INTRODUCTION TO VON NEUMANN ALGEBRAS

G. K. ELEFTHERAKIS

1. OPERATORS AND SPECTRUM

Let H be a complex Hilbert space with inner product < -,- > and norm ||¢]|2 =
V<& E>. Alinear map T : H — H is called bounded operator if

IT]| = sup{IT(€)lz = [|€]l2 < 1} < 4o00.
We denote
B(H)={T: H— H, T isbounded operator}.
The space B(H) is a Banach algebra under the composition of operators. If T €
B(H) there exists unique S € B(H) such that
<T(§1)7€2 >=< glas(éé) >, vfb §2 € H.
We denote in this case S = T* and we call T* adjoint of T.
Exercise: If T € B(H), then ||T|* = ||T*T||.
Definition 1.1. Let T € B(H).
(i) If T = T* we call T selfadjoint operator.
(ii) If TT* = T*T we call T normal operator.
(iit) If T*T = Idg we call T isometry. (Prove that T*T = Idy < ||T(§)|]2 =

€ll2, for all € € H ).
(i) If TT* = T*T = Idyg we call T unitary. (Thus the unitaries are the onto

isometries).

Examples 1.1. (i) Let H = *(N) = {£ = (&u)n : Doney [&n]?} < 400 and (an)n
be a bounded sequence. Then the operator T : H — H, T(§) = (a1&1,a282,...) is
a bounded operator and ||T|| = sup{|an| : n € N}.

(ii) Let

Sl cH — H7 Sl((glvé-?v"')) = (07517627'“)7 S2 H — H7 Sl((£17£27"')) = (527537 )

Prove that S} = S2, 51 is an isometry, S; is not normal.

(iii) Let
H = ZQ(Z) = {f = ("'a§—2a§—1a€07£17§2a ) : Z ‘§n|2 < —|—OO}
nez

The operator S : H — H,S((&k)k) = (§k+1)k is unitary.
(iii) Let (X, ) be a measure space, H = L?(X, ) and f € L>=(X, ). Then the
operator
T:H—H, T(g9)=fg
is normal and || T|| = || f||co-
Let H be a Hilbert space and T' € B(H). We call T positive if < T(£),£ >> 0

for all £ € H. We write T' > 0.
1
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Theorem 1.2. Let T € B(H),T > 0. Then there exists a unique positive operator
S € B(H) such that 82 =T. We write S = T=.

We shall sketch the proof later.

Definition 1.2. If T € B(H) then we can easily see that T*T > 0. Thus there
exists S € B(H) such that S = (T*T)z. We denote S = |T).

Definition 1.3. Let H be a Hilbert space and K C H be a closed subspace. If
T € B(H) such that the restriction T|k is an isometry and T|gr = 0 we call T
partial isometry. We also call K initial space of T and T(K) final space of T.

Theorem 1.3. (Polar decomposition) Let T € B(H). There exists a partial isom-

etry V' with initial space |T|(H) and final space T(H) such that T = V|T|.

Proof. If € € H then

IT©)N2 =< T(€),T(§) >=< T*T(€),§ >=< |T(€), & >=<T|(&),|TI(&) >= IIT(E)III*.
Then the map

Vo : [T|(H) = T(H), |T|(§) = T(¢)
is a linear isometry. Therefore Vy extends to an isometry Vi : |T|(H) — T(H).

We define V' : H — H such that V(&) = V1(§) if € € |T|(H) and V(&) = 0 if
€ € |T|(H)*. Then V is partial isometry and T = V|T. O

Definition 1.4. Let H be a Hilbert space and P € B(H). We call P a projection
if P2 = P = P*.

For every closed subspace M C H there exists a unique projection P € B(H)
such that P(H) = M and vice versa.

Definition 1.5. Let P,Q be projections. We say that P and Q are mutually or-
thogonal if P(H)LQ(H). We write PLQ.

Exercise: Prove that P1Q iff PQ) = 0.

Definition 1.6. Let {P; :i € I} C B(H) be projections. We denote by N1 P; the
projection onto Nicr P;(H) and by Ve P; the projection onto span{U;c; P;(H)}.

Definition 1.7. Let T € B(H). We call spectrum of T the subset of C given by
o(T) ={\ € C: there does not exist S € B(H) such that (Aldg—T)S = S(A\ldy—T) = Idy}.

Theorem 1.4. (i) The spectrum o(T') is a nonempty compact subset of C.
(ii) Let T € B(H). Then T = T* < o(T) C R
(i) Let T =T* € B(H). ThenT > 0= o(T) C [0, +00).

Theorem 1.5. Let T =T* € B(H). Then ||T|| = sup{|\| : A € o(T)}.

Definition 1.8. Let T € B(H) and p(x) = aga® + ... + ayx + ag € Clz] be a
polynomial. We denote by p(T) the operator apT* + ...+ ay T + agldy.

Theorem 1.6. Let T' € B(H) and p € C[z]. Then

o(p(T)) = {p(\) : A€ a(T)},
in other words o(p(T)) = p(a(T)).
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Proof. Let A € C and consider the polynomial ¢(x) = p(x) —\. By the Fundamental
Theorem of Algebra

q(z) = alx — a1)...(x — ay).
Thus
q(T)=p(T) — Nldg = a(T — a1 Idg)...(T — a,Idg).
Therefore
A€ o(p(T)) = p(T)—Aldg is notinvertible = 3 k such that T—arldg is not invertible =
3k such that ay, € o(T) = X = p(ag) € p(a(T)),
thus o(p(T)) C p(o(T)). If p € o(T) then T — pldy is not invertible. Also since
PN = p(p) = A =)o) = p(T) — p(w)ldu = (T — pldn)d(T)
the operator p(T') — p(p)Idg is not invertible. Thertefore p(u) € o(p(T')). Thus,
p(a(T)) € o(p(T)). O

2. CONTINUOUS FUNCTIONAL CALCULUS, SPECTRAL THEOREM FOR
SELFADJOINT OPERATORS

Definition 2.1. Let A be a subspace of B(H). We call A C*—algebra if

(i)
T,SecA=TSec A,
(it)
TeA=T"ec A,
(iii)

A=A

Definition 2.2. Let T = T* € B(H) we denote by C*(T) the unital C*—algebra
generated by T. Observe that

C*(T) ={p(T) : p is polynomial}.

If X is a compact metric space, we denote by C(X) the algebra of continu-
ous functions from X to C. This is a Banach algebra under the norm |f||x =

sup{|f(z)| : x € X}.

Theorem 2.1. Let T € B(H) be a selfadjoint operator. Then there exists an
isometric homomorphism ® : C(o(T')) — C*(T) such that

(i) ®(p) = p(T) for all polynomials p,

(i) ©(f) = ©(f)" for all f € C(a(T)).
Proof. If p is a real polynomial then p(T)* = p(T), so

(D) = sup{[ul = € a(p(T))}-
But o(p(T)) = p(o(T)). Thus,
Ip(T)| = sup{|p(t)| : t € p(o(T))} = lIpllo()-

Let p be an arbitrary real polynomial. We define ¢ = pp. This is a real polynomial
and
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Thus,
(D)1 = Ip(T) (D) = la(D)| = llallocr) = [BPllocr) =

P llocry = 1p*lo(r)-
Therefore |[p(T)|| = |[pllo(1). We conclude that the map

O Pr(o(T)) = C*(T), O(p)=p(T),

where Pgr(o(T")) is the algebra of real polynomials on ¢(T'), is isometric homomor-
phism. Since by Stone Weierstrass Theorem P(o(T")) = C(o(T)) and since

C*(T) ={p(T): p real polynomial}

we conclude that ® extends to an isometric homomorphism from C(o (7)) onto

C*(T). O
Notation: For every f € C(o(T)) we denote ®(f) = f(T).

Corollary 2.2. Let T € B(H) be a positive operator. Then there exists S € B(H)
such that S >0 and S? =T.

Proof. We define the continuous functions fo(t) =¢, f(t) =+t t € o(T) and
we denote S = ®(f) = f(T). Since o(S) = f(co(T)) and f(c(T)) C [0,400) we
conclude that S > 0. Since f2 = fy we have f2(T) = fo(T) = S* =T. O

Exercise: Prove that S is the unique operator such that S > 0 and S? = T.

Remark 2.3. We know from Linear Algebra that if T': C* — C" is a selfadjoint op-
erator, then there exists a unitary U : C* — C™ such that U*TU = diag(A1, ..., \n)
where \; € R. The set of eigenvalues of T is {\1,..., A\, }. But if T = T* € B(H),
where H is an infinite dimensional Hilbert space T' does not have eigenvalues neces-
sarily. For example the operator T : L%([0,1]) — L?([0, 1]) given by T'(f)(t) = tf(t)
has not eigenvalues. Nevertheless the following theorem known as spectral theorem
holds:

Theorem 2.4. Let T be a bounded selfadjoint operator acting on a Hilbert space
H. Then there exists a measure space (X,p) a unitary U : L*(X,u) — H and a
function f: X — R in L>®(X, u) such that U*TU = My where M;(g) = fg for
all g € L?>(X,p). When H is separable, X can be taken to be a locally compact
Hausdorff space and p be a regular Borel prabability measure.

We sketch the proof:
Definition 2.3. A vector ¢ is called cyclic vector for T if H = {p(T)¢ : p € Clx]}.

Assume that £ is a cyclic unit vector for T. Let X = o(T). By the continuous
functional calculus there exists an isometric #-isomorphism

O:C(X)—CNT):D(f) = f(D).
Define the linear functional
p:OX) = C, p(f)=<f(T)§&>.

Then p is a positive linear functional on C(X) and p(1x) = 1. By Riesz’s represen-
tation theorem there exists a unique regular probability measure p such that

o(f) = /X fdu, ¥ f € C(X).
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If g € C(X) then

\|9||§:/X|g|2du:p(lgl2) =< g(T)*g(T)¢, & >= || g(T)El3-

Thus the map
Up: C(X) — H, Uos(g) =g(T)§

is linear isometry in || - || norm. Since C(X) is dense in || - |2 norm in L?(X, u), Uy
extends to an isometry U : L?(X, u) — H. Since ¢ is cyclic for T, U is onto, thus it
is a unitary. Let f(t) =t,t € X. For all g € C(X) we have

UMy (g) = Uo(fg) = f9(T)§ = f(T)g(T)§ = Tg(T)(&) = TUo(g) = TU(g)-
Thus UMy = TU. The proof is complete.

We drop the assumption of the existence of a cyclic vector. By Zorn’s Lemma
there exists a family {H; : ¢ € I} of mutually orthogonal closed subspaces of H
such that

(i)

T(H;) C H;, Vi

(ii) For every i there exists a cyclic vector for the operator T'|p, : H; — H;

(iii) H is equal with > @®;H;.

From the first part of the proof there exist unitaries U; : L*(X;, u;) — H; such
that U;/T |, U; = My, where f; : X — R are functions in L>°(X;, p1;). Define (X, p1)
to be the disjoint union U; (X, y1;). Then L?(X, p) is the sum Y, &;L*(X;, p;). We
define the operator U = >, &;U; : L*(X, ) and the map f: X = R, flx, = fi.
Clearly UMy = T'U. The proof is complete.

3. ToPOLOGIES ON B(H). DOUBLE COMMUTANT THEOREM. KAPLANSKY
DENSITY THEOREM

Definition 3.1. The weak operator topology (WOT) is the topology on B(H), whose
the basis for every T € B(H) is the collection of sets

V(T 21,y Ty Y1y ooy Yn) ={S € B(H) : | < (T — S)(x3),y: > | < 1,1 <i<n}.
Observe that a net (Sx)x € B(H) converges to S € B(H) in the WOT iff
< Si(z),y >—=< S(x),y >
for all z,y € H.

Definition 3.2. The strong operator topology (SOT) is the topology on B(H), whose
the basis for every T € B(H) is the collection of sets

U(T,x1,...,xn) ={S € B(H) : (T — S)(z;)|| < 1,1 <i<n}.
Observe that a net (Sx)x € B(H) converges to S € B(H) in the SOT iff
153 (x) = yll2 =0
for all z € H.
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Remarks 3.1. (i) The SOT is strictly stronger than the WOT.
(ii) The unit ball Ball(B(H)) is WOT compact but not SOT compact.

(iii) If H is separable, Ball(B(H)) is metrizable in the WOT and in the SOT.
(iii) If C is a convex subset of B(H) then oot =T,

Definition 3.3. Let A be a selfadjoint algebra which is WOT closed and which
contains the identity operator Idy. We call A von Neumann Algebra.

Definition 3.4. For a set X C B(H), the commutant of X is the set
X' ={TeB(H): TS=STV S € B(H).
Also the double commutant of X is the set X" = (X')'.

Remarks 3.2. (i) X’ is WOT closed algebra.
(i) X C X"
(iii) X' = X"
Theorem 3.3. Let A C B(H) be a x-subalgebra such that span(A(H)) = H. Then
A7 — FVOT _ S0t
We can easily see that

— T — T
AT c AT c .

. . —SOoT .
So it suffices to prove that if T' € A” then T € A~~~ . Equivalently we have to prove

that for all &, ...,&, € H the set U(T, &1, ...,&,) N A is nonempty, or equivalently
there exists A € A such that | T(§;) — A(&)|| < 1foralli=1,..,n.

Step 1: Proof for n=1.
Claim: If P € B(H) is a projection such that AP(H) C P(H) then P € A'.
Indeed if T € A then for all £ € H

PTP(¢) =TP(¢) = PLTP(E) =0

Thus, PLTP = 0. Since A* C A by the same argument P-T*P = 0 = PTP+ = 0.
Thus TP = PTP = PT. Therefore P € A’
Let P = A&;. From the claim we conclude that P € A’. If A € A then

APte = PHAg =o0.
Thus
<APT&,w>=0, Vw € H, VA € A< P, Aw>=0, Vw € H, VA e A
Since H = span{A(w): A€ A, w € H} we have
PYé=0=& = P& = & € P(H).

Also, since T' € A” = TP = PT = TP(H) C P(H). Therefore since {; € P(H)
we have T'(§1) € P(H) = A&;. Therefore there exists A € A: ||[T(&1) — A(&)| < 1.

Step 2: Proof for n arbitrary.

Define the Hilbert space H" = H ® H ® ... & H. Then

B(H") = My(B(H)) = {(Tij)1<ij<n = Ty € B(H)}.

If S € B(H) we denote S™ = diag(S,...,S). We denote A" = {S™ : S € A}. We
can easily see that

(An)/ — Mn(A/) = (An)// — Mn(A/)/ — (A/I)n.
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Now let & = (&1, ...,&,)t € H™. From step 1, there exists A" € A™ such that
[T7() = A"l < 1= IT(&) — AG) <1, i=1,....,n.

Definition 3.5. Let
CR)={f:R—C, fiscontinuous},
Co(R)={f:R —=C, fiscontinuous which vanishes at oo}.
If T € B(H) is a selfadjoint operator and f € C(R) then ¢(T) C R and flory €

C(o(T)) which implies that f|,)(T) € C*(T). We denote f(T) = f|yr)(T) and
we have

IF DN = Iflocr)lloe <sup{[f(@)]: t € R}.

Lemma 3.4. Let (Ta)x C B(H) be a net of selfadjoint operators such that SOT —
limy Ty =T and f € Co(R). Then

J(T) = SOT —lim f(T»).

Theorem 3.5. Kaplansky Density Theorem Let A C B(H) be a C*-algebra
such that span(A(H)) = H. Then

(Z) —SOT

Ball(A)sq = Ball(A")s,
(ii)
Ball(A)°°" = Bali(A")

Proof. (i) Let T =T* € A”, with norm ||T']| < 1. By Double Commutant Theorem
there exists a net (Th)) C A such that T'= WOT — limy T. Thus,

T:WOT—hinT“;TA.

Therefore we may consider that there exists a net (Sy)x C A such that S} = S,
and T = WOT — limy S). We proved that T is an element of the WOT closure
of the set of the selfadjoint operators, Ag,. But Ay, is a convex set, thus we may
consider that there exists a net (Sy)x C Asq such that T'= SOT —limy Sy. Choose
a real function f € Cy(R) such that f(¢t) =t for all =1 < ¢ < 1 and ||f]le < 1.
Since o(T) C [-1,1] we have f(t) =t for all t € o(T') thus f(T) = T. By the above
Lemma

T=f(T)=S0T - li}\nf(SA).
Since || f|y(sy)lloo < 1 we have || f(Sy)|| <1 for all A. Since f = f we have
f(SA) € C*(S)\)sa - -Asa~
The proof of (i) is complete.
(ii) Let T = T* € A” with norm ||T|| < 1. Define the selfadjoint operator

S = < 79* g > . This operator is an element of the ball of the set of 2 x 2

matrices with entries in A" : M5(.A”). Observe that

My(A”) = My(AVOT) = M (A)" 77 = My(A)".
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Thus S € Ball(M2(A)")sq. By the first part of the proof there exists a net

N A\ B,
»=(& )
in the algebra M3(A) such that ||Sy]| < 1 for all A and S = SOT — lim) Sx. We

conclude that T'= SOT — limy B,. Since || By|| < 1 and By € A for all A the proof
is complete. ([

It remains to prove the Lemma in page 2.

Definition 3.6. (i)Let f € C(R). We call f strongly continuous if for every net
Sy = S% C B(H) such that S = SOT — lim\Sx = f(S) = SOT —lim, f(Sy).

(i) V={f € CR): f is strongly continuous}

(iii) VP = {f € V3 [|flleo < o0}

It suffices to prove that Co(R) C V. Let

1
hl0) = T

We can prove that h, € V. Since the function h(t) = t belongs to V and V*V C V/
The functions

s € R.

st

“ 1y SCR

ks(t) = h(t)hs(t)
belong to V. Observe that
{ks : s e R} CV NCH(R).

Since the set {ks : s € R} separates the points of R the set V N Cp(R) separates
the points of R. But we can easily see that V N Cy(R) is an algebra. Thus by
Stone-Weierstrass Theorem

VAG®) ™ = cy(R).

If (f,) is a sequence of functions in V' and || f, — fllo — 0 then f € V. Thus
Co(R) C V. The proof is complete.



