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INCREASING PATHS LEADING TO A FACE
OF A CONVEX COMPACT SET IN A HILBERT SPACE

LEONI DALLA (Athens)

1. Introduction

Let C be a convex compact set in a normed space E. A point ¢ of C is an extreme
point of C if it is not contained in the relative interior of a line segment lying in C.
The exposed points are extreme points that can be expressed as the sole intersec-
tion of C with one of its support hyperplanes. The r-skeleton of C for r a non-nega-
tive integer will be defined to be the set of all points of C that do not belong to the
relative interior of an (r--1)-dimensional convex subset of C. The set of extreme
points of C coincides with the O-skeleton of C. Let I be a continuous functional
on E non-constant on C. In [1], D. G. Larman proved the existence of an Fstrictly
increasing path on the one-skeleton of C. In a recent paper [2] it is proved that if
the face F={x€C: I(x)= max I(y)} is of infinite dimension then for every

n=1,2, ... there are n Lstrictly increasing paths on the one-skeleton of C mutually
disjoint that lead in F (Corollary 2.1 in [2]). In this paper it is proved that if the
dimension of F is k then there are k-+1 such paths with the above mentioned
property for every k=1,2,.... Furthermore, we give an example showing that
this result is the best possible in a Hilbert space.

2. The results

We quote the following propositions:

ProposiTioN 2.1. Let C be a compact convex set in a normed space E and let |
be a continuous linear functional on E, non-constant on C whose maximum on C is
taken on a face F of C with dim F=k (k=1). Then there are k+1 mutually dis-
Jjoint paths on the one-skeleton of C, leading to F, along each of which the functional |
strictly increases.

PropoSITION 2.2. Let 3# be a Hilbert space of infinite dimension, | a non-con-
stant continuous linear functional and k an arbitrary positive integer. Then there
exists a convex compact set X, which is of infinite dimension and on which | is non-
constant, such that the face F={xcX: I(x)= r;lgzx I(»)} is of dimension k and X

has the property that on its one-skeleton, it is impossible to find k+2 Ilstrictly in-
creasing paths, mutually disjoint that lead to F.

ProoF or ProPOSITION 2.1. We assume that dim F=k. Then there exist k+1
€1, €y, ..., €1 linearly independent vectors in £ and k41 linear functionals
L=1L1, ..., L+, for which the following hold:
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(i) I(e))=6;;, 1,j=1,2,...,k+1 where §;; is the Kronecker delta and
(i) dim =, (F)=k, where n, is the projection

mo(x) = hi(x)er+lh(x)ea+ ...+ hpa(x)eeis, XEE.

From now on, the steps required to find the appropriate k+1 paths on the
one-skeleton of C are similar to those in the proof of Theorem 2.1 in [2], so we
omit them. This concludes the proof of the proposition.

Before we proceed to the proof of Proposition (2.2) we introduce some appro-
priate notation: Let 4, be a separable Hilbert space of infinite dimension and let
I be a continuous linear functional on 2, of norm 1. Then there exists a unit vector
u; such that I(x)=(x, u;) for every x€#;. Let {1}, be a complete orthonormal

system in . We denote by Q the convex compact set

i

{xEJﬁ,: X = S’cnun, 0=¢, _~nl—, n=1,2, }

n=1

Also, let H—(a)={xcH#;: l(x)=a} be the closed half space, where a is a real num-
ber and let H(a) be the boundary of H~(a). Next we quote and prove the following
lemma which is essential in the proof of Proposition 2.2.

Lemma. Let I be a non-constant continuous linear functional on a separable Hil-
bert space #,, k=1 be an integer and u<(k-+1)"% a positive real number. Then
there is a sequence of convex compact sets (2,)i2, with 2,SQ such that

1 If a®= max I(x), then the sequence {aW}2, is strictly increasing.

2) Zi+1ﬂH_(a(i))=Zi, i= 1, 2, ceee

3) The sets A0 = Z, N H(0) =T { | x®} and 49 = ,N H(a®)=5oa { ) 2"},
n=1 n=1

i=1,2,... are convex compact sets of co-dimension 1.
4) F (‘)-con {x0, ..., x04) is a k-dimensional face of A with

@) __5Md —
151I<nnl<k+1”xf % =p 1=01, 2

5) Jmax [x® —x$+D) < ph+i 1=0,1,2,....

6) The point x$? is joined to the point x{+" by a single edge of the convex com-
pact set Z; .4, 1=j=k+1,i=0,1,2,....
B 1 ) 1 for i=2n where n=0,1,2,..
1 Do xSl = L(1) =
D Jim s -5l =020 ={, T o
and '
0 <[xP—xpl <p™, j=k+2,..., i=0,1,...

8) If k-2 disjoint l-strictly. increasing paths in the one-skeleton of X't lead
Jfrom A(’) to AWV then one must contain a line segment of length exceeding y~ 3u"+'
i=0,1,2,. . ‘
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Proor. Let x®=0, x{0=uy/2, ..., x{0, =1 4,/(k+1) and x@Q;=p**u.,;,

j=2. Then lim x®=x{®, hence A°=EGE(U x{M) is a compact convex subset

n—>oo

of Q with ext A®=exp 4®= U x®, where ext A® and exp 4@ are the set of

extreme and exposed points of A(") respectively.
Conditions 4) and 7) are satlsﬁed for the points {x}=,. Let 1, €Q and

P’ =Coi {{ U xO U {u}}=con (4”U {u,}). We can choose 0<a™<1 sufficiently

small, so that with x{=con (x{, u) N H(«®), the inequalities of conditions 4)
and 5) are satisfied for 1= ]<k+1 Let y{P=con (x{”, u) NH(@), j=k+2. Then

k oo
7= PHE") =@ (U 60U J 0P
Jj=1 j=k+2

is a compact convex subset of Q.
We choose x{"€con (y®, x{V), j\k+2 such that 0<[x{®—x{V]|<p*+' and

lim xV=x{ and so that A(1)=con(U x{) is a convex compact set with co-
Joreo =

dimension 1. Then we define

2, = con(4MU4®) = con( U {xOU U {xPY).

Then X, is a compact convex subset of (0, which satisfies conditions 3) o 8).

Assume now that we have constructed a finite sequence of m (m=1) compact
convex subsets of Q, having properties 1)—38). It will be shown that a compact
convex set Z,.; can be constructed so that the enlarged sequence also satisfies
the required conditions. Let d€Q be a point with a™</(d)<1 and Ton (dUZ,)=
=X, Ucon (dU4™)S Q. Let a™*D be chosen greater than a™, so that with x{"+
defined for, 1=j=k+1 by x{"+Y=con (x{, d)NH(a™+V) the 1nequal1t1es of
Conditions 4) and 5) are satlsﬁed Let now

k+1 oo
T = G (2, Ud) N H(™) = (| xfmPU Y D)

jek42

where y{™+D, j=k+2 is joined to x{™ by a single edge of the compact con-
vex set con (Z,Ud)NH ™ (@m+D), Let x| j=k+2 be a point of the edge
con (™1, x(m+1) (=1 or 2iff m+1 is even or odd) of 7' chosen so that

0. < [|x1('m+1) _x£m+1)” - ﬂk+(m+1), Jhm x}m-}-l) — x/(lm+1) and A(m+1) — (—3-(_)5( U x'Sm+1))
e n=1
is a compact convex set of co-dimension 1. Next, we define

Zmer = con (2, U4+ = con( U U x9).

i=0 n=1
m+1 oo .
Then ext X, =exp Z,.1= U U xP. We observe that conditions 1)—7) apply
i=0 n=1
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to the sequence of convex compact sets X, X5, ..., 2,41 DY construction. But con-
dition 8) requires proof.
m+1k+1

Let Spi1= U U x{7 be the vertices of Z,., which satisfied conditions 4)
=1

and 5). Suppose that Pl, Py, ..., P, are k+2 disjoint [-strictly-increasing paths
in the one-skeleton of Z,,,, joining 4™ to A®™+1). Suppose that none of these
paths contain a line segment of length exceeding u—3p*+™. Let x{™, x("+V¢ext¥, ., —
~Sm+1- Then using conditions 7), 5) and 4) we can see that flx§m — xm+ 1| >
>pu—3pf+™ and

[ XA = = 3047, [~ ] < =

Hence x{™ can only be joined to x{7h" and the vertex x{™*" with x{%).4,. There
remain & disjoint paths between 4™ and A™+1 which do not pass through x{7 ,1(,,,“)
and x{mhD. If one of these paths joins two vertices x{™, x{m+D, isj with
xm, x{m+De S, ., then we can show that

e§™ —x{™ D] = p—3pkm,

If one of these paths join two vertices x{™¢Sy41, X™DES,, 11, x™ T £ x e
then again [|x{™ —x{™+D|>pu—3pk+m, Slmllarly, 1f one of these paths join two
vertices then x{™* I)QS 115 XIMES 11, XM 52 x{), 11y. This contradiction establishes
Condition 8) for the sequence of convex compact sets Xy, ..., Zp41-

Proor oF ProPOSITION 2.2, Let ! be a non-constant continuous linear functional
on #. We may assume without loss of generality that / is of unit norm. Then I(x)=
=(x, u;y for some unit vector u, in . We select a closed separable subspace 5,
of infinite dimension such that uIE.%’{] Then ! is non-constant on . Define
= con(U Z)EQ where Z,, n=1,2,... and Q are as in the previous lemma.

Then X 1s compact convex and the functional / assumes its maximum value on X
over the whole of a face F; with dim F;=k by the construction of X,, n=1,2,.

and X. Tt is impossible to find ‘k+2 paths in the one-skeleton of X which Iead
to Fy, yet which are disjoint outside F; . If such paths did exist then, by condition 8)
of lemma, one of the paths would contain a sequence of disjoint line-segments of

length exceeding 2 (taking the limit). This is impossible for a path P, since P

is the continuous image of [0, 1] on the one-skeleton of X. This completes the proof
of Proposition 2.2.
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