ON INSTABILITY OF PARALLEL FLOW OF INVISCID FLUID
IN A ROTATING SYSTEM WITH VARIABLE CORIOLIS
PARAMETER*

By Louis N. Howarp aNp Prinip G. DraziN

1. Introduction. In this paper we consider the stability of basic steady parallel
flows of incompressible inviscid homogeneous fluid, with velocity w«(y«)i vary-
ing with the (northwards) cartesian coordinate y4 , where i is the unit vector
in the (eastwards) z4-direction. (We use asterisks as subscripts to denote dimen-
sional quantities, but shall soon drop them to use dimensionless quantities.)
We suppose each flow is bounded by two rigid parallel planes, ¥y« = ¥y, Yse,
either of which may be at infimty. The whole system rotates with variable
Coriolis parameter, governed by the 8-plane approximation of dynamic oceanog-
raphy and meteorology. This is an approximation to the primary effects of the
roundness and angular speed @ of the earth, whereby the curvature 1/R of the
earth is neglected but the varation of the Coriolis parameter f = 2 sin A with
Iatitude A 1s retained (Rossby 1939, Haurwitz 1940, cf. Phillips 1963) Then it
follows (Kuo 1949) by the usual methods of linear hydrodynamic stability that
the vorticity-perturbation equation 1s

(w — ¢) (D% ~ a'$) — {D'w — B(y)l¢ = 0, (L.1)

when it has been assumed that the dimensionless stream function of the two-
dimensional perturbation is of the form

¥ = ¢(y) exp {ra(x — ct)}

for positive wave-number « and complex velocity ¢ = ¢, + ¢, , where D denotes
differentiation with respect to y = ys/L = AR/L; where B4(yx) = 22 cos \/R =
VL B(y) is the derivative of the Coriohs parameter f with respect to y« ; and
where the variables have been made dimensionless in the usual way with some
velocity scale V of w«(y«) and some length scale I of the variations of w.(ys).
Note that when 8 = 0 equation (1.1) becomes the Rayleigh stability equation,
i.e. the inviscid form of the Orr-Sommerfeld equation.

In future we shall assume that 8(y) is constant, though many of our results
have simple extensions for more general functions 8(y). These extensions are
of little physical value because the 8-plane approximation itself is no more ac-
curate than a linear approximation to f in mid-latitudes (ef. Phillips 1963).

At a rigid plane the normal velocity of the fluid is zero. This can be shown to
imply that

=0 (y=uy1, ). (1.2)

If the flow extends to infinity, then, by physical requirements, ¢ must be
bounded there. (This may be more rigorously deduced from the associated
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initial-value problem.) This condition can be made more specific for basic flows
such that w(y) tends smoothly to a hmit, w, say, as ¥y — . For such un-
bounded flows, which include all those of physical interest, two independent
solutions of the Kuo equation (1.1) are asymptotically exp (+al,y) as y — «
for fixed ¢ # w, , where

Ly = +{1 + 8/d(c — w)}} (1.3)

is a root with non-negative real part. In order that ¢ is not exponentially in-
creasing at infinity, and therefore 1s not unbounded,

¢ ~ exp (—alyy) as Y ®,

when [, has non-zero real part. Thus boundedness of ¢ in general implies that
¢ tends to zero at infinity, and we may use condition (1.2) at an infimte as well
as a finite boundary.

However, if 1, is pure imagmary, we must specify its branch further. In this
case both independent solutions ¢ are bounded at infinity, where they oscillate
in y without damping or amplification. To find the correet form of ¢ at infinity
we must use the initial-value problem whereby a bounded disturbance moves
out towards infinity, or equivalently use a Sommerfeld radiation condition of
outward flow of energy. This implies that the y-component of the group velocity
is outward. Thus ¢ ~ exp (iak,y) asy — =, where ky. = {8/a*(we — ¢) — 1} 1s
the root such that d(ac)/d(ak,) > 0. Note that ¢ is always real in this case,
which is consequently of little importance in seeking instability, because the
disturbance oscillates like exp (—<act) in time without amplification.

Thus, 1n general, stability is governed by equation (1.1) and boundary condi-
tions (1.2). This is the eigenvalue problem posed by Kuo in 1949. It determines
the eigenvalue ¢(«, 8) and hence instability or stability according as ¢, is positive
or non-positive respectively Because the problem is invariant under eomplex
conjugation, a damped wave with ¢, < 0 implies the existence of an amplified
conjugate wave with ¢, > 0 (and vice versa). Thus stability of all disturbances
of given wave-number corresponds to real ¢ and instability to complex c.

We add further boundary conditions to allow for a discontinuity of w or Dw
at any point, ¥, say. Continuity of pressure of the fluid at the material interface
with mean position ¥y = y, imphes that

[(w — ¢)D¢ — (Dw)¢] = 0, (1.4)

where square brackets denote the ‘yump’ of their contents at y = y, . Similarly
continuity of normal velocity at the material interface implies that

[¢/(w — ¢)] = 0. (1.5)

In the next section we present solutions of the Kuo stability equation and the
above boundary conditions for two important basic flows—those of no motion
and of a vortex sheet. In §3 we give some general stability characteristics. In
§4 a method of solution of the eigenvalue problem for long-wave disturbances
of unbounded flows 1s derived. The results of §§3—4 are used with some further



INSTABILITY OF PARALLEL FLOW OF INVISCID FLUID 85

exact solutions 1n §5 for several basic flows Finally the mechanies of instability,
and 1ts occurrence as barotropic instability of the oceans and atmosphere, are
discussed

2. Rossby waves and instability of a vortex sheet. (a) No basic flow. For a
basie state of rest with

w =20 (— <y < ), (21)
the Kuo stability equation (1.1) gives
D¢ = (o’ + B/c)s.
The only admissible solution which is bounded and for which energy is not
radiated inwards at y = 4 is
¢ = constant, ¢ = —B/d’ = —a, say. (2.2)

This represents a Rossby wave with phase velocity a in the negative z-direction
(Rossby 1939) Rossby waves are dispersive with group velocity d(ac)/da =
—c¢ = a Thus energy 1s propagated with speed a eastwards, in the opposite
direction to the phase velocity.

(b) Vortex sheet For the basic velocity profile

w = sgny (—0 <y < o), (23)

we can solve the stability equation (1.1) in each of the regions y < 0, y > 0,
and join the solutions up by use of conditions (1.4), (1.5) at ¥ = 0. Thus we
find the eigenfunction

6= {(c — 1) exp (=1 + a/(c — D}ay)(y > 0)} (2.4)
(c+ )yexp ({1 + a/(c + Day)(y <0) [° '

and the eigenvalue relation
(c— D1 +a/tc— DP + (c+ D1 +a/lc+ D} =0 (25)

for the vortex sheet (2.3). The square-roots are chosen to have non-negative
real parts in order that the eigenfunction (2.4) is bounded at infinity; if a square-
root 18 pure imaginary its sign must be such that there is outward radiation at
infinity, as discussed in §1. Remembering this choice of branches of the square-
roots, we square up relation (2.5) to get

fle) =c(@+ 1)+ a3+ 1) =0. (2.6)

(This cubic does not give the Rossby wave ¢ = —a, a = «, which appears as
an isolated root of relation (2 5) in the limit as V — 0 for fixed ax = Bs/ak).
The diseriminant of the cubie f(¢) 1s

A= (1/27)(1 — 94°/16 + 27a*/256) > 0

for all real a. Therefore two roots c of equation (2.6) are complex conjugate, and
the third is real. This third root is in general inadmussible, it being a root of the
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unsquared relation (2.5) only when ¢ = =41, a = F2; these roots represent
Rossby waves relative to the mamn streams w = Flaty = F o, with¢ = 0
where £y > O respectively. Except for these special cases, disturbances to the
vortex sheet are unstable, with conjugate eigenvalues

¢ = —1a — w(d’/64 + A — J(d’/64 — A},

2.7
or —la — o*(a’/64 + AH) — w(d’/64 — Ab)Y,; =0

where these cube- and square-roots are positive, and w is a complex cube-root
of one.

As | a | mncreases from zero, the growth rate of the instability decreases, but
the flow remains unstable however large | ¢ | becomes, with

c— 3% as a— +ow.

Also, in the limit as @ — 0, ¢ = =7, the eigenvalues for Helmholtz instability
of a vortex sheet with 8 = 0.

It can be seen that ¢, 15 an odd and ¢, an even function of a. Thele is not
exchange of stabilities, i.e. ¢, ¢ 0 when ¢, # 0, because the Coriohs parameter
introduces time asymmetry into this periodic perturbation of the steady basic
flow of inviscid fluid.

3. General stability characteristics. Kuo (1949) noted that lis stability
equation (1.1) was merely the Rayleigh stabihty equation with basic absolute
vortieity gradient (D*w — B8) instead of the vorticity gradient D™w relative to
the earth. Accordingly, he generalised Rayleigh’s theorem, deducing that a
necessary condition for instability 1s that there is some point ¥, in the field of
flow where

Dw = B. (3.1)

Kuo (1949, p. 112) claimed further that if (D*w — 8) changes sign at y, then
the condition is also sufficient, but this claim seems unsubstantiated. His argu-
ment sought to prove the existence of a neutral eigensolution ¢ = w, = w(y,),
a = a, # 0, ¢ = ¢, by Sturm-Liouville theory; and then to prove that neigh-
bouring eigensolutions are unstable as a — o, from above or from below.

The incompleteness of the first part of Kuo’s argument can be shown by the
following counter-example When

w = siny (n=y=y) (32)
Dw = —w and w, = —B. Thence the eigensolution can be shown to be
c=w=—B, a=a={1—n"7/(p—-un,
¢ = ¢ = sin{nr(y — y1)/ (42 — 1)}

for each integer n from one to the mntegral part of (y. — y1)/7. However, if
(2 — y1) < w, then there is no neutral eigensolution with ¢ = —g, and the
flow can be shown to be stable, as it is when 8 = 0; this situation may occur
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whenever 8 is such that w = —g in the domain (y. < y < y») of flow, and it 1s
a counter-example to Kuo’s claim. However his proof seems sound elsewhere,
and his claim of sufficiency is no doubt true for many commonly-used profiles
of velocity.

The second part of Kuo’s argument was to show that unstable eigensolutions

exist near the neutral one discussed above. The argument essentially gives

(de/da®) asa, = —{f: ¢ dy}/{d’ ff (Dw — B)(w — w,) ¢ dy

(3.3)
+ 1w (D'wes/ (Dw)z)yﬂ.} ,

on the assumption that ¢, > 0 as a — a, from one side, as in the method of Lin
(cf. Lin 1955) for the case 8 = 0.

Further it can be proved by use of the variational principle of Sturm-Liouville
theory that there is (neutral) stability for all @ > «, for given 8 and w such that
(D*w — B)/(w — w,) < 0 everywhere in the field of flow. Unfortunately the
condition (D*w — 8)/(w — w,) = 0 needed for application of classical Sturm-
Liouville theory 1s satisfied by few velocity profiles for 8 = 0. This limits the
practical value of some of the above results

The mean Reynolds stress over a wavelength is

27/
a f
T = —
27 0

where p is the density of the fluid, w" = dy'/dy the longitudinal (eastwards)
velocity perturbation, »” = —ay//ox the latitudinal (northwards) velocity, and
asterisks denote complex conjugates. Then the stability equation (1.1) yields

oty dz = ilap(d)Dd)* — ¢*D¢) exp (2ac.t), (34)

Dr = $apcy(D'w — B)w — ¢[l|" exp (2acit), (3.5)

it being assumed that D’ exists everywhere. If ¢, = 0 it follows that r is con-
stant where w # c. By taking the limit ¢, — 04, it can be shown (cf. Lin 1955)
that r is discontinuous where w = ¢, having ‘qump’

[7] = 3map{ (D*w — B)|¢|"/ Dt} e . (3.6)

Now 7 vanishes at the boundaries. Therefore the algebraic sum of the jumps
{] is zero. In particular, if w = ¢ at only one point, the jump must be zero, i.e.
D*w = B where w = ¢; and therefore w, is the only possible value of ¢ for a
neutral eigensolution which is twice differentiable everywhere

Modification of the proof of the semi-circle theorem (Howard 1961) for
equation (1.1) shows that instability (¢, > 0) implies that

Cf + {Cr - %(wmm + wmax)}2 é {%(wmﬂx - wmm) + %lal}z’ (3'7)

i.e. it implies that ¢ lies in the upper semi-circle with centre 1(Wmn + Wax)
and radius 3{wpax — Wum + [0|} in the complex plane. It can further be shown
that ¢, < Wmex When ¢ > 0 and that ¢, > Wu.n when ¢ < 0. These modifications
of Howard’s semi-circle theorem are essentially due to Pedlosky (1963), who
treated a two-layer model of the basic flow for ¢ = 0.



88 HOWARD AND DRAZIN

In general there is a continuous spectrum of real eigenvalues ¢ in the range of
w, as well as a discrete spectrum. For example if w — ¢ = D’w — 8 = 0 at any
point of the flow, say o, then

D¢ — o’¢ — (D'w — B)p/(w—¢c) =0 or &y — 1)

for that value of ¢. The possibility of the Dirac 5-function leads to a continuous
spectrum of stable eigenvalues, as will be illustrated in some examples of §5.
Because these eigenvalues are not associated with instability, we shall go no
further than refer the reader to the discussion by Case (1961) of the continuous
spectrum when 8 = 0.

This mathematics illustrates the effects of the three basic mechanisms of the
mstability :

(1) inertial instability of the basic flow w«(yx)i relative to the rotating
system whereby the balance of vorticity is upset;

(2) the addition of the vorticity gradient 8« due to the earth’s rotation, it
should be emphasised that 8« is just part of the absolute vorticity gradient,
Rossby waves, for example, being no more than a form of neutrally-stable
inertial oscillation in a non-rotating frame;

(3) the kinematic constraint of the boundaries, which by and large reduces
mstability.

The interplay of these mechanisms can be represented by dimensional analysis.
The dimensional complex velocity must have functional form

cx = cx(ax,Bx, L, V)

for velocity profiles ws(ys) corresponding to given w(y) and varying scales
L, V. By dimensional analysis we deduce

¢ = c(a,a),

where the dimensionless Rossby wave-speed a = B4/a%V ete.
Consider the limit a — 0, which may be viewed as the limit 84+ — O for fixed
V, ax . Then we expect

ex — cxlax, 0, L, V) = Ve(a),

say, the eigenvalue for the flow in the absence of rotation of the system. In this
limit mechanism (2) is absent, and the problem is reduced to a simpler and
better known one.

Next let @ ~ «, which may be viewed as either the limit 84 — « for fixed
V, ax or the limit V — 0 for fixed ax , 8« . In this case we expect that c« tends to
its value for the limiting case V = 0. In this hmit mechanism (1) is absent.
When the flow is unbounded, mechanism (3) is also absent, and we expect that
(one of the eigenvalues)

c~ —a as a— ©,

because a Rossby wave is known to occur in the limiting case of example §2(a).
Now consider unbounded flows only. This removes mechanism (3) and allows
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us to let L — O for fixed ax, 8%, V w(y) without the field of flow shrinking to
zero. As L — 0 for fixed ax , @ — 0, so an equivalent limit is & — O for fixed o .
As L — Ofor fixed y« , ¥y = y«/L — -+ », 0 or — © according as yx >, = or < 0
respectively. Therefore, in the limit,

Vw( ) (y+ > 0)

wx(ys) = Vw(0) (yx = 0)

Vw(— ) (yx < 0)

It is here convenient to take w(— o) = —w( ), which can be effected without

loss of generality by a Galilean transformation if necessary. Then we classify
each flow to be of et type if w( ) = 0 or of shear-layer type if w(x) = 0, in
which case we choose V = wx( ). Therefore

0 (jet)

s = {V Sgn ¥x (shear layer) (38)
as L — 0 for fixed y . (We neglect the special point 4« = 0, because translation
of the origin eannot affect the stability characteristics, and we are assuming that
all the limiting processes are physically reasonable.) For w4 = 0 we know the
eigenvalue cx = —ax from equation (22) for the Rossby wave. For
wy = V sgn yx, we know the eigenvalues from equation (2.7) for the vortex
sheet We deduce that all flows of jet type have (at least one mode with) eigen-
value

C(Ol, a) - —a,

as a — 0 for fixed a, which gives stability. Similarly, flows of shear-layer type
are unstable in the limit, having the same limiting eigenvalues as those (2.7) of
a vortex sheet.

4. Long-wave approximation to the stability characteristics of unbounded
flows. Taking the limut . — 0 1n our dimensional analysis pointed the need for
a better approximation to the stability characteristics of unbounded flow as
a— 0. Such a method has been developed by Drazin & Howard (1962) for the
special case 8 = 0. To generalise that method for 8 = 0, first note that the Kuo
stability equation (1.1) can be written

D(W®DF) = !W(W — a)F, (4.1)

where W = w — ¢, F = ¢/W. Taking the limit as « — 0 for fixed a, w(y), we
deduce that F is constant except (possibly) at the critical latitude or latitudes
y. where w = ¢. The boundary condition (1.2) at infinity shows that F = 0
down from y = <« to the most northerly critical latitude ¥ = ¥, . On the other
hand, if we take instead the limit y — <, we find

F ~ constant X exp (—al,y),

as in §1. This asymptotic form is valid for all positive «, however small, provided
¢ % w, Thus the order of the limits @ — 0 and y — o cannot be changed
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without changing the resultant limit of the eigenfunction F. In spite of this
non-uniformity, we can find an expansion of ¢ in powers of « as follows.

Two independent solutions F., f. of the stability equation (4.1) can be
defined by their asymptotic forms

Fy~exp(—alyy), DFi~ —al,exp(—alsy),

(4.2,)
f+~ exp (aliy), Dfy ~ aly exp (alyy);

provided that / |D*w/(w — ¢)| dy < » (cf. Coddington & Levinson, 1955).

Therefore the eigenfunction satisfying both equation (4.1) and boundary
condition (12) aty = + o is

F=K,F, (4.3,)
for some complex constant K, . Similarly we find
F=KF_, (4.3.)
where
F_~exp (ad_y), DF_~ al_exp (aly) asy — — (4.2_)

But eigenfunctions (4.3,) are the same. Therefore their Wronskian vanishes at
each and every point g, i e.

F+DF_-‘F_DF+=O. (44)

Equation (4.4) 1s the eigenvalue relation between g, ¢, «, because F are definite
functions specified by these parameters alone for given w(y).

To expand eigenvalue relation (4.4) as a power series in o, we divide out the
essential singularity of F at y = 4 and expand the quotient as a series
uniformly valid over a semiinfinite domain, 0 £ y < =, say. Thus we put

x+ = Fyexp (alyy) (4.54)
= 20 a"Xa(y;0,¢) (0 Sy < w). (46,)
Stability equation (4.1) now becomes
D(W’'Dx+) = o D(W'xs) + WDx4) + (1 — LYWW — Wo)xs (4.7.)
Equating coefficients of successive powers of o, we now find
D(Wsz.H)) =0, D(WEDXH) = l+{D(W2X+0) + WzDX+0},
D(W*Dx4n) = l{D(WX4n1) + WDxind}

+ QA —=B)YW(W — Wa)xin, n=2,3, . (48,)
Boundary condition (4.2;) at infinity gives
X460 =1, Dxp0=0, X4n=Dx4a=0, =12, ---. (4.9,)
Whence it can be shown that
x+0 =1 (4.1040)

v
X+1 = l+]; dy(1l — Wi/W?), (4.1044)
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) v
xio = [ [ ol B0 — WO + Wr)
+ (1 — YW Wo(W; — Wa)}

(4 1042)

v

Y1 1’3
X3 = [ dylfw dyzL dys{ BV + W1 — Wa/W3)(W5 + W3)

+ (1 = B){(Ws(Ws — Wao) (Wi* + W3?) (4.1043)
+ WOWa(Ws — Wa) (1 = W/W)],

etc., where subscripts 1, 2, - denote evaluations at 1, %2, - -~ respectively.
There are simlar expressions for
x— = F_exp (—al_y) (4.5_)
= Z:=0 (—a)"X—n(y’ a, C), (46—)

on replacing a by (—a), ®» by (—«),and I, by L.

We can now evaluate eigenvalue relation (4.4) at y = 0 as a power series in
a. (We have chosen the point y = 0 merely as a convenience; this choice does
not affect the function c(«a, @) as an explicit expansion for small a.) Thus

Ux+(Dx— + alox—) — x=(Dx+ — alyx4)} exp {a(l- — I )g}lh=o = 0,  (4.11)
and thence it can be shown that

0= I, Wh + LW + a{zi f: (W — W) dy + zif_: (W — W) dy
L LW fow (1 — Wo/Wh dy — 1,1 WS [; (1 — Wea/W?) dy
+1-B) f: W(W — Wa) dy + (1 — I2) f:W<W — W_.) dy}
+ az{—l_ f_i(1 — Wie/W?) dy
-f: (B — W) + (1 = EYW(W — Wa)} dy

- l+f0 (1 — Wo/W*) dy (4.12)

-L (W — W) + (1 — EYW(W — W)} dy

+ [ “ay [ an BV = WO+ WO W — LW)

+ (1 =) - W — LLWHWW(W1 — W)
—LWW — Wa)(1 — Wo/W1)}

+ [y [ anl vt = WO + WL — LW
+ (1 = B We — LWHWW(W:, — W_s)
—LW(W — W_e)(1 — Wiw/Wz)}} + .-
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For profiles of jet type, W_o = W, = —¢, I_ =1, and this eigenvalue
relation reduces to

0=2,¢ +{li f (W* — W dy + (1 — 1) wa dy}a
- aZ{L‘i [or—day+a~2) [ ww dy} (4.12,)

o

Some of the more rigorous work of Drazin & Howard (1962) on these series
for small « in the case 8 = 0 can be readily generalised for the present case
B #= 0 (ie. @ = B/a’ # 0). For example, it can be shown that all the series used
above converge absolutely for sufficiently small « and fixed ¢, ¥ 0 when
(w — wy,) tends to zer10 exponentially as y — 4= . Again, it can be shown that
there 18 a mode with

2 2 !
C — Wy ~ 612"/3{( 21?;2 ); 1 l;Vlz_ le *: } as a — 0, (4.14)
- Wim Ly Wao + L We

where the subscript m denotes evaluation at any point y,, where w has a simple
minimum (There is a similar result where w has a maximum.) In fact we shall
see that eigenvalue relations (4.12) seem to give valid approximations to ¢
except for modes of instability of shear layers in which ¢ — wyw as a — 0. In
these cases the singularity of the stability equation (4.1) at w = ¢ tends to the
singularity at y = 4= as a — 0.

Equation (4.12;) has one root

] 2
c= —a— iozza”3 <L°w(w + a) dy)

+ (a < —[:wzdy/[:wdy)

This represents a stable mode, for small « at any rate, which is a modified Rossby
wave, as anticipated by the dimensional arguments of §3. Note that relation
(4.13) g1ves relation (2.2) for a simple Rossby wave exactly when w = 0. (Simi-
larly relation (4.12) reduces exactly to relation (2.5) for the vortex sheet when

w = sgn y.)

(4.13)

5. Further examples. (a) Rectangular jet. For the jet with basic velocity

_Jo (yl>1)
"’“{1 (Jyl < 1), (5.1)

we can find the eigenvalue relation by piecewise solution of the Kuo stability
equation (1.1) and use of boundary conditions (1.2) at infinity and (1 4),
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(1.5) at y = +1. The resulting relation has two factors, one, corresponding to a
smnuous mode of instability (with even eigenfunction ¢) gives

(1 +a/e)' + (1 — )1 + a/(c — 1)} tanh (afl +a/(c ~ 1}}) = 0; (5.2)
the other, corresponding to a varicose mode (with odd eigenfunction) gives
1+ a/e)tanh (afl +a/(c— DIH + A =)Ll +a/(c—1)}) =0. (5.3)
The square-root (1 + a/ c)* is to be taken with non-negative real part as usual.
The root ¢ = 1 — a of relation (5.3) 18 madmissible because in this case the
eigenfunction ¢ is linear where |y| < 1 instead of exponential, as has been
assumed in the derivation of relation (5.3).

When a = 0 we recover Rayleigh’s classic results (cf. Rayleigh 1945) whereby
the sinuous and varicose modes are each unstable for all «, however large. In
the limit as @ — £ for fixed @ # 0, ¢ = %(1 £ ¢37}) for both modes, which
are therefore unstable.

In the limit as @ — 0 for fixed a £ 0, relation (52) for the sinuous mode
gives two submodes. One is stable, representing a modified Rossby wave in the
ambient fluid, with

= —a—o(1+a)/d - - (a < —1).

It should be noted that this is an admissible solution of (5.2) only whena < —1°
These results can be verified from equation (4.13) for small a.
The other sinuous submode gives

11 +3H{—(1 — a)¥/a}la (a < 0)
+0} (a = 0)
c~1{—31 +3H{(1 — a)/a}'ad (0<a<1)
o (a =1)
{(a - 1)/a}'a (a>1)

as a — (. These results may be verified from equation (4.12;) for small o It
can be seen that this sinuous submode for small « is stable when a = 1.
As a — 0 for fixed a # 0, relation (5.3) for the varicose mode gives

l+idd(1+a)t+ --- (a > —1)
c=41— (1 43" + --- (@ = —1)
1+ 2% ) (=1 —a)t+ - (a < ~1).

This can be verified from equation (4 12;). It shows that the varicose mode is
always unstable for sufficiently small «

As a — o for fixed a, both relations (5.2), (5.3) give instability.

In summary, the varicose mode is unstable wherever we have investigated it.
The smuous submode like a Rossby wave seems stable where it exists. The other
sitnuous submode is unstable near the o’-axis m the (o, 8)-plane but stable near
the B-axis, the stability boundary leaving the origin with tangent 8 = o® and
going off to infinity.

(b) Buckley jet. For the jet with profile

w=sechy (—o <y < =) (5.4)
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Lipps (1962) put ¢ = w, and sought neutral parts of the eigensolution. He found
part of the sinuous mode with
c=1d, B=1%"(4—d"), ¢ =sechly, (5.5)
and the varicose mode with
c=3434+4a"), B=31=-d)(8+d"), ¢=sechytanhy. (5.6)
He used the perturbation (3.3) to show that these solutions are stability boun-

daries for 8 > 0. They are also stability boundaries for 8 > —2, as shown 1
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Fra 1. Stability characteristics of the jet w = sech?y (a) Stabiity boundary
B = ta?(4 — a?) of sinuous submode (b) Stability boundary 8 = (1 — a?)(3 + «?) of van-
cose mode (¢) Neutral part 8 = —}a?(9 — a?) of sinuous submode like Rossby wave

Figure 1. Note that condition (3.1) implies that the flow is stable when g8 > %
or 8 < —2.
We add a further neutral part of the sinuous mode, with

c=1, B=—34a%9 — o), ¢ = (sechy)*(tanh y)>="". (5.7)

This part, not having ¢ = w, , is not suitable for perturbation by formula (3.3).
In fact it is part of the stable submode representing the modified Rossby wave,
and is not a stability boundary in general
Formula (4.12;) for small « gives
0=2%1+a/c) +alt —4c— —a(2+¢J)} 58)
— o' (4 —4dc—2a)J + -+,
where

J E[w (W — W idy
=1 =07 +3Bc—2)1 —c)Flog ({(1 —e) +1}/{(1 —c)} —1}).
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This gives the sinuous submode like a Rossby wave, with
c=—a— (a+ 3%/~ - (a < —3%);

this submode 18 in agreement with the exact solution (5 7). Formula (5 8) also
gives the varicose mode with

o 1~ a1 + a)') (a> —1)
=" Pltra(—1 — a)ljt (@ < —1)

as a — 0, in agreement with (4.14). This gives instability of the varicose mode
for small & and fixed a and is consistent with the exact result (5.6). Finally,
relation (5.8) gives for the other sinuous submode

{e’(a — §)"/aj’ (a>3)
oo 31 EVEDER(E — )Y (3>a>0)
+%(20/3)" (a =0)
31 = VE)' (G - @)/ (o)l (a<0)

as a — 0 for fixed a. This gives mstability as « — 0 for ¢ > %, in agreement
with the known neutral part (5.5) of the sinuous mode. Further, (5.8) gives
¢ = 0(c’) when a = % + 0(o?), though a further term in (5.8) is needed to
give the eigensolution (5.5) numerically to order o

In summary of the stability characteristics of the Bickley jet, we refer to
Figure 1 and the analysis above Near o’ = 0 = a, the characteristics are
qualitatively those of the rectangular jet (5.1). However all modes of the Bickley
jet are stable for 8 > % or 8 < —2 by condition (3.1). The varicose mode is
more unstable than the sinuous mode to each long wave, though the sinuous
mode is unstable to some waves for a larger range of 8. The jet is more easily
stabilized by positive than negative values of 8. This means that eastward jets
(w > 0) are more stable than westward jets (w < 0) in geophysics, because
change of sign of 8 is mathematically equivalent to a change of sign of w, although
8 1s always positive in practice Numerical work is needed to give the missing
stability boundaries from (—2, 6) and (—2, 3) to the negative g-axis in the
(8, a*)-plane of Figure 1.

(¢) Pieceunse-linear shear layer. When

_Jseny  (ly>1)
v “{y (ol < 1) (5.9)

the eigenvalue relation can readily be shown to be
[Dgr + {(c — 1) + alenymalDen + {(c — 1) + alildulyn
Dy + {(c + 1) — aljgilya[De + {(c + 17 — ol Jgaly—
where ¢, , ¢2 are any two independent solutions of
(y — )D’s — (8 — a’(y — ¢)}¢ = 0.

It can be seen that solutions of this equation are related to the confluent hyper-
geometric function, with

b1, ¢ = €VF(£B/20, 0, F2a(y — ¢))

2
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1n the notation of Erdély: et al. (1953, p. 250). It can thence be shown that the
eigenvalue relation 1s

0=(c— D+ 4+ 1)L +2{(— DIyl —ac+ 24+ + -

for small a and fixed a # 0. Equation (4.12) gives an equivalent result. In the
case a = 0, ¢; , ¢ are related to a Bessel function, and 1t can be shown that, for
small 8,

0=(c— 1+ (c+1)+28c— ("~ DY +---.

These results show that for long waves the stability characteristics of this shear
layer are similar to those of the vortex sheet §2(b), there being instability when
either a or 8 is small enough. There is just one mode of instability for each of
these two shear layers. However the shear layer (5.4) is sometimes stable, as it
is well known to be for 8 = 0 and large enough a.

(d) Hyperbolic-tangent shear layer. When

w = tanh y (—o <y < ) (5.10)

we may put ¢ = w, where 2w_,(1 — w,)? = —B to find three real values of y,
when —4/34/3 < 8 < 4/34/3. These values are associated with the neutral
eigensolution

6= (1— tanhy)“l:k(l—azﬂ)(l + tanh y)i(liF(l—az)?)’

511
c= :i:(l——az)*,6= :F2at2(1---cv12)i (02 = 1). ( )

For each value of 8 there are only two proper values of ¢ in this solution, the
third corresponding to o® < 0. The neutral curves in the (8, o’)-plane are shown
in Figure 2. It can be shown by the perturbation (3.3) that each curve is a
stability boundary, the interior corresponding to instability.

Eigenvalue relation (4.12) for small « gives

0=(1—¢)+ (1+¢)_ —2ef1 + L1 (1+clog{(c+1)/(c — 1)})}
+ oL (512)

This gives two complex conjugate roots ¢ similar to those of the vortex sheet and
shear layer (5.9); this mode is unstable for all values of o, B sufficiently small.

Also relation (5.12) suggests the existence of a mode in which ¢ — =1 as
a — 0; for example, we might expect ¢ — 1 by balance of the terms (1 4 ¢)i_
and 2al,l_ ¢ log (¢ — 1) above. However, scrutiny of equation (4.12) shows
that the next term (in of) of equation (5.12) has asymptotic form
&l_ki(1 + aks)/(c — 1)* as ¢ — 1 for some numerical constants %; , ks which
can be found in principle. If this extra term is included in (5.12), balance of the
most significant terms as ¢ — 1 gives

(14 ¢)l_ ~ —all_(1 + aks)/(c — 1)~
Therefore
c— 1~%a{—k1(1+ak2)}* as a — 0 for fixed a.
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There is stability if k(1 + ak:) < 0 and mstability if & (1 + ak.) > 0. If,
however, @ = —1/k,, the term of order o’ in equation (5.12) is asymptot-
ically o’l_ks/(c — 1) as ¢ — 1, where ks is another numerical constant Then

2
c— 1~ —1a'ks

as o — 0. The exact solution (511) suggests that &k, > 0, ks = 3, ks = 2. It
should be noted that the results of this paragraph are conjectured. Later terms
in equation (5.12) may be dominant, and we do not know which later terms, if
any, are the most significant, because we have no proofs of convergence of the
series in this case for which ¢ tends to a value of w(y) in the flow as & — 0.
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Fic 2 Stability characteristics of the shear layer w = tanh y Stability boundary
8 = F2a2(1 — o2}t

Similar remarks may be applied to the root for which ¢ — —1 as « — 0, by
symmetry

Some of the above results may seem at first to be mcompatible. The exact
solution (5.11) indicates that there 1s a stability boundary touching 8 = F2¢°
near the origin in the (8, «%)-plane. Expansion (5 12) for small « shows that
there 1s also a mode, like that of a vortex sheet, which is unstable on and on both
sides of this stability boundary. The convergence of our expansions may be
proved 1n this case Therefore there must be at least two modes of instability,
one like the instability of the vortex sheet and one like the exact solution (5 11),
near the origin. An extra term of expansion (5 12) suggests the latter mode, but
the expansion may diverge. This latter mode represents Rossby waves relative
to the streams of y = T« as a — 0, this mode does not exist for the vortex
sheet or the broken-line shear layer (5.9) except as an 1solated neutral mode with
¢ = 1, a = F2 The stability boundaries of the former mode have yet to be
found for the hyperbolic-tangent profile Nonetheless, condition (3 1) implies
stability when |8] > 4/34/3.

(e) Sinusordal flow. We finally give two examples of the continuous ¢-spectrum
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discussed in the middle of §3. Kuo (1949) has given one of the discrete eigen-
solutions for

w = siny (m=2y =), (5.13)

and we have mentioned them briefly in §3. However, when ¢ = —8, y, = sin™'8,
it can easily be verified that an additional solution is

o= {sin (1= o)y, — )} sin{(1 — o))y — )} (= y <)
sin{(1 — &)}y — gl sin{(1 — e —9)} <y =)

for each o’ < 1, and similar solutions can be found for o’ = 1, & > 1.
(f) Plane Poiseuille flow. When

w=1—y" (-1=y=1), (5.14)
the stability equation becomes
(1—c~¢") (D¢ — o) — (B+2)p = 0.
When 8 = —2 it follows that
D¢ —de=0 ors(£(l—c)h.

In the former case, of the discrete spectrum, there is no solution. In the latter
case, of the continuous spectrum, an eigensolution can easily be found for each
a and each ¢ 1 the range [0, 1] of w.

6. Discussion. To apply the above results to motions of the atmosphere and
oceans one must bear in mind the idealizations of the model of barotropic sta-
bility that we have used. For example the vertical structure (i.e. variation of the
velocity, density and temperature with height) is not represented in the two-
dimensional model. Again, the 8-plane approximation 1s invahd for disturbances
whose wavelengths are comparable to the radius of the earth. Notwithstanding
these and other limitations of the model, the stability characteristics illustrate
qualitatively some geophysical phenomena.

The absolute vorticity has components due to the basic flow relative to the
earth and due to the rotation of the earth. It has been shown how the northerly
vorticity gradient 8 due to the rotation of the earth displaces the latitude y,
where the absolute vorticity gradient vanishes, and thereby acts by and large as
a stabilizing influence. In particular, a westerly jet has been found to be more
easily stabilized than an easterly jet, which is in fact more unstable for small
B8 > 0 than for 8 = 0. Thus barotropic mnstability should be considered as a cause
of the infrequent oceurrence of easterly jets in the atmosphere and oceans.

The semi-circle theorem (3.7) shows that unstable waves travel at a phase
speed within the range [Wmin — 3@, Wnax + 3a], @ being the Rossby wave speed.
In so far as one can approximate to the mean motion of the atmosphere by a
steady basic flow, westerly winds are observed in mid-latitudes below the top of
the stratosphere. Thus wm., > 0 at each height, and the semi-circle theorem
implies that no unstable disturbance moves in an easterly direction with speed
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greater than }a. This agrees, to order of magnitude, with observed speeds of
propagation of large-scale wave-like disturbances on weather maps.
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