
MH GRAMMIKA DUNAMIKA SUSTHMATALÔsei th exètash tou Ioun�ou 2006'Askhsh 1
(i) Melet�me thn apeikìnish: xn+1 = axn + x3

n w pro ta sta-jer� th shme�a. Met� apì l�gh �lgebra br�koume ta stajer�shme�a:
x∗

0 = 0, x∗
+ =

√
1 − a, x∗

− = −
√

1 − aKatìpin upolog�zoume thn eust�jeia twn shme�wn aut¸n mèswth parag¸gou dxn+1

dxn

se aut�. Ta apotelèsmata th ant�s-toiqh diereÔnhsh sunoy�zontai ston katwtèrw p�naka:
a x∗

0 x∗
− x∗

+

−1 − ǫ astajè astajè astajè
−1 + ǫ eustajè astajè astajè
−ǫ eustajè astajè astajè
ǫ eustajè eustajè eustajè

1 − ǫ eustajè eustajè eustajè
1 + ǫ astajè � �'Etsi èqoume sto a = −1 mi� diakl�dwsh antistrof  (flip b-

ifurcation blèpe Strogatz sel. 358) en¸ gia a = 1 èqoume up-erkr�simh diakl�dwsh dikranioÔ (supercritical pitchfork bifurca-
tion blèpe paradìsei maj mato).
(ii) To di�gramma diaklad¸sewn upolog�zetai eÔkola me ènaaplì prìgramma FORTRAN77. Endeiktik� mèqri kai per�odo
27 kai me arqik  sunj kh x0 = 1√

3
to apotèlesma d�netai stosq ma 1. Lìgw th summetr�a th apeikìnish ston metasqh-matismì x → −x to ant�stoiqo di�gramma gia x0 = − 1√

3
e�nai tokajreptikì tou sq mato 1 w pro ton �xona r.O arijmhtikì upologismì th stajer� Feigenbaum aFe�nai l�go piì sÔnjeto kai apaite� thn eÔresh twn riz¸n rpth ex�swsh:

f (p)(
1√
3
, rp) −

1√
3

= 0 (1)
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gia p = 20, 21, 22, .. ìpou f (p) e�nai h p-sth epan�lhyh th f(x, r) =
rx(1 − x2) kai katìpin to prosdiorismì tou shme�ou tou ant�s-toiqou p kÔklou xmin,p pou e�nai plhsièstero sto 1√

3
. Tìte to

aF d�netai apì th sqèsh:
aF = lim

p→∞

xmin,p−1 − 1√
3

xmin,p − 1√
3

(2)Gia ton upologismì twn riz¸n sthn (1) mpore� p.q. na qrhsi-mopoihje� h mèjodo kibwtismoÔ qrhsimopoi¸nta kai thn plhro-for�a tou diagr�mmato diaklad¸sewn gia ton kajorismì twn�krwn tou diast mato sto opo�o anazhte�tai h r�za.
p rp xmin,p − 1√

31 1.5 ��2 2.121320 0.2391464 2.262990 -0.1016898 2.293843 0.03873716 2.300475 -0.01569932 2.301896 0.006231



'Etsi br�skoume: aF ≈ −2.52 tim  pou e�nai polÔ kont� se aut nth logistik  apeikìnish. Autì e�nai anamenìmeno apì thnt�xh tou meg�stou th en lìgw apeikìnish. To mègistì the�nai gia xmax = 1√
3
. AnaptÔssonta kat� Taylor gÔrw apì to

xmax pa�rnoume:
f(x) =

2r

3
√

3
− r

√
3(x − xmax)

2 − r(x − xmax)
3dhl. to mègisto th apeikìnish e�nai deÔterh t�xh, akrib¸ìpw kai sth per�ptwsh th logistik . Epomènw sÔmfwname th jewr�a anakanonikopo�hsh tou Feigenbaum oi timè twnantisto�qwn stajer¸n anakanonikopo�hsh δ kai aFja sump�p-toun me autè th logistik  apeikìnish.

(iii) Ed¸ exet�zoume apeikìnish th morf :
g(x) = b − |x|zQwr� parab�ash th genikìthta mporoÔme na jèsoume b = 1.H apeikìnish aut  èqei mègisto t�xh z sto x = 0. Qrhsi-mopoi¸nta th sunj kh anakanonikopo�hsh (blèpe full�dioupode�xewn) kai sugkr�nonta mèqri kai ìrou qamhl¸terht�xh w pro x (dhl. O(|x|z)) pa�rnoume:

|aF |z + z(aF − 1) = 0w ex�swsh prosdiorismoÔ tou aF (lÔnetai arijmhtik�).
(iv) H pio genik  morf  th zhtoÔmenh apeikìnish me thnapa�thsh na e�nai to polÔ 2h t�xh w pro x èqei th morf :

f(x, µ) = fo + a1µ + b1x + cxµ + a2µ
2 + b2x

2Efarmìzonta ti sunj ke:
f(0, 0) = 0 ;

∂f

∂x
(0, 0) = −1 ; 2

∂2f

∂µ∂x
+

∂f

∂µ

∂2f

∂x2
(0, 0) = 0sÔmfwna me thn ekf¸nhsh th �skhsh katal goume sth mor-f :

f(x, µ) = µ(a1 + a2µ) − x(1 + a1b2µ) + b2x
2 (3)



Qwr� parab�ash th genikìthta mporoÔme na epilèxoume:
a1 = 1, a2 = 0 kai b2 = −1 opìte h (3) gr�fetai:

f(x, µ) = µ − x(1 − µ) − x2 (4)Gia kÔklo periìdou 2 ja isqÔei:
x2 = µ − x1(1 − µ) − x2

1 ; x1 = µ − x2(1 − µ) − x2
2Afair¸nta kat� mèlh ti dÔo exis¸sei pa�rnoume: x1+x2 = µ.'Etsi h ep�lush tou sust mato an�getai sthn ep�lush apl - ex�swsh deutèrou bajmoÔ me lÔsh: x1 = 0 kai x2 = µ. Heust�jeia tou kÔklou ja qarakthr�zetai apì th par�gwgo s-ta xi me i = 1, 2: ∂f(2)

∂x
|x=0 = ∂f(2)

∂x
|x=µ = 1 − µ2. ParathroÔme ìtigia µ = 0 h apeikìnish èqei èna stajerì shme�o sto x∗ = 0me adi�forh isorrop�a ∂f

∂x
|x=0 = 1 to opo�o diaklad¸netai gi-a µ > 0 se kÔklo periìdou 2. H anwtèrw apeikìnish loipìnparousi�zei diakl�dwsh diplasiasmoÔ periìdou ìpw kai sthnant�stoiqh per�ptwsh th logistik  apeikìnish. H mình di-afor� e�nai ìti ed¸ to arqikì stajerì shme�o x = 0 paramèneiw mèlo tou prokÔptonto kÔklou met� th diakl�dwsh dhl.prìkeitai gia mi� ekfullismènh diakl�dwsh diplasiasmoÔ per-iìdou!'Askhsh 2

(i) Gia s > 1 up�rqei p�nta stajerì shme�o z ∈ (1
2
, 1) th apeikìn-ish me z = s

s+1
. Ep�sh up�rqei y ∈ (0, 1

2
) me Ts(y) = z. Me l�gh�lgebra de�qnei kane� ìti y = 1

s+1
. Ja de�xoume t¸ra ìti h

T 2
s gia √

2 < s ≤ 2 èqei pètalo kai epomènw h Ts emfan�zeitopologikì q�o. Ex orismoÔ ja isqÔei: T 2
s (z) = T 2

s (y) = z.Ep�sh Ts(
1
2
) = s

2
kai T 2

s (1
2
) = s

2
(2 − s). Gia na up�rqei pètaloarke�: T 2

s (1
2
) < y. 'Ara ja prèpei: s

2
(2 − s) < 1

s+1
pou odhge� sthsunj kh: s2 > 2. Br�skoume loipìn ìti an s2 > 2 ja isqÔei:

T 2
s (

1

2
) < y <

1

2
< z ; z = T 2

s (y) = T 2
s (z)T¸ra e�nai eÔkolo na de�xei kane� (me entel¸ an�logo trìpoìpw sth per�ptwsh kÔklou 3 gia thn logistik  apeikìnish



pou k�name sto m�jhma) thn Ôparxh diasthm�twn K1 = [y, r]kai K2 = [t, z] me T 2
s (Ki) = [y, z] kai K1 ∩ K2 = ∅. M�lista lìgwth apl  morf  th apeikìnish prosdior�zontai eÔkola kaita r, t: r = s2+s−1

s2(s+1)
kai t = s3−s+1

s2(s+1)
.

(ii) Melet�me t¸ra thn apeikìnish gia 1 < s ≤
√

2. 'Estw w > ztètoio ¸ste Ts(w) = y = 1
s+1
. To w prosdior�zetai apì:

s(1 − w) = y =
1

s + 1
⇒ w =

s2 + s − 1

s(s + 1)T¸ra me apl  �lgebra mpore� na de�xei kane� ìti ta diast -mata J1 = [y, z] kai J2 = [z, w] ikanopoioÔn ti sunj ke: Ts(J1) =
[z, s

2
] kai Ts(J2) = [y, z]. 'Omw gia na isqÔei Ts(J1) ⊆ J2 ja prèpei:

s
2

> s
s+1

⇒ s > 1 kaj¸ kai: s
2
≤ w ⇒

√
2 ≥ s ≥ 1 sunj kepou ikanopoioÔntai lìgw arqik  upìjesh. Ep�sh profan¸isqÔei Ts(J2) ⊆ J1.Ja de�xoume t¸ra ìti me kat�llhlh b�jmish h T 2

s (Ji) phga�neisth Ts2. H apìdeixh ja g�nei analutik� gia to J1 kai me entel¸an�logo trìpo mpore� na ergaste� kane� kai gia to J2. Sthnkatanìhsh th diadikas�a bohj�ei to sq ma 2.
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xH trigwnik  koruf  pou perièqetai sto mple qwr�o kai an-tistoiqe� sthn T 2
s (J1) mpore� na grafte� me kat�llhlou metasqh-



matismoÔ me thn bo jeia th Ts2. Gia to skopì autì e�naiqr simo na d¸soume pr¸ta thn analutik  morf  th T 2
s (x):

T 2
s (x) =



















s2x x ∈ [0, 1
2s

]
s(1 − sx) x ∈ ( 1

2s
, 1

2
]

s(1 − s(1 − x)) x ∈ (1
2
, 1 − 1

2s
]

s2(1 − x) x ∈ (1 − 1
2s

, 1]Kataskeu�zoume t¸ra th sun�rthsh: G(ξ) = −[T 2
s (ξ)− s

s+1
] ìpou

ξ = x − 1
2
h opo�a prokÔptei apì metatìpish sti dieujÔnsei

x kai y th T 2
s kat� −1

2
kai − s

s+1
ant�stoiqa. Met� apì au-toÔ tou dÔo metasqhmatismoÔ h trigwnik  koruf  tou m-ple qwr�ou èqei metaferje� ètsi ¸ste h x suntetagmènh thkoruf  na br�sketai sthn arq  twn axìnwn en¸ h y sunte-tagmènh e�nai arnhtik . Gia na epanèljoume se jetikè timèpollaplasi�zoume thn prokÔptousa sun�rthsh me −1 kai ètsikatal goume sthn G(ξ). T¸ra sÔmfwna me ton orismì th T 2

sto aristerì  misu th metasqhmatismènh koruf  ja èqei thmorf :
GL(ξ) = −

[

s(1 − s(ξ +
1

2
)) − s

s + 1

]

= s2
(

s − 1

s + 1

)





1

2
+

ξ
(

s−1
s+1

)



kai to dex�  misu ant�stoiqa:
GR(ξ) = −

[

s(1 − s(−ξ +
1

2
)) − s

s + 1

]

= s2
(

s − 1

s + 1

)





1

2
− ξ

(

s−1
s+1

)



Profan¸ isqÔei loipìn ìti:
G(ξ) = λTs2(

ξ

λ
)me λ = s−1

s+1
pou apodeiknÔei thn zhtoÔmenh summetr�a.

(iii) 'Eqoume de�xei ìti gia 2
1
2 < s ≤ 2 h T 2

s èqei pètalo kai e-pomènw h Ts e�nai qaotik . T¸ra gia 1 < s ≤ 2
1
2 de�xame stoprohgoÔmeno er¸thma thn Ôparxh diasthm�twn J1, J2 tètoiwn¸ste h T 2

s |Ji na e�nai trigwnik  apeikìnish me kl�sh s2. 'Etsiloipìn gia 2
1
4 < s ≤ 2

1
2 isqÔei 2

1
2 < s2 ≤ 2, h apeikìnish T 2

s |Ji è-qei pètalo sÔmfwna me to er¸thma (i) kai epomènw h Ts e�nai



qaotik . 'Estw t¸ra 1 < s2 ≤ 2
1
4 kai a melet soume thn T 2

s |Ji.Met� apì b�jmish aut  isoduname� me trigwnik  apeikìnishme kl�sh s2 kai 1 < s2 ≤ 2
1
2 . Gia 2

1
4 < s2 ≤ 2

1
2 h T 2

s |Ji èqei pètalokai h Ts e�nai qaotik . To epiqe�rhma autì mpore� na suneqis-te� epagwgik� gia 2
1

2n < s ≤ 2 kai na de�xei kane� telik� ìti h
Ts parousi�zei topologikì q�o gia 1 < s ≤ 2.
(i) Kat' arq� parathre�ste ìti: A = [ s

2
(2 − s), s

2
] = [T 2

s (1
2
), Ts(

1
2
)].Arqik� ja de�xoume ìti: |Ts(J)| ≥ 1

2
s|J | gia opoiod pote up-odi�sthma J tou A.Jewre�ste èna opoiod pote upodi�sthma J tou A = [ s

2
(2 − s), s

2
]kai a sumbol�soume me |J | to m ko tou. Ef' ìson h kl�shth Ts e�nai s an to J den perièqei to akrìtato x = 1

2
tìte

|Ts(J)| = s|J |. An ìmw to j perièqei to akrìtato tìte qwr�zetaise dÔo upodiast mata U kai V mèsw tou x = 1
2
kai |Ts(J)| =

max{|Ts(U)|, |Ts(V )|} ìpw mpore� na dei kane� eÔkola grafik�.T¸ra |U | + |V | = |J | opìte up�rqei a ∈ (0, 1) tètoio ¸ste:
|U | = a|J | ; |V | = (1 − a)|J |'Omw to akrìtato den e�nai eswterikì shme�o twn U, V opìteisqÔei:

|Ts(U)| = sa|J | ; |Ts(V )| = s(1 − a)|J |T¸ra h el�qisth dunat  tim  tou |Ts(J)| = max{|Ts(U)|, |Ts(V )|}epitugq�netai gia |Ts(U)| = |Ts(V )| dhl. an a = 1
2
. 'Etsi loipìnisqÔei:

|Ts(J)| ≥ 1

2
s|J | (5)Gia na sumplhrwje� h apìdeixh arke� na de�xoume ìti up�r-qei n tètoio ¸ste 1

2
∈ T n

s (J) kai 1
2
∈ T n+1

s (J). An autì isqÔeitìte Ts(
1
2
) ∈ T n+1

s (J) kai 1
2
∈ T n+1

s (J) ètsi ¸ste T n+2
s (J) = A. Autìde�qnetai eÔkola an skefte� kane� ìti gia opoiod pote up-odi�sthma J sto A h akolouj�a |J |, |Ts(J)|, |T 2

s (J)|, .... e�nai aÔx-ousa ektì an 1
2
∈ T k

s (J) gia k�poio k. Kaj¸ ta diadoqik� di-ast mata diastèlontai kat� par�gonta s se k�je epan�lhyhth apeikìnish kai tautìqrona prèpei na me�noun uposÔnolatou peperasmènou sunìlou A k�poio tètoio k prèpei na up-�rqei. A upojèsoume t¸ra ìti 1
2
∈ T k

s (J) all� 1
2

/∈ T k+1
s (J)tìte sÔmfwna me thn apìdeixh th prohgoÔmenh paragr�fou(blèpe sqèsh 5) isqÔei ìti: |T k+1

s (J)| ≥ s
2
|T k

s (J)| kai |T k+2
s (J)| ≥



s2

2
|T k+1

s (J)|. 'Omw ef' ìson s >
√

2 ⇒ s2

2
> 1 kai to di�sthmasuneq�zei na diastèletai. Gia na apofÔgei kane� ton apeiris-mì tou ant�stoiqou m kou prèpei na up�rqei n tètoio ¸ste

1
2
∈ T n

s (J) kai 1
2
∈ T n+1

s (J).


