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ABSTRACT. We analyze the evolution of multi-dimensional normal graphs over
the unit sphere under volume preserving mean curvature flow and derive a
non-linear partial differential equation in polar coordinates. Furthermore, we
construct finite difference numerical schemes and present numerical results for
the evolution of non-convex closed plane curves under this flow, to observe that
they become convex very fast.

1. Introduction. In this paper, we study the evolution of normal graphs over
the unit sphere under volume preserving mean curvature flow (VPMCF). We use
a proper diffeomorphism and a general parametrization of the unit sphere. Our
main goal is to express evolution as an initial and boundary value problem with
periodic conditions for a second order non-linear partial differential equation with
non-local integral terms. In addition for the two-dimensional case, we solve the
problem numerically by applying finite difference schemes.
Given an initial simple and closed hypersurface Sy in R"*!, we seek a family

of smooth closed hypersurfaces in R™*! on which the following equation is satisfied,
[4]

V=h—H on S, t>0. (1)
Here V = V(o,t) and H = H(o,t) denote respectively the normal velocity and mean
curvature of a point ¢ on S;. The mean curvature on S; is defined as an average of
principal curvatures or equivalently as the trace of the second fundamental form.
The function h = h(t) is defined as the average of the mean curvature on S;

Js, H(o,t) do
Jg, do

A basic property of the averaged mean curvature flow (1) is that it defines a vo-
lume preserving and area shrinking hypersurfaces family {S;; ¢t > 0}. Any Euclidean
sphere in R"*! is a static solution of (1). Existence and uniqueness of solution
of (1) for smooth initial hypersurfaces is proved in [9] and [5]. Huisken [9] (and

h(t) == (2)
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Gage [5] in the case of curves) proved that the solution of (1) exists globally and
converges to a sphere, if the initial surface Sy is convex and smooth, while for any
t > 0 S; remains convex. Extending the previous results, Escher and Simonett
in [4] proved that convexity is not necessary for global existence, i.e. there are
non-convex initial conditions Sy such that the solution of (1) exists globally and
converges exponentially fast to a sphere. Gage and Hamilton analyzed the heat
equation on convex plane curves in [6].

Alikakos and Freire [1] have shown neckpinching of certain class of rotationally
symmetric surfaces under volume preserving mean curvature flow. Later, Gang and
Sigal analyzed the motion of surfaces of revolution under mean curvature flow, [7].
Escher and Simonett in [4] proved for (1) by means of a center manifold analysis
the asymptotic stability of spheres under Holder norm. In [2] a proof of this result
is given in Sobolev norms by orthogonal decomposition of the solutions near the
manifold of Euclidean spheres and by making use of certain properties of Lyapunov
functionals.

In Section 2, introducing a suitable diffeomorphism we present S; as a normal
graph over the unit sphere in polar coordinates. In the next section we use this co-
ordinate system and write (1) in an equivalent formulation. The resulting equation
presented in Theorem 3.2 for general n and Remark 5 for the two-dimensional case
is an evolutionary in time non-linear partial differential equation (p.d.e.). Struwe,
n [12], derived in a more geometric manner in cartesian coordinates the evolution
equation for the mean curvature flow considering the multidimensional case. In
this paper, we analyze the volume preserving mean curvature flow and propose the
use of a polar coordinates system in order to present evolution as an initial and
boundary value problem.

Finally, in Section 4 we solve the problem numerically for non-convex initial con-
ditions by applying explicit finite difference schemes. The numerical results agree
to the theoretical result of asymptotic convergence to spheres; a general experimen-
tal observation is that non-convex curves evolving under volume preserving mean
curvature flow become convex very fast. Our numerical experiments verify for the
VPMCEF the elegant theoretical result of Grayson [8] proved for smooth embedded
curves in R? evolving under mean curvature flow. The result of Grayson completed
the proof of the conjecture that curve shortening shrinks embedded plane curves
smoothly to points, with round limiting shape, while these curves become convex
without developing singularities. In our case, the flow of evolution is different since
we refer to the volume preserving mean curvature flow (VPMCF), while the curve
under this flow does not shrink to a point but converges asymtotically to a sphere
always keeping the initial enclosed volume.

2. Normal graphs. Let I' be a smooth hypersurface in R**!. A hypersurface S
in R"*! is a graph in the normal direction over I if there exists a function

o:I'=>R
such that the function
O,: ' =S
defined by
0, :=1id + ov

is a diffeomorphism from I'" to S, i.e. is a one-to-one smooth function onto S and
951 is smooth too. Here v is the unit outward normal vector field in I" and id is the
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identity function on I'. Moreover, S is said to be in the class H*(T") if ¢ is in the
class H”.

Figure 1: Normal graph over the unit sphere in RZ.

Let T' be the unit sphere in R™*! of zero center and consider a family {S;, t > 0}
of closed hypersurfaces in R"*! where for any ¢ > 0 S; is a graph in the normal
direction over I' (see Fig. 1). More specifically, for I' = {x € R"*! : |z| = 1}, we as-
sume that there exists function p* : I' x R — R defining for ¢ fixed a diffeomorphism
6+ (-, t) onto Sy:

O :Txt—Sp: Ope(y,t) =7+ p (v, t)v(y), yeI, t>0.

Since 0,+(I',t) = S; we deduce that in cartesian coordinates x1,--- ,2p11, S¢ is
represented by

St:{xERf"‘l : |x\—1—p*(%,t> :O}, (3)

where R?T! := R —{0}. By setting p:= 1+ p*, [2], we define the diffeomorphism
05(7,t) := ply,£)y = Op= (7, 1) — id(7).

We represent S; by using the diffeomorphism 65. S; is identified by the function
p(,t): T = R.

Let 2 = (21, -+ ,Tn41) € R"! in cartesian coordinates and consider the change
of variables in polar coordinates u = (u1, - , Up41)
r=x(u) = (Il(ul,"' sUnt1)s s Tpy1 (U, 7un+1)>7 (4)
= un+1y1(u1, s 7un)7 Tyl = un+1yn+1(u17 T aun)’

where  wu,41 = |z| € [0, +00).

The function y = (y1,-*+ ,Yn41) isonand y; ¢ = 1,--- ;n+ 1 in polar coordinates
may be expressed by the following formulas for n = 1,2, ([10])

(n=1) y; =cos(uy), yo =sin(uy), (5)

(n=2) w1 =cos(uy)cos(uz), yz =sin(uy)cos(us), ys = sin(ua),
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where uy,us € [0,27] x [0,7). If n > 3 then y can be defined by

k—1
y1 = cos(uy), yp = ( H sin(uj)) cos(ug), k=2,--+,n—1, (6)
j=1
n—1 n—1
Yn = ( H Sin(uj)) cos(Up ), Ynt1 = ( H sin(uj)) sin(uy,),
j=1 j=1
([11]), where 0 <w; <mfor j=1,--- ,n—1,0 < u, < 27.

Note that the geometrical properties of S; are independent of the choice of
parametrization y of I'. We may write
u = u($> = (ul(xla e 7-7;n+1>7 e 7un+1(:1;17 e »$n+1))

as the change of variables is invertible.

Remark 1. Obviously, p* (ﬁ, t) is a function of x = (21, -+ ,2,41) and ¢ for any
x € R therefore, for t fixed we define

p(-,t) RIS R
by

- x [T
p(xl, e axn-I-lvt) =1+ p* (m7t> = P(mat)

Note that the above gives that p is independent from |x| while it depends only on
the directional angles, and thus any change of variables of R**! from cartesians to
polar coordinates will give for 2 € R?*1

ﬁ(xla"' 7xn+17t) :P(Uh'" aunvun-i-ht) = P(Uly"' ,Un,t),

since up+1 := |z|. In this paper we compute p as a solution of an initial and
boundary value problem. Then we may use this p to construct S; as follows: If T’
is represented by

r:= {y € Rn+1 LYy= (yl(ul,"' aun)a"' 7yn+1(u17"' aun))}7

where y is given for example by (5), (6) then

S; = {x ceR"™: 2= p(ug, - ,Umt)(yl(ul,'“ JUn)s s Yngr (Ur, - a“n))}
(7)

3. The evolution equation. In this Section we consider S; to be a normal graph
over the unit sphere I" defined by (3) and prove an equivalent formulation for (1)
presented as an evolution equation in time for p = p(uy, -+ ,un,t) in polar coordi-
nates. Then S; may be constructed in R"*! by utilizing (7).

We prove the next lemma.

Lemma 3.1. If S; satisfies the VPMCF (1) then p satisfies

LA G- V] 7me3HeSSz(fﬁ vzﬁT}
PR VLA (L + [Val)

~ .~ 1 n
op=nh 1+|Vzp\2+f{f—
nl |zl

€S '

(8)
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Proof. By definition it holds that
~ W/ T
plx1, -+ Tpyr,t) =14p (myt),

thus (3) gives that

Sy = {‘T € R:Jrl : ¢(I,t> = 0}’ (9)
where for t fixed, ¢(-,t) : R?T! — R is given by
P(x,t) = || = plx, t). (10)

Obviously any x € Sy is a root of ¢(z,t). In what follows, we use that p is a function
defined on any z € R?*! independent of |z|. The derivatives in formulae are applied
in the space R"*! in cartesians and at the end we consider x € S; C R**! in order
to compute the exact values on the hypersurface S;.

For the velocity and mean curvature of St we have respectively the formulae, [4]

oo Vad
V= T ) H= d T €St -
B ke e (57 e
Using now the velocity formula in (1) we arrive at
8,:(;5 = (H — h)|Vl¢| on St. (11)

From (10) we compute

A~ 0zl L Oz -
8t¢(xat) - —6tp(l’,t>, VI¢ - (87‘%1 TPzt axn+1 - pa:r,LJrl)a (12)
while for any 0 < i < n + 1 it follows that
Iz| 1 = 2\—1/2 Ti
=- 2)=1/294. = ~L
Ox; 2 (Z %) i ||
Jj=1
Therefore, the second equality of (12) gives
x
Vi = — — Vap. (13)
||
In (11) we replace 0y by (12) and use (13) to obtain finally
8 = (h — H‘H V.7. (14)

Let us consider A > 0, then the next equality easily follows

~ A
POz, t) =14 p* (e

xT
) =14 p" (1) = p(x,1).
Az ]

Hence, for any A > 0, we obtain

&= 3yz

0 = Ox(p(x, 1)) = Or(p(Ax, 1)) Z Py (y:t

where
p(Az,t) = p(y, 1),
and y := Az. So, xV,p(y,t) = 0 and therefore A > 0 yields
yVyply,t) = AxVyp(y,t) = 0.
Setting A := 1 we get that

T
7J—Va:ﬁ(x7 t)a
]
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and thus

o= (|5 +1vae) " = viT e (15)

’i - va
||
Replacing (15) in (14) we obtain

Oup = (h— H)I+ VapP. (16)
The next step is to calculate the mean curvature H in terms of p. By (13), (15)
and the definition (10) of ¢ it follows that

it = o (P8) = (1419 (- a09) (1)
—(1+|Vxﬁ\) IWplg:1 | ‘ — Pz;) o (IVzpl)
Further,

n+1

PN O (V.7) = ;((Zﬁfc)%) IVabl ™Y BuiPri,

i=1 =1
so replacing in (17) we get

c.a

nH = A— (1+|pr\ ) ’B (18)
for
o\"3/ 1N .
A= (1 n |Vzp\2> <H . Azp)
and
n+1 n+1
B::Z ‘ plj (ZPMPLNLJ)
j=1
But we note that
n+1 n+1 n+1 n+1
j=1 i=1 j=1 i=1
thus replacing in B we get
n+1 s n+1
B=%" TJ| ( S b, ﬁmj) — V,pHess, (5) V57, (20)
x
j=1 i=1

where V,p' is the transpose of V,p. Since 21 V,p we deduce that
n+1

Z xjﬁ%. = 0.
j=1

By differentiation with respect to x; we obtain
n+1
Z mjﬁfbjmi + Pz, =0
j=1
and consequently
n+1 n+1

n+l ~12
Xy ~ o~ o 1 _ ‘V1p|
E |£L’| ( E pwipiﬂj) - | E Pz;iPx; = — |.’t| . (21)
j=1 i=1 =1
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By (20) combined with (21) the next relation follows
V.p|?

g IV

]

We replace B and A in (18) to arrive at

— V.pHess, (p) Vop!.

nH
n Agp |V .0 V.pHess,(p) Vip?
TllVIE VAR VI VAR (1 [VapP)? ! (1+|Vapl?)2  lees
(22)
Plugging the above in (16) we obtain equation (8). O

The non-linear evolution equation for the VPMCF in polar coordinates is pre-
sented in the next theorem.

Theorem 3.2. Let Sy be a graph in normal direction over T' determined by the
function p(-,t) : T — R. If S; satisfies the VPMCF (1) then p satisfies the evolution
equation

op = G(p), t >0, (23)

Glp) = J(p) + 2/ + Ralp).

where

Here J(p) is defined as

L, Ril)  Ralp) Rslp)

T ~ ~ 24
(p) n{ prr p(PP+Ra(p) PP +R2(p))} >
v Ra(p) i {Z":z": Pp [~ Ouy dus Z Op nf 32%} (25)

1\p) = P 8ui8uj oo aym aym auq

n+l n n

~ 00 Dt 9p O

Ra(p) :== kz::l mZ=1 ; Oy, Oyr Ou; Oy’ 2

1 1
n+1n+ n 8p 8us

Rs(p) = ([ du, dy; } @7)

j=11i=1 s=1

"~ 0%p Ouy Oy Op 0%u " 9p Ou
|:Z Z Ou0uy Oy; 83/] Z auq 31/13;} [Z auq aiyj})’

I=1k=1 q= q=1

while

hi= Js Hdo _ —(/FpJ(,a)(p2 +R2(P))7%“P> (/F“”)il’

J s, do
where i, is the Jacobian in polar coordinates.

Proof. By Lemma 3.1 the VPMCF (1) is transformed to (8). We express (8) in
terms of p. First, we calculate A,p(w)|zes,. Let x € R?HL then for p(x,t) =
plug, -+ ,un,t) (polar coordinates in space), we apply the chain rule and use that
T = Upt1y = |z]y.

In details, for any € R?*!, we consider

ﬁ(.’l},t) = P(U17"' ,’Ltn,t)
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and compute
~ " 0% Ou; Ou; op  0%u,
Parem ;]Z Ou;0uj Oxy Oy, z auq 0x10%m, (28)
N \x|2 P du;0u; Ay 8ym 8uq OY1Oym 1
for any [,m < n + 1. Here we used that
aui i aui

Oxm 2| Oym’

and that
0? Uq 1 82uq

0x10z,, Waylaym7

since for any x € R?*! there exists y € I' such that = = |z|y. Note that y is defined
as a parametrization of T, for example by (5), (6). Hence we obtain

N n+1 B n+1 n n a p auj aul ap a
n n+1 Ous 8uz ap n+l 82u
- |az:|2{ZZ ou; 8u7mzz : 187%,%2:1 8%2:} 29)

If z € S; then (9), (10) give that |z| = 1 + p* (\w\’t) = p(u1, -+ ,un,t). Thus (29)
yields

AeP(@)lacs, = %Rxp), (30)

for R1(p) defined by (25). We note that the terms appearing in (25) can be com-

puted because y is a known function given for example by (5) or (6).
Applying the chain rule at p(z,t) = p(u1,- -+ ,un,t) we arrive at

Z 8p Bul
63:k 8ul (‘)xk
for any k < n + 1, consequently

L, = dp 0
war =3 (5 2wy o

k=1 I=1

By (31) and by making use of the identity

for
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we obtain
n+l n n
_ ap 8um 8p 87-14
V.| Du,, Oxy Ou;
IVl =22 Z . Oy, Ou; Oz
k=1 m=1 i=1
ntl n  n 8p ou 8p ou;
_Op Oum Op 7 , T € Rn-&-l.
|x|2 kz:m:uz; Oum, Oy Ou; Oyx
Thus we get

~ 1
Val*|aes, = ERQ(p)v (32)

for Ra2(p) defined by (26).
Next, we express in terms of p the operator V,p Hess,(p) V,p! appearing in (8).
The equality p(x1, -, Zpy1,t) = p(ug, -+ Uy, t) yields

dp Ouy - B L~ 9%p Ouy Oy dp  O%u,
Pa; = Z oy 890] Prizj = ZZ:; kz:l OuOuy, Ox; 8% qZ Oug Oz;0x;

By (19) and the above, we obtain for any z € R"*!

n+1ln+1
VapHess, () Vap© Z Z P Paie; Po; =
j=1i=1
n+1n+1 n n n
Op Oug 0%p  Ouy, Ouy dp 0*u
j; ; ([5_1 87u5 axi] [Z Z OuOuy, 0x; 095] qz Ouq Oz; afc]} (33)

n+1n+1
> seg) =2 (S 5]

L 0%p  Ouy Oy Op O%u dp Ou
{Z Ouduy, dy; ayj qz: Oug 8y16;j} {Z Oug 6yﬂ)

=1 k=1

Hence, we compute

V.pHess, (9) Vop! |res, = ER3(P)7 (34)

for R3(p) given by (27).
Utilizing the definition of J(p) in (24), the expression of H in (22) and the
definitions of R1(p), R2(p), Rs(p), we obtain that

J(p) = —H\/I+ Vo],

hence (32) yields

__ =
p* + Ra(p)

. . . . Js, H do . . .
Using the previous expression in h = f‘ -— and the values given by (30), (32),
St
(34) in (8) we get finally (23) since O;p = Opp. O

Remark 2. The operators Ry, R and R3, e.g. (25)-(27), may be expressed in
terms of the Beltrami differential parameters of first and second order. Considering
the first fundamental form G = (G);;, 4,5 = 1,--- ,n of the surface p we define in
cartesians

ap = (81p7 e ’anp)’
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where

n
dp
o* :zE km 0 k=1,
p mZIg aum7 ? ?n)

while g*™ are the elements of G~'. Further let
0p|g = dpGopT.

This expression is equal to the first differential parameter of Beltrami which is
invariant with respect to allowable transformations of coordinates, [10], [2]. We also
define Arp as the Laplace-Beltrami operator on the unit sphere which is invariant
too and also called as second differential parameter of Beltrami, [10]. Finally, let
the n x n matrix Hessp be for ¢ fixed the second covariant derivative of the scalar
function p(uq, -+ ,un,t), [10], given by

Pp_ N~ 00

Ou, Ou " Ouy,’
p=1

(Hessp) s :

where I'2_ are the Christoffel symbols of second kind, then it follows that
Ri(p) = Arp, Ralp) = [9plg, Rs(p) = 9p Hessp dp”,

and the VPMCEF (1) admits an elegant representation in terms of Beltrami operators
and of covariant Hessian, [2].

Remark 3. Considering the standard parametrization (6), we note that
_1 ,
Ui:af00t<il/i(y¢2+yi2+1+~--+y721+1) 2), i=1---,n.

Remark 4. In order to compute an explicit formula for (23), we may use the
standard parametrization given by (5), or (6). We supplement the non-linear p.d.e.
(23) by an initial periodic condition p(-,0) given for any

(w1, ,up) € (0,m) x -+ x (0,7) x [0,27].

We also impose periodic and Dirichlet boundary conditions and derive an initial
and boundary value problem. More specifically, if n > 2 we consider the p.d.e. (23)
at any t > 0 for (uy, - ,u,—1) in the open set A := (0,7) x --- x (0,7), and for
any u, € (0,2m). Since S; is closed we impose a periodic boundary condition on
the azimuth wu,, by

p(ur, -+ yun—1,0,t) = p(uy, -+ ,up_1,2m,t) for any (ui,---,u,—1) €A, t>0.

In addition, we assign boundary values at the south and north poles 0, 7. Since
the coordinate system is polar, these values at the poles must be independent of the
azimuth u, (u, is measured along the equator), so we impose Dirichlet conditions
on the azimuthal derivatives for any wu,, € [0,27] and any ¢ > 0 as follows

0 0

87p(0,u27"'aumt):0a ai(ﬂ7u2a"'aunvt):0’ UiG(O,ﬂ'), i#1,n,
0 0

a—p(uho,---,un,t)zo, a—p(ul,w,---,un,t)zo, u; € (0,m), i#2,n,
Ip

7(/“'13“2"" 707un7t) = 07 i(“ly“?;"' ,W,Un,t) = 0?
aun Un

u; € (0,m), i #n—1,n.

For the case n = 1 we only consider periodicity on azimuth.
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Remark 5. For the 2-dimensional VPMCF (23), i.e. in the case of curves in R?
let n = 1. We use the symbol u; =: 4, to obtain p = p(0,t), y1 = cosf, y2 = sinb,

6 = arctan(£), 0 < 0 < 27, and we further compute g—e = —sinf, 3‘9—9 = cos b,
R Y1 N R Y1 Y2
gy? = —2cosfsiné, % = —1+ 2cos?0, ng = 2cosfsinf. We replace in R,
Ra, R3 e.g. (25)-(27), to obtain after straightforward calculations that
Ri(p) = poo, Ra(p) = pi, Ra(p) = pipoo-
Thus by (24) we get
i
poo — 1
Jp) =2 L

pt+pyg P

In order to calculate h we write
&:{zewzz:@gam@an:man@%amw%eemgﬂ}
thus [g do = 027r V22 + 23,df. We compute 23, + 23, = pz + p* to get
o 2m
J(p)do
/ da:/ \/ P2+ p2df, h:f—z{é pTp)dh
S¢ 0 Io " N/ pg + p2df
We replace in (23) and obtain the final equation
_ 0 2 7 (27
Poo 1 Vet J(p)df

PP P p 2T \pE pPdd
Remark 6. In three dimensions (n = 2) using (5) we write
Sy = {z ER3: 2= p(#,¢,t)(cos b cos ¢,sin f cos p,sin @), 6 € [0,27], ¢ € [0,7?]}.

In this case we may compute H by using the first and second fundamental forms
for hypersurfaces.

4. Numerical experiments for the 2-dimensional VPMCEF.

4.1. Finite difference schemes. We consider the case n = 1. The VPMCV can
be presented (Remark 5, eqn. (35)) as the following non-linear initial and boundary
value problem for p

7
02 2#(*P69+7+1> do
poo — 1 0 P2 +p3 0)P
op=——->L—=+1/p*+p2 — , 0<@<2m t>0,
R R I Doy P df
p(0,0) = po(0), 0 <O <2m,  p(0,t) =p(2m,t), t >0, (36)

with periodic conditions and smooth periodic initial data pg. We will consider the
case when pg is non-convex. We approximate numerically (36) by explicit finite
difference schemes using the trapezoid rule for the non-local integral terms.

More specifically, let define the uniform partition 0 =60y < 0y < by < --- <05 =

27, with 0; := jh, 7 =0,---J, for h := %, J :=100. We approximate the terms

p(0;,t"),  Oup(0;,t"Y),  pe(0;,t"),  poa(0;,t")
fOI‘jzl,"' 7J7]-7 by

+1
W P TP PPl P 200 0

Pi k 2h B2
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respectively, for k = 1(1)—0, and t" := nk, n = 0,--- ,N. We also approximate

the values p(f, ") = p(0s,t"+1) by pitt for n = 0,--- , N, and use the initial
condition p? =po(8;), j=1,---,J. Obviously

So={z€R?: z=py(#)(cosh,sinh), 6 € [0,2n]},
while for any ¢ > 0
Sy ={zc€R?: z=p(6,t)(cosb,sinb), 0 € [0,2n]}.

In details, let p} := po(6;), j = 1,---,J. For any n = 1,--- , N we solve the
J —1x J —1 diagonal system

(p_;"_,_lfﬁnz_l)z i o 2
p;erl - ,0? p;}+1*2:§+”?71 _ 2{)’;} L, ¢(p;)2+(%+1;}:’j—1) N

k (P}L)2+(P;¥1;}Lp?—1)2 Pj Py Bn?
where j = 1,---,J — 1, while A,, B, are the approximations of the non-local
integral terms of (36) at ¢ := ¢" calculated by the trapezoid rule. Further using
the periodic conditions for j = J and any n = 0,---, N we set pgt' = pith
p7}+1 — p?+1.

4.2. Numerical results. For the first experiment (Case 1), we use as initial con-
dition the following non-convex smooth and periodic function

po(#) = (4 + cos® 0)(2 + sin® 9).

Figure 2 presents the evolution of the closed initial curve Sy for various times tg = 0,
ty = 1, to = 10, t3 = 20. In this case the asymptotic convergence to a sphere is
observable.

Figure 2: Case 1.

We next consider for the second experiment (Case 2)
po(#) = (1.5 4 cos® 0)(2 + sin® 0)(2 — cos® fsin §).

The above function creates a closed curve which is locally intensively non-convex.
In Figure 3 we present S; for tg =0, t; = 1, t3 = 10, t3 = 20. A general observation
stemming from these experiments is that the VPMCF converges first rapidly to a
convex curve and after asymtotically to a sphere.
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Figure 3: Case 2.

5. Conclusions. The (VPMCF) acting on normal graphs over the unit sphere is
presented as a non-linear initial and boundary value evolutionary problem for the
radial function in polar coordinates. The resulting equation is a second order partial
differential equation containing some non-local integral terms. The (VPMCF) is an
optimization procedure that drives hypersurfaces to spheres (i.e. to minimal area
surfaces) under the constraint of constant enclosed volume. Our numerical results
for the 2-dimensional case indicate that convexity is a local minimizer and arise the
question if this is indeed true in two or higher dimensions.
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