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competition-diffusion system with spatially inhomogeneous coefficients. We assume
that the corresponding ODE system has two stable equilibria (i1, 0) and (0, v) with
equal strength of attraction in the sense to be specified later. The equation involves
a small parameter &, which reflects the fact that the diffusion is very small compared
with the reaction terms. When the parameter € is very small, the solution develops
a clear transition layer between the region where the u species is dominant and the
one where the v species is dominant. As € tends to zero, the transition layer becomes
a sharp interface, whose motion is subject to a certain law of motion, which is called
the “interface equation”. A formal asymptotic analysis suggests that the interface
equation is the motion by mean curvature coupled with a drift term.

We will establish a rigorous mathematical theory both for the formation of
internal layers at the initial stage and for the motion of those layers in the later
stage. More precisely, we will show that, given virtually arbitrary smooth initial
data, the solution develops an internal layer within the time scale of O(g*loge)
and that the width of the layer is roughly of O(g). We will then prove that the
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1. Introduction

It is well-known that some classes of nonlinear diffusion equations give rise to rather
sharp transition layers (or interfaces) when the diffusion coefficient is very small or
the reaction term is very large. And the motion of such interfaces is often driven by
their curvature. In this paper we consider a Lotka—Volterra competition—diffusion
system with spatially inhomogeneous coefficients of the form

1
eu, = eD, V- (k(x)Vu) + —h(x)(R, —aju — bv)u (x € Q,t>0),
€

1
ev, = €D,V - (k(x)W) + —h(x)(R, — ayu — byu)v  (x € Q, 1t > 0),
€

; - (1.1)
u Ov

E:azo (xe@Q,t>0),

u(x, 0) = uy(x), v(x, 0) = vy(x) (x e ),

under the Neumann boundary conditions, where & is a small parameter,
Q is a bounded domain in R”, d/dv is the outward normal derivative on
0Q, D;,R;,a;,b; (j=1,2) are positive constants and k(x), h(x) are positive
C? functions representing spatially heterogeneous diffusion and reaction rates,
respectively.

By suitable transformation, we can reduce equation (1.1) to

eu, = eV - (k(x)Vu) + 1h()c)(Rl —u — bv)u,
81 (xeQ,t>0), (1.2)
ev, = eDV - (k(x) V) + gh(x)(Rz —au — v)v,

where a, b, D are positive constants. In what follows we assume

R
a> R—T > 5 (1.3)

which implies that the ODE system

dp

o = f(p, 9).

@ _ (1.4)
e g(p, ),

p(&n,0)=¢& q(&n0)=n,

where

fpsq) = (R, —p—>bg)p, &(p,q) = (R, —ap— q)q,

has two stable equilibria (R,,0), (0, R,). In addition to the above two stable
equilibria, the ODE system (1.4) has two other equilibria (0, 0) and (u*, v*), where

_bR,—R, . aR, —R,

R 1.5
ab—1" " ab—1 (1.5)

Ut =
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The point (u*, v*) is a saddle, while (0, 0) is an unstable node.
We also assume the following:

Assumption 1. The following system has a solution.

U.+R —-U-bV)U=0 (-0 <z < +00),
DV_+ (R, —aU—-V)V =0 (—o0 <z < +00),

(1.6)

(U(=0), V(=00)) = (R}, 0),

(U(+00), V(+00)) = (0, Ry).

Assumption 1 means that the rescaled diffusion system

U=U_+ (R, —U-bVU

! (R, " (—o0 <z < +0) (1.7)
V,=DV_+ (R, —aU - V)V

has a stationary solution whose values at z = —oco and z = +oo0 are (R;,0) and

(0, R,); in other words, the speed of the travelling wave connecting (R, 0) and
(0, R,) is zero. Kan-on (1995) shows that under the bistability assumption (1.3), the
system (1.7) has a unique travelling wave connecting (R, 0) and (0, R,), and that the
travelling wave speed depends continuously on the coefficients. He further studies
the parameter range for which (1.6) has a solution. The fact that the travelling
wave speed is zero can be interpreted that the two stable constant steady-states have
“equal strength of attraction”. Such a condition is quite standard in the context of
a single Allen-Cahn type equation (Allen and Cahn, 1979)

U = U+ f(U) with f(0) = f(1) =0,

where it simply reduces to fol f(u)du = 0.

When & > 0 is very small, the domain () is loosely divided into two regions — the
region where u is dominant and the one where v is dominant —, and the two regions
are separated by rather a clear transition layer. As £ — 0, a formal asymptotic
analysis shows that this transition layer converges to a hypersurface I'(#) and that
(u, v) takes the value (R, 0) on one side of I'(¢), while it takes the value (0, R,) on
the other side. This hypersurface I'(¢), which we may call a “sharp interface” moves
according to the following law of motion:

A)(C+1) &

0
V= —(N— Dk(x)x — %k(x) - K(x) on

K(). (1.8)

Here V is the normal velocity of the interface I'(¢#), x the mean curvature,
n the unit normal vector and C is a constant determined by the coefficients
D,R;,a,b (j=1,2) (see (2.22) below), K(x) is defined by

K(x) = % (19)

We call (1.8) the interface equation. It can be seen as a (formal) singular limit of
the diffusion equation (1.2). Note that the signs of V, x and d/0n are all correlated,
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therefore equation (1.8) is well-defined irrespective of where n denotes the outer
normal or inner normal.

Interestingly, the interface motion arising from the above equation involves not
only a curvature term but also a drift term, despite the fact that no drift term is
present in the original diffusion equation. The same thing has been observed earlier
for the case of a single equation, (Ei et al., 1997; Hilhorst et al., in preparation;
Nakamura et al., 1999), but the analysis is far more involved in the case of systems
of equations.

Before stating our main results, we have to clarify the concept of transition
layers for the system (1.2). To do so, let us introduce some notations. First, let the
stable manifold of (u*, v*) be denoted by

S:={(&n) e R, xR | (p(v; &, ), q(t; &, 1)) — (u*, V") as T — oo}.

Here R, = (0, 00) and (p(7; &, 1), g(7; £, 1)) is a solution of (1.4) with initial data
(&, n). S is called a separatrix and it divides the first quadrant of the pg-plane into
two parts, namely

B= (G0 CRRGEEN. g ) > RO as e ),
Ay i={(Em) € Ry xR | (p(x: &), g(m &) = (O, Ry ast— oo).

This is due to the fact that every solution of (1.4) in the first quadrant {p > 0, ¢ > 0}
converges to one of the four equilibria as 1 — oo (see Lemma 3.1) and that no
solution with & > 0, n > 0 converges to (0, 0). This result is well-known, so we omit
the proof; see for example, Chapter 12 of Hirsch and Smale (1974).

We will see later that, when ¢ is very small, the value of (u, v) is very close
to either (R, 0) or (0, R,) in most part of Q. The domain Q is divided into two
regions: the one where the value of (u, v) is very close to (R;, 0) and the one where
is nearly (0, R,), and steep transition layers appear between the two regions. The
location of these layers is called the ‘interface’, and it is precisely where the value of
(u, v) lies on S.

In view of this, we define the initial interface I}, as follows:

Ly = {x € Q[ (uy(x), vp(x)) € S},

Assumption 2 (Initial Data). u,, v, are continuous on Q and satisfy |u,(x)] +
|vo(x)] > 0 on Q.

Assumption 3 (Initial Interface). T}, is a C? closed hypersurface in  and satisfies
NT,=0.

Assumption 4 (Solution of the Interface Equation). The classical solution I'(f) of
(1.8) with initial data I'(0) =T}, exists on an interval 0 <t < T and is a smooth

closed hypersurface in Q) for every ¢ € [0, T].

Assumption 5 (Nondegeneracy Condition). There exists a constant A, > 0 such
that

distg: (1 (%), vo(x)), S) > Apdist(x, [;)) x € Q,
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where distg. denotes the Euclidian distance on the uv-plane and dist denotes the
Euclidian distance in R".

Remark. Note that the existence of a local classical solution of (1.8) for any
smooth initial hypersurface I, is well-known, as (1.8) can be reduced to a quasilinear
uniformly parabolic equation on the manifold T}, at least for small # > 0. See, for
example, Hilhorst et al. (in preparation) for details. Assumption 4 simply requires
that this local solution can be continued up to ¢ = T without developing singularity
nor touching the boundary 0().

The closed hypersurface I'(r) divides ) into two parts:
Q,,(¢) = subregion of Q inside I'(r), ,,(f) = subregion of Q) outside I'(¢).
Without loss of generality we may assume that (u,(x), vy(x)) satisfies

Q,,(0) = {x € Q| (uy(x), vo(x)) € A}, (L1
0,,(0) = {x € Q| (u(x), v(x)) € Ay}, '

since the same argument holds if we exchange A, and A,.
Let the solution of (1.2) be denoted by (u”, v®), and define I'*(¢), Q3 (1), Q2 ,(¢)
as follows:

Ie(t) = {x € Q| (u®(x, 1), v°(x, 1)) € S},
05, (1) = {x € Q| (W (x, 1), v°(x, 1)) € A},
Q2 (1) = {x e Q| (W (x, 1), v°(x, 1)) € A,}.

In what follows we will call I'*(¢) the interface at time ¢ and set

= |J (T x {1}). (1.12)

0<t<T

We are now ready to state our main theorems:

Our first main theorem (Theorem 1) states that after a very short time of order
g’log(1/¢), the value of (u,v) comes close to (R,,0) on one side of I'"°(¢) and to
(0, R,) on the other side.

Theorem 1 (Generation of Interface). For any o > 0, there exist C > 0 and t° with
t* = O(&*log(1/¢)) such that for all t € [t°, T),

(u®(x, 1), v°(x, 1)) € B,(Ry, 0) for Q;,(D\ N (T(2)),
(u®(x, 1), v(x, 1)) € B, (0, Ry) for Q,,,(D\Nc.(1(2)),

where B,(py-40) == {(p. q) € R?||(p. q) — (po. 90)| < 0}-
Theorem 2 (Location of Interface). There exists a constant C > 0 such that

dy(I*(1),I(1)) < Ce for0 <t <T,
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where d;, denotes the Hausdorff distance between compact sets. In other words, the
following inclusion relations hold:

I°(t) C N (T(0),  T(2) C Nee(T°(2)).
Here N3(A) denotes the d-neighborhood of a set A.
Corollary 1.1 (Convergence of Interface). The following hold for 0 <t < T:
lin T(0) = (), Tim 05,() = (1), Tim 05, (1) = ©,,,(1).
Here the convergence is in the sense of Hausdorff distance.

We also have the following convergence result which can be derived from
Theorem 1 easily.

Theorem 3 (Convergence Away from Interface). The following holds for any
O0<t<T:

lim(ua(x, t), UE(X, l)) — (Rl’ O)’ X € Qin(t)
&0 (0’ RZ)’ X € Qour(t)‘
Moreover, the convergence is uniform on every compact set in Q\I'(z).

Our main tool for deriving the above results is the method of upper and lower
solutions. We will use two different pairs of upper and lower solutions, namely
(u*,v*) and (U%, V*). The first pair—(ut, v*) and (u~, v™)—is used to analyze
the rapid formation of internal layers that takes place in a very fast time scale
(“generation of interface”). The second pair— (U™, V*) and (U, V~)—is used to
study the motion of the internal layer in a relatively slow time scale (“motion of
interface”). The transition from the initial stage to the second stage occurs within
a time scale of g?log(1/¢), but its precise timing of transition varies from place to
place due to the inhomogeneity of the coefficients k(x), 2(x). Since the behaviors
of solutions are so different between the two stages, it is important to know the
right timing to switch from (u*, v¥) to (U%, V*) at each place. In this paper we will
combine (%, v¥) and (U*, V*) with a variable switching time which depends on
the location. A similar idea has been used in Hilhorst et al. (in preparation), which
deals with a single Allen-Cahn equation in spatially inhomogeneous media.

The organization of this paper is as follows. In Section 2, we present a formal
derivation of the interface equations corresponding to the system (1.2). In Section 3,
we study the dynamics of the ODE system (1.4) in detail, particularly the behavior
of orbits near the saddle point («*, v*). This information will play a crucial role in
Section 4, where we derive a result on the generation of interface, namely we prove
that the solution develops internal layers within a time span of order &?log(1/¢).
As mentioned above, this will be done by constructing a suitable pair of upper and
lower solutions, namely (u", v™) and (u~, v~). These upper and lower solutions are
constructed by using the solution of the ODE system (1.4). In Section 5 we construct
another pair of upper and lower solutions, namely (U*, V*) and (U~, V™), that
will be used for studying the motion of the interface. These upper and lower
solutions are constructed by using the terms in the formal asymptotic expansion
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(2.5). Finally, in Sections 6 and 7, we prove the main theorems. The key idea is to
combine (u*, v¥) and (U*, V*) to form a single pair of upper and lower solutions
(ut,ot), (=, 07).

2. A Formal Derivation of the Interface Equation

In this section we present a formal derivation of the interface equation for

eu, = eD,V - (k(x)Vu) + lh()c)(Rl —u—bv)u, (xeRY 1>0),
18 (2.1
ev, = eD,V - (k(x)Vv) + gh(x)(Rz —au—v)v, (xeRM 1>0).

Using the multiple-time scaling method, one finds that the evolution of solutions
of (2.1) consists of two stages. To explain what these stages are, let us first consider
the special case where h(x) = k(x) = const., in which case system (2.1) reduces to

1
eu, =eAu+~(R,—u—bv)u, xeRY, >0,
£

1
ev, =eDAv+ —(Ry —au—v)v, x€RY, t>0.
£

In what follows (u?, v®) will denote a solution of the above equation.

In the first stage, which takes place in a very fast time scale of order = t/&?,
the effect of diffusion is negligible and (u°, v®) evolves according to the ordinary
differential equation

eu, = (R, —u—bv)u, ev, = (R, —au—v)v.

Thus the value of (1®, v®) quickly approaches (R, 0) if (u°(x, 0), v*(x, 0)) € A,
and approaches (0, R,) if (u°(x, 0), v*(x,0)) € A,. Accordingly, a steep transition
layer develops between the two regions {(u*, v°) ~ (R, 0)} and {(u*, v*) =~ (0, R,)},
or, in other words, near the area where {x € R¥| (u®(x, 0), v*(x, 0)) € S}, which
coincides with I, in the previous notation.

In the second stage which takes place in a slower but still relatively fast time
scale of order T = t/¢, the diffusion term Au®, Av® near the interface becomes large
enough to balance the reaction term. Here the interface starts to move with normal
velocity equal to its mean curvature (Ei and Yanagida, 1994).

When h(x) or k(x) is not a constant function, the above-mentioned scenario
remains the same up to the first stage. An intriguing difference appears in the
second stage. Namely that the normal velocity of the interface now depends not
only on the curvature but also on the gradient of 4(x) and k(x), thus the spatial
inhomogeneity of the coefficient of the reaction term gives rise to a drift effect.
In what follows we shall derive this law of motion by using the so-called matched
asymptotic expansions along the same line as is done in Nakamura et al. (1999) and
Hilhorst et al. (in preparation) for single equations.
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2.1. Matched Asymptotic Expansions

Let d(x, r) be the signed distance function with respect to the interface I'(¢), namely,

—dist(x, () x € Q,, (1),

A0 =1 Gist(e. 1)) x € 0, (1),

2.2)

Here dist(x, I'(¢)) is the distance from x to the hypersurface I'(f) in RY. We also
define

I'={JI@) x {r}).

t>0

Qin = U(Qin(t) X {t})5 (23)
>0

Qour = U ( Qo (1) x {1}).
>0

We assume that the solution (u°, v®) has the expansions

ué(x, 1) = Uy(x, ) + eU, (x, 1) + €Uy (x, 1) + - - -

_ N _ (2.4)
V(x, 1) = Vo(x, 1) + eVi(x, t) + £V, (x, 1) + - - -
away from the interface I'°(¢) (the outer expansion) and
u(x, 1) = Uy({, x, 1) + eUy (L x, 1) + UG x, 1) + - - -
(2.5)

Us(x’ t) = VO(C’ X, t) + 8‘/1 (C’ X, t) + 82‘/2((’ X, t) +e

near I'*(¢) (the inner expansion), where { = d(x, t)/&. The stretched space variable
{ gives exactly the right spatial scaling to describe the rapid transition between the
regions {(u, v) = (R, 0)} and {(u, v) =~ (0, R,)}.

To make the inner and outer expansions consistent, we require that

(Up(=00, x, 1), Vi (=00, x, 1)) = (U"(x, 1), V[/"(x, 1))  if x € Q,, (1) UT(D), (2.6)
(Up(4o0, x, 1), Vi (400, x, 1)) = (UM (x, 1), VI(x, 1)) if x € Q,, (1) UI(z), 2.7

for all (x,7) near I' and all k > 0 (matching conditions), where (U", Vj") and
(g, vy respectively denote the terms of outer expansion (2.4) in the region Q,,
and the region Q,,,. In particular, if x € I',, then one has to take into account both
of the conditions (2.7), (2.6).

2.2. Motion of the Interface for Equation (1.2)

1

Substituting the outer expansion (2.4) into (1.2) and collecting the &' and &° terms

respectively, we get

FOy(x, 1), Vo(x, ) =0, g(Ty(x. 1), Vy(x, 1)) = 0, (2.8)
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(fu(ao(x, ), Vo, 1) £,To(x, 0, Vi, r))) <i71 (x z)) _ <0> 29)
8. (Uy(x, 1), Vo(x, 1)) ,(Ty(x, 1), Vo(x, 1)) \Vi(x, 1) 0)°

in 0,U0Q,, Equation (2.8) implies (U, V)= (0,Ry), (Up, Vo) = (u*, v*)

or (U,, V,) = (R;, 0). Since we are studying interfaces between the regions {(u, v) ~
(R,,0)} and {(u, v) =~ (0, R,)}, and since (1.11) holds, we have

(f]o’ ‘70) =(Ry,0) in Q,, and (l~]o’ v0) =(0,Ry) inQ (2.10)

out*

As for (2.9), note that

fu fv _ R _u—bl} —bu
<gu gu>_< 1 —cv Rz—cu—v>' (2.11)

Consequently, we get (l~]1 (x, 1), \71 (x,1))=1(0,0) in Q;,U Q
(2.9) is equal to

—R, —bR, . R —bR, 0 .

both of which by (1.3) are regular matrices. Next, substituting the inner expansion
(2.5) into (1.2) and collecting the £~! and &° terms, we obtain

since the matrix in

out?>

k(x) <DU‘<};) +h(x) (£ Egﬁ “2;) —o, 2.12)
UC fu(U’V) fy(va) U
k(x) (D;,ég) + h(x) (gu(Ug, w vﬁ)) (V:)

VU - Vd ) . (2.13)

- <DU‘(};> (d, — V- (k(x)Vd)) — 2k(x) ( DYV, - Vd

Both (2.12) and (2.13) are ordinary differential equations, with x, ¢ acting the role
of parameters. From (2.12) together with the matching conditions (2.6), (2.7), and
(2.10), we find that

Uo(C: x) = ¢o(K(x)0), V(G x) = o (K(x)D), (2.14)

for all { € R and all (x, r) near T, where K(x) is defined by (1.9) and (¢,(z), ¥,(z))
is a solution of the stationary problem

¢zz+f(¢’lp):()s (_OO<Z<+OO)
DWZZ +g(¢’ W) = 07 (_00 <z < +OO) (215)
(p(=0), (=) = (R}, 0), (p(+00), Y(+o0)) = (0, Ry),

which is equivalent to (1.6).
By shifting the { coordinates, we may assume without loss of generality that

(¢(0), ¥(0)) € S, (2.16)
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which we call the normalization condition for (¢, ). It is shown in Kan-on (1995)
that (2.16) determines the solution of (2.15) uniquely.
The following lemma gives estimates of ¢, ¥, and their derivatives:

Lemma 2.1. There exist constants C > 0, M > 0 such that
0 < ¢y(2) < Cexp(—M|z]), 0 <R, —yy(z) < Cexp(—M|z|) forz>0,
0 < Ry — ¢o(2) < Cexp(—M|z|), 0 <yy(z) < Cexp(—M|z|), forz=<0

$y(z) >0, Ypz) <0 forzeR
D/ py(z)| < Cexp(—=M|z|), |Do(z)| < Cexp(=M|z|) forz €R, j=1,2.

Proof. The strict monotonicity of ¢, W, is proved in Kan-on (1995). The
exponential decay estimates follow from the fact that, in the 4-dimensional phase
space corresponding to the system (2.15), the equilibria (¢, ¥, ¢,, ¥.) = (R, 0,0, 0)
and (¢, ¥, ¢,,¥.) = (0, R,,0,0) are non-degenerate saddle points. Details are
omitted.

Substituting (2.14) into (2.13), we get

() (e £l ) (7)
_ K(x)( Po > (d, — V - (k(x)Vd)) — 2k(x)Vd - V(K(x))( 0¢K() + % ) ,

Dy, Dys(K(x) + Dy
(2.17)

with the normalization condition U, (0, x, r) = 0. To give a solvability condition for
(2.17), we need the following two lemmas.

Lemma 2.2. There exists a solution (¢p*(z, x, 1), Y* (2, x, t)) of the equation

¢, ) (f (U, Vo) 8u(Ups Vo)) ((’5*) <0)
S I u .= —00 < 7 < +00), 2.18
<Dwu 110 ) a0y Vi) )\pr) =lo) ¢ »  @18)
satisfying ¢* > 0, y* < 0. Moreover, the solution of (2.18) is unique up to multiplication
of a constant.

Remark. (¢*, y*) spans the kernel of the adjoint operator of

LN (fuwo, Vo) fulUp, vo>)
dZZ gu(UO7 VO) gv(UO’ VO) ’

With the notation in (4.5), the condition ¢* > 0, Y* < 0 can be written as (¢*, y*) >
(0,0). Therefore Lemma 2.2 states that the adjoint operator has a positive
eigenfunction corresponding to the eigenvalue 0.

Lemma 2.2 is a consequence of the fact that: (a) the above operator and its
adjoint have the same spectra; (b) only the principal eigenvalue has an eigenfunction
satisfying (¢, ) > 0; (c) the principal eigenvalue is simple. For details see Volpert
et al. (1994, Proposition 1.3, pp. 155-156), and Alexander et al. (1990).
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Lemma 2.3. Let (A,(z, x,1), Ay(z,x, 1)) be given and assume that A,(z,x,t) =
O(e~ ") as |z| — oo for some 5 > 0 for i = 1, 2. Then for each fixed (x, t), the following

equation
b.. FuUp Vo) fo(Ups VO (@) _ (Ai(z, x, 1)
(Dw) * <gu(Uo, %) & (U vo)) (w) B (A2<z, x, r)) 219
has a solution if and only if

L1 Gox DA v ) 0 Gox DA G 1) dz = 0.

In addition, the solution, if it exists, is unique under the normalization condition

¢,(0, x, t) = 0 and satisfies

¢z, x, 1) = 0(e™H), Yz, x, 1) = O(e™) (2.20)
for some & € (0, 8] as |z| — oo.
Proof. Since (¢*, y*) is the kernel of

i (fu(Uo, Vo) fu(Up, v0>>
dx? 8.(Up, Vo) g, (Uy, Vy) )’

by Volpert et al. (1994), one can use the method of variation of constants to find a

solution of (2.19) explicitly. Then the lemma follows from direct calculation.
By Lemma 2.3, the solvability condition for (2.17) is written as

[(d, — V- (k(x)Vd)}K(x) — 2kVd - VK] [R{gb*df + DYty )dz

—2kVd - VK fR {z2¢*¢" + zDY*y"Ydz = 0.

Lemma 2.2 assures that [, {¢*¢’ + Dy*y/}dz < 0, which implies

2(C + 1)kVdVK

d, — V(k(x)Vd) = 2 , 2.21)
_ Jelzd g + 2Dy }dz 22
€= oy + DUz (2.22)

Incidentally, we have

Ui(lx, 1) =

Tt O KO 50, VilGn ) = KWk, (223)
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where (¢, {,) is a solution of
A AR R A CA NN SR S
Dl//zz gu(UO’ VO) gv(UO’ VO) l,b Dl//OM D%z
p(—o)\ _ [0  [(#+o0)| _ (0
(—o0) 0/ \Y(+) 0,

and where C is defined in (2.22).

Let us derive the equation of interface motion from (2.21). Since Vd (=V,
d(x, 1)) coincides with the outward normal unit vector to the hypersurface I',, one
easily sees that —d,(x, ) = V, where V is the normal velocity of the interface I,. It
is also known that the mean curvature x of the interface is equal to Vd/(N — 1).
Thus the equation (2.21) is equivalent to

(2.24)

2(C+ 1)k @

0
V= —(N = Dk@)x = = (k(x)) = === =-(K(x)) onT, (2.25)

where C is given in (2.22).

3. Basic Properties of the ODE

In this section we discuss dynamics of the ODE (1.4) that will be needed later. We
first start with some basic properties that hold not only for the Lotka—Volterra
system (1.4) but for any two-species competition system of the form

p
e F(p. q),
3.1
2~ G(p.q
dv P-4
The ODE system (3.1) is called a “competition system” in the region A := {(p, q) €
R?|p>0,q>0}if
— <0, — <0 (3.2)

holds for any (p, ¢) € A. The following property is well known:

Lemma 3.1 (Comparison Principle). Let (3.1) be a competition system in A. Suppose
that (p,(7), 4,(7)) and (p,(7), ¢,(7)) satisfy (p,(7), ¢;()) € A (i =1,2),

dp dq
L > f(pr.q), — <8P q)) (3.3)
dt dz
dp dq
—2 < f(p2s 42), = > g(py, @) (34)
dt dt

for © > 0 and that

p1(0) = p2(0),  ¢1(0) < ¢,(0).
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Then

p1(1) = pa(1), q(7) < gy(7) for T > 0.

For the proof see, for example, Hirsch and Smale (1974). We say (p,(t), p,(7))
is an upper solution if it satisfies (3.3), while any function (p,(7), ¢,(1)) satisfying
(3.4) is called a lower solution. A function (p(z), g(t)) is a solution of (3.1) if and
only if it is an upper solution and a lower solution at the same time. The following
lemma is also well known:

Lemma 3.2. Let (p(7), (1)) be a bounded solution of the competition system (3.1)
satisfying (p(z), q(z)) € A (i=1,2) for 1> 0. Then (p(r), q(t)) converges to an
equilibrium point as T — oo.

Proof. Set ¢ = %, Y= %. Then ¢(7), Y(7) satisfy

2 _ a@e + W,

. W s+ s,
T T

d

where

a(®) = 5 (p@). g0). B = O (p(o). 4(0).
p q
0

A
o

(1) =

% p@. 4@, 56 = 52 (p(2), 4(2)).
p q

By the assumption, we have (1) < 0, y(tr) < 0. Therefore, if ¢(1,) > 0, ¥(z,) < 0 for
some 7, > 0, then we have

¢(t) =0, Y(r) <0 for any 7 > 1,,.

This means both p(tr) and ¢(tr) are monotone in t > 7,, therefore they converge
as 7 — oo. The same conclusion holds if ¢(zy) <0, Y(zr,) > 0 for some 7, > 0. It
remains to consider the case where neither of these inequalities hold for any 7, > 0.
In other words we have either ¢(t) > 0, ¥/(t) > 0 for all 7 > 0 or ¢(7) < 0, Y(r) <0
for all T > 0. In either case, p(r) and ¢(r) are monotone, hence the convergence of
p(7), g(7) follows. The lemma is proved.

Now we turn to our original system (1.4). As we mentioned -earlier,

(R, 0), (0, R,) are stable nodes, (0, 0) is an unstable node and (u*, v*) is a saddle
point. Also recall that the separatrix

S:={(&n) e R xR [ (p(z: &), q(m: &, ) — (u, v") as T — oo}
divides the first quadrant into the two regions A,, A, defined in (1.10).

Lemma 3.3. The separatrix S is expressed as the graph of a strictly monotone
increasing function v = W(u) satisfying W(0) = 0.
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Proof. We first show that every orbit (p(1), ¢(t)) on S\{(u*, v*)} satisfies either
P'(x)>0,4(x) >0 or p'(r) <0,4'(xr) <O. (3.5)

Suppose the contrary. Then there exists 7, € R? such that p'(zy) > 0, ¢'(tp) < 0 or
P'(t9) <0, ¢'(7y) = 0. Then as we have seen in the proof of the previous lemma, we
have

p'(z) >0,4'(zr) <0 fort>1, or p'(xr) <0,4'(zr) >0 for t > 1,.

However, since (p(t), g(t)) converges to (u*,v*) as 1 — oo, a local phase plane
analysis near the saddle point (u*, v*) shows that either p/'(7) >0, ¢'(tr) >0
or p'(t) <0, ¢’ (1) < 0 for all large . This contradiction proves (3.5). The conclusion
of the lemma easily follows from this observation and the fact that (0, 0) lies on the
boundary of both A, and A,.

Our next task is to investigate the behavior of orbits near the separatrix S in
more detail. Before doing so, we choose a large constant M > 0 and small constants
ay, 0, > 0 such that

o < ug(x), vo(x) < M for x € Q. (3.6)

and that %, (0,0), B, (R, 0), %, (0, R,), B, (u*, v*) are all mutually disjoint,
where 9, (u, v) denotes the g-neighborhood of the point (u, v) in the uv-plane. We
also assume that g, is chosen sufficiently small so that the constant u := —f* — C,0,
which appears in (3.19), is positive. Hereafter we fix these constants M, g, g, > 0
and define

0 = [0, M] x [0, M]\(%,,(0, 0) U B, (R,,0) U3, (0, R,) U B, (u",v")),
where 9%, (u, v) denotes the o-neighborhood of the point (u, v) in the uv-plane.
The next lemma shows that the solution (p, ¢) cannot stay in ® for a very long
time:

Lemma 3.4. For each (&, 1) € O, define

7(&,n) = sup{t = 0 (p(s; &, n), q(s: &, 1)) € O for every s € [0, 7]},

then there exists C; > 0 such that

(& n) < C; forevery (&,1) € O.

Proof. Since (p, g) converges to an equilibrium point as t — oo, we have 7(¢&, 1) <
oo for every (¢, n) € ©. In order to prove that sup, e (¢, 1) < oo, suppose the
contrary.

Then there exists a sequence (&,,7,) € ©® such that 7(¢,,7,) — oo as n — oo.
Since O is compact, we may assume without loss of generality that (¢,, #,,) converges
to some (¢, 1,,) € ® as n — oo. By the definition of 7(&, 17), we have

(p(t; &s Ma)» (73 &5 m,)) € O for T € [0,7(E,,1,)]-
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Letting n — oo and recalling that © is a closed set, we obtain

(P(T5 Eor Me)» 4(T: Es 1)) € O for all 7> 0.
This, however, is impossible, since (p(t; &, 1.)» 9(T; &> 1,,)) Must converge to an
equilibrium point as 1 — oo but there is no equilibrium point in ®. The lemma is

proved.

The following two lemmas show that the solution (p(z; &, 1), q(z; &, 1)) cannot
come close to S if the initial data (¢, i) is not close to S.

Lemma 3.5. There exists C, > 0 such that for any initial data (£, ) € © it holds that

dist((p(z: & m), q(z: & m)). §) = G dist((E, ), S) for 0 <7 =7(&n).

Proof. For any (&, n) € 0, we can choose a point (&, *) € S such that

V(E=8) 4+ (n— )2 = dist((E, 1), S).

Since S has a positive slope by Lemma 3.2 and since the vector (¢ — &, n—n’) is
orthogonal to the tangent line of S at (£, ), £ — £, and # — 1* have opposite signs
with respect to each other. Without loss of generality, we may assume that

E-&>0, n—n'<0. (3.7)

We write (p(1), (7)) := (p(t: &, 1), q(z: &, ) and  (p*(7), ¢°(7)) == (p(%: &, '),
q(t; &, n*)) for simplicity and set P(t) = p(r) — p*(t), Q(z) = q(tr) — ¢*(r). Then
since both of (p(7), ¢(t)) and (p°(7), ¢°(7)) are solutions of (1.4), we have

i(P) _ (fu(sl’ r)  fu(s, "2)) <P> (P(0)> _ (é - §S> . (3.8)
dt\Q 8u(s3.13)  8,(s4.15) )\ Q) \0Q(0) n—um

Here s, := s;(1) is some value between p and p*, r, := r;(1) is some value between ¢
and ¢*, for i =1, 2, 3, 4. It is easily seen that P(t) > 0, Q(7) < 0 by considering the

sign of f,, g, and the initial condition (3.7). Note that the solution of the following
ODE

d
dt

PO)=¢—&, 00)=n—1,

o~ o~

’ﬁ: hllﬁ, _Q: th
dt

with

h, = min fu(s, 1), hy= min g,(s, 1)
(5,)€[0,M]x[0,M] (5,)€[0,M]x[0,M]

is a lower solution of (3.8). Consequently by Lemma 3.1, we have
P(1) = P(1) = (£ = &) exp(y ),

R (3.9)
0(v) < 0(r) = (n — ") exp(hy7).
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This and Lemma 3.4 imply that
P(t) = e M€P(0), Q(r) < e 0(0) (3.10)

for all 0 < 1t < 7(¢&, ). This implies, in particular, that P(t) > 0, Q(t) < 0, therefore
the vector (p(t) — p*(7), q(t) — ¢*(1)) always forms a strictly positive angle with the
separatrix S, since the latter has a strictly positive slope. Consequently, there exist
positive constants 60,, 0, such that

01/ (& = &)+ (n — n)? < dist((p(2), 4(1)), §) < Or/ (& = &) + (1 — 1)
This and (3.10) prove the lemma.

Next, we discuss the behavior of (p, ¢) in a neighborhood of the saddle point
(u*, v*). The linearization of (1.4) around the saddle point (u*, v*) is given by the

matrix
—u* —bu*
(—cv* - ) (3.11)
We denote by a*, f* the eigenvalues of this matrix where o* > 0 > f*.
Lemma 3.6. Let o, be sufficiently small. There exist C;, C, >0 such that for

any initial data (&, n) € B, (u*,v*), the following inequalities hold as long as
(p(z; &), q(7; &, ) remains in B, (u*, v*):

C@MXﬁﬂmmqamﬂﬂ5d$<<ﬁ2?2D,S)
< Cyexp(a*r)dist((&, n), S). (3.12)

Proof. By a suitable affine transformation, the ODE (1.4) can be written as

_Yzﬁ*y+G(x,)f), (3.13)

1754
— =X+ FX,Y),
dt @ X+ FX. ) dt

where F, G are homogeneous quadratic forms of X and Y with F(0,0) =
Fy(0,0) = F,(0,0) =0 and G(0,0) = G4(0,0) = G,(0,0) =0. The stable and
unstable manifold of (X, ¥) = (0, 0) are expressed as {X = ¥(Y)} and {Y = ®(X)},
respectively, where ®(0) = @'(0) = 0, W(0) = ¥’ (0) = 0. Set

Y=Y-—®X), X=X—WY).
Then it follows from (3.13) that

X ax

(Y) =o' X+ F(X,Y) - V(Y +GX, ). (3.14)
dr dr

Note that X = ¥/(Y)4- holds everywhere on the stable manifold {X = W(Y)}, hence

oW(Y) + F(W(Y), Y) = W' (N)(BY + G(¥(Y), V) = 0. (3.15)
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Subtracting (3.15) from (3.14) yields

O = X 4 (FR 490, ) = FOHY, 1) = W OGR4 91, ) — GOV, 7))

Considering that
F(0,0) = Fy(0,0) = Fy(0,0) =0, G(0,0) = Gx(0,0) =G,(0,0) =0,

we can rewrite the equation as follows:
= =X+ FX, VX, (3.16)

where F satisfies the following estimate near the origin
F(X.Y) < C(X| + |Y).

Here and in what follows, C; (i =1, 2,...) will denote positive constants that are
independent of t. Similarly

dy ~ o~~~ ~ o~ o~ ~ ~
T =Y+ GX, Y)Y with G(X,Y) < G(|X|+1Y])- (3.17)
T

Since (p, q) € B, (u*, v*) implies
IG(X,Y)| < Cyo,.

This and (3.17) yield
dy

= (B" + Cyo))|Y].
T

Therefore

Y(1)] < Csexp((B* + Cy0,)1). (3.18)
It follows from this and the inequality in (3.16) that

IF(X. V)| < C,(1X] + Cse™™). (3.19)

Here u = —p* — Cyo,. If we set ¢, > 0 sufficiently small, then p > 0. Without loss
of generality we may assume that X(0) > 0. It follows from (3.16) and (3.19) that

X>o'X—C(X+Cse ™)X =a*X — C,X> — C,CsXe ™.
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Dividing this inequality by 2*X — C,X? and using the fact that C,|X(7)| < C,Cs0, <
%, we obtain
X 20,C
—_— > 1-— C*E_Hr Where C* = #
(o — C X)X oF

Integrating the inequality with respect to 7, we have

* *

- X “C < 1 C
X X () e:xp(—OC ) exp(a*1)X(0) > 5 exp(— x
U

a — C,X(0)

X(1) > ) exp(*7) X (0).

ot

Here, we have used again the estimate o — C,X(7) > 5 to show the second
inequality. Finally we remark that there exist 6,, 6, > 0 such that

0,X(1) < dist<<‘q’g§ g ”1’3) : S) < 0,X (7).

The lemma is proved.
Next we fix o, > 0 and define a function 7(¢&, 1) on [0, A~4] x [0, A71] as follows:
7(¢&, m) = min{r > 0] (p(s; & n), q(s; &, n)) € B, (Ry,0) U B, (0, R,) for all s > t}.

Here we understand that 7 = oo if there is no such t as above. Since every solution
of (3.1) with initial data in [0, AN/I] x [0, AN/I]\(S U (0, 0)) converges to either (R, 0) or
(0, R,) as 1 — oo by virtue of Lemma 3.2, 7(&, ) is finite on this set. Moreover, the
following estimate holds:

Lemma 3.7. There exists a constant C, > 0 such that

1 1

1
P

~ 1
Co=t(&n =1
a*

for every (&, 1) € [0, M] x [0, M]\(S U B,,(0,0)), where o* is the positive eigenvalue
of the matrix (3.11).

Proof. By Lemma 3.4, every solution (p,q) with initial data (¢, #) € [0, ]\N/I] X
[0, M] enters—at least temporarily—the set B, (0,0) U B, (u*, v')URB, (R, 0) U
B,,(0, R,) within the time period 0 < 7 < Cj. Considering that (R, 0) and (0, R,)
are asymptotically stable equilibria, we see that every solution that does not enter
B,, (u*, v*) will remain in B, (R}, 0) U3, (0, R,) for all © > C{, where C} is a
constant independent of the choice of initial data. To prove (3.20), it suffices to
consider the case where the solution enters %, (u*, v*) temporarily. The estimate
then follows easily from Lemmas 3.5 and 3.6. The proof is complete.

Using Lemmas 3.4-3.6, we obtain the following lemma.
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Lemma 3.8. Given any o, > 0, there exists 60 > 0 such that for any (&, n) satisfying
dist((¢,n), S) = &b, either (1) or (ii) holds:

. 1 1 ~
@) (p(z: & m). q(r: & ) € %, (R, 0) for v > —Clog a G .S + Co:

Gi) (p(v; &), a(z: &) € B, (0,Ry) fort> %longra

At the end of this section we present a lemma concerning the derivatives of p, ¢
with respect to the parameters &, 5. Since the proof is rather long, we give it in the
Appendix.

Lemma 3.9. For any C > 0, there extst constants B; > () i=1, ,7, such that
the following estimates hold for 0 <1 < — logm + CO, where CO is the same
constant as in Lemma 3.8 and o* is the positive eigenvalue of (3.11).

i) Byexp(o') < pi(; & 1) = By exp(a1), —By exp(x°7) < (w3 & ) < 0
i) —Byexp(a't) < p, (v € ) = 0, Bsexp(e't) < g(v; &, 1) < Bgexp(e7)
111) |p§§| + |pcfn| + |pm1| + |q§§| + |Q§r1| + |q1m| = B7 exp(fo*r).

4. Generation of Interfaces

In this section we study the formation of internal layers that takes place in a fast
time scale at the early stage. The basic tool for analyzing this phenomenon is again
the upper-lower solution method. However, the upper and lower solutions we use
in this section completely differ from what we will use in Section 5 to analyze the
motion of interface that takes place in the later stage.

The upper and lower solutions for the early stage are constructed by modifying
the solution of the following problem:

=" s,

h(X) 2@, D) 4.1)

u(x, O) = uy(x), (x,0) = vy(x).
The solution of (4.1) has the form

h(x)

u(x, 1) = p(%t, uy(x), vo(x)>, v(x, 1) = q( 1, up(x), vo(x)> 4.2)

where (p(t; &, 1), q(t; £, 1)) is a solution of (1.4) with initial data (&, ). The time
scale t = %t, which appears in the above expression of i, v will play an important
role in the analysis of interface generation at the initial stage.

Remark. Problem (4.1) is obtained by dropping the diffusion terms in (1.2).
Therefore, the behavior of the solution of (1.2) can be well approximated by that
of (i, v) during the very early stage, where the diffusion terms are relatively small
compared with the reaction terms h(“) =7, h(") . In particular, (&, v) roughly describes
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how the internal layers are developed at the very beginning stage. To perform a
more rigorous study, we will construct an upper and a lower solution (u*, v*) by
modifying (i, ) appropriately.

4.1. Definition of Upper and Lower Solutions

Let (ut(x, 1), vt(x, 1)) and (1~ (x, t), v"(x, t)) be smooth functions defined on Q x
[2,, 2,]. We say (u™, v") is an upper solution for equation (1.2) (in the time interval
ty <t <t)) if it satisfies

1
euf — eV (k(x)Vu") — —h(x)(R, —u" — bv*)ut > 0,
€

| (4.3)
ev, — eDV - (k(x)W') — —h(x)(R, — au® —v")v" <0,
€
for x € Q, t; <t < t, along with the boundary condition
ou" ovt
LZO, LEO (xe€0Q, 1y <t=<t).
on on
We say (u—, v7) is a lower solution for equation (1.2) if it satisfies
1
eu, —eV-(k(x)Vu™) — =h(x)(R, —u~ —bv )u” <0,
€ (4.4)

ev, —eDV - (k(x)Vv™) — éh(x)(Rz —au” —v v >0,

for x € Q, t; <t < t, along with the boundary condition

Ou~ ov~
Lgo, L_O (xedQ, ty<t=<t).
on on
The following is a consequence of the maximum principle and the fact that (1.2)
is a competition system. The proof is omitted.

Proposition 4.1. Ler (u™, v") be an upper solution and (u=,v~) be a lower solution
of (1.2) for t, <t <t,. Suppose that a solution (u,v) of (1.2) satisfies u™(x, t,) <
u(x, ty) < ut(x, t,) and v (x,1,) > v(x, 1)) > v (x, 1,) for x € Q. Then the solution
(u, v) satisfies u= <u <ut and v- >v>v" fort e[ty t,] and x € Q.

Now let us introduce the following order relation:
U Uy

(”‘) > <”2> EL (0 = up(x) and v,(x) < vy(x) on Q. (4.5)

With this notation the above proposition can be restated as follows:
If (u™,v") and (u=, v™) are an upper and a lower solution respectively and if

ut o (u o (v
vt —\v —\v™ ’
1=t 1=ty 1=ty
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()=()=6) wreten

The following is also an immediate consequence of the above proposition:

then

Corollary 4.2 (Comparison Principle). If (u, v) and (i, V) are two solutions of (1.2)
and if(ﬁj)tzto =< (g)r:to then (',j) =< (g)for t >t

Remark. This comparison principle reduces to Lemma 3.1 in the case of the ODE
system (1.4). More precisely

(5)= () motis (P2 20) = (PE2D) por o e

4.2. Construction of Upper and Lower Solutions

We will first consider the case where (uy(x), vy(x)) satisfies the Neumann zero
boundary conditions on Q. The general case will be considered in Remark 4.7.

Definition 4.3. For every (x, t) € Q x [0, 00), we set

wh (x, 1) = p(t; up(x) + &%, (exp('1) — 1), vy(x) — ’cr(exp(e’t) — 1)),

vt (x, 1) = q(t; uy(x) + &%c;(exp(a*t) — 1), vy(x) — e, (exp(at) — 1)), 47
u” (x, 1) = p(t; ug(x) — ¢, (exp(er*t) — 1), vy(x) + &2cy(exp(a*t) — 1)), 45)
v (x, 1) = gl up(x) — ¢y (exp(e'7) — 1), vy(x) + ey (exp(a°t) — 1)),
where
h(x)
=5t

and the constants c¢;,c, are to be chosen large enough and o* is the positive
eigenvalue of (3.11). Note that

u®(x,0) = uy(x), v*(x,0) = vy(x).

We will show that (u™,v") (resp. (u=,v7)) is an upper (resp. a lower)
solution in the short time period 0 < ¢t < ¢*(x), where t*(x) indicates the timing for
transfer from the early stage of interface formation to the later stage of interface
propagation. In order to define #*(x), we choose J, > 0 sufficiently small so that the
function (u, v) > dist((u, v); S) is smooth in the region N (S)\S, where N; (S) =
{(u, v) € R* | dist((u, v); S) < 6,}. We define 6*(u, v) to be a smooth function in R?
such that

el if 0 < dist((u, v); S) < &,
0% (u, v) = | dist((u, v); S) if 2el < dist((u, v); ) <y, (4.9)
24, if dist((u, v); S) > 26,
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el < 0" (u,v) <2el if el < dist((u, v); S) < 2¢¥,
0p < 0"(u,v) <29, if o, < dist((u,v);S) < 20,,
where £ > 1 is a positive constant (see (5.49)). Now we define

1

T = o S ). w )

and

t*(x) := m‘c*(x) (4.10)

Lemma 4.4. For any B > 0, there exists €, > 0 and ¢, > 0, ¢, > 0 such that for 0 <
& < &, the functions (u*,v*) are a pair of upper and lower solutions of (1.2) in the
space-time region {(x,1)|x € Q,0 <t < t*(x) + Be?}.

Set B, = 60/ min, g ~(x), where 60 is the same constant as in Lemma 3.8. We
also recall that %, (u, v) denotes the g-neighborhood of the point in the (u, v) plane.

Lemma 4.5. For any o\ > 0 and any B > B,, there exist C >0 and gy > 0 such that
for 0 <& < gyand any x € Q satisfying dist(x, I > &C, either of the following holds:

1) (@ (x, 0,0 (x, 1), (u (x,1), v (x, 1)) € B, (0, Ry),
(i) (" (x,1),v"(x, 1), (u (x,0),v7(x,1)) € B, (R;,0),

for every x € Q and t € [t*(x) + By&?, *(x) + B&?].

Proof of Lemma 4.5. For any large B > B, we can choose El > 0 such that

*h(x)t ~
az(exp(“ (zx) ) - 1) <2Ce for 1 € [0, *(x) + Be?. (4.11)
e
For & > 0 sufficiently small, we set

Pren ) = p( 290 e .t ()

s

RO eyt )

k]

— 56 (0,1, (%)

("% )
P = p( " 00 )
(% )
= o)

where

ER(x) = up(x) + 2¢ 518’ Nt (x) = vo(x) — 262618,
& (x) = up(x) — 2¢,Cie, 7 (x) = vo(x) + 2¢,Ce,

with ¢, ¢, being the same constants as in Definition 4.3.
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Next

B (x) 1= uy(x) + ¢ c1< (
E(x) = uy(x) — & cl<exp< wh,
(%

() = () — £, (exp

exp

rhix)

770 1= 00 + s (exp( 203
Then the function in (4.8) and (4.9) are written as
o) = ("G B aE). w0 =" Ew )
By the assumption (4.11), we have
() < (& n) 2 (S0 2 (G .
<11£ (X)) <71;(x, t)) = ( +(x, t)) (’7:(36)> for x € Q. 1€ [0,1'(x) + Be’]

The first inequality and Lemma 3.1 yield

p(t; & (1), m; (1)) < p(v; & (x, 1), 715 (x, 1)),
q(t; & (), 15 (%) = g3 & (x, 1), 71, (x, 1))

Setting © = hg) t, (here ¢ is considered a fixed parameter and 7 is an independent

variable) we obtain
P (x,1) u (x,1)
<Q-(x, t)) = (v‘(x, t))'

By the same argument, we have

P~ (x, 1) “(x, 1) ut(x,t) Pt (x,1) e 5
(Q‘(x, t)) = ( “(x, t)) (v+(x, ;)) = <Q+(x, ;)) for t < "(x) + Be". (4.12)

Let us consider x € () satisfying

4C
dist(x, T,) > M

0

where A, is the positive constant in Assumption 5 in Section 1. This implies that
dist((uy(x), vo(x)), S) > 4C, (¢, + ¢y)s.
It holds that

dist((uy(x) + 2¢,Cy&, vy(x) — 2¢,C,€), S) = 2C, (¢, + o)z, (4.13)
dist((uy(x) — 2¢,C,&, vy(x) 4 2¢,C€), S) > 2C,(c, + ¢,)e. (4.14)
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Choose ¢, ¢, > 0 sufficiently large such that
2C,(c; +¢y) > &, (4.15)

where £ is as in Lemma 3.8. We apply Lemma 3.8 to (P*, Q*), (P~, Q™) with (4.13),
(4.14) and = = % Then we have either

{(PT(x, 1), Q7 (x, 1)), (P~ (x, 1), Q" (x, 1))} € %, (R, 0),

or
{(PT(x. 1), Q" (x, 1)), (P (x, 1), Q" (x, 1))} € B,, (0, R,),

for t > t*(x) + B,e*. This fact and (4.12) with C= 46‘(;—‘0“2) proves the lemma.
Proof of Lemma 4.4. We will show that (u*, vt), (u~, v7) satisfy inequalities (4.3)
and (4.2) respectively. We set

Ly vF) = uF — V- (k(x)Vu®) — lz h(x)(R, — u® — bv*)u™,
€ 1 (4.16)
Py (u*, vF) = vF — DV - (k(x)WF) — ;h(x)(Rz — au* — vt

Our goal is to show that
L, v >0, Lu,v)<0, Luv)<0, %u,v)=0.

We will only prove &,(ut,v") >0, since the other inequalities can be proved
similarly. Substituting (4.8) into (4.16), we obtain

%y (ut, ") = o h(x) CXP(“*T)(CJ’@ - Czp”)
— PeAy — PyAr — q: A5 — g, AL + As + Ag, (4.17)

where

2
€
A= Vk(x)(Vuo +cof ‘L'h( )

&2t £
k(o) A « £
* (’“)< ‘ot a0 )
T

2 *
+2f, (p, q)k(x)(Vuo + o — 1) exp(o* r)Vh)( h(:)h>,

m exp(o*1) Vh)

exp(o*1) Vh)

2
exp(o*1)Ah + c;o* 7 exp(oc*r)|Vh|2)

A, = Vk(x) (Vvo — ¢y

+ k(x) (Avo exp(oc 1)Ah — ¢y 2 (a*1)| VA )

h( ) h( )
+2£,(p, @)k(x) <VU0 - Cza*% exp(oc*r)Vh) (ahzj)h>
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A; = 2f,(p, @k(x) <Vu0 + o — &'t exp(o* T)Vh) (O!*TVh>’

h(x) h(x)
A2 r v , €1 — o*tVh
=21, k) (T = e mexp(a om) (%)
2
As = —peck(x)|Vug + cjo — h( ) exp(oc T)Vh
2
— Pyyk(x)| Vg — 0 h( ) exp(oc T)Vh

2
€
— Pey2k(x) <Vu0 + ot — h( ) exp(oc ‘E)Vh) (Vvo — ca” )

—(£,£(p. 9) + £,8(P, @)~ |V k(x) — f(p, @)~ ;

h( )? ()

h(x)t

where 7 = . Here we have used the fact that

pC‘[ = f])pgf—i_qucj’ pnr prpn +qu7]
Pee = fyoPe + [0 = [ + 18-

Since t < & log 1 + Bh(x), there exists B > 0 such that
[AL] + |A;| + |As] + |Ay| < B).

Applying Lemma 3.91), ii) with C > Bmax, . h(x), we have

|=p:A; — p,As — q:A3 — q,A4| < B{(B, + By + By + Bg) exp(«*1).

In the same way, there exists B, > 0 such that
|As| = By(Ipeel + [Pyl + [pyy])-
By this fact and Lemma 3.9iii), we have
|As| < B;B, exp(24°1).
Comparing 7, ©* with exp(a*t), we find B, > 0 such that
|Ag| < Byexp(a'1).
On the other hand, it follows from Lemma 3.9i), ii) that

c1pe — 6&py = (¢1B) + ¢,B,) exp(a*1).

903

£t exp(oc*r)Vh),

{k(x)Ah + Vk(x) - Vh},

(4.18)

(4.19)

(4.20)

4.21)

Substituting (4.18)—(4.21) into (4.17), we conclude that &, (u*,vt) >0 for
sufficiently large ¢, ¢, > 0. Since u,(x), vy(x) satisfy the Neumann zero boundary
condition, we can easily see that u™, v*, u~, v~ satisfy the Neumann zero boundary

condition. The proof of the lemma is complete.
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Remark 4.7. It remains to consider the case where u,(x) and v,(x) do not satisfy
the Neumann boundary conditions. In this case the function (u*, v*) in (4.8) and
(4.9) are no longer upper and lower solutions since they do not satisfy the Neumann
boundary conditions on 0Q. We therefore modify (u*, v¥) near 0Q as follows.
Choose a small constant d, > 0 such that d(x, 0Q)) is a smooth function in the
region

N(@Q) = {x € Q|dist(x, 0Q) < dy}. (4.22)
We then define a smooth function 6(x) on 0Q satisfying 0 < 0 <1 and

1 if dist(x, 0Q) > 2d,,

0(x) =
@ =1 if dist(x, Q) < dy.

(4.23)

For each x € /(0Q), we define z(x) € 0Q by
|z(x) — x| = dist(x, 0Q).

Note that z(x) is uniquely determined since d,, is sufficiently small. Now choose a
constant 1, > 0 such that

> max{ max uy(x) — min uy(x maxvx—mlnvx
gl {xeA(m) o) xeN(6Q) (%), xeN(6Q) 0(x) €N (20) o )}

and define
ug (x) = 0(x)ue(x) + (1 = 0(x)) (ug(2(x)) +my),
vy () = 0(x)y(x) + (1 = 0(x)) (v (2(x)) — 1),
ug (x) = 0(x)ue(x) + (1 = 0(x)) (up(z(x)) —ny),
Vo (1) = 0(x)vy(x) + (1 = 0(x)) (vo(z(x)) + 11).
Note that we have

Ouj  Ovy  Ouy vy

> :W:W_WZO on 0Q).
To see this, we remark that
o—0, L _o COD _4 oaq
ov v
Then it follows that
auo(x) 00

_(”0 (x) = —uo(X) + 0(x) — 5, (@) + 1) =0 on 0.

The same argument applies to v], uy, v;. Now we replace u, and v, by u{ and v
respectively, in the definition of u™, v* in (4.8). Similarly, we replace i, and v, by
u, and v, respectively, in the definition of (¥~, v™) in (4.9). Then it is not difficult
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to see that the new function (u*, v™) is an upper solution, while the new (™, v™) is
a lower solution. The proof is basically the same as that of Lemmas 4.4 and 4.5, so
we omit the details.

5. Construction of Upper and Lower Solutions

In this section we construct upper and lower solutions (U*, V*) of (1.2) that have
steep internal layers near I(r), the solution of the interface equation (1.8). These
upper and lower solutions are used to estimate the distance between I*(¢) and I'(¢)
after the formation of internal layers.

In Section 5.1, we first construct (U%, V) in a tubular neighborhood of I'(¢) by
modifying the first two terms of the asymptotic expansion (2.5). We will then extend
those upper and lower solutions to the entire domain .

Though we borrow some symbols from Section 2 in order to clarify the meaning
of certain terms that appear in the expression of upper and lower solutions, this does
not mean that our argument relies on the formal (unproven) results in Section 2. All
the results we present here and later sections are rigorous.

5.1. Construction of Upper and Lower Solutions Near the Interface

As mentioned above, we will first construct (U%, V¥) in a small neighborhood
of I'(¢). Recall the distance function defined in (2.2). Since I'(¢) is a smooth
hypersurface that depends smoothly on ¢, d(x, t) is a smooth function of (x, f) near
I'(7). Let

N,(T(1)) := {x € Q| dist(x, I(#)) < d}. (5.1
In what follows we fix a constant d* > 0 such that d(x, t) is smooth in the (N + 1)-
dimensional tubular neighborhood ./;,.. Because of the smoothness of I'(r) such a

neighborhood exists. Note that |Vd| = 1 in this neighborhood.
Now we will find (U%, V*) in the following form:

Ut(x, 1) = U0<d+(:’ t),x> + 8U1<d+(:’ ) s r) + Q<d+(x D z),

V*(x, 1) = Vo<@,x> v svl(d+(:’ >y ) n Q<d+(x >y z),

(5.2)
ST CACL S WY A N Y CEC N
e = () o (0, ) (L,

Here (U, V,) and (U,, V;) are functions defined in (2.14) and (2.23), namely

Uo(C, x) = ¢o(K(x)),  Vo({, x) = Yo (K(x)D), (5.3)

U= Y k0t x ), ViCx =Y

Y1 (K(x)E, x, 1),
(5.4)
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where (¢, ) and (¢, ) are solutions of (2.15) and (2.24), respectively, and
d*(x, 1) = d(x, t) £ eP(x, 1).

From the above definition it is clear that both (U*, V') and (U™, V) have a steep
internal layer within a ‘small’ neighborhood—of order ep—of I(r). Our goal is to
find smooth functions P(x,t) > 0, Q({, x,t) > 0, and Q({, x, t) > 0 such that for
sufficiently small & > 0, the following hold:

e (U*,V*) and (U~,V-) are an upper and a lower solution of (1.2),
respectively in a neighborhood of I'(¢) for ¢ € [t*(x), T], where ¢*(x) is defined
in (4.10). ~ N _

o Uf(x,r"(x)) = U™ (x, 1%(x)), VF(x, *(x)) < V~(x, t*(x)), moreover the graphs
of (U*,V*)and (U™, V™) are well-separated in a certain sense to be specified
later.

Here, roughly speaking, ¢*(x) represents the timing for transition from the initial
stage of interface formation to the later stage of interface motion, which we have
explained near the end of Section 1. (u*, vt) which we construct in Section 4, is
defined for the initial stage 0 < r < *(x), while the other pair of upper and lower
solutions (U%, V*) is defined for the later stage t*(x) <t < T.

Define the operator & by

U\ _ (U V kx)VO) | _ h(x) (f(U,V)
(V)=o) ~#(ov Gmm) - (om) - 69
Then we want (U™, V) to satisfy Z( “ﬂ) > 0. Straightforward calculation shows

U+
3<V+>=E1+E2+E3+E4+E5+E6+E7+E8+E9,

where E; = E;(x, 1) (i=1,2,...,7) are defined by

E. — _k@)|vdp ( Uy > _ @(f(Uo’ Vo))
o € DV e \&(Up, V)]’

o (Un) L (2 (fuwo, Vo) f.(Us m) (g)
k2= 8Pt<voc> + S(Q,) e \&(Up Vo) 8,(Up Vo) 0

| 2h() <Q2 + bQ@)

e \0*+aQ0,
E, = ep (& T eV KWV (O
} \Q; + eV, & DQ;)’

B = —snwaf (i ) = e (L 0 240 (1)
+(d, — V- (k(x)Vd)) <DU\(}(€)Z) — 2k(x) <DVeU‘(}i(~ 'ng> )

B 2U,Q + bU,0 + bV, Q . 0;
E5—2h(x)<zvla ot MU@) +(d, -V (k(x)Vd))(DQV>,

¢
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Upe + O ) (VQde)
E. = —2k(x)Vd - VP o =" — 2k(x i~ s
¢ ) <D(Vozg + 0y) ) DV, Q. -Vd

Upe + Uy + Oy Uy, + Uy, + O;
E; = —ek(x)|VP|? 0% 10T = >_8Vk.vp( U 1L~ >
’ ol |<D(Voz:+3vlg+Qgc) D(Vor + Vig + Qp)

e (Tl + VU + V.00 VP
D(V,.Vy, + eV.Vi, + V. 0()) - VP

Uy, Vk-V.0
—2eva . vp Y ) - A
¢ (DV1£;> 8<DW< : VXQ> |

U0§+8Ulr+Qr kAvQ
E, = —ekAP > = — N
s ¢ <D(Vog +eVi + Qg)) 8(DkAxQ ’

B Uy, V- (K[V.U, + eV,U,])
Ey = &(d, = V- (k(x)Vd)) (D\I/K) B 8<DV . (k[Vx‘O/O + sVX\l/I])>

(kAU +eAL) Y V.U - Vd Ui + bU,V,
8<Dk-(AXVO+8AxV1) 2ek(x) DV,V,, - Vd + 260\ 2 4 uyy, )

with { being substituted by

dt(x, 1)
€

. (5.6)

Here V, U, denotes the derivative with respect to x when we regard U,((, x) as a
function of two variables { and x. The symbol A, is defined similarly and this
convention applies to U, Uy, Vi, Q, Q as well.

Our first goal in this section is to show that E, dominates all the other terms
E|,E;, ..., E, in a neighborhood of the interface I'(¢), which implies that (U, V1)
in (5.2) is an upper solution near I(z). In the second part of this section, we
will modify (U™, V™) away from I(z), to obtain an upper solution in the entire
region (). In what follows, we will regard E, to E, as functions of (x, ¢, {) without
the substitution (5.6) and derive estimates that hold for all (x,7) € Q x [0, T] and
{ eR. This will reduce the notational complexity considerably. Naturally, all these
estimates remain valid after substituting (5.6). For simplicity, we introduce the
notation

8. (UL, %), Vo(£, %)) 8,(Up (L, x), Vo(C, x))

Note that by (2.11) and (2.14), we have

R(, x) = <fu(Uo(C, x), Vo((, %)) £, (U, (L x), Vi (¢, x))) -

. _ (R R . __(Rb—R, 0
ngIE,OR(C’ x) = (0 Ria — R2> ’ gLHPoo R x) = < R,a R,)’ (.7)

uniformly in x € Q.
By the estimates in Lemmas 2.1 and 2.3, we can find constants u > 0, M > 0
such that

Uy +eUy <—p, Vo+eVyzp for—-M<{ <M. (5.8)
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Hereafter we fix such M > 0 and u > 0. Now we specify P, Q, @ in (5.2) as follows:

P(x, 1) = 5(exp< ( " 4 b (x )> )-eﬂ — 7o (5.9)
0L x 1) = aJ(oaexp( PRt g (x)) + (e, (5.10)
o x. z>=oi(c>aexp( ” s ())+szp7(c)e”, (5.11)

where 7*(x) is as defined in (4.10), f is a positive constant satisfying
1
p< 3 min{R,, R,, aR, — R,, bR, — R,} (5.12)

and the constants 9, g, p, y, y, Will be specified later. The coefficients J({), J(C) are
smooth functions satisfying

(%) = (L) rresom G13)
(#(g) - (1}2;15) for { > M. (5.14)
By (5.7), we have
Lo kG5 (ﬁg) = (o Tentn ).
i e (3] = (% %)

uniformly in x € Q. In view of this and (5.12), and by replacing M by a larger
constant if necessary, we see that there exists a constant C > 0 such that

—R((, x) (fé;) o) (_1) for (| > M, x € Q. (5.15)
The terms E, and E;.

Lemma 5.1. Ler (5.27), (5.32), and (5.49) hold, and let M be the constant appearing
in (5.8), (5.13), (5.14). Then

E, > E’l<%5 eXp( ﬁh(X)t + B (x)) + gpe?”) (_11) iflll > M, (5.16)

~ X 1
B= T Zexn( <Pk g ) 4 o) (_1) <M (517)
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p( ﬁh(x)t

|E;| < 852<gex + Bt (x)) + 8))6’") if |l = M, (5.18)

|E3|554(%5exp( ﬁh(’“)t+ﬁ (x>)+ape"f’) Fll<M (519

where C,, i = 1,2, 3,4 are positive constants independent of o, g, p, y.

Proof. Since P, < 0, Uy <0, Vor > 0, we have

0, h(x) 2h(x) {Q* + bQQ
e )09 (0 9) o o

From the definition of Q, @ there exists C; > 0 such that
max{a, b, 1}(10] + Q) < C}(a0 + *pe’”). (5.21)

Therefore

-~ ' . 10
1¢. 0. Q)zs@) hx) (R(C X) = Cy(00 + s2pe™) (0 1))(5). (5.22)

Note that

0.(C x, t)=—% ex ( b h(x) + pr (x)) +epd(0)e",  (5.23)
0, x.1) = —M ex ( b h( )4 pe (x)) +elpd (0. (5.24)
Consequently,
16.0.0) = M9% exp( - o)

o 10 J(¢
(e (1) xe0) (36)
e (o) () ) r.0) (1)

)
+ &’pye (j(C)>. (5.25)

Observe that (5.15) implies

10 1
h(x) (_(/3 + Cy(a6 + £2pe’™)) <0 1) — R(¢, x)) (18) C (_1> (5.26)
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—h(x)e“(C(’)(oé + &’pe’”) ((1) (l)) + R(C, x)) ( Eg) Cye’ (_11) (5.27)

for some constants Cj, C, that are independent of ¢, 4,7y, p. If the constants
g, 9,7, p, € are chosen small enough to satisfy

and

o6+ &2pe’’ « 1, (5.28)

then (5.22)—(5.27) imply
1, 0,0) = (C{%éexp< ﬁh(x) ¥ e (x)) + ac;pew> (_11) (5.29)

for |{| = M. This and (5.20) imply (5.16). Next we recall that J and 7 are constant
in the region |{| > M. Consequently,

P, <€1§> < 852(2 exp( ﬁh(x) + pr (x)) + sye"’") for |{| = M,
1L

where 62 is a constant independent of a, d, y, p. This proves (5.18).
We next consider the case —M < { < M. In view of (5.8) and the fact that

|E5| = &

P, = _5ﬁh2(X) eXp<— ﬁh(j)t + B’E*(x)) — e’ <0,
& &
we obtain
Up; + Uy Boh(x) ﬁh(x)t 1
F (VOCJFSVK) = “( 2 P( + BT () + ye’ ) (_1>. (5.30)

Since |J'|, |7’|, [J”], |7”| are continuous, they are bounded for —M < { < M.
Consequently there exists C; > 0, C; > 0 such that

e 0, _ @ FuUss Vo) f,(Uy, V) 0 N 2h(x) 0>+ bQ’Q
o) & \aWw a@.w)\o) " e \o+a00

=% (g> =6 (aé p( ﬂh(X) + e (x)) +spe”’> ( 1 ) (5.31)
& Q e 1

provided that (5.28) holds. Here we have used (5.23) and (5.24). Using (5.30) and
(5.31) and choosing positive constants y, , p, and ¢ satisfying

ckl, pky, 6Kl1, (5.32)

we obtain (5.17) for —M < { < M.
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On the other hand, a straightforward calculation shows that there exists 54 >0
such that (5.19) holds. The lemma is proved.

The terms E; and E,. By straightforward calculation, we have

VP = (-ﬁw” _ ﬂva*)éexp( ﬁh( )4 e (x )) (5.33)

g2 ok O

where 0* = 0*(uy(x), vy(x)). Note that

00* ~
961 = | SV + S Vi = 50T+ TV (534)
where |V5*| = (‘Z‘L)2 + (%)2 Since |V&*|, |Vuy|, |Vv,| are independent of & > 0,

the right-hand side of the above inequality is independent of & > 0 as x varies in
Q. By the definition of 6* in (4.9), we have 6*(uy(x), vy(x)) > ef. Combining these,
we get

vp| < cg(é + é)éex ( PRI | g x )) (5.35)

Since min, s A(x) > 0, for any small constant #, >0, we can choose &> 0
sufficiently small such that

iz exp( ﬁh(x)t + pz (x)) <ne for 1 > l1718,
¢ 2 (5.36)
éexp( ph (x)t + pr*(x )) —exp( (x)t + p (x)) for ¢t < %7]18-
Inequalities (5.35) and (5.36) yield
vrl = S+ g Joon( P2 s pe) e 530

for sufficiently small ¢ and ¢ > /8( *(x) with ¢}, C; > 0 independent of & > 0.
On the other hand, it is not dlfﬁcult to see that

V,0; =l (O)VP, V,0; =0l ({)VP,

~ R (5.38)

V. Qi =0l (O)VP, V.0, =aJ"({)VP.

Note that U, V,, U,, V; and all their derivatives with respect to { are bounded

from above by some constant independent of & > 0. Therefore, (5.37) and (5.38)
show that there exists a constant Cj,, Cj, independent of & > 0 such that

|E6|+|E7|<1(n1 )(Ha)éexp( Brlz): >+Ciz(1+6)n18~
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The term E;. Differentiating VP with respect to x, we have

Aht  BAS* Vo 2 Vht  pVS*\’ h(x)t
Ap— (_PAm B +ﬂ| IJr B +ﬁ sexp( - ﬁ(X) + ).
82 1*5* 06*5*2 82 (X*é*
(5.39)
where 0* = 0*(uy(x), vy(x)). This and the fact that
525* 00" 00 00" 325*
MY = ——|Vu o + =My ﬁ|w0|2+ =0 A+ 25—V Vi, (5.40)
yield
c 1 h
|AP| < g(r—l— £2>5ex ( b (x)t—l-ﬁ *(x )) (5.41)

for sufficiently small ¢ > 0. Hereafter, a will denote a positive constant independent
of £. By (5.36),

|AP| sa<ﬂ - )5 ex < ﬁh() + pr* (x)>+64n,s. (5.42)
€ 2
By the fact that
A,Q=aJ(OAP, A,Q=cJ()AP (5.43)

and (5.41), it follows that
-~ 1 h(x -~
Bl =8 (n+ o e 4 pr) + Cnet. G

The term E;. By the definition of Q and @ we have

|Es| < 64<05 exp( ﬁh(X)t + pt (X)) + szpe?”>.

The term E,. Since U,, V,,, U, V, and all their derivatives are bounded, we
have

|Eq| < 653

for some positive constant Cs.

The terms E, and E,.

Lemma 5.2. Let N,.(I'(r)) be as in (5.1). Then

0
E = (0) in N, (L(1))
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and there exists a constant M > 0 such that
|E,| < eM in N, (I(2)). (5.45)

Proof. We first consider E,. Note that |Vd| =1 in the range where |d(x, 1)| < d*.
Therefore (2.15) implies E;, = ().
We next consider E,. Recall that d satisfies (2.21) on I'(¢):

d — V- (k(x)Vd) = 2(C + 1) VLYK

Here C is the constant in (2.22). By the smoothness of I, the functions d,, Vd, Ad,
and Vk are Lipschitz continuous in x. Consequently we have

2(C + 1)kVd - VK

d,— V- (k(x)Vd) — .

‘ < M,|d| (5.46)

for some constant M, > 0.
By the definition (5.4) and (2.24) with z replaced by {K(x), we have

B of Ui ) U, Vo) f,(Ups Vo) \ (U
kvl (DVKg) h(x)<gu(U2,V2) gv(Ug,Vg))(m)

s ol el ))
0Ozz 0z

Using the fact that VU, = @.. VK + ¢y,(K(x) VK, we obtain

This and (5.46) imply

dt(x,t dt(x,t
IE,| < Mo|d|‘(Uog(£,x),Dvm( (x ),x))‘.
E E

Note that Uy, = K(x)¢g, Vo = K(x)¥; and that (¢, ¥;) is a solution of (2.19) with
A, = A, =0. By Lemma 2.3, there exists 0 > 0 such that

$y(z) = o(exp(=dlz])). Wi(z) = o(exp(—dlz])), (5.47)

which yields

ok (x)(d(x, 1) + eP(x, f)))

B = Al o] exp - )
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We can find some constants M,, M, > 0 such that

[E4] = Mild(x, D exp(IP(x. 0 exp(‘@)

< &M, exp(|P(x, 1) max{C exp(—00)}
< eM, exp(|P(x, 1)]).

The lemma is proved.
Now let us consider the sum of E;, i =1,2,...,9. By Lemma 5.1, E; is much
smaller than E, as long as we have (5.28), (5.32), and

ekKa, &y<Lp. (5.48)

Also, by what we have shown above, E; = (J), and the terms E, to E, are much
smaller than E, if

1
o<l Mty <o (5.49)

and if &> 0 sufficiently small. This yields £(U*, V*) > (0,0) for o,p, 7,1, ¢
satisfying (5.32), (5.49) and & > 0 satisfying (5.28) and (5.48). Similarly L(U~, V™) <
0, 0).

Summarizing, we obtain the following main lemma of this subsection.

Lemma 5.3. Assume (5.32) and (5.49). For ¢ > 0 sufficiently small such that (5.28)
and (5.48) hold, (U", V*) and (U™, V™) are an upper and a lower solution respectively
in a neighborhood of T(t). More precisely, they satisfy (4.3), (4.4), respectively, for

(x, 1) satisfying
t>t"(x) and |d(x,1)| <d*,

where t*(x) is as defined in (4.10).

5.2. Cut-Off Function

So far, we have constructed the upper and lower solutions (U*,V¥*) in a
neighborhood of I'(f) where the distance function d(x, f) is smooth. In order to
extend the domain of definition of (U*, V*) over the entire region Q, we introduce
a cut-off function. Let & be a smooth function such that

<(d)=d if |d| < d~,
d* < |&(d)| <2d* if d* <|d| <2d*, (5.50)
|<(d)] = 24~ if |d| = 2d*,

and that &'(d) > 0. Set

d*(x, 1) = &(d(x, 1) + eP(x, 1)).
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We will first consider the case where A(x) satisfies the zero Neumann boundary
condition. The newly constructed upper and lower solutions given below will then
satisfy the Neumann boundary condition on dQ) automatically. To be more precise,
we set

Ut(x, 1) = U0<d+(: t),x) + 8U1<d+(;c’ t),x, t> + Q(dJr(;C’ t),x, t),
~ _ . (5.51)
Vix, f) = V()(d*(;c t),x> +8V1<d+(8x’ t),x, t) —i-/Q\(dJr((:’ t),x, t>,
U- (x, 1) = Uo(d(; t),x> —i—sU](d(:’ t),x, t> + Q(d(;c’ t),x, t),
B . (5.52)
v_(x, 1) = V0<d_(;c’ t),x> +8V1<d_(;c’ [),x, t) +@(@, X, t>

The following lemma is the main result of this section.

Lemma 5.4 (Main Lemma). Assume (5. 32) and (5.49). For sufficiently small & such
that (5.28) and (5.48) hold, (U*, V*) and (U, V=) are an upper and a lower solution,
respectively, in the region {(x,1) € Q x [0, T]| 1 > r*(x)}.

Proof of Main Lemma. We only prove that (INJ *+, V+) is an upper solution. To do so,
it suffices to show that there exist C,, C, > 0 such that for sufficiently small ¢ > 0
the following holds:

Sf(gi) > (il ex ( ﬁh(x) + e (x)) + 852e>”> (_11> . (5.53)

In the case where |d*| < d*, we have (U*, V+) = (U*, V*). Therefore (5.53)
follows directly from Lemma 5.3.

In the case where |d*| > d*, (U*, V") is close to (R,,0) if d* < —d*, while it
is close to (0, R,) if d+ > d*. We only consider the case where d+ < —d* since the
other case is treated in the same way. To complete the proof, we need to prove the
following two inequalities.

In Step 1, we will show that

(7Y - (Fre
v 0

under the condition d* (x, 1) < —d* where

0o Q<d+(x 1) m)’ aza(cfr(x,t)’x’t)-

~ M, d*
§sC3exp<— 0 ) (5.54)
&

&
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In Step 2, we will prove

& (R‘f Q) > (C“—J‘S exp( ﬁh(x) s (x)) +865pe>'f> ( ! ) >0. (5.55)
0 e -1

Hereafter C,, M, (i € N) are constants independent of & > 0.

Step 1. By Lemma 2.1 and (5.47), ¢; and ;, decay exponentially as |z| — oo.
If we recall that ¢, ), satisfy (2.15), we obtain that ¢g, Y also have the same decay
rate as R, — ¢, and ,. From this fact, there exist Cy, M, > 0 such that

~ —M,|d*]|
Uy — Ry | + Vol + |Uog| + |V0;| + |Uoz;| + |Vogg| <G eXP(IT . (5.56)

Next we estimate U;, V, and their derivatives. Combining (2.17) and Lemma 2.3, we

see that ¢,, Y, decay exponentially. Differentiating (2.17) and applying Lemma 2.3,

we see that ¢/, | also decay exponentially. The same argument holds for ¢| and
. Consequently there exist M, > 0 and 67 > 0 such that

~ —M,|d*
<C exp<$). (5.57)
€

U+ Vi + U] + [Vigl + [Upgel + [Vige

By Taylor’s theorem we have

U+ R, + Uy — R, + &U — R, + &l
(U)o (MTQ) (Y Ritet) <k(x)V : 81)
\% 0 Vo — R, + €U, ) Vo + €V,

_h®) (fu(vlnul) fu(Vz».“z)) Up + 8l — Ry (5.58)
g \&(s13) 8,0V 1) Vo+ €V, ’ '

where v;, i =1,2, 3,4 are some values between Uy + U, + Q and R, + Q, and p;,
i=1,2,3,4, are some values between V, + &V, + 0 and Q. From (5.56)—(5.58) we
obtain (5.54).

Step 2. Let & :=d*/e. Since we are assuming |d*| > d*, we have |¢| > M for
e sufficiently small, where M is as in (5.13), (5.14). Consequently the terms Q, O do
not depend on { := d* /e (see (5.10), (5.11), (5.13), and (5.14)). Therefore, we have

RO\ _ (2 @ (FRLO) Li(RLO) (Q) | 2h(x) (0°+ 500
/Q\ ét € gu(Rl’O) gv(Rl’O) /Q\ £ @2+GQ@ ’
Vk -
—s< ‘ V‘%)—s(kA"QA). (5.59)
DVk - V.0 DkA, Q

Note that the sum of the first three terms on the right-hand side is equal to I(, Q, @)
with { = —oo (see (5.20)). Clearly (5.29) holds for { = —o0. Using the same argument
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as we have used to estimate |E¢| + |E;| and |Eg|, we obtain
Vk - V.0 L 1 ﬂh(x)t
+ - )1 +o)dex +
‘(DVHQ)’ ( e)( ) p( ﬁ())
+ Ci(1 + o) e, (5.60)

kA R R
’ (DkAQQ) ’ G, (111 lz )bexp< ﬁhg(f)t +[37:*(x)> +Ce (561

Combining (5.29) and (5.59)—(5.61), we obtain (5.55). This together with (5.54) yields
(5.53). The lemma is proved.

6. Transition from Stage 1 to Stage 2

In Sections 4 and 5, we have constructed two pairs of upper and lower solutions.
More precisely:

o Stage 1 (Generation of interface phase): (u*, v") and (u~, v7),
e Stage 2 (Motion of interface phase): (U*, V™) and (U~, V™).

In this section we will ‘glue’ these pairs together, to form a single pair of upper
and lower solutions (a™, v™) and (&~, v™) on the entire period 0 < ¢ < T. The timing
for transition from Stage 1 to Stage 2, denoted by r*(x), varies from place to place
within (), due to the spatial-inhomogeneity of the equation as well as that of the
initial data. To deal with this non-uniform transition, we define (&t*, 3*) as follows:

Definition 6.1. For x € Q) and ¢ > 0 we set

it (x, f) = {1 —z(h(’;)t —‘c*(x))}bﬁ(x, z)+x<h(8)§)t —r*(x)>l7+(x, n, (6.1

D (x, 1) = {1 —z(h(x)t - *(x)>}v+(x, r)+z<@—r*(x)>i7+(x, H, (62

where 7*(x) is as defined in (4.10) and A(s) = g(as). Here o is a positive constant to
be specified later, and g is defined as follows:

g(s)=0ifs <0, g(s)=11if s> 1,
fo‘y (1 —r)"dr
fol rm(l —r)"dr

with m being an arbitrary constant which is larger than 1.

if0<s<l,

g(s) =

We recall

DG, 09) = it — e - (k0 Vi) — " i ),
(6.3)
"

Ly(ii*, ) = et — eDV - (k(x) V%) — —2 (i, ).
&
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Now we specify the constant y, in (5.8) as
Yo = 4C (6.4)

and choose other parameters to satisfy

~ -M 1 . " 1
yO > C, 61 +CXP(TIVO> —+ Z < mln{o‘, 0'}5, B > l’nin—h(_x)(x’ (65)
xeQ)

where C, B, o, are as in Lemma 4.5 and M, is as in (5.57). The constants ¢ and ¢
satisfy (5.32) and (5.49).

Lemma 6.2. Under the conditions (6.4), (6.5), the following holds for sufficiently small
e>0:

Lt 07 >0, L@ ,0)<0, LLEv)<0, LE,v7)>0 (6.6)

for x € Q and t € [0, TJ. Consequently, (u*, ") (resp. (=, v7)) is an upper solution
(resp. lower solution) of (1.2) in Q x [0, T

To prove the above lemma, we present some properties of A.

Lemma 6.3. 1 is a C2-class function satisfying

) As) =0 fors <0, i(s)=1fors=>1 0<i(s) <1 for0<s<l
ii) 2(0) =0, 2(s) = 0 for s € (0, 1],
iii) A(s)(1 — A(s)) < = A'(s) for all s € [0, 1],

iv) There exists positive constant C > 0 such that 1" (s) < Ca™*1sm~1,

The proof of this lemma will be given below.

Proof of Lemma 6.3. 1) It follows from the definition of A.
ii) Differentiating /, we obtain

a1 — as)™

. 6.7)
fol (1 —r)"dr

N(s) = ag'(as) =

This yields ii).

iii) Suppose that 0 < s < 2. It holds that

A(s)(1 = A(s)) < A(s) < s sup (1) < 2—1“;/(5).

rel0,s]

Using ii), we see that 2’ is monotone increasing in [0, 3-]. Therefore,

Ms)(1 = A(s)) < 2_10/(” for s [0, %}
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Since A'(s) is symmetric with respect to s = % the above estimate also holds for
s € [5-. 1]. This proves iii).

2007 o

iv) Differentiating (6.7), we have

mo™ s (1 — o)™ (1 = 2as)

fol rm(1 —r)"dr

' (s) = o’g" (as) = (6.8)

The desired result follows immediately from (6.8). Clearly from (6.7), (6.8) and the
fact that A is flat for s < 0, s > i we have 4 € C*(R). The lemma is proved.

Lemma 6.4. Assume (6.5). There exists 0 <n, <1 such that for sufficiently small
>0

Ut (x, 1) —ut(x, 1) > 0,08, v+ (x, 1) — V(x, 1) > 1,60,

u (x, 1) — U (x, 1) = 0,60, V (x,1) —v (x,1) > 1,60,
for t*(x) <t < t*(x) + ﬁ;a where t*(x) is as defined in (4.10).

Proof. Set

2
I(2) == [t*(x), (x) + h(i)a} (6.9)

and recall that d is smooth in |d(x, 1)| < d*. We will only show U (x, 1) — u*(x, 1) >

1000, since the other inequalities can be proven in the same way. The proof consists
of two steps.

Step 1. We first deal with (x, r) satisfying
d(x, 1) < % (6.10)

where y, >0 is a positive constant in (5.9). Recall that P(r) < —y, in I(a).
The following holds for sufficiently small & > 0:

Yo

d+(;€, n _ éé(d(x, )+ eP(1) < —2 (6.11)

To estimate U™ (x, 1) we will estimate U,, U,, Q respectively. Using (6.11) and (5.56),
we get

a(x. M|d*(x, t M,
Uo( (x ), x) >R, — (] @W(-%) >R, —C exp(—%) (6.12)
e

We next consider gU,. Since U, is given by (5.4), there exists C; such that

d+(x, 1
aUl( x0 t) > —&C). (6.13)

&
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We finally consider Q. There exists C; > 0 such that
O(x, 1) > Cyoé for t € I() (6.14)
by the definition of Q(x, r). Combining (6.12)—(6.14), we obtain

My,

U*(x.t) > R, — C, exp(— ) — &C; + Cy06.

It follows from the assumption (6.5) that U*(x, 1) > R, + %05. On the other hand,
ut(x,7) < R, + 0, by Lemma 4.5

!

Ut(x, 1) —ut(x, 1) > 7305 — .

Step 2. We next consider (x, r) satisfying

g = 2

d(x, 1) _ ho®
First we note that the following inequality holds near the interface:

|d(x, f) —d(x,0)] < < sup |d,|)t < Cie*|loge| for x € N, (I(2), t € Iy(x),

tely(x)
(6.15)
where
82
1 =10, —
)= 0.0+ 5]
and C; is a positive constant independent of ¢ > 0. Consequently,
d(x,0) > % _ C,e?|loge| = % (6.16)

for sufficiently small &. Now we choose B satisfying B > (min,q, h(x)oc)f1 as (6.5)
so that Lemma 4.5 applies. Then we get

(" (x, 0), 0" (x, 1) € By, (Ry, 0) U, (0, Ry).

In view of this and the fact that d(x,0) >0, we obtain (u*(x,1), v (x,1)) €
B,,(Ry, 0). Especially it holds that

ut <o, in I(a). (6.17)
On the other hand, there exists C; > 0 such that

dt(x, 1)

Ut(x, 1) > 8U1< ) X, t) + 0(x, 1) > C5(00 — €) > %65 (6.18)
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for & > 0 sufficiently small. The assumption (6.5), (6.17), and (6.18) show that

~ ! C/
Ut(x,t) —ut(x,1) > 7505 -0 > ?505.

Choosing 1, > 0 in Step 1 such that 5, < max{%, %} if necessary and combining

Steps 1-3, we complete the proof of Lemma 6.4.

Proof of Lemma 6.2. We will only present the proof for &, (a*, ) > 0. In the case
where 1 > t*(x) + h(x) or t < t*(x), the assertion is already shown in Sections 4 and

5, respectively. Therefore, we only consider the case where ¢ € I(«). Substituting (6.1)
and (6.2) into (6.3), we obtain

L@ 0=y + L+ T+ 0+ J5), (6.19)
where
5= —z)<u — V- (k(x)Vut) — h(x)f(u ,m),
J =z((z7+ V(k(x)VU*) — hix )f(U+ v+)>
Jy = —%{f((l — Dt + 20", (1= )" + AV
— (1= ) f(ut, v") = 2f(T, V) + %l(fﬁ —u't),

~ tVk - Vh Vk-Vo*  thkAh  kAS*  k|Vo*|?
Jy=2(U" - +)( + | |>

ot - g2 o O* 1*5*2
~ tVh  Vo*
U (VT — V) - ( _ —)
oo
tVh  Vo* ~
JS = —k/l//<—2 - ) ([]Jr - M+),
g o o*

and

J= z(h(:)t r*(x)).

To obtain (6.19) we recall the definitions of 7*(x) and the following:

*

oo’

AS* |V
Vit (x) = ACH )

1
AT (x) = — _
’E(x) OC*(&* 5*2

where 0* = 0*(uy(x), vy(x)).
We will estimate separately each term: Set s =
in Section 5 that

h(")’ — t*(x). It is already shown

h= (1= o)eip - ap)esn( T
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for some large constants c|, ¢, independent of & > 0. If we use the estimates in
Lemma 3.9, we have

(6.20)

=1 —A(s))exp(za*zz(@f) R 0)

= 572

for ¢ € I(«) and some constant ¢ independent of & > 0. The inequality (5.53) yields
C/
J, > ﬁ)'(s) for 1 € I(w). (6.21)
Now we will estimate J;. Set
M = 11T =+ [t + BV i + 0710, (6.22)

where ||v||,~ := max,g |v(x)|. Straightforward calculation shows that

% =2 () (U —u) + (1 = A(s))u (R, — u* — bv™)
+2)[UTR, = U = bV*") —u™ (R, — u™ — bv™)]
— (" + () (U — uR, — u™ = As)(U* = wh) — b(v* + A(s)(VF — v*))}

=2/ (s)(U* —u™) — 2(s)(1 = AU — ut + b(VF —v"))(U" —u').

Using Lemma 6.4, we have U+ > u*. Therefore,

1= M@ ) (09— (1~ M),

Using Lemma 6.3iii), and Lemma 6.4

52 (1= 2 )@ - = "D (1- 3 wesz0 - 62)

&

holds if
M < 2o. (6.24)

We next consider J,. By the definition (4.9) of J*, we have 6* > ¢£. In addition,
by (5.34) and (5.40), we obtain that |A¢*| and |Vo*| are bounded from above by
some constant independent of &€ > 0. Therefore there exist C,, C, > 0 such that for
sufficiently small £ > 0, we have

~ ~ t 1 ~ e~ t 1
|4 < C4 (s)<(U+ — uﬂ(; + ﬁ) + G(VUT — wﬁ)(; + §>>.

By the definition of U+ and u™*, there exists M’ > 0 such that

’

~ M
VU | + |Vut] < —.
&
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By the above two inequalities, there exist C; > 0 independent of £ > 0 such that

~ M M
L < GX —+—. 6.25
10 = o)+ 25 (629)

For the term Js, there exist 54 independent of & > 0 such that

~ 1\~ 11y
5 <EOl(Fm+ ) <Grolleg ). ©20

where the definition of 7*(x) has been used. We now consider J; + J,. By (6.23),
(6.25) and the fact that 6* > &, (see (4.9) we have

A+ﬁ>%@(““i—%ymwixﬁi+%9) (6.27)

By the assumption that g > % the right-hand side of (6.27) is positive. Next we
consider (6.20), (6.21), and (6.26) and obtain

1—2 1 1)\’
L+b+k>—ig—@2 4u) qu(mg% §>. (6.28)

Recall that Cj is chosen arbitrarily large (by choosing ¢y, ¢, large enough). If 1 < 3
the first term of (6.28) is dominant, while for /4 > 3, the second term is dommant
Now, combining (6.27) and (6.28), we obtain

L+ L+ T +J,+ 75> 0.
This proves the inequalities (6.6). Since (u*, v%) and (&, v™) satisfy the Neumann

boundary conditions on 0, they are, respectively, an upper and a lower solution
of (1.2). The lemma is proved.

7. Proof of the Main Theorems

Let (u°, v°) be a solution of (1.2). It follows from Lemma 6.2 and Proposition 4.1

that

uw u®

A = =

v v®
Set /\/Z}OS(I‘(t)) = {x € Q| dist(x,I'(¢)) < 2y,e}, where yo is the same constant as in
(5.9), and is defined by (6.16). By the definition of i, %, we see that

()= (0)- () <i->f<’él>—<f;:5)

[STREY

+
>, 0<t<T (7.1)
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for x € Q,,(1)\N,,.(I(7)) and for ¢ > *(x) + yh(x) Consequently

R 200 s R 200
((;) . (_;5> . () . (0) . (_;5) for x € 0,(0\ 13, (00). (72

Here Qf, and ¢, below are as in Section 1. In the same way we obtain

out

0 200 - u€ . 0 2066 f Q I . -
R2 B —200) — \v¢] — R2 + 266 orx e mtt(t)\ 2709( (t)) ()

Setting

e =sup (00 + i)

we obtain the conclusion of Theorem 1.
We next prove Theorem 2. By (7.2) and (7.3), we have

s u®(x, t)
re() .= {x € Q‘ (vg(x, t)) € S} C Ny, (I(2)) (7.4)

for t € [¢*, T]. Let us show that (7.4) holds also for ¢ € [0, #°].
In fact by the definition of #*(x) in (4.10), we have

g2 (exp(a't) — 1) = O(g) for 0 <t < r*(x),

where o* is the constant appearing in (4.7), (4.8), and 7 = h(x) t. In view of this and
the nondegeneracy condition (Assumption 5) on (i, v,), we see that

uO(x) + SZCI (CXp(O(*‘E) - 1) c Al’ if x € Qm(o)\ ,IE(FO)
vy(x) £ &2Cy(exp(a*t) — 1) Ay, if x € Q,, (0\N, (),

for 0 <1 < *(x), where C;, C, are the constants in (4.8) and (4.9), and 7y, is a
constant satisfying y, <7y, and independent of & > 0. Since both A, and A, are
positively invariant regions for the system (1.4), we have

w0\ [Ar i x € Q, 00\, ()
N € (7.5)
v ()C, t) AZ’ if xe Qout(o)\ «/13(1—‘0)’
for 0 < r < *(x). Now since I'(¢) depends on ¢ smoothly, we have
dy(Ty, T(1)) = O(°) = O(&’| log &) (7.6)
Consequently,
ut(x, 1) Ay, if x € Qg (D\N, . (I(2))
N € ) (7.7)
v (x’ t) AZ’ if x € Qnut(t)\NZj)ls(F(l))’
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for 0 < t < t*(x) provided that & > 0 is chosen small enough so that y,& > &2|log &|.
During the transition period #*(x) <t < t*, the upper and lower solutions (&%, 7%)
take intermediate values between (u®, vt) and (U*, V) with respect to the order
relation >. As is easily seen, (7.7) is valid for #*(x) <t < t*. On the other hand, by
the definition of (U%, V%) it is clear that

<5i(x, ;)) ) {Al, if x € Q,()\ Ny, ,(1(1)) 28

VE(x, 1) Ay, if x € Q,, ()\ Ny, (T(2)).

During this transition period *(x) < ¢ < t*, the upper and lower solutions (&%, ¥)
are given by

0t = (1 - Dut + AU*
0 = (1= vt + AVE

Since by Lemma 6.4,

we have

IA

ut ut U+ u-
2|~ ] =
vt vt T \yt v
This and (7.8) along with Lemma 3.3 imply that

(0 _ [An € 9,0\, (T0)
V) Ay 0 x €, (10\ Ny, (T(1))-

Combining the above equation, (7.1) and using Lemma 3.3 again, we obtain

u(x 1) Ay, if x € O, (D\N,(T(2))
vi(x. 1) Ay, if x € Q,, (0)\ N, (T(2)),

for 0 < ¢ < r®. Hence
(1) C Ny, (1) for 0 <7 <1t (7.9)
Let x, be any point on I'(r). Then there exist points x,, x, € { such that

|Xg — 1] = [xo — x| = 2708,
xl S 5/\/2,/,08(1_‘(1)) N Qint(t)’
X, € a./v‘zy[)g(r(t)) N let(t)'
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Then (7.2) and (7.3) imply that

ut(x,, t ut(x,, t
0\ cy (0 Ly
ve(xy, 1) V2 (xy, 1)
Denote by x;x,x, the piecewise linear curve consisting of the two line segments X, x,

and X;x,. As the point x moves from x, to x, along X,x,x,, the point ('fgg) moves

from the region A, into A,. Therefore there exists a point x; € X;X,x, with x; #
X1, X, such that (%7 € S. This means that dist(x,, I*(£)) < 2y,¢, hence

v (x3,1)
L(2) C Ny o (T2 (7). (7.10)
Combining (7.4) and (7.10), we obtain
dy(I*(1), I(1)) = 2ppe.
This proves Theorem 1.

Next we prove Theorem 3. Choose ¢ > 0 and x, € Q\I'(r) arbitrarily. Choose
g, > 0 small enough so that

1
t>t.(xy) = 0(82 log —) for 0 < ¢ < g,.
€

Then we have i (x,, f) = U*(x,, 1), hence
Ut (xg, 1) = u®(xg, 1) = U™ (%o, 1), (7.11)
where U* are as defined in (5.51) and (5.52). It is easily seen that

(R, 0) if xy € Q;, (1)

zJ]i(xo» 1) — )
(0, Ry) if x5 € Q,,,(0).

Therefore by the comparison principle and (7.11), we have

(R,0) 1if x; € Q,,(7)
u®(xy, t) —>
(0, Ry)) if x, € Q,, ().

The theorem is proved.

8. Appendix A. Proof of Lemma 3.9

In this appendix, we give the proof of Lemma 3.9. Set
s, = {x € B, v*) | o]""" < dist(x, §) < "

and note that

=)

Ust, = Bu*, v*).

n=1
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The proof consists of three steps. In Steps 1 and 2, we prove the inequalities
assuming some conditions on the initial data and the location of (p, ¢). Finally in
Step 3 by combining Steps 1 and 2 we obtain the desired inequalities for arbitrarily
chosen initial data.

Step 1. Let (&, n) € o4, for n=1,2,.... We will show that the solution (p, q)
satisfies 1) as long as (p, q) € s,. By differentiating (1.4) with respect to &, we obtain

d (pe\ _ (P fop.a) (Pe P\ _ (1 Al
dt qi gp(p’ CI) &1(1’,6]) 6]5 ’ Q5(0) 0 ’ ’

Now, we consider (w,, w,) to be an upper solution of (A.1) satisfying
(e o7 (M), (MO)Z(Y), (A2)
dt \w, w, w,(0) 0

max f,(p. q) mln f(P, q)
T _ (p,q)est,

1= .
min P’y max b
(p.g)est, gp (p Q) (p.g)est, gq (p q)

where

and (ws, w,) to be a lower solution of (A.1) satisfying

d (wy) ws w;(0)) (1
() =n () C6)-() w»

with
T — i, Jp(pe @) max Jo(p. q)
-1 max g,(p. q) min g,(pq)

P.q)EA, P.q)EA,

Therefore it holds that

ws(7) < pe(w; &) < wi(o),

(A.4)
wy (1) > q:(75 &, 1) = wy ().

It is clear that there exist ¢; > 0, i = 1, 2, 3, 4 such that

T _ —u* + 0, 2(n—1) —bu* — C,0, 2(n—1)
P —art c301(" Dy 4ot

For sufficiently small ¢; > 0, the matrix T, has a positive and a negative eigenvalue
denoted by a and f respectively. By straightforward computation there exists
¢s > ¢ > 0 such that

2(n—1)

o + ce0y <a <o +cso 2. (A.5)
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Now by solving (A.2) explicitly, we obtain

s * 2(n—1) - * 2(n—1) _
) = I o)+ T .

—(a+ u* + c,6,2" D) (a+ v — c;02" D)
(a — p)(bu* — cy0,2n=)

w,(7) = (exp(at) — exp(Br)).

Since v is sufficiently small, there exist B; > 0 and B, > 0 such that
w; (1) < Byexp(ar), w,(tr) > —B,exp(ar). (A.6)
From inequality (A.5) we get
w, (1) < B, exp(at) < B, exp((a* + ¢56,2""V)1). (A7)
In the same way we obtain
w,(1) > —B, exp((o* 4 ¢56,2" " V)1). (A.8)
On the other hand, by solving (A.3) explicitly, we can easily obtain
w; (1) > ¢yexp(a’t), wy(r) <0. (A9)
Equations (A.7)-(A.9) yield

cexp(o*t) < pe(t; &, 1) < By exp((o* + c50,7"V)1), (A.10)
— B, exp((o* + 50> )1) < g.(15 &, ) < 0. (A.11)

Here we will show that the time when (p(t; &, 1), g(z; &, 17)) goes out of &/, say 7,
satisfies

1 1
T, < —<log —> + Cs, (A.12)
o* 0,

where C; > 0 is independent of n,g,. To prove this, we only need to apply
Lemma 3.6 with dist((¢, 1), S) > o' and dist((p, q), S) < a7.
By (A.12) and the fact that ¢, > 0 is small there exists ¢, > 0 such that

exp((o* 4 ¢50,2" V) 1) < exp(a*1) exp(cso, 2" V1)) < &, exp(a1). (A.13)
Combining (A.10), (A.11), and (A.13), we have
¢y exp(att) < pi(ﬂ:; &, n) < ¢ exp(a*r), (A.14)

—yexp(at) < g:(t; & n) < 0. (A.15)
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By following the same argument as above we can also obtain

0 < p,(7; &) < ¢yexp(a*n), (A.16)
—Csexp(a'1) < ¢,(7; &, 1) < —Ceexp(a’), (A.17)
which implies ii).

We now prove estimate iii) for (p, q) € «, with initial data (&, n) € 4,
Differentiating (1.8) twice with respect to &, we obtain

d (pe: 5@ f,(ps D)\ [P pe(0) 0
a [P _ H(p:, q2), = ,  (A.18
dr (CI§5’) (gp(p, 9 g,(p. q)) (%:>+ (P 2 (q:é(o)) (0) (19

where
(r: a) Fop(Ps @) fog(Ps @)\ [ Pe
N\ fpea)) \a:
H(Pg"’ CI5):
(p: 22) &P @) 8P D)\ (e
S\ a) g, (P 9)) \a:

The solution of the system

d [y = [N ¥1(0) 0
)en e (2)-)

is an upper solution of (A.18). A straightforward calculation yields

(i;) _ [)r eXp((T — S)T1)H(ch, qg)ds < /OT | exp((r — S)TI)HH(pga q5)|ds. (Azo)

Utilizing (A.14), (A.15) and the fact that the second derivatives of f and g are
bounded, we have

|H(pe. 4:)| < €\ exp(29°), (A21)
for some positive constant 51 independent of ¢, n. On the other hand it holds that
lexp ((t — 9)T;)| < C,exp(ar) (A.22)

for some constant E‘z > 0 independent of ¢, n. Inequalities (A.20)-(A.22) imply

)

< / 51 Z‘z exp(a(t — s)) exp(20*s)ds
0

(A.23)
= 5‘3{exp(2o&*r) —exp(a(r))} < 63 exp(20*1).
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Similarly, a solution of the system

d (¥ _ V3 ¥3(0) _ 0
(1) =1 ) <o (10) =)

is a lower solution of (A.18). By following the same argument as before we obtain

()

Since (y,, y,) and (y;, y4) are upper and lower solution, respectively, we have

< C, exp(20*7). (A.24)

Vi ZPee =V Yo = qeg < Vs
It follows from (A.23) and (A.24) that
Pl = €y exp(220). gzl < ¢ exp(200).

Step 2. In this step we consider the solution of the ordinary differential
equation with initial data (¢, 7) € ©. We will show that the lemma holds for © < C,
with any constant C, independent of the initial data. We first show 1). In the same
way as Step 1, we observe that the solution of the system

d (ws\  — (ws ws(0)\ (1
0)6) (R0

max , min ,
(p’q)ee)f,,(p q) ir qu(p q)

where

min , max s
[mir G)g,,(p q) [ G)g,,(p q)

is an upper solution, while the solution of the system

d (w;) _ T wy w;(0)\ (1
di\wg)  Z\wg)” \wg0)] \0o)’
min_f,(p. q) 0

T,=" :
= min s
[min] 2,(p> q)

(A.26)

is a lower solution of (A.1). If we denote by M, the largest eigenvalue of the matrix
T,, then (A.25) has a solution satisfying

ws(1) < ¢ exp(M 1), we(t) = —c, exp(M,;1)

and the solution of (A.26) is given by

wy(@) = cyexp(x min £,(p.q)), wy(x) = c;exp(z min g,(p. 0))-
(p.q)€® (p.q)€®
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Since wg(0) = 0, we have ¢, = 0. Therefore it holds that

c; exp(—M,1) = w,(1) < p:(1; &, 1) < ws(t) = ¢ exp(M,1),
—cyexp(Mi1) < g:(1; ¢, n) <0,

where —M, = min, ,,cef,(P, q). On the other hand, since 7 < 62, there exist positive
constants cs, ¢, ¢; such that

cs < pt;én) <c, —c3=<q:(1;&,m) <0, foranytel0,71].
By choosing ¢ > 0 sufficiently small and ¢, ¢,, > 0 sufficiently large we conclude

cs exp(a*t) < pe(t; &, 1) < coexp(a*a), (A.27)
—cppexp(o't) < gt &, 1) < 0. (A.28)

By following the same argument, we have

—cpexp(a*t) < pe(t; ¢, 1) <0, (A.29)
cpexp(e*t) < q:(t; &, 1) < cp3exp (2*1) (A.30)

for an initial data (&, n) € 0.
We next show iii) for (¢, ) € ©. In the same way as in Step 1, we consider an
upper and lower solution of (A.25) for t € [0, C,). An upper solutions (ys, ys) 18

given by
d (ys\ = (s s ys5(0) _ 0
& (y> -h (y) +He 2 (mm) - (0> ’

<y5> = fOT exp((t — 5)T,)H(p:, q:)ds. (A31)

which implies

Y6

On the other hand, a lower solution (y,, yg) is given by
d [y Y7 ¥7(0) 0
— =T + H(pe 4:)- = ,
dt <Y8> _2()’8> 2 ¥5(0) 0

(ﬁ ;) - fo “exp((t — )T H(p.» 4.)ds. (A32)

which implies

Note that 7 < 62. We easily see from (A.31) and (A.32) that there exists M; > 0 such
that

|yl <My fori=35,6,7,8.



12: 26 13 Sept enber 2009

Downl oaded By: [University of Crete] At:

932 Hilhorst et al.

This and the fact that (ys, y¢) and (y;, y3) are a pair of upper and lower solutions
imply that

|P§5(T§ &l < M, |Q¢§(T§ &l < M.

This implies that iii) holds for (¢, ) € ® if we choose B, sufficiently large.

Step 3. We are interested in obtaining the lemma for any initial data (&, n) €
[0, 1VI] x [0, M]\%GO(O, 0). Here we only consider the case where (&, ) € A; and
dist((¢, 1), S) is small so that (p, ) enters 9B, (u*, v*), since all the other cases are
simpler. Note that (u*, v*) is a saddle point. The solution (p, ¢) starts from inside
of ® and goes through the following sets:

O, A, Ayy oy Ay, Ay, Ay, Ay, Ay, B,

where n is some integer depending on dist((¢, 17), S). Finally it arrives at %, (R, 0).
Let 7, be the time when (p, ¢) exits from O and enters s/, and t, be the time when
(p, q) exits o, and enters $/,. We have already shown in Step 2 that (p, ¢) with
initial data (&, n) € O satisfies (A.27)—(A.30) for 7 € (0, 7,]. We will next show that
these inequalities hold also true for [t,, 7,). Differentiating the equality

p(‘c; é’ 17) = p(‘C - Tl’ P(Tl; é’ 17)’ Q(Tl; f’ 17))’ (A33)

with respect to &, we have

Pg(TQ ¢n) = P:(T — 155 p(11), ‘](Tl))Pg(Tlé ¢+ Pﬂ(’f — 115 (1)), ‘1('51))%('51; ¢ n,
(A.34)

where we write p(t,; &, 1), q(t;; &, n) as (p(t,), ¢q(t,)). By replacing t by t — 7, and
initial data (&, ) by (p(7)), g(1,)) in (A.14) and (A.17), we obtain

crexp(a(t — 1)) < pe(t — 155 p(r1), q(11)) < & exp(e(t — 11)) (A.35)
—crexp(a(t — 1y)) < q,(v — 145 p(11), 9(71)) < —¢gexp(a(z —17)).  (A.36)

Substituting (A.27), (A.28) with t = 7, and (A.35), (A.36) into (A.34), we obtain
Byexp(a't) < p:(7; &, n) < Byexp(a't) for 7 €[4, 15). (A.37)

Similarly we can obtain estimates for g, p,, g, in (7, 7,].
Next we define 7; to be the time when (p, ¢) exits , and enters ;. Then
we will show that i) holds for 7 € (1,, 7;] by the same argument as we get (A.37).
Inductlvely by the same argument, we can show the first equation of i) for
T€ [0 = log W + CO] where C0 is the same constant as in Lemma 3.9.
ObVlously the second equation of 1) and ii) can be shown in the same way.

We proceed with estimate iii). Since we have already shown in Step 2 that iii)
holds for 7 € [0, 7,], we will only prove iii) for t € (7, 1,]. Differentiating (A.33)
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by &, we have

Pee(ts &) = pee(r — 75 p(11), q(0) (pe(115 & M)’
+ 2pg (t — 713 (1), 9(1))pe(T15 & m)ge(Ty5 & m)
+ pe(t — 115 p(t1), q(1))pee(ty; &)
+ Py (T =115 p(71), q(T1)) (et &, )’
+ py(t — 115 P(11), 9(11))qee (115 &, ). (A.38)

On the other hand by utilizing the estimate |p;;| < ¢, exp(20*7) with (&, ) replaced
by (p(t), q(1,)), we obtain

[pee(t — 115 p(71), g(11))] < Ez exp(2e*(t — 1)), (A.39)
|P§;1(T =15 p(11), g(7))] < Ez exp(2e*(t — 1)). (A.40)

We substitute (A.39), (A.40) into (A.38) and get

|pee(T: & )| < Byexp(2077) (A.41)

for t € (7, 1,]. Inductively by repeating the same argument, we obtain iii). The
estimates for p;,, p,,» q::» 4z» 9z: €an be obtained by following the same procedure.
The proof of the lemma is now completed.
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