thc (2.42)
gia ìlec tic dunatèc timèc thc paramètrou N , qrhsimopoi¸ntac diaforetik  mèjodo.



Kef�laio 3

Asumptwtikì sq ma tuqaÐwn

polutìpwn

3.1 Ta apotelèsmata

'Opwc perigr�yame sthn Eisagwg , se autì to Kef�laio jewroÔme to tuqaÐo polÔ-
topo

KN = conv{x1, . . . , xN}

pou par�getai apì N anex�rthta tuqaÐa shmeÐa x1, . . . , xN ta opoÐa katanèmontai
omoiìmorfa se èna isotropikì kurtì s¸ma K. ProspajoÔme na sugkrÐnoume to
KN me to Zq(K) gia kat�llhlh tim  thc paramètrou q = q(N,n) ' ln(N/n).

Je¸rhma 3.1.1. 'Estw β ∈ (0, 1/2] kai γ > 1. An N > N(γ, n) = cγn, ìpou

c > 0 eÐnai mÐa apìluth stajer�, tìte gia k�je isotropikì kurtì s¸ma K ston Rn

èqoume

KN ⊇ c1 Zq(K) gia k�je q 6 c2β ln(N/n),

me pijanìthta megalÔterh apì

1− exp
(
−c3N1−βnβ

)
− P(‖Γ : `n2 → `N2 ‖ > γLK

√
N)

ìpou Γ : `n2 → `N2 eÐnai o tuqaÐoc telest c Γ(y) = (〈x1, y〉, . . . 〈xN , y〉) pou orÐzetai

apì tic korufèc x1, . . . , xN tou KN .
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Prèpei na tonisteÐ ìti den mporoÔme na perimènoume antÐstrofo egkleismì thc
morf c KN ⊆ c4 Zq(K) me pijanìthta kont� sto 1, ektìc kai an to q eÐnai thc
t�xhc tou n. ApodeiknÔoume ìmwc ìti to KN {sumpièzetai asjen¸c} an�mesa se
dÔo Zqi(K) (i = 1, 2), ìpou qi ' ln(N/n), me thn akìloujh ènnoia:
Prìtash 3.1.2. Gia k�je α > 1 èqoume

E
[
σ(θ : (hKN (θ) > αhZq(K)(θ))

]
6 Nα−q.

H prìtash aut  mac deÐqnei ìti an q > c5 ln(N/n) tìte, gia ta perissìtera
θ ∈ Sn−1, èqoume hKN (θ) 6 c6hZq(K)(θ). Etsi prokÔptei ìti di�forec gewmetrikèc
par�metroi tou KN , gia par�deigma to mèso pl�toc, mporoÔn na prosdioristoÔn
apì tic antÐstoiqec paramètrouc tou Z[ln(N/n)](K).

3.2 O basikìc egkleismìc

Sthn enìthta aut  apodeiknÔoume to je¸rhma 3.1.1. 'Estw K èna isotropikì
kurtì s¸ma ston Rn. Gia k�je q > 1 jewroÔme to Lq�kentroeidèc s¸ma Zq(K)
tou K. UpenjumÐzoume ìti

hZq(K)(x) = ‖〈·, x〉‖q :=
(∫

K
|〈y, x〉|qdy

)1/q

.(3.1)

AfoÔ |K| = 1, eÔkola blèpoume ìti Z1(K) ⊆ Zp(K) ⊆ Zq(K) ⊆ Z∞(K) gia
k�je 1 6 p 6 q 6 ∞, ìpou Z∞(K) = conv{K,−K}. Apì thn �llh, isqÔoun oi
antÐstrofoi egkleismoÐ

Zq(K) ⊆ cq

p
Zp(K)(3.2)

gia k�je 1 6 p < q < ∞, san sunèpeia thc ψ1�sumperifor�c thc y 7→ 〈y, x〉.
Shmei¸noume ìti to Zq(K) eÐnai p�nta summetrikì kai ìti Zq(TK) = T (Zq(K))
gia k�je T ∈ SL(n) kai q ∈ [1,∞]. Akìma, an to K èqei kèntro b�rouc sto
0, tìte Zq(K) ⊇ cZ∞(K) gia k�je q > n, ìpou c > 0 eÐnai mia apìluth sta-
jer�. Parapèmpoume sto [18] gia tic apodeÐxeic twn parap�nw kai gia perissìterec
plhroforÐec.
L mma 3.2.1. 'Estw 0 < t < 1. Gia k�je θ ∈ Sn−1 èqoume ìti

P ({x ∈ K : |〈x, θ〉| > t‖〈·, θ〉‖q}) >
(1− tq)2

Cq
.(3.3)
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Apìdeixh. Efarmìzoume thn anisìthta Paley-Zygmund

P (g(x) > tqE (g)) > (1− tq)2
[E (g)]2

E (g2)
(3.4)

gia th sun�rthsh g(x) = |〈x, θ〉|q. Apì thn (3.2) èqoume ìti,

E (g2) = E |〈x, θ〉|2q 6 Cq (E |〈x, θ〉|q)2 = Cq [E (g)]2(3.5)

gia k�poia apìluth stajer� C > 0 kai autì oloklhr¸nei thn apìdeixh tou l m-
matoc. 2

L mma 3.2.2. Gia k�je σ ⊆ {1, . . . , N} kai gia k�je θ ∈ Sn−1 isqÔei ìti

P
(
{ ~X = (xj)j≤N ∈ KN : max

j∈σ
|〈xj , θ〉| 6

1
2
‖〈·, θ〉‖q}

)
6 e−|σ|/(4C

q),(3.6)

ìpou C > 0 eÐnai mia apìluth stajer�.

Apìdeixh. Efarmìzontac to l mma 3.2.1 me t = 1/2 blèpoume ìti

P
(

max
j∈σ

|〈xj , θ〉| 6
1
2
‖〈·, θ〉‖q

)
=

∏
j∈σ

P
(
|〈xj , θ〉| 6

1
2
‖〈·, θ〉‖q

)

6

(
1− 1

4Cq

)|σ|
6 exp (−|σ|/(4Cq)) ,

afoÔ 1− v < e−v gia k�je v > 0. 2

Apìdeixh tou jewr matoc 3.1.1. 'Estw Γ : `n2 → `N2 o tuqaÐoc telest c pou
orÐzetai apì thn

Γ(y) = (〈x1, y〉, . . . , 〈xN , y〉).(3.7)
Se ì,ti akoloujeÐ tropopoioÔme mia idèa apì to [31]. OrÐzoumem = [8(N/n)2β] kai
k = [N/m]. StajeropoioÔme mia diamèrish σ1, . . . , σk tou {1, . . . , N} me m 6 |σi|
gia k�je i = 1, . . . , k kai orÐzoume th nìrma

‖u‖0 =
1
k

k∑
i=1

‖Pσi(u)‖∞.(3.8)
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Tìte èqoume ìti
hKN (z) = max

16j6N
|〈xj , z〉| > ‖PσiΓ(z)‖∞(3.9)

gia k�je z ∈ Rn kai gia k�je i = 1, . . . , k. EpÐshc, parathroÔme pwc

hKN (z) > ‖Γ(z)‖0.(3.10)

An z ∈ Rn kai ‖Γ(z)‖0 <
1
4‖〈·, z〉‖q tìte h anisìthta tou Markov mac dÐnei ìti

up�rqei èna I ⊂ {1, . . . , k} me |I| > k/2 tètoio ¸ste ‖PσiΓ(z)‖∞ < 1
2‖〈·, z〉‖q, gia

k�je i ∈ I. 'Eqoume loipìn ìti, gia stajer� z ∈ Sn−1 kai α > 1,

P
(
‖Γ(z)‖0 <

1
4
‖〈·, z〉‖q

)
6

∑
|I|=[(k+1)/2]

P
(
‖PσiΓ(z)‖∞ <

1
2
‖〈·, z〉‖q, gia k�je i ∈ I

)

6
∑

|I|=[(k+1)/2]

∏
i∈I

P
(
‖PσiΓ(z)‖∞ <

1
2
‖〈·, z〉‖q

)
≤

∑
|I|=[(k+1)/2]

∏
i∈I

exp (−|σi|/(4Cq))

6

(
k

[(k + 1)/2]

)
exp (−c1km/Cq)

6 exp (k ln 2− c1km/C
q) .

Epilègontac
q ' β ln(N/n)(3.11)

blèpoume ìti

P
(
‖Γ(z)‖0 <

1
4
‖〈·, z〉‖q

)
≤ exp

(
−c2N1−βnβ

)
.(3.12)

Jètoume S = {z : ‖〈·, z〉‖q/2 = 1} kai jewroÔme èna δ-dÐktuo U tou S me plhj�r-
ijmo |U | 6 (3/δ)n. Gia k�je u ∈ U èqoume

P
(
‖Γ(u)‖0 <

1
2

)
≤ exp

(
−c2N1−βnβ

)
,(3.13)
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kai �ra,

P

(⋃
u∈U

{
‖Γ(u)‖0 <

1
2

})
≤ exp

(
n ln(3/δ)− c2N

1−βnβ
)
.(3.14)

StajeropoioÔme γ > 1 kai jètoume
Ωγ = {Γ : ‖Γ : `n2 → `N2 ‖ 6 γLK

√
N}.(3.15)

AfoÔ Zq(K) ⊇ cLK B
n
2 , èqoume ìti

‖Γ(z)‖0 6
1√
k
‖Γ(z)‖2 6 cγLK

√
N/k‖z‖2 6 cγ

√
N/k‖〈·, z〉‖q(3.16)

gia k�je z ∈ Rn kai gia k�je Γ sto Ωγ .
'Estw z ∈ S. Up�rqei u ∈ U tètoio ¸ste 1

2‖〈·, z−u〉‖q < δ, ap' ìpou paÐrnoume
ìti

‖Γ(u)‖0 6 ‖Γ(z)‖0 + cγδ
√
N/k(3.17)

gia k�je Γ ∈ Ωγ . Dialègontac t¸ra δ =
√
k/N/(4cγ), paÐrnoume ìti

P ({Γ ∈ Ωγ : ∃z ∈ Rn : ‖Γ(z)‖0 6 ‖〈·, z〉‖q/8})

= P ({Γ ∈ Ωγ : ∃z ∈ S : ‖Γ(z)‖0 6 1/4})

6 P ({Γ ∈ Ωγ : ∃u ∈ U : ‖Γ(u)‖0 6 1/2})

6 exp
(
n ln(12cγ

√
N/k)− c2N

1−βnβ
)

6 exp
(
−c3N1−βnβ

)
an to N eÐnai arket� meg�lo. Tèloc, afoÔ hKN (z) > ‖Γ(z)‖0 gia k�je z ∈ Rn,
paÐrnoume ìti KN ⊇ cZq(K) me pijanìthta megalÔterh apì

1− exp
(
−c4N1−βnβ

)
− P(‖Γ : `n2 → `N2 ‖ > γLK

√
N).

Ac analÔsoume t¸ra ton periorismì gia to N . Jèloume n ln(12c4γ
√
N/k) 6

CN1−βnβ gia kat�llhlh stajer� C > 0. Ac upojèsoume ìti
N > 12cγn.(3.18)
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'Eqoume β ∈ (0, 1
2 ] kai apì touc orismoÔc twn k kai m blèpoume ìti arkeÐ na

p�roume
ln(N/n) 6 C

√
N/n,

to opoÐo isqÔei ìtan N/n > c5 gia mia kat�llhlh apìluth stajer� c5 > 0. Apì
thn (3.18) èqoume to zhtoÔmeno apotèlesma. 2

Parat rhsh 3.2.3. To je¸rhma 3.1.1 anadeiknÔei to prìblhma thc ektÐmhshc
thc pijanìthtac

P(Ωγ) = P(‖Γ : `n2 → `N2 ‖ > γLK
√
N).(3.19)

Sto [31] apodeiknÔetai ìti an Γn,N = (ξij)16i6N, 16j6n eÐnai ènac tuqaÐoc pÐ-
nakac, ìpou ta ξij eÐnai anex�rthtec kai summetrikèc tuqaÐec metablhtèc, pou
ikanopoioÔn tic sqèseic ‖ξij‖L2 > 1 kai ‖ξij‖Lψ2 6 ρ gia k�poio ρ > 1, tìte
P(Ωγ) ≤ exp(−c(ρ, γ)N). Sthn perÐptws  mac, o Γ eÐnai ènac tuqaÐoc N × n

pÐnakac, oi grammèc tou opoÐou eÐnai N tuqaÐa shmeÐa epilegmèna omoiìmorfa kai
anex�rthta apì èna isotropikì s¸ma K ston Rn. 'Etsi, to prìblhma t¸ra eÐnai
na ektimhjeÐ h pijanìthta, N anex�rthta tuqaÐa shmeÐa x1, . . . , xN apì to K na
ikanopoioÔn thn

1
N

N∑
j=1

〈xj , θ〉2 ≤ γ2L2
K(3.20)

gia k�je θ ∈ Sn−1. Autì sqetÐzetai me èna gnwstì prìblhma twn Kannan, Lovász
kai Simonovits [30], to opoÐo me th seir� tou èqei san afethrÐa to prìblhma thc
eÔreshc enìc gr gorou algìrijmou gia ton upologismì tou ìgkou enìc kurtoÔ
s¸matoc: dojèntwn δ, ε ∈ (0, 1), zht�me ton mikrìtero jetikì akèraio N0(n, δ, ε)
pou ikanopoieÐ to ex c: �n N > N0 tìte me pijanìthta megalÔterh apì 1 − δ

èqoume ìti

(1− ε)L2
K 6

1
N

N∑
j=1

〈xj , θ〉2 6 (1 + ε)L2
K(3.21)

gia k�je θ ∈ Sn−1. Sto [30] apodeÐqjhke ìti mporoÔme na p�roume N0 ' c(δ, ε)n2,
ektÐmhsh pou belti¸jhke argìtera seN0 ' c(δ, ε)n(lnn)3 apì ton Bourgain [7] kai
met� se N0 ' c(δ, ε)n(lnn)2 apì ton Rudelson [56]. Sthn pragmatikìthta mporeÐ
kaneÐc na elègxei (blèpe [21]) ìti h teleutaÐa ektÐmhsh tou Rudelson prokÔptei
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apì to epiqeÐrhma tou Bourgain an qrhsimopoihjeÐ epiplèon h anisìthta sugkèn-
trwshc tou Alesker. Gia peraitèrw epekt�seic twn parap�nw parapèmpoume, gia
par�deigma, sta [48], [23], [37] kai [3].

Ed¸, endiaferìmaste mìno gia to �nw fr�gma thc (3.21). Sthn pr�xh, qreiazì-
maste mia isomorfik  èkdosh thc ektÐmhshc aut c, miac kai mac epitrèpetai na
epilèxoume k�poia apìluth stajer� γ � 1 sthn (3.20). Mia tètoia ektÐmhsh
paÐrnoume apì to [37] sthn isotropik  perÐptwsh: an N > c1n(lnn)2, tìte

P(‖Γ : `n2 → `N2 ‖ > γLK
√
N) 6 exp

(
−c2γ

(
N

(lnN)(n lnn)

)1/4
)
.(3.22)

Mia elafr¸c kalÔterh ektÐmhsh mporoÔme na p�roume apì th doulei� twn Guédon
kai Rudelson sto [23].

Tèloc, tonÐzoume ìti h ektÐmhsh pou èqoume gia ton ìro P(‖Γ : `n2 → `N2 ‖ >
γLK

√
N) eÐnai (proc to parìn) asjenèsterh apì ton ìro exp

(
−c3N1−βnβ

) sto
fr�gma gia thn pijanìthta na isqÔei o egkleismìc tou jewr matoc 3.1.1. DiathroÔme
thn diatÔpwsh tou jewr matoc ìpwc eÐnai, giatÐ eÐnai pijanì na isqÔei (telik�) k�ti
kalÔtero.
Parat rhsh 3.2.4. Oi G. PaoÔrhc kai E. Werner [50] melèthsan prìsfata th
sqèsh metaxÔ twn Lq�kentroeid¸n swm�twn kai twn {epipleìntwn swm�twn} enìc
kurtoÔ s¸matoc K. Gia δ ∈ (0, 1

2 ], to {epiplèon s¸ma} (floating body) Kδ tou K
eÐnai h tom  ìlwn twn hmiq¸rwn gia touc opoÐouc ta uperepÐpeda pou touc orÐzoun
apokìptoun apì to K èna sÔnolo ìgkou δ. Sto [41] apodeÐqjhke ìti to Kδ eÐnai
isomorfikì me elleiyoeidèc an to δ eÐnai makri� apì to 0. Sto [50] apodeÐqjhke ìti

c1Zln(1/δ)(K) ⊆ Kδ ⊆ c2Zln(1/δ)(K)(3.23)

ìpou oi c1, c2 > 0 eÐnai apìlutec stajerèc. Apì to je¸rhma 3.1.1 prokÔptei ìti
an to K eÐnai isotropikì kai an, gia par�deigma, N > n2 tìte

KN ⊇ c3K1/N(3.24)

me pijanìthta megalÔterh apì 1 − on(1), ìpou c3 > 0 eÐnai mia apìluth sta-
jer�. AxÐzei ton kìpo na sugkrÐnoume to teleutaÐo apotèlesma me to akìloujo
polÔ gnwstì apotèlesma apì to [9]: gia k�je kurtì s¸ma K ston Rn èqoume ìti
c|K1/N | 6 E |KN | 6 cn|K1/N | (ìpou h stajer� sto aristerì mèloc eÐnai apìluth,
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en¸ h dexi� anisìthta ikanopoieÐtai gia mia stajer� cn pou exart�tai apì th di�s-
tash, arkeÐ to N na eÐnai arket� meg�lo: h krÐsimh tim  gia to N eÐnai ekjetik 
wc proc n).

3.3 H unconditional perÐptwsh

Sthn par�grafo aut  jewroÔme xeqwrist� thn perÐptwsh twn unconditional kurt¸n
swm�twn: upojètoume ìti to K eÐnai summetrikì kai ìti, met� apì èna grammikì
metasqhmatismì, h sun jhc orjokanonik  b�sh {e1, . . . , en} tou Rn eÐnai mia 1-
unconditional b�sh gia thn ‖ · ‖K , dhlad  gia k�je epilog  pragmatik¸n arijm¸n
t1, . . . , tn kai gia k�je epilog  pros mwn εj = ±1,

‖ε1t1e1 + · · ·+ εntnen‖K = ‖t1e1 + · · ·+ tnen‖K .(3.25)

Se aut  thn perÐptwsh, to K èrqetai sthn isotropik  jèsh mèsw enìc diag¸niou
telest . EÐnai epÐshc gnwstì ìti h isotropik  stajer� enìc unconditional kurtoÔ
s¸matoc K ikanopoieÐ thn LK ' 1.

Oi Bobkov kai Nazarov èqoun apodeÐxei ìti K ⊇ c2Qn, ìpou Qn = [−1
2 ,

1
2 ]n

(blèpe [12]). To akìloujo epiqeÐrhma tou R. Latala (proswpik  epikoinwnÐa),
deÐqnei ìti, gia thn kl�sh twn unconditional swm�twn, h oikogèneia twn Lq�
kentroeid¸n swm�twn tou kÔbou Qn eÐnai akraÐa, me thn ènnoia ìti Zq(K) ⊇
cZq(Qn) gia k�je q > 1, ìpou c > 0 eÐnai apìluth stajer�: 'Estw ε1, ε2, . . . , εn
anex�rthtec kai isìnomec±1 tuqaÐec metablhtèc, orismènec se ènan q¸ro pijanìth-
tac (Ω,F ,P), me katanom  P(εi = 1) = P(εi = −1) = 1

2 . AfoÔ to K eÐnai un-
conditional, h anisìthta tou Jensen kai h arq  thc sustol c mac dÐnoun, gia k�je
θ ∈ Sn−1,

‖〈·, θ〉‖Lq(K) =

(∫
K

∣∣∣∣∣
n∑
i=1

θixi

∣∣∣∣∣
q

dx

)1/q

=

(∫
Ω

∫
K

∣∣∣∣∣
n∑
i=1

θiεi|xi|

∣∣∣∣∣
q

dx dP(ε)

)1/q

>

(∫
Ω

∣∣∣∣∣
n∑
i=1

θiεi

∫
K
|xi| dx

∣∣∣∣∣
q

dP(ε)

)1/q

=

(∫
Ω

∣∣∣∣∣
n∑
i=1

tiθiεi

∣∣∣∣∣
q

dP(ε)

)1/q

>

(∫
Qn

∣∣∣∣∣
n∑
i=1

tiθiyi

∣∣∣∣∣
q

dy

)1/q

= ‖〈·, (tθ)〉‖Lq(Qn),
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ìpou ti =
∫
K |xi| dx kai tθ = (t1θ1, . . . , tnθn). AfoÔ ti ' 1 gia k�je i = 1, . . . , n,

blèpoume amèswc ìti
‖〈·, θ〉‖Lq(K) > ‖〈·, (tθ)〉‖Lq(Qn) > c‖〈·, θ〉‖Lq(Qn).

Aut  h parat rhsh kai to je¸rhma 3.1.1 deÐqnoun ìti, an to K eÐnai unconditional,
tìte to tuqaÐo polÔtopo KN perièqei to Zln(N/n)(Qn):
Je¸rhma 3.3.1. 'Estw β ∈ (0, 1/2] kai γ > 1. Up�rqei apìluth stajer� c > 0
tètoia ¸ste, an

N > N(γ, n) = cγn(3.26)
kai an KN = conv{x1, . . . , xN} eÐnai èna tuqaÐo polÔtopo pou par�getai apì N

anex�rthta tuqaÐa shmeÐa x1, . . . , xN omoiìmorfa katanemhmèna se èna uncondi-
tional kai isotropikì kurtì s¸ma K ston Rn, tìte èqoume

KN ⊇ c1C(α) = c1 (αBn
2 ∩Bn

∞) gia k�je α 6 c2
√
β ln(N/n)(3.27)

me pijanìthta megalÔterh apì

1− exp
(
−c3N1−βnβ

)
− P(‖Γ : `n2 → `N2 ‖ > γ

√
N)(3.28)

ìpou Γ : `n2 → `N2 , o tuqaÐoc telest c Γ(y) = (〈x1, y〉, . . . 〈xN , y〉) pou orÐzetai apì

tic korufèc x1, . . . , xN tou KN .

Sth sunèqeia, skiagrafoÔme mia �mesh apìdeixh tou jewr matoc 3.3.1 (sthn opoÐa
den qrhsimopoioÔntai ta Lq�kentroeid  s¸mata): Gia k ∈ N kai y ∈ Rn, orÐzoume

‖y‖P (k) := sup


k∑
i=1

∑
j∈Bi

y2
j

1/2

:
k⋃
i=1

Bi = [n], Bi ∩Bj = ∅ (i 6= j)

(3.29)

ìpou gr�foume [n] gia to sÔnolo {1, 2, . . . , n}. O Montgomery–Smith (blèpe [45])
èqei deÐxei ìti: gia k�je y ∈ Rn kai k ∈ N isqÔei ìti

P

(
n∑
i=1

εiyi > λ‖y‖P (k)

)
>

(
1
3

)k
(1− 2λ2)2k (0 6 λ 6 1/

√
2).(3.30)

Akìma, gia kaje y ∈ Rn isqÔei
‖y‖P (t2) 6 K1,2(y, t) ≤

√
2‖y‖P (t2)(3.31)

ìtan t2 ∈ N, ap� ìpou prokÔptei to parak�tw:
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L mma 3.3.2. Up�rqei apìluth stajer� c > 0 tètoia ¸ste, gia k�je y ∈ Rn kai

gia k�je t > 0,

P

(
n∑
i=1

εiyi > λK1,2(y, t)

)
> e−φ(λ)t2(3.32)

ìpou φ(λ) = 4 ln(3(1− 2λ2)−2) gia 0 < λ < 1/
√

2.

O P. Pivovarov [52] apèdeixe prìsfata ìti up�rqei mia apìluth stajer� C >
1 tètoia ¸ste, gia k�je unconditional isotropikì kurtì s¸ma K ston Rn, to
sfairikì mètro tou sunìlou twn θ ∈ Sn−1 gia ta opoÐa isqÔei ìti

Px (|〈x, θ〉| > t) > exp(−Ct2)

eÐnai megalÔtero   Ðso apì 1− 2−n ìtan C 6 t 6
√
n

C lnn . H apìdeixh tou epìmenou
l mmatoc eÐnai parìmoia, se genikèc grammèc, me th dik  tou doulei�.
L mma 3.3.3. 'Estw K èna isotropikì unconditional kurtì s¸ma ston Rn. Gia

k�je θ ∈ Sn−1 kai gia k�je α > 1 èqoume

Px
(
〈x, θ〉 > hC(α)(θ)

)
> c1e

−c2α2
.(3.33)

Apìdeixh. Gia k�je θ = (θi)ni=1 ∈ Sn−1, x ∈ K kai 0 < s < 1/
√

2, orÐzoume to
sÔnolo

Ks(θ) = {x ∈ K : K1,2(θ, α) 6 sK1,2(xθ, α)},(3.34)
ìpou me {xθ} sumbolÐzoume to di�nusma me suntetagmènec xiθi. To s ja to epilèx-
oume kat�llhla, argìtera. 'Eqoume tìte ìti:

Px

(
n∑
i=1

xiθi > hC(α)(θ)

)
= Px

(
n∑
i=1

εixiθi > hC(α)(θ)

)

=
∫
K

Pε

(
n∑
i=1

εi(xiθi) > hC(α)(θ)

)
dx

=
∫
K

Pε

(
n∑
i=1

εi(xiθi) > K1,2(θ, α)

)
dx

>
∫
Ks(θ)

Pε

(
n∑
i=1

εi(xiθi) > sK1,2(xθ, α)

)
dx

> e−φ(s)α2 |Ks(θ)|,
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apì to l mma 3.3.2.
Upojètoume pr¸ta ìti o m := α2 eÐnai akèraioc kai jewroÔme mia diamèrish

B1, B2, . . ., Bm tou sunìlou {1, 2, . . . , n} tètoia ¸ste

K1,2(θ, α) =
m∑
i=1

∑
j∈Bi

|θj |2
1/2

=: A.(3.35)

JewroÔme thn hminìrma

f(x) =
m∑
i=1

∑
j∈Bi

|xjθj |2
1/2

.(3.36)

Tìte, apì thn antÐstrofh anisìthta Hölder c1‖f‖L2(K) 6 ‖f‖L1(K) kai afoÔ
LK ' 1, paÐrnoume ìti

∫
K
K1,2(xθ, α) dx >

∫
K

m∑
i=1

∑
j∈Bi

|xjθj |2
1/2

> c1

m∑
i=1

∑
j∈Bi

|θj |2
∫
K
|xj |2

1/2

> cA.

Efarmìzontac t¸ra thn anisìthta Paley-Zygmund sumperaÐnoume ìti

|Ks(θ)| = Px (f > sA) >
(E|f |2 − (sA)2)2

E [f4]
.(3.37)

Epilègontac s = 1
2
√

2
min{c, 1}, èqoume

|Ks(θ)| >
cA4

E [f4]
,

gia mia kat�llhlh kainoÔria apìluth stajer� c > 0. Apì thn �llh pleur�, m-
poroÔme na ektim soume thn E [f4] apì p�nw, qrhsimopoi¸ntac mia antÐstrofh
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anisìthta Hölder:

(E [f4])1/4 ≤ 4cE|f | = 4c
m∑
i=1

E

∑
j∈Bi

|xjθj |2
1/2

≤ 4cLK
m∑
i=1

∑
j∈Bi

|θj |2
1/2

6 4cA.

Epomènwc, èqoume ìti |Ks(θ)| > c. Epistrèfontac t¸ra sthn ektÐmhsh

Px

(
n∑
i=1

xiθi > hC(α)(θ)

)
> e−φ(s)α2 |Ks(θ)|(3.38)

èqoume:
Px

(
n∑
i=1

xiθi > hC(α)(θ)

)
> ce−cα

2
.(3.39)

Autì apodeiknÔei to l mma gia α2 ∈ N kai to apotèlesma prokÔptei eÔkola gia
k�je α. 2

Apìdeixh tou jewr matoc 3.3.1. Efarmìzontac thn teqnik  pou qrhsimopoi same
sthn apìdeixh tou jewr matoc 3.1.1 oloklhr¸noume thn apìdeixh tou jewr matoc
3.3.1. 2

Parat rhsh 3.3.4. Se ì,ti afor� thn pijanìthta P(‖Γ : `n2 → `N2 ‖ > γ
√
N),

sthn unconditional perÐptwsh o Aubrun èqei apodeÐxei sto [3] ìti gia k�je ρ > 1
kai gia k�je N > ρn, èqoume ìti

P(‖Γ : `n2 → `N2 ‖ > c1(ρ)
√
N) ≤ exp(−c2(ρ)n1/5)(3.40)

Eidikìtera, mporoÔme na broÔme stajerèc c, C > 0 tètoiec ¸ste, an N > Cn tìte

P(‖Γ : `n2 → `N2 ‖ > C
√
N) ≤ exp(−cn1/5)(3.41)

Autì mac epitrèpei na qrhsimopoioÔme to je¸rhma 3.3.1 me mia ektÐmhsh 1 −
exp(−cnc) sthn pijanìthta, gia timèc tou N pou eÐnai wc kai an�logec tou n.
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3.4 Asjenèc asumptwtikì sq ma tou KN

Mac endiafèrei t¸ra na doÔme pìso akrib c eÐnai o egkleismìc tou jewr matoc
3.1.1. 'Opwc èqoume  dh anafèrei sthn eisagwg  tou kefalaÐou, den mporoÔme na
perimènoume ènan antÐstrofo egkleismì thc morf c KN ⊆ c4 Zq(K) me pijanìthta
kont� sto 1, ektìc kai an to q eÐnai thc t�xhc tou n. Gia na to doÔme autì,
parathroÔme ìti, gia k�je α > 0,

P(KN ⊆ αZq(K)) = P(x1, x2, . . . , xN ∈ αZq(K))

=
(
P(x ∈ αZq(K))

)N
6 |αZq(K)|N .

Sto [48] èqei apodeiqjeÐ ìti, gia k�je q 6 n, o ìgkoc tou Zq(K) eÐnai frag-
mènoc apì (c

√
q/nLK)n. Autì mac dÐnei �mesa thn parak�tw ektÐmhsh gia thn

pijanìthta:
P(KN ⊆ αZq(K)) 6 (cα

√
q/nLK)nN ,(3.42)

ìpou c > 0 eÐnai mia apìluth stajer�. Upojètoume ìti to K èqei fragmènh
isotropik  stajer� kai jèloume akìma α ' 1. Tìte, apì thn (3.42) blèpoume ìti,
anex�rthta apì thn tim  tou N , prèpei na epilèxoume to q na eÐnai thc t�xhc tou n
¸ste, na up�rqei perÐptwsh na eÐnai kont� sto 1 h pijanìthta P(KN ⊆ αZq(K)).
Gia thn akrÐbeia, an q ∼ n tìte autì ìntwc sumbaÐnei, afoÔ isqÔei ìti Zn(K) ⊇ cK.
L mma 3.4.1. 'Estw K èna kurtì s¸ma me ìgko 1 ston Rn, N > n kai α > 1.
Tìte, gia k�je θ ∈ Sn−1 èqoume

P (hKN (θ) > αhZq(K)(θ)) 6 Nα−q.(3.43)

Apìdeixh. Apì thn anisìthta tou Markov èqoume ìti

P(α, θ) := P (x ∈ K : |〈x, θ〉| > α‖〈·, θ〉‖q) 6 α−q,(3.44)

opìte

P (hKN (θ) > αhZq(K)(θ)) = P (max
j6N

|〈xj , θ〉| > α‖〈·, θ〉‖q) 6 N P(α, θ)

kai to apotèlesma prokÔptei �mesa. 2
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L mma 3.4.2. 'Estw K èna kurtì s¸ma me ìgko 1 ston Rn kai N > n. Gia k�je

α > 1 èqoume ìti

E [σ(θ : (hKN (θ) > αhZq(K)(θ))] 6 Nα−q.(3.45)
Apìdeixh. 'Amesh: parathroÔme ìti, apì to je¸rhma Fubini,

E [σ(θ : (hKN (θ) > αhZq(K)(θ))] =
∫
Sn−1

P (hKN (θ) > αhZq(K)(θ)) dσ(θ)

2

H ektÐmhsh tou l mmatoc 3.4.2 eÐnai  dh arket  gia na deÐxoume ìti an q > c lnN
tìte, kat� mèso ìro, èqoume hKN (θ) 6 chZq(K)(θ) me pijanìthta megalÔterh apì
1−N−c. Eidikìtera, to mèso pl�toc tou tuqaÐou KN eÐnai fragmèno apì to mèso
pl�toc tou Zln(N/n)(K):
Prìtash 3.4.3. 'Estw K èna isotropikì kurtì s¸ma ston Rn. An q > 2 lnN
tìte

E [w(KN )] 6 cw(Zq(K)),(3.46)
ìpou c > 0 eÐnai mia apìluth stajer�.

Apìdeixh. Gr�foume

w(KN ) ≤
∫
AN

hKN (θ) dσ(θ) + cσ(AcN )nLK ,(3.47)

ìpou AN = {θ : hKN (θ) 6 αhZq(K)(θ)}. Tìte,

w(KN ) 6 α

∫
AN

hZq(K)(θ) dσ(θ) + cσ(AcN )nLK ,(3.48)

kai �ra, apì to l mma 3.4.2, èqoume
Ew(KN ) 6 αw(Zq(K)) + cNnα−qLK .(3.49)

Tèloc, afoÔ w(Zq(K)) > w(Z2(K)) = LK , paÐrnoume ìti
Ew(KN ) 6 (α+ cNnα−q)w(Zq(K)).(3.50)

T¸ra, to l mma prokÔptei an epilèxoume α = e. 2



Kef�laio 4

Isotropik� logarijmik� koÐla

mètra pijanìthtac

Sto kef�laio autì parousi�zoume to genikìtero plaÐsio twn isotropik¸n logar-
ijmik� koÐlwn mètrwn pijanìthtac kai parajètoume k�poia basik� apotelèsmata
pou ja qrhsimopoi soume gia ta epìmena apotelèsmata thc diatrib c.

4.1 Logarijmik� koÐla mètra pijanìthtac

4.1.1 Mètra pijanìthtac. SumbolÐzoume me P[n] thn kl�sh ìlwn twn mètr-
wn pijanìthtac ston Rn pou eÐnai apolÔtwc suneq  wc proc to mètro Lebesgue.
Gr�foume An gia thn σ-�lgebra twn Borel uposunìlwn tou Rn. H puknìthta tou
µ ∈ P[n] sumbolÐzetai me fµ.

H upokl�sh SP [n] apoteleÐtai apì ìla ta summetrik� mètra µ ∈ P[n]. To µ
lègetai summetrikì an h puknìtht� tou fµ, eÐnai �rtia sun�rthsh ston Rn.

H upokl�sh CP [n] apoteleÐtai apì ìla ta mètra µ ∈ P[n] pou èqoun kèntro
b�rouc sthn arq  twn axìnwn. Dhlad , µ ∈ CP [n] an∫

Rn
〈x, θ〉dµ(x) = 0(4.1)

gia k�je θ ∈ Sn−1.
'Estw µ ∈ P[n]. Gia k�je 1 6 k 6 n−1 kai F ∈ Gn,k, orÐzoume thn F -probol 
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πF (µ) tou µ wc ex c: gia k�je A ∈ AF ,
πF (µ)(A) := µ(P−1

F (A)).(4.2)
EÐnai kajarì ìti πF (µ) ∈ P[dimF ]. Shmei¸noume ìti apì ton orismì èpetai ìti, gia
k�je Borel metr simh sun�rthsh f : Rn → [0,∞) isqÔei∫

F
f(x) dπF (µ)(x) =

∫
Rn
f(PF (x)) dµ(x).(4.3)

H puknìthta tou πF (µ) eÐnai h sun�rthsh

πF (fµ)(x) := fπF (µ)(x) =
∫
x+F⊥

fµ(y) dy.(4.4)

'Estw µ1 ∈ P[n1] kai µ2 ∈ P[n2]. Ja gr�foume µ1 ⊗ µ2 gia to mètro sthn P[n1+n2]

pou ikanopoieÐ thn sqèsh
(µ1 ⊗ µ2)(A1 ×A2) = µ1(A1)µ2(A2)(4.5)

gia k�je A1 ∈ An1 kai A2 ∈ An2 . EÔkola elègqei kaneÐc ìti fµ1⊗µ2 = fµ1fµ2 .

4.1.2 Logarijmik� koÐla mètra. SumbolÐzoume me L[n] thn kl�sh ìlwn twn
logarijmik� koÐlwn mètrwn pijanìthtac ston Rn. 'Ena mètro µ ston Rn lègetai
logarijmik� koÐlo an gia k�je A,B ∈ An kai k�je λ ∈ (0, 1),

µ(λA+ (1− λ)B) > µ(A)λµ(B)1−λ.(4.6)
Mia sun�rthsh f : Rn → [0,∞) lègetai logarijmik� koÐlh an h ln f eÐnai koÐlh.

EÐnai gnwstì ìti an µ ∈ L[n] kai µ(H) < 1 gia k�je uperepÐpedo H, tìte
µ ∈ P[n] kai h puknotht� tou fµ eÐnai logarijmik� koÐlh (blèpe [5]). San efarmog 
thc anisìthtac Prékopa-Leindler ([33], [53], [54]) mporeÐ kaneÐc na elègxei ìti an
h f eÐnai logarijmik� koÐlh tìte, gia k�je k 6 n − 1 kai gia k�je F ∈ Gn,k, h
πF (f) eÐnai epÐshc logarijmik� koÐlh. 'Opwc kai prohgoumènwc, gr�foume CL[n]

kai SL[n] gia ta mh ekfulismèna µ ∈ L[n] pou èqoun kèntro b�rouc sthn arq  twn
axìnwn   eÐnai summetrik� antÐstoiqa.

4.1.3 Kurt� s¸mata. 'Ena kurtì s¸ma ston Rn eÐnai èna sumpagèc kurtì up-
osÔnolo C tou Rn me mh kenì eswterikì. Lème ìti to C eÐnai summetrikì an, ìpote
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x ∈ C tìte kai −x ∈ C. Lème ìti to C èqei kèntro b�rouc sthn arq  twn axìnwn
an ∫C〈x, θ〉 dx = 0 gia k�je θ ∈ Sn−1.

H sun�rthsh st rixhc hC : Rn → R tou C orÐzetai apì thn hC(x) = max{〈x, y〉 :
y ∈ C}. To mèso pl�toc tou C eÐnai h posìthta

W (C) =
∫
Sn−1

hC(θ)σ(dθ).(4.7)

Gia k�je −∞ < p <∞, p 6= 0, orÐzoume to p-mèso pl�toc tou C wc ex c

Wp(C) =
(∫

Sn−1

hpC(θ)σ(dθ)
)1/p

.(4.8)

H aktÐna tou C eÐnai h posìthta R(C) = max{‖x‖2 : x ∈ C} kai, an to 0 eÐnai
eswterikì shmeÐo tou C, to polikì s¸ma C◦ tou C eÐnai to

C◦ := {y ∈ Rn : 〈x, y〉 6 1 gia k�je x ∈ C}.(4.9)

Shmei¸noume ìti an K eÐnai èna kurtì s¸ma ston Rn kai K := 1
|K|K, tìte apì thn

anisìthta Brunn-Minkowski èqoume ìti 1K ∈ L[n].
SumbolÐzoume me K[n] thn kl�sh twn kurt¸n swm�twn ston Rn kai me K̃[n] thn

upokl�sh aut¸n me ìgko 1. EpÐshc, CK[n] eÐnai h kl�sh twn kurt¸n swm�twn me
kèntro b�rouc sthn arq  twn axìnwn kai SK[n] eÐnai h kl�sh twn summetrik¸n wc
proc to 0 kurt¸n swm�twn ston Rn.

Parapèmpoume sta biblÐa [57], [43] kai [51] gia ta basik� apotelèsmata thc
jewrÐac Brunn-Minkowski kai thc asumptwtik c jewrÐac twn q¸rwn peperasmènhc
di�stashc me nìrma.

4.1.4 Lq�kentroeid  s¸mata. 'Estw µ ∈ P[n]. Gia k�je q > 1 kai θ ∈ Sn−1

orÐzoume
hZq(µ)(θ) :=

(∫
Rn
|〈x, θ〉|qf(x) dx

)1/q

,(4.10)

ìpou f eÐnai h puknìthta tou µ. An µ ∈ L[n] tìte hZq(µ)(θ) < ∞ gia k�je q > 1
kai gia k�je θ ∈ Sn−1. OrÐzoume to Lq-kentroeidèc s¸ma Zq(µ) tou µ na eÐnai to
summetrikì (wc proc to 0) kurtì s¸ma me sun�rthsh st rixhc thn hZq(µ).

Ta Lq�kentroeid  s¸mata emfanÐsthkan arqik�, me mia diaforetik  kanon-
ikopoÐhsh, sto [35] (blèpe epÐshc to [36], ìpou apodeÐqjhke mia Lq afinik  isoperimetrik 
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anisìthta). Ed¸ akoloujoÔme thn kanonikopoÐhsh (kai to sumbolismì) pou qrhsi-
mopoieÐtai sto [47]. O arqikìc orismìc anaferìtan mìno sthn kl�sh twn mètrwn
1K ∈ L[n], ìpou K eÐnai èna kurtì s¸ma ìgkou 1. Sthn perÐptwsh aut , gr�foume
Zq(K) antÐ tou Zq(1K).

An K eÐnai èna sumpagèc sÔnolo ston Rn me |K| = 1, eÔkola elègqei kaneÐc
ìti Z1(K) ⊆ Zp(K) ⊆ Zq(K) ⊆ Z∞(K) gia k�je 1 6 p 6 q 6 ∞, ìpou Z∞(K) =
conv{K,−K}. Shmei¸noume ìti an T ∈ SLn tìte Zp(T (K)) = T (Zp(K)). Epi-
plèon, an to K eÐnai kurtì s¸ma, san sunèpeia thc anisìthtac Brunn–Minkowski
(blèpe Je¸rhma 1.2.2 kai, gia mia apìdeixh, [47]), èqoume ìti

Zq(K) ⊆ c0 q Z2(K)(4.11)

gia k�je q > 2 kai pio genik�,

Zq(K) ⊆ c0
q

p
Zp(K)(4.12)

gia k�je 1 6 p < q, ìpou c0 > 1 eÐnai mia apìluth stajer�. Akìma, an to K èqei
kèntro b�rouc sto 0, tìte

Zq(K) ⊇ cK(4.13)
gia k�je q > n, ìpou c > 0 eÐnai mia apìluth stajer�. Gia mia apìdeixh twn para-
p�nw kai epiplèon plhroforÐec p�nw sta Lq�kentroeid  s¸mata, parapèmpoume
sta [46] kai [48].

4.1.5 Isotropik� mètra pijanìthtac. 'Estw µ ∈ CP [n]. Lème ìti to µ eÐ-
nai isotropikì an Z2(µ) = Bn

2 . Gr�foume I[n] kai IL[n] gia tic kl�seic twn
isotropik¸n mètrwn pijanìthtac kai twn logarijmik� koÐlwn isotropik¸n mètrwn
pijanìthtac ston Rn antÐstoiqa.

Lème ìti èna kurtì s¸ma K ∈ C̃K[n] eÐnai isotropikì an to Z2(K) eÐnai pol-
lapl�sio thc monadiaÐac EukleÐdeiac mp�lac. OrÐzoume thn isotropik  stajer�
tou K apì th sqèsh

LK :=
(
|Z2(K)|
|Bn

2 |

)1/n

.(4.14)

'Etsi loipìn, to K eÐnai isotropikì an kai mìno an Z2(K) = LKB
n
2 . Gr�foume

IK[n] gia thn kl�sh twn isotropik¸n kurt¸n swm�twn tou Rn. Shmei¸noume ìti
K ∈ IK[n] an kai mìno an LnK1 K

LK

∈ IL[n]. 'Ena kurtì s¸ma K lègetai sqedìn
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isotropikì an èqei ìgko 1 kai K ' T (K), ìpou T (K) eÐnai mia isotropik  grammik 
eikìna tou K.

Parapèmpoume sta [41], [18] kai [48] gia epiplèon plhroforÐec p�nw sta isotropik�
s¸mata.

4.1.6 Ta s¸mata Kp(µ). O K. Ball sto [4], eis�gei ènan trìpo me ton opoÐo
mporoÔme na pern�me apì ta logarijmik� koÐla mètra sta kurt� s¸mata. DÐnoume
ed¸ touc orismoÔc tou K. Ball se èna genikìtero plaÐsio. 'Estw µ ∈ P[n]. Gia
k�je p > 0 orÐzoume èna sÔnolo Kp(µ) wc ex c:

Kp(µ) :=
{
x ∈ Rn : p

∫ ∞

0
fµ(rx)rp−1dr > fµ(0)

}
.(4.15)

EÐnai fanerì ìti toKp(µ) eÐnai èna astrìmorfo s¸ma me sunarthsoeidèc Minkows-
ki to

‖x‖Kp(µ) :=
(

p

fµ(0)

∫ ∞

0
fµ(rx)rp−1dr

)−1/p

.(4.16)

'Estw 1 6 k < n kai F ∈ Gn,k. Gia k�je θ ∈ SF orÐzoume

‖θ‖Bk+1(µ,F ) := ‖θ‖Kk+1(πF (µ)).(4.17)

Sthn akìloujh prìtash parajètoume k�poiec basikèc idiìthtec twn astrìmor-
fwn s¸m�twn Kp(µ). Parapèmpoume sta [4], [41], [48] kai [49] gia tic apodeÐx-
eic, gia epiplèon plhroforÐec kai anaforèc (sto par�rthma autoÔ tou kefalaÐou
parousi�zoume ta basik� apotelèsmata pou qrhsimopoioÔntai gia thn apìdeixh thc
prìtashc).
Prìtash 4.1.1. 'Estw µ ∈ P[n], p > 0, 1 6 k < n kai F ∈ Gn,k.
(i) An µ ∈ L[n] tìte Kp(µ) ∈ K[n]. Epiplèon, an µ ∈ SL[n] tìte Kp(µ) ∈ SK[n].

(ii) An µ ∈ CL[n] tìte Kn+1(µ) ∈ CK[n]. An µ ∈ SIL[n] tìte Kn+2(µ) ∈ S̃K[n].

(iii) An µ ∈ IL[n] tìte to Kn+1(µ) eÐnai sqedìn isotropikì.

(iv) 'Estw 1 6 p 6 n kai µ ∈ CL[n]. Tìte, fµ(0)
1
nZp(µ) ' Zp(Kn+1(µ)).

(v) 'Estw 1 6 p 6 k < n, F ∈ Gn,k, µ ∈ CL[n] kai K ∈ CL[n]. Tìte,

fπF (µ)(0)
1
kPF (Zp(µ)) ' fµ(0)

1
nZp(Bk+1(µ, F ))(4.18)
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kai

|K ∩ F⊥|
1
kPF (Zp(K)) ' Zp(Bk+1(K,F )).(4.19)

(vi) 'Estw 1 6 k < n, F ∈ Gn,k kai K ∈ IK[n]. Tìte,

|K ∩ F⊥|
1
k '

LBk+1(K,F )

LK
.(4.20)

(vii) An µ ∈ IL[n], tìte

LKn+1(µ) ' fµ(0)
1
n .(4.21)

4.1.7 H ψα-nìrma. 'Estw µ ∈ P[n]. Gia k�je α > 1, h Orlicz nìrma ‖f‖ψα miac
fragmènhc kai metr simhc sun�rthshc f : Rn → R wc proc to mètro µ orÐzetai
apì thn

‖f‖ψα = inf
{
t > 0 :

∫
Rn

exp
((

|f(x)|
t

)α)
dµ(x) 6 2

}
.(4.22)

EÐnai eÔkolo na elègxei kaneÐc ìti

‖f‖ψα ' sup
{
‖f‖p
p1/α

: p > α

}
.(4.23)

'Estw θ ∈ Sn−1. Lème ìti to µ ikanopoieÐ ψα-ektÐmhsh sth dieÔjunsh tou θ me
stajer� βα,µ,θ, an

‖〈·, θ〉‖ψα 6 βα,µ,θ‖〈·, θ〉‖2.(4.24)
Lème ìti to µ eÐnai èna ψα-mètro me stajer� βα,µ ìpou βα,µ := supθ∈Sn−1 βα,µ,θ,
an h teleutaÐa posìthta eÐnai peperasmènh.

OmoÐwc, an K ∈ K̃[n] orÐzoume

βα,K := sup
θ∈Sn−1

sup
p>α

hZp(K)(θ)
p1/αhZ2(K)(θ)

.(4.25)

Parathr ste ìti h βα,µ eÐnai afinik� analloÐwth, miac kai βα,µ◦T−1 = βα,µ gia
k�je T ∈ SLn. Tèloc, orÐzoume

P[n](α, β) := {µ ∈ P[n] : βα,µ 6 β}(4.26)
kai

K[n](α, β) := {K ∈ K̃[n] : βα,K 6 β}.(4.27)
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4.1.8 H par�metroc k∗(C). 'Estw C èna summetrikì kurtì s¸ma ston Rn.
OrÐzoume thn par�metro k∗(C) wc ton megalÔtero jetikì akèraio k 6 n gia ton
opoÐo isqÔei ìti

µn,k

(
F ∈ Gn,k :

1
2
W (C)(Bn

2 ∩ F ) ⊆ PF (C) ⊆ 2W (C)(Bn
2 ∩ F )

)
>

n

n+ k
.

Dhlad , h k∗(C) eÐnai h megalÔterh di�stash k me thn idiìthta h {tuqaÐa} k-
di�stath probol  tou C na eÐnai 4-EukleÐdeia.

H par�metroc k∗(C) prosdiorÐzetai pl rwc apì tic paramètrouc W (C) kai
R(C): Up�rqoun c1, c2 > 0 ¸ste

c1n
W (C)2

R(C)2
6 k∗(C) 6 c2n

W (C)2

R(C)2
(4.28)

gia k�je summetrikì kurtì s¸ma C ston Rn. To k�tw fr�gma emfanÐzetai sthn
apìdeixh tou Milman gia to je¸rhma tou Dvoretzky (blèpe [38]) en¸ to p�nw
fr�gma apodeiknÔetai sto [44].

4.1.9 Arnhtikèc ropèc thc EukleÐdeiac nìrmac. 'Estw µ ∈ P[n]. An −n <
p 6 ∞, p 6= 0, orÐzoume thn posìthta

Ip(µ) :=
(∫

Rn
‖x‖p2dµ(x)

)1/p

.(4.29)

Wc sun jwc, an to K eÐnai Borel uposÔnolo tou Rn me mètro Lebesgue |K| = 1,
gr�foume Ip(K) := Ip(1K).
Orismìc 4.1.2. 'Estw µ ∈ P[n] kai δ > 1. OrÐzoume

q∗(µ) := max{k 6 n : k∗(Zk(µ)) > k}

q−c(µ, δ) := max{p > 1 : I−p(µ) >
1
δ
I2(µ)}

q∗(µ, δ) := max{k 6 n : k∗(Zk(µ)) >
k

δ2
}.

Sto [49] apodeiknÔetai ìti oi p�ropèc thc EukleÐdeiac nìrmac wc proc èna logar-
ijmik� koÐlo metro ikanopoioÔn mia isqur  antÐstrofh anisìthta Hölder gia k�je
p 6 q∗:
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Je¸rhma 4.1.3. 'Estw µ ∈ CL[n]. Tìte gia k�je p 6 q∗(µ),

Ip(µ) 6 CI−p(µ),(4.30)
ìpou C > 0 eÐnai mia apìluth stajer�.

EÐnai fanerì ìti, gia na èqei k�poio nìhma to je¸rhma 4.1.3, ja prèpei na èqoume
k�poia mh tetrimmènh ektÐmhsh gia thn par�metro q∗. H epìmenh prìtash (blèpe
[48, Prìtash 3.10]   [49, Prìtash 5.7]) mac dÐnei èna k�tw fr�gma gia to q∗, me
ex�rthsh apì thn ψα stajer�, sthn isotropik  perÐptwsh.
Prìtash 4.1.4. 'Estw µ ∈ I[n] ∩ P[n](α, β). Tìte

q∗(µ) ≥ c
n
α
2

βα
,(4.31)

ìpou c > 0 eÐnai mia apìluth stajer�.

4.1.10 Mètra mikr c diamètrou

Orismìc 4.1.5. 'Estw µ ∈ P[n]. Lème ìti to mètro µ eÐnai mikr c diamètrou (me
stajer� A > 0) an gia k�je p > 2 èqoume ìti

Ip(µ) 6 AI2(µ).(4.32)
O orismìc pou dÐnoume ed¸ eÐnai apl  genÐkeush tou orismoÔ pou dÐnetai sto [47]
gia thn perÐptwsh twn kurt¸n swm�twn.
JewroÔme µ ∈ P[n] kai jètoume B := 4I2(µ)Bn

2 . Parathr ste ìti apì thn anisìth-
ta tou Markov, eÐnai 3

4 6 µ(B) 6 1. OrÐzoume loipìn èna kainoÔrio mètro µ̄ sthn
An me ton akìloujo trìpo: gia k�je A ∈ An jètoume

µ̄(A) :=
µ(A ∩B)
µ(B)

.

Upojètoume epiplèon ìti µ ∈ L[n]. Tìte, den eÐnai dÔskolo na doÔme ìti
I2(µ) ' I2(µ̄), Z2(µ) ' Z2(µ̄) kai fµ̄(0)

1
n ' fµ(0)

1
n .(4.33)

Epomènwc, gia k�je mètro µ ∈ L[n], mporoÔme p�nta na broÔme èna mètro µ̄ ∈ L[n]

mikr c diamètrou (pou ikanopoieÐ thn (4.32) me mia apìluth stajer� A > 0) pou
na ikanopoieÐ thn sqèsh fµ̄(0)

1
n ' fµ(0)

1
n .

Akìma, an to µ eÐnai isotropikì, tìte to µ̄ eÐnai sqedìn isotropikì. San
sunèpeia tou [49, Je¸rhma 5.6] èqoume to akìloujo:
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Prìtash 4.1.6. 'Estw µ ∈ L. Tìte,

q∗(µ̄, ξ1) ' q−c(µ̄, ξ2),(4.34)
ìpou ξ1, ξ2 > 1 eÐnai apìlutec stajerèc.

4.2 Par�rthma: ta s¸mata Bp(K, F ) kai Kp(µ)

4.2aþ Ta s¸mata Bp(K,F )

Orismìc 4.2.1. 'Estw K kurtì s¸ma ston Rn, F ∈ Gn,k, 1 ≤ k < n, θ ∈ SF kai
E := F⊥. OrÐzoume E+(θ) :=

{
x ∈

〈
E, θ

〉
: 〈x, θ〉 ≥ 0

}
. Gia p ≥ 1 orÐzoume Bp(K,F ) to

s¸ma ston F pou èqei aktinik  sun�rthsh thn

ρBp(K,F )(θ) =
(∫

K∩E+(θ)

〈x, θ〉p−1dx
) 1

p

, θ ∈ SF .

H apìdeixh tou epìmenou l mmatoc qrhsimopoieÐ thn anisìthta Prékopa–Leindler kai èqei
tic rÐzec thc se mia klasik  anisìthta tou Busemann.

L mma 4.2.2. To Bp(K,F ) eÐnai kurtì s¸ma ston F gia k�je p ≥ 1.

Sth sunèqeia qrhsimopoioÔme suqn� thn ex c tautìthta: gia k�je Borel metr simh sun�rthsh
f : Rn → R kai gia k�je kurtì s¸ma A ston Rn isqÔei ìti:∫

A

f(x)dx = nωn

∫
Sn−1

∫ ρA(θ)

0

tn−1f(tθ)dt dσ(θ).(4.35)

L mma 4.2.3 (pr¸th basik  tautìthta). 'Estw K kurtì s¸ma ston Rn, F ∈ Gn,k

kai f : Rn −→ R mia Borel metr simh sun�rthsh. Tìte,∫
K

f(x)dx = kωk

∫
SF

∫
K∩E+(θ)

〈x, θ〉k−1f(x)dx dσF (θ).(4.36)

Apìdeixh. Gr�foume∫
f(x)dx =

∫
F

(∫
E

f(y + z)dz
)
dy

= kωk

∫
SF

∫ +∞

0

(∫
E

tk−1f(tθ + z)dz
)
dt dσF (θ)

= kωk

∫
SF

(∫ +∞

0

∫
E

tk−1f(tθ + z)dz dt
)
dσF (θ)

= kωk

∫
SF

(∫
E+(θ)

〈x, θ〉k−1f(x)dx

)
dσF (θ).
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Qrhsimopoi same to gegonìc ìti, an x = tθ+ z tìte x ∈ E+(θ) an kai mìno an z ∈ E kai
t ∈ (0,+∞) (kai tìte, t = 〈x, θ〉). Efarmìzontac thn tautìthta pou elègxame gia thn
f(x)1K(x) antÐ gia thn f(x), paÐrnoume ton isqurismì tou l mmatoc. 2

Pìrisma 4.2.4. 'Estw K kurtì s¸ma ston Rn, F ∈ Gn,k, 1 ≤ k < n. Gia k�je φ ∈ SF

kai p ≥ 0 isqÔei ìti∫
K

|〈x, φ〉|pdx = kωk

∫
SF

|〈θ, φ〉|p
(∫

K∩E+(θ)

〈x, θ〉k+p−1dx

)
dσF (θ)

= kωk

∫
SF

|〈θ, φ〉|p ρk+p
Bk+p(K,F )(θ) dσF (θ).

Apìdeixh. An x ∈ E+(θ), ìpou θ ∈ SF , tìte x = 〈x, θ〉θ + z ìpou z ∈ E. 'Ara,
gia k�je φ ∈ SF eÐnai 〈x, φ〉 = 〈x, θ〉〈θ, φ〉. PaÐrnontac loipìn sto prohgoÔmeno l mma
f(x) = |〈x, φ〉|p gia φ ∈ SF , èqoume∫

K

|〈x, φ〉|pdx = kωk

∫
SF

∫
K∩E+(θ)

〈x, θ〉k−1 |〈x, φ〉|pdx dσF (θ)

= kωk

∫
SF

|〈θ, φ〉|p
(∫

K∩E+(θ)

〈x, θ〉k+p−1dx

)
dσF (θ). 2

Efarmìzontac to pìrisma 4.2.4 gia p = 0 paÐrnoume to ex c: an |K| = 1 tìte

kωk

∫
SF

(∫
K∩E+(θ)

〈x, θ〉k−1dx

)
dσF (θ) = kωk

∫
SF

ρk
Bk(K,F )(θ) dσF (θ) = 1.(4.37)

Apì thn �llh, gia k�je A ⊆ Rk èqoume

|A| = ωk

∫
Sk−1

ρk
A(θ) dσ(θ).(4.38)

Sundu�zontac tic dÔo sqèseic èqoume to exhc:

Pìrisma 4.2.5. 'Estw K kurtì s¸ma ìgkou 1 ston Rn kai F ∈ Gn,k, 1 ≤ k < n. Tìte,

|Bk(K,F )| = 1
k

(4.39)

kai

|B2k(K,F )| = ωk

∫
SF

ρk
B2k(K,F )(θ) dσF (θ)

= ωk

∫
SF

(∫
K∩E+(θ)

〈x, θ〉2k−1dx

) 1
2

dσF (θ).
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L mma 4.2.6 (deÔterh basik  tautìthta). 'Estw K kurtì s¸ma ìgkou 1 ston Rn

kai F ∈ Gn,k, 1 ≤ k < n. Gia k�je p ≥ 1,

PF (Zp(K)) = (k + p)
1
pZp (Bk+p(K,F )) .(4.40)

Apìdeixh. 'Estw θ ∈ SF . Tìte, èqoume

hp
Zp(Bk+p(K,F ))(θ) = (k + p)

∫
Bk+p(K,F )

|〈x, θ〉|p dx

(polikèc suntetagmenec) = kωk

∫
SF

∫ ρBk+p(K,F )(φ)

0

tk+p−1 |〈φ, θ〉|p dt dσF (φ)

= kωk

∫
SF

ρk+p
Bk+p(K,F )(φ) |〈φ, θ〉|p dσF (φ)

(pìrisma 4.2.4) = hp
Zp(K)(θ) = hp

PF (Zp(K))(θ)

ìpou h teleutaÐa isìthta isqÔei genikìtera: an A eÐnai kurtì s¸ma ston Rn, F ∈ Gn,k

kai θ ∈ F , tìte hA(θ) = hPF (A)(θ). 2

Parat rhsh (allag  metablht c). 'Estw A ⊆ Rn, T ∈ GL(n) kai f : Rn → R
Borel metr simh sun�rthsh. Tìte,∫

T (A)

f(x) dx = |det(T )|
∫

A

f(Tx) dx.(4.41)

L mma 4.2.7. 'Estw A ⊆ Rk, λ > 0 kai p ≥ 1. Tìte,

Zp(λA) = λ
k
p +1Zp(A)

Apìdeixh. An T = λIk tìte det(T ) = λk kai T (A) = λA. 'Ara gia k�je θ ∈ Sk−1 èqoume

hp
Zp(λA)(θ) =

∫
λA

|〈x, θ〉|p dx = λk

∫
A

|〈λx, θ〉|p dx

= λk+p

∫
A

|〈x, θ〉|p dx = λk+p hp
Zp(A)(θ). 2

Pìrisma 4.2.8. 'Estw A ⊆ Rk kai p ≥ 1. Tìte an A := 1
|A|1/kA eÐnai h kanonikopoihmènh

omoiojetik  eikìna tou A, isqÔei ìti

Zp (A) = |A|
1
p + 1

k Zp

(
A
)
.

Apìdeixh. EÐnai A = |A|1/kA, opìte efarmìzoume to prohgoÔmeno l mma me λ = |A|1/k.
2

Pìrisma 4.2.9. 'Estw K kurtì s¸ma ìgkou 1 ston Rn kai F ∈ Gn,k, 1 ≤ k < n. Gia

k�je 1 ≤ p ≤ n,

PF (Zp(K)) = (k + p)
1
p |Bk+p(K,F )|

1
p + 1

k Zp

(
Bk+p(K,F )

)
.(4.42)
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4.2bþ Ta s¸mata Kp(f)

Orismìc 4.2.10. 'Estw f : Rn −→ R+ mia oloklhr¸simh kai logarijmik� koÐlh sun�rthsh,
me
∫

Rn f(x)dx = 1. Gia p ≥ 0 orÐzoume

(i) Zp(f) na eÐnai to s¸ma ston Rn me sun�rthsh st rixhc

hZp(f)(θ) :=
(∫

Rn

|〈x, θ〉|p f(x) dx
) 1

p

, θ ∈ Sn−1.

(ii) Ip(f) :=
(∫

Rn ‖x‖p
2 f(x) dx

) 1
p

.

(iii) Kp(f) na eÐnai to s¸ma ston Rn me aktinik  sun�rthsh

ρ
Kp(f)(θ) :=

( 1
f(0)

∫ +∞

0

ptp−1 f(tθ) dt
) 1

p

, θ ∈ Sn−1.

Parat rhsh. An K eÐnai èna kurtì s¸ma ston Rn me 0 ∈ int(K) tìte gia k�je p ≥ 1
isqÔei

Kp(1K) = K.

Pr�gmati, gia k�je θ ∈ Sn−1 èqoume

ρp
Kp(1K )

(θ) =
1

1K(0)

∫ +∞

0

ptp−1 1K(tθ) dt

=
∫ ρK(θ)

0

ptp−1 dt = ρp
K(θ).

Gia th sunèqeia thc paragr�fou jewroÔme ìti h f : Rn −→ R+ eÐnai oloklhr¸simh kai
logarijmik� koÐlh sun�rthsh, me

∫
Rn f(x)dx = 1.

L mma 4.2.11. Gia k�je θ ∈ Sn−1 kai gia k�je p ≥ 0,∫
Kn+p(f)

|〈x, θ〉|p dx =
1

f(0)

∫
Rn

|〈x, θ〉|p f(x) dx.(4.43)

Apìdeixh. Gr�foume∫
Kn+p(f)

|〈x, θ〉|p dx = n ωn

∫
Sn−1

∫ ρ
Kn+p(f) (φ)

0

tn−1 |〈t φ, θ〉|p dt dσ(φ)

=
n

n+ p
ωn

∫
Sn−1

ρn+p
Kn+p(f)

(φ) |〈φ, θ〉|p dσ(φ)
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=
n

n+ p
ωn

∫
Sn−1

|〈φ, θ〉|p

f(0)

∫ +∞

0

(n+ p) tn+p−1 f(tφ) dt dσ(φ)

=
n ωn

f(0)

∫
Sn−1

∫ +∞

0

tn−1 |〈tφ, θ〉|p f(tφ) dt dσ(φ)

=
1

f(0)

∫
Rn

|〈x, θ〉|p f(x) dx. 2

Pìrisma 4.2.12. Gia k�je p ≥ 1,

Zp(f) = f(0)1/p Zp (Kn+p(f)) .(4.44)

EpÐshc, apo to pìrisma (4.2.8),

Zp(f) = f(0)1/p |Kn+p(f)|
1
p + 1

n Zp

(
Kn+p(f)

)
.(4.45)

'Omoia apodeiknÔontai ta parak�tw:

L mma 4.2.13. Gia k�je p > −n,∫
Kn+p(f)

‖x‖p
2 dx =

1
f(0)

∫
Rn

‖x‖p
2 f(x) dx.(4.46)

Pìrisma 4.2.14. Gia k�je p > −n

Ip(f) = f(0)1/p Ip (Kn+p(f)) = f(0)1/p |Kn+p(f)|
1
p + 1

n Ip
(
Kn+p(f)

)
.(4.47)

4.2gþ Ektim seic ìgkwn

L mma 4.2.15. 'Estw g : [0, +∞) −→ [0, +∞) logarijmik� koÐlh sun�rthsh. Tìte,

(i) H sun�rthsh

p 7−→
( p

‖g‖∞

∫ +∞

0

tp−1 g(t) dt
) 1

p

eÐnai aÔxousa.

(ii) H sun�rthsh

p 7−→
( p

g(0) Γ(p+ 1)

∫ +∞

0

tp−1 g(t) dt
) 1

p

eÐnai fjÐnousa.

Prìtash 4.2.16. (a) To Kp(f) eÐnai kurtì s¸ma ston Rn gia k�je p ≥ 1.
(b) An h f eÐnai �rtia, tìte f(0) = ‖f‖∞.

(g) An h f èqei kèntro b�rouc to 0, tìte

f(0) ≤ ‖f‖∞ ≤ enf(0).
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Prìtash 4.2.17. Gia k�je p < q kai θ ∈ Sn−1 èqoume ìti

Γ(p+ 1)1/p

Γ(q + 1)1/q
ρ

Kq(f)(θ) ≤ ρ
Kp(f)(θ) ≤

(
‖f‖∞
f(0)

) 1
p + 1

q

ρ
Kq(f)(θ)(4.48)

≤ e
n
p−

n
q ρ

Kq(f)(θ).

Apìdeixh. H aktinik  sun�rthsh tou Kp(f) eÐnai h

ρKp(f)(θ) =
( p

f(0)

∫ +∞

0

tp−1 f(t θ) dt
) 1

p

, θ ∈ Sn−1

Gia k�je θ ∈ Sn−1 jewroÔme thn sun�trhsh g(t) = gθ(t) := f(t θ) kai efarmìzoume to
l mma 4.2.15. 2

Pìrisma 4.2.18. Gia k�je p < q èqoume ìti(
f(0)
‖f‖∞

) 1
p + 1

q

|Kp(f)|1/n ≤ |Kq(f)|1/n ≤ Γ(q + 1)1/q

Γ(p+ 1)1/p
|Kp(f)|1/n,(4.49)

  thn asjenèsterh

e
n
q −

n
p |Kp(f)|1/n ≤ |Kq(f)|1/n ≤ Γ(q + 1)1/q

Γ(p+ 1)1/p
|Kp(f)|1/n.(4.50)

Prìtash 4.2.19. IsqÔoun ta akìlouja:

(i) |Kn(f)| = 1/f(0).

(ii) Gia k�je p ≥ 1,
1
e
≤ f(0)

1
n + 1

p |Kn+p(f)|
1
n + 1

p ≤ e
n+p

n .(4.51)

(iii) Gia k�je 1 ≤ p ≤ c n (ìpou c > 0 apìluth stajer�)

f(0)
1
n + 1

p |Kn+p(f)|
1
n + 1

p ' 1.(4.52)

(iv) Gia k�je 1 ≤ p ≤ c n (ìpou c > 0 apìluth stajer�)

f(0)
1
n Zp (f) ' Zp

(
Kn+p(f)

)
.(4.53)

(v) Gia k�je 1 ≤ p ≤ c n (ìpou c > 0 apìluth stajer�)

f(0)
1
n Ip (f) ' Ip

(
Kn+p(f)

)
.(4.54)
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Apìdeixh. QrhsimopoioÔme ta prohgoÔmena:

(i) Apì to l mma 4.2.11 (  to l mma 4.2.13) gia p = 0.

(ii) 'Estw p ≥ 1. Apì to prohgoÔmeno pìrisma gia n < n+ p èqoume ìti

en( n
n+p−1) |Kn(f)| ≤ |Kn+p(f)| ≤

(
Γ(n+ p+ 1)1/(n+p)

Γ(n+ 1)1/n

)n

|Kn(f)|.

'Omwc, apì to (i) èqoume |Kn(f)| = 1/f(0). 'Ara,

en( n
n+p−1) f(0)−1 ≤ |Kn+p(f)| ≤

(n+ p

n

)n

f−1(0) ≤ ep f(0)−1,

dhlad ,

e
n+p

p ( n
n+p−1) f(0)−

n+p
n p ≤ |Kn+p(f)|

1
n + 1

p ≤ e
n+p

n f(0)−
n+p
n p .

(iii) 'Ameso apì to (ii).

(iv) 'Ameso apì to (iii) kai th sqèsh (4.45).

(v) 'Ameso apì to (iii) kai th sqèsh (4.47). 2

Prìtash 4.2.20. IsqÔoun oi ektim seic ìgkwn

|K2n(f)| 2n ' f(0)−
2
n(4.55)

kai

|Zn(f)| 1n ' f(0)−
1
n .(4.56)

Apìdeixh. O pr¸toc isqurismìc prokÔptei apì thn prohgoÔmenh prìtash (to (ii)) gia
p = n. Akribèstera, èqoume

1
e
≤ f(0)−

2
n |K2n(f)| 2n ≤ e2.

Gia ton deÔtero isqurismì, qrhsimopoi¸ntac th sqèsh (4.45) gia p = n èqoume ìti

Zn(f) = f(0)1/n |K2n(f)| 2n Zn

(
K2n(f)

)
.

'Omwc, to K2n(f) eÐnai s¸ma ston Rn, �ra
∣∣Zn

(
K2n(f)

) ∣∣ =
∣∣K2n(f)

∣∣ ' 1. 'Etsi, apì
thn (4.55) paÐrnoume

|Zn(f)| 1n ' f(0)
1
n f(0)−

2
n = f(0)−

1
n . 2
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4.2dþ Probolèc se upoq¸rouc

Orismìc 4.2.21. 'Estw f : Rn −→ R+ oloklhr¸simh, logarijmik� koÐlh sun�rthsh me∫
Rn f(x)dx = 1 kai èstw F ∈ Gn,k. H probol  thc f ston upìqwro F eÐnai h sun�rthsh
πF (f) : F −→ R+ pou orÐzetai apì thn

πF (f)(x) :=
∫

x+F⊥
f(y) dy.(4.57)

L mma 4.2.22. IsqÔei h ∫
F

πF (f)(z) dz =
∫

Rn

f(x) dx.(4.58)

Akìma, gia k�je metr simh sun�rthsh g : F −→ R,∫
F

g(z) πF (f)(z) dz =
∫

Rn

g (PF (x)) f(x) dx.(4.59)

Apìdeixh. H pr¸th sqèsh prokÔptei �mesa apì ton orismì thc πF (f) kai to je¸rhma
Fubini.

Gia th deÔterh sqèsh, arkeÐ na jewr soume qarakthristikèc sunart seic. 'Estw
loipìn A èna Borel uposÔnolo tou F . Jèloume na deÐxoume ìti∫

A

πF (f)(z) dz =
∫

Rn

1A (PF (x)) f(x) dx.

'Omwc, 1A (PF (x)) = 1P−1
F (A)(x) gia k�je x ∈ Rn. 'Ara, h prohgoÔmenh sqèsh, apì ton

orismì thc πF (f) gÐnetai∫
A

∫
z+F⊥

f(y) dy dz =
∫

P−1
F (A)

f(x) dx,

to opoÐo isqÔei apì to je¸rhma Fubini. 2

Pìrisma 4.2.23. IsqÔoun oi tautìthtec∫
F

〈z, θ〉 πF (f)(z) dz =
∫

Rn

〈x, θ〉 f(x) dx, θ ∈ Sn−1,(4.60)

∫
F

|〈z, θ〉|p πF (f)(z) dz =
∫

Rn

|〈x, θ〉|p f(x) dx, θ ∈ Sn−1 , p > 0,(4.61) ∫
F

‖z‖p
2 πF (f)(z) dz =

∫
Rn

‖PF (x)‖p
2 f(x) dx. p > −k(4.62)
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Prìtash 4.2.24. IsqÔoun ta parak�tw:

(i) Gia k�je p ≥ 1,
PF (Zp(f)) = Zp (πF (f)) .(4.63)

(ii) Gia k�je F ∈ Gn,k, ∣∣PF (Zk(f))
∣∣1/k

πF (f)(0)1/k ' 1.(4.64)

(iii) Gia k�je kurtì s¸ma K ìgkou 1 ston Rn kai gia k�je F ∈ Gn,k,∣∣PF (Zk(K))
∣∣1/k ∣∣K ∩ F⊥

∣∣1/k ' 1.(4.65)

Apìdeixh. Gia thn apìdeixh:

(i) efarmìzoume thn (4.61) gia A = Zp(f) kai qrhsimopoioÔme to gegonìc ìti

hPF (A)(θ) = hA(θ), ∀θ ∈ SF .

(ii) efarmìzontac thn (4.56) gia thn πF (f) paÐrnoume ìti∣∣Zk (πF (f))
∣∣1/k

πF (f)(0)1/k ' 1,

kai to zhtoÔmeno èpetai apì to (i).

(iii) efarmìzoume to (ii) gia thn f = 1A kai to gegonìc ìti

πF (1K)(0) =
∣∣K ∩ F⊥

∣∣. 2

Tèloc, qrhsimopoi¸ntac touc orismoÔc, elègqoume eÔkola ìti gia k�je F ∈ Gn,k kai
p > 0,

Bp (K,F ) = Kp (πF (1K)) .(4.66)





Kef�laio 5

AktÐna ìgkou tuqaÐwn

polutìpwn

5.1 To prìblhma

'Estw K èna kurtì s¸ma ìgkou 1 ston Rn. Jèloume na ektim soume th mèsh tim 

(1.35) E(K,N) = E |KN |1/n =
∫
K
· · ·
∫
K
|conv(x1, . . . , xN )|1/ndxN · · · dx1

thc aktÐnac ìgkou tou KN = conv(x1, . . . , xN ). Qrhsimopoi¸ntac èna prìsfa-
to apotèlesma tou G. PaoÔrh (blèpe [49, Prìtash 5.4]) gia tic arnhtikèc ropèc
thc sun�rthshc st rixhc hZq(K) tou Zq(K), mporoÔme na d¸soume ikanopoihtik 
ap�nthsh sto prìblhma gia ìlec tic timèc tou N .
Je¸rhma 5.1.1. 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn. Gia k�je N ≤
exp(n), èqoume

c4

√
ln(2N/n)√

n
6 |KN |1/n 6 c5LK

√
ln(2N/n)√

n

me pijanìthta megalÔterh apì 1− 1
N , ìpou c4, c5 > 0 eÐnai apìlutec stajerèc.

To k�tw fr�gma prokÔptei apì th sÔgkrish me thn EukleÐdeia mp�la. 'Eqei
apodeiqjeÐ sto [22, L mma 3.3] ìti an K eÐnai èna kurtì s¸ma ston Rn me ìgko 1,
tìte

P (|KN | > t) > P(|[Bn
2 ]N | > t)(5.1)
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gia k�je t > 0. Epomènwc, arkeÐ na perioristoÔme sthn perÐptwsh thc mp�lac Bn
2 .

Sto [20] èqei epÐshc apodeiqjeÐ ìti up�rqoun stajerèc c1 > 1 kai c2 > 0 tètoiec
¸ste an N > c1n kai x1, . . . , xN eÐnai tuqaÐa shmeÐa pou katanèmontai anex�rthta
kai omoiìmorfa sthn Bn

2 , tìte

[Bn
2 ]N ⊇ c2 min

{√
ln(2N/n)√

n
, 1

}
B
n
2(5.2)

me pijanìthta megalÔterh apì 1 − exp(−n). 'Etsi loipìn, an N > c1n tìte, me
pijanìthta megalÔterh apì 1− exp(−n), èqoume ìti

|KN |1/n > c2 min

{√
ln(2N/n)√

n
, 1

}
,(5.3)

ìpou c1 > 1 kai c2 > 0 eÐnai apìlutec stajerèc.
H perÐptwsh n < N < c1n suzht jhke sto Kef�laio 2, ìpou apodeÐqjhke ìti

h (5.2) isqÔei kai ed¸ me pijanìthta megalÔterh apì 1−e−cn/ lnn, ìpou c > 0 eÐnai
mia apìluth stajer�. SugkrÐnontac thn teleutaÐa ektÐmhsh me thn (5.1), blèpoume
ìti h (5.3) isqÔei gia k�je N > n (me elafr¸c asjenèsterh ektÐmhsh gia thn
pijanìthta).

5.2 'Anw fr�gma gia ton ìgko tuqaÐwn polutìpwn

H prìtash 3.4.3, se sunduasmì me thn anisìthta tou Urysohn, mac dÐnei to akìlou-
jo:
Prìtash 5.2.1. 'Estw K èna isotropikì kurtì s¸ma ston Rn. An N > n kai

q > 2 lnN , tìte

E(K,N) 6
c1E [w(KN )]√

n
6
c2w(Zq(K))√

n
,(5.4)

ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.

H prìtash 5.2.1 mac odhgeÐ, upì mÐa ènnoia, sto na d¸soume �nw fr�gmata gia
to mèso pl�toc w(Zq(K)). 'Eqei apodeiqjeÐ sto [48] ìti, an q = lnN ≤

√
n tìte

w(Zq(K)) 6 c
√
qLK . 'Ara,

E(K,N) 6 c

√
ln(N/n)LK√

n
,(5.5)
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Aut  eÐnai kai h ektÐmhsh pou jèloume na deÐxoume, toul�qiston sthn perÐptwsh
N 6 e

√
n. Gia q = lnN >

√
n xèroume ìti w(Zq(K)) 6 qLK

4√n , afoÔ Zq(K) ⊆
(q/

√
n)Z√n(K). Autì to fr�gma gia to w(Zq(K)), pijanìtata den eÐnai bèltisto.

Wstìso, mporoÔme na ekmetalleutoÔme perissìtero thn apl  ektÐmhsh tou
l mmatoc 3.4.1 kai na p�roume akrib  ektÐmhsh gia megalÔterec timèc tou N . Ja
qrhsimopoi soume ta parak�tw:
Parat rhsh 1. 'Estw A èna summetrikì kurtì s¸ma ston Rn. Gia k�je 1 6 q < n,
jètoume

w−q(A) =
(∫

Sn−1

1
hqA(θ)

dσ(θ)
)−1/q

(5.6)
Apl  efarmog  thc anisìthtac tou Hölder mac deÐqnei ìti(

|A◦|
|Bn

2 |

)1/n

=
(∫

Sn−1

1
hnA(θ)

dσ(θ)
)1/n

>

(∫
Sn−1

1
hqA(θ)

dσ(θ)
)1/q

=
1

w−q(A)
,

kai apì thn anisìthta Blaschke–Santaló blèpoume ìti

|A|1/n 6 |Bn
2 |1/nw−q(A) 6

c1w−q(A)√
n

.(5.7)

Parat rhsh 2. 'Ena prìsfato apotèlesma tou G. PaoÔrh (blèpe [49, Prìtash
5.4]) mac deÐqnei ìti an A eÐnai èna isotropikì kurtì s¸ma ston Rn tìte, gia k�je
1 6 q < n/2,

w−q(Zq(A)) '
√
q

√
n
I−q(A)(5.8)

ìpou,
Ip(A) =

(∫
A
‖x‖p2 dx

)1/p

, p > −n.(5.9)

Parat rhsh 3. 'Estw K èna isotropikì kurtì s¸ma ston Rn, èstw N > n2 kai
q = 2 ln(2N). Gr�foume

[w−q/2(Zq(K))]−q =

∫
Sn−1

1

h
q/2
Zq(K)(θ)

dσ(θ)

2
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6

(∫
Sn−1

1
hqKN (θ)

dσ(θ)

)(∫
Sn−1

hqKN (θ)
hqZq(K)(θ)

dσ(θ)

)
.

ParathroÔme ìti KN ⊆ K ⊆ (n + 1)LKBn
2 kai LK Bn

2 = Z2(K) ⊆ Zq(K), �ra,
hKN (θ) 6 (n+ 1)hZq(K)(θ) gia k�je θ ∈ Sn−1. Opìte,∫

Sn−1

hqKN (θ)
hqZq(K)(θ)

dσ(θ) =
∫ n+1

0
qtq−1

[
σ(θ : hKN (θ) > thZq(K)(θ))

]
dt.(5.10)

Parat rhsh 4. PaÐrnontac mèsh tim  sthn (5.10) kai k�nontac qr sh tou l mmatoc
3.4.2, blèpoume ìti, gia k�je a > 1,

E

[∫
Sn−1

hqKN (θ)
hqZq(K)(θ)

dσ(θ)

]
6 aq +

∫ n+1

a
qtq−1Nt−q dt

= aq + qN ln
(
n+ 1
a

)
.

Epilègontac a = 2e kai parathr¸ntac ìti, apì thn epilog  tou q, eÐnai eq = (2N)2,
èqoume ìti

E

[∫
Sn−1

hqKN (θ)
hqZq(K)(θ)

dσ(θ)

]
6 cq2(5.11)

ìpou c2 > 0 eÐnai mia apìluth stajer�. 'Etsi, apì thn anisìthta tou Markov
èqoume ìti ∫

Sn−1

hqKN (θ)
hqZq(K)(θ)

dσ(θ) 6 (c2e)q(5.12)

me pijanìthta megalÔterh apì 1− e−q. B�sei loipìn thc parat rhshc 3, sumper-
aÐnoume ìti [w−q/2(Zq(K))]−q 6 cq3[w−q(KN )]−q, dhlad 

w−q(KN ) 6 c4w−q/2(Zq(K))(5.13)
me pijanìthta megalÔterh apì 1− e−q.
Apìdeixh tou jewr matoc 5.1.1. Upojètoume ìti to KN ikanopoieÐ thn (5.13)
kai jètoume SN = KN −KN . Apì thn parat rhsh 1 èqoume

|KN |1/n 6 |SN |1/n 6
c1√
n
w−q(SN ) =

2c1√
n
w−q(KN ).(5.14)
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'Etsi, h parat rhsh 4 mac dÐnei ìti

|KN |1/n 6
c5√
n
w−q/2(Zq(K))(5.15)

me pijanìthta megalÔterh apì 1−e−q. AfoÔ Zq(K) ⊆ cZq/2(K), qrhsimopoi¸ntac
thn parat rhsh 2 gr�foume

w−q/2(Zq(K)) 6 c6w−q/2(Zq/2(K)) 6
c7
√
q

√
n
I−q/2(K).(5.16)

To K eÐnai isotropikì, opìte I−q/2(K) 6 I2(K) =
√
nLK , apì to opoÐo èpetai

ìti
w−q/2(Zq(K)) 6 c7

√
q LK .(5.17)

B�zontac ìla ta parap�nw mazÐ, èqoume ìti

|KN |1/n 6
c
√
q

√
n
LK '

√
ln(N/n)LK√

n
,(5.18)

me pijanìthta megalÔterh apì 1− e−q > 1− 1
N . Autì oloklhr¸nei thn apìdeixh.

2





Kef�laio 6

Ψ2-sumperifor�, arnhtikèc

ropèc kai isotropik  stajer�

6.1 EustajeÐc kl�seic mètrwn

Xekin�me apì mia apl  all� krÐsimh parat rhsh apì to �rjro [15] twn Bourgain,
Klartag kai Milman. MporoÔme na doÔme ìti h akoloujÐa

Ln := sup{LK : K kurtì s¸ma ston Rn}

eÐnai ousiastik� aÔxousa wc proc n: gia k�je k 6 n èqoume Lk 6 CLn, ìpou
C > 0 eÐnai mia apìluth stajer�. 'Etsi, apì thn (4.20) blèpoume ìti an K0

eÐnai èna isotropikì kurtì s¸ma ston Rn tètoio ¸ste LK0 ' Ln tìte, gia k�je
F ∈ Gn,k,

|K0 ∩ F⊥|1/k '
LBk+1(K0,F )

LK0

6 C1
Lk
Ln

6 C2.(6.1)
Qrhsimopoi¸ntac idèec apì to [15] mporoÔme na ekmetalleutoÔme aut  thn idiìthta
twn swm�twn me {akraÐa isotropik  stajer�} kai na p�roume èna �nw fr�gma gia
tic arnhtikèc ropèc thc EukleÐdeiac nìrmac p�nw sto K0. Eis�goume pr¸ta k�poia
orologÐa ¸ste na mporoÔme na efarmìzoume epiqeir mata autoÔ tou eÐdouc se èna
genikìtero plaÐsio.
Orismìc 6.1.1. OrÐzoume P := ∪∞i=1P[n]. OmoÐwc, IP := ∪∞i=1IP[n], klp.

'Estw U mia upokl�sh thc P. Jètoume U[n] = U ∩ P[n]. Lème ìti h U eÐnai
eustaj c an ikanopoieÐ tic parak�tw dÔo sunj kec:



64 · Ψ2-sumperifor�, arnhtikès ropès kai isotropik  stajer�

(i) An µ ∈ U[n] tìte πF (µ) ∈ U[dimF ] gia k�je k 6 n kai F ∈ Gn,k.
(ii) An m ∈ N kai µi ∈ U[ni], i = 1, . . . ,m, tìte

µ1 ⊗ · · · ⊗ µm ∈ U[n1+...+nm].

SumfwnoÔme ìti h ken  kl�sh eÐnai eustaj c. Shmei¸noume tèloc ìti, an oi U1 kai
U2 eÐnai eustajeÐc kl�seic, tìte kai h U1 ∩ U2 eÐnai epÐshc eustaj c.

H epìmenh prìtash eÐnai met�frash gnwst¸n apotelesm�twn sth gl¸ssa twn
eustaj¸n kl�sewn.
Prìtash 6.1.2. Oi kl�seic SP, CP, L kai I eÐnai eustajeÐc.

ShmeÐwsh. H kl�sh K :=
⋃∞
n=1{µ ∈ P[n] : µ = 1K ; K ∈ K[n]} den eÐnai

eustaj c.
Prìtash 6.1.3. 'Estw U mia eustaj c kl�sh mètrwn. An o n eÐnai �rtioc kai

k = n
2 tìte gia k�je µ ∈ U[n] kai F ∈ Gn,k èqoume

fπF (µ)(0)
1
k 6 sup

µ∈U[n]

fµ(0)
1
n .(6.2)

EpÐshc, an ρn(U) := supµ∈U[n]
fµ(0)

1
n tìte

ρn−1(U) 6 ρn(U)
(
ρn−1(U)
ρ1(U)

) 1
n

.(6.3)

Apìdeixh. Gia ton pr¸to isqurismì qrhsimopoioÔme to gegonìc ìti πF (µ)⊗πF (µ) ∈
U[n] kai

f(πF (µ)⊗πF (µ))(0) = [fπF (µ)(0)]2.

Gia ton deÔtero isqurismì qrhsimopoioÔme thn parat rhsh ìti an µ1 ∈ U[n−1] kai
µ2 ∈ U[1] tìte µ1 ⊗ µ2 ∈ U[n] kai fµ1⊗µ2(0) = fµ1(0)fµ2(0). 2

ShmeÐwsh. Apì thn prìtash 6.1.3 èpetai ìti, se mia kl�sh pou ikanopoieÐ thn
e−n 6 ρn(U) 6 en,

gia na fr�xoume apì p�nw thn ρn(U) arkeÐ na exet�soume thn perÐptwsh pou o n
eÐnai �rtioc. Shmei¸noume ìti h IL eÐnai mia tètoia kl�sh.
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Sthn par�grafo auth eÐs�goume mÐa eÔstaj  kl�sh apì ψα�mètra, thn Pα(β)

'Estw µ ∈ CP [n]. Gia k�je θ ∈ Sn−1 kai gia k�je λ > 0 orÐzoume

hµ,θ(λ) := h(λ) = ln
(∫

Rn
eλ〈x,θ〉dµ(x)

)
.(6.4)

EpÐshc, gia α ∈ (1, 2], orÐzoume

ψ̃α,µ(θ) := sup
λ>0

1
λ
h(λ)

1
α∗ = sup

λ>0

1
λ

(
ln
∫

Rn
eλ〈x,θ〉dµ(x)

) 1
α∗
,(6.5)

ìpou α∗ eÐnai o suzug c ekjèthc tou α, dhlad  1
α + 1

α∗
= 1.

Orismìc 6.1.4. 'Estw µ èna mètro pijanìthtac ston Rn. Gia k�je α ∈ (1, 2]
orÐzoume

β̃µ,α := sup
θ∈Sn−1

ψ̃α,µ(θ)
hZ2(µ)(θ)

.(6.6)

EpÐshc,
Pα(β) :=

∞⋃
n=1

{µ ∈ P[n] : β̃µ,α 6 β}(6.7)

Prìtash 6.1.5. (i) 'Estw µ ∈ CP [n]. Gia k�je α ∈ (1, 2] kai gia k�je θ ∈
Sn−1 èqoume ìti

‖〈·, θ〉‖ψα 6 Cmax{ψ̃α,µ(θ), ψ̃α,µ(−θ)}(6.8)

ìpou C > 0 eÐnai apìluth stajer�.

(ii) 'Estw µ ∈ SP [n], tìte gia k�je θ ∈ Sn−1 èqoume ìti

C1ψ̃2,µ(θ) 6 ‖〈·, θ〉‖ψ2 6 C2ψ̃2,µ(θ)(6.9)

ìpou C1, C2 > 0 eÐnai apìlutec stajerèc.

Apìdeixh. 'Estw α ∈ (1, 2] kai α∗ ∈ (2,∞) o suzug c ekjèthc tou α. Jè-
toume ψ−1 := ψ̃α,µ(−θ), ψ1 := ψ̃α,µ(θ), ψ0 := max{ψ̃α,µ(θ), ψ̃α,µ(−θ)} kai ψ2 :=
‖〈·, θ〉‖ψα .
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Gia k�je λ > 0 isqÔei ìti∫
Rn
eλ〈x,θ〉dµ(x) 6 exp(λα∗ψα∗1 ).(6.10)

'Ara, apì thn anisìthta tou Markov sumperaÐnoume ìti gia k�je t > 0,

µ{x : eλ〈x,θ〉 > et
α
eλ

α∗ψα∗1 } 6 e−t
α
.(6.11)

IsodÔnama,
µ

{
x : 〈x, θ〉 >

tα

λ
+ λα∗−1ψα∗1

}
6 e−t

α
.(6.12)

Epilègontac λ := tα−1

ψ1
, paÐrnoume

µ{x : 〈x, θ〉 > 2tψ1} 6 e−t
α
.(6.13)

'Omoia, gia k�je t > 0 èqoume

µ{x : 〈x,−θ〉 ≥ 2tψ−1} 6 e−t
α
.(6.14)

Epomènwc,

µ{x : |〈x, θ〉| ≥ 2tψ0} = µ{x : 〈x, θ〉 ≥ 2tψ0}+ µ{x : 〈x,−θ〉 ≥ 2tψ0}
6 µ{x : 〈x, θ〉 ≥ 2tψ1}+ µ{x : 〈x,−θ〉 ≥ 2tψ−1}
6 2e−t

α
.

H teleutaÐa anisìthta deÐqnei ìti ψ2 6 C1ψ0, kai èqoume telei¸sei me to pr¸to
mèroc thc prìtashc.
Gia to deÔtero mèroc upojètoume to µ eÐnai summetrikì kai ìti α = 2. 'Eqoume na
apodeÐxoume mìno thn arister  anisìthta sthn (6.9). Qrhsimopoi¸ntac to gegonìc
ìti to µ eÐnai summetrikì, blèpoume ìti gia k�je perittì k ∈ N∫

Rn
〈x, θ〉kdµ(x) = 0

'Ara,
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∫
Rn
eλ〈x,θ〉dµ(x) =

∞∑
k=0

∫
Rn

λk〈x, θ〉k

k!
dµ(x) =

∞∑
k=0

λ2k

(2k)!

∫
Rn
〈x, θ〉2kdµ(x)

6
∞∑
k=0

(λ)2k

(2k)!
(2k)k ψ2k

2 ) 6
∞∑
k=0

(λ)2k

(2k)!
(2e)k k! ψ2k

2

6
∞∑
k=0

(2eλ2ψ2
2)
k

k!
= exp

(
2eλ2ψ2

2

)
'Epetai ìti

ψ1 := sup
λ>0

1
λ

(
log
∫

Rn
eλ〈x,θ〉dµ(x)

) 1
2

6
√

2e ψ2

H apìdeixh eÐnai pl rhc. 2

Pìrisma 6.1.6. Gia k�je α ∈ (1, 2],

CPα(β) ⊆ CP(α, cβ)(6.15)
kai

SP(2, c2β) ⊆ SP2(β) ⊆ SP(2, c1β),(6.16)
ìpou c, c1, c2 > 0 eÐnai apìlutec stajerèc.

Apìdeixh. Pr�gmati, an µ ∈ CPα(β) tìte apì thn prìtash 6.1.5 èqoume ìti

sup
θ∈Sn−1

hψα(µ)(θ)
hZ2(µ)(θ)

6 c sup
θ∈Sn−1

ψ̃α,µ(θ)
hZ2(µ)(θ)

6 cβ(6.17)

Autì shmaÐnei ìti µ ∈ CP(α, cβ), lìgw thc (4.26). To deÔtero mèroc thc prìtashc
apodeiknÔetai me ton Ðdio trìpo. 2

Sth sunèqeia, apodeiknÔoume ìti h kl�sh Pα(β) eÐnai eustaj c. H sumperifor�
thc ψ̃α,µ wc proc ginìmena mètrwn perigr�fetai apì thn parak�tw prìtash:
Prìtash 6.1.7. 'Estw k ènac jetikìc akèraioc kai èstw µi ∈ CP [ni] kai θi ∈
Sni−1, i = 1, . . . k. An ψ̃α,µi(θi) <∞ gia k�je i 6 k kai gia k�poio α ∈ (1, 2], tìte

ψ̃α,µ ((θ1, . . . , θk)) 6

(
k∑
i=1

ψ̃α∗α,µi(θi)

)1/α∗

,(6.18)

ìpou µ = µ1 ⊗ · · · ⊗ µk.



68 · Ψ2-sumperifor�, arnhtikès ropès kai isotropik  stajer�

Apìdeixh. Gia k�je λ > 0 gr�foume to
1
λα∗

ln
(∫

Rn1

. . .

∫
Rnk

eλ
∑k
i=1〈xi,θi〉dµk(xk) . . . dµ1(x1)

)
wc ex c:

1
λα∗

ln

(
k∏
i=1

∫
Rni

eλ〈xi,θi〉dµi(xi)

)
=

1
λα∗

k∑
i=1

ln
(∫

Rni
eλ〈xi,θi〉dµi(xi)

)

6
1
λα∗

k∑
i=1

λα∗ψ̃α∗α,µi(θi)

6
k∑
i=1

ψ̃α∗α,µi(θi).

PaÐrnontac supremum wc proc λ > 0, èqoume to apotèlesma. 2

H sumperifor� thc ψ̃α,µ wc proc probolèc perigr�fetai apì thn parak�tw prìtash:
Prìtash 6.1.8. 'Estw µ ∈ CP [n]. 'Estw F ∈ Gn,k kai θ ∈ SF . An α ∈ (1, 2],
tìte

ψ̃α,πF (µ)(θ) 6 ψ̃α,µ(θ).(6.19)
Apìdeixh. 'Eqoume ìti, gia k�je λ > 0,∫

Rn
eλ〈x,θ〉dµ(x) =

∫
F
eλ〈x,θ〉dπF (µ)(x)(6.20)

'Epetai ìti
1
λα∗

ln
(∫

F
eλ〈x,θ〉dπF (µ)(x)

)
=

1
λα∗

ln
(∫

Rn
eλ〈x,θ〉dµ(x)

)
6 ψ̃α∗α,µ(θ).(6.21)

PaÐrnontac supremum wc proc λ > 0 èqoume to apotèlesma. 2

Prìtash 6.1.9. 'Estw α ∈ (1, 2] kai β > 0. Tìte, h kl�sh Pα(β) eÐnai eustaj c.

Apìdeixh. 'Estw µ ∈ (Pα(β))[n]. JewroÔme 1 6 k < n kai F ∈ Gn,k. Tìte, apì
thn (6.19) kai thn hZ2(πF (µ))(θ) = hZ2(µ)(θ) gia θ ∈ SF , èqoume ìti

β̃πF (µ),α = sup
θ∈SF

ψ̃α,πF (µ)(θ)
hZ2(πF (µ))(θ)

6 sup
θ∈SF

ψ̃α,µ(θ)
hZ2(µ)(θ)

6 β̃µ,α.(6.22)
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'Ara, πF (µ) ∈ Pα(β).

Sth sunèqeia, jewroÔme mètra µi ∈ (Pα(β))[ni], i := 1, . . . , k kai jètoume
N := n1 + . . .+nk. AfoÔ hZ2(µ1⊗...⊗µk)(θ1, . . . θk) =

(∑k
i=1 h

2
Z2(µi)

(θi)
) 1

2 , èqoume

β̃µ1⊗...⊗µk,α = sup
(θ1,...θk)∈SN−1

ψ̃α,µ1⊗...⊗µk(θ1, . . . θk)
hZ2(µ1⊗...⊗µk)(θ1, . . . θk)

6 sup
(θ1,...θk)∈SN−1

(∑k
i=1 ψ̃

α∗
α,µi(θi)

) 1
α∗(∑k

i=1 h
2
Z2(µi)

(θi)
) 1

2

6 β sup
(θ1,...θk)∈SN−1

(∑k
i=1 h

α∗
Z2(µi)

(θi)
) 1
α∗(∑k

i=1 h
2
Z2(µi)

(θi)
) 1

2

6 β,

ìpou qrhsimopoi same tic α∗ ∈ [2,∞) kai ‖x‖`kα∗ 6 ‖x‖`k2 . 'Ara, µ1 ⊗ . . . ⊗ µk ∈
Pα(β). 2

6.2 M-jèsh kai akraÐa s¸mata

'Ola ta apotelèsmata aut c thc paragr�fou apodeiknÔontai me thn epiplèon up-
ìjesh ìti h di�stash eÐnai �rtia. Apì thn prìtash 6.1.3 xèroume ìti autì eÐnai
arkètì. Wstìso, me mikrèc allagèc stic apodeÐxeic, ìla ta apotelèsmata thc
paragr�fou isqÔoun kai sthn perÐptwsh thc peritt c di�stashc. O basikìc mac
stìqoc eÐnai na apodeÐxoume to parak�tw:
Prìtash 6.2.1. 'Estw U ⊆ IL mia eustaj c kl�sh mètrwn pijanìthtac, èstw

n > 2 �rtioc, α ∈ (1, 2) kai t >
(
C0

2−α

) 1
α
. Tìte, up�rqei µ1 ∈ U[n] tètoio ¸ste

fµ1(0)
1
n > C1 sup

ν∈U[n]

fν(0)
1
n(6.23)

kai

I−c2 n
(2−α)tα

(µ1) 6 C3t
√
nfµ1(0)−

1
n ,(6.24)

ìpou C0, C1, C3 > 0 kai c2 > 2 eÐnai apìlutec stajerèc.
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Epiplèon, an U = IL, tìte to µ1 mporeÐ na epilegeÐ ètsi ¸ste na eÐnai mikr c

diamètrou (me mia apìluth stajer� C4 > 0).

JumÐzoume ìti anK kai C eÐnai kurt� s¸mata ston Rn, tìte o arijmìc k�luyhc

tou K apì to C eÐnai o el�qistoc arijmìc apì metaforèc tou C, h ènwsh twn
opoÐwn kalÔptei to K:

N(K,C) := min

{
k ∈ N : ∃z1, . . . zk ∈ Rn : K ⊂

k⋃
i=1

(zi + C)

}
.(6.25)

'Estw K èna kurtì s¸ma ìgkou 1 ston Rn. O Milman (blèpe [39], [40] kai [41] gia
th mh summetrik  perÐptwsh) apèdeixe ìti up�rqei èna elleiyoeidèc E me |E| = 1,
tètoio ¸ste

ln N(K, E) 6 κn,(6.26)
ìpou κ > 0 eÐnai mia apìluth stajer�. Edw ja qreiastoÔme thn Ôparxh α-
kanonik¸nM�elleiyoeid¸n gia summetrik� kurt� s¸mata. Akribèstera, ja qreias-
toÔme to parak�tw je¸rhma tou Pisier (blèpe [51]: ekeÐ, ta apotelèsmata diatup¸non-
tai kai apodeiknÔontai gia thn perÐptwsh twn summetrik¸n s¸m�twn, all� mporoÔn
na epektajoÔn kai sthn perÐptwsh twn mh summetrik¸n).
Je¸rhma 6.2.2. 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn me kèntro b�rouc

sthn arq  twn axìnwn. Gia k�je α ∈ (0, 2) up�rqei èna elleiyoeidèc E me |E| = 1
tètoio ¸ste, gia k�je t > 1,

ln N(K, tE) 6
κ(α)
tα

n,(6.27)

ìpou κ(α) > 0 eÐnai mia stajer� pou exart�tai mìno apì to α. MporoÔme na

jewroÔme ìti κ(α) 6 κ
2−α , ìpou κ > 0 eÐnai mia apìluth stajer�.

Ja qreiastoÔme epÐshc ta parak�tw apotelèsmata gia elleiyoeid :
L mma 6.2.3. 'Estw E èna elleiyoeidèc ston Rn. Upojètoume ìti up�rqei ènac

diag¸nioc pÐnakac T me stoiqeÐa λ1 > · · · > λn > 0, ¸ste E = T (Bn
2 ). Tìte,

max
F∈Gn,k

|E ∩ F | = max
F∈Gn,k

|PF (E)| = ωk

k∏
i=1

λi(6.28)
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kai

min
F∈Gn,k

|E ∩ F | = min
F∈Gn,k

|PF (E)| = ωk

n∏
i=n−k+1

λi(6.29)

gia k�je 1 6 k 6 n− 1.

Apìdeixh. Mia apìdeixh thc isìthtac minF∈Gn,k |E ∩ F | = ωk
∏n
i=n−k+1 λi dÐnetai

sto [28, L mma 4.1]. 'Estw Fs(k) = span{en−k+1, . . . , en}. Tìte, gia k�je F ∈
Gn,k èqoume ìti

|PFs(k)(E)| = |E ∩ Fs(k)| 6 |E ∩ F | 6 |PF (E)|.(6.30)
Apì aut n prokÔptei ìti

min
F∈Gn,k

|PF (E)| = |PFs(k)(E)| = ωk

n∏
i=n−k+1

λi(6.31)

kai autì oloklhr¸nei thn apìdeixh thc (6.29).
ParathroÔme ìti to E◦ = T−1(Bn

2 ) eÐnai ki autì elleiyoeidèc. EpÐshc, afoÔ ta
diag¸nia stoiqeÐa tou T−1 eÐnai ta λ−1

n > · · · > λ−1
1 > 0, èqoume

min
F∈Gn,k

|E◦ ∩ F | = min
F∈Gn,k

|PF (E◦)| = ωk

(
k∏
i=1

λi

)−1

.(6.32)

To PF (E) eÐnai èna elleiyoeidèc ston F kai to E◦ ∩ F eÐnai to polikì tou ston
F , �ra apì to afinik� analloÐwto tou ginomènou twn ìgkwn enìc s¸matoc kai tou
polikoÔ tou, paÐrnoume ìti |PF (E)| · |E◦∩F | = |Bn

2 ∩F |2 = ω2
k gia k�je F ∈ Gn,k.

H parat rhsh aut  kai h (6.32) apodeiknÔoun thn (6.28). 2

L mma 6.2.4. 'Estw n �rtioc kai E èna elleiyoeidèc ston Rn. Upojètoume ìti

up�rqei ènac diag¸nioc pÐnakac T me stoiqeÐa λ1 > · · · > λn > 0 tètoioc ¸ste

E = T (Bn
2 ). Tìte, up�rqei F ∈ Gn,n/2 tètoioc ¸ste PF (E) = λn/2(Bn

2 ∩ F ).

Apìdeixh. Thn apìdeixh mporeÐ kaneÐc na th breÐ sto [60, sel. 125-6], all�
thn skiagrafoÔme ki ed¸ gia thn dieukìlunsh tou anagn¸sth. MporoÔme na
upojèsoume ìti λ1 > · · · > λn > 0. Gr�foume n = 2s. Tìte, E◦ ∩ e⊥n ={
x ∈ R2s−1 :

∑2s−1
i=1 λ2

ix
2
i 6 1

}
(o lìgoc gia to b ma autì eÐnai ìti to epiqeÐrhma

sto [60, sel. 125-6] douleÔei mìno stic perittèc diast�seic). IsqÔei ìti λi > λs >
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λ2s−i gia k�je i 6 s − 1. 'Ara, mporoÔme na orÐsoume b1, . . . , bs−1 > 0 apì tic
exis¸seic

λ2
i b

2
i + λ2

2s−i = λ2
s(b

2
i + 1).(6.33)

JewroÔme ton upìqwro F = span{v1, . . . , vs} ∈ G2s,s, ìpou vs = es kai

vi =
biei + e2s−i√

b2i + 1
, i = 1, . . . , s− 1.(6.34)

Elègqetai eÔkola ìti ta {v1, . . . , vs} eÐnai mia orjokanonik  b�sh gia ton F kai
apì tic (6.33) kai (6.34), èqoume ìti, gia k�je x ∈ F ,

λ2
s‖x‖2

2 = λs

s∑
i=1

〈x, vi〉2 =
2s−1∑
i=1

λ2
i 〈x, ei〉2 = ‖x‖2

E .(6.35)

Autì apodeiknÔei ìti E◦ ∩ F = λ−1
s (Bn

2 ∩ F ) kai lìgw duðsmoÔ èqoume PF (E) =
λs(Bn

2 ∩ F ) = λn/2(Bn
2 ∩ F ). 2

Prìtash 6.2.5. 'Estw K ∈ IK[n]. StajeropoioÔme 1 6 k 6 n− 1 kai jètoume

γ := max
F∈Gn,k

|K ∩ F⊥|
1
k .(6.36)

Tìte,

min
H∈Gn,n−k

|K ∩H⊥|
1

n−k > γ

(
η

γ

) n
n−k

,(6.37)

ìpou 0 < η < 1 eÐnai mia apìluth stajer�.

Apìdeixh. 'Estw α = 1. JewroÔme èna α-kanonikìM�elleiyoeidèc E gia toK pou
mac dÐnei to je¸rhma 6.2.2 tou Pisier. Apì to analloÐwto thc isotropik c jèshc
wc proc orjog¸niouc metasqhmatismoÔc, mporoÔme na upojèsoume ìti up�rqei ènac
diag¸nioc pÐnakac T me stoiqeÐa λ1 > · · · > λn > 0 tètoioc ¸ste E = T (Bn

2 ).
EpÐshc, isqÔei ìti |E| = 1.

'Estw F ∈ Gn,k, 1 6 k 6 n − 1. EÔkola elègqetai ìti prob�llontac mia
k�luyh paÐrnoume k�luyh gia thn probol , �ra èqoume

|PF (K)|
|PF (E)|

6 N(K, E) 6 eκn.(6.38)
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QrhsimopoioÔme thn anisìthta Rogers-Shephard (blèpe [55]) gia to K kai to E :
afoÔ |K| = 1, èqoume ìti

c1 6
(
|K ∩ F⊥||PF (K)|

) 1
k

6

(
n

k

) 1
k

6
en

k
,(6.39)

ìpou c1 > 0 eÐnai mia apìluth stajer� (blèpe [58] kai [42] gia thn arister  anisìth-
ta).

Apì thn(6.39) kai ton orismì tou γ sthn (6.36), blèpoume ìti
|PF (K)|

1
k >

c1
γ
.(6.40)

Qrhsimopoi¸ntac thn (6.38) paÐrnoume
c1
γ

6 e
κn
k |PF (E)|

1
k .(6.41)

Dhlad ,
min

F∈Gn,k
|PF (E)|

1
k >

c1
γ
e−

κn
k .(6.42)

MporoÔme t¸ra, apì to �nw fr�gma sthn (6.39), na gr�youme
c1
γ
|E ∩ F⊥|

1
k 6 e

κn
k

(
|PF (E)||E ∩ F⊥|

) 1
k

6 e
κn
k
en

k
6 e

κ1n
k .(6.43)

'Epetai ìti
max

H∈Gn,n−k
|E ∩H| 6 eκ1nγk

ck1
.(6.44)

To l mma 6.2.3 mac dÐnei

max
H∈Gn,n−k

|PH(E)| 6 eκ1nγk

ck1
,(6.45)

kai �ra,
|PH(K)| 6 eκn|PH(E)| 6 eκ2nγk

ck1
(6.46)

gia k�je H ∈ Gn,n−k, ìpou qrhsimopoi same p�li thn (6.38). Efarmìzontac tèloc
thn (6.39) gia mÐa akìma for�, èqoume ìti

c1 6
(
|K ∩H⊥||PH(K)|

) 1
n−k

6 |K ∩H⊥|
1

n−k e
κ2n
n−k

(
γ

c1

) k
n−k

.(6.47)
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Autì apodeiknÔei ìti

min
H∈Gn,n−k

|K ∩H⊥|
1

n−k > γ

(
η

γ

) n
n−k(6.48)

me η = c1e
−κ2 , ìpwc jèlame. 2

L mma 6.2.6. 'Estw K ∈ CK[n]. Upojètoume ìti, gia k�poio s > 0,

rs := lnN(K, sBn
2 ) < n.(6.49)

Tìte,

I−rs(K) 6 3es.(6.50)
Apìdeixh. 'Estw z0 ∈ Rn tètoio ¸ste |K ∩ (−z0 + sBn

2 )| > |K ∩ (z + sBn
2 )| gia

k�je z ∈ Rn. 'Epetai ìti
|(K + z0) ∩ sBn

2 | ·N(K, sBn
2 ) > |K| = 1.(6.51)

'Estw q := rs < n. Tìte, apì thn anisìthta tou Markov, ton orismì tou I−q(K+
z0) kai thn (6.49), èqoume

|(K + z0) ∩ 3−1I−q(K + z0)Bn
2 | 6 3−q < e−q = e−rs 6

1
N(K, sBn

2 )
.(6.52)

Apì thn (6.51) paÐrnoume ìti
|(K + z0) ∩ 3−1I−q(K + z0)Bn

2 | < |(K + z0) ∩ sBn
2 |,(6.53)

�ra
3−1I−q(K + z0) 6 s.(6.54)

AfoÔ to K èqei kèntro b�rouc sto 0, apì èna je¸rhma tou Fradelizi (blèpe [17])
paÐrnoume ìti I−k(K+z) > 1

eI−k(K) gia k�je 1 6 k < n kai z ∈ Rn (mia apìdeixh
gia ton parap�nw isqurismì up�rqei sto [49, Prìtash 4.6]). Autì apodeiknÔei to
l mma. 2

Je¸rhma 6.2.7. 'Estw n �rtioc kai K ∈ IK[n]. Jètoume

γ := max
F∈Gn,n2

|K ∩ F⊥|
2
n .(6.55)
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Tìte, up�rqei K1 ∈ IK[n] tètoio ¸ste:

(i) η1
γ LK 6 LK1 6 η2γLK , ìpou η1, η2 > 0 eÐnai apìlutec stajerèc.

(ii) An α ∈ (1, 2) tìte gia k�je t > C1γ
2 isqÔei ìti

lnN
(
K1, t

√
nBn

2

)
6 C2γ

2κ(α)n
tα

,

ìpou κ(α) 6 κ
2−α kai C1, C2 > 0 eÐnai apìlutec stajerèc.

(iii) An to K eÐnai s¸ma mikr c diamètrou (me stajer� A > 1) tìte to K1 eÐnai

epÐshc s¸ma mikr c diamètrou (me stajer� C3γ
2A > 1, ìpou C3 eÐnai mia apìluth

stajer�).

Apìdeixh. 'Estw E èna α-kanonikì M�elleiyoeidèc gia to K pou mac dÐnei to
je¸rhma 6.2.2. 'Opwc kai sthn apìdeixh thc prìtashc 6.2.5, upojètoume ìti E =
T (Bn

2 ) gia k�poion diag¸nio pÐnaka T me stoiqeÐa λ1 > · · · > λn > 0. Apì thn
(6.42) kai to l mma 6.2.3 èqoume ìti

ωn
2

(
λn

2

)n
2

> ωn
2

n∏
i=n

2
+1

λi = min
F∈Gn,n2

|PFE| > e−κn
(
c1
γ

)n
2

,(6.56)

kai �ra (afoÔ ω1/k
k ' 1/

√
k),

λn
2

>
c2
√
n

γ
.(6.57)

'Omoia, h (6.44) kai to l mma 6.2.3 mac dÐnoun ìti

ωn
2

(
λn

2

)n
2

6 ωn
2

n
2∏
i=1

λi = max
H∈Gn,n2

|E ∩H| 6 eκ1n

(
γ

c1

)n
2

,(6.58)

kai �ra,
λn

2
6 c3γ

√
n.(6.59)

Tìte, apì to l mma 6.2.4 mporoÔme na broÔme F0 ∈ Gn,n
2
tètoion ¸ste

c2
√
n

γ
(Bn

2 ∩ F0) ⊆ PF0(E) ⊆ c3γ
√
n(Bn

2 ∩ F0).(6.60)

Jètoume K0 := Bn
2
+1(K,F0) kai K1 := T (K0 ×K0) ∈ Rn, ìpou T ∈ SLn tètoioc

¸ste to K1 na eÐnai isotropikì. EÔkola elègqoume ìti to K0 ×K0 èqei ìgko 1,
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kèntro b�rouc sthn arq  twn axìnwn kai eÐnai sqedìn isotropikì. Me �lla lìgia
o T eÐnai sqedìn isometrÐa. Ja deÐxoume ìti to K1 ikanopoieÐ tic (i), (ii) kai (iii).
(i) Apì thn prìtash 4.1.1(vi) èqoume ìti

c2 LK |K ∩ F⊥
0 |

2
n 6 LK0 6 c1 LK |K ∩ F⊥

0 |
2
n ,(6.61)

ìpou c1, c2 > 0 eÐnai apìlutec stajerèc. Tìte, h prìtash 6.2.5 mac dÐnei ìti
η1

γ
LK 6 LK0 6 η2γLK ,(6.62)

ìpou η1 = η2c2 kai η2 = c1. Parathr ste ìti LK1 = LK0 . Autì oloklhr¸nei thn
apìdeixh gia to (i).
(ii) Apì thn prìtash 4.1.1(v) kai apì to gegonìc ìti c conv{C,−C} ⊆ Zn

2
(C) ⊆

conv{C,−C} gia k�je C sthn CK[n
2
], paÐrnoume ìti

conv{K0,−K0} ⊆ 1
c
Zn

2
(Bn

2
+2(K,F0))

⊆ 1
c c3

|K ∩ F⊥
0 |

2
nPF0(Zn

2
(K))

⊆ 1
c c3

γPF0(conv{K,−K})

kai ìmoia,

conv{K0,−K0} ⊇ Zn
2
(Bn

2
+2(K,F0))

⊇ 1
c4
|K ∩ F⊥

0 |
2
nPF0(Zn

2
(K))

⊇ η2

c4

c

2c0
1
γ
PF0(conv{K,−K}),

ìpou qrhsimopoi same to gegonìc ìti Zn
2
(K) ⊇ 1

2c0
Zn(K) ⊇ c

2c0
conv{K,−K}.

Dhlad ,
c5
γ
PF0(conv{K,−K}) ⊆ conv{K0,−K0} ⊆ c6γPF0(conv{K,−K}),(6.63)
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ìpou c5, c6 > 0 eÐnai apìlutec stajerèc. Gia s > 0 èqoume
N
(
K1, s

√
nBn

2

)
= N

(
T (K0 ×K0), s

√
nBn

2

)
6 N(K0 ×K0, cs

√
nBn

2 )

6 N(K0 ×K0,
√

2cs
√
n (Bn

2 ∩ F0 ×Bn
2 ∩ F0))

6 N
(
K0, c

′s
√
nBn

2 ∩ F0

)2
.

Ed¸ qrhsimopoi same thn parat rhsh ìti o T eÐnai sqedìn isometrÐa, kai �ra,
T (K0 × K0) ⊆ 1

c (K0 ×K0). Epiplèon, k�name qr sh tou ìti an ta K,C eÐnai
kurt� s¸mata, tìte

N(K ×K,C × C) 6 N(K,C)2(6.64)
kai Bk

2 ×Bk
2 ⊇ 1√

2
B2k

2 .
UpenjumÐzoume ìti oi c2 kai c3 sthn (6.60) eÐnai apìlutec stajerèc. Gia k�je

r > 0,
N
(
K0, c3rγ

√
n(Bn

2 ∩ F0)
)

6 N
(
conv{K0,−K0}, c3rγ

√
n(Bn

2 ∩ F0)
)

6 N(conv{K0,−K0}, rPF0(E))

6 N(c6γ PF0 (conv{K,−K}) , rPF0(E))

6 N(c6γ conv{K,−K}, r E)

6 N

(
K −K,

r

c6γ
E
)

6 N

(
K,

r

2c6γ
E
)2

.

'Etsi, mporoÔme na gr�youme ìti gia k�je t > 0,

N(K1, t
√
nBn

2 ) 6 N

(
K,

t

c7γ2
E
)4

(6.65)

ìpou c7 =
√

2c2c6. AfoÔ to E eÐnai α-kanonikì elleiyoeidèc gia to K, èqoume ìti,
gia k�je t > c7γ

2,

lnN(K1, t
√
nBn

2 ) 6 4 lnN
(
K,

t

c7γ2
E
)

6
4c7κ(α)γ2n

tα
.(6.66)

Autì oloklhr¸nei thn apìdeixh gia to (ii).
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(iii) 'Eqoume R(K0) 6 cγA
√
nLK . Pr�gmati, apì thn prìtash 4.1.1 èqoume

R (K0) = R
(
Bn

2
+1(K,F0)

)
6 cR

(
Zn

2
+1(Bn

2
+1(K,F0)

)
6 c′|K ∩ F⊥

0 |
2
nR
(
PF0Zn

2
+1(K)

)
6 c′γR (conv{K,−K})
6 2c′γR (K) 6 cγA

√
nLK .

EpÐshc,
R(K1) = R (K0 ×K0) =

√
2R(K0).(6.67)

Gia na to doÔme autì, gr�foume

R2 (K0 ×K0) = max
(x,y)∈K0×K0

‖x‖2
2 + ‖y‖2

2 = 2R2(K0).(6.68)

'Etsi, qrhsimopoi¸ntac to (i) blèpoume ìti

R(K1) 6
√

2R(K0) 6 c
√

2γA
√
nLK 6 C3γ

2A
√
nLK1 .(6.69)

Autì oloklhr¸nei thn apìdeixh. 2

L mma 6.2.8. 'Estw µ ∈ IL[n]. JewroÔme 1 6 k < n− 1 kai F ∈ Gn,k. Tìte,

|Kn+1(µ) ∩ F⊥|
1
k '

fπF (µ)(0)
1
k

fµ(0)
1
n

,(6.70)

LBk+1(µ,F ) ' fπF (µ)(0)
1
k ' LBk+1(Kn+1(µ),F ),(6.71)

kai

fµ(0)
1
nBk+1(µ, F ) ' Bk+1(Kn+1(µ), F ).(6.72)

Apìdeixh. (i) Ja qreiastoÔme ta parak�tw apìtelèsmata (blèpe [49], prìtash 4.2
kai je¸rhma 4.4): An µ ∈ IL[n], tìte

fπF (µ)(0)
1
k |PFZk(µ)|

1
k ' 1,(6.73)
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kai an K ∈ CK[n] tìte

|K ∩ F⊥|
1
k |PFZk(K)|

1
k ' 1.(6.74)

Tìte, lamb�nontac up' ìyh thn prìtash 4.1.1(iv), paÐrnoume

|Kn+1(µ) ∩ F⊥|
1
k ' |PFZk(Kn+1(µ))|−

1
k ' fµ(0)−

1
n |PFZk(µ)|−

1
k '

fπF (µ)(0)
1
k

fµ(0)
1
n

.

(6.75)
Autì apodeiknÔei thn (6.70).
(ii) Apì thn prìtash 4.1.1(v) kai (iv), èqoume ìti

Z2

(
Bk+1(Kn+1(µ), F )

)
' |Kn+1(µ) ∩ F⊥|

1
kPF

(
Z2

(
Kn+1(µ)

))
'

fπF (µ)(0)
1
k

fµ(0)
1
n

fµ(0)
1
nPF (Z2(µ))

= fπF (µ)(0)
1
kPF (Z2(µ))

= fπF (µ)(0)
1
kBF ,

epeid  Z2(µ) = Bn
2 . PaÐrnontac ìgkouc, blèpoume ìti

LBk+1(Kn+1(µ),F ) ' fπF (µ)(0)
1
k(6.76)

kai apì thn prìtash 4.1.1(vii) kai thn sqèsh (4.17) prokÔptei to zhtoÔmeno.
(iii) Apì thn prìtash 4.1.1(v) èqoume

Bk+1(µ, F ) ' Zk
(
Bk+1(µ, F )

)
' πF (µ)(0)

1
k

fµ(0)
1
n

PFZk(µ)(6.77)

kai apì thn prìtash 4.1.1(v) kai (iv) èqoume
Bk+1(Kn+1(µ), F ) ' Zk

(
Bk+1(Kn+1(µ), F )

)
' |Kn+1(µ) ∩ F⊥|

1
kPF

(
Zk
(
Kn+1(µ)

))
' πF (µ)(0)

1
k

fµ(0)
1
n

fµ(0)
1
nPF (Zk(µ))

= πF (µ)(0)
1
kPF (Zk(µ)).
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'Eqoume deÐxei loipìn ìti

Bk+1(Kn+1(µ), F ) ' πF (µ)(0)
1
kPF (Zk(µ)).(6.78)

Sundu�zontac tic sqèseic (6.77) kai (6.78) blèpoume ìti

fµ(0)
1
nBk+1(µ, F ) ' Bk+1(Kn+1(µ), F ).(6.79)

Autì oloklhr¸nei thn apìdeixh. 2

Apìdeixh thc prìtashc 6.2.1. (i) 'Estw ν ∈ U[n] tètoio ¸ste supµ∈U[n]
fµ(0)

1
n =

fν(0)
1
n . 'Estw

K := T
(
Kn+1(ν)

)
,(6.80)

ìpou T ∈ SLn eÐnai tètoioc ¸ste K ∈ IK[n]. Shmei¸noume ìti, apì thn prìtash
4.1.1, o T eÐnai sqedìn isometrÐa kai LK ' fν(0)

1
n .

An U = IL paÐrnoume K := T
(
Kn+1(ν̄)

). Apì thn prìtash 4.1.1 kai th sqèsh
(4.14) èqoume ìti LK ' fν(0)

1
n . H apìdeixh twn dÔo pr¸twn isqurism¸n eÐnai Ðdia

kai gia tic dÔo peript¸seic. Gr�foume µ eÐte prìkeitai gia to ν eÐte gia to ν̄.
(i) 'Estw F0 ∈ Gn,n

2
, K0 ∈ IK[n

2
] kai K1 ∈ IK[n] ìpwc sthn apìdeixh tou jewr -

matoc 6.2.7. Jètoume µ1 := πF0(µ) ⊗ πF0(µ). Upojètoume ìti ta dÔo antÐgrafa
tou πF0(µ) zoun ston F kai ston F⊥ antÐstoiqa, ìpou F ∈ Gn,n/2. AfoÔ µ ∈ U
kai h U eÐnai eustaj c kl�sh, èqoume ìti µ1 ∈ U .

Epiplèon, p�li apì thn prìtash 4.1.1, èqoume ìti

fµ1(0)
1
n = fπF0

(µ)(0)
2
n ' LKn

2 +1(πF0
(µ))

= LBn
2 +1(µ,F0) ' LBn

2 +1(Kn+1(µ),F0)

' LBn
2 +1(K,F0) = LK0 = LK1

' fµ(0)
1
n .

Me autì èqoume deÐxei ton pr¸to isqurismì thc prìtashc.
(ii) AfoÔ h U eÐnai eustaj c, gia k�je F ∈ Gn,n

2
èqoume ìti

fπF (µ)(0)
2
n 6 fµ(0)

1
n .(6.81)
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Jètoume γ := maxF∈Gn,n2
|K ∩ F⊥|

2
n . Tìte,

γ '
LBn

2 +1(Kn+1(µ),F )

LK
'
fπF (µ)(0)

2
n

fµ(0)
1
n

6 C,(6.82)

ìpou qrhsimopoi same to l mma 6.2.8. 'Etsi, apì to je¸rhma 6.2.7 èqoume ìti

lnN(K, t
√
nBn

2 ) 6
Cn

tα(2− α)
.(6.83)

ParathroÔme ìti, gia k�je p > 0 kai gia k�je zeug�ri mètrwn pijanìthtac ν1, ν2

pou zoun stouc F, F⊥ antÐstoiqa, èqoume ìti PF (Zp(ν1 ⊗ ν2)) = Zp(ν1) kai
PF⊥(Zp(ν1 ⊗ ν2)) = Zp(ν2). Pr�gmati, an θ ∈ SF , èqoume ìti

hpZp(ν1⊗ν2)(θ) =
∫
F

∫
F⊥

|〈x+ y, θ〉|pdν2(y)dν1(x)

=
∫
F
|〈x, θ〉|pdν1(x) = hpZp(ν1)(θ).

'Omwc, gia k�je kurtì s¸ma K kai gia k�je F ∈ Gn,k isqÔei ìti

K ⊆ PF (K)⊗ PF⊥(K).(6.84)

'Ara, èqoume

Kn+1(µ1) ⊆ PF
(
Kn+1(µ1)

)
× PF⊥

(
Kn+1(µ1)

)
' PF

(
Zn

2
(Kn+1(µ1)

)
× PF⊥

(
Zn

2
(Kn+1(µ1)

)
' fµ(0)

1
nPF

(
Zn

2
(πF0(µ)⊗ πF0(µ))

)
×fµ(0)

1
nPF⊥

(
Zn

2
(πF0(µ)⊗ πF0(µ))

)
' fµ(0)

1
nZn

2
(πF0(µ))× fµ(0)

1
nZn

2
(πF0(µ))

' fµ(0)
1
nBn

2
+1 (µ, F0)× fµ(0)

1
nBn

2
+1 (µ, F0)

' Bn
2
+1

(
Kn+1(µ), F0

)
×Bn

2
+1

(
Kn+1(µ), F0

)
' Bn

2
+1 (K,F0)×Bn

2
+1 (K,F0)

= K0 ×K0 = K1.
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Epomènwc,
R(Kn+1(µ1)) 6 cR(K1)(6.85)

kai
lnN

(
Kn+1(µ1), t

√
nBn

2

)
6 lnN

(
K, ct

√
nBn

2

)
6

Cn

tα(2− α)
.(6.86)

'Eqoume upojèsei ìti tα(2− a) > C, �ra apì to l mma 6.2.6 èqoume

I−p(Kn+1(µ)) 6 3et
√
n,(6.87)

ìpou p = Cn
tα(2−a) < n. ParathroÔme ìti an µ ∈ CL tìte gia k�je 1 6 p 6 n − 1

isqÔei ìti (blèpe [49], prìtash 3.4)

I−p(µ)fµ(0)
1
n ' I−p(Kn+1(µ)).(6.88)

'Epetai ìti
I− Cn

tα(2−a)
(µ1) 6 C ′t

√
nfµ1(0)−

1
n ,(6.89)

kai h apìdeixh tou deÔterou isqurismoÔ eÐnai pl rhc.
Sto upìloipo thc apìdeixhc jètoume µ = ν̄. Sthn perÐptwsh aut , to K eÐnai

s¸ma mikr c diamètrou. Pr�gmati, gia p > 2, apì thn prìtash 4.1.1(iv) èqoume

Ip(K) ' Ip(Kn+1(ν̄)) ' Ip(µ)fν̄(0)
1
n '

√
nfν̄(0)

1
n ' I2(Kn+1(ν̄)) ' I2(K).

Apì to je¸rhma 6.2.7 èqoume ìti to K1 eÐnai s¸ma mikr c diamètrou kai apì autì
sunep�getai ìti R(K1)

I2(K1) ' 1. Akìma, apì ton pr¸to isqurismì, èqoume ìti

LK1 ' fν̄(0)
1
n ' fµ1(0)

1
n ' LK .(6.90)

Tìte, apì thn sqèsh (6.85) blèpoume ìti gia k�je p > 2,

Ip(µ1)
I2(µ1)

' Ip(Kn+1(µ1))
√
nfµ1(0)

1
n

6 c
R(Kn+1(µ1))√

nLK1

' R(K1)
I2(K1)

' 1.(6.91)

'Ara, to µ1 eÐnai mètro mikr c diamètrou. H apìdeixh thc prìtashc eÐnai pl rhc. 2



6.3 Fr�gma gia thn isotropik  stajer� eustaj¸n kl�sewn · 83

6.3 Fr�gma gia thn isotropik  stajer� eustaj¸n kl�sewn

EÐmaste t¸ra ètoimoi na diatup¸soume kai na apodeÐxoume to basikì apotèlesma
autoÔ tou kefalaÐou:
Je¸rhma 6.3.1. 'Estw U mia eustaj c upokl�sh thc IL kai èstw n > 2 kai

δ > 1. Tìte,

sup
µ∈U[n]

fµ(0)
1
n 6 Cδ sup

µ∈U[n]

√
n

q−c(µ, δ)
ln
(

en

q−c(µ, δ)

)
,(6.92)

ìpou C > 0 eÐnai mia apìluth stajer�. Epiplèon, an U = IL tìte to supremum
sto dexiì mèloc thc anisìthtac mporeÐ na jewrhjeÐ p�nw apì ìla ta ν̄ ∈ IL.

Apìdeixh. Apì thn prìtash 6.1.3 mporoÔme na upojèsoume ìti o n eÐnai �rtioc.
Jètoume q := infµ∈U[n]

q−c(µ, δ). 'Estw α := 2− 1
ln (en

q
) kai t = C1

√
n
q ln en

q , ìpou h
apìluth stajer� C1 > 0 mporeÐ na epilegeÐ arket� meg�lh ¸ste na exasfalÐsoume
ìti tα(2 − α) > C0 (ed¸, C0 > 0 eÐnai h apìluth stajer� pou emfanÐzetai sthn
prìtash 6.2.1). 'Eqoume

tα(2− α) ' n

q
ln
en

q

1
ln en

q

=
n

q
,(6.93)

kai �ra,
n

tα(2− α)
' q.(6.94)

Apì thn prìtash 6.2.1, up�rqei èna mètro µ1 ∈ U[n] tètoio ¸ste fµ1(0)
1
n '

supµ∈U fµ(0)
1
n kai

I−q(µ1) = I− cn
tα(2−α)

(µ1) 6 C ′t
√
nfµ1(0)−

1
n 6 C ′′

√
n

q
ln
en

q

√
nfµ1(0)−

1
n .

Akìma, apì ton orismì tou q, èqoume ìti
√
n

δ
=

1
δ
I2(µ1) 6 I−q−c(µ1,δ)(µ1) 6 I−q(µ1).(6.95)

Sundu�zontac ta parap�nw, paÐrnoume to apotèlesma. 2
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Parat rhsh 6.3.2. Shmei¸noume ìti, gia δ = supµ∈U[n]
fµ(0)

1
n , apì thn prìtash

4.8 sto [49] èqoume ìti
inf

µ∈U[n]

q−c(µ, δ) ' n.

Autì mac deÐqnei ìti to parap�nw apotèlesma eÐnai akribèc (me to kìstoc miac
apìluthc stajer�c).

To je¸rhma 4.1.3 exasfalÐzei thn Ôparxh miac apìluthc stajer�c ξ > 0 tètoiac
¸ste q−c(µ, ξ) > q∗(µ) gia k�je µ ∈ IL. 'Etsi paÐrnoume to parak�tw:
Pìrisma 6.3.3. 'Estw U mia eustaj c upokl�sh thc IL. Tìte, gia k�je n > 1,

sup
µ∈U[n]

fµ(0)
1
n 6 C sup

µ∈U[n]

√
n

q∗(µ)
ln
(

en

q∗(µ)

)
,(6.96)

ìpou C > 0 eÐnai mia apìluth stajer�.

Pìrisma 6.3.4. 'Estw α ∈ (1, 2], β > 0 kai µ ∈ (Pα(β) ∩ IL)[n]. Tìte,

fµ(0)
1
n 6 C

√
n

2−α
2 βα

√
ln
(
n

2−α
2 βα

)
,(6.97)

ìpou C > 0 eÐnai mia apìluth stajer�.

Apìdeixh. AfoÔ µ ∈ CPα(β), apì to pìrisma 6.1.6 èqoume ìti µ ∈ CP(α, c1β).
Tìte, apì thn prìtash 4.1.4 èqoume ìti q∗(µ) > cn

α
2

bα .
Epomènwc, to apotèlesma prokÔptei apì to prohgoÔmeno pìrisma 6.3.3. 2

Je¸rhma 6.3.5. Gia k�je isotropikì kai logarijmik� koÐlo mètro pijanìthtac µ,

fµ(0)
1
n 6 Cn

1
4

√
lnn.(6.98)

Epiplèon, an to µ eÐnai ψ2 me stajer� β2 > 0, tìte

fµ(0)
1
n 6 Cβ2

√
lnβ2.(6.99)

Apìdeixh. H sqèsh (6.98) eÐnai �mesh sunèpeia tou porÐsmatoc 6.3.3 kai thc
prìtashc 4.1.4. Akìma apì to pìrisma 6.1.6 èqoume ìti, an µ ∈ SP(2, β) tìte
µ ∈ SP2(c1β). 'Etsi h (6.99) prokÔptei apì to pìrisma 6.3.4. 2
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Parat rhsh 6.3.6. Sthn apìdeixh tou porÐsmatoc 6.3.3 qrhsimopoi same thn
anisìthta q∗(µ) 6 q−c(µ). MporeÐ kaneÐc na elègxei ìti genik� aut  h anisìthta
apèqei polÔ apì to na eÐnai {isìthta}. Gia par�deigma, an fµ := 1Bn1 , èqoume
q∗(µ) << q−c(µ, ξ) gia ξ ' 1. Sumfwna me thn prìtash 4.1.6, h kat�stash eÐnai
polÔ kalÔterh sthn perÐptwsh twn mètrwn mikr c diamètrou.
KleÐnoume to kef�laio me to ex c:
Je¸rhma 6.3.7. Ta parak�tw eÐnai isodÔnama:

(a) Up�rqei stajer� C1 > 0 tètoia ¸ste

sup
n

sup
µ∈IL[n]

fµ(0)
1
n 6 C1.

(b) Up�rqoun stajerèc C2, ξ1 > 0 tètoiec ¸ste

sup
n

sup
µ∈IL[n]

n

q−c(µ, ξ1)
6 C2.

(g) Up�rqoun stajerèc C3, ξ2 > 0 tètoiec ¸ste

sup
n

sup
µ∈IL[n]

n

q∗(µ̄, ξ2)
6 C3.

Apìdeixh. H sunepagwg  (a) =⇒ (b) eÐnai �mesh sunèpeia thc parat rhshc met�
to je¸rhma 6.3.1. H sunepagwg  (b) =⇒ (g) èpetai �mesa apì thn prìtash 4.1.6.
Tèloc h (g) =⇒ (a) èpetai apì thn prìtash 4.1.6 apì to je¸rhma 6.3.1. 2
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