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Abstract. Wide channel Couette (WCC) turbulence is striking in being dominated by
a large-scale spanwise periodic structure composed of streamwise streaks and associated
roll superstructures. This apparent equilibrium is shown in this work to correspond to
a fixed point solution of the Navier-Stokes equations expressed in the statistical state
dynamics (SSD) framework. Moreover, this fixed point solution is found to be rank-three,
consisting of one analytically identified roll-streak structure (RSS) constituting the first
cumulant of the SSD, and two analytically determined eigenmodes supporting the second
cumulant. This minimal representation captures both the structure and the dynamics of
WCC turbulence, while the remaining spectral components contribute negligibly to the
equilibrium dynamics. Turbulent Couette flows other than WCC can be understood to
be limit cycle and chaotic extensions supported by the same underlying mechanism as the
fixed point WCC turbulence except for the two eigenmodes supporting WCC turbulence
being replaced by two Floquet modes and two Lyapunov vectors, respectively. These
results provide an analytic solution for turbulence in Couette flow.

1 Introduction
It is advantageous in constructing a theory for a physical phenomenon to begin with the simplest
manifestation of the phenomenon and to build understanding of its more complex manifestations on the
foundation of a comprehensive understanding of the simplest example. In the case of wall turbulence, the
simplest canonical example is the turbulence that develops in wide channel Couette flow (WCC).
Experimental observations [2, 25, 30, 31, 16, 15] and DNS simulations of WCC at a wide range of
Reynolds numbers [17, 34, 26, 1, 18, 12] have revealed that Couette turbulence is dominated by an
apparent equilibrium state consisting of large scale roll streak structures (RSS). These structures represent
a fundamental organization of the turbulent flow field, with the streaks exhibiting characteristic spanwise
wavelengths and maintaining coherence over extended streamwise distances. As the channel becomes
wider in the spanwise direction so that the dynamics becomes increasingly independent of spanwise
boundary effects, the temporal variability of the RSS diminishes significantly [26]. This reduction in
time-dependence strongly suggests that the flow approaches an equilibrium state in which the large-scale
RSS organization achieves a time independent balance among its energy production, transport, and
dissipation processes. The emergence of this fixed equilibrium turbulent state in WCC provides a unique
opportunity to analyze the fundamental structures and dynamics of wall turbulence in its simplest and
most transparent manifestation.
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These equilibrium structures in WCC are not equilibria of the Navier-Stokes equations (NSE) formulated
in velocity state variables, which is the reason that, despite the striking evidence for a fixed point structure
presented by DNS of WCC, these equilibria have remained unexplained. The reason the analytic structure
of these equilibria have remained unidentified is that the instabilities underlying these structures are
nonlinear. Identification of the structure underlying turbulence in shear flow and the dynamics of this
structure, which supports the turbulent state, follows from formulating the NSE so that this structure
can be identified using linear perturbation theory. In order to identify the turbulent state it is also
required that the nonlinear equilibration of this instability be followed analytically to its equilibration
as a turbulent state. The pivotal first step required to execute this program is to formulate the NSE in
nonlinear variables so that the nonlinear instability underlying the turbulence can be identified using linear
perturbation theory. It is then straightforward to use these same equations to find the associated equilibria
proceeding from these instabilities which can be identified as the analytic expression of the turbulent
state. The formulation of the NSE in nonlinear variables that allows this analysis is the statistical state
dynamics (SSD) formulation and specifically closure of the NSE in a cumulant expansion at second
order. The stochastic structural stability theory (S3T) formulation is the closure of the NSE SSD at
second order in a cumulant expansion in which the averaging operator is chosen to be the streamwise
average and the fluctuation-fluctuation interactions are parameterized as a white in time stochastic process.
The S3T formulation developed as a component of a theory for the spontaneous emergence of jets in
turbulent planetary atmospheres and bears the legacy acronym, S3T, of that use [4]. S3T incorporates the
fundamental dynamics of wall-turbulence while retaining maximal analytic clarity and simplicity. In this
closure the covariance of the fluctuations appears as a variable. Linear perturbation of the covariance as a
variable allows identification of the nonlinear instability underlying the turbulence. The modes identified
by stability analysis of S3T equilibria have previously been shown to predict the perturbation RSS that
arises in transitional flows in the presence of free-stream turbulence. Study of the mechanism sustaining
this perturbation RSS revealed that it is also the mechanism underlying the self sustaining process (SSP)
in fully turbulent flows [5, 10, 24].

Although the S3T SSD is the most simple non-trivial closure of the NSE SSD, study of SSD dynamics
even in S3T remains numerically challenging due to the high dimensionality of the S3T state space. In
the S3T formulation of the SSD dynamics of the NSE in wall-turbulence, it is necessary to advance both
the first cumulant, which has dimension O(N, x N,), where N, and N, denote the number of spectral
components required to resolve the state in the wall-normal and spanwise directions, respectively, and the
second cumulant which, in its simplest manifestation, has dimension O(Ny2 x N2). This quadratic scaling
of the second cumulant makes direct numerical integration computationally challenging. We find that for
most purposes the infinite ensemble required by S3T dynamics can be adequately approximated by a finite
ensemble [10]. Moreover, we show below that the ensemble representation of the S3T dynamics without
explicit stochastic closure not only reproduces the infinite-ensemble dynamics of S3T exactly, but also
reveals structural information about the second cumulant that remains obscured in the standard cumulant
representation. Specifically, the ensemble formulation exposes the rank structure and modal composition
of the second cumulant, providing physical insight into the mechanisms sustaining the turbulent equilibria.

In the following section we derive the ensemble representation of NSE SSD dynamics and explain how
finite ensembles can capture the infinite-ensemble limit of S3T dynamics. In the remaining sections, we
apply this framework to WCC turbulence.

2 Ensemble formulation of the statistical state dynamics of plane Couette turbulence
Consider an incompressible plane Couette flow of density p in a channel periodic in the streamwise, z, and
spanwise, z, direction with boundary conditions u(z + L., y, z) = u(z,y, 2), u(z,y,z + L,) = u(z,y, 2)
where L, and L, are the non-dimensional channel extents in x and z and with cross-stream channel
walls at y/h = +1, with U, %X the velocity at y/h = 1 respectively where (x is the unit vector in the
a-direction). The Reynolds number is R = U, h/v, with v the kinematic viscosity.

The velocity field u is non-dimensionalized by U, the pressure field by pUZ2, the spatial variables z, y,
z, by h and time by h/U,,. With this choice of non-dimensional variables the NSE governing the flow and
without any change of notation becomes:

u+u-Vu+Vp—Au/R=0, V-u=0. (1)

Denoting an averaging operator satisfying Reynolds conditions [20] as {-}, the velocity and pressure
fields in (1) can be partitioned into mean, denoted by U(y, z,t) = {u}, P(y,2,t) = {p} and deviations
u'(z,y,2,t), p'(x,y,2,t) from this mean (referred to as fluctuations) so that u = U + u’ and p =
P(y,z,t) 4+ p'(z,y, z,t). Partition of the state into mean and fluctuations allows the NSE to be expressed
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as separate equations for the evolution of the mean and the fluctuations:

U +U-VU +VP—AU/R=—{u'-Vu'}, (2a)
' +U -Vu' +u - VU +Vp — Au/'/R=—(u - Vu' — {u/ -Vu'}) , (2b)
V-U=0, V-u'=0, (2¢)

with corresponding boundary conditions. The averaging operators we will consider are spatial averages
over coordinates and ensemble averages. Spatial averages will be denoted by square brackets with a
subscript indicating the independent variable over which the average is taken; for example, streamwise

averages are defined as [-], = L, ! fOL’” - dx, while ensemble averages over independent realizations of the
flow field will be denoted by angle brackets ().

In formulating the SSD for our study we adopt for Reynolds averaged operator the streamwise mean
and interpret (2a) as the first cumulant with that Reynolds averaged operator and consider that an
ensemble of fluctuations that evolve in the mean field (U, P) according to (2b) interact with the mean
through the Reynolds stress divergence produced by their ensemble average. In order to produce an
SSD closed at second order it is necessary to parameterize the contribution of the fluctuation-fluctuation
interactions (v’ - Vu' — {u' - Vu'}) in the ensemble fluctuation dynamics in a state independent manner.
We have in the past used a stochastic parameterization for this term that excites the fluctuation equation
with independent temporally white structures with spatial correlation Q. Although we make use of results
obtained using this parameterization, in this work we primarily ignore this term by setting Q = 0. The
N-ensemble SSD is thus governed by the equations

HWUN+UN -VUN +VP - AUN/R = ~([u;, - Vu,], )y (3a)
o, + Uy -Vu, +u, -VUy +Vp, —Au, /R=0, n=1,2,--- N, (3b)
V-Uy=0, V-u,=0, n=1,2--- N, (3c)
where n = 1,--- , N indicates the ensemble member while Uy is the mean flow shared in common by the

N fluctuation ensemble members and (-), indicates an average over the N ensemble members. In the
limit N — oo we obtain a SSD closed at second order referred to as the S3T system with Q = 0, which
has as its variables the first and second cumulants of the velocity fields, (U, C). We refer to system (3) as
the restricted nonlinear system (RNL) with N ensemble members and denote it RN Ly.

By choosing the streamwise mean as the averaging operator we implicitly make the assumption that
the statistical state is statistically homogeneous in the streamwise direction and that this statistical state
is stable. The fluctuation fields can then be expanded in a Fourier series:

W(z,y,z,t) = Y W, (y,2,0) e, (4)
n€Zxg

with ay, = na = 2mn/ L, the streamwise wavenumber, and correspondingly the second cumulant of the

S3T streamwise statistically homogeneous state between point 1 def (z1,41,71) and point 2 def (2,Y2, 22),
as

Cij(1,2,t) = (uj(a1,y1, 21, t)uj (w2, Y2, 22, ) = Z Cijn(1,2,t)ern(F1w2))

n=—oo
with

Cij’n(l, 2, t) = <’LAL;’Oén (yl7 21, t)’LAL?:an (yg, 22, t>> R (5)
the same time covariance of the n-th Fourier component of the velocity fluctuations, ﬁ;’an, with the

indices ¢ and j indicating the velocity components of u’ (x denotes complex conjugation). The S3T SSD
equations having as variables the first cumulant U and the second cumulant the Reynolds averaged
fluctuation-fluctuation covariance, C, can then be written by forming an equation for the evolution of C
from (3b) and expressing the Reynolds stress forcing in the mean equation (3a) in terms of C (cf. [5, 9]).
The covariance of the RNLy system is formed by averaging the covariance of the N ensemble members
which approximates the infinite ensemble covariance forming the second cumulant of the S3T SSD state

(5):

N
1 N N
CNJj,“(L 2ﬂt) = N Zu/(i,(xn),k(yh Zlat)u/(j,an),k(y27227t) . (6)
k=1
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This covariance is at most rank N, and converges to the infinite ensemble covariance, C, of the S3T SSD
as N — oo.

In our study of the SSD of wall-turbulence we have frequently reported results from RNL; simulations
(cf. 28, 8, 6]). The RNL; system is the approximation to the S3T SSD obtained using a single-member
ensemble of fluctuations. In the case of (3), in which the fluctuation-fluctuation interactions are absent,
this results in a fluctuation covariance matrix, C, of rank 1. Although the term involving fluctuation-
fluctuation interactions in (2b) has been set to zero in (3b), the quasi-linear RNL; system sustains a
realistic turbulent state (cf. [3, 8, 9]) supported by a small set of fluctuations that are spontaneously
maintained by the dynamics and that thereby identify the active subspace supporting RNL; turbulence
[29, 23].

In a similar manner, the quasi-linear RNLy and S3T equations maintain a realistic self-sustaining
turbulence supported by a small set of fluctuation structures at a few streamwise wavenumbers [5, 29, 8].
This subspace of fluctuations sustaining the turbulence is spontaneously identified by the dynamics and
corresponds to the active subspace of the turbulent state, a concept that was introduced on heuristic
grounds by Townsend [32, 33]. This active subspace is identified as the subspace spanned by the small
set of Lyapunov vectors with zero Lyapunov exponent that survive when the fluctuation state is evolved
by the fluctuation equations (3b) with the first cumulant, U(y, z,t), supported by the turbulence. This
follows directly from the quasilinearity of the S3T/RNL SSD on reflecting that at equilibrium fluctuations
with negative exponent have vanished, while existence of equilibrium requires that no fluctuations with
positive exponent remain. This implies that the first cumulant of the turbulent flow in S3T/RNL SSD
turbulence (with Q = 0) has been regulated by the two-way mean-fluctuation interaction to neutrality,
providing proof of the validity of an extended version of the Malkus conjecture [19, 27] that turbulent
mean flows are regulated to a state of perturbation neutrality. This neutrality of the first cumulant in
RNL is reflected in the corresponding DNS by the first cumulant being slightly unstable as required to
support the energy cascade to higher streamwise wavenumbers that is present in DNS but is not present
in RNL [22, 23].

It follows that the covariances, Cy and C, associated with RNLy and S3T respectively, have small
rank corresponding to that of the set of zero Lyapunov exponent fluctuation structures comprising the
active subspace. Demonstration that a small set of analytically known fluctuations with associated low
rank covariance, C, supports realistic shear turbulence in S3T suggests that NSE turbulence is essentially
supported on a closely related limited set of identifiable structures, however much inessential structures
produced as a result of fluctuation-fluctuation nonlinearity may obscure this underlying dynamical
simplicity [23]. As noted above, the first step in this identification is to realize that the rank of the
covariances Cy (or C) is equal to the number of “neutral modes” supported in the second cumulant by
the first cumulants Uy (or U) (zero exponent Lyapunov vectors, zero real part eigenvalue for Floquet
vectors or eigenmodes in the cases of chaotic, limit cycle or fixed point turbulence, respectively).

As discussed, the covariance, C, of the S3T state with Q = 0 has rank equal to the number of Lyapunov
vectors with zero Lyapunov exponent when C is evolved with the first cumulant, Uy, z,t), supported by
the S3T turbulence, while the rank of Cpy of the corresponding RNLy simulations is naturally limited by
N, the number of ensemble members comprising the simulation. This implies that as N — oo and the
RNLy converges to the S3T, the rank of Cy becomes constant and equal to Ny, the rank of the S3T C ,
assuming, of course, that C has finite rank, as is the case in all our viscous channel flow simulations. This
implies that convergence to the infinite ensemble S3T SSD state with Q = 0 is already obtained by an
RNLy with N equal to or greater than the finite rank, Ny, of the C of the S3T. This result imposes an
extraordinary requirement on the structure of both the first cumulant and the Ny fluctuations comprising
the fluctuations supporting the turbulent state. While this Vg is not initially known it is easily determined
from RNLy simulations which reveal that for some N the rank of Cy becomes constant and does not
increase with increase in the number of ensemble members retained; this constant rank being the rank,
Ny, of the infinite ensemble S3T.

In order to appreciate the extraordinary requirements that are necessitated by the convergence of all
RNLy with IV > Nj to the S3T state consider for simplicity the case of fluctuations being supported by a
single streamwise wavenumber, k, and that the rank of the S3T covariance, C, is Ny = 2, so that the
fluctuation state is composed of linear combinations of the two normalized' neutral Lyapunov vectors,
with Fourier components ﬁ’l’k and ﬁ/Q,k' For this example, in the a-th ensemble member RNLy with
N > Ny the velocity components of the fluctuation state are:

)‘a'&lli,k(f% 2, t) + lu'aﬁ/%,k(yv 2, t) ’ (7)

L1f the neutral vectors are time-dependent the vectors are normalized at a specified time.
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Figure 1: Top left: Streak component of the streamwise velocity Us(y, z) = U(y, 2) — [U(y, 2)]. (color
contours)) and vectors of the mean (W (y, z), V(y, z)) velocity of the WCC S3T equilibrium. Top right: The
mean turbulent profile, [U(y, 2)]., of the WCC equilibrium as a function of y (black). The corresponding
mean turbulent profile from DNS is shown in red. The spanwise separation distance between the low-speed
streaks is z = 3.5. Bottom left: Corresponding time-mean streak component [Us(y, z)]; and vectors of the
time-mean ([W(y, 2)]+, [V (v, 2)]¢:) obtained from DNS. Bottom right: The time and spanwise averaged
streamwise flow, [U(y, z,1)]:,z, from DNS. For a channel with z = 2.27 at R = 600.
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Figure 2: Velocity field of the two neutral modes that support the WCC S3T equilibrium shown in
the top panel of Fig. 1. Left panels from top to bottom: contours of the |v/|, [v| and |w’| velocity of
the neutral mode with phase speed ¢, = 0.106 at a y — z section of the flow. The black line indicates
the critical layer line for this mode. Also shown in white are contours of U(y, z) and in blue vectors of
(W, V) of the mean flow of the S3T equilibrium. Right panels from top to bottom: the velocity fields of
the neutral mode with ¢, = —0.106 at the corresponding y — z section of the flow.
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v,y =0.64 v,y =-0.64

Figure 3: Cross-stream velocity component, v’; of the neutral modes shown in the two columns of Figure
2. The v' component is shown on a x — z cross-section at the level of the respective streak maxima, at
y = £0.64. The respective streamwise flow at this level is sketched in black. This figure shows that the
two modes are sinuous oblique waves about their respective streaks.

and the Ny rank covariance of the RNLy simulation is

N
1 R R . . *
CNyijyn(lv 2,t) = N Z (Aau/u,k(l) + Na“/%,k(l)) (Aaullj,k@) + /iaul2j,k(2))
=1

I
e

Uy g (V) 5 (2) + Mg, , (1)tig; 1 (2) + Pliy; 5 (1)thgy 1 (2) + P 0y} 4 (2)dig; 4 (1)

with

1 & 1 & 1 &
A:N;|/\a|2 ) M:NZ‘MQF ’(I):NZ/\O‘MZ"

a=1 a=1

The sum (7) of the neutral vectors will be different for each member of the N-ensemble (with measure
zero exception), but in aggregate, these neutral vector sums must comprise an ensemble supporting for
any N > Ny and any possible combination of A\, and u, that produces the same A and M, the same first
cumulant by their combined Reynolds stresses, which is determined by the mean fluctuation covariance,
Cy. This requires that the effective feedback regulator operating between the first and second cumulant
has been able to adjust the structure of the Lyapunov vectors and their coefficients to satisfy

1 N
¢ =— Aoz y = )
¥ 3:1 fe, =0 (8)

so that the components of the covariance arising from the interference of the modes makes zero contribution
to the net Reynolds stress divergence in (3a), i.e. so that the modes do not interfere with each other,
and thus produce additional Reynolds stresses at double their frequencies which is incompatible with
existence of a fixed point. This condition corresponds to the requirement that the sum of the Reynolds
stresses produced by the modes in isolation supports the first cumulant. In other words, the turbulent
state sustained in any RN Ly simulation with N > N is equivalent to the state sustained in an Ny
ensemble simulation with fluctuations (in the case of Ny = 2) VA u} ;. in the first ensemble member

and VM ﬁ’27  in the second ensemble member. Only when these requirements are met does the RNLy
simulation ensemble with any N > Ny produce the same first cumulant, U, and consequently converge
at N = Ny to the full S3T. We will demonstrate in this paper how these requirements are enforced by
the effective feedback regulator operating between the first and second cumulant in the case of an S3T
turbulent state that is a stable fixed point.

As mentioned above, in the S3T state the regulator needs to enforce the neutrality of the first cumulant
and also ensure that the sum of Reynolds stresses arising from the neutral vectors in the ensemble support
the first cumulant. Remarkably, at the same time, the regulator must arrange that these neutral vectors
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Figure 4: Top panel: Mean streamwise velocity as a function time, ¢, and spanwise distance, z, at
cross-stream level y = —0.7 in a DNS of pCf at R = 600 with L, = 2.27, L, = 1.757 in which the
streamwise mean spanwise velocity, W, has been filtered out in order to prevent drifting of the streaks.
This figure shows the persistence of the streaks in the DNS of this Couette turbulence. Bottom panel:
The corresponding S3T equilibrium.

comprise a set with vanishing sum over the cross-covariance between the neutral modes of each of the
ensemble members so that there is no fluctuation of the converged first cumulant state due to interference
between the supporting neutral vectors that would produce fluctuating Reynolds stresses perturbing the
first cumulant structure at the beat frequency of the neutral modes. We note that this second requirement
for vanishing of the sum over the cross terms in the ensemble fluxes is a more difficult task for the regulator
to achieve, which confines the fixed-point solutions to a limited region of parameter space.

We conclude that the RN Ly, ensemble identifies the analytical structure of the full S3T Couette
turbulent state. This S3T turbulent state is made up of a mean flow and a set of neutral Lyapunov
vectors supported by this mean flow. The configuration of these elements to form a fixed point, a limit
cycle, or chaotic turbulence is determined by the regulator. It is possible for the regulator to maintain
the turbulence in one or another of these turbulent states depending on parameters, initial conditions, or
perturbations that are external or internally generated.

We reiterate that by choosing the streamwise averaging operator for our SSD we have assumed that
plane Couette turbulence is statistically homogeneous in the streamwise direction but have not enforced
statistical homogeneity in the spanwise direction. This choice may be unexpected given that it has
been traditionally assumed that the statistical mean state in plane shear turbulence is both spanwise
and streamwise independent, this assumption being in accord with the homogeneity of the problem
in both the streamwise and spanwise directions and with the observation that means obtained either
as an unconditional ensemble average over flow realizations or as a long time average of a single flow
realization lack spanwise structure. However, unconditional ensemble averaging of turbulent states is
not an appropriate Reynolds average for the formulation of the SSD of shear turbulence because SSD
modal instabilities result in spontaneous symmetry breaking leading to emergence of spanwise structure.
Consistently, it is well known that a turbulent state is not sustained in shear flow when the spanwise
component of structures elongated in the streamwise direction is filtered out [13]. This result reveals that
spontaneous symmetry breaking in the spanwise direction is intrinsic to the turbulent state. Expressing
the NSE in cumulant form rather than in traditional velocity state variable form allows identification of
these spanwise symmetry-breaking modal structures underlying turbulence in shear flow [5].
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3 Methods

Our SSD study of Couette turbulence will be at Reynolds number R = 600 in periodic channels with
streamwise periodicity L, = 1.757 and various spanwise periodicities L., but principally in a channel
with spanwise periodicity L, = 2.2x. For the numerical integration of the full NSE equations (2) and the
RNLy equations (3) the dynamics is expressed in the form of evolution equations for the wall-normal
vorticity and the Laplacian of the wall-normal velocity, with spatial discretization and Fourier dealiasing
in the spanwise direction and Chebychev polynomials in the wall-normal direction as in Kim et al. [14].
Time stepping was implemented using the third-order semi-implicit Runge-Kutta method. Equations (2)
and (3) were integrated with the vectorized ensemble direct numerical simulation codes developed by
M-A. Nikolaidis [21] with a discretization of N, = 60 equally-distanced points in z when L, < 2.27, and
proportionally adjusted number of points in z when L, > 2.2, and N, = 53 Chebyshev collocation points
in y.

While NSE turbulence sustains a full spectrum fluctuation field, the fluctuation field in RNLy
turbulence in this channel is supported by fluctuations at only the fundamental streamwise wavenumber
a =27 /L,, as this is the streamwise wavenumber of the fluctuations with zero Lyapunov exponent and
therefore the only streamwise Fourier component supporting RNL turbulence at this Reynolds number
[6, 23]. This single fluctuation streamwise wavenumber identifies the streamwise component of the active
subspace supporting turbulence in the RNL of this flow; the remaining streamwise wavenumbers being
passive, as revealed by their having negative Lyapunov exponent. Consistently, for the RNLy simulations
the code has been modified to retain two harmonics in z, k, = 0 and &k, = la.

As the spanwise spatial period, L., increases, the power of the spanwise-uniform component of the
flow, corresponding to the spanwise wavenumber k, = 0, decreases and approaches zero in the limit of
infinite spanwise width. The k, = 0 component of the flow arises from all the triad interactions between
Fourier modes of the form (k;, k.) + (k., —k.); in RNL simulations, these interactions are limited to two
types: (0,%.)+ (0, —k) and (0, k.) + (o, —k.). The (0,0) Fourier component of the flow represents a mean
spanwise drift, while the (k;,0) components correspond to spanwise-uniform fluctuations. Corresponding
to WCC, in our RNL y simulations we filter out both the spanwise mean (0, 0) component and the spanwise
uniform (k;,0) fluctuation components for all cases with channel widths L, > 27. Although spanwise
uniform fluctuation components are crucial for sustaining turbulence in narrower minimal channels, as
noted by Hamilton et al. [11], turbulence is sustained for extended periods in our channel at R = 600
when L, > 27.

4 The fixed-point S3T equilibrium at R = 600 and L./h = 2.27 and its significance

We first focus on the channel with spanwise spatial period L, /h = 2.27 which supports an S3T equilibrium
state to which all RNLy simulations with N > 2 converge. This equilibrium consists of a streamwises mean
flow, U¢q(y, 2), with two low-speed streaks and two high-speed streaks, as illustrated in Fig. 1 (top), and
a rank two fluctuations covariance, C. The equilibrium mean flow and the covariance possess shift-rotate
symmetry described by the transformation [u, v, w|(z,y, 2) = [~u, —v,w](—x + L/2, —y, 2z + L./4). Tt
is not possible to invert the second cumulant, C, for the structures that make up the fluctuation field.
However, the rank of the covariance matrix C reveals the number of independent structures comprising the
fluctuation field, and its two orthogonal eigenvectors identify the active subspace of fluctuations sustaining
the turbulence, but not the individual structures sustaining the turbulence. These structures are the
neutral modes of the operator in Eq. (3b) with mean flow U, and are determined by eigenanalysis of
that operator. These two neutral modes are shift-rotate symmetric counterpart structures with phase
speeds ¢, = +0.106 and with the structure of oblique waves centered around the upper and lower streaks,
respectively, as shown in Figures 2 and 3. Starting with a set of N > 2 randomly initiated ensemble
members, the S3T system converges to the fixed point with these neutral structures comprising the
fluctuation field in each ensemble but with amplitudes differing due to differing initializations. Although
the coefficients of the two modes generally differ in each ensemble, in sum these coefficients produce the
correct square amplitude of each mode and also satisfy the non-interaction condition (8). Alternatively,
once the neutral modes of U, have been determined by eigenanalysis, the S3T equilibrium can be realized
most transparently by initializing using two members of the fluctuation ensemble, with the first member
of the ensemble initialized by the fluctuation field of one of the neutral modes and the second ensemble by
the other neutral mode at the appropriate amplitude.

As we have noted, the neutral modes are not orthogonal in the energy metric and can interact with
each other producing Reynolds stress divergence at their beat frequency revealed by exchange of energy
with the mean flow (first cumulant). Due to the interaction of the two neutral modes, the S3T fixed point
can not be perfectly realized in an RNL; simulation or its associated DNS. However, although the S3T
equilibrium does not converge to a fixed point in an RNL; simulation, the resulting flow remains close
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Figure 5: Top: Snapshot at ¢t = 18300 of the streamwise mean streak, Us (color levels), and vectors
of (W, V) from an RNLg simulation of WCC turbulence. The streamwise mean flow is almost an S3T
equilibrium.Bottom: Time evolution of the energy of the streak component (blue), of the fluctuations
(red), and of the roll component (black) for the same simulation. The simulation was initiated from the
laminar state at ¢ = 1000. The flow was initially driven to turbulence using stochastic forcing applied
until ¢ = 2500. The flow continued in a spatially and temporally turbulent state until it got arrested
at t ~ 3000 to its S3T attractor state shown in the top panel. The channel width is L, = 57 and the
Reynolds number is R = 600.

to the fixed point of the S3T equilibrium and this proximity persists in DNS as revealed by the streaks
that emerge in the DNS being persistent and reflecting the structure of the S3T equilibrium. Figure 4
demonstrates the persistence of the streaks in DNS, while Figure 1 illustrates their structural similarity to
the S3T fixed point. Taken together these results confirm that the dynamics identified in ideal form by
S3T fixed point equilibria underlie the turbulence seen in DNS and that the fluctuations responsible for
sustaining the turbulence in DNS are the same small number of structures comprising the active subspace
identified by S3T.

The S3T equilibrium fixed point solution for WCC turbulence is crucially dependent on the advection
of the fluctuation component of the flow by the roll velocities V' and W. Upon switching off the V' and W
advection in the fluctuation equations (3b) the fluctuations, which have been advected towards the center
of the channel by the streamwise rolls, relax immediately towards the boundaries and the equilibrium
state collapses. The turbulence that ensues is characterized by chaotically moving roll-streak structures.
It is important to note that the neutral modes are sustained principally by transfer of energy from the
spanwise shear of the streamwise mean flow, U(y, z), and that energy is transferred from these neutral
modes to the roll component of the flow to maintain the fixed point WCC turbulence. This indicates that
the S3T equilibrium is supported by a self sustaining process (SSP) [35]. However, unlike the unstable
ECS equilibria, this S3T equilbrium is stable and the neutral modes sustaining this equilibrium depend
on the V and W velocities and are not inflection modes. It is crucial that these modes are V and W
velocity dominated given that the fixed-point solutions in WCC persist at high Reynolds number where
inflectional modes would become singular, which is at variance with observation of continuously varying
RSS characterizing WCC turbulence at high Reynolds number. We find that the modes are dependent for
their continuous structure on the V' and W velocities distributing the fluctuating energy transferred from
the mean streak throughout the flow.

The S3T equilibria persist in channels with widths near L,/h = 2.27. However, as the channel
width deviates from this optimal value, the roll-streak structures are no loger accommodated by the
spanwise wavenumbers allowed and the equilibria are frustrated and undergo a sequence of bifurcations.
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Figure 6: Top: Time-averaged streamwise velocity U(y, z) and contours of the time-averaged stream
function of the (V, W) obtained by Lee & Moser [18] in a DNS of WCC at R, = 500 in a channel with
L =5m, L, = 207w. Bottom: The corresponding time-averaged streamwise-mean flow obtained in S3T
simulations of WCC in a channel with L, = 57 and L, = 1.757 at R = 600. In this figure y and z are
dimensional.

As the spanwise width changes the system transitions first to period 1 states (observed, for example, at
L./h = 1.225), followed by a period doubling bifurcation to period 2 states (occurring, for example, at
L./h =1.25), and eventually to a chaotic regime. However, the chaos that emerges in the frustrated states
is predominantly temporal in character: the roll-streak structures themselves remain spatially coherent
and persistent, oscillating erratically with small amplitude about fixed spatial locations. Consequently,
the time-averaged flow field reproduces roll-streak structures qualitatively similar to those of the S3T
equilibrium at L,/h = 2.27.

A representative example is presented in Figure 5, which shows a snapshot from an RNLg simulation
of a channel with L, /h = 57 and the temporal evolution of the energies of the streak, roll and fluctuation
components of the flow from the laminar initial state. The fluctuations of the roll-streak structure about
this time-averaged state are small. Qualitatively, this S3T turbulent state reproduces with remarkable
fidelity the large-scale roll-streak structure obtained by Lee & Moser [18] in a DNS of a channel with
identical spanwise width but different streamwise extent and at a substantially higher Reynolds number,
R, = 500. The streaks of the S3T state in Figure 5 equilibrate at spanwise wavenumber 4, although in other
simulations in the same channel the flow settled to an S3T state with spanwise wavenumber 3 and with
the time mean flow shown in 6 (bottom), indicating that this channel admits S3T equilibria with multiple
spanwise wavenumbers. Correspondence between the quasi-equilibria states seen in DNS simulations and
those obtained using S3T indicates that the large-scale structure in the high-Reynolds-number DNS is
fundamentally supported by the same fluctuation modes identified in S3T at lower Reynolds number.

The S3T simulation in this channel asymptotes to the statistically stationary state depicted in Figure
5. During the initial transient phase spanning times 2000 < ¢ < 3000 the statistical state dynamics
adjusts the coefficients of the active modes across the various ensemble components to eliminate their
cross-interactions. This adjustment phase is observed in all simulations (see, for example, Figure 7).
Following this adjustment period, the flow either converges to a fixed point, as shown in Figure 8, or
settles into a spatially coherent state with mild temporal modulation, as shown in Figure 5. Even when
the temporal dynamics exhibit chaotic behavior, the modulation is dominated by oscillations with a
characteristic time scale of O(70), which we will show corresponds to the temporal signature of the self
sustaining process (SSP). This characteristic oscillation period appears during the approach to equilibrium
shown in Figure 8 and throughout all simulations. This observation suggests that the time-dependent
state in Figure 5 represents a weakly perturbed S3T equilibrium, in which the roll-streak structure instead
of being at equilibrium with its neutral modes is in an oscillatory finite amplitude nearby state, with
principal period the natural period of oscillation of the roll-streak structure.
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Figure 7: Time series of the nine eigenvalues of the fluctuation covariance, C, of an RNLg simulation
as it converges to the S3T equilibrium state. The number of non-zero eigenvalues of the covariance
indicates the rank of the covariance. The simulation is stochastically excited for ¢ < 1000 and during this
period the rank of the covariance is equal to the number of ensemble members, but two structures are
dominant. When the stochastic excitation is switched off only the two dominant structures are sustained.
The subspace spanned by these two structures is the active subspace of the turbulence at this Reynolds
number. The 9 ensemble RNL eventually converges to the equilibrium state that was also obtained in the
RNLs and shown in Fig. 1. For a channel with z = 2.27 at R = 600.

5 The stability of the WCC S3T equilibrium

The stability properties of the S3T equilibium could be found by eigenanalysis of the perturbation
equations of the S3T system about this equilibrium as was done previously [5, 7]. Alternatively, in this
work the decay rate, the oscillation frequency and the structure of the least damped mode of this S3T
equilibrium state are determined from the approach of the RNLy simulations to the S3T equilibrium.

We have verified that the approach to the equilibrium state is an inherent property of S3T, independent
of the RNLy simulation. This allows insight to be gained into the mechanism of equilibration in the S3T
system (cf. Figures 5 and 8). For example Figure 8 shows the approach to the WCC equilibrium in an
RNLs simulation. In the first 5000 time units of the simulation, the regulator modifies the modal mixture
within the two ensembles establishing equivalent orthogonality thereby suppressing their interaction in
the ensemble mean, which reflects a property of the specific RNLy simulation. In contrast, the subsequent
asymptotic approach toward the S3T equilibrium is the same in all RNLy simulations and thus constitutes
a universal S3T property. In Figure 9 we have redrawn the energy of the fluctuation component, E,, as
the equilibrium shown in Figure 8 is approached. From this figure we obtain that the decay rate of the
least damped mode is about o = 0.0015 and the period of this S3T mode is approximately 70. We have
confirmed that the streak amplitude and the amplitude of the roll velocities decay to their equilbrium
values at the same rate as the energy of the fluctuations. This is a property of S3T stability that has as its
variables the streamwise mean flow (the first cumulant) and the quadratic covariance of the fluctuations.
As a result when an S3T equilibriun is approached the decay rate of the amplitudes of the streamwise
mean flow towards its equilibrium value will be the same as the decay of the quadratic fluctuation variables
towards their equilibrium value. In Fig. 10 we show the decay towards the equilibrium in an RNLg
simulation. In this figure we have multiplied the fluctuations in the streak, roll velocity components and
the fluctuations of the energy of the fluctuations with the decay rate ¢ = 0.0015 and normalized their
amplitude in order to display clearly the common oscillation period of the three components of the flow
and demonstrate that the streak, the fluctuations and the roll component of the flow share the same
oscillation period, which is that of the SSP.

The same type of SSP oscillation with approximately the same period is observed in chaotic S3T
states, for example for times ¢t > 10000 in the L = 57 channel shown in Figure 5. In all cases the flow is
dominated by two structures, as for example is evident in Figure 7, and at all times the SSP is sustained by
interaction of the roll-streak structure with these two dominant fluctuation modes, which were identified
in our S3T analysis.
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Figure 8: Convergence to the S3T equilibrium state shown in Figure 1 by an RNLy simulation initiated
from a turbulent state which was obtained in DNS. Shown are the streak energy density, Es = [U2],./2
in blue; the fluctuation energy density, E, = [|u’|?];4../2 in red; and in black the roll energy density,
E, =[V?+W?],./2. For a channel with z = 2.2 at R = 600
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Figure 9: Energy of the fluctuations, E,, during the final approach to S3T equilibrium in an RNLg
simulation. This figure is a segment of the evolution of E, in the RNLy simulation shown in Fig. 8. The
black curve indicates that the equilibrium is approached exponentially at the rate o ~ 0.0015 and with
the period of the principal oscillation of the SSP which is ~ 70.
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Figure 10: Normalized streak, (Es; — E; ¢q)e”" (blue), energy of the fluctuations, (E, — Ep¢q)e”" (red),
and roll velocity, (E, — Ey.¢q)e’t (black), as the equilibrium is approached in an RNLg simulation. All
components of the flow approach equilibrium at the same rate o. This approach rate is the same as that
obtained in the RNLy simulation shown in 9. The oscillation period is also = 70, as in the RNLs simulation.
Note that for small departures from the equilibrium E, — F; ¢4 is linear in Us — Uy ¢q, Er — Fy cq is linear
inV — Ve and W — Wy, while E, — E, ., is quadratic in deviations of the fluctuation velocity from the
equilibrium value. This figure shows that the streak amplitude, the fluctuation energy, and the amplitude
of the roll components exhibit the characteristic period of the SSP.

6 Conclusions

The simplest manifestation of turbulence in wall-bounded shear flow is WCC turbulence, which exhibits
clear fixed-point structure. Failure to build a theory for turbulence in shear flow by first obtaining a
theoretical understanding of the fixed point underlying WCC turbulence can be traced to failure to identify
the analytic structure of this fixed point. This failure in turn resulted from the tradition of analyzing
shear flow turbulence dynamics using the NSE expressed in velocity state variables, in which the fixed
point underlying WCC turbulence lacks analytic expression. However, when the NSE is formulated as a
SSD, the fixed point solution underlying WCC turbulence is obtained immediately as the finite amplitude
equilibrium proceeding from a linear modal instability of the SSD which provides an analytical solution
for WCC turbulence as well as an analytical transition mechanism. Once in possession of this solution,
the entire dynamics underlying the transition to and maintenance of WCC turbulence becomes available
for analysis, including the structure and physical mechanism underlying the eigenmodes supporting the
turbulent state.

This study uses the S3T formulation of the NSE SSD to demonstrate that WCC turbulence is organized
around a robustly attracting equilibrium fixed point SSD state. The components of this fixed point state
comprise three analytically identified elements: the streamwise-averaged mean flow (first cumulant) and
an associated pair of neutral eigenmodes supporting the second cumulant. The turbulence is therefore
rank three with all three structures being analytically characterized in the S3T SSD framework. Moreover,
it is important to note that the limit cycle and the chaotic turbulent states are also essentially rank three,
being supported primarily by the first cumulant and two fluctuation structures with zero Lyapunov/
Floquet exponent.

The rank three dynamics of the fixed point of WCC turbulence constitutes the entire turbulent state
in the S3T SSD. In the NSE there is in addition a complement of streamwise wavenumbers supported by
nonlinear scattering that are essentially parasitic on the S3T state and do not appreciably influence the
dynamics. The structure of this complement can be studied by including a stochastic parameterization
white in space and time in the S3T closure to account for this nonlinear scattering [23]. At high Reynolds
numbers, turbulent boundary layers form at the cross-stream boundaries, but these do not appreciably
influence the turbulence beyond their immediate vicinity [13].

The fixed point turbulence of WCC identifies the most simple manifestation of the SSP as comprising a
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RSS (first cumulant) supported by two neutrally stable modes of the first cumulant. These modes are not
traditional inflectional modes as their dynamics is contingent on advection by the roll component of the
RSS, without which they do not exist. The fixed point turbulence requires the existence of these modes
and of the RSS that mutually supports them and is supported by them. Together these structures comprise
the S3T fixed point turbulent state. A condition for the existence of the S3T fixed point turbulence for
otherwise given parameters is a quantization condition on the spanwise wavenumber of the S3T RSS. In
the case of a spanwise constrained channel, fixed points exist over an interval of spanwise channel width,
while outside this interval the fixed point S3T turbulent state settles to either a limit cycle or to a chaotic
state. We refer to these non-fixed point states as frustrated states because the S3T system always needs
to search for a fixed point for some period of time, if initiated other than at a fixed point, and adopts
chaotic or limit cycle behavior as its search for the fixed point in phase space proceeds. When no fixed
point exists due to failure by the channel to allow satisfying the quantization condition for existence of
these neutral modes supporting it the chaotic search never ends and so the search becomes the statistical
state of the turbulence. These states of turbulence are commonly observed in DNS (cf. [11]). In the
limit of a wide enough channel the quantization condition becomes moot, which explains why fixed-point
turbulent states were only discovered when turbulence was explored in wide enough channels.

In summary, the equilibria and modes of the S3T and the companion modes of the first cumulant are
the fundamental basis on which an analytic solution for turbulence in shear flow is constructed. This
basis supports the simplest turbulence in shear flow - the fixed point turbulence in WCC. Limit cycle and
chaotic turbulent states are constructed on the same fundamental rank three structure as the fundamental
fixed point turbulence. The elements in all cases being the rank one S3T RSS (first cumulant) and the
covariance of the fluctuations, which is composed of two eigenmodes, Floquet modes, Lyapunov modes
depending on the spanwise quantization allowing the organizing SSD eigenmode mode or not.
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