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Kef�laio 1

Eisagwg 

MÐa pleur� apì thn opoÐa melet¸ntai oi �lgebrec telest¸n, afhrhmènec h
sugkekrimènec, dhlad  up�lgebrec tou B(H), thc �lgebrac twn fragmènwn
telest¸n pou droun se q¸ro QÐlmpert H, eÐnai aut  thc melèthc twn kath-
gori¸n twn protÔpwn touc. 'Algebrec pou den eÐnai isìmorfec me kammÐa ènnoia
isomorfismoÔ, ìpwc h B(H) kai h Mn(B(H)), n ∈ N h �lgebra twn n × n
pin�kwn me stoiqeÐa apì thn B(H), èqoun isodÔnamec kathgorÐec normal ana-
parast�sewn. H spoud  twn algebr¸n apì mÐa tètoia skopi� èqei tic rÐzec
thc sthn {kajar } algebrik  jewrÐa, eidikìtera sthn jewrÐa tou Morita perÐ
isodunamÐac daktulÐwn [6], [14], [42]:

An A eÐnai ènac daktÔlioc, A−mod eÐnai h kathgorÐa pou èqei wc antikeÐ-
mena tic abelianèc om�dec pou eÐnai arister� prìtupa p�nw ston A kai morfis-
moÔc touc omomorfismoÔc om�dwn pou eÐnai tautìqrona morfismoÐA−protÔpwn.
To jemeli¸dec Je¸rhma ed¸ eÐnai ìti gia dÔo daktÔliouc A,B oi kathgorÐec
A−mod,B −mod eÐnai isodÔnamec an kai mìno an up�rqoun prìtupa U kai
V ¸ste U ⊗B V ∼= A, V ⊗A U ∼= B. Oi prohgoÔmenoi isomorfismoÐ ennooÔntai
wc isomorfismoÐ protÔpwn kai U ⊗B V ,V ⊗A U eÐnai {kat�llhla} phlÐka twn
tanustik¸n ginomènwn U ⊗ V ,V ⊗ U .

Sta mèsa thc dekaetÐac tou 70, o Rieffel eis gage thn jewrÐa Morita sthn
kl�sh twn C∗ kai W ∗ algebr¸n [45], [46]. Ja epimeÐnoume sthn �poyh tou
Rieffel gia thn isodunamÐa twn W ∗ algebr¸n afoÔ jewroÔme ìti h ergasÐa
mac apoteleÐ sunèqeia kai genÐkeush thc jewrÐac tou Rieffel sthn kl�sh twn
duik¸n, ìqi aparaÐthta autosuzug¸n, algebr¸n telest¸n. An A eÐnai mÐa
W ∗ �lgebra, A − NHMOD eÐnai h kathgorÐa pou èqei wc antikeÐmena tic
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normal (w∗−suneqeÐc) anaparast�seic thc A. Me �lla lìgia h kathgorÐa
A−NHMOD èqei wc antikeÐmena ìla ta zeÔgh thc morf c (H,α) ìpou H
q¸roc QÐlmpert kai α : A → B(H) w∗−suneq c ∗−morfismìc. To zeÔgoc
(H,α) mporeÐ na jewrhjeÐ aristerì prìtupo p�nw sthn A me thn dr�sh

A · h = α(A)(h)

gia k�je A ∈ A, h ∈ H. An (Hi, αi), i = 1, 2 antikeÐmena thc A−NHMOD
tìte o q¸roc twn morfism¸n eÐnai

HomA(H1, H2) = {T ∈ B(H1, H2) : Tα1(A) = α2(A)T ∀ A ∈ A}.

Shmei¸noume ìti o q¸rocM = HomA(H1, H2) eÐnai sÔmfwna me thn sÔgqron-
h orologÐa ènac w∗−kleistìc, triadikìc daktÔlioc telest¸n (TRO), dhlad 
ikanopoieÐ thn sqèsh MM∗M ⊂ M. SÔmfwna me ton Rieffel an A,B eÐnai
W ∗−�lgebrec ènac sunartht c F : A−NHMOD → B −NHMOD kaleÐ-
tai ∗− sunartht c an gia k�je (H1, α1), (H2, α2) ∈ A − NHMOD kai gia
k�je T ∈ HomA(H1, H2) isqÔei F(T ∗) = F(T )∗ ∈ HomB(F(H2),F(H1)).
Oi A,B lègontai Morita isodÔnamec an up�rqei ∗− sunartht c isodunamÐac
F : A−NHMOD → B−NHMOD. Ta basik� jewr mata tou Rieffel eÐnai
dÔo. To pr¸to to diatup¸noume sthn akìloujh morf  tou:

DÔoW ∗−�lgebrec A,B eÐnai Morita isodÔnamec an kai mìno an up�rqoun
pistèc normal anaparast�seic (H,α), (K, β) twn A,B antÐstoiqa kai ènac
triadikìc daktÔlioc telest¸n M⊂ B(H,K) ¸ste

α(A) = [M∗M]−w
∗
, β(B) = [MM∗]−w

∗
. (1.0.1)

To deÔtero je¸rhma diatup¸nei thn jèsh ìti k�je ∗−sunartht c isodunamÐac
F : A−NHMOD → B−NHMOD eÐnai isodÔnamoc me èna sunartht  FM
ìpouM eÐnai ènac triadikìc daktÔlioc telest¸n pou ikanopoieÐ tic (1.0.1) kai
pou leitourgeÐ wc ex c: Gia k�je (H0, α0) ∈ A−NHMOD, o FM(H0) eÐnai
ènac q¸roc QÐlmpert pou par�getai jètontac kat�llhlh nìrma se phlÐko tou
tanustikoÔ ginomènou M⊗ H0 kai ston opoÐo eÐnai dunat  h anapar�stash
thc B mèsw tou tÔpou

β0 : B → B(FM(H0)), β0(B)(M ⊗ x) = (β(B)M)⊗ x

gia k�je B ∈ B,M ∈M, x ∈ H0.

Me thn an�ptuxh thc jewrÐac twn afhrhmènwn algebr¸n telest¸n [7],
[12], [49], genn jhke h an�gkh na dhmiourghjeÐ h kat�llhlh ènnoia thc Morita
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isodunamÐac. Autì epiteÔqjhke sto [11] kai oloklhr¸jhke sto [8]. Stic
ergasÐec autèc an A eÐnai mÐa afhrhmènh �lgebra telest¸n, blèpe orismì
2.7.3, me A − OMOD orÐzetai h kathgorÐa twn arister¸n A−protÔpwn. H
kathgorÐa aut  èqei wc antikeÐmena afhrhmènouc q¸rouc telest¸n X , blèpe
orismì 2.7.2, pou eÐnai arister� prìtupa p�nw sthn A : AX ⊂ X ¸ste h
digrammik  apeikìnish

A×X → X : (A,X) → AX

na eÐnai pl rhc sustol  [21]. An X ,Y eÐnai antikeÐmena thc A−OMOD tìte
o q¸roc twn morfism¸n HomA(X ,Y) eÐnai oi pl rwc fragmènec apeikonÐ-
seic, blèpe orismì 2.7.1, pou eÐnai tautìqrona kai apeikonÐseic A−protÔpwn.
An A,B eÐnai afhrhmènec �lgebrec telest¸n, ènac sunartht c F : A −
OMOD → B − OMOD lègetai pl rwc isometrikìc an gia k�je X ,Y ∈
A − OMOD h apeikìnish F : HomA(X ,Y) → HomB(F(X ),F(Y)) eÐnai
pl rhc isometrÐa.

Sta [11], [8] apodeiknÔetai ìti oi kathgorÐec A − OMOD, B − OMOD
eÐnai isodÔnamec mèsw enìc pl rwc isometrikoÔ sunartht  an kai mìno an
up�rqei èna Morita plaÐsio (A,B,X ,Y ,(·, ·), [·, ·]). Dhlad  mÐa ex�da ìpwc
prohgoumènwc, ìpou to X eÐnai A,B prìtupo to Y eÐnai B,A prìtupo, oi
apeikonÐseic (·, ·) : X ×Y → A, [·, ·] : Y ×X → B, eÐnai digrammikèc pou eÐnai
pl reic sustolèc kai oi opoÐec ikanopoioÔn èna sÔnolo apì axi¸mata apì ta
opoÐa aporrèei ìti to sÔnolo

L =

{(
A X
Y B

)
: A ∈ A, B ∈ B, X ∈ X , Y ∈ Y

}
eÐnai afhrhmènh �lgebra telest¸n (linking algebra).

Me thn olokl rwsh twn prohgoÔmenwn ergasi¸n tèjhke fusiologik� to
prìblhma thc dhmiourgÐac mÐac an�loghc jewrÐac gia tic afhrhmènec duikèc
�lgebrec telest¸n, blèpe orismì 2.7.4, dhlad  gia tic afhrhmènec �lgebrec
telest¸n pou eÐnai pl rwc isometrik� isìmorfec me ton duikì enìc afhrhmè-
nou q¸rou telest¸n. MÐa tètoia jewrÐa ja apaitoÔse ta antikeÐmena thc na
sèbontai thn epÐ plèon topologik  dom  pou fèroun oi afhrhmènec duikèc �l-
gebrec telest¸n wc duikoÐ q¸rwn Banach. H paroÔsa diatrib  pragmatopoieÐ
b mata se aut  thn kateÔjunsh.

An A eÐnai mÐa monadiaÐa w∗−kleist  up�lgebra tou B(H), ìpou H q¸roc
QÐlmpert, tìte gia k�je n ∈ N h �lgebra Mn(A) twn n × n pin�kwn me
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stoiqeÐa apì thn A eÐnai mÐa w∗−kleist  up�lgebra tou B(Hn), ìpou Hn to
eujÔ �jroisma n antigr�fwn tou H. Me ∆(A) sumbolÐzoume thn diag¸nio thc
A : ∆(A) = A ∩ A∗. SumbolÐzoume me M to sÔnolo twn n × 1 sthl¸n me
stoiqeÐa apì thn ∆(A) pou eÐnai ènac triadikìc daktÔlioc telest¸n. EÔkola
mporeÐ na elègxei kaneÐc ìti

A = [M∗Mn(A)M]−w
∗ kai Mn(A) = [MAM∗]−w

∗
.

Oi prohgoÔmenec ìmorfec sqèseic pou sundèoun tic �lgebrec A, Mn(A) den
eÐqan melethjeÐ mèqri s mera. AxÐzei na shmeiwjeÐ ìmwc ìti sto [32] eÐqe
dojeÐ o akìloujoc sqetizìmenoc orismìc: An A ⊂ B(H) kai B ⊂ B(K)
�lgebrec telest¸n ènac telest c T ∈ B(H,K) onom�zetai kanonikopoiht c
(normalizer) apì thn B sthn A an T ∗BT ⊂ A. Se aut  thn perÐptwsh,
apodeiknÔetai, [32], ìti orÐzetai ènac triadikìc daktÔlioc telest¸n MT ⊂
B(H,K) ¸ste T ∈ MT kai M∗

TBMT ⊂ A. EmeÐc dÐnoume ton akìloujo
isqurìtero orismì:

Orismìc 1.0.1 'Estw A,B w∗ kleistèc �lgebrec pou droun stouc q¸rouc
QÐlmpert H1 kai H2 antÐstoiqa. An up�rqei TRO M ⊂ B(H1, H2) ¸ste
A = [M∗BM]−w

∗ kai B = [MAM∗]−w
∗ gr�foume A M∼ B. Lème ìti oi

�lgebrec A,B eÐnai TRO isodÔnamec an up�rqei TRO M ¸ste A M∼ B.

Sto kef�laio 4, deÐqnoume ìti h TRO isodunamÐa eÐnai pr�gmati mÐa sqèsh
isodunamÐac metaxÔ w∗−kleist¸n algebr¸n telest¸n. ApodeiknÔoume to
akìloujo je¸rhma pou qarakthrÐzei pìte dÔo anaklastikèc �lgebrec, blèpe
orismì 2.3.6, eÐnai TRO isodÔnamec:

Je¸rhma 1.0.1 DÔo anaklastikèc �lgebrec A,B eÐnai TRO isodÔnamec an
kai mìno an up�rqei ∗−isomorfismìc θ : ∆(A)′ → ∆(B)′ pou apeikonÐzei ton
sÔndesmo twn A−analloÐwtwn probol¸n epÐ tou antÐstoiqou sundèsmou thc
B.

Gia ton orismì twn sundèsmwn algebr¸n blèpe thn par�grafo 2.3. Oi
�lgebrec ∆(A)′,∆(B)′ eÐnai oi metajètec twn algebr¸n ∆(A),∆(B), twn di-
agwnÐwn dhlad  twn algebr¸n A,B.

'Opwc shmei¸same prohgoumènwc, dÔo W ∗−�lgebrec A,B eÐnai Morita
isodÔnamec kat� Rieffel an kai mìno an up�rqoun pistèc normal anaparast�-
seic α, β kai triadikìc daktÔlioc telest¸n M ¸ste

α(A) = [M∗M]−w
∗
, β(B) = [MM∗]−w

∗
.
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EÔkola elègqetai ìti ìti oi �lgebrec α(A) kai β(B) eÐnai TRO isodÔnamec
sÔmfwna me ton dikì mac orismì. TÐjetai tìte to er¸thma an h TRO iso-
dunamÐa mporeÐ na orisjeÐ kat� trìpo afhrhmèno ¸ste na èqei nìhma ìqi mìno
gia tic sugkekrimènec all� kai gia tic afhrhmènec duikèc �lgebrec telest¸n
kai na apoteleÐ to an�logo thc Morita isodunamÐac.

'Estw A afhrhmènh, monadiaÐa, duik  �lgebra telest¸n. SumbolÐzoume
me ∆(A) thn diag¸nio thc A∩A∗. OrÐzoume thn kathgorÐa AM pou èqei wc
antikeÐmena tic normal anaparast�seic thc A. Dhlad  (H,α) ∈ AM an H
q¸roc QÐlmpert kai α : A → B(H) eÐnai w∗−suneq c morfismìc pou diathreÐ
thn mon�da kai eÐnai pl rhc sustol . 'Estw (H1, α1), (H2, α2) ∈ AM tìte o
q¸roc twn morfism¸n eÐnai

HomA(H1, H2) = {T ∈ B(H1, H2) : Tα1(A) = α2(A)T ∀ A ∈ A}.

H kathgorÐa AM eÐnai gnwst  sthn bibliografÐa [10]. EmeÐc orÐzoume thn
kathgorÐa ADM pou èqei ta Ðdia antikeÐmena me thn AM all� wc q¸rouc
morfism¸n touc akìloujouc:

HomD
A(H1, H2) = {T ∈ B(H1, H2) : Tα1(A) = α2(A)T ∀ A ∈ ∆(A)}.

ParathroÔme ìti gia k�je (H1, α1), (H2, α2) ∈ AM èqoume HomA(H1, H2) ⊂
HomD

A(H1, H2) kai sunep¸c orÐzetai o sunartht c emfÔteush AM ↪→ ADM.
'Ena apì ta pleonekt mata pou èqei h kathgorÐa ADM eÐnai ìti gia k�je
(H,α) ∈ ADM o sÔndesmoc Lat(α(A)) thc �lgebrac α(A) perièqetai ston
q¸roHomD

A(H,H). Autì to gegonìc ja eÐnai qr simo parak�tw ìtan elègqe-
tai ìti oi sunarthtèc isodunamÐac apeikonÐzoun anaparast�seic me eikìna
anaklastikèc �lgebrec se anaparast�seic me epÐshc eikìna anaklastikèc �l-
gebrec.

'Estw A,B monadiaÐec afhrhmènec duikèc �lgebrec telest¸n. 'Enac
sunartht c F : AM → BM lème ìti èqei ∆−epèktash an up�rqei sunartht -
c G : ADM → BDM ¸ste to akìloujo di�gramma na eÐnai metajetikì:

AM ↪→ ADM

F ↓ G ↓
BM ↪→ BDM.

EpÐshc ènac sunartht c G : ADM → BDM lègetai ∗−sunartht c an
ikanopoieÐ thn sqèsh G(T ∗) = G(T )∗ gia k�je T ∈ HomD

A(H1, H2), H1, H2 ∈
AM. DÐnoume t¸ra ton akìloujo orismì.
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Orismìc 1.0.2 'Estw A,B monadiaÐec afhrhmènec duikèc �lgebrec telest¸n.
Autèc kaloÔntai ∆−isodÔnamec an up�rqei sunartht c isodunamÐac F : AM →
BM pou èqei ∆−epèktash G : ADM → BDM pou eÐnai ∗−sunartht c iso-
dunamÐac.

Parat rhse ìti o prohgoÔmenoc orismìc genikeÔei autìn thc Morita iso-
dunamÐac afoÔ an oi A,B eÐnai autosuzugeÐc �lgebrec tìte autèc eÐnai ∆-
isodÔnamec an kai mìno an eÐnai Morita isodÔnamec kat� Rieffel. Ta basik�
jewr mata pou apodeiknÔoume, kef�laio 5, eÐnai:

Je¸rhma 1.0.2 Oi monadiaÐec afhrhmènec duikèc �lgebrec telest¸n A,B
eÐnai ∆−isodÔnamec an kai mìno an èqoun normal kai pl rwc isometrikèc ana-
parast�seic α, β ¸ste oi �lgebrec α(A), β(B) na eÐnai TRO isodÔnamec.

Je¸rhma 1.0.3 K�je sunartht c isodunamÐac pou exasfalÐzei thn prohgoÔ-
menh isodunamÐa eÐnai isodÔnamoc me èna sunartht  FU ìpou U eÐnai èna B −A
prìtupo isodunamÐac.

To prìtupo U {par�getai} apì to TRO pou ulopoieÐ thn TRO isodunamÐa
se k�poia anapar�stash twn algebr¸n A,B. O FU : ADM → BDM eÐnai
ènac sunartht c pou k�je H ∈ AM to stèlnei se antikeÐmeno FU(H) ∈ BM,
ìpou FU(H) eÐnai h pl rwsh phlÐkou tou tanustikoÔ ginomènou U ⊗H k�tw
apì kat�llhlh nìrma.

K�je sunartht c F pou ikanopoieÐ to Je¸rhma 1.0.2 èqei tic akìloujec
idiìthtec, blèpe kef�laio 5:

Je¸rhma 1.0.4 O F eÐnai pl rwc isometrikìc kai normal. Dhlad  gia k�je
H1, H2 ∈ AM h apeikìnish

F : HomD
A(H1, H2) → HomD

A(F(H1),F(H2))

eÐnai w∗−suneq c kai pl rhc isometrÐa.

Ed¸ na shmei¸soume to endiafèron gegonìc ìti to prohgoÔmeno je¸rhma
prokÔptei apì thn upìjesh kai mìno ìti o sunartht c F eÐnai ∗−sunartht c
isodunamÐac. Dhlad  prokÔptei apì mÐa algebrik  upìjesh.

Je¸rhma 1.0.5 O F stèlnei pl rwc isometrikèc anaparast�seic se epÐshc
pl rwc isometrikèc.

6



Je¸rhma 1.0.6 O F stèlnei anaklastikèc �lgebrec se anaklastikèc �lge-
brec.

To pedÐo sto opoÐo kat� kÔrio lìgo efarmìzoume thn prohgoÔmenh jewrÐa
eÐnai oi CSL �lgebrec, blèpe orismì 2.3.7. ApodeiknÔoume ìti:

Je¸rhma 1.0.7 DÔo CSL �lgebrec eÐnai ∆−isodÔnamec an kai mìno an eÐnai
TRO isodÔnamec.

Sto kef�laio 4 exet�zoume pìte dÔo CSL �lgebrec eÐnai TRO isodÔnamec.
DeÐqnoume ìti autì sumbaÐnei an kai mìno an up�rqei eidikoÔ tÔpou isomor-
fismìc metaxÔ twn sundèsmwn touc:

'Estw S1 kai S2 CSL sÔndesmoi, blèpe orismì 2.3.7, φ : S1 → S2 1-1, epÐ
apeikìnish pou diathreÐ thn di�taxh, P to supremum twn atìmwn tou S1 kai
Q to supremum twn atìmwn tou S2. Tìte h apeikìnish

S1|P → S2|Q : L|P → φ(L)|Q

eÐnai isomorfismìc sundèsmwn. Ta CSL’s S1|P⊥ ,S2|Q⊥ eÐnai suneq  CSL’s.
Den eÐnai al jeia ìmwc ìti p�nta orÐzetai isomorfismìc S1|P⊥ → S2|Q⊥ , blèpe
parat rhsh 4.4.9. An up�rqei isomorfismìc

ψ : S1|P⊥ → S2|Q⊥ ¸ste ψ(L|P⊥) = φ(L)|Q⊥

tìte lème ìti h φ sèbetai thn sunèqeia. ApodeiknÔoume to parak�tw je¸rhma:

Je¸rhma 1.0.8 DÔo CSL �lgebrec eÐnai TRO isodÔnamec an kai mìno an
up�rqei isomorfismìc metaxÔ twn sundèsmwn touc pou sèbetai thn sunèqeia.

Sunèpeia tou prohgoumènou jewr matoc eÐnai ìti k�je isomorfismìc metaxÔ
CSL sundèsmwn pou eÐnai olik� atomikoÐ h suneqeÐc ep�gei TRO isodunamÐa
metaxÔ twn antistoÐqwn CSL algebr¸n.

'Estw CSL’s S1, S2 kai φ : S1 → S2 isomorfismìc pou sèbetai thn sunè-
qeia. OrÐzoume

M = {T : TL = φ(L)T gia k�je L ∈ S1}.

Parat rhse ìti o q¸rocM eÐnai w∗−kleistìc triadikìc daktÔlioc telest¸n.
ApodeiknÔoume ìti to TRO pou pragmatopoieÐ thn isodunamÐa twn algebr¸n
Alg(S1),Alg(S2), blèpe orismì 2.3.5, eÐnai to M. Sugkekrimèna isqÔoun
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Je¸rhma 1.0.9

Alg(S1) = [M∗Alg(S2)M]−w
∗
,Alg(S2) = [MAlg(S1)M∗]−w

∗
.

Sto kef�laio 3 melet¸ntai idiìthtec twn CSL algebr¸n kai twn
anaklastik¸n (blèpe par�grafo 2.4) protÔpwn p�nw se megistikèc auto-
suzugeÐc abelianèc �lgebrec (masa bimodules). MÐa anaklastik  �lgebra
eÐnai CSL �lgebra an kai mìno an perièqei mÐa megistik  abelian  autosuzug 
�lgebra (masa). Epomènwc ta anaklastik� masa bimodules eÐnai genÐkeush
twn CSL algebr¸n.

'Ena jèma pou mac apasqoleÐ sto kef�laio 3 eÐnai h legìmenh eikasÐa tou
Hopenwasser: 'Estw L CSL sÔndesmoc kai A = Alg(L) h antÐstoiqh CSL
�lgebra. OrÐzoume wc A0 ton akìloujo q¸ro:

A0 = [LTL⊥ : T ∈ A, L ∈ L]−‖·‖.

O q¸roc A0 eÐnai èna ide¸dec thc A pou perièqetai sto rizikì thc Rad(A).
O Hopenwasser èqei eik�sei ìti A0 =Rad(A) [18], [29]. H isìthta aut 
pr�gmati isqÔei sthn eidik  perÐptwsh pou h A eÐnai nest �lgebra [47]. Oi
Kat�boloc kai KatsoÔlhc apèdeixan sto [31] ìti A0 = 0 ⇔ Rad(A) = 0.
O I. Todorov sthn diatrib  tou [4] apèdeixe ìti oi q¸roi A0 kai Rad(A)
èqoun thn Ðdia anaklastik  j kh (blèpe par�grafo 2.4). EmeÐc belti¸noume
ta prohgoÔmena apotelèsmata apodeiknÔontac to akìloujo je¸rhma:

Je¸rhma 1.0.10 A−w∗
0 = Rad(A)−w

∗
.

ApodeiknÔoume ìti k�je CSL �lgebra A diasp�tai sthn akìloujh morf :

Je¸rhma 1.0.11 A = Rad(A)−w
∗
+ ∆(A).

Sthn eidik  de perÐptwsh pou h CSL �lgebra A ⊂ B(H) eÐnai isqur�
anaklastik  (blèpe par�grafo 2.4) èqoume thn akìloujh di�spas  thc se
eujÔ �jroisma:

Je¸rhma 1.0.12 A = Rad(A)−w
∗ ⊕

∑
n⊕AnB(H)An ìpou

{An : n ∈ N} = {A : A eÐnai �tomo tou sundèsmou L}.

Nèo epÐshc gia thn jewrÐa twn CSL algebr¸n eÐnai to akìloujo je¸rhma:
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Je¸rhma 1.0.13 O q¸roc Rad(A)−w
∗ eÐnai anaklastikìc.

Ta prohgoÔmena genikeÔontai sthn kl�sh twn anaklastik¸n masa pro-
tÔpwn. 'Estw U ⊂ B(H1, H2) anaklastikì masa prìtupo. EÐnai èna apotè-
lesma tou Erdos [23] ìti up�rqoun metajetikèc oikogèneiec probol¸n S1 ⊂
B(H1),S2 ⊂ B(H2) kai 1− 1, epÐ apeikìnish φ : S1 → S2 ¸ste

U = {T ∈ B(H1, H2) : TL = φ(L)TL gia k�je L ∈ S1}.

H tri�da (S1,S2, φ) ètsi ìpwc orÐzetai (par�grafoc 2.4.1) genikeÔei thn ènnoia
tou sundèsmou twn analloÐwtwn upìqwrwn twn CSL algebr¸n afoÔ an to U
eÐnai CSL �lgebra apodeiknÔetai ìti S1 = S2 = Lat(U) kai φ = idLat(U).

To an�logo gia to U thc diagwnÐou mÐac CSL �lgebrac eÐnai o triadikìc
daktÔlioc telest¸n

∆(U) = {T : TL = φ(L)T gia k�je L ∈ S1}

kai o upìqwroc tou U pou antistoiqeÐ sthn w∗-kleist  j kh tou rizikoÔ mÐac
CSL �lgebrac eÐnai o

U0 = [φ(L)TL⊥ : T ∈ U , L ∈ S1]
−w∗ .

ApodeiknÔoume to an�logo tou jewr matoc 1.0.11

Je¸rhma 1.0.14 U = U0 + ∆(U).

OrÐzoume mÐa ènnoia pou genikeÔei aut  twn atìmwn twn CSL sundèsmwn.
Aut  thn for� ta �toma eÐnai zeÔgh thc morf c (En, θ(En))n∈N ⊂ S ′′1 × S ′′2
ìpou θ eÐnai kat�llhlh apeikìnish pou exart�tai apì thn φ. Gia perissìterec
plhroforÐec blèpe thn par�grafo 3.5. ApodeiknÔoume to parak�tw:

Je¸rhma 1.0.15 An R1(∆(U)) eÐnai to sÔnolo twn pr¸thc t�xhc telest¸n
thc diagwnÐou ∆(U), tìte

[R1(∆(U))]−w
∗

=
∑
n

⊕θ(En)B(H1, H2)En.

Sthn eidik  perÐptwsh pou to U eÐnai isqur� anaklastikì masa prìtupo
èqoume thn akìloujh eujeÐa di�spash tou:
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Je¸rhma 1.0.16

U = U0 ⊕
∑
n

⊕θ(En)B(H1, H2)En.

Shmantikì jewroÔme to akìloujo je¸rhma pou eÐnai genÐkeush tou 1.0.13.

Je¸rhma 1.0.17 O q¸roc U0 eÐnai anaklastikìc.

Melet�me idiaÐtera ton triadikì daktÔlio telest¸n ∆(U) pou ton
apokaloÔme diag¸nio tou U . EÐnai gnwstì ìti an A = Alg(L) me L CSL
sÔndesmo tìte h diag¸nioc thc A isoÔtai me ton metajèth tou sundèsmou L,
L′. GenikeÔoume autì to gegonìc me to parak�tw je¸rhma:

Je¸rhma 1.0.18 H diag¸nioc ∆(U) par�getai apì mÐa merik  isometrÐa V
kai tic �lgebrec S ′1,S ′2 :

∆(U) = [S ′2V S ′1]−w
∗
.

Endiaferìmaste gia thn perÐptwsh pou h diag¸nioc eÐnai ousi¸dhc q¸roc,
dhlad  gia thn perÐptwsh pou Ker(∆(U)) = 0 kai Ker(∆(U)∗) = 0. ApodeiknÔ-
oume sto kef�laio 4 to akìloujo je¸rhma:

Je¸rhma 1.0.19 H diag¸nioc ∆(U) eÐnai ousi¸dhc an kai mìno an ta S1,S2

eÐnai CSL’s kai h apeikìnish φ eÐnai isomorfismìc sundèsmwn pou sèbetai thn
sunèqeia. Se aut  thn perÐptwsh èqoume tic isìthtec

U = [∆(U)Alg(S1)]
−w∗ = [Alg(S2)∆(U)]−w

∗
.

Perissìterec leptomèreiec gia ta apotelèsmata pou epitugq�noume up�r-
qoun stic eisagwgèc twn kefalaÐwn 3,4,5.
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Kef�laio 2

ProapaitoÔmena

Gia thn plhrìthta all� kai thn anex�rthth an�gnwsh thc ergasÐac aut c sto
kef�laio 2 sugkentr¸noume tic basikèc ènnoiec pou qrhsimopoioÔme.

SumbolismoÐ kai prwtarqikèc ènnoiec 2.1
'Estw H1, H2, H q¸roi QÐlmpert. SumbolÐzoume me B(H1, H2) to sÔnolo twn
fragmènwn telest¸n apì ton H1 ston H2 kai me B(H) ton q¸ro B(H,H).
'Estw S ⊂ B(H1, H2). SumbolÐzoume me [S] thn grammik  j kh tou S kai me
R1(S) to sÔnolo pou perièqei ton mhdenikì telest  kai touc pr¸thc t�xhc
telestèc pou an koun sto S. An S ⊂ B(H) sumbolÐzoume me P(S) to sÔnolo
twn probol¸n pou perièqontai sto S, me S ′ thn up�lgebra tou B(H) pou
perièqei touc telestèc pou metatÐjentai me k�je stoiqeÐo tou S kai me S ′′ thn
�lgebra (S ′)′. AnA1 ⊂ B(H1) kaiA2 ⊂ B(H2) eÐnai �lgebrec, ènac upìqwroc
U ⊂ B(H1, H2) kaleÐtai A2,A1−prìtupo an A2UA1 ⊂ U . 'Enac telest c
U ∈ B(H1, H2) pou eÐnai isometrÐa kai epÐ lègetai monadiaÐoc telest c
(unitary). ApodeiknÔetai ìti ènac telest c U ∈ B(H1, H2) eÐnai monadiaÐoc
telest c an kai mìno an U∗U = IH1 , UU

∗ = IH2 . 'Estw A1,A2 �lgebrec ìpwc
prohgoumènwc. Autèc kaloÔntai monadiaÐa isodÔnamec an up�rqei monadi-
aÐoc telest c U ∈ B(H1, H2) ¸ste A2 = UA1U

∗. An x ∈ H2, y ∈ H1 me
x� y∗ sumbolÐzoume ton polÔ pr¸thc t�xhc telest 

H1 → H2 : z → 〈z, y〉H1
x.

'Enac telest c T ∈ B(H) lègetai jetikìc an 〈Tx, x〉 ≥ 0 gia k�je x ∈
H. ApodeiknÔetai [1] ìti tìte up�rqei monadikìc jetikìc telest c S ¸ste
S2 = T. SumbolÐzoume S = T

1
2 . An T ∈ B(H1, H2) jètoume |T | = (T ∗T )

1
2 .

11



An K ⊂ H sumbolÐzoume me K⊥ ton upìqwro tou H pou apoteleÐtai apì ta
dianÔsmata pou eÐnai k�jeta sto sÔnolo K. An P orjog¸nia probol  tou
q¸rou QÐlmpert H sumbolÐzoume me P⊥ thn probol  epÐ tou q¸rou P (H)⊥.
Tèloc an (X, ‖ · ‖) q¸roc me nìrma sumbolÐzoume me Ball(X) thn monadiaÐa
sfaÐra tou X : {x ∈ X : ‖x‖ ≤ 1}.

2.1 Telestèc kai topologÐec ston B(H1, H2)

Ta ìsa anafèrontai sthn par�grafo 2.1 mporoÔn na brejoÔn sta [30], [53].

2.1.1 Merikèc isometrÐec

'Estw H1, H2 q¸roi QÐlmpert. MÐa merik  isometrÐa eÐnai ènac telest c
U ∈ B(H1, H2) gia ton opoÐo up�rqei kleistìc upìqwroc K tou H1 ¸ste h
apeikìnish U |K na eÐnai isometrÐa kai na isqÔei K⊥ ⊂ Ker(U). O q¸roc K
lègetai arqikìc q¸roc tou U kai o U(K) telikìc q¸roc tou U. O telest c
U∗U eÐnai h orjog¸nia probol  epÐ tou K kai o UU∗ eÐnai h orjog¸nia
probol  epÐ tou U(K). EÔkola elègqetai ìti UU∗U = U kai ìti o telest c
U∗ eÐnai merik  isometrÐa me arqikì q¸ro ton telikì tou U kai telikì q¸ro
ton arqikì tou U. PolÔ shmantikì kai qr simo ja mac eÐnai to akìloujo
je¸rhma.

Je¸rhma 2.1.1 (Je¸rhma polik c anapar�stashc)[1] 'Estw telest c
T ∈ B(H1, H2) kai |T | = (T ∗T )

1
2 . Tìte up�rqei monadik  merik  isometrÐa

U ∈ B(H1, H2) me arqikì q¸ro ton |T |(H1) kai telikì ton T (H1) ¸ste T =
U |T |.

2.1.2 SumpageÐc telestèc

'Estw H1, H2 q¸roi QÐlmpert. 'Enac telest c T ∈ B(H1, H2) lègetai
sumpag c an to sÔnolo T (Ball(H1)) eÐnai sqetik� sumpagèc uposÔnolo tou
H2. To sÔnolo twn telest¸n peperasmènhc t�xhc eÐnai puknì [1] sto sÔnolo
K(H1, H2) twn sumpag¸n telest¸n apì ton H1 ston H2. To K(H1, H2) eÐnai
B(H2), B(H1) prìtupo. 'Estw {ei : i ∈ I} orjokanonik  b�sh tou q¸rou
QÐlmpert H1 kai B(H1)

+ to sÔnolo twn jetik¸n telest¸n tou B(H1). H
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apeikìnish

tr : B(H1)
+ → [0,+∞], tr(S) =

∑
i∈I

〈S(ei), ei〉

lègetai Ðqnoc. ApodeiknÔetai ìti to Ðqnoc eÐnai anex�rthto thc orjokanonik c
b�shc pou epilèxame. Gia k�je jetikì arijmì p ≥ 1 orÐzoume [15] ton q¸ro
twn p-Schatten telest¸n Cp(H1, H2) pou apoteleÐtai apì touc telestèc
T ∈ B(H1, H2) gia touc opoÐouc to Ðqnoc tou telest  |T |p eÐnai pragmatikìc
arijmìc: tr(|T |p) < ∞. K�je p-Schatten telest c eÐnai sumpag c. O q¸roc
Cp(H1, H2) efodi�zetai me thn nìrma: ‖T‖p = tr(|T |p)

1
p . O q¸roc C1(H1, H2)

kaleÐtai q¸roc twn trace class telest¸n kai o q¸roc C2(H1, H2) q¸roc twn
Hilbert Schmidt telest¸n. IsqÔoun ta akìlouja:

(i) ‖T‖ ≤ ‖T‖p gia k�je T ∈ Cp(H1, H2) kai gia k�je p ≥ 1 ìpou ‖ · ‖ h
operator nìrma ston B(H1, H2).

(ii) [R1(B(H1, H2))]
‖·‖p

= Cp(H1, H2) gia k�je p ≥ 1.

(iii) O q¸roc Cp(H1, H2) eÐnai B(H2), B(H1) prìtupo.
(iii) O q¸roc C2(H1, H2) eÐnai q¸roc QÐlmpert me eswterikì ginìmeno:

〈T, S〉 = tr(S∗T ).

(iv) tr(TS) = tr(ST ) gia k�je T ∈ B(H1, H2), S ∈ C1(H2, H1).

2.1.3 TopologÐec ston B(H1, H2)

'Estw H1, H2 q¸roi QÐlmpert kai (C1(H2, H1))
∗ o duikìc tou q¸rou Banach

C1(H2, H1). H apeikìnish:

φ : B(H1, H2) → (C1(H2, H1))
∗ : φ(T )(S) = tr(TS)

eÐnai isometrikìc isomorfismìc kai epomènwc o q¸roc B(H1, H2) efodi�ze-
tai me w∗−topologÐa [2]. Wc proc aut  thn topologÐa èna dÐktuo (Ti) ⊂
B(H1, H2) sugklÐnei ston T ∈ B(H1, H2) an

tr(TiS) → tr(TS) gia k�je S ∈ C2(H2, H1).

Apì to Je¸rhma Al�oglou [2] o topologikìc q¸roc (Ball(B(H1, H2)), w
∗)

eÐnai sumpag c. An de oi q¸roi QÐlmpert H1, H2 eÐnai diaqwrÐsimoi eÐnai
metrikopoi simoc [53].
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H isqur  topologÐa telest¸n (sot) ston B(H1, H2) eÐnai h topologÐa
pou ep�getai apì tic hminìrmec

B(H1, H2) → R+ : T → ‖T (x)‖, x ∈ H1.

Wc proc aut  thn topologÐa èna dÐktuo (Ti) ⊂ B(H1, H2) sugklÐnei ston
T ∈ B(H1, H2) an kai mìno an sugklÐnei kat� shmeÐo, dhlad 

‖Ti(x)− T (x)‖ → 0 gia k�je x ∈ H1.

H asjen c topologÐa telest¸n (wot) stonB(H1, H2) eÐnai h topologÐ-
a pou ep�getai apì tic hminìrmec

B(H1, H2) → R+ : T → | 〈T (x), y〉 |, x ∈ H1, y ∈ H2.

Wc proc aut  thn topologÐa èna dÐktuo (Ti) ⊂ B(H1, H2) sugklÐnei ston
T ∈ B(H1, H2) an kai mìno an

〈Ti(x), y〉 → 〈T (x), y〉 gia k�je x ∈ H1, y ∈ H2.

H wot topologÐa ston B(H1, H2) eÐnai asjenèsterh tìso thc sot ìso kai
thc w∗ topologÐac. 'Omwc sta norm fragmèna uposÔnola tou B(H1, H2) h
wot topologÐa sumpÐptei me thn w∗.

2.2 'Algebrec von Neumann

'Estw H q¸roc QÐlmpert. MÐa autosuzug c up�lgebra tou B(H) pou per-
ièqei ton tautotikì telest  kai eÐnai w∗−kleist  kaleÐtai �lgebra von
Neumann. To epìmeno polÔ spoudaÐo je¸rhma kaleÐtai Je¸rhma tou
deÔterou metajèth tou von Neumann.

Je¸rhma 2.2.1 [16] 'Estw A autosuzug c up�lgebra tou B(H) ¸ste o
q¸roc A(H) na eÐnai puknìc ston H. Tìte

A′′ = A−w∗ = A−wot = A−sot.

Ta epìmena dÔo jewr mata perigr�foun shmantikèc idiìthtec twn alge-
br¸n von Neumann kai ja mac eÐnai qr sima sthn sunèqeia.
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Je¸rhma 2.2.2 'Estw A �lgebra von Neumann. Tìte

A = [P(A)]‖·‖.

Je¸rhma 2.2.3 [19] K�je ∗−isomorfismìc metaxÔ algebr¸n von Neumann
eÐnai w∗−suneq c.

GenÐkeush twn algebr¸n von Neumann apoteloÔn oi W ∗−�lgebrec. MÐa
C∗−�lgebra pou eÐnai duikìc q¸rou Banach kaleÐtai W ∗−�lgebra . To
epìmeno Je¸rhma an kei ston Sakai [51].

Je¸rhma 2.2.4 Gia k�je W ∗−�lgebra A, up�rqei q¸roc QÐlmpert H kai
1− 1, w∗−amfisuneq c, ∗−morfismìc π : A → B(H).

MÐa abelian  �lgebra von Neumann, pou den perièqetai se �llh abelian 
ja kaleÐtai maximal abelian selfadjoint algebra (megistik  autosuzug c
abelian  �lgebra) en suntomÐa masa. 'Estw (X,µ) q¸roc σ-peperasmènou
mètrou. Gia k�je f ∈ L∞(X,µ) orÐzetai o legìmenoc pollaplasiastikìc
telest c Mf ∈ B(L2(X,µ)) wc ex c:

Mf (g) = fg gia k�je g ∈ L2(X,µ).

H �lgebra {Mf : f ∈ L∞(X,µ)} kaleÐtai pollaplasiastik  �lgebra eÐnai
masa kai eÐnai isometrik� ∗−isìmorfh me thn �lgebra L∞(X,µ). AntÐstrofa,
k�je masa pou dra se diaqwrÐsimo q¸ro QÐlmpert eÐnai monadiaÐa isodÔnamh
[30] me mÐa pollaplasiastik  �lgebra se q¸ro mètrou (X,µ) ìpou o X mporeÐ
na epilegeÐ ¸ste na eÐnai sumpag c metrikìc q¸roc kai to µ kanonikì mètro
Borel se autìn.

'Estw A abelian  �lgebra von Neumann kai P ∈ A probol . H P
lègetai elaqistik  an den up�rqei �llh probol  thc A pou na perièqetai
gn sia sthn P. An to supremum twn elaqistik¸n probol¸n thc A eÐnai o
tautotikìc telest c h A lègetai olik� atomik . An h A den perièqei e-
laqistikèc probolèc lègetai suneq c.

Je¸rhma 2.2.5 [30] 'Estw D masa pou dra se q¸ro QÐlmpert H. Tìte up-
�rqei probol  P ∈ D ¸ste h �lgebra D|P (H) = {D|P (H) : D ∈ D} na eÐnai
olik� atomik  kai h �lgebra D|P (H)⊥ = {D|P (H)⊥ : D ∈ D} na eÐnai suneq c.

Je¸rhma 2.2.6 [30] K�je ∗−isomorfismìc an�mesa se masas ep�getai apì
monadiaÐo telest , dhlad  epifèrei monadiaÐa isodunamÐa metaxÔ twn algebr¸n.
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2.3 SÔndesmoi kai anaklastikìthta

Orismìc 2.3.1 'EstwH q¸roc QÐlmpert kai {Pi : i ∈ I} oikogèneia probol¸n
tou H. Me ∨iPi sumbolÐzoume thn probol  epÐ tou q¸rou [∪iPi(H)]− kai me
∧iPi thn probol  epÐ tou q¸rou ∩iPi(H).

Orismìc 2.3.2 'Estw H q¸roc QÐlmpert. MÐa oikogèneia probol¸n L ⊂
P(B(H)) lègetai sÔndesmoc an perièqei ton mhdenikì kai tautotikì telest 
kai

P,Q ∈ L ⇒ P ∨Q, P ∧Q ∈ L.
En¸ ja lègetai pl rhc sÔndesmoc an perièqei ton mhdenikì kai tautotikì
telest  kai gia k�je oikogèneia

{Pi : i ∈ I} ⊂ L ⇒ ∨iPi ∈ L, ∧iPi ∈ L

'Enac sÔndesmoc pou eÐnai sot kleistìc eÐnai pl rhc sÔndesmoc. To an-
tÐstrofo den sumbaÐnei p�nta. Sthn ergasÐa aut  ja asqolhjoÔme me pl reic
sundèsmouc kai gia autì sthn sunèqeia ìtan lème sÔndesmo ja ennooÔme pl rh
sÔndesmo.

Orismìc 2.3.3 'Enac sÔndesmoc L gia ton opoÐo isqÔei
P ∈ L ⇒ P⊥ ∈ L

ja lègetai orjosÔndesmoc.

Orismìc 2.3.4 'Estw L1,L2 sÔndesmoi probol¸n.
(i) MÐa apeikìnish φ : L1 → L2 pou eÐnai 1−1, epÐ kai diathreÐ thn di�taxh,

dhlad  èqei thn idiìthta :
P ≤ Q⇒ φ(P ) ≤ φ(Q)

ja lègetai isomorfismìc sundèsmwn.
(ii) An L1,L2 eÐnai orjosÔndesmoi kai h φ ikanopoieÐ thn epÐ plèon sunj kh

φ(P⊥) = φ(P )⊥ ja lègetai orjo-isomorfismìc sundèsmwn.

EÐnai mÐa eÔkolh �skhsh na apodeiqjeÐ ìti an h apeikìnish φ : L1 → L2

eÐnai isomorfismìc sundèsmwn eÐnai sup kai inf suneq c. Dhlad  ikanopoieÐ
tic sqèseic

φ(∨iPi) = ∨iφ(Pi), φ(∧iPI) = ∧iφ(Pi)

gia k�je oikogèneia {Pi : I ∈ I} ⊂ L1.
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Orismìc 2.3.5 (Halmos[26]) 'Estw H q¸roc QÐlmpert kai X ⊂ B(H),
jètoume

Lat(X ) = {L ∈ P(B(H)) : L⊥XL = 0}.

'Estw L ⊂ P(B(H)), jètoume

Alg(L) = {A ∈ B(H) : L⊥AL = 0 gia k�je L ∈ L}.

EÔkola elègqetai ìti h oikogèneia Lat(X ) eÐnai sot-kleistìc sÔndesmoc
kai o q¸roc Alg(L) eÐnai wot kleist  �lgebra me mon�da.

Orismìc 2.3.6 (Halmos[26]) MÐa �lgebra A gia thn opoÐa isqÔei
Alg(Lat(A)) = A ja kaleÐtai anaklastik  �lgebra kai ènac sÔndesmoc
L gia ton opoÐo isqÔei Lat(Alg(L)) = L ja kaleÐtai anaklastikìc sÔn-
desmoc.

Orismìc 2.3.7 'Enac sÔndesmoc L tou opoÐou oi probolèc metatÐjentai lège-
tai metajetikìc sÔndesmoc probol¸n (CSL: commutative subspace
lattice). H de �lgebra Alg(L) lègetaiCSL �lgebra. Sthn eidik  perÐptwsh
pou to L eÐnai olik� diatetagmèno ja lègetai nest kai h �lgebra Alg(L) nest
�lgebra.

Je¸rhma 2.3.1 K�je CSL sÔndesmoc eÐnai anaklastikìc.

To prohgoÔmeno je¸rhma apodeÐqjhke pr¸ta apì ton Arveson [5] sthn
perÐptwsh twn diaqwrÐsimwn q¸rwn QÐlmpert kai argìtera o Davidson èdeixe
[17] ìti isqÔei se k�je q¸ro QÐlmpert.

Orismìc 2.3.8 'Estw S ènac CSL sÔndesmoc kai L ∈ S. SumbolÐzoume me
L[ thn probol  ∨{M ∈ S : M < L}. 'Otan L[ < L kaloÔme thn probol 
L − L[ ∈ S ′′ �tomo tou S. An o sÔndesmoc S den èqei �toma lème ìti eÐnai
suneq c. An ta �toma par�goun ìlo to q¸ro, dhlad  to supremum touc
eÐnai o tautotikìc telest c, lème ìti o sÔndesmoc S eÐnai olik� atomikìc.

2.4 AnaklastikoÐ upìqwroi

H ènnoia thc anaklastikìthtac upoq¸rwn telest¸n eis�getai gia pr¸th for�
apì touc Loginov kai Shulman [37], genikeÔontac ton orismì 2.3.6.
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'Estw H1, H2 q¸roi QÐlmpert kai U ⊂ B(H1, H2). H anaklastik  j kh
tou U eÐnai ex orismoÔ o q¸roc

Ref(U) = {T ∈ B(H1, H2) : T (x) ∈ [Ux] gia k�je x ∈ H1}.

EÔkola mporeÐ na deiqjeÐ ìti

Ref(U) ={T ∈ B(H1, H2) : gia k�je probol  E,F : EUF = 0 ⇒ ETF = 0}
={T ∈ B(H1, H2) : gia k�je telest  A,B : AUB = 0 ⇒ ATB = 0}.

Qr simh ja mac eÐnai h akìloujh prìtash:

Prìtash 2.4.1 [39] 'Estw H1, H2 q¸roi QÐlmpert, A1 ⊂ B(H1),A2 ⊂
B(H2) masas kai U èna A2,A1−prìtupo. Tìte

Ref(U) = {T ∈ B(H1, H2) : E ∈ P(A2), F ∈ P(A1), EUF = 0 ⇒ ETF = 0}.

'Enac upìqwroc U kaleÐtai anaklastikìc an U = Ref(U). An to U eÐnai
monadiaÐa �lgebra tìte eÐnai anaklastik  wc �lgebra, blèpe orismì 2.3.6,
an kai mìno an eÐnai anaklastikìc wc upìqwroc. 'Enac upìqwroc U kaleÐtai
isqur� anaklastikìc an U = Ref(R1(U)). 'Ena endiafèron prìblhma ed¸
eÐnai to ex c: Se poièc peript¸seic an o U eÐnai isqur� anaklastikìc, o q¸roc
[R1(U)] eÐnai puknìc ston U sthn w∗ h sthn wot topologÐa. Shmei¸noume ed¸
ta akìlouja sqetik� apotelèsmata.

Je¸rhma 2.4.2 [36] MÐa CSL �lgebra A eÐnai isqur� anaklastik  an kai
mìno an A = [R1(A)]−w

∗
.

Je¸rhma 2.4.3 [24] 'Ena anaklastikì prìtupo U p�nw se masas eÐnai isqur�
anaklastikì an kai mìno an U = [R1(U)]−wot.

AxÐzei na shmeiwjeÐ ed¸ ìti sto [24] parousi�zetai èna par�deigma isqur�
anaklastikoÔ masa protÔpou U ìpou h isìthta U = [R1(U)]−w

∗ den isqÔei.

2.4.1 JewrÐa apeikonÐsewn tou Erdos

Parousi�zoume t¸ra merikèc ènnoiec pou eis gage o Erdos [23].
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'Estw Pi = P(B(Hi)), i = 1, 2 kai U ⊂ B(H1, H2). OrÐzoume φ = Map(U)
thn apeikìnish φ : P1 → P2 pou stèlnei k�je probol  P ∈ P1 sthn probol 
epÐ tou upìqwrou [TPy : T ∈ U , y ∈ H1]

−. H apeikìnish φ eÐnai ∨−suneq c
(autì shmaÐnei ìti diathreÐ aujaÐreta suprema) kai diathreÐ to 0.

'Estw φ∗ = Map(U∗),S1,φ = {φ∗(P )⊥ : P ∈ P2},S2,φ = {φ(P ) : P ∈ P1}.
O Erdos èqei deÐxei ìti o mhdenikìc telest c an kei ston S1,φ, o tautotikìc
telest c an kei ston S2,φ, to infimum (antist. supremum) opoiasd pote
oikogèneiac probol¸n tou S1,φ (antist. tou S2,φ, ) an kei ston S1,φ (antist.
ston S2,φ) en¸ h apeikìnish φ|S1,φ

: S1,φ → S2,φ eÐnai 1-1 kai epÐ. EpÐshc isqÔei

(φ|S1,φ
)−1(Q) = φ∗(Q⊥)⊥ (2.4.1)

gia k�je Q ∈ S2,φ kai

Ref(U) = {T ∈ B(H1, H2) : φ(P )⊥TP = 0 gia k�je P ∈ S1,φ}.

KaloÔme tic oikogèneiec S1,φ,S2,φ hmisundèsmouc tou U .

Orismìc 2.4.1 'Estw U upìqwroc tou B(H1, H2) kai φ = Map(U). O U
kaleÐtai ousi¸dhc q¸roc an φ(IH1) = IH2 kai φ∗(IH2) = IH1 . IsodÔnama an
Ker(U) = 0 kai Ker(U∗) = 0.

Sundu�zontac ta Jewr mata 3.3, 4.4 kai to L mma 4.1 sto [23] paÐrnoume
to akìloujo apotèlesma, pou to apomon¸noume wc je¸rhma epeid  ja mac
eÐnai polÔ qr simo sthn sunèqeia.

Je¸rhma 2.4.4 'Estw S1,S2 CSL’s pou droun se q¸rouc QÐlmpert H1, H2

antÐstoiqa kai φ : S1 → S2 isomorfismìc sundèsmwn. OrÐzoume ton q¸ro

U = {T ∈ B(H1, H2) : φ(L)⊥TL = 0 gia k�je L ∈ S1}.

Tìte S1,Map(U) = S1, S2,Map(U) = S2 kai Map(U)|S1 = φ.

2.5 Sunjetikìthta

'Estw U anaklastikì masa prìtupo. Tìte up�rqei el�qisto w∗ kleistì masa
prìtupo pou perièqetai sto U kai tou opoÐou h anaklastik  j kh isoÔtai me
to U . SumbolÐzoume autì to masa prìtupo me Umin. An U = Umin kaloÔme to
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prìtupo U sunjetikì. K�je CSL �lgebra perièqei mÐa masa kai sunep¸c
eÐnai masa prìtupo. ApodeiknÔetai ìti an h A eÐnai CSL �lgebra tìte to
Amin eÐnai �lgebra pou perièqei thn diag¸nio ∆(A) = A ∩A∗.

Thn �lgebra Amin mporoÔme na thn doÔme kai apì diaforetik  optik 
gwnÐa. 'Estw

F = {B, w∗ − kleist  up�lgebra thc A : Lat(B) = Lat(A),∆(A) ⊂ B}.

ApodeiknÔetai ìti h oikogèneia F èqei el�qisto stoiqeÐo pou den eÐnai �llo
apì thn �lgebra Amin.

Anaklastik� prìtupa p�nw se nest �lgebrec h genikìtera prìtupa p�nw
se isqur� anaklastikèc CSL �lgebrec apodeiknÔetai ìti eÐnai sunjetik�. Ta
anaklastik� TRO’s (blèpe parak�tw) pou eÐnai kai masa prìtupa eÐnai epÐshc
sunjetik� [4]. O Arveson èdwse [5] to pr¸to par�deigma mh sunjetik c CSL
�lgebrac. Par�deigma anaklastikoÔ masa protÔpou pou den eÐnai sunjetikì
up�rqei sto [4].

Istorik�, h ènnoia thc sunjetikìthtac orÐsjhke apì ton Arveson [5] kai
aforoÔse tic CSL �lgebrec pou droÔn se diaqwrÐsimouc q¸rouc QÐlmpert.
Argìtera, [15], h ènnoia aut  genikeÔjhke sta masa prìtupa pou droun se
diaqwrÐsimouc q¸rouc QÐlmpert. En¸ prìsfata sto [52] h ènnoia thc sun-
jetikìthtac kai ta apotelèsmata pou perigr�yame sthn arq  apodeÐqjhke ìti
isqÔoun kai sthn perÐptwsh pou oi CSL �lgebrec kai genikìtera ta masa
prìtupa droun se mh diaqwrÐsimouc q¸rouc QÐlmpert.

2.6 TriadikoÐ daktÔlioi telest¸n (TRO’s)

'Estw H1, H2 q¸roi QÐlmpert. 'Enac upìqwroc M tou B(H1, H2) kaleÐtai
triadikìc daktÔlioc telest¸n (TRO) an

MM∗M⊂M.

Ta TRO’s eis qjhkan sto [28] kai apoteloÔn genÐkeush twn autosuzug¸n al-
gebr¸n telest¸n [27], [55]. 'Eqoun pollèc idiìthtec parìmoiec me tic
C∗−�lgebrec kai tic �lgebrec von Neumann . Prìsfata ta antikeÐmena aut�
èqoun melethjeÐ apì thn skopi� thc jewrÐac twn afhrhmènwn q¸rwn telest¸n
ìpou paÐzoun shmantikì rìlo [20], [34], [50]. Sto [32] ta TRO’s melet jhkan
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wc {kanonikopoihtèc} algebr¸n, autosuzug¸n kai mh autosuzug¸n.
Shmei¸noume k�poia shmantik� apotelèsmata apo to [32] pou ja qrhsimopoi-
hjoÔn sthn ergasÐa aut .

Je¸rhma 2.6.1 'Ena TRO eÐnai w∗ kleistì an kai mìno an eÐnai wot kleistì
an kai mìno an eÐnai anaklastikì.

Je¸rhma 2.6.2 'EstwM⊂ B(H1, H2) w
∗ kleistì TRO, ìpou H1, H2 q¸roi

QÐlmpert kai χ = Map(M). Tìte

M = {T ∈ B(H1, H2) : TP = χ(P )T gia k�je P ∈ S1,χ}.

Je¸rhma 2.6.3 K�je w∗ kleistì TRO isoÔtai me thn norm kleist  gram-
mik  j kh twn merik¸n isometri¸n pou perièqei.

2.7 Afhrhmènoi q¸roi kai afhrhmènec �lge-
brec telest¸n

H jewrÐa twn afhrhmènwn q¸rwn telest¸n, [10], [21], [43], [44] eÐnai polÔ
prìsfath. XekÐnhse ousiastik� me to Je¸rhma tou Ruan [48], (1988), kai
anaptÔqjhke peraitèrw me tic ergasÐec twn Effros, Ruan, Blecher, Paulsen
kai �llwn. H jewrÐa twn afhrhmènwn q¸rwn telest¸n enopoieÐ idèec kai
mejìdouc thc jewrÐac telest¸n me ekeÐnec thc jewrÐac twn q¸rwn Banach.
Afhrhmènoc q¸roc telest¸n eÐnai k�je q¸roc pou mporeÐ na emfuteujeÐ
{pl rwc isometrik�} ston B(H) gia k�poio q¸ro QÐlmpert H. K�je upì-
qwroc C∗−�lgebrac eÐnai afhrhmènoc q¸roc telest¸n kai epomènwc ìloi oi
q¸roi Banach, afou emfuteÔontai isometrik� se mÐa C∗−�lgebra [2], thn
�lgebra twn suneq¸n sunart sewn p�nw sthn monadiaÐa sfaÐra tou duikoÔ
efodiasmènh me thn w∗ topologÐa, mporoÔn na apokt soun dom  afhrhmènou
q¸rou telest¸n, thn legìmenh minimal [10], [21], [43], [44].

Sthn par�grafo aut  dÐnoume touc orismoÔc twn afhrhmènwn q¸rwn
telest¸n, twn afhrhmènwn algebr¸n telest¸n kai twn afhrhmènwn duik¸n
algebr¸n telest¸n. Parousi�zoume de, ta basik� jewr mata pou qrhsi-
mopoioÔme. An X eÐnai dianusmatikìc q¸roc, sumbolÐzoume me Mn(X ), n ∈ N
ton q¸ro:

Mn(X ) = {(xij)1≤i,j≤n : xij ∈ X}.
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Parat rhse ìti o q¸roc Mn(X ) eÐnai prìtupo p�nw sthn �lgebra Mn(C).
'Estw X ,Y dianusmatikoÐ q¸roi π : X → Y grammik  apeikìnish, sumbolÐ-
zoume me πn, n ∈ N thn apeikìnish apì ton q¸ro Mn(X ) ston q¸ro Mn(Y)
pou dÐnetai apì ton tÔpo πn((xij)i,j) = (π(xij))i,j.

Orismìc 2.7.1 'Estw X ,Y dianusmatikoÐ q¸roi, gia touc opoÐouc oi q¸roi
Mn(X ) kai Mn(Y) eÐnai q¸roi me nìrma gia k�je n ∈ N. MÐa grammik 
apeikìnish π : X → Y kaleÐtai pl rwc fragmènh an o telest c πn eÐ-
nai suneq c gia k�je n ∈ N kai isqÔei supn∈N‖πn‖ < ∞. SumbolÐzoume se
aut  thn perÐptwsh ‖π‖cb = supn∈N‖πn‖. H π kaleÐtai pl rhc sustol 
an ‖π‖cb ≤ 1 kai tèloc kaleÐtai pl rhc isometrÐa an o πn eÐnai isometrik 
emfÔteush gia k�je n ∈ N.

Sto ex c anH eÐnai q¸roc QÐlmpert, ja efodi�zoume ton q¸roMn(B(H)),
n ∈ N me thn operator nìrma pou ep�getai apì thn fusiologik  tou taÔtish
me upìqwro tou B(Hn), ìpou Hn eÐnai o q¸roc QÐlmpert pou prokÔptei apì
to eujÔ �jroisma n antigr�fwn tou H.

Orismìc 2.7.2 'Estw X dianusmatikìc q¸roc, gia ton opoÐo o q¸rocMn(X )
eÐnai q¸roc me nìrma gia k�je n ∈ N. O X kaleÐtai afhrhmènoc q¸roc
telest¸n an up�rqei q¸roc QÐlmpert H kai pl rhc isometrÐa π : X →
B(H).

Je¸rhma 2.7.1 (Je¸rhma tou Ruan [48]) 'Estw (X , (‖ ·‖n)n∈N) ìpou X
eÐnai dianusmatikìc q¸roc kai ‖ · ‖n nìrma ston Mn(X ) gia k�je n ∈ N. O X
eÐnai afhrhmènoc q¸roc telest¸n an kai mìno an ikanopoioÔntai ta akìlouja
axi¸mata:

(i) ‖αxβ‖n ≤ ‖α‖‖x‖n‖β‖ gia k�je α, β ∈ Mn(C), x ∈ Mn(X ) kai gia
k�je n ∈ N.

(ii)

∥∥∥∥[ x 0
0 y

]∥∥∥∥
m+n

= max{‖x‖m, ‖y‖n} gia k�je x ∈Mm(X ), y ∈Mn(Y)

kai gia k�je m,n ∈ N.

Parat rhsh 2.7.2 [10] An X eÐnai afhrhmènoc q¸roc telest¸n tìte kai o
duikìc tou q¸roc, o X ∗, eÐnai afhrhmènoc q¸roc telest¸n ìtan ton efodi�-
zoume me thn akoloujÐa twn norm¸n pou prokÔptoun apì thn fusiologik 
emfÔteush

θ : Mn(X ∗) → CB(X ,Mn(C)) : θ((x∗ij)ij)(x) = (x∗ij(x))ij
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ìpou x∗ij ∈ X ∗, x ∈ X gia k�je n ∈ N. O q¸roc CB(X ,Mn(C)) eÐnai o q¸roc
twn pl rwc fragmènwn telest¸n apì ton X ston Mn(C) me nìrma thn ‖ · ‖cb.

Orismìc 2.7.3 'EstwA �lgebra pou eÐnai epÐshc afhrhmènoc q¸roc telest¸n.
Onom�zoume thn A afhrhmènh �lgebra telest¸n an up�rqei q¸roc QÐlm-
pert H kai pl rwc isometrikìc algebrikìc morfismìc π : A → B(H).

To epìmeno je¸rhma pou an kei stouc Blecher, Ruan, Sinclair qarak-
thrÐzei tic afhrhmènec �lgebrec telest¸n.

Je¸rhma 2.7.3 (BRS theorem [12]). 'Estw A �lgebra pou eÐnai epÐshc
afhrhmènoc q¸roc telest¸n. H A eÐnai afhrhmènh �lgebra telest¸n an kai
mìno an h �lgebra Mn(A) eÐnai �lgebra Banach gia k�je n ∈ N, dhlad 
isqÔei h anisìthta∥∥∥∥∥∥

(
n∑
k=1

aikbkj

)
i,j

∥∥∥∥∥∥
Mn(A)

≤ ‖(aij)‖Mn(A)‖(bij)‖Mn(A)

gia k�je (aij), (bij) ∈Mn(A) kai gia k�je n ∈ N

K�je C∗−�lgebra A emfuteÔetai isometrik� kai isomorfik� se k�poion
B(H), H q¸roc QÐlmpert. Epomènwc gia k�je n ∈ N h �lgebra Mn(A)
lamb�nei nìrma jewroÔmenh wc up�lgebra tou B(Hn). H nìrma aut  eÐnai
h monadik  pou kajist� thn Mn(A) C∗−�lgebra. Me autìn ton trìpo oi
C∗−�lgebrec kajÐstantai afhrhmènec �lgebrec telest¸n sÔmfwna me ton
orismì pou d¸same prohgoumènwc.

Qr simo ja mac eÐnai to akìloujo je¸rhma:

Je¸rhma 2.7.4 [10] 'Estw A C∗−�lgebra, K q¸roc QÐlmpert kai π : A →
B(K) algebrikìc morfismìc. Ta akìlouja eÐnai isodÔnama:

(i) H π eÐnai sustol .
(ii) H π eÐnai pl rhc sustol .
(iii) H π eÐnai ∗−morfismìc.

An A eÐnai up�lgebra tou B(H), H q¸roc QÐlmpert, orÐzoume wc diag¸nio
thc, ∆(A), thn �lgebra A∩A∗. An A eÐnai afhrhmènh �lgebra telest¸n kai
π : A → B(H), H q¸roc QÐlmpert, ènac pl rwc isometrikìc algebrikìc
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morfismìc, orÐzoume wc diag¸nio thc thn �lgebra π−1(∆(π(A))) kai thn sum-
bolÐzoume me ∆(A). ApodeiknÔetai eÔkola [10] ìti h diag¸nioc thc A eÐnai
anex�rthth thc anapar�stashc π pou epilèxame. Prìsexe akìma ìti an K
eÐnai q¸roc QÐlmpert kai σ : A → B(K) apeikìnish pou eÐnai sustol  kai al-
gebrikìc morfismìc, apì to Je¸rhma 2.7.4 prokÔptei ìti h apeikìnish σ|∆(A)

eÐnai ∗−morfismìc.

Orismìc 2.7.4 'EstwA afhrhmènh �lgebra telest¸n pou eÐnai duikìc q¸rou
Banach. Onom�zoume thn A duik  afhrhmènh �lgebra telest¸n an up-
�rqei q¸roc QÐlmpert H kai w∗−suneq c, pl rwc isometrikìc algebrikìc
morfismìc π : A → B(H)

Parat rhse pwc apì to Je¸rhma 2.2.4 prokÔptei ìti oi W ∗−�lgebrec
eÐnai afhrhmènec duikèc �lgebrec telest¸n. O Sakai èqei deÐxei, [51], ìti oi
W ∗−�lgebrec èqoun monadikì produikì k�ti pou genik� den sumbaÐnei, [10],
stic afhrhmènec duikèc �lgebrec telest¸n.

To epìmeno je¸rhma pou an kei ston Le Merdy qarakthrÐzei tic afhrhmènec
duikèc �lgebrec telest¸n.

Je¸rhma 2.7.5 [41] H �lgebra A eÐnai afhrhmènh duik  �lgebra telest¸n
an kai mìno an eÐnai afhrhmènh �lgebra telest¸n pou eÐnai pl rwc isometrik�
isìmorfh me ton duikì enìc afhrhmènou q¸rou telest¸n.

2.8 To Je¸rhma Krein Smulian

Ja qrhsimopoi soume suqn� to je¸rhma Krein Smulian kai tic sunèpeièc tou
sto kef�laio 5. Apìdeixh tou up�rqei gia par�deigma sto [40].

Je¸rhma 2.8.1 (Krein Smulian theorem). (i) 'Estw E duikìc q¸roc
Banach kai F upìqwroc tou E . O F eÐnai w∗−kleistìc upìqwroc tou E an kai
mìno an to sÔnolo Ball(F) eÐnai w∗−kleistì ston E .

(ii) 'Estw E ,F duikoÐ q¸roi Banach kai T : E → F fragmènoc telest c.
O T eÐnai w∗−suneq c an kai mìno an gia k�je fragmèno dÐktuo (xλ) ⊂ E pou
sugklÐnei se x ∈ E sthn w∗ topologÐa, to dÐktuo (T (xλ)) sugklÐnei sto T (x)
sthn w∗ topologÐa.

Apì to prohgoÔmeno je¸rhma porÐzontai ta akìlouja:
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Pìrisma 2.8.2 'Estw E ,F duikoÐ q¸roi Banach kai T : E → F w∗−suneq c
isometrik  emfÔteush, tìte:

(i) O q¸roc T (E) eÐnai w∗−kleistìc.
(ii) H apeikìnish T−1 : T (E) → E eÐnai w∗−suneq c.

2.9 Tanustik� ginìmena

Sto kef�laio 5 prìkeitai na qrhsimopoi soume tanustik� ginìmena dianus-
matik¸n q¸rwn [3], gia autì krÐnoume skìpimo na anafèroume ti ennooÔme me
autìn ton ìro. Dedomènwn dÔo dianusmatik¸n q¸rwn X ,Y up�rqei dianus-
matikìc q¸roc Z kai digrammik  apeikìnish ⊗ : X × Y → Z pou ikanopoieÐ
thn akìloujh kajolik  sunj kh:

Gia k�je zeÔgoc (M, τ) apoteloÔmeno apì èna dianusmatikì q¸roM kai
mÐa digrammik  apeikìnish τ : X × Y → M up�rqei monos manta orismèn-
h grammik  apeikìnish ∼

τ : Z → M ¸ste to akìloujo di�gramma na eÐnai
metajetikì:

X × Y ⊗−→ Z
τ ↓ ↓ ∼τ
M idM−→ M.

O q¸roc Z eÐnai monadikìc, dhlad  k�je �lloc pou ikanopoieÐ thn prohgoÔ-
menh kajolik  sunj kh eÐnai grammik� isìmorfoc me autìn. SumbolÐzoume me
X⊗Y ton Z. K�je stoiqeÐo thc morf c ⊗(X, Y ) ja to apokaloÔme tanustikì
ginìmeno twn X,Y kai ja to sumbolÐzoume me X⊗Y. O q¸roc X ⊗Y isoÔtai
me thn grammik  j kh thc eikìnac thc apeikìnishc ⊗.

2.10 JewrÐa kathgori¸n

Sto kef�laio 5 qrhsimopoioÔme basikèc ènnoiec thc jewrÐac kathgori¸n, [38],
tic opoÐec ekjètoume gia thn plhrìthta thc ergasÐac mac.

Orismìc 2.10.1 MÐa kathgorÐa M apoteleÐtai apì mÐa kl�sh antikeimènwn
¸ste gia k�je diatetagmèno zeÔgoc (H,K) me H,K ∈ M up�rqei èna sÔnolo
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HomM(H,K) tou opoÐou ta stoiqeÐa kaloÔntai morfismoÐ apì to H sto K kai
gia k�je diatetagmènh tri�da (H,K,G) ∈ M me H,K,G ∈ M up�rqei mÐa
apeikìnish thn opoÐa apokaloÔme sÔnjesh

HomM(H,K)×HomM(K,G) → HomM(H,G) : (f, g) → fg

¸ste na ikanopoioÔntai oi epìmenec idiìthtec:
(i) H sÔnjesh twn morfism¸n eÐnai prosetairistik . Dhlad  anH,K,G,D ∈

M kai f ∈ HomM(H,K), g ∈ HomM(K,G), h ∈ HomM(G,D) tìte

(hg)f = h(gf) ∈ HomM(H,K).

(ii) Gia k�je H ∈ M up�rqei monadikì stoiqeÐo 1H ∈ HomM(H,H) ¸ste
f1H = f gia k�je f ∈ HomM(H,K) kai K ∈ M kai 1Hg = g gia k�je
g ∈ HomM(K,H) kai K ∈ M.

Orismìc 2.10.2 'Enac morfismìc f ∈ HomM(H,K) lègetai isomorfismìc
an up�rqei g ∈ HomM(K,H) ¸ste fg = 1K kai gf = 1H .

Orismìc 2.10.3 'Estw M1,M2 kathgorÐec. 'Enac sunartht c F : M1 →
M2 eÐnai ènac kanìnac pou:

(i) AntistoiqeÐ se k�je antikeÐmeno H ∈ M1 èna antikeÐmeno F(H) ∈ M2.

(ii) Gia k�je H1, H2 ∈ M1 orÐzei mÐa apeikìnish

HomM1(H1, H2) → HomM2(F(H1),F(H2)) : f → F(f)

¸ste F(gf) = F(g)F(f) ìtan orÐzetai h sÔnjesh gf kai F(1H) = 1F(H) gia
k�je H ∈ M1.

Orismìc 2.10.4 'Estw M1,M2 kathgorÐec kai F ,G : M1 → M2 sunarthtèc.
AutoÐ lègontai isodÔnamoi an gia k�je H ∈ M1 up�rqei isomorfismìc ξH ∈
HomM2(F(H),G(H)) ¸ste to akìloujo di�gramma

F(H)
ξH−→ G(H)

F(f) ↓ ↓ G(f)

F(K)
ξK−→ G(K)

na eÐnai metajetikì gia k�je H,K ∈ M1 kai gia k�je f ∈ HomM1(H,K). Se
aut  thn perÐptwsh gr�foume F ∼= G.
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Orismìc 2.10.5 'Estw M1,M2 kathgorÐec. Autèc onom�zontai isodÔnamec
an up�rqoun sunarthtèc F : M1 → M2 kai G : M2 → M1 ¸ste FG ∼=
IM2 ,GF ∼= IM1 ìpou IM1 , IM2 eÐnai tautotikoÐ sunarthtèc twn kathgori¸n
M1,M2 antÐstoiqa.

Ja qrhsimopoi soume to akìloujo je¸rhma pou qarakthrÐzei touc
sunarthtèc pou epifèroun isodunamÐa metaxÔ dÔo kathgori¸n. Gia thn apìdeix-
h tou dec to Je¸rhma 1, tou kefalaÐou IV-4 sto [38].

Je¸rhma 2.10.1 'Estw M1,M2 kathgorÐec kai F : M1 → M2 sunartht c.
Autìc epifèrei isodunamÐa metaxÔ twn kathgori¸n M1,M2 an kai mìno an
isqÔoun ta akìlouja:

(i) Gia k�je H,K ∈ M1 h apeikìnish

F : HomM1(H,K) → HomM2(F(H),F(K))

eÐnai 1− 1 kai epÐ.
(ii) Gia k�je G ∈ M2 up�rqei antikeÐmeno H ∈ M1 kai isomorfismìc pou

an kei sto sÔnolo HomM2(F(H), G).
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Kef�laio 3

Di�spash Anaklastik¸n

protÔpwn p�nw se Megistikèc

Abelianèc AutosuzugeÐc

'Algebrec

'Estw U upìqwroc tou B(H1, H2), H1, H2 q¸roi QÐlmpert, pou eÐnai
anaklastikì prìtupo p�nw se megistikèc abelianèc autosuzugeÐc �lgebrec
(masa prìtupo), φ = Map(U) kai S1,φ,S2,φ oi hmisÔndesmoi tou U . 'Opwc
shmei¸same sthn par�grafo 2.4.1 èqoume thn isìthta:

U = {T ∈ B(H1, H2) : TP = φ(P )TP gia k�je P ∈ S1,φ}.

H tri�da (S1,φ,S2,φ, φ) genikeÔei thn ènnoia tou sundèsmou twn analloÐwtwn
upìqwrwn twn CSL algebr¸n afoÔ sthn eidik  perÐptwsh pou to U eÐnai CSL
�lgebra isqÔei S1,φ = S2,φ = Lat(U) kai φ|Lat(U) = idLat(U).

Xekin¸ntac apì aut  thn idèa, se autì to kef�laio genikeÔoume thn ènnoia
thc diagwnÐou twn CSL algebr¸n. To antÐstoiqo antikeÐmeno pou apokaloÔme
diag¸nio tou U eÐnai o akìloujoc triadikìc daktÔlioc telest¸n:

∆(U) = {T ∈ B(H1, H2) : TP = φ(P )T gia k�je P ∈ S1,φ}.

AnA eÐnai CSL �lgebra apodeiknÔoume gia to rizikì thc Rad(A) (Pìrisma
3.4.3) thn akìloujh isìthta

Rad(A)−w
∗

= [LTL⊥ : T ∈ A, L ∈ Lat(A)]−w
∗
.
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Ac shmeiwjeÐ ed¸ h anoikt  mèqri s mera eikasÐa tou Hopenwasser ìti to
rizikì Rad(A) isoÔtai me ton q¸ro [LTL⊥ : T ∈ A, L ∈ Lat(A)]−‖·‖, (blèpe
sqetik� thn eisagwg ). To an�logo tou q¸rou Rad(A)−w

∗ gia to U eÐnai o
q¸roc:

U0 = [φ(L)TL⊥ : T ∈ U , L ∈ S1,φ]
−w∗ .

H melèth twn q¸rwn ∆(U),U0 eÐnai to kÔrio antikeÐmeno tou kefalaÐou autoÔ.
Sthn par�grafo 3.2 apodeiknÔoume (Je¸rhma 3.2.3) ìti o q¸roc U di-

asp�tai wc ex c:
U = U0 + ∆(U).

To prohgoÔmeno �jroisma mporeÐ na metatrapeÐ se eujÔ (Je¸rhma 3.2.5):

U = U0 ⊕M

ìpouM eÐnai èna TRO ide¸dec thc diagwnÐou ∆(U) pou perièqei touc pr¸thc
t�xhc telestèc thc (Prìtash 3.5.3). Shmei¸noume ìti an�logh di�spash gia
thn perÐptwsh twn nest upalgebr¸n algebr¸n von Neumann epitugq�netai
sto [35].

An A eÐnai CSL �lgebra tìte h diag¸nioc thc A∩A∗ isoÔtai me Lat(A)′.
GenikeÔoume autì to gegonìc sthn par�grafo 3.3 apodeiknÔontac (Je¸rhma
3.3.1) ìti up�rqei merik  isometrÐa V ∈ ∆(U) ¸ste:

∆(U) = [S ′2,φV S ′1,φ]−w
∗
.

AnM eÐnai èna w∗-kleistì TRO masa prìtupo tìte apodeiknÔoume (Je¸rhma
3.3.2) ìti up�rqei merik  isometrÐa U ∈M ¸ste:

M = [B2UB1]
−w∗

ìpou B1 = [M∗M]−w
∗ kai B2 = [MM∗]−w

∗
.

Me to Je¸rhma 3.3.3 prosdiorÐzoume touc hmisundèsmouc thc diagwnÐou
∆(U) kai me thn Prìtash 3.3.5 apodeiknÔoume to endiafèron gegonìc ìti
an E eÐnai h probol  epÐ tou q¸rou [∆(U)(H1)]

− kai F h probol  epÐ tou
q¸rou [∆(U)∗(H2)]

− (dhlad  oi probolèc sta {ousi¸dh komm�tia} twn q¸rwn
H1, H2) tìte oi oikogèneiec F · S1,φ, E · S2,φ eÐnai CSL’s kai h apeikìnish

F · S1,φ → E · S2,φ : FP → Eφ(P )

eÐnai isomorfismìc sundèsmwn.
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Sthn par�grafo 3.4 apodeiknÔoume ìti o q¸roc U0 eÐnai anaklastikìc.
Autì to apotèlesma eÐnai nèo akìma kai gia thn jewrÐa twn CSL algebr¸n.
Shmei¸noume ed¸ ìti an kai ta w∗-kleist� prìtupa p�nw se nest �lgebrec
eÐnai autom�twc anaklastik� [25], autì den eÐnai alhjèc gia ta w∗-kleist�
prìtupa p�nw se CSL �lgebrec [24].

Sthn par�grafo 3.5 genikeÔoume thn ènnoia twn atìmwn twn CSL sundèsmwn
sthn perÐptwsh twn hmisundèsmwn twn anaklastik¸n masa protÔpwn: 'Estw
P ∈ S1,φ. Upojètoume ìti ∨{φ(L) : L ∈ S1,φ, φ(L) < φ(P )} < φ(P ).
AfoÔ o hmisÔndesmoc S2,φ eÐnai pl rhc wc proc ta suprema, up�rqei monadik 
probol  P0 ∈ S1,φ ètsi ¸ste

φ(P0) = ∨{φ(L) : L ∈ S1,φ, φ(L) < φ(P )}.

KaloÔme thn probol  P − P0 �tomo tou U kai sumbolÐzoume thn probol 
φ(P )−φ(P0) me δ(P −P0). Upojètoume ìti χ = Map(∆(U)). ApodeiknÔoume
sto Je¸rhma 3.5.8 ìti

[R1(∆(U))]−w
∗

=
∞∑
n=1

⊕χ(I)δ(Fn)B(H1, H2)Fn

ìpou {Fn : n ∈ N} = {F : F �tomo tou U}.
SÔmfwna me to Je¸rhma 3.5.13 k�je sumpag c telest c K ∈ U diasp�tai

wc �jroismaK1+K2 ìpouK1 ∈ U0 kaiK2 = D(K) ìpou D h fusik  probol 
ston q¸ro [R1(∆(U))]−w

∗
. Ac shmeiwjeÐ ìti sthn eidik  perÐptwsh pou o K

eÐnai telest c peperasmènhc t�xhc èqoume rank(K2) ≤ rank(K).

Sthn par�grafo 3.6 diapragmateuìmaste thn kat�stash ìpou to U eÐ-
nai isqur� anaklastikì masa prìtupo. Se aut  thn perÐptwsh èqoume thn
akìloujh di�spash (Je¸rhma 3.6.4):

U = U0 ⊕ [R1(∆(U))]−w
∗
.

'Otan A eÐnai mÐa isqur� anaklastik  CSL �lgebra pou dra se q¸ro QÐlmpert
H h teleutaÐa di�spash èqei thn akìloujh morf :

A = Rad(A)−w
∗ ⊕

∞∑
n=1

⊕AnB(H)An

ìpou {An : n ∈ N} = {A : A �tomo tou Lat(A)}.
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To kÔrio {ergaleÐo} pou qrhsimopoioÔme gia na epitÔqoume aut� ta apotelès-
mata eÐnai mÐa kat�llhlh akoloujÐa probol¸n (Un) tou q¸rou B(H,K) pou
exart�tai apì to U . Aut  h akoloujÐa sumperifèretai an�loga proc to dÐk-
tuo twn {diag¸niwn ajroism�twn} sthn perÐptwsh twn nest algebr¸n (dec
gia par�deigma sto [15]). Sthn jewrÐa twn nest algebr¸n, to dÐktuo twn
diag¸niwn ajroism�twn enìc sumpag  telest  sugklÐnei sthn topologÐa thc
nìrmac se èna sumpag  telest  pou an kei sto {atomikì mèroc} thc diagwnÐou.
Autì èqei genikeujeÐ sthn perÐptwsh twn CSL algebr¸n apì ton KatsoÔlh
[33]. Ed¸ deÐqnoume (Prìtash 3.5.10) ìti gia k�je sumpag  telest  K, h
akoloujÐa (Un(K)) sugklÐnei sthn topologÐa thc nìrmac ston D(K).

An H1, H2 eÐnai q¸roi QÐlmpert, upenjumÐzoume ìti me C1(H1, H2) sum-
bolÐzoume touc trace class telestèc. An R eÐnai èna uposÔnolo tou q¸rou
C1(H1, H2), sumbolÐzoume me R0 ton akìloujo q¸ro:

R0 = {T ∈ B(H2, H1) : tr(TS) = 0 gia k�je S ∈ R}.

Upojètoume se autì to kef�laio ìti ìloi oi q¸roi QÐlmpert eÐnai diaqwrÐsimoi.
Shmei¸noume ìti ta apotelèsmata autoÔ tou kefalaÐou dhmosieÔjhkan sto
[22].

3.1 Di�spash anaklastikoÔ TRO

Se aut  thn par�grafo deÐqnoume ìti k�je anaklastikì TRO diasp�tai se
{atomikì} kai {mh atomikì} mèroc.

'Estw H1, H2 q¸roi QÐlmpert M ⊂ B(H1, H2) èna w∗ kleistì TRO kai
B1 = (M∗M)′′,B2 = (MM∗)′′.

Parat rhsh 3.1.1 Upojètoume ìti o q¸roc M0 eÐnai èna w∗ kleistì TRO
ide¸dec tou M dhlad , o M0 eÐnai ènac grammikìc upìqwroc tou M ¸ste

M0M∗M⊂M0, MM∗M0 ⊂M0.

Apì tic prohgoÔmenec sqèseic prokÔptei kai h sqèsh MM∗
0M ⊂ M0 [20].

T¸ra, parathroÔme ìti up�rqoun probolècQi sto kèntro thc �lgebrac Bi, i =
1, 2 ¸steM0 = MQ1 = Q2M. Apì autì sumperaÐnoume ìti o q¸rocM0 eÐnai
èna B2,B1-prìtupo.

32



Apìdeixh 'Estw J1 = [M∗
0M0]

−w∗ kai J2 = [M0M∗
0]
−w∗ . MporoÔme

eÔkola na epibebai¸soume ìti o q¸roc Ji eÐnai ide¸dec thc �lgebrac Bi, i =
1, 2. Epomènwc up�rqei probol  Qi sto kèntro thc �lgebrac Bi ¸ste Ji =
BiQi, i = 1, 2.

EÔkola elègqetai ìti

MB1 ⊂M, B2M⊂M,

MJ1 ⊂M0, J2M⊂M0.

ParathroÔme ìti MQ1 ⊂ MJ1 ⊂ M0. Gia k�je T ∈ M0, T
∗T ∈ J1,

epomènwc T ∗T = T ∗TQ1 kai ètsi T = TQ1. SumperaÐnoume ìti T ∈ MQ1.
'Eqoume loipìnM0 ⊂MQ1 kai �ra h isìthta isqÔei. Parìmoia deÐqnetai ìti
M0 = Q2M. 2

Epeid  o q¸roc [R1(M)]−w
∗ eÐnai èna isqur� anaklastikìc kai TRO, apì

thn Prìtash 3.5 sto [32] up�rqoun k�jetec an� dÔo orjog¸niec probolèc (Fn)
sto kèntro thc �lgebrac B1 kai (En) sto kèntro thc B2 ¸ste [R1(M)]−w

∗
=∑∞

n=1⊕EnB(H1, H2)Fn. OrÐzoume E = ∨nEn, F = ∨nFn.

Je¸rhma 3.1.2 O q¸roc M diasp�tai sto akìloujo eujÔ �jroisma

M = (M∩ (R1(M)∗)0)⊕ [R1(M)]−w
∗
.

Oi q¸roi M ∩ (R1(M)∗)0 kai [R1(M)]−w
∗ eÐnai TRO ide¸dh tou M. EpÐ

plèon
[R1(M)]−w

∗
= MF = EM = EMF

M∩ (R1(M)∗)0 = MF⊥ = E⊥M = E⊥MF⊥.

Apìdeixh ParathroÔme ìti o q¸roc [R1(M)]−w
∗ eÐnai èna TRO ide¸dec tou

M. Apì thn parat rhsh 3.1.1 up�rqei probol  Q sto kèntro thc �lgebrac
B1 ¸ste [R1(M)]−w

∗
= MQ.

Gia k�je m ∈ N, èqoume EmB(H1, H2)Fm ⊂MQ. 'Epetai ìti

EmB(H1, H2)Fm = EmB(H1, H2)FmQ,

kai sunep¸c Fm = FmQ. SumperaÐnoume ìti ∨mFm = F ≤ Q. Epeid  F ∈ B1

èqoume MF ⊂M kai sunep¸c MF = MFQ ⊂MQ. T¸ra èqoume

[R1(M)]−w
∗

= MQ ⊃MF ⊃ [R1(M)]−w
∗
F = [R1(M)]−w

∗
.

33



DeÐxame ìti [R1(M)]−w
∗

= MF.

An M ∈ M kai R ∈ R1(M), tìte R = RF kai sunep¸c tr(MF⊥R∗) =
tr(M(RF⊥)∗) = tr(M0) = 0. SumperaÐnoume ìti

MF⊥ ⊂M∩ (R1(M)∗)0.

T¸ra èqoume M = MF⊥ + MF ⊂ M ∩ (R1(M)∗)0 + [R1(M)]−w
∗ ⊂ M.

Sunep�getai ìti

M = (M∩ (R1(M)∗)0) + [R1(M)]−w
∗
.

Ja apodeÐxoume ìti autì to �jroisma eÐnai eujÔ. An T ∈ [R1(M)]−w
∗ ∩

(R1(M)∗)0 tìte T =
∑∞

n=1EnTFn.AnR eÐnai t�xhc 1 telest c tìte tr(TR) =∑∞
n=1 tr(EnTFnR) =

∑∞
n=1 tr(TFnREn).

All� gia ìla ta n ∈ N, tr(TFnREn) = tr(T (EnR
∗Fn)

∗) = 0 epeid 
EnR

∗Fn ∈ R1(M) kai T ∈ (R1(M)∗)0. Sunep¸c tr(TR) = 0 gia k�je t�xhc
1 telest  R, kai �ra T = 0. Autì deÐqnei ìti [R1(M)]−w

∗ ∩ (R1(M)⊥)∗ = 0.

'Eqoume deÐxei ìti M = (M∩ (R1(M)∗)0)⊕ [R1(M)]−w
∗
.

Epeid  M = MF⊥ ⊕ MF, [R1(M)]−w
∗

= MF kai MF⊥ ⊂ M ∩
(R1(M)∗)0 sumperaÐnoume ìti MF⊥ = M∩ (R1(M)∗)0.

Oi isìthtec E⊥M = M∩(R1(M)∗)0, EM = [R1(M)]−w
∗ apodeiknÔontai

parìmoia. 2

Prìtash 3.1.3 Upojètoume ìti θ : M→M eÐnai h probol  epÐ tou q¸rou
[R1(M)]−w

∗ pou orÐzetai apì thn di�spash sto Je¸rhma 3.1.2. Tìte θ(T ) =∑∞
n=1EnTFn gia k�je T ∈M.

Apìdeixh Epeid  o q¸roc M diasp�tai wc eujÔ �jroisma twn B2,B1-
protÔpwn M∩ (R1(M)∗)0 kai [R1(M)]−w

∗
, h apeikìnish θ eÐnai apeikìnish

B2,B1-protÔpwn:
θ(B2TB1) = B2θ(T )B1

gia k�je T ∈M, B1 ∈ B1, B2 ∈ B2. Epeid  (Fn) ⊂ B1, (En) ⊂ B2 èqoume ìti:

θ(T ) =
∞∑
n=1

Enθ(T )Fn =
∞∑
n=1

θ(EnTFn) =
∞∑
n=1

EnTFn.

2
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3.2 Di�spash anaklastikoÔ masa protÔpou

'Estw H1, H2 q¸roi QÐlmpert, Pi = P(B(Hi)), i = 1, 2, Di ⊂ B(Hi), i = 1, 2
masas, U ⊂ B(H1, H2) anaklastikì D2,D1-prìtupo. SumbolÐzoume

φ = Map(U), φ∗ = Map(U∗),
S2,φ = φ(P1), S1,φ = {P⊥ : P ∈ φ∗(P2)}
A2 = (S2,φ)

′, A1 = (S1,φ)
′.

Parat rhse ìti Si,φ ⊂ Di kai �ra Di ⊂ Ai, i = 1, 2. OrÐzoume touc q¸rouc

U0 = [φ(P )TP⊥ : T ∈ U , P ∈ S1,φ]
−w∗ ,

∆(U) = {T : TP = φ(P )T gia k�je P ∈ S1,φ}.

Shmei¸noume ìti oi q¸roi U0 kai ∆(U) eÐnaiD2,D1-prìtupa pou perièqontai
ston q¸ro U kai o q¸roc ∆(U) eÐnai anaklastikì TRO. KaloÔme ton ∆(U)
diag¸nio tou U .

Autì to antikeÐmeno, sthn perÐptwsh pou to masa prìtupo eÐnai CSL
�lgebra sumpÐptei me thn sun jh diag¸nio thc �lgebrac.

Par�deigma 3.2.1 StajeropoioÔme Borel metr simouc q¸rouc (X,µ), (Y, ν).
EÐnai gnwstì [4] ìti ènac upìqwroc U tou B(L2(X,µ), L2(Y, ν)) eÐnai prì-
tupo p�nw se nest �lgebrec pou perièqoun tic masas L∞(X,µ), L∞(Y, ν)
antÐstoiqa an kai mìno an up�rqoun Borel metr simec sunart seic f1 : X →
[0, 1], g1 : Y → [0, 1] ¸ste to U na èqei forèa me thn ènnoia twn Erdos,
Kat�bolou, Shulman [24], èna sÔnolo thc morf c

[f1 ≥ g1] = {(x, y) ∈ X × Y : f1(x) ≥ g1(y)}.

'Omwc den eÐnai al jeia ìti tìte h diag¸nioc tou fèretai apì to sÔnolo

[f1 = g1] = {(x, y) ∈ X × Y : f1(x) = g1(y)}.

Gia par�deigma p�re tic sunart seic

f1 : X → [0, 1], f1(x) = 1 ∀x ∈ X kai g1 : Y → [0, 1], g1(y) = 0 ∀y ∈ Y.

Tìte tì prìtupo U pou fèretai apì to sÔnolo [f1 ≥ g1] = X × Y eÐnai to
B(L2(X,µ), L2(Y, ν)). All� [f1 = g1] = ∅ kai ∆(U) = U .
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Parìla aut� gia k�je prìtupo U p�nw se nest �lgebrec mporoÔme na
broÔme Borel metr simec sunart seic f : X → [0, 1], g : Y → [0, 1] ¸ste
to U na èqei forèa to sÔnolo [f ≥ g] to U0 to sÔnolo [f > g] kai to
∆(U) to sÔnolo [f = g]. Sto Je¸rhma 3.2.4 kai sto Pìrisma 3.2.5 tou [4]
apodeiknÔetai ìti an φ = Map(U) up�rqoun Borel sÔnola {αn : n ∈ N}
tou X kai {βn : n ∈ N} tou Y ¸ste φ(E(αn)) = F (βn)∀n ∈ N ( E(αn)
h probol  ston q¸ro L2(αn, µ) kai F (βn) h probol  ston q¸ro L2(βn, ν))
¸ste oi probolèc {E(αn)} ({F (βn)}) na eÐnai w∗ puknèc ston S1,φ(S2,φ) kai
Borel metr simec sunart seic f : X → [0, 1], g : Y → [0, 1] ¸ste [f ≥ g] =
(∪n∈Nαn×βcn)c. 'Epetai t¸ra ìti to U fèretai apì to sÔnolo [f ≥ g]. EpÐshc
apì ta epiqeir mata pou anaptÔssontai sta 3.2.4, 3.2.5 tou [4] sun�getai ìti
[f > g] = ∪n∈Nα

c
n × βn kai sunep¸c to prìtupo pou fèretai apì to sÔnolo

[f > g] isoÔtai me ton q¸ro

[φ(E(αn))B(L2(X,µ), L2(Y, ν))E(αn)
⊥ : n ∈ N]−w

∗

(gia thn apìdeixh autoÔ parat rhse ìti o teleutaÐoc q¸roc eÐnai prìtupo
p�nw stic Ðdiec nest �lgebrec kai �ra eÐnai autom�twc anaklastikìc). EÐnai
fanerì ìti

[φ(E(αn))B(L2(X,µ), L2(Y, ν))E(αn)
⊥ : n ∈ N]−w

∗
= U0.

Parat rhse t¸ra ìti [f = g] = [f ≥ g]∩(∪n∈Nα
c
n×βn)c kai sunep¸c o q¸roc

pou fèretai apì to sÔnolo [f = g] isoÔtai me

U ∩ {T : F (βn)TE(αn)
⊥ = 0 ∀ n ∈ N} = ∆(U).

Par�deigma 3.2.2 Ston q¸ro QÐlmpert twn tetragwnik� ajroÐsimwn
akolouji¸n jewroÔme ton upìqwro U pou apoteleÐtai apì touc telestèc pou
ìtan gr�fontai san ∞ × ∞ pÐnakec mhdenÐzontai ektìc twn n pr¸twn di-
agwnÐwn. Autìc o q¸roc eÐnai anaklastikì prìtupo p�nw sthn masa twn
diag¸niwn pin�kwn. EÔkola mporeÐ na elegqjeÐ ìti h diag¸nioc ∆(U) eÐnai h
Ðdia h masa en¸ o q¸roc U0 eÐnai o upìqwroc tou U pou apoteleÐtai apì touc
pÐnakec pou mhdenÐzontai sthn pr¸th diag¸nio.

Je¸rhma 3.2.3 U = U0 + ∆(U).

Apìdeixh GnwrÐzoume (par�grafoc 2.4.1), ìti

U = {T ∈ B(H1, H2) : φ(P )⊥TP = 0 gia k�je P ∈ S1,φ}.
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Epeid  oi q¸roi H1, H2 eÐnai diaqwrÐsimoi mporoÔme na epilèxoume akoloujÐa
(Pn) ⊂ S1,φ ètsi ¸ste

U = {T ∈ B(H1, H2) : φ(Pn)
⊥TPn = 0 gia k�je n ∈ N}.

OrÐzoume

Vn : B(H1, H2) → B(H1, H2) : Vn(T ) = φ(Pn)TPn + φ(Pn)
⊥TP⊥n , n ∈ N.

EÔkola elègqetai ìti o telest c Vn eÐnai tautodÔnamoc kai norm sustol .
OrÐzoume epÐshc Un = Vn ◦ Vn−1 ◦ ... ◦ V1, n ∈ N. An T ∈ U , tìte

T = U1(T ) + φ(P1)TP
⊥
1

U1(T ) = U2(T ) + φ(P2)U1(T )P⊥2

kai epagwgik�
Un−1(T ) = Un(T ) + φ(Pn)Un−1(T )P⊥n

gia k�je n ∈ N. Prosjètontac tic prohgoÔmenec isìthtec èqoume

T = Un(T ) +Mn

ìpou

Mn = φ(P1)TP
⊥
1 + φ(P2)U1(T )P⊥2 + ...+ φ(Pn)Un−1(T )P⊥n ∈ U0

gia k�je n ∈ N.
H akoloujÐa (Un(T )) eÐnai fragmènh afoÔ ‖Un(T )‖ ≤ ‖Un−1(T )‖ ≤ ... ≤

‖T‖ gia k�je n ∈ N. Epomènwc up�rqei upakoloujÐa (Unm(T )) pou sugklÐnei
sthn w∗ topologÐa se telest  L. Tìte Mnm = T −Unm(T )

w∗→ T −L = M ∈
U0.

ParathroÔme ìti φ(Pi)
⊥Un(T )Pi = φ(Pi)Un(T )P⊥i = 0 gia i = 1, 2, ...n.

Sunep�getai ìti φ(Pi)
⊥LPi = φ(Pi)LP

⊥
i = 0 gia k�je i ∈ N. To sumpèrasma

eÐnai ìti L ∈ ∆(U) kai T = M + L ∈ U0 + ∆(U). 2

Parat rhsh 3.2.4 Ta parak�tw eÐnai isodÔnama:
(i) U eÐnai TRO.
(ii) U = ∆(U)

(iii) U0 = 0.
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Je¸rhma 3.2.5 Up�rqoun probolèc Qi ∈ Di, i = 1, 2 ètsi ¸ste:
U = U0⊕ (I −Q2)∆(U)(I −Q1) = U0⊕ (I −Q2)∆(U) = U0⊕∆(U)(I −Q1).

Apìdeixh K�noume tic akìloujec parathr seic:
(i) U∆(U)∗∆(U) ⊂ U , ∆(U)∆(U)∗U ⊂ U .

Apìdeixh: 'Estw T ∈ U ,M,N ∈ ∆(U). Gia k�je P ∈ S1,φ èqoume
φ(P )⊥TM∗NP = φ(P )⊥TM∗φ(P )N = φ(P )⊥TPM∗N = 0M∗N = 0.

Sunep¸c TM∗N ∈ U . Parìmoia èqoume MN∗T ∈ U .
(ii) U0∆(U)∗∆(U) ⊂ U0, ∆(U)∆(U)∗U0 ⊂ U0.

Apìdeixh: 'Estw T ∈ U ,M,N ∈ ∆(U). Gia k�je P ∈ S1,φ èqoume
φ(P )TP⊥M∗N = φ(P )TM∗φ(P )⊥N = φ(P )TM∗NP⊥.

Epomènwc apì thn sqèsh (i) prokÔptei ìti TM∗N ∈ U kai ètsi o telest c
φ(P )TP⊥M∗N an kei ston q¸ro U0. PaÐrnontac w∗ kleist  grammik  j kh
èqoume SM∗N ∈ U0 gia k�je S ∈ U0,M,N ∈ ∆(U). Parìmoia apodeiknÔetai
ìti ∆(U)∆(U)∗U0 ⊂ U0.

(iii) O q¸roc U0 ∩∆(U) eÐnai èna TRO ide¸dec tou ∆(U).
Apìdeixh: AfoÔ o q¸roc ∆(U) eÐnai TRO tìte (U0 ∩ ∆(U))∆(U)∗∆(U) ⊂
∆(U). Apì thn parat rhsh (ii) èqoume ìti (U0 ∩ ∆(U))∆(U)∗∆(U) ⊂ U0.
Sunep�getai ìti (U0 ∩∆(U))∆(U)∗∆(U) ⊂ U0 ∩∆(U).
An�loga èqoume ìti ∆(U)∆(U)∗(U0∩∆(U)) ⊂ U0∩∆(U). SumperaÐnoume ìti
o q¸roc U0∩∆(U) eÐnai TRO ide¸dec tou ∆(U). Sunep¸c up�rqoun probolèc
Qi ∈ Di, i = 1, 2, ètsi ¸ste U0 ∩ ∆(U) = ∆(U)Q1 = Q2∆(U) (Parat rhsh
3.1.1).

Apì to Je¸rhma 3.2.3 prokÔptei ìti
U = U0 + ∆(U) = U0 + ∆(U)Q1 + ∆(U)(I −Q1) = U0 + ∆(U)(I −Q1).

Parat rhse ìti U0 ∩ ∆(U)(I − Q1) = 0. Parìmoia mporeÐ na deiqjeÐ ìti
U = U0⊕ (I −Q2)∆(U) kai sunep¸c U = U0⊕ (I −Q2)∆(U)(I −Q1). 2

Parat rhsh 3.2.6 H probol  θ : U → U epÐ tou q¸rou (I −Q2)∆(U)(I −
Q1) pou orÐzetai apì thn di�spash tou Jewr matoc 3.2.5 eÐnai sustol .

Pr�gmati, an T ∈ U ìpwc sto Je¸rhma 3.2.3 èqoume T = M + S ìpou
M ∈ ∆(U), S ∈ U0 kai ‖M‖ ≤ ‖T‖ (dec thn apìdeixh). Epeid  θ(T ) =
(I −Q2)M(I −Q1), èqoume ‖θ(T )‖ ≤ ‖T‖.
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'Estw Ni = Alg(Si,φ) = {T : P⊥TP = 0 gia k�je P ∈ Si,φ}, i = 1, 2, kai
Li = [PTP⊥ : T ∈ Ni, P ∈ Si,φ]−w

∗
, i = 1, 2.

L mma 3.2.7 (i) A2∆(U)A1 ⊂ ∆(U).

(ii) ∆(U)∗A2∆(U) ⊂ A1,∆(U)A1∆(U)∗ ⊂ A2.

(iii) U = N2UN1.

(iv) U0 = N2U0N1.

(v) UL1 ⊂ U0, L2U ⊂ U0.

(vi) ∆(U)∗U ⊂ N1, U∆(U)∗ ⊂ N2.

(vii) ∆(U)∗U0 ⊂ L1, U0∆(U)∗ ⊂ L2.

Apìdeixh Oi isqurismoÐ (i), (ii) eÐnai profaneÐc kai to (iii) eÐnai to L mma
1.1 sto [32].

(iv) An N1 ∈ N1, N2 ∈ N2, T ∈ U kai P ∈ S1,φ tìte

N2φ(P )TP⊥N1 = φ(P )N2φ(P )TP⊥N1P
⊥ ∈ U0

epeid  N2φ(P )TP⊥N1 ∈ U apì to (iii).
PaÐrnontac w∗ kleist  grammik  j kh èqoume N2U0N1 ⊂ U0.

(v) An N1 ∈ N1, T ∈ U kai P ∈ S1,φ tìte

TPN1P
⊥ = φ(P )TPN1P

⊥ ∈ U0

epeid  TPN1 ∈ UN1 ⊂ U . PaÐrnontac w∗ kleist  grammik  j kh èqoume
TK ∈ U0 gia k�je K ∈ L1. Summetrik� apodeiknÔetai kai h deÔterh sumperÐl-
hyh.

(vi) An M ∈ ∆(U), T ∈ U , P ∈ S1,φ èqoume PM∗TP = M∗φ(P )TP =
M∗TP kai sunep¸c M∗T ∈ N1. Parìmoia deÐqnetai ìti TM∗ ∈ N2.

(vii) AnM ∈ ∆(U), T ∈ U , P ∈ S1,φ èqoumeM∗φ(P )TP⊥ = PM∗TP⊥ ∈
L1 epeid  M∗T ∈ ∆(U)∗U ⊂ N1. PaÐrnontac thn w∗ kleist  grammik  j kh
èqoumeM∗S ∈ L1 gia k�je S ∈ U0. Parìmoia mporeÐ na deiqjeÐ ìti U0∆(U)∗ ⊂
L2. 2

Prìtash 3.2.8 Ta parak�tw eÐnai isodÔnama:
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(i) U = U0.

(ii) ∆(U)∗∆(U) ⊂ L1 ∩ A1.

(iii) ∆(U)∆(U)∗ ⊂ L2 ∩ A2.

Apìdeixh An U = U0 tìte ∆(U) ⊂ U0 kai sunep¸c ∆(U)∗∆(U) ⊂ ∆(U)∗U0 ⊂
L1 apì to prohgoÔmeno l mma. Epeid  ∆(U)∗∆(U) ⊂ A1 paÐrnoume

∆(U)∗∆(U) ⊂ L1 ∩ A1.

An antÐstrofa ∆(U)∗∆(U) ⊂ L1∩A1, tìte ∆(U)∗∆(U)(I−Q1) ⊂ L1∩A1,
kai sunep¸c apì to prohgoÔmeno l mma ∆(U)∆(U)∗∆(U)(I −Q1) ⊂ UL1 ⊂
U0 (Q1 eÐnai h probol  sto Je¸rhma 3.2.5).

Epeid  o q¸roc U0 ∩∆(U) eÐnai TRO ide¸dec tou ∆(U) (Je¸rhma 3.2.5)
èqoume ìti

∆(U)∆(U)∗∆(U)Q1 = ∆(U)∆(U)∗(∆(U) ∩ U0) ⊂ ∆(U) ∩ U0 ⊂ U0.

SumperaÐnoume ìti ∆(U)∆(U)∗∆(U) ⊂ U0. Epeid  o q¸roc ∆(U) eÐnai TRO,
o upìqwroc ∆(U)∆(U)∗∆(U) eÐnai norm puknìc se autìn [20]. Sunep�getai
ìti ∆(U) ⊂ U0 kai �ra U = U0.

H isodunamÐa (i) ⇔ (iii) apodeiknÔetai parìmoia. 2

Prìtash 3.2.9 Ta parak�tw eÐnai isodÔnama:
(i) U = U0 ⊕∆(U).

(ii) ∆(U) (L1 ∩ A1) = 0.

(iii) (L2 ∩ A2) ∆(U) = 0.

Apìdeixh Parat rhse apì to L mma 3.2.7 ìti ∆(U)(L1 ∩A1) ⊂ ∆(U)A1 ⊂
∆(U) kai ∆(U)(L1 ∩ A1) ⊂ UL1 ⊂ U0. Epomènwc an to �jroisma U =
U0 + ∆(U) eÐnai eujÔ tìte ∆(U) (L1 ∩ A1) = 0.

Upojètoume antÐstrofa ìti ∆(U)(L1 ∩ A1) = 0. Qrhsimopoi¸ntac xan�
to L mma 3.2.7 èqoume ìti (U0 ∩∆(U))∗(U0 ∩∆(U)) ⊂ ∆(U)∗∆(U) ⊂ A1 kai
(U0∩∆(U))∗(U0∩∆(U)) ⊂ ∆(U)∗U0 ⊂ L1 sunep¸c (U0∩∆(U))∗(U0∩∆(U)) ⊂
L1 ∩ A1 apì to opoÐo prokÔptei (U0 ∩ ∆(U))(U0 ∩ ∆(U))∗(U0 ∩ ∆(U)) ⊂
∆(U)(L1 ∩A1) = 0. All� afoÔ o q¸roc U0 ∩∆(U) eÐnai èna TRO (Je¸rhma
3.2.5), o upìqwroc tou (U0∩∆(U))(U0∩∆(U))∗(U0∩∆(U)) eÐnai norm puknìc
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se autìn [20]. Epomènwc èqoume U0 ∩∆(U) = 0. Autì deÐqnei ìti ta (i) kai
(ii) eÐnai isodÔnama.

H apìdeixh thc isodunamÐac (i) kai (iii) eÐnai an�logh. 2

3.3 H Diag¸nioc

'Estw U ,U0,∆(U), φ ìpwc orÐsjhkan sthn par�grafo 3.2 kai χ = Map(∆(U)).

Je¸rhma 3.3.1 Up�rqei merik  isometrÐa V ∈ ∆(U) ètsi ¸ste

∆(U) = [A2VA1]
−w∗

(JumÐzoume ìti Ai = (Si,φ)′).

Apìdeixh An T ∈ ∆(U) kai T = U |T | h polik  anapar�stash tou telestoÔ
T, tìte U ∈ ∆(U) kai |T | ∈ A1 (Prìtash 2.6 sto [32]).

Apì to l mma tou Zorn up�rqei megistik  oikogèneia apì merikèc isometrÐec
(Vn) ⊂ ∆(U) ¸ste: V ∗

n Vn⊥V ∗
mVm, VnV

∗
n⊥VmV ∗

m gia k�je n 6= m. H merik 
isometrÐa V =

∑∞
n=1 Vn an kei ston q¸ro ∆(U).

Arqik� deÐqnoume ìti

∆(U) = {T ∈ B(H1, H2) : E ∈ P(A′
1), F ∈ P(A′

2), FV E = 0 ⇒ FTE = 0}
(3.3.1)

'Estw T telest c me thn idiìthta an FV E = 0 gia E ∈ P(A′
1) kai F ∈

P(A′
2), tìte FTE = 0. AfoÔ φ(P )⊥V P = φ(P )V P⊥ = 0 gia k�je P ∈ S1,φ

kai Si,φ ⊂ A′
i, i = 1, 2 èqoume φ(P )⊥TP = φ(P )TP⊥ = 0 gia k�je P ∈ S1,φ

kai �ra T ∈ ∆(U).

Gia thn antÐstrofh kateÔjunsh èstw T ∈ ∆(U) kai T = U |T | h polik 
anapar�stash tou T. An oi probolèc E ∈ P(A′

1), F ∈ P(A′
2) ikanopoioÔn

thn sqèsh FV E = 0, afoÔ |T | ∈ A1, èqoume FTE = FU |T |E = FUE|T |.
Epomènwc arkeÐ na deÐxoume ìti FUE = 0.

ParathroÔme ìti:

V ∗V (FUE)∗FUE = (V ∗V )EU∗FUE = E(V ∗V )U∗FUE (V ∗V ∈ A1)

= EV ∗(V U∗)FUE = EV ∗F (V U∗)UE (V U∗ ∈ A2)

= 0V U∗UE = 0
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kai �ra
(FUE)∗FUE ≤ I − V ∗V. (3.3.2)

Parìmoia mporoÔme na deÐxoume ìti

FUE(FUE)∗ ≤ I − V V ∗. (3.3.3)

Epeid  o telest c FUE eÐnai merik  isometrÐa pou an kei ston q¸ro ∆(U),
apì thn megistikìthta pou par�qjhke o V kai apì tic sqèseic (3.3.2),(3.3.3)
sunep�getai ìti FUE = 0. Epomènwc h (3.3.1) isqÔei.

'EstwM = [A2VA1]
−w∗ . ParathroÔme ìti o q¸rocM eÐnai èna TRO pou

perièqetai ston ∆(U). Epeid  o q¸rocM eÐnai w∗ kleistìc eÐnai anaklastikìc.
An ζ = Map(M), kai P probol 

ζ(P ) = [A2V A1Py : Ai ∈ Ai, i = 1, 2, y ∈ H1]
−.

Sunep¸c ζ(P ) ∈ A′
2 gia k�je probol  P kai �ra S2,ζ ⊂ A′

2. Parìmoia an
ζ∗ = Map(M∗) tìte S2,ζ∗ ⊂ A′

1. All� S1,ζ = {P⊥ : P ∈ S2,ζ∗} kai epomènwc
èqoume ìti S1,ζ ⊂ A′

1. T¸ra afoÔ V ∈ M sumperaÐnoume ìti ζ(P )⊥V P = 0
gia k�je P ∈ S1,ζ . Apì thn sqèsh (3.3.1) èqoume ζ(P )⊥∆(U)P = 0 gia
k�je P ∈ S1,ζ kai epomènwc afoÔ o q¸roc M eÐnai anaklastikìc ∆(U) ⊂
M. 2

Apì to prohgoÔmeno je¸rhma prokÔptei ìti an o q¸roc M eÐnai w∗ k-
leistìc, TRO masa prìtupo kai ζ = Map(M) tìte up�rqei mÐa merik  i-
sometrÐa V ∈ M ètsi ¸ste M = [(S2,ζ)

′V (S1,ζ)
′]−w

∗
. Ja apodeÐxoume ìmwc

to akìloujo isqurìtero apotèlesma:

Je¸rhma 3.3.2 'EstwM èna w∗ kleistì TRO masa prìtupo kai oi �lgebrec
B1 = [M∗M]−w

∗
,B2 = [MM∗]−w

∗
. Up�rqei merik  isometrÐa V ¸ste M =

[B2V B1]
−w∗ .

Apìdeixh 'Estw Di ⊂ B(Hi), i = 1, 2 masas ètsi ¸ste D2MD1 ⊂ M kai
ζ = Map(M). Ja apodeÐxoume ìti B′2MB′1 ⊂M.
Sto [32], Je¸rhma 2.10 deÐqnetai ìti

B′2 = (MM∗)′ ⊂ D2|ζ(I) ⊕B(ζ(I)⊥(H2))

kai
B′1 = (M∗M)′ ⊂ D1|ζ∗(I) ⊕B(ζ∗(I)⊥(H1)).
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Sunep¸c arkeÐ na deÐxoume ìti

(D2|ζ(I) ⊕B(ζ(I)⊥(H2))) M (D1|ζ∗(I) ⊕B(ζ∗(I)⊥(H1))) ⊂M.

Autì ìmwc eÐnai alhjèc epeid 

D2MD1 ⊂M, ζ(I) ∈ D2, ζ
∗(I) ∈ D1 kai M = ζ(I)Mζ∗(I).

T¸ra ja akolouj soume thn apìdeixh tou prohgoÔmenou jewr matoc:
Apì to l mma tou Zorn up�rqei megistik  oikogèneia apì merikèc isometrÐec
(Vn) ⊂ M ètsi ¸ste: V ∗

n Vn⊥V ∗
mVm, VnV

∗
n⊥VmV ∗

m gia n 6= m. H merik  i-
sometrÐa V =

∑∞
n=1 Vn, an kei ston q¸ro M. Ja deÐxoume ìti

M⊂ {T ∈ B(H1, H2) : E ∈ P(B′1), F ∈ P(B′2), FV E = 0 ⇒ FTE = 0}
(3.3.4)

'Estw T ∈ M kai T = U |T | h polik  anapar�stash tou telest  T. Apì
thn Prìtash 2.6 sto [32] prokÔptei ìti |T | ∈ (M∗M)′′ kai U ∈M.
An E ∈ P(B′1), F ∈ P(B′2) eÐnai probolèc ètsi ¸ste FV E = 0, afoÔ |T | ∈
(M∗M)′′ kai E ∈ B′1 = (M∗M)′, èqoume FTE = FU |T |E = FUE|T |.
Epomènwc arkeÐ na deÐxoume ìti FUE = 0.

'Opwc sthn apìdeixh tou prohgoÔmenou jewr matoc èqoume ìti

V ∗V⊥(FUE)∗(FUE) kai V V ∗⊥(FUE)(FUE)∗.

All� FUE ∈ B′2MB′1 ⊂ M, kai ètsi apì thn megistikìthta pou par�qjhke
o telest c V èqoume FUE = 0.

'Estw W = [B2V B1]
−w∗ . ParathroÔme ìti W ⊂ M. Gia to antÐstrofo,

akoloujoÔme thn apìdeixh tou prohgoÔmenou jewr matoc kai qrhsimopoioÔme
thn sqèsh (3.3.4). 2

MÐa enallaktik , thc prohgoÔmenhc kai arqik c apìdeixhc, mac koinopoÐhse
o I. Todorov, basismènh sthn ergasÐa tou [54].

Je¸rhma 3.3.3 Oi hmisÔndesmoi tou q¸rou ∆(U) eÐnai oi akìloujoi:

S1,χ = χ∗(I)⊥ ⊕ χ∗(I)P((S1,φ)
′′)

S2,χ = χ(I)P((S2,φ)
′′).

H apeikìnish χ : S1,χ −→ S2,χ ikanopoieÐ thn sqèsh

χ(χ∗(I)⊥ ⊕ χ∗(I)Q) = χ(I)φ(Q) gia k�je Q ∈ S1,φ. (3.3.5)
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Apìdeixh Sto je¸rhma 3.3.1 deÐxame ìti up�rqei merik  isometrÐa V tou
q¸rou ∆(U) ¸ste ∆(U) = [(S2,φ)

′V (S1,φ)
′]−w

∗ . Epomènwc an P ∈ S1,χ tìte
χ(P ) eÐnai h probol  epÐ tou q¸rou [(S2,φ)

′V (S1,φ)
′P (H1)]

−. SumperaÐnoume
ìti χ(P ) ∈ (S2,φ)

′′. Apì autì prokÔptei ìti S2,χ ⊂ (S2,φ)
′′.

An H eÐnai q¸roc QÐlmpert, B èna uposÔnolo tou B(H) kai Q probol 
thc �lgebrac B′ to sÔnolo {T |Q(H) : T ∈ B} ja to sumbolÐzoume me B|Q.

'Eqoume deÐxei ìti (S2,χ)
′′|χ(I) ⊂ (S2,φ)

′′|χ(I).

'Estw P ∈ S1,φ. Epeid  ∆(U)P = φ(P )∆(U) sunep�getai ìti χ(P ) =
φ(P )χ(I). 'Ara χ(I)S2,φ ⊂ S2,χ kai sunep¸c, (S2,φ)

′′|χ(I) ⊂ (S2,χ)
′′|χ(I). DeÐx-

ame ìti
(S2,φ)

′′|χ(I) = (S2,χ)
′′|χ(I).

AfoÔ o q¸roc ∆(U) eÐnai TRO, apì to je¸rhma 2.10 sto [32] (dec thn
apìdeixh) èqoume ìti

S2,χ|χ(I) = P((S2,χ)
′′|χ(I)).

To sumpèrasma eÐnai ìti
S2,χ = χ(I)P((S2,φ)

′′).

Epanalamb�nontac ta Ðdia epiqeir mata gia ton q¸ro ∆(U)∗ = ∆(U∗),

S2,χ∗ = χ∗(I)P((S2,φ∗)
′′).

Afou S1,φ = {Q⊥ : Q ∈ S2,φ∗} (blèpe thn par�grafo 2.4.1) èqoume ìti
S2,χ∗ = χ∗(I)P((S1,φ)

′′).

'Omwc
S1,χ = {Q⊥ : Q ∈ S2,χ∗} = {(χ∗(I)Q)⊥ : Q ∈ P((S1,φ)

′′)}
= {χ∗(I)⊥ ⊕ χ∗(I)Q : Q ∈ P((S1,φ)

′′)}.

An Q ∈ S1,φ tìte

χ(χ∗(I)⊥ ⊕ χ∗(I)Q) = χ(χ∗(I)Q) (χ(χ∗(I)⊥) = 0)

= χ(Q) (∆(U)χ∗(I) = ∆(U))

= φ(Q)χ(I). (∆(U)Q = φ(Q)∆(U))

2
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Parat rhsh 3.3.4 O mikrìteroc orjosÔndesmoc pou perièqei thn metajetik 
oikogèneia χ(I)S2,φ eÐnai eÔkolo na doÔme ìti eÐnai o χ(I)P((S2,φ)

′′), pou isoÔ-
tai me S2,χ. Parìmoia h oikogèneia χ∗(I)⊥ ⊕ χ∗(I)S1,φ par�gei ton pl rh or-
josÔndesmo S1,χ. Epomènwc afoÔ h apeikìnish χ|S1,χ eÐnai orjoisomorfismìc
sundèsmwn (Je¸rhma 2.10 sto [32]) h isìthta (3.3.5) kajorÐzei thn apeikìnish
χ.

Prìtash 3.3.5 Oi oikogèneiec χ∗(I)S1,φ kai χ(I)S2,φ eÐnai pl reic sÔndesmoi
kai h apeikìnish

ϑ : χ∗(I)S1,φ → χ(I)S2,φ : ϑ(χ∗(I)P ) = χ(I)φ(P )

eÐnai isomorfismìc sundèsmwn.

Apìdeixh QrhsimopoioÔme to Je¸rhma 3.3.3 kai to gegonìc [32] ìti h
apeikìnish χ|S1,χ eÐnai orjoisomorfismìc sundèsmwn.

'Estw (Pi)i∈I ⊂ S1,φ. Isqurizìmaste ìti
∧i∈Iχ(I)φ(Pi) = χ(I)φ(∧i∈IPi). (3.3.6)

Pr�gmati, apì thn (3.3.5),
∧i∈Iχ(I)φ(Pi) = ∧i∈I χ(χ∗(I)⊥ ⊕ χ∗(I)Pi)

=χ(∧i∈I(χ∗(I)⊥ ⊕ χ∗(I)Pi)) = χ(χ∗(I)⊥ ⊕ χ∗(I)(∧i∈IPi)).

AfoÔ ∧i∈IPi ∈ S1,φ qrhsimopoi¸ntac xan� thn (3.3.5) paÐrnoume ìti χ(χ∗(I)⊥⊕
χ∗(I)(∧i∈IPi)) = χ(I)φ(∧i∈IPi).

Apì thn (2.4.1), up�rqei oikogèneia (Qi)i∈I ⊂ S1,φ∗ ètsi ¸ste φ∗(Qi)
⊥ =

Pi gia k�je i ∈ I. Ja deÐxoume ìti
∨i∈Iχ∗(I)Pi = χ∗(I)(φ∗(∧i∈IQi))

⊥. (3.3.7)
AfoÔ ∆(U∗) = ∆(U)∗ èqoume ìti χ∗ = Map(∆(U∗)) kai �ra paÐrnontac thn
exÐswsh (3.3.6) gia thn χ∗ èqoume ìti

∧i∈Iχ∗(I)φ∗(Qi) =χ∗(I)φ∗(∧i∈IQi) ⇒
∨i∈I(χ∗(I)φ∗(Qi))

⊥ =(χ∗(I)φ∗(∧i∈IQi)
⊥ ⇒

∨i∈I(χ∗(I)⊥ ⊕ χ∗(I)(φ∗(Qi))
⊥) =χ∗(I)⊥ ⊕ χ∗(I)(φ∗(∧i∈IQi))

⊥ ⇒
∨i∈I(χ∗(I)⊥ ⊕ χ∗(I)Pi) =χ∗(I)⊥ ⊕ χ∗(I)(φ∗(∧i∈IQi))

⊥ ⇒
∨i∈Iχ∗(I)Pi =χ∗(I)(φ∗(∧i∈IQi))

⊥.
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Apì tic isìthtec (3.3.6) kai (3.3.7) sumperaÐnoume ìti oi oikogèneiec χ∗(I)S1,φ,
χ(I)S2,φ eÐnai pl reic sÔndesmoi.

Epeid  χ(χ∗(I)⊥⊕χ∗(I)Q) = χ(I)φ(Q) gia k�je Q ∈ S1,φ kai h apeikìnish
χ|S1,χ eÐnai 1 − 1, h apeikìnish ϑ eÐnai 1 − 1. Apomènei na deÐxoume ìti h
apeikìnish ϑ eÐnai sup kai inf suneq c.

'Estw (Pi)i∈I ⊂ S1,φ kai (Qi)i∈I ⊂ S1,φ∗ probolèc tètoiec ¸ste φ∗(Qi)
⊥ =

Pi, h isodÔnama apì thn exÐswsh (2.4.1) φ(Pi)
⊥ = Qi gia k�je i ∈ I. Tìte,

afoÔ ∧i∈IPi ∈ S1,φ, apì ton orismì thc ϑ èqoume

ϑ(∧i∈Iχ∗(I)Pi) = ϑ(χ∗(I)(∧i∈IPi)) = χ(I)φ(∧i∈IPi)
= ∧i∈I χ(I)φ(Pi) = ∧i∈Iϑ(χ∗(I)Pi).

Qrhsimopoi¸ntac tic isìthtec (3.3.7) kai (2.4.1) èqoume ìti

ϑ(∨i∈Iχ∗(I)Pi) = ϑ(χ∗(I)(φ∗(∧i∈IQi))
⊥) = χ(I)φ((φ∗(∧i∈IQi))

⊥)

= χ(I)(∧i∈IQi)
⊥ = ∨i∈Iχ(I)Q⊥i

= ∨i∈I χ(I)φ(Pi) = ∨i∈Iϑ(χ∗(I)Pi).

2

Parat rhsh 3.3.6 Apì thn prohgoÔmenh prìtash prokÔptei ìti an h di-
ag¸nioc eÐnai ousi¸dhc (orismìc 2.4.1) tìte oi hmisÔndesmoi tou protÔpou U
eÐnai CSL’s kai h apeikìnish Map(U) eÐnai isomorfismìc sundèsmwn.

3.4 O q¸roc U0 eÐnai anaklastikìc

'Estw U , U0, ∆(U) kai φ ìpwc sthn par�grafo 3.2 kai χ = Map(∆(U)), ψ =
Map(U0).

L mma 3.4.1 An o q¸roc ∆(U) eÐnai ousi¸dhc, dhlad  χ(I) = I, χ∗(I) = I,
tìte S1,ψ ⊂ S1,φ kai S2,ψ ⊂ S2,φ.

Apìdeixh AfoÔ o q¸roc ∆(U) eÐnai ousi¸dhc apì to Je¸rhma 3.3.5 oi
hmisÔndesmoi S1,φ,S2,φ, eÐnai CSL’s.

An E eÐnai probol , èqoume Alg(S2,φ)U0E ⊂ U0E (L mma 3.2.7). Sunep�ge-
tai ìti ψ(E)⊥Alg(S2,φ)ψ(E) = 0 kai sunep¸c ψ(E) ∈ Lat(Alg(S2,φ)). Epeid 
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oi pl reic metajetikoÐ sÔndesmoi eÐnai anaklastikoÐ, èpetai ìti ψ(E) ∈ S2,φ.
'Etsi S2,ψ ⊂ S2,φ.
An�loga apodeiknÔetai ìti U0Alg(S1,φ) ⊂ Alg(S1,φ) kai �ra Alg(S⊥1,φ)U∗0 ⊂
U∗0 . 'Opwc parap�nw èqoume S2,ψ∗ ⊂ S⊥1,φ kai �ra S1,ψ ⊂ S1,φ. 2

Je¸rhma 3.4.2 O q¸roc U0 eÐnai anaklastikìc.

Apìdeixh Arqik�, upojètoume ìti o q¸roc ∆(U) eÐnai ousi¸dhc (χ(I) =
I, χ∗(I) = I).
Apì to Je¸rhma 3.3.3 èqoume ìti S1,χ = P((S1,φ)

′′),S2,χ = P((S2,φ)
′′) kai

χ|S1,φ
= φ.

An E ∈ S1,φ, tìte φ(E), ψ(E) ∈ P((S2,φ)
′′) kai �ra up�rqei monadik 

probol  F ∈ P((S1,φ)
′′) ètsi ¸ste χ(F ) = φ(E) − ψ(E). ParathroÔme

ìti χ(F ) ≤ φ(E) = χ(E). AfoÔ h apeikìnish χ|S1,χ eÐnai isomorfismìc
sundèsmwn, F ≤ E kai �ra ψ(F ) ≤ ψ(E); apì to opoÐo èqoume χ(F )⊥ψ(F ).
Sunep�getai ìti ∆(U)F (H1)⊥Ref(U0)F (H1) kai ∆(U)F ∩ Ref(U0)F = 0.

Apì to Je¸rhma 3.2.3 èqoume thn di�spash, U = U0 + ∆(U), kai �ra
UF = Ref(U0)F ⊕∆(U)F kai UF = U0F ⊕∆(U)F. Sunep�getai ìti U0F =
Ref(U0)F kai sunep¸c o q¸roc U0F eÐnai anaklastikìc.

'Estw

P = ∨{F ∈ P((S1,φ)
′′) : χ(F ) = φ(E)− ψ(E), E ∈ S1,φ}.

B�sei thc prohgoÔmenhc epiqeirhmatologÐac o q¸roc U0P eÐnai anaklastikìc.
Epeid  h apeikìnish χ eÐnai ∨-suneq c èqoume ìti

χ(P ) = ∨{φ(E)− ψ(E), E ∈ S1,φ}.

'Estw Q = χ(P )⊥. Epeid  Qφ(E) = Qψ(E) gia ìla ta E ∈ S1,φ, sunep�getai
ìti

QU = {T : Qφ(E)⊥TE = 0 gia k�je E ∈ S1,φ} =

= {T : Qψ(E)⊥TE = 0 gia k�je E ∈ S1,φ}.
Qrhsimopoi¸ntac to prohgoÔmeno l mma (S1,ψ ⊂ S1,φ) paÐrnoume ìti o q¸roc
QU perièqetai ston q¸ro

{T : Qψ(E)⊥TE = 0 gia k�je E ∈ S1,ψ} =

= QRef(U0) = Ref(QU0) ⊂ QU .
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Autì deÐqnei ìti QU = Ref(QU0).

Oi Kat�boloc kai Todorov [32] èqoun deÐxei ìti ∆(U) ⊂ (U)min. Epomènwc
Q∆(U) ⊂ Q(U)min = (QU)min. All� afoÔ to QU0 eÐnai èna w∗ kleistì masa
prìtupo ètsi ¸ste Ref(QU0) = QU sunep�getai ìti Q∆(U) ⊂ QU0. T¸ra
Q∆(U) = χ(P )⊥∆(U) = ∆(U)P⊥ kai �ra ∆(U)P⊥ ⊂ U0.
Epomènwc U = U0 + ∆(U)P⊥ + ∆(U)P = U0 + ∆(U)P kai sunep¸c UP⊥ =
U0P

⊥.
SumperaÐnoume ìti o q¸roc U0P

⊥ eÐnai anaklastikìc. AfoÔ o U0P eÐnai epÐshc
anaklastikìc prokÔptei telik� ìti o q¸roc U0 eÐnai anaklastikìc.

T¸ra, aÐroume thn upìjesh ìti o q¸roc ∆(U) eÐnai ousi¸dhc. 'Estw
W = χ(I)U|χ∗(I). Autì eÐnai èna masa prìtupo pou perièqetai ston q¸ro
B(χ∗(I)(H1), χ(I)(H2)).

'Eqoume ìti
W = {T : χ(I)φ(L)⊥TL|χ∗(I) = 0 gia k�je L ∈ S1,φ}.

Apì thn Prìtash 3.3.5 oi oikogèneiec S1,φ|χ∗(I),S2,φ|χ(I) eÐnai pl reic sÔn-
desmoi kai h apeikìnish S1,φ|χ∗(I) → S2,φ|χ(I) : P |χ∗(I) → φ(P )|χ(I) eÐnai iso-
morfismìc sundèsmwn. Apì to je¸rhma 2.4.4 sunep�getai ìti oi (hmi)sÔndesmoi
tou W eÐnai oi oikogèneiec S1,φ|χ∗(I),S2,φ|χ(I).

Apì autì èqoume W0 = [χ(I)φ(L)TL⊥|χ∗(I) : T ∈ W , L ∈ S1,φ]
−w∗ =

χ(I)U0|χ∗(I). Epeid 
χ(I)∆(U)|χ∗(I) = {T : TP |χ∗(I) = φ(P )|χ(I)T gia k�je P ∈ S1,φ} = ∆(W)

h diag¸nioc tou W eÐnai ousi¸dhc. Sunep�getai apì to pr¸to mèroc thc
apìdeixhc ìti o q¸roc χ(I)U0χ

∗(I) eÐnai anaklastikìc.
All� χ(I)⊥U = χ(I)⊥U0 kai Uχ∗(I)⊥ = U0χ

∗(I)⊥. Epomènwc oi q¸roi
χ(I)⊥U0 kai U0χ

∗(I)⊥ eÐnai anaklastikoÐ kai �ra telik� o q¸roc U0 eÐnai
anaklastikìc. 2

Gia to upìloipo aut c thc paragr�fou upojètoume ìti to S eÐnai èna CSL
kai U = Alg(S). 'Estw J to ide¸dec [PTP⊥ : T ∈ U , P ∈ S]−‖·‖, U0 = J −w∗

kai ψ = Map(U0). EÐnai gnwstì ìti J ⊂ Rad(U), ìpou Rad(U) eÐnai to
{rizikì} tou U . H isìthta J = Rad(U) eÐnai èna anoiktì prìblhma (eikasÐa
tou Hopenwasser), [29], [18]. O I.Todorov [4] èqei apodeÐxei ìti oi q¸roi J kai
Rad(U) èqoun thn Ðdia anaklastik  j kh. Belti¸noume autì to apotèlesma
me to parak�tw.
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Pìrisma 3.4.3 Oi q¸roi J kai Rad(U) èqoun thn Ðdia w∗ kleist  j kh.

Apìdeixh

U0 = J −w∗ ⊂ Rad(U)−w
∗ ⊂ Ref(Rad(U)) = Ref(J ) = U0.

Pìrisma 3.4.4 Rad(U)−w
∗

= {T : ψ(E)⊥TE = 0 gia k�je E ∈ S}.

Apìdeixh Rad(U)−w
∗

= U0 = {T : ψ(E)⊥TE = 0 gia k�je probol  E} ⊂
{T : ψ(E)⊥TE = 0 gia k�je E ∈ S}. Qrhsimopoi¸ntac to L mma 3.4.1
sumperaÐnoume ìti o teleutaÐoc q¸roc perièqetai ston q¸ro:
{T : ψ(E)⊥TE = 0 gia k�je E ∈ S1,ψ} = U0 = Rad(U)−w

∗
. 2

T¸ra eÐmaste ètoimoi na d¸soume thn sugkekrimènh morf  thc di�spashc
tou q¸rou U sthn perÐptwsh pou autìc eÐnai CSL �lgebra:

Prìtash 3.4.5 'Estw Q = ∨{E − ψ(E) : E ∈ S} tìte

U = Rad(U)−w
∗ ⊕QS ′.

Apìdeixh ParathroÔme ìtiQ⊥E = Q⊥ψ(E) gia k�je E ∈ S kai �ra èqoume:

Q⊥U = {T : Q⊥E⊥TE = 0 gia k�je E ∈ S}

= {T : Q⊥ψ(E)⊥TE = 0 gia k�je E ∈ S}.

Apì to prohgoÔmeno pìrisma o teleutaÐoc q¸roc isoÔtai me ton q¸ro
Q⊥Rad(U)−w

∗
. 'Etsi èqoume ìtiQ⊥S ′ ⊂ Q⊥Rad(U)−w

∗ ⊂ Rad(U)−w
∗
. Epeid 

U = Rad(U)−w
∗
+ S ′ paÐrnoume ìti U = Rad(U)−w

∗
+QS ′.

EÐnai arketì na deÐxoume ìti Rad(U)−w
∗ ∩QS ′ = 0. PaÐrnontac E ∈ S kai

T ∈ U0∩(E−ψ(E))S ′ èqoume T = (E−ψ(E))T = ψ(E)⊥ET = ψ(E)⊥TE =
0, epeid  T ∈ U0.
An T ∈ U0 ∩ QS ′ tìte (E − ψ(E))T ∈ U0 ∩ (E − ψ(E))S ′ = 0. Epomènwc
(E−ψ(E))T = 0 gia ìla ta E ∈ S. All� T = (∨{E−ψ(E) : E ∈ S})T kai
�ra T = 0. 2
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3.5 Di�spash sumpag¸n telest¸n anaklastik¸n
masa protÔpwn

'Estw U , U0, ∆(U), φ, D1, D2, Q1 ìpwc sthn par�grafo 3.2 kai χ =
Map(∆(U)) .

SumbolÐzoume me K to sÔnolo twn sumpag¸n telest¸n kai me Cp thn
kl�sh twn p-Schatten telest¸n pou perièqontai ston q¸ro B(H1, H2).

Prìtash 3.5.1 An T ∈ R1(U), tìte up�rqei L ∈ R1(∆(U)) kai S ∈ [R1(U0)]
−‖ ‖1

ètsi ¸ste T = L+ S.

Apìdeixh O q¸roc U gr�fetai U = {X : φ(Pn)
⊥XPn = 0 gia k�je n ∈ N}

gia kat�llhlh akoloujÐa (Pn) ⊂ S1,φ. 'Estw T ∈ R1(U). 'Opwc sthn apìdeixh
tou Jewr matoc 3.2.3

T = L1 + φ(P1)TP
⊥
1 , ìpou L1 = φ(P1)TP1 + φ(P1)

⊥TP⊥1 .

Epeid  φ(P1)
⊥TP1 = 0 kai o telest c T èqei t�xh 1, eÐte φ(P1)

⊥T = 0 eÐte
TP1 = 0 kai �ra eÐte L1 = φ(P1)TP1 eÐte L1 = φ(P1)

⊥TP⊥1 . T¸ra
L1 = L2 + φ(P2)L1P

⊥
2 , ìpou L2 = φ(P2)L1P2 + φ(P2)

⊥L1P
⊥
2 .

AfoÔ φ(P2)
⊥L1P2 = 0, eÐte L2 = φ(P2)L1P2 eÐte L2 = φ(P2)

⊥L1P
⊥
2 . Parì-

moia
Ln−1 = Ln + φ(Pn)Ln−1P

⊥
n , ìpou Ln = φ(Pn)Ln−1Pn + φ(Pn)

⊥Ln−1P
⊥
n .

'Opwc prohgoÔmena, eÐte Ln = φ(Pn)Ln−1Pn eÐte Ln = φ(Pn)
⊥Ln−1P

⊥
n gia

k�je n ∈ N.

SumperaÐnoume ìti up�rqoun akoloujÐec probol¸n (Qn) ⊂ D2, (Rn) ⊂ D1

ètsi ¸ste Ln = (∧ni=1Qi)T (∧ni=1Ri), n ∈ N. ParathroÔme ìti T = Ln + Mn

ìpou Mn = φ(P1)TP
⊥
1 + φ(P2)L1P

⊥
2 + ...+ φ(Pn)Ln−1P

⊥
n , n ∈ N.

Epeid  ∧ni=1Qi
sot→ ∧∞i=1Qi, ∧ni=1Ri

sot→ ∧∞i=1Ri kai o telest c T èqei t�xh 1,

Ln
‖ ‖1→ (∧∞i=1Qi)T (∧∞i=1Ri) = L.

T¸ra φ(Pi)
⊥LnPi = φ(Pi)LnP

⊥
i = 0, i = 1, 2, ...n gia ìla ta n ∈ N

sunep¸c φ(Pi)
⊥LPi = φ(Pi)LP

⊥
i = 0 gia k�je i ∈ N. 'Etsi L ∈ R1(∆(U)).

'Eqoume Mn = T − Ln
‖ ‖1→ T − L = S ∈ [R1(U0)]

−‖ ‖1 . 2

50



Prìtash 3.5.2 U0 ⊂ (R1(∆(U))∗)0.

Apìdeixh Gia k�je T ∈ U , P ∈ S1,φ kai R ∈ R1(∆(U)) èqoume

tr(φ(P )TP⊥R∗) = tr(T (φ(P )RP⊥)∗) = tr(T0) = 0.

PaÐrnontac grammik  j kh kai w∗ kleistìthta paÐrnoume tr(SR∗) = 0 gia
k�je S ∈ U0. 2

Prìtash 3.5.3 (i) R1(∆(U)) ⊂ ∆(U)(I −Q1).

(ii) ∆(U) ∩ K = [R1(∆(U))]−‖·‖ ⊂ ∆(U)(I −Q1).

Apìdeixh 'Estw R ∈ R1(∆(U)), ìpwc sto Je¸rhma 3.2.5 RQ1 ∈ ∆(U)Q1 =
U0 ∩ ∆(U) ⊂ U0. Apì thn prohgoÔmenh prìtash èqoume: tr(RQ1R

∗) =
0 ⇒ tr(R∗RQ1) = 0 ⇒ RQ1 = 0 ⇒ R = R(I − Q1). SumperaÐnoume ìti
R1(∆(U)) ⊂ ∆(U)(I −Q1).

Gia to mèroc (ii), parat rhse ìti an K ∈ ∆(U) ∩ K tìte o telest c K
mporeÐ na proseggisteÐ sthn topologÐa thc nìrmac apì ajroÐsmata telest¸n
t�xhc 1 tou q¸rou ∆(U) (Prìtash 3.4 sto [32]). 2

Parat rhsh 3.5.4 Ja apodeÐxoume parak�tw ìti an o q¸roc U eÐnai èna
isqur� anaklastikì masa prìtupo tìte èqoume thn isìthta [R1(∆(U))]−w

∗
=

∆(U)(I −Q1). Autì den eÐnai alhjèc genik�. Gia par�deigma p�re U na eÐnai
èna TRO pou den eÐnai isqur� anaklastikì. Tìte o q¸roc [R1(∆(U))]−w

∗

perièqetai gn sia ston ∆(U)(I −Q1) = U .

Prìtash 3.5.5 ∆(U) ⊂ (R1(U0)
∗)0.

Apìdeixh 'Estw T ∈ R1(U0). 'Opwc sthn Prìtash 3.5.1 diaspoÔme ton
telest  T wc �jroisma T = L+M ìpou

L ∈ R1(∆(U)) kaiM ∈ [R1(φ(Pn)UP⊥n ) : n ∈ N]−‖ ‖1 ⊂ U0.

'Etsi L = T −M ∈ U0 ∩R1(∆(U)).

Qrhsimopoi¸ntac thn Prìtash 3.5.3, U0∩R1(∆(U)) ⊂ U0∩∆(U)(I−Q1)
pou mhdenÐzetai apì to Je¸rhma 3.2.5 �ra L = 0 kai sunep¸c T = M.

SumperaÐnoume ìti

R1(U0) ⊂ [R1(φ(Pn)UP⊥n ) : n ∈ N]−‖ ‖1 . (3.5.1)
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'Estw A ∈ ∆(U). Jèloume na deÐxoume ìti tr(A∗R) = 0 gia k�je R ∈
R1(U0).Qrhsimopoi¸ntac thn sqèsh (3.5.1) eÐnai arketì na deÐxoume ìti tr(A∗R) =
0 gia k�je R ∈ R1(φ(Pn)UP⊥n ) kai n ∈ N. An o R eÐnai t�xhc 1 telest c ètsi
¸ste R = φ(Pn)RP

⊥
n tìte

tr(A∗R) =tr(A∗φ(Pn)RP
⊥
n ) = tr(P⊥n A

∗φ(Pn)R)

=tr((φ(Pn)AP
⊥
n )∗R) = tr(0R) = 0.

2

'Estw P ∈ S1,φ. Upojètoume ìti ∨{φ(L) : L ∈ S1,φ, φ(L) < φ(P )} <
φ(P ).
AfoÔ S2,φ eÐnai pl rhc wc proc ta suprema tìte up�rqei P0 ∈ S1,φ ètsi ¸ste

φ(P0) = ∨{φ(L) : L ∈ S1,φ, φ(L) < φ(P )}.

KaloÔme thn probol  P −P0 �tomo tou U kai sumbolÐzoume thn probol 
φ(P )− φ(P0) me δ(P − P0).

Prìtash 3.5.6 'Estw F �tomo tou q¸rou U .
(i) H probol  F eÐnai elaqistik  sthn �lgebra (S1,φ)

′′.

(ii) H probol  χ(I)δ(F ) eÐnai elaqistik  sthn �lgebra χ(I)(S2,φ)
′′.

(iii) χ(I)δ(F )B(H1, H2)F ⊂ ∆(U).

(iv) χ(I)⊥δ(F )B(H1, H2)F ⊂ U0.

Apìdeixh (i) 'Estw P, P0 ∈ S1,φ tètoiec ¸ste φ(P0) = ∨{φ(L) : L ∈
S1,φ, φ(L) < φ(P )} < φ(P ) kai F = P − P0. An Q ∈ S1,φ eÐte P ≤ Q eÐte
QP < P.
An P ≤ Q tìte QF = F. An QP < P tìte (epeid  QP ∈ S1,φ kai φ eÐnai 1-1
wc apeikìnish periorismènh sto S1,φ) φ(QP ) < φ(P ) ⇒ φ(QP ) ≤ φ(P0) ⇒
QP ≤ P0, ètsi QF = 0.

SumperaÐnoume ìti QFB(H1)F = FB(H1)QF gia k�je Q ∈ S1,φ, sunep¸c
FB(H1)F ⊂ (S1,φ)

′, kai �ra h F eÐnai elaqistik  probol  sthn �lgebra
(S1,φ)

′′.

(ii) Epeid  P, P0 ∈ S1,φ èqoume ìti φ(P )∆(U) = ∆(U)P kai φ(P0)∆(U) =
∆(U)P0 �ra

δ(F )∆(U) = ∆(U)F kai sunep¸c χ(I)δ(F ) = χ(F ).
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'Estw Q ∈ S1,φ.

An QF = 0 tìte χ(I)δ(F )φ(Q) = 0. (3.5.2)
Pr�gmati, afoÔ δ(F )∆(U) = ∆(U)F paÐrnoume δ(F )∆(U)Q = 0. 'Eqoume
ìti δ(F )χ(Q) = 0 kai �ra χ(I)δ(F )φ(Q) = 0.

An QF = F tìte χ(I)δ(F )φ(Q) = χ(I)δ(F ). (3.5.3)
Pr�gmati, δ(F )∆(U) = ∆(U)F �ra δ(F )∆(U)Q = ∆(U)F . 'Eqoume ìti
δ(F )χ(Q) = χ(F ) kai �ra χ(I)δ(F )φ(Q) = χ(I)δ(F ).

Qrhsimopoi¸ntac tic exis¸seic (3.5.2),(3.5.3) ìpwc sto (i) èqoume ìti
χ(I)δ(F ) eÐnai elaqistik  probol  sthn �lgebra χ(I)(S2,φ)

′′.

(iii) 'Estw T ∈ B(H1, H2) kai Q ∈ S1,φ. Apì tic exis¸seic (3.5.2),(3.5.3)
sunep�getai ìti φ(Q)χ(I)δ(F )TF = χ(I)δ(F )TFQ, kai �ra χ(I)δ(F )TF ∈
∆(U).

(iv) An T ∈ U tìte χ(I)⊥T ∈ U0. Pr�gmati, apì to Je¸rhma 3.2.3
up�rqoun T1 ∈ U0, T2 ∈ ∆(U) ètsi ¸ste T = T1 + T2. All� T2 = χ(I)T2 kai
�ra χ(I)⊥T = χ(I)⊥T1 ∈ U0.

T¸ra arkeÐ na deÐxoume ìti δ(F )B(H1, H2)F ⊂ U . 'Estw T ∈ B(H1, H2)
kai Q ∈ S1,φ. An FQ = 0 tìte φ(Q)⊥δ(F )TFQ = 0. An FQ = F tìte
P − P0 ≤ Q �ra δ(F ) = φ(P ) − φ(P0) ≤ φ(P − P0) ≤ φ(Q) kai sunep¸c
φ(Q)⊥δ(F )TFQ = 0. SumperaÐnoume ìti δ(F )TF ∈ U . 2

Parat rhsh 3.5.7 Up�rqei èna aplì par�deigma anaklastikoÔ masa pro-
tÔpou U ètsi ¸ste δ(F )B(H1, H2)F ⊂ U0 gia k�je �tomo F sto U : P�re
U na eÐnai to sÔnolo twn 3 × 3 pin�kwn me mhdenik  diag¸nio. Se aut  thn
perÐptwsh elègqetai ìti ∆(U) = 0. Ed¸ èqoume èna par�deigma diaforetik c
sumperifor�c twn algebr¸n apì ta prìtupa: eÐnai gnwstì ìti an U eÐnai mÐa
CSL �lgebra pou dra se q¸ro QÐlmpert H kai F eÐnai èna �tomo tou U tìte
FB(H)F ⊂ ∆(U).

O I. Todorov prìteine thn {atomik  di�spash} sto parak�tw je¸rhma.

Je¸rhma 3.5.8 Upojètoume ìti {Fn : n ∈ N} = {F : F �tomo tou U}, tìte

[R1(∆(U))]−w
∗

=
∞∑
n=1

⊕χ(I)δ(Fn)B(H1, H2)Fn.
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Apìdeixh Apì thn prohgoÔmenh prìtash sunep�getai ìti

[R1(∆(U))]−w
∗ ⊃

∞∑
n=1

⊕χ(I)δ(Fn)B(H1, H2)Fn.

'Estw o mh mhdenikìc telest c R = x�y∗ ∈ ∆(U). Gia k�je Q ∈ S1,φ èqoume
ìti x� (Qy)∗ = (φ(Q)x)� y∗ kai �ra φ(Q)x 6= 0 ⇔ Qy 6= 0 ⇔ φ(Q)x = x⇔
Qy = y.

H probol  P = ∧{Q ∈ S1,φ : Qy = y} an kei sto sÔnolo S1,φ. An
Q ∈ S1,φ ètsi ¸ste φ(Q) < φ(P ) tìte φ(Q)x = 0. (An φ(Q)x = x tìte
Qy = y kai �ra Q ≥ P ).

'Estw P0 ∈ S1,φ me φ(P0) = ∨{φ(L) : L ∈ S1,φ, φ(L) < φ(P )}.ParathroÔme
ìti φ(P0)x = 0 kai φ(P )x = x, �ra φ(P0) < φ(P ). SumperaÐnoume ìti h
probol  F = P − P0 eÐnai èna �tomo tou U .
Oi isìthtec (P − P0)y = y kai (φ(P ) − φ(P0))x = x sunep�gontai ìti
R = δ(F )RF. All� R = χ(I)R kai �ra R = χ(I)δ(F )RF. H apìdeixh eÐnai
pl rhc. 2

K�je isqur� anaklastikì TRO eÐnai masa prìtupo [32]. Epomènwc qrhsi-
mopoi¸ntac to prohgoÔmeno je¸rhma èqoume mÐa nèa apìdeixh tou akìloujou
apotelèsmatoc sto [32].

Pìrisma 3.5.9 AnM eÐnai èna isqur� anaklastikì TRO, ζ = Map(M) kai
{An : n ∈ N} = {A : A �tomo touM}, tìte

M =
∞∑
n=1

⊕ζ(An)B(H1, H2)An.

'Estw (Pn) ⊂ S1,φ mÐa akoloujÐa ètsi ¸ste

U = {T ∈ B(H1, H2) : φ(Pn)
⊥TPn = 0 gia k�je n ∈ N}.

'Estw Vn, Un : B(H1, H2) −→ B(H1, H2), n ∈ N ìpwc sthn apìdeixh tou
Jewr matoc 3.2.3
Apì to Je¸rhma 3.5.8

[R1(∆(U))]−w
∗

=
∞∑
n=1

⊕EnB(H1, H2)Fn,
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ìpou En = χ(I)δ(Fn) gia k�je n ∈ N.
'Etsi o q¸roc [R1(∆(U))]−w

∗ eÐnai h eikìna thc apeikìnishc D pou orÐzetai
wc ex c

D : B(H1, H2) −→ B(H1, H2) : D(T ) =
∞∑
n=1

EnTFn.

Prìtash 3.5.10 An K ∈ K, tìte h akoloujÐa (Un(K)) sugklÐnei ston
telest  D(K) sthn topologÐa thc nìrmac.

Apìdeixh ParathroÔme ìti h akoloujÐa (Vn|C2) apoteleÐtai apì orjog¸niec
probolèc tou q¸rou QÐlmpert C2 pou metatÐjentai. Epomènwc h akoloujÐa
(Un|C2) eÐnai mÐa fjÐnousa akoloujÐa apì orjog¸niec probolèc. Sunep¸c an
T ∈ C2 h akoloujÐa (Un(T )) sugklÐnei sthn Hilbert-Schmidt nìrma ‖ · ‖2.

'Estw K ∈ K. Dojèntoc ε > 0 up�rqei Kε ∈ C2 ètsi ¸ste ‖K −Kε‖ < ε
3

kai n0 ∈ N ètsi ¸ste ‖Un(Kε)− Um(Kε)‖2 <
ε
3
gia k�je n,m ≥ n0. Tìte

‖Un(K)− Um(K)‖
≤‖Un(K)− Un(Kε)‖+ ‖Un(Kε)− Um(Kε)‖+ ‖Um(Kε)− Um(K)‖
≤‖K −Kε‖+ ‖Un(Kε)− Um(Kε)‖2 + ‖K −Kε‖ < ε

gia k�je n,m ≥ n0. 'Ara h akoloujÐa (Un(K)) sugklÐnei sthn operator nìrma.
'Estw D1(K) to ìriì thc.

Epeid  φ(Pi)
⊥Un(K)Pi = φ(Pi)Un(K)P⊥i = 0 gia k�je i = 1, 2, ...n, to

ìrio D1(K) an kei sthn diag¸nio ∆(U). EpÐshc epeid  ‖Un(K)‖ ≤ ‖K‖ gia
k�je n ∈ N, h D1 eÐnai sustol . ParathroÔme ìti an K ∈ ∆(U) ∩ K tìte
Un(K) = K gia k�je n ∈ N kai �ra h D1 prob�llei epÐ tou q¸rou ∆(U)∩K.
T¸ra h D1|C2 eÐnai orjog¸nia probol  epÐ tou q¸rou ∆(U)∩C2, wc infimum
thc akoloujÐac (Un|C2).

EpÐshc parathroÔme ìti h apeikìnish D|C2 eÐnai orjog¸nia probol  tou
q¸rou QÐlmpert C2. An T ∈ ∆(U) ∩ C2 tìte apì thn Prìtash 3.5.3 T =∑∞

n=1EnTFn = D(T ).

Epomènwc oi D|C2 kai D1|C2 eÐnai orjog¸niec probolèc epÐ tou q¸rou
∆(U) ∩ C2, kai �ra D|C2 = D1|C2 . Epeid  o q¸roc C2 eÐnai puknoc ston K
sthn topologÐa thc nìrmac kai oi apeikonÐseic D|K, D1 eÐnai norm suneqeÐc
èqoume D|K = D1. 2

H prohgoÔmenh apìdeixh an kei ston A. Kat�bolo.
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Prìtash 3.5.11 Upojètoume ìti ∨nFn = F. Tìte h akoloujÐa (Un(T )F )
sugklÐnei sot ston telest  D(T ) gia k�je T ∈ B(H1, H2).

Apìdeixh Arqik� parathroÔme ìti an x ∈ Fm(H1),m ∈ N o telest c x�x∗
an kei sthn �lgebra (S1,φ)

′. Pr�gmati, an y ∈ Em(H2) tìte R = y � x∗ ∈
∆(U). Sunep�getai ìti R∗R = ‖y‖2x� x∗ ∈ ∆(U)∗∆(U) ⊂ (S1,φ)

′.

'Estw T ∈ B(H1, H2) kai x ∈ Fm(H1),m ∈ N, ‖x‖ = 1. Apì thn Prìtash
3.5.10

Ui(Tx� x∗)
‖·‖→ D(Tx� x∗), i→∞,

epomènwc
Ui(Tx� x∗)(x)

‖·‖→ D(Tx� x∗)(x), i→∞ (3.5.4)

D(Tx� x∗)(x) =
∞∑
n=1

En(Tx� x∗)Fn(x) = EmT (x) (3.5.5)

D(T )(x) =
∞∑
n=1

EnTFn(x) = EmT (x) (3.5.6)

Apì ton orismì tou telest  Vi èqoume ìti

Vi(Tx� x∗) = φ(Pi) (T x� x∗) Pi + φ(Pi)
⊥(T x� x∗) P⊥i , i ∈ N

kai epeid  x� x∗ ∈ (S1,φ)
′ prokÔptei ìti

Vi(Tx� x∗) = (φ(Pi) T Pi) (x� x∗) + (φ(Pi)
⊥T P⊥i ) (x� x∗), i ∈ N.

Sunep�getai ìti

Ui(Tx� x∗) = Ui(T )x� x∗ ⇒ Ui(Tx� x∗)(x) = Ui(T )(x), i ∈ N (3.5.7)

Qrhsimopoi¸ntac tic sqèseic (3.5.4),(3.5.5),(3.5.6),(3.5.7) èqoume

Ui(T )(x)
‖·‖→ D(T )(x), i→∞ gia k�je x ∈ [

∞⋃
m=1

Fm(H1)].

Epeid  oi Ui eÐnai sustolèc paÐrnoume ìti Ui(T )(x)
‖·‖→ D(T )(x) gia k�je

x ∈ F (H1). Tèloc, epeid  D(T )F = D(T ) fj�noume sto sumpèrasma. 2
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Parat rhsh 3.5.12 H akoloujÐa (Un(T )) èqei parìmoiec idiìthtec me to
dÐktuo twn peperasmènwn diag¸niwn ajroism�twn sthn perÐptwsh twn nest
algebr¸n. Oi Prot�seic 3.5.10, 3.5.11 eÐnai an�logec me tic Prot�seic 4.3,4.4
sto [15].

Je¸rhma 3.5.13 Gia k�je sumpag  telest  K ∈ U up�rqoun monadikoÐ
sumpageÐc telestèc K1 ∈ U0, K2 ∈ ∆(U) ètsi ¸ste K = K1 +K2. EpÐ plèon
K2 = D(K).

Apìdeixh 'Estw K2 = D(K) kai K1 = K − K2. Apì thn Prìtash 3.5.10
èqoume K1 = lim(K − Un(K)). 'Opwc sto Je¸rhma 3.2.3 K − Un(K) ∈ U0

gia k�je n ∈ N. 'Ara K1 ∈ U0.

H di�spash K = K1 +K2 sto U0 + (∆(U)∩K) eÐnai monadik  epeid  apì
thn Prìtash 3.5.3, ∆(U) ∩ K ⊂ ∆(U)(I − Q1), en¸ apì to Je¸rhma 3.2.5,
U = U0 ⊕∆(U)(I −Q1). 2

Parat rhsh 3.5.14 'Estw F ∈ B(H1, H2) telest c peperasmènhc t�xhc
kai P,Q probolèc ¸ste Q⊥FP = 0. Ja deÐxoume ìti o telest c L = QFP +
Q⊥FP⊥ èqei t�xh to polÔ ìso o F. 'Eqoume F = K1 + L kai L = K2 +
K3 ìpou K1 = QFP⊥, K2 = QFP,K3 = Q⊥FP⊥. An rank(K2) = n kai
rank(K3) = m tìte rank(L) = n+m. 'EstwK2(xi) me P (xi) = xi, i = 1, ..., n
grammik� anex�rthta dianÔsmata kai K3(yj) me P⊥(yj) = yj, j = 1, ...,m
grammik� anex�rthta dianÔsmata epÐshc. ArkeÐ na deÐxoume ìti ta dianÔsmata
F (x1), ..., F (xn), F (y1), ..., F (ym) eÐnai grammik� anex�rthta. 'Estw

n∑
i=1

λiF (xi) +
m∑
j=1

ξjF (yj) = 0

tìte
n∑
i=1

λiK2(xi) +
m∑
j=1

ξj(K1 +K3)(yj) = 0

⇒
n∑
i=1

λiK2(xi) +
m∑
j=1

ξjK1(yj) = −
m∑
j=1

ξjK3(yj).

Ta pr¸ta apì ta prohgoÔmena dianÔsmata an koun ston q¸ro Q(H) en¸ ta
deÔtera ston Q(H)⊥. Epomènwc

∑m
j=1 ξjK3(yj) = 0 ⇒ ξ1 = ... = ξm = o kai
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�ra
n∑
i=1

λiK2(xi) = 0 ⇒ λ1 = ... = λn = 0.

Pìrisma 3.5.15 Gia k�je peperasmènhc t�xhc telest  F ∈ U up�rqoun
monadikoÐ peperasmènhc t�xhc telestèc F1 ∈ U0, F2 ∈ ∆(U) ètsi ¸ste F =
F1 + F2. EpÐ plèon rankF2 ≤ rankF kai F2 = D(F ).

Apìdeixh Gia k�je n ∈ N èqoume apì thn teleutaÐa parat rhsh rank(Un(F )) ≤
rank(F ). Apì autì an F2 = ‖·‖-limUn(F ) tìte rank(F2) ≤ rank(F ) kai F2 =
D(F ). Jètontac F1 = F − F2 paÐrnoume thn epijumoÔmenh di�spash. 2

Pìrisma 3.5.16 'Estw 1 ≤ p <∞ kaiK ∈ U∩Cp. Tìte up�rqoun monadikoÐ
telestèc K1 ∈ U0 ∩ Cp, K2 ∈ ∆(U) ∩ Cp ètsi ¸ste K = K1 +K2. EpÐ plèon
‖K2‖p ≤ ‖K‖p.

Apìdeixh 'Opwc sto Je¸rhma 3.5.13 K = K1 + D(K) ìpou K1 ∈ U0.
ParathroÔme ìti D(K) ∈ Cp kai ‖D(K)‖p ≤ ‖K‖p. 2

3.6 Di�spash isqur� anaklastikoÔ masa pro-
tÔpou

'Estw U , U0, ∆(U), φ, D1, D2 ìpwc sthn par�grafo 3.2 kai χ = Map(∆(U)).
Upojètoume se aut  thn par�grafo ìti o q¸roc U eÐnai isqur� anaklastikì
masa prìtupo.

Prìtash 3.6.1 O q¸roc U0 eÐnai isqur� anaklastikìc.

Apìdeixh 'Estw T ∈ U , P ∈ S1,φ. Epeid  o q¸roc U eÐnai isqur� anaklastikì
masa prìtupo, apì to Je¸rhma 2.4.3 up�rqei èna dÐktuo (Ri) ⊂ [R1(U)]

ètsi ¸ste Ri
wot→ T. Epomènwc èqoume ìti φ(P )RiP

⊥ wot→ φ(P )TP⊥. Epei-
d  (φ(P )RiP

⊥) ⊂ [R1(U0)] sumperaÐnoume ìti φ(P )TP⊥ ∈ [R1(U0)]
−wot.

ApodeÐxame ìti φ(P )UP⊥ ⊂ [R1(U0)]
−wot gia k�je P ∈ S1,φ kai �ra U0 =

[R1(U0)]
−wot.

2
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Parat rhsh 3.6.2 H diag¸nioc enìc isqur� anaklastikoÔ masa protÔpou
den eÐnai aparaÐthta isqur� anaklastik . Gia par�deigma an U eÐnai mÐa mh
atomik  nest �lgebra, tìte h diag¸nioc ∆(U) den perièqei t�xhc 1 telestèc.

Prìtash 3.6.3 (i) U0 = U ∩ (R1(∆(U))∗)0.

(ii) U0 ∩∆(U) = ∆(U) ∩ (R1(∆(U))∗)0.

Apìdeixh Apì thn Prìtash 3.5.2 èqoume ìti U0 ⊂ (R1(∆(U))∗)0. ArkeÐ
epomènwc na deÐxoume ìti U ∩ (R1(∆(U))∗)0 ⊂ U0.

AfoÔ o q¸roc U ∩ (R1(∆(U))∗)0 eÐnai masa prìtupo, ìpwc sto Je¸rhma
3.2.3 mporoÔme na ton diasp�soume sto akìloujo �jroisma:

U ∩ (R1(∆(U))∗)0 = U0 ∩ (R1(∆(U))∗)0 + ∆(U) ∩ (R1(∆(U))∗)0.

T¸ra prèpei na deÐxoume ìti ∆(U)∩(R1(∆(U))∗)0 ⊂ U0. Apì to Je¸rhma 3.1.2
up�rqoun probolèc P1 ∈ D1, P2 ∈ D2 ètsi ¸ste [R1(∆(U))]−w

∗
= P2∆(U)P1

kai ∆(U) ∩ (R1(∆(U))∗)0 = P⊥2 ∆(U)P⊥1 .

'Estw T ∈ ∆(U)∩(R1(∆(U))∗)0.AfoÔ o q¸roc U eÐnai isqur� anaklastikì
masa prìtupo up�rqei èna dÐktuo (Ri) ⊂ [R1(U)] ètsi ¸ste Ri

wot→ T. Apì thn
Prìtash 3.5.1 up�rqoun Mi ∈ [R1(∆(U))], Li ∈ U0 ètsi ¸ste Ri = Mi + Li.

Epomènwc Mi + Li
wot→ T kai �ra P⊥2 MiP

⊥
1 + P⊥2 LiP

⊥
1

wot→ P⊥2 TP
⊥
1 apì to

opoÐo prokÔptei P⊥2 LiP⊥1
wot→ T. Sunep�getai ìti T ∈ U0. 2

Je¸rhma 3.6.4 U = U0 ⊕ [R1(∆(U))]−w
∗ .

Apìdeixh Apì to Je¸rhma 3.1.2,

∆(U) = ∆(U) ∩ (R1(∆(U)∗)0 ⊕ [R1(∆(U))]−w
∗

kai �ra apì thn Prìtash 3.6.3 ∆(U) = U0 ∩∆(U) + [R1(∆(U))]−w
∗
. Epeid 

U = U0 + ∆(U) èqoume ìti U = U0 + [R1(∆(U))]−w
∗
. Apì thn Prìtash 3.5.3

kai to Je¸rhma 3.2.5 to teleutaÐo �jroisma eÐnai eujÔ. 2

Oi Prot�seic 3.2.8 kai 3.2.9 èqoun tic akìloujec sunèpeiec:

Pìrisma 3.6.5 (i) Ta parak�tw eÐnai isodÔnama:
a) R1(∆(U)) = 0.
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b) ∆(U)∗∆(U) ⊂ L1 ∩ A1.

c) ∆(U)∆(U)∗ ⊂ L2 ∩ A2.

(ii) Ta parak�tw eÐnai isodÔnama:
a)∆(U) eÐnai isqur� anaklastikì.
b) ∆(U) (L1 ∩ A1) = 0.

c) (L2 ∩ A2) ∆(U) = 0.

Shmei¸noume ìti mÐa CSL �lgebra eÐnai isqur� anaklastik  an kai mìno
an o sÔndesmìc thc eÐnai {pl rwc epimeristikìc} [36]. Ta Jewr mata 3.5.8,
3.6.4 kai to Pìrisma 3.4.3 dÐnoun thn akìloujh morf  thc di�spashc tou U
ìtan autì eÐnai isqur� anaklastik  CSL �lgebra.

Pìrisma 3.6.6 An S eÐnai ènac pl rwc epimeristikìc CSL sÔndesmoc pou
dra se èna q¸ro QÐlmpert H kai {An : n ∈ N} = {A : A �tomo tou S} tìte:

Alg(S) = Rad(Alg(S))−w
∗ ⊕

∞∑
n=1

⊕AnB(H)An.

UpenjumÐzoume ìti [R1(∆(U))]−w
∗

=
∑∞

n=1⊕χ(I)δ(Fn)B(H1, H2)Fn,
ìpou {Fn : n ∈ N} = {F : F �tomo tou U} kai

D : B(H1, H2) −→ B(H1, H2) : D(T ) =
∞∑
n=1

χ(I)δ(Fn)TFn.

Prìtash 3.6.7 'Estw θ : U → U h probol  epÐ tou [R1(∆(U))]−w
∗ pou

orÐzetai apì thn di�spash sto Je¸rhma 3.6.4. Tìte θ = D|U .

Apìdeixh AfoÔ to U diasp�tai wc eujÔ �jroisma twn masa protÔpwn U0

kai [R1(∆(U))]−w
∗ , h apeikìnish θ eÐnai apeikìnish masa protÔpwn, dhlad 

ikanopoieÐ thn exÐswsh:

θ(D2TD1) = D2θ(T )D1
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gia k�je T ∈ U , D1 ∈ D1, D2 ∈ D2. Epomènwc an T ∈ U :

θ(T ) =
∞∑
n=1

χ(I)δ(Fn)θ(T )Fn =
∞∑
n=1

θ(χ(I)δ(Fn)TFn)

=
∞∑
n=1

χ(I)δ(Fn)TFn = D(T ).

2

Prìtash 3.6.8 U0 = {T ∈ U : χ(I)δ(F )TF = 0 gia k�je �tomo F tou U}.

Apìdeixh 'Estw F �tomo tou U . An P ∈ S1,φ, ìpwc sthn prìtash 3.5.6
eÐte PF = F ⇒ P⊥F = 0 eÐte PF = 0 ⇒ χ(I)δ(F )φ(P ) = 0. Epomènwc
χ(I)δ(F )φ(P )TP⊥F = 0 gia k�je P ∈ S1,φ, T ∈ U kai �ra χ(I)δ(F )U0F =
0 gia k�je �tomo F. Sunep�getai ìti U0 ⊂ {T ∈ U : χ(I)δ(F )TF =
0, gia k�je �tomo F sto U}.

Gia thn antÐstrofh kateÔjunsh, èstw T ∈ U ètsi ¸ste χ(I)δ(F )TF = 0
gia k�je �tomo F sto U . Apì thn prohgoÔmenh prìtash D(T ) = 0 kai �ra
T ∈ U0. 2

'Opwc shmei¸same kai sthn par�grafo 1.4 h grammik  j kh twn telest¸n
t�xhc 1 pou perièqontai se èna isqur� anaklastikì masa prìtupo eÐnai wot
puknì uposÔnolo tou protÔpou. Autì den eÐnai alhjèc gia thn w∗ topologÐa.
Gia autì to jèma parousi�zoume thn Prìtash 3.6.10. ProhgoÔmena qreiazì-
maste to akìloujo l mma.

L mma 3.6.9 An U eÐnai anaklastikì masa prìtupo (ìqi aparaÐthta isqur�
anaklastikì) tìte:

[R1(U)]−w
∗

= [R1(U0)]
−w∗ ⊕ [R1(∆(U))]−w

∗
.

Apìdeixh AfoÔ R1(∆(U)) ⊂ ∆(U)(I−Q1) (Prìtash 3.5.3), apì to je¸rhma
3.2.5 to prohgoÔmeno �jroisma eÐnai eujÔ.

'Eqoume
[R1(U)]−w

∗ ⊃ [R1(U0)]
−w∗ ⊕ [R1(∆(U))]−w

∗
.

Gia thn antÐstrofh kateÔjunsh, èstw T ∈ [R1(U)]−w
∗
. Up�rqei èna dÐktuo

(Ri) ⊂ [R1(U)] ¸ste Ri
w∗−→ T. 'Opwc sthn Prìtash 3.5.1, mporoÔme na
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diasp�soume ton telest  Ri wc �jroisma Li+Mi ìpou Li ∈ [R1(U0)]
−‖·‖1 kai

Mi ∈ [R1(∆(U))] gia k�je i.
Epeid  Mi = D(Ri) (Pìrisma 3.5.15) kai h apeikìnish D eÐnai w∗-suneq c

to dÐktuo (Mi) sugklÐnei se k�poio telest  M ∈ [R1(∆(U))]−w
∗
. Epomènwc

Li = Ri −Mi
w∗−→ T −M = L ∈ [R1(U0)]

−w∗ . 'Eqoume t¸ra T = L + M ∈
[R1(U0)]

−w∗ ⊕ [R1(∆(U))]−w
∗
. 2

Prìtash 3.6.10 An U eÐnai isqur� anaklastikì masa prìtupo, tìte:

U = [R1(U)]−w
∗ ⇔ U0 = [R1(U0)]

−w∗ .

Apìdeixh Upojètoume ìti U = [R1(U)]−w
∗
. Tìte apì to Je¸rhma 3.6.4

èqoume U = U0 ⊕ [R1(∆(U))]−w
∗
. Qrhsimopoi¸ntac to L mma 3.6.9 paÐrnoume

U0 = [R1(U0)]
−w∗ .

An antÐstrofa U0 = [R1(U0)]
−w∗ tìte xan� apì to Je¸rhma 3.6.4

U = U0 ⊕ [R1(∆(U))]−w
∗

= [R1(U0)]
−w∗ ⊕ [R1(∆(U))]−w

∗
= [R1(U)]−w

∗
,

ìpou h teleutaÐa isìthta prokÔptei apì to L mma 3.6.9. 2
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Kef�laio 4

TRO isodunamÐa algebr¸n

Sto kef�laio autì melet�me mÐa nèa sqèsh isodunamÐac metaxÔ w∗-kleist¸n
algebr¸n telest¸n. 'Estw A ⊂ B(H),B ⊂ B(K) w∗ kleistèc �lgebrec
telest¸n, ìqi aparaÐthta autosuzugeÐc. Lème ìti oi �lgebrec autèc eÐnai
TRO isodÔnamec an up�rqei èna TRO M⊂ B(H,K) ¸ste

A = [M∗BM]−w
∗ kai B = [MAM∗]−w

∗
.

ApodeiknÔoume sthn par�grafo 4.1 ìti h sqèsh aut  eÐnai pr�gmati mÐa sqèsh
isodunamÐac metaxÔ twn w∗ kleist¸n algebr¸n telest¸n. An oi �lgebrec eÐ-
nai autosuzugeÐc tìte up�rqei (par�grafoc 4.1) èna TRO N , endeqìmena
megalÔtero apì to M, pou eÐnai {prìtupo isodunamÐac} gia tic �lgebrec
A,B kai tic kajist� {Morita isodÔnamec} me thn ènnoia tou Rieffel [45].
Parat rhse ìti h TRO isodunamÐa eÐnai genÐkeush thc monadiaÐac isodunamÐac
algebr¸n.

ApodeiknÔoume sthn par�grafo 4.2 ìti dÔo anaklastikèc �lgebrec eÐnai
TRO isodÔnamec an kai mìno an up�rqei ènac ∗-isomorfismìc metaxÔ twn
metajet¸n twn diagwnÐwn touc pou apeikonÐzei ton sÔndesmo twn analloÐwtwn
upìqwrwn thc pr¸thc �lgebrac epÐ autoÔ thc deÔterhc. Autì kat� k�poio
trìpo genikeÔei sthn mh autosuzug  perÐptwsh thn parat rhsh tou Connes,
blèpe [10], ìti dÔo �lgebrec eÐnai Morita isodÔnamec kat� Rieffel an kai mìno
an èqoun pistèc anaparast�seic twn opoÐwn oi eikìnec èqoun isìmorfouc touc
metajètec touc.

Eidikìtera sthn par�grafo 4.4 melet�me thn perÐptwsh thc TRO iso-
dunamÐac twn CSL algebr¸n pou droÔn se diaqwrÐsimouc q¸rouc QÐlmpert.
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Me b�sh to proanaferjèn krit rio gia to pìte dÔo anaklastikèc �lgebrec
eÐnai TRO isodÔnamec to prìblhma èqei wc ex c:

An A,B eÐnai CSL �lgebrec se diaqwrÐsimouc q¸rouc QÐlmpert kai φ :
Lat(A) → Lat(B) isomorfismìc sundèsmwn k�tw apì poièc sunj kec h φ
epekteÐnetai se ∗- isomorfismì apì thn �lgebra Lat(A)′′ epÐ thc �lgebrac
Lat(B)′′. To endiafèron eÐnai ìti en¸ h φ epekteÐnetai p�nta wc ∗-isomorfismìc
metaxÔ twn algebr¸n [Lat(A)]−‖·‖, [Lat(B)]−‖·‖ (L mma 4.4.7) den epekteÐnetai
p�nta stic w∗ kleistèc j kec twn teleutaÐwn algebr¸n (Parat rhsh 4.4.9,
paradeÐgmata 4.3.5, 4.3.6).
ApodeiknÔoume sto Je¸rhma 4.4.13 ìti h φ epekteÐnetai stic w∗ kleistèc j kec
kai sunep¸c exasfalÐzetai h TRO isodunamÐa twn algebr¸n, an kai mìno
an eÐnai eidikoÔ tÔpou isomorfismìc sundèsmwn: isomorfismìc pou sèbetai
ta {suneq  komm�tia} twn sundèsmwn. An dÔo CSL �lgebrec eÐnai TRO
isodÔnamec tìte èqoun sten  sqèsh metaxÔ touc. Exet�zoume tic sunèpeiec
aut c thc sqèshc sthn par�grafo 4.6.

EpÐshc sthn ergasÐa aut  orÐzoume mÐa asjenèsterh thc TRO isodunamÐac
sqèsh metaxÔ w∗ kleist¸n algebr¸n telest¸n, thn spacial Morita isodunamÐa
(par�grafoc 4.3). DÔo w∗ kleistèc �lgebrec telest¸n A,B kaloÔntai spa-
cially Morita isodÔnamec an up�rqoun A,B prìtupo U kai B,A prìtupo V
¸ste A = [UV ]−w

∗ kai B = [VU ]−w
∗
. DeÐqnoume ìti dÔo CSL �lgebrec eÐnai

spacially Morita isodÔnamec an kai mìno an èqoun isìmorfouc sundèsmouc.
Se aut  thn perÐptwsh, an h mÐa �lgebra eÐnai {sunjetik } tìte eÐnai kai h
�llh.

Tèloc epekteÐnontac ta apotelèsmata tou kefalaÐou 3 parousi�zoume sth-
n par�grafo 4.5 èna je¸rhma pou qarakthrÐzei ta anaklastik� prìtupa p�nw
se megistikèc abelianèc autosuzugeÐc �lgebrec telest¸n me ousi¸dh diag¸nio.

4.1 TRO isodunamÐa algebr¸n

To parak�tw je¸rhma apomon¸nei k�poiec sunèpeiec tou Jewr matoc 2.10
sto [32] kai ja mac eÐnai polÔ qr simo sthn sunèqeia.

Je¸rhma 4.1.1 (i) 'Ena TRO M eÐnai ousi¸dec an kai mìno an oi �lgebrec
[M∗M]−w

∗
[MM∗]−w

∗ perièqoun touc tautotikoÔc telestèc.
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(ii) An to M eÐnai ousi¸dec TRO kai χ = MapM tìte

S1,χ = P((M∗M)′),S2,χ = P((MM∗)′)

kai h apeikìnish χ|S1,χ : S1,χ → S2,χ eÐnai orjoisomorfismìc sundèsmwn me
antÐstrofo thn apeikìnish χ∗|S2,χ .

Orismìc 4.1.1 'Estw A,B w∗ kleistèc �lgebrec pou droÔn stouc q¸rouc
QÐlmpert H1 kai H2 antÐstoiqa. An up�rqei TRO M ⊂ B(H1, H2) ¸ste
A = [M∗BM]−w

∗ kai B = [MAM∗]−w
∗ gr�foume A M∼ B. Lème ìti oi

�lgebrec A,B eÐnai TRO isodÔnamec an up�rqei TRO M ¸ste A M∼ B.

'Ena aplì par�deigma TRO isodÔnamwn, ìqi aparaÐthta autosuzug¸n al-
gebr¸n, eÐnai to akìloujo. JewroÔme tic monadiaÐec w∗ kleistèc �lgebrec

A ⊂ B(H) kai B =

[
A A
A A

]
⊂ B(H ⊕H).

'Estw to TRO

M =

[
∆(A)
∆(A)

]
⊂ B(H,H ⊕H).

EÔkola elègqetai ìti A M∼ B.

Prìtash 4.1.2 'Estw A ⊂ B(H1),B ⊂ B(H2) w
∗ kleistèc �lgebrec. Ta

parak�tw eÐnai isodÔnama:
(i) Oi �lgebrec A,B eÐnai TRO isodÔnamec.
(ii) Up�rqei ousi¸dec TRO M ⊂ B(H1, H2) ètsi ¸ste M∗BM ⊂ A kai

MAM∗ ⊂ B.
An to (ii) isqÔei tìte A M∼ B.

Apìdeixh 'Estw N ⊂ B(H1, H2) TRO ¸ste

A = [N ∗BN ]−w
∗ kai B = [NAN ∗]−w

∗
.

An P eÐnai h probol  epÐ tou q¸rou kerN kai Q h probol  epÐ tou kerN ∗,
tìte o q¸roc M ≡ N ⊕ QB(H1, H2)P eÐnai ousi¸dec TRO pou ikanopoieÐ
tic sqèseic M∗BM ⊂ A kai MAM∗ ⊂ B.
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AntÐstrofa, anM eÐnai ousi¸dec TRO ¸steM∗BM ⊂ A kaiMAM∗ ⊂
B, tìte [M∗BM]−w

∗ ⊂ A kai epeid  MAM∗ ⊂ B, èqoume

M∗MAM∗M⊂M∗BM⇒ [M∗M]−w
∗A[M∗M]−w

∗ ⊂ [M∗BM]−w
∗
.

Apì to gegonìc ìti I ∈ [M∗M]−w
∗ èpetai ìti A ⊂ [M∗BM]−w

∗
.

An�loga mporeÐ na deiqjeÐ ìti B = [MAM∗]−w
∗
. 2

Ja deÐxoume ìti h TRO isodunamÐa eÐnai sqèsh isodunamÐac. Qreiazìmaste
to parak�tw l mma pou ja eÐnai qr simo kai se �lla shmeÐa thc ergasÐac
aut c.

L mma 4.1.3 'Estw Si sÔnolo probol¸n ston q¸ro QÐlmpert Hi, i = 1, 2,
χ : S1 → S2 apeikìnish epÐ tou S2, kai

M = {T ∈ B(H1, H2) : TL = χ(L)T gia k�je L ∈ S1}.

Parat rhse ìti o q¸rocM eÐnai anaklastikì TRO [32]. EpÐ plèon an èqoume
thn plhroforÐa ìti eÐnai ousi¸dec, tìte [M∗M]−w

∗
= (S1)

′ kai [MM∗]−w
∗

=
(S2)

′.

Apìdeixh 'Estw φ = Map(M). MporoÔme na parathr soume ìti M(S1)
′ ⊂

M. Epomènwc an P eÐnai probol 

(S1)
′M∗P (H2) ⊂M∗P (H2) ⇒ (S1)

′φ∗(P )(H1) ⊂ φ∗(P )(H1).

Sunep�getai ìti φ∗(P ) ∈ (S1)
′′. ApodeÐxame ìti S2,φ∗ ⊂ (S1)

′′ apì to opoÐo
èqoume S1,φ ⊂ (S1)

′′ kai sunep¸c (S1,φ)
′ ⊃ (S1)

′. Epeid  to M eÐnai ousi¸dec
TRO tìte apì to Je¸rhma 4.1.1 prokÔptei ìti [M∗M]−w

∗
= (S1,φ)

′. ApodeÐx-
ame ìti [M∗M]−w

∗ ⊃ (S1)
′. Epeid  M∗M⊂ (S1)

′ èqoume telik� thn isìthta
[M∗M]−w

∗
= (S1)

′.
Parìmoia epeid  h χ apeikonÐzei epÐ tou S2 paÐrnoume M∗(S2)

′ ⊂ M∗ kai
qrhsimopoi¸ntac an�loga me prin epiqeir mata epitugq�noume thn isìthta
[MM∗]−w

∗
= (S2)

′. 2

Je¸rhma 4.1.4 H TRO isodunamÐa eÐnai sqèsh isodunamÐac.

Apìdeixh 'Eqoume mìno na deÐxoume thn metabatikìthta. 'Estw A,B, C w∗

kleistèc �lgebrec kai M,N ousi¸dh TRO’s ètsi ¸ste A M∼ B, B N∼ C.
'Estw χ = Map(M), tìte h apeikìnish χ eÐnai orjoisomorfismìc sundèsmwn
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apì ton P((M∗M)′) epÐ tou P((MM∗)′) (Je¸rhma 4.1.1).
'Estw S2 = P((MM∗)′) ∩ P((N ∗N )′) tìte (S2)

′ = ((MM∗) ∪ (N ∗N ))′′.
Epeid  MM∗B ⊂ B, BMM∗ ⊂ B kai N ∗NB ⊂ B, BN ∗N ⊂ B sunep�ge-
tai ìti (S2)

′B(S2)
′ ⊂ B.

'Estw S1 = χ−1(S2) kai Z = {T : TL = χ(L)T gia k�je L ∈ S1}.
Epeid  S1 ⊂ S1,χ èqoume ìtiM⊂ Z kai �ra to TRO Z eÐnai ousi¸dec. Qrhsi-
mopoi¸ntac to prohgoÔmeno l mma èqoume ìti [ZZ∗]−w

∗
= (S2)

′. Sunep�getai
ìti ZZ∗BZZ∗ ⊂ B. Sunep¸c M∗ZZ∗BZZ∗M ⊂ M∗BM ⊂ A kai �ra
M∗MZ∗BZM∗M⊂ A apì to opoÐo prokÔptei

[M∗M]−w
∗
[Z∗BZ]−w

∗
[M∗M]−w

∗ ⊂ A.

Epeid  to TRO M eÐnai ousi¸dec sunep�getai ìti [Z∗BZ]−w
∗ ⊂ A.

Epeid  A = [M∗BM]−w
∗ ⊂ [Z∗BZ]−w

∗ paÐrnoume A = [Z∗BZ]−w
∗
.

Apì autì epeid  ZZ∗BZZ∗ ⊂ B èqoume ZAZ∗ = Z[Z∗BZ]−w
∗Z∗ ⊂ B.

Sunep�getai telik� apì thn Prìtash 4.1.2 ìti B = [ZAZ∗]−w
∗
.

'Estw φ = Map(N ), tìte h φ eÐnai orjoisomorfismìc sundèsmwn apo ton
P((N ∗N )′) epÐ tou P((NN ∗)′) (Je¸rhma 4.1.1).
OrÐzoume Y = {T : TL = φ(L)T gia k�je L ∈ S2}. Epeid  S2 ⊂ S1,φ èqoume
ìti N ⊂ Y kai �ra to TRO Y eÐnai ousi¸dec. Apì to prohgoÔmeno l mma
[Y∗Y ]−w

∗
= (S2)

′. EpÐshc, qrhsimopoi¸ntac parìmoia me prin epiqeir mata
èqoume

C = [YBY∗]−w∗ ,B = [Y∗CY ]−w
∗
.

'Estw L = [YZ]−w
∗
. Epeid  [Y∗Y ]−w

∗
= (S2)

′ = [ZZ∗]−w
∗ èqoume YZZ∗ ⊂

Y . Sunep�getai ìti (YZ)(YZ)∗(YZ) = YZZ∗Y∗YZ ⊂ YY∗YZ ⊂ YZ kai
�ra LL∗L ⊂ L. ApodeÐxame ìti o q¸roc L eÐnai TRO. EÐnai de ousi¸dec afoÔ
oi q¸roi Y ,Z eÐnai ousi¸dh TRO’s.

Sthn sunèqeia èqoume (YZ)A(YZ)∗ = YZAZ∗Y∗ ⊂ YBY∗ ⊂ C kai �ra
LAL∗ ⊂ C.

EpÐshc YBY∗ ⊂ Y [ZAZ∗]−w
∗Y∗ ⊂ [LAL∗]−w∗ . Epeid  C = [YBY∗]−w∗

èqoume C = [LAL∗]−w∗ . An deÐxoume ìti L∗LA ⊂ A kai AL∗L ⊂ A, met�
eÔkola sunep�getai ìti L∗CL ⊂ A kai epomènwc apo to 4.1.2 èqoume A L∼ C.

'Eqoume (YZ)∗(YZ)A = Z∗Y∗YZA. All� [Y∗Y ]−w
∗

= [ZZ∗]−w
∗
. E-

pomènwc Z∗Y∗YZ ⊂ Z∗Z kai sunep¸c (YZ)∗(YZ)A ⊂ Z∗ZA ⊂ A. Apì
autì prokÔptei ìti L∗LA ⊂ A. Parìmoia èqoume AL∗L ⊂ A. H apìdeixh
eÐnai pl rhc. 2
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Parat rhsh 4.1.5 Apì thn prohgoÔmenh apìdeixh prokÔptei ìti an oi A,B
eÐnai TRO isodÔnamec �lgebrec kai oi B, C eÐnai epÐshc TRO isodÔnamec �l-
gebrec tìte up�rqoun Z,Y ousi¸dh TRO’s ètsi ¸ste A Z∼ B, B Y∼ C,
[Y∗Y ]−w

∗
= [ZZ∗]−w

∗
, o q¸roc L = [YZ]−w

∗ eÐnai ousi¸dec TRO kai A L∼ C.

Prìtash 4.1.6 'Estw A,B w∗ kleistèc �lgebrec kai M èna ousi¸dec TRO

¸ste A M∼ B. Tìte ∆(A)
M∼ ∆(B).

Apìdeixh EÐnai profanèc ìti M∗∆(B)M⊂ ∆(A) kai M∆(A)M∗ ⊂ ∆(B).
2

Je¸rhma 4.1.7 'EstwA,B monadiaÐec w∗ kleistèc �lgebrec,M èna ousi¸dec
TRO ¸ste A M∼ B kai χ = Map(M). Tìte h apeikìnish χ : pr(∆(A)′) →
pr(∆(B)′) eÐnai orjoisomorfismìc sundèsmwn kai χ(Lat(A)) = Lat(B).

Apìdeixh Apì thn parap�nw prìtash èqoume ∆(A)
M∼ ∆(B). Apì to Pìris-

ma 5.9 sto [32] èpetai ìti χ(P(∆(A)′)) = P(∆(B)′). Epeid  M∗M ⊂ ∆(A)
èqoume P((M∗M)′) ⊃ P((∆(A))′). Apì to Je¸rhma 4.1.1 sumperaÐnoume ìti
h apeikìnish χ : P(∆(A)′) → P(∆(B)′) eÐnai orjoisomorfismìc.

An E,F eÐnai probolèc ètsi ¸ste EAF = 0 tìte EM∗BMF = 0 kai �ra
EM∗Ref(B)MF = 0. Ex�goume to sumpèrasma ìti

M∗Ref(B)M⊂ Ref(A).

An�loga mporoÔme na deÐxoume ìti MRef(A)M∗ ⊂ Ref(B) kai sunep¸c
Ref(A)

M∼ Ref(B). Epeid  Lat(Ref(A)) = Lat(A) kai an�loga gia thn �lge-
bra B, qrhsimopoi¸ntac xan� to Pìrisma 5.9 sto [32] paÐrnoume χ(Lat(A)) =
Lat(B). 2

Parat rhsh 4.1.8 (i) An oi A,B eÐnai TRO isodÔnamec w∗ kleistèc �lge-
brec kai h A eÐnai anaklastik  tìte kai h B eÐnai anaklastik . Pr�gmati an
M eÐnai ousi¸dec TRO ètsi ¸ste A M∼ B ìpwc sthn apìdeixh tou prohgoÔ-
menou jewr matoc prokÔptei ìti A M∼ Ref(B) kai �ra RefB = B.

(ii) 'Enac orjoisomorfismìc χ : pr(C) → pr(D), ìpou oi C kai D eÐnai
�lgebrec von Neumann den epekteÐnetai wc ∗-morfismìc metaxÔ twn algebr¸n
aut¸n. Gia par�deigma epèlexe [30] mh abelianèc ∗ anti-isìmorfec �lgebrec
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von Neumann C,D, θ : C → D ;ena ∗ anti-isomorfismì kai ìrise χ = θ|pr(C).
SÔgkrine t¸ra ta Jewr mata 4.1.7 kai 4.2.3.

Prìtash 4.1.9 'EstwA,B monadiaÐec w∗ kleistèc �lgebrec kaiM èna ousi¸dec
TRO ètsi ¸ste A M∼ B. Tìte up�rqei èna TRO N pou perièqei to M ¸ste
A N∼ B kai ∆(A) = [N ∗N ]−w

∗
,∆(B) = [NN ∗]−w

∗
.

Apìdeixh 'Estw χ = Map(M).Apì to Je¸rhma 4.1.7 èpetai ìti χ(P(∆(A)′) =
P(∆(B)′). 'Estw N = {T : TL = χ(L)T gia k�je L ∈ P(∆(A)′)}.
Epeid  S1,χ = P((M∗M)′) ⊃ P(∆(A)′) èqoume ìti M ⊂ N kai epomènwc o
q¸roc N eÐnai ousi¸dec TRO.

Qrhsimopoi¸ntac to L mma 4.1.3 èqoume ∆(A) = [N ∗N ]−w
∗
,∆(B) =

[NN ∗]−w
∗
. Ja deÐxoume ìti A = [N ∗BN ]−w

∗
. Epeid  M∗BM ⊂ N ∗BN

paÐrnoume A ⊂ [N ∗BN ]−w
∗
. T¸ra èqoume

NN ∗BNN ∗ ⊂ B ⇒M∗NN ∗BNN ∗M⊂M∗BM ⊂ A
⇒M∗MN ∗BNM∗M⊂ A

kai �ra [M∗M]−w
∗N ∗BN [M∗M]−w

∗ ⊂ A.
Sunep�getai ìti N ∗BN ⊂ A apì to opoÐo paÐrnoume thn isìthta A =
[N ∗BN ]−w

∗
.

T¸ra afoÔ NN ∗ ⊂ B èqoume NAN ∗ = N [N ∗BN ]−w
∗N ∗ ⊂ B. Apì thn

Prìtash 4.1.2 prokÔptei ìti A N∼ B. 2

MporoÔme na parathr soume met� apì thn teleutaÐa prìtash ìti an oi
monadiaÐec �lgebrec A,B eÐnai TRO isodÔnamec tìte oi diag¸nioi touc ∆(A)
kai ∆(B) eÐnai Morita isodÔnamec kat� Rieffel [45].

H parak�tw prìtash lèei ìti an dÔo �lgebrec, ìqi aparaÐthta monadiaÐec,
eÐnai TRO isodÔnamec tìte up�rqoun monadiaÐec TRO isodÔnamec �lgebrec
pou perièqoun tic prohgoÔmenec wc ide¸dh.

Prìtash 4.1.10 'Estw A,B mh monadiaÐec w∗ kleistèc �lgebrec kai M
èna ousi¸dec TRO ètsi ¸ste A M∼ B. An AM = [A,M∗M]−w

∗
,BM =

[B,MM∗]−w
∗
, tìte

(i) Oi q¸roi AM,BM eÐnai monadiaÐec �lgebrec.
(ii) H �lgebra A (antist. B) eÐnai ide¸dec thc AM (antist. BM).
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(iii)AM
M∼ BM.

(iv) Up�rqei èna ousi¸dec TRO N pou perièqei to M ètsi ¸ste A N∼ B,
∆(AM) = [N ∗N ]−w

∗
,∆(BM) = [NN ∗]−w

∗
. (Parat rhse ìti AM = AN kai

BM = BN ).

Apìdeixh Oi isqurismoÐ (i), (ii) eÐnai sunèpeiec twn sunjhk¸n: AM∗M⊂ A,
M∗MA ⊂ A, BMM∗ ⊂ B, MM∗B ⊂ B.
EpÐshc, afoÔ MAM∗ ⊂ B kai M(M∗M)M∗ ⊂ MM∗ eÔkola prokÔptei
ìti MAMM∗ ⊂ BM. An�loga èqoume MBMM∗ ⊂ AM.

(iv) Epeid  AM
M∼ BM apì thn prohgoÔmenh prìtash sumperaÐnoume ìti

up�rqei èna ousi¸dec TRO N pou perièqei toM ¸ste AM
N∼ BM, ∆(AM) =

[N ∗N ]−w
∗
,∆(BM) = [NN ∗]−w

∗
. Mènei na deÐxoume ìti A N∼ B.

Epeid  NN ∗ ⊂ BM kai h �lgebra B eÐnai ide¸dec thc BM èqoume

NN ∗BNN ∗ ⊂ B ⇒M∗NN ∗BNN ∗M⊂M∗BM ⊂ A
⇒M∗MN ∗BNM∗M⊂ A.

Apì to teleutaÐo èqoume [M∗M]−w
∗N ∗BN [M∗M]−w

∗ ⊂ A kai �raN ∗BN ⊂
A. Parìmoia mporeÐ na deiqjeÐ N ∗AN ⊂ B. 2

Prìtash 4.1.11 'Estw A,B w∗ kleistèc �lgebrec kai M ousi¸dec TRO

¸ste A M∼ B. An J eÐnai w∗ kleistì A-prìtupo tìte o q¸roc F (J ) =

[MJM∗]−w
∗ eÐnai B-prìtupo kai J M∼ F (J ). H apeikìnish F eÐnai 1 − 1

kai epÐ metaxÔ twn w∗ kleist¸n protÔpwn thc �lgebrac A kai aut¸n thc B.
EpÐ plèon o periorismìc thc F sto sÔnolo twn w∗ kleist¸n dipl¸n idewd¸n
thc �lgebrac A apeikonÐzei epÐ aut¸n thc B.

Apìdeixh Epeid  AM∗M ⊂ A èqoume ìti MAM∗MJM∗ ⊂ MJM∗.
Epomènwc BF (J ) ⊂ F (J ). Parìmoia isqÔei ìti F (J )B ⊂ F (J ).
An I eÐnai w∗ kleistì prìtupo thc B, o q¸roc J = [M∗IM]−w

∗ eÐnai prìtupo
thc �lgebrac A kai F (J ) = I. SumperaÐnoume ìti h apeikìnish F eÐnai epÐ.
EÔkola elègqetai ìti h F eÐnai 1−1. EpÐshc parat rhse ìti an to J eÐnai w∗
kleistì diplì ide¸dec thc �lgebrac A tìte o q¸roc F (J ) eÐnai w∗ kleistì
diplì ide¸dec thc �lgebrac B. 2

H parak�tw prìtash apodeiknÔetai eÔkola.
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Prìtash 4.1.12 'Estw A,B w∗ kleistèc �lgebrec kaiM èna ousi¸dec TRO

ètsi ¸steA M∼ B. SumbolÐzoumeK(A) (antist. K(B)) to sÔnolo twn sumpag¸n
telest¸n thc �lgebrac A(antist. B), F(A) (antist. F(B)) to sÔnolo twn
telest¸n peperasmènhc t�xhc thc �lgebrac A(antist. B), R1(A) (antist.
R1(B)) to sÔnolo twn telest¸n pr¸thc t�xhc thc �lgebrac A(antist. B).
Tìte K(A)−w

∗ M∼ K(B)−w
∗
, F(A)−w

∗ M∼ F(B)−w
∗
, [R1(A)]−w

∗ M∼ [R1(B)]−w
∗
.

4.2 TRO isodÔnamec anaklastikèc �lgebrec

O skopìc aut c thc paragr�fou eÐnai na orÐsei ikanèc kai anagkaÐec sunj kec
thc Ôparxhc TRO isodunamÐac metaxÔ anaklastik¸n algebr¸n.

L mma 4.2.1 'Estw C, E �lgebrec von Neumann, θ : C → E ènac ∗ isomor-
fismìc kai

M = {T : TA = θ(A)T gia k�je A ∈ C}.
Tìte o q¸roc M eÐnai èna ousi¸dec TRO.

Apìdeixh 'Estw D = {A⊕θ(A) : A ∈ C}. Apì to Je¸rhma 2.2.3 èpetai ìti h
θ eÐnai w∗ suneq c. Apì autì prokÔptei ìti h D eÐnai �lgebra von Neumann.
O metajèthc thc D eÐnai h �lgebra[

C ′ M∗

M E ′
]
.

'Estw φ = Map(M). Epeid  E ′M ⊂ M èqoume φ(I)⊥E ′φ(I) = 0 kai �ra
φ(I) ∈ E . 'Estw P = 0⊕ φ(I)⊥. Epeid  φ(I)M = M kai φ(I) ∈ E mporoÔme
na epibebai¸soume ìti P⊥D′P = 0 kai �ra P ∈ D. Sunep�getai ìti h probol 
P eÐnai thc morf c A⊕θ(A) gia k�poio telest  A ∈ C kai epomènwc φ(I) = I.
Parìmoia mporeÐ na deiqjeÐ ìti φ∗(I) = I kai sunep¸c o q¸roc M eÐnai
ousi¸dec TRO . 2

DÐnoume t¸ra mÐa nèa apìdeixh thc parat rhshc tou Connes (blèpe thn
eisagwg  autoÔ tou kefalaÐou) pou mac dÐnei thn epÐ plèon plhroforÐa ìti
o isomorfismìc metaxÔ twn metajet¸n twn algebr¸n epekteÐnei to {Map}
tou {protÔpou thc Morita isodunamÐac}. Autì to gegonìc ja eÐnai qr simo
parak�tw.
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Je¸rhma 4.2.2 'Estw A,B �lgebrec von Neumann, M TRO ¸ste A =
[M∗M]−w

∗
,B = [MM∗]−w

∗ kai χ = Map(M). Tìte up�rqei ∗-isomorfismìc
θ : A′ → B′ pou epekteÐnei thn apeikìnish χ|P(A′).
AntÐstrofa an oi �lgebrec A′,B′ eÐnai ∗-isìmorfec tìte oi �lgebrec A,B eÐnai
TRO isodÔnamec.

Apìdeixh 'Estw L = {L⊕χ(L) : L ∈ P(A′)}. Apì to Je¸rhma 4.1.1 èqoume
ìti

M = {T : TL = χ(L)T gia k�je L ∈ P(A′)}
mporoÔme na epibebai¸soume ìti

C = L′ =
[
A M∗

M B

]
.

Epomènwc h �lgebra C eÐnai �lgebra von Neumann pou dra sto eujÔ �jroisma
twn antÐstoiqwn q¸rwn QÐlmpert.

'Enac eÔkoloc upologismìc deÐqnei ìti o metajèthc thc �lgebrac C eÐnai

{
[
T O
O S

]
: T ∈ A′, S ∈ B′ ètsi ¸ste MT = SM gia k�jeM ∈M}.

'Estw
π1 : C ′ → A′ :

[
T O
O S

]
→ T

π2 : C ′ → B′ :
[
T O
O S

]
→ S.

Ja deÐxoume ìti oi apeikonÐseic π1, π2 eÐnai epÐ. ParathroÔme ìti h �lgebra
π1(C ′) eÐnai von Neumann, epomènwc arkeÐ na deÐxoume ìti π1(C ′)′ ⊂ A.

'Estw A ∈ π1(C ′)′ tìte AT = TA gia k�je
[
T O
O S

]
∈ C ′. Epomènwc[

A O
O O

] [
T O
O S

]
=

[
T O
O S

] [
A O
O O

]
gia k�je

[
T O
O S

]
∈ C ′

kai �ra
[
A O
O O

]
∈ C, apì to opoÐo prokÔptei A ∈ A.

'Estw
[
T O
O S1

]
,

[
T O
O S2

]
∈ C ′ tìte S1M = MT = S2M gia k�je

M ∈M. Epeid  to TRO M eÐnai ousi¸dec èqoume S1 = S2.
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To sumpèrasma eÐnai ìti mporoÔme na orÐsoume mÐa apeikìnish θ : A′ → B′
apì ton tÔpo

θ(T ) = S ⇔
[
T O
O S

]
∈ C ′.

H apeikìnish θ eÐnai ∗-isomorfismìc. Ja deÐxoume ìti h θ eÐnai epèktash thc
χ|P(A′). An L ∈ P(A′) èqoume ML = θ(L)M gia k�je M ∈ M. Apì autì
prokÔptei θ(L)⊥ML = 0 kai �ra χ(L) ≤ θ(L). EpÐshc θ(L)ML⊥ = 0 kai
sunep¸c χ(L⊥) ≤ θ(L)⊥. Epeid  to TRO M eÐnai ousi¸dec apì to Je¸rhma
4.1.1 sunep�getai ìti χ(L⊥) = χ(L)⊥ kai epomènwc θ(L) = χ(L).

AntÐstrofa, èstw θ : A′ → B′ ènac ∗-isomorfismìc kai

M = {T : TA = θ(A)T gia k�je T ∈ A′}.

O q¸roc M eÐnai ousi¸dec TRO apì to prohgoÔmeno l mma. EÐnai profanèc
ìti M∗BM ⊂ A kai MAM∗ ⊂ B. 2

H prohgoÔmenh apìdeixh an kei ston A. Kat�bolo.

Je¸rhma 4.2.3 Oi anaklastikèc �lgebrec A,B eÐnai TRO isodÔnamec an kai
mìno an up�rqei ∗-isomorfismìc θ : ∆(A)′ → ∆(B)′ ètsi ¸ste θ(Lat(A)) =
Lat(B).

Apìdeixh 'Estw ìti oi anaklastikèc �lgebrec A,B eÐnai TRO isodÔnamec.
Apì thn Prìtash 4.1.9 up�rqei èna ousi¸dec TRO M ètsi ¸ste A M∼ B
kai ∆(A) = [M∗M]−w

∗
,∆(B) = [MM∗]−w

∗
. Apì to prohgoÔmeno je¸rhma

up�rqei ènac ∗-isomorfismìc θ : ∆(A)′ → ∆(B)′ pou epekteÐnei thn apeikìnish
χ|P(∆(A)′). Apì to Je¸rhma 4.1.7

θ(Lat(A)) = χ(Lat(A)) = Lat(B).

AntÐstrofa, èstw θ : ∆(A)′ → ∆(B)′ ènac ∗-isomorfismìc ètsi ¸ste

θ(Lat(A)) = Lat(B)

kai
M = {T : TA = θ(A)T gia k�je T ∈ ∆(A)′}.

Apì to L mma 4.2.1 o q¸rocM eÐnai èna ousi¸dec TRO. Apomènei na deÐxoume
ìti A M∼ B. 'Estw A ∈ A, L ∈ Lat(A),M1,M2 ∈M tìte

M1AM
∗
2 θ(L) = M1ALM

∗
2 = M1LALM

∗
2 = θ(L)M1AM

∗
2 θ(L).
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Epomènwc M1AM
∗
2 ∈ B. ApodeÐxame ìti MAM∗⊂ B. Parìmoia èqoume

M∗BM ⊂ A. 2

Parat rhsh 4.2.4 An oi �lgebrec den eÐnai anaklastikèc, den isqÔei to
prohgoÔmeno je¸rhma. P�re gia par�deigma A na eÐnai mÐa CSL �lgebra ètsi
¸ste h �lgebra B ≡ Amin na perièqetai gn sia se aut n. GnwrÐzoume ìti
∆(A) = ∆(B) kai LatA = LatB. All� oi �lgebrec A kai B den mporeÐ na
eÐnai TRO isodÔnamec afoÔ h �lgebra A eÐnai anaklastik  all� h B ìqi.
(Blèpe parat rhsh 4.1.8 (i)).

4.3 TRO isodunamÐa kai spacial Morita iso-
dunamÐa

O akìloujoc orismìc an kei ston I. Todorov (proswpik  koinopoÐhsh).

Orismìc 4.3.1 'Estw H1, H2 q¸roi QÐlmpert kai A ⊂ B(H1),B ⊂ B(H2)
w∗ kleistèc �lgebrec. An up�rqoun q¸roi U ⊂ B(H1, H2),V ⊂ B(H2, H1)
ètsi ¸ste BUA ⊂ U , AVB ⊂ V , [VU ]−w

∗
= A, [UV ]−w

∗
= B tìte

lème ìti oi �lgebrec A,B eÐnai spacial Morita isodÔnamec kai to sÔsthma
(A,B,U ,V) kaleÐtai spacial Morita sÔsthma.

Je¸rhma 4.3.1 'Estw (A,B,U ,V) èna spacial Morita sÔsthma kai upojè-
toume ìti oi �lgebrec A,B eÐnai monadiaÐec. An φ = Map(U), ψ = Map(V)
tìte

(i)S1,φ = Lat(A),S2,φ = Lat(B) kai �ra h apeikìnish φ : Lat(A) →
Lat(B) eÐnai isomorfismìc sundèsmwn.

(ii)ψ|Lat(B) = (φ|Lat(A))
−1

Apìdeixh 'Estw ζ1 = Map(A) kai ζ2 = Map(B). Epeid  [UV ]−w
∗

= B
paÐrnoume ζ2 = φ◦ψ kai �ra ζ2(P(B(H2))) ⊂ S2,φ h isodÔnama Lat(B) ⊂ S2,φ.
Epeid  ζ1 = ψ ◦ φ gia tuqoÔsa probol  P ∈ P(B(H1)) èqoume

UVφ(P )(H2) ⊂ Uψ(φ(P ))(H1) = Uζ1(P )(H1).

All�

UAP ⊂ UP ⇒ Uζ1(P )(H1) ⊂ φ(P )(H2) ⇒ UVφ(P )(H2) ⊂ φ(P )(H2).
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ApodeÐxame ìti

φ(P )⊥UVφ(P ) = 0 ⇒ φ(P )⊥Bφ(P ) = 0

gia k�je P ∈ P(B(H1)). Sunep�getai ìti S2,φ ⊂ Lat(B) apì to opoÐo telik�
prokÔptei isìthta.

Epeid  h tetr�da (A∗,B∗,U∗,V∗) eÐnai èna Morita sÔsthma, qrhsimopoi¸n-
tac ta prohgoÔmena epiqeir mata èqoume

S2,φ∗ = Lat(A∗) ⇒ S1,φ = Lat(A).

ParathroÔme ìti h apeikìnish φ : Lat(A) → Lat(B) eÐnai 1-1, epÐ kai
diathreÐ thn di�taxh. Epomènwc eÐnai isomorfismìc sundèsmwn. Epeid  ψ◦φ =
ζ1 sunep�getai ìti ψ ◦ (φ|Lat(A)) = Id|Lat(A). Parìmoia èqoume φ ◦ (ψ|Lat(B)) =
Id|Lat(B). To telikì mac sumpèrasma eÐnai ìti ψ|Lat(B) = (φ|Lat(A))

−1. 2

Parat rhsh 4.3.2 (i) An oi monadiaÐec �lgebrec A,B eÐnai spacial Morita
isodÔnamec kai h �lgebra B eÐnai anaklastik  tìte kai h A eÐnai anaklastik .
Pr�gmati èstw (A,B,U ,V) èna spacial Morita sÔsthma. An oi E,F eÐnai
probolèc ètsi ¸ste EBF = 0, èqoume

EUVUVF = 0 ⇒ EUAVF = 0 ⇒ EURef(A)VF = 0.

ApodeÐxame ìti URef(A)V ⊂ B, sunep¸c

VURef(A)VU ⊂ VBU ⊂ A ⇒ ARef(A)A ⊂ A.

Epeid  h �lgebra A eÐnai monadiaÐa èqoume Ref(A) = A.
(ii) Qrhsimopoi¸ntac thn prohgoÔmenh parat rhsh kai to par�deigma sth-

n parat rhsh 4.2.4 sumperaÐnoume ìti to antÐstrofo tou Jewr matoc 4.3.1 den
eÐnai alhjèc. All� ìpwc deÐqnoume sto epìmeno je¸rhma to antÐstrofo eÐnai
alhjèc sthn perÐptwsh twn CSL algebr¸n.

Je¸rhma 4.3.3 DÔo CSL �lgebrec A ⊂ B(H1), B ⊂ B(H2) eÐnai spacial
Morita isodÔnamec an kai mìno an èqoun isìmorfouc sundèsmouc.

Apìdeixh Apì to Je¸rhma 4.3.1 arkeÐ na deÐxoume ìti o isomorfismìc metaxÔ
twn CSL’s èpetai thn spacial Morita isodunamÐa.
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'Estw S1 = Lat(A),S2 = Lat(B), φ : S1 → S2 isomorfismìc CSL sundèsmwn
kai

U = {T ∈ B(H1, H2) : φ(L)⊥TL = 0 gia k�je L ∈ S1},

V = {S ∈ B(H2, H1) : L⊥Sφ(L) = 0 gia k�je L ∈ S1}.

Apì to Je¸rhma 2.4.4 èqoume ìti

S1,Map(U) = S1, S2,Map(U) = S2, Map(U)|S1 = φ,

S1,Map(V) = S2, S2,Map(V) = S1, Map(V)|S2 = φ−1.

'Estw W = Ref(VU) kai ζ = Map(W). 'Epetai ìti ζ = Map(V) ◦ Map(U).
EpÐshc afoÔ W∗ = Ref(U∗V∗) èqoume ζ∗ = Map(U∗) ◦ Map(V∗), kai �ra
S2,ζ∗ ⊂ S2,Map(U∗) = (S1,Map(U))

⊥ = (S1)
⊥. SumperaÐnoume ìti S1,ζ ⊂ S1.

Epomènwc an L ∈ S1,ζ èqoume

ζ(L) = Map(V) ◦Map(U)(L) = φ−1 ◦ φ(L) = L,

kai �ra

W ={T : ζ(L)⊥TL = 0 gia k�je L ∈ S1,ζ}
={T : L⊥TL = 0 gia k�je L ∈ S1,ζ}
⊃{T : L⊥TL = 0 gia k�je L ∈ S1} = A

Epeid  VU ⊂ A èqoume ìti A = Ref(VU).

Parat rhse ìti o q¸roc [VU ]−w
∗ eÐnai masa prìtupo kai �ra perièqei ton

q¸ro Amin. All� o q¸roc Amin eÐnai monadiaÐa �lgebra kai o q¸roc [VU ]−w
∗

eÐnai ide¸dec thc �lgebrac A. SumperaÐnoume ìti A = [VU ]−w
∗
. Parìmoia

mporeÐ na deiqjeÐ ìti B = [UV ]−w
∗
. 2

Je¸rhma 4.3.4 An oi A,B eÐnai w∗ kleistèc TRO isodÔnamec �lgebrec tìte
eÐnai spacial Morita isodÔnamec.

Apìdeixh 'Estw ìti o q¸roc M eÐnai ousi¸dec TRO ètsi ¸ste A M∼ B
kai AM = [A,M∗M]−w

∗
,BM = [B,MM∗]−w

∗
. An oi �lgebrec A,B eÐnai

monadiaÐec èqoume A = AM,B = BM. An den eÐnai upenjumÐzoume apì thn
Prìtash 4.1.10 ìti AM

M∼ BM kai A, (antist. B) eÐnai èna ide¸dec thc
AM, (antist. BM).
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OrÐzoume U = [BM]−w
∗ kai V = [M∗BM]−w

∗
. Ja deÐxoume ìti to sÔsthma

(A,B,U ,V) eÐnai èna spacial Morita sÔsthma.
(i) Epeid  h �lgebra B eÐnai ide¸dec thc BM èqoume

B(BM)(M∗BM) ⊂ BM ⊂ U .

Epeid  U = [BM]−w
∗ kai A = [M∗BM]−w

∗ sumperaÐnoume ìti BUA ⊂ U .
(ii) OmoÐwc èqoume

(M∗BM)(M∗BM)B ⊂M∗B ⊂ V .

Epeid  A = [M∗BM]−w
∗ kai V = [M∗BM]−w

∗ paÐrnoume AVB ⊂ V .
(iii) ParathroÔme ìti M∗ ⊂ V kai �ra M∗BM ⊂ VU . 'Epetai ìti

[VU ]−w
∗ ⊃ A. Epeid  h �lgebra B eÐnai ide¸dec thc BM èqoume

(M∗BM)(BM) ⊂M∗BM ⊂ A.

All� V = [M∗BM]−w
∗ kai U = [BM]−w

∗
. Sunep�getai ìti VU ⊂ A kai �ra

A = [VU ]−w
∗
.

(iv) P�li epeid  h �lgebra B eÐnai ide¸dec thc BM èqoume (BM)(M∗BM) ⊂
B kai sunep¸c UV ⊂ B. T¸ra, parathroÔme ìtiMM∗BM ⊂MV kai epomèn-
wc

[MM∗]−w
∗BM ⊂ [MV ]−w

∗ ⇒ BM ⊂ [MV ]−w
∗
.

ParathroÔme ìti UV ⊃ BMV kai �ra

[UV ]−w
∗ ⊃ B[MV ]w

∗ ⊃ BBM = B.

ApodeÐxame ìti B = [UV ]−w
∗
. H apìdeixh èqei oloklhrwjeÐ. 2

H spacial Morita isodunamÐa den sunep�getai thn TRO isodunamÐa akìma
kai sthn perÐptwsh twn nest algebr¸n. DÐnoume ta akìlouja paradeÐgmata:

Par�deigma 4.3.5 Ston q¸ro QÐlmpert H1 = l2(Q ∩ [0, 1]),Q to sÔnolo
twn rht¸n, orÐzoume gia k�je t ∈ [0, 1] tic probolèc Q+

t , Q
−
t ìpou Q+

t (antist.
Q−t ) eÐnai h probol  epÐ tou upoq¸rou twn sunart sewn pou fèrontai sto
di�sthma [0, t] (antist. [0, t)). JewroÔme to nest

N1 = {Q+
t , Q

−
t : t ∈ [0, 1]}.
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Ston q¸ro QÐlmpert (L2([0, 1]), λ), λ to mètro Lebesgue, orÐzoume gia k�je
t ∈ [0, 1] thn probol  Nt epÐ tou upoq¸rou twn sunart sewn pou fèrontai
sto di�sthma [0, t]. JewroÔme ston q¸ro QÐlmpert H2 = H1 ⊕ L2([0, 1]) to
nest

N2 = {Q+
t ⊕Nt, Q

−
t ⊕Nt : t ∈ [0, 1]}.

H apeikìnish

N1 → N2 : Q+
t → Q+

t ⊕Nt, Q−t → Q−t ⊕Nt

eÐnai isomorfismìc sundèsmwn kai sunep¸c apì to prohgoÔmeno je¸rhma oi
�lgebrec Alg(N1),Alg(N2) eÐnai spacial Morita isodÔnamec. 'Omwc den eÐ-
nai TRO isodÔnamec epeid  den up�rqei isomorfismìc metaxÔ twn algebr¸n
(N1)

′′, (N2)
′′, afoÔ h pr¸th eÐnai olik� atomik  masa en¸ h deÔterh perièqei

suneqeÐc probolèc.

To prohgoÔmeno par�deigma an kei ston Davidson, [15]. MÐa parallag 
tou prohgoÔmenou paradeÐgmatoc eÐnai to akìloujo:

Par�deigma 4.3.6 'Estw X ⊂ [0, 1] to sÔnolo tou Cantor kai h : [0, 1] →
[0, 1] mÐa gnhsÐwc aÔxousa epÐ apeikìnish ètsi ¸ste λ(h(X)) > 0, ìpou λ eÐnai
to mètro Lebesgue. Upojètoume ìti [0, 1] \ X = ∪(ln, rn) kai µ, ν ta Borel
mètra sto [0, 1] pou dÐnontai apì tic sqèseic

µ(S) =
∞∑
n=1

(rn − ln)δrn(S)

kai
ν(S) = λ(h(X) ∩ S) +

∞∑
n=1

(h(rn)− h(ln))δh(rn)(S),

ìpou δx eÐnai to mètro Dirac me forèa {x}.
'Estw N1 = {Ms : 0 ≤ s ≤ 1} (antist. N2 = {Mh(s) : 0 ≤ s ≤ 1}) ìpou

Ms (antist. Mh(s)) eÐnai h probol  epÐ tou upoq¸rou L2([0, s], µ) (antist.
L2([0, h(s)], ν)). MporoÔme na apodeÐxoume ìti h apeikìnish

N1 → N2 : Ms →Mh(s)

eÐnai isomorfismìc sundèsmwn. 'Epetai apì to prohgoÔmeno je¸rhma ìti oi
nest �lgebrec Alg(N1),Alg(N2) eÐnai spacial Morita isodÔnamec. All� den
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eÐnai TRO isodÔnamec �lgebrec epeid  den up�rqei isomorfismìc metaxÔ twn
algebr¸n N ′′

1 ,N ′′
2 (Je¸rhma 4.2.3). Parat rhse ìti h �lgebra N ′′

1 eÐnai olik�
atomik  all� h �lgebra N ′′

2 perièqei suneqeÐc probolèc. (H probol  epÐ tou
q¸rou L2(Y, ν), Y = h(X) \ {h(rn) : n ∈ N} eÐnai suneq c.)

Je¸rhma 4.3.7 'Estw A ⊂ B(H1), B ⊂ B(H2) CSL �lgebrec S1 =
Lat(A),S2 = Lat(B), φ : S1 → S2 ènac isomorfismìc sundèsmwn kai

U = {T ∈ B(H1, H2) : φ(L)⊥TL = 0 gia k�je L ∈ S1}.

H �lgebra A eÐnai sunjetik  an kai mìno an to prìtupo U eÐnai sunjetikì an
kai mìno an h �lgebra B eÐnai sunjetik .

Apìdeixh 'Estw

L = {φ(L)⊕ L : L ∈ S1}, C = Alg(L)

kai
V = {S ∈ B(H2, H1) : L⊥Sφ(L) = 0 gia k�je L ∈ S1}.

Apì to Je¸rhma 4.3.3 èqoume ìti

A = [VU ]−w
∗ kai B = [UV ]−w

∗
.

UpenjumÐzoume ìti an D eÐnai èna anaklastikì masa prìtupo me Dmin sum-
bolÐzoume to mikrìtero w∗ kleistì masa prìtupo tou opoÐou h anaklastik 
j kh eÐnai o q¸roc D.

EÐnai gnwstì apì to [32] ìti

C = Alg(L) =

[
B U
V A

]
kai Cmin ⊂

[
Bmin Umin
Vmin Amin

]
.

Ja deÐxoume ìti [
0 Umin
0 0

]
⊂ Cmin.

'EstwW èna w∗ kleistì masa prìtupo ètsi ¸ste Ref(W) = C kai Q = 0⊕I
tìte

Ref(Q⊥WQ) = Q⊥CQ =

[
0 U
0 0

]
.
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Sunep�getai ìti[
0 Umin
0 0

]
=

[
0 U
0 0

]
min

⊂ Q⊥WQ ⊂ W.

Jètontac W = Cmin èqoume ìti[
0 Umin
0 0

]
⊂ Cmin.

An�loga mporoÔme na apodeÐxoume ìti[
0 0
0 Amin

]
,

[
0 0

Vmin 0

]
,

[
Bmin 0

0 0

]
⊂ Cmin.

To sumpèrasma eÐnai ìti

Cmin =

[
Bmin Umin
Vmin Amin

]
. (4.3.1)

An oi E,F eÐnai probolèc ètsi ¸ste EUminVF = 0 tìte EUVF = 0
kai �ra EBF = 0. Sunep�getai ìti B ⊂ Ref(UminV) kai apì autì B =
Ref(UminV). An�loga èqoume ìti A = Ref(VminU).

T¸ra upojètoume ìti h �lgebraA eÐnai sunjetik . Epeid  B = Ref(UminV)
èqoume ìti Bmin ⊂ [UminV ]−w

∗ kai �ra

U ⊂ BminU ⊂ [UminVU ]−w
∗ ⊂ [UminA]−w

∗
= [UminAmin]

−w∗ .

Apì thn isìthta (4.3.1) èqoume ìti[
0 UminAmin

0 0

]
=

[
0 Umin
0 0

] [
0 0
0 Amin

]
⊂ Cmin.

Sunep�getai ìti UminAmin ⊂ Umin apì to opoÐo prokÔptei ìti U ⊂ Umin
kai �ra to prìtupo U eÐnai sunjetikì.

Gia thn antÐjeth kateÔjunsh upojètoume ìti to prìtupo U eÐnai sunjetikì.
Apì thn isìthta (4.3.1) èqoume ìti[

0 0
0 VminUmin

]
=

[
0 0

Vmin 0

] [
0 Umin
0 0

]
.
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SumperaÐnoume ìti VminUmin ⊂ Amin kai �ra VminU ⊂ Amin. Epeid  UA ⊂ U
èqoume ìti VminUA ⊂ Amin. Apì thn isìthta A = Ref(VminU) prokÔptei
ìti Amin ⊂ [VminU ]−w

∗
. Apì to gegonìc ìti VminUA ⊂ Amin èpetai ìti

AminA ⊂ Amin kai �ra A ⊂ Amin.

'Eqoume apodeÐxei ìti h �lgebra A eÐnai sunjetik  an kai mìno an to
prìtupo U eÐnai sunjetikì. Parìmoia mporeÐ na deiqjeÐ ìti to prìtupo U eÐnai
sunjetikì an kai mìno an h �lgebra B eÐnai sunjetik . 2

4.4 TRO isodunamÐa kai CSL �lgebrec

Upojètoume se aut  thn par�grafo ìti ìloi oi q¸roi QÐlmpert eÐnai diaqwrÐsi-
moi. Exet�zoume pìte dÔo CSL �lgebrec pou droun se diaqwrÐsimouc q¸rouc
QÐlmpert eÐnai TRO isodÔnamec. ApodeiknÔoume ìti autì sumbaÐnei an kai
mìno an up�rqei eidikoÔ tÔpou isomorfismìc metaxÔ twn sundèsmwn touc: i-
somorfismìc pou {sèbetai thn sunèqeia}.

L mma 4.4.1 'Estw N1,N2 olik� atomik� nests kai φ : N1 → N2 ènac
isomorfismìc nests. Tìte up�rqei ∗-isomorfismìc ρ : N ′′

1 → N ′′
2 pou epekteÐnei

thn φ.

Apìdeixh 'Estw {En : n ∈ N} (antist. {Fn : n ∈ N}) ta �toma tou N1

(antist. N2). MporoÔme na upojèsoume ìti En = Nn − (Nn)[ kai Fn =
φ(Nn)− φ((Nn)[) gia k�je n ∈ N, ìpou {Nn : n ∈ N} ⊂ N1.

MporoÔme eÔkola na deÐxoume ìti

N ′′
1 = {

∑
n

λnEn : sup |λn| <∞}

N ′′
2 = {

∑
n

λnFn : sup |λn| <∞}.

OrÐzoume
ρ : N ′′

1 → N ′′
2 : ρ(

∑
n

λnEn) =
∑
n

λnFn.

H apeikìnish ρ eÐnai ∗-isomorfismìc pou epekteÐnei thn φ. 2
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L mma 4.4.2 'Estw S CSL sÔndesmoc pou dra se q¸ro QÐlmpert H kai Q
probol  tètoia ¸ste QB(H)Q ⊂ S ′. Tìte up�rqei �tomo E tou sundèsmou S
¸ste Q ≤ E.

Apìdeixh Epeid  QB(H)Q ⊂ S ′ èqoume QL = 0 h QL = Q gia k�je L ∈ S.
'Estw

M = ∧{L ∈ S : LQ = Q}.

Parat rhse ìti MQ = Q kai LQ = 0 gia ìla ta L ∈ S ¸ste L < M.
Sunep�getai ìti M[Q = 0 kai �ra (M −M[)Q = Q. ApodeÐxame ìti Q ≤
M −M[ = E. 2

L mma 4.4.3 'Estw S CSL sÔndesmoc pou dra se q¸ro Qðlmpert H kai P
to sup ìlwn twn atìmwn tou S. Tìte o sÔndesmoc S|p⊥ = {L|P (H)⊥ : L ∈ S}
eÐnai suneq c CSL sÔndesmoc.

Apìdeixh An o sÔndesmoc S|P⊥ èqei k�poio �tomo èpetai ìti up�rqei probol 
Q ≤ P⊥ tètoia ¸ste

B(Q(H)) ⊂ (S|P⊥)′ = S ′|P⊥

kai �ra B(Q(H)) ⊂ S ′. Qrhsimopoi¸ntac to prohgoÔmeno l mma sumperaÐ-
noume ìti up�rqei èna �tomo E tou S ètsi ¸ste Q ≤ E. Autì eÐnai antÐfash
epeid  E ≤ P. 2

L mma 4.4.4 'Estw S1,S2 CSL’s pou droun se q¸ro QÐlmpert H ètsi ¸ste
S ′′1 = S ′′2 . Tìte h probol  E eÐnai �tomo tou S1 an kai mìno an eÐnai �tomo tou
S2.

Apìdeixh 'Estw E1 �tomo tou S1. 'Epetai ìti E1B(H)E1 ⊂ S ′1. Apì to L mma
4.4.2 up�rqei �tomo F tou S2 ètsi ¸ste E1 ≤ F. Qrhsimopoi¸ntac xan� to
L mma 4.4.2 up�rqei �tomo E2 tou S1 ètsi ¸ste F ≤ E2. Sunep�getai ìti
E1 = E2 = F kai �ra h probol  E1 eÐnai �tomo tou S2. 2

L mma 4.4.5 'Estw N1,N2 nests, φ : N1 → N2 isomorfismìc sundèsmwn,
P to sup twn atìmwn tou N1 kai Q to sup twn atìmwn tou N2. Tìte h
apeikìnish

N1|P → N2|Q : N |P → φ(N)|Q
eÐnai epÐshc isomorfismìc sundèsmwn.
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Apìdeixh 'Estw N1, N2 ∈ N1 tètoia ¸ste N1|P = N2|P . Ja apodeÐxoume ìti
φ(N1)|Q = φ(N2)|Q. An N1 = N2 autì eÐnai profanèc. Upojètoume t¸ra ìti
N1 < N2.
'Eqoume ìti (N2 − N1)P = 0 h isodÔnama (N2 − N1)(N − N[) = 0 gia k�je
N ∈ N1. Sunep�getai ìti N ≤ N1 < N2 h N1 < N2 ≤ N[ gia ìla ta N ∈ N1

ètsi ¸ste N[ < N. 'Epetai ìti φ(N) ≤ φ(N1) < φ(N2) h φ(N1) < φ(N2) ≤
φ(N[) kai �ra (φ(N2) − φ(N1))(φ(N) − φ(N[)) = 0 gia k�je N ∈ N1. Apì
autì prokÔptei ìti φ(N1)|Q = φ(N2)|Q.

Parìmoia an φ(N1)|Q = φ(N2)|Q èqoume N1|P = N2|P . To sumpèrasma
eÐnai ìti h apeikìnish

N1|P → N2|Q : N |P → φ(N)|Q

eÐnai isomorfismìc. 2

L mma 4.4.6 'Estw S1 ènac CSL sÔndesmoc kai {Pn : n ∈ N} ⊂ S1. Tìte
up�rqei nest N ⊂ S1 ètsi ¸ste {Pn : n ∈ N} ⊂ [N ].

Apìdeixh Ja dhmiourg soume olik� diatetagmèna sÔnola Lk ⊂ S1 ¸ste

0, I ∈ L1 ⊂ L2 ⊂ ... ⊂ Lk ⊂ ... ⊂ S1 kai {P1, ...Pk} ⊂ [Lk], ∀ k ∈ N

qrhsimopoi¸ntac epagwg . Upojètoume ìti L1 = {0, P1, I} kai ìti èqoume
breÐ olik� diatetagmèna sÔnola L1 ⊂ L2 ⊂ ... ⊂ Ln−1 ⊂ S1 ètsi ¸ste
{P1, ...Pk} ⊂ [Lk], k = 1, 2, ...n− 1.
Upojètoume akìma ìti

Ln−1 = {0 = E0 ≤ E1 ≤ ... ≤ Er = I}.

'Estw

Fk = (Ek−1 ∨ Pn) ∧ Ek = Ek−1 + (Ek − Ek−1)Pn, k = 1, 2, ...r.

OrÐzoume
Ln = Ln−1 ∪ {Fk, k = 1, 2, ...r}.

ParathroÔme ìti:
(i){Fk, k = 1, 2, ...r} ⊂ S1.
(ii)Ek−1 ≤ Fk ≤ Ek
(iii)Pn =

∑r
k=1 Pn(Ek − Ek−1) =

∑r
k=1(Fk − Ek−1) ∈ [Ln].

SumperaÐnoume ìti to sÔnolo Ln ikanopoieÐ tic zhtoÔmenec sunj kec.
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OrÐzoume
L = ∪nLn.

Autì to sÔnolo eÐnai olik� diatetagmèno, perièqetai sto S1 kai ikanopoieÐ thn
sqèsh {Pn : n ∈ N} ⊂ [L].

Qrhsimopoi¸ntac to l mma tou Zorn brÐskoume megistik  olik� diatetag-
mènh oikogèneia N ètsi ¸ste L ⊂ N ⊂ S1. Ja deÐxoume ìti to sÔnolo N
eÐnai nest.
Pr�gmati, èstw {Ni : i ∈ I} ⊂ N kai M = N ∪ {∨iNi}. ParathroÔme ìti
L ⊂M ⊂ S1. 'Estw N ∈ N , an up�rqei deÐkthc i0 ∈ I tètoioc ¸ste N ≤ Ni0

tìte N ≤ ∨iNi. An N ≥ Ni gia k�je i ∈ I tìte N ≥ ∨iNi. Epomènwc to
sÔnolo M eÐnai olik� diatetagmèno. Apì thn upìjesh thc megistikìthtac
èpetai ìti N = M kai �ra ∨iNi ∈ N . Parìmoia mporoÔme na deÐxoume ìti
∧i∈I ∈ N kai sunep¸c to sÔnolo N eÐnai nest. 2

H prohgoÔmenh apìdeixh sthrÐzetai se mÐa sun jh diadikasÐa. Dec gia
par�deigma thn apìdeixh tou jewr matoc 4.1 sto [30].

L mma 4.4.7 'Estw Hi, i = 1, 2 q¸roi QÐlmpert, Si, i = 1, 2 metajetikoÐ
sÔndesmoi (ìqi aparaÐthta pl reic) pou perièqoun ton mhdenikì kai ton tau-
totikì telest  kai θ : S1 → S2 isomorfismìc sundèsmwn, Tìte h apeikìnish θ
epekteÐnetai se ∗-isomorfismì ρ : [S1]

−‖·‖ → [S2]
−‖·‖.

ApìdeixhQrhsimopoi¸ntac epagwg  ja deÐxoume ìti an P1, ...Pn eÐnai probolèc
pou an koun ston S1 ètsi ¸ste

∑n
i=1 ciPi = 0, ci 6= 0, 1 ≤ i ≤ n tìte∑n

i=1 ciθ(Pi) = 0.
Gia n = 1, 2 eÐnai profanèc ìti o isqurismìc isqÔei. Upojètoume ìti o isquris-
mìc isqÔei gia k ∈ {1, ..., n− 1}.
'Estw

∑n
i=1 ciPi = 0, ci 6= 0, 1 ≤ i ≤ n. OrÐzoume A =

∑n
i=1 ciθ(Pi). ArkeÐ

na deÐxoume ìti θ(Pk)A = 0 gia ìla ta k ∈ {1, ...n}. 'Estw B = θ(Pn)A. Ja
deÐxoume ìti B = 0.
Pollaplasi�zontac thn exÐswsh

∑n
i=1 ciPi = 0 me P1 ∧ Pn èqoume

(c1 + cn)(P1 ∧ Pn) + c2(P2 ∧ P1 ∧ Pn) + ...+ cn−1(Pn−1 ∧ P1 ∧ Pn) = 0.

Apì thn epagwgik  upìjesh èpetai ìti

(c1 + cn)θ(P1 ∧ Pn) + c2θ(P2 ∧ P1 ∧ Pn) + ...+ cn−1θ(Pn−1 ∧ P1 ∧ Pn) = 0
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kai �ra θ(P1)B = 0. Parìmoia mporeÐ na deiqjeÐ ìti θ(Pi)B = 0, 1 ≤ i ≤ n−1.
Epeid  Pn = (−cn)−1

∑
i6=n ciPi èpetai ìti

Pn ≤ ∨i6=nPi ⇒ θ(Pn) ≤ ∨i6=nθ(Pi) ⇒ θ(Pn)B = 0 ⇒ B = 0.

DeÐxame ìti θ(Pn)A = 0. Qrhsimopoi¸ntac thn Ðdia mèjodo mporoÔme na
deÐxoume ìti θ(Pk)A = 0, k = 1, ...n kai �ra o isqurismìc isqÔei.

To sumpèrasma eÐnai ìti mporoÔme na orÐsoume apeikìnish

ρ : [S1] → [S2] : ρ(
n∑
i=1

ciPi) =
n∑
i=1

ciθ(Pi).

Epeid  h θ eÐnai isomorfismìc sundèsmwn h ρ eÐnai algebrikìc ∗-isomorfismìc.
Ja deÐxoume ìti h ρ eÐnai norm suneq c. 'Estw A =

∑n
i=1 ciPi ∈ [S1] kai c

stoiqeÐo tou f�smatoc tou telest  ρ(A), σ(ρ(A)).
'Estw S0 o mikrìteroc sÔndesmoc pou perièqei to sÔnolo {0, P1, ...Pn, I}.
Tìte o q¸roc [S0] eÐnai C∗-�lgebra pou perièqetai sthn �lgebra [S1]. An
to c den perièqetai sto f�sma σ(A) tou telest  A o telest c B o opoÐoc
eÐnai o antÐstrofoc tou cI−A perièqetai sthn �lgebra [S0] kai epomènwc kai
sthn [S1]. Epeid  B(cI − A) = (cI − A)B = I èqoume ρ(B)(cI − ρ(A)) =
(cI − ρ(A))ρ(B) = I. Autì eÐnai antÐfash.

ApodeÐxame ìti σ(ρ(A)) ⊂σ(A) kai èpomènwc ‖ρ(A)‖ ≤ ‖A‖. EÔkola t¸ra
elègqetai ìti h apeikìnish ρ epekteÐnetai se ∗-isomorfismì apì thn C∗ �lgebra
[S1]

−‖·‖ epÐ thc [S2]
−‖·‖. 2

L mma 4.4.8 'Estw S1,S2 CSL’s, φ : S1 → S2 isomorfismìc sundèsmwn, P
to sup twn atìmwn tou S1 kai Q to sup twn atìmwn tou S2. Tìte up�rqei
∗-isomorfismìc

ρ : S ′′1 |P → S ′′2 |Q
pou ikanopoieÐ thn idiìthta ρ(L|P ) = φ(L)|Q gia k�je L ∈ S1.

Apìdeixh 'Estw {Pn : n ∈ N} ⊂ S1 akoloujÐa probol¸n ¸ste h akoloujÐa
{Pn ⊕ φ(Pn) : n ∈ N} na eÐnai w∗ pukn  sto sÔnolo {L ⊕ φ(L) : L ∈ S1}.
Apì to L mma 4.4.6 up�rqei èna nest N ⊂ S1 ètsi ¸ste {Pn : n ∈ N} ⊂ [N ].
Sunep�getai ìti S ′′1 = N ′′ kai S ′′2 = φ(N )′′. Epomènwc apì to L mma 4.4.4 ta
CSL’s S1,N kai S2, φ(N ) èqoun ta Ðdia �toma.

H apeikìnish
N|P → φ(N )|Q : N |P → φ(N)|Q
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eÐnai isomorfismìc apì to L mma 4.4.5. Epomènwc epekteÐnetai se ∗-isomorfismì

ρ : (N|P )′′ = S ′′1 |P → S ′′2 |Q = (φ(N )|Q)′′

apì to L mma 4.4.1.
StajeropoioÔme mÐa probol  Pn. Up�rqoun probolèc {N1, ...Nm} ⊂ N

¸ste Pn =
∑m

i=1 ciNi. Apì to prohgoÔmeno l mma φ(Pn) =
∑m

i=1 ciφ(Ni).
ParathroÔme ìti

ρ(Pn|P ) =ρ((
m∑
i=1

ciNi)|P ) =
m∑
i=1

ciρ(Ni|P )

=
m∑
i=1

ciφ(Ni)|Q = (
m∑
i=1

ciφ(Ni))|Q = φ(Pn)|Q.

ApodeÐxame ìti
ρ(Pn|P ) = φ(Pn)|Q. (4.4.1)

gia k�je n ∈ N.

'Estw L ∈ S1 tìte up�rqei upakoloujÐa (Pnm) ètsi ¸ste Pnm

w∗→ L

kai φ(Pnm)
w∗→ φ(L). 'Eqoume φ(Pnm)|Q

w∗→ φ(L)|Q kai epomènwc apì thn
exÐswsh (4.4.1) ρ(Pnm|P )

w∗→ φ(L)|Q. H apeikìnish ρ eÐnai w∗ suneq c wc ∗-
isomorfismìc metaxÔ algebr¸n von Neumann. Epomènwc ρ(Pnm|P )

w∗→ ρ(L|P )
kai �ra ρ(L|P ) = φ(L)|Q. 2

Parat rhsh 4.4.9 An S1,S2 eÐnai CSL’s, φ : S1 → S2 isomorfismìc
sundèsmwn P to sup twn atìmwn tou S1 kai Q to sup twn atìmwn tou S2 è-
qoume apodeÐxei ìti orÐzetai ènac isomorfismìc S1|P → S2|Q : L|P → φ(L)|Q.
ParathroÔme apo to L mma 4.4.3 ìti ta CSL’s S1|P⊥ ,S2|Q⊥ eÐnai suneq 
CSL’s. All� den eÐnai p�nta alhjèc ìti orÐzetai ènac isomorfismìc apì ton
S1|P⊥ epÐ tou S2|Q⊥ . Sta paradeÐgmata 4.3.5, 4.3.6 èqoume P⊥ = 0 kaiQ⊥ 6= 0.
DÐnoume loipìn ton akìloujo orismì.

Orismìc 4.4.1 'Estw S1,S2 CSL’s, φ : S1 → S2 isomorfismìc sundèsmwn,
P to sup twn atìmwn tou S1 kai Q to sup twn atìmwn tou S2. Lème ìti h
φ sèbetai thn sunèqeia an up�rqei isomorfismìc S1|P⊥ → S2|Q⊥ tètoioc
¸ste L|P⊥ → φ(L)|Q⊥ gia k�je L ∈ S1.
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L mma 4.4.10 'Estw N1 (antist. N2) suneqèc nest se q¸ro QÐlmpert H1

(antist. H2) kai φ : N1 → N2 isomorfismìc sundèsmwn. Tìte up�rqei ∗-
isomorfismìc ρ : N ′′

1 → N ′′
2 pou epekteÐnei thn φ.

Apìdeixh 'Estw x (antist. y) diaqwrÐzon di�nusma [30] thc �lgebrac N ′′
1

(antist. N ′′
2 ) kai P1 (antist. P2) h probol  epÐ tou q¸rou N ′′

1 x (antist.
N ′′

2 y). Ta nestsN1|P1 ,N2|P2 eÐnai eleÔjera pollaplìthtac (dhlad  par�goun
masas) suneq  nests kai h apeikìnish

N1|P1 → N2|P2 : N |P1 → φ(N)|P2

eÐnai isomorfismìc. Sunep�getai [15] ìti up�rqei monadiaÐa isodunamÐa metaxÔ
twn algebr¸n (N1)

′′|P1 , (N2)
′′|P2 pou epekteÐnei ton prohgoÔmeno isomorfismì.

Epeid  oi apeikonÐseic

N ′′
i → N ′′

i |Pi
: A→ A|Pi

i = 1, 2

eÐnai ∗-isomorfismoÐ prokÔptei to zhtoÔmeno. 2

L mma 4.4.11 'Estw S1,S2 suneq  CSL’s kai φ : S1 → S2 isomorfismìc
sundèsmwn. Tìte up�rqei ∗-isomorfismìc ρ : S ′′1 → S ′′2 pou epekteÐnei thn φ.

Apìdeixh 'Estw ìti h akoloujÐa {Pn ⊕ φ(Pn) : n ∈ N} eÐnai w∗ puknh sto
sÔnolo {L⊕φ(L) : L ∈ S1}. Apì to L mma 4.4.6 up�rqei nest N ⊂ S1 ¸ste
{Pn : n ∈ N} ⊂ [N ]. Autì to nest eÐnai suneqèc apì to L mma 4.4.4.

H apeikìnish φ|N : N → φ(N ) eÐnai isomorfismìc metaxÔ suneq¸n nests.
Epomènwc apì to prohgoÔmeno l mma up�rqei ∗-isomorfismìc

ρ : (N )′′ = (S1)
′′ → (S2)

′′ = φ(N )′′

¸ste ρ|N = φ|N .
Aut  h apeikìnish epekteÐnei thn φ|S1 :

StajeropoioÔme probol  Pn. Up�rqei uposÔnolo {N1, ..., Nr} ⊂ N ètsi ¸ste
Pn =

∑r
k=1 ckNk. Epomènwc

ρ(Pn) =
r∑

k=1

ckρ(Nk) =
r∑

k=1

ckφ(Nk)

= φ(Pn) apì to L mma 4.4.7.
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Epeid  to sÔnolo {Pn⊕φ(Pn) : n ∈ N} eÐnai w∗ puknì sto {L⊕φ(L) : L ∈ S1}
kai h apeikìnish ρ eÐnai w∗ suneq c wc ∗ isomorfismìc metaxÔ algebr¸n von
Neumann èqoume ρ(L) = φ(L) gia k�je L ∈ S1. 2

Sundu�zontac to prohgoÔmeno l mma me to Je¸rhma 4.2.3 paÐrnoume to
akìloujo apotèlesma:

Pìrisma 4.4.12 'Estw S1,S2 suneq  CSL’s. Oi �lgebrec Alg((S1),
Alg(S2) eÐnai TRO isodÔnamec an kai mìno an ta CSL’s eÐnai isìmorfa.

Pio genik� isqÔei to akìloujo je¸rhma:

Je¸rhma 4.4.13 'Estw S1,S2 CSL sÔndesmoi. Oi �lgebrec Alg(S1),Alg(S2)
eÐnai TRO isodÔnamec an kai mìno an up�rqei isomorfismìc sundèsmwn φ :
S1 → S2 pou sèbetai thn sunèqeia.

Sthn pr�xh ja apodeÐxoume thn akìloujh pio periektik  prìtash:

Prìtash 4.4.14 'Estw S1,S2 CSL sÔndesmoi pou droÔn stouc q¸rouc QÐlm-
pertH1, H2 antÐstoiqa, P to sup twn atìmwn tou S1, Q to sup twn atìmwn tou
S2 kai A = Alg(S1), B = Alg(S2), A0 = [S1]

−‖·‖, B0 = [S2]
−‖·‖. Ta parak�tw

eÐnai isodÔnama:
(i) Oi �lgebrec A,B eÐnai TRO isodÔnamec.
(ii) Up�rqei isomorfismìc sundèsmwn φ : S1 → S2 pou sèbetai thn sunè-

qeia.
(iii) Up�rqei isomorfismìc sundèsmwn φ : S1 → S2 tou opoÐou h epèktash

(L mma 4.4.7) φ : A0 → B0 eÐnai w∗ amfisuneq c stic monadiaÐec sfaÐrec twn
algebr¸n A0,B0.

(iv) Up�rqei isomorfismìc sundèsmwn φ : S1 → S2 ¸ste an L = {L ⊕
φ(L) : L ∈ S1} tìte

L′′ ∩ (0⊕ B′′0) = 0, L′′ ∩ (A′′
0 ⊕ 0) = 0.

(v) Up�rqei isomorfismìc sundèsmwn φ : S1 → S2 ¸ste an L eÐnai ìpwc
sto (iv) tìte

L′′ ∩ (0⊕ B′′0Q⊥) = 0, L′′ ∩ (A′′
0P

⊥ ⊕ 0) = 0.
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EpÐ plèon an autèc oi sunj kec isqÔoun kai

∆(φ) = {T : TL = φ(L)T gia k�je L ∈ S1}

tìte A ∆(φ)∼ B.

Apìdeixh (i)⇒(ii)
Upojètoume ìti oi �lgebrec A,B eÐnai TRO isodÔnamec. Apì to Je¸rhma
4.2.3 èpetai ìti up�rqei ∗ isomorfismìc ρ : S ′′1 → S ′′2 ¸ste ρ(S1) = S2.
H apeikìnish ρ eÐnai w∗ amfisuneq c kai profan¸c apeikonÐzei ta �toma tou
sundèsmou S1 epÐ aut¸n tou S2. Sunep¸c Q = ρ(P ) kai �ra ρ(LP⊥) =
ρ(L)ρ(P )⊥ = ρ(L)Q⊥ gia k�je L ∈ S1. To sumpèrasma eÐnai ìti h apeikìnish

S1|P⊥ → S2|Q⊥ : L|P⊥ → ρ(L)|Q⊥

eÐnai isomorfismìc sundèsmwn. Epomènwc o isomorfismìc ρ|S1 : S1 → S2

sèbetai thn sunèqeia.

(ii) ⇒ (iii)
Upojètoume ìti h apeikìnish φ : S1 → S2 eÐnai isomorfismìc sundèsmwn pou
sèbetai thn sunèqeia. Apì to L mma 4.4.8 up�rqei ∗ isomorfismìc

ρ1 : S ′′1 |P → S ′′2 |Q

¸ste ρ1(L|P ) = φ(L)|Q gia k�je L ∈ S1. Epeid  h φ sèbetai thn sunèqeia,
apì to L mma 4.4.11 sumperaÐnoume ìti up�rqei ∗ isomorfismìc

ρ2 : S ′′1 |P⊥ → S ′′2 |Q⊥

¸ste ρ2(L|P⊥) = φ(L)|Q⊥ gia k�je L ∈ S1.

OrÐzoume

ρ : S ′′1 → B(H2) : ρ(A) = ρ1(A|P )⊕ ρ2(A|P⊥).

H apeikìnish aut  epekteÐnei thn φ :

ρ(L) = φ(L)|Q ⊕ φ(L)|Q⊥ = φ(L) gia k�je L ∈ S1.

EpÐshc eÐnai w∗ amfisuneq c wc ∗ isomorfismìc epÐ thc �lgebrac S ′′2 .
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(iii) ⇒ (i)
Upojètoume ìti h apeikìnish φ : S1 → S2 eÐnai isomorfismìc sundèsmwn thc
opoÐac h epèktash apì to L mma 4.4.7, φ : A0 → B0 eÐnai w∗ amfisuneq c
stic monadiaÐec sfaÐrec. Apì to L mma 10.1.10 sto [30] h apeikìnish φ (an-
tÐstoiqa φ−1 ) epekteÐnetai se w∗ suneq  ∗ morfismì apì thn �lgebra (S1)

′′

sthn (S2)
′′ (antÐstoiqa apì thn (S2)

′′ sthn (S1)
′′). EÔkola elègqetai ìti k�je

epèktash eÐnai antÐstrofh thc �llhc. (H upìjesh ìti h apeikìnish φ einai w∗
suneq c den exasfalÐzei ìti h antÐstrofìc thc eÐnai epÐshc w∗ suneq c. Dec
thn �skhsh 10.5.30 sto [30]).

To Je¸rhma 4.2.3 deÐqnei t¸ra ìti oi �lgebrec A kai B eÐnai TRO isodÔ-
namec.

(i) ⇒ (iv)
An oi �lgebrec A,B eÐnai TRO isodÔnamec apì to Je¸rhma 4.2.3 up�rqei
isomorfismìc sundèsmwn φ : S1 → S2 pou epekteÐnetai se ∗ isomorfismì
ρ : S ′′1 → S ′′2 . EÔkola elègqetai ìti L′′ = {A⊕ ρ(A) : A ∈ A′′

0} kai epomènwc

L′′ ∩ (0⊕ B′′0) = 0, L′′ ∩ (A′′
0 ⊕ 0) = 0.

(iv) ⇒ (v)
Aut  h sunepagwg  eÐnai profan c.

(v) ⇒ (i)
ArkeÐ na deÐxoume ìti h apeikìnish φ epekteÐnetai se ∗ isomorfismì apì thn
�lgebra S ′′1 epÐ thc S ′′2 . An autì den gÐnetai apì thn sunj kh (iii) mÐa apì
tic apeikonÐseic φ : A0 → B0, φ

−1
: B0 → A0 den ja eÐnai w∗ suneq c

sthn monadiaÐa sfaÐra. Ac upojèsoume ìti h φ den eÐnai w∗ suneq c sthn
monadiaÐa sfaÐra. Tìte up�rqei dÐktuo (Ai) ⊂ Ball(A0) pou sugklÐnei sthn
w∗ topologÐa sto 0 en¸ to dÐktuo (φ(Ai)) sugklÐnei ston mh mhdenikì telest 
B ∈ B′′0 . Epeid  o periorismìc thc φ ston sÔndesmo S1|P epekteÐnetai apì to
L mma 4.4.8 se ∗ isomorfismì apì thn �lgebraA′′

0|P epÐ thc B′′0 |Q kai to dÐktuo
(AiP ) sugklÐnei sto 0 to dÐktuo (φ(Ai)Q) sugklÐnei sto 0 epÐshc. Epomènwc
BQ = 0.

Parat rhse ìti (L−L[)⊕(φ(L)−φ(L)[) ∈ L′′ gia k�je L ∈ S1. Epomènwc
P ⊕Q ∈ L′′. 'Epetai ìti AiP⊥⊕φ(Ai)Q

⊥ ∈ L′′ gia k�je deÐkth i kai sunep¸c
0⊕BQ⊥ ∈ L′′. Autì eÐnai �topo epeid  BQ⊥ 6= 0. H apìdeixh thc perÐptwshc
ìpou h φ−1 den eÐnai w∗ suneq c sthn monadiaÐa sfaÐra eÐnai parìmoia.
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T¸ra upojètoume ìti oi sunj kec apì (ii) mèqri (v) isqÔoun kai èstw
ρ : S ′′1 → S ′′2 h epèktash thc φ. Apì to L mma 4.2.1 o q¸roc

M = {T ∈ B(H1, H2) : TA = ρ(A)T gia k�je A ∈ S ′′2}
eÐnai ousi¸dec TRO. Epeid  o q¸roc ∆(φ) perièqei ton M eÐnai ousi¸dhc
epÐshc. EÔkola elègqetai ìti ∆(φ)∗B∆(φ) ⊂ A kai ∆(φ)A∆(φ)∗ ⊂ B. Apì
thn Prìtash 4.1.2 sumperaÐnoume ìti A ∆(φ)∼ B. 2

Parat rhsh 4.4.15 ParathroÔme apì to Je¸rhma 4.2.3 ìti an dÔo �lgebrec
eÐnai TRO isodÔnamec kai h mÐa eÐnai CSL �lgebra tìte eÐnai kai h �llh.

4.5 Anaklastik� masa prìtupa me ousi¸dh
diag¸nio

Se aut  thn par�grafo upojètoume ìti ìloi oi q¸roi QÐlmpert eÐnai diaqwrÐsi-
moi. Me to parak�tw je¸rhma sumplhr¸noume thn èreun� mac sto kef�laio 2,
qarakthrÐzontac ta anaklastik� masa prìtupa pou èqoun ousi¸dh diag¸nio.

Je¸rhma 4.5.1 'EstwH1, H2 q¸roi QÐlmpert kai U upìqwroc touB(H1, H2).
Ta parak�tw eÐnai isodÔnama.

(i) O q¸roc U eÐnai anaklastikì masa prìtupo me ousi¸dh diag¸nio.
(ii) Up�rqoun CSL’s Si ⊂ B(Hi), i = 1, 2 kai isomorfismìc sundèsmwn

φ : S1 → S2 pou sèbetai thn sunèqeia ètsi ¸ste U = {T ∈ B(H1, H2) :
φ(P )⊥TP = 0 gia k�je P ∈ S1}.

(iii) Up�rqei èna ousi¸dec TRO, masa prìtupo M kai èna CSL S1 ètsi
¸ste (S1)

′ = [M∗M]−w
∗
,U = [MAlg(S1)]

−w∗ .

(iv) Up�rqei èna ousi¸dec TRO, masa prìtupo N kai èna CSL S2 ètsi
¸ste (S2)

′ = [NN ∗]−w
∗
,U = [Alg(S2)N ]−w

∗
.

EpÐ plèon, an h sunj kh (iii) isqÔei tìte ∆(U) = M. EpÐshc an φ =
Map(U), χ = Map(M) tìte S1,φ = S1, S2,φ = χ(S1) kai φ|S1,φ

= χ|S1,φ
.

Summetrik�, an h sunj kh (iv) isqÔei tìte ∆(U) = N . EpÐshc an φ =
Map(U) kai χ = Map(N ) tìte S2,φ = S2, S1,φ = χ∗(S2) kai φ|S1,φ

= χ|S1,φ
.

Apìdeixh(i) ⇒ (ii)
Epeid  o q¸roc U èqei ousi¸dh diag¸nio, ta sÔnola S1,φ,S2,φ eÐnai CSL’s

91



kai epomènwc apì thn Prìtash 3.3.5 h apeikìnish φ : S1,φ → S2,φ eÐnai iso-
morfismìc, ìpou φ = Map(U). EpÐshc an χ = Map(∆(U)) tìte h apeikìnish
χ : P(S ′′1,φ) → P(S ′′2,φ) eÐnai orjoisomorfismìc sundèsmwn pou epekteÐnei thn φ
(Je¸rhma 3.3.3). 'Opwc sthn Prìtash 4.4.14 qrhsimopoi¸ntac thn epèktash
χ mporoÔme na deÐxoume ìti h apeikìnish φ sèbetai thn sunèqeia.

(ii) ⇒ (i)
'Estw Si ⊂ B(Hi), i = 1, 2 CSL’s, φ : S1 → S2 isomorfismìc pou sèbetai thn
sunèqeia kai

U = {T ∈ B(H1, H2) : φ(P )⊥TP = 0 gia k�je P ∈ S1}.

Apì to Je¸rhma 2.4.4 oi hmisÔndesmoi tou U eÐnai oi S1,S2 kai Map(U)|S1 = φ.
Apì autì prokÔptei ìti h diag¸nioc tou U eÐnai o q¸roc

∆(U) = {T : TL = φ(L)T gia k�je L ∈ S1}.

'Opwc sthn Prìtash 4.4.14 epeid  h apeikìnish φ sèbetai thn sunèqeia epek-
teÐnetai wc ∗-isomorfismìc ρ : S ′′1 → S ′′2 . 'Epetai apì to L mma 4.2.1 ìti o
q¸roc ∆(U) eÐnai ousi¸dec TRO. EÐnai epÐshc fanerì ìti (S2)

′U(S1)
′ ⊂ U

kai �ra o q¸roc U eÐnai masa prìtupo.
(i) ⇒ (iii)

'Estw φ = Map(U). Epeid  o q¸roc ∆(U) eÐnai ousi¸dec TRO tìte
[∆(U)∗∆(U)]−w

∗
= (S1,φ)

′, (L mma 4.1.3). EpÐshc apì thn Prìtash 3.3.5
ta sÔnola S1,φ,S2,φ eÐnai CSL’s. EÔkola elègqetai ìti ∆(U)∗U ⊂ Alg(S1,φ)
kai �ra

∆(U)∆(U)∗U ⊂ ∆(U)Alg(S1,φ) ⇒ [∆(U)∆(U)∗]−w
∗U ⊂ [∆(U)Alg(S1,φ)]

−w∗

⇒ U ⊂ [∆(U)Alg(S1,φ)]
−w∗ .

'Enac eÔkoloc upologismìc deÐqnei ìti ∆(U)Alg(S1,φ) ⊂ U kai �ra èqoume
telik� thn isìthta:

U = [∆(U)Alg(S1,φ)]
−w∗ .

(i) ⇒ (iv)
H apìdeixh eÐnai ìmoia me thn prohgoÔmenh apìdeixh ((i) ⇒ (iii)).

(iii) ⇒ (i)
'Estw D1,D2 masas,M èna D2,D1 prìtupo pou eÐnai ousi¸dec TRO kai S1

èna CSL ètsi ¸ste (S1)
′ = [M∗M]−w

∗
, U = [MAlg(S1)]

−w∗ .
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Epeid  D2M ⊂ M èqoume D2U ⊂ U . 'Estw χ = Map(M). Epeid  MD1 ⊂
M èqoume S1,χ ⊂ D1 kai sunep¸c D1 ⊂ (S1,χ)

′. All� apì to Je¸rhma 4.1.1
èqoume [M∗M]−w

∗
= (S1,χ)

′, apì to opoÐo prokÔptei D1 ⊂ (S1)
′ ⊂ Alg(S1).

Sunep�getai ìti UD1 ⊂ U .
Sthn sunèqeia, ja apodeÐxoume ìti isqÔei Alg(S1) = [M∗U ]−w

∗
. Pr�gmati,

parathroÔme ìti

M∗U ⊂ [M∗MAlg(S1)]
−w∗ ⊂ Alg(S1)

epeid  (S1)
′ ⊂ Alg(S1). Gia thn antÐjeth kateÔjunsh èqoume ìti

M∗MAlg(S1) ⊂M∗U ⇒ [M∗M]−w
∗
Alg(S1) ⊂ [M∗U ]−w

∗

apì to opoÐo paÐrnoume telik� Alg(S1) ⊂ [M∗U ]−w
∗
.

T¸ra mporoÔme na deÐxoume ìti to prìtupo U eÐnai anaklastikì. 'Estw
T ∈ Ref(U) kai M ∈M. Gia k�je L ∈ S1 èqoume

L⊥M∗MAlg(S1)L = 0 ⇒ L⊥M∗UL = 0 ⇒ L⊥M∗TL = 0.

ApodeÐxame ìti M∗Ref(U) ⊂ Alg(S1) apì to opoÐo èqoume

MM∗Ref(U) ⊂MAlg(S1) ⊂ U ⇒ [MM∗]−w
∗
Ref(U) ⊂ U

kai �ra Ref(U) ⊂ U .
Apomènei na deÐxoume ìti o q¸roc ∆(U) eÐnai ousi¸dhc. 'Estw φ =

Map(U), ζ = Map(Alg(S1)). Epeid  U = [MAlg(S1)]
−w∗ èqoume φ = χ ◦

ζ. 'Epetai ìti φ(L) = χ(L) gia k�je L ∈ S1. EpÐshc S1 ⊂ P((S1)
′′) =

P((M∗M)′). All� apì to Je¸rhma 4.1.1 èqoume S1,χ = P((M∗M)′).
Sunep�getai ìti h apeikìnish χ|S1 eÐnai isomorfismìc sundèsmwn epÐ tou S2 =
χ(S1). Epomènwc h apeikìnish φ|S1 eÐnai isomorfismìc epÐ tou S2. ParathroÔme
ìti Alg(S⊥1 )U∗ ⊂ U∗. Sunep�getai ìti an E eÐnai probol  tìte

Alg(S⊥1 )φ∗(E)(H1) ⊂ φ∗(E)(H1) ⇒ φ∗(E) ∈ S⊥1

apì thn anaklastikìthta tou sundèsmou S⊥. ApodeÐxame ìti S2,φ∗ ⊂ S⊥1 kai
�ra S1,φ ⊂ S1. 'Epetai ìti

U = {T ∈ B(H1, H2) : φ(P )⊥TP = 0 gia k�je P ∈ S1}.
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Epeid  h apeikìnish φ|S1 eÐnai isomorfismìc epÐ tou S2 = χ(S1) apì to
Je¸rhma 2.4.4 èqoume ìti S1φ = S1,S2,φ = S2. Epomènwc

∆(U) = {T : TL = φ(L)T gia k�je L ∈ S1}.

ParathroÔme ìti h apeikìnish χ : P(S ′′1 ) → P(S ′′2 ) eÐnai orjoisomorfismìc
sundèsmwn kai epèktash thc φ|S1 . Apì to L mma 4.2.1 èpetai ìti o q¸roc
∆(U) eÐnai ousi¸dec TRO, afoÔ perièqei to ousi¸dec TRO

{T : TA = ρ(A)T ∀ A ∈ (S1)
′′},

ìpou ρ eÐnai h epèktash thc χ sthn von Neumann �lgebra (S1)
′′.

(iv) ⇒ (i)
H apìdeixh eÐnai parìmoia me thn apìdeixh thc prohgoÔmenhc kateÔjunshc.

Sthn sunèqeia upojètoume ìti h sunj kh (iii) isqÔei. Ja deÐxoume ìti
∆(U) = M. 'Estw φ, (antist. χ), (antist. ζ) to Map tou U (antist.
M),(antist. ∆(U)). 'Eqoume apodeÐxei sthn kateÔjunsh (iii) ⇒ (i) ìti S1,φ =
S1 kai φ|S1 = χ|S1 . Epeid  S1,ζ = P((∆(U)∗∆(U))′) kai [∆(U)∗∆(U)]−w

∗
=

(S1)
′ sunep�getai ìti S1,ζ = P((S1)

′′). All� apì thn upìjesh pou èqoume
prokÔptei ìti S1,χ = P((M∗M)′) = P((S1)

′′). Epomènwc èqoume S1,χ =
S1,ζ = P((S1)

′′).

Apì thn �llh meri� apì to Je¸rhma 3.3.3 èqoume ìti ζ|S1 = φ|S1 kai �ra
ζ|S1 = χ|S1 . EpÐshc h oikogèneia P((S1)

′′) eÐnai o mikrìteroc orjosÔndesmoc
pou perièqei to CSL S1 kai oi apeikonÐseic χ, ζ eÐnai orjoisomorfismoÐ. To
sumpèrasma eÐnai ìti χ|P((S1)′′) = ζ|P((S1)′′), apì to opoÐo prokÔptei ∆(U) =
M.

Parìmoia an h sunj kh (iv) isqÔei mporoÔme na deÐxoume ìti ∆(U) =
N . 2

Sthn prohgoÔmenh apìdeixh apodeÐxame kai thn parak�tw prìtash thn
opoÐa apomon¸noume xeqwrist�.

Prìtash 4.5.2 An U eÐnai anaklastikì masa prìtupo me ousi¸dh diag¸nio
kai φ = Map(U) tìte Alg(S1,φ) = [∆(U)∗U ]−w

∗ kai Alg(S2,φ) = [U∆(U)∗]−w
∗
.

Parat rhsh 4.5.3 'Estw Si ⊂ B(Hi), i = 1, 2 CSL’s, φ : S1 → S2 iso-
morfismìc sundèsmwn pou sèbetai thn sunèqeia kai U = {T ∈ B(H1, H2) :
φ(P )⊥TP = 0 gia k�je P ∈ S1}. GnwrÐzoume apì to Je¸rhma 3.3.1 ìti
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o q¸roc ∆(U) par�getai apì mÐa merik  isometrÐa, dhlad  up�rqei merik  i-
sometrÐa V ètsi ¸ste ∆(U) = [(S2)

′V (S1)
′]−w

∗
. Apì to prohgoÔmeno je¸rhma

prokÔptei ìti o q¸roc U par�getai apì mÐa merik  isometrÐa:

U = [(S2)
′VAlg(S1)]

−w∗ = [Alg(S2)V (S1)
′]−w

∗
.

Prìtash 4.5.4 'Estw U anaklastikì masa prìtupo me ousi¸dh diag¸nio
∆(U). Tìte o q¸roc ∆(U) eÐnai megistikì TRO mèsa sto U .

Apìdeixh Apì to prohgoÔmeno je¸rhma up�rqei CSL S ètsi ¸ste
U = [∆(U)Alg(S)]−w

∗
,Alg(S) = [∆(U)∗U ]−w

∗ kai (S)′ = [∆(U)∗∆(U)]−w
∗
.

'Estw N TRO ¸ste ∆(U) ⊂ N ⊂ U kai A = [∆(U)∗N ]−w
∗
. ParathroÔme

ìti

(∆(U)∗N )(∆(U)∗N )∗(∆(U)∗N ) = ∆(U)∗NN ∗∆(U)∆(U)∗N
⊂ ∆(U)∗NN ∗NN ∗N ⊂ ∆(U)∗N .

'Epetai ìti o q¸roc A eÐnai TRO. Epeid  to TRO ∆(U) eÐnai ousi¸dec
I ∈ A kai �ra o q¸roc A eÐnai autosuzug c �lgebra. ParathroÔme t¸ra ìti
∆(U)∗N ⊂ ∆(U)∗U ⊂ Alg(S). Epomènwc A ⊂ (S)′.

'Eqoume apodeÐxei ìti ∆(U)∗N ⊂ (S)′ = [∆(U)∗∆(U)]−w
∗
, sunep¸c

∆(U)∆(U)∗N ⊂ ∆(U) ⇒ [∆(U)∆(U)∗]−w
∗N ⊂ ∆(U) ⇒ N ⊂ ∆(U).

2

Sthn parat rhsh 3.5.7 d¸same par�deigma anaklastikoÔ masa protÔpou
pou h diag¸nioc tou mhdenÐzetai. Sto parak�tw Je¸rhma deÐqnoume ìti �n oi
hmisÔndesmoi tou protÔpou eÐnai CSL’s, h diag¸niìc tou potè den mhdenÐzetai.

Je¸rhma 4.5.5 'Estw U anaklastikì masa prìtupo tou opoÐou oi hmisÔn-
desmoi S1,S2 eÐnai CSL’s. Tìte h diag¸nioc tou U , ∆(U) eÐnai mh mhdenikì
TRO.

Apìdeixh 'Estw φ = Map(U). An ta CSL’s S1,S2, eÐnai suneq , apì to
L mma 4.4.11 up�rqei ∗-isomorfismìc ρ : S ′′1 → S ′′2 ¸ste ρ|S1 = φ. Apì to
L mma 4.2.1 èpetai ìti o q¸roc ∆(U) eÐnai ousi¸dhc.

T¸ra upojètoume ìti ta CSL’s èqoun �toma. SumbolÐzoume me P to sup
twn atìmwn tou S1 kai me Q to sup twn atìmwn tou S2. Apì to L mma 4.4.8
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up�rqei ∗-isomorfismìc θ : S ′′1 |P → S ′′2 |Q ¸ste θ(L|P ) = φ(L)|Q gia k�je
L ∈ S1. 'Epetai p�li apì to L mma 4.2.1 ìti o q¸roc

∆(θ) = {T ∈ B(P (H1), Q(H2)) : TL|P = φ(L)|QT gia k�je L ∈ S1}

eÐnai ousi¸dec TRO.
MporoÔme na elègxoume ìti o q¸roc[

∆(θ) 0
0 0

]
⊂ B(H1, H2)

eÐnai upìqwroc tou ∆(U). Epomènwc ∆(U) 6= 0. 2

4.6 Sunèpeiec thc TRO isodunamÐac CSL al-
gebr¸n

Se aut  thn par�grafo upojètoume ìti ìloi oi q¸roi QÐlmpert eÐnai diaqwrÐsi-
moi. Sthn par�grafo 4.4 deÐxame ìti an dÔo CSL’s eÐnai isìmorfa mèsw enìc
isomorfismoÔ pou sèbetai thn sunèqeia tìte oi antÐstoiqec �lgebrec eÐnai
TRO isodÔnamec. H TRO isodunamÐa eÐnai mÐa sten  sqèsh metaxÔ alge-
br¸n. Perigr�yame merikèc sunèpeiec aut c thc sqèshc sthn par�grafo 4.1.
Ed¸ perigr�foume merikèc sunèpeiec sthn eidik  perÐptwsh twn CSL alge-
br¸n pou droÔn se diaqwrÐsimouc q¸rouc QÐlmpert.

Sthn sunèqeia aut c thc paragr�fou stajeropoioÔme q¸rouc QÐlmpert
Hi, i = 1, 2 kai CSL’s Si ⊂ B(Hi), i = 1, 2. 'Estw A = Alg(S1),B = Alg(S2).
Upojètoume ìti oi �lgebrec A,B eÐnai TRO isodÔnamec. Apì to Je¸rhma
4.4.13 up�rqei isomorfismìc sundèsmwn φ : S1 → S2 pou sèbetai thn sunèqeia
¸ste A ∆(U)∼ B ìpou

U = {T ∈ B(H1, H2) : φ(L)⊥TL = 0 gia k�je L ∈ S1}

kai
∆(U) = {T : TL = φ(L)T gia k�je L ∈ S1}.

UpenjumÐzoume ìti ènac q¸roc kaleÐtai isqur� anaklastikìc an isoÔtai
me thn anaklastik  j kh twn telest¸n t�xhc 1 pou perièqei. GnwrÐzoume ìti
mÐa CSL �lgebra eÐnai isqur� anaklastik  an kai mìno �n isoÔtai me thn w∗
kleist  grammik  j kh twn telest¸n t�xhc 1 pou perièqei.
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Prìtash 4.6.1 H �lgebra A eÐnai isqur� anaklastik  an kai mìno an to
prìtupo U eÐnai isqur� anaklastikì an kai mìno an h �lgebra B eÐnai isqur�
anaklastik .

Apìdeixh UpenjumÐzoume apì ta 4.5.1, 4.5.2 ìti U = [∆(U)A]−w
∗
, (S1)

′ =
[∆(U)∗∆(U)]−w

∗ kai A = [∆(U)∗U ]−w
∗
.

'Estw A = [R1(A)]−w
∗
. ParathroÔme ìti ∆(U)A ⊂ [∆(U)R1(A)]−w

∗ ⊂
[R1(U)]−w

∗
. Epomènwc U ⊂ [R1(U)]−w

∗ kai �ra telik� èqoume thn isìthta
U = [R1(U)]−w

∗
.

'Estw U isqur� anaklastikì. Ja deÐxoume ìti h �lgebra A eÐnai isqur�
anaklastik . ArkeÐ na deÐxoume ìti A = Ref(∆(U)∗R1(U)).
Faner� A ⊃ Ref(∆(U)∗R1(U)). 'Estw E,F probolèc ètsi ¸ste

E∆(U)∗R1(U)F = 0 ⇒ E∆(U)∗UF = 0 ⇒ E∆(U)∗∆(U)AF = 0.

SumperaÐnoume ìti ∆(U)∗∆(U)A ⊂ Ref(∆(U)∗R1(U)) kai �ra

[∆(U)∗∆(U)]−w
∗A ⊂ Ref(∆(U)∗R1(U)).

Epeid  o q¸roc ∆(U) eÐnai ousi¸dhc èqoume ìti A ⊂ Ref(∆(U)∗R1(U)).

H apìdeixh tou isqurismoÔ U isqur� anaklastikì prìtupo an kai mìno an
h �lgebra B eÐnai isqur� anaklastik  eÐnai an�logh. 2

Pìrisma 4.6.2 An to prìtupo U eÐnai isqur� anaklastikì tìte U = [R1(U)]−w
∗
.

UpenjumÐzoume, par�grafoc 2.4, ìti h prohgoÔmenh isìthta den eÐnai alhj c
gia ìla ta isqur� anaklastik� masa prìtupa.

Sth sunèqeia an C eÐnai CSL �lgebra, sumbolÐzoume me Rad(C) to {rizikì}
thc.

Prìtash 4.6.3 'Estw J1 = Rad(A)−w
∗ kai J2 = Rad(B)−w

∗
. Tìte

J1
∆(U)∼ J2.

Apìdeixh GnwrÐzoume, Pìrisma 3.4.3, ìti

J1 = [LTL⊥ : T ∈ A, L ∈ S1]
−w∗ kai J2 = [PSP⊥ : S ∈ B, P ∈ S2]

−w∗ .
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'Estw M,N ∈ ∆(U) kai T ∈ A tìte MLTL⊥N∗ = φ(L)MTN∗φ(L)⊥ ∈ J2

epeid  ∆(U)A∆(U)∗ ⊂ B. PaÐrnontac grammik  j kh kai w∗ kleistìthta
èqoume MAN∗ ∈ J2 gia k�je M,N ∈ ∆(U) kai A ∈ J1.
ApodeÐxame ìti ∆(U)J1∆(U)∗ ⊂ J2. Parìmoia mporeÐ na deiqjeÐ ìti
∆(U)∗J2∆(U) ⊂ J1. 2

MÐa �mesh sunèpeia thc prohgoÔmenhc prìtashc eÐnai èna apotèlesma sto
[31].

Pìrisma 4.6.4 H �lgebra A eÐnai hmiapl  an kai mìno an h �lgebra B eÐnai
hmiapl .

Pìrisma 4.6.5 'Estw J1,J2 ìpwc sthn prohgoÔmenh prìtash tìte J1 = A
an kai mìno an J2 = B.

Apìdeixh 'Estw J1 = A tìte (S1)
′ ⊂ J1 kai �ra ∆(U)(S1)

′∆(U)∗ ⊂
∆(U)J1∆(U)∗ ⊂ J2. Epeid  apì thn Prìtash 4.1.6 (S1)

′ ∆(U)∼ (S2)
′ èpetai

ìti (S2)
′ ⊂ J2. SumperaÐnoume telik� ìti J2 = B. 2

Prìtash 4.6.6 'EstwAmin(Bmin) h mikrìterh w∗ kleist  �lgebra thc opoÐac
h anaklastik  j kh isoÔtai me thn �lgebra A, (B). Tìte

Amin
∆(U)∼ Bmin.

Apìdeixh Upojètoume ìti oi telestèc E,F eÐnai probolèc ¸ste

E∆(U)Amin∆(U)∗F = 0.

Sunep�getai ìti
E∆(U)A∆(U)∗F = 0.

Epeid  A ∆(U)∼ B èqoume ìti EBF = 0. ApodeÐxame ìti

Ref(∆(U)Amin∆(U)∗) = B.

Epeid  o q¸roc [∆(U)Amin∆(U)∗]−w
∗ eÐnai masa prìtupo sumperaÐnoume ìti

Bmin ⊂ [∆(U)Amin∆(U)∗]−w
∗
.
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An�loga mporoÔme na deÐxoume ìti

Amin ⊂ [∆(U)∗Bmin∆(U)]−w
∗
.

'Epetai ìti

∆(U)Amin∆(U)∗ ⊂[∆(U)∆(U)∗Bmin∆(U)∆(U)∗]−w
∗

⊂[∆(B)Bmin∆(B)]−w
∗ ⊂ Bmin,

kai �ra èqoume thn isìthta

[∆(U)Amin∆(U)∗]−w
∗

= Bmin.

An�loga mporeÐ na deiqjeÐ h isìthta

[∆(U)∗Bmin∆(U)]−w
∗

= Amin. 2
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Kef�laio 5

IsodunamÐa tÔpou Morita gia

afhrhmènec duikèc �lgebrec

telest¸n

Stic arqèc thc dekaetÐac tou 70, o M. Rieffel eis gage [45] (blèpe kai to
[46]) thn ènnoia thc Morita isodunamÐac sthn jewrÐa telest¸n. Sto [45] ex-
et�zetai h isodunamÐa twn anaparast�sewn C∗ kai W ∗ algebr¸n se q¸rouc
QÐlmpert. Me thn an�ptuxh thc jewrÐac twn afhrhmènwn q¸rwn telest¸n
gÐnetai prosp�jeia na jemeliwjeÐ h ènnoia thc Morita isodunamÐac sthn k-
l�sh twn afhrhmènwn algebr¸n telest¸n. Sta [11] kai [8] exet�zetai h
Morita isodunamÐa mh autosuzug¸n afhrhmènwn algebr¸n telest¸n. Mè-
qri s mera ìmwc, apì ìso gnwrÐzoume, den up�rqei oloklhrwmènh jewrÐa
perÐ Morita isodunamÐac afhrhmènwn duik¸n algebr¸n telest¸n. 'Ena b -
ma proc aut  thn kateÔjunsh gÐnetai sto [9] ìpou genikeÔetai h ènnoia twn
dual Hilbert modules apì thn autosuzug  sthn mh autosuzug  perÐptwsh.
Sto kef�laio autì akoloujoÔme mÐa diaforetik  prosèggish melet¸ntac mÐ-
a morf  isodunamÐac twn kathgori¸n twn anaparast�sewn twn afhrhmènwn
duik¸n algebr¸n telest¸n se q¸rouc QÐlmpert. H isodunamÐa aut  eÐnai Ðdia
me thn isodunamÐa pou melèthse o M. Rieffel sto [45] ìtan oi �lgebrec eÐnai
autosuzugeÐc.

'Estw A,B monadiaÐec afhrhmènec duikèc �lgebrec telest¸n. Autèc lè-
gontai ∆-isodÔnamec an up�rqei sunartht c isodunamÐac F : AM → BM

pou epekteÐnetai se ∗-sunartht  isodunamÐac metaxÔ twn kathgori¸n ADM

100



kai BDM. Me AM ennooÔme thn kathgorÐa twn normal anaparast�sewn thc
�lgebrac A kai me ADM thn kathgorÐa pou èqei Ðdia antikeÐmena me thn AM

all� wc morfismoÔc tic apeikonÐseic ∆(A)− protÔpwn, ìpou ∆(A) = A∩A∗

h diag¸nioc thc �lgebrac A.
To basikì apotèlesma mac, pou ìpwc deÐqnoume eÐnai genÐkeush tou basikoÔ

apotelèsmatoc tou [45], eÐnai ìti dÔo monadiaÐec afhrhmènec duikèc �lgebrec
telest¸n A,B eÐnai ∆-isodÔnamec an kai mìno an èqoun pl rwc isometrikèc
normal anaparast�seic α, β ¸ste oi �lgebrec α(A), β(B) na eÐnai TRO isodÔ-
namec. Gia thn apìdeixh autoÔ tou jewr matoc qrhsimopoioÔme sthn mÐa
kateÔjunsh (par�grafoc 5.1) thn ènnoia twn kajolik¸n antikeimènwn kai
k�poiec idiìthtec touc pou melet jhkan sto [13]. Gia thn antÐstrofh kateÔ-
junsh (par�grafoi 5.2 wc 5.5) upojètontac ìti oi �lgebrec èqoun pl rwc
isometrikèc normal anaparast�seic me eikìnec TRO isodÔnamec �lgebrec
kataskeu�zoume èna sunartht  pou apeikonÐzei ton ek�stote q¸ro QÐlmpert
H se èna q¸ro pou par�getai paÐrnontac tanustikì ginìmeno tou H me èna
prìtupo U p�nw stic �lgebrec. To prìtupo U {par�getai} apì to TRO pou
ulopoieÐ thn TRO isodunamÐa. Eis�goume ston q¸ro U⊗H nìrma pou sèbetai
thn dom  q¸rou telest¸n twn algebr¸n kai kajist� dunat  thn anapar�s-
tash thc deÔterhc �lgebrac se autìn.

Sthn par�grafo 5.6 melet�me idiìthtec pou èqoun oi sunarthtèc iso-
dunamÐac. DeÐqnoume ìti k�je sunartht c isodunamÐac eÐnai isodÔnamoc me èna
sunartht  pou {par�getai} apì èna prìtupo p�nw stic �lgebrec, eÐnai normal,
pl rwc isometrikìc kai apeikonÐzei pl rwc isometrikèc anaparast�seic se
pl rwc isometrikèc. EÐnai endiafèron akìma ìti k�je sunartht c isodunamÐac
apeikonÐzei touc sundèsmouc twn analloÐwtwn upìqwrwn twn anaparast�sewn
thc mÐac �lgebrac epÐ aut¸n thc �llhc, en¸ apeikonÐzei anaklastikèc �lge-
brec se anaklastikèc �lgebrec.

Sthn par�grafo 5.7 dÐnoume paradeÐgmata ∆-isodÔnamwn algebr¸n kai
algebr¸n pou den eÐnai ∆- isodÔnamec. DeÐqnoume ìti dÔo CSL �lgebrec eÐnai
∆- isodÔnamec an kai mìno an eÐnai TRO isodÔnamec. DÔo CSL �lgebrec
me suneqeÐc h olik� atomik� sundèsmouc pou droÔn se diaqwrÐsimouc q¸rouc
QÐlmpert eÐnai ∆-isodÔnamec an kai mìno an èqoun isìmorfouc sundèsmouc.
DeÐqnoume ìti ènac isomorfismìc metaxÔ nests den ep�gei kat' an�gkh ∆-
isodunamÐa twn antÐstoiqwn algebr¸n akìma kai sthn perÐptwsh pou oi nest
�lgebrec eÐnai ìmoiec kai èqoun isìmorfec diagwnÐouc. Parìla aut�, an dÔo
nest �lgebrec A,B eÐnai ìmoiec, up�rqei sunartht c isodunamÐac F : AM →
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BM pou eÐnai normal kai pl rwc isometrikìc.
Parousi�zoume orismèna sÔmbola pou qrhsimopoioÔntai se aut  thn par�-

grafo. An U eÐnai grammikìc q¸roc kai n,m ∈ N sumbolÐzoume me Mn,m(U)
ton q¸ro twn n ×m pin�kwn me stoiqeÐa apì to U kai me Mn(U) ton q¸ro
Mn,n(U). An U ,V eÐnai grammikoÐ q¸roi, α grammik  apeikìnish apo ton U
ston V kai n,m ∈ N sumbolÐzoume thn grammik  apeikìnish

Mn,m(U) →Mn,m(V) : (Aij)i,j → (α(Aij))i,j

epÐshc me α. An U eÐnai upìqwroc tou B(H,K) ìpou H,K q¸roi QÐlmpert, e-
fodi�zoume ton q¸roMn,m(U), n,m ∈ N me thn nìrma pou klhronomeÐtai apì
thn emfÔteush Mn,m(U) ⊂ B(Hn, Km). An x1, ..., xn eÐnai dianÔsmata gram-
mikoÔ q¸rou V , sumbolÐzoume me (x1, ..., xn)

t to antÐstoiqo di�nusma st lh
ston q¸ro Mn,1(V).

5.1 To basikì je¸rhma

OrÐzoume thn kathgorÐa AM gia thn afhrhmènh duik  �lgebra telest¸n A
[10]: 'Enac q¸roc QÐlmpert H eÐnai antikeÐmeno thc kathgorÐac AM an up�r-
qei mÐa apeikìnish α : A → B(H) pou eÐnai monadiaÐoc algebrikìc morfismìc
pl rhc sustol  kai w∗−suneq c. Ja kaloÔme aut  thn apeikìnish nor-
mal anapar�stash thc A. Suqn� ja sumbolÐzoume autì to antikeÐmeno me
(H,α). An (Hi, αi), i = 1, 2 eÐnai antikeÐmena thc kathgorÐac AM o q¸roc twn
morfism¸n HomA(H1, H2) eÐnai o akìloujoc:

HomA(H1, H2) = {T ∈ B(H1, H2) : Tα1(A) = α2(A)T gia k�je A ∈ A}.

Parat rhse ìti h apeikìnish αi|∆(A) eÐnai ∗-morfismìc afoÔ h apeikìnish
αi, i = 1, 2 eÐnai sustol .

EpÐshc orÐzoume thn kathgorÐa ADM pou èqei ta Ðdia antikeÐmena me thn
kathgorÐa AM all� gia k�je zeÔgoc antikeimènwn (Hi, αi), i = 1, 2 o q¸roc
twn morfism¸n HomD

A(H1, H2) eÐnai o akìloujoc:

HomD
A(H1, H2) = {T ∈ B(H1, H2) : Tα1(A) = α2(A)T gia k�je A ∈ ∆(A)}.

An h A eÐnai W ∗-�lgebra oi kathgorÐec AM kai ADM eÐnai Ðdiec. EpÐshc
parathroÔme ìti gia k�je zeÔgoc antikeimènwn H1, H2 isqÔei:

HomA(H1, H2) ⊂ HomD
A(H1, H2).
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Orismìc 5.1.1 'Estw A,B monadiaÐec afhrhmènec duikèc �lgebrec telest¸n
kai F : AM → BM sunartht c. Lème ìti o sunartht c F èqei ∆-epèktash
an up�rqei ènac sunartht c

G : ADM −→ BDM

¸ste to akìloujo di�gramma na eÐnai metajetikì:

AM ↪→ ADM

F ↓ G ↓
BM ↪→ BDM

Orismìc 5.1.2 'Estw A,B monadiaÐec afhrhmènec duikèc �lgebrec telest¸n
kai
F : ADM → BDM ènac sunartht c. Lème ìti o F eÐnai ∗-sunartht c
an gia k�je H1, H2 antikeÐmena thc kathgorÐac ADM kai gia k�je F ∈
HomD

A(H1, H2) isqÔei
F(F ∗) = F(F )∗ ∈ HomD

B (F(H2),F(H1)).

Orismìc 5.1.3 'Estw A,B monadiaÐec afhrhmènec duikèc �lgebrec telest¸n.
An up�rqei sunartht c isodunamÐac F : AM → BM pou èqei ∆-epèktash
∗-sunartht  pou ep�gei isodunamÐa metaxÔ twn kathgori¸n ADM, BDM, tic
kaloÔme ∆-isodÔnamec �lgebrec.

Sthn jewrÐa tou Rieffel [45] dÔo W ∗-�lgebrec A,B kaloÔntai Morita
isodÔnamec an up�rqei ∗-sunartht c isodunamÐac F : AM → BM. Epomèn-
wc eÐnai Morita isodÔnamec an kai mìno an eÐnai ∆-isodÔnamec sÔmfwna me
ton dikì mac orismì. Diatup¸noume to je¸rhma tou Connes [10], pou eÐnai
isodÔnamo me to basikì je¸rhma tou Rieffel gia thn Morita isodunamÐa twn
W ∗-algebr¸n:

Je¸rhma 5.1.1 ( Connes:) DÔo W ∗-�lgebrec A,B eÐnai Morita isodÔ-
namec an kai mìno an èqoun pistèc normal anaparast�seic α, β se q¸rouc
QÐlmpert ¸ste oi �lgebrec α(A), β(B) na èqoun isìmorfouc metajètec.

Epomènwc sÔmfwna me to Je¸rhma 4.2.3 to je¸rhma tou Connes èqei thn
akìloujh isodÔnamh diatÔpwsh:

Je¸rhma 5.1.2 Oi W ∗-�lgebrec A,B eÐnai Morita isodÔnamec an kai mìno
an èqoun pistèc normal anaparast�seic α, β se q¸rouc QÐlmpert ¸ste oi
�lgebrec α(A), β(B) na eÐnai TRO isodÔnamec.
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To dikì mac basikì je¸rhma pou kat� profan  trìpo eÐnai genÐkeush tou
basikoÔ jewr matoc tou Rieffel eÐnai to akìloujo:

Je¸rhma 5.1.3 Oi monadiaÐec afhrhmènec duikèc �lgebrec telest¸n A,B
eÐnai ∆-isodÔnamec an kai mìno an èqoun normal kai pl rwc isometrikèc ana-
parast�seic α, β ¸ste oi �lgebrec α(A), β(B) na eÐnai TRO isodÔnamec.

Ja d¸soume thn apìdeixh thc mÐac kateÔjunshc tou Jewr matoc 5.1.3 se
aut  thn par�grafo. Qreiazìmaste merikoÔc orismoÔc kai merik� apotelès-
mata apo to [13]. 'Estw A monadiaÐa afhrhmènh duik  �lgebra telest¸n dual
operator �lgebra. KaloÔme èna antikeÐmeno K pou perièqetai se èna antikeÐ-
meno H thc kathgorÐac AM A-sumplhrwmatikì sto H an h probol  tou H
epÐ tou K an kei ston q¸ro HomA(H,H). KaloÔme to antikeÐmeno H A-
kajolikì an k�je antikeÐmeno K thc kathgorÐac AM eÐnai AM-isomorfikì
me èna A-sumplhrwmatikì antikeÐmeno mèsa se èna eujÔ �jroisma antigr�fwn
tou H.

Sto [13] apodeiknÔetai ìti up�rqoun A-kajolikì antikeÐmena kai ìti an
(H,α) eÐnaiA-kajolikì antikeÐmeno, tìte h apeikìnish α eÐnai pl rhc isometrÐ-
a kai isqÔei α(A) = α(A)′′. EpÐshc apodeiknÔetai ìti up�rqei mÐaW ∗-�lgebra
W ∗(A) kai ènac w∗-suneq c pl rwc isometrikìc morfismìc j : A → W ∗(A)
tou opoÐou h eikìna par�gei thn W ∗(A) wc W ∗-�lgebra me thn akìloujh
kajolik  idiìthta: dojeÐshc mÐac normal anapar�stashc α : A → B(H),

up�rqei mÐa monadik  normal ∗-anapar�stash ∼
α : W ∗(A) → B(H) pou

epekteÐnei thn α. 'Ena antikeÐmeno H eÐnai A-kajolikì an kai mìno an eÐnai
W ∗(A)-kajolikì.

StajeropoioÔme monadiaÐec afhrhmènec duikèc �lgebrec telest¸n A,B
pou eÐnai ∆- isodÔnamec, dhlad  up�rqei ènac sunartht c isodunamÐac F :

AM → BM pou èqei ∆-epèktash ∗-sunartht  pou ep�gei isodunamÐa metaxÔ
twn kathgori¸n ADM kai BDM. SumbolÐzoume thn ∆-epèktash xan� me F .
Ja deÐxoume ìti oi �lgebrec A,B èqoun normal kai pl rwc isometrikèc ana-
parast�seic me eikìnec TRO isodÔnamec. Qreiazìmaste to L mma 5.1.5 kai
thn akìloujh prìtash:

Prìtash 5.1.4 O periorismìc tou sunartht  F sthn kathgorÐa W ∗(A)M

eÐnai ∗-sunartht c kai orÐzei isodunamÐa metaxÔ twn kathgori¸n W ∗(A)M kai
W ∗(B)M.
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Apìdeixh 'Estw T ∈ HomW ∗(A)(H1, H2), ja deÐxoume ìti o telest c F(T )
an kei ston q¸ro HomW ∗(B)(F(H1),F(H2)). Upojètoume ìti αi : A →
B(Hi), βi : B → B(F(Hi)), i = 1, 2 eÐnai oi antÐstoiqec normal anaparast�-
seic. EpÐshc, èstw ∼

αi : W ∗(A) → B(Hi),
∼
βi : B → B(F(Hi)), i = 1, 2 oi

orizìmenec epekt�seic.
'Eqoume

T
∼
α1(A) =

∼
α2(A)T ⇒ T ∗

∼
α2(A) =

∼
α1(A)T ∗ ∀ A ∈ W ∗(A)

kai �ra T ∗α2(A) = α1(A)T ∗ gia k�je A ∈ A. Sunep�getai ìti F(T ∗)β2(B) =
β1(B)F(T ∗) gia k�je B ∈ B. Epeid  o F eÐnai ∗-sunartht c èqoume

F(T )∗β2(B) = β1(B)F(T )∗ ⇒
∼
β2(B

∗)F(T ) = F(T )
∼
β1(B

∗) ∀ B ∈ B.

Epeid  F(T ) ∈ HomB(F(H1),F(H2)) èqoume β2(B)F(T ) = F(T )β1(B) gia
k�je B ∈ B. Sunep�getai ìti F(T ) ∈ HomW ∗(B)(F(H1),F(H2)).

An K eÐnai antikeÐmeno thc kathgorÐac W ∗(A)M tìte eÐnai antikeÐmeno thc
kathgorÐac AM kai �ra to F(K) eÐnai antikeÐmeno thc kathgorÐac BM apì to
opoÐo èpetai ìti eÐnai antikeÐmeno thc kathgorÐac W ∗(B)M. MporoÔme loipìn
na orÐsoume èna sunartht  G : W ∗(A)M → W ∗(B)M o opoÐoc stèlnei k�je
antikeÐmeno K sto F(K) kai k�je morfismì T ston morfismì F(T ). O G eÐnai
faner� ∗-sunartht c. Ja deÐxoume ìti eÐnai sunartht c isodunamÐac. 'Estw
Hi, αi,

∼
αi, βi,

∼
βi, i = 1, 2 ìpwc prohgoÔmena. H apeikìnish

G : HomW ∗(A)(H1, H2) → HomW ∗(B)(F(H1),F(H2))

eÐnai 1-1 wc periorismìc thc F . Ja deÐxoume ìti eÐnai epÐ.
'Estw S ∈ HomW ∗(B)(F(H1),F(H2)) arkeÐ na deÐxoume ìti F−1(S) ∈

HomW ∗(A)(H1, H2). 'Eqoume

S
∼
β1(B

∗) =
∼
β2(B

∗)S ∀ B ∈ W ∗(B) ⇒ β1(B)S∗ = S∗β2(B) ∀ B ∈ B.

Apì autì prokÔptei ìti α1(A)F−1(S∗) = F−1(S∗)α2(A) gia k�je A ∈ A.
Epeid  o F eÐnai ∗-sunartht c èqoume

α1(A)F−1(S)∗ = F−1(S)∗α2(A) ⇒ F−1(S)
∼
α1(A

∗) =
∼
α2(A

∗)F−1(S) ∀ A ∈ A.

Epeid  F−1(S) ∈ HomA(H1, H2), èpetai ìti F−1(S) ∈ HomW ∗(A)(H1, H2).
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Upojètoume ìti K eÐnai antikeÐmeno thc kathgorÐac W ∗(B)M.MporoÔme na
blèpoume toK san antikeÐmeno thc kathgorÐac BM. Epeid  o F : AM → BM

eÐnai sunartht c isodunamÐac up�rqei antikeÐmeno H thc kathgorÐac AM kai
monadiaÐoc telest c U ∈ HomB(F(H), K). MporoÔme na elègxoume ìti o
telest c U an kei ston q¸ro HomW ∗(B)(F(H), K). 'Epetai apì to Je¸rhma
2.10.1 ìti o G eÐnai ∗-sunartht c isodunamÐac. 2

L mma 5.1.5 An H eÐnai èna A-kajolikì antikeÐmeno tìte to F(H) eÐnai
B-kajolikì.

Apìdeixh An H eÐnai A-kajolikì antikeÐmeno eÐnai W ∗(A)-kajolikì antikeÐ-
meno epÐshc. Apì thn prohgoÔmenh prìtash lìgw tou sunartht  isodunamÐac

G : W ∗(A)M →W ∗(B) M,

to F(H) eÐnaiW ∗(B)-kajolikì antikeÐmeno [45] kai sunep¸c eÐnai B-kajolikì.
2

T¸ra epistrèfoume sthn apìdeixh tou Jewr matoc 5.1.3. Epilègoume èna
A-kajolikì antikeÐmeno (H,α) kai upojètoume ìti (F(H), β) eÐnai to antÐs-
toiqo antikeÐmeno. Apì to prohgoÔmeno l mma autì eÐnai B-kajolikì. 'Op-
wc shmei¸same sthn suz thsh prin apì thn Prìtash 5.1.4 oi normal ana-
parast�seic α, β eÐnai pl reic isometrÐec kai oi �lgebrec α(A), β(B) èqoun
thn idiìthta tou deÔterou metajèth: α(A) = α(A)′′, β(B) = β(B)′′. SumbolÐ-
zoume me σ thn apeikìnish

F : HomD
A(H,H) = α(∆(A))′ → β(∆(B))′ = HomD

B (F(H),F(H)).

Epeid  o sunartht c F : ADM → BDM eÐnai ∗-sunartht c isodunamÐac
aut  h apeikìnish eÐnai ∗-isomorfismìc. Apì thn idiìthta thc ∆-epèktashc h σ
apeikonÐzei ton q¸roHomA(H,H) = α(A)′ entìc touHomB(F(H),F(H)) =
β(B)′. Epeid  o sunartht c F : AM → BM eÐnai sunartht c isodunamÐac
èqoume σ(α(A)′) = β(B)′.

OrÐzoume ton q¸ro

M = {M : MA = σ(A)M gia k�je A ∈ α(∆(A))′}.

Apì to L mma 4.2.1 autìc o q¸roc eÐnai èna ousi¸dec TRO. Epilègoume
M,N ∈M, B ∈ B. Gia k�jeA ∈ α(A)′ èqoumeM∗β(B)NA = M∗β(B)σ(A)N.
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Epeid  σ(A) ∈ β(B)′ o teleutaÐoc telest c isoÔtai me ton M∗σ(A)β(B)N =
AM∗β(B)N. ApodeÐxame ìtiM∗β(B)M⊂ α(A). An�loga mporeÐ na apodeiq-
jeÐ ìtiMα(A)M∗ ⊂ β(B). Apì thn Prìtash 4.1.2 èqoume ìti α(A)

M∼ β(B).
H apìdeixh thc mÐac kateÔjunshc tou Jewr matoc 5.1.3 èqei oloklhrwjeÐ.

SumbolismoÐ 5.1.6 Stic paragr�fouc apì 5.2 mèqri 5.5 ja sumplhr¸soume
thn apìdeixh tou Jewr matoc 5.1.3. StajeropoioÔme gia tic paragr�fouc
autèc tic monadiaÐec afhrhmènec duikèc �lgebrec telest¸n A,B. QwrÐc bl�bh
upojètoume ìti eÐnai upìqwroi twn q¸rwn B(H0), B(K0) antÐstoiqa, ìpou oi
H0, K0 eÐnai q¸roi QÐlmpert. EpÐshc upojètoume ìti oi �lgebrec A,B eÐnai
TRO isodÔnamec. Dhlad  upojètoume ìti up�rqei èna TRO M⊂ B(H0, K0)
¸ste

[M∗BM]−w
∗

= A, [MAM∗]−w
∗

= B.

Apì thn Prìtash 4.1.9 toM mporeÐ na epilegeÐ ¸ste na eÐnai w∗ kleistì kai
na ikanopoieÐ tic sqèseic

[M∗M]−w
∗

= ∆(A), [MM∗]−w
∗

= ∆(B).

EpÐshc orÐzoume touc akìloujouc q¸rouc

U = [BM]−w
∗
, V = [M∗B]−w

∗
.

EÔkola elègqetai ìti

U = [MA]−w
∗
, V = [AM∗]−w

∗
.

'Opwc sthn apìdeixh thc Prìtashc 4.3.4 prokÔptoun oi sqèseic:

BUA ⊂ U , AVB ⊂ V kai [VU ]−w
∗

= A, [UV ]−w
∗

= B.

5.2 Q¸roi kai nìrmec

'Estw A,B,M,U ,V ìpwc stouc sumbolismoÔc 5.1.6. Upojètoume ìti (H,α)
eÐnai antikeÐmeno thc kathgorÐac AM. Epilègoume S ∈ Ball(Mn,1(V)) gia
k�poio n ∈ N. OrÐzetai tìte h digrammik  apeikìnish:

U ×H → Hn : (T, x) → α(ST )x.
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Wc sunèpeia orÐzetai grammik  apeikìnish apì to algebrikì tanustikì ginìmeno
U ⊗H ston q¸ro QÐlmpert Hn, pou dÐdetai apì ton tÔpo:

U ⊗H → Hn : T ⊗ x→ α(ST )x.

Ston q¸ro U ⊗H orÐzetai mÐa sesqulinear morf , pou dÐdetai apì ton tÔpo:

〈T1 ⊗ x1, T2 ⊗ x2〉S = 〈α(ST1)x1, α(ST2)x2〉Hn .

An LS = {z ∈ U ⊗ H : 〈z, z〉S = 0} o q¸roc U ⊗ H/LS gÐnetai ènac pro-
QÐlmpert q¸roc. SumbolÐzoume thn pl rws  tou me HS kai thn epagìmenh
nìrma me ‖ · ‖S. EpÐshc sumbolÐzoume thn apeikìnish phlÐko U ⊗H → HS me
πS. Xan� sto algebrikì tanustikì ginìmeno U ⊗ H orÐzoume thn akìloujh
hminìrma: ∥∥∥∥∥

m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H)

= sup
S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
S

Aut  h hminìrma eÐnai kal� orismènh epeid 

‖α(STj)‖ ≤ ‖Tj‖, j = 1, ...,m⇒

∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
S

≤
m∑
j=1

‖Tj‖‖xj‖

gia k�je n ∈ N kai S ∈ Ball(Mn,1(V)).

Epeid  h nìrma ‖ · ‖S ikanopoieÐ thn tautìthta tou parallhlogr�mmou gia
k�je S, h prohgoÔmenh hminìrma ikanopoieÐ thn tautìthta tou parallhlo-
gr�mmou epÐshc. An L = {z ∈ U ⊗ H : ‖z‖FU (H) = 0} o q¸roc U ⊗ H/L
gÐnetai ènac pro-QÐlmpert q¸roc. SumbolÐzoume thn pl rws  tou me FU(H)
kai qrhsimopoioÔme to Ðdio sÔmbolo ‖·‖FU (H) gia thn nìrma tou. SumbolÐzoume
thn apeikìnish phlÐko U ⊗H → FU(H) me π.

L mma 5.2.1 Up�rqoun merikèc isometrÐec {Wk, k ∈ J} ⊂ M ({Vk, k ∈
I} ⊂ M) ¸ste W ∗

kWk ⊥ W ∗
mWm(VkV

∗
k ⊥ VmV

∗
m) gia k 6= m kai I =∑

k⊕W ∗
kWk(I =

∑
k⊕VkV ∗

k ).

Apìdeixh Apì to l mma tou Zorn up�rqei megistik  oikogèneia apì merikèc
isometrÐec (Wk) tou q¸rouM ¸steW ∗

kWk ⊥ W ∗
mWm gia k 6= m.Upojètoume

ìti
∑

k⊕W ∗
kWk < I. SumbolÐzoume me P ton telest  I−

∑
k⊕W ∗

kWk. Epeid 
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toM eÐnai ousi¸dec TRO o q¸rocMP eÐnai èna mh mhdenikì TRO. Sunep¸c
apì to Je¸rhma 2.6.3 mporoÔme na epilèxoume mÐa mh mhdenik  merik  isometrÐa
W ∈ MP. Autì èrqetai se antÐjesh me thn megistikìthta thc oikogèneiac
(Wk) epeid  W ∗W ≤ P. Epomènwc I =

∑
k⊕W ∗

kWk. An�loga ergazìmaste
me thn oikogèneia (Vk). 2

To prohgoÔmeno l mma  tan gnwstì sto [50] sthn perÐptwsh twn di-
aqwrÐsimwn q¸rwn QÐlmpert. Argìtera diapist¸same ìti sthn genik 
perÐptwsh, ìpwc to diatup¸noume emeÐc, eÐqe apodeiqjeÐ apì ton Paschke.
Dec gia par�deigma to 8.5.23 sto [10].

Me thn epìmenh prìtash apodeiknÔoume ìti mporoÔme na upologÐsoume thn
nìrma ‖ · ‖FU (H) qrhsimopoi¸ntac touc telestèc

{S : S ∈ Ball(Mn,1(M∗)), n ∈ N}

.

Prìtash 5.2.2 Gia k�je epilog  T1, ..., Tm ∈ U , x1, ..., xm ∈ H,m ∈ N
èqoume ∥∥∥∥∥

m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H)

= sup
S∈Ball(Mn,1(M∗)),n∈N

∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
S

Apìdeixh An ε > 0 up�rqoun n ∈ N kai S ∈ Ball(Mn,1(V)) ¸ste∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H)

− ε <

∥∥∥∥∥
m∑
j=1

α(STj)(xj)

∥∥∥∥∥
Hn

− ε

2
.

'Estw y ∈ Hn, ‖y‖ = 1 ¸ste∥∥∥∥∥
m∑
j=1

α(STj)xj

∥∥∥∥∥
Hn

=

∣∣∣∣∣
〈

m∑
j=1

α(STj)(xj), y

〉∣∣∣∣∣ .
JewroÔme tic merikèc isometrÐec {Vk, k ∈ I} ⊂ M apì to L mma 5.2.1. Epeid 
h apeikìnish α eÐnai w∗-suneq c èqoume ìti

lim
E⊂I, finite

〈
m∑
j=1

α

(
S
∑
k∈E

VkV
∗
k Tj

)
(xj), y

〉
=

〈
m∑
j=1

α (STj) (xj), y

〉
.
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SumperaÐnoume ìti up�rqoun merikèc isometrÐec {V1, ..., VN} ⊂ M ¸ste o
telest c

∑N
i=1 ViV

∗
i na eÐnai probol  kai∥∥∥∥∥

m∑
j=1

α(STj)(xj)

∥∥∥∥∥
Hn

− ε

2
≤

∣∣∣∣∣
〈

m∑
j=1

α

(
S

N∑
k=1

VkV
∗
k Tj

)
(xj), y

〉∣∣∣∣∣
≤

∥∥∥∥∥
m∑
j=1

α

(
S

N∑
k=1

VkV
∗
k Tj

)
(xj)

∥∥∥∥∥
Hn

=

∥∥∥∥∥α(S(V1, ..., VN))
m∑
j=1

α((V ∗
1 , ..., V

∗
N)tTj)(xj)

∥∥∥∥∥
Hn

.

ParathroÔme ìti

‖(V1, ..., VN)‖2 = ‖(V ∗
1 , ..., V

∗
N)t‖2

= ‖(V1, ..., VN)(V ∗
1 , ..., V

∗
N)t‖ =

∥∥∥∥∥
n∑
i=1

ViV
∗
i

∥∥∥∥∥ = 1

Epomènwc afoÔ h α eÐnai pl rhc sustol  èqoume ìti∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H)

− ε <

∥∥∥∥∥
m∑
j=1

α((V ∗
1 , ..., V

∗
N)tTj)(xj)

∥∥∥∥∥
Hn

≤ sup
S∈Ball(Mn,1(M∗)),n∈N

∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
S

Epeid  to ε  tan aujaÐreto h apìdeixh èqei oloklhrwjeÐ. 2

Gia k�je n ∈ N kai S ∈ Ball(Mn,1(V)) èqoume

‖πS(ξ)‖S ≤ ‖π(ξ)‖FU (H), ξ ∈ U ⊗H.

Autì deÐqnei ìti h apeikìnish π(ξ) → πS(ξ) eÐnai kal� orismènh kai epekteÐne-
tai stic antÐstoiqec plhr¸seic. 'Etsi odhgoÔmaste ston akìloujo orismì:

Orismìc 5.2.1 An n ∈ N kai S ∈ Ball(Mn,1(V)) h apeikìnish

θS : FU(H) → HS

eÐnai h monadik  sustol  pou ikanopoieÐ thn sqèsh θS(π(ξ)) = πS(ξ) gia k�je
ξ ∈ U ⊗H.
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L mma 5.2.3

FU(H) = [θ∗S(πS(T ⊗ x)) : S ∈ Ball(Mm,1(V)),m ∈ N, T ∈ U , x ∈ H]−

Apìdeixh 'Estw z ∈ FU(H). Ja apodeÐxoume arqik� ìti

‖z‖FU (H) = sup
S∈Ball(Mn,1(V)),n∈N

‖θS(z)‖S. (5.2.1)

EÐnai profanèc ìti

‖z‖FU (H) ≥ sup
S∈Ball(Mn,1(V)),n∈N

‖θS(z)‖S.

Gia ε > 0 up�rqei ξ ∈ U ⊗H ¸ste

‖z − π(ξ)‖FU (H) <
ε

2
. (5.2.2)

Sunep�getai ìti ‖z‖FU (H) − ε
2
< ‖π(ξ)‖FU (H).

Apì ton orismì thc nìrmac ‖·‖FU (H) up�rqounm ∈ N kai S ∈ Ball(Mm,1(V))
¸ste

‖z‖FU (H) −
ε

2
< ‖πS(ξ)‖S = ‖θS(π(ξ))‖S.

Apì thn anisìthta (5.2.2) paÐrnoume ìti

‖θS(z)− θS(π(ξ))‖S <
ε

2

kai �ra
‖θS(π(ξ))‖S < ‖θS(z)‖S +

ε

2
.

Sundu�zontac tic prohgoÔmenec anisìthtec, èqoume telik�

‖z‖FU (H) < ‖θS(z)‖S + ε.

Epeid  to ε  tan aujaÐreto h isìthta (5.2.1) isqÔei.
'Estw t¸ra z ∈ FU(H) tètoio ¸ste 〈θ∗S(πS(T ⊗ x)), z〉FU (H) = 0 gia k�je

m ∈ N, S ∈ Ball(Mm,1(V)), T ∈ U , x ∈ H. 'Epetai ìti 〈πS(T ⊗ x), θS(z)〉HS
=

0 gia k�je m ∈ N, S ∈ Ball(Mm,1(V)), T ∈ U , x ∈ H. Epomènwc θS(z) = 0
gia k�je m ∈ N, S ∈ Ball(Mm,1(V)) kai �ra apì thn exÐswsh (5.2.1) z = 0.
Autì oloklhr¸nei thn apìdeixh. 2

Ja deÐxoume parak�tw ìti o q¸roc π(M⊗H) eÐnai puknìc ston FU(H).
Sthn pr�xh qreiazìmaste to akìloujo isqurìtero apotèlesma:
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L mma 5.2.4 'Estw L ∈ Lat(α(A)). An T ∈ U kai x ∈ H tìte

π(T ⊗ L(x)) ∈ [π(N ⊗ L(y)) : N ∈M, y ∈ H]−FU (H).

Apìdeixh Sto algebrikì tanustikì ginìmeno M∗ ⊗ U ⊗ L(H) orÐzoume thn
akìloujh sesquilinear morf :

〈M∗
1 ⊗ T1 ⊗ L(x1),M

∗
2 ⊗ T2 ⊗ L(x2)〉 = 〈α(M∗

1T1)L(x1), α(M∗
2T2)L(x2)〉H .

An K = {z ∈ M∗ ⊗ U ⊗ L(H) : 〈z, z〉 = 0}, o q¸roc (M∗ ⊗ U ⊗ L(H))/K
gÐnetai ènac pro-QÐlmpert q¸roc. SumbolÐzoume thn pl rws  tou me K kai
thn apeikìnish phlÐko M∗ ⊗ U ⊗ L(H) → K me πK .

Isqurismìc 1: O q¸roc K1 pou par�getai apì ta dianÔsmata thc morf c
πK(M∗ ⊗N ⊗ L(y)) : M,N ∈M, y ∈ H eÐnai puknìc ston K.
Apìdeixh: Parat rhse ìti gia k�je M1, ...,Mn ∈ M, T1, ..., Tn ∈ U kai
x1, ..., xn ∈ H isqÔei,∥∥∥∥∥πK

(
n∑
i=1

M∗
i ⊗ Ti ⊗ L(xi)

)∥∥∥∥∥
K

=

∥∥∥∥∥
n∑
i=1

α(M∗
i Ti)L(xi)

∥∥∥∥∥
H

kai
n∑
i=1

α(M∗
i Ti)L(xi) =

n∑
i=1

Lα(M∗
i Ti)L(xi) ∈ L(H).

SumperaÐnoume ìti h apeikìnish

πK

(
n∑
i=1

M∗
i ⊗ Ti ⊗ L(xi)

)
→

n∑
i=1

α(M∗
i Ti)L(xi)

epekteÐnetai se isometrÐa σ : K → L(H).

'Estw ξ ∈ K tètoio ¸ste 〈ξ, πK(M∗ ⊗N ⊗ L(y))〉 = 0 gia k�je M,N ∈
M, y ∈ H. Tìte 〈σ(ξ), α(M∗N)L(y)〉 = 0 gia k�je M,N ∈M, y ∈ H. Epei-
d  I ∈ [M∗M]−w

∗ kai h apeikìnish α eÐnai w∗-suneq c èpetai ìti 〈σ(ξ), L(y)〉 =
0 gia k�je y ∈ H kai �ra ξ = 0.

Autì apodeiknÔei ton isqurismì 1.

Isqurismìc 2: Gia k�je N,M0 ∈M, T ∈ U kai x ∈ H isqÔei

π(NM∗
0T ⊗ L(x)) ∈ [π(M ⊗ L(y)) : M ∈M, y ∈ H]−FU (H).
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Apìdeixh: Gia k�je n ∈ N, S ∈ Ball(Mn,1(V)),Mi ∈M, Ti ∈ U , xi ∈ H, i =
1, ...,m kai N ∈ Ball(M) èqoume∥∥∥∥∥α

(
SN

m∑
i=1

M∗
i Ti

)
L(xi)

∥∥∥∥∥
Hn

=

∥∥∥∥∥α(SN)
m∑
i=1

α(M∗
i Ti)L(xi)

∥∥∥∥∥
Hn

≤

∥∥∥∥∥
m∑
i=1

α(M∗
i Ti)L(xi)

∥∥∥∥∥
H

=

∥∥∥∥∥πK
(

m∑
i=1

M∗
i ⊗ Ti ⊗ L(xi)

)∥∥∥∥∥
K

.

Apì ton orismì thc nìrmac ‖·‖FU (H) èqoume ìti∥∥∥∥∥
m∑
i=1

NM∗
i Ti ⊗ L(xi)

∥∥∥∥∥
FU (H)

≤

∥∥∥∥∥πK
(

m∑
i=1

M∗
i ⊗ Ti ⊗ L(xi)

)∥∥∥∥∥
K

. (5.2.3)

StajeropoioÔme N ∈ Ball(M),M0 ∈ M, T ∈ U , x ∈ H kai ε > 0. Apì
thn puknìthta tou q¸rou K1 ston K up�rqoun Ni,Mi ∈ M, xi ∈ H, i =
1, ...m ¸ste∥∥∥∥∥πK(M∗

0 ⊗ T ⊗ L(x))− πK

(
m∑
i=1

M∗
i ⊗Ni ⊗ L(xi)

)∥∥∥∥∥
K

< ε.

'Epetai apì thn anisìthta (5.2.3) ìti∥∥∥∥∥NM∗
0T ⊗ L(x)−

m∑
i=1

NM∗
i Ni ⊗ L(xi)

∥∥∥∥∥
FU (H)

< ε.

Autì apodeiknÔei ton isqurismì 2.

'Estw T ∈ U kai x ∈ H. ArkeÐ na deÐxoume ìti

π(T⊗L(x)) ∈ [π(NM∗U⊗L(y)) : N,M ∈M, U ∈ U , y ∈ H]−FU (H). (5.2.4)

JewroÔme tic merikèc isometrÐec {Vk, k ∈ I} ⊂ M apì to L mma 5.2.1. Ja
deÐxoume ìti h seir�

∑
k π(VkV

∗
k T ⊗ L(x)) sugklÐnei asjen¸c sto di�nusma

π(T ⊗ L(x)) mèsa sto q¸ro FU(H), dhlad  ja deÐxoume ìti

lim
E

〈
π(T ⊗ L(x))−

∑
k∈E

π(VkV
∗
k T ⊗ L(x)), z

〉
FU (H)

= 0 (5.2.5)
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gia k�je z ∈ FU(H).
ParathroÔme ìti ta merik� ajroÐsmata thc prohgoÔmenhc seir�c sqhmatÐ-

zoun èna fragmèno dÐktuo. Pr�gmati, an n ∈ N kai S ∈ Ball(Mn,1(V)), gia
k�je peperasmèno uposÔnolo E ⊂ I èqoume∥∥∥∥∥∑

k∈E

α(SVkV
∗
k T )L(x)

∥∥∥∥∥
Hn

=

∥∥∥∥∥α
(
S
∑
k∈E

VkV
∗
k T

)
L(x)

∥∥∥∥∥
Hn

≤ ‖T‖‖L(x)‖

epeid  o telest c
∑

k∈E VkV
∗
k eÐnai probol  kai h apeikìnish α eÐnai pl rhc

sustol . 'Epetai ìti∥∥∥∥∥∑
k∈E

VkV
∗
k T ⊗ L(x)

∥∥∥∥∥
FU (H)

≤ ‖T‖‖L(x)‖.

Epomènwc arkeÐ na deÐxoume thn (5.2.5) gia èna sÔnolo dianusm�twn z pou
par�goun ton q¸ro FU(H). Apì to L mma 5.2.3, mporoÔme na p�roume san z
ta di�nusmata thc morf c θ∗S(πS(U⊗y)) gia aujaÐreta S ∈ Ball(Mn,1(V)), n ∈
N, U ∈ U kai y ∈ H. 'Eqoume

lim
E⊂I,finite

〈
π(T ⊗ L(x))−

∑
k∈E

π(VkV
∗
k T ⊗ L(x)), θ∗S(πS(U ⊗ y))

〉
FU (H)

= lim
E

〈
θS

(
π

(
T ⊗ L(x)−

∑
k∈E

VkV
∗
k T ⊗ L(x)

))
, πS(U ⊗ y)

〉
S

= lim
E

〈
πS

(
T ⊗ L(x)−

∑
k∈E

VkV
∗
k T ⊗ L(x)

)
, πS(U ⊗ y)

〉
S

= lim
E

〈
α(ST )L(x)−

∑
k∈E

α(SVkV
∗
k T )L(x), α(SU)(y)

〉
Hn

= lim
E

〈
α(S(I −

∑
k∈E

VkV
∗
k )T )L(x), α(SU)(y)

〉
Hn

= 0

epeid  I =
∑

k∈I ⊕VkV ∗
k kai h apeikìnish α eÐnai w∗-suneq c. DeÐxame ìti

isqÔei h (5.2.4) kai �ra oloklhr¸jhke h apìdeixh. 2

Pìrisma 5.2.5 O upìqwroc π(M⊗H) tou FU(H) eÐnai puknìc.
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5.3 Oi anaparast�seic

'Estw A,B,M,U ,V ìpwc stouc sumbolismoÔc 5.1.6. 'Estw akìma (H,α) ∈
AM kai FU(H) o q¸roc QÐlmpert pou kataskeu�sjhke sthn par�grafo 4.2.
Se aut  thn par�grafo ja sumplhr¸soume thn kataskeu  tou antikeimènou
(FU(H),FU(α)) orÐzontac anapar�stash FU(α) = β thc �lgebrac B ston
q¸ro FU(H). An T1, ..., Tm ∈ U , x1, ..., xm ∈ H kai B ∈ B to di�nusma∑m

j=1BTj ⊗xj an kei ston q¸ro U ⊗H epeid  BU ⊂ U . Apì thn �llh meri�,
an n ∈ N kai S ∈ Ball(Mn,1(V)) o telest c SB an kei ston q¸ro Mn,1(V)
afoÔ VB ⊂ V . EpÐshc epeid  ‖SB‖ ≤ ‖B‖ èpetai ìti∥∥∥∥∥

m∑
j=1

BTj ⊗ xj

∥∥∥∥∥
FU (H)

= sup
S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥
m∑
j=1

α(SBTj)(xj)

∥∥∥∥∥
Hn

≤‖B‖ sup
S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥
m∑
j=1

α(STj)(xj)

∥∥∥∥∥ = ‖B‖

∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H)

SumperaÐnoume ìti orÐzetai monadiaÐoc algebrikìc morfismìc

β : B → B(FU(H)) : β(B)(π(T ⊗ x)) = π(BT ⊗ x), B ∈ B, T ∈ U , x ∈ H

pou eÐnai sustol . Ja apodeÐxoume to parak�tw isqurìtero apotèlesma:

Prìtash 5.3.1 H apeikìnish β eÐnai pl rhc sustol .

Apìdeixh 'Estw n ∈ N kai (Bij) ∈ Mn(B). StajeropoioÔme dianÔsmata
zj =

∑kj

i=1 π(T ji ⊗ xji ), j = 1, ..., n tou q¸rou FU(H) kai sumbolÐzoume me z
to di�nusma (z1, ..., zn)

t.
JewroÔme to di�nusma

y = β((Bij))(z) =

(
n∑
j=1

β(B1j)zj,
n∑
j=1

β(B2j)zj, ...,
n∑
j=1

β(Bnj)zj

)t

,

gia to opoÐo isqÔei

‖y‖2 =
n∑
k=1

∥∥∥∥∥∥
n∑
j=1

kj∑
i=1

BkjT
j
i ⊗ xji

∥∥∥∥∥∥
2

FU (H)

.
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Apì ton orismì thc nìrmac tou q¸rou FU(H) gia dedomèno ε > 0 up�rqoun
r ∈ N, Sk ∈ Ball(Mr,1(V)), k = 1, ..., n ¸ste

‖y‖2 − ε ≤
n∑
k=1

∥∥∥∥∥∥
n∑
j=1

kj∑
i=1

α(SkBkjT
j
i )(x

j
i )

∥∥∥∥∥∥
2

Hr

− ε

2
(5.3.1)

'Estw

yk =
n∑
j=1

kj∑
i=1

α(SkBkjT
j
i )(x

j
i ), k = 1, ..., n.

JewroÔme apì to L mma 5.2.1 tic merikèc isometrÐec {Vl, l ∈ I} ⊂ M. Gia
k�je peperasmèno uposÔnolo E ⊂ I jewroÔme to di�nusma

yEk =
n∑
j=1

kj∑
i=1

α

(
SkBkj

∑
l∈E

VlV
∗
l T

j
i

)
(xji ).

Epeid  h α eÐnai w∗-suneq c èpetai ìti
weak-limE y

E
k = yk, k = 1, ..., n.

Epomènwc,

lim
E

n∑
k=1

∣∣∣∣〈yEk , yk
‖yk‖

〉∣∣∣∣2 =
n∑
k=1

‖yk‖2.

SumperaÐnoume ìti mporoÔme na broÔme peperasmèno uposÔnolo E ⊂ I, ¸ste
n∑
k=1

‖yk‖2 − ε

2
≤

n∑
k=1

∣∣∣∣〈yEk , yk
‖yk‖

〉∣∣∣∣2 ≤ n∑
k=1

‖yEk ‖2.

Upojètoume ìti E = {1, ..., N} kai V = (V1, ..., VN). Apì thn anisìthta
(5.3.1) paÐrnoume thn akìloujh anisìthta

‖y‖2 − ε ≤
n∑
k=1

‖yk‖2 − ε

2

≤
n∑
k=1

∥∥∥∥∥∥
n∑
j=1

kj∑
i=1

α

(
SkBkj

N∑
l=1

VlV
∗
l T

j
i

)
(xji )

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥∥

∑n

j=1

∑kj

i=1 α(S1B1jV V
∗T ji )(x

j
i )

...∑n
j=1

∑kj

i=1 α(SnBnjV V
∗T ji )(x

j
i )


∥∥∥∥∥∥∥

2
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Qrhsimopoi¸ntac to gegonìc ìti h α eÐnai algebrikìc morfismìc èqoume

‖y‖2 − ε ≤

∥∥∥∥∥∥∥

∑n

j=1 α(S1B1jV )
∑kj

i=1 α(V ∗T ji )(x
j
i )

...∑n
j=1 α(SnBnjV )

∑kj

i=1 α(V ∗T ji )(x
j
i )


∥∥∥∥∥∥∥

2

=

∥∥∥∥∥∥∥α((SiBijV )1≤i,j≤n)


∑k1

i=1 α(V ∗T 1
i )(x1

i )...∑kn

i=1 α(V ∗T ni )(xni )


∥∥∥∥∥∥∥

2

Epeid 
(SiBijV )1≤i,j≤n = (S1 ⊕ ...⊕ Sn)(Bij)(V ⊕ ...⊕ V )

kai
‖(S1 ⊕ ...⊕ Sn)‖, ‖(V ⊕ ...⊕ V )‖ ≤ 1

èpetai ìti
‖α((SiBijV ))‖ ≤ ‖(Bi,j)‖

kai �ra

‖y‖2 − ε ≤‖(Bij)‖2

∥∥∥∥∥∥∥

∑k1

i=1 α(V ∗T 1
i )(x1

i )...∑kn

i=1 α(V ∗T ni )(xni )


∥∥∥∥∥∥∥

2

=‖(Bij)‖2

n∑
j=1

∥∥∥∥∥∥
kj∑
i=1

α(V ∗T ji )(x
j
i )

∥∥∥∥∥∥
2

.

Epeid  ‖V ∗‖ ≤ 1 èqoume

‖y‖2 − ε ≤
n∑
j=1

∥∥∥∥∥∥
kj∑
i=1

T ji ⊗ xji

∥∥∥∥∥∥
2

FU (H)

‖(Bij)‖2 = ‖z‖2‖(Bij)‖2

kai afou to ε eÐnai aujaÐreto paÐrnoume
‖β((Bij))(z)‖ = ‖y‖ ≤ ‖(Bij)‖ ‖z‖ ,

apì ìpou telik� prokÔptei h anisìthta ‖β((Bij))‖ ≤ ‖(Bij)‖. Epeid  to n
 tan aujaÐreto sumperaÐnoume ìti h β eÐnai pl rhc sustol . 2
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Prìtash 5.3.2 H apeikìnish β eÐnai w∗-suneq c.

Apìdeixh Epeid  h β eÐnai fragmènh apì to Je¸rhma 2.8.1 arkeÐ na deÐxoume
ìti dojèntoc enìc diktÔou (Bi) ⊂ Ball(B) pou sugklÐnei sthn wot topologÐa
sto 0 to dÐktuo (β(Bi)) sugklÐnei sthn wot topologÐa epÐshc sto 0.

JewroÔme tic apeikonÐseic:

π, πS, θS, S ∈ Ball(Mn,1(V)), n ∈ N

pou orÐsame sthn par�grafo 5.2 'Estw T1, T2 ∈ U , x1, x2 ∈ H,n ∈ N kai
S ∈ Ball(Mn,1(V)). Dedomènou ìti h apeikìnish α eÐnai w∗-suneq c èqoume
ìti

〈β(Bi)(π(T1 ⊗ x1)), θ
∗
S(πS(T2 ⊗ x2))〉FU (H)

= 〈π(BiT1 ⊗ x1), θ
∗
S(πS(T2 ⊗ x2))〉FU (H)

= 〈θS(π(BiT1 ⊗ x1)), πS(T2 ⊗ x2)〉HS
= 〈α(SBiT1)(x1), α(ST2)(x2)〉 → 0.

Epeid  to dÐktuo (Bi) eÐnai fragmèno, h apeikìnish β eÐnai fragmènh kai
apì to L mma 5.2.3 ta dianÔsmata θ∗S(πS(T ⊗ x)), S ∈ Ball(Mn,1(V)), n ∈
N, T ∈ U , x ∈ H par�goun ton q¸ro QÐlmpert FU(H), èpetai ìti

〈β(Bi)z1, z2〉 → 0 gia k�je z1, z2 ∈ FU(H). 2

5.4 Oi morfismoÐ

'Estw A,B,M,U ,V ìpwc stouc sumbolismoÔc 5.1.6. Se aut  thn par�grafo
an H ∈ AM tautÐzoume ton q¸ro U ⊗ H me thn eikìna tou π(U ⊗ H) ston
FU(H) (blèpe par�grafo 5.2). Stic paragr�fouc 5.2, 5.3 deÐxame ìti se k�je
antikeÐmeno (H,α) thc kathgorÐac AM antistoiqeÐ èna antikeÐmeno (FU(H), β)
thc kathgorÐac BM. Se aut  thn par�grafo ja oloklhr¸soume ton orismì
tou sunartht  FU : AM →BM.

StajeropoioÔme antikeÐmena (Hi, αi), i = 1, 2 thc kathgorÐac AM kai ta
antÐstoiqa antikeÐmena (FU(Hi), βi), i = 1, 2 thc kathgorÐac BM.

'Estw F ∈ HomA(H1, H2). UpenjumÐzoume ìti o F eÐnai ènac fragmènoc
telest c pou ikanopoieÐ thn idiìthta

Fα1(A) = α2(A)F gia k�je A ∈ A.
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Upojètoume ìti T1, ..., Tm ∈ U kai x1, ..., xm ∈ H. 'Eqoume∥∥∥∥∥
m∑
i=1

Ti ⊗ F (xi)

∥∥∥∥∥
FU (H2)

= sup
S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥
m∑
i=1

α2(STi)F (xi)

∥∥∥∥∥
= sup

S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥F (n)

m∑
i=1

α1(STi)(xi)

∥∥∥∥∥
ìpou F (n) = (F ⊕ ...⊕ F ). 'Epetai ìti∥∥∥∥∥

m∑
i=1

Ti ⊗ F (xi)

∥∥∥∥∥
FU (H2)

≤‖F‖ sup
S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥
m∑
i=1

α1(STi)(xi)

∥∥∥∥∥
=‖F‖

∥∥∥∥∥
m∑
i=1

Ti ⊗ xi

∥∥∥∥∥
FU (H1)

.

Epomènwc mporoÔme na d¸soume ton akìloujo orismì:

Orismìc 5.4.1 OrÐzoume apeikìnish FU(F ) apì ton q¸ro FU(H1) ston FU(H2)
me b�sh ton tÔpo

FU(F )(T ⊗ x) = T ⊗ F (x) gia k�je T ∈ U , x ∈ H1.

Aut  h apeikìnish eÐnai fragmènh me nìrma to polÔ ‖F‖. Gia k�je B ∈
B, T ∈ U , x ∈ H1 èqoume

FU(F )β1(B)(T ⊗ x) =FU(F )(BT ⊗ x) = BT ⊗ F (x)

=β2(B)(T ⊗ F (x)) = β2(B)FU(F )(T ⊗ x).

'Epetai ìti FU(F )β1(B) = β2(B)FU(F ) gia k�je B ∈ B kai �ra

FU(F ) ∈ HomB(FU(H1),FU(H2)).

EÐnai eÔkolo na elègxoume ìti o FU èqei tic idiìthtec FU(FG) = FU(F )FU(G)
kai FU(IH) = IFU (H). Sunep¸c èqontac orÐsei thn antistoiqÐa metaxÔ twn
q¸rwn twn morfism¸n èqoume oloklhr¸sei ton orismì tou sunartht  FU :

AM → BM.

Je¸rhma 5.4.1 O sunartht c FU èqei ∆-epèktash.
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Apìdeixh 'Estw F ∈ HomD
A(H1, H2). UpenjumÐzoume ìti o F eÐnai fragmènoc

telest c pou èqei thn idiìthta

Fα1(A) = α2(A)F gia k�je A ∈ ∆(A).

Upojètoume ìti M1, ...,Mm ∈ M kai x1, ..., xm ∈ H. Apì thn prìtash 5.2.2
èqoume∥∥∥∥∥

m∑
i=1

Mi ⊗ F (xi)

∥∥∥∥∥
FU (H2)

= sup
S∈Ball(Mn,1(M∗)),n∈N

∥∥∥∥∥
m∑
i=1

α2(SMi)F (xi)

∥∥∥∥∥ .
'Estw n ∈ N kai S ∈ Ball(Mn,1(M∗)). Epeid  SMi ∈ Mn,1(∆(A)) kai F ∈
HomD

A(H1, H2) isqÔei ìti

α2(SMi)F = F (n)α1(SMi).

'Epetai ìti ∥∥∥∥∥
m∑
i=1

α2(SMi)F (xi)

∥∥∥∥∥ =

∥∥∥∥∥F (n)

m∑
i=1

α1(SMi)(xi)

∥∥∥∥∥
≤‖F‖

∥∥∥∥∥
m∑
i=1

α1(SMi)(xi)

∥∥∥∥∥ ≤ ‖F‖

∥∥∥∥∥
m∑
i=1

Mi ⊗ xi

∥∥∥∥∥
FU (H1)

.

Apì autì prokÔptei ìti∥∥∥∥∥
m∑
i=1

Mi ⊗ F (xi)

∥∥∥∥∥
FU (H2)

≤ ‖F‖

∥∥∥∥∥
m∑
i=1

Mi ⊗ xi

∥∥∥∥∥
FU (H1)

.

'Etsi mporoÔme na orÐsoume apeikìnish δ(F ) apì ton upìqwro M⊗ H1 tou
q¸rou FU(H1) ston q¸ro FU(H2) sÔmfwna me ton tÔpo

δ(F )(M ⊗ x) = M ⊗ F (x) gia k�jeM ∈M, x ∈ H1. (5.4.1)

Aut  h apeikìnish eÐnai fragmènh me nìrma to polÔ ‖F‖ kai epeid  apì to
Pìrisma 5.2.5 o q¸roc M⊗H1 eÐnai puknìc ston FU(H1), epekteÐnetai apì
ton FU(H1) ston FU(H2).

T¸ra elègqoume ìti δ(F ) ∈ HomD
B (FU(H1),FU(H2)). Gia k�je B ∈

∆(B),M ∈M, x ∈ H1 èqoume

δ(F )β1(B)(M ⊗ x) = δ(F )(BM ⊗ x).
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Epeid  BM ∈ ∆(B)M⊂M apì thn exÐswsh (5.4.1) paÐrnoume

δ(F )(BM ⊗ x) = BM ⊗ F (x) = β2(B)(M ⊗ F (x)) = β2(B)δ(F )(M ⊗ x).

Apì to Pìrisma 5.2.5 sumperaÐnoume ìti

δ(F )β1(B) = β2(B)δ(F )

gia k�je B ∈ ∆(B) kai �ra δ(F ) ∈ HomD
B (FU(H1),FU(H2)).

Parat rhse ìti an F ∈ HomA(H1, H2) tìte FU(F ) = δ(F ) (epeid  kai oi
dÔo telestèc sumpÐptoun ston puknì upìqwroM⊗H1 tou FU(H1)). Epomèn-
wc orÐzetai sunartht c ADM → BDM pou stèlnei k�je antikeÐmeno H sto
FU(H) kai k�je morfismì F ston δ(F ). EÐnai fanerì ìti autìc o sunartht c
eÐnai ∆-epèktash tou sunartht  FU . 2

Orismìc 5.4.2 Sthn sunèqeia aut c thc ergasÐac ja sumbolÐzoume thn
∆-epèktash tou sunartht  FU p�li me FU kai k�je morfismì δ(F ) pou orÐze-
tai apì thn exÐswsh (5.4.1) me FU(F ).

Sth sunèqeia ja apodeÐxoume ìti h ∆-epèktash FU : ADM → BDM

eÐnai ∗-sunartht c.

L mma 5.4.2 An U ∈ HomD
A(H1, H2) eÐnai merik  isometrÐa tìte

FU(U∗) = FU(U)∗ ∈ HomD
B (FU(H2),FU(H1).

Apìdeixh
Isqurismìc: ‖FU(U∗U)(z)‖FU (H1) = ‖FU(U)(z)‖FU (H2) gia k�je z ∈ FU(H1).

Apìdeixh: 'Estw Mj ∈ M, xj ∈ H1, 1 ≤ j ≤ m, S = (N∗
1 , ..., N

∗
n)
t ∈

Ball(Mn,1(M∗)). 'Eqoume∥∥∥∥∥
m∑
j=1

α1(SMj)U
∗U(xj)

∥∥∥∥∥
2

=
n∑
i=1

∥∥∥∥∥
m∑
j=1

α1(N
∗
iMj)U

∗U(xj)

∥∥∥∥∥
2

.

Epeid  U∗U ∈ HomD
A(H1, H1) = α1(∆(A))′ kai N∗

iMj ∈ ∆(A) paÐrnoume∥∥∥∥∥
m∑
j=1

α1(SMj)U
∗U(xj)

∥∥∥∥∥
2

=
n∑
i=1

∥∥∥∥∥U∗
(
U

m∑
j=1

α1(N
∗
iMj)(xj)

)∥∥∥∥∥
2
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�ra ∥∥∥∥∥
m∑
j=1

α1(SMj)U
∗U(xj)

∥∥∥∥∥
2

=
n∑
i=1

∥∥∥∥∥
m∑
j=1

Uα1(N
∗
iMj)(xj)

∥∥∥∥∥
2

=
n∑
i=1

∥∥∥∥∥
m∑
j=1

α2(N
∗
iMj)U(xj)

∥∥∥∥∥
2

.

H teleutaÐa isìthta ofeÐletai sto ìti U ∈ HomD
A(H1, H2) kai N∗

iMj ∈ ∆(A)
gia k�je i, j. 'Epetai ìti∥∥∥∥∥

m∑
j=1

α1(SMj)U
∗U(xj)

∥∥∥∥∥
2

=

∥∥∥∥∥
m∑
j=1

α2(SMj)U(xj)

∥∥∥∥∥
2

.

Epeid  to S  tan aujaÐreto èqoume∥∥∥∥∥
m∑
j=1

Mj ⊗ U∗U(xj)

∥∥∥∥∥
FU (H1)

=

∥∥∥∥∥
m∑
j=1

Mj ⊗ U(xj)

∥∥∥∥∥
FU (H2)

h isodÔnama∥∥∥∥∥FU(U∗U)

(
m∑
j=1

Mj ⊗ xj

)∥∥∥∥∥
FU (H1)

=

∥∥∥∥∥FU(U)

(
m∑
j=1

Mj ⊗ xj

)∥∥∥∥∥
FU (H2)

.

Apì to Pìrisma 5.2.5 èpetai h al jeia tou isqurismoÔ.

ApodeÐxame sto Je¸rhma 5.4.1 ìti h apeikìnish FU metaxÔ twn q¸rwn twn
morfism¸n eÐnai sustol , epomènwc ‖FU(U∗U)‖ ≤ 1. Epeid  FU(U∗U)2 =
FU(U∗U) sumperaÐnoume ìti o telest c FU(U∗U) eÐnai orjog¸nia probol .
Apì ton prohgoÔmeno isqurismì prokÔptei h akìloujh isìthta:

〈FU(U∗U)(z), z〉FU (H1) = 〈FU(U)(z),FU(U)(z)〉FU (H2)

⇔〈FU(U∗U)(z), z〉FU (H1) = 〈FU(U)∗FU(U)(z), z〉FU (H1)

gia k�je z ∈ FU(H1) kai �ra

FU(U∗)FU(U) = FU(U∗U) = FU(U)∗FU(U).
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Epeid  o telest c FU(U∗U) eÐnai orjog¸nia probol  o telest c FU(U) eÐnai
merik  isometrÐa. 'Estw W = FU(U), V = FU(U∗). 'Eqoume apodeÐxei ìti

VW = W ∗W. (5.4.2)

Parìmoia ergazìmenoi me thn merik  isometrÐa U∗ paÐrnoume thn isìthta
FU(U)FU(U∗) = FU(UU∗) = FU(U∗)∗FU(U∗) kai sunep¸c

WV = V ∗V. (5.4.3)

T¸ra èqoume V = FU(U∗) = FU(U∗UU∗) = FU(U∗)FU(U)FU(U∗) = VWV.
Apì thn exÐswsh (5.4.2) èpetai ìti V = W ∗WV. Qrhsimopoi¸ntac xan� thn
isìthta (5.4.2) èqoume V ∗ = V ∗W ∗W = V ∗VW. Tèloc qrhsimopoi¸ntac thn
(5.4.3) paÐrnoume tic isìthtec:

V ∗ = WVW = FU(U)FU(U∗)FU(U) = FU(UU∗U) = FU(U) = W

h isodÔnama FU(U∗) = FU(U)∗. 2

Je¸rhma 5.4.3 O sunartht c FU : ADM → BDM eÐnai ∗-sunartht c.

Apìdeixh 'Estw T ∈ HomD
A(H1, H2) me polik  anapar�stash T = U |T |.

Parat rhse ìti T ∗T ∈ α1(∆(A))′, epomènwc |T | ∈ α1(∆(A))′ kai �ra (|T |+
εI)−1 ∈ α1(∆(A))′ gia k�je ε > 0. Epeid  U = w∗− lim

ε→0
T (|T |+ εI)−1 èpetai

ìti U ∈ HomD
A(H1, H2).

H apeikìnish

FU : HomD
A(H1, H1) = α1(∆(A))′ → β1(∆(B))′ = HomD

B (FU(H1),FU(H1))

eÐnai algebrikìc morfismìc metaxÔ algebr¸n von Neumann. EpÐshc èqoume
apodeÐxei sto Je¸rhma 5.4.1 ìti eÐnai sustol . Sunep�getai ìti h apeikìnish
FU eÐnai ∗-morfismìc kai �ra FU(|T |) ≥ 0. Me b�sh to prohgoÔmeno l mma
èqoume

FU(T ∗) =FU(|T |U∗) = FU(|T |)FU(U∗)

=FU(|T |)FU(U)∗ = (FU(U)FU(|T |))∗ = FU(T )∗

2
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5.5 H IsodunamÐa

'Estw A,B,M,U ,V ìpwc stouc sumbolismoÔc 5.1.6. Se aut  thn par�grafo
an H ∈ AM tautÐzoume ton q¸ro U ⊗ H me thn eikìna tou π(U ⊗ H) ston
FU(H) (blèpe par�grafo 5.2). Stic paragr�fouc 5.2, 5.3, 5.4 orÐsame ton
sunartht  FU : AM → BM kai apodeÐxame ìti èqei ∆-epèktash èna ∗-
sunartht . Se aut  thn par�grafo ja deÐxoume ìti autìc o sunartht c
ep�gei isodunamÐa metaxÔ twn kathgori¸n AM, BM kai h ∆-epèktas  tou
isodunamÐa metaxÔ twn kathgori¸n ADM, BDM. Autì ja oloklhr¸sei thn
apìdeixh tou basikoÔ Jewr matoc 5.1.3. SumbolÐzoume me FV ton sunartht 
apì thn kathgorÐa BM sthn kathgorÐa AM kai me to Ðdio sÔmbolo thn ∆-
epèktas  tou apì thn BDM sthn ADM. O orismìc autoÔ tou sunartht  eÐnai
parìmoioc me tou FU .

StajeropoioÔme antikeÐmeno (H,α) thc kathgorÐac AM kai to antÐstoiqo
antikeÐmeno (FU(H), β) thc kathgorÐac BM. An S ∈ V , z ∈ FU(H) h nìrma
tou dianÔsmatoc S ⊗ z dÐdetai (par�grafoc 5.2) apì ton tÔpo:

‖S ⊗ z‖FV (FU (H)) = sup
T∈Ball(Mn,1(U)),n∈N

‖β(TS)(z)‖FU (H).

L mma 5.5.1 O q¸roc M∗ ⊗ (M⊗H) eÐnai puknìc ston FV(FU(H)).

Apìdeixh 'Estw S ∈ V , z ∈ FU(H) kai ε > 0. O q¸roc M∗ ⊗ FU(H)
eÐnai puknìc ston FV(FU(H)) apì to Pìrisma 5.2.5. Epomènwc up�rqoun
M1, ...,Mn ∈M, z1, ..., zn ∈ FU(H) ¸ste∥∥∥∥∥S ⊗ z −

n∑
i=1

M∗
i ⊗ zi

∥∥∥∥∥
FV (FU (H))

<
ε

2
.

O q¸roc M⊗ H eÐnai puknìc ston FU(H). Epomènwc gia k�je i = 1, ..., n
up�rqei peperasmèno sÔnolo Gi, telestèc {Nj : j ∈ Gi} ⊂ M kai dianÔsmata
{xj : j ∈ Gi} ⊂ H ¸ste∥∥∥∥∥zi −∑

j∈Gi

Nj ⊗ xj

∥∥∥∥∥
FU (H))

<
ε

2n‖Mi‖
, i = 1, ..., n.
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Gia k�je i = 1, ..., n èqoume∥∥∥∥∥M∗
i ⊗ zi −M∗

i ⊗ (
∑
j∈Gi

Nj ⊗ xj)

∥∥∥∥∥
FV (FU (H))

= sup
T∈Ball(Mn,1(U)),n∈N

∥∥∥∥∥β(TM∗
i )(zi)− β(TM∗

i )(
∑
j∈Gi

Nj ⊗ xj)

∥∥∥∥∥
FU (H)n

≤‖Mi‖

∥∥∥∥∥zi −∑
j∈Gi

Nj ⊗ xj

∥∥∥∥∥
FU (H))

≤ ‖Mi‖
ε

2n‖Mi‖
=

ε

2n
.

T¸ra èqoume∥∥∥∥∥S ⊗ z −
n∑
i=1

M∗
i ⊗ (

∑
j∈Gi

Nj ⊗ xj)

∥∥∥∥∥
FV (FU (H))

≤

∥∥∥∥∥S ⊗ z −
n∑
i=1

M∗
i ⊗ zi

∥∥∥∥∥
FV (FU (H))

+
n∑
i=1

∥∥∥∥∥M∗
i ⊗ zi −M∗

i ⊗ (
∑
j∈Gi

Nj ⊗ xj)

∥∥∥∥∥
FV (FU (H))

<
ε

2
+ n

ε

2n
= ε.

DeÐxame ìti to di�nusma S ⊗ z an kei sthn kleistìthta tou q¸rou
M∗ ⊗ (M⊗H) gegonìc pou oloklhr¸nei thn apìdeixh tou l mmatoc. 2

L mma 5.5.2 'Estw Si ∈ V , Ti ∈ U , xi ∈ H, i = 1, ..., r. Tìte∥∥∥∥∥
r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
FV (FU (H))

=

∥∥∥∥∥
r∑
i=1

α(SiTi)(xi)

∥∥∥∥∥ .
Apìdeixh SumbolÐzoume me y to di�nusma

∑r
i=1 α(SiTi)(xi). K�noume touc
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akìloujouc upologismoÔc∥∥∥∥∥
r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
2

FV (FU (H))

= sup
U∈Ball(Mn,1(U)),n∈N

∥∥∥∥∥
r∑
i=1

β(USi)(Ti ⊗ xi)

∥∥∥∥∥
2

FU (H)n

= sup
U∈Ball(Mn,1(U)),n∈N

n∑
k=1

∥∥∥∥∥
r∑
i=1

UkSiTi ⊗ xi

∥∥∥∥∥
2

FU (H)

(ìpou (U = (U1, ..., Un)
t))

= sup
U∈Ball(Mn,1(U)),n∈N

n∑
k=1

sup
V ∈Ball(Mm,1(V)),m∈N

∥∥∥∥∥
r∑
i=1

α(V UkSiTi)(xi)

∥∥∥∥∥
2

Hm

.

'Epetai ìti ∥∥∥∥∥
r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
2

FV (FU (H))

= sup
U∈Ball(Mn,1(U)),n∈N

n∑
k=1

sup
V ∈Ball(Mm,1(V)),m∈N

‖α(V Uk)(y)‖2
Hm . (5.5.1)

StajeropoioÔme n ∈ N kai U = (U1, ..., Un)
t ∈ Ball(Mn,1(U)). Gia aujaÐreta

m ∈ N kai Vi = (Vi1, ..., Vim)t ∈ Ball(Mm,1(V)), i = 1, ..., n sumbolÐzoume me
A ton akìloujo telest 

A = (V1 ⊕ ...⊕ Vn) ∈Mnm,n(V).

Parat rhse ìti ‖α(AU)(y)‖ ≤ ‖y‖. Epomènwc
‖y‖2 ≥ ‖(α(V11U1)y, .., α(V1mU1)y, α(V21U2)y, .., α(V2mU2)y, .., α(VnmUn)y)

t‖2
Hnm

h isodÔnama
‖y‖2 ≥ ‖α(V1U1)y‖2

Hm + ‖α(V2U2)y‖2
Hm + ...+ ‖α(VnUn)y‖2

Hm .

'Epetai ìti
‖y‖2 ≥ sup

V ∈Ball(Mm,1(V)),m∈N
‖α(V U1)y‖2

Hm+...+ sup
V ∈Ball(Mm,1(V)),m∈N

‖α(V Un)y‖2
Hm .

Epeid  ta n kai U  tan aujaÐreta apì thn exÐswsh (5.5.1) paÐrnoume thn
anisìthta

‖y‖ ≥

∥∥∥∥∥
r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
FV (FU (H))

. (5.5.2)
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JewroÔme apì to L mma 5.2.1 tic merikèc isometrÐec {Wk, k ∈ J} ⊂ M.
'Eqoume ìti α(W ∗

kWk)⊥α(W ∗
l Wl) gia k 6= l kai I =

∑
k∈J α(W ∗

kWk).
An ε > 0 up�rqei sÔnolo {j1, ...jn} ⊂ J ¸ste

‖y‖2 − ε ≤
n∑
k=1

‖α(W ∗
jk
Wjk)y‖2

H −
ε

2
.

EpÐshc jewroÔme apì to L mma 5.2.1 tic merikèc isometrÐec {Vk, k ∈ I} ⊂ M.
Jètoume zk = α(W ∗

jk
Wjk)(y), k = 1, ..., n. Epeid  h apeikìnish α eÐnai w∗-

suneq c èqoume ìti

lim
E⊂I, finite

n∑
k=1

∣∣∣∣∣
〈
α

(
W ∗
jk

∑
l∈E

VlV
∗
l Wjk

)
(y),

zk
‖zk‖

〉∣∣∣∣∣
2

=
n∑
k=1

‖zk‖2.

Epomènwc up�rqei sÔnolo {i1, ..., iN} ⊂ I ¸ste

n∑
k=1

‖zk‖2 − ε

2
≤

n∑
k=1

∣∣∣∣∣
〈
α

(
W ∗
jk

N∑
l=1

VilV
∗
il
Wjk

)
(y),

zk
‖zk‖

〉∣∣∣∣∣
2

≤
n∑
k=1

∥∥∥∥∥α
(
W ∗
jk

N∑
l=1

VilV
∗
il
Wjk

)
(y)

∥∥∥∥∥
2

.

Jètoume R = (V ∗
i1
, ..., V ∗

iN
)t. Parat rhse ìti R ∈ Ball(MN,1(V)). T¸ra

èqoume

‖y‖2 − ε ≤
n∑
k=1

‖α(W ∗
jk
R∗)α(RWjk)(y)‖2

≤
n∑
k=1

‖α(RWjk)(y)‖2 ≤
n∑
k=1

sup
V ∈Ball(Mm,1(V)),m∈N

‖α(VWjk)y‖Hn .

Epeid  ‖(Wj1 , ...,Wjn)t‖ = 1 apì thn exÐswsh (5.5.1) prokÔptei ìti

‖y‖2 − ε ≤

∥∥∥∥∥
r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
2

FV (FU (H))

.
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Epeid  to ε  tan aujaÐreto apì thn anisìthta (5.5.2) èqoume

‖y‖ =

∥∥∥∥∥
r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
FV (FU (H))

. 2

To epìmeno l mma sumplhr¸nei thn apìdeixh tou Jewr matoc 5.1.3.

L mma 5.5.3 Oi �lgebrec A,B eÐnai ∆-isodÔnamec.

Apìdeixh Apì to L mma 5.5.2 sumperaÐnoume ìti h apeikìnish

UH : V ⊗ (U ⊗H) → H :
r∑
i=1

Si ⊗ (Ti ⊗ xi) →
r∑
i=1

α(SiTi)(xi)

eÐnai isometrÐa. Apì to L mma 5.5.1 prokÔptei ìti o q¸roc V ⊗ (U ⊗H) eÐnai
puknìc ston FV(FU(H)). EpÐshc afoÔ I ∈ A = [VU ]−w

∗ o q¸roc pou par�ge-
tai apì ta dianÔsmata α(ST )(x) : S ∈ V, T ∈ U , x ∈ H eÐnai puknìc ston
H. To sumpèrasm� mac eÐnai ìti h isometrÐa UH epekteÐnetai wc monadiaÐoc
telest c apì ton FV(FU(H)) epÐ tou H.

H anapar�stash β : B → B(FU(H)) apeikonÐzetai mèsw tou sunartht 
FV sthn anapar�stash ∼

α = FV(β) : A → B(FV(FU(H)) pou dÐdetai apì ton
tÔpo:

∼
α(A)(S ⊗ z) = AS ⊗ z, A ∈ A, S ∈ V , z ∈ FU(H).

Gia k�je A ∈ A, S ∈ V , T ∈ U , x ∈ H èqoume

UH ◦
∼
α(A)(S ⊗ (T ⊗ x)) =UH(AS ⊗ (T ⊗ x)) = α(AST )(x)

=α(A)α(ST )(x) = α(A) ◦ UH(S ⊗ (T ⊗ x))

Apì to L mma 5.5.1 èpetai ìti

UH ◦
∼
α(A) = α(A) ◦ UH gia k�je A ∈ A

kai �ra UH ∈ HomA(FVFU(H), H) ⊂ HomD
A(FVFU(H), H).

Upojètoume ìti ta (Hi, αi), i = 1, 2 eÐnai antikeÐmena thc kathgorÐac AM

kai F ∈ HomD
A(H1, H2). Gia k�je N,M ∈M, x ∈ H èqoume

F ◦ UH1(N
∗ ⊗ (M ⊗ x)) = F (α1(N

∗M)(x)) = α2(N
∗M)F (x)

=UH2(N
∗ ⊗ (M ⊗ F (x))) = UH2(N

∗ ⊗FU(F )(M ⊗ x))

=UH2 ◦ FV(FU(F ))(N∗ ⊗ (M ⊗ x)).
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Apì to L mma 5.5.1 sumperaÐnoume ìti

F ◦ UH1 = UH2 ◦ FV(FU(F )).

Me touc prohgoÔmenouc sullogismoÔc sumplhr¸netai h apìdeixh tou ìti o
sunartht c FV ◦ FU eÐnai isodÔnamoc me ton tautotikì sunartht  thc kath-
gorÐac AM kai o sunartht c pou par�getai apì tic ∆-epekt�seic eÐnai isodÔ-
namoc me ton tautotikì sunartht  thc kathgorÐac ADM. An�loga mporeÐ
na apodeiqjeÐ ìti o sunartht c FU ◦ FV eÐnai isodÔnamoc me ton tautotikì
sunartht  thc kathgorÐac BM kai o sunartht c pou par�getai apì tic
∆-epekt�seic eÐnai isodÔnamoc me ton tautotikì sunartht  thc kathgorÐac
BDM. 2

5.6 Idiìthtec twn sunartht¸n isodunamÐac

Se aut  thn par�grafo apodeiknÔoume ìti k�je sunartht c F pou ikanopoieÐ
to Je¸rhma 5.1.3 eÐnai isodÔnamoc me èna sunartht  FU gia k�poio prìtupo
U . EpÐshc diereunoÔme k�poiec �llec idiìthtec aut¸n twn sunartht¸n, blèpe
orismì 5.6.1, pou se antÐjesh me thn autosuzug  perÐptwsh den eÐnai pro-
faneÐc.

StajeropoioÔme gia tic an�gkec aut c thc paragr�fou tic monadiaÐec
afhrhmènec duikèc �lgebrec telest¸nA,B kai èna sunartht  F pou ikanopoieÐ
to Je¸rhma 5.1.3. Epilègoume èna A-kajolikì antikeÐmeno (H0, α0). Up-
ojètoume ìti (F(H0), β0) eÐnai to antÐstoiqo antikeÐmeno to opoÐo eÐnai B-
kajolikì (L mma 5.1.5.) Apì thn apìdeixh tou Jewr matoc 5.1.3, blèpe
par�grafo 5.1, prokÔptei ìti h apeikìnish

F : HomD
A(H0, H0) = α0(∆(A))′ → β0(∆(B))′ = HomD

B (F(H0),F(H0))

eÐnai ∗-isomorfismìc pou èqei thn idiìthta F(α0(A)′) = β0(B)′, o q¸roc

M = {M ∈ B(H0,F(H0)) : MF = F(F )M gia k�je F ∈ α0(∆(A))′}

eÐnai ousi¸dec TRO kai oi �lgebrec α0(A), β0(B) eÐnai TRO isodÔnamec mèsw
tou q¸rou M. JewroÔme touc q¸rouc

U = [Mα0(A)]−w
∗
,V = [α0(A)M∗]−w

∗
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pou ikanopoioÔn tic akìloujec sqèseic

β0(B)Uα0(A) ⊂ U , α0(A)Vβ0(B) ⊂ V, [VU ]−w
∗

= α0(A), [UV ]−w
∗

= β0(B).

'Opwc stic paragr�fouc 5.2, 5.3, 5.4, 5.5 orÐzetai o sunartht c iso-
dunamÐac FU metaxÔ twn kathgori¸n AM kai BM pou èqei ∆-epèktash ∗-
sunartht  pou ep�gei isodunamÐa metaxÔ twn kathgori¸n ADM, BDM. Up-
enjumÐzoume (par�grafoc 5.2) ìti an (H,α) ∈ AM orÐzetai o q¸roc QÐlmpert
FU(H) wc h pl rwsh enìc phlÐkou U ⊗H/L tou algebrikoÔ tanustikoÔ gi-
nomènou U ⊗H. Se aut  thn par�grafo gia k�je T ∈ U , x ∈ H tautÐzoume
to stoiqeÐo (T ⊗ x) +L tou FU(H) me to T ⊗ x. H nìrma ston q¸ro FU(H)
ikanopoieÐ thn isìthta:∥∥∥∥∥

m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H)

= sup
S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥
m∑
j=1

α(α−1
0 (STj))(xj)

∥∥∥∥∥ .
O q¸roc FU(H) eÐnai antikeÐmeno thc kathgorÐac BM, lìgw thc normal

anapar�stashc (par�grafoc 5.3)

β : B → B(FU(H)) : β(B)(T ⊗ x) = β0(B)T ⊗ x

gia k�je B ∈ B, T ∈ U , x ∈ H.
EpÐshc (par�grafoc 4.4) gia k�je H1, H2 ∈A M orÐzetai h apeikìnish

FU : HomD
A(H1, H2) → HomD

B (FU(H1),FU(H2)) pou ikanopoieÐ thn sqèsh

FU(F )(M ⊗ x) = M ⊗ F (x) gia k�je F ∈ HomD
A(H1, H2),M ∈M, x ∈ H1.

L mma 5.6.1 (i) H apeikìnish

T ⊗ x→ T (x), T ∈ U , x ∈ H0

epekteÐnetai se monadiaÐo telest  U : FU(H0) → F(H0) o opoÐoc an kei ston
q¸ro HomB(FU(H0),F(H0)).

(ii) Gia k�je F ∈ HomD
A(H0, H0) isqÔei UFU(F ) = F(F )U.

(iii) Gia k�je zeÔgoc probol¸n P,Q ∈ HomA(H0, H0) kai k�je telest 
F ∈ HomD

A(P (H0), Q(H0)) isqÔei U |FU (Q)FU(F ) = F(F )U |FU (P ).
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Apìdeixh (i) Gia k�je T1, ..., Tm ∈ U , x1, ..., xm ∈ H0 èqoume∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H0)

= sup
S∈Ball(Mn,1(V)),n∈N

∥∥∥∥∥
m∑
j=1

STj(xj)

∥∥∥∥∥
H

(n)
0

≤

∥∥∥∥∥
m∑
j=1

Tj(xj)

∥∥∥∥∥
F(H0)

.

An ε > 0 apì to L mma 5.2.1 èpetai ìti up�rqoun merikèc isometrÐec
V1, ..., Vn ∈ M ¸ste o telest c

∑n
i=1 ViV

∗
i na eÐnai orjog¸nia probol  kai

na isqÔei ∥∥∥∥∥
m∑
j=1

Tj(xj)

∥∥∥∥∥
F(H0)

− ε ≤

∥∥∥∥∥
n∑
l=1

VlV
∗
l

m∑
j=1

Tj(xj)

∥∥∥∥∥
F(H0)

=

∥∥∥∥∥(V1, ..., Vn)(V
∗
1 , ..., V

∗
n )t

m∑
j=1

Tj(xj)

∥∥∥∥∥
F(H0)

≤

∥∥∥∥∥(V ∗
1 , ..., V

∗
n )t

m∑
j=1

Tj(xj)

∥∥∥∥∥
H

(n)
0

≤

∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H0)

.

SumperaÐnoume ìti
∥∥∥∑m

j=1 Tj ⊗ xj

∥∥∥
FU (H0)

=
∥∥∥∑m

j=1 Tj(xj)
∥∥∥
F(H0)

. Epomènwc
orÐzetai isometrÐa U : FU(H0) → F(H0) ¸ste

U(T ⊗ x) = T (x), gia k�je T ∈ U , x ∈ H0.

Epeid  to TRO M eÐnai ousi¸dec èqoume ìti,

[U(H0)]
− ≥ [M(H0)]

− = F(H0),

sunep¸c h eikìna tou telestoÔ U eÐnai pukn  ston F(H0) kai �ra o U eÐnai
monadiaÐoc telest c. EpÐ plèon gia k�je B ∈ B, T ∈ U , x ∈ H0 èqoume:

Uβ(B)(T ⊗ x) = U(β0(B)T ⊗ x) = β0(B)T (x) = β0(B)U(T ⊗ x).

'Epetai ìti U ∈ HomB(FU(H0),F(H0)).

(ii) 'Estw F ∈ HomD
A(H0, H0). Gia k�je M ∈M, x ∈ H0 èqoume

UFU(F )(M⊗x) = U(M⊗F (x)) = M(F (x)) = F(F )M(x) = F(F )U(M⊗x).

Apì to Pìrisma 5.2.5 prokÔptei ìti UFU(F ) = F(F )U.
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(iii) 'Estw P,Q ∈ HomA(H0, H0) probolèc kai G ∈ HomD
A(H0, H0). Apì

to (ii) èqoume ìti UFU(QGP ) = F(QGP )U kai �ra

UFU(Q)FU(QGP ) = F(QGP )F(P )U = F(QGP )UFU(P ).

Epomènwc an F ∈ HomD
A(P (H0), Q(H0)) isqÔei

U |FU (Q)FU(F ) = F(F )U |FU (P ). 2

To parak�tw l mma eÐnai an�logo me thn Prìtash 4.9 sto [45].

L mma 5.6.2 An {Hj : j ∈ I} eÐnai antikeÐmena thc kathgorÐac AM, tìte
up�rqoun monadiaÐoi telestèc

W ∈ HomB(⊕jF(Hj),F(⊕jHj)), V ∈ HomB(⊕jFU(Hj),FU(⊕jHj)).

Apìdeixh 'Estw Ui h apeikìnish emfÔteushc tou q¸rou Hi mèsa ston ⊕jHj.
EÔkola elègqetai ìti Ui ∈ HomA(Hi,⊕jHj) kai �ra

F(Ui) ∈ HomB(F(Hi),F(⊕jHj)).

Epeid  UiU∗i ⊥UjU∗j , i 6= j kai o sunartht c F : ADM → BDM eÐnai
∗-sunartht c èqoume

F(Ui)F(Ui)
∗⊥F(Uj)F(Uj)

∗, i 6= j.

'Estw Wi : ⊕jF(Hj) → F(⊕jHj) h kanonik  epèktash thc apeikìnishc
F(Ui), i ∈ I. EÔkola elègqetai ìti Wi ∈ HomB(⊕jF(Hj),F(⊕jHj)) gia
k�je i ∈ I. Epeid  oi apeikonÐseic {Wi : i ∈ I} eÐnai merikèc isometrÐec me
k�jetouc arqikoÔc kai telikoÔc q¸rouc, orÐzetai o telest c

W = ⊕jWj ∈ HomB(⊕jF(Hj),F(⊕jHj)).

Ja apodeÐxoume ìti o W eÐnai monadiaÐoc telest c. Epeid  eÐnai isometrÐa,
arkeÐ gia autì na deÐxoume ìti eÐnai epÐ. IsodÔnama prèpei na deÐxoume ìti
WW ∗ = IF(⊕jHj). Parat rhse ìti

WW ∗ = ⊕jWjW
∗
j = ⊕jF(Uj)F(Uj)

∗ = ⊕jF(UjU
∗
j )
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kai
F(UjU

∗
j ) ∈ HomD

B (F(⊕jHj)F(⊕jHj)).

H apeikìnish

F : HomD
A(⊕jHj,⊕jHj) → HomD

B (F(⊕jHj)F(⊕jHj))

eÐnai ∗-isomorfismìc metaxÔ algebr¸n von Neumann kai �ra w∗-suneq c.
Epeid  I⊕jHj

= ⊕jUjU
∗
j èpetai ìti IF(⊕jHj) = ⊕jF(UjU

∗
j ) = WW ∗ kai

sunep¸c o W eÐnai monadiaÐoc telest c. H Ôparxh tou monadiaÐou telest 
V ∈ HomB(⊕jFU(Hj),FU(⊕jHj)) apodeiknÔetai an�loga. 2

Parat rhsh 5.6.3 Gia k�je K ∈ AM up�rqoun probolèc Qi, i ∈ I tou
q¸rou HomA(H0, H0) kai monadiaÐoc telest c U ∈ HomA(K,⊕i∈IQi(H0)).

Apìdeixh JewroÔme (par�grafoc 5.1) thn �lgebra W ∗(A). Epeid  to
antikeÐmeno H0 eÐnai A-kajolikì èpetai ìti eÐnaiW ∗(A)-kajolikì [13]. EpÐsh-
c epeid  K ∈ W ∗(A)M apì to [45] èpetai ìti up�rqoun probolèc Qi ∈
HomW ∗(A)(H0, H0) kai monadiaÐoc telest c U ∈ HomW ∗(A)(K,⊕iQi(H0)).2

H apìdeixh tou parak�tw jewr matoc antistoiqeÐ sthn apìdeixh thc Prì-
tashc 5.4 sto [45].

Je¸rhma 5.6.4 Oi sunarthtèc F ,FU eÐnai isodÔnamoi wc sunarthtèc metaxÔ
twn kathgori¸n AM, BM kai oi ∆-epekt�seic touc eÐnai isodÔnamoi wc
∗-sunarthtèc metaxÔ twn kathgori¸n ADM, BDM.

Apìdeixh Apì thn prohgoÔmenh parat rhsh, gia k�je K ∈ AM up�rqei èna
sÔnolo deikt¸n IK , probolèc {QK

i : i ∈ IK} ⊂ HomA(H0, H0) kai monadiaÐoc
telest c WK ∈ HomA(K,⊕iQ

K
i (H0)). Epeid  oi ∆-epekt�seic twn F ,FU eÐ-

nai ∗-sunarthtèc oi telestèc F(WK),FU(WK) eÐnai monadiaÐoi. Apì to L mma
5.6.2 mporoÔme na jewroÔme ìti

FU(WK) ∈ HomB(FU(K),⊕iFU(QK
i (H0)))

kai
F(WK) ∈ HomB(F(K),⊕iF(QK

i (H0))).

Apì to L mma 5.6.1,ii èqoume ìti UFU(QK
i ) = F(QK

i )U kai epomènwc o
telest c

UK
i = U |FU (QK

i (H0)) : FU(QK
i (H0)) → F(QK

i (H0))
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eÐnai monadiaÐoc gia k�je i ∈ IK .
Sunep¸c mporoÔme na orÐsoume gia k�je K ∈ AM monadiaÐo telest 

VK = F(W ∗
K)(⊕iU

K
i )FU(WK) ∈ HomB(FU(K),F(K)) ⇒

VK ∈ HomD
B (FU(K),F(K)).

Ja apodeÐxoume ìti oi telestèc {VK : K ∈ AM} ep�goun tic isodunamÐec kai
twn dÔo zeug¸n kathgori¸n.

Upojètoume ìti Kt ∈ AM me antÐstoiqec probolèc {Qt
i = QKt

i , i ∈ It}
kai monadiaÐouc telestèc U t

i = UKt
i ,Wt = WKt , Vt = VKt , t = 1, 2 ìpwc

prohgoÔmena.
'Estw F ∈ HomD

A(⊕iQ
1
i (H0),⊕jQ

2
j(H0)).MporoÔme eÔkola na elègxoume

ìti
F = (Fj,i)j∈I2,i∈I1 , Fj,i ∈ HomD

A(Q1
i (H0), Q

2
j(H0)).

'Epetai ìti

F(F ) = (F(Fj,i))j,i ∈ HomD
B (⊕iF(Q1

i (H0)),⊕jF(Q2
j(H0)))

kai

FU(F ) = (FU(Fj,i))j,i ∈ HomD
B (⊕iFU(Q1

i (H0)),⊕jFU(Q2
j(H0))).

Apì to L mma 5.6.1,iii èqoume ìti

U2
jFU(Fji) = U |FU (Q2

j (H0))FU(Fji) = F(Fji)U |FU (Q1
i (H0)) = F(Fji)U

1
i

gia k�je i, j.
San sunèpeia prokÔptei h isìthta:

(⊕jU
2
j )FU(F ) = (⊕jU

2
j )(FU(Fji))j,i = (U2

jFU(Fji))j,i

= (F(Fji)U
1
i )j,i = (F(Fji))j,i(⊕iU

1
i ) = F(F )(⊕iU

1
i ) (5.6.1)

Gia k�je G ∈ HomD
A(K1, K2) èqoume

W2GW
∗
1 ∈ HomD

A(⊕iQ
1
i (H0),⊕jQ

2
j(H0))

kai epomènwc apì thn exÐswsh (5.6.1)

(⊕jU
2
j )FU(W2GW

∗
1 ) = F(W2GW

∗
1 )(⊕iU

1
i )
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apì to opoÐo èpetai ìti

(⊕jU
2
j )FU(W2)FU(G)FU(W ∗

1 ) = F(W2)F(G)F(W ∗
1 )(⊕iU

1
i )

kai �ra

F(W ∗
2 )(⊕jU

2
j )FU(W2)FU(G) = F(G)F(W ∗

1 )(⊕iU
1
i )FU(W1).

DeÐxame ìti V2FU(G) = F(G)V1. Epeid  ta antikeÐmena K1, K2 ∈A M  tan
aujaÐreta, h apìdeixh oloklhr¸jhke. 2

Orismìc 5.6.1 'EstwA1,B1 monadiaÐec afhrhmènec duikèc �lgebrec telest¸n.
(i) 'Enac sunartht c G : A1M → B1M kaleÐtai pl rwc isometrikìc

(normal) an gia k�je zeÔgoc antikeimènwn H1, H2 h apeikìnish

G : HomA1(H1, H2) → HomB1(G(H1),G(H2))

eÐnai pl rhc isometrÐa (w∗-suneq c). Parìmoia gia èna sunartht  G : A1DM →
B1DM.

(ii) O sunartht c G : A1M → B1M lème ìti sèbetai tic anaparast�-
seic an èqei thn idiìthta ìtan (H,α) eÐnai antikeÐmeno thc kathgorÐac A1M

¸ste h apeikìnish α : A1 → B(H) na eÐnai pl rhc isometrÐa h antÐstoiqh
apeikìnish G(α) : B1 → B(G(H)) na eÐnai pl rhc isometrÐa epÐshc.

(iii) Lème ìti o sunartht c G : A1M → B1M sèbetai thn anaklastikìth-
ta an gia k�je (H,α) antikeÐmeno thc kathgorÐac A1M gia thn opoÐa h
apeikìnish α : A1 → B(H) eÐnai pl rhc isometrÐa kai h �lgebra α(A1) eÐnai
anaklastik , tìte h apeikìnish β : B1 → B(G(H)) eÐnai pl rhc isometrÐa
kai h �lgebra β(B1) eÐnai anaklastik . 'Opou (G(H), β) eÐnai to antÐstoiqo
antikeÐmeno thc kathgorÐac B1M.

(v) O sunartht c G : A1DM → B1DM lème ìti sèbetai touc sundès-
mouc an gia k�je antikeÐmeno (H,α) thc kathgorÐac A1M isqÔei

G(Lat(α(A1))) = Lat(β(B1)),

ìpou (G(H), β) eÐnai to antÐstoiqo antikeÐmeno thc kathgorÐac B1M.Parat rhse
ìti

Lat(α(A1)) ⊂ HomD
A1

(H,H) kai Lat(β(B1)) ⊂ HomD
B1

(G(H),G(H)).
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L mma 5.6.5 O sunartht c FU : AM → BM sèbetai tic anaparast�seic.

Apìdeixh Se aut  thn apìdeixh tautÐzoume thn �lgebra A me thn α0(A) kai
thn �lgebra B me thn β0(B). 'Estw (H,α) antikeÐmeno thc kathgorÐac AM me
thn anapar�stash α na eÐnai pl rhc isometrÐa. Upojètoume ìti (FU(H), β)
eÐnai to antÐstoiqo antikeÐmeno. Ja apodeÐxoume ìti h anapar�stash β eÐnai
epÐshc pl rhc isometrÐa.

StajeropoioÔme di�nusma y = (y1, ..., yn)
t ∈ Ball(F(H0)

n) kai pÐnaka
(Bij) ∈Mn(B) gia aujaÐreto n ∈ N. JewroÔme apì to L mma 5.2.1 tic merikèc
isometrÐec {Vk, k ∈ I} ⊂ M.

Gia ε > 0 up�rqei sÔnolo {i1, ..., iN} ⊂ I ¸ste

‖(Bij)(y)‖2 − ε =
n∑
i=1

∥∥∥∥∥
n∑
k=1

Bik(yk)

∥∥∥∥∥
2

− ε

≤
n∑
i=1

∥∥∥∥∥
n∑
k=1

Bik

N∑
l=1

VilV
∗
il
(yk)

∥∥∥∥∥
2

− ε

2
.

Qrhsimopoi¸ntac xan� to L mma 5.2.1 brÐskoume sÔnolo {j1, ..., jm} ⊂ I ¸ste

n∑
i=1

∥∥∥∥∥
n∑
k=1

Bik

N∑
l=1

VilV
∗
il
(yk)

∥∥∥∥∥
2

− ε

2

≤
n∑
i=1

∥∥∥∥∥
m∑
t=1

VjtV
∗
jt

(
n∑
k=1

Bik

N∑
l=1

VilV
∗
il
(yk)

)∥∥∥∥∥
2

− ε

4
.

Epeid  oi probolèc (VjtV
∗
jt) eÐnai an� dÔo k�jetec èpetai ìti

‖(Bij)(y)‖2 − ε ≤
n∑
i=1

m∑
t=1

∥∥∥∥∥V ∗
jt

(
n∑
k=1

Bik

N∑
l=1

VilV
∗
il
(yk)

)∥∥∥∥∥
2

− ε

4

=‖(V ∗ ⊕ ...⊕ V ∗)(Bij)(U ⊕ ...⊕ U)(z)‖2 − ε

4
,

ìpou
z = (V ∗

i1
(y1), ..., V

∗
iN

(y1), V
∗
i1
(y2), ..., V

∗
iN

(y2), ..., V
∗
iN

(yn))
t,

V = (Vj1 , ..., Vjm), U = (Vi1 , ..., ViN ).
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Parat rhse ìti

‖z‖2 =
n∑
l=1

N∑
k=1

‖V ∗
ik

(yl)‖2 =
n∑
l=1

N∑
k=1

‖VikV ∗
ik

(yl)‖2

=
n∑
l=1

∥∥∥∥∥
(

N∑
k=1

VikV
∗
ik

)
(yl)

∥∥∥∥∥
2

≤
n∑
l=1

‖yl‖2 = ‖y‖2 ≤ 1.

SumperaÐnoume ìti

‖(Bij)(y)‖2 − ε ≤ ‖(V ∗ ⊕ ...⊕ V ∗)(Bij)(U ⊕ ...⊕ U)‖2 − ε

4

=‖α ((V ∗ ⊕ ...⊕ V ∗)(Bij)(U ⊕ ...⊕ U)) ‖2 − ε

4
.

H teleutaÐa isìthta eÐnai sunèpeia tou ìti h apeikìnish α eÐnai pl rhc isometrÐ-
a. Proqwr¸ntac thn prohgoÔmenh anisìthta brÐskoume dianÔsmata xlk tou
q¸rou H ¸ste to di�nusma x = (x11, ..., xN1, x12, ..., xN2, ..., xNn)

t ∈ HNn na
èqei nìrma 1 kai na isqÔei

‖(Bij)(y)‖2 − ε ≤ ‖α ((V ∗ ⊕ ...⊕ V ∗)(Bij)(U ⊕ ...⊕ U)) (x)‖2

'Epetai ìti

‖(Bij)(y)‖2 − ε ≤
n∑
s=1

m∑
r=1

∥∥∥∥∥
n∑
k=1

N∑
l=1

α(V ∗
jrBskVil)(xlk)

∥∥∥∥∥
2

(5.6.2)

'Estw

ωk =
N∑
l=1

Vil ⊗ xlk ∈ FU(H), k = 1, ..., n,

tìte
n∑
k=1

‖ωk‖2
FU (H) =

n∑
k=1

sup
S∈Ball(Mp,1(V)),p∈N

∥∥∥∥∥
N∑
l=1

α(SVil)(xlk)

∥∥∥∥∥
2

=
n∑
k=1

sup
S∈Ball(Mp,1(V)),p∈N

∥∥∥∥∥∥∥α(S(Vi1 ...ViN ))

 x1k
...

xNk


∥∥∥∥∥∥∥

2

≤
n∑
k=1

∥∥∥∥∥∥∥
 x1k

...
xNk


∥∥∥∥∥∥∥

2

≤ 1.
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H anisìthta eÐnai sunèpeia tou ìti ‖(Vi1 ...ViN )‖ = 1 kai h apeikìnish α eÐnai
pl rhc isometrÐa. T¸ra èqoume

‖β((Bij))‖2 ≥ ‖β((Bij))(ω1...ωn)
t‖2

=
n∑
s=1

∥∥∥∥∥
n∑
k=1

β(Bsk)(ωk)

∥∥∥∥∥
2

FU (H)

=
n∑
s=1

∥∥∥∥∥
n∑
k=1

N∑
l=1

BskVil ⊗ xlk

∥∥∥∥∥
2

FU (H)

=
n∑
s=1

sup
S∈Ball(Mt,1(V)),t∈N

∥∥∥∥∥
n∑
k=1

N∑
l=1

α(SBskVil)(xlk)

∥∥∥∥∥
2

Parat rhse ìti

S = (V ∗
j1
...V ∗

jm)t ∈ Ball(Mm,1(V))

kai epomènwc apì thn prohgoÔmenh anisìthta paÐrnoume

‖β((Bij))‖2 ≥
n∑
s=1

∥∥∥∥∥
n∑
k=1

N∑
l=1

α((V ∗
j1
...V ∗

jm)tBskVil)(xlk)

∥∥∥∥∥
2

=
n∑
s=1

m∑
r=1

∥∥∥∥∥
n∑
k=1

N∑
l=1

α(V ∗
jrBskVil)(xlk)

∥∥∥∥∥
2

.

Apì thn anisìthta (5.6.2) prokÔptei ìti ‖(Bij)(y)‖2 − ε ≤ ‖β((Bij))‖2.
Epeid  ta y kai ε  tan aujaÐreta èqoume ‖(Bij)‖ ≤ ‖β((Bij))‖. Apì thn
Prìtash 5.3.1 lamb�noume telik� thn isìthta ‖(Bij)‖ = ‖β((Bij))‖. 2

Apì to prohgoÔmeno l mma kai to Je¸rhma 5.6.4 èpetai to akìloujo
je¸rhma.

Je¸rhma 5.6.6 K�je sunartht c pou ikanopoieÐ to Je¸rhma 5.1.3 sèbetai
tic anaparast�seic.

L mma 5.6.7 O sunartht c FU : ADM → BDM sèbetai toÔc sundèsmouc.

Apìdeixh Se aut  thn apìdeixh tautÐzoume thn �lgebra A me thn α0(A) kai
thn �lgebra B me thn β0(B). 'Estw (H,α) antikeÐmeno thc kathgorÐac AM

kai (FU(H), β) to antÐstoiqo antikeÐmeno. Upojètoume ìti L eÐnai probol 
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tou sundèsmou thc �lgebrac α(A). Ja deÐxoume ìti FU(L) ∈ Lat(β(B)).
ParathroÔme arqik� ìti o telest c FU(L) eÐnai probol  epeid  o sunartht c
FU eÐnai ∗-sunartht c (Je¸rhma 5.4.3).

An B ∈ B,M ∈M kai x ∈ H tìte

β(B)FU(L)(M ⊗ x) = β(B)(M ⊗ L(x)) = BM ⊗ L(x).

Apì to L mma 5.2.4 èqoume ìti

BM⊗L(x) ∈ [N⊗L(y) : N ∈M, y ∈ H]− = [FU(L)(N⊗y) : N ∈M, y ∈ H]−.

'Epetai ìti
β(B)FU(L)(M ⊗ x) ∈ FU(L)(FU(H)).

Epeid  o q¸rocM⊗H eÐnai puknìc ston FU(H) apì to Pìrisma 5.2.5, èqoume

β(B)FU(L)(z) ∈ FU(L)(FU(H)) gia k�je z ∈ FU(H), B ∈ B

kai �ra FU(L) ∈ Lat(β(B)). ApodeÐxame ìti

FU(Lat(α(A))) ⊂ Lat(β(B)).

JewroÔme apì to L mma 5.5.3 thn anapar�stash
∼
α : A → B(FV(FU(H)) :

∼
α(A)(S ⊗ z) = AS ⊗ z, A ∈ A, S ∈ V , z ∈ FU(H)

kai ton monadiaÐo telest  UH : FV(FU(H)) → H pou ikanopoieÐ thn exÐswsh

UH
∼
α(A)U∗H = α(A) gia k�je A ∈ A.

'Epetai ìti
UHLat(

∼
α(A))U∗H = Lat(α(A)). (5.6.3)

Epeid  o sunartht c FV ◦ FU eÐnai sunartht c isodunamÐac h apeikìnish

FV ◦ FU : HomD
A(H,H) → HomD

A(FV(FU(H)),FV(FU(H)))

ìpou

HomD
A(H,H) = α(∆(A))′ kai HomD

A(FV(FU(H)),FV(FU(H))) =
∼
α(∆(A))′
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eÐnai ∗-isomorfismìc pou apì to L mma 5.5.3 ikanopoieÐ thn exÐswsh

UH ◦ FV(FU(F )) = F ◦ UH gia k�je F ∈ α(∆(A))′.

Epomènwc apì thn exÐswsh (5.6.3) èqoume

FV ◦ FU(Lat(α(A))) = U∗HLat(α(A))UH = Lat(
∼
α(A)) (5.6.4)

An o sÔndesmoc FU(Lat(α(A))) perièqetai gn sia ston Lat(β(B)) o sÔn-
desmoc FV(FU(Lat(α(A)))) perièqetai gn sia ston FV(Lat(β(B))). All� ìp-
wc sto pr¸to mèroc thc apìdeixhc èqoume ìti

FV(Lat(β(B))) ⊂ Lat(
∼
α(A))

pou èrqetai se antÐjesh me thn exÐswsh (5.6.4). Sunep¸c

FU(Lat(α(A))) = Lat(β(B)). 2

Je¸rhma 5.6.8 K�je sunartht c pou ikanopoieÐ to Je¸rhma 5.1.3 sèbetai
touc sundèsmouc.

Apìdeixh 'Estw (H,α) ∈ AM kai (FU(H),FU(α)), (F(H),F(α)) ∈ BM ta
antÐstoiqa antikeÐmena. Apì to prohgoÔmeno l mma èqoume

FU(Lat(α(A))) = Lat(FU(α)(B)).

Apì to Je¸rhma 5.6.4 up�rqei monadiaÐoc telest c V ∈ HomB(F(H),FU(H))
pou ikanopoieÐ thn isìthta FU(F )V = V F(F ) gia k�je F ∈ HomD

A(H,H).
Epomènwc isqÔei FU(L)V = V F(L) gia k�je L ∈ Lat(α(A)) kai �ra èqoume

FU(Lat(α(A))) = V F(Lat(α(A)))V ∗.

EpÐshc o V ikanopoieÐ thn isìthta V F(α)(B) = FU(α)(B)V gia k�je
B ∈ B, epomènwc V F(α)(B)V ∗ = FU(α)(B) kai sunep¸c

V Lat(F(α)(B))V ∗ = Lat(FU(α)(B)).

Sundu�zontac tic prohgoÔmenec isìthtec èqoume telik�

F(Lat(α(A))) = Lat(F(α)(B)). 2
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L mma 5.6.9 O sunartht c FU : ADM → BDM eÐnai normal.

Apìdeixh 'Estw H1, H2 ∈A M. 'Eqoume apodeÐxei sto Je¸rhma 5.4.1 ìti
‖FU(F )‖ ≤ ‖F‖ gia k�je F ∈ HomD

A(H1, H2). Epomènwc apì to Je¸rhma
2.8.1 arkeÐ na deÐxoume ìti an

(Fi) ⊂ Ball(HomA(H1, H2))

eÐnai èna dÐktuo pou sugklÐnei sthn wot topologÐa sto 0 tìte to dÐktuo
(FU(Fi)) sugklÐnei epÐshc sthn wot topologÐa sto 0.

JewroÔme apì thn par�grafo 5.2 tic apeikonÐseic phlÐkou π, πS kai tic
sustolèc

θS : FU(H2) → H2,S : θS(π(T ⊗ y)) = πS(T ⊗ y)

gia k�je S ∈ Ball(Mn,1(V)), n ∈ N.
'Estw M ∈M, x ∈ H1, T ∈ U , y ∈ H1. 'Eqoume ìti

〈FU(Fi)(π(M ⊗ x)), θ∗S(πS(T ⊗ y))〉FU (H2)

= 〈π(M ⊗ Fi(x)), θ
∗
S(πS(T ⊗ y))〉FU (H2)

= 〈θS(π(M ⊗ Fi(x))), πS(T ⊗ y)〉H2,S
= 〈πS(M ⊗ Fi(x)), πS(T ⊗ y)〉H2,S

= 〈α2(SM)Fi(x), α2(ST )(y)〉 → 0

To L mma 5.2.3 mac lèei ìti

FU(H2) = [θ∗S(πS(T ⊗ y)) : S ∈ Ball(Mm,1(V)),m ∈ N, T ∈ U , y ∈ H2]
−

kai to Pìrisma 5.2.5 ìti o q¸roc π(M⊗H1) eÐnai puknìc ston FU(H1). Epeid 
to dÐktuo (FU(Fi)) eÐnai fragmèno èpetai ìti

〈FU(Fi)(z), ω〉 → 0 gia k�je z ∈ FU(H1), ω ∈ FU(H2). 2

L mma 5.6.10 O sunartht c FU : ADM → BDM eÐnai pl rwc isometrikìc.

Apìdeixh TautÐzoume thn �lgebra α0(A) me thn A kai thn �lgebra β0(B) me
thn B. 'Estw (H1, α1), (H2, α2) ∈ AM kai (Fij) ∈ Mn(Hom

D
A(H1, H2)) gia

n ∈ N. Ja deÐxoume ìti ‖(FU(Fij))‖ = ‖(Fij)‖. StajeropoioÔme dianÔsmata

zj =

mj∑
k=1

M j
k ⊗ xjk ∈M⊗H1, j = 1, ..., n
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kai sumbolÐzoume me z to di�nusma (z1, ..., zn)
t. Tìte

‖(FU(Fij))(z)‖2 =
n∑
i=1

∥∥∥∥∥
n∑
j=1

FU(Fij)(zj)

∥∥∥∥∥
2

FU (H2)

=
n∑
i=1

∥∥∥∥∥
n∑
j=1

mj∑
k=1

M j
k ⊗ Fij(x

j
k)

∥∥∥∥∥
2

FU (H2)

.

Apì thn Prìtash 5.2.2 gia k�je i = 1, ..., n èqoume∥∥∥∥∥
n∑
j=1

mj∑
k=1

M j
k ⊗ Fij(x

j
k)

∥∥∥∥∥
FU (H2)

= sup
S∈Ball(Mr,1(M∗)),r∈N

∥∥∥∥∥
n∑
j=1

mj∑
k=1

α2(SM
j
k)Fij(x

j
k)

∥∥∥∥∥
Hr

2

Epomènwc gia tuqìn ε > 0 up�rqoun r ∈ N kai

Si = (Si1, ..., S
i
r)
t ∈ Ball(Mr,1(M∗)), i = 1, ..., n

¸ste

‖(FU(Fij))(z)‖2 − ε ≤
n∑
i=1

∥∥∥∥∥
n∑
j=1

mj∑
k=1

α2(SiM
j
k)Fij(x

j
k)

∥∥∥∥∥
2

Hr
2

=
n∑
i=1

r∑
l=1

∥∥∥∥∥
n∑
j=1

mj∑
k=1

α2(S
i
lM

j
k)Fij(x

j
k)

∥∥∥∥∥
2

H2

.

Epeid  SilM j
k ∈ ∆(A) kai Fij ∈ HomD

A(H1, H2) èqoume ìti α2(S
i
lM

j
k)Fij =

Fijα1(S
i
lM

j
k) gia ìla ta i, j, l, k kai �ra h prohgoÔmenh anisìthta eÐnai isodÔ-

namh me thn akìloujh:

‖(FU(Fij))(z)‖2 − ε ≤
n∑
i=1

r∑
l=1

∥∥∥∥∥
n∑
j=1

mj∑
k=1

Fijα1(S
i
lM

j
k)(x

j
k)

∥∥∥∥∥
2

H2

=
r∑
l=1

∥∥∥∥∥∥∥(Fij)

∑m1

k=1 α1(S
1
lM

1
k )(x

1
k)...∑mn

k=1 α1(S
n
l M

n
k )(xnk)


∥∥∥∥∥∥∥

2

Hn
2
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≤‖(Fij)‖2
r∑
l=1

∥∥∥∥∥∥∥

∑m1

k=1 α1(S
1
lM

1
k )(x

1
k)...∑mn

k=1 α1(S
n
l M

n
k )(xnk)


∥∥∥∥∥∥∥

2

Hn
1

= ‖(Fij)‖2
r∑
l=1

n∑
i=1

∥∥∥∥∥
mi∑
k=1

α1(S
i
lM

i
k)(x

i
k)

∥∥∥∥∥
2

H1

= ‖(Fij)‖2
n∑
i=1

∥∥∥∥∥
mi∑
k=1

α1(SiM
i
k)(x

i
k)

∥∥∥∥∥
2

Hr
1

≤‖(Fij)‖2
n∑
i=1

‖zi‖2
FU (H1) = ‖(Fij)‖2 ‖z‖2

FU (H1)n .

Epeid  to ε  tan aujaÐreto èqoume ‖(FU(Fij))(z)‖ ≤ ‖(Fij)‖‖z‖ gia k�je
z ∈Mn,1(M⊗H1). Apì to Pìrisma 5.2.5 èpetai ìti

‖(FU(Fij))‖ ≤ ‖(Fij)‖. (5.6.5)

Parìmoia èqoume thn anisìthta
‖(FV(FU(Fij)))‖ ≤ ‖(FU(Fij))‖. (5.6.6)

JewroÔme apì to L mma 5.5.3 touc monadiaÐouc telestèc
UHi

∈ HomA(FVFU(Hi), Hi), i = 1, 2

oi opoÐoi ikanopoioÔn thn isìthta
FVFU(F ) = U∗H2

FUH1 gia k�je F ∈ HomD
A(H1, H2)).

Epeid 
‖(FV(FU(Fij)))‖ =

∥∥(U∗H2
FijUH1)

∥∥ = ‖(Fij)‖
apì tic isìthtec (5.6.5) kai (5.6.6) paÐrnoume ‖(FU(Fij))‖ = ‖(Fij)‖. 2

Je¸rhma 5.6.11 K�je sunartht c pou ep�gei thn isodunamÐa tou Jewr -
matoc 5.1.3 eÐnai normal kai pl rwc isometrikìc.

Apìdeixh Apì to Je¸rhma 5.6.4 gia antikeÐmena Hi ∈ AM, i = 1, 2 up�r-
qoun monadiaÐoi telestèc Vi ∈ HomA(FU(Hi),F(Hi)), i = 1, 2 ¸ste F(F ) =
V2FU(F )V ∗

1 gia k�je F ∈ HomD
A(H1, H2). 'Epetai apì ta L mmata 5.6.9,

5.6.10 ìti h apeikìnish
F : HomD

A(H1, H2) → HomD
B (F(H1),F(H2))

eÐnai w∗-suneq c kai pl rhc isometrÐa. 2
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Parat rhsh 5.6.12 Sto Par�deigma 4.10 sto [45] up�rqei par�deigma ∗-
sunartht  metaxÔ twn kathgori¸n AM, BM, W ∗-algebr¸n A,B pou den
eÐnai normal.

Je¸rhma 5.6.13 'Estw (H,α) ∈ AM ¸ste h apeikìnish α na eÐnai pl rhc
isometrÐa. An (F(H), β) ∈ BM eÐnai to antÐstoiqo antikeÐmeno tìte h apeikìn-
ish β eÐnai pl rhc isometrÐa kai oi �lgebrec α(A), β(B) eÐnai TRO isodÔnamec.

Apìdeixh Apì to Je¸rhma 5.6.6, h apeikìnish β eÐnai pl rhc isometrÐa.
SumbolÐzoume me σ thn apeikìnish

F : HomD
A(H,H) = α(∆(A))′ → β(∆(B))′ = HomD

B (F(H),F(H))

pou eÐnai ∗-isomorfismìc. Apì to L mma 4.2.1 o q¸roc
Y = {N ∈ B(H,F(H)) : NA = σ(A)N gia k�je A ∈ α(∆(A))′}

eÐnai ousi¸dec TRO. Sthn sunèqeia thc apìdeixhc an K eÐnai q¸roc QÐlmpert,
T ènac telest c ston K kai C ⊂ B(K) sumbolÐzoume me K∞ to arijm simo
�peiro eujÔ �jroisma K ⊕K ⊕ . . ., me T∞ ∈ B(K∞) ton telest  T ⊕T ⊕ ...,
kai me C∞ to sÔnolo {C∞ : C ∈ C}.

H apeikìnish α∞ : A → B(H∞) pou dÐdetai apì thn sqèsh α∞(A) =
α(A)∞ eÐnai normal anapar�stash. Sunep¸c (H∞, α∞) ∈ AM kai �ra
(F(H∞),F(α∞)) ∈ BM. 'Estw U ∈ HomB(F(H∞),F(H)∞) o monadiaÐoc
telest c pou kataskeu�sjhke sto L mma 5.6.2. Autìc orÐzei mÐa monadiaÐa
isodunamÐa metaxÔ twn algebr¸n

HomD
B (F(H∞),F(H∞)) = (F(α∞)(∆(B)))′

kai
HomD

B (F(H)∞,F(H)∞) = (β(∆(B))∞)′

pou apeikonÐzei ton sÔndesmo thc �lgebrac F(α∞)(B) epÐ tou sundèsmou thc
�lgebrac β(B)∞.Apì thn �llh meri� o sunartht c F orÐzei èna ∗-isomorfismì
metaxÔ twn algebr¸n

HomD
A(H∞, H∞) = (α(∆(A))∞)′ kai HomD

B (F(H∞),F(H∞))

kai o opoÐoc apì to Je¸rhma 5.6.8 apeikonÐzei ton sÔndesmo thc �lgebrac
α(A)∞ epÐ tou sundèsmou thc �lgebrac F(α∞)(B). PaÐrnontac sÔnjesh me
thn parap�nw monadiaÐa isodunamÐa paÐrnoume ∗-isomorfismì

θ : (α(∆(A))∞)′ → (β(∆(B))∞)′
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pou èqei thn idiìthta θ(Lat(α(A)∞)) = Lat(β(B)∞) kai o opoÐoc ikanopoieÐ
thn sqèsh

θ((Fij)i,j) = (σ(Fij))i,j gia k�je (Fij)i,j ∈ (α(∆(A))∞)′.

Apì autì prokÔptei ìti an X eÐnai o q¸roc

{(Tij) ∈ B(H∞,F(H)∞) : (Tij)(Fij) = θ((Fij))(Tij) ∀ (Fij) ∈ (α(∆(A))∞)′},

tìte X = Y∞. Epeid  oi �lgebrec α(A)∞, β(B)∞ eÐnai anaklastikèc (blèpe
gia par�deigma to A.1.5 sto [10]) apì to Je¸rhma 4.2.3 èqoume

Xα(A)∞X ∗ ⊂ β(B)∞, X ∗β(B)∞X ⊂ α(A)∞.

Epomènwc
Yα(A)Y∗ ⊂ β(B), Y∗β(B)Y ⊂ α(A).

Apì thn Prìtash 4.1.2 sumperaÐnoume ìti oi �lgebrec α(A), β(B) eÐnai
TRO isodÔnamec. 2

Je¸rhma 5.6.14 K�je sunartht c pou ep�gei thn isodunamÐa tou Jewr -
matoc 5.1.3 sèbetai thn anaklastikìthta.

Apìdeixh 'Estw (H,α) ∈ AM ¸ste h apeikìnish α na eÐnai pl rhc
isometrÐa kai h �lgebra α(A) na eÐnai anaklastik . Upojètoume ìti to an-
tikeÐmeno pou antistoiqeÐ eÐnai to (F(H), β) ∈ BM. Apì to Je¸rhma 5.6.6 h
β eÐnai pl rhc isometrÐa. Apì to prohgoÔmeno je¸rhma èpetai ìti oi �lgebrec
α(A), β(B) eÐnai TRO isodÔnamec kai �ra apì thn parat rhsh 4.1.8 afoÔ h
�lgebra α(A) eÐnai anaklastik  eÐnai kai h β(B). 2

Je¸rhma 5.6.15 'Estw F sunartht c pou ikanopoieÐ to Je¸rhma 5.1.3 me
∆-epèktash F δ. Tìte up�rqei ∗-sunartht c isodunamÐac G : ∆(A)M →
∆(B)M ¸ste oi sunarthtèc

F δ,G : ADM → ∆(B)M

na eÐnai isodÔnamoi.

Apìdeixh Upojètoume ìti ta U ,M,FU ,F eÐnai ìpwc sthn arq  aut c thc
paragr�fou. TautÐzoume tic �lgebrec A me thn α0(A) kai thn B me thn β0(B).
Parat rhse ìti

∆(A) = [M∗M]−w
∗
,∆(B) = [MM∗]−w

∗
.
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SÔmfwna me thn jewrÐa tou Rieffel [45] orÐzetai o sunartht c

GM : ∆(A)M → ∆(B)M

ìpwc parak�tw:
Gia k�je (H,α) ∈ ∆(A)M sto algebrikì tanustikì ginìmeno M ⊗ H

orÐzetai mÐa sesqulinear morf  apì ton tÔpo:

〈M ⊗ x,N ⊗ y〉 = 〈α(N∗M)(x), y〉 , N,M ∈M, x, y ∈ H.

An L = {z ∈ M ⊗ H : 〈z, z〉 = 0} o q¸roc M⊗ H/L gÐnetai ènac pro-
QÐlmpert q¸roc. SumbolÐzoume me GM(H) thn pl rws  tou. EpÐshc sumbolÐ-
zoume k�je stoiqeÐo (M ⊗ x) + L tou GM(H) me M ⊗M x. O Rieffel orÐzei
normal anapar�stash thc �lgebrac ∆(B) ston q¸ro GM(H) wc ex c:

GM(α)(B)(M ⊗M x) = BM ⊗M x,B ∈ ∆(B),M ∈M, x ∈ H.

EpÐshc gia k�je (Hi, αi) ∈ ∆(A)M, i = 1, 2, F ∈ Hom∆(A)(H1, H2) orÐzei
GM(F ) ∈ Hom∆(B)(GM(H1),GM(H2)) apì ton tÔpo:

GM(F )(M ⊗M x) = M ⊗M F (x),M ∈M, x ∈ H1.

O Rieffel apodeiknÔei ìti o sunartht c GM eÐnai ∗-sunartht c isodunamÐac.
SumbolÐzoume me F δ

U thn ∆-epèktash tou FU . Apì to Je¸rhma 5.6.4 arkeÐ
na deÐxoume ìti o sunartht c F δ

U : ADM → ∆(B)M eÐnai isodÔnamoc me ton
sunartht  GM : ADM → ∆(B)M.

StajeropoioÔme (H,α) ∈ AM kai Mi ∈M, xi ∈ H, i = 1, ..., n. Gia k�je
S ∈ Ball(Mm,1(M∗)),m ∈ N èqoume∥∥∥∥∥

n∑
i=1

α(SMi)(xi)

∥∥∥∥∥
2

=
∑
i,j

〈
α(M∗

j S
∗SMi)(xi), xj

〉
H

=
〈
α((M∗

1 ...M
∗
n)
tS∗S(M1...Mn)(x1...xn)

t, (x1...xn)
t
〉
Hn .

Epeid 
(M∗

1 ...M
∗
n)
tS∗S(M1...Mn) ≤ (M∗

1 ...M
∗
n)
t(M1...Mn)

paÐrnoume thn anisìthta∥∥∥∥∥
n∑
i=1

α(SMi)(xi)

∥∥∥∥∥
2

≤
∑
i,j

〈
α(M∗

jMi)(xi), xj
〉
H

=

∥∥∥∥∥
n∑
i=1

Mi ⊗M xi

∥∥∥∥∥
2

GM(H)

.
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Apì thn Prìtash 5.2.2 èpetai ìti∥∥∥∥∥
n∑
i=1

Mi ⊗ xi

∥∥∥∥∥
FU (H)

≤

∥∥∥∥∥
n∑
i=1

Mi ⊗M xi

∥∥∥∥∥
GM(H)

. (5.6.7)

JewroÔme apì to L mma 5.2.1 tic merikèc isometrÐec {Vk, k ∈ I} ⊂ M. Epeid 

lim
E⊂I, finite

∑
i,j

〈
α

(
M∗

j

∑
k∈E

VkV
∗
kMi

)
(xi), xj

〉
H

=

∥∥∥∥∥∑
i

Mi ⊗M xi

∥∥∥∥∥
2

GM(H)

gia ε > 0 up�rqei sÔnolo {i1, ..., iN} ⊂ I ¸ste∥∥∥∥∥
n∑
i=1

Mi ⊗M xi

∥∥∥∥∥
2

GM(H)

− ε <
∑
i,j

〈
α

(
M∗

j

N∑
k=1

VikV
∗
ik
Mi

)
(xi), xj

〉
H

=‖α((V ∗
i1
...V ∗

iN
)t(M1...Mn))(x1...xn)

t‖2
HN

=

∥∥∥∥∥
n∑
i=1

α((V ∗
i1
...V ∗

iN
)tMi)(xi)

∥∥∥∥∥
2

HN

≤

∥∥∥∥∥
N∑
i=1

Mi ⊗ xi

∥∥∥∥∥
2

FU (H)

Epeid  to ε  tan aujaÐreto èqoume∥∥∥∥∥
n∑
i=1

Mi ⊗M xi

∥∥∥∥∥
GM(H)

≤

∥∥∥∥∥
n∑
i=1

Mi ⊗ xi

∥∥∥∥∥
FU (H)

.

Sundu�zontac thn anisìthta aut  me thn anisìthta (5.6.7) paÐrnoume telik�
isìthta. Apì to Pìrisma 5.2.5 èpetai ìti h apeikìnish

M ⊗ x→M ⊗M x,M ∈M, x ∈ H

epekteÐnetai se monadiaÐo telest  WH : FU(H) → GM(H). EÔkola elègqetai
ìti h oikogèneia {WH : H ∈ AM} ep�gei thn zhtoÔmenh isodunamÐa. 2

5.7 Efarmogèc kai paradeÐgmata

Prìtash 5.7.1 An h A eÐnai CSL �lgebra pou eÐnai ∆-isodÔnamh me mÐa
monadiaÐa afhrhmènh duik  �lgebra telest¸n B tìte up�rqei normal, pl rwc
isometrik  anapar�stash β thc �lgebrac B ¸ste oi A, β(B) na eÐnai TRO
isodÔnamec. Apì thn parat rhsh 4.4.15 èpetai ìti h �lgebra β(B) eÐnai epÐshc
CSL �lgebra.
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Apìdeixh Upojètoume ìti o F : AM →B M eÐnai sunartht c isodunamÐac
pou èqei ∆-epèktash ∗-sunartht  pou ep�gei isodunamÐa metaxÔ twn kath-
gori¸n ADM, BDM. EpÐshc upojètoume ìti A ⊂ B(H) kai (F(H), β) eÐnai
to antikeÐmeno pou antistoiqeÐ sthn tautotik  anapar�stash thc A. Apì to
Je¸rhma 5.6.13 èpetai ìti h apeikìnish β eÐnai pl rhc isometrÐa kai oi �lge-
brec A, β(B) eÐnai TRO eÐnai isodÔnamec. 2.

Prìtash 5.7.2 DÔo CSL �lgebrec eÐnai ∆-isodÔnamec an kai mìno an TRO
isodÔnamec.

Apìdeixh Oi TRO isodÔnamec �lgebrec eÐnai ∆-isodÔnamec. Gia to antÐstro-
fo upojètoume ìti oi CSL �lgebrec A,B eÐnai ∆-isodÔnamec. Apì thn pro-
hgoÔmenh prìtash èpetai ìti up�rqei pl rwc isometrik  kai normal anapar�s-
tash β thc B ¸ste oi �lgebrec A, β(B) na eÐnai TRO isodÔnamec. MporoÔme
eÔkola na elègxoume ìti β(Lat(B)) = Lat(β(B)) kai β(∆(B)′) = ∆(β(B))′.
Apì to Je¸rhma 4.2.3 prokÔptei ìti oi �lgebrec B, β(B) eÐnai TRO isodÔ-
namec. To sumpèrasma ex�getai t¸ra apì to gegonìc ìti h TRO isodunamÐa
eÐnai sqèsh isodunamÐac (Je¸rhma 4.1.4). 2

Parat rhsh 5.7.3 (i) Upojètoume ìti oiA,B eÐnai CSL �lgebrec pou droÔn
se diaqwrÐsimouc q¸rouc QÐlmpert kai èqoun suneqeÐc h olik� atomikoÔc
sundèsmouc. Apì thn prohgoÔmenh prìtash kai to Je¸rhma 4.4.13 prokÔptei
ìti oi A,B eÐnai ∆-isodÔnamec an kai mìno an èqoun isìmorfouc sundèsmouc.

(ii) Genikìtera apì to Je¸rhma 4.4.13 dÔo CSL �lgebrec pou droÔn se
diaqwrÐsimouc q¸rouc QÐlmpert eÐnai ∆-isodÔnamec an kai mìno an oi sÔn-
desmoi touc eÐnai isìmorfoi mèsw isomorfismoÔ sundèsmwn pou {sèbetai thn
sunèqeia}.

(iii) An dÔo nests eÐnai isìmorfa, oi antÐstoiqec nest �lgebrec den eÐ-
nai p�nta ∆-isodÔnamec, akìma kai an èqoun isìmorfec diagwnÐouc. (Blèpe
par�deigma 5.7.7).

Prìtash 5.7.4 An h A eÐnai mh sunjetik  CSL �lgebra den up�rqei i-
sometrikìc kai w∗-suneq c morfismìc α : Amin → B(H), ìpou H eÐnai q¸roc
QÐlmpert, ¸ste h �lgebra α(Amin) na eÐnai CSL �lgebra. 'Epetai apì thn Prì-
tash 5.7.1 ìti h �lgebra Amin den mporeÐ na eÐnai ∆-isodÔnamh me opoiad pote
CSL �lgebra.

Apìdeixh Upojètoume ìti H eÐnai q¸roc QÐlmpert kai α : Amin → B(H)
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isometrikìc kai w∗-suneq c morfismìc ¸ste h �lgebra B = Amin na eÐnai
CSL �lgebra. Epeid  Ref(Amin) = A kai Lat(A) ⊂ Amin mporoÔme na elègx-
oume ìti α(Lat(A)) = Lat(B). Apì to Je¸rhma 4.3.7 èpetai ìti h �lgebra B
den eÐnai sunjetik  kai epomènwc h �lgebra Bmin perièqetai gn sia sthn B.
SumperaÐnoume ìti h �lgebra α−1(Bmin) perièqetai gn sia sthn Amin. Autì
eÐnai �topo epeid  ∆(A) ⊂α−1(Bmin),Lat(A) = Lat(α−1(Bmin)) kai h Amin

eÐnai h mikrìterh w∗-kleist  up�lgebra thc A me autèc idiìthtec. 2

Sth sunèqeia ja deÐxoume ìti oi ìmoiec nest �lgebrec èqoun isodÔnamec
kathgorÐec. StajeropoioÔme nestsN1,N2 pou droun se diaqwrÐsimouc q¸rouc
QÐlmpert H1, H2 antÐstoiqa kai tic �lgebrec A = Alg(N1),B = Alg(N2).
Upojètoume ìti up�rqei isomorfismìc sundèsmwn θ : N1 → N2 pou diathreÐ
thn di�stash twn diasthm�twn. To gegonìc autì eÐnai isodÔnamo [15] me to
ìti oi �lgebrec A,B eÐnai ìmoiec. Lème ìti ènac antistrèyimoc fragmènoc
telest c T ∈ B(H1, H2) ep�gei thn apeikìnish θ an θ(N) eÐnai h probol 
ston q¸ro TN(H1) gia k�je N ∈ N1. OrÐzoume touc q¸rouc

U = {T ∈ B(H1, H2) : θ(N)⊥TN = 0 gia k�je N ∈ N1},

V = {S ∈ B(H2, H1) : N⊥Sθ(N) = 0 gia k�je N ∈ N1}.

Apì to Je¸rhma 4.3.3 èqoume ìti

A = [VU ]−w
∗
,B = [UV ]−w

∗
.

EpÐshc parat rhse ìti BUA ⊂ U kai AVB ⊂ V .

L mma 5.7.5 Gia k�je ε > 0 up�rqei antistrèyimoc fragmènoc telest c T
pou ep�gei thn apeikìnish θ ¸ste ‖T‖ < 1 + ε kai ‖T−1‖ < 1 + ε.

Apìdeixh Apì to Je¸rhma 13.20 sto [15] (similarity Theorem ) up�rqei
akoloujÐa (Tn) telest¸n pou ep�goun thn apeikìnish θ kai akoloujÐa apì
monadiaÐouc telestèc (Un) ¸ste Un − Tn

‖·‖→ 0. 'Epetai ìti

I − U∗nTn
‖·‖→ 0 ⇔ U∗nTn

‖·‖→ I ⇔ T−1
n Un

‖·‖→ I

⇔T−1
n Un − I

‖·‖→ 0 ⇔ T−1
n − U∗n

‖·‖→ 0.

An ε > 0 epilègoume n0 ¸ste ‖Un0−Tn0‖ < ε kai ‖U∗n0
−T−1

n0
‖ < ε kai jètoume

T = Tn0 . 2
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Prìtash 5.7.6 Oi kathgorÐec AM, BM eÐnai isodÔnamec.

Apìdeixh 'Estw (H,α) ∈ AM. OrÐzoume thn akìloujh hminìrma sto alge-
brikì tanustikì ginìmeno U ⊗H :∥∥∥∥∥

n∑
i=1

Ti ⊗ xi

∥∥∥∥∥ = sup
S∈Ball(V)

∥∥∥∥∥
n∑
i=1

α(STi)(xi)

∥∥∥∥∥ .
Aut  h hminìrma ikanopoieÐ thn tautìthta tou parallhlogr�mmou. E-

pomènwc an L = {z ∈ U ⊗ H : ‖z‖ = 0} o q¸roc U ⊗ H/L gÐnetai ènac
pro-QÐlmpert q¸roc. SumbolÐzoume thn pl rws  tou me FU(H) kai k�je s-
toiqeÐo thc morf c T⊗x+L me T⊗x. An B ∈ B, T1, ..., Tm ∈ U , x1, ..., xm ∈ H
mporoÔme na elègxoume ìti∥∥∥∥∥

m∑
j=1

BTj ⊗ xj

∥∥∥∥∥
FU (H)

≤ ‖B‖

∥∥∥∥∥
m∑
j=1

Tj ⊗ xj

∥∥∥∥∥
FU (H)

.

Epomènwc orÐzetai monadiaÐoc algebrikìc morfismìc

β : B → B(FU(H)) : β(B)(T ⊗ x) = BT ⊗ x,B ∈ B, T ∈ U , x ∈ H.

Ja deÐxoume ìti h apeikìnish β eÐnai pl rhc sustol . 'Estw

n ∈ N, (Bij) ∈Mn(B), zj =

kj∑
i=1

T ji ⊗ xji , j = 1, ..., n,

y = (β(Bij))(z), z = (z1, ..., zn)
t.

ParathroÔme ìti

‖y‖2 =
n∑
k=1

∥∥∥∥∥∥
n∑
j=1

kj∑
i=1

BkjT
j
i ⊗ xji

∥∥∥∥∥∥
2

FU (H)

.

Gia ε > 0 mporoÔme na broÔme Sk ∈ Ball(V), k = 1, ..., n ¸ste

‖y‖2 − ε ≤
n∑
k=1

∥∥∥∥∥∥
n∑
j=1

kj∑
i=1

α(SkBkjT
j
i )(x

j
i )

∥∥∥∥∥∥
2

.
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Gia δ > 0 apì to prohgoÔmeno l mma mporoÔme na broÔme T ∈ U , T−1 ∈ V
¸ste ‖T‖ < 1 + δ, ‖T−1‖ < 1 + δ. T¸ra èqoume

‖y‖2 − ε ≤
n∑
k=1

∥∥∥∥∥∥
n∑
j=1

α(SkBkjT )

kj∑
i=1

α(T−1T ji )(x
j
i )

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥α((SiBijT )1≤i,j≤n)

(
k1∑
i=1

α(T−1T 1
i )(x1

i ), ...,
kn∑
i=1

α(T−1T ni )(xni )

)t
∥∥∥∥∥∥

2

.

Parat rhse ìti

(SiBijT )i,j = (S1 ⊕ ...⊕ Sn)(Bij)i,j(T ⊕ ...⊕ T )

kai �ra
‖α((SiBijT )i,j)‖ ≤ ‖(Bij)i,j‖(1 + δ).

SumperaÐnoume ìti

‖y‖2 − ε ≤ ‖(Bij)‖2(1 + δ)2

n∑
j=1

∥∥∥∥∥∥
kj∑
i=1

α(T−1T ji )(x
j
i )

∥∥∥∥∥∥
2

≤‖(Bij)‖2(1 + δ)4

n∑
j=1

∥∥∥∥∥∥
kj∑
i=1

T ji ⊗ xji

∥∥∥∥∥∥
2

FU (H)

= ‖(Bij)‖2(1 + δ)4‖z‖4.

Af nontac to δ → 0 paÐrnoume thn anisìthta

‖y‖2 − ε ≤ ‖(Bij)‖2‖z‖2,

kai epeid  to ε  tan aujaÐreto èqoume telik�

‖(β(Bij))‖ ≤ ‖(Bij)‖.

'Opwc sthn Prìtash 5.3.2 mporoÔme na apodeÐxoume ìti h apeikìnish β :
B → B(FU(H)) eÐnai w∗-suneq c kai �ra (FU(H), β) ∈ BM. 'Eqontac wc
skopì na orÐsoume sunartht  FU : AM → BM prèpei na orÐsoume apeikìnish

FU : HomA(H1, H2) → HomB(FU(H1),FU(H2))
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gia k�je zeÔgoc antikeimènwn (Hi, αi), i = 1, 2. An F ∈ HomA(H1, H2) è-
qoume

∥∥∥∥∥∑
i

Ti ⊗ F (xi)

∥∥∥∥∥
FU (H2)

= sup
S∈Ball(V)

∥∥∥∥∥∑
i

α2(STi)F (xi)

∥∥∥∥∥
= sup

S∈Ball(V)

∥∥∥∥∥F∑
i

α1(STi)(xi)

∥∥∥∥∥ ≤ ‖F‖

∥∥∥∥∥∑
i

Ti ⊗ xi

∥∥∥∥∥
FU (H1)

.

Epomènwc mporoÔme na orÐsoume apeikìnish FU(F ) ∈ B(FU(H1),FU(H2))
apì thn sqèsh

FU(F )(T ⊗ x) = T ⊗ F (x), T ∈ U , x ∈ H1.

MporoÔme na elègxoume ìti FU(F ) ∈ HomB(FU(H1),FU(H2)). O orismìc
tou sunartht  FU èqei pia oloklhrwjeÐ. An�loga mporoÔme na orÐsoume
sunartht  FV : BM → AM.

T¸ra stajeropoioÔme (H,α) ∈ AM me antÐstoiqo antikeÐmeno (FU , β).
An Si ∈ V , Ti ∈ U , xi ∈ H, i = 1, ..., r èqoume

∥∥∥∥∥
r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
FVFU (H)

= sup
U∈Ball(U)

∥∥∥∥∥
r∑
i=1

β(USi)(Ti ⊗ xi)

∥∥∥∥∥
FU (H)

= sup
U∈Ball(U)

∥∥∥∥∥
r∑
i=1

USiTi ⊗ xi

∥∥∥∥∥
FU (H)

= sup
U∈Ball(U)

sup
V ∈Ball(V)

∥∥∥∥∥
r∑
i=1

α(V U)α(SiTi)(xi)

∥∥∥∥∥
≤

∥∥∥∥∥
r∑
i=1

α(SiTi)(xi)

∥∥∥∥∥
Gia aujaÐreto ε > 0 apì to prohgoÔmeno l mma mporoÔme na epilèxoume T ∈
U , T−1 ∈ V ¸ste ‖T‖ < 1 + ε, ‖T−1‖ < 1 + ε. Apì ton orismì t c nìrmac
‖ · ‖FVFU (H) èqoume∥∥∥∥∥

r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
FVFU (H)

≥

∥∥∥∥∥
r∑
i=1

α(
T−1

‖T−1‖
T

‖T‖
SiTi)(xi)

∥∥∥∥∥
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≥ 1

(1 + ε)2

∥∥∥∥∥
r∑
i=1

α(SiTi)(xi)

∥∥∥∥∥
Af nontac to ε→ 0 paÐrnoume thn anisìthta∥∥∥∥∥

r∑
i=1

Si ⊗ (Ti ⊗ xi)

∥∥∥∥∥
FVFU (H)

≥

∥∥∥∥∥
r∑
i=1

α(SiTi)(xi)

∥∥∥∥∥ .
Sundu�zontac aut  thn anisìthta me thn antÐstrof  thc pou deÐxame pro-
hgoÔmena paÐrnoume telik� isìthta. SumperaÐnoume ìti mporoÔme na orÐsoume
monadiaÐo telest 

UH : FVFU(H) → H : UH(S ⊗ (T ⊗ x)) = α(ST )(x), S ∈ V , T ∈ U , x ∈ H.

EÔkola elègqetai ìti h oikogèneia twn monadiaÐwn telest¸n {UH : H ∈ AM}
ep�gei thn apaitoÔmenh isodunamÐa. 2

Par� thn prohgoÔmenh prìtash, sto parak�tw par�deigma deÐqnoume ìti
h omoiìthta twn nest algebr¸n den ep�gei thn ∆-isodunamÐa akìma kai sthn
perÐptwsh pou èqoun isìmorfec diagwnÐouc.

Par�deigma 5.7.7 Sta paradeÐgmata 4.3.5, 4.3.6 èqoume ìmoia nests N1,N2

pou droun se diaqwrÐsimouc q¸rouc QÐlmpert H1, H2 antÐstoiqa, ìpou h �l-
gebra N ′′

1 eÐnai olik� atomik  masa kai h �lgebra N ′′
2 eÐnai masa me thn

idiìthta h �lgebra N ′′
2 |N(H2) na èqei mh tetrimmèno suneqèc mèroc gi� k�je mh

mhdenik  probol  N ∈ N2. OrÐzoume ta nests

M1 = {0⊕N : N ∈ N1} ∪ {N ⊕H1 : N ∈ N2} ⊂ B(H2 ⊕H1)

M2 = {0⊕N : N ∈ N2} ∪ {N ⊕H2 : N ∈ N1} ⊂ B(H1 ⊕H2).

An θ : N1 → N2 eÐnai ènac isomorfismìc sundèsmwn pou ep�getai apì èna
antistrèyimo fragmèno telest  T ∈ B(H1, H2) h apeikìnish φ : M1 →M2

pou dÐdetai apì tic sqèseic

φ(0⊕N) = 0⊕ θ(N), N ∈ N1 kai φ(N ⊕H1) = θ−1(N)⊕H2, N ∈ N2

eÐnai epÐshc isomorfismìc pou ep�getai apì ton telest  T−1 ⊕ T . 'Ara apì
thn prohgoÔmenh prìtash, gia tic �lgebrec A = Alg(M1),B = Alg(M2) oi
kathgorÐec AM, BM eÐnai isodÔnamec. Parat rhse ìti oi diag¸niec aut¸n
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twn algebr¸n eÐnai isìmorfec epeid  ∆(A) = N ′′
2 ⊕ N ′′

1 ,∆(B) = N ′′
1 ⊕ N ′′

2 .
Oi �lgebrec A,B den eÐnai ∆-isodÔnamec giatÐ an  tan apì thn Prìtash 5.7.2
ja  tan TRO isodÔnamec. Epomènwc apì to Je¸rhma 4.2.3 ja up rqe ∗-
isomorfismìc

π : ∆(A) → ∆(B) ¸ste π(M1) = M2.

Epeid  oi diag¸niec eÐnai masas h apeikìnish π ep�getai apì monadiaÐo telest 
(Je¸rhma 2.2.6). T¸ra up�rqoun dÔo dunatìthtec: h π(0⊕ IH1) = 0⊕N gia
k�poio N ∈ N2 opìte oi �lgebrec N ′′

1 ,N ′′
2 |N(H2) eÐnai monadiaÐa isodÔnamec, h

π(0⊕ IH1) = M ⊕ IH2 gia k�poio M ∈ N1 opìte oi �lgebrec N ′′
1 ,N ′′

1 |M(H1)⊕
N ′′

2 eÐnai monadiaÐa isodÔnamec. Kai oi dÔo peript¸seic odhgoÔn se �topo giatÐ
kai stic dÔo h pr¸th �lgebra eÐnai olik� atomik  en¸ h deÔterh èqei suneqèc
mèroc.

Par�deigma 5.7.8 An X eÐnai afhrhmènoc duikìc q¸roc telest¸n [10] h
�lgebra

U(X ) = {
(
λ X
0 µ

)
: λ, µ ∈ C, X ∈ X}

eÐnai afhrhmènh duik  �lgebra telest¸n [10]. K�je pl rwc isometrik  kai
normal anapar�stash π thc U(X ) eÐnai thc morf c

π : U(X ) → B(H1 ⊕H2) : π

((
λ X
0 µ

))
=

(
λ α(X)
0 µ

)
ìpou H1, H2 eÐnai q¸roi QÐlmpert kai h apeikìnish α : X → B(H2, H1) eÐnai
w∗-suneq c pl rhc isometrÐa [13]. Upojètoume ìti oi X ,Y eÐnai afhrhmènoi
duikoÐ q¸roi telest¸n. Ta akìlouja eÐnai isodÔnama:

(i) Oi q¸roi X ,Y eÐnai pl rwc isometrikoÐ kai w∗-omoiomorfikoÐ.
(ii) Oi �lgebrec U(X ), U(Y) eÐnai pl rwc isometrikèc, w∗-omoiomorfikèc

kai isomorfikèc san �lgebrec.
(iii) Oi �lgebrec U(X ), U(Y) eÐnai ∆-isodÔnamec.
Apìdeixh EÐnai fanerì ìti to (ii) sunep�getai to (iii). Gia thn apìdeixh

(i) ⇒ (ii) blèpe to Pìrisma 2.2.12 sto [10]. Upojètoume t¸ra ìti oi �lge-
brec U(X ), U(Y) eÐnai ∆- isodÔnamec mèsw sunartht  F . Epilègoume pl rwc
isometrik , normal anapar�stash

π : U(X ) → B(H1 ⊕H2)
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¸ste h �lgebra π(U(X )) na eÐnai anaklastik . Upojètoume ìti h antÐstoiqh
anapar�stash eÐnai

σ : U(Y) → B(K1 ⊕K2).

Apì ta Jewr mata 5.6.6, 5.6.13 h apeikìnish σ eÐnai pl rhc isometrÐa kai h
�lgebra σ(U(Y)) eÐnai anaklastik . EpÐshc h apeikìnish

F : π(∆(U(X ))′ → σ(∆(U(Y))′

eÐnai ∗-isomorfismìc. Epeid  π(∆(U(X )))′ = B(H1)⊕B(H2), σ(∆(U(Y)))′ =
B(K1)⊕B(K2) h F ep�getai apì monadiaÐo telest  thc morf c U = U1⊕U2.
Apì to Je¸rhma 5.6.8 èqoume ìti

ULat(π(U(X )))U∗ = Lat(σ(U(Y))).

Epeid  oi �lgebrec π(U(X )), σ(U(Y)) eÐnai anaklastikèc paÐrnoume thn isìth-
ta

Uπ(U(X ))U∗ = σ(U(Y)).

Upojètoume ìti oi apeikonÐseic α : X → B(H2, H1) kai β : Y → B(K2, K1)
eÐnai w∗-suneqeÐc kai pl reic isometrÐec ¸ste

π

((
λ X
0 µ

))
=

(
λ α(X)
0 µ

)
kai

σ

((
λ Y
0 µ

))
=

(
λ β(Y )
0 µ

)
.

EÔkola elègqetai t¸ra ìti h apeikìnish

f : X → Y : f(X) = β−1(U1α(X)U∗2 )

eÐnai pl rhc isometrÐa, w∗-suneq c kai epÐ.
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