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1. Introduction

A collection & of operators on a finite-dimensional space is said to be
simultaneously triangularizable if there is a basis of the space with respect to which the
matrices of all members of ¥ are upper triangular. Equivalently, there exists a
maximal totally ordered set of subspaces which are invariant under all members of Sf.
More generally, a collection ¥ of bounded operators on a Banach space X is called
simultaneously triangularizable if there is a maximal totally ordered complete set of
(closed) subspaces of X(a maximal nest) which are ^-invariant. Several authors have
recently worked on the problem of simultaneous triangularizability.

In this paper, we obtain some simple necessary and sufficient conditions for
simultaneous triangularizability of a (not necessarily norm-closed) algebra of compact
operators on a Banach space. This improves on results of [5,7], and allows us to apply
a theorem of Aupetit [1] to the present context. We also extend to Banach-space
operators a result of [10] on simultaneous triangularizability of semigroups of trace-
class operators on a Hilbert space. Using our first theorem, we are able to present a
proof which is considerably shorter, even in the Hilbert-space case treated in [10]. We
include a result on triangularizability of certain algebras of Hilbert-space operators
that 'approximate' maximal abelian von Neumann algebras.

2. Preliminaries

Throughout, X will denote a Banach space, 0&(X) (respectively X(X)) will be
the Banach algebra of all bounded (respectively compact) operators on X. A set
y £ 08(X) will be called transitive if it has no (non-trivial) invariant closed subspaces.
A nest JV will be a totally ordered set of closed subspaces of X, closed under
the formation of arbitrary unions and intersections. For Ae@(X), o(A) will
denote its spectrum in 8B(X), p(A) = sup{|A|: Xeo(A)} will be its spectral radius, and
d(A) = sup{|A—//|: A,ji€o(A)} its spectral diameter. The following well-known results
are crucial.

THE CONTINUITY THEOREM. The spectral radius and the diameter are continuous
functions on X~(X).
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(This can be easily deduced from the fact that, if the set of (non-empty) compact
subsets of the plane is equipped with the Hausdorff metric, the function A -> o(A) is
continuous on compact operators [1, Corollary 1.1.7].)

LOMONOSOV'S THEOREM [6]. If rf is a {non-zero) transitive subalgebra ofJf(X),
then X(X) $F £ j / 5 where SF is a total set of rank-one operators.

RINGROSE'S THEOREM [12]. (i) A nest JV in a Banach space X is maximal if, and
only if for all NejV,dim(N/N_) ^ 1, where N_ denotes the smallest member of Jf
containing all MejV such that M^ N.

(ii) If A eJf(X) leaves each member of a maximal nest Jf invariant, then its
eigenvalues are, with the possible exception of zero, precisely its 'diagonal coefficients',
namely the numbers XN(A), NGJV, where XN(A) is the (scalar) operator induced by A
on N/N_.

3. Algebras of compact operators

The following theorem is an improvement on a result of [5, Corollary 3.5].

THEOREM 1. A subalgebra s/ of Jf(X) is simultaneously triangularizable if and
only if, AB—BA is quasinilpotent for all A, Best.

Proof Observe that if M, N are ^-invariant subspaces and M £ N, then, if A
denotes the operator on N/M induced by Aestf, the mapping A -• A is a
homomorphism of s/.

Suppose that there exists a maximal j^-invariant nest Jf. Then, in the notation
of Ringrose's theorem, we have, for all A, Best,

XN(AB-BA) = XN(A)XN(B)-XN(B)XN(A) = 0

for all NGJV. Thus Ringrose's theorem implies that AB—BA has no non-zero
eigenvalues.

Conversely, suppose that AB—BA is quasinilpotent for all A,Best. Consider a
nest JV of ^-invariant subspaces, maximal with respect to the property of being
^-invariant (such a nest exists, by Zorn's lemma; a priori, it may be trivial). We
claim that Jf is a maximal nest.

For any NeJf, the induced algebra si on # / # _ is transitive, by maximality. Thus
by Lomonosov's theorem, given any A,BeX(N/N_)!F, we may find sequences {An},
{Bn} in s/ such that

B = \imBn.

But AnBn — BnAn is quasinilpotent by hypothesis; hence so is AnBn — BnAn. Thus

p(AB-BA) = \imp(AnBn-BnAn) = 0.
n

Since A, B are arbitrary in Jf(N/N_)^, this is only possible if dim (N/N_) ^ 1. Thus
o¥ is a maximal nest by Ringrose's theorem.

It should be noted that in the above result no closure hypotheses are necessary on
the algebra s/.



OPERATORS ON A BANACH SPACE 549

In [7] it was shown, using results of [5], that for a norm-closed algebra si of
compact operators simultaneous triangularizability is equivalent to commutativity
modulo the radical of si. If si is not norm-closed, its (Jacobson) radical is in
general smaller than the set of all Aesi such that AB is quasinilpotent for all Be si.
For example, if si is the (abelian) algebra generated by the Volterra (integration)
operator on L2[0,1], then every operator in si is quasinilpotent, but

Rad (si) = {A e s/: 1 + AB is invertible in si + C/ for all Besi} = {0}.

This leads us to consider a larger 'radical', which turns out to be more
appropriate for our purposes.

DEFINITION.

= {A e si: AB is quasinilpotent for all Be si}.

It is not a priori obvious that Rad1(j^
r) is even a linear space. However, we can

prove the following lemma for compact operators.

LEMMA. If si is a subalgebra of Jf(X), then
(i) Rad^si)^ Rad (si),
(ii) Rad^j^) is an ideal, (relatively) closed in si.

Proof (i) Let AeRadx(si). For any Be si, there is a sequence Bnesi
converging to B. Since each ABn is compact, p(AB) = limn p(ABn) = 0. Thus AB is
quasinilpotent, and so A e Rad (si).

(ii) If ^ . ^ e R a d ^ ) , then, by (i), A1,A2eRad(si). Thus for all Be si,
(AX + A2)B is quasinilpotent, hence Ax + A2eRad1(si). The remaining properties of
an ideal follow easily from the definition and the fact that RS is quasinilpotent if and
only if SR is.

Finally, if {An} is a sequence in Radx(si) converging to some Aesi, then for any
Be si, p(AB) = \imnp(AnB) = 0, showing that AeRadx(si). Thus Rad^si) is a
closed ideal of si.

EXAMPLES, (i) This lemma fails for non-compact operators. Indeed, an algebra
si, consisting of nilpotent operators on a Hilbert space, whose norm-closure is
semisimple is constructed in [2]. Here Rad^j^) = si while Rad(si) is trivial.

(ii) In general, Radx(si) is not dense in Rad (si), even in the commutative case.
For example, let A, B be defined on 12(N) by

ex + e2, n = 2, (elt n = 2,
Ben=\

n # 2, [0, n # 2,

where {en} is the standard basis of l\N). If /> is any polynomial with p(Q) = 0, all
p(\/n) are eigenvalues of p(A) for « # 2. Thus the algebra si generated by A contains
no non-zero quasinilpotents, and hence Rady(si) = {0}. But the sequence {k~lAk}
converges to the nilpotent operator B, hence Rad (si) # {0}. (In an abelian Banach
algebra, any quasinilpotent is in the radical.)

The following theorem is the appropriate extension of the result in [7] for non-
closed algebras. It contains, and simplifies, the proofs of results in [5].
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THEOREM 2. A subalgebra si of Jf(X) is simultaneously triangularizable if and
only if si/Rad^si) is abelian. In this case R&d^si) contains all the quasinilpotent
elements in si'.

Proof If si/Rad^si) is abelian, then for every pair A, B in si the operator
AB—BA is quasinilpotent, and thus si is triangularizable by Theorem 1. Conversely,
let Jf be a maximal nest of invariant subspaces for si. If A e si is quasinilpotent then,
for all B in si,

for each N in Jf, SO that AB is quasinilpotent by Ringrose's theorem; that is,
^eRadx(j^). Thus

Rad^j^) = {Aesi:A is quasinilpotent}.

Now Theorem 1 implies that for all B, C in si, BC— CB is quasinilpotent, and hence
in Radx{si). It follows that si/Radx{si) is abelian.

The following general result on Banach algebras is due to Aupetit; when applied
to the special case of compact operators it yields interesting necessary and sufficient
conditions for simultaneous triangularizability in terms of the spectrum.

AUPETIT'S THEOREM [1]. For a Banach algebra si the following conditions are
equivalent :

(i) j ^ / R a d (si) is abelian;
(ii) there exists a>0 such that p(A + B) ^ a(p(A)+p(B)) for all A, Be si;

(iii) there exists b>0 such that p{AB) ^ bp(A)p{B)for all A,Besf;
(iv) p is uniformly continuous on si;
(v) there exists c> 0 such that \p(A)-p(B)\ ^ c||i4-2*|| for all A, Best;

(vi) S is uniformly continuous on s/;
(vii) there exists d> 0 such that \S(A)-S(B)\ ^ d\\A-B\\ for all A,Bes/;
(viii) there exists e>0 such that S(A + B) ^ e(S(A) + S(B)) for all A, Best.

(For several other equivalent conditions see [1, p. 48].)

COROLLARY 3. Let si be an arbitrary subalgebra of X{X). Then si is
simultaneously triangularizable if and only if any of the conditions (ii) to (viii) in
Aupetit's theorem hold. If any, hence all, of these conditions hold, then the constants a,
b, c, d, e can all be taken to be equal to 1.

Proof We first show that sf /Radx(j?/) is abelian if and only if j / /Rad (s/) is.
Assuming the commutativity of the latter let A, B be in sf. Then AB—BA e Rad (sf),
so that (AB-BA) C is quasinilpotent for all C in sJ, and hence AB—BA e Radx(j/).
Conversely, assume that s//Rad^s/) is abelian and let A, B, C be any members of si.
Approximate them in si by An, Bn, Cn respectively. Then AnBn — BnAneRsid1(s/)
implies that (AnBn — BnAn)Cn is quasinilpotent and, hence, so is (AB—BA)C.

Now s/ is simultaneously triangularizable if and only if its closure is. (They have
the same invariant subspaces.) Also, the conditions (ii) to (viii) in the above theorem
hold in J / i f they hold in si (by continuity of/? and 8). Thus the equivalence of each
of these conditions to simultaneous triangularizability follows from Theorem 2.
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When s/ is simultaneously triangular, a simple calculation with the diagonal
coefficients (and a possibly absent zero) shows that all the constants in the inequalities
of the theorem can be taken to be 1.

4. 'Perturbed'' self-adjoint algebras

An analogue of Theorem 1 can be obtained for certain 'compact perturbations'
of abelian self-adjoint algebras on a Hilbert space H, that is, subalgebras s/ of 08(H)
lying between Jt and Jt + Jf(H), where Jt is a maximal abelian self-adjoint
subalgebra of 0&(H). We can actually treat a somewhat larger class of algebras s/.

THEOREM 4. Let Jt be a maximal abelian self-adjoint algebra of operators on the
Hilbert space H and suppose that J£Q is weak-operator-dense in Jt. Let s/ be Tifty
algebra with

Jt0 ^ sf ^ Jt + JfT(H).
Then st is simultaneously triangularizable if and only if AB—BA is quasinilpotent for
all A, B in s/.

Proof. By the commutativity of Jt, every commutator AB—BA in si is
compact. Now if si is triangularizable with a nest JV, and if NQN_ is a one-
dimensional 'gap' in JV, then, as in the proof of Theorem 1,

kN{AB-BA) = XN(A)K(B)-lN(B)XN(A) = 0
(although A and B are not themselves necessarily compact). This shows that AB—BA
is quasinilpotent.

To prove the converse, we first show that si has a non-trivial invariant subspace.
If si is commutative then, by the density of JtQ in Jt, we must have si ^Jt and thus
si has reducing subspaces. Otherwise there are Ao and Bo in si with Ao Bo — B0A0^ 0.
Let / be the ideal of s/ generated by the compact operator A0B0 — B0A0. Then , /
is a subalgebra of Jf(H) and is thus triangularizable by Theorem 1. This implies that
s/ is not transitive, because every non-zero ideal of a transitive algebra is transitive.
(This is not hard to see; for a short proof see [9]. Triangularizability of an ideal does
not in general imply that the algebra is triangularizable.)

Now let JV be a totally ordered set of ^-invariant subspaces, maximal with
respect to being invariant. We must show that Jf is a maximal nest. Let N be any
member of J/~ with Hx = N © N_ # {0}. Since N and N_ are both reducing for Jt0, so
is Hv Thus the restriction M(^ of J(o to the subspace Hx is weak-operator-dense in
Jta) and is contained in s/ll), where Ji(l) and s/a) are the respective compressions
of M and s/ to Hv Observe that M(X) is a maximal abelian self-adjoint subalgebra
of ^{Hx) and that

Since every commutator in s/a) is the compression of a compact quasinilpotent
member of stf to Hx, it is itself quasinilpotent, and thus sft satisfies the hypotheses
of the theorem with H1 in place of H. It follows that if the dimension of Hx were
greater than one, it would have a non-trivial invariant subspace by the preceding
paragraph, contradicting the assumption on JV. We have shown that Jf is a maximal
subspace nest.

REMARKS, (i) It would be very interesting to know what happens if in the
statement of the above theorem the inclusion Jt0 £ s/ is dropped and s/ is merely
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assumed to be contained in Ji + X(H). Even in the following very special case the
question is still unsettled. Let «c/ be the algebra generated by a single operator A that
is a compact perturbation of a normal operator. Then s$ satisfies the weakened
hypotheses since it is commutative. It is not even known whether a compact
perturbation of a self-adjoint operator necessarily possesses an invariant subspace.

(ii) Compare Theorem 4 to the result in [3] that if J / is a weak-operator-closed
subalgebra of &{H) containing a maximal abelian self-adjoint algebra, then a
sufficient condition for simultaneous triangularizability is that s>//Rad(s/) be
abelian.

5. 'Traceable' operators

In [10] it was shown that a (multiplicative) semigroup 9* of trace-class operators
on a Hilbert space is simultaneously triangularizable if and only if trace is permutable
on &; that is, if tr (ABC) = tr (BAC) for all A, B, C in 9>.

In order to extend this result to arbitrary Banach spaces, it is necessary to have
a suitable replacement for the ideal of trace-class operators. There seems to be no
unique natural choice. There exist (uncountably!) many distinct classes of operators
on a Banach space X which collapse to the trace class when X is a Hilbert space. For
many of these, there exists no continuous linear extension of the trace of finite rank
operators. Even when the trace of an operator is well defined, it often fails to equal
the sum of the eigenvalues of the operator. (There exists an operator Ton c0 such that
T2 = 0, but its trace is (well defined and) equal to 1 [8].) However, Konig and others
have shown that there exist ideals of compact operators on an arbitrary Banach space
on which the trace is well defined and well behaved.

DEFINITIONS [4, 8]. (i) Let Te&8(X), neN. The nth approximation number of T
is defined by

an(T) = inf{||T-F\\ :Fe@(X),rank(F) < «}.

(ii) Let X, Y be Banach spaces. An operator Te@(X, Y) is absolutely 2-summing
if there exists c> 0 such that, for any finite sequence xlt..., xn in X and any linear
functional / on A'with ||/|| = 1,

Denote by S\{X) the class of all Te@(X) such that £*-i an(T) < oo. Let Tll(X) stand
for the class of all Te@(X) which factor through absolutely 2-summing operators;
that is, such that there is a Banach space Y and absolutely 2-summing operators
Re@(X, Y) and Se@(Y,X) with T = SR.

It can be shown [4, 8] that Sl(X) and TIl(X) are ideals in Jf(X), containing the
finite rank operators. Moreover, Konig [4] proves that if Te S\{X) or Te Tll(X), then
tr(7") is well defined as the continuous linear extension of the trace of finite rank
operators (in appropriate topologies), and in fact

where the'Xn(T) are the eigenvalues of T, repeated according to algebraic multiplicity,
and the above sum converges absolutely.



OPERATORS ON A BANACH SPACE 553

Using these results we can give our triangularizability condition for certain
(multiplicative) semigroups of operators.

THEOREM 5. Let SP be a semigroup contained either in S\ or in Hl(X). Then £f is
simultaneously triangularizable if and only if tr (ABC) = tr (ACB) for all A,B,CeSf.

REMARK. In the Hilbert-space case [10] it suffices to assume that the above trace
condition holds for all A in & and B, C in a generating set for y.

Proof. Suppose that Sf is simultaneously triangularizable. Then, by Ringrose's
theorem, the non-zero eigenvalues of any A e£f are its diagonal coefficients. Thus, for
all A, B,CeSf,

Xn(ABC) = Xn(A)Xn(B)Xn(C) = Xn(ACB).

Hence, using Konig's theorem,

tr (ABC) = £ Xn(ABC) = £ Xn(ACB) = tr (ACB).
n n

Conversely, suppose that the permutability condition of the theorem is satisfied. Let
si £ j f (X) be the linear space spanned by Sf. Since S? is a semigroup, si is an
algebra. Linearity of the trace shows that for all A, B, C in si, tr (ABC) = tr (ACB),
or

tr(A(BC-CB)) = 0.

In particular, given any B, C in 9"', we put A = (BC—CB)n~l in the above equation
to get

tr ((BC-CB)n) = 0

for n ̂  2 and hence for all n ̂  1 (the case n = 1 being true automatically). This
implies, by Konig's theorem, that

£ Xt((BC- CB)n) = £ (X,(BC- CB))n = 0.

But YdT-\^i — 0 f°r all n implies that all the A, are zero. (See the following lemma.)
Thus BC—CB is quasinilpotent for every pair B, C in si and, consequently, si is
triangularizable by Theorem 1.

The following lemma is a special case of a lemma in [9]. For completeness we
include it here. We thank M. Khalkhali for a discussion that led to this short proof.

LEMMA. If Y£M < °° and E£i a? = ° / ° r oil neN, then ax = Qfor all i.

Proof Assume, to the contrary, that ax # 0. Dividing by alt we may suppose that

1 = |fl1| = |fla| = . . . = | f l f c | > | a f c + 1 | ^ . . . .

Thus limn Yju-k+iat = 0> s m c e t n e at a r e summable. But then

k

lim £ an
{ = 0.

n < - l
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Choosing a subsequence {«,} of integers such that each a"t converges, say to bo we
must have Yit-ib? = ® f° r a ^ m^^, since a™nt converges to b?. Letting p be the
number of distinct bt, we can assume, after a permutation, that blt..., bv are distinct.
Then we rewrite the equation YJl-\ K = ® a s

(-1

Thus the non-zero vector ( r xbv . . . , r pbp) is a solution of the homogeneous system

It therefore follows that the Vandermonde matrix ((&{)) has zero determinant, or
f]<*/£<-fy) = 0, a contradiction.
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