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Nt nRccC: a domain | C el D(Gyx) ={z: [z-Cl4r]
HEL): holoMorP\r\ic functions on §2 (t:?o\ojj of local uniform Convergence) .

N n) ¥
FeH g (g)er = 2 E7Gl gy,

Def™ We sy thok § has a universal ijlor sexies about € f: >
VCOW\FQLt KCSC wih K* conﬂed'eo\} 3 su\ose%ne,v\cz, J
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Net™ nRcc: a domcu}\g CJEQ; D(g’f)={z:[z—§l.4r}.
HEL): holomorphic functions on §2 (fb?o\ojj of local uniform cmVﬁva«mc@‘).

fe HEL); S (FC)@) = 2 {'m CA L 2l (z-E) .

De£“: We Soy t\f\ai'.{: has a universal ijlor sexies oloout C i€ : ’,
VCOMFQ.Ct KC wdh K© conne,c,"feo\} A subsequence 4
\d Po\ﬂnomials 3 | SNk(.(I’C)\)_—aﬁ Lmi&m\\\jm K \
We then wrife FeU(S2,8).

Theorew (Nestoridis (996/7) T SL 15 simply connected, thon UWL,5) 1§ a
donse G subsel of H(SV).

Thus alwost all (Baive cute\c?rg‘) hdoworphic funclions on a s SLosein UELG).



Some basic qyeshéns :

1) Existence — on what kinds of domain do UTS exist (wadditionto sc.domains)?
2. Boundarj behaviows — hew must £ behave if & has oo UTS?

) New for old —wshat new light do UTS shed on classical theory of power series?
+) Con%)m\ak wxcLPs —1S Possessmov\ of a UTS a mn@ormaﬂj varsiont Pmperfu

5) Dependence on canfre of exparsion~howdees ULT,) Nary with €7



Some basic q}xes’qéns :

1) Existence — on what kinds of domando UTS exist (wadditionto sc.domains)?
2. Bouy\clarj behaviour — how must £ behave if & has e UTS?

3) New for old — whak new light do UTS shad on classical theory of power series?
1+ Conformal waps —is possession of o UTS a @n(formuj mvasiont propertu ¢

5) Del')ev»o\ence on cantre of exparsion—howdoes UWLT) \mj with €7

Some ha.j Tools :
A) harmome and Subhasmenic tunctions ;

B) the Dirichlet problem and harmonic moasuse;
C)) *thinness’ of o set at a point;
D) Martin bounda,rj tiwery for the @Mahem oF Posih\}e havmonse functions .

A LoT oF PoTenTIAL THEORY |



Divichlet Roblem
Criven J;'E C(bSD») -F\m\ a Wharmonic ‘Gmcfﬁovx M{_on ﬂ s.t. | 3
h () — £8) as 258 forall E€.

The solwkion lhas a re,?fesev\fa.hév\ of‘z thhe Lorm , ~ L
\r\x‘@:\ = g}ﬂ_“: A/uz
where Mg 1S a Pro\ooioll{’rj maasure on 350 ¢ "harmomc weasure” ('Hi’ﬂ?hj ?mbajbmigj‘%{ BM.‘)




D wichlet Rroblom ﬂ

Griven %e C(asL) ; find o Wharmonic function "\{_OV\ SL s.t. w
h“:(%\ =3 ‘Q'(%\ as =z —>¢g Lor oll gGBQ

The solukion Whas a re,?msevxhh& off the Lorm —~L

)}Q_'F A/uz
where Moy 1S a Pro\oaﬂo'z\\{'j wmaasure on 350 * "harmonc weasuse’ ('Hi-ﬂ;;qj Probab;ﬁ@‘&)\rBM‘)

\\Q(%\ =

However, we must sacnfice e desired boundary behaviows
ak ‘irresukox’ bouy&mj points E, €L where 5 5 thin . |
“Thinness of a set A cC ok B o dhavcterizea ‘D'j

o n R . o\
2 Z 00 (Wl@i\é\rs Cri¥esion | ,

= Tog(‘/c (A
ere <0 i Lgpritiomi capocity and A =[S 1<) o

»-rz

Thinness ak 00 is defined by means of inversion.



Exisfence of universal Ta,g(or Sevies

Theorewr (Melas_2000) If ¢ o wm?aﬁt and connected and Cef,
then UL, E) 15 a danse G'5 Subset of HESL) . -z
Theorem (Mij"er,\llac,kou,\/a\/rian,ZDOQ £ SL s mdt{)hj wvmeci?w( and S).C 13 nonthm
ok 0, dan U EY=D for all & efL.




Existence of universal Taulor series

Theorem (Melas 2000} I£ ) mm?act and connected and Cel, St /7 |

then UWL,G) 15 0 dense Gy subset of H(R). (i

“———

"G

Theorem (Miilles, Vlachou,, Yavrian, 2006) I§ SL 1 mujhfbj connected and X 15 nonthi
of 0, tan UW,E) =@ for all & €fL.

Theorem (G,2002) Lot v =dut (& ) end Suppose that @

c —— . . : 3 c e - ,
0 \])(Z;’rx 1S non-Po\ar (?o&hvﬁm—{)oag)- I SL 15 thun at some )2 \ 2 SE
€ e NID(E,N), tan UR,E)= . = 7 B
Thus :

1) Ehinness of ot »55 necessary for the exastence of UTS on mull'.}(jcowmcﬁa' Je s
2) non-thinness of S at closest poni\ts of 3 to & x also necessary .




Howexier, Brinness deesn't COM?(L{’IJj solwe the exdstence problem..

Test cose for bri?ks connechid domauns :
Lot SU =( Dl2,) VEY), whare cet
f £ &30, | |
Is UL,0) + ¢ ? o E

[/



Howeser, Hhinness deesn't COM?(L{'ZJj solve the exdstence probles..

Test cose \co\r lGrinj connechid domawns :
Lt SU=( D) U {ELY, whae { O
£ 4D(EN). .
Is UL,0) + @ 7

Known cases :
- YES, it |E | > |B]+r (Gstakis & Vlachou 2006, Tsicnas &\Vlachou 2010),

'NOL K B 1< JIEBF-r? (G-Tsivivas 2010, G 2012).

Open C\Meehbnz What if \ﬁi 1%z & [&ol< IS +v?

Undzf(.:jmj ?ofenhbl Huwﬂy an ineq}mi'«% betivean
- harmonic measure for D(O,\EDIB\]-S(E’A and Hee Pa;d'O,'
» hasmonic measuse for [D(0, 12,1 U D(E, V1 and o°.

‘Fivst open case’

P 4




Boundary behaviour

Notation: D=D,1N+ T = ab.

Known (Bajcw’c,zoos): FeUM,0)= £ & unbounded near each pomt of T,
Question: For s‘mp\ﬂ connected | must exuj-(: n UGG be unbounded 7




EOULV\AW behaviour
Notation: D =D, T = ab.
Known (Bayast,2008): FeUD,0)=>f & unbounded near each pomt of T,

Question: For s‘mP\ﬂ connected | must Wj-(: n UG be unbounded ?

“Theorem (G, 201%) [ ok QeU(ﬂ,l‘;),whm SL 8 sec. Then,
for any wedll, Gl V>0 ,and any meonent U of Dlw,r)NJ2, _%:;

iy
@ )

|

'G(U\C hos zero l,oga.ﬁﬂwté m]oau+‘3 (= PwudorF-F dwm O).



Bouu«dax«j behaviour
Notation: W=D, T = ab.
Known (Bayast,2008): e UD,0) = £ & unbounded near each powmt of T,

Question : For SimP\ﬂ connected , must e»re»-j-(: n UELE) be unbounded ?

Theorem (G, 2003) Lek £e UIL,G), where SL 1§ s.c. Then,
2
for any wedll, any V>0 ,and any componeat U of Diwyr )N, %ﬁgﬁ*
‘F(U‘)C has zero Loga,ri‘[’kmdz ca,baa*‘j = Haudorf dym O).

1R

:

Remark : What s aci'ualij shown 18 Hhat the subharmonic ’@W\Ch‘;" Lcﬂ £
o positive hamonic Mmajoranl on any such component U.

If c(fuY) >0, then (Mj(berg‘g Hhoorew) Loj"l%l has o kamaonkwnjoravd’ on F(u})
whence L;ﬁl{f] would have the pesitive haemonic majorart hof on U,




For the und disc we can Sou even more ...
K"OW" (G}S‘f&hl‘s &Mmy 20 OOX: ":G u(b, O) = 'F assuwmeés Q_Nefg coMP[ejx VG.LML)
with of most one Q/MP"'":"‘» iV\Finﬁdﬂ offen in D. ("P{ca.rd-fﬂ?e" P"’Pe';tﬂ>



For the und disc we can Soy even more .. .

Khowﬂ CCbsfah;g &MQ)(AS, ZOOO\ #e U( _D, O) = -F assumes QNQTS ComP[ejx VQ,LUL)
with at most one e,xcepﬁén., iv\Finﬁdﬁ offen in D. ("R‘ca_rd.‘}-j?e" Pm?e,ﬁ%)
Theopem (G’ - Kkaviv\sov\, 200 lek £ eU(D)o\. Then, Qoro\mj we ll

owd oy ¥ >0, { ossumes exery complex value, with ok most one
MCQP\’\GV\ - MQM&% OHQV\ Nn D(W,ﬂ ND .

“Thus :  universal Taﬂlor series have universal bouv\olarg behaviour”



For the und disc we can Soy even mor ...

KHO(AW\ CCOSfa-hl.S &MQJAQ, ZOOO\ -‘:e UC _D, O> = -F assumes QNQXB COmP[ejx VQ,L“L,
with at most one Q/)(Ce{)‘f'u.w\’ iV\FiM?‘dﬂ oFon mD. ("P{ca_ra( -‘]‘3?2“ PmPeFfB)
Theovem (G — Khavinson, 2004) - Let £¢ U(D,0)Y. Then, for amy weT

ond oy ¥ >0, § assumes exery COMF\Q)( valug | with ot wmost one
wce'l)\’\bw , infinitely often i Diwx) ND

“Thus : "universal Taylor series have universal boundary behaviowr
Something con even be saud for ComPldIlﬂ asbitary domacis ..

Theorewm CCT—MaV\o[akf,ZOllﬂ: tor o% doman S2 oud a.nj Poiﬂi’ Qéﬂ) Q,\re,»:j
Lunction 1w U, B 15 unbounded .

The Pmog d,o.!‘)llnds on Martin boundmj‘b’-wr% (a Senmltzaﬁom of Cb.mﬂte’odorg's
&mej o-fr prime ends).



New \‘S)\t on an old {bec

Def": Let ECT be closed. We call E a Divichlet set if seme
subseq,umce, of (") tands to | uni{)ormlﬁ on E.

Theorem (Reise Meyreath, Miiller ,205) Let S1 be a domawn and suppose
* each COVV\POV\QV\«JC of (E\,Q meets T ;
e ECT NJSL 8 a Divichlet set .
Then ‘almost all” § € H{L) have the properly thal
Vge C(E) 1A subsequence Smk—93 W“(""”‘j on E.




New hgkt on an old {‘o!)ic_

DE!:“ let ECT be closed. We call E o Divichlet set fF somé._ @ﬁ\E
SuJosecvumce, o(’ (") tends to | uni{’orml,j on E. :

Theorem (Beise, Meymth, Miller,2015) Let L be e domacn,and suppose: |
* each component of T 52 meets T ;
e ECT NJSL 8 a Divichlet set . 53
Then ‘almost alk’ § € H{S) hawe the properly that
\Jqe CLE) 33 subsequence Smk—-?g W“F”“‘j on E.

Remarks i) This universal aFProximahbm occwrs within Hho doman wkere—F 18
L\o\ovv\or?hfc . Contfast-—-ﬁ;.ndiéns w U(D) have no ho[omorpk{c extension be:jond D.

(i Divichiet sets can have Housdorff dimension [, but not pesitive arclenjt’l..

QM‘QS'\'\;ZW\'- G).V\ SL\CJ/\ (U\\NQFSQI affmx,matom occwy” on Se,tg OF POSH'I\‘IQ axce }€Vl
where £ 19 ‘no\omorj)\«(c?




Nol — ot even where £ merely has non-tangential limits (nt i),

Theorem (G ~ManolaRi, 2016) Given feH(D)ond (m[g\ m N, (ot
E = {Ne"]r: S(w): = ‘[é:\f:o Sw\k{w} e/xls’rs} s
F={weT s f(w)i= ntlimf@) oashs].

ZS5W

Thn S =f a.e. on ENF fwik. arc\en(‘ﬂ\\.
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Nol — not exen where § w\e,rdj has hon.{'a./\gm\ti&,l limd (nt Cdm), g)w
w
2

Theorem (G ~Manolaki, 206) Given £e H(D) and (mpy w IN lof
E = {wel: S(w):= \Eﬂi Swfn) exists} |

£ = &we'lr t f(w)i= nt Lim £(2) €J><1“s’rs§.

ZS>5W

Then S =f a.e. on ENF (wr.t. arc\enﬁﬂx\.

This is proved via o new convergence. thaortw {%rs«vw\ces ol harmonic measures.
It comf\emenfs the well-known result ...

Ab@l‘s Ll'MitTneov@m: 1€ (SM (W\) Cor\\lexjﬁs -(’OT Sowm W € ”, the_n V\t ELLW‘ ‘F(,%B
Sw
exasts, and the oo limits ajwee.

(Abel‘s ledi Theorem thuJ;; 1'(3 e &Plﬂ(e (Sm\ ‘0:3 Semeé SubSQCvLZMCQ Cgmk\ "'Cc UTSB



An aﬂ)\ic&hbw o universad Ta:j{or sere] —

COV'O\\[LT-LJL(G,?.OW—\ Lot fe U(D,0). Then, at amogf@e,j weT,
fLYy = T for every Stolz ouxﬁle L ok w.

lo




lo

An qw\'lcahbn o universal Ta;j[or sevies —

Govollary (G, 2016 Lot e U(D,0). Then, ot alwmost exery weT;
Ly =T for every Stolz ounﬁle L ok w. JD

w

Broof  Plessnesr’s Theovein Says Hhat, ot alwost overy we T,
either  ntlwm @) exits

Z-Sw

o £y =C ¢for every Stolz anjle L.
Twe Precedivig Theorewm says bhat ntbim $z) ‘Contols Lum y ©-E- onT"

Z2-2>2W

Thus, if £eU(D,0), the first possibility n Plessner's —Morevn{’aJA a-€.onl



I

Another tool from pofential theory
‘Minwmel thinness’ ~the notion of a set i D beinﬂ ‘uin’ ok a Pau\f of .
Reeall: the Poisson Revnel for D v

| - !Elz -y \W
P‘\N(%\ = lz—-wlz Liéb, WGTX-
Def": A set ECD 15 called minimally thin ok WeT P e 5 D
?osii"n e su?erhavmowtt function v on D such that ‘E[he %‘: > "lMDF —\—’é-v )



A

Another tool from potential theory
‘Mimimal thinness’ ~the notion op a set i D beCnS ‘Yun® ot a Pau\i' 079 .
Reeall: the Poisson Rernel -@ef D w

| - 121" 2° v
R.(z) = =l (2eD, weT ).
Def”: A get ECD 15 called minimally thin al wel™ if there 5 @ L
'\)osi'h\le superharmon.c function v on D such that ‘éﬁe ,\_};: -~ ‘T"DF —\é-v _

EWP\Q: If DCD & a disc M’Pfr\aﬂﬂ ('ay\sevtt T af w, then
DD 15 wivimally thin ol w, W

Reason: D ={P, > ¢y for some c>O0. Also,
v = Mm { ?w, c} 13 a POSi‘hv.e SuPerl/\armom'c Lunction on D .
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Another Link betivean Hro boundary behaviows of £ and He behaviour of 8, ) oA T
Theorom (G, 2014 Let £e H(D), and h>0 be harmoné on . ¢
@) (Smk) 15 m{?om\/j bounded on an are cmfzuning weT, (ogH?l ol
(b) {e’““lﬂ 211 v minimally thin at w,
then (e "G Nh} 1S uniFom\\»j bounded oulside a set minimally thin at w, ,
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Another link betivean Hre boundasry behaviowr of £ and Hwe behaviowr of @Mk\ onT...
Theorem (G,2014) Let e H(D) and >0 be harmoné on D. ¢
@) (SMQ 15 uﬂi@orm\»j bounded on an are chfaininS weT, (ogH?l 2l
&) {e™f] =1} o minimally thin at w,
then (e"‘"SNQ 1S u!\i(zorvv\lkj bounded oulside a set minimally thin at . '

Observations (iy It 13 possible {for £ U(D, 0) 4 sqi:{s{fj (b) above at one
pomt WeT | provided h(z) >0 an z—»iy.

(i) I 1s impessible for £¢ UD,0) to sabisfy (b at to points
Wi,Wo €T, For B mardmum principle on e sector Ouy, i, fl<h
would Haon gald  log If] 2h there {’orcfrﬁ £ to have fink .\

v\owi’av\juhhl lmiks a.€. on He are ww, |



2

COV\-EOVM(LK mvarionce ¢ £ 3
Let F: ﬂo—-?.ﬂ. be o COV\FOTW\OJ. ‘MQPP'.VS - P}(c)\m

: FB)f S, n
Question: Tf 'FGU(“Q»C)B,&OQS ‘Fo‘:eu(ﬂo”:_,(gw?w |




1%
Con-gomal imvarionce o F
LeL F:S-Zo-—?ﬂ be o c,ovxpofw\oi wxaﬂ)i»/\j i ((!; \mﬂ—

Question: Tf £eU (2,5, does foF eu(ﬂo,‘:-,(z;»\?

“Theowm (G, 2014\ [ok § =4-1<Rez <1}, There exsis |

LeU(S, o) s.t.,{’orm\tsamiﬁormi mapping F:D->S, F >
£oF ¢ U(D, F (0. \_ | Os




13
. =
Con{-’gmal imvariance < -

Let F:81.—2SL be o conformal mapping -
Questlon If -Feu (\Q C,) &OQS .FOFC‘U(Q F-’(Z;))? y

“Theowm (G, 201} Lek S =§-1 <Rez <1}, There exisfs |
LeU(S, O) s.t. for ay\ts conformal W\Qﬂ')'m3 F:D->S,
L£oF ¢ U(D, F'(0)).

Reason One can construct £ U(S,0Y and a
harmome, 'GJ»V\CtLOV\ W>0 on S such Hhat

LOS €] < b on Hu set A (illustyated).
HQW:Q (DS\-PoFl < \moF OWN F_(A)Cn).
Thig 15 ivxmeaﬁ ble with foF bemﬂ wm WD, F'(o)) .




Dependence of UMLL,E) en &, 7

Kecall that U, E) 15 a dense Gg subset of HW2) i two important cases ;
GYJSL simply connectad ;
iy ° e compact and conngcted .

“Theorem (Miiller, \llachou % Yavrian, 2006 Y If ) ¢ S\’MP% connected | thg,
UL E) does not deFQMA on G,

14



Dependence of ULLE) on &7

Kecall that UM, E) 15 a dense G subset of HWZ) in two importaut cases :
Gy SL s siw\F(ﬁ connectad
(Y & comPaci and connected.

“Theorem (M&Her, \lachou &VaVria!\,ZOOé\)‘. 1€ 52 S\'mplj connected | the,
MWL E) does wot depeml on G,

Theorem (Baﬂwvt 2005, cf Costakis 2005\)3 Tk S1° 15 Com)>ad' and connecled
then N UL E) 15 vesiduod m HELY.

gefn

Rueshion: Doeg U(ﬂ,c)) dﬂfe“d on & w s second case 7

1%
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Def™: An exterior Dini dowain 5 the exterior of a Jovdan curve T with
Pamme,trizaho'n % [t), where oc’ () & Dini contwuous (tis holds if T v C"F).

Theorews (G- ManolaRi, 2014): Lot §2 be an extenior Divi domain.
Then, VGl 38 el s.t. UMENUMEVES.
Further if £ 15 0 furthest pont of 350 from B then
we can ke T, = E +tig-t) (#vo),




15

Def™: An exterior Dini dowain 15 the exferior of a Tovdan curve T with
Pafameiri%aho'n o [t), where o’ () & Dini contimous (s holds if T' v CF).

Theorew (G- Marolaki, 2011): Lot S be an exterior Divi domain.
Then, VeIl FLef) st UMTWNUME Y+ S,
Further i £ 15 0 furthest pomt of 5L from B thes
we can take G, = 2\—‘-\‘:(}3‘—1;3 (t >0).

Tdea: (i) As with D, we con construck (Zé'U(JZ,'CJ) cith
controlled Swrowd\ on a St A ‘fot’at some B a2 .

(,]ﬂAddl‘honaI[\/j 5 We can CONb‘OLWSmthr OF-F nar E_” )
(f\.l') Cov\tfo(. on the Srowﬁa 0{3 F IS I'MPOSS”O[Q O]IZ tuo 6)
ponts of AL thak are dosete & (as for DY



