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B(AH)

Let Z be a Hilbert space. The algebra of all bounded linear
operators T : . — ¢ is denoted B(¢). It is complete under

the norm
[ TIl = sup{[|Tx[ : x € b1 ()}

Moreover, it has an involution T — T* defined via
(T*x,y)=(x,Ty) forallx,y e .
This satisfies

IT*T||=|T|® the C* property.



C*-algebras

(a) A Banach algebra <7 is a complex algebra equiped with a
complete submultiplicative norm:

labl| <l 6] -

(b) A C*-algebra </ is a Banach algebra equiped with an
involution' a — a* satisfying the C*-condition

|la*al = ||lal|®? forall ac ..

If o/ has a unit 1 then necessarily 1* =1 and |[1| = 1.
If not, adjoin a unit:
If o7 is a C*-algebra let d~ =19 ®C

with  (a,z)(b,w) =: (ab+ wa+ zb,zw) (a,z)" =:(a",2)
ll(a,z)|| =:sup{|lab+zb||: bebi} (i.e. &~ ~ )

Tthat is, a map on .« such that (a+Ab)* = a* + Ab*, (ab)* = b*a*, a™ = a
foralla,be .« and A € C



Basic Examples

A morphism ¢ : o7 — % between C*-algebras is a linear map
that preserves products and the involution.

We will see later that morphisms are automatically contractive,
and 1-1 morphisms are isometric (algebra forces topology).

Basic Examples:

mC

m C(K): K compact Hausdorff, f*(t) = f(t): abelian, unital.

m Co(X): X locally compact Hausdorff, f*(t) = f(t): abelian,
nonunital (iff X non-compact).
We will see later (9) that all abelian C*-algebras can be
represented as Cy(X) for suitable X.

m M,(C): A* = conjugate transpose,
| All = sup{||Ax||, : x € 2(n), x|, = 1}: non-abelian, unital.

m #(s¢): non-abelian, unital.
We will see later (26) that all C*-algebras can be
represented as closed selfadjoint subalgebras of %(.¢) for
suitable 7 .



Nonexamples:

m AD) = {f € C(D) : f|p holomorphic} 2
A closed subalgebra of the C*-algebra C(D) but not a
*-subalgebra, because if f € A(D) then f is not holomorphic
unless it is constant: A(D) N A(D)* = C1: antisymmetric
algebra.

m Th={(aj) € Ma(C): a;=0fori>j} (upper triangular
matrices).
A closed subalgebra of the C*-algebra M,(C) but not a
*-subalgebra. Here T,N T, = Dy, the diagonal matrices: a
maximal abelian selfadjoint algebra (masa) in Mj,.

B Myo(C): infinite matrices with finite support.
To define norm (and operations), consider its elements as
operators acting on ¢?(N) with its usual basis. This is a
selfadjoint algebra, but not complete.
Its completion is ¢, the set of compact operators on (?: a
non-unital, non-abelian C*-algebra.

2D={zeC:|z]<1}.




Direct sums, matrix algebras, Co(X, <) ...

e If X is anindex set and .« is a C*-algebra, the Banach space
(X, ) of all bounded functions a: X — </ (with norm

lall.. = sup{|la(x)| : x € X}) becomes a C*-algebra with
pointwise product and involution.

Its subspace cy(X, <) consisting of all a: X — .7 with

,!ifl, la(x)||, =0 is a C*-algebra.

The subset cyo( X, «7) consisting of all functions of finite support
is a dense *-subalgebra, which is proper when X is infinite.

o If X is locally compact Hausdorff then Cp(X,.«7) is the
*-subalgebra of ¢*(X,.e/) consisting of continuous functions. It
is closed, hence a C*-algebra . (This is just C(X, <) when X is
compact.)

o The subalgebra Cy(X,.o/) consists of those f € Cp(X, %)
which ‘vanish at infinity’, i.e. such that the function t — || ()],
is in Co(X).



Direct sums, matrix algebras, Co(X, <) ...

(i) The direct sum 274 & - -- @ o7, of C*-algebras is a C*-algebra
under pointwise operations and involution and the norm

(a1, an)|| = max{]|a]|.....||an]}.
(i) Let {7} be a family of C*-algebras . Their direct product
or ¢~-direct sum @, <7 is the subset of the cartesian product
[1« consisting of all (&) € [1.«/ such that i — | aj| . is
bounded. It is a C*-algebra under pointwise operations and
involution and the norm

I(ai)ll = sup{llaill ; : i € I}.
(iii) The direct sum or co-direct sum @ .«7; of a family {</} of
C*-algebras is the closed selfadjoint subalgebra of their direct
product consisting of all (a;) € [T« such that i — |||,
vanishes at infinity.

In case «7; = o7 for all i, the direct product is just ¢<(/. 7).



Direct sums, matrix algebras, Co(X, <) ...

o If &7 is a C*-algebra and n € N, the space M,(«) of all
matrices [a;] with entries a; ¢ <7 becomes a *-algebra with
product [a;][b;] = [cj] where ¢j = Y.« aixbxj and involution
[aj]" = [dj] where dj = dj.

How to define a norm?

Special cases:

e Suppose & is Cy(X); then norm M,(Cy(X)) by identifying it
(as a *-algebra) with Co(X, M), i.e. Mp-valued continuous
functions on X vanishing at infinity.

e Suppose < is a C*-subalgebra of some #(.7#); then norm
Mn(7) C Mna(%(2¢)) by identifying Mp(B(#)) with (™).
General case: Use Gelfand - Naimark 26.



The spectrum

Definition
If o7 is a unital C*-algebra and GL(.<7) denotes the group of
invertible elements of <7, the spectrum of an element a€ &/ is

cl@a=oy(@={AeC:A1-a¢ GL()}.
If o is non-unital, the spectrum of a € o is defined by
o(a)=oy~(a).

In this case, necessarily 0 € o(a).

Lemma

The set GL(<7) is open in </ and the map x — x~' is
continuous (hence a homeomorphism) on GL(.<7).



The spectrum

Proposition
The spectrum is a nonempty compact subset of C.

The spectral radius
p(a) =sup{|A][: 1 € o(a)}
satisfies p(a) < ||al|. The Gelfand-Beurling formula is

1/n

p(a)=lim||a"|["" < |a]



The spectrum

Proposition

(i) a= a* (we say a is selfadjoint) — o(a) CR
(i) a= b*b (is it OK to call a positive ??) — o(a) CR*
(iii) u*u =1 = uu* (we say u is unitary) — o(u)C T

Lemma
If aa* = a*a (we say a is normal) then p(a) = ||a||. 3

Proposition

There is at most one norm on a *-algebra making it a
C*-algebra.

3This is not true in general: consider any a # 0 with a2 = 0.



Gelfand Theory

Theorem (Gelfand-Naimark 1)

Every commutative C*-algebra <7 is isometrically *-isomorphic
to Co(/) where <7 is the set of nonzero morphisms ¢ : &/ — C
which, equipped with the topology of pointwise convergence, is
a locally compact Hausdorff space. The map is the Gelfand
transform:

o —Co(/): a—a where 2(¢)=¢(a), (¢ € ).

The algebra <7 is unital iff </ is compact.



Gelfand Theory

In more detail:

</ is the set of all nonzero multiplicative linear forms
(characters) ¢ : o — C, (necessarily ||¢|| <1 and, when <7 is
unital, [|¢|| = ¢(1) = 1) equipped with the w*-topology: ¢; — ¢ iff
gi(a) — ¢(a)forallac .

When <7 is non-abelian there may be no characters (consider
Mo(C) or B(s), for example).

When & is abeliap there are ‘many’ characters: for each a € o
there exists ¢ € .« such that | a|| = |¢(a)|.

When </ is unital ﬂiis compact and < is isometrically
*-isomorphic to C(<7).



The Continuous Functional Calculus

Let A be a selfadjoint element of the unital C*-algebra %(.7¢).
For any polynomial p(1) = ¥, ckAX we have a (normal) element
p(A) = ¥, ckAf € B(H).
The map

P(0(A)) = B(AH): Pg: p— p(A)

is a *-homomorphism.
We wish to extend this map to a map f — f(A) defined on all
continuous functions f: o(A) — C.



The Continuous Functional Calculus

If Ae B() is selfadjoint and p is a polynomial,

Ip(A)]l = sup{lp(2)| : 4 € 5(A)} = [Ipllo(a)-

This is a consequence of

Proposition (Spectral mapping Theorem )

If Aec B(s) is selfadjoint and p is a polynomial,

o(p(A)) = {p(4) : 4 € 5 (A)}.

and the fact that the spectral radius of a normal element (p(A)
is normal) equals its norm.



The Continuous Functional Calculus

Definition
Let A= A* € (). The continuous functional calculus for
A is the unique continuous extension

®c: (C(a(A), [Illoa) = (B(A),|1]) - f = f(A)
of the map &, : p — p(A).
Thus if f is continuous on o (A), the operator f(A) € B(7) is
defined by the limit

f(A) =limp,(A) where |pp — f||(a) — O.



The Spectral Theorem

If Ae #() is selfadjoint and K = o(A), the continuous
functional calculus

bc: C(K) = B(H) : f— f(A)

is a representation of the (abelian) C*-algebra C(K) on 7.
We will construct a ‘measure’ E(-) with values not numbers, but
projections on ¢, so that

o(f) = /K f(A)dE,  foreach f € C(K)

and in particular A= ®.(id) = /K/ldE,l.
(This generalises A=) AE;,

where A;: eigenvalues, E;: eigenprojections of A€ M,.)



The Spectral Theorem

A (regular) ‘spectral measure’ on K is a map
E: 7(K)— #B() suchthat (.(K): the Borel c-algebra)
E(Q)*=E(Q)
E(Q1 ﬂQg) = E(Q1)E(Qg)
E(0)=0 and E(K)=1
for x,y € H, the map u,, : Q@ — (E(Q)x,y) is a c-additive
complex-valued (regular) set function on .7 (K).

Theorem

Every representation n of C(K) on a Hilbert space H
determines a unique regular Borel spectral measure E(.) on K
so that

/deE:n(f) (f € C(K)).



Positivity

Definition

An element a € 7 is positive if a= a* and o(a) C R;..
We write &7, ={ae€ &/ : a> 0}.
If a, b are selfadjoint, we define a< bby b—ac <, .

Examples

In C(X): f > 0iff f(t) e Ry for all t € X because o(f) = f(X).
In B(#): T>0iff (TE,E) >0forall & € H.

Remark

Any morphism & : o — 9B between C*-algebras preserves
order:
a>0 = =m(a)>0.

Remark
Ifa=a" then —laj1<a<|a|1.



Positivity

Proposition

Every positive element has a unique positive square root.

Theorem
In any C*-algebra, any element of the form a*a is positive.

For the proof, we need
Proposition

For any C*-algebra the set </, is acone:

abed, ,A>0 = Alaced,,atbed,.

Lemma

In a unital C*-algebra if x = x* and || x|| <1, then

x>0 <= |1-x|<1.



The GNS construction

Definition
A state on a C*-algebra <7 is a positive linear map of norm 1,

i.e. ¢ : o/ — C linear such that ¢(a*a) > 0 for all a € <7 and
l¢|| = 1. A state is called faithful if ¢(a*a) > 0 whenever a # 0.

NB. When ¢ is unital and ¢ is positive, ||¢| = ¢(1).

Examples

e On B(), o(T)=(TE, &) for a unit vector & € 7,

or o(T) =Y, (TE& &) where ¥ ||&]|? = 1 (diagonal ‘density
matrix’).

e On C(K), ¢(f)=1(t) for t € K,

or ¢(f) = [ fdu for a probability measure p.

e For a C*-algebra &7, if w: &7 — () is a representation and
& € A a unit vector, ¢(a) = (n(a)é,&).

Conversely,



The GNS construction

Conversely,

Theorem (Gelfand, Naimark, Segal)

For every state f on a C*-algebra < there is a triple (rs, 77, &¢)
where 1 is a representation of o/ on . and & € s a cyclic 4
unit vector such that

f(a) = (nr(a)&s, &) forall ae o.

The GNS triple (ns, 73,&f) is uniquely determined by this
relation up to unitary equivalence.

4i.e. m()&s is dense in 4.



The universal representation

Theorem (Gelfand, Naimark)

For every C*-algebra < there exists a representation (rt, )
which is one to one (called faithful).

Idea of proof Enough to assume 7 unital. Let (/) be the
set of all states. For each f € (<) consider (rf,.#) and ‘add
them up’ to obtain (7,.7). Why is this faithful? Because

Lemma

For each nonzero a € <f there exists f € .7 (/) such that
f(a*a) > 0.

... and then
Im(a)&|1? = (n(a a)ér.&) = (mi(a a)és. &) = f(a’a) > 0

so n(a) # 0.
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