KAPANIKOAOTIOTAOQY, Y. QTHPHY

UNIFORMIZATION AATEBPIKON
KAMIITAQN

METANTYXIAKH EPraAsia

Havemothuo Avyatou, Turua Modnuotixwdy
Yduoc Todviog 2005.







ErsHrHTHE: Kovtoyedpyne Aptoteldng

EnorrronH

Meragtorc Basihetog, enixoupog xadn-
(RIS
Kovtoyempyne Aploteldne, héxtopac,

Mrehnyidvvng Andotolog, avamhnpo-
¢ xonynTAC.






XTous Yorel§ pov.






ITepieyopeva

Ewoaywyi ix

1 Kohurtixég Anrewxovicelg xou Oewpia Galois 1
1.1 Kohurtixée Aneixovicewe 1
1.1a"  G-Coverings, Deck Transformations 5
1.18"  H dpdon tne Ouddoc 71 (X, z) oto ovoho p~1(z) 9
1.1y"  Kovowxo!l Kohuntixol Xopor xow Xopol IInhixa 12
1.2 Ocwpla Galois 15
1.20° To Oepehiddec Oewpnuo e Ocwplag Galois 16

2 Emnupdveieg Riemann 19
2.1 Emgdveiec Riemann xon Avolutiée Anewoviceic 19
2.1 Abya v tic Avodutinée Xuvopthioelc 19
21" BMénovuoc tic Empdveiec Riemann 21
2.1y"  Anewovicelc Metw€0 Riemann Emupaveldv xon ISiétntee
Touc 23
2.18" Tomoloywd Kehbypoata 28
2.1e"  Awndhadilopeva Kalbppata 32
2.2 Emgdveiec Riemann xon AlyeBouéc Kopndhee 34
2.200  Bodudc TrepBatixdotntoc 39
2.28° Mia egapuoyr| oo avtiotpopo npofBinua e Yewplag tou
Galois. 42

3 Fuchsian Owddeg IIpdrtou Eidoug 45
3.1 Transformation Groups xat Xcpot IInhixa 46
3.2 To&woéunon Fpoppixddv Khaopatixadv Metaoynpatioyody 52
3.3 O Tornoroywdc Xopoc H* /T 58
3.4 H Modular Ouddo SLy(Z) 62
3.5 To Inkixo H*/T cav pio Emgdveia Riemann 66
3.6 Uniformization EXketntixdv xaundiwy 71

BBhoypapia 77






Eiwcaywyn

An expert, is a man who has made all the mistakes, which can be made, in a
very narrow field.
Bohr, Niels Henrik David (1885-1962).

To gpédioya you 86UNXE 6TV TpoTTUYLIXY) Hou epyacio, ToU exToVAUNXE UE
Tov x0pto Metagton, 6mou ot GuVAVTNGA VLol TEWTT PORA TOUC XUAUTTLXOUE Y-
poug. To mpdto xepdhato Tng napolcac epyaciag anotekel wla Quotxr cuvéyeLa
oauthc. Aol Yuundolue xdmowa Baoixd anoteréopato and Ty Yewpla TV Xohu-
TUXOV anexovicewy, PAEToude cuvoTTixd TNV oudda Twv deck transformations
o xahuTTINAC ameévione Tou tpoépyetol and wla (even) Spdon ulac opddauc G
oe avthy (G-xahOppata). Optloupe v (petaPatixd) Spdon e opddac m (X, x)
oto 6Uvoho p~t(x) xon cuurepaivouye 4L 1 oudda twv deck transformations pioc
xohumtxic anewdéwiofic p 1 (Y, y) — (X, x) ebvan tobuopen ue Ty oudda 1wy auto-
LopLoUdY TNc avtioTpoyrc exdvac p~ i (x), PAéroviac to p~1(z) cav évay dekid
1 (X, z)-yopo. Tuvdéouue v petofoatixt dpdon twv deck transformations oto
p~H(z) YE TNV XOVOVIXGTNTA TOU XOAUTTIXOU YMPOU X0l GUUTEPUVOUUE TWE oV 1)
oudda twv deck transformations evéc xohlpuatog Spo yetaBatind oe xdde QUA-
A0 TNG XOAUTTLXAC AMEWOVLONE, TOTE TO XSAUUPA lvon Evar xavovixd G-xdAupua
pe v G va elvon woduopyn ye touc deck transformations. Mehetdue cuvin-
xec UmopEne xadohxod xohoppatoc xon OAo auTd yior va Bpolue Ty avtiotorylo
70U UTdpYEL YeTal) TwV UTOOUEDWY TNg YeUeAOBOUS 0PGBS EVOC YWEOU Xl TV
HUAUPUATOV TOU Y WEOL aUTOV, OTWE ETIGNE Xl TWV EVOLIUEC®Y XOUAUTITLXDY ATEL-
xovicewv Tou «Louvy YeTal eVOC YWpou ot Tou XaoAxol xaAuUaTdS Tov, UE
Tic unoouddec e Gy évar G-xdhuppa. Alatundvoupe to Yedpnua 1.41 xodog
xan To Peehddec Yedpnua tne Yewplag Galois pe tnv éva mpoc éva avtioToryla
TwV eVOLdUEcwY cwudtwy ploc Galois eméxtaonc xot TwV UTOOUSB®WY TNC ouddag
Galois, vl T0V dUECO GUOYETIOUS AVTAOY TWYV BUO.

Y10 deltepo xepdioo Yo Solue twe éva aAYeBpnd avTtixeluevo, 6Twe oL ah-
veRpxée xounUAec unopel vo 10 dolue cav €va xodopd avVaAUTIXG AVTIXE(UEVO
onwe elvan ot entpdvelec Riemann. Me ta epyahela tne avdhuone xepdilouye tny
Tomix VEaon TOU aVTIXEWEVOU EVO PE TNV SAYEBpa TNV xodohuxh (unopolue va
Souhédoupe Tdvw and ddpopa oodyata). Metd and ula vOEN oTic avaALTIXES OL-
VOPTACELS amd TNV Uryadixy| avaAuoT), BAETOUPE TNV uryadixy| SoUr TwV CUUTUY WY
empavel®v Riemann, opilovye aneixovioelc YETOEY QUTOY XAl CUUTEPAUVOUUE OTL
xd0e TéToLo avohUTIXY amexovVioT, uropel va enextadel oe €val TOTOAOYIXG Xd-
AUPHOL «TETOVTACY xdmowa Tenepacéva onueio (onueia Sthddwong) xadde xou
TNV EXOVA AUTWV PECW TNC AVAAUTIXAC amexdvionc. Mnopel duwe va yiver xau
0 avtiotpopo. And plo xahumtixr aneixdvion urnopel va tpox Vel pla ovaAuTixn
amexovion entpavetdy Riemann (nou emtpéneton vor €yet onuela dlaxhddwonc).
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o tov Aoyo autd plor tTétola amexdvion Ty ovoudLoudE avolUTIXG XAAUUUOL
(1 SoehadLlbuevo). Metd odnyolyacte oto mépioua 2.30, émou xdde avdywyo
nohu@vugo F' 800 petofintedv otov C endyel yio xohuntixy anexdévion, and to
ahveBpxd cbvolo undevioyol Ttou, oto C agorpdvtag éva TENEpAcUEéVO cUVOAO.
Dvwpilovtac Gt XaAUTTIXES OTELXOVICELS ETEYOUV AVIAUTIXEC XL Proper GUVop-
Thoeic petald Riemann emgpaveidv: f : X — Y xou nalpvovtoc 10 Y cav to
P(C), o odnyndolue oc pia f € M(X), ue X va elvon pla cuunoyhc empdve
Riemann tne aryeBpuxnc xauniing C ¥ tou todvwvipou F. Téhog uéow ulouc a-
VOPopdS oTiC UTEpBaTtinég enextdotlc BAémouye 6Tt o Badude unepBatixdtntog Tou
CWUATOC TWV UEPOUOPPWY GLVIPTHoEWY eTtl Tou C 1oobTon Ye TNV povdda, dnhadn
xdde ouumayfc xou ouvexTixy emipdveta Riemann etvor 1 emgpaveta Riemann ploc
oA yeBpic xoumdAng.

Metd and autd, 10 TEOTO XEQPIANO X oL emipdvelee Riemann efvar 800 ave-
EdptnTee xou autdvopes yadnuatxée oviotntes. Toukdyiotov auth Yitav 1 Buxn
Hou dmodm. Xtnv opyt ...

BXénouye v cuoyétion g ouddac twv deck transformations evée avoduti-
%00 XoNOPUATOS (TOU EMAYETOL ATd €V TOTOAOYIXG XAAVUUA XOU AVTLOTEOYLC),
pe TNy oudda Galois Tng eméxTaong TV AVTIOTOLYWY UEPOUOPPWY COUATWY XAl
TopOoLGLALOUUE plal EQUPUOYN AUTHASC TNG GUYETIONS GTO AVTIGTEOPO TEOBANU TNS
Vewploc Galois. Eniong xdlde empdvela Riemann propel vo to€ivoundel ye Bdon
Tov xodohxd xahunTid e yweo! Ov miavol xadohxol xahuntixol yweot, cav
anhd cuvexTixéc emupdveles efvan wévo tpewe (unifornization Yedpnua yio em@d-
vetec Riemann). I'vopilovtac touc autopoppiopolc twv xadohxdY XaNUTTXOY
YWPwV UTopolUE Vo BYdhOUUE GUUTEQUGHO Yol TNV ETLPAVELA LOC.

[Iepvdue 1ol oto tpito xe@dioto dmou Yo acyoindolue pe ti¢ Fuchsian oud-
dec mpwtou eldouc. Efvon Swaxpitéc utoouddec tne SLa(R), nou dtav dpdoouv oto
v avoxtd wyadnd neninedo H* (mou tou éyoupe npocdéoel Ta cusps Tne
ouddac), TéTe 0 Ydpoc TNAixo Tou tpoxinTEl elvor cuunayic. Auté pac odnyel oe
ouunayeic emgdvelec Riemann. Apyixd BAETOUYE TiC TOTONOYIXEC OUABES KoL GU-
veyelc dpdoelc plac tonohoyxric opddog tdve oe évav tonoloyixd yoeo. Opllou-
we (tomohoyixolc) ydhpouc Tnhixa mou TpogpyovTon and Jpdoelc UTOOUAdWY TNe
Tonohoyxic opddac (ouunayelc, dxpitéc). Kdvouue talvéunon twy Yoy
HXNACUATIXOV PETACYNUATIOUOV (X0l TWY TWVAXWY TOU oUTOl AVTLTPOCKHTEVOUY)
oe uTEPBOAXOUC, ToPABOALX0UC xat EANELTTIXO0C ol UENETAUE Ta oTtadepd TOUC
omnuela To oTold KXANEOVOUOUYY TO GVOUN TOU UETAGY NUATIGHOV TOU o GTodEpo-
notel. To mogaBoAixd o oVOUdLOUUE CUSDS X0l EMLXEVTOWVOULE TO EVOLUPEPOV UOC
oe Saxprtéc unoopddec e SLa(R) xoun Wioktepa oty I'(1) = SLo(Z). Opllouye
o tonohoyia otov H* = HU {cusps} tne T'(1) xou peretdye to tnhixo H* /T'(1),
nou elvon 1 oupnayée. Elpoote mo o ¥éon va tou dddcouye Ty uryadixr dour} tou
Yo to xdvel plor cuunayr empdveta Riemann xon cuvendg wio ohyeBeuxn) xoumOin.
Méoo ané v modular oudda yvwpllouye tny Veuehiddn teptoyh Tne, and 6mou
UTopoUPE VoL EYoUUE o ol YewpeTpwx | Béaon tne modular xopuriine X (1) (n
omola elvon 1 oAYEBpix) xoumOAn Tne Topandve Riemann emupdvewac). Iepvdue
otic modular xou weakly modular cuvaptioewc, mou Yo yac Bondncouy va dolue
oTL 1 j- avarholwtog cuvdpTtnon ebvar ula modular cuvdptnon mou endyet évay
(avehuTixd) oopopgiopd tou X (1) pe to P1(C). Kotahhyouue oto uniforniza-
tion Yedpnuor yia eNAELTTIXEC XAUTOAES, UE TO OTolo UTopoVUE Vo TOUTICOUUE TOV
YWPO TWV XAICEWY LGoJUVAULNC TV EAAELTTIXOY XAUTVUAWY (loodOvaues Xxaunl-
Aec avtioTtolyolv oe xaumOAec ye tny Bl j- avahiolwto B oe opddeta lattices
Héow e p ouvdptnone) e tov H/SLy(Z). Téhoc cuurepaivouye 6tL dev elvor
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BUVATOV Vo UTHPYEL GUUTAYOTONGT] TOLU YWEOU TWV EAAELTTIXWY XoUTOAWY Ywelc
VOl GUUTEPLAGBOUKE GE aUTOV Uiol LOLOUOEQT) X0 GUVETWC W EAAELTTIXNH XOUTOAT.

"Eva yeydho euyaplotd otoug xupioug B. Metagptor xon A. Mreknyidvvn. Ou
flelo TEhoC v EUYAPLOTAOW Tov Bdoxahd pou Aploteldn, mou otddnxe ndvta
dlmAal Lou oe AUTEC TIC SNUIOLEYIXES Xou TUPdAAN A BUOXOAEC GTLYUESC IO Tépaca
xatd TNV ouyypeapn. To pepdn xou 1 orydmyn yio TV Souketd Tou Yo Hou agpHoouy
¢ XANOTEPES AVUUVAGELS, EVIUTWOELS.

Y. Kapavixolénoulog, Ydpog
2005.






Kegpdiowo 1

KoAlumttixec Amewxovioelc
xou Oewpla Galois

Ytdyoc pog elvat Vo TACOUUE OTNY CUCYETION TWY XAAUTTLXWY ATEXOVIGEWY UE
70 Vepehddeg Yewpnua tne Yewpiog Galois.

Y10 npdto Yépoc Yo dolpe xdnowa Baowxd onuela e Yewplog TV XAAUTTIXOV
anewovioewy. Tav Bdon éxyovue tdpet Ty epyaocia Tou [2].

Y10 deltepo pépoc Tou TapoVTOC Xeohaiou Vo SOUUE GUVOTTLXA, XdToL oToLyEld
and Ny Yewpla Galois, yio va gTdooupe oto Yeuehiddec Yewpnua tne Yewplog
Galois. "Emerta Yo envyelpricouye va avadel&oupe touc Seopolc aVAUEGI GTOUC
000 autole painuoatixols xAddouc.

1.1 KoaluvurTtixéc Anewxovioelc

‘Onou Bev avagépovton cuyxexpLuéva otolyela YLo Toug YWeoug Tou o TeayUATEY-
ToUYE o€ oUTé T XEQdAaLo, Vo uto¥étouue dTL elvol BPOUOGUVEXTIXO! XAl TOTXE
dpopocuvextixol. Ou apyicouue uneviuuilovtag éva Yemdpnuo oand g XAAUTTIXES
ametxovioelc, xadoe xau éva dueco mhplopa autol

Oevpnua 1.1. Avp: (Y,yo) — (X, x0) efvar kaAvrtikn areikévion ka1 oY évag
OPOUOTUVEKTIKOS X WPOS, TOTE UTAPYEL 1@ €T aATeEIKOvIon

¢ m (X, x0) — p~H(x0).
Av oY elvar anAd ovvektikds tdte n ¢ eivar 1-1 ka1 end.
ME p. EVWOOUUE TOV EMOYOPEVO?, 06 TNY XANUTTIXT| UMEXGVLOT) OLOUOPOLOUD.
IMopwopa 1.2.  ()H p. : m (Y, y0) — m1 (X, x0) €ivar évag povopoppronds.
(if) Yrdpyer pia 1-1 kai enf areikdrvion
O (X, x0)/H — p~*(x0)

émov H = p.(m1(Y, y0)) xar m (X, z0)/H dnAdver tn ovAdoyj debidy ov-
umAbkwv tov H otnr m (X, zo).

T tic amodeiZeic autdy BAéne [2] oehidec 33 xou 36 avtioTouya.
2B)éne [2] oplopd 3.4 oehida 15.
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Ané 10 TpdTo Yedpnpol LOOUOPPLOUWY TeoXVTTEL E0X0NA OTL:
m1(Y,y0)/Kerp. = Imp, xou dpa w1 (Y, y0) = pa(m (Y, yo)) = H. Avn H e
xavovxr urooudda tne T (X, zo) t6tE 1 p ovoudleton xavovixh i Galois xahumti-
2 AMEOVLON Xo 0 Y&poc Y xoavovixde By Galois xohuntixdg yodpoc. Ilpénel va
TAPATNEROOLUE OTL 1 GUVINXT TN XAVOXSTNTUC EVOC XAAUTITIXO0 YWpou, elval
aveldptnTn ond TNy emhoyh Tou y € p~i(xg). Autol oL ydpol, Yo poc anacyo-
AooLY WLiTERA TAPAXATW.

Adupa 1.3 (Afppa avépdwong Spduwy).
Eotwp: Y — X xadvrtikr anaxdvion, pe p(yo) = xo. Kdle dpdpos f: 1 —

X pe apyn to onueio xo éxer povadikn avéplwon f otov Y, pe apyn to onueio
3
Yo-

H povodixdtnta tou avopdwuévou dpduou, elvar plo GUVETEL TOU TaEAXETE
yvevixeuuévou lifting AMjupatoc:

Adppa 1.4. Forw p: Y — X kelvrtikn areikévion kar Z ovvektikds tomolo-
yikds xapos . Eotw ernions fi, fa : Z — Y ovvexels anaxovioas téroieg dote:
po fi =po fa. Av f1(2) = f2(2) ya éva onueio z € Z, téte f1 = fo.

Anédaén: Apxel va delfouye 6Tt 0 6UVOlO 0T0 Z, yiot TO 0Tol0 0L ANEXOVI-
OELC OUUPWVOUY EVoL avOLXTO Yol TO CUUTARE®WUS ToU, 6TO oTolo oL amEXoVIoELC
BLapevoLy elvon enlong avouxtd. Me autév tov 1p6To 10 Ghvolo 6Tou Vo GUUPK-
vouv, Da elvar 0 @ (mpdypa dtono and v vnddeon) i ohbxinpo 10 Z. Eotww
we{zeZ: fi(z) = fa(2)}. Emdéyo N C X, avouxth yeirovid tou p o f;(w),
e i = 1,2 n onola ebvar ogahd xahuppévn and v p. Halpve p~H(N) va elvor 7
gévn évwon avotdv N, tétow wote vy xdde a 0 p|N, : Ny — N va elvon évoc
opolouoppiopde. Amd TV GUVEYEW TV GUVAPTAGEWY fi1, fa, Vo TpéneL N exdva
EVOC GUVEXTIXOU GUVOAOU VoL lval GUVEXTIXG GUVONO Xol GUVETWS Vo TEETEL VoL
anetxovilouv pla yertovid V' touv w ot0 Bio N,. Koadde duwe p o fl =po fg, oL
fi, xau fo, Yo mpénel va ouggwvoly 610 V. Etou v tuyaio w € {fi(2) = fa(2)}
undipyer avouth yertowd tou V, ue V C {z € Z : fi(2) = fa(2)} o éton 10
{z€Z: fi(2) = fa(2)} elvon éva avouxtd clvolo.

‘Ouowt av 0 w € {z € Z : fi(z) # f2(2)}, or f; Vo npéner va amewovilouv pla
avowxth yettovio tou, V' oe Blapopetind xon cUVETDC Eéva No. ‘Etol da neénel va
Srapevoiy 610 V xan dpa 10 {z € Z : f1(2) # fa(2)} eivan avouxté.O

Oewenua 1.5. Eotw p : (Y,y) — (X,z) va elvar kedvntikn aneikévion e
p(y) = x kar f,g 6pduor otov X e apxn to x ka1 téhog to x1. Ag vnodéoouue
enfons éu f,§ o1 avtiotoes avopddoes Tous, o1 omoiol efval pduor otov Y e
apxni w y. Av f ~, g, tére o1 f,§ éxour to B0 tehiké anueio (tov avijker aTov
Y) ka1 efvar dpopo-opotomixot.t

Eotw y1,y2 €Y : p(y1) = p(y2) = xo. IIdC 0L EXEVES TV LOVOUORPLOUDY
ps ™ (Y, y0) = m(X, 20) xon ps : m (Y, y1) — m (X, 2o)

o uropotoav va cuyxprdolv; Eméyw [v] wlo xhdon dpduwv otov Y pe apyn
0 onpeio Yo xor téhoc 10 y1. Opile wopoppoud® u : (Y, y0) — m1(Y,y1) pe

3BNéne [2] Muua 5.1, oehida 28.
dyio Ty anddeiln Baéne [2] Yedenua 5.1, oehida 31.
SalhdZer v Bdon xheoTdy wovormatidy Tou xhpou Y, BAéne [2] opioude 3.2, cehida 13.
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tomo: u(a) = [§] * [a] * [y] xow modpve o mapaxdte uetadetind dudypoupa: 5

m(Yy) == m(X,z0)
L u l v
m(Y,y1) 25 mi(X,m)

Ioyver 6t v(b) = (pu[v]) 71 * [B] * (p«[7]). Oupowc puy] = p o [y] Vo ebvon éva
xheloTd povordt pe Bdon 10 g, xa cUVETKS Yo avixel oty (X, zp). Etou
ov exdvee v m (Y, yo) xaw w1 (Y, y1) péow tne p. ebvar ouluyelc utoouddec tne
™ (X, l‘o).

Mrnopel xdde vrnooudda oty xAdon oculuyluc e utoouddac ps(m (Y, yo)) va
npoxOPel cav Ty exdva pi(mi(Y,y1)) pe ™V emhoyh evée xotdhhnhou y1 €
p~H(z0); H omdvinon etvar Now. Kéde unooudda oe authv tqy xhdon culuylac
éxet poppi: [a™ T [py(m1 (Y, o)) *[a], yvia [a] € w1 (X, @) Av f : T — X xhetotd
HOVOTTL %ot AVTLTEAOWTOC TOU a, amd To Mjupa 1.3 undpyet povadixy| avdpdwon
oe Opbéuo g : I — Y ye apyh 10 yo. ‘Eotww y1 va ebvar 1o téhog tou. Téte da
€youue 6TL

po(m (Y, 50)) = [a] ™1 # [pu (ma (Y, )] ¢ [al.

Yuvodilovtoc o €youue T0 TopaxdTey AmOTERECUAL:

Oevpnua 1.6. Eotw p: (Y,y) — (X, z) kedvrtki aneucdvion. O1 vnoopddes
pe(m1(Y, 1)), yiay € p~1(z) aroredodr akpifcs puia kAdon ovlvyiag and vroopd-
bes Tou 1 (X, x).

‘Eotw p: (Y,y) — (X, z) xahvnuxy| anewxévion, pe y’ € Y xou ¢ : (Y',y') —
(X, z) va ebvan plar ouveyrc amewédvion. Iéte vndpyer ¢ : (Y, y') — (Y, y), étol
wote 1 @ va anotehel avéplwon e ¢; Tote axpBde o nopaxdtew didypopua
Yo ebvon petodetins:

Y.y) = (Y.y)
PN P
(X, z)

Avayxaia ovOnkn: Av n ¢ undpyel téte Vo €YOUPE TO TOPAXETW PETOIETING
OLdrypoual, TOL TEOEPYETOL AMG TOUC ENAYOUEVOUC OUOUOPPLOUOUC:
m(Y'y) = m(Y,y)

O« \ [ D
(X, x)

‘Opwe M ps elvar povopopgropée xan w1 (Y,y) = p.(m(Y,y)). 'Etor n Onopin
OUOUOpYLOUOD P, TOU XAveL To Didypouuo YeTadeTind, elvon LoodUvaurn Ue Thv
cuviixn:

P (7T1 (Ylv y/)) = Px (95*7-(1 (Ylv y/)) C P« (7T1 (Ya y)) .
Mdéhota napatneolye 6t 1 cuvirixn yia Ty Oroedn ulag tétotag avépdnang Sev
elvar povo avaryxalor ohAd elvon xon tkavn):

Oevpnua 1.7. Eotw p: (Y,y) — (X, z) kedvntkn anewcdvion, pey’ € Y' kar
v (YY) — (X,z) va elvar pia ovvexng anewcévion. Yrdpyer povadikrj avip-
doon ¢ (Y',y') — (Y,y), ms ¢ av ka1 pévor av o, (m(Y',y)) C ps(m(Y,y))

6

0 ETOYWOUEVOC 0nd TNV P Opopop@Loude elvar aveZdptntoc and tnv emthoy Bdone, BAéne [2]
napdderypa 3.7, oellda 20.
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Arnddeén: Apxel va dellouye 6T toyler To aviiotpogo: Ou delfoupe otny
opyh 6Tl av auTh undpyet, elvon wovadxh. ‘Eotww yi € Y/, Sahéyw Spduo o and
10 ¢y’ oto y). IHolpvw tov dpdpo ¢ o a otov X, xou tov avopdove ot Spduo Y
otov yweo Y, ue opyn to onuelo y. Av undpyel pla avépdwon @ tou ¢, téte T0
&(y1), Yo mpéner va ebvon (oo pe to y(1), dnhadr to téhoc e . 'Etol @ o a elvon
ulo avépinon Tou ¢ o oy, Ye apyn To Y Xt oL avopYdoELC dpduwy elvol HoVadIXES,
oné to Mupa 1.1.3 (n xatdotaon anewovileton oo oyfpa 1.1).

‘Eow y; € Y, nalpvw a va elvar o Spduoc otov Y and 1o ¢ 610 y), 6nwe xou

Yyfuo 1.1:

mpwv. Talpvew tov @ o a otov X, xou Tov avopdivw o€ Bpduo y otov yweo Y, ue
apyY) to onuelo y. Opllw
Gy =~(1).

Oa beitw 6t n ¢ elvar ovvexris areikévion: Eotw N yeitovd tou @(y)),
Vo Bew yertovid W tou ) tétow dote (W) C N. Awkéyw U yeitovid tou
o(yh). Auvth elvon opakd xahuppévn omé v p. Eotw Vo 10 0o tou p~H(U),
we @(y1) € Vo xou ply, : Vo — U va elvon évac opotopoppiopéde. Tlaipvovrog, av
xeeLdleton, pxpdTepes YeLTovIES Unopd va utoVéow 6T Vo C N. Awohéyn yertovid
W tou ¥}, mou elvor dpopocuvextixh xon avixer 6to 1 (U). Trootpile tdpa
6t (W) C Vo. T yvwoté yy € W, emhéyw dpduo [ oto W, pe apyn 1o ¥}
xau téhoc to onuelo yh. Malpvew vy edva tou Spbpou otov xdpo X uéow tne
© xou avopddvw otov Yweo Y. Eotww § = p|(,01 oo f va elvar ) avépdwon tou
Spduov ¢ o B pe apyr to onuelo P(yi). Téte v(1) = @(yi) = 6(0) xou cuvene
opileton 10 7y * d, T0 omnolo elvou 1 avéplwon tou o (o * ) pe apyh To onueio
y. Anb tov opwoud @(yh) = (v *6)(1) € Vy. 'Etor vy tuyaio ya € W, éyw
P(yh) € Vo = p(W) C Vp xou @ elvon cuveyhc anewdvion,.

Oa detbw dt1 n @ eivar kad opiouévn: 'Eotww «, 8, dpbpot otov Y/, and 10
070 Y} X0 p o e, o 3 Bpduol otov X pe apy| To . Av 7, d oL avopdhoEeS Toug
otov Y ye apyt| 1o y, apxel va 8el&w 6t y(1) = 6(1). Eotw € va elvon 1 avépdwon
oL @ o 3 ue apyh to y(1). Téte to 7 * & oplleton xou anotehel avbpdwon oTov
Y, t0u xhetotol povoratiol (po a) x (p o B)7 otov ydeo X. H xhdorn opotonioc

Tioyber 6t pu(ax B) = po (a*xf) = (poa)* (pofB).
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Syfhuo 1.2:

auToL TOL XAeleToU povoratol eivat 1 . ([a x G]), mou and v unddeon teénel
va avixel oty pi(m1 (Y, y)). ‘Etou undpyet xhewstéd povondt ¢ € Y pe Bdon to
Y €T0L QWOTE:

px(lox B]) = [p«())]-

‘Etol Ya npénet (1) = y. Ipdyuan and to Yedpnua 1.5, av dvo dpduor otov
X elvor Spoyo-opotomxol xou avopdwdodyv otov Y pe opyr to (Blo onuelo mpé-
TEL avaryXaoTixd Vo éxouv xon to Bl téhoc. Agol ¢.([a x B]) ~, [p«(¥)], ot
avopddoelc Toug ¢ xou 7y * € atov Y, Yo mpénel va €youv To (Blo téhog, dnAady
vxe(l) =y =e(1) (Bréne oyfua 1.2).

Tépa t0 & ebvon avbpdwon tou @ o 3 pe apyh o (1) xa téhoc to y. ‘Etol 1o &
Vo elvar avépdwon tou p o B xa Ya Eyer apyn To y xou Téhog to onueio y(1). O
dpouoc 6 ebvon dhAn plo tétowa avopdwon. And povadixdtnto avépdnone Spduwy,
gneton 6Tt 0 = € xon dpa y(1) = 0(1).0

IMépropa 1.8. Eoww p: (Y,y) — (X, z) keAvrtiky aneikévion, tdte:

(i) Av o eivar kAewté povorndti ue Bdon to x ka1 & elvar n povadikij avdpwon
TOU 0 M€ apxn TO Y, TOTE To T éxel Télog to onuelo y av kar uévov av

o] € pe(m (Y, 9))-

(ii) Av o,0', dpduor otov X pe apyn to onueio x ka1 téhog to «' kar 6,6 o1
avopidoels tous o€ dpduovs atov Y ue apyn to y tdte: ta 6,6 éxouvv to
ib10 Tédog av ka1 pdvov av [0’ * 5] € p.(m1(Y,y)).

1.1 G-Coverings, Deck Transformations

Opwopoe 1.9. Ta kd0e p : Y — X kadvnukn anaxdévion, vrndpyer opdda
Aut(Y/X) n onola ovoudletar oudda (efvar oudda pe mpdén tnv ovvdeon ouv-
vaptrioewr.) twv Deck transformations, 1j oudda twv Covering transformations:

Aut(Y/X) ={p:Y =Y : ¢ elvar opoopoppropds karpo o = p}.
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IToAlol onpavtixol xaAumtixol Y®eol TeoxOTToLY and TNy dpdorn Wac ouddag
G og évav yoheo Y ye X va SNAMVEL TOV YO0 TV TROYLMY TN dpdong auThc.

Opgtowdc 1.10. Apdon puag ouddas (G, -) o€ évav xdpo Y (ané apiotepd) elvar
pta areixévion G xY =Y : (g,y) — g -y, mov ikavororel ta axdlovda:

i) g-(h-y)=(9-h)-y,Vg,heGrayey,
(i) ida-y=y,Vy ey,
(i) H areixdrion y — g(y) = g -y elvar évag opotopoppionds tov Y,V g € G.

‘Etol n G opllet pla oudda and opotopop@iopolc tou yoeou Y. Ao onuela
¥,y €Y Npe du avixouv oty Do tpoyd av utdpyel g € G : g(y) = y'. Kadac
n G elvon opdda, autd elvon plo xhdon woduvayloc. Av cuufolion X =Y /G va
elvor 10 GOVOAO TWV TEOYLAOY, BNAABT TO GUVOAO TwV XAdGEWY LWooduvaulag, Téte
umop® va oplow TV @uoxt; TpoBoAr p 1 Y — X mou anewovilel xdde otouyeio
ToU Y otnv xAdon, dnhadr, Ty tpoyLd tou to negtéyel. O ydpoc X elvor eqodio-
ouévoc Ue Ty tonohoylo mnAixo, dniadh xdde U C X, elvor avouxtd tou X avy
70 p~H(U) etvan avowxté tou Y. O cupfBolopde tne puoic authc TpoBolfc ue
70 ypduya p Bev eivon tuyaloc. Kdtw and xdmoieg npolnodéaeic yia tov yweo Y
xaL TNy dpdon TN ouddac G, 1 p elvon plor xAAUTTLX ATEXOVLOT.

Ogopdg 1.11. Mia oudda G dpa evenly® atov xdpo Y, av kdde onpueto tov Y
éxel pa yewonid V' térowa dote g -V kar h -V elvar Eéva yia kdOe dapopetikd
g,h € G.

ARupe 1.12. Ay pia opdda dpa evenly otov xdpo Y, téte n guoikn mpofoAn
p:Y = Y/G elvar pia kalvrtix aneikdvion.

Anddeén: H p elvon plo ouveyne xar avoxth amewxévion xodoe yia xdde V

avoxtd tou Y éyouye 61t 10 pH(p(V)) = Ugegg - V elvor avoxtéd tou Y oav
EVWOT) AVOLXTOY Xl amd Tov oploud tne amewdvione tniixo to p(V) elvon avouxté
tou Y/G. Tdpa av ndgouye 10 V', 6nwe otov oploud e even dpdong, o g - V.
Vo elvar Zéva petadd touc. Apxel va delfouye dtL yio xdide tétoro V 1o p(V) eivou
OUCAS XahLUPEVO amd TNV p, dNAadY| 0 TEPLOPIGUOC NS P O Qe éva amd T g- V'
oto p(V) elvan évog opotopoppiouds.
Medypatt v y € V, dnhadi p(y) € p(V) undpyet g -y € g -V €0 dote
p(g-y) = p(y) xou dpa eivar enl. Enlonc av p(g-y1) = p(g - y2) undpyet h € G pe
h-g-y1 = g-y2. Apol 1 dpdom elvon even, xou cuvenwe erediepn and Tov oplopsd
o, Yo meénel b = idg xou dpa 1 Intoluevn anewdvion elvan 1-1.0

Ogiopode 1.13. Kde kadvrnikn aneikévion p 1 Y — X, nov mpoépxetal and pia
even Opdon piag ouddas G o€ évay ydpo Y ovoudletar G-kalvntikr) aneikovion
ka1 o xapos Y G-kaAvntikds xdpog.

8uepixol ouyypapelc avapépoviar 6e auTAY TNV dpdon ue Tov 6po properly discontinuous
(h yvhota acvvexwe). H AéZn discontinuous onpaiver 411 o1 tpoxiéc eivar daxpitd (ME TNV
Tonohoyixy évvota, dnhadh dev éxouv onpela cucompeuone otov Y) vtoclvoha tne Y. H Aé&n
properly onuaiver 6t xdde ocuurayh cOvoho Téuvel pévo nenepaopévo aptdud and T HETUPOPEC
tou. O bpog buwcg properly discontinuous cuyvé napagedletar xor GTav XenoiLonoteiton onualve
6Tt x&de onueio éxer yertovid V mou vo TEuvel WoOVo TEREPAUOUEVES T0 TANDOC HETUQORES g - V,
wou V. Av oe authv Ny epunveia tpocdéooupe v AéEN “ehedVepa’, TOTE M even dpdon pac, Vo
onualver freely and properly discontinuously.
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HMapathenon 1.14. Av o ydpos Y elvar Hausdorff ka1 av n nenepacuévng tdéng
opdda G dpa eAetilepa o€ avtdv, Snkadny g € G\ {ida} : g(y) = y,Yy € Y, tdre
n G 8pa evenly otor Y.

Ilpdypat: T yvootd y € Y, emhéyw Eéveg yeltoviég Uy tou g -y € Y, uila
yia xde éva g € G (n Onapén autdy eCacpaiileton and v Hausdorff suviixm.).

Oétw
V=[9""7,
geG

we V avowxtd tou Y (menepaopévn Tour avoixtdy elvat avoixtd olivolo), va elva
vertovid tou y. Téte yio xdde dragopetixd g1, g2 € G, Yo éyw 6L 10 g1-VNge -V
Loo0ToL YE:

( ﬂ g1-g " Ug) N(g1-97 " Ug, )N (g2-95 1 Ugy )N ( ﬂ 929~ Uy) = @.
9€G\{g1} 9€G\{g2}

Dot Ug, NU,, = 3.0

IMedétaom 1.15. Eotw p : (Y,y) — (X,z) G-kadvrtikrj aneikévion ka1 'Y va
efvar ovvektikds ydpos. Tére n G = Aut(Y/X).

AnddeiEn: Tradepornowd éva y € Y. T yvwotd ¢ € Aut(Y/X), 10 y xou 10
©(y) Yo Tnyaivouy Yéow e puotxiic TEOBoAAc oty (Blo TpoyLd ToU Ta TEPLEYEL.
Yuvernde Yo undpyet éva g € G : g -y = g(y) = p(y). Topa woyler po p(y) =
pog(y) =ply). Ané Mpuua 1.4, ov ¢ xou 1 g Ya cuunintou.O
Opiopée 1.16. Eotw p1 : (Y1,41) — (X, z) kat pa : (Ya,y2) — (X, x) kadv-
nTikés aneikovioes tou ydpouv X. Evag opopoppionds tov xdpov (Y1,y1) otor
xopo (Yo, ye) elvar uia ovvexris aneikévion ¢ : Y1 — Y térowa dote to mapakdrw
Oidypaupa va eivar puetadetiks:

Y1) = (Ya,12)
P1 N\ P2
(X, 2)

Ay n ¢ eivai évag opotopop@iojds twr torodoyikdy xdpwy Y1 ka1 Ya, téte mpokv-
TTEL €Vag 100HOPPIOLOS KAAUTTIKGY XWDpwy. Y€ autiy TNy Tepintwon o1 KAAUTTIKOL
xdpor ovoudlovtar wdpopgor (1j w0odivvajion).

Yoav cuvénela Tou AMupotog 1.4, Yo éyow:
IMéeopa 1.17. Eotw @1, po opopoppropol touv xdpov (Y1, y1) otov xdpo (Ya,y2).
Ay vrdpxery € Y1 : 1(y) = ¢o(y), Tre 91 = 0.

Tpdrypam av 1(y) = @o(y), Yo elya b1t pa 0 @1(y) = p2 © Poly) = p1(y) xou
10 anotéAeoua EneTan dueca and 1o Aupa 1.4.

IMépwopa 1.18. H oudda towv Aut(Y/X) dpa eAetlepa otov ydpo Y.

‘Eotw p : (Y,y) — (X,z) xodvntxh) anexévion 'Eotw ¢ € Aut(Y/X) xou
y €Y pe p(y) =y. Téte p2op(y) = pa(y) xou dpa ¢ = id.
Adppa 1.19. Eotw (Y1,p1), (Ya,p2) xedvrtikol xdpor tov X kar y; € Y;, pe
{i = 1,2}, va efvar onueia éror dote: p1(y1) = p2(y2). Yrdpyer opopopiouds
¢ (Yi,51) = (Ya,92) avv pr. (m1(Y1,91)) C pa. (m1(Y2,92)).-
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Av undpyel 1010 @, Yo Exw OTL pa 0 = p1, dINNABH N ¢ elvor avépdwon tne
p1. Ané 1o Yedpnua 1.7 éneton 10 {NToUPEVO AnOTEAEGUOL.

IMépwopoa 1.20. Me g npoinoléoeis tou mponyoluevou Afuuatog, vrdpyet o-
poopoppioids o = (Y1,y1) — (Ya,y2), avv pr, (m1(Y1, 1)) = pa. (m1(Y2, y2)).

O éyouue otu:
2. (m1(Ya, 92)) = m (Yo, y2) = 'm (Y1, y1) = pr (w1 (Y, 51))-
Yov plo edue teplntwon autold, TalpVouue 10 TUEAXATW ATOTEAEGUL:

MMéewopa 1.21. Av (Y,p) kadvrnikds ydpos tov X, pe y1,y2 € p~1(z) ka1 z €
X} Tdte Uﬂdeﬂ(p € AUt(Y/X) pgsﬁ(yl) = Y2, az/z/p*(m (Ya yl)) = p*(ﬂl (Ya y2))

Oeopnua 1.22. Ado kedvrtikol xdpor (Y1,p1) kar (Ya, p2) tov xdpov X, efvar
100H0pgo1 avy yia kdle 600 y1 € Y1 ka1 y2 € Yo pe p1(y1) = po(y2) =z € X o1
vroopddes p1, (11 (Y1, 1)) kat pa, (m1(Yz, y2)) avijkour atny i kAdon ovluyiag
otov w1 (X, x).

Kodade oL 800 xohumtixol ydpot eivon tabuopgot, ond noplopa 1.20, Yo €yw ot
pr.(m(Y1,91)) = pa. (m1(Y2,y2)). Topa y1,y2 € p~'(x) xou and dedpnpa 1.6,
éneton To {nrolyevo.

To Vedpnua poac AMer 1L 1 xhdon ouluylas TV LTOOUAdWY TOU UVIPEPETAL GTO
Yedpnua 1.6, xadopilel andhuta tov xohuntixd yweo up to isomorphism.

Adppa 1.23. Eotw kalvrtikol xdpor (Y1,p1) kar (Ya,p2) tov ydpov X kai ¢
évag opopoppionds avduead touvs. Téte o (Y1, @) efvar kadvntikds xapos tou Ya.

Arnddeln: Kdde onuelo x € X éyer ulo Spopoouvextinr, yertowd U, étou
GoTe va elvat opahd XaAUUPEVY Xou omd T BUO XUAUTTIXEC AMEWXOVIOELC P1, P2
Tautoypova: Av Uy elvon ogald xahuyuévn amd v pr xan Us ogoAd xaAuupévn
and v pa téte Yétovtag U = Uy N Us, o npoxtdel 1 {ntoduevr Yeitovid.

Oua beibw 6t1 n p elvar ent: Av y € Yo Qa dellw 6Tt undpyet z € Y1 @ ¢(z) = y.
Emuhéyw Bdonyr € Y1 xouy2 = p(y1) we p1(y1) = p2(y2) = z. aipve f: I — Y3
ue opyY) To Y2 xou Tého¢ To onuelo y. ‘Eotw g = pa o f va elvar 1 exdva tou
TPATAVG BEOUOL PECW TNG P2 GTOV YWEo X, Ue apy 1| To onuelo . And to Muua
avépdwong dpduwy, utdpyel wovadixy avopldwon ce dpduo h otov ydeo Yi, pe
apyn to onpelo Y1, tétoln Wote pr o h = g. 'Eotw va éyel téhoc 10 onpelo x. Ou
0ellw 6Tl p(x) = y. Ou dpbduol w o h xau f éxouv Ty Bia apyr, To ya %o WoyleL
ppopoh=pioh=g=prof = poh = f, and povadxétnta avégwonc
dpbuwv. 'Etor p(x) = y.

'Etot SloAéyoupe ogold xahuUUEVT Teptoy T Tou Tuyatou z € Ya ¢ e€nig: nalpvouye
U avowth meptoyy) tou & = pa(z), n onola elvor opohd xahuypévn xau ané g 80o
XUAUTITIXES OMELXOVIOELS PE TOV TpOTO Tou TEeplypddape oty apyr. Oétw W, va
ebvar T0 UM Tne py H(U) mou mepiéyer to 2. H W elvon opakd xohuypévn ané
™y . O

‘Eotww (Y, p) xohvntixde yodpoc tou X, ye Y anhd cuvextixd ydpo. Av (Y, p')
elvon €va Tuyalo, dagopeTind xdAupua Tou X, téTE and to Afpua 1.19, undpyel
opopopgiopds ¢ tou (Y,p) otov (Y, p') xou and 1o napandve Muua o (Y, @)
elvor évac xahuntinde yopoc tou Y. Autdc elvar o Adyoc nou évac anhd cuve-
ATUUOC XUNUTTIXOC Y Wpoc ovoudletar xodolxde xohuntixde ydeoc. Enlone ond
0 Yedpnua 1.22 xdie 800 xodorixol xalumtixol yweol elvon loduoppoL.

9évac ouolopopRIoPdC ENAYEL IOOUOPPIOUS TV EUTAEXOUEVLY VEUEMW®IMOY ouddwy.
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1.18° H dpdor tng Owddag m1(X,z) oto Ldvolo p~ ()

‘Eow p: (Y, y) — (X, ) xohuntxs anewdvion, opllw dpdon tne opddac m (X, x)
oto olvoho p~1(z) yu xdde z € X étor dote n w1 (X, z) va dpa amd defud 6T0
clvoro p~1(x).

Ogowde 1.24. Eotw (Y,p) xedvrntikds xdpos tov X, pe v € X. TIa kdOe
y € p~H(z) ka1 y1a kdOe [a] € m (X, x), optlw y - [a] € p~H(z) ws €. And o
Afuua avépBwong dpduwy xar to Jeddpnua 1.5, vndpyer povadikn kAdon Spduwy
wovY, éotw [a], tétowa dote p.([&]) = [a] pe apxri to onueio y. Opilw y - [o] va
efvar o téhog g kAdong Spduwr [&], dnladrj y - [a] = [&](1).

Ioyouv ta e€he:

(- [e]) - [8] = y([a] - [B]) xau y - [ex]'* = .

Yupnepatvoupe 6t 1 (X, z) and e 670 chvoho p~i(x). Ou delfoupe bt
1 dpdon auth etvan petaBotied, dnhadh Yo %89 y1,y0 € p~t(x) undeyer [a] €
T (X, ) © yo - [o] = y1. Mpdypatt xadde éxovue utodécel b1l 0 ydpoc Y elvor
dpopocuvextinds, undpyel xAdon dpbuwy (@] and 10 Yo ot0 Y. Ofw [of =
p«([@]). To [@] elvar xNEoN XAELGTOV LOVOTATIOV ot Yo - [a] = y1.

Yty ouvéyela Yo THpoUCLIGOUUE XAToL Bactxd anoTEAEGUATA Xl OPLOUOUC
ané Ty Yewpla opddwy mou Yo poc Bondroouy va TANCLEGOUUE TOV oXOT6 YaC.
‘Otav pla oudda G dpa oe éva olvolo E and aplotepd, tote Aéue 6Tt 0 E elvon
évac oplotepds G-yodpoc. Av n G dpa petaoatind otov E, téte 0 E ovoudletou
ouoyevic (homogeneous) G-yweoc. Ané tov 1eéno Tou oploape v dpdomn opddac
(ouvi¥xn 3) mpoxinter 61 N anewdvion E — E mou anewovilel y — g -y elvou
évag odolopop@londe Touv E xon cuvende pa yetddeon tou E. Etol éyoupe:

Oedpenua 1.25. Av E civar évag apiotepds G-xdpos, tite ya kdle g € G, n
areikévion E — E mov anewcoviler y — g -y eivar pia perdBeon tov E.

Opiowoc 1.26. Eow Eq, B, va eivar apiotepol G-ydpor. Mia aneikévion f :
Ey — E5 ovoudletar aneikévion apiotepcv G-yopwr (i G-equivariant) av

flg-y) =g (fy)

ya kdle g € G ka1 y € E. Mia araixévion f apiotepdv G-xydpwv kaleital
100HOPPIoUOS aproTepddy G-ydpwy, av n f elvar 1-1 ka1 em, ue tny avtiotpopn
s, va efvar ka1 avth pia areikdévion apiotepdsy G-ydpwrtt.
‘Eoww E, évag tuyaiog opoyevic apiotepds G-ywpoc. Awéyw yo € E xou
Vétom:
H={9€G: g-yo=yo}

H H eivon utooudda tne G xou ovopdleton utooudda tootponios 1 otadepononthc
TOL Y.

IMopathenon 1.27. Kdle opoyeriisc G-xdpos E, eivaiwodpoppos pe kdnowo G/ H.

Oue [ex] ouuBorilw tnv xhdom mou amoteheitar amd Ta xAeloTd wovondtia ue Bdon To x, Tou
elvot OUOTOTIXA UE TO TETPIWUEVO, dNAadY To onucio =.

Hoto xepdhoto 3 da dovue 6Tt av ot B, Fo civon tomohoyixol ydeot xot i G o Tomohoyixd
oudda Tou dpa ouvexdE oe avTole, TétE N f elvan évac oopopeionds (aplotepdv) G Yhpwy av
elvor €vac OUolOpopPIoUAS HETAED TWV TOTOAOYIXMOY XOPWY.
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IMafpve v anexévion G — E ye t0no g — g - yo. H amewxdvion ebvar et
xadde o E elvor opoyevic G-yopoc. Oétw H = {g € G: g-yo = yo}. T
va anewoviCovton 800 otouyela gi,92 € G oto Blo otoelo tou E Yo npénel
g1 Yo =9g2 - Yo & g;l ‘g1 =Yo & g;l ~g1 € H. Anhadr Yo npénet va ovixouv
oto (8o obumioxo e H. 'Etol, 1 anewédvion G — E endyer pla 1-1 xon ent
anewévion, f : G/H — E. Mdéhota 1 f ebvon évac ioouoppiopde apotepdv G-
yoewv xou ov G/H, E elvan .ebpopyol aptotepol G-ydpol.O
Tdpa éotw G dpa yetaBatixd ce éva olvolo E and 0elid, t6te Aéye 61 0 F
elvor évoc opoyevic S8elldoc G-ywpoc. Eow ¢ 1 E — E évag autopoppiooc
touv E. Téte yu xdde y € E ta onuela y, (y) éxouvv tov Bio otadeponomnm.
Avtiotpoga éotw z,y € E mou éyouv tov Bio otadeponomnth. Troétouye ot
undpyel ¢ € Aut(E) étol dote ¢(z) = y. Opilovye v ¢ w¢ e&hc. Eoww 2z € E.
Tote and vy petaPatixy dpdon e G undpyet g € G €010 OoTE 2 = T - g.
Anhadr npénel vo £YOUUE

p(z) =@ -g9)=(pz) - 9g=Yy-g.

'Etot oplloupe p(z) =y - g. Hpénel va e&aogolioouvye 6Tt 0 oplopds auvtde elvan
ave&dptntoc and v enthoyh tov g, dpadfavz-g=x-¢, ey -g=y- ¢,
XATL TOU TPoXUTTEL amd Tny undleorn OTL Ta &,y Exouy Tov (Blo oTadepomonT.

ARppor 1.28. Mia opdda A ané avtopoppiopols €vés opoyevols G-ydpov E
efvar oAékAnpn n opudda Aut(E) avv yia kdOe 600 onueia x,y € E mouv éyouvv tov
{610 oTadeporomtr, vndpyer évas avropopgionds ¢ € A, étor dote p(z) = y'?.

‘Eotw H vunoopdda tne G t6te:
N(H)={geG: gHg ' = H}.

elvar uTooudda e G mou Tepéyel Ty H xon ovopdleton o xavovixoronthe (nor-
malizer) e H. Eivou n peyahltepn unooudda tou G mou mepiéyer v H cav
xavovix, utoouddo. Hpogavde av H > G t6te N(H) = G.

Oevpnpa 1.29. Eotw E évag opoyevng G-xdpos ka1 éotw H, va eivai o ota-
Jeporointis evés y € E. Tote n oudda avtopoppioucdy tov E elvar i06uopen ue
v oudda N(H)/H.'3

Ané o mopoandve elvon topa Zexdiapo, dtt To olvoro p~i(z) elvon évoc o-
woyevic detioe (X, z)-ywpoc. T x89e y € p~(z) o otadeponomnthc autol
Tou Y, elvan N vroopdda p.(m (Y, y)) tne m (X, z) (népwopa 1.8). Yuvende da
éyoupe t0 clvoro p~t(z), cav évac opoyevic delibc (X, z)-ywpoc, v efvou
16bpopoc Ye TNV cLANOYY cuuTAdxwy 1 (X, z)/p.(m1 (Y, y)) (nopatipnon 1.27.)
%ot 0 aplduéC TV QUAA®Y TNC XUAUTTUXAC ATELXGVLONSC LooUToL PE ToV BelXTn TNnC
unoopddac p.(m (Y, y)).

Etvou npdrypatt d&wo tpocoyic (xou anopluc (owe;) GTL xaTapépaye va QTdoou-
we oto VYedpnua and 6mou Eexwvrioaye (BAéne néplopa 1.2) ahhd yéow dlagopeTi-
%WV cuhhoviouody. T v cuvéyela Yo dolue T oyéon umopel va €yel 1 oudda
Twv covering transformations evéc xahumtixod ydpou Ue Ty dpdon e m (X, x)
oto p~(z).

2vig tnv andédeiln, BAéne otov [6], ceida 422.
13y v anddein BAéne oeh. 423 Tou [6].
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Mpdtaoyn 1.30. INa kdde avropopgiond o € Aut(Y/X), kdde onueioy € p~1(x)
kai [o] € m (X, x) éovue:
ey - [a]) = (¢y) - [o],

dn\adry kdOe p € Aut(Y/X) endyer évav avtopopgiojd tov ovvérov p~(x), raip-
vovtag to p~t(z) oav évav be&1d w1 (X, x)-xdpo.

Amnddaén: Avopddvouye 10 [a] oe xhdon Spbuwv (@] otov xdpo Y, pe oyt
0 onpelo y étol dote p.([@]) = [a]. Téte y - [a] Ya elvar 10 Téhoc Twv dpduwy
[@]. Topa nalpvovtac Touc dpduouc ¢, ([a]) otov Y, da éyouv apy to ¢(y) xou
Téhoc 1o onuelo ¢(y - [a]). O woyder bt

p«(@«([a]) = (po )« ([aD™ = p.([a]) = [a].

'Etot 1 xA\don dpduwv ¢« ([d]), anotehody avbednorn tne xAdone [a] xow cuVETOS
ané povodixdtnta avépdwong, Yo npénel vor tautilovian ye to [@]. Eto

y-lo] = (ey) - [ = ¢ly-[a]). O
Oeovpnua 1.31. Eoww (Y,p) kedvntikds xydpos tov X pe v € X, téte n oudda
Aut(Y/X) efvar 106popgn pe tpy Aut(p~(x)), majprovzag o p~(x) oav évay
be&i6 (X, x)-ydpo.

Arédaén: Av ¢ € Aut(Y/X), 161€ 0 TEPIoploUdC @l,-1(y) Ebvan évac au-
Topoppopée e pt(z), oav évac delibe (X, )-ydpoc, and To TEONYOUUEVO
Yedpnua. Enlone, xdde avtopoppioude ¢, elaptdton uévov and Tov TEPLOpLoRO
TOU @|p-1(z), ONAADT 1 amexdvLon

ko= @lp-1(a)

gbvon 1-1. Tlpdypat Kerk = {¢ € Aut(Y/X) : k(p) = id}. Anb to ndpioya
1.18 n ¢ dpa erellepa oTov Y %o oLVETHDS @ = id xan ) k elvon 1-1. Apxel va
0etfw 6t M k ebvan enl. Amd to Mupo 1.28, o autouop@iopol Tou endyouy ol
Aut(Y/X) elvor 6hn 1 ouddo Aut(p~(x)), avv yio xdde y1,y2 € p~1(x) pe touc
otadeponomntéc ATV TV Y; va elvan ioot, Snhadh p. (11 (Y, y1)) = p«(m (Y, y2)),
undpyetl ¢ € Aut(Y/X) : ¢(y1) = y2. Kdtt nou toylet ané 1o népopa 1.21. ‘Etol
k(Aut(Y/X)) = Aut(p~(z)) o k eivou ent.O

Mégwopa 1.32. TNa kdle z € X kary € p~*(z), Oa éyw du:
Aut(Y/X) = Np.(m (Y, 9)]/p«(m1(Y, ),

érov o Np.(m1(Y,y))] elvar o kavovikormonzig tns vroouddas p.(m(Y,y)) tov
m (X, x).

A6 10 nponyoluevo Vedpnua, Yo éyw 6t Aut(Y/X) =2 Aut(p~'(z)). Epap-
uolovtac twpa o Vedpnua 1.29, npoxintel To {nrolyevo.

Oewpnua 1.33. Av (Y,p) kavorikds kaAvntikds xdpog tov X, tdte:
Aut(Y/X) 2 m (X, 2)/p«(m (Y, y))
yia kdle v € X xary € p~1(x).

IMpoxintel dueca and to noptopa 1.32 yiatl agol p.(m (Y, y)) <71 (X, z), Ja
Exw 6Tt Npi(m1(Y,y))] = m (X, x).

IMépwopa 1.34. Av o (Y,p) elvar kaBohikds kalurntikds xdpos tov X, Ja éyw
Aut(Y/X) 2 m (X, x)

M@ \éne functorial 131HTTEC TOV ENAYOUEVWV OLOUORPIOUGY [2], GeN.16.
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1.1v" Kavovixoli Kalvrntixol Xopor xou Xdeor IInhixa

‘Eoww (Y, p) xohuntixde yodpoc tou X. Ened n p elvon pla avoixth anewxdvion,
o X éyel v tomoloyla mnAlxo mou emdyetan and v p. 'Etol umopolue va
ndpouye tov X and tov Y tavtilovtac ouyxexpéva onuelo: T xdde x € X,
Ohat T onela Tou cuvérou pL(z), Teénel vo TawTioTolY of éva onpelo. H opdda
Aut(Y/X), petoadéter bha o onpeta Tou cuvéhou pt(z), petald Touc. Tevixd
Bev toyler 61t Y/Aut(Y/X) = X. Mrogel va undpyouy y1,y2 € p~L(x) xau Ap €
Aut(Y/X) étor dote o(y1) = yo. Anhadh ot Aut(Y/X) vo unv dpouv yetofotixd
oto p~(z).

Adppa 1.835. Av (Y,p) kalvrtikds yopos tou X, n oudda avtopoppiopdy
Aut(Y/X) dpa petafanixd oto p~1(z), pe x € X avv o (Y,p) efvar kavovikdg
KAAUTTIKGS X POS.

Anddaén: H oudda Aut(Y/X) dpo petofatind otov p~l(z) av yia x&de
Y1, Y2 € p~ () undpyeL ¢ étor wote (y1) = Yya2. Autd, and To tépopa 1.21, autd
Vo oupPaiver avv P (71 (Y, y1)) = pu(m1 (Y, y2)). And dedpnua 1.6, oL unoopddec
p«(m1(Y,y)) v y € p~1(x) amoterolyv pia xhdon ouluyioc and vnoopddec Tou
m (X, ). Etol pu(m (Y y1)) = [a] * ps(m1 (Y, y2)) * [@]. And tnv xavovixdtnta
ToU XohUTTX00 YWpou Enetat 6Tt Py (71 (Y, y1)) = pu(m1 (Y, 42)).0

Eldaue 6t av 1o (Y, p) elvon xavovixde xahuntinde ywpeoc tou X, to1e:

Y/Aut(Y/X) = X.
Ac Bolue tpa t0 avtiotpogo tne mpdtaonc 1.15:

Ilpétasm 1.86. FEotw dti o (Y, p) elvar kalurtikds ydpos tov X. Tdte n oudda
Aut(Y/X), dpa evenly otov Y. Enions av n Aut(Y/X) dpa petafaticd o€ kdOe
@UAAO TS p, ToTE TO KdAUpMa €lval éva kavoviké G-kdAvuua pe Aut(Y/X) = G.

AndoeiEn: Oa dellouye 611 1 Bpdon elvon even. Eow y € Y xa Ny
yettovid tou p(y), n mola ebvor opahd xohvuuévn and v p. Ilaiovew éva @uiko
e p, V ey € Vétol dote nplvV — N va elvar évac opolopopiopdc. Ay
v # ¢ € Aut(Y/X), t6te p(V) xon ¢’ (V), Qo mpéner va elvon Eévar, dtapopetind
n o Loy Yaéyel éva otadepd onueio oto V, mpdyua drono and mépopa 1.18.
Etwol p(V)N¢' (V) =¢- VN -V =0 Tdpa and 10 nponyolUevo Muud av
1 opdda Aut(Y/X), dpa petaBotind 6o p~(z), 0 Y elvor xavovixde xahuntinde
xopoc. Apa Y/Aut(Y/X) =2 X xou npogavis G = Aut(Y/X).0
IMapatneobue 6t av n dpdon elvon petofoatinr, Yo elvon xou moty, dnradh To
¢ € Aut(Y/X), pe p(y) = y' ebvor yovadixd. And to Jedpnua 1.33 xon tnv
npéTact 1.36 malpvouue To mopoxdte TOPLOUAL:

IMépwopa 1.37. Av (Y,p) elvar évag kavovikds kaAuvntikds xdpos tov X, tdte o
Y efvar éva kavoviké G-kdAvpua kat

G =Aut(Y/X) 2 m (X, z)/ps(m1 (Y, y))

ya kdle v € X ka1 y € p~l(z). Av oY efvar anAd ovvektikdg ydpos tdte
m(X) =2 G = Aut(Y/X).

Eidoue 6t évac xahumtixée yodpos (Y, p) tou X xadopiletan mifpwe and ty
x\dor ouluyiac e vroopddac p.(Y,y) tou m (X, z). To epdtnua Tou TEOXV-
nteL ebvon 6Tl av X elvor €vag TOToAoYIXOC YpoC xaL av Joc diveton plo xhdom
ouluylac and vroouddec Tou 71 (X, x), undpyel xahunTixde yopoc (Y, p) tou X
étol bote N p« (Y, y) va avixel oe authAv TV xhdor ouluylag;
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Ocedpnua 1.38. Eotw X tomoloyikds xdpos, nov éyxel kafodikd kaAuntikd yo-
po. Téte yia kdOe kAdon ovlvylag and vroouddes tng m1 (X, x), vndpyel kalvnti-
k6g xpos (Y, p) tou X, éror dote n p.(m(Y,y)) va aviker o€ avtrjy tny kAdon
ovluylag.

Anésadn: Eow (X,q) 0 xadohixde xohumtinde yodeoc tou X. H 1 (X, x)
dpa petafotind oto clvoro ¢ 1 (z) and Belid, xou xadde o Y elvon amhd cuve-
wtxde Spa ehetdepa. Enlone xou 1 oudda autopopproudy Aut(X/X) = m (X, z)
Spar petafoatixnd (xdde xadohxd xdhuppo elvon ot xavovixd) and oploTepd, 6T0
oOvoro ¢ (z). Awhéyw éva onuelo T € ¢~ () xou unooudda G Tou avAxeL GTNV
xhdon ouluylag mou pag divetar. ‘Eotw H vo elvor unoouddo twy auTouop@LopdyY
Aut(X/X) mou opiletor wc e€hc: ¢ € H aw undpyet otolyelo [a] € G tétoto
Oote p(Z) = 7-[a] € ¢ (x). Tto ekl uéhoc Trc wodtnToc Exoupe TNV dpdon Tou
auTOoPPLOUOU 6TV ¢~ (x) evd oTo aploTePd Uéhoc TNe LobTNTIC TNV dpdon
Tou otoyelov Trc ouddac G otov ¢! (x). Efdaye 61 (opiouéde 1.24 ) G 2 H
péow tne avtiotolyiac ¢ « [a], avw o(Z) = T - [a].

Eneidh H < Aut(X/X), n H dpa evenly otov X. Eotw Y va Snhdvel tov Ybpo
miixo X/H, r: X — Y, va eivon 1 guoudh teoBolh xou p 1 Y — X va eivon 1
anewdvion mou endyer n g : X — X. Eyouye to yetadetind Sidypoyua étor dote
por =g
(X,2) — (Yy)
4\ P
(X, )

‘Onov o (X, q) xahurtinde ybdpoc tou X (and unddeon), o (X,r) eivor évac H-
XUNUTTIXOS Ypoc Tou Y (amd Mupa 1.12) xou (Y, p) xohuntinde ywpoc tou X
omd to Mupo 1.23 yiatl anotehel évay olopop@Plopd XahUTTIXOY YWewv. Apxel
va 8elfw 6t G = p.(m(Y,y)). Eyw éup:Y = X/H — X eivan pia xohu-
) anewovion, €tol py(m (Y, y)) = m(Y,y) xou and 1o népopa 1.37 Yo €y
m(Y,y) =2 H =G, étor G = p.(m(Y,y)). O

Opiowoc 1.39. Evags ydpos X ovoudletar tonikd anAd ovvektikds av kdOe yerco-
vid €vd§ onpeiov tov, mepiéyel pia yerrovid Tov onpeiov mov eival anAd ouveKTik.

Opiowoc 1.40. Evag xdpos X ovoudletar semilocally atAd ovvektikds av kdOe
onpueio tov éyer yertovid téola dote kde kAe10To povorndtt o€ avtriy TNy yerrovid
efvar opotomiks e to terpipupévo. Ioodvapa av kdle onueio x € X éyer yerrovid
V éror dote o enayduevos and tov eykAewoud opopopprouds i, : m(V,x) —
m (X, x) elvar o undevids, dnladry areixoviler kdde otoryeio tng m (V,z) oo
TavtoTikg ka1 oLvends N i efvar un ovowddnst® ouvdptnon (null-homotopic).

Ebvor mpogavéc 6tu av évag yweoq elvon Tomixd amhd cuvexTixog, tote Yo
elvow xou semilocally anhd cuvextixdc. Mnopolye pdiiota vo det€oupe 6L évag
GUVEXTLXOC XAl TOTUXE BPOPOCUVEXTIXOC YWEOC EYEL XD OAMXS XAAUTTING YDEO OVY
etvor semilocally amhd cuvextindc!®. Tio to tapaxdte, vtoéToupe 4Tt 0 YOPOC
X elvon ouvextixde, Tomxd dpopoouvextixdc o semilocally amhd cuvextixde,
ETOL WOTE VoL EYEL XAVOAXO XUAUTTLXS Y DPO.

Prdooue oTov oxoTd Yac, Tou elvar vo Beolue TNV avtioTolyla Tou Utdpy el LeTAUED
TWV UTOOPEBwY TNC Yedelmddous ouddos eVOC YOEOU Xal TWV XUAVUUETWY TOU

153)\éne [2] oehida 56.
16B)\éne [1] oehida 188.
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xweou autol. To nopoxdte arnotéiecua Va elvor yiar QUOLXTH CUVETELX TN UEYEL
THPA TOPElAC YA

Oeopnue 1.41. (a) INa kdde vrooudda H tov m (X, x) vrdpyer éva ouvektikd
kd vppa: pg 2 (Yo,ym) — (X,2), pe yg € p~1(x), éror dote n exdva tov
w1 (Y, ym) oty m(X,x), péow s pa, va evar n vrooudda H. KdOe dAdo
Tétow kdAuupa (w§ mpos TNy emdoyri Bdong) eivai 1w0duoppo pe avtd.

(B) Av K eivar puia dAAn vrooudda tov m (X, ), mov mepiéyer to H, vndpyel
povadikny ovvexris anetkévion pu k : (Ya,yu) — (Y, yx) nov efvar ouuBatij ue
71§ TpoPodés atov X . Avuth elvar kaAuntikny aneikérion kart av H < K, téte eivai
éva G-kdAvpupa pe G = K/H.

Andbaén: (a) Botw (X,u) va elvar 0 xodohxde xahumtxde ydpoc tou X.
Agol H < m(X, ), and 10 Yedpnua 1.38 undpyet xohuntixde xdpoc (Y, pr)
v X, étor bote N pu, (m(Yu,yu)) = H. Eow py @ Yu,vy) — (X, z)
Wi GAAN xohumtied amewovion we p(ya) = p(yx) = = xou py (11 (Ye,yy)) =
H. Ané 7o mopopa 1.21 da €yw 61t o 800 autol xohuntixol yweol Yo elvan
wopoppol yiotl py, (m1(Yu,yn)) = Py (m1(Ya,yy)) (0 pe ebvon aveZdpnrog
and ™y emhoyy| Bdone.).

(B) Opowr vrdpyet (Y, i) xahUTTixde ydpoc t0uv X, €101 MoTe
pr., (M1 (Yk,yx)) = K. 'Etol 9o éyoupe 10 nopaxdto yetoadetind didypopuos

(X, 2)
rx N\ TH
Yk | Y
PE N\ PH
(X, z)

Av tdpa H C K undpyeL pH,k €101 OOTE T0 TAUpAXATL dLdypouua va elvor Jeta-
Yetind:

Yroyr) 5 (Yr.yx)
pa \ . PK
(X, )

Mpdrypatt, and to Yedpnuoa 1.7 Yo €yw 6TL UTdpYEL povadxr avépdwon e pa
ue px o pux = pu ow H = pu, (mi(Yu,yn)) C pr. (m(Yi,yx)) = K. Tdpo
ool N pH, K VoL EVAC OUOUOPPLOUOS XONUTITLXAY ATEXOVIGEWY, GUUPOVA UE TO
Muya 1.23, 9o efvon plor xahumtix| ameixovion.

Av H =py, (m(Yu,yn)) <pk,(m1(Yk,yx)) = K t61€ anéd 1o npdtoon 1.36 xou
70 Yewpnua 1.33, o ydpoc (Ya,pH, k), Do elvon évac G-xahUTTixds YOpoc Ue

G =m Yk, yx)/rux. (11(Ya,ym)).

Ouwe m(Yr,yr) = pr. (M (Yr,yx)) = K, ywtl n pr, elvor povopoppiopdc.
’OHOLO( PH K, (Wl(YH,yH)) = Wl(YH,yH) >~ H Etot G = K/H <>

IMépropa 1.42. Yrdpyer uia 1-1 kai ent avuorowia petaéld Awy twy vroopuddwy
H g m1 (X, x) kat Awr twr kadvrtikér kAdoeov'” [py : (Y, yu) — (X, x)].
Anladn:

H = pu, (mi(Ya,yn)) < [pm : (Yo, yu) — (X, 2)].

I75mod7 Ty xoAUTTIXGY Xdpwv Tou X Tou avTioTooly oty utooudda H modulo( too-
HOPPIOUOL XAAUTITIXDY XDOPWV).
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Ou €youpe v e€rc avtiototylo:

(X,%) < {e} = Aut(X/X)
! N A
(Ya,yg) < H = Aut(X/H)
! N A
(Y, yx) < K = Aut(X/K)
! N A
(X,z) < G = Aut(X/X)

Av n H elvor xavovixr, utoopdda tne K, téte o xahuvntixde xoeoc (Ya, pa, i) o
ebvor éva K/ H-xdhoppo. Téte Yo éyoupe bt

K/H = Aut(X | Yi)/Aut(X ) Yir) = Aut(Yer | Yi).

Kdélde xdhvypo Y — X, nou avuotowyel oty H, umopel vo towtiotel ye 1o
X/H — X, ye H va eivon o unoopdda twv Aut(X/X) = 7 (X, z), mou dpa
otov X. Kavovixd xahduato 10U Yoheou X aviioTotyoly 08 Xovovixéc UToouddec
H. 'Etou xéde xavowxd xdhugpa p : Y — X, éyer ™y popeh X /H — X xou
elvar G-xdhuppa (mpbroon 1.37.), ue

m(X,x)/H =2 Aut(Y/X) = G.

Bénouue 6T oL wxpdTepec UToouddes e 1 (X, ) oL CUVETKC 0L UXpOTEPES
unoouddec e Aut(X /X)), avtiotouoly oe peyahliTepa XaAOUUATL.

1.2 Ocewpia Galois

‘Eotw F, K odyoata ye K C F, t61te 1o F elvon plo enéxtaon tou K.

Opwopwoc 1.43. Eotw F enéxtaon tov oduatos E. Opilovue tnyy Galois opdda
NG eméktaong avtnig va etvai:

Gal(F/K)={0 € Aut(F) : o(k)=kVke K}.

Oploape v opdda Galois vo anotekeitar and exelvouc Touc aUTOUOEPIOUOVC

oL odpatoc F, mou agrivouv onuelaxd otadepd 10 odua E, ye Gal(F/K) <
Aut(F).
[ty ouvéyeta Yo tapoustdoouye GUVToPd Xdmota anoTeAécuoTa tng Vewplog
Galois pe Bdon touc [4] xou [7], ue oxond va ptdoouue oto Jepehddec Yedpnua
e ev Aoyo Jewploc. 'Eva avdywyo moludvugo f ovoudleton doywplowo ov
yioo x&de pilla tou p, 0 f'(p) # 0, dnhadh av dev éyer pllec moMamAdTNTOC
HEYUAUTEPNC TNG HOVABOC.

Oevpnua 1.44. Eotw f(zr) € F[z] elvar éva diaxywpioio molvdvupo kar F efvar
pia enéktaon tov odpatog K. Av F efvar to splitting field tov f tére:

|Gal(F/K)| = [F : K].
Ogowdc 1.45. Eotww F odue. Av G C Aut(F) tére 9érovue to
FC={fecF:o(f)=fVoecG}.

va efval to otalepd odpa tov G ooy F.
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Mopatneolye 6Tt t0 F¢ eivor éva umdowyua tou F. O Tapandve optoddc eivos
onuavtixés 6tav o G elvon unooudda twv Aut(F'). Tlapopével buwe a&ibhoyog
ooUa xou av glvat €val amhé LTocUVoAo, BAEmovTag Gt av

HCGéie F€ c FH,

Enionc av F enéxtaon tou K xo G = Gal(F/K), t6te K C F¢ C F. K&de
owua avdpeoa 6o K xaw 1o F ovoudletor EVOIIUESO o@pa. X Tnv nepinTteor Tou
n G elvar unooudda TNg ouddag auTopop@LOU®Y Tou F Yo €youue Tor TopOXATW
anoTeEAéGATAL

(i) Av G eivon ylo unooudda tne Aut(F) téte [F : FC] = |G.

(i) Av G, H eivor menepaouévec umoouddec tne Aut(F) ue F¢ = FH 16t
G=H.

Oedpnua 1.46. Eotw F va eivar uia tenepaouévn enéktaon tov odpatos K e
opdda Galois G = Gal(F/K). Oa Aéue o eivar pia Galois enéxtaon av 10y Vel
uia and g napakdtw 10060vaues ovvinke:

(i) K = FC.

(ii) Kdde avdywyo molvdvuuo p(x) € Klx], to omoio éxer piles oto F, elvar
daywpionio kar éxer 6Ae§ tig piles tov oto odua F.

(ili) To odua F amotedel o splitting field kdroov Saywpioniov molvwvipov

1.20" To Oegpelddeg Oedprua tne Oewpioag Galois

Oedpnpa 1.47 (Oespeliddeg dedpnua tne dewplac Galois).

Eoww F nenepacpévov Pabuov enéktaon Galois eni tov K, ue oudoa Galois
mr G = Gal(F/K), K = FY ka1 E evhidueoo odua, Snkady K ¢ E C F.
Téte vrdpyer pia 1-1 avniotoryia petald: Awv twv evdiducowy owudtwv Tng
enéktaons kar AAwv twv vroouddwr s G, mov divetar and tny E — Gal(F/E)
étol dote:

(i) O oxetikds BaBuds tng emnéxtaons dvo evdidueowry owudtwy eivar i0og ue
TOV OXETIKG O€lkTn Twy avtioTolywy vrooudowy tns Galois opddag. Xuyke-
kpiuéva n Gal(F/K), éxa téén [F : K.

(ii) H F efvar pia Galois enéktaon end kdde evdidpeoov oduatos E, aAdd to
E elvar Galois enéktaon eni tov K avv n avtiotoyn vrooudda Galois:
Gal(F/E) efvar pufa xavovikrj vrooudda tng G. X’ avtrjv tnv nepintwon Ja
€YOUNE:

Gal(F/K)/Gal(F/E) 2 Gal(E/K).

H 1-1 avtiotoyla mpoxdntel aviiotoydvtog o xdde evidueco owpa £ tny
Galois opdda Gal(F/E) < Gal(F/K).
Avtiotpoga: Avtiotoud oe xdde unoouddo H e Gal(F/K) to otadepd tne
otpa oty F, dnhad H — FI.
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Av L, M evddyeca oopata tne enéxtaone K C F xou J, H unoouddec e
Gal(F/K) ye H < J, Yo éyw:

F — 1 F — 1
U N U N
M +—— Gd(F/M) FH H
U A U A
L +—— Gal(F/L) FJ J
U N U N
K +— CGa(F/K) K «— Gal(F/K)

Adppe 1.48. Eotw F enéktaon odpatog K, e evdidueoa odduata L, M. Eotw
H,J vroouddes tng Gal(F/K) = G. Tére:

(i) Gal(F/F) =1 xa1 Gal(F/K) =
(ii) F
(ili) Av L ¢ M = Gal(F/M) < Gal(F/L),
(iv) H<J=F’/ c FH,
(v) L c FEUF/L) war H < Gal(F/FY),
(vi) Gal(F/L) = Gal(F/FCF/L)) g FH = pCGal(F/F™),

EAilw 611 1o napoxdto yedgnuo Ya anocapnvicel Tuydév anopleg:

F — 1 — F — 1
U N U N
M +—— Gal(F/M) +— FGUFEM) o Gal(F/M)
U N U N
L +— Gal(F/L) +— FG4F/L) Gal(F/L)
U A U A
K +— Gad(F/K) +— FC — G

Yyfuo 1.3: Mlo enéxtaon I enl tou K mou dev ebvar Galois.

H ropandve eméxtaon F eivor Galois ent tou K avw F¢ = K. ‘Opow 1 F
ebvar enéxtaon Galois enl tuyaiou evdiduecou obpatoc E, avw E = FEUF/E),

Ogowdc 1.49. Eotw X evdidueoo odua tng enéktaons K C F (1 uia vroopdda
s Galois ouddas tns enéktaong, avtiotorya.). Opilovue to X va eivar kAeotd
avy X = FCAUF/X) (X = Gal(F/FX).). Hapatnpotue 6t n F efvar pia Galois
enéxtaon eni tov K, avv to odua K eivar kAe1oto.

ARupa 1.50. Eotw F va eivar enéxtaon evis oduatos K. Yndpye pia 1-1
avtiotolyia avdueoa twy KAE0TOY €vildueowy TwUdTtwy Tng €néKTaons Kal Twy
KA€1W0TdY vnoouddwy s ouddas Galois, mov divetar ané E — Aut(F/E).

Ye pla Galois enéxtaon dha o eVOLAUESH GWUATA EVAL XAELGTA Xt OTNY TEpl-
TTWOY Tou 1) enéxtaoT, elvar tenepaouévou Botuod, Ghec oL UTOOUASES TNC ouddac
Galois eivar enlong xhetotée. Mpdypatu:
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ARppe 1.51. Av F enéxraon evés odpatog, L, M evdidueoa odpata pe L C M
ka1t H, J vnoopddes tng opddas Gal(F/K) = G, ne H < J, tdre:

(i) Av o L etvar kAewoté odua ka1 [M : L] < oo, téte to M eivai kAeioté odua
Kai
Gal(F/L)/Gal(F/M) = [M : L],

(ii) Av H elvar ket vrooudda kar [J : H| < oo, téte n J elvar kAewtn
unooudoa jie
[FH . F/]=[J: H],

(ili) Av F etvar pia menepaopévn enéktaon Galois eni tov K, téte dla ta €ev-
Sidueoa oduata kar Gheg o1 vnoouddes tns opddas Gal(F/K) elvar kAewotég
pe Gal(F/K) = [F : K].
H xatdotaon neplypdgetor 0To Topaxdte oy hUd.

— 1

N
—— Gal(F/L)

NCEHCECH

A
“— G

Yyfuo 1.4: Mlo enéxtaon F' enl tou K mou eivan Galois.



Kepdiowo 2

Empdveieg Riemann

2.1 Emgdveieg Riemann xou Avalutixég Aneuxovioelg

2.1’ Ablya yia Tig AvoluTtixég TuvapthoeLg

Ou apylooupe uneviupllovtac Mya mpdyuata yio Tic avahutixée (f ohopopgpee,
holomorphic!) cuvapthoeic:

Mo cuvdptnon Aéyetan avohutixr oe éva avowxté U, av undpyel 1 mopdywyog
oe xdde onpelo tou U. Oa Aéue 6Tt elvon avahutxy| oe éva onueio zg, av elvor
avaluTixr) oe ula meptoy Tou zg. Ilpémel va moapatneroouue €ToL OTL 1 avaAUTL-
%6t 670 2z ebvon plor évvola BapopeTin) TNe TopaywylonuétnTac. Av f elvou
avohutixt oe ula avouxth U, t6te elvan pla ouveyric ouvdptnor oto U xot loybouy
ot Cauchy-Riemann cuvidixec: av f(z) = u(z,y) + v(z,y)i, ue z = x + yi té1€
Ug = Uy XU Uy = —Vsg.

‘Eva dA\o Baowxd anotéreoya ebvar 611 xdde ouyxiivouoa duvapooelpd elvon i-
o avahUTLX GUVEETNOT 0To BldoTnua lYXALONC xan xdVe avohutxr f, oe éva
avoxtd o GLVEXTXG LTocvoho Tou C unopel va tnv napgacticouye ye ulo du-
VOpOoELRd, BNnAadY Yot xdle zg GTO avoTé GUVOAO, uTdpyEL pla BUVAUOGELRd
oo oan(z — 20)™ mou cuyxhiver ot f(2), Yo x&Oe z oe plo TEPLOYT TOU 2o .
Av f(z) ebvar avahutinh oe dloxo D = D(zp, R), ye R > 0, woyVel 10 Yedpnua
Taylor, 6nAady| yia xde z € D Yo €youye:

(z = 20) F(20)

f(z):a0+a1(z—zo)+a2 B + - UE an = nl (n:()alv)

Ané ta nopandve npoxtnTel 6t Tor axdrouda elvar LGOSV
o 2o elvon plla ne f,
® ag = 0)

o 1 f ypdpeton ocav f(z) = (2 — 20)g(2), yia xdde z € D, ye g(z) avarutxn
cuvdptnon oto D.

1o bpog ohdpopen Tpoépyeton and TNy olvieon tov AéEewv dAog %o Hop@n xar emAéyTNXE
Yoo Vo TOVIoTEl 1 OQOLOTNTA AVEUESH OTIC OAGROPYES CUVAPTACEIC Xou Tic oxépouec (entire)
cuvopThoec (dTwe To ToAuGVLPA) Tou elvar TopaywYionua Tavtod 6To tenepacuévo eninedo (Yo
dolpe apyotepa (mbpiopa 2.15) 6T wia cuvdetnon mavtol avoutixh oto PL(C) eivor otadepr).

2BNéme [8] Vewpnua 16.7, oeAida 361.
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Av f(z) by otadept; ouvdptnon, téte Yo éxoupe Gt

2
z—z
f(z)—ao :al(zfzo)+a2%+...
Ou mpémel ToUNEYoToV pia amé Tic mapaydyoue f va pny elvar undév, vt
Srapopetind Yo elyape and to avdntuypa Taylor oe pio tepioynf tov zo 6Tt n f(2)
Vo oy otadepth], mpdypa dronto and ty unédeon poc. Eotw (2 — 20)F va elvon
N uxebTeEn d0voun Tou (2 — 2p), HE Oyt undevixd cuvtekeots|. Ilpoxvntel 6t

®) (2 (k+1) (,

o +...}H€f(k)7§0

Oa héye 6T to k elvor n modomhéTnta ( 1 T8&n Tou onuelou) ye v omola 1 f
nadpver T T 2o. Ao To mapamdve TeoxOnTEL 6TL oV TO 2 ebvon plla plac Oyt
otadephic f(2), T6te T axdhovda elvar LoodUvaa:

o H f(2) éyel plla mohhamhétntoc k 610 2,

o f1(2)=f"(20) == fF"Yz0) = 0 xau f¥(2) #0,

o f(2) = (2—20)%g(2)Vz € D, ye g(2) ula avahutind cuvdptnon otov D xau
9(20) # 0.

Ynpelo avwpoliag 2o tne f elvon otav 1 f elvon avohutixr) oe xdde yertovid tou
20, OARG Dev elvan avahuTix 6To 2. Mepovouévo onueio avouaiiog etvon dtay,
ETUTAEOY UTEPYEL XATOLL < TPUTNUEVTY YELTOVLE Tou 2o : 0 < |z — 20| < R , ét0u
&ote 1 f va elvon avohutier. T mopdderypa 1o 2z = 0 ebvan pegovouévo onpeio
avwpahiog yia v 1/z.

‘Eto, 6tav 1 f elvan napoywylonun otov avowxto dioxo D(zo, R)\ {20}, undpyouyv
otadepéc: a;,b; € C: i = (0,...,n) v xdde z € D(zg, R) \ {20} 10t dbote va
oyVel to Yewpnua Laurent, dnAadh n f va €xel oeipd Laurent pe:

f(z)= Zan(z —20)" + Z (Z_binzo)n
n=0 n=1

[ xdlde z € Ry < |z — 20| < Ry, 6mou ) f elvan avahutix. To npdto ddpolopa
ovopdletar xavovixd Pépoc TN f xou avTimpoowreVeL plo avahuTiX cUVAPTNOT,
eve To BebTeEpO XVplo uépoc. ‘Omou:

an = /C%dz/%m’ ywn >0, b, = /C(Zfz(%dz/%'i v n > 1.
Me ¢ va ebvon plo ILAK. Ta a;, b;, npoxtntouv and tov Tevixeuvgévo Oloxhn-
cwtxd Tomo tou Cauchy mou toylel yio plo mopoywylonun f(z) oto I(c)* U
tyvoc g c pe 2o € I(c) xon ¢ va ebvon plot ILAK (ITohs Amhd KounOhn), dnhodn
XAELoTH, anhf, Yetxd npocavatohouévn xat to I(c)U [yvog tne xaunding va etva
évar xUpT6 olvoho?. T n =1 Yo éyoupe 6t bi2mi = [ f(z)dz ye by va ebvos 0
ohoXANpwTXG uTdhoito e f(z) oto zo xou cupBolileton pe Res(f, o).
ALoxplvouUE TPELC TEPITTWOELC:

ue I(c) oupPohifouye t0 ecwTePXd TNC XAUTUANG C.
o Tevixevpévoc Ohoxhnpwtixdc TOnoc tou Cauchy, yac Aéet étt yio f, ¢, OTwS TApamdvw,
Yo éyoupe bt £ (z9) = 2 I, (Z_J;(%dz.

3
4
é
27
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o Av S T by elvon undév, téte 1 f moapovodlel apbduevn (1 eTouctddn )
avewpoiia 6o zo. Opilovtac f(z0) = ap téte N avewpaiio alpeta,

o Av dnepa b; elvan Sidpopa Tou uNdevode, THTE EYOUUE OUGLOBY aveUaAia 6TO
20,

o Av menepacyéva b; eivor Bidpopa Tou undevée, téte Y xdmow k € N da
éyouue b # 0 eved b1 = bryo = ... = 0. Téte Mye 6t n f(2) éyel ného

He morhamAoTnTa (t88nc) k oto 2o xou lim,_. ., f(2) = oo.
Ané to nopamdve npoxdntel T ov pilec e f(2) ebvan ov tdrot e f(C) xou
10 avtioTtpogo epapudloviac Tov Petaoynuatiowd ¢ = 1/z, evd ou téEew Sotn-

polvtan. ‘Etol unopolpe va molue éti tar axdhouda elvon loodlvopa yia plo f
aveluti oto D(zo, R) \ {20}:

o H f(2) éxel ného ye moloamhétnta k oo 2o,

o f(2)= ME) e wdmota h(z) avolutxh oto D(zg, R) xou h(z) # 0,

(z—z0)k>

k

e 10 Gpto lim, ., f(2)(z — 20)" undpyer xou ebvon didpopo Tou undevéc.

2.13° BMAérovtoac tic Emigpdveiec Riemann

Mia cuvextixnq emupdvero Riemann X ebvon pla Aelor 2-rodhomAdtnto, poll ye uio
ULy aduery avaAuTiny| doun otov X:

o Ebvau plo emgpdreia, Sniad?, évac Hausdorff tomohoyinde tonohoyinde yopoc
X pe plo apudunown Bdon étol wote: yia xdde & € X vo UTdpyeL avoLxTh
nepoy) Tou Uy, ue Uy va ebvan opolopopeur ue éva V', mou elvar avouxtod
tou R? 2 C.

o O X ebvau egoduaouévoc ye éva Levyoc (Uy, pa), 0m0L Uy, elvor Eva avoixté
unocbvoro Tou C xan @, plo cUAOYY and opolopopPLlools: @q : Uy —
va(Ua) C X, yio xd0e delxtn o € I (0 @q ebvon pla eppidtevon tou Uy
otov X.). Tnv ouloyt, {pa : @ € I} tnv ovoudlouye ydptn (chart, coor-
dinate chart) xou to Lebdyoc (Ua, pa) ouvtetaypevixy teptoyh (coordinate
neighborhood.). Enionc:

o O Ttomoloywde tonoloyinde yopoc X xollntetol and oUTEC TIC TEPLOYEC,
dnhadh toyler X = Upa (Uy), pe o € N. Téhoc:

e Av Usp = 93 (0a(Us) Ns(Ug)), opllovye tic anexoviceic alhayhc ou-
VIETOYHEVWY VoL ENVAL, Y30 = @5~ © Yo : Uag — Upga 1

Ppa =05 0 %a : 05 (Ua NUs) — @5 (Us N Up)

ue Uag =2 Ugq xar amoutolue va ebvon C° xou avahutixée yia kdde Oel-
xtec o, B (av Arav pévo C™ Yo elyope pla helo (¥ Sagpoploiun) pryadixn
enwpdvela.). Ou (Ua, o), (Ug, pg), ovoudlovtor ovahutixd L.ood0vaues ou-
VIETAYUEVLXES TIEQLOYEC.

Mia 8AAn owoyévela ouvtetayuevixay nepoydv: {o @ Uy — X} elvon o-
vahuTxd tood0vopn e ™y {@qa @ Uy — X} av dhes ov anewovioeic odhayhic
CUVTETAYUEVWY amd TNV Wla CUVTETAYUEVLXY TEpLoy T oTNV dAAN elvon C°° xan o-
vohutixéc. Tédte Aépe 6Tt oL U0 OLXOYEVELEC CUVTETAYUEVIXMDY TEPLOY WV 0ptloLy
v (O empdvela Riemann.
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(Pﬂu

Yyhua 2.1 Mio emgpdveta Riemann.

Mopathenon 2.1. Ioodlvaua kdrowr ovyypageis® opilovv ufa ouvtetaypevikrj
meptoyn otor X va eivar opoopoppionds ¢ : U — V e U avoixtd tov X ka1 V
avoikté tov C. Tdte 0o ouvtetayuevikés mepoy€s w; : U — Vii =1,2 Oa elvar
avaAvtikd 1006Uvapes av:

w2097t 01 (U NUs) — pa(Uy NUy)

efvar ula apgrodduopen ovvdptnon (ovoudletar kar avalvtikds 100p0pPLo1LdS),
dnAadn o1 cuvaptiioeis o 0 7L, 1 00yt va efvar avaluvtinés, Tpdypua Tov wyde
ka1 pe tov mapandve opiopd, kadds exel anartioaue n Ygq, va €lvar avaAvtikn
yia kdOe a, 8 kar ovvends ka1 n pap va €ivar pla avalvukni ovvdptnon. Iho
kdtw Ua xpnoipomoiolue kai tous 6Uo autols 1006Uvapous opiopols avdloya ue
v meplotaon.

Ogowdc 2.2. Mia emgpdveia Riemann eivai éva {ebyos (X, %), pe X va elvar uia
ovvekTikn 2-moAdanAdTnta ka1 X pia pryadikn dourn otor X, 6nws avty oplotnie
rapandvo.

Ou ypdypouye X avtl yia (X, 3) xon Yo avapepdpoote oe €vay aviinpdowno
TNC OLXOYEVELUC TWV CUVTETAYUEVIX®Y TEQLOY V.
Hapadetypata empaveicsv Riemann:

(i) To pyadxd eninedo C, nalpvovtag cav }detn TNV TAUTOTIXY ANEXOVION:
idc : C — C.

(i) Av X elvar plo empdvero Riemann, talpve Y C X, ue Y va etvou évae témoc
(domain), dnhadh Eva avoixtd xo cLVeXTiXG utoolvolo tou X. O Y éyel
ulor puoinr| dour, Tou to xdvel emgdveta Riemann. Mnrogolue va ndgouue
GOV CUVTETAYUEVIXES TEPLOYES OAEC EXEIVEC TIC OUVTETAYUEVIXEC TEQLOYES
wou X: (U,p)ue ¢ : U — @(U) C X, ue U C Y. Mdhota xdde t6ém0C
Y C C ebvan pla empdveior Riemann.

Syt apdderypa otov [9].
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(iii) H ogaipa S?, tou v tawtiloupe e v tpoBoludh eudela tévew ané to C,
dnhadh to P1(C) = CU {0}, 6nou 0o ¢ C. Egodidloupe tov PH(C) pe
™y axéhoudn tomoloyio: T avoixtd tou PL(C) elvon to cuviin avouxtd
U C C, pall pe ta oOvoha tne popehic V U {oo}, étou V' C C, va eivar o
ouum fpwpa evéc ouunayolc K C C. O P1(C) arnotekel v ouurayonoln-
on® evéc onuelou (one point compactification) tov C. O P1(C) etvar étor
évac ovpunaync Hausdorff tonoloyixde ydpoc. Oétouye:

Uy :=PY(C)\ {o0} = C xau Uy :=P}(C) \ {0} = C* U {o0}.
Opioupe ; : U; — C, ye i = 1,2. 1oL ©oTE 1 = id xau

| 1/z, ywxdde z € C*
2(2) = { 0, Yot 2 = oo.

Ot anexovioew etvor opotopopgiopol xor to P1(C) etvon pior 2-toMhamhdTn oL
Eneidd U; etvor cuvextixd pe UiNUs # &, o P1(C) ebvon suvextixde (n évwon
CUVEXTIXQV CUVOAWY PE Oyl XEVY TouT| elvon €val cuvexTxd olvoho, BAéne
[5], 9ewpnua 1.3 cehlda 149.). H wyaduer dopt| otov PH(C) opileton and
TIC OUVTETAYMEVIXES TEployée (i, Us) étot dote ¢; : Uy — C, pe i = 1,2.
Apxel va dei€ouye btu elvon avohutind loodivaueg: Ipdyuatt @1 (U NU2) =
C* = ng(Ul n UQ) ol M

propit T C
pe tono p(z) = 1/z elvon approlduopen.

HMapathenon 2.3. Tomxd pia empdveia Riemann X efvai éva avoikté vroodvolo
Tov uiyadikov eminedov. Av (pq,Uy) €lvar pila ovvtetaypevikn nepioxr) otov X
kdOe onueio tov, mepiéyetar o€ moALOUS dlapopetikolS xdptes mou kavéva§ amd
avtols Oev umopel va Oaywpiotel and tous dAAovs. Autds elvar o Adyos mou
ot emedreies Riemann kpatdue ti§ 10ées and tny piyadikn) avdAvon mov dev
etaptddvtar ané tny emloyn twy ouvrtetayuevikwy mepioywy. Emiong dev efva
mdvza duvatn n Umapé€n ptag térowag pryadikng doung oe uia tuyaia empdrea.
Oa mpéner n emgpdvela va eivar mpooavatohiouévn. Avté efvar 10000vajo ue to
va anaicrjoovpe o1 opilovoes tov lakwPiavoy mivaka twy ameikovicewy arAayng
ouvvtetayuévwr va €ivar 6Aes etikés, kdt mov wyver ané ts Cauchy-Riemann
ouriikes. Av mdh n emgdvea elvar ovunayrs, eCaopaliletar n Vrapén ng
avadvtikns pryadikng oouns. ‘Etor yua kdOe «hoyikny emgdrveaa mov umopovje
va okeprolue extds and to umovkdAi tou Klein kar to P?(R), umopolue va tnv
€podidooupe pe TNy €V AGyw HIyadikr) Gour).

2.1y" Amnewcoviceig Metalh Riemann Enigavelody xar IStétnTteg Toug

Av X elvan plo empdvera Riemann, optlouye plo f: X — C va glvon avokuti-
X av: YLl x8e GUVTETAYUEVIXY) TEPOYT Yo : Ua — X, 1 cOvieon f o p, elvou
wlar avohutix| suvdptnom oto avouxtd U, C C. To 6bvoro SAWY TwY avahuTixwy
ouvopthoewy otov X o ouufohilovue pe O(X). Tevixdtepa av X, Y elvon em-
@pdveleg Riemann, pla amewovion f: X — Y elvon avohutixd oe éva P € X, av

6BNéne [5] oehida 183.
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UTdpyoLY cuvTeTayUeVixéC Tepoyée: ¢ 1 U — X xaw v : V — Y mou anewxovilo-
vTaw ot yeitoviéc tou P xon tou f(P) avtiotowya, €tot dote f(p(U)) C ¥(V), xou
1 o0vdeon Pt o f o p va elvor plo avehutixd amexévion and o U oto V (BAéne
oyfua 2.2).

Oa cuveyiooupe vreviuuilovtag V0 Yewprlato TN UYadXAC AVIAUONG Xl TIC

Eyfuar 2.2 Avohutiny) amewovior getald emgaveldy Riemann.

avtloTolyES EQapPOYES TTOU €Y0LY oTic empdvelec Riemann. Autd Yo pac Bondh-
ooLY 670 Vo BpoUue xdmotec WiaitepeS LBLOTNTES TOL Yapax TNEILouY TIC avVaAUTLIXES
amewxovioels petadl TV enpaveldy Riemann.

Oevpnua 2.4 (Oedenua Tou Riemann yia Tig apdpreves avopaiiss).

Ay pia ovvdptnon f elvar ppayuévn kar avadvtikrj o€ pia <Tpumnuévny yer-
Tovid €vés onueiov zg, Tote N f elvar avadvtikn oto zp €fte To 2o €lvar onueio
apderng avopaliag’.

Iood0vapa uropolue va molue OTL:

Oedenua 2.5. Av U eivar éva avoiktd vrnoovrvolo piag emgdreias Riemann xal
z0 € U, pe f avadvuxn ka1 gpaypévn oto U \ {20}, téte umopel va emextalel
povabikd oe pia f € O(U).

Enlonc éyouye 10 tautotxd Yedpnua 1§ Yedpnuo Tng HOVABLXGTNTAC OTO €G-
Tepid® v T6T0UC oTov C:

Oeopnua 2.6. Eoto f1(2), f2(z) 600 avadvtikés ovvaptrioes opiouéves o€ Témo
X, mov ouunintovy o€ ovvoho A C X e zy va elvar éva onpeio ovoowpevons kat
z0 € X. Tére ov f1(z) ka1 f2(z) Oa ovunintovr o€ dho tov témo X.

Iood0vopa yia Tic anewxovioeis uetald Riemann emigoveldy Yo €youye:

Oevpnua 2.7 (TavtoTtixd Oedenura).

FEotw X, Y emgdreies Riemann ka1 f1(z), f2(z) : X — Y 6o avalvtikés arer-
kovioels mov oupmintovy o€ éva olvodo A C X, éxovtag éva onuelo ovoodpevong
20 € X. Tére o1 f1(z), fo(2z) Oa elvar ravrotikd {oeg.

Ty Ty andderEn Baéne [10], Vedpnua 1, oehida 397.
8y Ty anddeEn autol Brénce [8], Yedpnua 17.1, oeAida 369.
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Anddetn: Oétw G va elvar 10 6UVORO Ghwv TV onuelwy z € X mou éyouy
pla avowth) yertowd W otov X étol dote filw = falw = W C G. To G
elvor éva avouxtd oUvoro and tny mopoamdve unddeor. Oo dellw dti elvon xan
xhewtd. Eow b € IG, t6te f1(b) = f2(b) and v ouvéyeian twv fi. Endéyw
ouvtetaypevixéc teployéc @ : U — X xowtp : U — Y pe b € o(U) xaou f;(p(U)) C
Y(U"). Trodétww enione 61 o U xou ouvende to ¢(U), elvar ouvextxd ywpla. Ot
AMELXOVIOELS

gi=v tofiop:U—-U CC

ebvar avodutixéc. Kadde o(U) NG # @ da éxw and 1o Yedpnua 2.6, 6t o
g1, 92 Vo ebvor Tawtotind loec xau fi|ywy = folpw). Etor b € G xow 10 G ebvou
xhewotd?. Kadoe o X elvon cuvexTinde tor LEvaL oavolxTd xot XAELGTE TauTéYpovaL
uToGOVOAE Tou Vo elvan to @ xon ohdxAnpoc o X. T'vwpllovtag dtL xdde xheotd
olUvolo, mepLéyel Ta onuela cusowpeuong Tou, Va €youue OTL 2o € G %ot €ToL 7
T TN Tepintwon anoxAeleton.O

Mia o yevixeuuévn xAdon cuvapTACEWY, Eivar aUTH TWV PEPOHOPPWY (mero-
morphic!?) cuvapthcewy. Me autédy Tov 6po EVWOOUUE GUVIPTATELC TOL PTOPOVY
vor avaoeaotadoly cav 1o xhdopo 500 oxéponwy cuvapThoewy. Hpogavode xdie
axépaua oLVaETNOY f(z) elvon Uepbduopon f(lz), ahhd To avtioTpogo Bdev LoyUeL.
T mapddetypo éyoupe ™y L mou elvon pepduopgn ohhd Gy axépata (Sev €xel
napdywyo oto z = 0.). Ta anhobotepa UEAN TV UEPOUOPPLY GUVHPTAGERDY TOL
dev elvon axépareg cuvapTRoele, elvan oL eNnTéc cuvapEToEL, dnhadr ulo cuvdpTnon
Tou elvol T XAdoa:

_P(Z) _agtarz+ -+ ap™

800 ToAUWVOUWY Tou dev Exouy xowéc pilec. H f(2) Ya malpver ty T oo otic
pilec Tou Q(2). T tov Aoyo autd Yu npénet va Yewpndel cav cuvdpTnon pe Téc
oto extetapévo eninedo P1(C). Téhoc av ot Badpol twv Tohuwviuwy elvar {Got ue
TNV Qovada, 1 eNTY cuVdETNoT elvor Ypouuixh xat Tolpvel TNV Lop@Y:
a1z + ag
z) = ——, Ue a1bp — apb; # 0.
f(z) blz—i—bo’“ 1bo — apbr #

OvoudZeton XAaCUATIXOC YPUUUIXOS UETAOYNUATIONOS B UETAOYNUOTIOUOS ToU
Mébius xou 9o tov Bolpe extevéotepa oTo Tplto XEQdAato. Ac yuploouue miow
oTiC empdvelec Riemann.

Opiowoc 2.8. Eow X emgdveia Riemann. H f efvar pia pepdpopen ovvdptnon
otov X av f : X\ S — C pe S C X efvar pia avalvtixry ovvdptnon étor dote
10y vovy ta akdélovla:

(i) To S va efvar éva Sakprtd odvolo, nAadn va mepiéyel udvo pepovouéva
onueta: av p € S, vndpyer D(p, R), R > 0 éto1 dove D(p, R) NS = {p}.

(if) Ta kd9e p € S éyw
lim | f ()| = oo

r—p

MBeiape 61t G C G, étot GO UIG = G C G xon yvwpilovue 6tt G C G, ye anotéheopa
G =aG.

10y NéEn pepbpoppn, Teoépyetar and TV oUvdeon Twv MEewy 1époc = kAdoua xaL Hopet, 1
ornola onualver plo cuVEETNOY «oaV XNAGUA».
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To onuela tou S ovoudlovtar mohoL e f xou T0 GUVORO TV UERPOUOPPKY
ouvopthoewy otov X oupPoiiletar pe M(X).
Av n > 1, du éyw 6t xde f € C[z] opilet pio avarvtxr cuvdptnon f: C — C.
Mafpvovrac o C cav utochvoro tou PH(C), téte limy ., | f(x)] = 0o xou cuvene
I € M(P(C)). Ioodhvopa uTopoUUE Vo QovVTUCTOVUE TLC LEPOLOPYES ATELXOVIOELS
[ otov ywpo X, cav avahutiéc anewxovicec otny ogalpa f: X — S%:

Oeopnua 2.9. Fotw X emgpdreia Riemann kai f € M(X). I'a kdOe mélo tng
f optlw f(P) := co. Tére n f : X — PYC) etvar pufa avalvnixr ovvdpnon.
Avtiotpopa av n f : X — PYC) efvar avalvtixh téte efre efvar otadepn xai
tavtotikd fon pe to oo, efre to f1(00) anotedefrar and pepovwuéva onueia kar
nf:X\ f (o) = C efvar ufa pepdpopgn ovvdptnon ocov X.

Arnddeitn: Eotww f € M(X) xou P va elvar 10 oOvolo twv oy e f.
Téte n f endyer pla ouveyh anexdvion f @ X — PYC). Eow ¢ : U — X
xou 1 2 U — PYH(C) va elvar cuvtetaypevixée meploxéc otov X, xot otov P1(C)
avtiotowa, Ye f(e(U)) C ¥(U'). Hpénel va eilw 6t n

g=v"lofop:U U

ebvan plar avohutixy ouvdptnon. H f elvon avahutind otov X \ P xou GUVETHS 1 ¢
Vo ebvor avehutixd oo U\ o7 H(P). And o Yedpnua 2.5, n g Vo efvon avohutind
oe 6o 10 U. To avtiotpogo énetar and 1o Yewdpnua 2.7. O

Oeopnua 2.10 (Tonuxr Tuuneptpopd TwV AVAAUTIXOY JUVAETHCE®Y).

Eoww X,Y emgdveies Riemann ka1 f : X — Y uia ¢yt owaOeprj avalvtikn
areikévion petaél avtdy tov emgavady. Eotw a € X ka1 b := f(a). Tdte
uvrdpyert k € Z ue k > 1 ka1 ovvtetayuevikés mepioxés: ¢ : U — o(U) C X,
U = YU CY éror dote:

(i) acpU)=2U, o a)=0xarbe U 1) =0,

(i) f(e(U)) CU"),
(iii) nh:=v o fop:U — U éea tino h(z) = ¥, ya kdde z € U.

AndoeiEn: H anddelln eivan teyvinr) xou Yo vivel xoataoxeuvdlovtag plo tétola
ouvdptnon h. Yndpyouv cuvtetayuevixéc nepoyée (v1,U1), (¢, U’) tov X,Y
avtiotolya €Tol WOTE Vo LloyY0oLY To BU0 TEWTA, oV avTixaTaoThow T (elyog
(,U) pe 10 (¢1,U1). Topa and 0 Yedpnua 2.7, 1 f1:=9¢ Lo fop : Uy — U’
elvon TawtoTixd fon pe TV f xou cLVETC dev elvon otadepr) ocuvdptnon. ‘Ouwc
f1(0) = 0 xou dpa undpyer k > 1 étoL Gote fi(z) = 2%g(2), ve g(z) avahvtih
oto Uy xau g(0) # 0. Enlong, undpyer wla yertowd tou 0, éotw Us xan pla
avohutied p(z) o authv TV Yertovid étol dote pF(z) = g(z). Mpdyport Yo éyw
g(z) = D07 o an+rz". Tobpvovoc évoy pixpdtepo dloxo ue xévipo v apyt da
€Y YLoL Topddelyua Ty g(z)/ak va aneixovilel 10 0 610 1 %o CUVETHC PUTopa Vol
TNV cUVIECWL PE Evay ¥AGBo TNg Aoyoptduxic cUVEETNONC

log(z) = — 3

n=1

(1—=2)"y|z—1] <1,

S|

Vétovtag uetd

p(e) = o exp( 7 Tos(o(=))/a))
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Syhua 2.3:

6mou « pla k-ooth pila tne wovddac xou Vo éyw pF(2) = g(z). H aviotowyla
z — zp(z) anotehel pla aggrohduopen cuvdptnon a : Us — U, ye Uz avouxth
yertovid tou 0 pe Us C Uy xou U ior avouxth, yertoved tou 0. Oétw o(U) 1= ¢p1(Us)
(ovotacTixd Tobpvew TV eugUTevon tou Us otov U xou Yo éyw v @1y, : Uz —
©1]v, (Uz), va elvon évae opologopglopds) xar avixadotd my (1, Ur) pe my
(p,U), 610U p = 1 0 a™ L. 'Etor and tnv xataoxev poc, 1 arewxévion h =
Y~ ro fop: U — U wavonoel my h(z) = 2F. O

Hapathenon 2.11. O apiduds k oto mponyoluevo Jedpnua pmopel va yapa-
ktnpiotel w§ €€ng. Ta kdde yerwovid U, tou a vndpyer yercovid U C U, ka1 W
yerronid tov b, pe b = f(a) éror dote to ovvodo f~H(y) N U mepiéyer k arkpifas
oroiyeia, yia kde y € W ue y # b. Ovoudlovue to k moAdamAdTnra pe tnr onofa

n f majprer tny tipn b oto onueio a 1 mo anAd Aéue én n f éyel moldarAdTnta k
0T0 onuelo a, 6Tws Ty €ldape kar aTNY apxn Tov Kepalaiov.

IMIépiopa 2.12. Eoww X,Y emgdveies Riemann kar f efvar uia dy1 oralepr
avadvtikn ameikévion petall avtdy twv emgavedy. Tote n f efvar pia avoiktn
aneikovion.

Huipvovtac p(Uy) pla avoxth tepoyh tov a € X, and tov opoud e f
Yo éyw 6t f(e(Uy)) Yo elvon plo avorxth) meptoy| tou f(a). Etou n f elvon plo
OVOLXTH ATELXGVLOT).

Oedpnua 2.13. Eow X,Y emgdveies Riemann pue X va efvar ovunayns kat f
efvar pia gyt otalepny avalvtikn armeixovion peta&l avtdr twv emgpaveady. Tote
oY elvar ovumayns kar n f ent.

AnédeiEn: And 2.12 o f(X) O elvon €va avoxtd tou Y. ‘Opwe 1 edva ou-
uTaYoUS UEGw GUVEYHC CUVARTNONG Elval GUUTAYES GUVORO X GUVETWE XAELGTO.
Kadoe 0 Y elvar ouvextixnde, to pover avolxtd xol XAELoTtd UTocOVOAS Tou elval
0 xevé xw 0 Y. 'Etol f(X) =Y pe f enl xau Y ovunayhc.O

IMépropa 2.14. KdOe avadvtikrj ovvdptnon oe ouumayn emgdrvaa Riemann
efvar otadepn.
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Mo avahutixy f oty ocuvurayn emgdvelar X, elvon and tov oploud ula f :
X — C xou o C dev elvon ouunayric. And 1o mponyoluevo ndpioua €netol T0
Untoluevo.

MMéewopa 2.15. Kdde pepduopgn ovvdptnon f orov PH(C), dnladr kdde avalv-
urry f 1 S? — S? efvar pta pnth ovvdptnon kar kde avalvtikr otov P(C) efvar
otaepn.

Anédaén: H f éyel nenepacpévo aptdud mohwy. Av elye dnetpouc tdhoucg, téte
70 6UVONO GAWV TwV TéAWY Ya elye éva onuelo cuoohpeuone (and Ty Wbt
Bolzano-Weierstrass). Ané to 2.7 n f 9a frav {on yue v otadepy aneixdvion
z = 00. Tnodétouye b1 10 00 dev elvan téhog e f (BlapopeTind emAEYOUE TNV
1/f). Eotw a1, as,...,a, € C va elvon ot téhot tne f xou

-1

hy(z) = Z cvj(z — a,)’,

J=—kv

va elvon To x0plo uépog e f otov mého a,, pue v = 1,...,n. H ouvdptnon
g:=f—(h1+-+ hy) ebva plo avahutixd ouvdptnon otov PH(C)H | ue P1(C)
ouunoyy enipdvela Riemann. Ané to nponyoluevo ndpoua 1 ¢ elvon uio otodepy
ouvdptnon xou 1 f ebvon oN.O

Opwopoc 2.16. Eow Y, X emgdrvaes Riemann kar f eivar uia dy1 otaOepr
avaAvtikn) aneikérion uetadd avtdr twv emgaveady f Y — X. ‘Eva onuelo
P €Y ovoudletar onueio diakAddwons (ramification point) tng f av dev vndpyer
yewwovid tov V touv P éror dote n fly efvar 1-1.

Hapadetypara:

(i) Eotw k € N\ {1} xou px : C — C va ebvon 1) ametxdvion pe t0m0 pi(z) = 2.

Téte 10 0 € C ebvan onpelo dloxhddwons e pr o 1 anewdvion pilc- :
C* — C* dev éyer onuela drohddwone. Mdhota, yvwpiloupe otL anotelel
plor xohumTxen amewdvion k-OAY.

(i) BEow f:Y — X yla byl otadepr| avalutinh) cuvdptnomn YETAED EMLPAVELDY
Riemann, ye y € Y xou z = f(y). Téte 10 y eivon onpelo Swxhddwong
e f, axpBadc dtav 1 f malpver TV T ¥ UE TOAAATASGTHTA YEYOADOTERPNC
e yovddoc. Ano to Yedenua 2.10 n cugneplpopd tne f xovtd oto y elvan
o3¢ 1) (Blal YE TNV GUUTERLPORE TNS Pk TG TO TEMTO TIULASELY U, XOVTH
GTO UNOEV.

2.18" Tomoloyuxd Kalbupota

Ye autd 10 onueio npénel va Yugndolue ot Y évay Tomixd cuunayy) Yweo X oto
x € X undpyetl cuunayr unoctvohé tou € mou epléyel ulo yeltowd tou . Av o
X ebvar tomxd oupmayhc o xdde Tou onueio téte ovoudleton TOTXA GUUTAYNC.
ITpogave 1 cUUTEYEL GUVERAYEL TNV TOMLXY) CUUTAYELA.

Opwopwoc 2.17. Mia ouvexris ovvdptnon f + X — Y peta&d 6o tomkd ov-
Uraydy yopwr, ovoudletar proper av yia kd0e ovunayn K tov'Y, n avtiotpopn
axdra tov péow s f, fHK) efvar ovurayri.

10 ddpoiopa xou T0 YIVOUEVO AVIAUTIXMY GUVAPTAGE®Y Efvar avaluTixd ouvdptno.



2.1 ENI®ANEIEY RIEMANN KAI ANAAYTIKES AMNEIKONISEIY - 29

INo mopdderyya, autd ocupPaiver Tévta 6tav o ToTohoyos yweoc X elvou
ouunayfc: and v ouvéyewr e f to fTH(K) Y elvar xhelotéd unocivoro ou-
umayolg xou cUVETWS Eva cuunayéc abvolo. Enlong ula proper cuvdptnon elvon
YAELoTH (0L EXOVEC YAELGTOY Uéow e f elvar xAewoTd olvola.).

Opwowoc 2.18. Mia aneikévion f:Y — X pe Y, X va elvar tomodoyikot ydpo,
ovoudletar Saxpirry av to f~H(x) efvar éva Brakprtd vrootvolo Tov Y, ya kdde
zeX.

ARupa 2.19. Eow X,Y womikd ouvunayel§ kar f Y — X uia proper kai
dakprer] aneikovion. Ioyvovr ta axélovda:

(i) Ia xdde x € X to ovvolo f~1({x}) efvar memepaoévo,

(i) Av z € X ka1 V pia yarond tov f~1(x), tére vndpyer puia yarond U tov
z étron dote fHU) C V.

Arédetn: T to Tpdto uépoc Vo éyw 6t to f~1({z}) Va ebvou cupnay? (n f
elvor proper) xou dlaxpLté UTOGUVOLO ToU Y TAUTOYPOVY, GUVETKC TETEPUOHUEVO.
T 7o deltepo, Yo éyw 6Tt Yo x&de V va ebvan pia yertovd tou f~1(z) 10 Y\ V
Vo etvon xAelotéd ToL Y xon xadde 1) f elvon proper cuvdgtnor, Yo elvon xAetotr xon
o f(Y\V) := A Ya elvor xhewot6 tou X pe z ¢ A. 'Eotww U = X\ A va ebvor pla
avouxth yertowd tou . Téte Yo éyw f7HU) =Y\ f7HA) xu f7HF(Y\V)) D
Y\ V12 o ouvenae o éyw 6t fHU) =Y \ fFH{FY\ V) C V.0

Oedpnua 2.20. Eow X,Y emgdveies Riemann kaip : Y — X pia dy1 owaOepr
avadvtikr) aneikovion. Avt) 6ev éyer onueia diakAddwongs avy eivar évag tonikds
opotopopprouds. Emnpocdétws av' Y ovunayrs (ioxle ka1 pe aoevéotepn ovv-
Onhkn, étav X, Y elvar tomxd ouurayeis yopol pue p proper aneikdévion), téte n p
efvar pia KaAVTTIKY anekorion.

AnddeEn: 'Eotw 6t n p dev €xet onuelo Stondkddwong xat y tuyalo onueio tou
Y. Trdpyet ula avouxty yertowd tou Y étol dote 1 plv va elvan plar 1-1. Kardede
N p oLVEYAS X avoxTh (amd To moplopa 2.12) Yo ameixovilel ouolouopPLxd To
avoxté V oto avoxté U = p(V). Aviiotpopa av 1 p elvon évoc Tomixde ogoto-
nopploude, téte yia xdlde y € Y umdpyel avouxTh teployr Tou y, €é6tw V mou Ya
anewovileton opolopgop@ixd ot éva avoixtd tou X. ‘Etoln ply o etvan 1-1 pe ou-
VETELXL TO Y Vo uny efvan onuelo droxhddwong. Todpa and to Yedpnua 2.13 1 p enl
xat 0 X ouunoync. Apxel va det€oupe 61t xde onueio z € X éyel yertowd U C X
Tou elvan opohd xohuppévn and v p. Mpdypott 9étw p~1(x) = {y1,...,Yn} ye
Yi #y; Vi # j. Kaddc n p elvon évoc tomixdc oyolopopploude do €yw otL yia
xdde j = 1,...,n undpyel plo avouxth yertowd W tou y; xou plo avowxth U;
Tou x étoL Hhote 1 plw, : Wy — Uj va elvou évac opotopop@iopdc. Mropolue va
unoYéoouye 6t ta W elvon Eévar avd 60o. ‘Opwe xou n Wi U -+ U W, elvon pla
avouxth eployf Tou p~1(z). H p ebvow proper cuvdptnon xadde o Y elvor cuumo-
YHC TOTOAOYIXAC YOEOC xou BaxpLty: av BeV ATay yia xdmowo o € X, T61e and 10
Yedpnua 2.7, Yo fitav tavtotind lon ye Ty otadepy| anexdvion p(z) = a, Tedypa
dtono and tnv unddeon pog. Mnopolue thpa Vo e@apubécoude To Afuua 2.19,
and bnou vndpyer avowth teptoyy U C Uy N --- N U, (oL Touéc Sixonohoyodvta,
vl emhéyw Ty uixpdTepn tétota tepoyh) tov x pe p(U) C Wi U -+ U W,
Oétovtac V; = W; Np~ 1 (U), 9a éyw 6t to V; o elvor Eévar ue

p N U)=VU---UV,
2T xdde f: A — B ue Ag C A woyder f71(f(Ao)) D Ao.
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xou ply; = Vj — U va elvou évac opotogoppiouoc yua xdde j = 1,...,1n.0

Tdpa éotw f: X — Y, elvon ylo avahutixd, proper, oyt otodepr| anetxovion
peta€d emipaveldy Riemann X,Y. To cOvoho twv onuelwy Sloxhddwone R eivan
xhewtd tov X (v xdde p € R undpyer yeitowd tou p, U, ve U, N R # @
and v Tapathenon 2.11.) xou droxpitd, dnhadh xdde p € R elvon UELOVGLUEVO
(apxel vo deiloupe 6Tl v xdde p € R umdpyer Up pe Up N R = {p}. And v
(Bl mapartpNoN, PixpalvovTog Tic avoXTéS Teployég U Tou p, umop® Vo xatoAhEw
oty {nrotuevn negloxt.). Topa xodoe f proper 1o f(R) := S da elvar xhewotd
xat dtaxplté umoctvoho tou Y. Ovoudloude 10 S GOVORO TwV XplOWWKY TYOY
e f. Avoplow Y/ =Y \ S xow X' = X\ f71(9) C X \ R t6te dnwc eldoye,
TolpVOUPE Uit avoALTN XOAUTITIXH amexdvon p n-pOMwy. Kdde tuhd c € Y/ q
p Ty naipver axpBag n @opéc. o var enextelvouye To cuUTEpaGUN QLTS Xou YLol
Tic xploweg Tuéc s € S mpénel va AdBouue UTOPY xou TNV TOAAATAGTN T

Oedpnua 2.21. Eow X,Y emgpdreies Riemann kat f : X — Y pia proper dx
owalepr) avalvtikn aneixovion. Yrdpyel évag puoikds aprduds n écot dote n f va
rajpverl kdOe tiun c € Y axpifds n @opés, TpooueTpdrTas kal TS TOAAATACTNTES.

Arnddetn: 'Eotw n o aptipdc 1oV QUAADY TNG XOAUTTXAC ATEXOVIONS P =
flx : X' =Y. Eotw s € S pla xplown wh e f xa f71(s) = {z1,..., 2}
xat 0pllw kj va elvor ) toAamhéthTa e f oto onuelo z;. And Ty napathenom
2.11 Yo undpyouv U; avoixtég meployéc twv x; xot Vj avoixtég meEplOYESC TOU s
étoL wote y x8de ¢ € Vi \ {s}, 10 olvoho fT1(c) NU; va mepiéyer oxpBire
k;j otowyelo, ye j = 1,...,7. Tdpa and 1o AMjuua 2.19 ynopolue vo Bpolue plo
avouth meproyd V. C ViN---NV, tou s étot dote f~H(V) C Uy U---UU,. Téte
yia xde onueto ¢ € V NY’, Yo éyoupe 6t 10 f1(c) € f71(V) amoterelton and
ki + -+ ky onuela. Opowc 10 ¢ € Y xou ovvenae f~1(c) = p~t(c) = n. Eto
n=k+--+k.0

Tpa av f elvon plo avohutins anewxdvion Petald twy enupaverdv Riemann
X,Y, % h = 7o fop, ye h avohutind ouvdptnon o cuvenwe h(z) =
Yool an(z — 20)". H ouvdfum aut elvon aveZdptnn and ty emhoyr| cuvie-
Taypevixdyv nepoy®yv (¢, U) xou (¥, V). Awkéyoupe yio anhovoteuon o U, V
va, elvan dloxol pe xévtpo 1o (0,0) , ye ©(0) = P xau 9(0) = f(P) avtiotol-
xo. O uxpdtepoc axéponoc e mou undeviler Ty h pe a. # 0 ovopdleton delxtng
Sroohddwone (ramification index) tne f oto onueio P xa dev ebvon tinota dhho
népo and Y mohhamhétnta e f oto onuelo P. To ocuyPorilovye pe ef(P).
Topgpovo ye o mopddetyya 2, mou axoloudel Tou oplopol 2.16, éva onuelo P da
elvar onuelo Suhddwong avv ef(P) > 1. BéBoua av n f elvon otadepr], n h elvon
fon TawtoTnd pe 10 0'3 xou téte ef(P) = co. Aev Ja acyohndolue ye auth TNV
neplntwon. Hapatnpolue 6t elte 1 f éxel mého elte pila t8Ene e, 6T0 2o, AU
umopel va ypaptel 0TV Yopph:

f(z) =k(z)(z — 20)¢ ye e € Z xou k(z) avoahutxy, k(zo) # 0.

Xwple BAEBN TNC YEVIXOTNTAC UTOPOVUE TO 2o VA TO UETAPEPOUHE GTNY apY Y| TWV O-
Ebvwy, Etot wote f(z) = k(2)z°, pe k(0) # 0. Kadade n k(z) avahutixr Yo éyoupe
k(z) = > 0" g antez™. Bploxw, 6nwc mpwv avahutixd p(z) étol dote k(z) = p(2)°
Yol GUVETAS Untopd vor Ypddw h(z) = (2p(z))¢. Bploxovtac véec ouvtetaypevixée
neproyéc @ : U/ — X ue U’ C U xow ¢(2) = ¢(2p(2)), Yo éyovpe dunv=to fop
vo elvon Tomixd 1) amexovion z — 2¢. Ivwpllouye 6Tt oauty| 1) ameixdvion aneixovilet

13no0x0nter and to 10 TauToTInd Vedpnua, xodds Va tpéner h(0) = 0.
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70 0 070 0 extéc e apyhc ebvar ulo e-fold xohumtxr anewxdvion. Luvodpillovtoc
Yol €YOUUE TA TUEAXYTG ONUAVTIXG ATOTENEGUAL:

IMeétaom 2.22. Eow f: X — Y pia gy owadepry avadvuixi) aneixévion ka
X, Y va efvar ovunayei§ emepdrveies Riemann. Tote:

(i) |R| < 00 pe R C X 10 oUrodo twr onueiwr duaxdddwons kar S = f(R) C
Y.

(ii) H areixérion X\ f~1(S) — Y\ S efvar pia kaAvrtikn areikérvion n-goAdwr.
Ovoudlovue tov axépaio n Padud (degree) tng avadvtiknig f ka1 to oupBoli-
Lovpe pen :=degf. Avtds eivar to dGpoioua tov mArilovs twr avtiotpogwy
€1kOvwy €vos Yrwotol q € Y petpnuévng tns toldarAdtntas tng f o€ kdOe
éva amné avtd ta onueia, onAadn:

(ili) Ia kdOe q € Y 1wyvea:

Z ef(P):n.

Pef=1(q)

BXénoupe 61t xdde avouTixr amewxovior, YETaEU cuunaydv Riemann empo-
VeLwy, unopel vo enextadel oe éva TOTOAOYIXO XxdAuUUa n-QUAwY. Autdc elvat o
A6voc mou pla TéTota avohUTIX ) AmEXOVLOT TNV OVOUALOUUE OVAAUTIXT) XONUTTTIXY
amewxovion. Tlpéner vo npocéZouye Gt yior avahUTixd xohOpuaTa, elvor ETLTPENTO
VoL TERLEYOLY GNuEia BLXAIBWONC XATL oL BEV LoYUEL VLol TOTOAOYLXE XONGUUOTAL.

Av f € M(X), ye X empdvera Riemann, téte Yo éyovpe f: X\ S — C e
S va ebvon droxpltd unoolvoro tou X. Bploxovtac yla ocuvtetayuevixy| teployh
0:U— X yuaxdde P € X étoL dote p(0) = P, n h = fop(z) elvar avahutixy
oto U\ {P} %ot cuvende Ty ypdopw 6nwe xon v oav h = fop(z) = 2% g(2) ue
g voebvor avohuTixd; xou g(z) # 0V z € U, emtpénoviog topa 070 k Vo THpeL Xou
opvNTXEC TEC. Oa €youde €tol 6TL av 1 tohhamAdTnTa e f oto onuelo P € X
elvar k tote:

e Av k> 0n f duéye pilla pe norhamhétnta k oto P ue f(P) = 0 xa
k= €f(P),

e Avk < 0n fduéye ného ye nolhamhétnta k oto P ye f(P) = oo xau
k= 7€f(P)=

o Awgopetixd k =0,

e Av 10 onpelo P elvan méhoc 1y pila, dnhadh av k # 0 t6te Aépe 6L 0 f
napouotdler avwpahin oto P.

ARppa 2.23. Ta kdOe ovurayn empdrvaa Riemann X kai yia kd0e dyr otalepr
Hepduopgn ovvdptnon f € M(X), o apiuds twv pildr tng wovtar pe tov apiiud
TV TOAWY TNS, TPOTUETPOVTAS TIS TOAAATAJTNTES:

> es(P)=0.

PeX

dlePy= > ef(P)+ D ep(P).

Pex Pef—1(0) Pef~1(oc0)
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‘Ouone and 1o nopandve Yo €yw:

SepP)= > ef(P)— > e(P).

Pex Pef=1(0) Pef=1(0)

xan amé 1o Yedpnua 2.21 Yo €yw 6Tt

Zef(P):n—n:0.0

pPeX

2.1e” Avaxhodilopeva Kakbupoato

Oa delZouye to avtiotpoo e npdTacc 2.22, BAénoviac e and Eva TOTOAOYIXO
xdhuppo unopet va tpox et €val avohutind xdhuyuo uetall emigoveldy Riemann.

IMeéraom 2.24. Eotw Y emgdveia Riemann, S éva memepaouévo vmoouUvodo
tovY karp: X' — Y\ S pia kalvrtikr) aneikévion e pOAwr pe X' va efvai

ovvektikds. Mmopolue va euputedoouue tov X' oav éva avoiktd vrnootvolo piag

empdveias Riemann X: X' — X pe X = X'U éva nenepaopévo odvolo étot

wote n p va umopel va enextalel oe uia proper, avalvtikn ovvdptnon ueta&d

emgaveidy Riemann f : X — Y.

Arnddeitn: To npdBAnua unogolUe vo 1o doVUE ToTxd GTov YKo Y, npoona-
Vovtag va «yepiooupey ta onuela mou Aelnouv. Ilaipvew v cuvidn xolumtin
ATELXOVLO

pe : D° — D°, 2+ 2

ue D ={z¢€C: |z| <1}, xu D° = D\ {0}. Dvopilovrac 6t 71(S?) = Z xou
61t 0 St elvon éva strong deformation retract!® tou D°, Ya npénet o eyxheioude
j St — D° vo endyet évay 1GOU0pPLOUS TV EUTAEXSUEVOY VEUEMODWY OUAdWY.
‘Etot m1(D°) = Z o 6uvende xdde cuvextixde xoAuTtixde tomohoyixde xhpoc
TOU Y€ TENEPAOUEVA QUANA, Vol TEETEL VOL AVTLOTOLYEL OE TEMEPUCUEVEC OUADES TOU
Z. Ma autéc elvon ot eZ ye e € N ye avtloTolyec XAAUTTIXES AMEIXOVIOELS TIC
Pe TOUL avapépae. Autd onuaiver tu or xahumTixol ydpor Tou D Ya elvon (oot
modulo Touc 1oUoPPIGUOVUE XAALTITIXGY YOewy. Tpdyuatt av p : E° — D° yla
XAAUTTIXT) AMEXOVLOT € QUAALY, amd To Yedpnua 1.22 ot 800 xohurtixol ydpeot Yo
elvor LobuopgoL avy ot 800 unoopuddes Py (m1(E?)), pe, (m1(D°)) tou w1 (D°) = Z
avixouv oty Bl xhdon ouluyiog. ‘Ouwe enedn n Z etvar ofehiovy) ouddo xdtt
tétolo Yo cupBaiver avv avtiotolyoly otny Bl utooudda touv Z. IHpdyua mou
oupBaiver xadoe agol elvan e-fold xaAumtixol ydpol Yo meénel va avTioTory oLy
oTny unooudda eZ. 'Etol av p : E° — D° elvon xahUTTix anexdviot] e-@OAGY,
UTIAPYEL OUOLOUOPPLOUOS TOV XUAUTTIXWOY YWewY P @ D° — E° ue po 1 = pe, 0
onolog e€aptdton and v emAoyn Bdong. Mdhota €youde oaxplBOC e ETAOYES Yo
TOV OUOLOUOPYLONS 1), TTOU AVTLOTOLYOLY GTa e anuelo ToL B9 yiol ol GUYXEXELUEVT
Bdom. O undhoitec ETAOYESC Yial TO 9 €xoLV TNV HopY| z — (exp(2k/e) - 2)
ue exp(2mik/e) va ebvou plo amd e e-ootée pilec e povddac xor k € [1,e —1]'5

Topa elvar cagéc twe Yo «yeploovuey tov xohurntxd yopeo E°. Opilouye
E = E° U {p} ye p ¢ E° xa dlvouue otov E Bouy| enupdvelac Riemann étol

14@)\éne [2] oehidec 38-41.

5Kadde ot ydpot DO xan E° eivon toodhvapor xohuntixol xdbeot, Bréne opiowd 1.16, Yo
TEéMEL 0L XOAUTTIXEC UMELXOVIOELS P, Pe VO Eival to6Uoppec. Tpdyuatt p = pe 0 ¥~ 1 ue tino
2= Y7 1(2) = (YPT1(2))¢ xa z — exp(2mik/e) - z > 2°.
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D D b D
-— >
p—0
\T] '.5 \} 3 P
4

dote: N enéxtoon e P ond 10 D° oto D vo anewovilert to 0 6T0 p xou TO
eoWTEPIXO TOou D 0UoloYopYXd GTO ECWTERIXG ToU E o CUVETKOC Vo amoTeAE]
vy ouolopopetoud, ¥, ue (D) = E.

Enotpégovtoc oty xahuntixi anexévion p : X' — Y\ S tou dewphuaroc,
v Q € S unop va Bew cuvtetaypevixh tepoxh ¢ 1 D — (D) :=U C Y pe
©(0) = Q, étoL Hdote UNS = {Q} xou pe U° va ouuBorilw 1o U\{Q}. Ouéyw 6
%89 tétoo U° Yo elvor opohd xohuppévo, dnhadh: p~H(U°) = U™, V.0 e o V,0
va ebvan E8va v xdde no = 1,...,m xou plye (V%) = U°. Tdpa o neploplonde tne
XUALTITIXNC ameEdviong e xdde éva amod ta V; elvan plor xaAUTTLX omeovion),
€0Tw €; PUALY, Tou U°. Ané ta napandve urtopolue vo Bpolue oUologop@Lolole
Y; : D — V2, 1oL dhote To mopaxdte didypoupo va elvon yeTodeTixd: dnhadn va
wytel p(v;(2)) = p(2%). Mpoolétw éva onpelo vy xdde V° €tol dote V2 — V;
xan x&e ; vo emextelvetal oe évay opgologoppiold and to D — V;. Halpvovtag

PJ
[ @
¢ g o
> U
Syhua 2.5:

QUTES TIC EMEXTAGELS Yol GUVTETAYUEVIXES TIEPLOYES Vot €Y TNV ZEVN EVRIOT AUTHOV
wv Vi va gou diver pla empdveror Riemann. H anewédvion V2 — U enextelveton
o€ ula avohuTe amewxévion and to V; — U €10l dhote va €yet delxtn SloxAddwong
e; 070 onueio mou npocVécape. Av auté yiver yia xdde onuelo tou S, talpvw Tov
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yopo X va elvan X = X°U S pe 10 S va elvon nenepacyévo. Autol ou ydptec
divouv otov X Bopn emgdvetag Riemann (ue v npobnddeon 61t ot ydpteg mou
npoc¥écaye elvon ouuBatol pe auvtols tou X°), xou N xaAUTTXY amEwdvIon p
enextelveton o yla avadutinf f 1 X — V.0

2.2 Emgdveieg Riemann xow ANyePpuxég Koaundieg

‘Eotw F(z,w) oyt otadepd moumvuuo 300 YETABANTOV Ye uiyodixolc cUVTENE-
otéc. To cbvoho twv plldy Tou:

C ={(z,w) € C*: F(z,w) =0}

ovoudleton «utyodnd agvixd xopuniin oto eninedoy. Tautilovtac 1o C? ue 1o RY,
Yo éxyw 1o C va opiletan and dVo mparyyatixés eElodoeic: autéc Tou undevilouv
T0 mporypatixd o autée Tou pndevilouy to paviaoTtixd pépoc Tou F(z,w). Etot
nepwévouue 1o C va elvon uio emupdverar xon Yo Eyovue dixio, exTéC OTL 6L
xaL 6T XaunUAeS étot xon oto C umopel vo uTdpy oLy xdmolec aveuaAies. Ou
XETNOWOTOLACOUPE To EpYUREld TNC TEONYOUUEVNC EVOTNTAC YLX VO APAlpECOUUE
T aveUoklec xau vo tpoc¥écoupe xdmolo onueid o aUTd o 0To dmELpo ETOL
Gote va mdpouye wlo cuumayy emipdvela Riemann. Mdhota av 1o F' dev elvan
avdywyo tote 1) emi@dvela tou Vo tdpouue Vo elvon 1 EEVN €VLOT EMLPAVELDY TOU
Yo mpogpyovtal and touc avdywyous tapdyovies tne F. ‘Etol unodétouye npog
70 Tapdy GTL To ToAudVLuo F elvan avdywyo. [pdgouue

F(Z,W) =ag(Z)W" + a1 (Z)W" 4+ an 1(Z)W + a,(2),

we a;(Z) mohuwvuua we mpoc 10 Z xat ag(Z) # 0, ye n > 0 xadde av n = 0
F = bZ 4 ¢ o ovvende C = C. Oétouye F, = OF/OW, 10 onolo eivon éva
TOAUGOVUUO w¢ Tpog W ue degFy, = n — 1:

_or
0w
Adppa 2.25. Yrdpyovr nodvdvuvua B(Z, W), C(Z,W),d(Z), pe d(Z) # 0 éron

WOTE:

F, =n-a(Z)W" P4+ (n—1)- a(Z)W" 2+ +a, 1(2).

B(Z,W)-F(Z,W)+C(Z,W)-F,(Z,W)=d(Z).
AmndoeiEn: Kdvoupe ypron tou AMupoatoc Gauss:

Adfupo 2.26 (Afupo Tov Gauss).
Av F eivar éva modvdvupo otov K[X,Y], téte av to F elvar avdywyo otov
K(X)[Y], Oa etvar avdywyo otov K[X,Y].

ArnddeiEn Anupatos Gauss: 'Eotw F € K[X,Y], ye F = ao(X) + a1(X)Y +
ot an (XY v ai(X) € K[X],i=0,...,n. O péyotoc xowde Sonpétne twyv
ag(X),...,an(X) ovopdleton content touv ToAuwvOHou F xou tov cupfoliloupe
pe ¢(F). Tuurepaivouye 61t 10 F elvon mpwtdyovo avy ¢(F) = 1.

[ apyy Yo Sel€oupe 6Tt 10 YVOPEVO BUO TEWTHYOVRY TOANUWVOUGY Elvol TRw-
toyovo. Hpdyyatt éotw F' = ap+a1Y + - -+a,Y" xau G = bg+b1Y +- - - +b,, Y™
va ebvon Tpwtdyova. ‘Eotw enione p = p(X) éva oyt otadepd nohudvuuo Tou Sua-
pel 6houc Toug ouvtereotéc Tou F-G. Tlalpvw to uixpdtepa duvatd ¢, j €ToL HOTE
70 p vo unv dwanpel 0 a; xou to by H Umopln tétouwy dewxtmv eZoopaiileto xao-
Vo ¢(F) =1 = ¢(G) xou ovvende pt e(F) xou pte(G). Etol undpyouvy i,j € Z
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TéToW WOTE P | as YE T < s xou p i b xou p | ap Ye j < ¢ xou p tb; avtiotouyo.
Téte 0 cuvtereothc Tou Y 610 F - G a éyel popgh:

aibj + aip1bj—1 + -+ aipjbo + ai—1bjp1 + -+ aobiy

téTe Vo Eyouue GAOUC TOUC GEOUC EXTOC A TOV TPWTO VoL dlapolVToL otd TO P,
xodwc av p | abj = p | a; hp | by, mou elvan dromo and v unddeoh poc pe
oLvénela T anddelln Tou Woyvplouol. Tuunepalvoupe Aowmdy 6t yia xdde dvo
noluavupa F, G € K[X,Y] Ja éyw

c(F-G)=c(F) c(@)

Medypatt F = ¢(F) - Fy xu G = ¢(G) - Gy pe F1,G1 npwtéyovalS. Téte
F-G=c¢(F)-¢G)-F -Gy xou and o topandve to tolvovupo Fy - Gy elvon
TEWTOYOVO, €T0L Yol €Y

c(F - Q) =c(F)-c(Q).

Mo yvootd G € K(X)[Y] oyt undevind, unopolue vo ypddouue G = g - Gy ye
g € K(X) xou G npwtdyovo otov K[X,Y].

‘Eotww F avdywyo otov K[X,Y] xoa F va napayovionoteitar otov K (X)[Y]
we F = G- H pe G, H nohvovuua we npoc Y xou deg(G, H) > 0. Tpdgw G =
g-G1,H = h-H; pe Gy, Hy npwtdyova xat g = p/q, h =r/s ye p,q,r, s € K[X].
Téte g-s-F =p-r-Gi-Hy € K[X,Y] 2 K[X][Y]. Etwovq-s-c(F)" =pr=F =
c(F) -Gy - Hy pe Gy - Hy npwtdyovo xou 1o F mapayovtonoteitar otov K[X,Y].
Mpdypa dromo xadde to F eivar avdywyo otov K[X,Y]. ¢

Emotpégpovtac oty apywh anddeln elvar téhpa pavepd nwe av F elvon ovd-
ywyo oto C[Z, W] t61e 10 F Yua el avdywyo oto C(Z)[W]. Egopudlw tov
Euxheldeo ahydpripo, Sronpdvtoc 10 F e 10 Fyyy xou agol «SdEwy Touc Tapo-
vopaotég Yo Exw

bo- F'=Q1-Fy+ Ry,

6mou by € C[Z] xar Ry elvan éva tohumvupo we tpoc W ue degRy <n—1. Avo
Baduode touv Ry elvon Yetinde dranpdd e Fyy, nodpvovtae v ellowon:

bl'Fw:QQ'Fw+R2)

ouveyilovtac cuveyilovtag, Bploxw egiodoec b; - Ri—1 = Qit1 - Ri + Rit1, Yéyel
yio xdmolo k, 10 Tohu@VUPO Ryt elvon undevixot Boduol we npog to W. Iapa-
neolye 6Tt 0 Riy1 # 0 vyl dapopetind 1o Ry, Vo dionpoloe 10 Ry, énetta
10 Ri—2,..., xat TeAixd 10 £y, xou 10 F mpdypa dtomo and tnv unddeoy| pog.

O¢tovye d(Z) = Ri41- To d(Z) eivor 10 Weddec oto C[Z, W] 1ou yevvdton
and 1o F xou 1o Fy .

Iofpvovtag ta B, C xou d T0u MUPATOS UE TETOLOV TPOTO (OGTE VAL UNV dlot-
poUvTon GAa amd €va un oTadepd TOAUDVUUO WC Tpog Z TdTe T0 d elvon Hovadixs
modulo tov noAhaniactocuéd ye pla otadepd xon ovoudleton Owkpivovoa tou F
wc npoc to W. A&iler va mapatnpricovye 6t 1o d(Z) ebvar 0 MK.A twv F, Fy,
dnhadh d(Z) = (F, Fy,) xou 1 Swadixasior tou Bploxoupe ta ntohvwvuua B, C' elvon
7 (B Sraduxasior Tou epapudlouye Yiol TNV UPECT] TWV AXEPAULWY Yid VO YRAPoUpE

16K éde mohudvupo F, G unogel va yiver tpwtdyovo, Suupdvtac 1o pe 10 c(F) xou ¢(G) avti-
oToLY o
"Ivepiloupe 6t av a € K xou f € K[X] = cla- f) = a-c(f).
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oav YpoUX6 cLVBUACUSG Tov dlatpétn xou tov droupetéo ye tov MK.A,| egapué-
Covtac v avtiotpogn dadixacio tou EuxAeldeiou ahydprdpou.
Hapadetypara:

(i) T F = W2 + b(Z)W + ¢(Z) 9a népw danpodvtac ue F, = 2W + b(Z)
mnhixo W/2 xou unéhotno b(Z)W/2 + ¢(Z), donpddvtoc Eavd to Fy, Ue 0
véo umdlono, Talpvew mniixo 4/b6(Z) xou undhowno —4e(Z)/b(Z) + b(Z).
Egapuélovtac tov Euxeldeio ahydpripo otny teleutalo dialpeon €xw 2W +
b(Z) = (W(Z2)W/2+c(2))4/b(Z)—4c(Z) /b(Z) 4+ b(Z). TorhamhooidlovTac
e —b(Z) Yo éyw (—b(Z))(2W +b(Z)) = (—4) (b(Z)W/2+c(Z)) +b(Z) —
4e(Z) pe

Ry =d(Z) =b(Z) — 4c(Z)

va efvan 1) Saxpivousa tou F. Topa b(Z) —4c(Z) = W 4+ b(2))(—b(Z) +
4(Z2)W/2 + ¢(Z)). Ouwc 1o utdroino and v Tpdtn dilpeon wolbta
we (W2 +b(2)W +c(2)) — (2W +b(Z)) (W/2) o avixodioTédviog oTny
TROMYOUMEVT oYéon Talpve T0 {NTOUHEVO ATOTEAEGUL

d(Z) = (2W = b(2)) (-2 = b(Z)) +4(W? + b(Z)W + ¢(2)),
6mou B(Z,W) =4 xou C(Z,W) = (=2W —b(2)).
(ii) ‘Opowx av F = W3 4+b(Z)W + ¢(Z) mpoxiinter 611 1) Bloxpivouca toolTon ye:
d(Z) = Fy - (4b(Z)* + 6b(Z)W? + 9c(Z)b(Z)) — F - (18b(Z)W +27¢(Z)),
nou ebvan (oo pe 4b(Z)? + 27¢(2)2.

Topo Yewpolue ty @t npoBolf mp : C' — C ye mi(z,w) = z. Ou dolue 6Tt
QUPOLEWVTAC XATOLO TETEPAUOUEVO apLldud onueiwy T6Te 1 T yiveTtan plo TomoAoyixy
HUAUTTTLXH| OTEXOVLOT).

ARupe 2.27. Yrdpyer évag nenepaciiévog aprduds onpeiwy S C C éror dote n
mpopodii p : C'\ w1 (S) — C\ S va efvar pia wenepaopévwr pidhwr kadvrtkrj
aneikorion.

Anddbaén: And to mponyoluevo Muua Brénoupe 6t av z € C xou d(Z) # 0,
té1e dev undpyer w tétolo Kote F(z,w) = 0 o Fu(z,w) = 0. Anhadh 7
elowon F(z, W) dev éxel pilec pe nolamhétnto peyahdtepne e yovédac. Av
enTPOGVETOC TEPOUPE TO ag(2) # 0, Té1e 1 Topandvew eZicwon Ya Exet n axpBoc
orapopetixéc pllec. EmAéyoupe to alvolo S va elvan 10

S={z€C:ag(z)- d(z) =0}.

Hofpvoupe zo ¢ S xou Yétouye wr, . .., wy, va ebvon ot pllec e e&lowong
f(20, W) = 0. Exonde pac ebvor vo Bpodue avahLTIXES GUVUPTACELS g1, - - -, g, TOU
v ebvor oplopévec oe pla YELTOVLd ToU 2o €10t WoTE gi(20) = w; xou F(z, gi(2)) = 0.
Matpvouye ppoie, xhewotole xan E€voug Bloxoug Yipw amd autd ta n onuelo xou
Vétouye y; va etvar ILAK yUpw and 10 60vopo autdv v dioxwv nou negixhelouy
o W

Ac Bellouye oty apyr 6Tl T0 Aoyapduixd ohoxAnpwtixd undroito e F, dn-
had¥ To %(bg F(z,W)) = £ oe pla pila e w; 1000Ton e Ty ToAhamhdTnTo:
e piloc authc. Ilpdypott av n F éyel pila w pe moAanAdétnta k 161e o8 xdmota
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yertowd tou w Ya elya F = (W —w)k - G pe G(W) # 0 xu G avohutixd) otny ev
Aévo vertowd. Tote Fy, = (W —w)k - Gy + k(W — w)k - G. Awwpddvrac xatd
weAn tic Fy, F Yo éxm:% = (W—’iw) + G—C}” ME % va ebvar avautiny|. ‘Etou n FTw
éyer 0t0 w omhé mého pe Res(Ex) = k xon to {nroduevo omodelydnxe.

Ané 10 Oedpnua Oroxhnpw ol Yroloinou Yo €youue 61t

1 [F,
— | Z2dw=R
27ri/YF e

6mou R o apliudc twv pildv tou Bploxovta evtoc e ILAK v, petpnuévne e
noAManhétnToac touc. T'evixelovtag yio plo yepduoppn F urnopolue va xdvouue
Tov {Bto utohoyioud Balovtag éva pelov otny molhamhétnta tou xdde télou. ‘Etot
Yo éyouue

1 F,
— [ —dw = Ry — Pp,
2mi Jo, F
6mou Rp, Pp ol opudyol twv ptlodv xol Twv TOAY avTtioToLd UE UETPNUEVY TNV
ToAAATASTNTA, TOU avixouy 6To ecwteptxd tne ILAK ~.

Ewduebovtag ta mapandve cuunepdouato oTny TepinTwoy| pog Yo £Youue 6Tt
yio x&0e z xovid 0To zg xat v w; € I(7y;) Vo éyoupe:

1 [ F
— | dw=1
omi ), F

%x0®C To oOhOXAApWUA LOOUTAL PE TNV HOVADX YL 2 = 2o XOL 1) T TOU PETA-
BédAheton v xdde Ao z, dnhad) undpyer oxpBoe pla pilla tne F(z, W) péou
oe xdle pla v;. Tdpa and to wryadxd avdhoyo tou Vewphuatoc nemAeYREVNS
ouvdptnong, (Bhéne [11] oehida 232 yia to €dixd Vedpnua TETAEYUEVNS TROLYUd-
e ouvdptnong) Yo undpyel povadixr, cuvdptnon g ue g(z) = w tétol WoTe
F(z,9(2)) = 0. Ané o mapomdve do éyw 6t 1 gi(2) 2 da éyer ohoxhnpwtind
uréhotro (oo pe 1o kgi(zo). Av Tdpa meploptoTd oe xdde xOxho v; t0 k=1 xou
CUVETC oprivoVTaC TO 2 Vo UETABAAAeToL Yo €y e:

1 F,
30 s w?dw = gi(2) = w; = F~1(2,0).

Maipvovtac U va ebvar o dloxoc y0po and 10 zg é1ov dhec oL Topandve g;(z)
optlovtar, ¥t V; = {(z,4:(2)) : z € U}. Kaddde ta onuelo autd divouv dhec Tic
mdavéc pilec e F(z, W) = 0 ye z € U, Brémoupe 6 0 71 *(U) ebvan 1 évwon
avotv Vi xaw n mp amewoviler ogotopopexd xdde V; oto U, pe avtiotpogn
exéva Tou divetan and tov 10mo z — (2, gi(2)). O

HMapathenon 2.28. Yo napandvw ovunépaoua, ot to Aoyaprduiks oAokAnpw-
Tiké undAoimo 1wovtal pe tov aprud twv pildv uelov tov apiud twry ToAwr, ue-
Tonuérng s moAlamAdtntag, pnopolue va ptdoouue eiodyortag tny €vvowa Tou
winding number. Av F pia pepduopen ovvdptnon e piles a; kai molouvs by, tdte

L &dw = Zw('y, ai) - Zw(77 bk)

27 7F - .
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yia kdde v mov efvar dOpowona kAaotdy povoratidv'® dyi arapaftnta amdr xa-
UTUAD, mou dev Oiépyetal and kaula and tovg mapandvew modovs kai pile. Omov
w(y,a;) eivar n molanAdtnta tns F otig piles a; kat w(vy,bg) n noAlanddtnza
s F otov kdde oo avtiotova. To w(y,a;) ovoudletar winding number kai

1ovtal je
1 dw
’LU(’)/, a’) e
gl

2w J,w—a
Mag Aéer méoes popés «Tuliyetary to kdUe kA€iotd povordtt v ylpo and tny kdle
ptla-néro. Iho avotnpd evtinpoowrelel tov aképaio apidud (axépaio moAdarddoio
ToU 271) mou mpokUTTEl and Tny diagopd NS apx s e To Téhog edv avopldoouue
otov R (mov efvar o kaflodikdg kadvrtikds ydpos tov St) to kAewotd povondn
v. Avty efvar ka1 n yewpetpikr) patid ndvo otny moAdamAdTnta ths kdde pilag
-moAov Tng F.

Topa oxegtépacte 10 C cav utosivoho tou S? = CU{oo} xau peyohdvouye
70 oUvolo S mpoc¥étovtoc éva onueio oto dnelpo. Ao To mapandve Auua Yo
éyoupe plo xahuntixh anexévion X° — S2\ S, énou X° = {(z,w) : F(z,w) =
0pe z ¢ S} And v npdtaon 2.24, Yo €ouUe QUTAV TNV XAAUTTIXY ATEXOVION
vor dlver dopun) emupdiveroc Riemann otov X°. Apxel va delloupe 6t 0 X° elvon
CUVEXTIXOC YDPOC.

Adppa 2.29. Av to F(Z, W) elvar avdywyo moAvdvupo, téte o X° elvar ouve-
KTIKOSG.

Arnddeln: 'Eotw Y° va elvon plo ouvextixs ouviotdhoo tou X xou X oyt
ouvexTXGC. Av TeploploouUE TNV XOAUTTLXA amewdvioT n-OMwy X° — S2\ S
OTNV GUVEXTXT GUVIOT®EA Y° Vo tdpoude Wia XaAUTTXT anewdvion ue m < n
QUL

Eivar yvwoté 1o unopolye vo ypddouue xdde TOAUDVUUO GUVOPTACEL TWY
ollov tou (0oL Tou Vietal?). BAénoviac 1o F(Z, W) cav éva TOMGYLUO GTOY
C[Z][W] elvan cagéc bt oL mapandve pilec Yu elvon ouvapthoec Tou Z. Tevixd
av K elvan odpa xow Kz, ..., zn] Axépoa Heproyn, o éyoupe g e; va elvan oL
OTOIYEWDOEIG CUUUETPIKES TUVAPTHOEIS 0TS UETABANTES X1, . .., &y €Nl TOU K, va
elvor oL cLuVTEAESTES WC TPOC Y Tou TohuwVOPoL g(y) € Kz, ..., x,][y], 6mou

gy) = (W—z)(y—22)...(y —zn)
y' = iyt foy T = () sy + (1)

v (D) fy
v=1

'Eotw z ¢ S xone1(z),. .., em(2) vaelvor oL GTOYEWDDES CUUHETPIXES CUVOPTHOELS
oTic M TYéC Tou w, ot onueta T H(2) N Y?. Kadde F € M(X), da éyw 6T
e1(2),...,em(z) € M(X). Oétw

G=W™— e (Z)W™ ! 4. 4 (—1)em(Z) € C(Z)[W],

18y axpiBfc Satlnwon efvor 6L M v Teéner va eivan évag x0xhog, mou onuaiver 6TL efvon wla
ahucida, Tou YpdyeTto cav dpolopa XAEIGTOY LOVOTATIOV, N ontola Tpénel va elvon oudroyyn Tov
undevée. T pla eloaywyd otic dluoidec xou oe authv v opohoyia BAéne apyixd otov [15],
oehida 137 xou oty cuvéyeta otov [1] ota xepdhono 3 xau 4.

T4 napdderypa 0 azz? + a1z + ap = azfz? — (e1 + e2)x + ereax], pe e; va eivon ot pilec
Tou 1 T0 a3z +asr? + a1z +ap = as[z> — (e1 +e2 +e3)r? + (e1e2 +ezes + ezer)r — erezes].
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xan vy xdde z ¢ S Yo Eye:

Gew)y= I W —wP)),

PerT(z)nYe

FW)=a(z) ] (W —uw(P)).

Perl(z)

Topa 10 G undevileton oto C := V(I), 6mov I va elvor 10 W8emdeC mou yevvdto
and 1o mohudvupo F, dnhadh I = (F) ye F avdywyo xou dpo I péyioto xou
ouvende tpdTo Webdec tou C[Z, W]. Bt G € I(V(I)) = G € V/I?°. ‘Onou

VI={FecC[Z W], ue IQC[Z,W]:3neNye F* € I}.

‘Ouwe oot 1o I elvan tpdto o éyw G™ € I. Mpdypot G-G™ el = G €
I4Gm™ 1 € I xo ouveyilovroc enaywyd ¢téve oto ouunépacyua 6t G € I.
Téte G | F, npdypa dtono and ty vnddeoh uoc.§

Ané v npbdroon 2.24 e€dyouye 10 ToPAXATL GNUAVTIXG CUUTERUGUL:

IIégropa 2.30. Kdde avdywyo nodvdvupo F(z,w) € C[Z, W] endyer pia kakv-
nauch) aretcénion p : C\ w71 (S) — C\ S e C o alyeBpixé abvolo undeviopod
tov I ka1 S o (memepaouévo) ovvolo twv 1dopoppicdy tov. Avtn n aneikévion e
y oelpd tng emekteivetar o€ uia avalvrikrj kar proper arewévion f: X — S?,
pe X va etvar pfa ovunayng?t emedveia Riemann ka1 f € M(X). Avtd n em-
pdveia Riemann ovoudletar n emedveia Riemann tng akyefpixngs xaunidng C 1
Tou ToAvwriuov F.

2.2 Badpéc YTrepBatixdtntog

22 T %8¢ yvwoté oopa K, xdde enéxtaon autol F, elvon otny TporydotixdTnTa
o enéxtaon 600 Brnudtev: K C E C F, ye F va elvon ahyeBpuxr| enéxtaon enl
tou E xot 10 E va elvor xadopd unepBatiny (purely transcendental) enéxtaon et
tou K (BAéne opiopé 2.34).

Opiowocg 2.31. Eow F enékraon evds oduaros K, kar S vroovvoro tov F. To
S efvar akyefpixd eaptnuévo entl tov K av vndpyer éva dyt tavtotikd undevikd
roAvdvupo f € K[, ..., xy,] étot dote f(s1,...,8,) = 0 ya kdrnowe dagopetird
$1,...,8n € S. To S elvar akyefpixd avekdptnto eni tov K, av to S dev elvar
alyefpixd eEapTnuévo enl tov K.

Kéde unocivoho alyefpuxd aveldptntou cuvélou, elvar aryeBpxd aveldp-
wro. To xevé elvon ahyeBpxd aveZdptnto eved xdde umocUvoro tou K elvan
ohyeBpwxd e€aptnuévo. To povoolvoro {u} etvou alyeBpwd e€optnuévo ent tTou
K ov xou povov av 1o u etvar alyeBeixd eni tou K. Enlong xdde otowyelo evog
oAyeBpind aveldpTnTou GUVOAOL Elvorl avoyXAoTIXd UTEPBATIXG ETL TOL GOUATOC
K. 'Etov av 1o F elvon plo ohyeBpuer enéxtaon eni tou K 161€ 10 %eV6 6UVOAO
elvor T0 YévVo ahyePpixd aveldptnto unochvolo Tou F.

H olyeBpuy (av)eaptnola elvan enéxtaon tne yeouuxrc (av)elaptnolac. I-
oy el 6Tl xde alyeBpund aveldptnTto cOVOLO Elvon Ypauuxd aveldptnTo oANS oy
10 avticTpopo.

20 A 1o Vedpnua tou Hilbert éxouue 6t 1(V (1)) = V1.
2lyadde n f efvor proper xou o S2 cuunayrc, téte xou o fH(S?) = X Ya elvor oupmoyhc.
22H roapdypagog auth Baciletar oto xepdhoto 6 tou [7], oehida 311.
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Opwopoe 2.32. Eoww F enéktaon evds oduatos K. Mia vrnepBatikiy Bdon
(transcendence base) tov F eni tov K elvar éva vrootvolo S tou F tétowo dote
70 S va eivar akyeBpikd aveEdptnto eni tov K kat va eivar peyiotiks (ws mpog to
repréyeodar) avdueoa o€ dAa ta alyefpixd ave&dptnta vrooUvola tou F.

H Onopén tne unepBatnric Bdone eaocpoiileton and o Muya tou Zorn. E-
nlong umdpyet plo avohoyio uetall g unepBatxic Bdong xon tng Bdong evog
dravuouatiol yweou: ulo utepPotiny Bdomn dev elvan Bdomn xar Tou SlavuouaTixol
XWPOU TGO TOU GO Ypouuixd aveldptnto cUvolo TepLEyETL oTNY Bdon.

Ogopdc 2.33. Eow F enéxraon tov K ka1 S vrootrodo tou F' ue S va efvar
akyeBpixd ave&dptnro eni tov K. To S eivar pia vrepBatikr) fdon tov F ent tov
K av ka1 pévov av to F elvar alyeBpikd ent tou K (5).

Opiowocg 2.34. H enéxraon F eni tov K ovoudletal kaOapd vrepBatikry enéktaon
(purely transcendental) av F = K(S), ue S C F, va elvar akyeBpixd ave&dptnto
enf Tov F.

Ané tov oplopd 2.33, éyouue ot o S Va elvon plo unepBatixny| Bdon touv F
eni Tou K. 'Etol av ndpouue F' va ebvan pla tuyaia enéxtaon tou odpatog K, ye
S va etvou pla unepBatixd Bdon tou F enl tov K xou E = K(S), téte 10 F Yo
elvor oahyefpixr) enéxtaon ent tou E, dnhadr 1 wévn vrepBatier Bdon eni tou £
Yo elvon 0 &, xan 10 E plo xardopd unepBatixy enéxtoaon ent tou K, mpdyud ou
AVAPEPUUE GTNV APY Y| TNE TARAYEAPOL.
Opiowoc 2.35. Eotw F enéktaon tou K. O Baluds vrepPatikdinrtag touv F' end
tov K efvar o mAntixds apiduds |S|, pe S va efvar pia vrepBatikri Bdon tov F ent
tou K kat ovuBoliletar pe tr.dx F.

Mdéhota o Baduode unepBotixdtnroac elvon aveldptntoc and v emAoYH U-
nepBatinic Bdone. Ebvar 1o avdhoyo tng dudotacnc tou dlavuouatixod Yweou
[F: K]. Enlonc trdgF < [F : K] xou tr.dgF' = 0 av ot yévov av n F ei-
vou pla ahyeBpwt; enéxtaon enl tou oduatoc K. Téhoc av F' elvan enéxtaon
evoc oopatoc E o E vo anotedel enéxtaon evée odpatoc K Vo éyouue 612
trdgF =trdgF + tr.dg k.

Tapa yveptlovue ané to tépiopa 2.15 61 M(PL(C)) = C(z) xuw O(PL(C)) =
C. Oa dolye €tot, 6Tl xde PepdUOLQN cUVAETNOY, 6NV ogaipa Tou Riemann,
€yl Bodud unepBatixdtnroc unép tou C (oo ye povdda 1 Lloodivopa:

tr.dcC(z) = 1.

Ilpdypat: 'Eow f/g € C(z) pe f,g € Clz],g # 0. Enhéyw 1o moludvuuo
Clz,w] 3 h(z,w) = wg(=) — f(2). Tote h(z, £/g) = £/9-9(z) — F(2) = 0. Auté
woc Aéer 6t olvoro {z, f/g} eivon ahyeBowxd eaptnuévo eni tou C xou étot To
{z} anotelel pla vrepBatinf Bdon tou C(z) eni tou C. Apa tr.dcC(z) =1, % 10
C(z) ebvar pla xodapd unepBotixt| enéxtaon eni tou C.

Av m: Y — X ebvan plo oy otadepr; avolutixn anewdvion yetald emupo-
vewoy Riemann, téte v xdde f € M(X), n anewévion 7 := f o w24 elvor pla
uepduopen cuvdptnon otov Y. 'Etol undpyet uia areixdvion

7™ M(X) — M(Y),

1 omolo efvar £VoC HOVOUOEPLOUOS CWUATWY.

23y100 Ty andderln BAéne [7], Vewenua 1.11, ceida 316.
24Mia tétoio amexdvion ovoudZetan pull-back.
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Oeopnua 2.36. Av X evar pula ovurayris empdveia Riemann ket M(X) to
odua pepduoppwv ouvaptioewy téte tr.dcM(X) = 1.

Anédaén: Eow 2z € M(X), ye z : X — PYC) va elvan plo avohutinen
ouvdptnon xot degz = n. Elvow yvwotd 6Tl 0 ENAYOUEVOC YUOVOUORPLOUOS 2*
C(z) — M(X), onotehel ula ohyeBpixh enéxtaon, Baduol n?®. 'Eotw w €
M(X). Ou dellw 61 undpyet ohyeBpxr| oxéon uetalld Ty 2, w, TEAYU TOU HoC
delyvel 6t tr.deM(X) = 1.

"Ectw wy To eAdyLoTo TohumVLPo (avdywyo xat wovixd) enl tou C(z)[w] pe tov
péytoto Badud, dnhadh urodétoupe 6t o Badude tne enéxtaonc [C(z, wp) : C(z)]
elvan péyiotoc. Tére yia xdde w € M(X) da éyouye:

[C(z,w,wp) : C(z)] = [C(z,w,wq) : C(z,wp)] - [C(z,wp) : C(z)]. (2.1)

Topa 1 yopaxtnpotxh tou C(z) wodton e to Undév xou €tol xdde enéxtoon
Tou Yo ebvan amhf. Tuvende 1 enéxtaon C(z, w,wp) : C(z) nopdyeton and éva
oToLyelo £, TETO WOoTE

C(z,w,wg) = C(z,1).

‘Ouwe Yo npénel [Cz, w, wp) : C(z,wp)] =1 yratl av [C(z, w, wq) : C(z,wp)] > 1,
téte and y 2.1 Yo elya 61 [C(z,t) : C(2)] > [C(z,wo) : C(2)], mpdyua drono
and v unddeon pac. ‘Etor w € C(z, wg) xou cuvende M(X) = C(z, wp). ¢

‘Etol 1o M(X) elvan pla nenepaoyéva napayduevn enéxtaon touv C, ue X va
elvor plor oupmayfc empdveta Riemann, nou éyel Badud unegBatixdnroc 1 ent tou
C?8. Térolec enextdoeic buwc odnyolyv oe ahyeBpixéc xaundhec C. Tpdyuar,
yia tuyalec uepbuoppec cuvapthoec f, g otov X UTdpyeL un Undevixd avdywyo
nohuwvupo ®(Z, W) € C[Z, W] étoL dote

®(f,9) =0,

pe C va givon 1 adyeBpur xaumOAn Touv ToAuwviuou . Anéd 1o néplopa 2.30 xou
70 Yedpnua 2.36 Vo €youpe €Tol 10 €€AC TOAD ONUAVTIXG ATOTENECUA.

IMépropa 2.37. KdOe ouunayris ka1 ovvektikr) emedreia Riemann elvai n emi-
pdveia Riemann plag alyeBpixng kapumuAng.

‘Eotw X va elvon pio oupnoayhc emgdvela Riemann pe K := M(X) 1o odya
WY PEpdopPwY cuvapThoewy tov X xou ®[T] € K[T] va eivor éva avdywyo
povixd mohuwvupo Boduod n. Téte undpyet plo empdveior Riemann Y éva n-fold
droohadiléuevo proper avohutind xdhuppa®’ m 1Y — X xa pla F € L étol
dote va undevilet to (m* @) (F) = (P o m)(F). TupPolilovye tnv totmhéTa auTh
we (Y, 7w, F) mou dnhadver Ty alyeBpixh xaundhn ®(T). Oétoupe L = M(Y).
Téte Yo €youpe Tov emaywuevo yovoppiopd m @ K — L xou BAénouye 10 K
oav undowua tov L. H enéxtaon L/K elvou onwe eldope aryeBpixn, Baduod
n. Enionc L = K[T]/{P). Mnopel va anodeiyVel, péow touv Yewphpatoc 2.5,
6Tt xde covering tranformation oto tomohoywd xdAuvppa endyel évav covering
tranformation oto avahutind xdhuppa®®. Méhioto uropolue vo pTdcouye oe éva
Bardltepo amotéheopa®:

258)\éne [9], Vedenua 8.2, oehida 50.

261608 0vapa to adpe M(X) eivor éva odpa cuvapthoewy oe wio wetaBinty eni tou C.
2Tyadde 0 X efvor ouumayhc xou 1 m proper, Yo éxouge 6TL xaw o Y eivar oupmayhe.
28B\éne [9] Dedpnua 8.5, cehida 52.

29v10 v anbdeiln, Bréne [9], Yedpnpa 8.12, oehda 57.
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Ocewpnua 2.38. Eow f € L. Kdle avalvuixds deck transformationo : Y —Y
tov Y enf tov X endyer évav avropoppioud f— of = foo~! tou L, mov agriver
otadepd to odua K ue tnr aneikévion:

Aut(Y/X) — Gal(L/K),

Otws avtn opiotnke, va efvar évag 100UopPIods ouddwy. Télog o kalumTixkdg
XWpos €lvar kavovikds, (e Tny évvola 0TI TO TOTOAOVIKG KdAUpMa Tou endyel and
v mpétaon 2.22 elvar kavovikd, av n enéktaon etvar Galois.

Mpdrypartt xadoe o o eivon évac avaiutixde covering tranformation, to napa-
xdtw Sudypopua Vo etvan yetadetixd:

y v
TN/ T
X

€10l HOTE Vo loyleL To o = T, yio Xde avoluTtixd 7 petalld Riemann empoveldy
X.,Y. Enéyovrac pla k € M(X), o undpyet ula k' € M(Y'), nou endryeton anéd
v pull-back 7* étoL wote
X £ pye)
TN\ K
Y

xu k' om = m* (k') = k. Hopatnpolue 61t 0 avtopopplouds Tou L
frfoo™ pefel,

agfivel otadepd t0 oopa K = M(X), xadoc vy k € K 9a éyw 61t koot =
Komoo l=kKomroocoo ! =k.

2.2B" Mia egaproy” oo aviicTtpogo npéfAnue tne Jewplag Touv Ga-
lois.

To avtiotpogo medAnua e Yewploc Tou Galois Ya ynopoloe va cuvodioTel we
eZhc: Alveton plo menepaopévn oudda G xoun éva odpo K umopolue va Bpolue
wla Galois enéxtaon L/K pe oudda Galois tv G; Auté elvon éva ToAd d0oxoho
TpOBANUa av To oduo K elval To GOU TV pNTOV optduoy.

1o nopaxdtw Yo anodelfouye 6Tl 0 aviiotpopo npdBinua tne Yewplag tou
Galois €yet Mon av K = C(t) elvor 10 ooy twv pntodv cuvapticeny ent tou C.
Anddeiln: Zexwvdue pe plor TETepacUévn oudda G. Auth déyeton plo napdotaon
oe yevvhtopeg xau oyéoeic G = (I': X) ye G = F,,/R, 6nou F,, elvou 1 ehelddepn
oudda tou I' oe n 10 mARdog otoyela xou R 1 xavovixy| unooudda tou F;, mou
vevvdton anéd tov L0,

Mapoatnpotye 6t n Fy, elvorn 1 Yepehddng opdda tne ogalpag tou Riemann ov
ané auThv agopécouue n + 1 1o mAdoc onuelo, dnhadr Tou

X =PYC\{P1,...,Pus1},

(yvwpllouue 6Tt 0 yWpoc mou anoteheiton and n xOxAoug PE Eva xowd onuelo,
n-leafed rose, €yet yia Yepehddn oudda pio eredlepn ouddo ye n YEVVHTOPES).

30BNéme [7], oehlda 67.
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Kataoxeudloupe tov xodohxd xahuntixd ywpo X tou X, xou Yewpolue Tov
evdidueco ywpo X /R:

X
N )
7 1 1
X = PHO)\{P} — PHC) — M(PYC))

Oa éyoupe 6Tt ENELDY| O X ebvo xo0oMXG X0l GUVETHE XAVOVIXG xdAuyua tou X, o
X ebvon éva G'-xdhogpa ue G = Aut(X/X) = m1(X) = F,, anb Ty xataoxeuy
uoc, Snhadr o X amotehel éva Fy,-xdhupya ue X = X /F,. Enionc o X anotehel
éva R-xéhugpa tou X/R, ye R = Aut(X/X/R). Tdpa xadde R < F, and
0 méptopa 1.41 xon o oupnepdopata Tou to axoloudoly, u éxw 6t o X/R
Oa ebvor éva F, /R-xdhupuo tou X pe F,/R = Aut(X/X)/Aut(X/X/R) =
Aut(X/R/X).

Ané v mpdtaon 2.24 urnopolue va enexteivouue to F, / R-xdhuppo tou X
oe éva avahutxd (ue onuela dohddwone to P, ..., Pyt1), proper xdhuypo f
uetol twv Riemann emgaveidv Y xor P1(C) (o Y ovurayhc xadoe 1 f elvo
proper). Ialpvovtag yia M(Y) 10 obUd TV UEPOUOPPOY GUVIPTACEWY TOU
Y, unopd va epapudéon to edpnua 2.38 xa Ya éyw 6t Gal(M(Y)/C(t)) =
Aut(X/R/X) = Fn/R = G, dnad¥, 1o {nrotuevo. ¢






Kepdiowo 3

Fuchsian Opdoec ITpwTtou
Eioouc

Ané 10 npdTo xEPIAMO o TO VepeAddee Vewpnua tne Yewpiog Galois, cuurne-
caivouye 61t x84 emipdveta Riemann X eivor tobuopen ue éva tnhixo X /G, bmou
X va ebvor o QoAb xaAUTTIXGS Yo Tou X xat G, xdmold UToOPAdA TWV
AUTOUORPLOUGY ToL X, Tou ebvar obuopen e TV Veuehiddn oudda 1 (X) (and
0 méptopa 1.37, Y éyoupe 6t m1(X) = G = Aut(X/X).). Mrogolue va dei-
Zouge 6T 1 oudda auth dpa evenly otov X xon cuvende BAémouue tov X cov
éva. G-xéhuppa tou X, ue X = X/G. Tdpa yia pra emipdvela Riemann, 1 tofi-
VOUNoTN TV TIOVEY XAAUTTIXOV YOewV elval amAt, xadodg UTdEyouUY UOVo TEELC
OapopeTixéc miavoTnTES:

Oeopnua 3.1 (Uniformization dedenua yia enipdveieg Riemann).

O xaBolikés kadvrtikés ydpos X, pag empdveias Riemann X, efvar (o0ju-
Hopgog) efte o C, efte n opaipa tou Riemann, €fte o povadiaios avoiktds uyadikds
diorog D*.

Ivwpilouue bunc? 6L 1 amexéion

z—1
2+

A:H— D pe twno z —

elvor €vog ouologop@LopsS Tou uLyadxol dloxou e To uryadixd dvew nuieminedo
H={zeC: Im(z) > 0}, ye anotéreoya n tpltn nepintwon va tauvtileton ye to
HL.

Tpo oL QUTOPOPPLOPOL TWV TARATAVE TELWY ETLPAVELWY Elval YVWOTOoL:

o Aut(C)={z—az+b: a,beC},
o Aut(P!(C)) = PSLy(C) = { petacynuatiopole tou Mobius},
o Aut(H) = PSLy(R).

Ay )N{ = P1(C), 161e X = P1(C).
Av X = C, t6te n G Ya mpénel vo elvon plor Saxprt) oudda and PETAPOREC,

I@\éne oty epyvaocia tou [18], 6mou xou TpocpépovTal Teelc BrapopeTinéc anodeiZeic.
26ty BiBhoypopia avapépetar oav unit disk upper half plane equivalence theorem.
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wbpopen pe to 0§ v SL2(Z) 1 éva lattice A e ouvénewo o X voelvar 0 C Ao
C/Z f xdmotoc t6poc C/A.

Yy nepintwon tov X = D, da éyouue 6 xde emipdvela Riemann avtiotolyel
oe pla utooudda tou PSLa(R), mou dpa evenly otov D. Avutéc ovopdlovton
Fuchsian Ouddec.

3.1 Transformation Groups xo Xweot IInhixa

e auth TV Topdypago, Baciopévol otov [12] Yo dolue xdnolec ond Tig 1BL6TNTES
wloc ouddoc petaoynuatiopdy (transformation group) mou dpol 6e évay ToTONO-
Yo y0po. Ed® 6hot ol tomoloyxol ydpeol eivoar Hausdorft.

Ogtowdc 3.2. Mia toroloyixrj oudda (1) continuous group) (G, m, ) €elvai évag
Tomodoyikds xapos (G, T) mov éyer boury opddas (G, m), pe G va efvar éva ovolo,
7, pia tomodoyla ka1 m va dnAdver tny (roAemAeoieotikni) npdén tng opddag,
€To1 HOTE 01 CUVAPTHOE:

GXxXGE—-Guetdnor xy—zx-y

G — G, pe tinox — z L

va eival ovvexels ovvaptioeas. Mia tehikr) npoUnddeon eivar to povoodvodo mou
mepiéyel To tautotikG atoiyeio tng ouddag {idg}, va eivar kAewotd, éror dote
G\ {idG} €T

Ané €d® xou 010 €€ 6tav Yo wikdue yio pla tomohoyixy) opdda, ovtl vo
avapepdaoTe oty TELTAETA (G, m, ), Yot TNV avaPESOUUE Yior AOYOUS GUVTOPLNC
cav G.

‘Eotw topa G va elvan yla Totohoyixr| oudda xou S évac Tonoloyixdc ydpeoc.
H G Mpe 6t dpa ovrveyws otov S # 6t n G elvan uia oudda petaoynuatiopdy
oTov S av umdpyel plo ouvey g ATEOVLOT,

GxS— Spetino S>3(g,8)—g-s€S,
€10l BOTE VA xavonolobvTal T e€RC:
(i) (ab)s = a(bs) yia a,b € G xou s € S,
(i) idgs =sVs € S.

Ané ta napandve tapatnpodue 6t N G dpa oty S (and aploTtepd), UE TNV oLV
Diopévn évvola dpdone ouddoc oe olvoro®. Erniorne yia xdide g € G 1 anewxdvion
S 35— gs € S elvon évac 0poLOPORPIGUOS TOL S UE TOV EAUTO TOU TOU ovoudletal
(apiotept)) uetagopd. TuuBorilouue ye g(s) to gs. T xdde s € S, oupPBoiilouvue
we Gs = {gs: g € G} xau 10 xahoUUE, OTWS XA GTO TPWHTO XEPIAALO, TEOYLA TOU
s péow e G, 1 mo amhd Ty G-tpoyid tou s. Auvo onuela pe tnv Bl G-tpoyLd
ovopdlovtar G-oodivaya.

SupBoriloupe pe S/G 1o olvoro Shwv Twv G-Tpoydy TV onuelwy Tou S*
xou e ™ S — S/G my guowxt npoBoln ue tono w(s) = Gs. 'Eva uvnoclvolo

310080vapa uropolue va molpe 4TL 0 Tomoloyxds xheoc S eivar évag aptotepds G-ympog,
BAémE TPWTO XEQIAALO YidL TNV 0poAoYid.

40 oupBoliopde mou axoloudel o [12] Brapépet xadde Whdel Yia dplotepy, dpdon e G oTov
TonohoYix6 xhpo S xoi €tot cuuPoliler pe G\ S tnv dwopépion oe aploTepd chunioxa. Ed® tov
anOPEDYOUUE GUVELINTY %ol XATUYEVYOUUE OE EVAV TLO YVOPILO OE EUdS SURBOMOWE.
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X C S/G e avouxtd tou S/G av xar ubvov av to mH(X) ebvor avolxtéd Tou
S. 'Etol ye guotohoyixd tpéno opllouye v tonohoyio tniixo otov S/G. H 7
yivetan téte plo ouveyric cuvdptnon xon avowxty. Ipdyuyatt av Y C S avowxtd
Tou S 161€ TO:

geqG

elvar avoXTO, ooy Vo avVOXTOY CUVOAWY (1 UETOPopd elvan €VOC OUOLOUOPQL-
oude tou S xou cuvenwe wlo avoxt anewdwion.). Hpénel va tpocéZouye dTL 10
G/S dev eivar avayxaotxd Hausdorff axdpa xou av 1o S etvon évac Hausdorff
TOTOANOYXOC Y WEOC.

Iapdderyua: 'Eotw o R ye tyv tonohoyla mou endyet  ouvidng uetpud (euxhel-
detar) xar Q C R. Téte o tonoloyixde ywpoc R/Q dev eivor Hausdorff, xadoc yia
Tuyatla avowtd BlacThpaTa 1 Tour, Touc VYa elvan Bidpopr Tou xevol. Ba mepLéyeL
10 0 = p/q, e p,q € Z vyl xdde didotnua nepLéyet dnelpoue pnTolc.

‘Eoww K pla xhewoth| (ue tnv Tomohoyixh évvola) unooudda tou G va Spat amd
0e€d oty G, pe mpdén tov cuvhin molhaniactocud. Téte n K-tpoyld evég
otouyelou g € G ebvan éva apLotepd obumhoxo gK . ‘Eyouue tny tonoloylo tniixo
G — G/K.

IMeéraom 3.3. H khaotdtnta tov K ebaoparilea tny ouvvdnkn Hausdorff yia tov
tomodoyikd xydpo G/ K.

Andbaén: éotww aK # bK, pe aK,bK € G/K. Ané idiétntec ouunhoxwy
Vo éyw 6Tt a”1h ¢ K. Opilw ouveyh ouvdpnon f : G x G — G pe tono
f(z,y) = 271y, n onola elvor cuveyhc yiotl unopel v tpoxdet: malpvovtag Ty
TPOBOAY GTNY TEWTN GUVTETAYUEVT Xt GUVIETOVTAC TNV UE TNV GUVEY T GLUVEPTNON
Tou opLouol 3.2

fa:Gx G2 G — G pe o (x,y) — x— a7,

XL TNV GUVEYELN TafpvovTaS TNV TEofBohn oty deltepn cuvtetaypévn fi @ G X
G B3 G Ya éyw 6T owdptnon f = (fu, fo) : G x G — G x G ye t0n0
(z,y) — (271, y) Yo elvon cuveyfic®. Tuvdétovtac TEAOC UE TNV CUVEYH CLVEPTNON
ToU TOANATAAGLAGHOU TPOXUTTEL 1 {nTolUEVY GUVEYTC, ooV GUVUEGT GUVEY®Y
ouvapthoewy, f. Téte (a,b) ¢ f~HK) vl f(a,b) = a=tb. Kodoe 1 f ebvou
ouveyhic ouvdptnon to f1(K) Y elvon xheio1éd Tou GX G. Oo uTdipy oLy avorxTéc
nepoyée U,V twv a xou b aviiotouya tétoec wote (U x V) N f~YK) = o°.
Hafpvovtag v guoxd| npoBolf h : G — G/ K, tou elvan pla avouxt| amewdvion,
Vo éyw h(U)NAh(V) = @ xon ouverndc o G/ K va eivan évac Hausdorff tonoloyixdc
Y®poc.O

Tdpa, éotw 6t K <G éto dote 1 dpdon e G otov G/K va elvan xohd
optopévn’, ue g(zK) = gzK, ye g € G, * € G. H onewdvion (g9,2K) —

Souyxexptuéva and tov [5] oto Yedenua 7.4, oehida 109 éyouyue 6Tt f : A — X XY ue o100
fla) = (f1(a), f2(a)) elvar cuvexhc av xou LOVOV v 0L CUVAPTACEIC CUVTETAYMEVLY f1 1 A — X
xat f2 : A — Y elvan ouveyelc ouvaptioeic. Me autdy Tov tpdmo unopolue vo dOGoUUE Evay
A0 160BOVAHO 0ploWs YL TIC TOTOAOYLIXES opddec (BAére [5], doxnon 2, oehida 144.):

H G elvor pio torohoyixd oudda av n arewxévion and w0 G x G — G ue t6m0 (z,y) — L -y
elvot cUVEYHSC oL To avVTioTPOYO.

Syvopilovue 6t av a ¢ K ue K xheiotd, t6te umdpyel avoixth yertovid tou a, éotw U,
o wote UNK = @,

T3nhodh av :vla:gl € K, t6te (gz1)(gz2) ! € K.
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gzK : G x (G/K) — G/K elvau pla ouveyhc anewdvion xou 1 Spdon e G elvon
petoBorTind.

Eotw S évac Hausdorff tonohoyinde ywpeoc otov onolo n G dpa GUVEYMS xa
petafaticd. Ltodeponowd éva t € S xou ¥ K = {g € G: gt =t}. H
oudda K elvon 1 unooudda lootponiog e G 6to t ) o otadeponoinTAc Tou ¢ xou
elvon pla xhetoth) umooudda e G. Trdpyel ulo Quowxy| éva TEoC €val AMEXGVLON
A:G/K — S, pe tino A(gK) = gt. Twa xdde unoolvoro X C S éyouue

NN X)={gKcG/K: gtc X} =h({geG: gtec X})

ue h : G — G/K va ebvou 1 guowh mpoforf. Tlapatnpolpe 61t 0 A™1(X)
elvon avowxtd av 1o X elvan avoixtd xou €tol A ebvon pla ouveyhc cuvdptnom.
Ennpéodeta Ya éyoupe dtu:

Oeopnua 3.4. H areixévion A : G/K — S, elvar évag opoopoppiouds av G, S
efvar tomikd ouumayels torodoyikol ywpor ka1 n G éxea uia apiunoun Bdon
avoiktdy ovvdhwr (1§ 10oddvapa n G elvar évag SeUtepog aprunouos TotoAoYIkos
Xpos).®

Arndden: Eotww U avoxtéd tou G xou g € U. Tvwpllovtac étt n A elvou
1-1 xou enl opxel va Sellw dtL otV TepinTwon ToU YewphUaToc 1 anexdvion elvor
avowxtn, dnhadr apxel va dellw 6TL 10 gt elvon éva ecwtepind onuelo tou Ut xou
GUVETWS UTdpyEL avouxth Teployn A tétown dote gt € A C Ut.

Cevixd av n G ebvor plo tontohoywer oudda xon A, B C G, téte Ya supBoiilouye
ue AB={ab: a€ Axwbe B}, A=t ={a~!: a € A}. Enlonc plo yerrowd V
Tou idg ovoudletan ouppetpik) av V =V =1 Mdhota woyler 6t av U ebvan pia
YELTOVLA TOU idg Wlag Tomoloyxc ouddac G, 1éte undpyel plo GuPUETELXY YELTOVLY
V tou idg étor wote VV = VV =1 C U Téhoc x4t mou da ypnoiwonotolpe
Toh0 ouyvd!? etvar dt av X elvon évac Hausdorff ydpoc téte da ebvan tomxd
ocuunayrc oto onuelo = av xou Yévov av yia xdde yertovd U tou z, umdpyet
vertowd V, tou z, tétowa wote V oebvon oupnoyic xon V C U.

Enotpégpovtag otny anddeln, yio g € G Yo éyouye:

G—-G/K—-S5—S8

gi»gK Agt =

Enéyo V va ebvon plo ouunoyfc yertowd tou idg, étor dote Vo= V=1 xa
gV? C U. Aré tny unddeon nou xdvoye to G, ebvor 1) évwon Uy, g,V aprdufoipwy
o maidoc {gn} C G. Tdpa 10 ¢,V elvor ouumoryf xou 1 exéval ToU Y€ow NG
ouveyfic A mou elvon T0 g, V't elvan ouumayric utdyweog tou S. O S elvan évoc
Hausdorff tonohoyixdc yweoc xat €0t to g, V't elvor xAewot6 tou S. Bugpwva e
7o Aupo Tou axolouldel Eva TOUAGYLIGTOV gn, VT TRETEL Vo TEPLEYEL £VOL ECWTEPIXS
onuelo. Ouwc 1 amewdvion S 3 t — gut € S elvar évac opolouopPLoudS Tou
amewxovilel xdde Vit oto g, V't xon cuvende o Vit éyel eowtepnd anueio, Snhady
undpyel vt € Vi xau A avouxté tou S tétolo daote vt € A C Vi ‘Ouonc:

gt=gv twvtegvtA C gV C Ut

810 Yedpnua autd eivan to avtiotolyo Tne mapathenone 1.27, yid ouveyeic dpdoeic Tomoho-
YIXOV OREdWV GE TOTONOYLXOVC XDPOUG.

Iyt Ty amdderEn avtol, BAéne [13], oto AMiuua tne oehidac 117.

10via Ty anddein Bréne [5] Muua 8.2, oeAida 185.
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‘Etol 10 gt ebvar ecwtepnd onuelo tou Ut. Topa S = U,gp,VE vl n G Spa
uetofBatixd oty S xan apxel vo anodellouue Tov toyuploud Yac:

Adppe 3.5. Eotw S # @ tomixd ouvurnayns Hausdorff toroloyikds xdpos kai
Vi,.ooy Vo, ... apidunoua to mAndos kAeiotd vroovvola tou S, tétoia dote S =
USe 1 V. Téte touddyiotor kdmoiw and ta V,, éyel éva eowtepikd onpeio.

AnddeEn: T apyr Yo Bolue étu xdde tomxd cuunoyric xow Hausdorff to-

TONOYIXOS YWpog elvan xavovixde, dnhady yia xdde = ¢ F pe F' xhewotd tou
TUPATAVEL YOEOU, TOTE UTdpyouvy Uz, VE avoixTd ToU TOTOAOYLXOU YWEOU UE
x €U, FCVp, ttoa oot U, NVp =a.
Avuté mpoxtntel yiatl évac Hausdorff tonohoyixde yodpoc, elvar tonxd cuunoyhe
av %ol HEVOV OV 1) GUUTAYOTONGT Tou eVEC oNuelou Tou eV AdYw ywpeou elval
évac Hausdorff tortoloyixdc Xd)pogll. Dvwpilovtac tdpea 6t xdde cupnayhc xat
Hausdorff tomohoyixdc yopoc ebvan T3'2, 1oL xan xéde undywpoc autod ToU To-
ToloY oV yopeou Yo etvon T5.

Ac emiotpédoupe oty anddeln. Eotw tdpa 6t xavéva and ta Vi, tng u-
né¥eone dev éxel eowtepixd onpela (Utodétoupe dnhadr étL V.0 = &, 16odlvopa
6tL Ta Vi, Bev mepléyouv xavéva avowxtd tou S extéc tou @.). Holpvw Wy # &
avowxtd tou S, ye Wi C Wy xow Wi va ebvor ouurayf. Opilw pe autéy Tov 1p6mo
Wa, W3, ... étoL dote Wy, # D xow W1 C Woay C Wy \ Vi, ue Wi \ Vi, va
elvon avouxtd tou S. H tedeutala oyéon eyxAelopol mpoxUntel we e€Xc: YE TO
Vo €lVol 0 TOTOAOYIXOC YOP0oS S xavovixde, looduvapel Ye To va oyVel OTL yia
xdde x € S xou v xdde avowty| tepwoyy) U, tou z, va undpyet avowtd W, C S
tétow wote x € W C W, C U,. Avuxahotdvroc to U, pe Wy, \ Vi, mpoxdnteL
10 {ntobpevo xadoe av @ € V,, t6te avayxaotxd x € V.2, npdyua dtono and
v unédech pac. Etor ta W, amoteholv pla giivouca axohoudia un xeviv o
CUUTAY®Y GUVOAWY, Tou éyel cav anotéheoual!® 6t N, W, # 9. Tlpdyua dro-
mo yiatl otodeponolwvtac éva Wy, xou xdvoviac yehor Twv véuwyv De Morgan
Beloxoupe 6t

N Wi CN (Wi \ Vo) = 3.0

IMeéraom 3.6. Eoww G tomodoyikr) oudda mov dpa ovvexds oe évav tomikd
ovunayr) Hausdorff xdpo S. Tére 0 S/G elvar ouunayris av kai pdvov av vndpyet
éva ovunayés vroovvolo C' touv S téroro wote GC = S.

Anébeén: Eotww 7 : S — S/G. Av G-C = S 16t n(C) = S/G. Kadac
n 7 ebvon ouveyhic ameévion xar o C oupnayés utoohvolo tov S, o S/G, da
elvar oupmayhc. Avtiotpoga, av o S/G elvar oupnayhc t6te S/G = U;n(U;), e
TENEPACUEVO apldud avouxtody Us, mou péow tng avouxthc m Yoc 8vouv nemepo-
opéva avowtd m(U;), twv onolwv ot xhewotdntec U; elvor oupnoyt| utoohvola,
amé TN Tomixh ouuTdyeta Tou yopou S. Etor S = G- (U;U;) xon yvwpilouue 61t
TETEPACUEVES EVIOELS CUUTAYQDV dac dlvouv cuunayéc oUvoro.¢

‘Eotw G va elvon yio totohoywr opdda. Eva M C G uropel va €yel onuela
ocucowpeuonc otov G axdua xou av 1 ETAYOUEVN and To M tomoloylo elvon 7
droxplth). Av thpa o M tuyadver va ebvon xon utoopddo tov G téte 1 M Vo elvon

H1B)\éne [13], oehido 146.

Peyvoolue 6t ebvan xavovixde xon (Th). Tha tnv axpiBeto yvwpilovue 6t xdde ouunayic
xoa Hausdorff tomoloyixde ydpoc elvar Ty (puotohoyixds xar Th) xow b1t Ty = T3. Bléne
droy weloTixd aELOUATO TOTOAOYIXDY XOPWY.

13B)\éne [5], oenida 271.
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ula Totohoyh opddat? e tonohoyia TV oyt Tomoloyia cav éva UToGUVOLO
oL G, nhadf Ty = {MNA: Ac1g}. Ovopdlovpe v M bdakpierj vroopdda
e G av 1 enayduevn and v M tomohoyia eblvor 1 Sroncpith). Enlong o éyouye:

IMeéraom 3.7. Eotw I' vrooudde tng G. Ag vnoléoouue emions dtr n enaycd-
upevn tomodoyia tng I' efvar tomixd ovurayns. Téte n I' eivar khewotr) onr G.
Eidikérepa av n I' efvar dakprery vroopdda tng G, téte n I efvar kkeiotny tng G
ka1 dev éyer onpueio ovoowpevons oty G.

Arnddeén: ‘Eotw 6t n I éxer pla oupmay?, yertovd C tou idg. Halpvouye pia
avox T YELTOVLE Tou idg, €6tw U 610 G tétowa wote UNT C C. 'Eoww x € T,
Yo detloupe 61t € I'. Bploxw yertovid V' tou o tétoa dote V-1.v cU.
Tére (VNT)™H - (VNAT) C C,ue VNT # @, agob € I'. 'Etor nafpve
yeVnNl=yte(VnNT)cC=(VNT)CyC. Téte xdde yertond W, tou
x Yo éyw W, NV)NT # @ xou dpo z € (VNT). Ouwc o yC elvon cuuray
unocUvoho Hausdorft ympou xou dpa xAewotd, e ouvenewoa VNI C yC' =V NI C
yC = z € yC C T xou I xhewoth umooudda tou G. Téhoc ened IV C T Yo éyw
6t xdde onuelo e I' va ebvan yepovwuévo.O

IMpétaom 3.8. Eoww
(i) G va efvar pla tomikd ovuraynis tonodoyikn opdda ka
(ii) K va evar pla ovunayris vroopdda tng G.

Oérovtag S = G/K ka1 h : G — S wva elvar n guoikny npofodrj, Ja éxw dti
av A efvar éva ouunayés vnootrolo tov S, téte to h™1(A) efvar éva ovurayés
unooUvodo tov G. Etor n h yivetai uia proper ovvdptnon.

Arnddeitn: Ennéyw éva avouxtd xdhupua {V; @ Vi € 7¢, i € I} tou G €10t
WoTE *dde YENOC TOU v €YEL CUUTAYY) XAELOTOTNTA Yot TalpVw TIC ELXOVEC TOUC
ooV YWpo S péow tng avowthc h. Kadde 1o A ocuunayéc unooivoro tou S
Vo woyter A C Uh(V;) ue |I] < oo xau Vi ovumayd yio xdde delxtn i. Etol
h=Y(A) C U;V;K C U;V;K e V; K ouuroyy yia xdde nenepaopévo i (xdde V; K
ebvan 1 exéva evéc oupnayolc cuvéhou (V;, K) péow tne ouveyhc ouvdptnonge
Tou ToMamAactaouol: - @ G x G — G.). Tuvende o h™1(A) ebvar xdeotd,
xadwe N h elvon cLVEYHC CLVAPTNGTY), UTOGUVOAO GUUTAYOUC Yo dpal CUUTIOYEC.O

IMeétaom 3.9. Eow G, K, S, h dnwg tnr nponyoluern mpéracn. Ta axiérovia
efvar 1w006Vvaa:

(i) HT eivar puia bakprer) vroopdda tns G,

(i) ya kdOe dvo ouurayr vrootvola A, B tou S to ovvodo {g € T : g(A)NB #
@} elvar memepaopévo.

Anédetn: Oétw C = h~1(A), D = h=1(B) nou eivor suutay | UTOGUVOAX TOL
G ané ty npdToon 3.8 xau emhéyw éva g € I'. Av g(A)N B # @ t61e éva onpelo
70U oUVOROL autol Vu elvon to g(a) = b, pea € A,b € B xo epopudlovtoc
v AL nalpve gh(a) = h™1(b). 'Etol Ya éyouue gC N D # & xon GUVETOC
g €I'N(DC™1). Ouwe xadde 1o (DC™) elvon ouumayhic xon n Touh Tou ue éva
OLopltéd GUVOAO Yo TRETEL VoL LaC DOGEL VAl TEMEPATHEVO GUVONO.

148)éne [13], to Vedpnua otV oehida 113.
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Avtiotpoga, malpvew V' va elvon éva plo cupmoryhic yertovid tou idg 610 G xou
Vetw t = h(idg). Towe TNV Cc{gel: gt € h(V)}, ue A:={t}, B :=h(V)
ouvunayY. ‘Etol to I'NV nenepacpévo xou n I' elvan Braxpith. ¢

IMopathenon 3.10. Actéaue éu n T dpa properly discontiously's otov S.

IMéprope 3.11. Ilaipvovag wa G, K, S, h énws otny mpéraon 3.8 kat to I' va
efvar pia Sakpier] vrooudda tns G, Ja éxouvue dtt ya kdde z € S o {g € T :
gz = z} etvar éva memepaouévo atvolo. Ilpdyuatt kaos n h kdtw and avtés
Tg mpotinodéoers efvar ufa proper ameikérion, fa éyovue éu to h=1({z}) etvar
ovunayés kar étor to obvolo h=1({z})NT = {g € ' : gz = 2} efvar remepaoyiévo.

Ané €80 xar o070 €€hc éwg o Téhog TN mapaypdpou, ta G, K, S, h Ya eivon
oTwe oty medTacy 3.8 eved To I Yo elvon plar Braxptth utooudda g G.

IMeéraom 3.12. Ta kdde z € S, vndpya pia yerwovid U tov z tétoa dote
fgel: gU)NU#2}={geT: g(z) ==}

Anddetn: 'Eotw V vo elvan ylo cuurayn yertowd tou z. And tny npdtaon 3.9,
o clvoro {g €T : g(V)NV # &} a elvou nenepacyévo, €otw va anoteheitol
and {g1, ..., gr} otoyela. Acelva ta {g1,...,9s} aUTd Tou oTadEpOTOLOVY TO Z,
Onhadn) gi(z) = z vy xdde 1 < i < s. T xdde Selxtn @ > s emhéyw V; yertoviée
Tou z xou W; yertoviée tou g;(2), tétoteg wote VW, = g Vi > s. Oétw

U=Vn(Nis(Ving "W).

Toéte yia i > s o éyw 611 g;U C Wy ye W; NV, = @ vy xdde delxn i, U C V;
xou g;(U)NU =2. ¢

IIebtaom 3.13. Ay 6vo onueia tov S, z,w dev efvar I'-10060vaua, téte vndpyovy
reproyés U, Vi, twv z ka1 w avtiotoiya, tétoes dote g(U,) NV, = @ Vg € T.

Anddetn: 'Eotw X,Y ocuvunayelc yettoviéc tov 2 xar w avtiotolyo. And tny
npétaon 3.9 Yo éyw 61t 0 {g € T 1 ¢g(X)NY # &} elvar éva nenepaouévo
olvolo, é0Tw {g1, ..., gr}. Kadde ta 2, w dev avixouv otny (Bla tpoyd, da €yw
6t gi(z) # w Vi € [1,7]. Etou undpyouv yertovée U; tou g;(z) xou V; tou w
tétoec wote U; NV, = & (o S ebvor Hausdorff). Oétovtac

U=Xng ' U)Nn...ng " U,) xa V=YNViN...0V,,

npoxUnteL 1o {nrolpevo, xadoe gU C U;, V C Vi xaw U; NV, = @ yio xdlde
delxtn 7.0

Topa éotw S/T va dnhdver 10 0Gvoro AV Twv I-tpoyidv twv onueiwy Tou
S. And y nponyolpevn tpdtacn Ya €youue 6Tl 0 xopoc S/T, epodiaouévoc pe
v tomohoyia tniixo, Yo elvor évag Hausdorff tomohoyixde ydpoc. ‘Eyouue 10
TopodTe YeTadeTinG BLdrypauo:

G — S=G/K

! !
G/ — S/r

670 omolo OAEC oL ameLxoVioELS elvol UVEYELC ot ovoLXTEC.

158)éme mpdh1o xepdhaio TNS Rapolous epyaotag.
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Avo vroopddec I', TV e G ovopdlovta commensurable av o deixtne tne
touhc toug, I'NTY oty T’ xou I elvon nenepaoyévoc.

Evac yeouuixde xAAoUATIXOS HETACY NUATIOUOS 1 SLOUPORETING UETACY NUATL
ouo6¢ Tou Mobius ebvon pio 1-1 xon enl anewdvion tng ogalpac Tou Riemann nou
divetan améd tov TUTO:

aztb vy %¢de z # —d/c, oo,

cz+d?
f@)=9 % Yl 2 = 00,
00, vz = —d/c.

‘Onou a, b, ¢,d € Cxon ad—be # 0. Mropel va delydel 61t oL ypapuixol xhaopotixol
ueTaoynuatiopol oynuatilouvy oudda pe tpdln Ty oOvdeon cuvapthoewv! S, And
YEWUETPIXT] OXOTLY, 1) OUADA TWV XAACUATIXDV UETACYNUATIOUDY Elvol 1 oudda
TV (avohutixev) ' autopopioudy e caipac Tou Riemann.

3.2 Tagwopnon I'pappixev Khaocpatixwyv Metaoynuatiopey

Ac Solye Yy apy) TOUC YEUUUIXOUS XAAGUOTIXOUS YeTaoynuatioyols otov C U

{o0}. Eotw 0 = [ Ccl Z ] € GLy(C) xan z € CU {o0}. O¢touue

az+b
cz+d

o(z) =

‘Eotw 6Tt 0 mapandvew dev elvol 0 TOUTOTIXOC PETAGY NUATIOUOC, UToYETOUUE B1-
hdh 6T 0 # o - Iaxo, e o € C. And v Jewplo TV xAVOVIXOY HOPYOY TOU
Jordan, naipvoupe 6t o nivoxag o o elvon culuyTic e pla amd T axdloudes pop-
péc avaroya, UE To av €yel ula WioTiuh ToAamAdTNTaC BVo, 1 BUo BlapopeTixéc
WoTipéc:

Nl AT A0
o | @]y 0] eazn
I dutév Tov AéYo o yetaoynuatiouds elvon €vag and toug dlo:
(1) 2+ 2+ XY (i) 2+ ez, ¢ # 1.

Ty npdtn meplntwon xoholue 10 o mapafolikd. Ltnv devtepn nepintwon 1o o
ovopdletar eAertikd av |c| = 1 xou vmepPodiké av ¢ € RT. Awgopetixd 1o o
xahelton Aoéodopird. O oploudc autdc WoyVEL TG00 YLl TOUC UETAGY NUATLOUOUC
600 xat yio Toug Tivoxec. O TauToTIXOC PETAOYNUATIONOS dev mepthaufBdveto
OTNV THEATAVG TOEVOUNGT).

IMapatneobue 6t o apududc twv otadepdv onueiwy tou o elvar évac 1 d0o
aVIAOY O UE TO AV T} 0 EfVoL EVOC TUPABOANXOS UETATYNUATIONSS 1) Oyt AV emnpd-
oVeta Bdhovye Ty ouvdrixn det(o) = 1 téte n ta€vounon unopel va yivel ye 1o
tyvoc tou nivaxa o, tr(o):

IMpétacr 3.14. Eotw o € SLy(C), pe o # tIrxa. Tdre a éyovue:

(i) to o efvar mapaBolixd av kar puévov av to tr(o) = £2,

163)\éne [8], oeida 168.
17510y yAdooa tne wryadixic avdhuong, ol ouolopop@iopol eivar ol ohupopyec (conformall)
anetxovicewg, BAéne [10] oehida 285.
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(if) o o elvar eddeintikd av kar uévov av to tr(c) efvar tpayuatikd kai |tr(o)| <
2,

(iii) 7o o efvai unepBolikd av ka1 puévov av o tr(o) efvar npaypaticd kai |tr(c)| >
2

J
(iv) o o etvar Aokodpopukd av kar pdvov av to tr(o) dev elvar mpayuatixd.

Andbaén: Kadoe det(o) = 1 n xavovixy Jordan popgn tou o, Yo elvar o =
+1 1
[ 0 =+l
enahndeouy tny eicwon A2 —tr(o) - A+ det(c) = 0= A2 —tr(o) - A+1=0, n
TG TN TMepinTWoN TEOXUTTEL av 1) Sloxplvouca we mpoc A elvan (on ue to undév, n
deUTEEN OTAV ElVOL ULXPOTEEY TOU UNBEVOS Xau 1) Tpltn 6tay elvon yeyalltepn. Av
A0
0 At
o npénel va elvar unepBolixol tinou. Av A € C = 10 A, dnwe xon 1 ouluyhc
WioTir Tou A, mpénel va ebvor Aoeic tne A2 — (o) - A+ 1 = 0 xot ouvende Yo
npénel A- A = 1. ‘Etot 10 0 elvar eMetntind. TUUTEpaouaTting 10 o dev Pnopel vol
elvar NoZodpouxd av tr(c) € R. ¢
Ac¢ meploploTolye GTOUC PETAGY NUATIONOUC YE TparypoTixoUg Tivoxes. [ z €

C xou a0 = [ f d ] € GL2(R), Y¢tww

] ho= [ 8\ g—l } pe A # 1. Todpo xodde oL WBLoTéS TEETEL Vol

Tpo 0 = { xou tr(o) = A+ A7 € R, Yo éyw 611t av A € R = 710

S

jla,z) =rz+s. (3.1)

Avw=a(z) = fiig, t61e Vo €youpe:

1] -lEn] -V e
Enlonc av w' = a(2'),
[T S ) e

Avtixahotdvtog pe 2 xow @ o 2’ o w’ avtiotoya xou nafpvovtac Ty opilovoa
Yo éyo:

det(a) - Im(z2) = Im(a(2)) - |j(a, 2)|* (3.3)

‘Ectw topa
H={zeC: Im(z) > 0},

va dnh@ver to wiyadixd dvw nuieninedo (otnv Bifloypapla avagpépetor xon ooy
Poincare upper half plane.). Enionc 9étw:

GLf = {a € GLy(R) : det(a) > 0}.
Av a € GLF (R), t61e and tny 3.3, 10 a anewxoviler to H otov eautd tou. Me
auTHY ToV TpéTO TpoxUTTEL 6Tt GLG (R) =2 Aut(H).

Trdpyet pla 8pdon tne SLa(R) otov H:

SLy(R) x H — H, pe tino (a, 2z) — az).
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Me z € Hxor oo = 2; Z ] € SLy(R). Tedpa and tny 3.3 Yo €xoupe btu yio xdde
z € H, 1o a(z) € H, xadddc av Im(z) > 0 = Im(a(z)) > 0. ‘Otav ddoovye otny
H xou SLa(R) tic @uoxée tonohoyies Toug, 1 mopandve dpdon elvar cUVEYTHC.

Ané v 3.2 Ya €youye:
J(ap, z) = j(a, B(2))j (B, 2). (3.4)

Mpdrypart: av = [ Z ] , AL Q= [ 2; Z } t6te j(af, z) = (ar + sc)z +
J

rb+ sd xou j(a, 8(2)i(B,2) = (rB(z) +8) - (cz+d) = (r ‘ijr'ers)(chrd)
(r (az +b)+s(cz+ d)) (ar + sc)z+1b+ sd. Enlonc avixahotdviac to z+dz,
we 2 oty 3.2 xou malpvovtac v opllovoa, Ya €youue:

diia(z) — det(a) - j(a, 2)~2. (3.5)

Moo= { f CS] } € SLy(R) xou yio i = +/—1 té1e mapatnpolye 6t a(i) =i <

pitq _
ri+s

‘Etou n

i v xoL Yévov av pi+q= —r+is < p=sxu g = —r xou det(a) = 1.

SO5(R) = {a € SLy(R) : o - a = Lhya},

elvar 1 vnoopdda wotporiuc Tou SLa(R) oto i. H Spdon e SL2(R) otov H novu
neplypdae mapomdve etvar YETHBOTIX:

Ipdypat: T tuyoio z € H apxel va dellw dtL undpyer o € SLa(R), tét0t0
dote a(i) = z. Molpvovtac z = & + yi, ye y > 0 xou emhéyoviac o = y~ 7 -

0 1
oluQwva ue ta tapamdve éva o € SLo(R) tétolo wote o (i) = 2/, 'Etou delloye
oty xdde 2z, 2" € H undpyet otowyelo Tou SLo(R), o oo™t ye o/ -a~1(z) = 2/
xan deat 1 Spdiom ebvan petoBotixy.

Ané 1o Jedpnua 3.4, mpoxtntel 6t 10 SLa(R)/SO2(R) = H, ye tno « -
SO2(R) — «fi). ZUYAEVTPMOVOVTAC TOl TUPATAVG UTOPOUUE Vol £YOLUE TNV EEAC
puveloydeTouH

[ gL } € SLy(R), Yo éyw a(i) = z. Emhéyovtoc topa éva 2’ # z, Yo undpyel

IMeétacr 3.15.  (i)H oudde SL2(R) 6pa petaPatikd otov H éror dote ya
kdOe z, 7" € H vrdpyer éva a € SLy(R), tétowo dote az) = 2/,

(ii) H dpdon tov SLa(R) otov xdpo H endyer évav woopoppiojid:
SLQ(R)/ + IQXQ — Aut(H),

pe Aut(H) va dnAddvovr dhouvg toug avadvtikols wopopgiopols and to H
OTOV €auTd TOU,

(iii) o otadepormomtis tov i eivar n opdda SOz (R),

(iv) ©élog n ameixdrion
SLy(R)/SO2(R) — H,

pe timo o - SO2(R) — afi) etvar évag opoopopgropids.
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Andbaén: (ii) T apyh Yo del€oupe ot 1 anewdwion elvon 1-1, delyvovtag ot

wovo to £Isyo dpa ye tetpippévo tpomo otov H. Tlpdypatt av afz) = { 2; g ] .

z2=2z= fzig =z=rz’+2(s—p)—q=0. Av auté oyleL Yo xdde 2 € H 11
p
0
{on pe v povdda av xou uévov av p = £1 xa étol det€ope o {nroduevo. Ltny
ouvéyeta, Yo delfovue 6T ebvon el Talpvovtac éva v € Aut(H), yvwpllovye and
to (i), 6T undpyer @ € SLa(R), 100 wote a(i) = (7). Avixahotdvioc o
v, we a1t o, Ya éyoupe 6L (i) = i, Yeyovéc Tou wwoduvapet and To (iii), Ue
v E SOQ(R) C SLQ(R) O
Ye autd To onuelo, Yo YEAETHACOUPE XAAUTEQO TOUC UETAOYNUATIONOUC TOUL
Tpoépyovion and Tt otoryelo tou SLa(R). Anéd v mpdtaon 3.14, éyouue 6t N
SLy(R) Sev nepiéyer hoZodpouxolc yetacynuatiopotc. E€atiac tne petafBatinic
dpdome, v xdde z € H unopolue va Beolue T € SLa(R), pe 7(i) = z. Téte
TPOXVTTEL TO PETOETIXG OLypouuaL:

g=r=0xuws=p Etoa= [ . Autéc o nivaxag €yet Swaxplvouoa

=
—

SO,(R)

. — .

Wo— W
Q

Tou ya¢ odnyel oTo:
7-SO2(R) - 771 = {a € SLa(R) : «(z) = z}.

Kdde otoyeio tou SO2(R) éxer Wotipée andlutne tuic long e Ty povddo: av
To A ebvar pla BoTin xou v o avtiotolyo Wodidvuoud e, Yo €xw 6T yia xdde
a € SO2(R) va woyler a- v = X - v, dnhadh A% (v,v) = (M, W) = (a-v,a-v) =
(v,aT -a-v) = (v,v) = A2 =1 = |\ = 1. Etot xdde ototyelo tou SLy(R)
ue Touldyiotov éva otadepd onueio otov H, neénel va elvan elte 10 £layxo elte va
elvon eAAeLTTIXG.

T xdde s € RU {oo}. ¥t

F(s) = {aeSL:R): afs) = s},

P(s) = {a€ F(s):a vacivon napofolxd | = £loxa}.
Kadde n SLa(R) dpa petafotind oty ogoipo tou Riemann, prnopolye va Bpolue
otowyeto 0 € SLa(R) pe o(00) = s. Téte Ya éyoupe F(s) = o - F(00) - o071
P(s) =0 - P(x) - 07!, "Etot BAénoupe 611

F(sc) = {{g 2_1}:a€R*,b€R},
Ploo) = {i[(l) H;hem}ng{ﬂ}.

'Etot av éva otoyeio 0 € SLa(R)\{£axa}, éxel Tovddyiotov éva otadepd onueio
otnv ogaipa tou Riemann, téte o o elvor eite napaBohind elte unepBoiixd. Eivan
PAVEPS WS OXOTOC Wag ElVol VoL THEWVOUACOUKE TOUC HETAGY NUATIOROUC GUUQOVA
e o otadepd toug onueia. And to mopoandve, éneta 1 axdroudn tpdtoon:

IIeétaon 3.16. Eotww 0 € SLa(R) \ {£1lax2}. Tdre:



56 - FucHSIAN OMAAEE [TPQTOY EIAOTE

(i) to o efvar napaPolikd av kar pdvov av éxel povadixé otadepd onueio oto
PY(R) ka1 kavéva otalepd onpeio ooy H,

(i) to o efvar eAdamtikd av ka1 pévov av éyer éva atadepd onueio z € H kar
kavéva otalepd onueio orov PL(R),

oo Z. z Z Z, JNRA 4 Zz /7
(ili) 7o o efvar vnepPolikd av ka1 udvov av éyer 5Vo (Bagopetind) otalepd onpueia
oto PL(R) ka1 kavéva ooy H.

IMéewopa 3.17. Eotw o € SLa(R)\ {£laxa} katm € Z, pe 0™ # +1Izxo. Tdre
T0 0 €fval mapafolikd (avtiotopa eAdantikd, vrepBolikd) av kar pdvov av to o™
efvar mapafolixd (avtiotona, eAeintikd, vrepBoAird).

‘Eotw topa I' va ebvan pla Stoxpltd utoopdda tou SLa(R). ‘Eva onuelo z € H
ovopdletar eAdeantiké otalepd onuelo tng I' av undpyel éva ehhetntixd ototyeio
o € I' ©ét010 Gote 0(2) = 2. ‘Opota éva onuelo s € PH(R), ovoudletor cusp Tou
I av urdpyel undpyet tapaBolxd ctoyelo 7 € T, tétoio dote 7(s) = s. Av w
elvar éva cusp tou I' (avtiotorya éva eddetntixd otadepd onuelo), xa v € T', t61e
xou 1o y(w) elvou enlone cusp (eMentind otadepd onuelo) tou I

IIebtaom 3.18. Av 1o z elvar éva eAdantiké oralepd onuelo tov I', téte n
{yeT: ~(z) =z} elvar pia nenepaopévn ka1 kvkAikrj opdoa.

ArddeiEn: Av T € SLa(R) pe 7(i) = z, Yo éyovye 61t {o €T : o(s) = s} =
7-SO5(R) - 771 NT. Topa n SO2(R) etver cuumayfc yratt SO2(R) 22 C pe C va
elvar 0 pryadixde xOxhoc axtivac {ong ye v povdda (tou ebvor cupmayic), uéow

cos(f)  sin(f)

—sin(f) cos(f)
ouuTayoUC Ye Blaxpltd cUVOAO, TRETEL VoL Jog dWOoEL TEMEPUCUEVO cUvolo. Enione
1 SO5(R) ebvon tobuopen pe o R/ZM, nou oL nenepacuévec utoouddec tou, efvou
OheC xUXAXES.O

TN AMEXOVIOTG exp il — pe 6 € [0,2m). Tuvenwe n touh

IMedtaom 3.19. Eotw s va eivai éva cusp tov T, ka1 T'y = {oc € T': o(s) = s}.
Téte n Ts/(T N {£laxa}) evar 10éuopgn pe tnr Z. Enions kdOe otoryeio touv Ty
efvar to £1ayo 1 efvar mapafolixd, 6nladri T's =T N P(s).

ArnddeiEn: Kadode 1o P(s) 2 R x {£1}, Yo éyw 6t (Ps NT)/T'N{xlzx2} Yo
elvon Lobpop@o ue plo byt TeTpWUEVT), dmelen o Blaxpith uTtooudda Tou R, dnhadh
10 Z. Xwpeic BABN e yevuxdtntog unodétouye 6t s = oo. Ilaipvoupe évay

yevwhtopa 0 = jBl ZL:l } modulo(£1) g ouddac avthic. Yrmodétoupe 6T
o Iy mepiéyer éva unepohxd otouyelo 7 = [ g Z‘l ] , la] # 1. Trodétoupe

1

. , , _ +1 a®h
enionc 6t |a| < 1. ToHte To7—F =

0 41 ] € P(s)NT'. Me autdv tov t1poTo,

odnyndfxope oe drono, xadwe |a’h| < |h| eve yvepiloupe 6Tt [ jal 11 ] =

(=)™ n-hnt

0 (—1)" } ,uen € N. Buvenac I's = P(s)NT. O

18¢neton amd 0 Tp®dTO VedpNUA IOOROPYIGUDY, AV TO EQUPUOCOUNE 6ToV emtuop@ioud (R, +) —

(C, ) mov otélvel xdde x oTo exp 2mix.
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IMebraom 3.20. Ta oroeia tov I' mov éyovr memepaouévn tdén, anotedolvtar
arné ta eleintikd ooryeia, pall pe to {£laxa}.

Andbaén: Av éva otoyelo o € SLy(R) éyel nenepacuévn 18in, té1€ 10 0, Yu
npéneL vo elvon oLuvéc otov SLo(C) ye éva mivaxa e Lop@hic g g } , e ¢ va
elvor pla pilo g povddac. And tov apyxd oploud yac 1o o Yo efvon EAAELTTING
av ¢ # £1. To avtiotpogo éneton and v medTaoy 3.18.0

IMebtaom 3.21. To ovvoro dlwy twr eAdéintikdy otalepdy onpeiwy tov I' dev
éxel onueto ovoodpevong ooy H.

Anddeln: Eotw nwe éyel onuelo cvootpevone w € H. Téte Yo undpye
o oxohoudior and otadepd elewnttind onuela {z,} € T’ mou Yo cuyxhivel oe
évo w € H. And v npbdtaon 3.12, undpyel teptoyy U tou w téton HoTe yia
v e T vaoybet y(U)NU # @ av xaw pévov av y(w) = w. And v cbyxhion
e axolovdoc mpoxUntel 6Tl yia xdnoo yeydho n € N Ya éyw z, € U xa
w # zn. Etot Yo éyoupe (zn) = 2zn YL xdmoo eletntixd otowyelo v € T'. Téte
~U)NU # @ = vy(w) = w. 'Etol 10 v éyer d0o otadepd onueia otov H, mpdypa
dtorno. O

Kéde nivaxa tou SL2(R) (4 tou GL3 (R) avtictouya ), dev mpémet va Tov
GUYYEOLUE PE TOV uetaoxnuatioud otov H nou tov avanoplotd.

IMpdétaom 3.22. Eoww o va elvar éva eAdeimtixd otoeio tov I'. Av o mivakag o
éxer dptia tdén 2h, téte n T mepiéyer to —Iaxa kai o petaoynuatiopuds z — o(z)
éxel tdén h.

Arédatn: Mropolpe va Bpolue éva 7 € GLo(C), tét010 dote TOT 1 =

[ ¢ 0 , pe ¢ va ebvon plo mpwtapy'?, 2h-ooth pilo e povddac. Téte

0 ¢

Ch = —1 o étoL o = —Ihyo. O

ITépwopa 3.23. Av n T Oev nepiéyer to —Iax2, téte kKdDe eAdeinTiKG oToLY€ElD TOU
I éyer mepien) Tdén.

i var Suaywploouye Ty opdde TwY PETACYNUATIOUMY oTd TNV OUED TVEX®Y,
Yo cupfohrilouye pe I' tnv ewxdva e I' péow e guotxic anetxdviong:

SLQ(R) — SLQ(R)/ + ngg = PSLQ(R)QO

Me v PSLy(R) va givor prar utoopdda twv Mébius yetaoynuatiopdyv. o éva
eMeinuxd otadepd onpelo z € Iy, n td€n e opddoc:

{oel: o(z) = 2z},
Yo ovoudleton 1 Tdén tov eAdeintikod otadepol onueiov z oyetiny| ye v I

ITpbtaoy 3.24. Acr vndpyer eAdantikd 1j mapaPodikd o € SLy(R), mov va elvar
ovluyés atn SLa(R) e to a~t, rapd pdvo ta vrepBolird orowyeta.

198mhad¥ o ¢ etvon wla 2h-0011 pila Tng wovddoc ahhd dev efvar pia n-0o1h pila Tng wovddac
v xdde 0 < n < 2h. T mapdderypa n ¢ = exp™/h = cos(n/h) + isin(n/h) xa P =
cos(m) + ¢sin(w) = —1.

20vevixd yvweilovpe 6t SLa(V)/Z(V) = PSLa(V), ue Z(V) va eivar 10 xévipo tne SLa(V)
xau V' évog davuopatixds XWpog ndve and éva coua F.
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Arédaén: Eotww toc yay™t = a7, yia xdmowo v € SLa(R). Av 7o a ebvon
eheinuxd, Jo éyel éva otadepd onuelo otov H éotw 2 xou cuvende umdpyet

éva 7 € SLay(R) pe 7-a- 771 € SO3(R). Oétw 7 - 771 = [ _pq ;]?} ol
a b

Ty = [ e d } Téte Yo €xovpe 6Tt ¢ # 0 xodde T0 v elvon EANAELTTIXG

_ -1 a bl |'p q|_|p —q| |ab
e 7@[0 d] [q p]_[q p } [c d}’

ané o onoto mpoxVnteL 6Tt a = —d, b = ¢ xou 1 = det(y) = —(a? + b?), nou
elvor dromo yiatl a,b € R. Av 10 o elvon napaohxd, unopolue va emAéEovue T

é‘EOLd)O‘EST'Oé'Tlﬂ:[l h}T(’)Ts{(CL b].{l h][l h}.

pgel

0 1 d 0 1 0 1

c
Tpdrypa Tou elvon dTomo Yo axdua plo opd. O

[ ¢ Z } , mou Ya glye cav cuvénew ¢ = 0, a = —d xu 1 = det(y) = —a?,

3.3 O Toroloywog Xwpog H*/T

e authv Ty mapdypago, I elvon pio Sroxprth utoouddo tou SLa(R) xou pe H*,
ouuBoMlouye:

H* = HU {cusps tou I'}.
IMpogavag H* = H av xou uévov av n I' dev €yet cusps. Hapatnpolue 6t n I’
dpa 610 olvolo H* xau 1ol unopolue va oplooupe Tov Ydpo tniixo H*/T'. Xty
eTOUEVY Topdypapo, Yo dcoupe dopr| emupdvetac Riemann otov H* /T o yia
Tov A6yo auté opiloupe plo tonoroyio otov H*:

o Av z € H, cav péhn tne tonoloyiog Yag TOlpVOUPE TIC AVOLXTEC YELTOVLEG
TOU Z TIOU avixouv 6Tnyv cuvidy tornohoyia tou H,

o I xdde cusp s # oo, emhéyw oav UéAn Tng Tomohoyloc yac va elvor o
YELTOVIEC TOU S TIOL €Y0UV HOopYH:

{5} U{ 1o ecwtepixd evéc xOxhou otov H,
o orolog elvan eQanTéUEVOC oTOV TpaydaTixd dZova oTo onuelo s},

e Av 10 s = oo elvat cusp, TOHTE ENAEYOUUE YLA AVOLXTESC YELTOVIES TOU amelpou,
o oUVOAL:

{oc}U{z€eH: Im(z) > c}, (3.6)
v xédde c € RT.

H napandve tonoloyia opilet pla Hausdorft tonoloyia otov H*, duwe o H* dev
elvon Tomxd cuunayhc extog xon ov H = H*.
[ éva cusp 0 < oo, tou I' Yétouye 6nwe otV TEONYOUUEVY Topdypapo:

P(s) ={a € SLa(R) : a(s) = s, ye a va eivar napaBohxd 1 (oo ye =+ Ioxa},

Is=Ps)NT={yeIl: y(s) =s}.
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Yyhua 3.1: Ml tormohoyla yia Tov H*.

OL Yettoviég Tou s oL EYOLY TNV TUEATAVE UoPPY|, BlaTneolVTIL oTadepés UECL
e P(s).

Trodétouue 6T T0 0o elvon cusp tou I'. Enlone vy oo = [ Z Z } € SLy(R)
n 3.3 ylvetow:

Im(a(z)) = det(a) - Im(z)/|cz + d|*. (3.7)

o xdde o € T' ouuBorilouue Ye ¢, T0 TPGhTO GToLyElo TNE deltepne YU TOU
nivaxa 0. Téte T'oo = {0 € T ¢ = 0}. And v npdraon 3.19, unopolue va
Bpolue yevvrtopa { :%1 ]il } modulo(£1) tou Is.

Exomnée pog ebvon vo det€oupe 6t to mnhixo H*/T' elvon évac Hausdorft xou
Touxd ouumayic ToToAoYXGS YWpoc. Autd Yo yiver otadiond:

Adppa 3.25. To |c,| efaprdrar pévo and to timdé ovumhoko®t Toool .

a b

Anrdoeaén: Tw o = { ¢ d ] € I', ynopolue va to delloupe pe évav aniod

uToloyloud:

1 B a b 1 a| | a+pfc b+pd 1 a|
01| |ed| |0 1] ¢ d 1o 1|
[a—i—ﬁc (a—i—ﬁ)a—i—b—f—ﬁd] o
c ac+d ’

2léva Bimhé obumioxo (H, K), otqv oudda G, ue H xa K uvrnoopddec G, eivor uio xhdon

1ooduvopiog mou opiletor otny G pe © ~ y, avyv vndpyet h € H xat k € K ye hxk = y. Téte
x&de dimhd ochunhoxo éxel v popeR Hr K, pe v G va dogepilleton ota dimhd e odunioxa
(H,K). Kd&de évo and autd anoterel tny évwon cuvndicuévey cuunhoxey Hy xar zK, ue
Y,z € G. Autd eivar enione ot Tpoyéc Yio Ty dpdom Tou H oty G pe aplotepd TOAATAAGLAGUE
xat 1ov K oty G pe de&l nohanhaociacud. Edw H = K = I %ot Y& IN'oooloo dNAOVOUY T
drapopetixd otorela e I mov mpoépyovtal and Tov apiotepd molhanhactacud xdde srtoiyeiou
0V ouurhéxou ol pe xdde otoiyeio tng vroouddos I'eo. Mdhiota I' = Userloool oo, xou
%xé0e uTocOVONO oToEIWY ['oooileo, me 2 = 1,... ovopdleton dinAd cbunioxo tou I' we mpoc
70 'oo.
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ARppe 3.26. Ia yrwotd M > 0, vndpyovr pévo nemepacpéva oe apifud oimAd
oUumdoka T'ool o, érot dote 0 €T kat |cy| < M.

b

d

I'w = {0 €T : ¢, = 0}, da aoyorndolbue uévo yio exelva o o, to onola

1 h

01

/ /

, ;oo | d b | a b+anh

I, Yo éyw o’ = o™ = o d ] = [ ¢ d+enh
1 <d+cnh <1+ |hc|. Auth Ya wavomotel tny

I~ , a . , ,
Arnddein: Taipvw o = { c € T, o0 dote 0 < |ep] < M( xadéc

¢e #0.). Téte ya xdnoo 7 = + modulo(£1) h € R, yevvAtopa Tou

] , ME M € Z, T€TOL0 (OTE

|| = |co| < M, xu 1 < |d'| = |d+ cnh| < |1+ chl.

‘Opwc and v oyéon 3.7, a éyoupe 6t Im(o’ (i) = 1/(? +d'?). Eto 10 o’ (4)
Yo avixel 610 ywplo

[M? 4+ (14 |hM)*] 7t < Im(2) <1 (3.8)

Topa 0 yetaoynuatiopds z — 77 (z) = z+mh, dev alkdlet 1o Im(z). Mnopolye
va T8poLE éva m €ToL HoTe 770’ (1) v icavorotel Ty eElowon 3.8 xan T

0 < Re(z) < |hl. (3.9)

Ot ouvinxec 3.8 xan 3.9 opilouv, éva ouunay” obvoro K tou H. 'Etol Bprixaue
éva otowyelo o’ = 7o pe o’ (i) € K. Anb v npéraon 3.9, emhéyovtag yia
ouunay? touv H, ta A = {i} xu B = K, Ya éyoupe 61 0”(A) N B # & xou and
v B TpdTacn undpyouy Tenepacuéva Etol o’ € T O

Adppa 3.27. Trdpye évag Oetikds apiduds r, o onolos e&aptdrar pudvov and to
T, éto1 dote |c,| > 1 y1a kdle 0 € T'\ I'. Eriong, yia éva térowo r Oa 1w0yvel
Im(z) - Im(o(2)) < 1/r? ya kdOe z € H ka1 yia kdde o € T'\ '

Arnddeén: H Omopén tétoou aptipod éneto and 1o nponyoluevo Afuua. Av
a+pB b+ pd

o= c d €l uec#0, z=x+yi, y> 0, daéyoupe:

Im(o(z)) 1 Im(2) - |ez+d|72 = Im(2)/(cx + d)? + y*c* < Im(2)/y*c* =

3.26
Im(z) - (c-Im(2)2=1/lc/*y < r2Im(2)"". ¢

ARppe 3.28. Ta kdOe cusp tov I', uvndpyer pia yerwonid U tou s atov H*, éto
dote g ={cel: aoU)NU # &}.

Arnddeiln: Av n oanddeln dev palvetar mpogavic, évac dpoc Tou moTedw 6Tt
omeyVavoacTe GhoL Yag, TOTE Pmopolue va urtodécouue 6Tl s = 0o. O£Touye
U={zeH*: Im(z) > 1/r}, ye r va elvor o ogtdudc and to Mupa 3.27. Av
o € I'\Tw xu z € U, éyouye, xdvoviac Eavd yefion Ttou Bov AMuyatog 6Tt
Im(o(z)) < 1/r. Acifope étor 6Tt yia To otoryela mou dev otadeporololy To
00, Yo untdpyet yertovd Uy tétow dote o(U) NU = &, dnhadni ty dpvnon tne
npoTaone nou etlyaue va anodeiloupe! O
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IMépropa 3.29. Ado orallepd onueia evés ouvdrov U, elvar I'-i006Uvapa pdvo
av etvar ka1 T s-10060vapa. I't avtd tov Adyo to U/T's unopel va tavtiotel pe éva
vrootvolo touv H*/T.

AAppe 3.30. I'a xdle cusp tov I' ka1 yia kdOe ovunayr vroovvolo K tov H,
vndpyer pia yerwovid U tou s, étor dote UNy(K) =@ Vv eT.

Anddedn: Trmodétovpe Eavd éti s = 0o. Mnopolue va Bpolue d0o Yetixolc
aprduole A, B tétoouc wote A < Im(z) < B, yia xdde z € K. Ialpvovtoc évay
aprdud r énwg oto M 3.27, xar Yétoupe

U={zcH": Im(z) > Maz.(B,1/Ar?)}.

Topa éotw 2 € K. Ané 10 Mupa 3.27, av 0 € T'\ T, 161 Im(0(2)) < 1/Ar?.
Av o € T, t61€ and TV e&iowon 3.7, Ya éyovpe Im(o(z)) = Im(z) < B. 'Etot
yia xdde v € T', undpyer yertowd U tou s, mou va €xetr Ty {ntoduevn Wdtnta. §
Ac Solye thpa Ty tomoroyia Tnhixo tou H*/T'. "Eva X elvor avouxtd tou
H*/T" avv:
{X cH*/T : 771 (X) elvow avoixté tou H*},

pe m: H* — H*/T', va elvon 1 puow| tpoBof. Av ndpoupe plo U, Tou Mppotoc
3.28, t61e pnopolye va tavticoupe to (U) ue 10 U/Ts, n onola Yo anotede! €tot
pla yertovid tou (s).

Oevpenua 3.31. O xdpos nniko H* /T ue tny mapandvew tomoloyia eivar évag
Hausdorff torodoyikds xwpos.

Andbaén: O ywpoc H/T' eivor Hausdorfl and v npéracn 3.13. Kadde o
H*/T" etvon o H/T pe tnv évwon tov xhdoewy looduvaplog twy cusps, yio dUo
onuela s,t € H*/T, Suaxplvoupe tic e€hic nepintwoewc: Efite s,t € H ondte xon
dev €youpe tinota va del€ouue xadde unopt va B EEVES MEPLOYES TV EXOVWY
touc otov H/T, eite t € H xou s € {cusps} xou and Muya 3.30 unopd> vo B
yertowd U tou s pe w(U) yertovid tou 7(s) xou y(V) yertovid tou w(t) pe v(V) C
Y(K) and v tonux ovundyeta tou H/Gamma, yi xdnow v € T, étot dote
m(U) Ny(V) = @. 'Etol yével va eZetdoouye ty tpltn neplntwon érou s, t va
elvor cusps, mou dev efvar I'-lood0vapa. Xwpelc BAIEN e yevixdtnrag unodétoupe
, OTIWC XoU

. . . . 1 h
ot t = 00 xou malpvoupe o I's xou €vay yevvhtopa Tou, £ 0 1

nponyoupévwe. Opllouye ta Topoxdtw GUVOAL:

L = {zeC: Im(z) =u},
K = {2€L: 0<Re(z)<|hl},
V = {zeH": Im(z) > u},

ue u € RT. Kaddc o K elvon ouunayfc, and 1o Muua 3.30, utopolue va Bpolue
vertowd U tou s ye K NI'U = @. Mnopolue va vtodécouye 6Tl T0 oUvopo
tou U elvor évac egantopevoc xUxhoc otov mpayuotixd dEova. Qo delfoupe 6t
VNIU = @. Eow nwe éyt, t61€ Y(U)NU # & v xdmowo v € T'. Kadoe
g(00) # s, 10 clvopo tou Y(U) Yo elvon évac xOxhoc epantéuevoc otov R. ‘Etot
wyU)NV #@ =~v{U)NL # . 'Etor 10 y(U) TéUveL xAnOLES UETAPOPES TOU
K ané éva otowyelo tou Tao, dnhadh undpye éva d € I'o, étoL dote y(U)NI(K) #
2 =6 y(U)NK # @, npdypa dromo and Ty unddeon nou xdvaye. O
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IMedétasm 3.32. O ydpos tniiko H* /T efvar évag tomkd ouurayrs torodoyikds
XWPOS.

ArnddeiEn: Apxel va delfouye 61 av s elvar éva cusp tou I xou 7 : H* — H*/T
va gbvar 1) Quox TeoBolt, Tote To T(s) éxel wila oupmayy yertond. Trddetouue
6Tt s = 0o. Amb to Mppa 3.28, undpyer wla yertowd tou, V = {z € H* :
Im(z) > ¢}, ye ¢ € RT téowa dote V/T» va unopel va toautiotel e to (V).

1
Av [ 0 1
He Ty exdva touv {z € V1 2z = 00 K 0 < Re(z) < |h]}, péow tne . 'Ouwc 10
oUvolo auto ebvon cuumayéc xou xadde ) m elvon cUVEYHiC cuVdpTNoT ot o T(V)
elvon oupnayéc. ¢

} elvar évac yevvitopac tou I'ee modulo(+1), téte 1o 7(V') cuunintet

Ilgbéraoy 3.33. Av I', IV elvar 600 commensurable Siakpités vroouddes tng
SLa(R), tére 0 H* /T efvar ovpurayns avv o H* /T efvar ovurayns®.

3.4 H Modular Opdda SLy(Z)

Ye authiv Vv mopdypapo Yo SoUUe pla EQUpUOYYH TN TORATAVL oY Rdpou,
ueketdvtoe v modular opdda SLo(Z), mou elvan plo Soxplth utooudda g
SLy(R). T apyr Yo Bpolye tar cusps xan o EAAELTTIXG oTadepd Tne omnela.
IMpdta ag dixatohoyricouye Tov TiTAo TN TapayEdpou:

Ogwowdc 3.34. H modular oudda etvar n PSLy(Z), 6nkadri n duakpicr vroopdda

ey . ’ az+b g z 7 4 _
twr Mobius petaoxnuationdy z «— =5, pe otolyeta and to Z éror dote ad—cb =
1.

Kdmnowl ouyypagelc opllouv tnv modular oudda va etvou 1 PSLa(Z) (Bhéne
[16]), eved xdmotot dAhot (BAéne [12]) v peyahbtepn opddo SLa(Z). Enxparel o
ouuBohiouds SLa(Z) ye 10 oxentind 6Tt oL ouddec elvan ol (Bleg modulo+l.

Ou delfoupe éTL ta cusps e I' = SLa(Z) ebvon axpBidc to onuelo Tou Q U

{oo} =PH(Q).

Ipdypati: To oo elvor otadepd onuelo, Tou mapaBolxod ototyelou [ (1) } } €

a b . , , . , ,
I'. Av 1o ¢ g | g eva napafohxd ototyelo tou I', t6te €yxel éva yévo

as+b __
cs+d 3,

otaepd onueio, Eotw 5. Av 10 s elvon TenEpAoPEVO, BNAXDY| § F# 00, UE
téte Vo wcavornolel Ty e&lowaon:

cs®+(d—a)s—b=0, uec#D0.

Kodde n Sroxpivouca tne topandve e&lowone npénet vo undeviletor, Snhadr tpénet
w0 s € Q. Avtiotpoga, v p,q € Q, ye p,q € Z xau (p,q) = 1, Bploxoupe
P U

t
Koo n ewdva evég cusp, Yéow omoloudrnote otouyelouv tne I' elvan cusp, xdde
onueto tov QU{ oo} etvan cusp tou I'. Eniong dellape étu xdde cusp elvan toodbvayo
e éva cusp oto oo. ‘Etou

axépatouc t, u €tol Bote pt —qu = 1. Téte o = €T xo o(o0) = p/g.

H*/T = H/T U {c0}, yue H* = HUPY(Q),

22y1q Ty anddeiEn Préne [12], npdtaoy 1.31, cehida 13.
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1 wodvapa o H*/T' anotelel tny ovurayonoinon tov evds onueiov tov H/T,
xadde Sei&ape 6t o H* /T etvon évac Hausdorft o tomixd cuunayhc yodpoc.
Yy ouvéyeta o BlaxdPoupe TNV QUGIOAOYLXY POT| TNG TAPAYEAPOL, YLl VAl
doUpe ouvormTixd TNy évvola tou R-module, tou Yo amodeuytel éva yenowo epyo-
Aeto v TNV cuUVEYELAL
Toa module enl evog daxtuiiou eivon pla yevixeuon twv aeMavdv ogddwy, oL
omolec elvon module enf tou Z.

Ogowdc 3.35. FEotw R daxtilios. Eva (apiotepd) R-module, anoteleizar and
uia mpoodetikr) aPeliavny oudda M, uall pe pia mpdén moAdemaciaopol kde
ototyelov tns M e kde otoweio tov R (and apiotepd) R x M — M, nov
areikoviler kde (r,a) — ra, étor dote ya kdde a,b € M ka1 yia kd9e r,s € R
va 10y Ve

(i) (ra) € M,
(ii) r(a +b) =ra+rb,
(iii) (r+ s)a =ra+ sa,
(iv) (rs)a = r(sa),
(v) (av o R elvar daxtiliog pe povdda, téte idra = a, yia kdde a € M.)

Tdte 0 M Aéyetar éva apiotepd (novadoedés) R-module. Av otov daktilio pe
povdda R xdOe un undevixd otoyeio tov éyer avtiotpopo (efvar dnAadn daxtidiog
daipeongs), téte to povadoerdés R-module ovoudletar (apiotepds) davvopatikds

XDPOS.

Av o BoxtOhog elvon petadetinde Yo whdye yovo yia R-modules. Ag emotpé-
Poupe oTo TVELUA TNS TTAUPAYEAPOL:

Ty ouvéyeta Yo Bpolue to elelntind otadepd onuela tne SLa(Z). Eoww
o va ebvon éva eletntxd ototyelo tov SLa(Z). Téte |tr(o)] < 2 xou mpénel
va ebvon évae axépanog apdude, dnhadh tr(c) = £1 4 0. To yapaxtneiotind
TOAUGYUPO Tou o Va elvar étoL To 2 £z + 1 1 2% + 1 avtiotoya. Dvepilovroc
OTL T EAAELTIXS oToLyElo €YoLY Tenepaouévn TEET, apxel va Bpolue évam € N
pe o™ = 1. Oa mpénet oL WoTIES (GTwe ot 0 TVOXAC 0) VAl IXAVOTOLOUY T0
wowixé 22 4+ 1 = 0, tou elvor avdywyo otov Z[x] xou cuvende otov Q[x]. Ouwc
2?2+ 1= ga4(x) = (x—i)(z+1), ye ga Vo ebvor To TETUPTO XUXNOTOPLXS TONUGYUPO
enl ov Q, dadh ga(z) = (=G )(x— Q) (x—CG)(z—C)pe " =1, n=1,...,4
va elvan ot tétaptec pllec tne povddac. Etol ot =1. Enlonc 2?+x+1 = g3(x) =
(x—(=1/24/3i/2))(x—(=1/2—/3i/2)), ye g3(z) va eivar 0 Tpito XUNNOTOWXE
rohuevupo ent Tou Q. Apa 03 = 1. Téhoc 22 — x + 1 = gg(x) pe go(x) va elvon
70 %10 xUXhoTopd ToAuGVLUO X 08 = 1. ‘Etot m = 3,4,6 # n pe n | m.
Hopatnpolue 1L av m = 2, 161e 10 ¢ Yo TpéReL Vo txavomoloVoe o ga(z) = x+1
npdyuo dtono and tnv unddeon Hag XL CUVETDC m # 2 = o # 1. Ye xdde
neplntwon ou Wotée ¢ (dnwe xou o mivaxac o) Va mpénet va elvor pilec ploc
deutépou Paduol e&lowong, étot wote [Q(C) : Q] < 223,

23y enéxtoon auth ovouddetar xuxhotowxyd. Efvar to splitting field Tou n-0ot00 xuxhotouixod
TOAUOYOROU gn () ot 0 Badpdc tne mou tooltol KE Tov Badud Tou eAdyLoTou TOANUWVOUOU Elvol
2=p(3) = ¢(6) = p(4), pe v va eivon 1 cuvdptnon tou Euler, BAéne [7], oehidec 297-300.
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Mopatnpolpe 61t av 0% = 1, t6t€ 0 = £1. Av o® = -1 = (—0)® = 1.
‘Etot yia tov xadopioud tov eMelntindv ototyelwv (1 otadepdv onuelnwv), opexel
VoL TEPLOPLOTOVYE OTIC TEpinTioelc ot = 1 xou 03 = 1.

Heptntwon Hpdtn: o = 1. 'Eotw Z? vo dnhéver to Z-module Shov Twv

b
otov Z? pe apiotepd tolamhactoopd. Hoipvouue dnhadh 1o Z? cav éva Zo]-
module. Kaddc 1o Zo] elvor todpopgo pe tov Zi] (o1 axépotor Tou Gauss®*),
ueow e o2 — —1, 1o Zlo] elvar pia teployh xVptwv dewdnv?®. To module Z2
ent Tou Z[o] ebvou torsion free?S, xaddc av Zlo] 3 (a+bo) -z =0 = (a + bo) -
(a—bo) -z=0= (a2—b202)-$:002;71Z9 (@>+b)-2=02=0
av a+ bo # 0. 'Etol to Z? npénet va elvor éva ehediepo?” Z[o]-module ue td&n
(rank) fon e v povdde. Anhad| Z? = Z[o] - u, yia xdmoto u € Z2.

OTNAGY DLaVUCPETWY [ “ } = [a,b]T, ye a,b € Z. Ta ctouyela Tou Z[o] dpoly

Oétoupe v = ou = ov = —u. H {u,v} anotekel uia Bdon touv Z? eni tou Z.
‘Eyouye 6t
o-luv] =ouov]=v —u]l=[uv [ 1 51 } , we det[u v] = +£1%8,

Av detfu v] = 1 161 10 0 TEETEL VoL glvar GLLUYEC UE TO { 1 } otnv SLy(Z).

1 0
, 0 1) 4 .y
Av detlu v] = -1, t6te 0 = 7T 1 oo |T T = [u v]. Tv autd x&de
eMenTixd otoyelo o € SLa(Z) 18&nc 4 elvon ouluyée pe to + [ (1) 6 oty

SLy(Z). 'Etol xdde eleintind otadepd onuelo pe tén lon e 8o npénel va elvor

Llo0BUVAUO PE TO oTadepd onuelo Tou 10

, mou efvan to 4. Enlong and tny

0 -1 1

10 1 0|

Hepirtwon devtepn: o = 1. Ou éyouye 61 Z[o] = Zlexp(27i/3)], mou elvou
Teployh xVptov Wewddv. ‘Opota Yo éyoupe Lavd 6t Z2 = Zlolu, yio xdmoto u.
O¢tovpe v = ou. Tote:

Tp6TooT 3.24 o [ ] dev elvon oLLuYhC PE TOV [ f)

-1 ] , pe detfu v] = +1.

o-[uv] =[ouov] = —u—v]z[uv][l 1

240 Baxtilog Z[i] eivor or axéponor tou Gauss, éyoupe 6t Z[i] = {a + i : «,B € Z}.
Méhiota xaddc o Z[i] elvon axépaia meptox, téte epodiaopévoc pe v ¢ : Z[i] \ {0} — N, pe
t0no (a4 Bi) — |a+ B|2, o Z[i] eivor pio suxheideia nepioxh (Snhadh euxheideiog daxtOAog xou
axépona meptoxn), BAéne 7], oehida 139.

25y49e euxheldetoc duxtOAog evar TepLoy xupiwv 1BewdGV we wovdda, BAéne [7], Demdpnua 3.9
oehida 139.

26yevixd av A éva apotepd R-module pe R oxépaia meployh, t6te Yia xdde a € A Vétw
Oq = {r € R: ra = 0}, 10 onolo, elvar éva Beddec v tov R. Av Ay ={a € A: O, # @},
t61e o Aépe 61 0 1o A elvon torsion free av Ay = 2.

273nhadr Vo Ypdpetar ooy to eudH Yivopevo and aviiypapa tou Z[o], dnhadh Z2 = Z[o] ®
-+ @ Zlo]. T tov auotned opiopd Bréne 7], dedpnua 2.1, oehida 181. Xtnv cuyxexpiupévn
nepintwon, xaddc to Zo| elvon neploxh x0ptwy Wemddy, to tencpacuéva tapay®ueve modules
entl TEPLOYEC *VPLWY LOEWDDY CUUTITTOUV UE TIC TETEPAUOUEVES TapaY OUEVES ofEAtavES OUADdES Xou
1 Z2 eivor ylo and avtée. Kdvovtag xpeRomn tou Vewphuatog 6.5 tou [7], oelida 221, da éxouue
61 10 Z2 v ehehOepo emt tou Z[o]. Téhoc xadde Z[o] = Z ® Zo eivon @oavepd 0Tt 0 dptdude
TV aviiypdewy Z[o] mou xenoionotolye Yia va Tdpoupe 1o Z2, Yo 1000t pe TNV wovdda.

28xadde 1o [u v] eivor avtiotpédipo otowyeio tou SLa(Z), Yo npénel n 0pilouca ToU Vo avrixe!
oTIC wovddes tou Z, étav U(Z) = {£1}.
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Mpdypot 10 ov = o2

u=—ou—ov<ov=—v—(u—v)=u Etorxdde 10 o
1 -1 -1

%&0e eMewntixd otadepd onuelo 18Ene 3 elvon Loodlvayo pe to onuelo exp(2mi/3),

ou ebvar To oTaepd onuelo Tou T2 A VYo ebvon LoodUvapo We to exp(2mi/6), Tou

elvoar T0 otadepd onuelo tou 7. Téhoc amd tnv mpdtaor 3.24, To T Bev ebvan

ouluyéc ue 1o 72 oty SLa(Z).

elvon ouluyécpe to T = { 0 -1 ] fto71? = [ -1 (1) } otV SL2(Z). Tuvende

Ogwowdc 3.36. Ia kdle tuaxpiery vnopdda T’ tng SLa(R), ovoudlovue 9epelics-
ons mepioyn (fundamental domain) tov H/T' (¥ mo andd tov T') av:

(i) o F etvar éva ovvektikd avoiktd vroovolo tou H,
(ii) omoadrimote 60 onueia tov F dev elvar T-10060vapa,

(iii) xd¥e onueio tov H efvar T'-10060vapo pe éva onpueio mou aviker otny kAer-
otétnta tou F.

Kdde eperindne nepioy| mepLéyel axplBic évay aviinpdonTo and Tny TeoyLd
via xdde z € H. Mnopel va deuytel 6Tt umapyet ulo Gepehddne meployr yio xdde
I xon 6t (plor) Depehiddne meployh tou I' = SLo(Z)?? elvou n

F={zcH: |z| > 1, |Re(z)| < 1/2}.

To F eiva gpaypévo and tic opilovuees ypoupés Re(z) = 1/2, Re(z) = —1/2 xou
and tov xUxho |z| = 1. AuthA 1 teptoyn elvon évar utepBolixd Tplywvo (to ddpoioua
TWY YOOV elval WxpbTERo Tou T) PE xopupéc Tic (—1+iv/3)/2 = exp(2mi/3) = p
xan (14iv/3)/2 = exp(27i/6) = —p ye Tic Ywviec Tou oynuatilouy Ue Tic TAEUpEC
va elvan {oeg pe /3. Téhog éyel ula tpltn xopueh, 610 0O YE THY Ywvlol TOUL
oynuatilel ye tic avtiotolyec mhevpéc va elvon undév. Mdiota av agprooupe xdde
otouyelo e modular ouddac va dpdoel mvw oto F' TéTE Yo HATAPEPOUYE VL
emicahOdouue tov H e évay eldind tpdno, nou ovoudletor tessellation39tou H,
ue tétota uTepBohxd Tplywva. Autdc elvar 0 Abyoc Tou xdmolol cuyypapeicd!
OLapopomololy TV Teltn WLOTNTO GTOV OpLoHG TOU DOGUUE You THY VeUEAIDON
neployn, 6T Vo mpémet dnhad va woybouy T (i), (i) xou H = UyF. Téhoc oe
xdde éva amd autd ta Telywva Yo mpénel 1 ulo Tou xopugy elte va elvar To oo elte
va avixetr otov Tpaypatixd dZova Im(z) = 0. O Adyoc elvar gavepdc, dtav xdde
HETUoYNUaTIoNOS Tou avTioTtotyel oe évay and Toug yevhtopes tne SLa(Z), du
npénel elte va otadeporotel 10 0o (o) elte va to anexovilel oto undév (7, PAéne
v axéhoudn npbdraon).

Ileétasy 3.37. H modular oudda SLay(Z) yevvdrar ard ta otowela:

o <1 (11
T = 1 0 Kal1 o = 0 1 .

299 amoderZn etvan Texvinh xon Baciletar oTic Slapopec TEQITTHOOE TOL Cr Y Vo o € SLa(Z),
Brére [14], dedpnua 2.12, cehida 26, 4 otov [12] cerida 16.

30mpoépyetar amd Tov Aatvixd 6po tessella mou éxel g pilec tou 6TO ENAMVIXG Téooepa,
«tetpdywvoy. ‘Eva tiling evéc tonoloyixol ydpeou S eivon plo sulhoy#h B and avoixtd tou S
téTota wote va elvon Zéva petagd Toug Xt M XAELGTOTNTA TNC EVWONE TOUC VAl LoolTol UE Tov S.

31BNéne [14].
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Anddaén: 'Eotw T vo elvon 1 utoouddo tne SLa(Z) nou yevvdrtou ané ta o, 7.
Téte —Ioxo = 72 € T. Mapatnpolue 61t xde ototyelo Tou SLo(Z) tne wopphc

o LEYETOL vT oy | @ b eT, 16 wto | —d | _
0 s | FEeexeTu oty T % e d , TOTE XOL T - =
“ Z € T. Eotw 6t (T) # SLy(Z). Maipvw 10 ctouyeio 41 €

SLy(Z)\ T dote o Min(|al,|c|) va ebvon o uixpdtepo duvatd. Xwplc BAEEN e
yevixdtnrae, vnodétovye ot |a| > |e| > 0. Halpvouye ¢, € Z, tétolouc hote

d c
xou = Min(r,|c]) < |¢| = Min(|al, |¢|), npdypa dtono and tnv unddeon pac. O
[Mapatneobue 6tL 1 dpdon Twv yevvntépwyv otov H divetor amd Touc mopoxdte
HETAGY NUATLIOHOUL:

acq+rxoct0§7’<|C|-TéT€ﬁ°‘éX0W€é“Jq{ccl b][r IFT

1
T(Z)Z—; xu o(z) =142z, pe z € H.

‘Onov, o petaoynuatioldc o ebvar plo HEToPopd Tpoc Tor dedLd xator Wio povdda,
eved 0 o elvor plar avdohaon xatd urixog tou t6&ou tou xUxAou |z| = 1. Enlong o
0 -1

11 XL T €YOUV TEMEQUOUEVN TAEN UE

oToela 70 = [

0 -117° 0o -17°
72[1 9 ] = Iryo % (T~o)3[1 1 ] = Ix2, modulo(£/2x2),

we ouvéneia 1 SLa(Z) vor TEPLEYEL TEMEPACUEVES UTOOUADdES TdENE 2 xou 3 avti-
otoya. Ot mopandve BlamoTtdoec 0dnyolv 6o eEAC ndpLoUL:

Mépwopa 3.38. TNa kdbe z € F ka1 T, = {y € SLa(Z) : vz = 2}, Oa éyw

{I2x2, T}, via z =1,
{Iox2,70,(10)%},  ya 2 = p = exp(27i/3),
{Izx2,07,(07)%}, ya 2= —p = exp(2mi/6),
{I2x2}, drapopetid.

I, =

Iapathenon 3.39. Ta cusps, dnws kat ta otalepd eAreantikd onueta tng mo-
dular ouddag avrjkovy oto olvopo tng BepeAidong tng meptoxns F.

3.5 To IIniixo H'/T cav pia Enipdveia Riemann

Av n T, ouuBoriler pla Swaxprth utooudda e SLa(R), Yo Sdoouye plo ryadinn
dour, otov H* /T, étol dote va yivel pla empdveor Riemann, Baclbuevol otny
wéypl tipa mopela yag oe autéd To xe@dhoo. ‘Eotw ¢ : H* — H* /T, va elvou 1
puoxf| TtpoBoln. To xdde u € H*, détouye

Fy={yeTl: v(u)=u}.

Aviou e H= p(u) € H/T, ypnowonowlue ty npdtaon 3.13, eve av 1o u elvor
cusp, to AMjupa 3.28. Tdvta unopobue va Beodue plo avowxt yertowd U C H*
Tou u TETOL WOTE!

F,={yel: vU)NU # o}.
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-1 -1/2 0 1/2 1

Tyua 3.2: Mla 9euyehiddn negoyy) yioo tnv modular opddo ot xdnolec dpdoeic
v ototyelwv e SLa(Z) oty F.

Tére, ané 1o ndpopa 3.29 unopole va eygutetoovye 1o U/T'y, otov H* /T dote
va mpoxOdet pla guotxyy 1-1 amewévion U/, — H*/T, ye U/, va elvon plo
avoLx T Yertowd tou ¢(u) otov yopeo H* /T

Av to u Oev elvar eAdeimtikd otalepd onpelo, ovte cusp, tote n I'y, Va mepié-
XEL U6vo 10 1 (xou mdavie 1o -1) étol dote n anewxdévion ¢ : U — U/Ty, va
elvar évac opolopopoude. Emhéyoupe vy ouvtoyuevxt| teployy) tou H* /T v
(U/T0, 1), )

YroOérovpe dut To u eivar éva eAdentikd otadepd onueio, cuuBorilouvue ye I'y
™y oudda petaoynuatiopay Ty, - {£1}/{£1}?2. Eotw A va ebvow o avohutixde
toopop@iopds tou H pe tov avoixtd uryadxd yovadiaio dloxo D pe u — 0. Auté
TpoxOTTEL we e€fc: and v petoatixd dpdon tne SLa(R) otov H (to w € H cav
eMelntixd otadepd onuelo) Yo undpyet éva o, tétoo hote a(u) = i. Ilaipvovtog

Zggg;i Yo €youpe tov LNTodUEVO LOOUOPPLOUG UE
Au) = 0. Ané tnv npdtaon 3.18, Yo mpéner [y, va éyer 14N n yia xdnowo

n € N. Yuvende npoxUntel 1o napaxdte Yetadetind didypauo:

METE TNV amewxdvion A(w) =

u 0
L, | | Aut(D/{0})

A
u — 0

H ouddo AT, A~ 9 ebvon plor opddo amd avehuTixole aUToop@LOUOUC TOU Ulyo-
o100 xOxhov, Tou Yo elvan ulo TEMEPACUEVT XUXAXT xou Yot amoTeAe(Ton amd TouC
UETAOYNUOTIONOUS??

w— CFw, k=0,1...,n—1, ye ¢ = exp(2mi/n) xou n = |Ty|.

32am6 to deltepo Vedpnua Loowoppiopdy, mapatneoldue 6t [y - {£laxa}/{*lax2} =

Tw/(Tu N{xl2x2}), we Dy, Elox2 va eivor unoopddes e ' pe v deldtepn va elvon xovo-
vixy, unooudda . Tedgoupe v Ty, yiott and v mpdtaoy 3.22, unopel 10 —Iax2 va uny
avixel oty [y

33qutd eivon éva amotéheoua Touv AMupatoc tou Schwarz (Bhéme otov [15] yio v anddeifn,
Vedpnua 13, oehida 135) nou Aéel nwe av ulo cuvdptnon f mou elvon avohutixd yia |z] < 1 xou
wavornotel tic ouvdixes |f(z)] < 1, f(0) = 0 téte Yo wyder |f(z)| < |z|. Av emnpocdétng
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MrnopoUye pe autdy Tov tpdro va oploovpe anewdvion p : U/T,, — Cue p(p(z)) =
A™(2). O p Va elvan évog Tomixds oyotopopprouds. ‘Etol nalpvouye yio ouvtetory-
wevixh nepoyhy v (U/Ty, p).

Ay o u evar cusp, Ya elvan L.oodUvago e to 0o, dnhadr undpyel p € SLa(R),
tétowo wote p(u) = oo. Téte Yu éyouye:

u o o
Ly | I T
p

u = oo

ME OUVETELL:

pl"uplz{i[(l) }f} : meZ heRL

OptCouye p : U/T, — C €101 dote piyyr, (U/Ty) va eivar opotogopouxd ye éva
avowté tou C, pe 10mo p(p(z)) = exp(2mip(z)/h) xou eTAEYOUPE Yior oUVTATAY-
wevixy nepoyhy (U/Ty, p). O

AelZaye 6t 0 H*/SLo(Z) = H/SLy(Z) U {0} elvonr ovunayhc. And tny
npdToon 3.33, Yo Eyoupe bt o H* /T eivan oupmoyhc avy n I elvon plo Swaxprth
unoouddo tou SL2(R), n onola elvoar commensurable pe tv SLa(Z).

Opwopwoe 3.40. Mia Fuschian oudda mpdtou e€idous kalefrtar pia diakpity vmoo-
pndda T' zov SLa(R) (1) tov PSLa(R)), térowa dote o H* /T va efvar ovunayng.

Av authv TV opdda TNy e@odidoouue e TNV Wiyadixr Sour Tou avoapépinxe
oty apy tne napaypdpou, téte o H* /T yiveton plo ouunayrc emgdveo Rie-
mann. ‘Opwe and 1o deltepo xepdiono eldaye 6Tt auTh 1 empdveta Riemann Yo
AVTLTEOGWREVEL ot Wiot aAYEBpLxr) XU mOAT.

Ogiopodg 3.41. Ta kdle N € N (érouue:
I'(N) = {y€SLy(Z): y=1 mod (N)}

= {{CCL Z}ESLQ(Z): a=d=1,b=c=0 mod (N)}.

Téte n T'(N) eivar pia kavovikrj vnooudda tns SLa(Z) kar ovopdletar n principal
congruence vrooudda tns, ue tdén (level) N.

Me tov Véo pog optopd Yo avagpépouye and €86 xou oto e€hc tnv SLy(Z) cav
I'(1). Enionc 9étouye:

Y (1) =H/I'(1), xou X(1) = H"/T(1).
H X (1) eivor n ahyePpuxh xoaundhn nou avtiotoryel oty ouunayy enigdveia Rie-

mann H*/I'(1). Auth ovoudletar modular xauntin. IHopatnpotue ét X (1) \
Y (1) = {oo} xadoc eidope, 6t dha o cusps oty I'(1) elvon tooddvaya ye to

urndipyet €val zo # 0 téTolo hoTe Vo loVel M todtnTa, toTe Vo Exovpe ot f(2) = cz v plia
otadepd ¢ pe |c] = 1. Ot npolnodéceic tobouV Yiot TOUC AVEALTIX00C AUTOROPPIGHOLE Tou D
nou otadeponotovy to undév. ‘Etol Ya aneixovilouy xdde w oe éva cw pe |c| = 1. Tapatnpolue
Thea 6T av g € ATwA™! t61e g(w) = cw pe ¢ € C. Opwc xa go g(w) = w = 2w bnwe xa
N n-Qopéc olvieon e tov eautd Tou poc divet gogo---o g(w) = c"w = w. 'Etol Ya npénet
c” =1, |c| =1 pe n va elvar 0 uixpdTep0S TETOWOGC aXEPAOC, XS eivar 1 Tdln e opddac Ty .
‘Etot o ¢ elvan plo tpwtapyixh n-ooty pila tne povddoag.
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drewpo. Eidope enlone étt dha tar cusps xou Tor eAAeLnTind otadepd onueia Tng
I'(1) avixouy 610 GUVOEO XAl GLVETWS GTNV XAeloTdTnTa Tne VepeAddous Tepto-
xhc F. Ané tov opioud tne tehevtaiog xadéva and autd elvon I'(1)-lo080vauo ye
xdmoto z € H evd oto F dev undpyouy T'(1)-to0d0vapa otouyeio. Etol ta cusps
xou To eMenTixd otadepd onueta tne I'(1) mou avixouv oto cUvopo VYa mpénel
va efvar LoodUvaua Ue xdmowa cusps xou eEAEnTIXd otadepd onuela avtioTtouya (1
EXGVA TOUC, Péow xdmowou v € T' Yo npénel va eivar otadepd onuelo) mou xou
outd Yo mpémel var avixouy 6to OF. Ltov tonohoyixd yweo Y (1) buwe, npénel
Vo TaUTicOUPE aUTES TIC XAGOELS Looduvaplac. Oo meénel dnhady va Tauticouye
Ta 300 téEa Tou xOxhou axtivac |z| = 1 dnwe xou tic dbo oplbvTiec axpéc Tou
uTEPBOAXOU Tty VoL poc. Autd mou Yo tpoxer Yo etvon o Y (1) xou mpoodeé-
Tovtag éva onpelo (éva cusp yio Ty axplfela), to {oo} malpvouue Tov cupmoyy
X (1), mou énwe galvetan and to oyfua 3.3, Da elvor opologopPdS Ye TNV ogalpa
tou Riemann. Me autédv tov 1p6m0 ethyaue uio SUORQT YEWUETELXY XATUGKELT
Tou X (1).

Y(1)

X

Tyfua 3.3: H yewuetplo tou Y (1) o tou X (1).

Eidape nodc o ydpoc nnhixo X (1) unopel vo anoxtioel dour, enpdveioc Rie-
mann. I'vwpilouue, and 10 Beltepo xe@dAaio, TWS Ol UEPOUOPPEC GUVOPTNOELS
TAVW OE AUTAY TNV ETLPAVELA, TOU VL OL UEPOUOPPES TAVW ATd TNV GQaipd Tou
Riemann efvar to odua pntov cuvapthcewy tou C.

Ogowde 3.42. Eotw k € Z ka1 f(7) ple ovvdptnon otov H. Oa Aéue du
n f elvar pula weakly modular ovvdptnon Bdpouvs 2k (otov T'(1)) av 1wydovr o
axddoves dvo ovrinkes:

(i) f e M(H),

} el'(1) ka1 7 € H.

Q, o

(ii) f(y7) = (e +d)** f(r) yia Kde v = [ :
10

wao f € M(H), do eivor weakly modular ye Bdpoc 2k av ixavormolel T
LoOTNTEC:

Kadoc o T'(1) yevvdrton and touc mivaxec T = [ 0 -1 } X o = [ (1) 1 ],
< d

bo

Flr 1) = f(7), o f(=2) =7 1),
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Ané v npwtn nalpvouue ot N f elvon meplodixy, e teplodo (on Ue Ty povéda xou
GUVETWC UTOPOUUE VAl TNV EXPPAGOVUE GAV GUVIETNON TWV COS xoL sin, dnhadh
GUVAPTACEL TOL:

q = exp(2miT),

xadwe to T tpéxer otov H, to g Qu tpéyer dloxo pe «tplimay. Autd €xer we
ouvénen N f va elvon pepduopen otov dioxo pe «tpimay {g € C: 0 < ¢ < 1}.
Tuvende Yo unopolye va Ty exgpdooupe e Wia oepd Fourier:

f(r) = Z ap, exp(2minT).

n=—oo0
Oétovtac ¢ = exp(2miT), Yo Aéue ot f ebvou
® UEEOUOPYT OTO OO oV f= Zf;;fno anq" Yyl xdnowo ng € Z,
® OVOAUTIXN GTO 00 AV f= o o ang™.

Av 7 f ebvor pepbuopen 6T 00, UE f = a_pngq "0 4+, UE G_p, # 0 TéTE N TEEN
e f oT0 0o, Va eivan 1 T6EN Tou f 610 ¢ = 0, Mo eivan fon ue —ng (bTav TO
T — 00?1, 161 10 ¢ — 0). Enlonc av 1 f elvor avodutind oto 0o, téte opllouye
va ebvan f(o0) = f(0) = ao.

Opiowoce 3.43. Mia ovvdptnon f ovoudletar modular ovvdptnon avy ikavonolel
7§ akdlovies 1016TNTES:

(i) f e M(H),

(ii) ya xdOe nivaka v € T'(1) ka1 7 € H, wyver f(y1) = f(7), onkadn n f evar
I'(1)-avaAdoiwen,

(iil) H oepd Laurent éxer poper:

f(r) = Z an, exp(2imnT).

n=—m

1} 1wo0dVvapa av eivar pia weakly modular ovvdpTnon pndevikod Bdpovs, mov efval
JLEPOLOPPN OTO OO.

HMapathernorn 3.44. Ilapatnpolue dt1 to nnAiko Vo weakly modular ouvaptrioe-
WV, ToU €lval LePOUOpPes 0To 0o M€ 1010 Bdpog, divour uia modular ovvdpTnon.

Kadde n f elvar T'(1)-avorholwtn pnopolue va tny YewpioouUE 6oy cUVERTN-
on otov Y (1). To 6t elvor pepduopyn oto oo, dnhadi oto cusp tne I'(1), onuaive
6t egoxohoulel va efvan pepduopen axduo xou av Ty Yewphooude cav uio Gu-
vaptnon tov X (1). Anhadni n f elvon uepduoppn oe ého tov avorxtd pryadind
dloxo.

Ogwowdc 3.45. Mia weakly modular ovvdptnon mou eivar navtod avalvtikrj (6n-
Aadn otor H ka1 avedvtikny oto 00), ovopdletar modular form. Av wyver eniong
ot f(o0) =0, tdre n f ovoudletar cusp form.

34uéyer 10 téhoc xar axolovddvTac Tov cupBoliowd oty BiBhoypapia, Yo cuuBorilouue to
0o pe i0o. O Adyog elvan bttt «mpooeyyiloupe» To 0o and tov d€ova Im(z).
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Hapdderypa: Ou oepéc tou Eisenstein:
Av A elvan éva latttice, tote ot oepéc Tou Eisenstein éyouv v yoper:

1
Gar(A) = Z o
weA

w#0

Tou cuyxAelvouy amdhuta Yo x&de k > 235, Tw 7 € H, Yo éyouye:

Mopatnpotye 6t Gag(cA) = ¢ Gay(A) yia x89e ¢ € C*. Eniorne

ar +b 1 1
AT =17 +7Z= Z(at +b) + Z(cTt + d)) =
o ct+d cT —i—d( (a7 +0) (er +d)) ct+d

T

Ga(y7) = Gar(Ayr)
= ng((CT + d)_lAq—)
= (7 +d)*Gox(Ar) = (e7 + d)*F G (7).

Yuunepacuotixd ot oelpéc Tou Eisenstein elvan éva mopddetypo weakly modular
ouvapThoewy Bdpouc 2k. Mnopel vo anoderydel dtL €vor avalUTIXEC GTO 00 UE
Gay(00) = 2¢(5)%%, 6mou ¢ va ebvor 1) {hta Riemann cuvdptnon xou dpa efvor évo
modular form.

3.6 Uniformization EAAetntin®dy xauniAny

Opiopbc 3.46. Opilovue tny modular avaAdoiwto j(1), 7 € H va elvar n ov-
vdptnon
3
. 93(7)
= 1728==——.

j (T) A(T)
AnAadn n j(1) eivar n j-avaAdoiwtog Tov avtiotoel otny eA etk KaumoAn e
dakpivovoa A:

By, 1y =42 — ga(r)x — g3(7)

ka1 n Ep_ 0éyetar mapauetpixonoinon kdvovtag xpnon tns o ouvvdptnong tou
Weierstrass

C/A; — Ep,(C),

2 (p(zAy), 9/ (2 A7)).

Abo eMewntnéc xopuniies E, E' elvou wobuoppec av woyler j(E) = j(E').
To mapomdve elvor xhaouxd Yépoata e Yewplag TwV EAAEITTINOV XAUTUAWDY ol
uropolv va Beedolv oe onotodhnote oyetid BBAo yia mopddelyuo otov [16],
xepdrono VI, mpdtaon 3.6, oeAida 158.

35B8\éne [16], Yedpnua 3.1, cehida 153.

36B\éne [17], npdtaon 3.4.2 cehida 25.

3TaE{Zer va mopatneficoupe 4Tt M ouvdptnon tou Weierstrass eivar n Abon tne diapopixhc
eZiocwone ' (2)? = 4p(2)3 — gap(2) — g3 xou cUVERDC éxel HdN Lopen EMAEITTIXHC XopmOANG Exl
Tou C.
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Oeopnua 3.47. H ovvdptnon j(1) efvar pla modular ovvdptnon ka1 endyet évay
(avalvtikd) 1wopopprod:
X(1) = P'(C). (3.10)

Anédaén: Mapatnpolye 6t 1o A(T) xau g2(7)3 = 263353G4(7)3, ebvor modu-
lar forms Bdpouc 12 xou cuvendc To TNAixo Toug elvar modular cuvdptnon, ondte
elvon GTOLYElD TOU GOUATOC UEPOUSPPWY CUVAPTACEWY TNC eMLpdvelac Riemann
X(1).

Apa 1 ouVBETNOT j ENAYEL VO TEMEPAGUEVOY QUANGDY HLYODIXG avohuTixd
PO INITECR

j:X(1) — PYC).

Téhoc mapatnpodyue 6t go(ico) = 120¢(4) # 0 (Bréne [17] oehiBa 26) xou A(ico)
=0, xou aol N A éyet Bdpoc 12 autd yog divel 6t 1 T8N e A 670 00 t6oUToL
HE TV povdda. Anhadh n j éxel anhbd ndho oo cusp oo € X (1) xon xavévo dAko
n6ho 010 X (1), CUVETKDS TPOXELTAL YLl LOVOQUANT pryadixy) avahu x| cuvEeTnoN
OnAadY| Yo loopopplopsd emipaveldy Riemann. ¢

IMéewopa 3.48. Kdde modular ovvdptnon f € M(X (1)), evar pnrj ouvdptn-
on s j. Av emmhéov n f elvar avalvuxn ovvdptnon ozo H, tdte n f efvar
TOAUDYULO TOU j.

Anddaén: H ouvdptnon f elvan pepbpopen cuvdptnon oto M(X (1)), cuvendeg
7 foj! etvor uepbuopern cuvdptnon tou PH(C) dnhadd elvor pnth cuvdptnom,
Omhodn:
foi~t(t) = P(t), yia xdmoo P(t) € C(t).

Aviadiotovtac t = j(x) ye x € X (1) éyoupe 61 f(x) = P(j(x)).

[ o Sedtepo xoppdtt e anddelne yvwpeilovue étL f = P(j) yio xdmolat
enth ouvdptnon P(t) € C(t). Acunodéoouye 6Tt 1o P dev elvon moludvupo. Térte
undpyet éva tg € C, dote P(tg) = oo (o mpénel yior avtd o to vo pndevileton
70 TOAVGVUPO-TapovopaoTtic Tou P(t)). Ané tov wopoppiopo (3.10) éyouue 6T
urdpyet 1o € H wote j(19) = to. Téte dpwe f(r0) = P(j(m0)) = 00, nou elvon o€
avtideon ye v unddeon ot n f elvar avolutiny) cuvdpetnon oto H, xar cuvendg
10 P elvor mohudvupo. §

IMépiopa 3.49 (Uniformization dedpnpat yiot EAAELRTIXES XAUTOAES).
Ag Oewpnioovue pia eAdemtikn kapumidn tdvew and to C:

E:y =234+ Az +B

pe A = 4A3 —27B? # 038, ue A, B € C. Tére vndpyer povadird lattice A C C
woTe

g2(A) = 60G4(A) = —4A a1 g3(A) = 140Gs(A) = —4B.

H ovvdptnon
C/A — E :y* =24 Az + B,

z - (p(z; M), %p’(z; A))

efvar uryadikés avalvtikdég wopoppiopds. Eivar pfa avadvtixi) aneicévion peta&d
emgaveidy Riemann.

38¢dw malpvouye pn 1d16uoppes xaumiAEC.
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Anddedn: Kdvovroc yprion tou Yewpriuatoc 3.47 unopolue vo Bpolue T € H,
WoTE

4A3
(1) = 1728———
J(7) =728

Yy ouvéyewa utoloyiloupe 6Tl
92(A) = —4A xu g3(A) = —B,

Onhady) Berape éva lattice mou va amewxoviletar oty eMenTind xaunodn E. ¢

Bydhoye étol 1o ouunépaoua OTL 1 XAAOY TV EAAELTTIXGY XOUTUAWY TOU
AVAPEPUUE GTOV OpLoUG 3.46, Teptéyel OAeC TLC UAAGELC EAAELTTIXWY XAUTOAWY €T
tou C.

Eivor yvwoté 6t 800 enetnuxée xaunviec C/A1, C/Ay elvon wobpoppes (o-
viiotololy oty Bl j-avalholwTto) av xa pévo av to avtiotouya lattices A; =
(1, 7:) ebvou (o (oudVeTa?), dnhodi| bTay undpyer petacynuatiouée a € PG Ly (Z)
= SLy(Z) mou va otéhvel 1o éva lattice oto dAho™?. To yeyovéc autd Vo umopol-
o€ va ddoel pla devtepn anddelln yiatl o ydpoc H/T elvon o ydeog twv xhdoewy
LooBUVOULNG EAAELTTIXWY XAUTOAWY.

Yyfuo 3.4: Muat oxoloudia and eEANELTTIXEC XU TUAES TOU SUYXAlvouy oTtny 3.11.

To onuelo oto dnelpo o omolo TomoVeTACAUUE Yot VA CUUTAYOTOLCOUUE TO
nnhixo H/SLy(Z) Sev avtiotoryel o€ eENNELTTIXA XoUTONY, TEdYUUTL UTOPOUPE VO
unohoylooupe 6t v jo # 0, 1728 1 edhetnuxh| xounOAn ye e€lowon

36 1
Jo—1728"  jo — 1728

y oy =2’ —

3Oundpyer ¢ € C* éto1 dote A1 = cAs.

. , . , . b
Onodypatt av 71,72 € H, téte Ary eivor opddeto pe 10 Ar,, avv undpyet v = { CCL d } S

SL2(Z) této0 wote T2 = Z:llidb = 12 = y(71)-
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éyel j-avahholwto lon Ue jo. Apa yia j = 0o odnyoluoacte otnyv Wlogopen xa-
umOAn pe TOTO

y: oy = a3, (3.11)
Mpdrypatt, dev elvar BuVATOV Vo €YOUUE GUUTAYOTONOY TOU YWEOU TWV EAAEL-
TTUXOV XAUTOAWY Ywelc Vo ano@OYOUUE va GUUTECLAABOUUE GTOV YWeo AUTS XaL
Wiopopyec xaumuiec. T mopddelypa 1 axoloudlor EAAELTTIXWY XUUTOAWY

y* +ay =2’ +a,

ouyxhiver oTny xaunOAn (3.11), (Bréne oyrua 3.4).
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