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ABSTRACT. We consider a finite number of particles initially close to spherical but of
varying size exhibiting the property of preserving the measure of each connected com-
ponent. We show that under the assumptions i) particle size/interparticle distance < 1
and ii) initial deviation from sphericity /particle size < 1 the particles retain their al-
most spherical shape and the dynamics of the system is determined by the motion of the
centers. This is in sharp contrast with the Mullins-Sekerka free boundary problem where
the particle centers remain almost fixed and the dynamics of the system is determined
by the evolution of the radii.

1. INTRODUCTION

We study the effective dynamics of the following equation:

Au, =0, in €, (1.1)
Vuin~ + Vun®™ = H, on 0 '
Ue = O; on 0Of)

V =Vun~. (1.2)

Here 2 is a bounded smooth domain in IR?, €; is open, smooth under the assumption
that 0Q; N0 = O and €y, -+ ,Qy are bounded connected components of €; such that
Q= UN_ Q. ue,u; are the restrictions of u on €2, (the exterior) and ; (the interior)
in  and n~,n" the unit exterior normal to Q,, €;. H is the mean curvature of 9); at
x and V is the normal velocity. The sign convention for H and V is that H and V are
positive for §2; a shrinking sphere.

We observe from (1.1) that u; is harmonic in €2, and therefore the Green’s identity imply
that [,, Vuin~ = 0. This and (1.2) conclude [,, V =0 and thus the conservation of

the measure of §2;,.

There are physical situations where a system composed of two immiscible phases A and
B has the quite remarkable property, that during the evolution, not only the measure of
each of the regions 4,25 occupied by the two phases is conserved, but also any con-
nected subregion of either €24 or {1 evolves keeping its measure constant until eventually
coalesces with another component or splits in two or more components through some kind
of singularity. It is worth mentioning here, that despite the fact that (1.1), (1.2) is not a
perimeter shortening law, hence there is no isoperimetric property, the spherical shape is

preserved and is indeed stable.
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Even though they do not directly model a specific physical phenomenon, equations (1.1),
(1.2) exhibit the property of preserving the measure of each connected component and the
dynamics defined by (1.1), (1.2) can be expected to be a paradigm for some of the typical
nonlinear phenomena that are tightly related to that property. More specifically, those
equations capture some qualitative aspects like the fact that the motion (the evolution)
is dictated by the decreasing of an energy proportional to the surface or also the fact that
in such situations one expects that the only stable equilibrium should correspond to the
case of just one component.

Conservation of the measure of each connected component does not imply that the
number N of the such components cannot change during the evolution but only requires
that N = N(t) be locally constant. Therefore, as we have observed above, N can only
change through jump discontinuities at certain singular times. Besides local constancy of
N and the existence of singularities, another qualitative feature of the dynamics that any
mathematical model having the above conservation property should present is a particles-
like behavior in the case of small volume fraction

Q4]
— k1
Q25|

when a small amount of phase A is divided into many tiny particles dispersed in the
matrix of phase B. The rationale behind this conjecture is that: (i) If the size of a
connected region is small with respect to the distance from the other regions, then, under
general isotropy assumptions, the spherical shape should be privileged and particles should
therefore have a tendency to assume a spherical shape (Stability of Spherical Shape). (ii)
If the particles have an almost fixed shape, and in particular a fixed volume, then the
only parameters left for determining the whole geometry and therefore also the dynamics
of the system are the centers &,,h = 1,.., N of the particles. Therefore it is natural to
expect that, provided particle sizes are small and interparticle distances sufficiently large,
some reduction of the P.D.E becomes possible resulting in an O.D.E for the evolution
and the interaction of the centers of the particles. This should be contrasted with the
Mullins-Sekerka dynamics

( —Au =0, of f T(t), in QCR™ m=2,3
u=H, on T'(t)
ou
{ — =0, on 0N

which in a sense is the “dual” of (1.1). As it has been shown in [3], the almost spherical
shape is stable. However, in that context the centers, to principal order stay fixed, and

the radii evolve according to the set of ODE’s ([1], [2], [4]):
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where p = 5= th and [7;(?)[|csra(sey < Cr as long as r; is defined. The symbol
h=1

3" means summation avoiding equal indices. Here v is the smooth part of the Green’s
function. Notice that p, and £ form a closed system of equations if the highest order terms
are ignored.

For the problem (1.1), (1.2) under similar assumptions, the situation is exactly the
opposite. To principal order the radii of the particles stay fixed, and the centers evolve
according to (1.4) below.

The scope of the present note is to give a rigorous proof of the above conjectures
concerning particles dynamics in the context of the P.D.E (1.1), (1.2). In particular we
show that under the assumption that

particle size

; - , < 1,
interparticle distance

initial deviation from sphericity

<1, (1.3)

particle size

the particles retain their almost spherical shape and their centers, in the limit ¢ — 07,
evolve according to the O.D.E

dfh Z oup k En — &k Z47T,thk fh,&c) (1.4)
= & - &P =

where pp,h =1, .., N are the radii of the particles. Equation (1.4) is the gradient system
in the Euclidean metric of the potential energy

N N
PE) =D oG (& &) = D> pav(n &)
h=1

h,k=1
hk



where G(z,y) = m + 7(x,y) is the Green function for the Dirichlet problem

—A,G(z,y) =0y(z), 2€Q, yeQ
G(z,y) =0 y e, xe .

Equation (1.4) can be formally derived if one accepts that, under assumptions (1.3), the
solution of (1.1) is well represented by the Monopole Approzimation

N
u(z) = chG(:c,fk), x € e, (1.5)
k=1
1 N
u(r) = Ch(47rph + (2, &) + chG(a:,ék), € Qp h=1,.N.

k=1
k£h

Then, imposing the interior boundary condition (1.1)3 yields

1 1
(Vu(z),n”) + (Vu(z),n™) ~ (Vu(z),n") ¥ p—5 ~ —, x €0,
Ampy,  pa
and therefore
cn = 4mpp. (1.6)
For a ball that moves rigidly with speed dcf—f the normal velocity V' at a point of the
surface where the exterior normal is n~ is given by V = —(‘f—f, n~) on the other hand

from (1.5) and (1.2), we get V' = >\, ckpn(VG (2, §k)|2=¢,,n~) where we have used

VoG (2, &) ozt +pnn- = VoG (2, &k)|a=e, - Comparing the two expressions of V' above, using
the fact that n~ can be chosen arbitrarily and using also (1.6) yield (1.4).

It is interesting to consider some particular cases of (1.4). If we take N = 2, p; = ps = p;
& ==& & = (5,0,0), and Q = IR, then from (1.4), taking also into account that now
v = 0, we obtain

ds P’ 3,3 91

%: @#S(t) = (SO—sz t)3
which shows that the interaction between two particles has a repelling character. Similarly
we can show that the boundary attracts the particles. To see this we take N = 1;
€ =1(s,0,0); Q={z = (21,22, 23) : 1 > 0}. Then we get G(z,y) = and

_ 1 1
4dr|z—y| 4r|z+y|

(1.4) yields

ds P> 3 3 1
T s(t) = (sp — Zpt)?u
Another interesting aspect of the model in discussion is the lack of knowledge of the

shape of the equilibria, since it is not straightforward what the equilibrium states are. For
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the Mullins-Sekerka model if H = const. on I'(¢) then u(x) = H = const., Vo € Q and
V = 0 solves the problem. Therefore €2; is the union of equal balls with the same radius
which are equilibria, something which is not the case here.

However, a main feature of the dynamics of (1.1), (1.2) is the generation of singularities.
After a singularity occurs a new phase of smooth motion begins. As the evolution contin-
ues and after a finite number of singularities just one particle persists and moves according
to the O.D.E. We can conjecture that this unique particle approaches asymptotically an
equilibrium position which is determined by the geometry of (2.

Our methodology and analysis follows [3]. In section 2 we present some general prop-
erties. We discuss the operator L which will be the main part in the linear part of
the evolutionary equation for r. Moreover we introduce a suitable representation for
[' = I'(¢) and show in Proposition 2.1 that there are uniquely determined &;, p;, r; such
that T = {z/z = { +ep(1 +er(u))u,u € S?}. In Proposition 2.2 we give the expression of
H in terms of p and r. In section 3 (cfr. Proposition 3.1), we derive an expression for V;,

as a function of the time derivatives %, ‘fﬂi, % of the unknowns &;, p;, ;. Moreover, we
solve the linear equation V' = L1 H(x) — . %ﬁy)ff (y)dy which is the central dynamical

problem. The main result is in Proposition 3.2 where we solve this problem by assuming
that H is known and we obtain a system of &, p and r equations with estimates for the
higher order terms. At the end of section 3, we obtain an explicit formula for V; as a
function of & p,r (cfr. Proposition 3.3). This function is inserted in the place of Z; in
Proposition 3.1 and so we obtain the sought evolutionary system (cfr. Proposition 3.4).
Finally in section 4, we show that (1.1) is well posed globally in time, and we derive a
bound on 7 which implies the robustness of the spherical shape. The main step is to
prove that r is bounded (cfr. Proposition 4.2) and in order to do so we use a suitable
functional-analytic setting by making use of the optimal regularity theory of Da Prato
and Grisvard.

2. GENERAL PROPERTIES

The operator L

Consider Q C IR? a bounded, smooth, connected set in IR?, and I' a C'** closed,
orientable surface in 2. We consider the Jacobi operator defined as Lr = A®r + 2r on
the two dimensional unit sphere. So, in spherical coordinates (coordinatizing with ¢:
longitude, 6: colatitude), we have the representation

Xoo | (sinflxp),
Ly = 2 2.1
X sin? + sin T+ X (2.1)

T 2T
(X, V) 12 :/o /o X sin 0 d¢ db (2.2)
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L is a self adjoint operator. Indeed, by integration by parts it follows

—/OW /OQW(Lx)@Dsinngbd@
// (quw

By direct calculation we obtain some information on the spectrum of —L:

— 2)@#)) sinfdo df =: B(x, )

po = —2, p = po = pz =0, pa >0

with the first few eigenfunctions given by

wo = 577
wy = %ﬁ(u, e1) = %\/gcombsin@,
Wy = %\/g(u,eg) = %\/gsingbsin@,

w3 = %\/g(u e3) = %\/gcosﬁ.

The Coordinate System

(2.3)

(2.4)

(2.5)

The introduction of a suitable representation for the interface I'(¢) is very important.
Given an interface close to spherical, we would like to associate to it a unique sphere
and view the interface as a small perturbation of this sphere. So, an appropriate choice
of the coordinates used to represent I';(¢) is essential for the analysis. In particular, to
each interface we associate a center £, a radius p; and a function r; that describes the

“distortion from sphericity” and we show that &;, p;, r; are uniquely determined.

Proposition 2.1 ([3]). Given an interface I' in a small C' neighborhood of a sphere Sg 5,

there are unique & € IR3,p > 0,7 € C*(S?) such that

I'={z/z=¢+ep(l+er(u))u,uec S?}

satisfying the orthogonality conditions

/ r(u) du = 0, / r(u)(u, e;) du = 0, i=1,2,3
S2 52

where S* C IR? is the unit sphere and {ey, ey, e3} the standard basis in IR3.

The Mean Curvature in Special Coordinates
6
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Proposition 2.2 ([3]). Assume D = {z|z = X (u) := & + ep(1 + er(uw))u,u € S*} withr €
C?*%(S?). Then the mean curvature H(X (u)) of T at the point X (u) is given by

H(X () = 5(1 —eLr + B), (2.8)

where L is the Jacobi operator on S?, that is
Lr = A% + 2r, (2.9)

A® being the Laplace-Beltrami operator on S?, and B of the form B = b(er,eJr,eJ?r)
with b(z, p, P) a smooth function which is linear in P and, under the assumption |z| < ¢,
satisfies the estimate

[b(z, p, P) < C(|2* + [pI* + (2] + [pDIP). (2.10)

0

The Green’s function in three space dimensions is of the form

1

Glz,y) = ———
(2,9) e !

(z,9)

which is associated to the problem

{ —A,G(x,y) =0y(x), 2€Q, yeQ

G(z,y) =0 r eI, yen (2.11)

and + is the smooth part of the Green’s function that captures the effect of the boundary
and satisfies

{ _Ax’)/<x7y) = 07 LS Q? /S Q (212>

Y, y)=—glz—yl, 2€0Q, ye

where (2 is the container of the mixture and d,(y) is the Dirac d supported at y € €.

Lemma 2.3. The following estimates hold true

I CCHT R o1

<

Proof. The above estimates can be proved by making use of classical elliptic theory [10].

O
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_ 1 8G(my
3. SOLVING THE EQUATION V' = 3H(z) — [, =5 H(y)dy FOR GIVEN H

d
In this section, we first give a decomposition result for a general V' in terms of — dp 5

dt’ dt’
dr

p— and then we solve the linear equation

dt

V—EH(m)—/MH(y)dy for given H.
2 r  Ong

¢ dp d§ dr
at’ at’ Vdt

for interfaces with the representation (2.6). We let V' = V(u,t) to be the speed of I'(¢)

in the orthogonal direction to I'(t) at the point z € I'(¢) and we study the relationship

dp df dr

at’ at’ ar

So, firstly we are interested in obtaining a decomposition for V' in terms o

between V and —

Proposition 3.1 ([3]). Assume that €||r|c1+a(s1y < 6 for 6 > 0 a small fived number, so
dp 2 dr d€

that Proposition 2.2 holds. Then V is a linear combination of € P and the

d dr d
equation V = Z with Z € C*(S?) a given function, determines uniquely ed—f € pd: d§

Moreover, the following estimates hold true:

T d&;
|2\/; dt] +(Z,wj) 12(s2)| < Ce <€||7“||201+a(s2)||Z||Ca<s2) Hrlloreas2) Y [(Z,w)rasy)]

h=1

dr
HGQP% + Z — E <Z, U}j>L2(52)wJ' — €<Z, w0>L2(52)w0Tl|0a(52)
J=0

3
L < Ce <€||T||%1+a(s2)||Z||Ca(52) + ||T||2a(s2) Py ‘<Z7 wh>L2(32)}>

(3.1)
for some constant C' > 0 and w;, j =0,1,2 defined in (2.5).

O

Problem (1.1), (1.2) can be formulated via potential theory (][9], [18]) as an integral
equation

V= %H(:L‘) _ Mﬁ(y)dy (3.2)

T 87190
8
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where %ﬁy) = LG(z + sn(z),y) o V' is the normal velocity and H is the mean

curvature. Here ¢ is suppressed and we write T instead of T'(¢) with T'; = {z/z = X*(u) :=
&+ epi(1+ eri(u))u,u € S?} and T' = vazl [;. If € > 0 is small, the map X*: S? — T

is a diffeomorphism with the same regularity as r;. We let u' : T'; — S? be the inverse of
X'. The above expression can be written in the form

V—EH(x)—i MH (u"(y))dy, z€ly, i=1,...N (3.3)
=9 on h y))ay, i =4, .
h=1"Tn 9”

where Hj,(u"(y)) is the restriction of H to I';, and

0G(,y)  —(w—yin~(2) _ dr(w,y)
ong An|z — yf on,

Proposition 3.2. Let & € Q, p; > 0, r; € CY(S%), W; € C'7*(S?), i = 1,...,N be
gwen and assume & # &, for i # j. Then, for small € > 0, the system

Z/ any Wy)dy, zely i=1,....N  (3.4)
has a unique solution V; € C*(S?). Moreover,

1
SHi+ K| < [l s2) (3.5)

v, —
“ 2 C(52)

where

1 373‘(“) — n() 2 2 <§z — &, GPz‘U>
K=—- —— 2 H,(v)dv — _ H d
QEph /52 47T| : —U| (U> ! ;6 o 47T|§z‘ — §h|3 32 h(v) !

263 pp?rn (V) (& — Eny epiu)
_Z/sa 47rrs —5h\3 Hulv)de

CG=a )\
+2 e’ 47r|¢z |3<€”’“’ |£i—5h|> o ()Y

h#i

(2 a 2
_Z Epp, 4W|£§h’€p| >/523<6phv é §|> dv—i—Ze Ph / 75 ) ,epiu) Hy, (v)dv

6 7 /SQ <87 g”gh)76piu><%zgh);EPhU>Hh(U)dU
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N 2
2 2 (&, &n)
+ h; € pi /32 <T,epiu> Hy(v)dv

and || F'||ca(s2) includes precise estimates for higher order terms

62””’hH201+a(s2) €2H7’h’|201+a(s2)

E—al | a-of

[Fllca(s2) = € pn*Ocrvas2 (

+€2|\7”h!|01+a(s2)( o)+ € ( p; + pp /)z'|!7"z'||01+a(52)+PhH7“hHCI+a(SZ)>

& — &l & — &l & — &l
0 0v(&,¢ 9 0v(&, ¢
T Al L O A Ll S 0N VA B

Proof. We are interested in solving equation (3.4). We have,

| iy~ [ D i+ [ DD )

on r, Amlz —y|? Ong

(3.6)
Step A

We consider the case h = i, x € I'; and we are interested in the analysis of the two
integrals on the right hand side of Eq. (3.6).

a) We start our analysis with the study of the first of the two integrals.

Let Q, = {2/2 = Ay, 0 < XA < 1+ erp(u),u € S?} and we consider the function
Ut:Q; — IR defined by

i\ . 1 (& +epiz —y)z(x) i
U@féih|gﬂw_w<wmww

1 epi(z — 2)z(x ;
=etp? [ LB e i
o0, AT €pPlz — 2|

:/ L L i+ ep))d. (3.7)
oQ;

CAr |z — 2|

Therefore by theorem 2.I pg. 307 in [15] applied to the derivatives of U’, since r; €
C11(S?), 99 is a surface of class C1*(S?), U’ can be extended as a C'™* function to

the closure €; of Q;, with the following estimate

||Ui(')||cl+a(gi) < ep Ol Hy (u' (& + €piv)) llem o) (3-8)
10



where C is O (1 + €[|r;||c1+a(s2)) and can be considered as a constant independent of r

o :
under the standing assumption ||r;||ci+a(s2) < —. The map 0Q; 3 z — u'(§; + ep;z) € S?
€
is a C17* diffeomorphism and
Huz (51 -+ €P; ) HCl"'O‘(@Qi) < Const (1 + 6Hr7;H01+&(s2)) <C
and a similar statement holds true for the inverse map u — z. It follows that

IH; (u' (& + €piv)) llowoay < CllHl|cos2).- (3.9)

From (3.7) and the discussion after it and in particular from (3.8) and (3.9) we have a map
H; € C%(8%) — U'|sq, € C'™*(S?). From this and the properties of the diffeomorphism

Xi(u) =& ,
u— 2(u) = X -6 discussed above we can define a map I} : C%(S?) — C'*(S?) by
€Pi
setting
. X () — &
(1) () =0 (=), (3.10)
€Pi
and that
||I{Hi||cl+a(52) < OHHiHCa(S?)- (3.11)

Besides this estimate we also need to compute the main term in I} H;. From (3.7) and
dz = <1 + 267"2' + Oca(gz) <€2 ||Ti||%1+a(s2)>> du (312)
it follows that

; 1+ 2€Ti(1)) + OCQ(SQ) <€2 "7’@'"%1+a(52)> (U)
(11H;) (u) = _/52 A ‘Xl‘(u)—Xf(v)

€p;

- [ [ 2O,

2 dmlu — v o> Am|u — v

H;(v)dv(3.13)

dv

2 OC&(SQ) (Hriuélﬂm(s@)) (U)HZ(U)
- /52 4|u — v

X' (w)—X"(v)
€pi

/ 1 lu —v| —
—€
g2 4mlu — vl ¢ ‘Xi(u%xz'(v)

€pi

(1 + 26’/“i(’U) + OCa(S2) (62 ||7“i||é1+a(52)) (’U)) Hl(?]) dv.
11



By the result in [15] quoted above, I} H; as well as the first 3 integrals on the right hand
side of (3.13) are C'**(S?) functions. Therefore also the last integral on the right hand
side of (3.13) belongs to C'%(S?). Let € (3H;) (u) be this last integral. We have

(SH;) (u) (3.14)
_ 1 lu—v| —|u—v+e (ri(u)u—r;(v)v)] S
- /52 Amlu — vl ( € lu—v+e (ri(uw)u—r(v)v) ) H;(v)d

)
1 lu —v| —|u—v+e (ri(u)u —r;(v)v)]
+ /52 4|u — v ( €lu—v+e (ri(u)u—ri(v)v)] )
OCQ(SQ) (6 Hri|’01+a(52)) (U)HZ(U) dv

From (3.14) it follows that

| (S llovease) < CellrllZegss | Hillcn(ss (3.15)

where we have used the fact that

lu—v| —|u—v+e(ri(u)u—ri(v)v)] (3.16)
— - AR DR 20 (- o))
For |u| = |v| = 1 we have
(ri(u)u — r;(v)v,u —v) = % (ri(w) +r;i(v)) |u —v|?, (3.17)
and so (3.17) implies
g~ LG tr)
S, H, . /S o () d (3.18)

e Oarsasn) (IrllEsea syl Hillow(s )

b) We now turn to the analysis of the second integral on the right hand side of (3.6) for
the case x € I';, h = 1. We have,

J DD )y = / DL, oy )y

87’%; 99, ox

V(X (u it epi') i ’ / i
—ept [ DELELLE (e 6+ api ) = pHIH,) )
Q;

(3.19)
12



By taking into account (3.12) and the fact that z(u) := (X' (u) — &) /eps, (ILH;)(u) takes
the form

(13 H.) () = /SZ m(XZ(gl, XZ(U»n_(Xi(u))(l—l—2erz~(v)+ Ocia(s2) (62 ||r,.||201+a(52)> (v))H;(v)dv

= /52(W,epiu>f]i(v)dv + /5'12(%,epiu><%ﬁ,epivﬂ[i(v)dv

) 3
+/ <—87(£i’€i),epiu> Hi(v)dv+l/ (M,ﬁpi@ H;(v)dv
s2 52

ox 2 ox
+/52 <T:€piu> <a—y,€pw> Hi<U)d'U+§ /52 <a—y,epiv> (T,epiw H;(v)dv
8 iy Qi 8 EY}
+0cn @00 D | i LS e (320)

From the above analysis and in particular from Egs. (3.13), (3.15), (3.18) and (3.20)

/F L) o))y = / L gt e THY W) (321)

ong 2 Ay —v| "

where I is a linear operator that satisfies

117 Hil| prva sy < ClIHi| g s2y- (3:22)

Step B

We now consider the case z € T';,h # i in Eq. (3.6). For h # ¢ and * = X*(u) both
integrals on the right hand side of (3.6) have, as functions of u € S?, the same smoothness
as X'. We will analyze how the C**%(S?) norm of these functions depends on ¢, p,r. We
can write

0 L h [ X@ = @) e
/rh on, (47T|Xi(u) —y|> Ha((y))dy = /F X () — g | X (u) =y [ Hp (" (y))dy

2 2/ <Xl(u)—;X ('U)7n;(Xl4(u))>|Xz(u>_Xh(v)|
s2 Am|Xi(u) = X"(v)]

(1 + 26, (v) + Ocas2) (62 ||rh||gl+a(52)) (0)) Hp(v)dv

_ 2,2 (& — &y epiu) | (epiu — eppv, epiuq (1 _3 < &—& >>
o /52 [ dr|& — &l ! drlg — &) & — fh’wq}lu e

(1 + 264 (v) + Ognse) (62 ||rh||gl+a(52)) (0)) Hy (v)dv
13



_ (& — Ens epin)
a _€2ph2 4m|&; — &nl?

o o9& — &n, epin) & —&n
+€“pp, —47T|fi ST /52 3 < € |2,epz 6phU>

(1 + 2er(v) + Ogosey (8 ||rh||gl+a(s2)) (0)) Hy (v)dv

/2(1 + ZETh(U) + 000(52) (62 HthQCHOt(SZ)) (U))Hh(’l})d’l}

€EP;U — EPRV, EP;U
—62,0h2/ < P Ph ?)p >(1 + 267“}1(1)) + Oca(52 (6 ||’f‘h||cl+a S2 ) dv
s> 4ml& — &l
€EP;U — EPRV, €P;U i
+€2Ph2/ (ep Ph SP ) .3< & — §h2,€ﬂz ephv>
52 4| — &l & —

(14 2erp(v) + Ocas2 (62 ||rh||201+a(52)> (v))Hp(v)dv

[ ) [ 23 § i ? i
:*%¢%§%2$ f“”“‘l2wmﬂﬁg@gwwﬂmwv

o . ﬁy _Epn (& — &, epin) < §i—§h>
e foay) [ -t LR [ (o Eg ) oy

2€2pp (& — &, epiu) / < & —&n >
+ 3 ( ep;u — €ppuv, erpHp(v)dv
dm|& — &l 52 & — &l
€2Ph2
e -l SQ(%’U — eppv, epiu) Hy, (v)dv
i —&n
2¢%p;, ( Veerp Hiy(v)dv-+€2 0,20 62||7”iz||201+a(s2) €2||7"h||?;1+o<(s2)
- Th epiu—eppv, piu)-ery Hy, (v)dv+€e2pp2Ociva (g2
Azl — &l Jo . & — &l & — &)

+€2||7“h||cl+a(s2)( )+€2 ( p? +pi Pi||7‘i||01+a(s2) +Ph||7“h||cl+a(s2)) Al
— 1 Wi a(g2
& — &* & — &)° & — &* ol

(3.23)
For the other integral on the right hand side of Eq. (3.6) we have

[ PGy = i [ PG X )

anm 0, ox

— 2,2 67(Xi(u)>Xh(U))
= ph /'5'2

B n” (X" (u))(1+2er, (v)+ Oca(s2) (62 ||7"h||201+a(52)> (v))Hp(v)dv

= pn’ LQ(W,epiu>Hh(v)dv+e2ph2 /52<%7Epiu><%;’fh)vephv>}[h(v)dv
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2 2
+€29h2/ <M7€Piu> Hh(v)dv+%€2ph2/ <M;€th> <M,€Piu> Hy(v)dv
S2

ox g2 dy ox
2 3
, A 1 .
rép [ (B iy (P ) muyavs geon? [ () o o)
0 79 0 2
+em20ce5n (€9 T oo TG (320
From Egs. (3.23), (3.24) it follows that
0G(z, ;
[ I b )y = eon(1 1) ) (3.25)
Ty Ty
where I is a linear operator that satisfies
1" Hyll oo (s2) < ClHnllgos2)- (3.26)

Under the assumption that €[|ry||14a(g2) < 6 and epy < 0, we have

N
1 .

Vi=—-H; — § epn I Hy,. 3.27
5 2 €Pn h (3.27)

The above system has a unique solution which can be computed by iteration and moreover
from Egs. (3.13), (3.15), (3.18), (3.21) it follows that

y 1 3ri(v) —ri(+)
i, = f 2D T T\
T3 /S In| o] Hilv)dv

9 A 0 2R 0 iy Si
- [ iy ont - [ (P P ooy

0 15 St ? 1 0 15 Q1 ’
- [ O oy o 5 [ (S G wpae

0 RN 2 0 IR 1 0 Y ? 0 IXAN)
- [ oy S oy proyao [ (S ey (TS o o]

(&, & 0y(&i, &
= OCI*“(SQ)(EBPig% + €||7‘z‘||cl+a(s2)%)HHﬁHca(s% (3.28)

and Egs. (3.23), (3.24), (3.25) imply that

]ihHh-i-

€Pni&i — &, €pit) 2€%pprn(v) (& — &ny epine)
drl& =&l Jse HAnlw)dv+ /sz Ar|& — &nl? Hyw)dv

—L . _é-l _ gh >2 H d 6ph<€i - Sha €p2u> < Sz - gh > H d
Al — 5h|33<6pZU7 & — &nl /52 p(v)dot 4zl — & /52 S\t & — &l p(v)dv

15



_26Ph<§z‘ — &, epiu) < | & & >
47r|§i_§h,3 /523 €p;U — €PRY, & =6l erpHy(v)dv

€Pn, 2epy
+————— | (epiu—eppv, epyu) Hy(v)dv+—————
dm|& — &l Jo2 drlé; — &)’ Js

—€Ph /SQ<W7EPN>H}L(U)CZU — €Pn /gﬁ%ﬁpiuﬂ%zgh)aEPhU>Hh(U)dU

(epsu—eppv, epsu)-ery Hy (v)dv
2

A 2 A 2 '
—€Ph /S2 <—87(§;€h),€ﬂiu> Hh(“)dv_%eph /32 <—87(§Zy’€h),€;0hv> <—87(§;€h)7€m“> Hy(v)dv

. 2 . . 3
—an [ (P gy (), ) oo genn [ (T o) o

2 2
Elralloirasey  Elrallgrragss

& — &nl? 16 — &l

= eppOci+a(s2) (

EQHThHCHﬂ 52 P?+PQ PiHHHCHa 32 +PhH7”thl+a 52
+ ( )(p2+ph)+€2< b + (%) ( )) ”HhHCoc(SQ)

& - &l & =&l & =&l
87 gia 5 S’L? 5
020 (€9 TS oo TS (329
Inserting the expressions of I H;, I*" H;, into Eq. (3.27) we conclude to Eq. (3.5). O

We are going to show next that the integral equation (3.2) is equivalent to a system
of evolution equations in terms of p = (p1,...,pn), 7 = (r1,...,ry) and £ = (&, ..., &N)
with N + N + 3N unknowns. We first provide the following proposition

Proposition 3.3. Equation (3.5) implies

2
V.= LL ) epn(&i — &ns €pin) B 1;3< & — & >
pi o Z dmle; — &ul” Z oner drlé; — &) " & — &l

h# hti
— &n, €piu ) / < & — & > 0v(&, &n)
+ p 3 v, dv — €Phn — =, €p;U dv
; 47T|fz &nl? & — &l S2< ox )
! e 9 (& €
—I—E—piOCHa(SZ)(E?||7"i||?11+a(52) + €||7“i||01+a(52) + —‘fz _'Ohfh|46||ri||01+a(52 +e 2 ia %)

(3.30)
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Proof. By utilizing the expression for H given in Proposition 2.1 that is

1
H|r, = —(1 — eLr; + B)
€

i
and as long as L is a second order operator satisfying the estimates

sri(v) — 57i()
eLr;(v)dv < C||r; 2 e
g2 47T| | ( ) Hca(s2) — || ||CS+ (52)

2
H€L7’i<U)dU|lca(52) < C‘|T1H03+a(52)‘

Then equation (3.30) follows from (3.5). O

Proposition 3.4. There is € > 0 such that for 0 < € < € the integral equation (3.2) is
equivalent to the following system of evolution equations

( dpz 0
dt f (pa 57 T)
dm 1 r
E - 62,01‘2 L?"i + fz <p7 57 T) (331)
d ) i I3
5 => 2phpz Z47r€ph€pz g 9 4 ppen)
\ h#i

where fip(p7€7r)7 fir(p7£7r>7 ff(p7£7r> are smooth fUﬂCtiOﬂS Of p = (plu--'7pN>7 5 =
(&1, &n) and r = (ry,...,7rN), 7 € C3T(S?) satisfying the following estimates:

€0n €0n
ff(p,f,?“) = OCl+a 52 ( + €||T’h||cl+a g2 )
(5% & — &l & — &l &%)

1
+€—pOCI+a(SQ>(EQ\ITi\!201+a<sz))

)

. 1 2 €Pn
fi (p7£7 T) = e_piOCH'a(SQ) <€2||7’i||01+a(s2) + |§Z _ §h|>

2
EQHThHCHa(sZ) epillrillcivaiszy + €pnllrallorracse)

FE(p,6,7) = Ocvagszy | Elmnllgva e+
(5%) & — &) & — 5h|4

vl %Zgh))_
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Proof. Egs. (3.31) are obtained from Proposition 3.1 when one identifies Z with the
right hand side of Eqgs. (3.30). Moreover, we note that under the standing assumption

3

ellrill rra(sey < 0, the expression €|[r[| pita (g2 Z! (Z,wp) 12(s2)| is estimated by the right
h=1

hand side of Egs. (3.30). We refer to [3] for further details. O

4. THE p,r,& ESTIMATES

In this section, we prove that r is bounded by analyzing the following system

dpi
e = I(p.81)
d?”i B 1 r
E_ WLTZ_’_fz (p7£7r) (41)
d i al 0 )
6 => e, pz Z‘lﬁwhemw + [E(p, &)
\ heti éhh| h=1 v

with initial data p;(0),r;(0),&;(0). To obtain this bound on r we use a suitable functional-
analytic setting for the evolutionary equation for r in (3.31). We will use the optimal
regularity theory of Da Prato and Grisvard [17], [8] which provides the appropriate semi-
group setting and makes available the variation of constants formula.

Let A¥T* be the "little Holder” space defined as the completion of the set of C°° functions
with respect to C*¥* norm. It is known that the operator L has the optimal regularity
property with respect to the pair Ey = h*(S?), £y = h*7*(S5?), [12] and it holds that the
operator L is the generator of an analytic semigroup while the following estimate holds
true:

sup| [ " g(0)dd| s, < ci sup (l9(t)] 5, (4.2)
04 Jo t€0,1]

with ¢ : [0,¢] — Ep is continuous function.
In order to utilize the above estimate, we need estimates of the type

17 (0, &g, < Clirllg,, i=1,...,N.

For obtaining such Hélder estimates, we use Th.2I in [15]. That theorem covers a class of
operators

U) = [ Bl o))y
o9
with £ modelled after 3%(@) and provides estimates of the type

U erva@) < 1FOllcagan):
18



Lemma 4.1. There exist constants > 0,M > 0,5 € (0,1) such that the semigroup
generated by L in Fy satisfies

HeLSQOHCQJra < Me_“s||g0”02+a(52), NS Ey (43)
s M _ N 1
" || cara(sz) < ke “N ol czraiszy, @ € RTH(S?) N Ey, B = 3 (4.4)

Moreover if ¢ : (0,5] — Ey is continuous

sup
0<s<s

/ el 6= p(o) ds
0

< C sup [lp(s)llcase), (4.5)
C2ta(52) 0<s<s

where C' > 0 is a constant independent of 3.

Proof. Estimates (4.3)-(4.5) are well known consequences of the fact that L generates
an analytic semigroup on FEj, and of basic interpolation properties of the “little” Holder
spaces. Estimate (4.4) states that L belongs to M;(FEy, E1). We note that generally for
an operator in M, (Ey, E1) the inequality (4.5) holds with C replaced by a Cs which grows
with 5. In our special case we can take a C independent of § because the spectrum of L
is bounded above by a negative number. 0

In the following we assume, as we can, that the constant M in Lemma (4.1) satisfies

M>1.
In terms of simplicity in what follows we define

t dt/
SiZ::u/p 5 27 7 ::1,...,DJ
o €pi(1)

So, after this transformation Egs. (3.31) take the form

( dpi

3, Y (p, &)
dri r
ds: = Lr; +egi (p.&,7) (4.6)
dé&; 5
=) ¢ i o Z47T€ph€pz N 4 gép.6.1)
\ ' h#i o
where

A (p, &) = epl fl(p,&7), g (p.&r) = €epifl(p. &), g5 (p, 1) = Ep3fr(p, &)

Proposition 4.2. Assume N > 2. Then there exists € > 0 and ( > 0, independent of €
such that, for € € (0,€) the following inequality holds true

173 (D)l g2y < C-
19



Proof. We need to obtain estimates on r for r; = Lr + f(r(t)).
It is known that if 7 is a solution of r; = Lr 4+ f(r(t)) then r satisfies the ”variation of
constants formula”

r(t) = e 'r(0) +/0 e =9 f(r(s))ds.

Let ¢ > 0 any number that satisfies
||ri(0)||02+a(52) < C, 1= 1,...,N.

Then from Eq. (4.4) it follows that

s

sup || eL(s"’)egfdsH < eCiC sup ||ri(t(s))]] (4.7)
0<s<s; 0 C2+a(52) 0<s<s; C2+a(S2)

where (' a suitably chosen constant.
From the variation of constants formula applied to Eq. (4.6)s, it follows via Eq. (4.7) and
Eq. (4.3) that

sup [|75((s)) | gzra(sz) < M0}l g2sa(szy + €C1(1 4 C) +€CiC sup |[7i(t(s))l g2 (s2)-

0<s<s; 0<s<s;

(4.8)
If we set
zi= sup |[[ri(t(s))llceracszy,  2i(0) = [[ri(0)]lcora(sey,

0<s<s;

the above equation takes the form

We make a specific choice for ¢
¢ =8M(2M)* max [[1;(0) | g2va 52y + 1 (4.10)

and we assume € > 0 so small such that for € € (0, €)

26CHC < i (4.11)
k—1

26Ch Y (2M)F < SiF (4.12)
k=0 8

From Eqs. (4.9), (4.11) it follows that

equivalently

zi < (2M)*2(0) 4+ 2¢C (1 + ¢)(2M + 1)
20



and by iterating this procedure we get

E

h=0
) k—1 E—1
< (2M)F max [|r(0)[| cora(g) + 2¢C1 Y (2M)" +2eCy Y (2M)¢
’ h=0 h=0
1 ¢ ¢

< <2M)kmzaxHri(0>HC2+“(S2) Y T S

where the definition of ¢ has been utilized. So,

¢ .
(s, — =1,....N
zi(s;) < i <¢ i=1,...,

which implies that ||ri(t)||02+a(52) <.

The proof of the proposition is now complete.
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