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“*We now construct an approximate imbedding of N in R. Apparently
such an imbedding ought to exist for all Il; factors because it does for
the regular representation of free groups’”

Alain Connes, Ann. Math. 104, (1976) p. 105.
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von Neumann algebras

von Neumann algebras

Definition
A von Neumann algebra is a selfadjoint unital subalgebra of B(H)
which is WOT closed.

Examples
e B(H)
@ H=H; & Ho,

(CHRSE

e G discrete group, {*°(G) acting on (?(G)
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von Neumann algebras

von Neumann algebras

@ G discrete group, g € G.
Let \(g) be the operator acting on £2(G) given by:

Mg)f(x) = (g™ 'x),

fe r?(G).
VN(G) is the wot closed subalgebra of B(¢?(G)) generated by

the operators
{Mo), g€ @G}

Let 0x(y) = 0if x # y and 0x(y) = 1ifx = y.
Then A(g)dx = dgx.
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von Neumann algebras

von Neumann algebras

The center of a von Neumann algebra A is the set
{z€e A:za=az,Va e A}.

If the center of a von Neumann algebra A is equal to CI, the von
Neumann algebra is called a factor.

e B(H) is a factor.

@ If Gis a discrete group, then vN(G) is a factor iff every conjugacy
class (except the conjugacy class of e) is infinite.

e VN(F,).n> 2is afactor.
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von Neumann algebras

von Neumann algebras

If A is a factor of type II; there exists a linear form 7 : A — C such that:

e 7(x*x) >0, forall x € A

o 7(1)=1

olfxe A 7(x'x) =0=x=0
o 7(xy) = T(yx).forallx,y € A

the restriction of T to the unit ball is WOT continuous
7(P(A)) = [0, 1], where P(.A) is the set of projections in .A.

The function above is called the fracial state on A.
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von Neumann algebras

von Neumann algebras

If G is a discrete icc group, then vN(G) is a factor of type Il and the
tracial state is given by

T(x) = (x0e, Je) -
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the hyperfinite factor

the hyperfinite factor

Definition
sgig is the group of all permutations of N, fixing all but finitely many
elements of N.

We have
sfin — ux,s,.

Definition

The hyperfinite factor R is the von Neumann algebra vN(Si).
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the hyperfinite factor

the hyperfinite factor

Let G be a discrete group and H a subgroup of G. The restriction of Ag
to H is a multiple of \y.

proof
Write G as disjoint union of right H-cosets, G = UgcgHs, where Sis a
system of representatives of H / Gin G. Then

(G) = Byesl?(Hs).

The space 62(Hs) is invariant under the restriction of Ag to H and this
restriction is equivalent to Ay. [l
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the hyperfinite factor

the hyperfinite factor

A factor M is AF if there exists an increasing sequence (Q,,) of finite

dimensional *-subalgebras of M with the same uni{, such that
T o~ WO

M = (UX,09,)" (equivalently M = (U, Q,) ).

Proposition
The hyperfinite factor R is AF.

proof The algebra A, generated by {Ag(h) : h € S,} is finite
dimensional and U ; A, is dense in A.
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the hyperfinite factor

the hyperfinite factor

Proposition (Murray-von Neumann)
‘R is the unique AF type II; factor.
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the hyperfinite factor

the hyperfinite factor

—

Proposition

‘R embedds in every Il, factor M.

Take a projection p € M such that 7(p) = 1/2, where T is the tracial
state of M. Take u a partial isometry in M such that

uw*=p, tfu=1-—p.

The subalgebra M, of M generated by

(o) (ae)(2a)(5:2%)

is isomorphic to Ma(C). A similar construction shows that there exists a
subalgebra Mn of M, isomorphic to Man(C).
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the hyperfinite factor

the hyperfinite factor

One can show that
wot

U?ailMT’

is a Il factor. By uniqueness of the AF type II; factor, this factor is
isomorphic to R. Hence R embedds into M.
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ultrapowers

ultrafilters

Let X be a set. A filter F on X is a collection of subsets of X s.t.

e XeF

o )¢ F

e Ac F.BeF=ANBecF
e Ac F.ACB=Be F.
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ultrapowers

ultrafilters

o Let X be asetand x € X.Then F = {A C X : xg € A} is afilter.
o X=N.Set F = {ACN:N— A is finite}. Then F is a filter.
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ultrapowers

ultrafilters

Definition

Let X be a set. An ultrdfilter U on X is a filter which is maximal.
Proposition

Every filter F is contained in an ultrdfilter.

Proposition
A filter F is an ulfrafilter iff for every A C X we have A € F or A° € F.
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ultrapowers

ultrafilters

o Let Xbeasetand xg € X. ThenUd = {AC X,x € A} isan
ultrafilter. These are called principal.

Let F = {AC N: N — A is finite}. There is no principal ultrafilter that
contains F. Hence there are ultrdfilters that are not principal. These are
called free ultrdfilters.
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ultrapowers

ultrafilters

Definition

Let (an) be a bounded sequence in R and U an ultrafitter on N. We
say that x is a U-limit of (ay) if for every neighbourhood S of x, the set
{neN:a,eS}isinU.

| A

Proposition

Let (an) be a bounded sequence in R andU an ultrdfilter on N. Then
there exists an x which is the U-limit of (ap,). We denote x = limy a,.
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ultrapowers

ultrafilters

Let (an), (bn) be bounded sequences in R and U an ultrafilter on N.
Then

o limy(an + bn) = limys ap + limy by,
o limy(Aa,) = Alimy a, for A € R

@ limy(anbp) = limy ap, limy, by,
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ultrapowers

ultrapowers

Let U be an ultrafilter over N. Let X,, be a set, forn € N,

The set theoretic ultraproduct of the family {Xn}neN with respect to U is
defined as follows:

Let [ [ ,cry Xn e the product of the family {X, },cn. Define a relation on

HnGN Xn:

Xn~ Yn = {nixa=yn} €EU.

The ultraproduct of the family {X, } nery with respect to the ultrafitter U is
X/ ~.
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ultrapowers

If X, = X for all n € N, we use the word ultrapower of X.
In that case, X embedds in the ultrapower of X, via the map

x = (X, X, X, ...).

The ultrapower of R with respect to a free ultrdfilter on N is the set of
hyperreal numbers. It is a field, containing RR.

LetU be a free ultrdfilter, and RY the ultrapower of R with respect to
U. The class of (%) neN in R js strictly smaller than any positive real
number (infinitesimal).
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ultrapowers

ultrapowers

Let U be an ulirdfilter over N. Let X,, be a Banach space forn € N
The ultraproduct of the family { X, }ren with respect to U is defined as

follows:
Let
X={x=(x) € H Xn 1 sup ||x,|| < 400}
neN
Let

J={x=(x)€eX: Ii{{n ||Ix-|l = 0}.

The Banach space ultraproduct of the family {X, } ney with respect to
the ultrdfilter U is the Banach space X / J, with norm defined by

b+ ]l = tim ol x,,

where x = (x,) € X.
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ultrapowers

ultrapowers

If X, = X for all n € N, we use the word Banach space ultrapower of X
and we denote it X4,
In that case, X embedds in the ultrapower X4 of X, via the map

x = (X, %, X, ...).

@ The Banach space ultrapower of R with respect to a free ultrdfilter
over N is isomorphic to R.

@ The Banach space ulirapower of a finite-dimensional Banach
space X with respect to a free ultrafilter over N is isomorphic to X.
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ultrapowers

ultrapowers

Let U be an ulirdfilter over N. Let M, be a type I} factor with tracial
state 7, forn € N.
The ultraproduct of the family { M} en with respect to U is defined as

follows:
Let .
M={x=(x) € H M, sup x| < oo}
neN
Let

J={x=(x)) € M : im (%) = 0}.

Tﬂ? ultraproduct of the family M, with respect to the ultrafilter U{ is
M/J.
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ultrapowers

ultrapowers

Then Mv / Jis a type II; factor with fracial state

T(x+J) = Iizr/ln Tn(Xn)s
forx = (x,) € M.
If M, = M forall n € N, we use the word ultrapower of M with
respect to U and we denote it MY,

In that case, M embedds in the ultrapower MY, via the map

x = (X, %, X, ...).
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Definition
A factor is separable if it is faithfully representable in some B(H) for a
separable Hilbert space H.

The Connes’ Embedding Conjecture is the following:

Every separable type Il factor M is embeddable in RY, where U is a
free ultrafiter over N,

Embeddable means that there is an injective, trace preserving
*-homomorphism from M into RY.
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Theorem (Ge-Hadwin, 2001)

LetUd and V be two free ulirdfilters over N. Assuming Contfinuum
Hypothesis (CH) , the factors RY and RY are isomorphic.

Theorem (Farah-Hart-Sherman, 2013)

Let M be a separable Il factor. Then, Continuum Hypothesis is
equivalent to the statement that all the ultrapowers of M with respect
to free ultrdfilters over N are isomorphic.
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Assuming CH, if the Connes’ Embedding Conjecture is frue, then there

will be a universal type I, factor. Every separable II; factor will embedd
into RY, where U is a free ultrafilter over N.

Ozawa (2004): If there exists a Il factor A/ such that every separable Iy
factor embedds into A, then A is not separable.

LetU be a free ulirafilter over N. The factor RY is not separable.

M. Anoussis Connes’ Embedding Conjecture



equivalent statements

equivalent statements

Let H be a separable Hilbert space. We consider the set of von
Neurnann algebras vN(H) acting on H equipped with the
Effros-Marechal topology. We denote:

i, the set of type [ finite factors acting on H,

J) the set of type [ factors acting on H,

Jar the set of AF factors acting on H.

Theorem (Haagerup-Winslow, 2000)

The f.a.e.:
@ Connes’ EC is frue
@ Jar is dense in vN(H)
e J is dense in vN(H)
o Jun is dense in vN(H).
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equivalent statements

equivalent statements

If A, B are C*-algebras we consider the following norms on the
algebraic tensor product of A and B:

|IX||max = sup{m(x) : ™ * —representation of A® B}

IX||lmin = sup{m ® ma(x) : m * —repr. of A, * —repr. of B}.
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equivalent statements

Let IF be the free group with a countable number of generators.

Theorem (Kirchberg, 1993)

The f.a.e.:

@ Connes’ EC is true

C*(Foo) Smin C*(Foo) = C*(Foo) ®umax C*(Foo).
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equivalent statements

CEC is equivalent to Tsirelson’s Problem in Quantum Information Theory.
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