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INCREASING PATHS LEADING TO A FACE 
OF A CONVEX COMPACT SET IN A HILBERT SPACE 

LEONI DALLA (Athens) 

1. Introduction 

Let C be a convex compact set in a normed space E. A point c of C is an extreme 
point of C if it is not  contained in the relative interior of  a line segment lying in C. 
The exposed points are extreme points that can be expressed as the sole intersec- 
tion of C with one of  its support hyperplanes. The r-skeleton of  C for r a non-nega- 
tive integer will be defined to be the set of  all points of  C that do not belong to the 
relative interior of  an ( r+  1)-dimensional convex subset of C. The set of  extreme 
points of  C coincides with the 0-skeleton of  C. Let l be a continuous functional 
on E non-constant on C. In [1], D. G. Larman proved the existence of an I-strictly 
increasing path on the one-skeleton of C. In a recent paper [2] it is proved that if 
the face F = { x ~C:  l ( x ) = m a x l ( y ) }  is of infinite dimension then for every 

yEC 
n = 1, 2, ... there are n/-strictly increasing paths on the one-skeleton of C mutually 
disjoint that lead in F (Corollary 2.1 in [2]). In this paper it is proved that if the 
dimension of  F is k then there are k +  1 such paths with the above mentioned 
property for every k = l ,  2, . . . .  Furthermore, we give an example showing that 
this result is the best possible in a Hilbert space. 

2. The results 

We quote the following propositions: 

PROPOSITION 2.1. Let C be a compact convex set in a normed space E and let I 
be a continuous linear functional on E, non-constant on C whose maximum on C is 
taken on a face F of  C with d i m F = k  (k~ l ) .  Then there are k + l  mutually dis- 
joint paths on the one-skeleton of  C, leading to F, along each of  which the functional l 
strictly increases. 

PROPOSITION 2.2. Let ~f" be a Hilbert space o f  infinite dimension, l a non-con- 
stant continuous linear functional and k an arbitrary positive integer. Then there 
exists a convex compact set ~, which is o f  infinite dimension and on which I is non- 
constant, such that the face F =  {xC ;g: l(x) = max l(y)} is of  dimension k and ~, 

has the property that on its one-skeleton, it is impossible to find k +2 l-strictly in- 
creasing paths, mutually disjoint that lead to F, 

PROOF or PgoPosn'IOS 2.1. We assume that dim F=k .  Then there exist k + l  
el, e~, ... ,ek+l linearly independent vectors in E and k + l  linear functionals 
11=1, 12 . . . .  , lk+l for which the following hold: 
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(i) li(ej)=Sii, i , j = l ,  2, ..., k + l  where 51j is the Kronecker delta and 
(ii) dim no(F)=k, where g0 is the projection 

go(X) = tl (x) el + Idx)  e~ + . .. + Ik + l (x) ek + l , xC E. 

From now on, the steps required to find the appropriate k +  1 paths on the 
one-skeleton of C are similar to those in the proof of Theorem 2.1 in [2], so we 
omit them. This concludes the proof of the proposition. 

Before we proceed to the proof of Proposition (2.2) we introduce some appro- 
priate notation: Let ~o be a separable Hilbert space of infinite dimension and let 
l be a continuous linear functional on ~0 of norm 1. Then there exists a unit vector 
ul such that l ( x )=(x ,  ul) for every xE~o. Let {u,,}~l be a complete orthonormal 
system in AP0. We denote by Q the convex compact set 

XC ~o: x = c,,u,,, 0 < c, n = 1, 2, 
n = l  = ~ n ' ~  .... 

Also, let H - ( a ) :  {xq~0: l(x)<:a} be the closed half space, where a is a real num- 
ber and let H(a) be the boundary of H-(a).  Next we quote and prove the following 
lemma which is essential in the proof of Proposition 2.2. 

L E ~ .  Let l be a non-constant continuous linear functional on a separable Hil- 
bert space ~o,  k>=l be an integer and p < ( k + l )  -1 a positive real number. Then 
there is a sequence o f  convex compact sets (Zi)i% 1 with Xi ~ Q such that 

1 ) / f  ~(o_ max l(x), then the sequence {~(0}~=1 is strictly increasing. 
xE~ 

2) ~ + : t n H - ( ~  (0) = ~ ,  i = 1, 2 . . . . .  

3) The sets A(")--- Z 1 n H(0) =c--5-ff { 0 x. (~ and A(0= Z, NH(a(O)-c-Sfi { 0 x~(~ 
/I=i ~1 

i= 1, 2 . . . .  are convex compact sets o f  co-dimension 1. 

4) F(O=con {x~ ~ .Ao ~ is a k-dimensional face o f  A C~ with "" "~ ~ k + l l  

m!n ]iX} 0 -xi0]l > # i = 0, 1, 2, .... 
l ~ j < n = / ~ + l  

5) max ~.(0_~.(i+1)1 < #~+f, i = 0 ,  1,27 
1 = < j ~ + l  " '3  " J  . . . .  

6) The point xJ ~ is joined to the point xy  +1) by a single edge o f  the convex corn- 
pact set Zi+l, l ~ j _ k + l ,  i=0,  1, 2, 

" = 0, = I I  f o r  i = 2n where n = O, 1, 2, ... 
7) lim Ilxy) "--'~X(/) II j - ~  2 for i = 2 n + l  ( 

and 
o < IIx5 ~ " ---~a(O~t <#~+~, j = k + 2 , . . . ,  i = O ,  1 . . . . .  

8) I f  k + 2  disjoint l-strictly increasing paths in the one-skeleton of  Zi+, lead 
from A (0 to A {i+*) then one must contain a line segment o f  length exceeding #-3/,~+ ~, 
i=0, 1, 2 . . . . . . .  
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PROOF. Let x(~ =O, x(e~ =u2/2 ..... X(k~ =Uk+ l/(k + l) and X(k~ j=gk+ Juk+ i, 
oo 

j=>2. Then lira x~(~ ~ hence A~ ( U  x(~ is a compact convex subset 

of  Q with ext A(~ A(~ U x(~ where ext A (~ and exp A (~ are the set of 
n = ] .  

extreme and exposed points of A r176 respectively. 
Conditions 4) and 7) are satisfied for the points {x(~ Let ulCQ and 

P ' =  c--6-6 { { 0  x~(~ {u~}}=con (A<~ {u~}). We can choose 0<~(1)< 1 sufficiently 

small, so that with x!X)=con (x} ~ Ul)NH(~(t)), the inequalities of conditions 4) 
�9 d ~ 

and 5) are satisfied for 1 <=j<=k+l. Let y}~)=con (x)'- (o), ux)NH(~<t)),j>=k+2. Then 

k + l  

r = : {x}l)}U 0 {y}l)}) 
j = l  j = k + 2  

is a compact convex subset of Q. 
We choose x~)Ccon (y~), x(~)), j ~ k + 2  such that 0<lIx~)-x~ ' [ l<# ~+1 and 

lira ~j~(1)-'~(1)-~2 and so that A~ x }a)) is a convex compact set with co- 

dimension 1. Then we define 

z, = = {4~ 0 
rt=X n = l  

Then 2;1 is a compact convex subset of Q, which satisfies conditions 3) to 8). 
Assume now that we have constructed a finite sequence of m (m=>l) compact 

convex subsets of Q, having properties 1)--8). It will be shown that a compact 
convex set 2;z+1 can be constructed so that the enlarged sequence also satisfies 
the required conditions. Let d~ Q be a point with ~(~)< l(d)< 1 and c-6--6 (dU ~ )  = 
=ZmUcon (dUA(m))~= Q. Let a(m+~) be chosen greater than a (m), so that with X} maul) 
defined for, l < = j ~ k + l  by xJm+l)=con (X (m), d)nH(a (m+l)) the inequalities of 
Conditions 4) and 5) are satisfied. Let now 

k§  oo 
y ( m + l ) ~  T =  c-~(S~Ud)NH(~(m+19 = c-6-~(U x}m+I) U U j 

j = l  j=k+2  

where y~Z+~), j>=k+2 is joined to x} ~) by a single edge of the compact con- 
vex set'~-~(~,mUd)NH-(~(m+~)). Let x) m+~), j>=k+2 be a point of the edge 
con (y}m+~), X(~+I)) (2=1 or 2 iff m + l  is even or odd) of Tchosen so that 

0 < IlxJ~+l)-x[~'+~)l] < #k+(m+l), limx}~+l) = x[~+l) and A (~+~) = c-o-g( O x~ mq-1)) 
j ~ o o  n=l 

is a compact convex set of co-dimension 1. Next, we define 

m-4-1 c~ 

~'m+l --'~ ~-"0~" (Zm U A(m+:t)) = c6-n(i=Uo n=lU X(ni)) �9 

m+[ 
Then ext Zm+i=exp ~Fm+l: [..J U X(n O" We observe that conditions 1)--7) apply 

i = 0  n = l  
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to the sequence of convex compact sets 2~1, Ez . . . .  , ~m+l by construction. But con- 
dition 8) requires proof. 

m+l k+l  
Let Sin+x= U U x) 0 be the vertices of Zm+l which satisfied conditions 4) 

i=0 j = l  
and 5). Suppose that P1, P~, "..,Pk+2 are k + 2  disjoint/-strictly-increasing paths 
in the one-skeleton of Zm+l, joining A tin) to A c'+1). Suppose that none of these 
paths contain a line segment of length exceeding #-3/~ k+~. Let x} m), x}m+l)E ext2;m + 1 -  
-S=+1. Then using conditions 7), 5) and 4) we can see that IIx)~)-x}=+l)ll> 
> # - 3 #  ~+m and 

(m) (re+l) Ilk(m+1) ~(m) It 

Hence x) m~ can only be joined to x~'+~ ) and the vertex x} re+l) with x ~ + l ) .  There 
remain k disjoint paths between A ~ and A t=+l~ which do not pass through xtaT~+l) 
and x~'+~ ). If one of these paths joins two vertices xt =), x} "+x), i # j  with 
xt =), x~tm+l)ES,+l then we can show that 

IIx)')--x}m+l)II > ~--3~ ~+'. 

If one of these paths join two vertices ~ ' ) ~  ~m+l)cc ..t~+l)_~..~=+~) "~j q:Ura+l '  "vi ~-Um+l, "~' i  ~-'~.(m) 
then again [Ix~m)--X<~+1)]l>/~--3#~+m. Similarly, if one of these paths join two 

�9 ( m + l )  (m) (m) (ra) vertices then xy ~ S~+x, x~ E Sin+x, x~ # xa<,+l). This contradiction establishes 
Condition 8) for the sequence of convex compact sets 21 . . . . .  2m+1. 

PROOF OF PROPOSITION 2.2. Let l be a non-constant continuous linear functional 
on ~ .  We may assume without loss of generality that I is of unit norm. Then l(x) = 
= (x, ul) for some unit vector ul in a~. We select a closed separable subspace ~o 
of infinite dimension such that ulE~0. Then l is non-constant on ~0. Define 

= ~ ( U E,)___ Q where Z~, n = 1, 2, ... and Q are as in the previous lemma. 
a=~'l 

Then Z is compact convex and the functional l assumes its maximum value on 2~ 
over the whole of a face F1 with dim Fl=k  by the construction ot 2~, n = l ,  2, ... 
and 2~. It is impossible to find "k+2 paths in the one-skeleton of Z which lead 
to Fz, yet which are disjoint outside F1. If such paths did exist then, by condition 8) 
of lemma, one of the paths would contain a sequence of disjoint line-segments of 

length exceeding ~ (taking the limit). This is impossible for a path P, since P 

is the continuous image of [0, 1] on the one-skeleton of Z. This completes the proof 
of Proposition 2.2. 
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