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The Wiener or Fourier algebra of the circle group 𝕋

This is the set 𝐴(𝕋) of (autom. continuous) functions 𝑓 ∶ 𝕋 → ℂ whose Fourier
series ∑ ̂𝑓(𝑘)𝑒𝑖𝑘𝑡 converges absolutely (to 𝑓 , of course).
• It is an algebra under pointwise multiplication.
Qu: If 𝑓 ∈ 𝐴(𝕋) never vanishes, is 1/𝑓 in 𝐴(𝕋)?
• 𝐴(𝕋) is a Banach algebra with the norm

‖𝑓‖𝐴 = ∑ | ̂𝑓(𝑘)| = ‖ ̂𝑓‖ℓ1

•... and its character space is (homeo to) the group 𝕋. So, YES!
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The measure algebra

Locally compact (Hausdorff) group: 𝐺 × 𝐺 → 𝐺 ∶ (𝑠, 𝑡) ↦ 𝑠𝑡−1 continuous.

Recall 𝑀(𝐺) ∶= 𝐶0(𝐺)∗ ∶ ⟨𝜇, 𝜙⟩ ∶= ∫𝐺 𝜙𝑑𝜇
𝐺 ∋ 𝑡 ↦ 𝛿𝑡 ∈ 𝑀+(𝐺) w*-continuous.
span{𝛿𝑡 ∶ 𝑡 ∈ 𝐺} w*-dense in 𝑀(𝐺).
Multiplication (𝑠, 𝑡) ↦ 𝑠𝑡 extends to 𝑀(𝐺):

⟨𝜇 ∗ 𝜈, 𝜙⟩ ∶= ∬ 𝜙(𝑠𝑡)𝑑𝜇(𝑠)𝑑𝜈(𝑡), 𝜙 ∈ 𝐶0(𝐺).

Inversion extends to involution: ⟨𝜇∗, 𝜙⟩ ∶= ∫ 𝜙(𝑠−1)𝑑 ̄𝜇(𝑠).
𝑀(𝐺) is a Banach *-algebra (abelian, iff 𝐺 is) and 𝐺 ↪ Inv𝑀(𝐺) as a
topological group.
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Haar measure

𝐺 ↷ 𝑀(𝐺) by left translation: 𝜇 ↦ 𝛿𝑡 ∗ 𝜇
Theorem (Haar measure)
There is 𝑚 ∈ 𝑀+(𝐺) which is a fixed point under this action: for all 𝑡 ∈ 𝐺,
𝛿𝑡 ∗ 𝑚 = 𝑚 (equivalently, 𝑚(𝑡𝐸) = 𝑚(𝐸) for all Borel 𝐸 ⊆ 𝐺).
This 𝑚 is unique up to a multiplicative constant.

Examples
• For (ℝ, +): Lebesgue measure.
• For (ℝ\{0}, ⋅): 𝑑𝑚(𝑥) = 𝑑𝑥

|𝑥| .
• For 𝐺𝐿(𝑛, ℝ): 𝑑𝑚(𝑇 ) = 𝑑𝑇

| det 𝑇 |𝑛 (𝑑𝑇 = Lebesgue measure on 𝑀𝑛(ℝ)).
• For the “𝑎𝑥 + 𝑏” group: 𝑑𝑚(𝑎, 𝑏) = 𝑑𝑎𝑑𝑏

𝑎2 (but 𝑑𝑚𝑟(𝑎, 𝑏) = 𝑑𝑎𝑑𝑏
𝑎 ).

Here for 𝑎 > 0 and 𝑏 ∈ 𝑅, (𝑎, 𝑏) is the map ℝ → ℝ ∶ 𝑥 ↦ 𝑎𝑥 + 𝑏 or the matrix
( 𝑎 𝑏

0 1 ).
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𝐿𝑝(𝐺)

For 1 ≤ 𝑝 ≤ ∞, write 𝐿𝑝(𝐺) ∶= 𝐿𝑝(𝐺, 𝑚) and ∫𝐺 𝑓(𝑠)𝑑𝑠 ∶= ∫𝐺 𝑓𝑑𝑚.

Identify 𝐿1(𝐺) with {𝜈 ∈ 𝑀(𝐺) ∶ |𝜈| ≪ 𝑚}, so 𝑑𝜈(𝑠) = 𝑓(𝑠)𝑑𝑚(𝑠) with
𝑓 ∈ 𝐿1(𝐺).
Then 𝐿1(𝐺) is a self-adjoint, 2-sided ideal of 𝑀(𝐺), proper iff 𝐺 is not discrete.

𝐿1(𝐺) always has an approx. identity: {𝜓𝑖} i.e. ‖𝜓𝑖 ∗ 𝑓 − 𝑓‖1 → 0 and
‖𝑓 ∗ 𝜓𝑖 − 𝑓‖1 → 0 for all 𝑓 ∈ 𝐿1(𝐺).
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Representations
Unitary representation of 𝐺

𝜋 ∶ 𝐺 → 𝒰(𝐻𝜋) group homomorphism
such that 𝑠 ↦ 𝜋(𝑠)𝜉 ∶ 𝐺 → 𝐻𝜋 continuous ∀𝜉 ∈ 𝐻𝜋.

Example (Left regular rep.)
𝜆 ∶ 𝐺 → 𝒰(𝐿2(𝐺)) where

(𝜆𝑡𝑓)(𝑠) ∶= 𝑓(𝑡−1𝑠), 𝑓 ∈ 𝐿2(𝐺) .

Proposition
Every unitary rep. 𝜋 of 𝐺 defines a *-representation ̃𝜋 of 𝑀(𝐺) by

⟨ ̃𝜋(𝜇)𝜉, 𝜂⟩ ∶= ∫
𝐺

⟨𝜋(𝑠)𝜉, 𝜂⟩ 𝑑𝜇(𝑠)

(𝜉, 𝜂 ∈ 𝐻𝜋) whose restriction to 𝐿1(𝐺) is non-degenerate.
Every non-degenerate*-representation of 𝐿1(𝐺) extends uniquely to a
*-representation of 𝑀(𝐺), which restricts to a (cts) rep. of 𝐺.
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The Universal representation, 𝐶∗(𝐺) and 𝐶∗
𝑟 (𝐺)

For 𝑓 ∈ 𝐿1(𝐺), define

‖𝑓‖∗ ∶= sup{‖𝜋(𝑓)‖ ∶ 𝜋 a *-rep. of 𝐿1(𝐺)}

This is a norm(!) on 𝐿1(𝐺) satisfying the C* condition ‖𝑓 ∗ 𝑓∗‖∗ = ‖𝑓‖2
∗ .

The completion of (𝐿1(𝐺), ‖⋅‖∗) is a C* algebra, 𝐶∗(𝐺). Every unitary rep. of 𝐺
extends uniquely to a *-rep. of 𝐶∗(𝐺).
The left regular rep. 𝜆 defines a faithful (i.e. 1-1) *-rep. of 𝐿1(𝐺) ↷ 𝐿2(𝐺). The
closure (in the norm of ℬ(𝐿2(𝐺))) is the reduced C* algebra 𝐶∗

𝑟(𝐺). It is a
quotient of 𝐶∗(𝐺), isomorphic to it iff 𝐺 is amenable.
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The Fourier algebra of the group ℝ̂

𝐴(ℝ̂) ∶= { ̂𝑓 ∶ 𝑓 ∈ 𝐿1(ℝ)} ⊆ 𝐶0(ℝ̂), ‖ ̂𝑓‖𝐴 ∶= ‖𝑓‖𝐿1(ℝ) .

To express 𝐴(ℝ̂) in terms of ℝ̂ only:
For 𝑓 ∈ 𝐿1(ℝ), can write 𝑓 = 𝜉 ̄𝜂 with 𝜉, 𝜂 ∈ 𝐿2(ℝ) and

̂𝑓(𝑠) = ∫
ℝ
(𝜉 ̄𝜂)(𝑢)𝑒−2𝜋𝑖𝑠𝑢𝑑𝑢 = (𝜙𝑠𝜉, 𝜂)𝐿2(ℝ)

where 𝜙𝑠(𝑢) = 𝑒−2𝜋𝑖𝑠𝑢 (𝑢 ∈ ℝ), so after Fourier transform :

̂𝑓(𝑠) = (𝜙𝑠𝜉, 𝜂)𝐿2(ℝ) = (𝜆𝑠 ̂𝜉, ̂𝜂)𝐿2(ℝ̂) , 𝑠 ∈ ℝ̂ .

where 𝜆𝑠 is translation by 𝑠 on 𝐿2(ℝ̂): (𝜆𝑠𝑔)(𝑡) ∶= 𝑔(𝑡 − 𝑠).
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The Fourier algebra of a locally compact group 𝐺

The Fourier algebra 𝐴(𝐺) [Eym64] of a locally compact group 𝐺 is the space of
all functions 𝑢 ∶ 𝐺 → ℂ of the form

𝑢(𝑠) = (𝜆𝑠𝜉, 𝜂)

where 𝜆 is the left regular representation of 𝐺:

(𝜆𝑠𝜉)(𝑡) ∶= 𝜉(𝑠−1𝑡), 𝜉 ∈ 𝐿2(𝐺)

and 𝜉, 𝜂 are in 𝐿2(𝐺).
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The Fourier-Stieltjes algebra of the group ℝ̂

Let
𝐵(ℝ̂) ∶= { ̂𝜇 ∶ 𝜇 ∈ 𝑀(ℝ)} ⊆ 𝐶𝑏(ℝ̂), ‖ ̂𝜇‖𝐵 ∶= ‖𝜇‖𝑀(ℝ)

where ̂𝜇(𝑠) = ∫
ℝ

𝑒−2𝜋𝑖𝑠𝑢𝑑𝜇(𝑢).

To express 𝐵(ℝ̂) in terms of ℝ̂ only:
Recall Bochner’s Theorem: If 𝑢 ∈ 𝐶(ℝ̂) is of positive type, i.e. the matrix
[𝑢(𝑠𝑖 − 𝑠𝑗)] ≽ 0 for all 𝑛 and all (𝑠𝑖) ∈ ℝ̂𝑛, then (and only then) there exists
𝜇 ∈ 𝑀+(ℝ) such that 𝑢 = ̂𝜇.
Thus 𝐵(ℝ̂) = span𝑃 (ℝ̂) (=continuous functions of positive type).
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The Fourier and Fourier-Stieltjes algebras

The Fourier-Stieltjes algebra 𝐵(𝐺) (Eymard, 1964 [Eym64]) of a locally compact
group 𝐺 is the set of all complex-linear combinations of continuous, functions
𝑢 ∶ 𝐺 → ℂ of positive type: 𝐵(𝐺) = span𝑃(𝐺).
But note that each function 𝑢 ∈ 𝑃(𝐺) defines, via GNS, a unitary cyclic
representation (𝜋, 𝜉, 𝐻) of 𝐺 such that 𝑢(𝑠) = (𝜋(𝑠)𝜉, 𝜉).
Hence equivalently
• 𝐵(𝐺) is the space of all functions 𝑢 ∶ 𝐺 → ℂ of the form

𝑢(𝑥) = (𝜋(𝑥)𝜉, 𝜂)

where 𝜋 is a unitary representation of 𝐺 and 𝜉, 𝜂 are vectors in the space of the
representation.
It is an algebra under pointwise multiplication and is a Banach algebra with norm

‖𝑢‖ = inf{‖𝜉‖.‖𝜂‖ ∶ 𝑢(⋅) = (𝜋(⋅)𝜉, 𝜂)} .
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The magic of the Fourier algebra

• The Fourier algebra 𝐴(𝐺) is a closed ideal of the Fourier-Stieltjes algebra 𝐵(𝐺).
In fact 𝐵(𝐺) ∩ 𝐶𝑐(𝐺) is (densely) contained in 𝐴(𝐺).
• The Fourier algebra 𝐴(𝐺) is the predual of the von Neumann algebra
𝑣𝑁(𝐺) ∶= w*span{𝜆𝑠 ∶ 𝑠 ∈ 𝐺} ⊆ ℬ(𝐿2(𝐺)) of 𝐺 for the duality

⟨𝑢, 𝜆𝑠⟩ = 𝑢(𝑠)

(Thus 𝑢(𝑠) = (𝜆𝑠𝜉, 𝜂) uniquely defines the w*-cts linear form
𝑇 ↦ (𝑇 𝜉, 𝜂), 𝑇 ∈ 𝑣𝑁(𝐺).)
• The spectrum (=max. ideal space) of the Banach algebra 𝐴(𝐺) is homeomorphic
to 𝐺.
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The Fourier and Fourier-Stieltjes algebras remember the group

Theorem (Walter, 1972 [Wal72])
Let 𝐺 and 𝐻 be locally compact groups. The following are equivalent:
(1) 𝐵(𝐺) and 𝐵(𝐻) are isometrically isomorphic as Banach algebras,
(2) 𝐴(𝐺) and 𝐴(𝐻) are isometrically isomorphic as Banach algebras,
(3) 𝐺 and 𝐻 are isomorphic as topological groups.

[Spr14]
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