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ABSTRACT. We consider a generalized Stochastic Cahn-Hilliard equation with
multiplicative white noise posed on bounded convex domains in R%, d = 1,2, 3,
with piece-wise smooth boundary, and introduce an additive time dependent
white noise term in the chemical potential. Since the Green’s function of the
problem is induced by a convolution semigroup, we present the equation in a
weak stochastic integral formulation and prove existence of solution when d < 2
for general domains, and for d = 3 for domains with minimum eigenfunction
growth, without making use of any explicit expression of the spectrum and the
eigenfunctions. The analysis is based on stochastic integral calculus, Galerkin
approximations and the asymptotic spectral properties of the Neumann Lapla-
cian operator. Existence is also derived for some non-convex cases when the
boundary is smooth.

1. Introduction.

1.1. The problem. We study the generalized stochastic Cahn-Hilliard partial dif-
ferential equation

wp = A( — Aut f(u) + Fg(x,t)V) +RWW, zeD, t>0, (1)
associated with Neumann boundary conditions
ou 0Au
—=—= D 2
I o 0 on 0D, (2)

where D is a convex bounded domain in R?, d = 1,2,3, of sufficiently piece-wise
smooth boundary. The term V appearing additive in the chemical potential is a
time dependent white noise; the multiplicative noise W is the formal derivative of
an one-dimensional [-parameter Wiener process. When the domain is rectangular
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we set [ := 1+ d and define W as a space-time white noise, while in the case of
general domains we consider [ := 1 and define W as V i.e. as a time dependent
white noise. The function F5 is real and smooth on D for any ¢ > 0, and F} is
Lipschitz and bounded as a function of u. We consider f’(u) := 8, f(u) = u(u?®—1),
where [ := i(u2 —1)2 is a double equal-well potential taking its global minimum
value 0 at u = +1 [2] and models the tendency of a two species homogeneous alloy
to return in a two separated phases equilibrium [29].

The stochastic Cahn-Hilliard equation is one of the important cases of the non-
linear Langevin equations. It is based on a field-theoretic approach to the non-
equilibrium dynamics of metastable states [17, 35, 40]. When F; = F» = 0, equa-
tion (1) becomes the deterministic Cahn-Hilliard equation. The originally proposed
equation by Cahn and Hilliard contains logarithmic poles in the potential ([14, 13])
and is a model for phase separation of a binary alloy at fixed temperature, where
u(x,t) defines the mass concentration of one of the phases at a point z of a vessel
D at time ¢t. The evolution of the concentration w undergoes two phases called
phase separation and phase coarsening. For more physical background, derivation
and discussion of the deterministic Cahn-Hilliard equation and related equations
we refer to [7, 13, 14, 26, 28] and the references therein.

1.2. The effect of noise. The standard Cahn-Hilliard model was extended by
Cook [17] (see also [40]) in order to incorporate thermal fluctuations as additive
noise:

Oy = A( ~ Au+t f’(u)) + e, t). (3)

This equation is usually called Cahn-Hilliard-Cook, and £ is in general a Gaussian
noise. In the theory of Critical Dynamics, a Cahn-Hilliard equation of the form
(1) is described as Model B [35]. Such a generalized type Cahn-Hilliard model [32],
is based on the balance law for microforces; in this case the term F of (1) is the
external field [35, 32]. In [38], the Kawasaki exchange dynamics are applied, and a
modified Cahn-Hilliard equation is proposed, where Fj is the external gravity field.
The F; term stands for the Gaussian noise £(x,7) in Model B of [35] in accordance
with the Cahn-Hilliard-Cook model, while, following [32], the quantity F; is the
external mass supply. Such model appears in [4] where spinodal decomposition is
analyzed as a mechanism for the formation of Liesengang bands. A generalized
Cahn-Hilliard equation appears also as a mesoscopic model for surface reactions.
In [34], a combination of Arrhenius absorption/desorption dynamics, Metropolis
surface diffusion and simple unimolecular reaction is considered. A special case of
this model, where the external force field enters the equation as a multiplicative
term, is the following generalized Cahn-Hilliard equation [5, 37, 36]:

Bpu = A( — Au+ f'(u) + Fg(x,t)> (2, 6)(1 — w),

here obviously the function 1 — u is Lipschitz in u.

The stochastic Cahn-Hilliard with f’ polynomial of odd degree when Fy := 0
and Fj := 1 posed on multi-dimensional rectangular domains, was analyzed by Da
Prato and Debussche in [19]. In this case, an additive noise more regular than white
noise was defined as an infinite linear combination of the L?(D) orthonormal basis
with coefficients consisting of independent, t—dependent Brownian motions. When
the trace of the Wiener process is finite, existence was analyzed in [25]. Results for
the noisy Cahn-Hilliard equation are of great interest for the studying of coarsening
(Ostwald ripening) [3] and nucleation [8]. For a survey, including numerical results
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and conjectures concerning the nucleation problem, see [11]. In the stochastic case
the polynomial nonlinearity has been analyzed in [10, 11, 15, 16, 19, 25], while
in [22, 21, 31] a stochastic Cahn-Hilliard with reflection is considered. Numerical
results for the Cahn-Hilliard equation on the unit square has been presented in [41].

1.2.1. Motivation for the noise in the chemical potential. At the proposed model (1)
we split the noise into two terms. The chemical potential noise stands for external
fields while the free-energy independent noise may describe thermal fluctuations or
external mass supply. This presentation indicates the different physical meaning of
each term and seems to be important in an equivalent stochastic system formulation.

1.3. Existence and domain’s geometry. The aim of the present paper is to
study existence of solution for the generalized stochastic Cahn-Hilliard equation in
general convex domains. In [15], Cardon-Weber used an appropriate convolution
semigroup and established existence of solution in D := (0,7)? for the case Fy =
0 by using the explicit formulae for the spectrum and eigenfuctions of Neumann
Laplacian in this cube. Motivated by [15], in our proofs we avoid completely any
explicit formula in order to derive analogous results for general domains. We first
remark that if D is a cube of edge a, then by the change of variables x — a/%,

t— (ﬂ}fﬁ we can always consider the equivalent Cahn-Hilliard in (0,7)¢. Several
existence results for various formulations concerning the stochastic Cahn-Hilliard
equation are referred to cubic or rectangular space domains, and are based on
the explicit formula for the spectrum and eigenfunctions of the Neumann Laplacian
operator which is well- known for rectangles, [18]. In our approach, are used instead
only the asymptotic spectral properties of the Neumann Laplacian in domains of
general convex geometry with piece-wise smooth boundary, where the spectrum
and eigenfunctions are unknown. By convexity we derive Lipschitz estimates for
the eigenfunctions.

We extend in rectangles the existence result appeared in [15], while for convex or
Lipschitz domains (not necessarily convex) in R? we study a model with time white
noise and prove existence for general domains when d < 2. In three dimensions,
existence is proved under the assumption of minimum eigenfunction growth. Usually
in numerical simulations smooth domains are approximated by polyhedra. A case of
interest also considered in this paper is when D is a convex polyhedron. In addition,
our proof is valid for the standard e-dependent Stochastic Cahn-Hilliard, where ¢
is a measure for the inner interfaces length during spinodal decomposition.

Existence is proved for various simply connected D:

1. d =1: if D is an open interval.

2. d = 2: (a) if D is convex and of smooth boundary, (b) if D is a convex
polyhedron, (c¢) if D is Lipschitz and of smooth boundary (here convexity is
not necessary).

3. d = 3: for the same cases (a), (b), (c) as in d = 2, plus the property of
minimum eigenfunctions growth.

Our title refers only to convexity while existence is proved for various domains
not necessarily convex, because our proof does not cover the non-convex polyhedral
case. Existence is also derived for the standard e-dependent stochastic Cahn-Hilliard
equation.

The paper is organized as follows: in Section 2 we write the problem (1)-(2) in
a weak stochastic integral formulation and describe in details the main results. A
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weaker stochastic partial differential equation formulation is analyzed in Section 3,
while existence for the general problem is proved in Section 4. Finally, the last
section stands as an appendix for basic definitions from stochastic calculus.

2. Main results.

2.1. Preliminaries. We consider the Neumann Laplacian operator 7y := —A

9]
defined on D(Ty) = {u € H*(D) : a—u =0 on 0D}, where D is a bounded, domain
n

(open, simply connected set) in R?, d = 1,2, 3. The eigenvalue problem

Tnv = pv in D, 9 =0on 0D, 4)
on

admits a countable set of eigenvalues as D is open, bounded and connected. The
cases of interest in this paper are when D is convex or Lipschitz and D is C?, or
when D is a convex polyhedron (in this case 9D is piece-wise C'™).

In L*(D), we consider the usual inner product < w,v >:= Jpwvdx and the
induced norm |wly :=< w,w >2. Any eigenvalue x is real and non-negative
because < Vv, Vv >= pl|v||3 for any eigenfunction v corresponding to u. There
exists an orthonormal basis in L?(D) consisting of eigenfunctions {wq, w1, wa,-- -}
corresponding to the eigenvalues 0 = pg < 1 < po < --- of (4) [39]. wp related
to po = 0 is obviously a constant function with wy = (M(D))~'/2. From now
on, we will consider the L?(D) together with the orthonormal eigenfunction basis
{wo, w1, wa,---}. We remark that p — oo as k — oo [20].

2.2. Weak formulation. In the present paper we write the generalized stochastic
Cahn-Hilliard equation (1) in a rigorous integral representation utilizing the Green’s
function induced by the operator proposed by Da Prato and Debussche [19, 15].
More specifically, let S(t) := ¢4t be the semi-group generated by the operator
A%u =37 p2uyw; where u =Y 2 u;w;. Then the convolution semi-group [15],
is defined by S(t)U(z) = > ey e*"?t(U7 w;)w;(z) for any U(z) in L?(D), with the
associated Green’s function

G(t,z,y) Ze #E b, (2 )wi (y). (5)

0 OA
As in [15] we let ¢ € C*(D) such that ai 922 — 0 on OD. Let ug be the

n
initial value at ¢t = 0, then for any u satisfying the boundary conditions (2) equation
(1) is written in the weak form:

/((m t) — uo(x )) //A2 udxd8+//A<p w) dzds
//AFQ x,t)o(x) dzV (ds) //F1 W(dz,ds).

Here, V(ds) is the Wiener measure induced by the one-dimensional one-parameter
Wiener process V' (with respect to time variable), i.e. V := {V(¢),t € [0,T]} defined
on the probability space (2, F, P) is F;-adapted for any s < ¢, where F, t > 0 is
an increasing family of o-algebras. The function F3 is considered smooth, hence,
the time integral fot AFy(z,t)p(x) V(ds) is a martingale.

We use a unified notation fot fD -+« W(dz,ds) for representing stochastic integra-
tion in time and in space, for the sake of a generalized symbolism. In the case of

(6)
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general domain D, we consider W (dx,ds) := dzW;(ds), with W} one-dimensional,
one-parameter Wiener process defined as V. The measure W (dx,ds) when the do-
main is rectangular is induced by the one-dimensional d + 1-parameter Wiener pro-
cess (d for space variables, 1 for the time variable) W := {W(z,t),t € [0,T];z € D}
in the set of the F;-adapted processes {W(x,s);s < t,x € D} [15, 46]. In this case
too, since F3 is Lipschitz and bounded, the appearing stochastic space-time integral
is a martingale. We note that the analysis appearing in the present paper is valid
for both cases, and thus we proceed by keeping the general notation W(dz,ds) for
the space-time measure.

Remark 1. In the Appendix, we present detailed definitions concerning stochastic
process, Wiener process and Fi-adaptive processes.

Following J.B. Walsh formulation for parabolic problems [46], and C. Cardon-
Weber [15], a function u is considered a weak solution to the Stochastic Cahn-
Hilliard (1)-(2) or equivalently solution of (6) if and only if for any # € D and
t € [0, T] satisfies the Stochastic Partial Differential Equation (SPDE)

u(zx,t) /Gtmy)uo( )dy+/ /AG —s,1,y) f (u) dyds

//G 5,2, AF(y, 5) dyV (ds) //Gt—sxyFl() (dy, ds),
(7)

where G is the Green’s function defined by (5).

We remind that F} is Lipschitz in v and bounded, while F5 is smooth. In order
to study existence of solution for the generalized Cahn-Hilliard equation, we take
ug € LY(D), ¢ > 4 and consider the following cut-off SPDE system

Uy (1) =/DG(t,:f:,y)UO(y)dy

+/Ot/DAG(t—s7$7y)Xn(||Un(-,s)q>f/(un(y7s))dyds

t (8)
+/O /DG(t—s,x,y)AFQ(%S)d?JV(dS)

+/Ot/DG(t—s,x,y)F1 (Un(y,5)>W(dy»d5)a

where x,, : Rt — RT are C! functions, such that |y,| <2, |x4| < 2, for any n > 0,

. 1 for z<n
and satlsfy Xn(x) = { 0 for z>n + 1.

2.3. Existence of solution for the Stochastic Cahn-Hilliard. The general
procedure that we follow in order to establish existence of solution for the SPDE
(7) for any t > 0 is the following:

1. We first prove existence and uniqueness for the solution w,, of the SPDE (8)
in an appropriate set W of F;-adapted random processes, for any initial value
ug, in every interval [0, T.

2. By uniqueness of the process u,, for any t < T;,, where T}, is a stopping time
defined by

Toiminf {8205 fun(t,)l = 0},
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follows that (-, t) = u,(+,t) for any m > n, and the process u(-,t) := up(-, 1)
is well defined for all ¢t < T,,.

3. If t < T, then |Ju,(t,-)|l; < n and thus it holds that x,(||unlls) = 1. So the
process  is a solution of (7) (see (7) and (8) for x, = 1) in the interval [0,T,)
for any n > 1. Existence of solution for (7) for all ¢ > 0 a.s. is established by
proving that nlingop[Tn <T]=0 forany T >0, ie. limT, =00 as.

n—oo

In details, eq. (8) is written as a sum of operators:

() = /D Gt y)uo () dy + Mo (un ) (i ) + L) (1),

where the operator £ involves the stochastic integrals. By fix point arguments,
since F) is Lipschitz and F5 is smooth and independent of u, we prove that a
unique solution of (8) exists if T is sufficiently small, where T is independent of the
initial condition ug. Therefore, we extend each time the interval of solution in ¢ by
setting the solution (-, T) as ug.

We prove Holder type inequalities related to the Green’s function G. More
specifically, we first prove Lipschitz inequalities for the Neumann eigenfunctions
in D (for this, the domain’s geometry is crucial). We then use the asymptotic
properties of the eigenfunctions and eigenvalues of the Neumann Laplacian operator
and prove space-time Hélder type inequalities for the Green’s function in D.

Further, we define v,, := u,, — £(u,,) and estimate u,, in the L*(D) norm and v,
in L™(D) for any r > 2; the estimates of v,, are derived by constructing Galerkin
approximations. Combining these estimates together with the Holder estimates,
and using a generalization of Kolmogorov’s Theorem, we prove existence of solution
for the SPDE (7) in an appropriate set of processes a.s. for any ¢ > 0.

Remark 2. In our initial and boundary value problem, we may consider in place
of (1) the following e-dependent generalized stochastic Cahn-Hilliard equation

up = A( — 2 Au+ f'(u) + Fg(x,t;s)V> + Fy(z,t;e)W, 2 €D, (9)

where the noise terms are defined as in (1). Here € > 0 is a measure of the width of
inner interfaces that may be developed along phase transitions during time evolution
in spinodal decomposition. In order to keep the same Green’s function for our fourth
order evolutionary problem, we apply the simple rescaling t — te2. Thus, equation
(9) is transformed into an equivalent one of the form (1) where existence of solution
is proved.

Each noise term has a different physical meaning. Fy W is in general a Gaussian
noise (thermal fluctuations or external mass supply, [17, 40, 35]), while F,V is an
external field noise [38, 32, 35]. In our analysis the noise V appeared into the
chemical potential of (1) or (9) is defined as a time noise, since it is coupled with
the Laplacian.

The proposed model (1) or (9) separating chemical potential noise and free-energy
independent noise is just emphatic and indicates an equivalent stochastic system
formulation. In particular, the rescaled (9)

Ou = A(—eAu+e1f (u) — GoV) + GLW (10)
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where G := e 1Fy, Gy := —e~ 1 Fy, is written as the stochastic system
3tu = 7AU =+ G1W
(11)
!
v = 7f(u) +eAu+ G5V,
€

where v is the chemical potential. The previous, may be useful for a rigorous asymp-
totic analysis of the stochastic equation (9) as € — 07 which is a very interesting
open problem, or for the construction of numerical approximations.

In [5], the asymptotic behaviour of the deterministic (9) or (11) as ¢ — 07
has been analyzed (i.e. for V=W-= 1). The sharp interface limit problem in
the multidimensional case demonstrated a local influence in phase transitions of
forcing terms that stem from the chemical potential, while free energy independent
terms act on the rest of the domain. In addition, the forcing may slow down the
equilibrium. Note that the case G1 = G2 = 0 has been analyzed in [2, 43].

In our existence analysis the system representation is not used, thus the mathe-
matical treatment of the noise term FQV is the same as if it was additive in the
form (AF,)V

3. Existence and uniqueness of solution for the SPDE (8). Letting ¢ > 1,
we define || - || as the usual norm in L9(D). Our aim in this section is to first prove
that (8) admits a unique solution in an interval [0, 7], in the set

W= {u(~,t) € LYD) : uis F; — adapted random process and ||u||W < oo},
where |lully = sup E(||u(-,t )||ﬁ)1/ﬁ B8 >qifd=1,2, and > 03 >qif
0<t<T (G )

d = 3. Further, we will prove that solution exists for any 7" > 0.
Let us now consider the non-linear operators M, defined on W by

Moty = [ [ 260 = s,y (Jute ) 7 (ut0.)) dus,

and let £ be the operator on W given by

£(u)(z / / —s,0,9)Fy (uly, 5) ) W (dy, ds)

+/0 /DG(t—sw,y)AFz(yat)dyV(dS)-

By the formulation of (8) we derive that
un(z,t) = / G(t, 2, y)uo(y) dy + M (un) (@, ) + L(un)(x,1). (12)
D

Remark 3. According to [24], for D smooth, there exist positive constants ¢, co
such that for ¢ € (0,7] and for any z,y € D

Gt 2, p)] < ert™ ¥ exp (= ealw -y ), (13)

IAG(t, )| < et~ b exp (— eofe — g1 ~2). (14)

In the case of convex polyhedra, the same estimates follow on the limit by a standard
technique of approximating the polyhedral domain by a sequence D,, of convex
smooth subdomains, where D; € Dy C --- C D, C ---D, and 0D, N ID C
0D, 41 NOD C 9D for any n. Here, 0D,, N 9D is an increasmg sequence of finite
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unions of planar surfaces and linear segments in 9D (a detailed proof for the cube can
be found in [15]). By use of relations (13)-(14) it follows that if v € L([0, T], L (D))
with 1 < p < oo, then there exists positive constant ¢ such that for any p < ¢ < oo
and any z € D

t
H/ / AG(t - s,z,y)v(s,y)dyds
to /D

t
<o / (t— 5" 4 o(, s)],ds,  (15)
q

to

t t
| [ [et-somptsminas]| <c [ = o olds (o)
to /D q to

where t > tg > 0 and r > 1 such that % =
need r < 3 while in (16) r is less than 3/2.

By a fixed point argument we prove existence and uniqueness for the SPDE (8)
for any initial value ug.

%f%+1. In the case d = 3 for (15) we

Theorem 3.1. The SPDE (8) admits a unique solution u, in every interval [0,T).

Proof. In [15], for the general case where f’(u) is a third degree polynomial with
positive dominant coefficient when (8) is posed on cubic domains for F» = 0 and
Fy Lipschitz, by use of (13)-(16) (which have been extended for the cubic case) is
proved that the operator M,,(W),L(W) C W, and M,, + L is a contraction in W
if T < T for some T} small and independent from uy.

In our case, the proof is similar with some slight differences. (a) We have an extra

t
term / / G(t—s,x,y)AF(y, s)V(ds), appearing at the operator £ which is a mar-
0o JD

tingale with continuous representative because F3 is smooth, and is u-independent.
(b) The non-linearity f’ = wu(u? — 1) is a third degree polynomial with positive
dominant coefficient. (c) In addition, since (13)-(16) hold in C? domains ([24]) or
in convex polyhedra (see Remark 3), we obtain as in [15] that M,,(W), L(W) C W,
M, + L is a contraction in W and thus admits a unique fixed point in the set
{ueW: u(-,0) =wup} if T <T*, with T* small and independent from wug.
Consequently, in [0,7T], for T < T*, a unique solution w, exists for the SPDE
(8). Setting to := T and initial value ug(z) = u(z,T), we extend every time the
interval of existence and thus the solution exists on every interval [0, T]. O

4. Existence and uniqueness of solution for the SPDE (7).

4.1. Holder estimates. In this paragraph we prove Holder-type estimates for the
Green’s function G in time and space also valid for the boundary 0D. We consider
that d = 1,2,3; generally if D is open and bounded, then the eigenvector basis
{wo, w1, wa,---} is in C*°(D). If the open bounded domain D is convex then
convexity supplies the eigenvector basis {wg, wi, wa, - -} with Lipschitz regularity
in D (the same is proved for smooth Lipschitz domains also). More specifically,
following Evans [27], we shall first prove that the basis is Lipschitz in D and for each
eigenfunction w; we shall calculate the Lipschitz coefficient depending on eigenvalue
;. Furthermore, we shall derive upper L* bounds for the eigenfunction basis in
D.

Consider two points = and y in D identified by their position vectors and define
for 0 < A < 1 the convex linear combination zy := Az + (1 — A)y. As D is convex,
only the following two cases appear (for d = 2 see Fig. 1):

1. zy lies in D° = D.
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0Q

FIGURE 1. Various cases for the linear segment zy in convex domains.

2. zy lies on the boundary 9D (this case implies that the boundary 9D includes
linear segments or planar surfaces).
Consider now the general case: D is in R” and define by |z — y| the usual metric
in R”. By convexity and Cauchy-Schwarz inequality we obtain the next elementary
result.

Lemma 4.1. Let D be a convex bounded, domain (open and simply connected) in

R™, and u is smooth, then for any x = (x1, -+ ,xn), y = (Y1, ,Yn) in D, and
Z(t) :=tx + (1 = t)y, for any 0 <t < 1, it holds that
1
u(o) ~ uly)| < o =] [ |Vul@e)|ar (1)
0

Remark 4. The estimate (17) is true even if x,y € 0D under the assumption that
Z(t) lies in D where u is regular.

We now extend Lemma 4.1 in order to obtain an analogous estimate in the case
where on the boundary exist linear segments or planar surfaces.

Lemma 4.2. Let D be a convex bounded domain of R™. If u is smooth, x =
(1, yxn), ¥y = (Y1, yYn) are in D, and T(t) :==tx + (1 —t)y, 0 <t < 1, lies
in 0D, then there exists a positive constant ¢, independent from u, x, y, t, such that

) = ()| < cla =] [ (|u@ )| +[ V(@) (18)
where T1(t) :==tx + (1 —t)z, x2(t) :=ty + (1 — t)z, lie in D for any t € [0,1).

Proof. D is convex, hence we can always construct a triangle xzy of vertex z € D
and of sufficiently small height h (measured from z) such that the edges x7(t) :=
tx+ (1 —1t)z, x2(t) := ty + (1 —t)z are equal and in D for t € [0,1), and h < |z — y|
(see Fig. 2 for the case d = 2,3). By Lemma 4.1 and Remark 3 we obtain

u(w) — u()] < [u(@) — u(z)| + lu(=) — uly)|
<lo—al [ IVa@EO)de+ 1y -+ [ [Fu@Eela,

obviously |z — z|? = |y — z|? = h? + |z — y[2/4 < 2|z — y|?; thus by (19) we get the
result. [J

In the following, we show that the basis {wg, wy, wa,---} is Lipschitz in D and
estimate the Lipschitz constants by the eigenvalues p;.

(19)
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F1GURE 2. Lipschitz on the boundary: the inner triangle.

Proposition 4.3. There exists a positive constant ¢ such that

jwi(x) — wi(y)| < euf |z —yl, (20)

for any x, y in D, and any i > 1, where D is a bounded convex domain of R?,
d=1,2,3; a=1 for d=1 while a =3 for d = 2,3.

Proof. By Lemmas 4.1-4.2 in order to estimate the Lipschitz coefficient appearing
in (20) we need L? or L> estimates for the gradient of w;. For the one-dimensional
case (d = 1) it holds that

t
/ [Vw; (Z(t))|dt §/ |Vw;(z)|dr < c|| Vw;|| L2(p)
0 D

for any linear segment Z(¢) in D C R (in this case the integral along z(t), for ¢ € (0, 1)
coincides to Lebesgue measure in R restricted in z(t), for ¢ € (0,1)). The Neumann
Laplacian boundary conditions give || Vw;|z2(py = ug/ ?_ therefore, by (17) and (18)
we get that |w;(x) —w;(y)| < cu§/2|x -yl

When d = 2,3, by general Sobolev inequality [1], valid for Lipschitz domains of
R™ [12], i.e. valid if D is C? and convex or if D is a convex polyhedron, follows that

d d d 1/2
V| < 3 N0, willgzmy < ¢S (\|Aaiji||iz(p) +3° < wo, Opywi > )
j=1 j=1

j=1

Using that [|Ady;wil|72py = [114:0z;will72py = pf, the estimate |(wo, dx,w;)| <

|0z, wi| 2Dy < c,u}/2 (where wyq is the constant function), observing that u; — co

and using (17), (18), we finally obtain: |w;(z) — w;(y)| < c,u?/2|a: —yl. O

Remark 5. Without geometric assumptions for D, an upper bound in the L*° norm
d-—1
for the eigenfunction basis is: sup|w;(z)| < cu; * , which according to Duistermaat-
D

Guillemin Theorem is sharp if the set of periodic geodesics at D is of zero measure
[23, 33]. Indeed, in the multi-dimensional case d > 2 when D C R is rectangle,

this estimate is not the best as the basis is uniformly bounded in any ¢ [9, 18], while
d—1

p; * — oo.
Given i, when z € 9D, then, as D is convex we choose y; € D such that |z —y;| =

h; (for sufficiently small h;), thus by Lipschitz condition and the bound in L° norm,
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we get
a/2 002 =
lwi(x)] < |wi(x) —wi(y)| + [wi(ys)| < pi""|lw — il +cop; = hipg"™ + cop; *
as p; — oo it is sufficient to choose h; := eu;a/27 € bounded, to get that there exists

a positive constant ¢ such that |w;(x)| < cu; © for any x € D, and any i > 0, and
d—1

obviously, follows that |w;(z) — w;(y)| < cu; © for any € D and any i > 0.

If d = 3, a case of interest is when the manifold of solutions for the Neumann
Laplacian has the minimum eigenfunction growth, i.e. by definition when the eigen-
function basis is uniformly bounded for any ¢ in D. In this case if D is convex, then
the analogous calculations yield: |w;(z)| < ¢ for any € D and any i.

Now we are able to prove the next crucial for our analysis space-time Holder type
estimate, valid in D, involving Green’s function G, for general convex domains D
in R for d < 2, or, in the case d = 3 if the Neumann Laplacian has the minimum
eigenfunction growth in the convex domain D.

Theorem 4.4. Let G be the Green’s function defined by (5). There exist ¢ > 0 and
positive v, v, such that for any t > s and any x,y € D holds that

t
| [ 16 =) = Gt g 2) P < el =P (21)
0o JD
t
/ / |Gt —r,xz,2z) — G(s — r,x72)|2dzdr <cJt— s|7/, (22)
o Jp
¢
//|G(t—mf72)|2dzd7“SC(\L‘—S|+\t—SIV/), (23)
s D

for d < 2, or when d = 3 if the manifold of solutions for the Neumann Laplacian
in D has the minimum eigenfunction growth.

Proof. Using |wo(z) — wo(y)] =0, [ |wi(2)[*dz =1 and p; — oo, we get
t > —ZM (t—r) )
_ _ < ) s
| [i6t=rez G- > [ o) - wito

=3 sl - e ue) — wi)P < chwl ) - wily)P.

d—1 —
As |w;(z) — w;(y)]| is of order O(uiT) in D for any 4, we may define a positive
d—1y\ —1
constant ¢ such that: (cui 1 ) |wi () — w;(y)| < 1, hence, |w;(z) — w;(y)]? <
d—1\ 2
c(uiT) |w; (z) —w; (y)|*, for I € (0,1] because p; — oo. Therefore, by making use

of Proposition 4.3 we obtain

t o0
/ / |G(t —r,2,2) — G(t — 1,9, 2)|*dzdr gcz,u;ﬂwi(x) —w;(y)|?
0o Jp

=1

o0 o0 o0
_oyd—1 —2+451 9la/2
<ed o7 hwile) —wi)P < clw— gy p T p =l —y Yl
=1 =1 1=1
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for o = -2 + % + la. The asymptotic behavior of eigenvalues for large i is

i = O((z —1)% d) [47], therefore, the appearing series in the previous inequal-

ity converges if %(72 + % + la) < —1 or equivalently for | < %. Thus, for
0 < I < min{1, 3524} we get (21) for 0 < v := 2 < min{2, 3=2¢} (we note that

the dimension is d = 1,2). If d = 3 and the manifold of solutions for the Neu-
mann Laplacian has the minimum eigenfunction growth, then by the analogous
calculations we obtain:

t oo
/ / |G(t —7,2,2) — G(t — 7,9y, 2)|?dzdr < c|z — y|* Z py 2 te
o Jp i=1
hence, the series converges if 2(—2 + la) < —1, i.e. when I < 1/(2a). In this case
we set 0 < v:=2l < 1/a.
By simple calculations, using the basis upper bound and py = 0, we obtain

t s a—1 ]
/0 /D |G(t—r,z,2)—G(s—r,x, 2)|*dzdr < c;,ui 2 m(67”?(1573)71)2(17672”123).

But t > s and p; — oo, therefore |e‘“?(t_s) — 1| is uniformly bounded, and also
le=Hilt=9) 1| < cp2|t — s| as the exponential is Lipschitz. Therefore for [ € (0,1)
we obtain

t N
/ / |G(t —r,x,2) — G(s — r,x, 2)|*dzdr < c|t — s|' Z“i o
0o Jp i=1
The series in the above inequality converges if 2(—2+ 421 +21) < —1 or equivalently
if | < 2224, Consequently the estimate (22) follows for 0 < 7/ := | < min{1, 5524}
for d = 1,2. In the case when d = 3, we get

t o)
/ / |G(t — 7,2, 2) — G(s — 7,2, 2)|*dzdr < c|t — s|' Z,u;QHl,
o Jp i=1
and the result follows for 0 <4/ :=1< 1/4.
Finally, by simple calculations we get that

t < d—1
/ / |G(t — 7, 2)|?dzdr < c|tfs|+c|tfs|l2ui el
s JD

i=1
for I € (0,1). The estimate (23) follows for 0 < 4/ := I < min{1, 529} if d = 1,2
(where ¢y = 1) or for 0 < v/ :=1 < 1/4 when d = 3 (in this case ¢y = 0). O

Remark 6. The minimum eigenfunction growth holds for example in rectangular
domains or torus [33]. We also note that the results (21), (22), (23) of Theorem
4.4 can be extended for some cases where D is simply connected but non-convex,
under the assumption of Lipschitz boundary (if d < 3), and minimum eigenfunction
growth (if d = 3). More specifically, Lemma 4.1 is generalized in the following
convexity-independent result:

Lemma 4.5. Let D be a simply connected Lipschitz domain in R™ of smooth bound-
ary, and u is smooth, then there exists a positive constant k such that for any
x= (21, ,xn), y= (Y1, ,Yn) in D it holds that

lu(x) —u(y)| < klz — ylilelg\Vu(Z)l- (24)
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Proof. By the definition of D, there exists a positive constant k such that for any
choice of points z,y in D there exists a smooth curve X in D of length [(X) less
or equal klx — y| connectlng the two points (see for example [45]) Let us consider
X = X() (Xl() ,Xn( )) € R™ for ¢t € [0,1], where X(O)::):7 X(1) =y.
Defining X, (t) := diX (t), it follows that

mw—umw:A cﬁ</|Vu DX (1)]dt

< sup|Vu(z)\/ |)?(t)\dt = sup|Vu(2)|I(X) < klz — y|sup|Vu(z)]. O
z€D 0 z€D z€D

Therefore, Proposition 4.3 holds true (in dimensions d = 2,3 where the non-
convex simply connected case may appear, we estimate |Vw;|). So, the space-time
Holder estimates (21), (22), (23) follow.

4.2. L* estimates. We define v,, := u,, — L(uy), then v, is the weak solution in
[0,T] of the SPDE

Drvn + A%, = A(xn(llwnll) S (ua) ) = 0 in D,

(25)
v 0Awv
Un(x70) = UO(Z'), 67: = ann on 6Da
by the sense of the weak formulation:
/ (vn(x t) —ug(z) )p(x)dx = / / A2¢(x)v,(z, s)dzds
(26)

//A¢xumbm)(%mMMm

for any ¢ € C*(D) such that 6¢ = 8n on 0D [15].

We note that for ¢ fixed and for any w(t,-) € H?(D) C L*(D) it holds that
—Aw = Zk:oﬂk < W, W > Wi = Zk:l e < Wg,w > wg, as {wg, wi, wa, -}
is an orthonormal eigenfunction basis of L?(D) and po = 0, while —Awy, = pgwy,.
We define

[1£(un)lloc := sup sup|L(uy)(z,1)]. (27)
tel0,T) z€D

At the following lemma we make use of the Holder estimates of the previous para-
graph.

Lemma 4.6. If u,, is the solution of the SPDE (8) then for any p, § > 1 holds
sup E(||£(un)||c2>§5> < . (28)
neN

Proof. Let a > 1, T > 0 and consider t, t' € [0,T] and z, 2’ € D, then

B(1 () (1) — L) (o' 1)) = ]/ /Amun% )W (dy, ds)

/ / A(AF»(y, s))dyV (ds) / / BF (un(y, s))W(dy, ds)

_[,ABm&@mew%fﬁv
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where A := G(t — s,z,y) — G(t' — s,2’,y') and B := G(t' — s,2’,y). So, by making
use of the Burkholder inequality we get

B(1£(un) (,t) = Lun) (o, )2 <

{B(1 [ [ ARGt ywiaa) + 5(1 [ [ A@rwava))
+ 5] /t ' /D BFy (un(y, )W (dy,ds)**) + 5] /t ' /D BAFs(y, ))dyV (ds) )}
<ofe( | t AP R o5 Payas)” + ([ t | 1APIAR .9 yas)’
+E([ﬂLﬂmﬂmumwﬁnﬁwmga+E(lﬂéJmﬂA@@ﬁn%wmf}

Thus, by Theorem (4.4) the next Holder-type space-time estimate follows: there
exist v, v’ > 0 such that

E(|£(un)(@,t) = £(un) (@, #)[*) < el — ')+ elft = ¢'| + |t =), (29)
Since Fi, Fy are uniformly bounded on u,, the definition of £ and Burkholder
inequality yield

sup sup sup E(\E(un)(x,t)|2"5> < 0. (30)
neN te(0,7) z€D

By (29) and (30) according to Garsia’s Lemma (generalization of Kolmogorov’s
Theorem [30, 15, 46]) the estimate (28) follows. O

The Green’s function is symmetric in space variables and satisfies (13). As in
[19, 15], we prove a priori estimates for v, = u, — L(up).

Theorem 4.7. There exists positive constant ¢, depending only on the measure of
D, such that for the solution u,, of the SPDE (8) the next estimate holds true

t t
(Y nitds <2 [ (141 < oo > wol? + £(an)l)ds
0 0
1| —1/2 2 (51
+2H;M,€ <wk,u0>wkH2.

Proof. Using the orthonormal basis for representing v, € L?(D) we write v,, =
> i pjw;. After some computations we get

o0 o0
Zu;l < Wg, OUy > Wg = Zu;l < wy, (Orpr)wg > . (32)
k=1 k=1

Using the boundary conditions of (25) and the Neumann condition for wy, since A
is symmetric and wy, are eigenfunctions we obtain

o o0
Zu,:l < wy, A%v, >wk:ZHk < Wk, Uy, > W. (33)
k=1 k=1

Finally, for L*(D) 5 Q := xn([[unlle) f'(un) = 3272 ljw; it follows

Zu;l < wg, AQ > wi = —Q + lywy. (34)
k=1
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Replacing (32)-(34) in equation (25) and taking the inner product with Rv,, :=
Z;il pjW;j = Up — PoWo, the next statement follows

oo oo oo oo oo
<Y Ok wi, Y pjwy > A <Y e < Wi, Y pjws > Wiy Y pjw; >
k=1 j=1 k=1 j=1 =1
+ < Q,Rvn > — < lgwg, Rv,, >=0.
We note that < lowo, Rvp, >= ([, Qdz)( [, Rundx) =0 as Ru, = E;‘;l pjw;, and

obviously fD wjwg = 0 for any j = 1, - - - for wy the constant function. Therefore, by

orthonormality, (35) takes the form Y50 | 113 ' (8epr) o+ > ey HkpPi+ < Q, Ruy, >=
0, and equivalently

1 oo B oo
5at(z et o) + > ppi+ < Q, Ruy >=0. (36)

k=1

Integrating (36) in time ylelds

3
1 1 _1 2 2
52 A Zuwk(S)ds
k=1 =1

+/ < Q(s), Ru,(s) > ds =0.

0

(37)

The equality (37) is well defined because all appearing series converge. More
specifically for ¢ fixed, v, is in L?(D) thus v, = Z;io pjw; converges and the
same holds for Z;’;l ,uj_lpjwj because p; — 0o as j — oo. Let define B(ug) =

(D3 ,u,;l/Z < wy, ug > w3, we note that v, (0) = u, (0) — L(uy)(0) = u,(0) =
ug, hence

_ ~1/2 —1/2
> R ) = 1> py, " < i, va(0) > wi|3 = | > 12 < wpyuo > w3
k=1 k=1 k=1
We replace @, B(ugp) in (37) and get the following inequality

t , 1
/0 o (ltnlla) /D () Rundizds < L B(uo). (38)

We write (38) in the equivalent form

/Ot Xn(”un”q)/Df/(Un)UndCUdS <

t / 1
| xlala) [ ), = Rodeds + 5 Buo).

We note that by definition u, (s) = v, (8) + L(uy)(s), and Ru,(s) = v, (s) — po(s)wo,
and thus u,(s) — Run(s) = L(un)(s) + po(s)wg. We also remark by (26) that
Jplvn(s,z) —ug(z)]wodz = 0 as wy is the constant function, consequently po(s) =<
ug, wo > and thus u,(s) — Rop(s) = L(un)(s)+ < ug, wo > wo. We replace this in
(39) and obtain

/OtXn(Huan)/Df/(un)unda:dsg

¢ ) (40)
| xnllunll) [5G () < o > wohdods + 3 Buo).
0 D
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We use f/(un)u, = ut —u2 and Young’s inequality to get that |f'(u,)(L(un)+ <
ug, wo > wo)| < Colunl* + e1lL(un)|* + G| < uo,wo > wo|* + 3, where ¢y, 1, ¢z,
c3 are positive constants (independent of w,, L(u,), < ug,wy > wo) and ¢ is as
small as we want. By replacing B(ug), as x» is non-negative and bounded function,
relation (40) gives for D bounded the desired estimate (31). O

4.3. Galerkin approximation of v,,. We approximate v,, by functions v]* belong-
ing to finite dimensional subspaces of L?(D) produced by the m first eigenfunctions
of the orthonormal basis of L?(D) in order to derive on the weak limit as m — oo
the properties of v,,. Let S™ :=< wq, wa, - ,w,, > be the finite dimensional sub-
space of L?(D) produced by the m first orthonormal eigenfunctions of the L?(D)
basis. Let define P™ : L?(D) — S™ such that < w,¢ >=< P™w, ¢ > for any
¢ € S™; obviously P™ is the L? projection of L?(D) into S™.
We consider the following initial and boundary value problem: we seek a function

vt € S™ satisfying

Oryt + A% = () A [P (' ()], i D0 <t <T,

v (0,2) = P™(up)(x), in D,

ovyr  0Avy

on  On
where ul" := v" + L(u,). We multiply the partial differential equation (41) by
v and integrate in D. The boundary conditions of (41) and the definition of the

n

projection P™ yield
1d
2dt

since Av)" is in S™.

(41)

=0, on 0D, 0<t<T,

o 13 + AV = Xa(llug'llg) < f'(uy), Av* >=0, (42)

Remark 7. Asin [15], our purpose is to estimate v, in the L?([0, T], H?(D)) norm.
We establish first the analogous estimates for the Galerkin approximation v)*; on
the weak limit as m — oo the estimates for v,, will follow.

By use of (42), since f/(w) = w3 — w, then the next lemma follows.

Lemma 4.8. If w € H*(D) and ‘3—’;’ =0 on dD, then
< w3, Aw ><0, (43)
< f'w), Aw >< ol Awll3 + 1+ wllf), (44)
where ¢y, c are positive constants independent of w, and cq is arbitrary small.
By Lemma 4.8 and the definition of f’ we derive the following result.

Lemma 4.9. For the Galerkin approzimation v]' holds that
< S (), Av > el £un) 12 (1+ 1L () I + 10 12)
(14 o) + ol a3,
for ¢, ¢y positive constants independent from v))* and u,, and ¢y arbitrary small.

Using Lemma 4.9 we prove the next estimate.
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Theorem 4.10. Let u,, be the solution of SPDE (8); then for the Galerkin approx-
1mation v, the next estimate holds

glon e +c [ (180 B + | < ) > wol s
< %nuOn% + cT(l L (un)]IS, + ( < ug,wo > wof) + c(l n ||L(u,,)||§o);(ig)
o1+ 11£(wn) %) / o (1925 + £ (5 ) ) 5l

where

t m
~ 1 _
XM= / (141 < woswo > wol*+ | £(un)lIL. )ds+ 51D 2 < weso > w3
0 k=1

Proof. We use Lemma 4.9 in (42); x,, is nonnegative and bounded function, hence
1d
2 dt
)12 (1 + £ ) I + 1o 14) + (1 + o1 }

for ¢ positive constant. We integrate (46) in [0,¢] C [0,T], we use that v*(0,z) =
P™(ug)(x) and the fact that by definition ||P™(ug)||2 = ||uoll2 to obtain

lor 13 + el Avg (13 < exn(llog” + Lun)llq) -
(46)

T ¢ " 1
Sl (el +e / A0y (s, ) [3ds < 5 lluoll3 + T (1 + £(n)]|)
(47)

+e(l+ ||13(un)||§o)/0 X (v (5, ) + L{un) (5, )l 37" (5, ) [ adls.

Using the orthonormal basis for representing v;' we write v’ = Z;’;O piw;. In
equation (41) we take the inner product with Rv]" := Z;ﬂzl plrw; = vyt — pglwo,
use the boundary conditions of v and the Neumann condition for wg, to obtain
for §™ 3 Q™ = xn(l[ui o) P™ (f'(ug")) = 22520 1" w; that

1 % — m - m m m

SO Q1 (P + D k(A1) + < Q™ Rujt >=0.
k=1 k=1

Integration in time yields

3 Do A0 — 5 Sk PO [ el s)ds
k=1 k=1 0 k=1 (48)
+/0 < Q™M(s),Rv(s) > ds =0.

By the definition of the L? projection and Young’s inequality we get finally
t t
/ X ([ ) llury | 3ds SE/O (1 + 15" (0)wol* + [[£(un) |15 )ds
0
T (49)
-1/2
ol m P <y > w3

where ¢ is a positive constant depending only on the measure of D and t. We note
that as v (0) = P™(ug) then p{*(0) =< v1*(0), wo >=< P™(up),wo >=< ug, wo >
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and consequently pf"(0)wy =< ug,wy > wp, replacing in (49) we arrive at the
estimate

t
o + £l + £ s <
. L (50)
~ —1/2
[ < oo > wnl? Ll ds + 51D i < wes o > wn,
0 k=1
We note that < v,,wy > wg =< v, wy > wy =< ug,wy > wp, hence, by (47)
we get

1 t
IO NE + [ AV (513 +1 < 6. > woPlas <

1

S lluoll3 + €T (1 + [L(un) 1% + | < o, wo > wol?)

. (51)

2 m m 4

+e(1+ IIE(un)Iloo)/0 n(llvg' (s:) + Lun) (s, )llg) [0 (5 ) [ ads:

The function x,, is nonnegative; we use (50) in (51) and obtain the desired estimate

(45). O

Theorem 4.11. Let u, be the solution of the SPDE (8), then for v, it holds that

o1 e [ (180005 )8+ | < vt o > o s <

Sl + e (1 ()% + | < o, wo > wof?) + {1+ 1 £(un) %) X

o(1+ 1L ()12 / o (5. + £ n) 5, V) 1€ 5, ),

where

t fe%s)
- 1 _
X = c/ (1 + | < ug, wo > wo|* + Hc(un)ugo)der 5 > Y2 <, ug > w2
0 k=1

Proof. From the estimate (45), using that y, is bounded, we get that v €
L*(D)NL3([0,T), H*(D)) because the norm |[wl|| := ||Aw(s,")||3+] < w(s,-),wo > |?
is equivalent to the H?(D) norm [19]. Thus, the sequence (v"),en is bounded
in L2([0,T], H*(D)) and converges in the weak* topology of L?([0,T], H?(D)) as
m — oo [15]. Hence its weak limit is the weak solution of (25), and thus equals v,,.
Consequently, we obtain that v, € L?([0,T], H?(D)). As (31) holds, by repeating
the same computations as in the proof of (45) for v, in place of v}, the estimate
(52) follows. O

4.4. Existence of solution a.s. for any ¢. Our aim is to establish existence of
the solution of (7) in any time interval a.s. Now by Lemma 4.6, using the estimate
(52) and the Sobolev inequality we prove the following lemma.

Lemma 4.12. If u,, is the solution of the SPDE (8) then

sup B( sup / ) (53)
neN 0<t<T

for any € [2.9), a € [g, ).
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Proof. We remind that by Lemma 4.6

sup E([[£(un)[|2°) < o0,
neN

while

[1£(un) o := sup sup|L(un)(t,x)l,
tel0,T] €D

thus .
/0 12 Cun) (5, ) [4ds < TIL () .
By (52) we get

sup floa 37 < e(1+ 1£(ua)|%) and  E( sup [lon]5%) < e(1 + B(|£(un)[%)).
t€[0,T] te[0,T]

Taking the supremum over n, we arrive at

supE( sup [|on][57) < e(1 +supB(||£(un)[%)) < oc. (54)
n te[0,T] n

If 9D is C* and if w € H?(D) then by Sobolev inequality [27], |lw|» < ¢|lw| g2(p)

for any r > 2 (this inequality holds also in convex polyhedra as the L> norm is
bounded by the H? norm [12]), hence (52) gives

t t
/0 lm (s, )|2ds < / n (5, )22 oy ds < (1 + £ (un)[S.).

We set t = T and get E[(fOT lvn (s, )||2ds)?] < (1 + E(||£(u,)]|%9)). Taking the
supremum over n the next estimate follows

T
SupE[(/ lon (s, )[17ds)°] < e(1+ sup E(||£(un)[|%)) < oo (55)
neN 0 nenN
By definition u,, = v, + L(u,), and thus

lunll? < e(loall?? + 1£(un) %) < e(llonll2? + [1£(un) [13)-
Therefore, by (54) and (55) follows for r > 2

T
sup ||un||§ﬂ) < 00, and supE[(/ |lwn (s, )Hfds)ﬁ] < 00. (56)
<t<T 0

supF(
n 0< ne

Hoélder inequality gives [lu,[|§ < a5y |2 for A € [0,1]. The previous

T
yields: fOT [unll3ds < ¢ sup ||un||§a(1_’\)/q/ l|ln|/2ds. Consequently
0<t<T 0

t T
( / lunl2ds)® < o sup [Junl2C—/2)5( / ] 2ds)?,
0 0<t<T 0

and by (56), the relation (53) follows for any ¢ € [2,0), a € [¢,00). O
Assume that the initial condition wug of (8) is in L%(D); by Theorem 3.1 uy,(-,t)
is in L9(D) for any t <T. We consider ¢ > 4 and prove the next theorems.

Theorem 4.13. If u,, solves the SPDE (8) and q > 4 then

supE( sup ||/\/ln(un)\|§) < . (57)
n 0<t<T
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Proof. Let g > 4 and set p := ¢/3; then by Young’s inequality and by the definition
of f’ it follows that

17 llp = Nz, = unllp < ellunllg +c. (58)
Using (15) for p := ¢/3 and (58) we obtain for 5 :=0

a+2

[ M (un)llg < 0/0 (t = ) T ([lun]l} + 1)ds (59)

Holder inequality for 4’ € (1, 00) and (59) give
T
M) < el [l d)
0

and thus E(||My(un)]|f) < ¢+ cE((fOT [unl27)%)/7". Taking supremum over
t € [0,T] and n we arrive at

T
SUpE( sup [|M (1)) <+ 0 supE( sup / [l ds)®) V7" (60)
n 0<t<T Jo

By use of Lemma 4.12 and (60) for 3" > ¢ > 2 we obtain (57). O
We define the stopping time

T, = inf{tZO: tn (£, )q = n} (61)

Then the process u(-,t) := u,(+,t) is well defined on any ¢ < T,, and constitutes a
solution for (7) in the interval [0,7},) for any n > 1. In the next theorem we will
show that lim T, = oo a.s, i.e. the solution u exists in [0, 7] for any T > 0 a.s.

n—oo

Theorem 4.14. The solution u of the SPDE (7) exists in the interval [0,T] for
any T > 0 a.s. or equivalently

lim p[T,, <T] =0 forany T > 0.

n—0o0

Proof. We recall the definition (61) of T},, that is if 7,, < T, then for any ¢ : T, <

t < T follows that |lun(t,-)[|2? > n?”, and thus sup [un.(t, )||25 > n??. Hence,
Tn<t<T
the next inequality follows for n > 0

P <T] < p| sup [un(t, )2 = n?). (62)

T, <t<T

But for the density f > 0 of a probability measure in [0, c0) it holds that
do=1= [ty [ vty < [ vty = E)
1 1 0

Setting y := n=28 sup ||un( J|I27 in (62), we obtain
Tn<t<
1
T T < Bly) = o B( s lun(t, 7)), (63)
<t<T

Obviously sup ||Un||26 < SupHunHm therefore, (63) yields
[0,7

ns

1
L0 <T) < g B sup flun(t,)IF?) =0 2 m = oo, (64)
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because by (57) of Theorem 4.13, Lemma 4.6, by (12), and the definition (27)
of ||£(un)]|eo holds that sup E( sup |lun(t, )||(215) < 0. Consequently the result
neN  NO<t<T

follows, i.e. lim p[T, <T]=0. 0

n—oo
5. Conclusions-Generalizations.

5.1. A geometry based existence proof for the Stochastic Cahn-Hilliard.
Inspired by Cardon-Weber’s paper [15] for cubic domains, we relate in our work the
role of domain’s geometry in an existence proof for a stochastic equation. As in [15,
19] we use an eigenvalue-dependent convolution semi-group. It is well known that
the spectrum defines exactly the domain. For general geometry, the computation of
exact formulae for the eigenvalues and spectral analysis is one of the most difficult
open problems.

A. Avoiding any explicit eigenvalue formula, we derive the space-time Holder
estimates (21), (22), (23) for the Green’s kernel for various simply connected D:

1. d =1: if D is an open interval.
2.d=2:
(a) if D is convex and of smooth boundary,
(b) if D is a convex polyhedron,
(c) if D is Lipschitz and of smooth boundary (see Remark 6, here convexity
is not necessary).

3. d = 3: for the same cases (a), (b), (¢) as in d = 2, plus the property of

minimum eigenfunctions growth.
These estimates are independent results useful for the analysis of fourth order sto-
chastic equations with various types of noise (Ito, Stratonovich, in the sense of
Walsh).

B. In our existence proof we also use the Green’s estimates (13), (14) of [24]
and the resulting (15), (16) for domains of smooth boundary that can be extended
in convex polyhedra. Therefore, since all other arguments in this paper hold true,
existence for the generalized stochastic C-H equation (1) is valid for any case pre-
sented in A. The title refers only to convexity while existence is proved for various
domains not necessarily convex, because our proof does not cover the non-convex
polyhedral case. Convexity seems to be an important issue for the proof of (13), (14)
for piece-wise smooth boundaries, since only in the convex case the approximating
smooth domain sequence is in D (see Remark 3, or the cubic case in [15]).

C. In [15] the case D = (0, )% for F, = 0 was analyzed and the explicit eigenvalue
formulae for this cube was used. As mentioned in the introduction, if D is a cube of
edge a, then by using the C-H scale i.e. the change of variables x — a/i‘n" t— ﬁ

we can always consider the equivalent C-H in (0, )¢, therefore the result of [15] is
extended for any cube.

For a general rectangular domain of RY, d = 2,3 with edges a; one could trans-
form D into the cube (0,7)¢ by applying a weighted change of space variables
T — a””/w in every direction, but this would change the fourth order operator A2
at the right-hand side of C-H i.e. the Green’s function and the weak formulation,
so the result of [15] is not directly applicable. In our eigenvalue formulae-free proof
this case is considered as a special case of convex polyhedron; we denote that in
rectangles the minimum eigenfunction growth holds (this property is needed in our
analysis only if d = 3).
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D. Existence is also derived for the standard e-dependent stochastic C-H equation
(9) (see Remark 2).

5.2. Noise in the chemical potential. The noise in (1) or the e-dependent (9)
is splited in two terms. Every term has a different physical meaning. The chemical
potential noise describes external fields while the free-energy independent noise
may describe thermal fluctuations or external mass supply. This presentation is
important in an equivalent stochastic system formulation (see Remark 2).
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6. Appendix. In this appendix, we provide detailed definitions concerning sto-
chastic processes, Wiener processes and F;— adaptive processes.

6.1. Definitions. We proceed by presenting the following basic definitions [42, 6,
44, 46]:

o Let Q, F a o—algebra on 2, and P : F — [0,1] a probability measure on
(Q,F). A function Y : Q — R" is called F—measurable if Y ~}(U) := {w €
0, Y(w) e U} € F, for any Borel set U C R".

e A random variable X is an F—measurable function X : Q — R", and induces
a probability measure pux on R, defined by px(B) := P(X~*(B)). The
measure px is called distribution of X.

e Expectation of X: E[X]:= [, X(w)dP(w) := [, vdux (z).

o For p € [1,00) and X : @ — R" we define the L? norm by |||X]|, =
([ | X (w)[PdP(w))Y/P. The space LP(P) := {X : Q@ — R™|||X]||, < oo}
is a Banach space with the norm ||| - |||,, and for p = 2 is Hilbert space with
the inner product (X,Y) := E[XY].

o A family {X;,t € I} of R"valued random variables is called a stochastic
process with index set I and state space R™.

o Let {F;}1>0 be an increasing family of o—algebras of subsets of 2. The process
o(t,w) : [0,00) x Q — R is called F;—adapted, if for any ¢ > 0 the function
w — o(t,w) is Fy—measurable.

e A stochastic process {Xy,t € [to,T]}, to > 0 defined on the probability space
(Q, F, P) with index set I = [ty,T] C [0,00) and state space R™, where
F = (B™)[to, T] is the product o-algebra generated by the Borel sets of R™ in
B™ for t € [tg, T], is called Markov process if for any ¢y < s < ¢ < T and any
B € B™ then P(X, € B|F([to, s])) = P(X: € B|X,). Given a Markov process
the past and future are statistically independent when the present is known.

e The Wiener process is a mathematical model of the Brownian motion of a
free particle in the absence of friction, and is defined as a homogeneous n-
dimensional Markov process W; on [0, 00) with stationary transition proba-
bility P(Wy.s € BIW, =x) = fB(27rt)_”/2e_‘”_y|2/2tdy.
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e Burkholder inequality for stochastic integrals, [44], [46]:
Bll [ s wiayP) < el | fayr)
y y

for any p > 2 when fy f W(dy) is a local martingale; here ¢ is a positive
constant. We note that in Ito calculus this inequality appears as identity for
p=2and ¢ =1 and is called Ito isometry [42].
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