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Summary ~ The conservation-theorem derived here can be expressed thus: Let v 
be the absolute velocity and ~ = c u r l v  the absolute vorticity, further z = z(p) the 
specific volume of a barotropic fluid and V W t h e  gradient of the action IV (=  Hx- 
~r principal-function), then 

Dt 

D 
where - -  denotes differentiation following the motion of the  fluid. 

Dt 

Zusammeufassung--  Der hier abgeleite~e Erhaltungs-Satz sagt. Folgcndes aus: 
- - t -  �9 " 

Wenn v die absolute Gesehwindigkeit, ~ = curl v den absolnten WirbeI, r = r 
das spezifische Volumen einer barotropen Fliissigkeit und VIV den Gradienten der 
Wirkungsfunktion bedeuten, so gilt: 

D 
a t  v i v ) )  = 0 ,  

D 
wobei - -  die individuelle Zeitableitnng der Hydrodynamik darstellt. 

Dt 

I. The new conservation-theorem and its proof from Lagrange's equations. 

In  the Lagrangiau method of hydrodynamics the rectangular  -coordinates 

x, y, Z of a particle at t ime t, the velocities ax ay az and accelerations 
a~x aey a2 z a t '  ~t ' at 

are functions of t and of three iiadependent parameters a, b, c which at 2 , at 2 , 0t 2 

define the position of the chosen particle at a part icular  ins tant ,  t h u s  a, b, c may 
be the rectangular  coordinates of the chosen particle at the ins tan t  of t ime from 

which t is measured (t = 0). Using for brevi ty  the vector nota t ion  r = (x, y, z) 
we can write LAGRAB;GE's dynamical  ~quations referred to axes connected with 
the rota t ing earth 
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(]) -~- - ~ - - ~  2to X r  " aa -- aa -~ , etc. 

where if0 represents the  angular  veloci ty  of the  ear th ' s  ro ta t ion  and q) the poten-  
t ia l  of g rav i ty  ( including centrifugal  potent ial) .  I f  the  fluid is incompressible,  the  

densi ty  ~ is a cons tant  and -i dp --  P , hut  in the  following .we shall consider the  
.,P ~ P 

general case p = p(p), i. e. the  fluid m a y  be compressible of  such a k ind  t ha t  the  
dens i ty  is a given funct ion of the  pressure p alone (barotroplc fluid). 

On using the t ransformat ion  

~7 ~7 a ~x , -  - (5 .5)  (2) 2 fro • at aa at " ~-a ~ a  

i t  is possible to s impl i fy  the  system of LAGRA~GE'S equations (1) by  in t roduct ion  

of the  moment  of momentum /~ of th.e par t ic le  relat ive to the  ear th  wi th  respect  

to  the  origin r = 0 (ear th 's  center) 

( 3 )  f i  = -;  x - -  ~- ,  

and i f  we introduce fur ther  the  absolute veloci ty  

a; 
(4) v =  - - - 4 - ~ ,  X 7,  

Ot 

and the so-called Lagrangian  funct ion or the  kinet ic  po ten t ia l  

(~) i , = - - (  + ~ g -  $+ 7- 2 \ a t ]  

[cfr. H. ERTEL Q)], we obta in  the  following form of LACl~ANeE'S equations re- 
ferred to a system (( fixed in space ~): 

i (6) 0t ~ a  -~ ~ - a  ' etc. 

F rom this  form (6) of the  dynamica l  equations i t  is a t  once possible to obta in  
the first in tegrals  

(7) v .  ~a vx -~- ~ a  etc, 

o 

(WEBEn's t ransformat ion  [cfr. H. LAMB (2)]), where vx . . . . . .  arc the ini t ia l  values 
(v~)t= , �9 .... at  the  moment  t = 0 and the t ime- in tegra l  

t 

(,~) ~ / =  J~ dt 
0 

t aken  along the t r a jec to ry  of the  par t ic le  represents ~-~AMILTO1N~'S principal-funqtion,  
also called the  act ion (German:  Wirkungsintegra l ) .  

Let  x = x ( a ,  b, c, t), y = y ( a ,  b, c, t), z = z(a, b, c, t) be the solutions of 
the  Lagrangian  equations.  The inverse t ransformat ion  is given b y  a = a(x, y ,  z, t), 
b = b(x, ~, z, t), c = c(x, y, z, t) and we see t ha t  the  pr incipal-funct ion W(a,  b, c, t )  
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also m a y  be regarded as a field-function tV = IV{ a(x, y,  z, t), b(x,y,  z, t), c(x, y ,  

~ W  ~ W  b ~ W v c  z, t) } from which the vector-field grad W = V W  = -~a Va -F ~ -  V ~- Oc 

can be obtained, appearing in the solution of the set (7): 

(9) v - -  V W = v~ Va -t- Vy Vb -4- VzVC. 

We designate by  ~ the absolute vor t ie i ty  

(10) ~ - -  ~ . r l v  = c .~l  N -  + ~ • -; ~.~1 N -  

and this m a y  he transformed By (9) into 
o o 

(11) ~ = ~Vb • V c +  ~yVc • Va + ~.zVa X Vb, 

where 
o o 

(12) ~.x:  ~vz avy 
~--~-- 6c , etc. 

are the components of the initial vor t ic i ty  ( ~ t = 0 .  
Evident ly  from (9) and ( i l )  on forming the scalar product :  

o o o o o o 

(!3) ~. (~- -  v w )  = ( ~  vx + ~ vy + ~ ,,~) [w ,  Vb, W] 

where the triple scalar product  
o o 

(14) [Va, Vb, Vc] ~ Va x Vb �9 Vc = p /p--  ~/~ 

(~ = 1/p = specifi c volume) aceording to the Lagrangian equation of Continuity 
o 

(a, b, c) ; 
(15) [ w ,  Vb, W] . . . .  

o (x, y, z) p 

Then from (13) and (14) 

(I6) (~ . . . . . . .  

where obviously the terms on the r lght-hand side are functions of the a, b, c only 
and independent of t. 

This is an impor tan t  result showing tha t  the vaiue of the s c a l a r  product  

~.  ( v - -  VW) is constant for all t ime along the t ra jectory of the particle (a, b, c), 

or in other words, ~ ~.  ( v - -  VW) has the same value a t  each point of the t ra jectory 
s tar t ing from x =  a , y =  b, z = c  a t  t = 0 ,  i. e. 

07)  
D 

D a ( la)  - 
Dt ~t -F v .  V 

where in Eulerian no ta t ion  
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denotes differentation following the motion of the fluid. The foregoing calculations 
constitute the proof of  the conservation-theorem given recently by  ERTEL and 
IlOSSBY [cfr. Ref. (a)]. 

II .  Second Pr.oof from EVLER'S equations. 

I t  is our purpose now tO consider a new proof follows from EULER'S hydrody- . 
namical equations referred to a system (( fixed in space ~ 

ov 
(19) Dt Vq) - -~  Vp = - -  V (I) -i- 

where the Newtonian potential of a t t r ac t ion  dp is given by  

(20) �9 = $ + y (,,~ x r)~, 

1 (r • r~)2. From the equations (3, 4, 5, 8) since the centrifugal-potential is - - - f f  

and (20) we See tha t  the Lagrangian function (5) can be represented as the diffe- 
rence of the kinetic and potential energy per uni t  mass 

(21) L =  D ~ -  2 v2--  (p + 

(v = I v  [). The following calculations necessary to prove the theorem become 
much s impler4f  we~:use ERTEL'S general ~vortex~,eqnation [cfr. Ref. (4)] 

O (~ ~. V+)=- (~ ~. V) D~ ~(P, ~, 4) (22) ; - =  ~" 
Dt Dt 0 x, y, z) 

w h i c h  contains the arbitrary function ~ = ~(x, y,  z, t). I f  the fluid is barotropie, 

i. e. z = z(p), the Jacobian a(p, ~, ~) vanishes and the equation (22) shows tha t  
D O(x, y,  z) 

the operators ~ and z ~- V commute. Put t ing for example ~ = x, y or z, 

we get in the case of a barotropic fluid the vortex equations 

D 
D t  (e ~ z ) -  (p ~" V) v$ = O, etc. 

Or using the vector notat ion:  

(23) Dt 

t 

However if we put t~ = W = f L d t ,  we obtain from (22) with respect  to (21): 
, J  
0 

~ - i J tl 0 (24) (r V I V ) - - ( ~ -  V) ~- ~. . . . .  
Dt 

Now from (19) follows 

Dt P 
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and from (23): 

o 
(26) v-  (~ ~) = r ~.  V �9 

Dt 

Thercfo~ wc h~ve, combiuing (25) dud (26): 

_ _ v  = |  
Dt 

and this result (27) can be written with respect to (24): 

D 
(28) ~)t ~ "  (v - -  V W ) } - -  0 

which formula is the same as (17). The foregoing calculations represents a com- 
plete proof of the new ,conservation-theorem from EUL~R'S e~uations of hydro- 
dynamics, because  the general vortex equation (22) used above is derived by  
curl-differentiation from (19) combined with scalar multiplication by  Vt~ and 
transformation of the left-hand side with the aid of EULER'S equation of conti- 

D~ 
n u i t y - ~ - =  z div (v). Hence t h e  same equations are used as in the first proof 

from LAGRANGE's equations, namely the dynamical equations and the equation 
of  continuity, but  now in Eulerian notation. 

I I I .  Incompressible f luids.  

For an incompressible fluid we have 

(29) Da _ 0 
Dt 

and therefore the simpIification 

( 3 0 )  

where 

D 

t 
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