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'Askhsh 1

DÐnetai o dunamikìc nìmoc:

xn+1 = axn + bx3
n

(i) Gia b = 1 breÐte th perioq  tim¸n (a−, a+) thc paramètrou a gia tic opoÐec
h arq  twn axìnwn eÐnai eustajèc stajerì shmeÐo thc apeikìnishc. Katìpin
diereuneÐste to eÐdoc diakl�dwshc pou prokÔptei gia a− kai a+ antÐstoiqa
ìtan to a aux�netai apì a− − ε èwc a+ + ε (ε > 0).

(ii) JewreÐste t¸ra th perÐptwsh a = r kai b = −r. UpologeÐste ari-
jmhtik� me th bo jeia kat�llhlou progr�mmatoc to di�gramma diaklad¸sewn
thc apeikìnishc gia r > 0 qrhsimopoi¸ntac san arqik  sunj kh x0 = 1√

3
.

Epanal�bate ton upologismì gia x0 = − 1√
3
kai sqoli�ste ta apotelèsmat�

sac. ProsdioreÐste arijmhtik� th stajer� b�jmishc aF tou Feigenbaum.
SugkrÐnate me th tim  thc stajer�c aut c gia thn logistik  apeikìnish ìpwc
kajorÐzetai sth bibliografÐa.

(iii) Efarmìzontac t¸ra thn mèjodo anakanonikopoÐhshc breÐte mia analutik 
prosèggish thc stajer�c b�jmishc aF . GenikeÔsate touc upologismoÔc sac
gia apeikìnish thc morf c:

xn+1 = b− |xn|z

DeÐxte ìti aF = aF (z) kai prosdioreÐste th sun�rthsh aut .

(iv) Kataskeu�ste apeikìnish f(x, µ), ìpou to µ paÐzei to rìlo paramètrou
elègqou, h opoÐa ikanopoieÐ tic ex c sunj kec:

f(0, 0) = 0 ;
∂f

∂x
(0, 0) = −1 ; 2

∂2f

∂µ∂x
+

∂f

∂µ

∂2f

∂x2
= 0

Gia aut  thn apeikìnish prosdioreÐste ton arijmì twn stajer¸n shmeÐwn kai
twn kÔklwn periìdou dÔo sthn perioq : (x, µ) = (0, 0). Se ti diafèrei h



sumperifor� thc f apì aut  thc logistik c apeikìnishc sthn parametrik  pe-
rioq  diaklad¸sewn diplasiasmoÔ periìdou?

Upìdeixh: Epilèxte thn f peritt  sun�rthsh tou x.

'Askhsh 2

DÐnetai h apeikìnish Ts : [0, 1] −→ [0, 1] me:

Ts(x) =

{
sx x ∈ [0, 1

2
]

s(1− x) x ∈ (1
2
, 1]

kai s ∈ (1, 2].

(i) DeÐxte ìti h Ts gia
√

2 < s ≤ 2 èqei pètalo kai epomènwc eÐnai qaotik 
sÔmfwna me ton topologikì orismì. ProsdioreÐste ta diast mata K1 kai K2

pou apartÐzoun to pètalo.

(ii) DeÐxte epÐshc ìti gia 1 < s ≤
√

2 up�rqoun diast mata J1 kai J2 tètoia
¸ste Ts(J1) ⊆ J2, Ts(J2) ⊆ J1 kai T 2

s |Ji na eÐnai met� apì kat�llhlh b�jmish
Ts2 .

(iii) Qrhsimopoi¸ntac to prohgoÔmeno apotèlesma deÐxte ìti h Ts èqei pètalo
(kai epomènwc topologik� eÐnai qaotik ) gia 1 < s ≤ 2.

(iv) Gia touc pio apaithtikoÔc: DeÐxte ìti gia
√

2 < s ≤ 2 dojèntoc opoioud -
pote upodiast matoc J sto A = [1

2
s(2−s), 1

2
s] up�rqei n tètoio ¸ste T n

s (J) =
A.


