Notes on the C*-envelope and the Silov Ideal

Evgenios Kakariadis

03/12/1009

1 Definitions

A (concrete) operator space is a (usually) closed linear subspace X of B(K, H),
for Hilbert spaces H, K (indeed the case H = K usually suffices, via
the canonical inclusion B(K,H) C B(H & K)). However, sometimes we
want to keep track too of the norm || - ||, that M, ,,(X) inherits from
M,m(B(H,K)), for all n,m € N. An abstract operator space is a pair
(X, {ll - [[n}n>1), consisting of a vector space, and a norm on M, (X) for all
n € N, such that there exists a complete isometry v : X — B(K,H). In
this case we call the sequence {|| - ||»}n>1 an operator space structure on the

vector space X. An operator structure on a normed space (X, || - ||), will
usually mean a sequence of matrix norms as above, but with || - || = || - ||1 ([3,
1.2.2]).

If X is a linear subspace of a C*-algebra C, then X is an operator space
with the matrix norm structure inherited by a faithful representation of C.

Let X be an operator space and ¢ : X — B(H) a linear map. We define
On = id, Q¢ : M, (X) — B(H") by ¢n([ai;]) = [¢(ai;)]. We call ¢ completely
positive, completely contractive or completely isometry if ¢, is positive, con-
tractive or isometry, for every n € N.

An operator system is a selfadjoint linear subspace S of a unital C*-
algebra, that contains the unit. We usually require that the C*-algebra is
generated by S.

We can use the decomposition of an element x € S in the sum of two
positive elements in S, i.e. z = (1|z] + 2)/2 + (1||z|| — x)/2, to prove that
a unital linear map ¢ : S — B(H) is completely positive iff it is

completely contractive.



A concrete operator algebra A is a closed subalgebra of some B(H). Then
an operator algebra is both an operator space (with the operator structure
inherited by B(H)) and a Banach algebra. Conversely, if A is both an (ab-
stract) operator space and a Banach algebra, then we call A an (abstract)
operator algebra if there exist a Hilbert space H and a complete isometric

homomorphism 7 : A — B(H)([3]).

We will consider only unital operator algebras. Note that if A is an op-
erator algebra then A 4 A* is an operator system. Also, If C = C*(.A), then
C=C*A+ A).

Let X C C*(X) be an operator space. Given two unital completely con-
tractive maps ¢ : X — B(Hy), k = 1,2, we write ¢ < ¢ if H; C Hy and
Py, po(2)|g, = ¢1(x), © € X; ¢o is called a dilation of ¢, and ¢ is called
a compression ¢o. The relation < is transitive and one has ¢; < ¢o and
¢ < ¢y iff (Hy,¢1) = (Ha,¢2). Thus < defines a partial ordering of ucc
maps of X'. Of course there is always a trivial way in dilating a ucc simply
by taking the direct sum with any other ucc map.

A dilation ¢ of ¢; need not satisfy Hy = [C*(¢o(X))H,|, but it can
always be replaced with a smaller dilation of ¢; that has this property; in
consequence the dimension of H, has an upper bound in terms of the dimen-
sion of H; and the cardinality of X.

In general, we can have the following scheme. Let X C C*(X') be a unital
operator space and ¢ : X — B(H) a completely contractive map. Then ¢
extends uniquely to a ucp map ¢ of the operator system S = X + X* (see
[2]). Arveson’s Extension Theorem implies that there is a completely positive
(thus completely contractive) map ¢ : C*(S) = C*(X) — B(H) extending
gz~5. Now, we can apply Stinespring’s Dilation Theorem on 1, so that there is
a Hilbert space K O H and a unital representation 7 : C*(X’) — B(K) such
that ¢(c) = Pgm(c)|g, for every ¢ € C*(X). When K = [x(C*(5))H], 7 is
called minimal Stinespring dilation and it is unique up to unitary equivalence.
Hence, 7|y is a dilation of ¢.

Remark 1.1 Note that if ¢ : X — B(H) is a ucis map and ¢ : X — B(K)
is a ucc dilation of ¢, then 9 is also ucis. This happens because

sl = Mozl = NPut (i)l
1Ly @ Pr) [ (i)l e[| < i@l <[]l

for every z;; € X.



Definitions 1.2 1. ([1]) A ucc map ¢ : X — B(H) is said to be mazimal if
it has no nontrivial dilations, i.e. ¢’ > ¢ = ¢' = ¢ P 1), for some ucc map .
2. ([1]) A ucc map © : X — B(H) is said to have the unique extension
property if

i. 7 has a unique completely positive extension 7 : C*(X) —
B(H),
ii. 7: C*(X) — B(H) is a representation of C*(&X’) on H.

Remark 1.3 The unique extension property for 7 : X — B(H) is equivalent
to the assertion that every extension of 7 to a ucp map ¢ : C*(X) — B(H)
should be a *-homomorphism of C*(X).

Proposition 1.4 A ucc map ¢ : X — B(H) is mazimal if, and only if, it
has the unique extension property.

Proof. Assume first that ¢ is maximal and let ¢ : C*(X) — B(H) be a com-
pletely positive extension of it. We have to show that 5 is a *-homomorphism.
By Stinesprings theorem, there is a representation 7 : C*(X) — B(K) on a
Hilbert space K O H such that ¢(z) = Pym(z)|y,z € C*(X). We can as-
sume that the dilation is minimal in that K = [7(C*(X))H] = [C* (7 (X)) H].
By maximality of ¢, K = H and gg = 7 is a *-homomorphism.

Conversely, suppose ¢ has the unique extension property and let ¢ : X —
B(K) be a dilation of ¢, such that K = [C*(¢(X))H]. It suffices to show
that K = H and ¢ = ¢. By the Arveson’s extension theorem, ¢ can be
extended to a ucp map 1 : C*(X) — B(K). Since the compression of ¥ to
H defines a ucp map of C*(X) to B(H) that restricts to ¢ on X, the unique
extension property implies that PHQZ(')PH is a *-homomorphism of C*(X).
So for ¢ € C*(X),

Pyij(c)* Pyi(c) Py = Pyi(c*c)Py > Py(c)*(c) Py,

since 1h(c*c) > ¥(c)*¥(c). Thus |(1—Py)tp(c)Py|*> < 0. Hence, H is invariant
under the set of operators ¥(C*(&X')) 2 ¢(X), and therefore under C*(p(X)).
Thus K = [C*(¢(X))H] = H and it follows that ¢ = ¢.

Proposition 1.5 ([1, theorem 3.1] Invariance Principle). Let X, C C*(X}),
k =1,2, be two operator spaces and let 6 : X1 — Xy be a ucis and onto map.
For every maximal ucis map ¢1 : X1 — B(H), the ucis map ¢o : Xo =

O(X1) — B(H), defined by ¢9 00 = ¢y is also mazximal.



Proof. Consider the ucis map ¢y : Xo — B(H) defined by ¢o = ¢y 0 071 Tt
suffices to show that ¢ is maximal, given that ¢; is maximal. To this end,
let ¢ : Xy — B(K) be a dilation of ¢y, with K = [C*(¢(X2))H] (thus ¢ is
ucis map). Then ¢ = ¢ o6 is a ucis map of X} to B(K) that compresses to ¢,
and satisfies K = [C*(¢(Xy))H]| = [C*(p 0 0(X)))H] = [C*(¢(AX1))H]. Thus,
by maximality of ¢; we have that ¢; = ¢ = ¢ o0, hence ¢ = ¢ 007! = .
O

2 Theorems of Existence

The crucial theorem is the following.

Theorem 2.1 ([1, theorem 1.3]) Let X be an operator space. Then every
ucis map ¢ : X — B(Hy) dilates to a mazimal ucis map p : X — B(H).

To prove this, we have to make some remarks. First of all, if there is a
chain of ucis maps ¢; < ¢, < --- with H; € Hy C -+ then we can define
a ucis map ¢, on Hy, = U, H, such that Py, ¢oo|y, = ¢n. To see this, first
observe that if a, € B(H,) is a sequence of operators, such that H,, C H, 1,
sup{||a,|| : n € N} < 400 and a,, = Py, an11|m,, then we can define a unique
operator a € B(H,), where H,, = U, H,, such that Py, a|g, for every n € N.
Also, we get that |la|| = sup, ||a,||. If we wish to do the same thing for a
chain of ucc map (H,, ¢,), we set a, = ¢,(z) and ¢ () := a. Uniqueness
establishes the existence of (Hyo, ¢oo). Also, for every z;; € X, we get that

llon (@)1l = [llzss]Il

for every n € N, since ¢,, are ucis maps. Thus, by taking supremum we get
that |[[¢oo(2ij)]| = l[[zi]]l; s0 ¢oo is ucis.

The same is true if, instead of N we have a limit ordinal A, and a chain
of ucc maps (H,, ¢o), in the sense that for every o, 3 < A with o < 3, then

¢a < ¢,3

Also, we have the following definition.

Definition 2.2 Let ¢ : X — B(H) be a ucis map and let F be a (possibly
empty) subset of X x H. We will say that ¢ is maximal on F if for every
dilation v of ¢ acting on K O H, we have,

b(@)§ = o(x)§, (7,§) € F.

A ucis map ¢ : X — B(H) is maximal if and only if it is maximal on X' x H.
If ¢ is maximal on F C X x H and ¢ > ¢, then ¢ is maximal on F.
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Lemma 2.3 For every ucis representation ¢ : X — B(H) and every (x,§) €
X x H, there is a dilation of ¢ that is maximal on (z,§).

Proof. Since for every dilation 1 > ¢ we have ||[¢(2)&|| < [|z|| ||€]] < 400, we
can find a dilation ¢; of ¢ for which ||¢;(z)&]| is as close to sup{||¥(x)¢|| : ¢ >
¢, is a ucc map}. Note that ¢; will also be a ucis map of X'. Continuing

inductively, we find a sequence of ucis representations ¢ < ¢ < ¢g < -+ -,
such that ¢, : X — B(H,), H C Hy C Hy C ---, and

|1 (z)El] = sup [[¢p(x)€]] —1/n.
$>6n

Let H,, be the closure of the union U, H,, and let ¢, : X — B(H,,) be the
unique ucis representation that compresses to ¢, on H,, for every n. Note
that ¢ is maximal on (z,£). Indeed, if ©» > ¢ then ¢ > ¢,, for every
n > 1, and

1Go ()&l = || Prty1boc (@)]| = Ndnra ()]l = W (2)E]l = 1/n.
Hence, ||¢poo()E|| > [|10(z)€]|. It follows that

9 (2)¢ = poo(@)E[|* = (19 (2)€ — Pu ()"
= [ (@)E]” = oo (@)€]* <0,
so that ¥(x)€ = ¢oo()E, as asserted. O

Proof of Theorem 2.1. We show first that ¢ can be dilated to a ucis map
¢1 : X — B(H;) that is maximal on & x Hy. To that end, let A be an
ordinal sufficiently large that there is a surjection @ € A — z, € X X Hp;
hence, X x Hy = {z, : @« € A\}. We claim that there is a family of ucis maps
¢o + X — B(H,), indexed by the ordinals o < A, which satisfy ¢, > ¢
together with

1. ¢q is maximal on {zg: 0 < a},

2. a§5:>¢a§¢ﬁ'

Once the existence of this family is established, one can set ¢ = ¢,.

Proceeding inductively, for a« = 0 we set ¢, = ¢o, noting that (1) is
vacuous for & = 0. Assuming that o < \ is an ordinal for which {¢5 : 0 < a}
has been defined and satisfies (1) and (2) on the initial segment {5 < a},
define « as follows:

i. If a has an immediate predecessor a@ — 1, then the previous lemma
implies that ¢,_; can be dilated to a ucis map ¢, : X — B(H,), that is
maximal on x,.



ii. If o is a limit ordinal, then the Hilbert spaces Hg, 3 < «, are linearly
ordered by inclusion; we take H, to be the closure of their union and ¢, :
X — B(H,) to be the unique ucis map that compresses to ¢g on Hp, for
every 3 < a.

In either case, properties (1) and (2) persist for the augmented family
{¢p : B < a}. This defines {¢, : @ < A}.

Now one can use ordinary induction on the preceding result to find an
increasing sequence of Hilbert spaces Hy C H; C Hy C --- and ucis maps
¢n + X — B(H,) such that ¢, is a dilation on X x H,, n = 0,1,2... .
Let H,, be the closure of U, H,, and let ¢, : X — B(H.,) be the unique ucis
map that compresses to ¢, on H,, for every n > 1. Note that every dilation
X — B(K) of ¢ and every n > 1, both 1 and ¢, are dilations of ¢, 1,
so by maximality of ¢, .1 on X x H, we have

w(l’)f = ¢n+1($)£ = ¢00<x>£7 (l’,f) € X x Hn

It follows that ¢, is maximal on X x U, H,,, hence on its closure X x H,.
O

Now, let ¢ : X — B(H) be a ucis map. Then C*(«(X)) C B(H) is said
to be a C*-cover of X. We can define a C*-cover of X with the following
universal property.

Definition 2.4 Let X' be a unital operator space. The C¥(X) = C*(1(X)) is
a C*-algebra with the following (universal) property:

for every ucis map ¢ : X — C*(p(X)) = C there exists a unique
representation m : C — CX(X), such that 7 is onto and w(¢(a)) =
t(a), for every a € X.

Definition 2.5 Let X C C*(X) a unital operator space. A boundary ideal
for X is an ideal J C C*(X) with the property that the natural projection
of C*(X) onto C*(X)/J restricts to a ucis map on X. The Silov ideal is a
boundary ideal which contains every other boundary ideal.

We can see that if the C¥(X') exists, then it is unique up to *-isomorphism.
Also if the Silov ideal exist, then it is unique. In the following we prove the
existence of the C*-envelope for an operator space and thus the existence of
the Silov ideal.

Theorem 2.6 Every operator space has a C*-envelope. Thus the Silov ideal
ertsts.



Proof. Let an operator space X acting on a Hilbert space K. Then the in-
clusion map ¢ : X — B(K) is a ucis map and thus dilates to a ucis maximal
map 7 : X — B(H). We claim that C*(y(X)) is the C(X).

To this end, suppose ¢ : X — B(Hy) is a ucis map. In this case o : (X) —
B(H) : 1(a) — v(a) is also ucis map (and thus well-defined). By Invari-
ance Principle we get that ¢ is maximal for the unital operator space (X)),
hence it extends uniquely to a *-homomorphism ¢ : C*(¢(X)) — B(H).
Then a(¢(x)) = o(¥(z)) = y(z), for every z € X. Also a(C*(¢(X))) =
C*(a(¥(X))) = C*(~v(X)), hence 7 is onto. So, C*(7(X)) has the (universal)
property of the C*-envelope.

Now let X C C*(&X'). Then there exists an onto representation 7 : C*(&X') —
C*(v(X)). We will prove that kerr is the Silov ideal. First of all, it is
boundary since the map 7 : C*(X)/kerm — C*(y(X)) is a *-isomorphism,
hence completely isometric, and 7(a) = y(a). Also note that since 7(a) =
v(a) = v oid(a) and «y is a maximal, then by the invariance principle we
get that 7 is also maximal. Now assume that I is another bounary ideal
and let ¢; the natural projection of C*(X') onto C*(X')/I. Define the map
¥ q(X) — B(H), such that ¢(q;(a)) = m(a). This map is ucis and thus
has a ucp extension ¢ : C*(X)/I — B(H). Then 1 o q; is a ucp extension of
7. But 7 is maximal, thus m(c) = 1(q;(c)), for every ¢ € C*(X). Hence, for
¢ € I we get that 7(c) = 9(qs(c)) =0, so ¢ € kerw. Hence I C kerw. O

But we can follow the converse direction as well.

Theorem 2.7 Let X C C*(X) be an operator space. Then the Silov ideal J
exists and thus the C*-envelope of X exists.

Proof. Let an operator space X acting on a Hilbert space K. Then the
inclusion map ¢ : X — B(K) is a ucis map and thus dilates to a ucis maximal
map v : X — B(H). Thus v has the unique extension property. Let 7 :
C*(X) — B(H) be the extension representation. We claim that ker 7 is the
Silov ideal.

First of all, we have that ||a 4+ ker7|| = ||7(a)|| = ||¥(a)]| = ||a]| (the same
argument holds for all the matrix norms as well), thus ker 7 is a boundary
ideal. Now assume that I is another boundary ideal and let ¢; the natural
projection of C*(X') onto C*(X')/I. Define the map v : ¢;(X) — B(H), such
that ¥ (qs(a)) = m(a) = y(a). This map is ucis and thus has a ucp extension
Y C*(X)/I — B(H). Then ¢ o q; is a ucp extension of 7|y = . But v is
maximal, thus 7(c) = U(qr(c)), for every ¢ € C*(X). Hence, for ¢ € I we get
that 7(c) = ¢(q;(c)) = 0, so ¢ € kerw. Hence I C ker .

To finish the proof we have to prove the universal property for C*(X)/ ker 7.



We have that 7 : C*(X)/kerm — B(H) is faithful, thus ucis. Let ¢ : X —
C*(¢(X)) a ucis map and consider the ucis map 7oqo ¢! : ¢(X) — B(H).
Since 7 o q(a) = m(a), for every a € X and 7 is maximal, then by the
invariance principle, 7 o ¢ o ¢! is also maximal. Let oq : C*(¢(X)) —
B(H) be its unique extension representation. Then oo(¢(a)) = 7(g(a)) and
therefore on(¢(a)6(a)*) = oo(6(a))oo(9(@))* = F(a(a))F(a(a))* = Flg(aa")).
Also ay(d(a)*d(a)) = m(g(a”a)). Hence oo(C*(6(X))) = C*(ag © $(X)) =
C*(m(q(X))) = Toq(C*(X)) = 7(C*(X)/ ker ). So the map o : C*(¢(X)) —
C*(X)/ker 7 defined by 0 = 7! 0 g is a representation onto C*(X)/ker 7
with o(¢(a)) = 7L oog(¢p(a)) = 7t o7(a) = gq(a). O

3 Operator Algebras

3.1 Unital operator algebras

In the case where X is a unital operator algebra A we can have also the
following definitions.

Definitions 3.1 1. ([4]) A representation ¢ : A — B(H) is a 0-representation
if whenever ¢ : A — B(K) dilates ¢, then H reduces 1)(.A).

2. ([4]) A boundary representation of a unital operator algebra A consists of
the following three

i. a completely isometric homomorphism ¢ : A — C,

ii. where C = C*(¢(A)) is a C*-algebra,

iii. 7 :C — B(H) is a representation of C such that the only
completely positive map on C agreeing with m on ¢(A) is 7 itself.

Theorem 3.2 ([4, theorem 1.1]) Let A a unital operator algebra. Then p :
A — B(H) is a O-representation if, and only if, given any ucis map ¢ :
A — C, where C = C*(¢(A)), there exists a boundary representation T :
C*(¢p(A)) — B(H), such that mo ¢ = p.

Proof. Suppose first that ¢ : A — C*(¢(A)) =Cisaucisand 7 : C — B(H)
is a boundary representation. Set p = m o ¢. Then p is a representation and
a ucc map. Suppose v : A — B(K) be a dilation of p. We will show that H
reduces v(A).

To this end, we define a map v : ¢(A) — B(K) by v(¢(a)) = v(a), a € A.
This map is uce, since |ly(@(a))ll = [v(a)ll < llall = [[¢(a)]. So, by the
Arveson’s extension theorem, extends to ucp map 4 : C — B(K), with
Jo¢ =yo¢ = v. Now, the map ¢ — Pyy(c)|y, ¢ € C is ucp and by



definition Pgvy(¢(a))|y = Ppv(a)lg = p(a) = m(¢p(a)), for all a € A. Since
7 s a boundary representation, in fact we have that Py¥(c)|g = 7(c), for all
¢ € C. Hence, for all a € A, we get

p(a)p(a) m(¢(a)

Hence, Pyv(a)v(a)*|g = Pyv(a)Pyv(a)*|y, thus v(a)*H C H. A similar
argument gives that v(a)H C H. Thus, H reduces v(A).

For the converse, let p : A — B(H) be a O-representation and ¢ : A —
C*(¢(A)) = C a ucis map. Then we can define the ucis map ¢~ : ¢(A) — A
and we get the ucc map po ¢! : ¢(A) — B(H). Then, by the Arveson’s
extension theorem there is a ucp map 7 : C — B(H), such that 7o ¢ = p.
We will show that 7 is a boundary representation.

To this end let 7 : C — B(K) the (minimal) Stinespring dilation of 7. Then
7o ¢ is a dilation of p and since p is a O-representation, H reduces 7o ¢(A).
Hence,

=
=
2
=
Q
=
|
<
=R
=
=
=
S
=
o
I
=
=
<
=
=
=
£
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A same argument gives also that 7(¢(a)*¢(a)) = w(¢(a)*)m(p(a)). Hence,
¢(A) is in the multiplicative domain of w. Thus 7 is a representation of
C, since ¢(A) generates C. Now, let r : C — B(H) a ucp map, such that
r(¢(a)) = m(¢p(a))(= p(a)), for all a € A. Then, (the same argument shows
that) r is also a representation, thus r = 7, since r|y4) = 7|sa) and ¢(A)
generates C. O

The notion of O-representations is pretty much the same with that of the
maximal ucc maps. In fact we have the following.

Proposition 3.3 A ucc map p : A — B(H) is a O-representation if and
only if p is mazximal.

Proof. Let p: A — B(H) be O-representation. Let the ucis map id : A —
C*(A). Then by the previous theorem, there exists a boundary representa-
tion 7 : C*(A) — B(H), such that m o id = p. Hence, 7 is an extension of p.
Since 7 is boundary representation, it is the unique ucp extension of p (and
also a representation of C). Thus p has the unique extension property.
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Conversely, let p: A — B(H) be a ucc maximal map; then p has the unique
extension property. Let m : C*(A) — B(H) be the unique extension of p
which is *-homomorphism. Then p = 7|4 is a homomorphism. Now, let
v: A — B(K) be a dilation of p. Then, by the maximality of p, v = p B ¢
for some ¢ : A — B(K & H). Hence H is v(A)-reducing. Thus p is a 0-
representation. O

The following is immediate.

Theorem 3.4 ([4, theorem 1.2]) Every ucis representation p : A — B(H)
dilates to a ucis O-representation p' : A — B(K). O

Remark 3.5 As we have seen in the proof of the existence of the C*-
envelope, C%, (A) is a C*-cover of A, say C*(.(A)), where ¢ is a ucis maximal
map. The previous proposition, induces that ¢ is a d-representation, hence ¢

is a homomorphism of A.

3.2 Non-unital operator algebras

But what happens when A is a non-unital operator algebra? Even in that
case we can have the existence of a C*-cover with the same universal property,
with that of the C*-envelope of a unital operator algebra, which of course we
will call the C*-envelope of the operator algebra. This can be proven easily if
we pass to the unitization of a non-unital operator algebra. So, let us have a
brief talk on this unitization.

Let A be a non-unital operator algebra, regarded as a subalgebra of some
B(H), then a unitization of A may be obtained by taking A' = span{A, I},
and is also an operator algebra.

Theorem 3.6 (Meyer) Let A C B(H) be an operator algebra and assume
that Iy /€A. Let m : A — B(K) be a contractive (resp. completely
contractive, isometric or completely isometric) homomorphism, K being a
Hilbert space. We let A' = span{A, Iy} C B(H), and we extend 7 to
7l AY — B(K) by letting

' (a+ Mp) =n(a) + My, a€ A NeC.

Then ©' is a contractive (resp. completely contractive, isometric or com-
pletely isometric) homomorphism.
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Hence, up to completely isometric isomorphism, this unitization does not
depend on the embedding A C B(H). Consequently, A' will be called the
unitization of A4 and is usually used without any reference to a concrete
embedding of A in B(H).

It is clear, also, that if C is a unital operator algebra with unit denoted
by 1c and if A C C is a non-unital subalgebra, then A! may be taken to
be span{A, 1c} C C. If, in particular, A, B are non-unital operator algebras
with A C B, then the units of A and B! may be identified and A may be
viewed as a unital subalgebra of B!.

If A is an already unital operator algebra then Meyer’s result shows that
there is an essentially unique unital operator algebra containing A completely
isometrically as a codimension 1 ideal. Again we write this strictly larger
algebra as A'.

Remark 3.7 Let B be a C*-cover of an operator algebra A. Then it is easy
to check that every cai of A is a cai for B (since, for every a € A we have that
e;a — a = a*e; — a). Hence, if A is approximately unital, then B is a unital
C*-algebra if and only if A is unital. Indeed, if A is unital, then as we saw, B
is also unital (with the same unit). Now, if B is unital and A approximately
unital with (e;) cai, then (e;) is cai for B as well. So, e; = e;15 — 1. Since
A is closed, we get that 1z € A.

Remark 3.8 But it may happen a C*-cover of a non-unital operator algebra
to be unital. For example, let U be the bilateral shift of ¢*(Z) and A to be
the closed linear span of polynomials ZZ:1 A U™ Then A is not unital, but
its C*-cover is unital, since U*U = 1. For this reason we make the following
convention.

Let (B,j) be a C*-cover of a non-unital operator algebra .4, and let
B ~ H and A ~ K, for some Hilbert spaces H, K. If B is non-unital, then
using Meyer’s theorem, we get that j : A — B C B(H) extends uniquely to
the ucis j' : A' — B' C B(H). On the other hand, if B is unital, then we
identify B to B', and j : A — B(H) extends uniquely to j' : A' — B(H),
such that j'(14) = j'(Ix) = Iy = 15; hence j'(A') C B.

Definition 3.9 We define a C*-envelope of a non-unital operator algebra A
to be a pair (B,¢), where B is the C*-subalgebra generated by the copy ¢(.A)
of A inside a C*-envelope (C,, (A'),¢) of the unitization A" of A.

The following theorem provides that a C*-envelope of a non-unital oper-

ator algebra is unique up to *-isomorphisms, thus we can refer to it as the
C*-envelope.
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Theorem 3.10 Let A be an operator algebra and let (C},,(A),¢) be a C*-

envelope of A. Then v is a homomorphism and C %, (A) has the following
universal property:

given a C*-cover (B,j) of A, there exists a (necessarily unique
and surjective) *-homomorphism © : B — C¥ (A), such that
mToj =1L.

Proof. If A is unital, then this is already proven. Now, let A be non-unital
and (B, j) a C*-cover of A. Then, j extends to a completely isometric unital
homomorphism j' : A! — B! whose range generates B' as a C*-algebra.
Thus there is a unique and surjective *~homomorphism p : B — C* (A'),
such that p o j' = ¢, where v : A' — C% (A') is the canonical embedding.
Let m = p|g; then 7 is a *-homomorphism with

(j(a)) = p(i*(a) = u(a) € C,,(A),

for all @ € A. Since 7 is a *-homomorphism, B = C*(j(.A)) and 7 (j
Cz..(A), we get that 7(B) C C7,,(A). Also, since C7,,

( (e
Cno(AY), we get that CF,, (A) = C*(u(A)) = C*(m 0 j(A)) = 7(C*(j(A)))

7(B). Hence, 7 is onto. O

Il
Q
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